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Abstract

There have been a growing number of applications of algebraic topology in recent

years to data analysis and machine learning. Persistent homology, one of the main

such applications, constructs a filtered simplicial complex from a finite dataset, often

using the Vietoris–Rips complex, and then computes algebraic invariants of the filtered

simplicial complex which can yield insight on the dataset. Beyond the application

of persistent homology in data analysis, ideas from topology have also been applied

to machine learning. Neural network architectures, such as simplicial convolutional

networks, have been designed to use a topology aware message-passing operation.

Building on this, cellular sheaves have been used to define a sheaf convolution operation

which combats the problem of over-smoothing encountered in graph and simplicial

convolutional networks.

In this dissertation, we study Vietoris complexes and cellular sheaves from a

measure-theoretic perspective. First, we strengthen the known relationship between

Vietoris complexes and Vietoris metric thickenings: a metric analogue of the Vietoris

complex which is equipped with a Wasserstein metric obtained by regarding the points

of the Vietoris complex as probability measures. This allows Vietoris complexes to be

studied through their metric thickening counterparts, and as an example of this, we

are able to prove a Hausmann-like result for Vietoris–Rips complexes of Euclidean

submanifolds. We also investigate Vietoris complexes and metric thickenings of

absolute neighborhood retracts.
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Next, we turn our attention to cellular sheaves and their use within sheaf neural

networks. Though it has been demonstrated that sheaf neural networks have

advantages for certain types of data, they are sensitive to the choice of cellular

sheaf used within their architecture. To mitigate issues arising from this fact, we

replace the cellular sheaf in the network with a distribution over a space of cellular

sheaves, which is then sampled from during inference. We train the resulting network

using variational Bayesian inference, yielding what we refer to as a Bayesian sheaf

neural network. As part of this work, we strengthen a result on the linear separation

power of sheaf diffusion processes and define a novel family of probability distributions

on special orthogonal groups via the Cayley transform.
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Chapter 1

Introduction

Persistent homology is one of the central tools of topological data analysis and in

recent years has found a number of applications to a diverse range of fields such as

neuroscience [24, 9], biology and biochemistry [22, 67], materials science [82, 58, 77],

and the study of sensor networks [26]. In order to apply persistent homology to a

finite and discrete data set X, one must be able to convert X into a filtered simplicial

complex for which the persistent homology groups can then be computed. A common

method of doing so is through the Vietoris–Rips construction, which associates a

simplicial complex VR(X; r) to a metric space X for each threshold value r > 0. The

simplices of VR(X; r) are the finite subsets of X with diameter less than r, so that as

r varies from 0 to diam(X), the simplicial complex VR(X; r) evolves from a discrete

set to a fully connected complex—with the intermediate stages containing information

relevant to X.

Because of the role of Vietoris–Rips complexes in applications of persistent

homology, there has been growing interest in understanding the homotopy type

of |VR(X; r)| (the geometric realization of VR(X; r)) for not just a finite discrete set

but instead the limiting case of a Riemannian manifold or Euclidean submanifold

X for arbitrary threshold value r > 0 [2, 4, 63]. However, when the Vietoris–Rips

complex is considered for a metric space X which is not discrete, the topology of
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|VR(X; r)| becomes cumbersome to work with. For one, VR(X; r) in this case is not

locally finite as a simplicial complex, hence |VR(X; r)| is not metrizable. Even if one

equips |VR(X; r)| with the metric topology for simplicial complexes, its metric has no

natural relationship with the metric of X.

To remedy some of these shortcomings, the Vietoris–Rips metric thickening

VRm(X; r) was introduced by Adamaszek, Adams, and Frick in [3]. The underlying

set of VRm(X; r) is the same as |VR(X; r)|, yet VRm(X; r) is equipped with a metric

obtained by regarding the points of |VR(X; r)| as finitely supported probability

measures and defining the distance between two points to be the Wasserstein distance

between probability measures. With this metric, there exists an isometric embedding

X → VRm(X; r). Similar to Hausmann’s theorem [49] which provides the existence of

a homotopy equivalence |VR(X; r)| → X for sufficiently small values of r when

X is a compact Riemannian manifold, it was shown in [3] that for a compact

Riemannian manifold X and r sufficiently small, there exists a homotopy equivalence

VRm(X; r) → X. Moreover, the homotopy equivalence VRm(X; r) → X is naturally

defined in terms of Fréchet means (which are unique in this case due to the choice of

sufficiently small r) and has the embedding X → VRm(X; r) as its homotopy inverse,

whereas the homotopy equivalence of Hausmann’s theorem is highly non-canonical in

the sense that it is defined in terms of a total ordering of X.

The relationship between |VR(X; r)| and VRm(X; r) was studied in further detail

in [5, 6]. Adams, Frick, and Virk showed in [5] that |VR(X; r)| and VRm(X; r)

have isomorphic homotopy groups for any separable metric space X and arbitrary

r > 0. More precisely, it was shown that the Vietoris complex V(U ) and Vietoris

metric thickening Vm(U ), which generalize VR(X; r) and VRm(X; r) respectively,

have isomorphic homotopy groups whenever U is a uniformly bounded open cover of

a separable metric space X. Their proof relies on comparing the nerve of a particular

cover of Vm(U ) with the nerve of U , the latter of which is homotopy equivalent to

|V(U )| by Dowker duality [27]. Critically, this proof does not produce a map between

|V(U )| and Vm(U ) which induces the isomorphisms of homotopy groups.
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Ultimately, one would like to know when |V(U )| and Vm(U ) have the same

homotopy type, as this could allow the homotopy type of |V(U )| to be studied

through metric techniques applied to Vm(U ). In Chapter 3 we first strengthen the

connection between |V(U )| and Vm(U ) by proving a homological nerve theorem to

show that they have isomorphic homology groups whenever U is uniformly bounded.

In Chapter 4 we use a separate approach to improve upon this by showing that the

natural bijection |V(U )| → Vm(U ) is a weak homotopy equivalence. This work,

as well as some of the preliminary material from Chapter 2 was published in [42].

As a consequence of the the weak homotopy equivalence, we are able to leverage

existing results for the Vietoris metric thickening to show that for compact Euclidean

submanifolds M ⊆ Rn, the Vietoris–Rips complex |VR(M ; r)| is homotopy equivalent

to M for all sufficiently small r > 0. This is an analogue of Hausmann’s theorem

[49] for Euclidean submanifolds, as Hausmann’s theorem states that for any closed

Riemannian manifold M (with the metric space structure given by geodesic distance),

|VR(M ; r)| is homotopy equivalent to M for all sufficiently small r > 0.

Given that the conclusion of Hausmann’s theorem holds for both Riemannian

manifolds and Euclidean submanifold, one might wonder whether it is possible to

prove a version of Hausmann’s theorem for an even more general class of spaces,

encompassing both closed Riemannian manifolds and compact Euclidean submanifolds.

It was conjectured in [63] that for a compact absolute neighborhood retract X,

|VR(X; r)| is homotopy equivalent to X for all sufficiently small r > 0. However in

Chapter 5, we disprove this conjecture by producing a counter-example.

Next, we consider cellular sheaves, a topic in applied algebraic topology that has

recently found application in machine learning. Geometric and topological machine

learning are rapidly developing research areas which, broadly speaking, aim to use

geometric priors about the data of interest to develop neural network architectures using

methods and tools from differential geometry, topology, and graph theory [20, 72, 64].

Graph neural networks are a central example of geometric deep learning and have been

applied to a wide range of tasks such as recommender systems [84], traffic modeling
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[62, 85], and predicting properties of chemicals [43]. Building on the basic idea of

graph neural networks, architectures such as simplicial convolutional neural networks

and hypergraph neural networks extend the graph convolution operation to a higher

order convolution operation, which has advantages when the dataset contains salient

relationships between groups of nodes rather than just pairs such as citation networks

[30, 34], chemical data [14, 13], and neural data [69]. However, such convolution

operators suffer from over-smoothing, and thus tend to perform best on homophilic

graph data, where nodes connected together by edges or higher dimensional simplices

have a high likelihood of belonging to the same class [76, 12].

Several approaches have been taken to address the limited capabilities of graph

convolutional networks and higher-order variants for heterophilic graph data (i.e.

not homophilic) [83, 74, 87, 86]. One approach replaces the graph (or simplicial)

convolution operation with a convolution operation defined in terms of a cellular sheaf

[46, 12]. A cellular sheaf, briefly, is a data structure defined on a simplicial complex

which associates a vector space to each simplex, and a linear transformation known as

a restriction map to each pair of incident simplices, that is, a pair of simplices where

one simplex is a face of the other. The restriction maps provide additional flexibility

in the message passing operation. They allow neighboring nodes to maintain distinct

features throughout the layers of the sheaf neural network: an advantageous quality

when working with heterophilic graph data.

While sheaf neural networks were developed to address the issue of over-smoothing

in graph neural networks, they are still susceptible to many of the issues common to

all neural networks, such as overfitting to limited training data and lack of robustness

to noisy data, weight initializations, and hyperparameter selections. One approach

to mitigating such issues is to apply tools and ideas from Bayesian statistics to deep

learning [50, 73]. Bayesian approaches to machine learning have been used to quantify

uncertainty of neural network predictions [53, 40], reduce overfitting [39, 41], add

robustness to adversarial attacks [16], as well as simply improve the predictions of

machine learning algorithms [32, 44, 67, 71].
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In Chapter 6, we apply a Bayesian framework to learning cellular sheaves within a

sheaf neural network. Specifically, we regard the sheaf Laplacian—an object which

generalizes the graph Laplacian to cellular sheaves—as a latent random variable of

the sheaf neural network. In other words, instead of a network which learns a specific

cellular sheaf, we consider a neural network which learns a probability distribution

over a space of cellular sheaves, which is then sampled from during inference.

The main contributions are as follows. We introduce Bayesian sheaf neural networks

(BSNN) in which the sheaf Laplacian operator of the sheaf neural network is a latent

random variable whose distribution is parameterized by a function of the input data.

Motivated by the evidence lower bound for variational Bayesian inference, we derive

a loss function for our BSNN which contains a Kullback-Leibler (KL) divergence

regularization term in order to efficiently train the BSNN. Additionally, we define

a novel family of reparameterizable probability distributions on the rotation group

SO(n) that we refer to as Cayley distributions. The Cayley distributions have tractable

density functions, and thus can be used to perform variational inference on the sheaf

Laplacian within the BSNN when the sheaf restriction maps belong to SO(n). We

derive closed-form expressions for the KL divergence of the Cayley distributions from

the uniform distribution on SO(n) when n = 2, 3. Lastly, we evaluate BSNN models

on several benchmark graph datasets, specifically, on node classification tasks with

limited training data.
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Chapter 2

Preliminaries

We begin by establishing notation and recalling preliminary concepts. We use I to

denote the unit interval, and In to denote the unit n-cube In = [0, 1]n. Let ∆n denote

the standard n-simplex, i.e. ∆n = {(x0, x1, . . . , xn) ∈ Rn+1 :
∑

i xi = 1 and xi ≥

0 for all i}. We write ∂In and ∂∆n for the boundaries of In and ∆n respectively.

2.1 Simplicial Complexes

An abstract simplicial complex K on a vertex set V is a collection of finite subsets of

V that is closed under taking subsets, that is, if σ ∈ K and τ ⊆ σ, then τ ∈ K. If

σ ∈ K and card(σ) = n + 1, then σ is an n-dimensional simplex, or n-simplex. We

also refer to a 0-simplex as a vertex of K. Let Kn denote the set of n-simplices of

K. We use K(n) to denote the n-skeleton of K, that is, the set of all simplices of

dimension not greater than n. The geometric realization |K| is the set of all functions

α : K0 → I which satisfy

(1) {v ∈ K0 : α(v) ̸= 0} is a simplex of K,

(2)
∑

v∈K0
α(v) = 1.

If σ ∈ K is a simplex of K, let |σ| ⊆ |K| denote the set of all α ∈ |K| with support in

σ. The topology of |K| is the CW topology, in which a set U is open in |K| if U ∩ |σ|
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is open in |σ| ∼= ∆n for every σ ∈ K. If σ ∈ K is an n-simplex of K, let ∂σ denote

the set of all (n − 1)-simplices contained in σ. A triangulation T of a space X is a

homeomorphism T : |K| → X for some simplicial complex K.

2.1.1 Complexes with the Metric Topology

For a vertex v ∈ K, the barycentric coordinate ψv : |K| → I is the function defined by

ψv(α) = α(v). For each vertex v, ψv is continuous [66, Appendix 1, Corollary 2]. The

barycentric coordinates can be used to define a metric dm on the set |K| by setting

dm(α, β) =
∑

v∈K0
|ψv(α)− ψv(β)|. We denote by |K|m the space whose underlying

set is |K| and has the metric topology inherited from the metric dm. The space |K|

has a finer topology than |K|m, hence the identity map |K| → |K|m is continuous,

and is a homeomorphism if and only if K is locally finite. Though id : |K| → |K|m is

not a homeomorphism if K is not locally finite, it is always a homotopy equivalence

[66, Appendix 1, Theorem 10]. The following is a useful characterization of continuous

maps into |K|m.

Lemma 2.0.1. [66, Appendix 1, Theorem 8] If K is a simplicial complex and Z is a

topological space, a function f : Z → |K|m is continuous if and only if ψv ◦ f : Z → I

is continuous for all vertices v ∈ K0.

2.2 Homotopy and Homology Groups

Two maps f, g : X → Y are homotopic if there exists a map H : X × I → Y such

that H(·, 0) = f and H(·, 1) = g, and in this case we write f ≃ g. Given A ⊆ X and

B ⊆ Y we write f : (X,A) → (Y,B) to denote a map f : X → Y satisfying f(A) ⊆ B.

Given A ⊆ X, we say that H : X × I → Y is a homotopy relative to A (or rel. A) if

H(a, t) = H(a, 0) for all t ∈ I and a ∈ A. If H,G : X × I → Y are homotopies such

that H(x, 1) = G(x, 0) for all x ∈ X, the concatenation H · G : X × I → Y is the

7



homotopy defined by

(H ·G)(x, t) =

H(x, 2t) t ∈ [0, 1/2]

G(x, 2t− 1) t ∈ [1/2, 1].

Let X be a topological space and let x0 ∈ X. The nth homotopy group of (X, x0) is

denoted πn(X, x0) and is the set of homotopy classes of maps f : (In, ∂In) → (X, x0).

We denote the homotopy class of a map f by [f ]. For a map g : (X, x0) → (Y, y0),

the induced map on homotopy groups is denoted g∗ : πn(X, x0) → πn(Y, y0). The set

π0(X, x0) is the set of path components of X and does not depend on the basepoint,

hence may simply be denoted π0(X). While πn(X, x0) relies on a choice of basepoint

x0 ∈ X, when X is path-connected, for any two basepoints x1, x2 ∈ X, there is an

isomorphism πn(X, x1) ∼= πn(X, x2) and so in this case we may simply write πn(X).

A pair of spaces X and Y are homotopy equivalent if there exist maps f : X → Y

and g : Y → X such that gf ≃ idX and fg ≃ idY , in which case we write X ≃ Y . A

weak homotopy equivalence between X and Y is a map f : X → Y which induces

a bijection f∗ : π0(X) → π0(Y ) on path components, and induces isomorphisms

f∗ : πn(X, x) → πn(Y, f(x)) for all x ∈ X and n ≥ 1.

A chain complex is a collection of abelian groups {Cn}n∈N and homomorphisms

∂n : Cn → Cn−1 (referred to as boundary maps or differentials) such that ∂n∂n+1 = 0.

The nth homology of the chain complex C• is Hn(C•) = ker ∂n/ im ∂n+1.

Given a simplicial complex K, the group of n-chains in K, denoted Cn(K), is the

free abelian group generated by the n-simplices of K, that is, Cn(K) = {
∑k

i=1 aiσi :

ai ∈ Z, k ∈ N, σi ∈ Kn}. Place a total order on the vertex set of K so that each simplex

σ ∈ K may be uniquely written as σ = [v0, v1, . . . , vn] for v0 < v1 < · · · < vn. A

boundary map ∂n : Cn(K) → Cn−1(K) is defined on a basis element σ = [v0, v1, . . . , vn]

by setting ∂n(σ) =
∑n

i=0(−1)i[v0, . . . , v̂i, . . . , vn] where v̂i denotes the omission of vertex

vi. The nth homology group of K, denoted Hn(K), is the nth homology group of the

8



chain complex

· · · → Cn+1(K) → Cn(K) → Cn−1(K) → · · · .

For a topological space X, the group of singular n-chains in X, denoted Sn(X), is

the free abelian group generated by the collection of all maps ∆n → X, that is, Sn(X) =

{
∑k

i=1 aiσi : ai ∈ Z, k ∈ N, σi : ∆n → X}. The boundary map ∂n : Sn(X) → Sn−1(X)

is defined analogous to the simplicial case by setting ∂n(σ) =
∑n

i=0(−1)iσ|[v0,...,v̂i,...,vn]
where σ|[v0,...,v̂i,...,vn] denotes the restriction of σ : ∆n → X to the face of ∆n obtained

by omitting the vertex vi of ∆n. The singular chain groups and boundary maps form

a chain complex

· · · → Sn+1(X) → Sn(X) → Sn−1(X) → · · · ,

and the nth homology group of X is Hn(X) = ker ∂n/ im ∂n+1.

2.3 Vietoris Complexes

If (X, dX) is a metric space and r ∈ R, the (open) Vietoris–Rips complex VR(X; r) is

the simplicial complex whose vertex set consists of the points of X and whose simplices

are the finite subsets of X with diameter less than r. A similar construction is the

Čech complex Č(X; r) whose simplices are finite subsets {x1, . . . , xn} ⊆ X such that

there exists z ∈ X satisfying dX(z, xi) < r for all i ≤ n.

Both of these constructions are generalized by the Vietoris complex. Given a cover

U of X, the Vietoris complex V(U ) is the simplicial complex whose vertex set is X

and contains a simplex σ = {x1, x2, . . . , xn} ⊆ X if σ ⊆ U for some U ∈ U . If U is the

cover of X by open sets of diameter less than r, then V(U ) = VR(X; r). Alternatively,

if U is the open cover of X by open balls of radius r, then V(U ) = Č(X; r).

Remark 2.1. The open Vietoris–Rips complex is sometimes denoted VR<(X; r)

in order to distinguish it from the closed Vietoris–Rips complex VR≤(X; r): the

9



complex whose simplices are the finite subsets of X with diameter less than or equal

to r. While work has been done on understanding the homotopy type of Vietoris–

Rips complexes |VR≤(X; r)| with the ≤ convention and their corresponding metric

thickenings VRm
≤ (X; r) [3, 70], in this dissertation we will only be concerned with

open Vietoris–Rips complexes and their corresponding metric thickenings. Hence the

notation VR(X; r) in the present work will always refer to the open Vietoris–Rips

complex.

A cover U of X is said to be uniformly bounded if there exists D <∞ such that

diam(U) ≤ D for all U ∈ U . The covers defining VR(X; r) and Č(X; r) for any 0 <

r <∞ are examples of uniformly bounded covers. If U is a cover of X and f : Y → X

is a map, let f−1U denote the cover of Y given by f−1U = {f−1(U) : U ∈ U }.

2.4 Vietoris Metric Thickenings

Let (X, dX) be a metric space. The support of a measure µ on the Borel sets of X

is the set consisting of points x ∈ X where µ(U) > 0 for every open neighborhood

U of x. The support of µ is denoted supp(µ). Let Pfin(X) denote the set of all

probability measures on X with finite support. If µ, ν ∈ Pfin(X), a coupling between

µ and ν is a probability measure γ on X ×X whose marginals on the first and second

factors of X ×X are µ and ν respectively, that is, γ satisfies γ(A×X) = µ(A) and

γ(X × A)) = ν(A) for all Borel subsets A ⊆ X. If C denotes the set of couplings

between µ, ν ∈ Pfin(X), the 1-Wasserstein distance between µ and ν is

dW (µ, ν) = inf
γ∈C

∫
X×X

dX(x, y)γ(dx× dy).

Since we will only consider the 1-Wasserstein distance between finitely supported

probability measures, we can alternatively define dW (µ, ν) as an infimum of finite

sums in the following manner. For x ∈ X, let δx denote the Dirac probability measure

at x. Each measure µ ∈ Pfin(X) has a unique representation µ =
∑

i∈I aiδxi
in
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which supp(µ) = {xi}i∈I ⊆ X is a finite set indexed by I, ai > 0 for all i ∈ I, and∑
i∈I ai = 1. If it will not cause confusion, we may omit the finite index set I and

simply write µ =
∑

i aiδxi
. Now if µ =

∑
i aiδxi

and ν =
∑

j bjδyj , a coupling between

µ and ν can be represented as a sum γ =
∑

i,j γi,jδ(xi,yj) such that γi,j ≥ 0 for all i and

j,
∑

i γi,j = bj for all j, and
∑

j γi,j = ai for all i. With this in mind, the 1-Wasserstein

distance is then

dW (µ, ν) = inf
γ∈C

∑
i,j

γi,jdX(xi, yj).

The Wasserstein metric is sometimes known as the optimal transport metric. A

coupling γ between µ =
∑

i aiδxi
and ν =

∑
j bjδyj can be regarded as a transport

plan between µ and ν, with the constants γi,j specifying the amount of mass moved

from xi to yj, and γi,jdX(xi, yi) is the associated cost.

If U is a cover of X, the Vietoris metric thickening Vm(U ) is the metric space

of all µ ∈ Pfin(X) such that supp(µ) is contained in an element of U , equipped with

the 1-Wasserstein metric. Note that the map X → Vm(U ) defined by x 7→ δx is an

isometric embedding.

The underlying set of Vm(U ) is the same as |V(U )| since any α ∈ |V(U )| is

a function α : X → I with finite support contained in an element of U satisfying∑
x∈X α(x) = 1, hence can be equally regarded as a finitely supported probability

measure µ ∈ Vm(U ). However, the topology of Vm(U ) is coarser than that of |V(U )|,

so that while the natural bijection id : |V(U )| → Vm(U ) is continuous [3, Proposition

6.1], it is not in general a homeomorphism.

Recalling the barycentric coordinate functions ψv, we may on occasion find it useful

to represent µ ∈ Vm(U ) as the sum µ =
∑

x∈X ψx(µ)δx, which, while indexed by X,

has only finitely many non-zero terms.

11



Chapter 3

Homology Groups of Vietoris Metric

Thickenings

In this chapter, we show that the Vietoris complex V(U ) and Vietoris metric thickening

Vm(U ) have isomorphic homology groups. In [5], for any any n ∈ N, the authors

construct an open cover M̃U of Vm(U ) that is good up to level n, that is, the

intersection of any collection of at most n sets from M̃U is either empty or contractible.

The authors of [5] remarked that these covers could potentially be used in a Mayer-

Vietoris spectral sequence to show that V(U ) and Vm(U ) have isomorphic homology

groups. The argument we present does just this, as we will prove a homological

nerve theorem—which is ultimately an application of the Mayer-Vietoris spectral

sequence—in order to show that V(U ) and Vm(U ) have isomorphic homology groups.

Given a cover U = {Ui}i∈I of a topological space X, the nerve of U , which we

denote N (U ), is a simplicial complex whose vertex set is I and whose simplices are

the finite subsets σ ⊂ I such that the intersection
⋂

i∈σ Ui is nonempty. There are

many nerve theorems, each of which relate a space X with N (U ), but vary on the

assumptions placed on X and U , as well as the conclusions drawn.

One of the earliest examples of a nerve theorem is due to Borsuk [15]. Borsuk

proved that if X is a finite-dimensional compact metric space and A is a finite cover
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of X by closed subsets of X such that intersection of any subset of A is an absolute

retract, then X and N (A ) have the same homotopy type.

Another early example of a nerve theorem is contained in the work of Leray in [59]

and [60]. His work implies that if X is a finite simplicial complex and A is a finite

cover of X by subcomplexes such that the intersection of any subset of A has trivial

cohomology, then Hn(X) ∼= Hn(N (A )) for all n. The analogous nerve theorem for

homology can be found in [21] for example, in which K. Brown notes that the theorem

is "essentially due to Leray".

A sharper form of this homological nerve theorem is proven and used by R.

Meshulam [68], which relaxes the condition that intersections of finite subsets of the

cover A are homologically trivial, but only shows that Hj(X) ∼= Hj(N (A )) for j ≤ n

for a particular n. However, Meshulam assumes that X is a finite simplicial complex,

U is a finite cover of X by subcomplexes, and takes homology to have coefficients in

a field.

We show that the homological nerve theorem in [68] holds for the case where X is

an arbitrary topological space and U is an open cover of X.

Theorem 3.1. Let U = {Ui}i∈I be an open cover of a topological space X, and let N

be the nerve of this cover. Fix an integer k ∈ N. If H̃j(∩i∈σUi) = 0 for all σ ∈ N (k)

and j ∈ {0, . . . , k − dimσ}, then

(1) Hj(X) ∼= Hj(N) for all j ∈ {0, . . . , k}

(2) if Hk+1(N) ̸= 0 then Hk+1(X) ̸= 0.

3.1 Mayer-Vietoris Spectral Sequence

We give a brief description of the spectral sequence of a cover, which is sometimes

known as the Mayer-Vietoris spectral sequence. Fix an open cover U = {Ui}i∈I of X

and to simplify the notation, let N = N (U ) be the nerve of U . For a simplex σ ⊂ I

in N , let Uσ denote the intersection Uσ = ∩i∈σUi.
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Given the open cover U there is an associated double complex (A, ∂′, ∂′′) (see

Figure 3.1). A double complex is a collection of abelian groups {Ap,q}p,q∈Z along with

two collections of homomorphisms

∂′ : Ap,q → Ap−1,q ∂′′ : Ap,q → Ap,q−1

which satisfy ∂′∂′ = ∂′′∂′′ = 0 and ∂′∂′′ = ∂′′∂′. To define the double complex

associated to U , set Ap,q =
⊕

σ∈Np
Sq(Uσ). The vertical differentials ∂′′ : Ap,q → Ap,q−1

are induced by the boundary maps ∂ : Sq(Uσ) → Sq−1(Uσ), and the horizontal

differentials ∂′ : Ap,q → Ap−1,q are defined as follows.

Fix a total order on the vertices {vi}i∈I of N so that each simplex of N has a

unique representation σ = [v0, . . . , vp] for which v0 < · · · < vp. Then if σ = [v0, . . . , vp]

is a p-simplex with v0 < · · · < vp, define fj(σ) to be the (p − 1)-simplex fj(σ) =

[v0, . . . , v̂j, . . . , vp] in which v̂j denotes that the vertex vj is omitted. Since Uσ ⊂ U∂jσ,

we have that fj defines an inclusion

Sq(Uσ) → Sq(Ufj(σ)) →
⊕

τ∈Np−1

Sq(Uτ )

for each σ. These inclusions induce maps δj :
⊕

σ∈Np
Sq(Uσ) →

⊕
τ∈Np−1

Sq(Uτ ). We

then define ∂′ : Ap,q → Ap−1,q by setting ∂′ =
∑p

i=0(−1)iδi. One may check that

∂′∂′ = 0 by expanding out

∂′∂′ =

p∑
k=0

p−1∑
j=0

(−1)k+jδjδk

and using the relation δjδk = δk−1δj if j < k. Note that ∂′∂′′ = ∂′′∂′.

Given the double complex A, we may form the total complex TotA, whose degree

n term is (TotA)n =
⊕

p+q=nAp,q. The differential ∂ of TotA is defined by setting

∂(c) = ∂′(c) + (−1)p∂′′(c) for c ∈ Ap,q, for all p, q ∈ N.
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...
...

...

0
⊕

σ∈N0
S2(Uσ)

⊕
σ∈N1

S2(Uσ)
⊕

σ∈N2
S2(Uσ) . . .

0
⊕

σ∈N0
S1(Uσ)

⊕
σ∈N1

S1(Uσ)
⊕

σ∈N2
S1(Uσ) . . .

0
⊕

σ∈N0
S0(Uσ)

⊕
σ∈N1

S0(Uσ)
⊕

σ∈N2
S0(Uσ) . . .

0 0 0

∂′′

∂′

Figure 3.1: The double complex (A, ∂′, ∂′′)

There are two natural filtrations F ′ and F ′′ of TotA, essentially by the columns and

rows of A respectively. The first filtration is given by F ′
k(TotA)n =

⊕
p≤k Ap,n−p and

the second filtration is F ′′
k (TotA)n =

⊕
q≤k An−q,q. The filtrations F ′ and F ′′ of TotA

give rise to spectral sequences E ′ and E ′′ respectively. Very briefly, a spectral sequence

is a sequence of objects {Er, ∂r}r∈N, where each "page" Er is a bigraded abelian group,

i.e. Er = {Er
p,q}p,q∈Z for abelian groups Er

p,q, with differentials ∂r : Er
p,q → Er

p−1+r,q−r,

and the terms of Er+1 are obtained as the homology groups of the previous page Er

with respect to ∂r. Under mild condition which will apply in what follows, for each

pair p, q, the terms Er
p,q stabilize for large enough r, that is Er1

p,q
∼= Er0

p,q for all r1 ≥ r0

for some fixed r0 and in this case we define E∞
p,q := Er0

p,q.

The terms E∞
p,q from the spectral sequence associated to a filtration F of TotA are

closely related to the homology groups of TotA. Specifically,

E∞
p,q

∼= Fp(Hp+q(TotA))/Fp−1(Hp+q(TotA)),

where the filtration on H•(TotA) is defined by setting Fp(H•(TotA)) as the image of

H•(Fp(TotA)) under the map induced by the injection Fp(TotA) → TotA. However,
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if E∞
p,q is non-zero only when p = 0, we have the much more direct relationship

E∞
0,q

∼= Hq(TotA).

We avoid giving a comprehensive treatment of spectral sequences, which can be

found in [65], and instead state some facts relevant to our application. For the spectral

sequence E ′ associated with the filtration F ′ of TotA defined earlier, the 0th page

E0 is simply A and the corresponding differential is ∂′′. The E1 page is obtained

by taking homology of A with respect to ∂′′, and the differential ∂′ on A induces a

differential we also denote by ∂′ on E1. Hence the E2 page is obtained by taking the

homology of E1 with respect to ∂′. For the second spectral sequence E ′′, the E0 page

is again A, but now E1 is obtained by taking the homology of A with respect to ∂′,

and then the E2 page is obtained by next taking the homology of E1 with respect to

the differential induced by ∂′′.

We will use the second spectral sequence to show that H•(TotA) ∼= H•(X), which

we then compare with the first spectral sequence in Section 3.2 to prove Theorem 3.1.

Let E = E ′′ be the second spectral sequence of the double complex A. To describe

the E1 page explicitly, we need the following proposition.

Proposition 3.1. Let q ∈ N and let A•,q denote the chain complex

. . .
⊕

σ∈N2
Sq(Uσ)

⊕
σ∈N1

Sq(Uσ)
⊕

σ∈N0
Sq(Uσ) 0.∂′ ∂′

Then Hj(A•,q) ∼= 0 for all j > 0 and H0(A•,q) ∼= SU
q (X).

Here SU
q (X) denotes the group of singular q-chains in X whose elements

∑m
i=0 niσi

satisfy the condition that each singular simplex σi has image in an element of U .

To prove Proposition 3.1, we provide a generalization of the proof in [21, pg. 166],

which assumes that X is a CW -complex and U is a cover of X by subcomplexes. A

similar proposition, but for cohomology, is proved by Frigerio and Maffei in [37].

Proof. We prove the proposition by giving an alternative characterization of the groups⊕
σ∈Np

Sq(Uσ). We begin by noting that
⊕

σ∈Np
Sq(Uσ) has a basis B consisting of
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pairs (σ, f) where σ is a p-simplex of N and f is a map f : ∆q → Uσ. For any map

f : ∆q → X, let N f be the subcomplex of N consisting of simplices σ such that

im(f) ⊂ Uσ. Then there is a bijection between B and the set of pairs (f, σ) where f

is an arbitrary map f : ∆q → X and σ is a p-simplex of N f . This is to say that for

each p, there exists an isomorphism

⊕
σ∈Np

Sq(Uσ) ∼=
⊕

f :∆q→X

Cp(N
f ).

Moreover, these isomorphisms define an isomorphism of chain complexes

. . .
⊕

σ∈N2
Sq(Uσ)

⊕
σ∈N1

Sq(Uσ)
⊕

σ∈N0
Sq(Uσ) 0

. . .
⊕

f :∆q→X C2(N
f )

⊕
f :∆q→X C1(N

f )
⊕

f :∆q→X C0(N
f ) 0

∼= ∼= ∼=

where the differential in the bottom complex is induced by the boundary maps

Cp(N
f ) → Cp−1(N

f ) on simplicial p-chains. Observe that for each f : ∆q → X, the

complex N f consists of all finite subsets of the set {i ∈ I : im(f) ⊂ Ui}. Hence N f is

either empty or contractible. Hence Hp(N
f ) ∼= 0 for all p > 0 and the homology groups

of the bottom chain complex (and hence the top as well) are zero at each position

except
⊕

f :∆q→X C0(N
f ). Here we note that H0(Nf ) is either 0 or Z, depending

on whether Nf is empty or not, which in turn depends on whether f has image in

some element of U . Thus we can take the set of maps f : ∆q → X which have

image in some element of U to be a basis for
⊕

f :∆q→X H0(Nf ). This implies that⊕
f :∆q→X H0(Nf ) ∼= SU (X), completing the proof.
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Using Proposition 3.1, we see that the E1 page of the second spectral sequence is

of the form
...

...
...

0 SU
2 (X) 0 0 . . .

0 SU
1 (X) 0 0 . . .

0 SU
0 (X) 0 0 . . .

0 0 0

and where the differentials are induced by ∂′′. Let HU
q (X) denote the q-th homology

group of the chain complex SU
• (X), which we note is isomorphic to Hq(X) since U

is an open cover [48, Proposition 2.21]. The E2 page then consists of the homology

groups HU
q (X) along a single column and zeros elsewhere. Hence the second spectral

sequence collapses at the E2 page, i.e. Er ∼= E2 for all r ≥ 2. This is due to the fact

that the differentials of all subsequent pages are maps between Er
p,q and Er

p−1+r,q−r,

and thus must either map to or from a trivial group, hence are the zero homomorphism.

Then we see that E∞
0,q

∼= E2
0,q

∼= Hq(X) for all q ∈ N and E∞
p,q

∼= E2
p,q

∼= 0 if p > 0.

Hence the homology of the total complex of A is isomorphic to the homology of X,

i.e. H•(TotA) ∼= H•(X).

3.2 Homological Nerve Theorem

We are now ready to prove Theorem 3.1. We are able to generalize the result of [68]

by using the homology spectral sequence of the cover U , rather than the cohomology

spectral sequence.

Proof of Theorem 3.1. Given an open cover U of a space X, let N be the nerve of

U , let A be the double complex associated to U , and let E = E ′ be the first spectral

sequence of the double complex A. The terms of the E1 page of the first spectral
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sequence are obtained by taking the homology of A with respect to ∂′′. Hence E1 is

...
...

...

0
⊕

σ∈N0
H2(Uσ)

⊕
σ∈N1

H2(Uσ)
⊕

σ∈N2
H2(Uσ) . . .

0
⊕

σ∈N0
H1(Uσ)

⊕
σ∈N1

H1(Uσ)
⊕

σ∈N2
H1(Uσ) . . .

0
⊕

σ∈N0
H0(Uσ)

⊕
σ∈N1

H0(Uσ)
⊕

σ∈N2
H0(Uσ) . . .

0 0 0,

where the differentials are induced by ∂′. For each m ∈ N, there exists a surjective

map gm : E1
m,0 → Cm(N) defined as follows. For each σ ∈ N , let Pσ denote the set

of path components of Uσ, identify H0(Uσ) with
⊕

i∈Pσ
Z, and let fσ : H0(Uσ) → Z

be the map which sends (ni)i∈Pσ to the sum
∑

i∈Pσ
ni. Then for each m ∈ N, let

gm :
⊕

σ∈Nm
H0(Uσ) →

⊕
σ∈Nm

Z be the map induced by the collection {fσ : σ ∈ Nm}.

It is not too difficult to check that the collection {gm : m ∈ N} defines a morphism of

chain complexes, g : E1
•,0 → C•(N).

Under the assumption that H̃j(Uσ) ∼= 0 for all σ ∈ N (k) and j ∈ {0, . . . , k−dimσ},

we see that for all m ≤ k, the m-th antidiagonal of the E1 page contains only one

nontrivial term,
⊕

σ∈Nm
H0(Uσ). Moreover, gm :

⊕
σ∈Nm

H0(Uσ) → Cm(N) is an

isomorphism for m ≤ k. Then from the commutative diagram

E1
k+2,0 E1

k+1,0 E1
k,0 E1

k−1,0 . . .

Ck+2(N) Ck+1(N) Ck(N) Ck−1(N) . . .

gk+2 gk+1 ∼= ∼=

we immediately see that E2
m,0

∼= Hm(N) for all m ≤ k − 1. Using the fact that gk+1 is

surjective and gk, gk−1 are isomorphisms, it is also straightforward to see that gk induces

an isomorphism E2
k,0

∼= Hk(N) and gk+1 induces a surjection E2
k+1,0 → Hk+1(N).

Note that for m ≤ k, the m-th antidiagonal of the E2 page contains only one
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nontrivial term, E2
m,0, and that E2

p,q
∼= E∞

p,q for p + q ≤ k. Hence for 0 ≤ m ≤ k,

Hm(TotA) ∼= E2
m,0

∼= Hm(N). Consequently, Hm(X) ∼= Hm(TotA) ∼= Hm(N) for all

m ≤ k. Lastly since there is a surjection E2
k+1,0 → Hk+1(N), if Hk+1(N) ̸= 0, then we

must also have E2
k+1,0 ̸= 0. Since the differentials entering and leaving the term Er

k+1,0

are zero homomorphisms for all r ≥ 2, we have E∞
k+1,0

∼= E2
k+1,0, which in turn implies

that Hk+1(X) ∼= Hk+1(TotA) ̸= 0.

Remark 3.2. The fact that U is an open cover is only used for the isomorphism

HU
• (X) ∼= H•(X) which is used to establish H•(X) ∼= H•(TotA). Hence Theorem 3.1

holds slightly more generally for any space X and cover U such that HU
• (X) ∼= H•(X),

for example if U is a collection of sets whose interiors cover X.

3.3 Vietoris Complexes and Metric Thickenings have

Isomorphic Homology Groups

Having proved Theorem 3.1, we are now equipped to show that V(U ) and Vm(U )

have isomorphic homology groups. Before doing so however, we recall the open covers

of Vm(U ) constructed in [5] that are good up to level n. Following the terminology

of [5], if U is a subset of X and 0 < p < 1, we say that a subset A ⊆ Vm(U ) has

the mass concentration property for the pair (p, U) if µ(U) > p for all µ ∈ A. In this

case, we write that A has MCP(p, U). If U ⊆ X, a subset A ⊆ Pfin(X) is U -pumping

convex if for any µ ∈ A and ν ∈ Pfin(X) satisfying supp(ν) ⊆ supp(µ) ∩ U we have

that (1− t)µ+ tν ∈ A for all t ∈ I.

If U is a subset of X, let MU ⊆ Pfin(X) be the set of all µ ∈ Pfin(X) such that

supp(µ) ⊆ U . If U is an open cover of X, then MU = {MU : U ∈ U } is a cover of

Vm(U ). However, MU is not necessarily an open cover. In [5] it was shown that the

cover MU can be “thickened” with respect to a choice of 0 < p < 1 to construct an

open cover M̃U of Vm(U ) with several key properties.
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Proposition 3.2. Let U be an open cover of X. For every 0 < p < 1, there exists

an open cover M̃U = {M̃U}U∈U of Vm(U ) such that for every U ∈ U ,

(1) MU ⊆ M̃U ,

(2) M̃U is U-pumping convex,

(3) M̃U has MCP(p, U).

Proof. See [5, pg. 8].

Remark 3.3. The open covers in [5] are defined in such a way that the covers’ elements

are open and satisfy properties (1)–(3) by construction. However, a simpler way to

verify Proposition 3.2 is the following. For any 0 < p < 1, let M̃U be the collection of

sets of the form M̃U = {µ ∈ Vm(U ) : µ(U) > p} for U ∈ U . Then it is straightforward

to check that conditions (1)–(3) hold. Lastly, the sets M̃U are open in Vm(U ) due

to the fact that for any U ∈ U and µ ∈ M̃U , we have dX(supp(µ) ∩ U,UC) > 0 since

supp(µ) is a finite set. Hence if ν /∈ M̃U , then any coupling γ between µ and ν must

transport a mass of at least µ(U)− p a distance of at least dX(supp(µ) ∩ U,UC) > 0,

or more precisely, γ must satisfy

γ
(
(supp(µ) ∩ U)× UC

)
≥ µ(U)− p.

From this it follows that dW (µ, ν) > (µ(U)− p)dX(supp(µ) ∩ U,UC), and since this

bound does not depend on ν, it follows that µ is an interior point of M̃U . Hence the

sets M̃U are open in Vm(U ).

Corollary 3.3.1. If U is a uniformly bounded open cover of a metric space X, then

Vm(U ) and V(U ) have isomorphic homology groups.

Proof. Write U = {Ui}i∈I . Let n ∈ N, let 1− 1/n < p < 1, and let M̃U be the open

cover of Vm(U ) from Proposition 3.2 corresponding to the value p. Then Proposition

4.4 of [5] ensures that the cover M̃U is good up to level n. Then H̃j(∩i∈σM̃Ui
) ∼= 0 for
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all σ ∈ N (n−1) and j ∈ N, in which case Theorem 3.1 then implies that Hj(Vm(U )) ∼=

Hj(N (M̃U )) for all j ≤ n − 1. It was shown in [5] that the n-skeleton of N (M̃U )

coincides with that of N (U ), hence Hj(N (M̃U )) ∼= Hj(N (U )) ∼= Hj(V(U )) for all

j ≤ n− 1, where the second isomorphism follows from Dowker duality [27]. In total,

we have that Hj(Vm(U )) ∼= Hj(V(U )) for all j ≤ n− 1. Since n was arbitrary, we

conclude that Vm(U ) and V(U ) have isomorphic homology groups.

Since the Vietoris–Rips complex VR(X; r) and the Čech complex Č(X; r) are

special cases of Vietoris complexes V(U ), the following corollary is immediate.

Corollary 3.3.2. For all r > 0, we have isomorphisms Hn(VR
m(X; r)) ∼=

Hn(VR(X; r) and Hn(Č
m
(X; r)) ∼= Hn(Č(X; r) for every n ∈ N.
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Chapter 4

Vietoris Metric Thickenings and

Complexes are Weakly Homotopy

Equivalent

In this chapter, we further strengthen the connection between the Vietoris complex

V(U ) and the Vietoris metric thickening Vm(U ). Our main result is to show that

the natural bijection |V(U )| → Vm(U ) is a weak homotopy equivalence.

Theorem 4.1. For any uniformly bounded open cover U of a metric space X, the

natural bijection id : |V(U )| → Vm(U ) is a weak homotopy equivalence.

Theorem 4.1 can be seen as a significant step towards a proof that |V(U )| and

Vm(U ) are homotopy equivalent. Whitehead’s theorem states that a weak homotopy

equivalence f : X → Y is a homotopy equivalence if X and Y have the homotopy

types of CW complexes. Thus, in light of Theorem 4.1, to show that |V(U )| and

Vm(U ) are homotopy equivalent, it suffices to show that Vm(U ) has the homotopy

type of a CW complex.

The structure of this chapter is as follows. In Section 4.1, we discuss |V(U )|m, the

Vietoris complex with the metric topology for simplicial complexes and its relationship

with Vm(U ). In Section 4.2, we prove a technical lemma about the existence of
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homotopies for certain maps of simplices ∆n → Vm(U ). In Section 4.3, we recall

the Freudenthal–Kuhn triangulation of Rn, which we use to construct a class of

triangulations of In. In Section 4.4 we prove Theorem 4.1 by showing that if f : In →

Vm(U ) is a map such that the restriction f |∂In is continuous as a map f |∂In : ∂In →

|V(U )|m, then f can be homotoped rel. ∂In to a continuous map g : In → |V(U )|m.

The main step for constructing such a homotopy involves triangulating In using

the Freudenthal-Kuhn triangulation, which allows us to then iteratively apply the

homotopy of Section 4.2. Finally, in Section 4.5, we explore some of the novel

consequences of Theorem 4.1.

4.1 The Vietoris Complex with the Metric Topology

Let U be an open cover of a metric space X. Though we can equip |V(U )| with

the metric topology for simplicial complexes to obtain the space |V(U )|m, note that

this space is distinct from Vm(U ). For one, the vertex set V ⊆ |V(U )|m is discrete,

whereas the same set with the subspace topology from Vm(U ) is homeomorphic to X.

Our reason for considering |V(U )|m is the following. Because id : |K| → |K|m is a

homotopy equivalence for any simplicial complex K, we will prove Theorem 4.1 by

showing that id : |V(U )|m → Vm(U ) is a weak homotopy equivalence. We make this

replacement because the continuity of maps f : Z → |V(U )|m affords a convenient

characterization via Lemma 2.0.1.

First, we show that the bijection |V(U )|m → Vm(U ) is continuous so long as U

is uniformly bounded.

Proposition 4.1. If U is a uniformly bounded open cover of X, then the identity

map |V(U )|m → Vm(U ) is continuous.

Proof. Since U is uniformly bounded, let D = supU∈U diam(U). Let µ ∈ Vm(U )

and let 0 < r < 2D. Let B = BVm(U )(µ, r) be the open ball in Vm(U ) centered

at µ with radius r, and let B′ = B|V(U )|m(µ, r/D) be the open ball in |V(U )|m
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centered at µ of radius r/D. We claim that B′ ⊆ B, which will show that the identity

|V(U )|m → Vm(U ) is continuous. So let ν ∈ B′. Then

∑
x∈X

|ψx(µ)− ψx(ν)| =
∑
x∈X

|µ(x)− ν(x)| < r

D
. (4.1)

Note that if supp(µ) and supp(ν) were disjoint, we would have
∑

x∈X |µ(x)−ν(x)| = 2.

Since r/D < 2, it follows that supp(µ) ∩ supp(ν) ̸= ∅.

Let γ be any coupling between µ and ν which satisfies

γ(x, x) = min
(
µ(x), ν(x)

)
for all x ∈ X. In other words, γ is a transport plan between µ and ν which keeps

fixed any mass they already have in common. Note that (4.1) implies that γ has at

most r/(2D) of its mass off the diagonal of X ×X. Hence

∫
X×X

dX(x, y)γ(dx× dy) < diam
(
supp(µ) ∪ supp(ν)

)
· r

2D
.

Finally, we note that the diameters of supp(µ) and supp(ν) are each less than D, and

since supp(µ) ∩ supp(ν) ̸= ∅, it follows that diam(supp(µ) ∪ supp(ν)) < 2D. Thus

dW (µ, ν) ≤
∫
X×X

dX(x, y)γ(dx× dy) < r,

which shows that B′ ⊆ B.

We recall a lemma which implies that if f, g : Z → Vm(U ) are continuous, then

whenever the linear homotopy H : Z × I → Vm(U ) between f and g is well-defined,

it is also continuous.

Lemma 4.1.1. [5, Lemma 2.1] Let X and Z be metric spaces, and let f, g : Z →

Pfin(X) be continuous maps. Then the linear homotopy H : Z × I → Pfin(X) given

by H(z, t) = (1− t)f(z) + tg(z) is continuous.
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We now show that the linear homotopy of Lemma 4.1.1 is continuous with respect

to the topology of |V(U )|m under similar conditions.

Lemma 4.1.2. Let X and Z be metric spaces, let U be an open cover of X, let

f, g : Z → Vm(U ) be functions, and suppose the linear homotopy H : Z×I → Vm(U )

given by H(z, t) = (1− t)f(z) + tg(z) is well-defined. If both f and g are continuous

with respect to the topology of |V(U )|m, then so is H.

Proof. If both f and g are continuous with respect to the topology of |V(U )|m, then

ψv ◦ f and ψv ◦ g are continuous for every vertex v ∈ X of V(U ). Note that

(ψv ◦H)(z, t) = ψv

(
(1− t)f(z) + tg(z)

)
= (1− t)(ψv ◦ f)(z) + t(ψv ◦ g)(z).

Hence ψv ◦ H is continuous for each vertex v, in which case H is continuous with

respect to the topology of |V(U )|m by Lemma 2.0.1.

We will also recall the following lemma, which describes how under certain

conditions a subset A with MCP(p, U) can be mapped continuously into MU =

{µ ∈ Vm(U ) : supp(µ) ⊆ U} (recall the notation from Section 3.3), and then show in

the lemma directly after how this mapping is continuous with respect to the topology

of |V(U )|m.

Lemma 4.1.3. [5, Lemma 4.3] Let X be a metric space, and let the open set U ⊆ X

have finite diameter. Suppose A ⊆ Pfin(X) has MCP(p, U) for some 0 < p < 1, and let

ϕ : X → [0, 1] be an L-Lipschitz map with ϕ−1(0) = UC . Then f : A→MU ⊆ Pfin(X)

defined as

f
(∑

i∈I

aiδxi

)
=
∑
i∈I

( aiϕ(xi)∑
j∈I ajϕ(xj)

)
δxi

is continuous. If A is furthermore U-pumping convex, then the homotopy H : A ×

[0, 1] → A defined by H(µ, t) = (1− t)µ+ tf(µ) is well-defined and continuous.
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Lemma 4.1.4. Suppose A ⊆ Vm(U ) has MCP(p, U) for some p > 0 and open set

U ⊆ X. Let ϕ : X → I be a continuous map satisfying ϕ−1(0) = UC. The map

Φ : A→MU defined by

Φ
(∑

i∈I

aiδxi

)
=
∑
i∈I

( aiϕ(xi)∑
j∈I ajϕ(xj)

)
δxi
.

is continuous with respect to the topologies of A and MU regarded as subspaces of

|V(U )|m.

Proof. Let A and MU have the subspace topology with respect to |V(U )|m. Note

that a point µ =
∑

i aiδxi
∈ Vm(U ) can alternatively be written µ =

∑
x∈X ψx(µ)δx.

Then if v ∈ V(U ) is a vertex, and µ =
∑

x∈X ψx(µ)δx ∈ A, we have

ψv

(
Φ
(∑

x∈X

ψx(µ)δx

))
= ψv

(∑
x∈X

( ψx(µ)ϕ(x)∑
y∈X ψy(µ)ϕ(y)

)
δx

)
=

ψv(µ)ϕ(v)∑
y∈X ψy(µ)ϕ(y)

.

(4.2)

The fact that A has MCP(p, U) implies that there exists y ∈ U such that ψy(µ) > 0.

Then since ϕ(y) > 0 for all y ∈ U , we have that

∑
y∈X

ψy(µ)ϕ(y) > 0

for all µ ∈ A. Hence ψv ◦Φ is well-defined. Additionally, the function A→ I given by

µ 7→
∑

y∈X ψy(µ)ϕ(y) is continuous due to the fact that

∣∣∣∑
y∈X

ψy(µ)ϕ(y)−
∑
y∈X

ψy(ν)ϕ(y)
∣∣∣ ≤∑

y∈X

ϕ(y)
∣∣ψy(µ)− ψy(ν)

∣∣ ≤ dm(µ, ν),

where dm is the metric on |V(U )|m. Since ψv : A→ I is continuous, (4.2) implies that

ψv ◦ Φ is continuous. Since v was arbitrary, Lemma 2.0.1 implies that Φ : A→MU is

continuous with respect to the topologies of A and MU as subspaces of |V(U )|m.
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4.2 Deforming Maps of Simplices into Vietoris Metric

Thickenings

To show that |V(U )|m → Vm(U ) is a weak homotopy equivalence, our goal is to

show that given a map f : In → Vm(U ) such that f |∂In is continuous as a map

f |∂In : ∂In → |V(U )|m, there exists a homotopy H : In × I → Vm(U ) rel. ∂In

between f and a continuous map g : In → |V(U )|m. To do this, we will construct a

homotopy inductively on the k-skeleton of a triangulation of In. In this section, we

establish a lemma which will serve as an important tool in constructing this homotopy.

First, we start with a lemma concerning the mass concentration property for

compact sets.

Lemma 4.1.5. Suppose A ⊆ Pfin
X is compact and has MCP(p, U) for some 0 < p < 1

and open set U ⊆ X. Then there exists an open set V ⊆ U such that d(V, UC) > 0

and A has MCP(p, V ).

Proof. For each i ∈ N, let Vi = {x ∈ U : d(x, UC) > 1/i} and let Ai = {µ ∈ A :

µ(Vi) > p}. Note that for each i ∈ N, Vi is open in X. We first show that Ai is open

in A for all i ∈ N. Let i ∈ N, let µ ∈ Ai, and choose r > 0 satisfying

0 < r < (µ(Vi)− p) · d
(
supp(µ) ∩ Vi, V C

i

)
.

This is possible since supp(µ) ∩ Vi is a finite set disjoint from the closed set (Vi)
C ,

hence d(supp(µ) ∩ Vi, V C
i ) > 0. If ν ∈ A \ Ai, then ν(Vi) ≤ p. In this case, we have

that dW (µ, ν) > r as any coupling γ between µ and ν must move a mass of at least

µ(Vi)− p a distance of at least d(supp(µ) ∩ Vi, V C
i ), or more precisely, γ must satisfy

γ
(
(supp(µ) ∩ Vi)× V C

i

)
≥ µ(Vi)− p.

Hence B(µ; r) ∩ A ⊆ Ai, showing that Ai is open in A.
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Next we show that {Ai}i∈N is an open cover of A. So let µ ∈ A. Because

d(supp(µ) ∩ U,UC) > 0, if i ∈ N is chosen large enough so that 1/i < d(supp(µ) ∩

U,UC), we have that supp(µ)∩U ⊆ Vi and thus µ(Vi) = µ(U) > p. Thus {Ai}i∈N is an

open cover of A. Since A is compact, we may find a finite subcover {Ai1 , Ai2 , . . . , AiN}.

We may assume that i1 < i2 < · · · < iN , in which case Ai1 ⊆ Ai2 ⊆ · · · ⊆ AiN , and

thus A = AiN . This implies that for all µ ∈ A, µ(ViN ) > p, that is, A has MCP(p, ViN ).

By construction, ViN satisfies d(ViN , UC) > 0.

We are now ready to state and prove the main lemma of this section. Its statement

and proof are inspired by [5, Prop. 4.4], though with alterations specific to our

approach.

Lemma 4.1.6. Let U be a uniformly bounded open cover of a metric space X. Let

N ∈ N with N ≥ 2, and let M̃U be the open cover of Vm(U ) constructed with respect

to a choice of p satisfying 1− 1/N < p < 1. Let U1, . . . , Un be a collection of elements

of U with n ≤ N , and set U =
⋂

i≤n Ui. Suppose V ⊆ U is an open set which satisfies

d(V, UC) > 0. Then given a map

g : (∆k, ∂∆k) → (
⋂
i≤n

M̃Ui
,MV ),

there exists a homotopy H : ∆k × I →
⋂

i≤n M̃Ui
rel. ∂∆k between g and a map

g′ : ∆k →MV ′, where V ′ ⊆ U is an open set which satisfies d(V ′, UC) > 0. Moreover,

if g is continuous with respect to the topology of |V(U )|m, then we may assume H is

as well.

Proof. Since 1− 1/N < p < 1, we have that 0 < N(1− p) < 1. Since each M̃Ui
has

MCP(p, Ui), if µ ∈ M̃Ui
, then µ(UC

i ) < 1− p. Now if µ ∈
⋂

i≤n M̃Ui
, it follows that

µ(
⋃
i≤n

UC
i ) < n(1− p) ≤ N(1− p) < 1.
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This implies that µ(
⋂

i≤n Ui) > 1−N(1−p) > 0, showing that
⋂

i≤n M̃Ui
has MCP(q, U)

for q = 1 − N(1 − p). Let A = g(∆k) ⊆
⋂

i≤n M̃Ui
. Then A is compact and has

MCP(q, U), hence by Lemma 4.1.5, there exists an open set U ′ ⊆ U such that

d(U ′, UC) > 0 and A has MCP(q, U ′). Let ϵ = d(V, UC)/2 and let V ′ = U ′ ∪⋃
x∈V B(x; ϵ). Then A has MCP(q, V ′), d(V, (V ′)C) > 0, and d(V, UC) > 0. Then we

may find an L-Lipschitz function ϕ : X → I for some L > 0 such that V ⊆ ϕ−1(1)

and (V ′)C = ϕ−1(0). Lemma 4.1.3 implies that the map Φ : A→MV ′ defined by

Φ
(∑

i

aiδxi

)
=
∑
i

( aiϕ(xi)∑
j ajϕ(xj)

)
δxi

is continuous. Set g′ = Φ ◦ g. Define H : ∆k × I →
⋂

i≤n M̃Ui
by H(v, t) =

(1−t)g(v)+tg′(v). Note that since M̃Ui
is Ui-pumping convex for every i ≤ n,

⋂
i≤n M̃Ui

is U -pumping convex. Then H is well-defined since
⋂

i≤n M̃Ui
is U -pumping convex

and supp(g′(v)) ⊆ supp(g(v)) ∩ U . Consequently, H is continuous by Lemma 4.1.1.

Hence g′ has image in MV ′ . Moreover, since V ⊆ ϕ−1(1), we have that Φ(µ) = µ

for all µ ∈ A ∩MV , hence g′|∂∆k = g|∂∆k . Then by the definition of H, we see that

H(z, t) = g(z) for all z ∈ ∂∆k and t ∈ I.

Lastly, if g is continuous with respect to the topology of |V(U )|m, then so is g′

by Lemma 4.1.4. Then from Lemma 4.1.2, we also have that H is continuous with

respect to the topology of |V(U )|m.

4.3 The Freudenthal–Kuhn Triangulation

Definition 4.1 (Freudenthal–Kuhn triangulation of Rn). For i ∈ {1, 2, . . . , n}, let

ei denote the canonical i-th basis vector of Rn. Let π ∈ Sn be a permutation of the

set {1, 2, . . . , n}. For x ∈ Zn ⊆ Rn, let σ(x, π) denote the convex hull of the points

v0, v1, . . . , vn which are given by the equations v0 = x and vi = vi−1 + eπ(i). The

collection {σ(x, π) : x ∈ Zn, π ∈ Sn} defines a triangulation of Rn [79, Lemma 3.2],
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sometimes known as the Freudenthal–Kuhn triangulation of Rn due to its use by H.

Freudenthal [35] as well as H. Kuhn [56].

Less formally, the Freudenthal–Kuhn triangulation is constructed by first

subdividing Rn into unit n-cubes of the form

Qx = [x1, x1 + 1]× · · · × [xn, xn + 1]

for x = (x1, . . . , xn) ∈ Zn. Each n-cube Qx is then triangulated by n! many n-

simplices in a canonical way so that the triangulations of each Qx fit together to define

a triangulation of Rn.

Proposition 4.2. Let n ∈ N. There exists α(n) ∈ N such that for every ϵ > 0 there

exists a triangulation T : |K| → In which satisfies

(1) diamT (|σ|) ≤ ϵ for all σ ∈ K,

(2) every vertex v ∈ K0 is contained in at most α(n) distinct n-simplices of K.

Proof. Set α(n) = 2n · n!. Let ϵ > 0 and choose p ∈ N such that
√
n/p < ϵ. Let

T : |K| → Rn be the Freudenthal–Kuhn triangulation of Rn. Note that each x ∈ Zn

is contained in 2n distinct cubes Qx. Moreover, for each x ∈ Zn, the triangulation T

identifies Qx with a subcomplex of K consisting of n! many n-simplices. Since the

vertex set of K is identified with Zn under T , each vertex of K is contained in at

most α(n) = 2n · n! distinct n-simplices of K. Observe that the diameter of each

simplex in the triangulation is bounded by the diameter of a unit n-cube, which

has diameter
√
n. Let L ⊆ K be the subcomplex given by |L| = T−1([0, p]n). If we

compose the restriction of T to |L| with the linear map [0, p]n → In which scales

each coordinate by a factor of 1/p, we obtain a triangulation T ′ : |L| → In such that

diamT ′(|σ|) ≤
√
n/p < ϵ for all σ ∈ L and such that each vertex of L is contained in

at most α(n) = 2n · n! distinct n-simplices of L.
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Remark 4.2. Barycentric subdivisions can be used to produce triangulations of In

which satisfy condition (1) of Proposition 4.2 for arbitrarily small ϵ. However, since

the upper bound on the number of distinct n-simplices which intersect at a point

would depend on the number of barycentric subdivisions performed, this approach

would not allow one to produce a value α(n) which is independent of ϵ and satisfies

condition (2).

4.4 Vietoris Metric Thickenings and Complexes are

Weakly Homotopy Equivalent

In this section, U will always denote a uniformly bounded open cover of a metric

space X, so that id : |V(U )|m → Vm(U ) is continuous by Proposition 4.1. To show

that id : |V(U )|m → Vm(U ) is a weak homotopy equivalence, we use the following

characterization of weak homotopy equivalences.

Lemma 4.2.1. A map f : X → Y between spaces X and Y is a weak homotopy

equivalence if and only if f satisfies the condition that for every commuting diagram

of the form
∂In X

In Y

α

i f

β

there exists a map ϕ : In → X such that α = ϕ ◦ i and β ≃ f ◦ ϕ rel. ∂In.

The statement, in a slightly more general form, can be found in [18, Theorem 11.12].

The proof amounts to first noting that f : X → Y is a weak homotopy equivalence

if and only if the inclusion i : X → Mf is a weak homotopy equivalence, where Mf

denotes the mapping cylinder of f . Then since the above condition on f is equivalent

to the condition that πn(Mf , X) = 0 for all n ≥ 1 and π0(X) → π0(Mf ) is onto, the

lemma follows.
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If L ⊆ K is a subcomplex of the simplicial complex K, then |K| × {0} ∪ |L| × I is

a retract of |K| × I. The following lemma is a slightly sharper statement of this fact,

where the condition placed on the retraction follows directly from standard proofs, for

example [48, Proposition 0.16].

Lemma 4.2.2. Let K be a simplicial complex and let L ⊆ K be a subcomplex. Let

i : |K| × {0} ∪ |L| × I → |K| × I denote the inclusion. There exists a retraction

r : |K| × I → |K| × {0} ∪ |L| × I such that i ◦ r(|σ| × I) ⊆ |σ| × I for all σ ∈ K.

Definition 4.2. If K is a simplicial complex and A is a cover of |K|, we say that K

is subordinate to A if for every simplex σ ∈ K, |σ| is contained in some element of A .

Additionally, given a cover A of a space X, we say that a triangulation T : |K| → X

is subordinate to A if T (|σ|) is contained in some element of A for every simplex

σ ∈ K.

To prove that the bijection |V(U )|m → Vm(U ) satisfies the condition of

Lemma 4.2.1, we will show that for any map f : In → Vm(U ) such that f |∂In

is continuous as a map f |∂In : ∂In → |V(U )|m, there exists a (free) homotopy

H : In× I → Vm(U ) between f and a map f ′ : In → |V(U )|m, and where H satisfies

the condition that H|∂In×I : ∂In × I → |V(U )|m is continuous. Then, as we will

describe in the proof of Lemma 4.2.5, H will induce a homotopy rel. ∂In between f

and a map f ′′ : In → |V(U )|m.

The construction of the homotopy H consists of two main steps. For the first step,

we homotope f to a map g : In → Vm(U ) such that there exists a triangulation of

In subordinate to g−1MU . This would be unnecessary if MU were an open cover of

Vm(U ), however, we remind the reader that this is not the case in general. Thus we

instead start with a triangulation of In subordinate to f−1M̃U (since M̃U is an open

cover of Vm(U )) and carefully deform f to a map g which carries each simplex of the

triangulation into an element of MU .
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Lemma 4.2.3. Let n ∈ N and let f : In → Vm(U ) be a map such that f |∂In

is continuous with respect to the topology of |V(U )|m. There exists a homotopy

H : In × I → Vm(U ) between f and a map g such that

(1) H|∂In×I is continuous with respect to the topology of |V(U )|m,

(2) In admits a triangulation subordinate to g−1MU .

Proof. Let α(n) be the integer guaranteed to exist by Proposition 4.2 and let 1 −

1/α(n) < p < 1. Let M̃U be the open cover of Vm(U ) from Proposition 3.2 obtained

with respect to the value p. By the Lebesgue number lemma, there exists ϵ > 0 such

that if A is a subset of In with diamA < ϵ, then f(A) is contained in some element of

M̃U . By the construction of the integer α(n), there exists a triangulation T : |K| → In

such diamT (|σ|) < ϵ for all σ ∈ K, hence T is subordinate to f−1M̃U , and such that

each vertex of K is contained in at most α(n) many n-simplices of K. Note that this

implies that each simplex of K is contained in at most α(n) many n-simplices of K.

For convenience, we identify In with |K| so that f is a map f : |K| → Vm(U ).

Recall that Kn is the set of all n-simplices of K, and fix a function ℓ : Kn → U

which assigns to each n-simplex σ an open set U ∈ U such that f(σ) ⊆ M̃U . For each

simplex σ ∈ K, let Sσ be the set of n-simplices in K which contain σ. By construction,

card(Sσ) ≤ α(n) for all σ ∈ K with σ ̸= ∅.

We produce a homotopy H between f and a map g by induction on the k-skeleton

of K. So let k < n and suppose there exists a homotopy Hk between f and a map

fk : |K| → Vm(U ) such that

(a) Hk|∂In×I is continuous with respect to the topology of |V(U )|m,

(b) for every σ ∈ K, fk(|σ|) ⊆
⋂

U∈ℓ(Sσ)
M̃U ,

(c) fk satisfies the condition that for each σ ∈ K(k), if Uσ denotes the open set

Uσ =
⋂
ℓ(Sσ), there exists an open set Vσ ⊆ Uσ such that d(Vσ, UC

σ ) > 0 and

fk(|σ|) ⊆MVσ .
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Note that condition (c) states that the k-skeleton of K is subordinate to the cover

f−1
k MU , but in a slightly stronger form which allows Lemma 4.1.6 to be applied to

the (k + 1)-simplices of K in the induction step. We also remark that the sets Uσ are

non-empty for all σ ̸= ∅. This is a consequence of the fact that for σ ̸= ∅,
⋂

U∈ℓ(Sσ)
M̃U

is non-empty and each M̃U has MCP(p, U) for p > 1− 1/α(n), hence (recalling the

beginning of the proof of Lemma 4.1.6) it follows that
⋂

U∈ℓ(Sσ)
M̃U has MCP(q, Uσ)

for some q > 0.

To begin the induction step, let σ ∈ Kk+1 and let V∂σ denote the open set
⋃

τ∈∂σ Vτ

where each Vτ is the open set guaranteed to exist by (c) for the k-simplex τ ∈ ∂σ. Then

d(V∂σ, U
C
σ ) > 0. Since M̃U was constructed with respect to the value p > 1− 1/α(n)

and ℓ(Sσ) is a subset of U with at most α(n) elements, we may apply Lemma 4.1.6

to the map

fk||σ| : (∆k+1, ∂∆k+1) →
( ⋂

U∈ℓ(Sσ)

M̃U ,MV∂σ

)
.

Hence fk||σ| is homotopic rel. ∂∆k+1 by a homotopy H ′
σ : ∆k+1 × I →

⋂
U∈ℓ(Sσ)

M̃U

to a map f ′
σ with image in MVσ where Vσ ⊆ Uσ satisfies d(Vσ, Uσ) > 0. Moreover, if

σ ⊆ ∂In, then since fk||σ| is continuous with respect to the topology of |V(U )|m, we

may assume H ′
σ is as well. Note that condition (b) of the induction hypothesis is needed

to ensure that fk||σ| has codomain
⋂

U∈ℓ(Sσ)
M̃U so that Lemma 4.1.6 can be applied. Let

f ′ : |K(k+1)| → Vm(U ) be the map defined by f ′||σ| = f ′
σ for all σ ∈ Kk+1, and letH ′ be

the homotopy between fk||K(k+1)| and f ′ given by H ′||σ|×I = H ′
σ. By Lemma 4.2.2 there

exists a retraction r : |K|×I → |K|×{0}∪|K(k+1)|×I such that i◦r(|σ|×I) ⊆ |σ|×I

for all σ ∈ K. Let fk∪H ′ denote the map |K|×{0}∪|K(k+1)|×I → Vm(U ) such that

fk ∪H ′||K|×{0} = fk and fk ∪H ′||K(k+1)|×I = H ′. Then G = (fk ∪H ′) ◦ r : |K| × I →

Vm(U ) defines a homotopy between fk and the map fk+1 defined by fk+1 = G(·, 1).

Let Hk+1 = Hk · G be the concatenation of Hk and G. Then Hk+1 is a homotopy

between f and fk+1 and we now verify that

(a) Hk+1|∂In×I is continuous with respect to the topology of |V(U )|m,
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(b) for every σ ∈ K, fk+1(|σ|) ⊆
⋂

U∈ℓ(Sσ)
M̃U ,

(c) fk+1 satisfies the condition that for each σ ∈ K(k+1), if Uσ denotes the open set

Uσ =
⋂
ℓ(Sσ), there exists an open set Vσ ⊆ Uσ such that d(Vσ, UC

σ ) > 0 and

fk+1(|σ|) ⊆MVσ .

First, recall that fk||σ| is continuous relative to |V(U )|m for all σ ∈ K such that

|σ| ⊆ ∂In, and H ′
σ is continuous relative to |V(U )|m for all k + 1 simplices σ such

that |σ| ⊆ ∂In. Then fk ∪H ′ restricted to the set

A = ∂In × I ∩
(
|K| × {0} ∪ |K(k+1)| × I

)
is continuous relative to |V(U )|m. Since r(∂In × I) ⊆ A holds due to the fact that

i ◦ r(|σ| × I) ⊆ |σ| × I for all σ ∈ K, we see that G|∂In×I is continuous relative to

|V(U )|m. This implies (a).

To see that (b) holds, let σ ∈ K. If σ ∈ K(k), then fk+1||σ| = fk||σ| and we are

done by the induction hypothesis. If σ ∈ K(k+1), then

fk+1(|σ|) ⊆ H ′
σ(|σ| × I) ⊆

⋂
U∈ℓ(Sσ)

M̃U .

Lastly, suppose σ ∈ K \ K(k+1). Then fk+1(|σ|) ⊆ G(|σ| × I), which is in turn

contained in

fk(|σ|) ∪H ′(|σ(k+1)| × I
)

by the fact that G = (f ∪H ′) ◦ r and i ◦ r(|σ| × I) ⊆ |σ| × I for all σ ∈ K. Observe

that fk(|σ|) ⊆
⋂

U∈ℓ(Sσ)
M̃U and

H ′(|σ(k+1)| × I
)
⊆

⋃
τ∈σk+1

⋂
U∈ℓ(Sτ )

M̃U ⊆
⋂

U∈ℓ(Sσ)

M̃U
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where τ ∈ σk+1 denotes that τ is a (k + 1)-simplex of σ, and the last subset inclusion

follows from the fact that if τ ⊆ σ, then ℓ(Sσ) ⊆ ℓ(Sτ ), and so
⋂

U∈ℓ(Sτ )
M̃U ⊆⋂

U∈ℓ(Sσ)
M̃U . Hence (b) follows.

Lastly, (c) follows directly by the construction of fk+1. Thus we have completed

the induction step.

The base case is satisfied trivially by starting induction at k = −1, setting f−1 = f ,

and letting H−1 be the trivial homotopy H−1(x, t) = f(x). Here we use the convention

that K(−1) = {∅} and d(∅, A) = ∞ for any subset A ⊆ X so that condition (c) is

satisfied by setting Vσ = ∅ for σ = ∅ ∈ K(−1).

Hence by induction there exists a homotopy H = Hn between f and a map g = fn

which satisfies conditions (1) and (2) in the statement of the lemma.

Lemma 4.2.4. Let n ∈ N and let f : In → Vm(U ) be a map such that f |∂In is

continuous with respect to the topology of |V(U )|m. If In admits a triangulation

subordinate to f−1MU , then there exists a homotopy H : In × I → Vm(U ) between

f and a map g : In → |V(U )|m such that H|∂In×I is continuous with respect to the

topology of |V(U )|m.

Proof. Suppose T : |K| → In is a triangulation subordinate to f−1MU . To simplify

notation, for any simplex σ ∈ K, we identify |σ| with its image in In under T . Given an

n-simplex σ ∈ K, write σ = [v0, . . . , vn]. Express each point of x ∈ |σ| in barycentric

coordinates by writing x =
∑n

i=0 xivi. Let gσ : ∆n → Vm(U ) be the map defined by

gσ(
∑n

i=0 xivi) =
∑
xif(vi). For each n-simplex σ ∈ K, gσ is continuous with respect

to the topology of |V(U )|m because gσ is an affine mapping of ∆n into the simplex

of |V(U )|m with vertex set
⋃

i supp f(vi). Note that
⋃

i supp f(vi) does in fact define

a simplex of V(U ) due to the fact that T is subordinate to f−1MU , which implies

that f(|σ|) ⊆ MU for some U ∈ U , and so
⋃

i supp f(vi) ⊆ U . The continuity of

id : |V(U )|m → Vm(U ) implies that gσ is also continuous with respect to the topology

of Vm(U ).
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For all σ ∈ Kn, let Hσ : ∆n × I → Vm(U ) be the linear homotopy between f ||σ|
and gσ. Since T is subordinate to f−1MU , for each σ ∈ K, there exists Uσ ∈ U such

that f(x) ∈MUσ for all x ∈ |σ|. Then for any t ∈ I, we have that

Hσ(x, t) = (1− t)f(x) + tg(x) = (1− t)f(x) + t

n∑
i=0

xif(vi) ∈MUσ .

Hence Hσ is well-defined, and is thus continuous by Lemma 4.1.1. It is straightforward

to see that if σ∩σ′ = τ , then Hσ||τ | = Hσ′||τ |. So let H : In× I → Vm(U ) be the map

defined by H||σ| = Hσ for all σ ∈ Kn. Then H is a homotopy between f and the map

g : In → Vm(U ) satisfying g||σ| = gσ. Moreover, if τ ∈ K satisfies |τ | ⊆ ∂In, then

f ||τ | is continuous with respect to the topology of |V(U )|m. Since g||τ | is continuous

with respect to the topology of |V(U )|m, so too is H||τ |×I by Lemma 4.1.2. Hence

H|∂In×I is continuous with respect to the topology of |V(U )|m.

Lemma 4.2.5. Let f : In → Vm(U ) be a map such that f |∂In is continuous with

respect to the topology of |V(U )|m. Then f is homotopic rel. ∂In to a map g : In →

|V(U )|m.

Proof. Suppose f : In → Vm(U ) is a map such that f |∂In is continuous with respect

to the topology of |V(U )|m. We may then apply Lemma 4.2.3 to find a homotopy

H : In × I → Vm(U ) between f and a map f ′ : In → Vm(U ) such that H|∂In×I is

continuous with respect to the topology of |V(U )|m and In admits a triangulation

subordinate to f ′−1MU .

We have that f ′|∂In+1 is continuous with respect to the topology of |V(U )|m since

H|∂In×I is. Hence we may apply Lemma 4.2.4 to obtain a homotopy H ′ : In × I →

Vm(U ) between f ′ and a map f ′′ : In → |V(U )|m such that H ′|∂In×I is continuous

relative to |V(U )|m. Let G : In × I → Vm(U ) be the concatenation of G = H ·H ′.

Let A = ∂In× I ∪ In×{1} and let ϕ : A→ In×{0} be a homeomorphism which fixes

∂In × {0}. Finally, let g = G|A ◦ ϕ−1. Then G induces a homotopy rel. ∂In between
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f and g. Because G|∂In×I and f ′′ are both continuous with respect to the topology of

|V(U )|m, so too is g.

We now prove our main result.

Theorem 1. For any uniformly bounded open cover U of a metric space X, the

natural bijection id : |V(U )| → Vm(U ) is a weak homotopy equivalence.

Proof. Combining Lemma 4.2.1 and Lemma 4.2.5, we see that id : |V(U )|m → Vm(U )

is a weak homotopy equivalence. Since id : |K| → |K|m is a homotopy equivalence for

any simplicial complex K [66, Appendix 1, Theorem 10], in particular for the case

K = V(U ), the theorem follows.

To strengthen the weak homotopy equivalence of Theorem 4.1 to a homotopy

equivalence, it suffices to show that Vm(U ) has the homotopy type of a CW complex.

We reiterate a question posed in [5].

Question. If U is a uniformly bounded open cover of a metric space X, does Vm(U )

have the homotopy type of a CW complex? More specifically, is Vm(U ) an absolute

neighborhood retract?

For the definition of absolute neighborhood retract, see Section 5.1.

4.5 Consequences of the Weak Homotopy Equiva-

lence

One immediate consequence of Theorem 4.1 is that a weak homotopy equivalence

induces isomorphisms of homology and cohomology groups [48, Proposition 4.21].

Hence Theorem 4.1 yields a separate proof of Corollary 3.3.1 from the previous chapter.

Corollary 4.2.1. For any uniformly bounded open cover U of a metric space X, the

natural bijection id : |V(U )| → Vm(U ) induces isomorphisms of (co)homology groups.
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However, this corollary is in fact slightly stronger than Corollary 3.3.1 as the

isomorphisms between the homology groups of |V(U )| and Vm(U ) are now induced

by id : |V(U )| → Vm(U ). This has new implications for the relationship between the

persistent homology of VR(X; •) and VRm(X; •), as well as the persistent homology

of the Čech complex Č(X; •) and Čech metric thickening Čm(X; •).

A persistence module is a family of K-vector spaces {Vr}r∈R, where K is any field,

along with a collection of linear maps ϕr,s : Vr → Vs for every choice of r ≤ s such

that ϕr,r = id and ϕr,t = ϕs,t ◦ ϕr,s whenever r ≤ s ≤ t. More succinctly, a persistence

module is a functor (R,≤) → VectK from the poset (R,≤) to the category of K-vector

spaces.

For a fixed metric space X, note that |VR(X; •)| and VRm(X; •) define functors

from (R,≤) to Top, the category of topological spaces. Let Hn : Top → VectK

denote the n-th singular homology functor with coefficients in K. Then for any metric

space X and n ∈ N, Hn ◦ |VR(X; •)| and Hn ◦ VRm(X; •) are both examples of

persistence modules.

Note that the following diagram, in which the horizontal arrows are the inclusions,

commutes for any r1 ≤ r2.

|VR(X; r1)| |VR(X; r2)|

VRm(X; r1) VRm(X; r2)

id id

Hence Theorem 4.1 and the above observation imply that the functors Hn ◦ |VR(X; •)|

and Hn◦VRm(X; •) are naturally isomorphic. The same is true if we replace VR(X; •)

and VRm(X; •) with Č(X; •) and Čm(X; •) respectively. Hence we have the following.

Corollary 4.2.2. For any metric space X and n ∈ N, the persistence modules

Hn ◦ |VR(X; •)| and Hn ◦VRm(X; •) (respectively, Hn ◦ |Č(X; •)| and Hn ◦ Čm(X; •))

are isomorphic.

40



A similar result was proved through different methods by Adams, Memoli, Moy,

and Wang [6, Corollary 5.10], who have shown that for a totally bounded metric space

X, the interleaving distance between the persistence modules Hn ◦ |VR(X; •)| and

Hn ◦ VRm(X; •) (respectively, Hn ◦ |Č(X; •)| and Hn ◦ Čm(X; •)) is zero. While this

is enough to conclude that VR(X; •) and VRm(X; •) have identical (undecorated)

persistence diagrams, their result does not imply that the persistence modules are

isomorphic.

To state a final application of Theorem 4.1, we recall the reach of a subset X ⊆ Rn.

First, given X ⊆ Rn, if

Y = {y ∈ Rn : ∃x1 ̸= x2 ∈ X, d(y, x1) = d(y, x2) = d(y,X))},

then the medial axis of X is Y , the closure of Y . Then if τ = d(X, Y ), we say that

X has reach τ . In other words, if X has reach τ , then for every point x ∈ Rn whose

distance to X is less than τ , x has a unique closest point in X. It was shown in [7] that

for a subset X ⊆ Rn with positive reach τ > 0, VRm(X; r) is homotopy equivalent to

X for all 0 < r < τ . We are able to use Theorem 4.1 to conclude that the same is

true for VR(X; r).

Corollary 4.2.3. If X ⊆ Rn has reach τ > 0, then |VR(X; r)| is homotopy equivalent

to X for all 0 < r < τ .

Proof. Assuming that X ⊆ Rn has reach τ > 0, the Vietoris–Rips metric thickening

VRm(X; r) is homotopy equivalent to X for all r < τ [7]. Since the natural

map |VR(X; r)| → VRm(X; r) is a weak homotopy equivalence for any r > 0 by

Theorem 4.1, we have that |VR(X; r)| is weakly homotopy equivalent to X for all

r < τ . Since X is a set of positive reach, it is a retract of its tubular neighborhood

{y ∈ Rn : d(y,X) < τ} which has the homotopy type of a CW complex, and thus

X itself has the homotopy type of a CW complex, see [48, Prop. A.11]. Lastly,

Whitehead’s theorem implies that |VR(X; r)| and X are in fact homotopy equivalent

for all r < τ .
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Note that any closed C2 submanifold M ⊆ Rn has positive reach [78], hence

Corollary 4.2.3 applies to such spaces.
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Chapter 5

Vietoris Complexes of Absolute

Neighborhood Retracts

Hausmann’s theorem [49] states that for a closed Riemannian manifold M with the

geodesic metric, there exists a quantity r(M) > 0 such that |VR(M ; r)| is homotopy

equivalent to M for all 0 < r < r(M). At the end of the previous chapter, we showed

that the conclusion of Hausmann’s theorem also holds for subsets X ⊆ Rn of positive

reach with the Euclidean metric.

Though sets of positive reach form a quite general class of spaces, there exist

many simple examples of spaces that are not of positive reach, yet the conclusion of

Hausmann’s theorem still holds. For example, it is possible to show that if X the

boundary of the square [−1, 1]2, that is X = ∂[−1, 1]2, then |VR(X; r)| and X are

homotopy equivalent for all 0 < r < 2.

Proposition 5.1. If X = ∂[−1, 1]2, then |VR(X; r)| and X are homotopy equivalent

for all 0 < r < 2.

For a proof see Appendix A.

Thus it is reasonable to ask whether there is a more general class of spaces for

which the consequence of Hausmann’s theorem holds. One well-behaved class of metric

spaces is that of absolute neighborhood retracts (ANRs). It was conjectured in [63] that
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when X is a compact ANR, |VR(X; r)| is homotopy equivalent to X for all sufficiently

small r < 0, i.e. the conclusion of Hausmann’s theorem holds for all compact ANRs.

In this chapter, we study Vietoris complexes of compact ANRs. We begin by

showing that for any ANR X, there exists an open cover U of X such that for any open

refinement V ≤ U , |V(V )| dominates X, that is, there exists maps r : |V(V )| → X

and i : X → |V(V )| such that r ◦ i ≃ id. This result implies that both the Vietoris–

Rips complex |VR(X; r)| as well as the Čech complex |Č(X; r)| dominate X for all

sufficiently small r when X is a compact ANR. Second, we provide a method of

constructing compact ANRs for which |VR(X; r)| is not homotopy equivalent to X

for all sufficiently small r < 0, which disproves Conjecture 4 of [63].

5.1 ANRs are Dominated by Vietoris Complexes for

Sufficiently Fine Covers

We begin with some preliminary definitions.

Definition 5.1. A metric space X is an absolute neighborhood retract for metric

spaces (ANR) if whenever X is embedded as a closed subspace of a metric space Y ,

there exists an open neighborhood U of X in Y and a retraction r : U → X.

For a cover U of a space X and x ∈ X, the star of x with respect to U is

st(x,U ) =
⋃
{U ∈ U : x ∈ U}. Given a cover U of a space X, a barycentric

refinement of U is a cover V such for every x ∈ X, there exists U ∈ U such that

st(x,V ) ⊆ U .

Let U be a cover of Y . Two maps f, g : X → Y are U -near if for every x ∈ X,

there exists U ∈ U such that f(x), g(x) ∈ U . The maps f and g are said to be

U -homotopic if there exists a homotopy H : X × I → Y between f and g such that

for every x ∈ X, there exists U ∈ U with H({x} × I) ⊆ U . If Y is an ANR, and U

is an open cover of Y , there exists an open cover V of Y such that whenever two

maps f, g : X → Y are V -near, they are U -homotopic [28, Lemma 7.2]. Given a
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simplicial complex K, a subcomplex L ⊆ K, and a cover U of a space X, we say that

f : |L| → X is a partial realization with respect to U if for any σ ∈ K, f(|σ|∩|L|) ⊆ U

for some U ∈ U . A map g : |K| → X is a full realization with respect to U if for

every σ ∈ K, g(|σ|) ⊂ U for some U ∈ U . Another property of ANRs is the following.

For any ANR X and an open cover U of X, there exists an open refinement V ≤ U

such that for any simplicial complex K and subcomplex L ⊆ K containing all the

vertices of K, any partial realization f : |L| → X with respect to V extends to a full

realization |K| → X with respect to U [29].

Definition 5.2. A space A is dominated by X if there exist maps i : A → X and

r : X → A such that ri ≃ idA.

It is implicitly shown in [63, Proposition 9.8] that a for compact ANRX, |VR(X; r)|

dominates X for all sufficiently small r > 0. The proof can be summarized as follows.

Any metric space X can be isometrically embedding into an injective metric space

E, and Br/2(X,E) = {y ∈ E : dE(y,X) < r/2} is homotopy equivalent to |VR(X; r)|.

Then since X is a compact ANR, there exists r small enough such that Br/2(X,E)

retracts onto X.

We use a different approach to prove a more general fact.

Theorem 5.1. Suppose X is an ANR. There exists an open cover U of X such that

for any open refinement V ≤ U , |V(V )| dominates X.

Proof. Since X is an ANR, there exists a cover W of X such that whenever two maps

f, g : Y → X are W -near, they are homotopic. Let W ′ be a barycentric refinement of

W . Applying again the fact that X is an ANR, there exists a refinement U ≤ W ′

such that for any subcomplex L of an arbitrary simplicial complex K, any partial

realization |L| → X with respect to U extends to a full realization |K| → X with

respect to W ′.

For this cover U , we now show that for any open refinement V ≤ U , |V(V )|

dominates X. So let V ≤ U be a open refinement of U and let V ′ be a barycentric
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refinement of V . Let {ϕx}x∈X be a partition of unity subordinate to V ′. Let f : X →

|V(V )| be the map which sends a point y ∈ X to the point of |V(V )| defined by the

barycentric coordinates ϕx(y). Note that {x ∈ X : ϕx(y) ̸= 0} ⊆ st(y,V ′) ⊆ V for

some V ∈ V , hence f is well-defined.

Define g : |V(V )| → X by setting g(x) = x for each vertex of V(V ) (a partial

realization on the 0-skeleton of V(V ) with respect to V ≤ U ) and extending this to a

full realization g : |V(V )| → X with respect to W ′. If v is a vertex of the unique open

simplex containing f(x), there exists W1 ∈ W ′ such that x, g(v) ∈ W1 simply by the

fact that x, g(v) ∈ V ′ for some V ′ ∈ V ′ and V ′ refines W ′. Additionally, there exists

W2 ∈ W ′ such that g(v), gf(x) ∈ W2 by the fact that g : |V(V )| → X is a realization

with respect to W ′. Then

x, gf(x) ∈ W1 ∪W2 ⊆ st(g(v),W ′) ⊆ W

for some W ∈ W . Hence gf and idX are W -near, and thus are homotopic.

Theorem 5.1 can be applied to not only show that |VR(X; r)| dominates an ANR

X for sufficiently small r, but also that the Čech complex |Č(X; r)| dominates X for

sufficiently small r > 0, a fact which does not follow from the proof of [63, Proposition

9.8].

Corollary 5.1.1. Suppose X is a compact ANR. There exists r > 0 such that

|VR(X; s)| (resp. |Č(X; s/2)|) dominates X for any 0 < s < r.

Proof. By Theorem 5.1, there exists a cover U of X such that for any refinement

V ≤ U , |V(V )| dominates X. Since X is compact, there exists r > 0 such that the

collection Dr of all open sets with diameter at most r refines U . Then if 0 < s < r,

Ds refines Dr, hence U as well, which implies that |V(Ds)| = |VR(X; s)| dominates

X. Likewise, for such a value of r, the collection Br/2 of all open balls of radius r/2

refines U , hence |V(Bs/2)| = |Č(X; s/2)| dominates X for any 0 < s < r.
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Remark 5.2. Given a cover V of a space X, let V denote the cover V = {V : V ∈ V }.

In the statement of Theorem 5.1, if V is an open cover such that V refines U , then

using the same proof, one can show that |V(V )| dominates X. This is allows one to

prove the analogue of Corollary 5.1.1 for closed Vietoris–Rips and Čech complexes,

VR≤(X; r) and Č≤(X; r).

We also have an analogous result to Theorem 5.1 for Vietoris metric thickenings,

though now, Vm(V ) not only dominates X, but retracts onto X.

Proposition 5.2. Suppose X is an ANR. There exists an open cover U of X such

that for any refinement V ≤ U , Vm(V ) retracts onto X.

Proof. Let Vm(X) denote the Vietoris metric thickening with respect to the cover

of X by {X}, i.e. Vm(X) contains all finitely support probability measures on X.

Recall that the map x 7→ δx identifies X with a closed subset of Vm(X). Since X

is an ANR, there exists an open neighborhood W of X in Vm(X) and a retraction

r : W → X. For each x ∈ X, choose sx > 0 so that BVm(X)(δx, sx) ⊆ W . Define

U = {BX(x, sx) : x ∈ X}. Then Vm(U ) ⊆ W since for any µ ∈ Vm(U ), µ has

support in some BX(x0, sx0), in which case dW (µ, δx0) < sx0 showing that µ ∈ W .

Hence if V ≤ U , the restriction of r to Vm(V ) ⊆ W defines the desired retraction.

In the case that the ANR X is assumed to be compact, we have the metric

thickening analogue to Corollary 5.1.1, with essentially the same proof.

Corollary 5.2.1. If X is a compact ANR, there exists r > 0 such that VRm(X; s)

(resp. Č
m
(X; s/2)) retracts onto X whenever 0 < s < r.

5.2 A Counter-example

In this section, we provide a counter-example to the following conjecture.

Conjecture ([63]). Let (X, dX) be a compact ANR metric space. Then, there exists

r(X) > 0 such that |VR(X; r)| is homotopy equivalent to X for any r ∈ (0, r(X)].
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To start, we consider the wedge sum of a collection of spaces with a particular

metric. Recall that the wedge sum
∨

i∈I(Xi, bi) of a collection of spaces {Xi}i∈I
where each Xi has basepoint bi is the quotient of the disjoint union

∐
iXi under the

equivalence relation which identifies all of the basepoints bi. If the basepoints bi are

arbitrary or understood from context, we may simply write
∨

i∈I Xi.

Definition 5.3. Let (Xi, di), i ∈ I, be a collection of metric spaces, each with

basepoint bi. The wedge metric dw on the wedge sum
∨

i∈I(Xi, bi) is defined by setting

dw(x, y) = di(x, y) if x, y ∈ Xi, and dw(x, y) = di(x, bi) + dj(y, bj) if x ∈ Xi and

y ∈ Xj with i ̸= j.

Proposition 5.3. Suppose (X, d) is a finite-dimensional, locally contractible,

contractible compact metric space and that there exists r∗ > 0 such that |VR(X; r∗)|

is not contractible. For each i ∈ N, let (Xi, di) be the metric space given by setting

Xi = X and di = 2−id. Then the space Y =
∨∞

i=1Xi with the wedge metric dw is a

compact ANR, yet for any r > 0, there exists 0 < s < r such that |VR(Y ; s)| is not

homotopy equivalent to Y .

Proof. If X is finite-dimensional, locally contractible, contractible, and compact, then

Y =
∨̃∞

i=1Xi is as well. Hence Y is an ANR [15]. For any k ∈ N, [1, Proposition 3.7]

implies that

|VR(Y ; r)| ≃ |VR(
k−1∨
i=1

Xi; r)| ∨ |VR(Xk; r)| ∨ |VR(
∞∨

i=k+1

Xi; r)|

for any r > 0, where each wedge sum is equipped with the wedge metric. Also, note

that VR(Xk; r) = VR(X; 2kr). Hence |VR(X; 2kr)| is a retract of |VR(Y ; r)|.

Now, for any r > 0, we may find k ∈ N such that r∗/2k < r. Set s = r∗/2k.

Then |VR(Y ; s)| retracts onto the non-contractible space |VR(X; r∗)|, hence cannot

be homotopy equivalent to the contractible space Y .

A correspondence between sets X and Y is any relation R ⊆ X × Y such that

the projections of R onto each factor are surjective. The distortion of a non-empty
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relation R ⊆ X × Y is

dis(R) = sup
(x1,y1),(x2,y2)∈R

|dX(x1, x2)− dY (y1, y2)|.

The Gromov-Hausdorff distance dGH between two compact metric spaces X, Y can be

defined as

dGH(X, Y ) =
1

2
· inf
R∈C

dis(R),

where C denotes the collection of all correspondences between X and Y [51].

In the following theorem we produce a counter-example to the conjecture from [63]

stated at the beginning of the section.

Theorem 5.3. There exists a compact ANR Y such that for all r > 0, there exists

0 < s < r such that |VR(Y ; s)| and Y are not homotopy equivalent.

Proof. By Proposition 5.3, it suffices to produce a compact metric space X that is

finite-dimensional, locally contractible, and contractible for which there exists r∗ > 0

such that |VR(X; r∗)| is not contractible. This is done by setting X to be a circle

with a sufficiently small arc removed.

To give a precise argument, let (S1, d) denote the unit circle equipped with the

geodesic metric. By Latschev’s theorem [57], there exists ϵ > 0 and δ > 0 such that

any metric space X with dGH(S
1, X) < δ, then |VR(X; ϵ)| ≃ S1. Let A ⊆ S1 be an

open arc of length less than δ, let X = S1 \A, and equip X with the metric inherited

at a subset of S1. Let b1, b2 denote the two boundary points of X in S1. We claim that

dGH(S
1, X) < δ. To see this, let the relation R be the graph of the (discontinuous)

surjective function f : S1 → X defined by setting f(x) = x for x ∈ X, and f(x) = b1

otherwise. It suffices to show that dis(R) ≤ d(b1, b2) < δ. To show this, note that

(1) if x1, x2 ∈ A, then f(x1) = f(x2) = b1 so |d(x1, x2) − d(f(x1), f(x2))| =

d(x1, x2) ≤ d(b1, b2),

(2) if x1 ∈ A and x2 ∈ X, then |d(x1, x2)−d(f(x1), f(x2))| = |d(x1, x2)−d(b1, x2)| ≤

d(x1, b1) ≤ d(b1, b2),
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(3) if x1, x2 ∈ X, then |d(x1, x2)− d(f(x1), f(x2))| = |d(x1, x2)− d(x1, x2)| = 0.

Thus, dis(R) ≤ d(b1, b2) < δ, which implies that dGH(S
1, X) < δ. Therefore

|VR(X; ϵ)| ≃ S1 and so |VR(X; ϵ)| is not contractible.

See Figure 5.1 for a visual representation of the counterexample described by the

proof of Theorem 5.3.

5.2.1 A Geodesic Counter-example

For a metric space (X, d) and a path γ : I → X, the length of γ is L(γ) =

sup{
∑k

i=0 d(γ(ti), γ(ti+1))} where the supremum is taken over all partitions 0 =

t0 < t1 < · · · < tk = 1 of the unit interval. A metric space (X, d) is geodesic if for

every pair of points x, y ∈ X, there exists a path γ : I → X between x and y such

that L(γ) = d(x, y). Hausmann’s theorem applies not only to Riemannian manifolds

M such that the quantity r(M) defined in [49] is greater than 0, but more generally to

geodesic spaces X such that r(X) > 0. While Theorem 5.3 shows that the conclusion

of Hausmann’s theorem does not hold for compact ANRs, one might ask whether it

does for compact geodesic ANRs. However, a certain higher dimensional analogue of

the counter-example in Theorem 5.3 shows that this is not the case.

Proposition 5.4. There exists a compact geodesic ANR X such that for all r > 0,

there exists 0 < s < r such that |VR(X; s)| and X are not homotopy equivalent.

Figure 5.1: A visual representation of the space Y entailed by the proof of
Theorem 5.3. Note that the space is equipped with the wedge metric.
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Proof. Note that if a collection of metric spaces (Xi, di) are all geodesic, then the

wedge sum
∨

i∈I Xi with the wedge metric dw is also geodesic. Thus by Proposition 5.3,

it suffices to produce a finite-dimensional, locally contractible, contractible, compact

geodesic metric space X for which |VR(X, r)| is non-contractible for some value of

r > 0.

Let (S2, d) denote the 2-sphere equipped with the geodesic metric with unit

circumference. Again, by Latschev’s theorem [57], there exists ϵ > 0 and δ > 0 such

that any metric space X with dGH(S
2, X) < δ, then |VR(X; ϵ)| ≃ S2. Let A ⊆ S2

denote an open spherical cap whose bounding circle has circumference less than 2δ. Let

b0 be a point on the circle bounding A. Let X = S2 \A and equip X with the induced

intrinsic metric dI , that is dI(x, y) = min{L(γ) : γ : I → X, γ(0) = x, γ(1) = y}. We

claim that dGH(X,S
2) < δ. To see this, let the relation R be the graph of the surjective

function f : S2 → X given by f(x) = b0 for all x ∈ A and otherwise f(x) = x. It

suffices to show that dis(R) < δ. First note that since the circumference of A is 2δ,

the geodesic distance between any two points in A is less than δ. We consider three

cases.

(1) If x1, x2 ∈ A, then f(x1) = f(x2) = b0 so |d(x1, x2) − dI(f(x1), f(x2))| =

d(x1, x2) < δ.

(2) If x1 ∈ X and x2 ∈ A, then |d(x1, x2)−dI(f(x1), f(x2))| = |d(x1, x2)−dI(x1, b0)|.

Note that both d(x1, ∂A) ≤ d(x1, x2) ≤ d(x1, ∂A) + δ and d(x1, ∂A) ≤

dI(x1, b0) ≤ d(x1, ∂A) + δ. This implies that |d(x1, x2)− dI(x1, b0)| < δ.

(3) if x1, x2 ∈ X, then |d(x1, x2) − d(f(x1), f(x2))| = |d(x1, x2) − dI(x1, x2)|. If

there exists a geodesic γ between x1 and x2 which does not pass through A, we

have d(x1, x2) = dI(x1, x2), and thus |d(x1, x2)− dI(x1, x2)| < δ. Otherwise, the

geodesic γ intersects A and in this case, we have that d(x1, ∂A) + d(x2, ∂A) ≤

d(x1, x2) ≤ dI(x1, x2) ≤ d(x1, ∂A) + d(x2, ∂A) + δ, which again implies that

|d(x1, x2)− dI(x1, x2)| < δ.
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Therefore, dis(R) < δ, and hence dGH(X,S
2) < δ.
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Chapter 6

Bayesian Sheaf Neural Networks

We now turn our attention to an application of algebraic topology to machine learning.

Given a simplicial complex K, consider the chain complex

· · · Cn+1(K;R) Cn(K;R) Cn−1(K;R) · · ·∂n+1 ∂n ,

where Cn(K;R) denotes n-chains in K with coefficients in R, that is Cn(K;R) consists

of formal sums
∑k

i=0 aiσi where ai ∈ R and σ ∈ Kn. The nth combinatorial Laplacian

Ln : Cn(K;R) → Cn(K;R) is Ln = ∂∗n∂n + ∂n+1∂
∗
n+1, where ∂∗n denotes the adjoint

of ∂n. Choosing a basis for Cn(K;R), the nth combinatorial Laplacian Ln can be

represented by an k × k matrix, where k denotes the number of n-simplices of K.

Then given data in the form of “feature" vectors xσ ∈ Rd associated to each n-simplex

of K, one may aggregate these vectors in a k× d matrix X, and the nth combinatorial

Laplacian Ln can be used as a feature propogation mechanism which operates on X

by matrix multiplication LnX. By incorporating a learnable weight matrix W ∈ Rd×d

and a non-linear activation function σ such as σ(x) = max(0, x), the features X can

be updated by computing Y = σ(LnXW ), where σ is applied element-wise. This

forms the basic idea behind the layers of a simplicial convolutional neural network

[30]. Graph convolutional networks—which have found wide-ranging application—are

a special case: where K is a 1-dimensional simplicial complex, i.e. a graph. Building
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on this idea, sheaf neural networks replace the combinatorial Laplacian Ln with a

sheaf Laplacian Ln
F defined in terms of a cellular sheaf F over K. Briefly, a cellular

sheaf is a structure which assigns a linear transformation to each incident pair of

simplices σ ⊆ τ . Sheaf neural networks were introduced to combat the problem of

over-smoothing which can occur in graph and simplicial convolutional networks [12].

Over-smoothing, commonly discussed in the context of graph neural networks, is the

phenomena in which the features of neighboring nodes converge to similar values as

they are updated by successive graph convolutional layers. This is an issue for node

classification tasks involving heterophilic graph data, where neighboring node have a

low likelihood of belonging to the same class.

In applications to real-world data, there is often no a priori choice of cellular

sheaf to use, hence it is necessary to learn a suitable cellular sheaf as part of the

network. However, this leaves the network sensitive to the learned sheaf and creates

additional potential for the network to overfit to training data, reducing how well the

model generalizes to unseen data. In this chapter, we develop a Bayesian framework

for learning cellular sheaves within sheaf neural networks in order to increase the

robustness of such models, yielding what we refer to as Bayesian sheaf neural networks

(BSNN). In Section 6.1, we review preliminary topics such as neural networks, cellular

sheaves, and sheaf Laplacians. We review how the sheaf Laplacian can be used to

define a sheaf neural network, and the connection to a sheaf diffusion process. We prove

a result regarding the linear separation power of a sheaf diffusion process for sheaves

consisting of special orthogonal maps. In Section 6.2, we describe our variational

approach to learning cellular sheaves within a sheaf neural network. In Section 6.3, we

define a reparameterizable family of distributions on SO(n), which are used to define

the variational distribution for cellular sheaves with special orthogonal restriction

maps. In Section 6.4, we evaluate our BSNN on several node classification tasks for

heterophilic web-page datasets. We end with a final discussion, as well as potential

directions for future work in Section 6.5.
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6.1 Preliminaries

6.1.1 Neural Networks

We give a very simplified review of neural networks. In very broad terms, a neural

network can be described as a family of functions fϕ : X → Y from a set of observations

X to a set of targets Y , that is parameterized by weights ϕ. Given a dataset

{(xi, yi)}i ⊆ X×Y , one wishes to find a value ϕ for which the predictions fϕ(xi) closely

match the true targets yi. This is done by selecting a loss function L : Y × Y → R,

so that the objective becomes to minimize
∑

i L(fϕ(xi), yi). Neural networks and loss

functions are typically differentiable, so that during training, the minimization of∑
i L(fϕ(xi), yi) can be performed by gradient descent.

A multi-layer perceptron (MLP) is one of the simplest types of neural network.

An MLP is the composition of several feed-forward layers, each of which is a function

Rn → Rk of the form x 7→ σ(Wx + b), where W ∈ Rk×n is a weight matrix, b ∈ Rk

is a vector of weights referred to as biases, and σ : R → R is a nonlinear function,

for example σ(x) = max(0, x), which is applied element-wise to Wx + b ∈ Rk. The

collection of all matrices W and biases b within an MLP are its parameters, which are

updated during training.

6.1.2 Cellular Sheaves

A cellular sheaf F on a simplicial complex K is a structure which assigns a vector

space F(σ) to each simplex σ ∈ K, and assigns to each incident pair τ ⊆ σ a linear

transformation Fτ⊆σ : F(τ) → F(σ) such that Fσ⊆σ : F(σ) → F(σ) is the identity

map for every σ, and with the compatibility condition that Fτ⊆ρ = Fσ⊆ρ ◦ Fτ⊆σ

whenever τ ⊆ σ ⊆ ρ. In keeping with the terminology from sheaf theory [19], the

vector space F(σ) is referred to as the stalk of F over σ, and the transformations Fτ⊆σ

are referred to as restriction maps. Cellular sheaves can be defined on cell complexes,
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a slight generalization of simplicial complexes, hence their name. For simplicity of

presentation, we restrict our attention to simplicial complexes.

The motivation for considering cellular sheaves in the context of geometric deep

learning is that given a cellular sheaf F , there is a corresponding sheaf Laplacian

LF . Just as how the message passing operation in many graph convolutional neural

networks is defined in terms of the graph Laplacian L = D−A [55], the sheaf Laplacian

LF can be used to define a message passing operation.

To begin defining the sheaf Laplacian for a cellular sheaf F over a finite simplicial

complex K, assume a total order is placed on the vertices of K, so that each simplex

σ ∈ K may be written σ = [v0, v1, . . . , vn] with v0 < v1 < · · · < vn. Given a

k-simplex σ = [v0, v1, . . . , vk], we denote its (k − 1)-dimensional faces by fi(σ) :=

[v0, . . . , v̂i, . . . , vk] for i ∈ {0, . . . , k}, where v̂i denotes the omission of vertex vi.

An n-chain of (K,F) is an element x ∈ Cn(K;F), where Cn(K;F) :=
⊕

σ∈Kn
F(σ)

denotes the direct sum of the vector spaces F(σ) over all n-dimensional simplices σ ∈

Kn. An n-chain x ∈ Cn(K;F) can be represented as a formal sum x =
∑

i yiσi where

σi are n-simplices of K and yi ∈ F(σi). The n-th boundary map ∂n : Cn(K;F) →

Cn−1(K;F) is the linear transformation given by defining ∂n on vectors y ∈ F(σ)

within the stalk of an n-simplex σ to be

∂n(y) =
n+1∑
i=0

(−1)iFT
fi(σ)⊆σ(y)fi(σ). (6.1)

The n-th sheaf Laplacian of (K,F) is the linear transformation Ln
F : Cn(K;F) →

Cn(K;F) defined by

Ln
F = ∂∗n∂n + ∂n+1∂

∗
n+1, (6.2)

where ∂∗n : Cn−1(K;F) → Cn(K;F) denotes the adjoint of ∂n. In the case that

F(σ) = R for all σ ∈ K and Fτ⊆σ = idR for all pairs τ ⊆ σ, the n-th sheaf Laplacian

Ln
F is simply the combinatorial Laplacian of the simplicial complex K [36]. For further
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information on cellular sheaves and sheaf Laplacians, we refer the interested reader to

[45].

Cellular Sheaves over Graphs

Although the sheaf Laplacians Ln
F for multiple dimensions n could be used as message

passing operations within a sheaf neural network, due to the prevalence of graph-

based data, one is primarily concerned with cellular sheaves over graphs, which are

1-dimensional simplicial complexes, and the 0th sheaf Laplacian L0
F , denoted by LF .

Given a sheaf F over a graph G with n nodes, and assuming the stalk F(u) over

each node u ∈ V (G) has the same dimension d, the sheaf Laplacian, LF , may be

represented as a block matrix of size nd× nd. The off-diagonal blocks Lij ∈ Rd×d are

Lij = −FT
uj⊆eFui⊆e, whenever there exists an edge between the nodes ui and uj, and

Lij = 0 otherwise. The diagonal blocks are Lii =
∑

ui⊆eFT
ui⊆eFui⊆e, where the sum

is over all edges e such that ui ⊆ e. If we let D denote the nd × nd block diagonal

matrix whose diagonal blocks are Lii, and all other blocks are zero matrices, then

the normalized 0th sheaf Laplacian ∆F defined in [46] is ∆F := D−1/2LFD
−1/2. Note

D is symmetric positive semi-definite, hence there exists a matrix D1/2 such that

D1/2D1/2 = D. Moreover, we only consider sheaves such that the restriction maps

Fu⊆e are invertible, in which case D is invertible, and so D−1/2 is well-defined.

6.1.3 Sheaf Diffusion

Let G be a graph with n nodes and with d-dimensional node features, and let F be a

cellular sheaf over G with d-dimensional stalks. We represent the node features as

an nd-dimensional vector X ∈ Rnd so that the normalized sheaf Laplacian ∆F , as a

nd× nd block matrix, updates X by matrix-vector multiplication ∆FX. Motivated

by how the graph convolutional layers of [55] can be viewed as a discretization of a

heat diffusion process d
dt
X(t) = −∆X(t) defined in terms of the normalized graph

Laplacian ∆, the authors of [12] consider a similar diffusion process which now uses
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the sheaf Laplacian:

X(0) = X, d
dt
X(t) = −∆FX(t). (6.3)

Applying the Euler method with unit time-steps to approximate solutions to Eq. (6.3)

yields

X(t+ 1) = X(t)−∆FX(t). (6.4)

The authors of [12] use Eq. (6.4) to define sheaf diffusion layers as follows. Allowing

for f ∈ N distinct feature channels, let X ∈ Rnd×f be a feature matrix. Given a sheaf

Laplacian operator ∆F(t) for layer t, a sheaf diffusion layer is defined by setting

Xt+1 = Xt − σ
(
∆F(t)(In ⊗Wt,1)XtWt,2

)
. (6.5)

Here Wt,1 ∈ Rd×d and Wt,2 ∈ Rf×f are weight matrices for layer t, σ is a non-linear

activation function, ⊗ denotes a Kronecker product.

As a measure of the expressive power of sheaf layers based on Eq. (6.4), Bodnar et

al. [12] study the ability of the sheaf diffusion process in Eq. (6.3) to linearly separate

the features of nodes belonging to different classes.

Definition 6.1. A class of sheaves Hd with d-dimensional stalks is said to have linear

separation power over a class of labeled graphs G if for every G ∈ G, there exists a

sheaf F ∈ Hd such that the sheaf diffusion process determined by F on G linearly

separates the features X(t) of the classes of G in the time limit t→ ∞, for almost all

initial conditions X(0).

As part of a sheaf learning mechanism within a sheaf neural network, a fixed class

of sheaves Hd is parameterized, and the input data is mapped to a suitable sheaf

F ∈ Hd through this parameterization. For a node classification task with C classes,

the collection of sheaves Hd used would ideally have linear separation power over the

collection of connected graphs with C classes. While one could always take Hd to be as

general as possible, it can be preferable to use a more restricted collection of sheaves,

as this can reduce the number of model parameters involved in learning a cellular
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sheaf. For example, learning cellular sheaves whose restriction maps are diagonal

or special orthogonal matrices involves fewer parameters than when the restriction

maps are general linear maps. Recall that a special orthogonal matrix, i.e. element of

SO(n), is a matrix Q such that QT = Q−1 and det(Q) = 1.

It was shown that the class of sheaves Hd
diag with invertible diagonal restriction

maps has linear separation power over the collection GC of connected graphs with C

classes whenever C ≤ d [12]. However, for Hd
so, the class of sheaves with d× d special

orthogonal restriction maps, [12, Proposition 13] only guarantees the existence of a d

such that Hd
so has linear separation power over GC when C ≤ 8.

Remark 6.1. In [12], sheaves with orthogonal restriction maps, rather than special

orthogonal, are considered. However, since the sheaf learning mechanism in their

SNN is a continuous parametrization of the orthogonal group O(n) by the connected

space Rm, it must have its image contained in a connected component of O(n). Given

that this implies that the restriction maps Fu⊆e will either all have determinant 1

or all have determinant −1, the maps FT
u⊆eFv⊆e used to define the sheaf Laplacian

must always have determinant equal to 1. Thus it is effectively equivalent to learning

restriction maps belonging to SO(n).

The class of sheaves with special orthogonal restriction maps is of particular interest

for sheaf neural networks—including our Bayesian sheaf neural networks—due to both

theoretical and practical properties. From the theoretical point of view, certain results

concerning the kernel of ∆F can be proven for sheaves using rotations as restriction

maps [12, Section 3.1]. Regarding the more practical aspects, rotations offer a nice

middle-ground between diagonal and general linear map in terms of balancing the

number of parameters with the expressivity of the resulting sheaf. Moreover, when

using rotations, the blocks along the diagonal of the sheaf Laplacian LF are scalar

multiples of the identity matrix. This makes computing the normalized sheaf Laplacian

∆F easier. Because of this, we take a moment to improve existing results on the linear

separation power of the class of sheaves Hd
so with d× d special orthogonal restriction

59



maps. In particular, we prove that for any C ∈ N, we may find d large enough such

that Hd
so has linear separation power over GC . In the following proposition, ⌊·⌋ denotes

the floor function.

Proposition 6.1. For any d ≥ 1, if G denotes the class of connected graphs with

C ≤ 7⌊d
4
⌋ classes, then Hd

so has linear separation power over G.

In what follows, given a cellular sheaf F over a graph G = (V,E) and initial

conditions X(0) = X, let X(t) denote the solution to Eq. (6.3). The limit of X(t)

as t → ∞ exists, and is equal to the orthogonal projection of X(0) onto ker(∆F)

[47]. If F has d-dimensional stalks and G has n nodes, although X(t) ∈ Rnd, it will

be useful to equally regard X(t) as an n × d matrix. With this in mind, let X(t)u

denote the row of X(t) corresponding to node u. We write u ∈ Vl if node u has label

l. For a cellular sheaf F with d-dimensional stalks over a graph G = (V,E) with

labeling ℓ : V → L and initial conditions X(0), we say that F linearly separates the

classes of (G,X(0), ℓ) if for each label l ∈ L, the sets {limt→∞X(t)u : u ∈ Vl} ⊆ Rd

and {limt→∞X(t)u : u /∈ Vl} ⊆ Rd are linearly separable. With this terminology,

Definition 6.1 states that a collection of cellular sheaves H has linear separation power

over a collection of labelled graphs G, if for each graph G = (V,E) ∈ G with labelling

ℓ : V → L, there exists a cellular sheaf F ∈ H over G such that F linearly separates

the classes of (G,X(0), ℓ) for almost all initial conditions X(0), i.e. all but a measure

zero subset of the initial conditions.

Proof of Proposition 6.1. Let d ≥ 1 and let d = 4k + m for 0 ≤ m < 4. That is,

k = ⌊d
4
⌋. Since proving the proposition for C = 7k also proves the cases C < 7k, we

may assume that C = 7k. Let L = {1, 2, . . . , C} denote the set of class labels for

the nodes of a graph G = (V,E) ∈ G and let ℓ : V → L denote the labelling of the

nodes of G. For each 1 ≤ i ≤ k, let Ji = {7(i− 1) + 1, 7(i− 1) + 2, . . . , 7(i− 1) + 7},

let Li = {j : j ∈ Ji} ∪ {0}, and let ℓi : V → Li denote a relabeling of G where for

each u ∈ V , fi(u) = f(u) whenever f(u) ∈ Ji, and fi(u) = 0 otherwise. That is, the
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relabeling ℓi retains the seven labels in Ji, and replaces all other labels with a single

distinct eighth label.

By [12, Proposition 13], for each 1 ≤ i ≤ k we may find a cellular sheaf F i ∈ H4
so

with 4-dimensional stalks which linearly separates the eight classes of (G,X(0), ℓi)

for almost all initial conditions X(0) ∈ R4n. Let F denote the cellular sheaf with

restriction maps Fu⊆e = F1
u⊆e ⊕ F2

u⊆e ⊕ · · · ⊕ Fk
u⊆e ⊕ Im. We claim that F linearly

separates the classes of the original labelling (G,X(0), ℓ) for almost all initial conditions

X(0) ∈ Rn×d.

Given initial conditions X(0) ∈ Rn×d, for each 1 ≤ i ≤ k let Xi(0) ∈ Rn×4 be

the matrix consisting of columns 4i− 3 through 4i of X(0). Note that for almost all

initial conditions X(0), it will be true that for all 1 ≤ i ≤ k, F i linearly separates

the classes of (G,Xi(0), ℓi). Next, for any class l ∈ L, find i such that l ∈ Ji. Since

F i linearly separates the classes of (G,Xi(0), ℓi), we may find a hyperplane A ⊆ R4

which separates the class l from all other classes in Li, and hence L as well. Then

R4 ⊕ · · · ⊕ A⊕ · · · ⊕ R4 ⊕ Rm is a hyperplane in Rd separating class l from all other

classes.

Remark 6.2. An extra consequence of Proposition 6.1 is that it also provides a new

upper bound on the stalk dimension d necessary for Hd
gen, the collection of sheaves

with d× d general linear restriction maps, to have linear separation power over the

collection of connected graph GC with C classes. This is due to the simple fact that

Hd
so ⊆ Hd

gen.

6.2 Bayesian Sheaf Neural Networks

We briefly establish some notation. Let P be a distribution on a measurable space

X with density p with respect to some reference measure µ. If X is a random

variable with distribution P , we write X ∼ P . For a function f : X → R, we denote

by EP [f(X)] the expectation of f(X) with respect to the distribution P , that is,

EP [f(X)] =
∫
X p(x)f(x)µ(dx). If Q is another distribution over X , and Q has density
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q with respect to µ, the Kullback-Leibler divergence of P from Q is

KL(P ∥ Q) =
∫
X
p(x) log

(
p(x)

q(x)

)
µ(dx).

To simplify notation, we will denote a distribution by its density function. For

instance, an expression of the form X ∼ p(X|Y ) denotes that the random variable X

is distributed according to the conditional distribution of X given Y .

6.2.1 Problem Statement

Consider a semi-supervised node classification problem, in which we have a graph

dataset G = (V,E) together with a node feature matrix X, a collection of observed

node labels, y, and a collection of unobserved node labels y∗, all of which are random

samples. Motivated by the expressive power of the sheaf diffusion process, we model

the conditional probability pθ(y|X) using a sheaf neural network whose layers are

given by Eq. 6.5, with network parameters θ and a cellular sheaf F .

Rather than take the learned cellular sheaf F (or sheaves) to be a deterministic

function of X as in [12], we instead regard F as a latent random variable of our

model. See Figure 6.1 for a depiction of the probability graphical model. Note that

the posterior distribution pθ(F|X, y) will be intractable due to the fact that the labels

y are modeled as the output of a neural network. Hence, to do approximate posterior

inference of F given the feature matrix, X, the observed node labels y, and model

parameters θ, we assume the intractable posterior distribution pθ(F|X, y) belongs to a

predetermined family of variational distributions qϕ(F|X, y) parameterized by weights

ϕ.

We begin by noting that the log-likelihood log pθ(X, y) can be written

log pθ(X, y) = KL(qϕ(F|X, y) ∥ pθ(F|X, y)) + L(θ, ϕ;X, y), (6.6)
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Figure 6.1: Probability graphical model of the Bayesian sheaf neural network for a
semi-supervised node classification problem. The adjacency matrix of the graph is A,
and θ, ϕ are weights of the network.

where

L(θ, ϕ;X, y) := Eqϕ(F|X,y)

[
− log qϕ(F|X, y) + log pθ(F , X, y)

]
. (6.7)

The quantity L(θ, ϕ;X, y) is known as the evidence lower bound or ELBO, due to

the fact that the KL divergence from one distribution to another is always non-negative,

hence log pθ(X, y) ≥ L(θ, ϕ,X, y). Note from Eq. (6.6) that maximizing the ELBO

with respect to the parameters θ and ϕ has the effect of maximizing the log-likelihood

of the data, as well as minimizing the KL divergence of the variational distribution

qϕ(F|X, y) from the true posterior distribution pθ(F|X, y). For this reason, the ELBO

is commonly used as quantity to be optimized within variation Bayesian inference.

See [11] for an overview of variation inference. In order to maximize L(θ, ϕ;X, y) with

respect to the parameters θ, ϕ, we use the following equivalent expression:

L(θ, ϕ;X, y) = Eqϕ(F|X,y)

[
log pθ(X, y|F)

]
− KL(qϕ(F|X, y) ∥ pθ(F)). (6.8)

In many cases, a closed-form expression can be derived for the KL-divergence term

in the right hand side of Eq. (6.8), leaving only the gradient of the expectation term

with respect to θ and ϕ to be estimated. See Appendix B for calculations of the KL

divergence in certain cases. Similar to [54], we estimate ∇ϕEqϕ(F|X,y)[log pθ(X, y|F)]

by making use of the so-called reparameterization trick. In our case, for a random

cellular sheaf F distributed as F ∼ qϕ(F|X, y), the reparameterization trick expresses
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F as a deterministic function F = gϕ(ϵ,X) of random noise ϵ ∼ p(ϵ). This allows us

to rewrite the expectation with respect to qϕ(F|X, y) as an expectation with respect

to p(ϵ) which in turn allows the gradient to be moved within the expectation. That is,

∇ϕEqϕ(F|X,y)[log pθ(X, y|F)] = ∇ϕEp(ϵ)[log pθ(X, y|gϕ(ϵ,X))]

= Ep(ϵ)[∇ϕ log pθ(X, y|gϕ(ϵ,X))]

≈ 1

K

K∑
k=1

∇ϕ log pθ(X, y|gϕ(ϵ(k), X)),

where ϵ(k) are independent and identically distributed samples of p(ϵ) for k ∈

{1, 2, . . . , K}.

Hence, when the KL divergence term of Eq. (6.8) can be computed analytically, if

F (k) = gϕ(ϵ
(k), X) for ϵ(k) ∼ p(ϵ), our estimator is

L̃λ(θ, ϕ;X, y) =
1

K

K∑
k=1

log pθ(X, y|F (k))− λKL(qϕ(F|X, y) ∥ pθ(F)). (6.9)

Here, the weight λ of the KL divergence term is included to combat issues with the

KL divergence term vanishing during training, which we cyclically anneal during

training in a manner similar to [38]. When the KL divergence term of Eq. (6.8)

cannot be computed analytically, we may estimate it in a similar manner by noting

that KL(qϕ(F|X, y) ∥ pθ(F)) = Eqϕ(F|X,y)[log(qϕ(F|X, y)/pθ(F))]. In this case, the

estimator, also denoted by L̃λ, is given by

L̃λ(θ, ϕ;X, y) =
1

K

K∑
k=1

(
log pθ(X, y|F (k))− λ log

qϕ(F (k)|X, y)
pθ(F (k))

)
, (6.10)

where again, F (k) = gϕ(ϵ
(k), X) for ϵ(k) ∼ p(ϵ).
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6.2.2 Variational Sheaf Learner

We consider a variational sheaf learner in three different cases: where the learned

sheaf F has restriction maps which are assumed to be (1) general linear, (2) special

orthogonal, or (3) invertible diagonal. In all cases, we make the simplifying assumption

that the variational distribution qϕ(F|X, y) from the previous section factors as

the product
∏

u⊆e qϕ(Fu⊆e|X, y) over all incident node-edge pairs u ⊆ e. While

this assumption somewhat restricts the family of variational distributions, it makes

computing the KL divergence term in the ELBO tractable. For further details, see

Appendix B. We take each factor qϕ(Fu⊆e|X, y) to be a distribution Q(µu⊆e, σu⊆e)

which depends on the type of restriction map used within the sheaf, where the

distributional parameters µu⊆e, σu⊆e are a function of the node features X and ϕ as

follows. For each incident node-edge pair u ⊆ e, if u′ ⊆ e denotes the other node

incident with e, a multi-layer perceptron with learned weights ϕ, denoted MLPϕ, maps

the concatenated vector [xu||xu′ ] to distributional parameters µu⊆e and σu⊆e:

[µu⊆e ||σu⊆e ] = MLPϕ([xu||xu′ ]). (6.11)

Case 1: General Linear. In the case where the sheaf restriction maps

Fu⊆e : F(u) → F(e) are general linear maps, µu⊆e and σu⊆e are d2-dimensional

vectors. We take Q(µu⊆e, σu⊆e) to be normal with diagonal covariance so that for

z ∼ Nd2(µu⊆e, diag(σu⊆e)) we set Fu⊆e to be the vector z rearranged into a d × d

matrix. The reparameterization trick in this case writes z = µu⊆e + diag(σu⊆e)ϵ for

ϵ ∼ N (0, Id2) so that Fu⊆e, being the matrix obtained by reshaping the vector z, is a

deterministic function of µu⊆e, σu⊆e, and ϵ. We use a standard normal prior where

pθ(F) =
∏

u⊆e pθ(Fu⊆e) and pθ(Fu⊆e) = Nd2(0, Id2).

Case 2: Special Orthogonal. The case where sheaf restriction maps are

assumed to be special orthogonal presents challenges. Typical probability distribution

on SO(d), such as the matrix Langevin distribution, are not easily reparameterizable.

This makes incorporating such distributions into neural networks, that are trained via
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back-propagation, difficult. On the other hand, while reparameterizable distributions

on SO(d) have been constructed in [31] using the exponential map, the density

functions of such distributions can be difficult to compute exactly, which obstructs

one from computing, or even efficiently estimating, the KL divergence term in Eq.

(6.8). In Section 6.3 we define what we refer to as Cayley distributions, a family of

reparameterizable distributions Cd(M,κ) on SO(d) with closed form expressions for

their probability density functions. We use Cd(M,κ) as the variational distributions

for sheaves with special orthogonal restriction maps. Hence when Fu⊆e ∈ SO(d),

the distributional parameters are a mean rotation µu⊆e ∈ SO(d) and scalar

concentration parameter σu⊆e ∈ [0, 1), and we have Q(µu⊆e, σu⊆e) = Cd(µu⊆e, σu⊆e).

The reparameterization of the Cayley distributions is described in Remark 6.4. We

use a prior distribution pθ(F) =
∏

u⊆e pθ(Fu⊆e) where each pθ(Fu⊆e) is a uniform

distribution on SO(d).

Case 3: Invertible Diagonal. In the case where the sheaf restriction maps

Fu⊆e : F(u) → F(e) are assumed to be invertible diagonal matrices with respect to the

standard basis, µu⊆e and σu⊆e are d-dimensional vectors and we take qϕ(Fu⊆e|X, y) =

Q(µu⊆e, σu⊆e) to be a normal distribution with diagonal covariance, so that Fu⊆e =

diag(z) for z ∼ Nd(µu⊆e, diag(σu⊆e)). The reparameterization F = gϕ(X, ϵ) in this

case is given by setting Fu⊆e = diag(µu⊆e + σu⊆eϵ) for ϵ ∼ N (0, Id). Lastly, we use a

standard normal prior, where pθ(F) =
∏

u⊆e pθ(Fu⊆e) and pθ(Fu⊆e) = Nd(0, Id).

6.2.3 Bayesian Sheaf Neural Network Overview

We give an overview of the Bayesian sheaf neural network architecture, which is also

summarized in Figure 6.2. The variational sheaf learning mechanism maps the input

node features to the sheaf distributional parameters as described in Section 6.2.2,

though we briefly describe here as well. A linear layer first resizes the input node

features to dimension k. Specifically, we use k = df where d and f are the stalk

dimensions and number of feature channels respectively. Then, for each incident
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Figure 6.2: Visual depiction of BSNN Architecture. The variational sheaf learning
mechanism is depicted in the upper half of the diagram. Dashed arrows represent
sampling from the sheaf distribution.

node-edge pair u ⊆ e, the features of the pair of nodes corresponding to the edge e

are concatenated. Hence a node feature matrix of size n× k is transformed by this

concatenation operation into a matrix of size 2e× 2k, where n denotes the number of

nodes, and e denotes the number of edges in the graph. Lastly, an MLP maps these

features indexed by the incident node-edge pairs u ⊆ e to distributional parameters

µu⊆e and σu⊆e as described by Eq. (6.11), which define the distribution over the

cellular sheaves. From this distribution, a collection of independent and identically

distributed sheaves F1,F2, . . . ,FL are sampled: one for each layer of the network.

Separately, a multi-layer perceptron maps the input node features X ∈ Rn×m

to features of dimension X ′ ∈ Rn×df where d is the stalk dimension and f is the

number of hidden channels. The features X ′ are reshaped to size nd× f . Sheaf layers

described by Eq. (6.5) update the transformed features X ′ using the sampled sheaves

F1,F2, . . . ,FL. Finally, a linear layer maps the output of the final sheaf layer to a

vector of class probabilities.

During training, a one-sample Monte Carlo estimate of Eq. (6.9) or Eq. (6.10) is

computed, and the loss is back-propagated to update the network weights. During
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testing, ensembling is performed to obtain point estimates for the unobserved node

labels y∗.

6.3 Reparameterizable Distributions on SO(n)

In order to perform variational inference for our BSNN when cellular sheaves with

special orthogonal restriction maps are used, we require a family of distributions on

SO(n) that are both reparameterizable and have tractable density functions. We

define a novel family of such distributions via the Cayley transform [23].

6.3.1 Cayley Distributions on SO(n)

We denote the set of all n×n skew-symmetric matrices by so(n). The Cayley transform

is a function C : so(n) → SO(n) defined by

C(A) = (I − A)−1(I + A) = 2(I − A)−1 − I. (6.12)

If A is an n× n skew-symmetric matrix, then xTAx = 0 for all x ∈ Rn due to the fact

that xTAx = (xTAx)T = −xTAx. Hence if (I −A)x = 0, then xT(I −A)x = xTx = 0

implying that x = 0. Thus I − A is invertible, showing that the Cayley transform is

well-defined. If P ∈ SO(n) does not have −1 as an eigenvalue, C−1(P ) exists and is

given by

C−1(P ) = (P − I)(I + P )−1 = I − 2(I + P )−1. (6.13)

Hence C is injective, and all but a measure zero subset of SO(n) is contained in the

image of C.

Remark 6.3. The Cayley transform is sometimes alternatively defined as C(A) =

(I + A)−1(I − A) = (I − A)(I + A)−1. Since the two definitions differ only by the

precomposition of C with the reflection A 7→ −A, either choice of definition could be

used without meaningful change.
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For a vector ϕ ∈ Rn(n−1)/2, let Xϕ denote the skew symmetric matrix containing

the entries of ϕ as its lower triangular entries. Explicitly, if ϕ = (ϕ1, ϕ2, . . . , ϕn(n−1)/2)

and if xij denotes the i, j-th entry of Xϕ, then for i > j, set xij = −xji = ϕij−j(j+1)/2

and set xii = 0. We may vectorize the Cayley transform and regard it as a map

C̃ : Rn(n−1)/2 → Rn2 by setting C̃(ϕ) = vecC(Xϕ). The Jacobian (determinant) of C̃

is JC̃(ϕ) = det(DC̃(ϕ)TDC̃(ϕ))1/2, where DC̃(ϕ) denotes the total derivative of C̃ at

the point ϕ. The Jacobian JC̃(ϕ) can be expressed [61] in terms of Xϕ by

JC̃(ϕ) =
23n(n−1)/4

det(I +Xϕ)n−1
. (6.14)

A random variable X taking values in SO(n) is uniformly distributed if it is

distributed according to the normalized Haar measure on SO(n). Recall that a left

Haar measure on a Lie group G, such as SO(n), is a non-trivial measure µ on the

Borel subsets of G that is

(1) left translation invariant: µ(gS) = µ(S) for all g ∈ G and Borel S ⊂ G,

(2) finite on compact sets: µ(K) <∞ for compact K ⊆ G,

(3) outer regular on Borel sets: µ(S) = inf{µ(U) : U ⊇ S, U open} for Borel S ⊆ G,

(4) inner regular on open sets: µ(U) = sup{µ(K) : K ⊆ U, K compact} for open

U ⊆ G.

Haar’s theorem implies that there is a unique normalized left Haar measure, that

is, a unique left Haar measure µ such that µ(G) = 1. Right Haar measures are defined

similarly but are right translation invariant, i.e. µ(Sg) = µ(S) for all g ∈ G and Borel

S ⊂ G, rather than left translation invariant. Though in general left and right Haar

measures need not be the same, for compact Lie groups, such as SO(n), they coincide.

Hence we may talk of simply a Haar measure on SO(n).

Definition 6.2. Let C : so(n) → SO(n) denote the Cayley transform and let X be a

uniformly distributed random variable on SO(n). Given parameters M ∈ SO(n) and
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0 ≤ κ < 1, we define the Cayley distribution Cn(M,κ) on SO(n) to be the distribution

of Y = C(1−κ
1+κ

C−1(X))M .

Remark 6.4. Note that by the definition of the Cayley distribution, a random variable

Y ∼ Cn(M,κ) can be expressed as a deterministic function of M , κ, and X ∼ USO(n).

Hence these distributions are reparameterizable. For details on sampling from the

uniform distribution on SO(n), see for example [8].

In order to compute or efficiently estimate the KL divergence term in Eq. (6.9), an

expression for the density of Cn(M,κ) is necessary. Using Eq. (6.14) for the Jacobian

of the Cayley transform, we compute the density of Cn(M,κ) in the following theorem.

Theorem 6.5. The Cayley distribution Cn(M,κ) has density

fn(P ;M,κ) = (1− κ2)
n(n−1)

2 det
(
PMT − κI

)1−n

, (6.15)

with respect to the normalized Haar measure on SO(n).

Before proving Theorem 6.5, we first recall some preliminaries. For a subset S of a

metric space M and for δ > 0, let

Hd
δ(S) = inf

{ ∞∑
i=1

αd(
1
2
diam(S))d :

∞⋃
i=1

Ui ⊇ S, diam(Ui) < δ
}

where αd denotes the volume of a unit d-ball. The d-dimensional Hausdorff measure

on the Borel subsets of M is then given by Hd(S) = limδ→0H
d
δ (S).

Let λn denote the n-dimensional Lebesgue measure. The area formula [33] computes

the Hausdorff measure of the image of a 1-to-1 and continuously differentiable function

f in terms of the Jacobian of f . We state a version presented in [80].

Proposition 6.2 (Area formula). Let f : Rn → Rm be 1-to-1 and continuously

differentiable. For any Borel subset A ⊆ Rn,

∫
A

Jf(x)λn(dx) =

∫
f(A)

Hn(dy).
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Moreover, ∫
A

g(f(x))Jf(x)λn(dx) =

∫
f(A)

g(y)Hn(dy), (6.16)

for all Borel measurable g : Rm → R for which one side of (6.16) exists.

Equip SO(n) with the metric induced by the Frobenius norm ∥A∥ = tr(ATA).

Since left (or right) multiplication on SO(n) is an isometry, it follows that the Hausdorff

measure is a left (and right) translation invariant measure on SO(n). Moreover, if

d = n(n− 1)/2 denotes the dimension of SO(n), then Hd is a locally finite measure

on SO(n), and thus is a Haar measure by Haar’s theorem.

Hence, Proposition 6.2 yields a change of variables formula for they Cayley

transform. For example, if X is a uniformly distributed random variable on SO(n),

then C−1(X) has density p(x) = JC̃(x) with respect to the Lebesgue measure on Rd.

Proof of Theorem 6.5. Let µ denote the unique Haar measure on SO(n) such that∫
SO(n)

dµ = 1. Let X be a uniformly distributed random variable on SO(n). Let

Y = C(1−κ
1+κ

C−1(X)), and let fn(P ; I, κ) denote the density of Y with respect to µ.

For convenience, set γ = 1+κ
1−κ

. Then by Proposition 6.2 and the chain rule,

fn(P ; I, κ) = γ
n(n−1)

2 JC̃
(
γC̃−1(vecP )

)
JC̃−1(vecP ).

Using Eq. (6.14), we obtain

fn(P ; I, κ) = γ
n(n−1)

2

( det(I + C−1(P ))

det(I + γC−1(P ))

)n−1

. (6.17)

Using the equality det(I + C−1(P )) = 2n

det(I+P )
,

fn(P ; I, κ) = 2n(n−1)γ
n(n−1)

2 det
(
(I + P )(I + γC−1(P ))

)1−n

.
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Next, from Eq. (6.13) we have that I + γC−1(P ) = (1 + γ)I − 2γ(I + P )−1. By

substituting and simplifying,

fn(P ; I, κ) = 2n(n−1)γ
n(n−1)

2 det
(
(1 + γ)(I + P )− 2γI

)1−n

.

Factoring 1 + γ out of the expression within the determinant, we have

fn(P ; I, κ) = 2n(n−1)
( γ

(1 + γ)2

)n(n−1)
2

det
(
P − γ − 1

γ + 1
I
)1−n

,

or in terms of κ,

fn(P ; I, κ) = (1− κ2)
n(n−1)

2 det
(
P − κI

)1−n

.

Remark 6.6. The family of Cayley distributions defined in [61] have density

proportional to det(PMT + I)κ of Eq. (6.15). Note that the concentration parameter

κ appears in the exponent of the determinant expression, whereas in our proposed

family of Cayley distributions, κ instead scales the identity matrix term within the

determinant.

6.3.2 Special Cases of the Cayley Distribution

We now examine the distributions Cn(M,κ) for small values of n.

Case n = 2. If P,M ∈ SO(2) are rotations by θ, µ radians respectively, then

C2(M,κ) has density

f2(P ;M,κ) =
1

2π
· 1− κ2

1 + κ2 − 2κ cos(θ − µ)
.

This is the density of a wrapped Cauchy distribution on SO(2) ∼= S1, see[52]. Hence

for the case n = 2, the Cayley distributions coincide with known distributions.
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Case n = 3. Note that SO(3) is homeomorphic to 3-dimensional real projective

space RP 3, which is the quotient of S3 under the identification of antipodal points.

We show that C3(M,κ) is related to an angular central Gaussian distribution [81]

on S3. Specifically, we show that C3(M,κ) is the pushforward of an angular central

Gaussian distribution on S3 under the quotient map Φ : S3 → SO(3). If x ∈ Rn+1 is a

unit vector, Λ ∈ R(n+1)×(n+1) is a symmetric positive definite matrix, and αn denotes

the volume of the n-dimensional sphere Sn, the angular central Gaussian distribution

ACGn(Λ) on Sn has density

f(x; Λ) = α−1
n det(Λ)−

1
2 (xTΛ−1x)−2

with respect to the uniform measure on Sn.

Proposition 6.3. Let Φ : S3 → RP3 ∼= SO(3) denote the map which identifies

antipodal points of S3. For any M ∈ SO(3) and κ ∈ [0, 1), there exists a symmetric

positive definite matrix ΛM,κ ∈ R4×4 such that if X ∼ ACG3(ΛM,κ), then Φ(X) ∼

C3(M,κ).

For a proof see Appendix A.

When n = 2 or n = 3, Eq. (6.14) for the Jacobian of the Cayley transform

simplifies to 23n(n−1)/4(1 + ∥ϕ∥2)1−n. One consequence of this fact is that Cn(In, κ)

is the pushforward of a Cauchy distribution (multivariate in the case n = 3) under

the Cayley transform. This fact makes it possible to compute the KL divergence of

Cn(M,κ) from the uniform distribution on SO(n) in these cases.

Proposition 6.4. For n = 2, 3 the KL divergence of Cn(M,κ) from the uniform

distribution is given by

KL(C2(M,κ) ∥ USO(2)) = − log(1− κ2)

KL(C3(M,κ) ∥ USO(3)) = − log(1− κ2)− 2 log(1− κ)− 2κ.

For a proof see Appendix B.
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Thus when learning a distribution of cellular sheaves with special orthogonal

restriction maps in our BSNN, for the cases where the stalk dimension d is 2 or 3, we

are able to use Eq. (6.9) to estimate the ELBO by plugging in the expressions for the

KL divergence from Proposition 6.4. When d ≥ 4, we estimate the ELBO by simply

using Eq. (6.10).

6.4 Node Classification Experiments

We compare our Bayesian sheaf neural networks (BSNN) against the sheaf neural

networks (NSD) from [12] on the WebKB datasets, a set of real-world web-page

datasets. These datasets have low edge-homophily coefficients, that is, there are

relatively few edges which connect nodes belonging to the same class [87]. This is a

type of graph data where sheaf neural networks are expected to outperform traditional

graph neural networks. See Appendix C for further details on the datasets. To

study the performance of our Bayesian sheaf models when training data is limited,

we use 10 fixed splits of the datasets, each of which contains 32%/20%/48% of the

nodes for training, validation, and testing respectively. For a given hyperparameter

configuration, each model is trained and evaluated on the 10 fixed splits of the data

and we compute the average validation accuracy. Identical hyperparameter sweeps are

performed for each model. For the hyperparameter configuration that yields the best

validation accuracy for a model, we train and evaluate the model on the 10 splits for

30 different random seeds. We report the mean test accuracies along with the standard

deviation of the test accuracies across the 30 random seeds in Table 6.1. For each

type of restriction map (diagonal, special orthogonal, and general linear), we compare

the results of the BSNN model against the NSD model. The higher test accuracy is

bolded, and further, a blue entry denotes that a Wilcoxon signed rank test indicates a

statistically significant difference for a p-value threshold of p = 0.05. We also include

results for a graph convolutional network (GCN) as a baseline comparison.
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Table 6.1: Average test accuracies and standard deviations across 30 random seeds
for the hyperparameter configuration yielding the highest validation accuracy for each
model and dataset.

Texas Wisconsin Cornell

Diag-BSNN 75.35±1.68 83.04±0.87 72.23±1.76

Diag-NSD 75.49±2.40 82.77±1.15 73.70±1.45

SO(d)-BSNN 76.65±1.48 82.02±1.06 74.31±1.10

O(d)-NSD 76.09±1.79 81.79±1.63 74.07±1.58

Gen-BSNN 76.32±1.65 82.03±0.94 72.29±1.21

Gen-NSD 72.97±1.81 77.25±1.67 70.16±2.08

GCN 56.50±0.81 55.63±1.13 51.97±0.49

Additionally, to examine the sensitivity of the Bayesian and deterministic sheaf

models to the hyperparameter selections, we report the mean test accuracy across all

hyperparameter configurations in Table 6.2.

6.4.1 Results

Though the results are mixed in the case of diagonal restriction maps, the SO(d)-

BSNN outperforms the corresponding O(d)-NSD model on all three datasets, and the

Gen-BSNN significantly outperforms the corresponding Gen-NSD on all three dataset.

This suggests that the comparative advantage of our Bayesian approach to learning

cellular sheaves is more pronounced for sheaves with a greater number of parameters.

We also note that on each of the three WebKB datasets, the best test accuracy out of

all the models is attained by one of our BSNNs. Moreover, the standard deviation

of the reported test accuracies for each BSNN is lower than the corresponding NSD

model with the same type of restriction map in all but one case, showing that our

BSNN models are less sensitive to the effects of random weight initializations.

From Table 6.2, the advantage of each BSNN model over the corresponding NSD

model when considering the entire range of hyperparameters is definitive. For every

type of restriction map and dataset, a Wilcoxon signed-rank test for a p-value threshold

of p = 0.05 indicates a statistically significant difference between the results of the
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Table 6.2: Average test accuracy across all hyperparameter configurations and
corresponding standard deviations.

Texas Wisconsin Cornell

Diag-BSNN 73.41±2.84 77.78±3.32 64.77±5.51

Diag-NSD 71.48±3.54 74.85±4.57 62.18±7.10

SO(d)-BSNN 72.88±3.63 76.84±4.68 65.21±6.84

O(d)-NSD 71.98±3.28 74.55±5.03 61.73±6.70

Gen-BSNN 73.12±2.41 77.92±3.23 65.77±4.87

Gen-NSD 71.34±2.70 74.64±3.92 62.20±5.69

BSNN model and the corresponding NSD model. Thus we observe that the BSNN

models maintain good performance over a much wider range of hyperparameters when

compared with the NSD with the same type of restriction maps.

6.5 Conclusion

In this chapter, we have introduced Bayesian sheaf neural networks: novel sheaf neural

networks in which the sheaf Laplacian is a random latent variable, and where the loss

function used in training contains a Kullback-Leibler divergence regularization term.

Not only does this allow one to quantify uncertainty of the model arising from the

learned sheaf, but we show that for node classifications tasks with limited training

data, our BSNN models outperform deterministic sheaf models. Additionally, our

experiments suggest that the BSNN models are more robust to different choices of

hyperparameters and weight initializations than the corresponding deterministic sheaf

models.
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Appendix

A Additional Proofs

Proof of Proposition 5.1. We show that VRm(X; r) andX are homotopy equivalent for

0 < r < 2, in which case the proposition follows from the weak homotopy equivalence

VR(X; r) → VRm(X; r) along with the fact that X has the homotopy type of a CW

complex, hence Whitehead’s theorem may be applied.

Let p : R2 \ (0, 0) → X be the radial projection map. Let 0 < r < 2, and

define a map f : VRm(X; r) → X as follows. For x =
∑

i aiδxi
∈ VRm(X; r), set

f(x) = p(
∑

i aixi). Note this is well-defined due to the fact that r < 2, hence the convex

hull of the points {xi}i does not contain (0, 0). Let i : X → VRm(X; r) denote the

inclusion i(x) = δx. Note that fi = idX . It suffices to show that if ≃ id. We claim that

for any point x =
∑

i aiδxi
∈ VRm(X; r), the subset {xi}i ∪ {f(x)} ⊆ X has diameter

less than r. If this is true, then the linear homotopy H : VRm(X; r)× I → VRm(X; r)

defined by H(x, t) = (1− t)x+ t · if(x) is well-defined and thus is continuous (recall

Lemma 4.1.1), which shows that if ≃ id.

To prove the claim, let x =
∑

i aiδxi
∈ VRm(X; r). If the points {xi}i are contained

in a single side of X, then the claim is trivial. Otherwise, since r < 2 the points

{xi}i must be contained in two intersecting sides of the square X. By symmetry,

we may assume that these two sides are A = [−1, 1] × {1} and B = {1} × [−1, 1],

and let q denote their intersection point q = (1, 1). Let a, b ∈ (−1, 1] be the largest

values such that the points {xi}i are contained in [a, 1]× {1} ∪ {1} × [b, 1] ⊆ A ∪B.
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Let C = [a, 1] × {1} ∪ {1} × [b, 1], and note that the radial projection p maps

hull(C ∪ {(0, 0)}) \ (0, 0) into C, where hull(C ∪ {(0, 0)}) denotes the convex hull of

C ∪ {(0, 0)}. Hence f(x) ∈ f(hull({xi}i)) ⊆ C. Lastly we recall from the definition of

the values a, b that diam(C) < r, proving our claim that diam({xi}i∪{f(x)}) < r.

Proof of Proposition 6.3. Representing points of S3 as unit vectors x = (a, b, c, d) ∈

R4, the 2-fold cover Φ : S3 → SO(3) has an explicit description as

Φ(x) =


a2 + b2 − c2 − d2 2(bc− ad) 2(bd+ ac)

2(bc+ ad) a2 − b2 + c2 − d2 2(cd− ab)

2(bd− ac) 2(cd+ ab) a2 − b2 − c2 + d2

 .

A straightforward calculation shows that

det(Φ(x)− κI) = (1− κ)3a2 + (1 + κ)2(1− κ)(b2 + c2 + d2).

If f(P ;M,κ) denotes the density of C3(M,κ) with respect to the unit Haar measure

on SO(3), g(x; Λ) denotes the density of ACG3(Λ) with respect to the unit Haar

measure on S3, and Λκ is the diagonal matrix Λκ = diag((1+κ
1−κ

)2, 1, 1, 1), then we have

f(Φ(x); I, κ) ∝ det(Φ(x)− κI)−2

=
(
(1− κ)3a2 + (1 + κ)2(1− κ)(b2 + c2 + d2)

)−2

∝
((1− κ

1 + κ

)2
a2 + b2 + c2 + d2

)−2

∝ g(x; Λκ),

where the symbol ∝ denotes "proportional to".

Moreover, for M ∈ SO(3), let yM ∈ Φ−1(MT). Regarding yM as a unit quaternion,

let Q ∈ SO(4) be the rotation z 7→ zyM for z ∈ H. Note that Φ(x)MT = Φ(xyM) =
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Φ(Qx) and g(x;QTΛκQ) = g(Qx; Λκ). Hence

f(Φ(x);M,κ) = f(Φ(Qx); I, κ) ∝ g(x;QTΛκQ).

Lastly, since Φ is a homomorphism, the pushforward of the unit Haar measure

on S3 yields the unit Haar measure on SO(3). This combined with the fact

that f(Φ(x);M,κ) ∝ g(x;QTΛκQ) implies that Φ(X) ∼ C3(M,κ) whenever X ∼

ACG3(ΛM,κ) for ΛM,κ = QTΛκQ.
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B KL Divergence Calculations

Recall from Section 6.2.2 that we assume that the variational distribution qϕ(F|X, y)

factors as qϕ(F|X, y) =
∏

u⊆e qϕ(Fu⊆e|X, y) over all incident node-edge pairs u ⊆ e, and

that we use a prior pθ(F) which also factors in the same manner pθ(F) =
∏

u⊆e pθ(Fu⊆e).

As a consequence of the chain rule for KL divergence, see for example [25, Theorem

2.5.3], we have

KL(qϕ(F|X, y) ∥ pθ(F)) =
∑
u⊆e

KL(qϕ(Fu⊆e|X, y) ∥ pθ(Fu⊆e)).

Hence it suffices to be able to compute KL(qϕ(Fu⊆e|X, y) ∥ pθ(Fu⊆e)) for all u ⊆ e.

In the cases where we learn diagonal or general linear sheaf restriction maps,

KL(qϕ(Fu⊆e|X, y) ∥ pθ(Fu⊆e)) is a KL divergence of a normal distribution with

diagonal covariance from a standard normal distribution. The KL divergence of a

normal distribution N (µ, diag(σ2)) with mean µ ∈ Rd and diagonal covariance σ2 ∈ Rd

from the standard normal distribution is

KL(N (µ, diag(σ2)) ∥ N (0, Id)) = −1

2

d∑
i=1

(
1 + log(σ2

i )− µ2
i − σ2

i

)
. (18)

See [54, Appendix B] for a derivation of this calculation.

In the case where the restriction maps are special orthogonal, and the stalk

dimension d is 2 or 3, we compute KL(qϕ(Fu⊆e|X, y) ∥ pθ(Fu⊆e)) using Proposition

6.4, which we now prove.

Proof of Proposition 6.4. First, we note that the integral of a function f(P ) on SO(n)

with respect to a Haar measure is invariant under the change of variables P 7→ PM

for any M ∈ SO(n). Hence KL(Cn(M,κ) ∥ USO(n)) does not depend on M , that is,

KL(Cn(M,κ) ∥ USO(n)) = KL(Cn(I, κ) ∥ USO(n)).
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To simplify notation, set d = n(n− 1)/2, let γ = 1+κ
1−κ

, and let Vn denote the volume

of SO(n). Recall Eq. (6.17), and note that the density of Cn(I, κ) with respect to Hd

can be expressed as

V −1
n γd

( det(I + C−1(P )

det(I + γC−1(P ))

)n−1

where Vn denotes the volume of SO(n). Then the change of variables formula yields

KL(Cn(M,κ) ∥ USO(n)) =

∫
Rd

2
3n(n−1)

4 V −1
n γd

det(I + γXϕ)n−1
log
(γd det(I +Xϕ)

n−1

det(I + γXϕ)n−1

)
λd(dϕ),

where recall from Section 6.3 that Xϕ denotes the skew symmetric matrix whose

entries below the diagonal are the entries of the vector ϕ.

When n = 2, 3, we have det(I +Xϕ) = 1 + ∥ϕ∥2 and det(I + γXϕ) = 1 + γ2∥ϕ∥2,

hence

KL(Cn(M,κ) ∥ USO(n)) =

∫
Rd

2
3n(n−1)

4 V −1
n γd

(1 + γ2∥ϕ∥2)n−1
log
(γd(1 + ∥ϕ∥2)n−1

(1 + γ2∥ϕ∥2)n−1

)
λd(dϕ).

Recall that by [75],

Vn = 2
3n(n−1)

4

n∏
i=2

π(i−1)/2Γ((i− 1)/2)

Γ(i− 1)
.

Hence KL(Cn(M,κ) ∥ USO(n)) is precisely the KL divergence of Cauchyd(0, 1
γ2 I)

from Cauchyd(0, I) for n = 2 or n = 3. By the expressions for the KL divergence

between Cauchy distributions in [17], we have

KL(Cauchy1(0, 1
γ2 I) ∥ Cauchy1(0, I)) = log

(
(γ + 1)2

4γ

)

and

KL(Cauchy3(0, 1
γ2 I3) ∥ Cauchy3(0, I3)) = log

(
(γ + 1)4

16γ

)
+

2(1− γ)

1 + γ
.
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Since γ = 1+κ
1−κ

we have

KL(C2(M,κ) ∥ USO(2)) = − log(1− κ2)

and

KL(C3(M,κ) ∥ USO(3)) = − log(1− κ2)− 2 log(1− κ)− 2κ.
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C Experimental Details

All experiments were run on a NVIDIA Tesla K80 GPU with two Intel Xeon

E5-2637 CPUs with 64GB of memory. Hyperparameter tuning was done using

Weights & Biases [10] to perform a grid search over the hyperparameter con-

figurations described in Table C.1. The neural sheaf diffusion (NSD) models

from [12] were implemented using the code available at https://github.com/

twitter-research/neural-sheaf-diffusion. Our code is available at https:

//github.com/patrick-gillespie/bsnn.

Table C.1: Hyperparameter configurations for WebKB experiments.

Hyperparameter Values
Hidden channels {8, 32}

Stalk dim d {2, 3, 4, 5}
Layers {2, 3, 4, 5}
Dropout {0.0, 0.3, 0.6}
Learning rate 0.01
Activation ELU
Weight decay 5e-4
Patience 200
Max training epochs 500
Optimiser Adam
Ensemble # 3 (BSNN), N/A (NSD)

C.1 WebKB Dataset Descriptions

The Texas, Cornell, and Wisconsin datasets are web page datasets for the computer

science departments of the respective universities. Each dataset is a graph in which

nodes represent web pages and edges represent hyperlinks between them. In all

datasets the node features are 1703-dimensional bag-of-word representations of the

web pages, and each node belongs to one of the five classes: student, project, course,

staff, and faculty. The Texas dataset contains 183 nodes and 325 edges. The Cornell
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dataset contains 183 nodes and 298 edges. The Wisconsin dataset contains 251 nodes

and 515 edges
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