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ABSTRACT

Necessary and sufficient conditions for the convergence of the
solutions of linear and nonlinear time varying compartmental models
described by systems of differential equations are reviewed, Similar
conditions for discrete models described by systems of difference
equations are derived.

For continuous and discrete models, the concept of environ
analysis is extended to advanced linear systems and for the first time
to systems with time varying coefficient matrices X(t) and [A(t)]T.
Generalizations to nonlinear models satisfying certain regularity
assumptions and to linear-systems with time delay are introduced.
Output and input environ partitioning flow and storage matrices for
a two trophic level aquatic system are derived in the form of inte-
gral equations. Also, for the same system, estimates for the deviation -
of the environ partitions at any time f;om their asymptotic values
are found.

As a step towards the important goal of controlling the eutro-
phication phenomenon, two phytoplankton population models in natural
waters are presented. In the first model, a nonlinear function
general enough to include the effects of feeding saturation intra-
specific consumer interference, and eutrophication phenomenon is used
to present the transfer of material or energy from phytoplankton
to zooplankton populations. The model using this grazing rate function
is subjected to equilibrium and stability analysis to ascertain its

mathematical implications., It is shown that, for a certain range of
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one of the parameters in this function all equilibrium points of the
system bécome stable even with nutrient enrichment. In the second
model, dynamics of both nitrogen and phosphorus cycles are combined.
Persistence results for both models are proved and compared.

The influence of direct human control added to different aquatic
models is studied in detail. Optimal control theory is used to obtain
optimal strategies for the control of these models with several cost
functions. It is found that the control program in each problem
depends on the model considered and on the function to be optimized.
Explicit expressions of singular control in each case are given as

functions of the state and costate variables.
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CHAPTER I

ON THE ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF LINEAR
AND NONLINEAR SYSTEMS OF DIFFERENTIAL AND

DIFFERENCE EQUATIONS
1.1. Introduction

Most of the studies that are published in the field of compart-
mental and environ analysis are limited to the linear, static case
[I1.9 ]

In the applications area of ecology, all known studies are re-
stricted to linear models. 1In this chapter, a generalization appli-
cable to more advanced linear and nonlinear systems is presented and
studied in detail. First, some results concerning the asymptotic
behavior of the solutions of non-homogeneous linear systems of dif-
ferential equations are reviewed. Then, the relationships between
the boundedness and asymptotic behavior of the solutions of the

linear differential equation

(1.1.1) i(t) = A(t) X(t) + Z(t)

and of the solutions of the nonlinear equation
(1.1.2) i(t) = A(t) X(t) + d(X(t); t)

are explored in Theorems (1.2.1) to (1.2.4). 1In section 1.3, some

results are derived for discrete time systems described by nonhomogeneous
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linear and nonlinear difference equations [Theorems (1.3.3) to (1.4.1)].
As will be demonstrated, there is a complete parallel to the corresponding

results indicated in Section 1.2.

1.2. Dynamic Systems Described by Linear and Nonlinear

Differential Equations

Asymptotic Behavior of the Solutions of Nonhomogeneous Differential
Equations,

In the linear differential equation
(1.2.1)  X(t) = A(t) X(t) + Z(¢v)

A(t) is an n X n matrix with complex-valued elements which

are measurable and bounded for t >0 . Z(t) is an n-vector with

measurable, complex-valued elements, X(t) and X(t) are n-vectors.

Notations and Assumptions

The norm of a vector (matrix) will be denoted by and is
defined as the sum of the magnitudes of the elements. A vector (matrix)
will be called bounded if its norm is bounded on t > 0 and convergent
if its elements tend to finite limits as t - © . We shall denote

by &(t) the (nonsingular) fundamental matrix of solutions of the

homogeneous equations

(1.2.2)  X(t) = A(t) X(2)

for which



(1.2.3) $(0) = 1 , the unit matrix.

Theorem 1.2,1 [T.F. Bridgland 1961]: Every solution of (1.2.1)
converges for every convergent Z(t) if and only if
(1) every solution of (1.2.1) is bounded for every bounded Zz(t)
and
(ii) the matrix
t

W(t) = J 8(t) o7 1(1) dr
0

converges. Moreover,

lim X(t) = [lim W(t)] [1lim Z(t)] .

oo t->o0 tro0

Perturbed Flow Matrix

Theorem 1.2.2. [T.F. Bridgland 1961]: If every solution of (1.2.1)
is convergent for every convergent Z(t) , if D(t) is a matrix whose
elements are measurable for t > 0 and if either

(a) 1lim [{D(e)|] = 0,

tro
or

o}

(b) J [ID(t) || dt < =
0

then every solution of

(1.2.4) é(t) = [A(t) + D(t)] Y(t) + Z(t)




converges for every convergent Z(t) . Moreover,

(1.2.5) lim Y(t) = 1lim X(t) .
tree to

Corollary 1.2.3. If in (1.2.4) A(t) = A, a constant matrix all
of whose characteristic roots have negative real parts, then for every
convergent Z(t) every solution of (1.2.4) converges to the vector
—A_1 lim Z(t) ; moreover 1lim Y(t) = 0 when condition (a) is satis-

o tro 1
fied. (Note: 1In this case &(t)® “(1) = ¢(t - 1).)

The relationship between the boundedness and asymptotic behavior
of the solution of the linear and nonlinear differential equation is
given in the following theorem.

Theorem 1.2.4, [T.F. Bridgland 1964]: Consider the nonlinear dif-

ferential equation
(1.2.6)  Y(t) = A(t) Y(t) + &(Y(t); t)

If
(i) every solution of (1.2.1) is convergent for every convergent
z(t) ;
(ii) for sufficiently small ||Y|| , lim ®(¥; t) = &(Y¥; =) ;
(iii) for sufficiently small g , ||£?;Z t)I[_i B for t >0 ;
(iv) for € > 0, there exists § >0 and T > 0 such that

locrys &) - o¥ys Off < ellyy, - Y, for |lv,ll< s,

|

i=1,2 and t>T ;



then for every vector c¢ for which ||c” is sufficiently small a
unique bounded solution Y = Y(t; T, ¢) of (1.2.6), satisfying

Y(T; T, ¢) = ¢ , exists on [T, ®) and all such solutions converge
to the same 1limit vector, & , which may be determined uniquely as a

solution of the equation

(1.2.7) & = X(=) o(&; =) .

1.3. Discrete Systems Described by Nonhomogeneous

Linear and Nonlinear Difference Equations

Introductory Remarks

The problem generally considered in the modern theory of dif-
ference equations is the investigation of analytic solutions of equa-

tions of the form

(1.3.1) Xk + 1) - X(k) = A X(k) = ACk) X(k) + w(k)

where det(A(k) + I) # 0 such that ¢ -l(k + 1) exists or

(1.3.2) Xk + 1) - X(k) = A X(k) = A(k) X(k) + £(X(k); k)

where ®&(k) is the fundamental matrix of the corresponding homogeneous
equations.

In this section the behavior of the solutions for large values of
k and some relationships between the solutions of the two equaticns
will be investigated. The results will be similar to those obtained
for differential equations, and the proofs are simpler. If the elements

of A depend on k , it will be supposed that they are defined for



for every k in the range [0, ») . A direct computation can be
used to establish Lemma 1.3.1.

Lemma 1.3.1. The solution of

(1.3.1) A&X = A(k) X(k) + w(k)

(where (A(k) + I) is a nonsingular matrix for k =0, 1, 2,...) is

given by
t-1 -1

(1.3.3) X(t) = Y(t) + ®(t) & "(k + 1) w(k)
k=0

wheqe Y(k) satisfies

(1.3.4) AY(k) = A(k) Y(k) ; Y(0) = X(0)

and ®(k) satisfies

(1.3.5) A O(k) = A(k) d(k) ; ¥(0) =1

Lemma 1.3.2: "Let wu be given by the expression,

t-1
(1.3.6)  u(t) = J &t +1) o1 (r+ 1) w(n)
=0
t-1
= ] K(t, Dw), t>0
=0

where K 1is defined by




(1.3.7)  K(t, T) = 0(t + 1) o1t + 1)

If u 1is bounded as t + » for every input vector w satisfying

one of the conditions

(a) |lw(m|] < ¢ < T>0
® ) flo@]|<e
=0

or
(

oo
() ) ”w(T)[F < o, then the matrix K(t, T) satisfies
=0

respectively the conditions

(e o}
(a") z [|k(t, ) ] ey <=, c, independent of t > 0 ;
=0
(") |[k(t, DY < ¢y <®, ¢, independent of t, T >0 ;
or
e o]
(c") 2 ”K(t, T)|F < c, <>, <, independent of t > 0 .
=0 ‘

Here the proof will be given in case (a') ; similar proofs can be

drived for the other two cases.

Proof of (a')

For fixed t define the linear transformation

Ayt 2T RT 0T o PR
where
t-1
Aw) = ) K(t, 1) w(t)
t
1=0

and since u(t) is bounded for all Ihun =1, then




t-1
A= sup || I ke, O w(®] <.

lolF1 =0
Thus, {At} is a collection of bounded linear transformation from the
Banach space 2° into the normed linear space R" . The Banach
Steinhaus Theorem [2 ] says that either there exists M < © guch that
@ Il <mve
or
(2 sup A W= =

£>0

for some w . Now, if (2) is true, then

o
sup l|z K(t, T) w(T)||= =
t>0 T1=0
or
sup ||u(t)|| = « for this w .
t>0

But 1lim Hu(t)|[< © by hypotheses, Hence (1) applies and
to

(1.3.10) ||At|]§r4’v,c .

For a fixed t

(1.3.11) fIall< I e, o
=0

Now, choose w(t) such that [|lw(t)||=1 and



o0

|1 Rt v woll= § [k, D
T=0 =0

This choice of w(t) is in the form
n n
(1.3.12) (@) = {w, (M}, = {21},
where
n
max K(t, 1) w(T) = max ) Ikij(t, |Vt

i i j=1

(e.g. 41if n=1,

w(t) =1 if K(t, 1) >0

]

w(T) -1 1if Kk(t, 1) <0)

It follows that

(2]

(1.3.13) A [[> ] (&, D

=0

From inequalities (1.3.11) and (1.3.13), it follows that

0

ell= 1 IR, Dl <uvee) .
T=0



10

In case (b) At: gl + R
and
in case (c) At: 22+ R" .
Theorem 1.3.3. Every solution of
(1.3.1) Az = A(k) z(k) + w(k) with (A(k) + I) nonsingular

converges for every convergent w(t) if and only if
(1) every solution of (1.3.1) is bounded for every bounded w(k) ,
(ii) the matrix
t

Y(t) = T Xt + 1) K1k + 1)
K=0

converges. Moreover,

lim z(t) = [1ldim Y(t)][1im w(t)]
t-»oo oo t
Proof: We prove first the sufficiency of (i) and (ii). As was

indicated before, the solution of (1.3.1) for the initial condition

Z(0) = Y(0) = Z0 is

t-1
28) = y(©) + J X0 X1k + 1) w(w
k=0

or



11
t-1
(1.3.16) 2(t) = y(&) + ] X(t) X 'k + 1) e(k) +
k=0
t-1 i,
Y} OX(t) X (k+ W
1=0
\
|
\

where we have put

lim w(k) = W

|
\
koo i
\

and
e(k) = wk) - W,

In this part of the proof, it will be established that if every
solution of (1.3.1) is bounded for every bounded w(t) then
t-1

Y l1xCe) x'l(k + D<M vVt >0
k=0

and

lim ||X(®) || =0 .
o0
Let w(t) satisfy l|w(t) ||_<_ C1 <o ¥Vt >0 ; then Lemma 1.3.1
and the assumptions that y(t) = X(t) z(0) and the vector, u(t) ,
given by (1.3.6), are bounded as t + « lead to

t-1 -1
JoOlX() X+ D|[<M<o as trw,
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To establish the asymptotic behavior of X , consider the vector

u(t) and the bounded solution of AX = AX ;3 this leads to

t-1
T x(t) XMk + 1) X(k + 1) is bounded as t + @
k=0 '

or
X(t) (t - 1) 4is bounded as t + « .

Now for a given € > 0 there exists ¢t > 0 such that for all

1
t>t le(e) || <§%~. From this and (1.3.14), it follows that

el -1 tl-l -1 £
|2 X&) X k+ 1) e®]<||x)] T X (k+ De| + 5
k=0

Furthermore, there exists t2 > 0 such that for t > t2 ’

£
xce) || < 61

Ik + 1) e

Hence for t > max(tl, tz) .

t-1
1z XL+ 1) e <E+£=¢.
2 2
k=0
Thus the first two terms on the right side of (1.3.14) tend to zero

as t + o and (ii) gives the conclusion.

The necessity of (ii) follows by setting YO =0 = ZO in (1.3.14)

and replacing w(t) (or in fact W) successively by the columns of
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the unit matrix. For the necessity of (i) we set )b =0 in (1.3.14)

and consider the iEh element of the solution vector

n t-1
(1.3.15) z,(t) = ] ] xg4(e5 k + 1) w, (k) , 1<i<n

j=1 k=0 J
where xij denotes the i, th element of the matrix X(t) X_l(k + 1)
The function space C of n-tuples w(k) = (wl(k),..., wn(k)) of com-
plex valued functions measurable for k > 0 and tending to finite

limits as k - © 1is a Banach space under the norm

lwk)| = max {sup [wi(k)|} .
l<i<n k>0

For a fixed ko > 0 , the transformation Ti » defined by

0

1 n 0
T, wk) =z (k) = Z )) xij(ko, k+ 1) wj(k) ,

maps C into the Banach space of complex numbers normed by magnitudes.

Simple estimates show that Ti
0

Using the vector EA = (w?(k),..., wﬁ(k)) where

is bounded, hence continuous, on C .

sgn xij(ko; k) , 0<k <A < ky

(k) =
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where (sgn Z = T%j) » we find that a bound of T1 is

ko
I |
x, (k.y k + 1)
js1 k=0 0
Indeed, |5A| =1, so that by (1.3.15)
k-

gl ] Z [y, Gegs K + D] W)@

kg _ 1=0 k=0 )

1N 1

n A=l
- L L ey kx|

All the hypotheses of the Banach-Steinhaus Theorem [2] are fulfilled
at this point so we may conclude that there exist ki > 0 such that

|T w(k)l

() sup —-—1—1———— s, 1i=1,..., n
weC;k>0

or

(2) sup {]T w(i)|} = » for some w .
k>0
n k-1
If (2), then sup {| z 2 xi.(k, t+1) w,(t)]} =w, i=1,...,n
k0 j=1 t=0 ]

or sup Hz (k)|l = for this w . But 1lim ]z(k) || < » by hypotheses,
k>0 koo

hence (1) applies and it follows that

n t-1
sup {) J [x. (¢, k+1D]}<w, i=1,...,m1n.
k>0 j=1 k=0

Hence, that

£-1
(1.3.16) sup { ] [|X(0) X2k + )|} < w
k>0 k=0




15

This implies that Z(t) 1is bounded for every bounded w(t) and the

proof is completed.

Theorem 1.3.4. 1If every solution of

(1.3.17) MX(k) = A(k) X(k) + w(k)

is convergent for every convergent w(k) , and if

i [0 = 0 ,

ko0

then every solution of
(1.3.18) A y(k) = [A(k) + D(k)] y(k) + w(k)
converges for every convergent w(k) . Moreover,

lim y(k) = 1lim =x(k)
ko0 ko
The proof of this theorem follows from theorem (1.3.1) if we can show
that
(i) every solution of (1.3.18) is bounded for every bounded
w(k) ,

t-1

(i1) the matrix Q(t) = z— W(t) W-l(k + 1) converges where
k=t
0

W(t) 1is the fundamental matrix of the homogeneous system corresponding
to (1.3.18).

To prove (i), it suffices to show that there exists M > 0 ,

0 <B <1 such that
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Wy wihenl<n g,

Let ¢(t) denote the fundamental matrix of the homogeneous system
corresponding to (1.3.17). Then by lemma (1.3.1) the solution of the
homogeneous system corresponding to (1.3.18) satisfies

t-1

W(E) = o(t) 07N () Wk + T 8(r) ¢ (k + 1) DA W)

k=t0

or
-1 -1
(1.3.19) W(t) W (to) = &(t) ¢ (to) +

&l -1 -1
+ ¥ [e(t) ¢ “(k+ 1) D(k) W(k)IW (t

k=t0

0) ’

By hypothesis, the homogeneous system corresponding to (1.3.17) is

bounded for every bounded w(t) so that there exists M1 >0 and

0 < Bl < 1 , such that

(t-7)

(1.3.20) flo(e) ¢ (0|l <M, 8y .

Using these facts in conjunction with (1.3.19) we obtain the esti-
mate

(t—to)

-1
(1.3.21) flw(e) wo(ep |l < M) B +

t-1
+ 1M Bit'k_l) D) [llw(e) w'l(to)n
k=t
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or

-(t-ty)

-1
B lw(e) w e |l

(t-k-

By

t-1
+ ) M
k=t0

< Db |l vl

1 1

But this implies, by virtue of Lemma 1 (ii) , [Bridgland, 1963],

t-1 1
it (1 + M 8" |[[DI)

k=to

(1.3.22) 8_(t-t°) lweey wt
.3. 1 t) W (t0)||§_M1

Now, assume to is sufficiently large that

81
sup  [[D(8)]| = C < =
t>1>t 1
212%
Hence, (1.3.22) is reduced to
-(t-t ) " -1 M,
B W) Wi |l<M, T 1+ —5—
1 0 1 = B
=t 1
0
M, C t-t
=M, (1 +——) O
1 B
1
t-t

A
=
~
N
~—
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Thus,

(t—to)

(1.3.23) |lw(e) W-l(to) l<Mg , M=M , 8 =28

For the proof of (ii), consider the perturbed system with input

w(t) =1 ;
(1.3.24) Az = [A(k) + D(k)] z(k) + I .

It is clear that the matrix

t-1
) = § ww wlk+1), Q) =o0,
k=0

satisfies (1.3.24) . From lemma (1.3.1)

Q) = § W) wiltk+1) =

= 1 e ot + 1) b Q)

+ 7 e ok + 1)

The first term on the right side converges to zero. To see that this

is true, (1.3.20) and (1.3.23) are utilized to obtain

t-1
lawll< T Jwe wvile+ )<y .

k=t0
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Thus,

t-1 -1 t-1 (t-to)
'L o) & (k+1) DEIQW | <N § M, B, llox) ||
k=t k=t,
(t-to) t-1
=NM 8 I I
k=t

t-1
(1.3.25) 1im Q(t) = lim §  &(t) & “(k + 1)

o o k=t

0

which is convergent. Thus, the result follows from (1.3.23) and

(1.3.25).

1.4, Asymptotic Behavior of the Solutions of

Non-Linear Systems of Difference Equations

In this section the significance of the relationship between

|

|
which tends to zero as t + © by hypothesis. Hence
the boundedness and asymptotic behavior of the solutions of the linear

equations

(1.4.1) Az = A(t)z(t) + ¥(t)

and the solutions of the nonlinear equation
(1.4.2) Az = A(t)z(t) + £(z(t); t)

is investigated.

o
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In (1.4.1) and (1.4.2), it is required that the n X n matrix
A(t) has elements which are real-valued, continuous and bounded for
t >0 while &(t) and f(z; t) are n-vectors with f having ele-
ments which are real valued and continuous for all t > 0 and all
z& V , where V 1is some neighborhood of z = 0 in the space of n-

tuples of real numbers. Norms of vectors and matrices are denoted by

and defined as the sum of the absolute values of the components.
Theorem 1.4.1. 1If
(1) eévery solution of (l.4.1) is convergent for every convergent
$(t) ;

(i1) for sufficiently small ||z| , 1lim f(z; t) = f(z; ®)

too

exists;

(11i1) for sufficiently small B , ||£(0; t)|| <R for t >0 ;
(iv) for %’> € >0, there exists 8§ >0 and T > 0 such that

||f(z1; t) - f(zy; t)| < &lez1 - 2z,|| for ”Zi”i S

|

i=1,2 and t>T,

then for every vector c¢ for which Hc|[= Hzo|| is sufficiently small
a unique bounded solution =z = z(t; T, c¢) of (1.4.2) satisfying
z(T; T, c) = c exists on [T, ®) and all such solutions converge
to the same limit vector & which may be determined uniquely as a
solution of the equation & = Y(®) $(§; «)

Proof. 1In Theorem 1.3.3 and Lemma 1.3.2, it is shown that (i)

implies the following:
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i" there exists M > 0 such that

t-1 -1
Yox®) X+ D<M ve>o0;
=0
t-1 -1
(1i')  lim ||Y(t) || = 1im § ||X(t) X (1t + 1)|| exists (as a
t>eo too  1=0

matrix with finite elements).

The solution of (1.4.2) satisfies

. t-1
(1.4.3)  2(0) =y(®) + ] X0 Xt + 1) £z(0; 1) .
T=T

It is now shown that [|z(t)] is bounded for all t .

From (1.4.3)

Iz || < |Ix(e) L@ | |2 |

£-1
+ 11 x(0 xHr + D(EGEMD; D - £00, 1) + £(0, )]
=T

<Kle|l+eM max ||z(1)] + M8 .
T<1<t

Thus,

max HZ(T)Ili K!kl|+ € M max Hz(T)[|+ MR
t T<e<t

T<T<




or

nax HZ(T)I|5.§lElLi;E§

T<T<t 1-¢eM

which implies that [|z(t)|| 1s bounded uniformly for 1 - ¢ M > 0

(i.e., 0<eg< %p . Let 1lim f(z; t) = F(z) , |lz]|< 6 ;

-0

e(z, t) = f(z; t) - F(2)

Thus,
t=1 _1
z(t) = y(t) + ) X(t) X (@ + 1) e(z, t)
=T
t-1 -1
+ § X(£) X @ + 1) F(z) .
=T
Next, it will be shown that 1im ||X(t)|/= 0 . First, it is observed

t>c0

that every solution of (1.4.1) is convergent for every convergent

$(t) implies that

t-1
o |lx@ X-l(T+l)|l<M<°° for all t >0,

and

t-1 _1
u(t) = ) X(t+ 1) X (1 + 1)é(1)
7=0

is bounded for every vector satisfying H@(T)]|§_c < », Since every

1
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solution of AX = AX is bounded as t =+ « , it follows that

t-1
z X(t) X-I(T + 1) X(t+ 1) is bounded as t > « or HX(t)|Itends
T=0

to zero as t > o,

Now for a given ¢ > 0 , there exist t1 > 0 such that for all

t>t ”z[Lﬁ § we have

1 ’
ez, Ol < 5

Thus

t-1 "
1 X)X (r+1) e(z(1); D
T=t

-1

t

1

<Y xo e+ D ez; D
=T

t-1 iy _
+| T X)) X (t+ 1) e(z(1); |
T=t
1
t,-1
<lx@INT e+ ) em; o+ S
=T

Furthermore, there exists > 0 such that for all t > t

) 2

€

”X(t) H < tl_l

I X+ Dezm; ol
T=t

For t > max(tl, t2) , it follows that




t-1
17T x(®) XN+ 1) ez(m); 0 <£4%
=T

This implies that the solution of (1.4.2) converges.

€

24
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CHAPTER II
INPUT-OUTPUT ANALYSIS IN ECOLOGICAL SYSTEMS
2.1 Introduction

Input-output analysis for applications in economics was intro-
duced by Leontief [ 6] to investigate the supply-and-demand problem:
that is: What are the direct and indirect requirements of raw material
goods and services to produce a unit of finished product from some
sector of the economy? The interdependence among the different sectors
of the given system was described by a set of linear equations where
the specific structural characteristics were reflected in the numerical
magnitudes of the coefficients of these equations. Given a demand
vector, he was able to solve the equations for the output of each
industry.

_ Hannon [3 ] applied economic input-output analyses to ecological

energy systems in a effort to define the structure of these systems.

He concluded that it is possible, given the condition of linearity on
the distribution of production energy flows, to determine the total
energy flows which directly and indirectly connect an ecosystem com-
ponent to the remainder of the ecosystem. If carbon flows (or any
element) are proportional to the direct energy flows, then a component's
direct and indirect connections to the rest of the ecosystem can be ex-
pressed in terms of carbon flows.

With additional information on the relationship between produc-
tion and respiration energy for each component and on the sensitivity

of the distribution of a component's output, the system equations can
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be perturbed to determine the system response. The system effects of
air or water pollution or of small exports could be estimated.

Finn [ 2] introduced several measures of ecosystem structure and
function by the application of economic input-output analysis to
ecosystem compartment models. He defined total system through flow
(TST) as the sum of all compartmental through flows. Average path |
length of the iEh inflow (APLi) is defined as the average number of
compartments through which the i-EE inflow passes. Average path length
for an average inflow (APL) is the mean of APL weighted according
to size of the inflows., TST can be partitioned into a portion due
to cycled flow (TSTC) and a portion due to flow straight through
the system (TSTS). The portion of APL due to cycled flow divided
by the portion due to straight throughflow is the cycling index (CI).
Comparisons of cycling indices between different ecosystems under
various environmental stresses could hélp answer questions about sta-
bility and structural differences between systems. The other measures,
TST , APLi , APL , could be used to study a single ecosystem under
various stresses, or to study models with the same number of compart-
ments. The deterministic methodologies of Hannon and Finn were designed
to analyze empirical flows. They made no assumptions about the type
of flow kinetics in a system.

Patten [ 9 ] defined the environ concept and developed an input-
output environ analysis for linear compartmental systems, restricted to
the stationary case. His motivation was to partition compartment
storages, as well as flows, according to their input origins and output

destinations.



27

Hippe [4 ] studied some linear input-output models with variable
input vectors and he gave examples using step and periodic inputs.

In the following sections, generalizations of the concept of
environ analysis to linear and nonlinear input-output systems with and
without time delay are given. In addition, some old theorems are
corrected and new ones are proved (Theorems 2.2.2-2.2.4). The question

raised by Patten-Hippe about the existence of the coefficient matrix

A'(t) 1in the reversed system
- L}
(2.1.1)  X(t) = =A(t) X(t) - Y(t)

is answered.
2.2, Basic Definitions and Notations

A compartment system is a system ﬁhich is composed of a finite
number of macroscopic subsystems (compartments) each of which is
homogeneous and interacts with the other compartments by exchanging
biomass, energy, chemical materials, etc. The system is said to be
closed if there are no exchanges with the environment, otherwise it
is an open system.

Compartmental analysis has three main levels of applications.

(1) The development of a mathematical model for any biological
or ecological system (c.f. Chapter 3);

(i1) The development of the analytic theory of such a system
(c.f. Chapter 3);

(iii) The determination of what data should be collected and methods

o
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of applying different inputs to get desired responses from the system

(c.f. Chapter 4).

The box in Figure (2.1) represents the iEE- compartment in a compart-

mental system. The symbol fiO is the inflow from environment to the

th .th
i— compartment. fOi is the loss to environment from the i—

compartment. fji is the intercompartmental flow from i to j

in

v

9

Y "
fOi

i3

Figure 2.1
Diagramatic Representation of a Compartment

Regularity Assumptions

(1) fij (i, 3=0, 1,..., n) , 1# 3j are nonnegative.
n
(1) £, = -|f,, + 'Z £ 3
j=1
j#i
(iii)

in # 0 or fOi # 0 or both for at least one compartment
(i.e., the system is open);

(iv) The model is connected (i.e., no compartment or a group of
compattments is isolated from the others).

The above regularity assumptions lead to the following:

(i) The flow matrix, F , is diagonally dominant (|£ | > )
ii' - ji

1

i

it~
H

3
3
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(ii) The matrix F-l exists because of the connectedness and

diagonal dominance assumptioms.

2.3. Environ Analysis

Environ analysis is concerned with partitioning compartment
storages and flows into components associated with particular system

outputs and inputs. Output environ analysis addresses the question

"What will one unit of initial storage and a unit of input flow cause

in the ecosystem?" Input environ analysis focusses upon the question

"What partitions of inputs and initial storages and the corresponding
flows add up to one unit of output flow?" Each component in the system
has Poth an input and output environ. The set of input environs of

all components forms a partition of the system storages and flows.
Another partition of the same system can be formed by the set of output
environs. Environ models can be classified into several types as

shown in Table (2.1).

Continuous Dynamic Models

The dynamics of a compaftmental model as given in Figure 2,2.

fi0  fos
I
fil . 1
fiz f X,
| i ij
fiJl.L—ij p——__________
fli fZi fni
Figure 2.2

Schematic diagram of a general compartmental model
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Table 2.1

CLASSIFICATION OF ENVIRON MODELS

Environ Models

Deterministic Models Stochastic Models
Continuous Models Discrete Models linear nonlinear
linear nonlinear linear nonlinear

L

=== Time varying input with constant coefficient

" L
matrix A and variable matrix A(t)

"
[——— Time varying coefficient matrix A(t)

and constant input vector 2

"
——— Time varying coefficient matrix A(t)

and input vector 2Z(t)

Models with time delay




31
can be described by a system of differential equations when a contin-
uous model seems appropriate or a system of difference equations when
a discrete model is useful. The continuous model can be formulated

as

. n m
(2.3.1) xi(t) = [fio(t) + jzl fij(t)] - [fOi(t) + j;l fj_i(t)]
it 3

61

1, 2,..., n)

(i.e., the rate of change of the storage in the 1 component equals
the difference between the total input and total output flows at any
instant of time). For a discrete model, we have

. n—
(2.3.2) ~xi(t +1) - xi(t) = [fio(t) + 3 fij(t)]

j=1
j#i

n
- [£5,(0) + .Z fi1(0)]
#

j=1
j#Fi

=1, 2,..., n) .

As we proved in the first chapter, the asymptotic behavior of the
solutions of (2.3.2) is similar to that of the solutions of (2.3.1)
in the linear and nonlinear cases in certain instances so here only

the system of differential equations is considered. In equation (2.3.1)

Xi(t) is the rate of change of substances in i .

fij(t) is the time dependent nonnegative flow from j to i

(mass/time)
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fio(t) is the environmental input to i (mass/time) ;

fOi(t) is the environmental output from i (mass/time);

and

n is the total number of compartments in the system.

Alternative Representations of Continuous Environ Models

Continuous environ models can be represented either in terms of the
input flow (Equation 2.3.3) or the output flow (Equation 2.3.4) into and

from the various compartments

n
233 xy(0) = £,(0 + ]

£,.(c)
i
i J

1

£..(t)

(2.3.4) xi(t) ST

e~

—fOi(é) T,
j

The diagonal elements fii(t) in (2.3.3) and (2.3.4) are given by

n

(2.3.5) £,,(0) = - jZo fj.(t)
j#i
and
n
(2.3.6) £,,(0 =- .Z flj(t)
i=0
j#i

respectively.. The matrix forms of equations (2.3.3) and (2.3.4) are

(2.3.7) i(t) = ;(t).l + z(t)

and
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(2.3.8)  X(t) = -F(t).1 - y(t)

respectively, where

X(E) = (%) (0),enns x (DT,

2(8) = (£0(6)snnny £ (DT,

y(&) = (£, (0),uue, £, ()T
01 On ’

(1,..., DT

ot
]

L1 1
and the flow matrices, F(t) and F(t) are given by

F(8) = (£,(0) , £,,(6) = - .go £,(6)
;#i
and
] n
F(6) = (£,,(8)) , £,.(t) = - .ZO FHOM
j'l#i

Lemma 2.3.1. At steady state, the flow matrices are related by

" 1
T
F(t) = (F)" .
Proof. At steady state, X(t) = 0 , the output and input flow

equations are given by

n n
(2.3.9) (£ + £, + Z £..1=0==[f +f  + ) £ ]
4 :
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Thus,

-E f ‘§ f

j=0 13 4o 3
i#1 i

(2.3.10)

fii
" L
and the result follows from the definitions of F and F . The normal

parameterization is achieved by making each flow a function of its

donor compartment, fij = aij xj
Iz.l " Ii "
(2.3.12) X, =z, + X a,, X
j#d j#i
"
a

or in matrix notation
A4 "
(2.3.13) X=AX+12.

An alternative linear parameterization is obtained by representing

1
each flow as a function of its recipient compartment, fij = aij L

. n n '
(2.3.14)  x, = ) a..x, - ) a, x, -y,
4 #

gm0 ML TS
j#i jFi
|
n ,
‘ =—Za..x—yi, l=1, ey N
‘ j=1 Ji 1

or in matrix notation




. 'y
(2.3.15) X==-A"X-y.

"
In the following lemma, the relations between the two matrices A(t)

111 ? ]
and F(t) or A(t) and F(t) are given and proved.

Lemma 2.3.2. 1In Equations (2.3.13) and (2.3.15), the matrices

A(t) and A(t) are given by
(2.3.16)  A(t) = F(t) g py) ™
and

2.3.17)  [A(©)]" = %(c)inx(t)]'l
where

(2.3.18) = diag(xl(t),..., xn(t)) .

Px(t)
Proof. Comparison of Equations (2.3.7) and (2.3.13) yields

(2.3.19) hwu.“1F=Ku)%““1“.nT.

Thus,

F(t) = A(t) DX(t)

Similarly F(t) = [A(t)]'D

X(t)
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Corollary 2.3.3. At steady state, the matrix A is given by

_1 1"

(2.3.200 A= @) LF

X*
T
where X* = (x%,..., xg) is the steady state storage vector.
In the following section, input-output environ partitions will

be defined and derived for time invariant and time dependent linear

systems. The results obtained there are examined by a counter example

in each case.

2.4. TInput-Output Environ Analysis for Linear Systems

Time-Invariant Linear Systems

In this section a linear system with constant coefficients
" 1
matrices A , A, a constant input vector, 2z , and a constant output
vector, y , is considered. At steady state (X = 0) , the equations

(2.3.14) and (2.3.15) are reduced to

"

(2.4.1) AX* 4+ 2z=0
and
'T
(2.4.2) [A]" X* + y=0
which result in
"ol '—-1.T

~
N
£
w
-~
>
b
[]
|
>
N
]
|
o>
<
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L. |

where X* is the steady state storage vector. The matrices -(A)

1
and -(A)T apportion system inputs 2z and outputs y into steady state
storages X* ,

Before proceeding any further, some terminology associated with
certain matrices important for the subsequent development will be intro-
duced.

11]
The output environ flow matrix, E4, describes the output flows

associated with a continuous unit input to i .

"
The output environ storage vector, e gives the storages in

different compartments associated with a continuous unit input to i .

"
The output environ storage matrix, E , is the matrix whose

columns are the output environ storage vectors.

]
The input environ flow matrix, E, , the input environ storage

J

| 1
vector, ej » and the input environ storage matrix, E , are defined in

a similar way.

11 1"t
The element e of the matrix E, , denotes the flow from

v,i°’ i
v to u due to a unit input at i (u, v=1,..., n; u#v).

The element, euv i of the matrix, Ej » denotes the flow from
’

v to u that results in a unit output at j (u, v=1,..., n ; u # v).

" n
e , = - 2 e . 1s the outflow from u generated by a unit
uu,i ku,i
k=0
k#u

"
input at i (-the column sum in Ei) .

n
e ,=-) e . 1is the inflow to v that results in a unit
vv,i vk, J

k=0

k#v '

output at j (-the row sum in Ej) .
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From the above notation, it follows that at steady state

1]
(2.4.4) X*x = g z, e = Z yj ej s
J
(2.4.5) F = z zg Ei s
i
and
1
(2.4.6) F=) vy Ej

The following theorem gives canonical formulations based on flows
for the different environ matrices and vectors.

Theorem 2.4.1. The output and input environs for a deterministic

are given by

|

|

|

‘ model at equilibrium with time-invariant inputs and coefficient matrices
1"

(i) E,=FD , , (i=1, 2,..., n)

|

i gl
L 1"
E, = FL D g0 =1 2,0
J £°
" "1
(ii) E = -Dx* F
L IIT _1
E = —Dx*(F )
where
fl.
no-1 .1;____:.n _ -T—
-(F) (f , £ = 1l
n.
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Proof: To verify (ii), comsider the equations

"-1 'T _1

(2.4.7) X¥* = -A " z=-(A") "y
and
1" 1
* = = =
(2.4.8) X g z; e, g yj eJ s 1, 3 1, 2, s N

which are true for any input vector =z (output vector y) . Thus,

for the special case with

(2.4.9) z=(0 ... 1...0) (0 .v 1.0

(y

the steady state storage vector is

(2.6.10)  xx=-al0 ... 1... 0T =] 2, € = e
A k
i
or
T, -1 T ' '
((2.4.11) X* = =(A") (0 ... ; .. 0) = E Vi & = ey

]

1
Hence the output (input) environ vectors ey (ej) are given by

" _1
(2.4.12) e, = =(F D) (0 ... 1 ... 0)

1
A
i
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"_ 1

which is the i-Eh column of (-Dx* F ") . Similarly,

(2.4.13) is the th column of (-Dx*(F_l)T) .

Thus the output and input storage matrices are

(2.4.14) E = D, n-1
and

(2.4.15) E = -DX*(;-I)T
respectively.

To establish (i), an analogous procedure as employed above

shows that the output and input environ flow matrices are

" 1 " ~1 "
(2.4.16)  E =AD_ =F D, D 4 =FD
(Dyy £77) £
and
1 1 ) _1 HT
(2.4.17)  E, =AD, =FD, D . =F D,

respectively.
From Theorem 2.3.4, it is clear the the environs are determined
" 1"

directly from the flow matrix F or from the coefficient matrices A

1
and A . However, from the perspective of numerical accuracy the first
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set of identities appears more useful, especially if the elements of

1"
F are of the same order of magnitude.

Summary and Results

Each element of Ei represents the flow from the column compart-

ment to the corresponding row compartment generated by one unit of input
\J
to compartment 1 . Each entry of Ei gives the flow from column to

row compartment required to generate one unit of output from compartment
"

i . The diagonal elements of E, represent total outflow from the cor-

1"
responding column compartment. Therefore, the column sum of Ei s

i

represents differencgs between total outflows and outflows to compart=-
ments, denote outputs generated to the system environment per unit of
input zy Similarly, the.row sum of éi represents inputs to the
system environment per unit of output vy - Some other useful infor-

mation [Patten and Matis 1979] such as the number of transfers be-

tween compartments, the entry and exit probabilities, the future and
past residence times in the system or any specific subsystem can be

\
obtained using the matrices A, A . Ei and Ei .

Example 2.4.1. The following example is a four compartment water
gudget model presented by Patten [9]. It is a static water balance
model constructed for the Okefenokee Swamp watershed and decomposed into
partition units by input-output environs analysis. The compartments

are:

»

W3k N¥»  —%

upland surface storage,

o

upland ground storage,

»

swamp surface storage,
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and
xz = swamp subsurface storage.

The inputs.are:

z, = upland precipitation,
and

zy = swamp precipitation.
The outputs are:

yi = evapotranspirations, i =1,..., 4 ,

y% = deep storage,

yg = sheet and stream flow,

yz = percolation, deep seepage and lateral leakage,
and

yz = baseflow.

The intrasystem flows are:

f21 = infiltration and percolation,
f31 = channel and overland flow,
f12 = baseflow and interflow,
f32 = baseflow,
f42 = lateral seepage,
f43 = infiltration and percolation,
and
f34 = upwelling and water level rise.
State units are 109m3 s and input, output and internal flow

units are 109 m3y_1

. Figures 2.3, 2.4, and 2.5 give a schematic

diagram, output environs, and input environs, respectively, of the

above example.
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Time Varying Linear Models

The purpose of this section is extension of the static input and
output environ analysis to the case of time - varying flow structure
in linear compartmental systems. The theory of environs is generalized
to include two cases of time varying models. 1In the first case, the

" "
flow matrix F 1is time dependent while the coefficient matrix A ,

is constant. In the second case (more general), both ; and X
are time dependent. In both cases, when defining output enviroms,
tracing the influence of a unit input function on the ecosystem, the
effect of the initial storage X, cannot be neglected as in the static
case. This leads to the following notations

"0

Ei(t) (i =1,..., n) denotes the output environ flow matrix

associated with a unit of initial storage in i ;

"
Ei(t) (1 =1,..., n) denotes the output environ flow matrix

associated with a unit input at i ;

"n .
ei(t) (1 =1,..., n) decnotes the output environ storage vector

associated with a unit initial storage at i .

11
e?(t) (i =1,..., n) denotes the output environ storage vector
i

associated with a unit input at 1 ;

"a " |
E(t) = ( e?(t){ ----- [en(t) denotes the output environ
]

matrix due to unit initial stages ;

", ", i l"z ‘
E7(t) = el(t)| _____ len(t) is the output environ matrix
i I

due to unit inputs.
Similar definitions can be stated for the input environ storage and

] \ ] 1 '0 \
flow matrices Eg(t) . E?(t) . e?(t), e?(t), E"(t) and E?(t) .
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From the above terminology, the environ flow matrices partition

the total system flows so that
" "0 "Z
(2.4.18) F(t) =) X, (0) Ej(t) + ) z, (t) Ej(t) ,
i i

&) EN() ,

2.4.19) [F)1T =Ty ]

LY
(2.4.20) F(t) =7 X,(t) () +§ y.(0) ECe) ,
i h| 3 h|

and

(2.621) [F@®1T = ] 2,(6) EX(®)
i J

(a) Output Environ Analysis (Tracing the Flows Caused by Unit
Inflows and Unit Initial Storages).

Case 1: Time Varying Linear Systems with Constant Coefficient

"
Matrix, A :

The models considered here are in the form

(2.4.22) X(t) = F(t) .1+ B 2(t) = A X(t) + B z(t)

(2.4.23) Y(t) = C X(t) , X(ty) = X

0

1"
where B is an n X n diagonal matrix with
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1 when zi(t) #0

(2.4.24) bii =

0 when zi(t) =0,

"
and C 1is an n x n diagonal matrix with

1"

"
(2.4.25) Cii =ay

i=1l,..., n.

Hearon [1963] proves the following lemma:

Lemma 2.4.2. Given the model (2.4.22) with the regularity

conditions:
(a) fji(t) > 0 for at least one j > 0 and for all i ;
(b) ij >0 for some j > 1 (open system);

and

(c) the system is at least weakly connected (i.e. no compart-
ment or a group of compartments is isolated from the rest of the system)

then,

"

(i) the eigenvalues, Ai » of A have negative real parts

(i.e. the system is stable)
(ii) the matrix T of the corresponding eigenvector is nonsing-
_1 "
ular and T “ AT = Diag(ki) 3

and

(iii) the solution of (2.4.22) is

At
ALt i
(2.6.26) X(t) =T D(e T ) T x€0) + T D[iL2:§~——l] 1 200
i
(2.4.27) Y(t) = C X(t)
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The following theorem gives simple expressions for the output
11] "

environ matrices (defined above) in terms of the matrices A » C, and

T.

Theorem 2.4.3. The output environ flow and storage matrices for

the system (2.4.22) are given by:

\
\
|
|
: ! At
(1) E0(t) = eg(t): ------- :eg(t) =Tp(e t) Tl
H ]
!
i ; Ait
E%(t) = eZ(t) i~ =-n- - - re?(e)] =1pd=et_—y 7l
:  n =X,
1
(ii) 'E'O(t) = X D"O s
. ei(t)
"0 " ||0
Yi(t) =C ei(t)
and
(iii) Ez(t) - A D, ;

Hz - z
Yi(t) = C ei(t)
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Proof. To verify (i), consider equation (2.4.26) and the defin-

itions of ;g(t) and ;:(t) .
(2.4.28) X(t) = Xl(t) + Xz(t)

where

ME 1 "o
(2.4.29) X, (t) = [T D(e * )T "]X(0) = E X, (0) e (t) ,

and

At
1 "
(2.4.30) X, (t) = [T DE"=)T1] 2(t) = ] 2, (t) ei(r) .

4 k

Equations (2.4.29) and (2.4.30) are true for every initial vector

X(0) and every input vector z(t) . Thus, for the special case
with X(0) = (0 ... 1 ... 0T and z(t) = (0 ... 0)T , the -above
N

i

two equations reduce to

"o Xit

(2.4.31) X(t) = X (t) = e;(t) = T D(e T

y T ... 1 ... 0)

T.

At -1 i

which is the iEE column of TD(e . Y T

and

(2.4.32) Xz(t) =0.
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ALt

Thus, EO(t) =T D(e © ) T ' . Similarly, with X(0) = (0,..., 0)T
and z(t) = (0 ... 1 ... 0)T
lr
i
" S
EZ(t) = T D( € YTt

For the proof of (ii), consider the following equation with
T T

X0) = (0 ... 1 ... 0 and z(t) = (0 ... 0)

4

i
(2.4.33) X(t) = X (t) = AL RO ..o 1 ... 0T = ;g(t) .

!
Then from (2.4.18)
11 |l0 IIO

(2.4.34) TF(t) = z xk(O) Ek(t) = Ei(t)v

K

and employing (2.4.33) yields

Il_l "0 T "0 T
A Ei(t) (1... 1) = ei(t) =D "o (a...1n
e, (t)
i
or
(2.4.35) EO(t) = A D
- . i "0
ei(t)
and
"0 1" "0

(2.4.36) Y (v)

c ei(t) .
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The proof of (iii) follows in a similar way but with
X(0) = (0 ... 0T and z(t) = (0 ... 1 ... 0T . It is important to
i
observe that if the flow matrix ;(t) s, and the input vector, z(t) ,
are time dependent in such a way that the output coefficients matrix,
X s is constant, then this does not imply that the input coefficients

1
matrix, A(t) , is also constant.

Case 2: Time Varying Linear System with Time Dependent Coeffi-

"
cient Matrix, A(t)

In this situation the solution of the system (2.4.22) has the

form

L@

(2.4.37) X(t) = o(t, to)xkO) + J o(t, T) g Z(1) dT

o

"
(2.4.38) Y(t) C X(t)
where &(t, to) is the system transition matrix. The following
theorem gives results similar to those obtained in Theorem 2.4.3 in
the first case.
Theorem 2.4.4. The output environ storage and flow matrices

"
for the system (2.4.22) with time dependent matrix A(t) , are given

by | '
@ Ew = [Qoraea@m] - e )
: 1
E%(t) = !j(r)i--------:‘léz(o -

! '
t I = t
d "
J o(t, 1) 2, ()T “---sJ ®(t, Tz_(1)dT
t 1 | 1t n
0 1 1 O
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th " A 7, (t)
where bi is the i— column of B, and¢ =z

is a normalized unit function.

"O

"
(ii) Ei(t) = A(t) D ;O(t)
i
"0 _ " llo
Yi(t) =C ei(t) .
llz "
(131) E/(t) = A(t) Dy,
i ez(t)
i
and
"z " "Z
Yi(t) =C ei(t) .
Proof. The proof is similar to the one given for Theorem 2.4.3
At
& L 1= =
but with T D(e ~ )T replaced by o(t, to) and T D(—_:X——__) T
i

replaced by

t A | :' t _ A
J o(t, T) b1 zl(T) dT:,_- ,.1[ d(t, 1) bn zn(T) dTt)|.
]
1

o | s

(b) Input Environ Analysis (Tracing The Throughflow that Contri-

bute to Specific Outflows From the Different Compartments)

The Output Environ Matrices defined in (a) allow tracing the
effect of a unit initial storage in compartment i and the influence
of a normalized time varying inflow from the environment via compart-
ment i . As a dual concept, Input Environ Analysis was introduced to
trace flows that contribute to a specific outflow from compartment i
to the environment, or alternatively, to find that portion of flow that

leaves the system via compartment i .
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The static, time invariant linear case has been solved [Leontief

1966, Hannon 1973, Finn 1977 or Matis and Patten 1981]. In this sec-

tion, two methods for the dynamic linear case are presented and examined
by some examples,
Method I develops Tnput Environ Analysis in a manner similar to

the Qutput Environ Analysis but for the complementary system

(2.4.37)" X = -AT(t) X(t) - B Y(t)
Z¢t) = C X(t) .

Method II develops Input Environ Analysis using a modified produc-
tion matrix P(t) similar to the one introduced by Finn (1977).
Method 1: Input environ storage and flow matrices can be obtained

from the results of the following theorem.

Theorem 2.4.5. The Input Environ Matrices associated with (2.4.37)

L | ] 1"
where AT(t) , B and C have definitions similar to those of A(t),

" 1"
B, C given in Theorems 2.4.3 and 2.4.4, and whose solution is

t VoA
(2.4.38)' X(t) = &(t, t°) X° + J d(t, 1) B Y(1) dt
t
where

®(t, T) 1is the system transition matrix,

X° is the final state at t = t° and t < t° ,
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are given by
1 1
(1) the input environ storage matrices E°(t) and EY(t) that

partition final storage and normalized outputs respectively

1

e’ (t)

(2.4.39) E°(t) .

o(t, t°) 3

'

I
- lm — — — =
el(t):

eJ (1) 5--- - eJ ()

(2.4.40) EV(t)

t

A o by B et ¥
= . (t, T)o1 yl(T) dT: :f . o(t, 1) bn yn(T) dt
t t

] ' A
where bj is the jﬁh column of the matrix B and y,(t) is the

b
A
normalized unit output vector such that yj(t) = kj yj(t) (kj > 0)

1
(i1) the input environ flow matrices Eg(t) and zg(t) that

give the flow partitions which add up to a unit final storage at j

(2.4.41) E(t) = AT(p) Dy
] e (t)

0
C ej(t)

(2.4.42) ;?(t)

and
1]
(iii) the input environ flow matrices E?(t) and z?(t) that
give the flow partitions which add up to a unit outflow function

at j

(2.4.43) EN(t) = AL(t) D,
1 el (0
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(2.4.44) ;§(t) = é?(t) .

The proof of this theorem is similar to the one given for Theorem 2.4.4
but with the matrices X(t) , g , and 8 replaced by AT(t) , é .

and é and with the input vector z(t) replaced by the output vector
y(t) .

Method II: Input Environ Storage and Flow Matrices Using the
Production Matrix P(t).

In this method, the basis for the computation of flows contributing
to a unit outflow function is the concept of throughflow Tj(t) of
compartment j . This throughflow is either the sum of inflows
Tj(z in) or the sum of ouFflows Tj(i out). In steady state condi-
tions, the sum of all inflows into a compartment equals the sum of all
outflows from it. In the dynamic case, the throughflows are defined

as follows:

(2.4.45) Tj(Z in) & -i;(t) + zj(t) + izl fji(t) (3 =1,..., n)
or

n
(2.4.46) T,(] out) 8 KI(e) + y,(0) + kzl SHORNCER N
where

x. (t) = min{ij(t), 0}

and
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.+

j(t) = max{xj(t?f o} .

Equations (2.4.45) and (2.4.46) imply that decaying storage (ij < 0)

is treated as inflow and increasing storage (x, > 0) as outflow.

]
Hippe [1981] modified equations (2.4.45) and (2.4.46) and hence the

productive matrix P(t) without convincing reasons. 1In his input

environ analysis, Hippe dropped i;(t) from (2.4.46) and constructed

a modified production matrix accordingly. Here input environ analysis

3

The production matrix in this case is of the order (5n x 5n) and

in the general case, considering both %, and k;, are presented.

has the form

- - .+
z z, -X .=x T T Y,...Y K, eeoX
1 h 1 n 1 1 1
(2.4.47) z
‘1
} 0 0 0 0 0
1 nxn nxn nxn nxn nxn
4
z
n
_g;
) 0 0 0 0
. nxn nxn nxn nxn nxn
-X
n
T .. (L)
Tl z, X 0‘\13.
1 \\\ AN ‘\£J>i) 0n><n Onxn
= [} \
P(t) .]': \\\z AR T 'i(t)\\
n n “Xal| T(3>1) "o
Yl y
! 1\
| 0 0 \ 0 0
1 nxn nxn \\ nxn nxn
y \
- 2 yn
in i+
! N 0 0
' Onxn 0nxn \\.+ nxn wn
.+ X
X n
n
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Let the flow fk (t) from compartment j to k be expressed
i
as a fraction of Tk(X in):

(2.4.48) fkj = qkj(t) Tk(z in) .
" Substituting (2.4.45) and (2.4.48) into
(2.4.49) [ﬁj(t) + 3,01 = [2,(0) - %] =

n n
= 121 fji(t) - kZ1 fkj(t)

gives
n , +
(2.4.50) Tj(z in) = kzl qkj(t) Tk(z in) + yj(t) + xj(t) .

Equation (2.4.50) can be solved for Tj(z in) by the corresponding

matrix equation

2.4.51) (] in) = (X - Qe & +y(0)] ,

where T(z in) is an n x 1 vector of throughflows, I is an n X n
identity matrix, é(t) is the n X n matrix [&ij(t)] , i+(t) is
the n x 1 wvector [i:(t)] , and y(t) is the n x 1 vector
[£5,(t)] . The matrix N(t) = [T - Q)7 = [Qij(t)] defines the
flow structure of the system in the sense of Hannon [1973] . Equation

(2.4.51) gives the partition of inflows, T(E in) , and time derivative
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of storages i+(t) in terms of the output vector y(t) . To derive

similar equations that partition the input vector 2z(t)

derivative of storages i—(t) » we proceed as follows.

and the time

Step 1: Divide every nonzero element in each row of P(t) by

the corresponding row sum to get the normalized matrix

0 0 0
(2.4.52) Q(t) = Q21(t) Q'(t) 0
_0 Q32(t) 0_

Step 2: Define the (5n X 5n) structure matrix, N(t) . by

I2n><2n 0
(2.4.53) N(t) = [I - (&)1} = Ny, (8) N(t)
Nj, () Ng, (t)

1 1
where N(t) and Q(t) are as defined before,

(2.4.54) N(t) = [I - o(t)]"},

(2.4-55) N, (8) = N(t) Q,,(t) ,

(2.4.56) N31(t)

Qq, (£ N, (8)

and

I2n><2n
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(2.4.57) N32(t) = Q32(t) N(t) .

Step 3: The partitions of inflow, time derivative of storages
and compartmental throughflows in terms of the output vector y(t)

are given by
@458 Fo-@©! T R OICHROY
T 0+T \ ]
= Iy (0) & () ][Ny (OIN (O T]

Step 4: Form the (n X n) .diagonal matrices Dni(t) s

i=1, 2,..., n out of the first n rows of N32(t) and calculate

(2.4.59) 'B() =D_.(t) Q't) , i=1,2...,0"
i ’ .

The elements p?k(t) of iP(t) give the interéompartmental flow
contributing to one unit of outflow function yi(t) assuming that
i+(to) = 0 . It is worth noting that different inputs and different
initial conditions will cause different flow patterns and therefore
different sets of input environ can be determined. As the time be-
havior of an ecosystem due to arbitrary input functions zi(t) can
be quite complex, dynamic input environ analysis may become a tedious

task unless numerical techniques are used.
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2.5. Examples on Input-Output Environ Analysis For Time

Varying Linear Systems

Example 2.5.1: Stepwise Input Functions [Hippe 1982] (See
Figures 2.6-2.20).
| Stepwise input functions can be used to approximate changing
environmental conditions or abrupt changes of inflow. Hippe con-
sidered in his paper the following flow model

(2.5.1)  X(t) = A X(t) + B z(t)

(]
>

Y(t) = C X(t)
with
s 2 P
3 3
11 ”n
A= s B = » and
4 7
i 3 -3, _0 IJ
1 0
" 3
C = L)
5
0 3J

Starting from the steady state flows and storage, the inputs z,

and z, as shown in Figure (2.7) are changed from zT = [3 3] to

20 = [% %?] at some time t_. which is arbitrarily set to tg = 0,

0

the resulting output and input partitions are as follows:



https://2.6-2.20

(i) 1Initial Steady State

Figure 2.6

Diagrametic representation of the initial storage
and flows of Example 2.5.1

(ii) Input Functions

z, /N %2 M\o/3
3 = 3
1/3

AN N\
7 7
t,. =0 t _ t

0 tO = (

Figure 2.7

Time varying inputs for Example 2.5.1

63
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(iii) Output Environ Partitions Due to Unit Initial Storage and

Zero Inputs

T _
XO = [1 0]
2l = [0 0]
8.ty 4.3t
9 9 \
-t -3t 2 -t 2 -3t
0 ENREA k 3 "3
4 -t 4 -3t
v Ea N/
2 -t 1 -3t 5 -t 10 -3t
9¢ To° 93¢ tge
figure 2.8

Output partitions for Example 2.5.1 due to a unit
initial storage at the first compartment

XO = [0 1]
2T = [0 0]
4 e-t _ 4 e-3t
9 9 >l
-t -3t -t,2 -3t
O_% 3@ ‘ye."'3 yie t3e
J/ -% ety 23t
1 -t 1 -3t 5 -t, 10 -3t
° o° 9° tge
Figure 2.9

Output partitions for Example 2.5.1 due to a unit initial
storage at the second compartment



(iv) Output Environ Partitions Due to Unit Inputs and Zero

Initial Storage.

T
X0 = [0 0]

2T(t) = [1(t) 0]

28 _8 -t_4 -3t
L) , 2779 27°¢
7 2 -t 1-3t Q‘L 2
L_%. 4 _2 -t 2 -3
-19 3* 79 e g-5e e K0
8 _4-t 4 -3t
\l, 2779 27° \L
72t _ 1 -3t
2779 T 27°

Figure 2.10

Output partitions for Example 2.5.1 due to a unit input
function at the first compartment.

T=

X [0 0]

o

zh(t) = [0 1(8)]

8 4 -t 4 -3t
27—96 +27e

.
/

Figure 2.11

OQutput partitions for example 2.5.1 due to a unit input
function at the second compartment
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(v) Input Environ Partitions (Figures 2.12-2,13)

()T = [1(t) 0]

35
55,

o~

|

~] O

|>N>
o&—{~

1(t)

Figure 2,12

Input partitions for Example 2.5.1 contributing in a unit
output from the first compartment

YT = [0 1(0)]

28 4,

28 27 A2 :J 350
35—2___) 28 A, 5 é_ 9%,
55 B, k 9
8

2 T
1(t)

Figure 2.13

Input partitions for Example 2.5.1 contributing in a
unit outnut from the second comnartment.
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where

15 + 25¢" % + 5¢73t

>
]

42 +35¢~F - 14e73t

>
]

Example 2.5.2: Two Compartmental System with Time Varying Matrix,

A(t) , and a Periodic Input Function z(t) .
Consider the system shown in Figure 2.14

xl(t)

-t
e

2
2, (1) > z,(t)

—'Qﬁ x, (t) J( . x,(t)
0

-t
x, (£) (1 - 55)

xz(t)

Figure 2.14

Two compartmental system with time varying coefficient
matrix and a periodic input function

which governed by the following differential equation

X(t) = A(E)X(t) + B z(t)

C X(t) , XKL0) = [1 1]

Y(t)




-1 0 1 0]
1" T
A= , B = s 2 (t) = [sint 1(t)]
-t
e
__E_ —1- 0 1 J
and -
B R m
1 - 5 0
11}
C = L]
_9 1_

(1) Output Environ Partitions Due to Unit Initial Storages and

Zero Inputs (Figures 2.15-2.16)

T
X, =[(1 o0
2l = [0 0]
e—2t
2
0 -t -t _
e S~ fe— 0
J/ 0
-t -t \I/
-t e -
e (1 - ) EE—(I -eh
Figure 2.15

Output partitions for Example 2.5.2 due to a unit
initial storage at the first compartment
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https://2.15-2.16

(0 1]

o H

2 (t) = [0 0]

0
e S
—
0 T
0

Figure 2.16

Output partitions for Example 2.5.2 due to a unit initial
storage at the second compartment
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(ii) Output Environ Partitions Due to Unit Input Functions and

Zero Initial Storages:

T
XO = [0 0]

zT(t) = [1 sint O]

sin t e—t(a(t)‘e-t)

4 a(t) - e_t b(t) -(1+e-t-e
—

Zt)

v J

(a(t)-e %) (1-e7 b b(t)-(1+e t-e

Figure 2,17

Output partitions for Example 2.5.2 due to a unit input
function at the first compartment.

-2t

)
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T
X0 = [0 0]

1(t)]

2T (t) = [0
0
1(t)

v
0 l1-e

Figure 2,18

Output partitions for Example 2.5.3 due to a unit input
function at the second compartment

(iii) Input Environ Partitions (Figures 2.19-2.20)

¢ =10 o0
Y0 = [y, 0]
sin t 0
TGN )
——%Jt a () yl (t)dt 0 <— 0
—

o

¥, ()
Figure 2.19

Input partition contributing in an output function
from the first compartment

o oJ

XT(tO)
[0 yz(t)]

yT(t)


https://2.19-2.20
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]
- t _ t .
g (02 sin ¢t & J 0 a(macne Ty, (T)ar j ® boyy,(mar | v.co)
Jptisinte 2altle v, 2 ¥a
2°(t) B(t) =t Tz B(D t Bl

e

0 ¥, (t)

Figure 2.20

Input partitions contributing in an output function from
the second compartment,

(sin t - a(t)) ;

(1(0) - b(e) + 2™

where a(t)

B(t)

-2t
: -t e
ypLe) = a(t) (1 =e ") +——3

and

t, -t

y,() = b(t) +3 e -1 .

2

2.6. Environ Analysis for Nonlinear Time Varying Systems

of Differential Equations

Since the assumptions of linearity are not completely justified
in a real system under global conditions, it is desirable to develop
a nonlinear environ analysis for either general or specific classes
of non-linear systems. Linear systems theory is still a powerful tool
to investigate most classes of nonlinear systems as long as the system
is operating near an equilibrium and its dynamic inputs do not drive
the system too far from this equilibrium. In this section a different

approach is investigated for a class of nonlinear systems governed by

equations in the form
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(2.6.1)  X(t)

X X(t) + fbl(x(t)) + ;3' z(t)

y(e) = CX(6) , x(t) = X

0

or

(2.6.2)  X(t£) = A X(t) + &(X(t), t) ,

"
where A and the nonlinear function &(X(t), t) , where

O(X(t), t) = [0, (X(t)) + B 2(0))], satisfy the following:

1) there exist o >0 and k > 0 such that

[lw(t) W-I(T)[LE k exp[-a(t - 1)] for all t > 71 >0 ;

t

, -1 . :

2) Lim J W(t) W "(1)dT exists as a matrix with finite elements.
t>oo /(0

where W(t) is the fundamental matrix of solutions of the homogeneous

equation

ﬁ(t) = X X(t)

3) for sufficiently small |[X||, Lim ¢(X(t), t) exists
t-»co
and is finite.

4) for sufficiently small £, [|¢(0, t)||< B for t >0 ;

5) for € >0, there exist § > 0 and T >0 such that
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ek ©) - 8(X,s O] < ellX) - X, [l for [[X;][< 8, GG =1, 2),

For the above system with the stated conditions satisfied, the
solution exists, is bounded, and converges as t -+ « ., This solution

satisfies

t
W(t) X, + J WE) WoE(T) 8(X(1), T) 4t
Jo

(2.6.3) X(t)

t
Wee) W) (X(D)) dr

W(t) X +J
0 0

t n
+ J W(t) W_I(T) B z(7) dT .
0

The following theorem gives the output environ partitioning matrices

for a class of nonlinear models described by (2.6.2).

Theorem 2.6.1. The output environ matrices for (2.6.2) are given

by:
. . "0 "z
(1) the output environ storage matrices, E (t) and E“(t)

that partition unit initial storages and unit input functions respec-

tively

" " "'
(2.6.4)  E(6) = | ede)]" 1 eo(e)] -

| |

t " : : t "
. vit, T) ®l(e1(r))dTE--5J0 v(t, T)@l(eg(T))dT

w(t) + J
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" ! [ I
[ef(c)i ------ | eﬁ(t)]

(2.6.5) Ez(t)

t " ! "
j v(t, 1) ¢l(ei(r))dT - --:J
0 1 1

t

Ve, T)®1(g§(r))dr]
0

+

0 170
!

t | I oot
J V(t, 1) b, z,(1)dt ey J V(t, 1) b zn(T)df]

where V(t, 1) = W(t) W-1

() .
"0 llo
(ii) The output environ flow matrices Ei(t) and Yi(t) that
partition the unit initial storages

(2.6.6) Eg(t)

AD +D ;
IIO "0 ’
ei(t) %{ei(t))

E ;g(t)

llo
(2.6.7) Yi(t)

1" "
(iii) The output environ flow matrices E:(t) and Y;(t) that

partition unit input functions
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(2.6.8) Ez(t) = X Dy +D H
: ef(t)  9(el(t)

" n

(2.6.9) §§(t) =C ei(t) .

The proof of this theorem follows directly from the definition of
output environ matrices and from (2.6.3).

The results of Theorem 2.6.1 will be applied on a three dimensional
aquatic ecosystem consistins of a phytoplankton population, P(t) ,
a zooplankton population, Z(t) , and a nutrient, N(t) . The volume
of water is assumed to be constant. Thus, the inflow rate of water is
equal to the outflow rate. The phytoplankton and zooplankton populations
are assumed to be measurable by their nitrogen concentration. The
principle of conservation of nitrogen for each component e¢an be seen

in Figure 2.21.

1 T TR
N -1 D, D, N
(2.6.10) X = =] o -y o Pl +
" 0 0 -(14D
o ] ( 22'} _J
[ aPN 1 0 o] ]
A+N
aPN bZP
Aa+N B+pP (T |0 1 O V)
bZP
B+ P 0 0 1 w
_ i _ 4 L3
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(2.6.11) Y(t) = {0 1 0 P

with trahsition matrix

B -Dl(t-r) -D2(t-rf-
1 l-e l-e
=D, (t-T)
(2.6.12) V(t - 1) = e "D | g e ! 0 )
-Dz(t-r)
_9 0 e _

Before starting to apply the results of Theorem 2.6.1, we should make

sure that system (2.6.10) satisfies the conditions required by the

theorem.

. "
First, it is easy to prove that the eigenvalues of A have

| " negative real parts (Al = -1, AZ = -(1 + Dl) s A3 = (1 + DZ))
Next, it is clear that the nonlinear function d(X(t), t) is bounded
at the origin. The differentiability of &(X(t), t) implies Condi-
tion (5). It is a direct consequence of the definition of V(t, 1) that

that [|V(t - |l <K e_(t"T) » with a =1, K>3 and hence Con-

dition (1) holds. It is also true that the matrix norm

t
J lv(t - T)|ldt 1is bounded for all t >0 . This follows from the

0
definition of the matrix norm. Similarly Conditions (3) and (4) are
satisfied and Theorem (1.2.4) is now applicable. Hence, it follows that

the asymptotic limit of the solution of (2.6.10) is &T = (€1€2£3)

which satisfies the nonlinear equations




(2.6.13)

Theorem 2.6.1

! 1
+ pl
1%
0
1+ D2
0 0

form of integral equations.

ag
. 1 &2
1A+
a El
w, + EZ(K:EI -
b g, &
2 73
V3t g3 E,
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gives the output environ vectors and matrices in the

The output environ storage vectors due to unit initial storages

and zero input functions are

"0

(2.6.14) el(t)
for Xg = [1
(2.6.15) Zg(c)

]

r-o = [~ ]
ell(t) 1
0 _ =t '
e21(t) =e 0f + [J
0
e, (t) 0
1©31° ] J
0] and =z(t) =[0 O
“ o [ -,
0 1
elz(t) 1 -e
-D.t
0 -t 1
e22(t) =g e
0
Le32(t)_ L.O

V(t - ) #(e(r))dr]

t

0

Ilo

Vit - 1) @(el(T))dT] H
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for xg =[0 1 0], 2(t)=[0 0 0] and
PO ] B -th—
e13(t) l-e
gg(t) - eg3(t) =t o +
.t
eg3(t)J e 2 ]
t "0
+ [J Vit - 1) <I>(e3('r) dt])
Jo
T

for XO =[0 0 11, =z(t) =[0 0 O] .

The output environ flow matrices due to unit initial storages

are

(2.6.17) Eg(t)

X D"O +D
e, (t) ¢(ei(t))

and

(2.6.18) ¥g(t) C ;f(t)

The output environ storage vectors due to unit input functions

”~
z(t) are

" t .
(2.6.19) e = 0 + [j Vit - 1) @(ei(T)) dt]
0
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for z () =[1 o0 0], x=[0 0 o0];
B : -t (14D,) ]
-t 1 1
(1 -e7) - E—;TEI (1 -e )
~t(14+D.)
"z 1 1
(2.6.20) e2(t) = 1+_D1 (1 -e€ )
_ 0 _
t "z
+ [J Vit - 1) ¢(e2(1))d1]
0
for () =(0 1 0], xg =[0 0 o0];
and
B -t 1 -t (14D,) ]
(1 -e ") - T_:—BZ (1 -e )
(2.6.21) gg(c) = 0
-t (1+D,)
1 2
T (1 -e )
B 1+ D2 _
rt

+[| V- ¢(2§(T))dT]
0

for zi(t) =[0 O 1],

The output

"

A D"Z
ei(t)

"Z
(2.6.22) Ei(t)

z
C ei(t) .

(2.6.23) §§(t)

xT =
0

+ D

o

[0 O

Qi(t))

0] .

environ flow matrices due to unit input functions are




Asymptotic Behavior of Output Environs:

- 81

As a consequence of Theorem (1.2.4 ), the asymptotic output environ

vectors due to unit initial storages satisfy the following equations

(2.6.24) ;g(m) =

=

e

*0
1i

*0
€24
*0

€34

.

1 D, D,
T+0D, T+0D,
1
0 0
I+D,
1
0 0
A 1+ D2-
%0 *Q B
% %11 %4
%0
A+ eli
*0 5 *Q
Bl S t S ' )
2i *0 %0
A+ eli B + eZi
%0 %0
bey;eqs
*0 (i
B + eZi

Similarly, the asymptotic output environ vector due to unit inputs

satisfy the following equations:

(2.6.25) ez(m) =

*z

€11

*z
e,
2i
*z

€34

1 %1
T+ D
1
= |o
T+,
0 0
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[ . 1T
T 28y 8oy T

*
A+ eli

e T b ey

e
21 *
A+ eli B+ e

Xz %y

b 21 %31
*z

i=1, 2, 3

_B"l‘eZi J ( ’ s )

-

where ei =[0.--1....0] .
Employing (2.6.23) and (2.6.24), the rest of the asymptotic

output environ matrices can be formulated as follows:

'lo

(2.6.26) Eo(®) = A D;giw) + D¢<;2(“)) ; i=1,2,3.
(2.6.27) Yo(9) = C el) ;
. (2.6.28) gi(w) = A D;i(”) + D¢(2:(w)) ;
and
(2.6.29) Yi(®) = C eX(=) .

"
. 0
Next, estimates for the deviations of the environ vectors ei(t)

" ”n "
and ei(t) from their asymptotic values eg(w) and ei(w) respectively

7"
are obtained in terms of the norm of the nonlinear functions H@(eg(W))H
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and H@(;:(m))ll. From the identities,

t -(t-T)

el = 3e™ 5 lleQeill= 15 [lvee - 1] = 3e

and the Lipschitz condition

" " 7" "0
llecey®) - ol ]| < e lem) -e/ |

and from the facts that

t
HJ Y(t - T)dT - V(1) ]| = 373t
0

it follows that

" " -(1-3e )t
(2.6.30) Heg(t) - eg<w)His 3e !

"
. . . . . z
Similar estimates can be derived for the deviation of ei(t) from

11
ei(w) . From

" " t "
(2.6.31) [ei(t) - ei(w)] = J [V(t - T)dT - V()] @(e:(m)) +

0

t " n
+ j V(t - 1) [8(e(D) - @(ef(=))]
0

. _
+ [J V(t - 1)dT - V(®)] z(®) +
0

t
+ j Vit - T)[2(T) ~ z(x)]dT
0

we find




(2.6.39) [|eX(t) - (@) | < 3[|ae2 (@) + 2= | e

Nonlinear Input Environ Analysis

The production matrix for the above model is

0 o o]
S A e
(2.6.33) B(t) = |P, () ! P (t) | 0
— - — -— —-— —l —— eam
N | P30 O]
where
- o
Wy 0 0 : N(t)
P21(t) = |0 v, 0 : 0
i
_P 0 w3 ' 0
r(-) DIP(t)
_ } aN(£)P(t)
P ® = | 5N 0
0 b P(t)z(t)
- B + P(t)
and
N(t) 0 0
P32(t) =10 P(t) 0
0 0 z(t)

The flow structure matrix is

N(E) = (I - ()"

—(1-3€i)t

o
o

P(t) 0

0 z(t)

84

Dzz(t)

\J
where Q(t) has




the same definition as in (2.4.50):

r
, o
8
a NP
]
(2.6.34) Q(t) = AA* N 0
2
b Pz
0 BAT P
2

where
Al =W, + DIP + DZZ - N
_ a Np .
By=wy*+asn- P
and
_ b Pz
by =vwat 3% -
Thus,
1
-aN

(1 - Qt)) =

=
N

(A+N)(1+Dl+

bz
B+ P

)

-D. P

aP
N(lm)

-bP
(B+P)(1+D2)

N(1 +

85

aP

A+ N)
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1
The matrix (I - Q(t)) 4is nonsingular for X(t) sufficiently small.

To see this, it suffices to show that
(i) (1 - é(t)) is connected;
and
(i1) (a1 - é(t)) is diagonally dominant.

For (i), it is clear that (I - 6(t)) is connected from the matrix

flow diagram

For (ii), in the third row, for diagonal dominance

| -b P(t)
(B+Pt)Q + D2)

| <1

or

B(1l + DZ)

P(t)ib-(1+1>2) )

Now, assuming that N(t) < 81 for all t € [0, T] , then from

the first and second rows

a 92 N(t)

A + N(t)

(2.6.32) D1 P(t) + D2 2(t) < N(t) +
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and
(2.6.35) Kéigé%%i < 4D+ % z(t) .

Fhus, from (2.6.34) and (2.6.35)

e1 + (1 +D1) 62

(2.6.36) z(t) <
(D2 - b/B 62)

where

Hence, for diagonal dominance

B D2 1+ D2)

» B } ;
b b~ (1+D,)

N(t) < 6, 5 P(v) <96, - min{

and

91 + (1 + Dl) 62
z(t) < 5 for all t € [0, T] ,
(o, - =6.)
2 B "2

' -—
and from (i) and (ii), (I - Q(t)) 1 exists. As in linear models,
the partitions of inflow, time derivatives of storages, and compartmental
throughflow in terms of the output vector Y(t) are given by

T

(2.6.37) [25(t) - x5(t) ' 1T(e) | Y (0]

-
~
(nd
~r

= Y () N, (1) 1]

-pm-
-
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where
N(t) = (I - Q(£))~L
Ny (8) = Qu (£) N(t) .

From the analysis in sections 2.4, 2.5, and 2.6, we can conclude
that linear and nonlinear output and input environ partitions have,
in general, similar formulations. Besides the regularity assumption
in the linear case, the function ®(X(t)) in the nonlinear models has
to satisfy some continuity, differentiability, boundedness, etc. con-
ditions for the environ veFtors to exist and to converge for large
values of t . Although the computation of the linear output environ
is straightforward and simple, it is quite tedious and needs some.
numerical techniques in the nonlinear case. Another essential diffe-
rence between the two cases is tHat the linear output environ matrices
are independent of the magnitude of the initial values or the input
functions, but the nonlinear output environ matrices are dependent on
the nonlinear part, &(X) , and cannot be scaled to different initial
values or different inputs. As for input environ analysis, especially
using the production matrix method, the basic equations are the same
except in the nonlinear case we have to specify a neighborhood

' —
D of X =0 such that (I - Q(t)) 1 exists for all X €7D .
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2.7. Environ Analysis for Systems of Differential Equations

With Time Delay

2,7.1 1Introduction

In the mathematical formulation of ecological models, the simplest
approach is to assume that the future behavior of the system depends only
upon the present state and not at all upon its past history, and further-
more, that the influence of the present state is instantaneous. This
assumption leads to a system of ordinary differential equations. 1In
modern modelling theory the physical processes are sometimes control-
lable. Control processes often involve nonnegligible time delays be-
tween any particular incident in the behavior of the quantities being
controlled, and the result.of the operation of the controlling system
brought about by this incident. Moreover, for some ecological systems
the hereditary effects have a considerable importance during the evol-
ution of the process. A formulation by a system of ordinary differential
equations 1s not possible to describe processes of this kind; but, they
can be described by a system of delay-differential equations. The
significance of these equations lies in their ability to describe pro-
cesses with after effect.

In this section an attempt to present in a connected fashion the
theory of environs and ordinary delay-differential equations is made.

The first part of this section, (2.7.2), is a systematic introduction
to the type of delay models considered. 1In the second part, (2.7.3),

input-output environ partitions are derived for a simple delayed system.
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2.7.2, Adjoint Linear Delay-Differential Equations: [12]

In this section we shall investigate a simple version of the

linear integro-difference-differential equations of the form

. m t
(2.7.1) X(t) + A z A\)(t) X(t - h\)) +u J K(T, t) X(1) dT = Z(¢t) ,
v=0 t
0

where X and p are two arbitrary real parameters, and
(2.7.2)  0=h, <h, <h,<...<h

We assume that
(i) the matrices Avﬁt) »v=20, 1,..., m , are continuous for
t2ty;
(ii) the kernel K(1, t) is continuous in T for TE€ I[to, t]
and in t for t > t0 3
(iii) the vector function Z(t) 1is continuous for t > t0 .
Let ¢(t)e C(I{a, to], G) , G being any compact set in E"
and ¢ = to - hm - It is known that [12] for the system (2.7.1), the

solution X(t, tO’ ¢» Z) corresponding to the initial function o (L)

has the form

t

0 t

M(o, t)$(o) do +J N(o, t)Z(0) do

(2.7.3)  X(t, to, ¢ D) =J
. .

a

where the kernel matrices M(o, t) and N(o, t) of the first and

second kind satisfy the adjoint equations



3 M(g, t)

(2.7.4) Nt

m
+ A A (t) M(o, t - h) +
I \,

0
t ,
+ u ] K(t, t) M(0o, T) dT =0
%o
with initial conditions
(2.7.5) M(o, t) = 8(t - 0)I for te I[a, tO]’ oe Ifa, to]

and

m
2.7.6p W@ B , A,(D) N, £ - D) +

J t V=0
t
+ uj K(t, t) N(o, 1) dT = 0
o}
with initial conditions
0 for t<ogo
(2.7.7) N(o, t) =
I for t=o0

or equivalently the Volterra integral equations

t
(2.7.8) M(o, t) = F(o) + J G(t, t) M(o, 1) dt

o

for t > ty » C€ Ila, tO] s
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and

t
(2.7.9) N(o, t) =1 + J G(t, t) N(o, T)do
o

for t >0, o>t

0

where the matrices F(o) and G(T, t) are defined by

m
(2.7.10) F(o) = ] A (o, h)le(@ -ty +h) - e~ ¢)]

v=0
and
t * m
(2.7.11) G(1, t) = J KI(T, s)ds + ) Av(T + hv) e(t - hv -1
T v=0
where
0 for t <0
(2.7.12) e(t) =
1 for t >0 ;

t
J K(o, s)ds ;
T

(2.7.13) Kl(T, t)

and

(2.7.14) §(t) =
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The matrices M and N are uniquely determined.

2.7.3. Environ Analysis For Delayed Systems of Differential Equations

As a generalization to the input-output environ analysis, a simple
system of differential equations with a single time delay is presented

and studied in detail. Consider the equation
(2.7.15) X(t) + A Ao(t) X(t) + ) Al(t) X(t - to) = 7(t)

with initial function ¢(t) defined for t€ I[0, to] . The solution

of this system is in the form

t
0 t
(2.7.16) X(t, to ¢, 2) =’J M(c, t)¢(o) do +J N(o, t) Z(o) do
0 t
0
where
t
(2.7.17) Mio, t) = F(o) + J G(t, t)M(o, T) dt for t > ty 0 € [0, to],
t
0

(2.7.18) N(o, t)

t

I+ J G(t, t) N(o, T) dt
o

where

(2.7.19) F(o) = Ao(o + to)(e(o) - e(o - to)) s

and

(2.7.20) G(t, t) = AO(T)e(t -1 + Al(r + ho)e(t - tO -T)
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Output Environ Analysis

The output environ matrices for the above system are given by
the following theorem.
Theorem 2.7.1. The output environ flow and storage matrices for

the system (2.7.15) are
"o "z
(1) the output environ storage matrices, E (t) and E™(t)
that partition unit initial storages and unit input functions respec-
tively

11 " ) [ ET] tO
2.7.21) E%(t) = (e?(t)s ------- feg(t) - J M(o, t) do ,
0

i

BTSN

I 'n
[

(2.7.22) E%(t)

t A G A
= J ni(o, t) zl(o) do: :j nn(o, t)zn(o)do
!
to to
.th
where ni(c, t) 1is the i— column of N(o, t) 3

" "
(ii) the output environ flow matrices Eg(t) and Eg(t - to)

that partition unit initial storages

(2.7.23) Eo(t) = A (t) D, » for t>¢t. , 0 €1Ila, t.] ,

i 0 0 0 0

e, (t)
1

and
(2.7.24) E9(t - t.) = A (t) D, for o>t , t >0 ;

i 0 1 eo(t—t ) -0

i 0

ei(t)
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"
(iii) the output environ flow matrices E;(t) that partition

unit input functions

"

(2.7.25) Ei = Ao(t) D"z s for t > tg » g ¢ Ila, to]

e, (t)

1
(2.7.26) = A (t) D, for o>¢t. , t>0.
1 ez(t - t) - 0
i 0
+ A (t) D,
0 ei(t)

Input Environ Analysis

In this case the system production matrix, P(t) , is modified
to include the effect of the delayed flows.

Consider again the system (2.7.15) or equivalently

(2.7.27)  X(t) = Fo(t).1+  F (t - £).1 + 2(t)

where 1 =[1...1...1]%.

For the above system, define the throughflow through the compart-

ment j as follows:

n .
(2.7.28) Tj(t) = kzl [f(o)jk(t) + f(l)jk(t - tg)] + zj(t) - xj(t)
k#j
or
(2.7.29) T.(t) = E [f (£) + £ (t -t )] +y. (¢) + ég(t)
T i k=1 (O)Kj (1kj 0 hi
k#3

From this definition, the modified production matrix, the partitions

of inflows, time derivatives of storages and compartmental throughflows
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in terms of the output vector y(t) will be similar to (2.4.47) and
(2.4.48) except in this case

(2.7.30) f () + £

13 = f0)13 i3t = %) -

2.8. Conclusions

Environ Anélysis (input-output analysis) is introduced in ecology
to provide information about input origins, output destinations of
both flows and storages within the system, the number of intercompart-
mental transfers among different components and the expectations and
variances for the residence time components as well as for total time‘
in the system. It differs from previous flow analysis methods in pro-
viding storage partitions in addition to the usual flow partitions
accomplishing both by more straightforward formulations and computation
procedures using partitioning matrices and vectors.

As shown in sections 2.5, 2.6, and 2.7, static input-output-

environ analysis for time-invariant linear intercompartmental systems

can be extended to the cases of time varying coefficient matrix and input

functions, specific classes of nonlinear systems and to models de-
scribed by systems of differential equations with constant time delay.
Though linear systems theory is a powerful tool to investigate
most classes of systems as long as the system is operating near an
equilibrium point, a new method based on the results of Theorem 1.2.4
was introduced to analyze nonlinear systems. The output and input
matrices in this case and in the case of time delay are given in the

form of simple integral equations.
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CHAPTER III

SOME NONLINEAR DYNAMIC MODELS OF EUTROPHICATION

3.1. Introduction

Biological production in any body of water plays an important
role in determining the quality of that body of water. Increase in
biological production due to increased nutrient content has been seen
to have a profound impact on the overall condition of the natural
water [10] . Eutrophication is the term used to describe this proc-
ess by which an increase in biological production occurs. Fundamen-
tally, it is described as an increase in the nutrient supply from soil
and lake processes and from human activities in the drainage basin;
this results in an increasé in biological production. The sector
which is most directly affected by this increase in nutrient content
and therefore experiencing the most profound fluctuations is the phyto-
plankton population. The majority of the studies in this field have
been done only within the past twenty years and many have been con-
cerned with the lake eutrophication [ 9] . Some of the lakes exten-
sively studied in the United States are the Laurencian Great Lakes
with the most attention being given to Lake Michigan and Lake Erie.

The quality of natural waters can be markedly influenced by the
growth and distribution of phytoplankton. Utilizing radiant energy,
these microscopic plants assimilate inorganic chemicals and convert
them to cell material which, in turn, is consumed by the various animal
species in the next trophic levels. Thus, the existence of phytoplank-

ton is essential to all aquatic life. On the other hand, the quality
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of a body of water can be adversely affected if the population of phyto-
plankton becomes so large as to interfere with either water use or
the higher forms of aquatic life. 1In particular, high concentrations
of algal biomass cause large diurnal variations in dissolved oxygen
which can be fatal to fish life. Phytoplankton can also cause taste
and odor problems in water supplies and, in addition, contribute to
filter clogging in water treatment plants.

In this chapter two phytoplankton population models in natural
waters are presented. These models are constructed on the basis of
the principle of conservation of mass. The primary purpose of this
work is to introduce some models of phytoplankton population dynamics
as a.step towards the more important goal of controlling this phenom-
enon.

In the first model, dynamics of the nitrogen cycle in a lake are
analyzed and conditions for persistence and noncyclic behavior are .
given. In the second model, dynamics of both the nitrogen and phosphorus

cycles are combined and similar persistence results are proved.

3.2, Review of Previous Grazing Formulation

The interaction between the phytoplankton population and the next
trophic level, the herbivorous zooplankton, is a complex process. In
the literature, three types of grazing representations prevail . The

earliest formulation for the grazing function (Lotka 1925, Volterra

1928), the mass action product, considered the grazing rate G , as

directly proportional to the product of the concentration of nutrient

in phytoplankton and zooplankton.
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(3.2.1) G(P, Z) = kPZ

where k 1is a proportionality constant. However, this formulation has
a serious disadvantage, as pointed out by Smith (1952) and Minorsky
(1962) . Equation (3.2.1) appears inadequate under conditions of abun-
dant food supply where the grazing rate should become proportional only
to the zooplankton population, Z . When phytoplankton is superabun-
dant, zooplankton will feed at a maximum rate per unit zooplankton
biomass, and further increase in phytoplankton supply will not be re-
flected in increased grazing rates.

Modifications of (3.2.1) have been suggested (Ivlev 1961, Gallopin
1971a,b) of the form

E 72(1 - e—LP) (Iviev);

(3.2.2) G

-0 P/7

[}
n

(3.2.3) EZ(1 - e ) (Gallopin).
where E and o are constants. A third formula for grazing is a

Michaelis-Menten-Monod (M3) type which has been widely used, e.g.,

see Di Toro EE.El (1971), Steele (1974), and Walsh (1975)

P

(3.2.4) G=E

where E and R are constants. Equations (3.2.2)-(3.2.4) permit
grazing rate to become proportional to zooplankton population as
phytoplankton becomes abundant. However, formulation (3.2.4) has

conceptual shortcomings. First, as pointed out by D.L. DeAngelis (1975)
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situations can occur in which consumer population density, Z , in-
creases but G will not increase proportionally as a result of natural
interference between consumers. Second, from the stability analysis
of equilibrium points associated with (3.2.4), (T.G. Hallam 1977, 1978)
the equilibrium value of the phytoplankton population is independent
of the total nutrient in the system which does not reflect the eutro-
phication phenomenon.

Therefore, a modification of equation (3.2.4) is suggested to over-

come the above two shortcomings:

EP 7

B.25) C=yxTF w2

where E and R are parameters of the model measured in units of
-1 A
time » concentrations of nutrients respectively and b 1is the

dimensionless normalizing constant (0 <b) .

3.3. A Modified Mathematical Model for Nitrogen in a

Two Trophic Level Aquatic System

The aquatic model studied here is a two trophic level system con-
sisting of a resource component, nitrogen; a plant component, phyto-
plankton; and a herbivore component, zooplankton. The nitrogen in the
system is assumed to be conservative and is fundamental in the sense
that a modification of the total amount of nutrient can have signi-
ficant effect upon the balance of the system.

The principle of conservation of nutrient (nitrogen) for each

element in Figure (3.1) gives




(3.3.1)

and

(3.3.2)

where

v}

f £
\ PN b 7p ;
T fap
faz
Figure 3.1

Two trophic conservative aquatic model.

S a¢Vm N E Z

P'P[1<+N'B'R+P+b7.]

- 8 EP

z=zlgy vz - P

c _ VmPN P Z

N = K+ N +BP+DZ+E(l-e)m,
0<8<1

+ Z + N =M= constant

= concentration of nitrogen in the pool (ugm N/2)
= concentration of phytoplankton nitrogen (Pgm N/&)
= concentration of zooplankton nitrogen (ugm N/%)

-1
= death (or washout) rate of phytoplankton (hr )

-1
= death (or washout) rate of zooplankton (hr )

101
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%?%J% is the growth rate of phytoplankton (uptake of

nutrient by phytoplankton;
Vm is the maximum uptake rate (hr—l) of nutrient by

phytoplankton;

K 1is the concentration of nutrient that supports one

half of the maximum uptake rate.

BEP
R+P + b2 is the growth rate cf zooplankton;

6 1is the zooplankton conversion efficiency;

E, R, and b are as given in 3.2.5) .

Since all the physical quantities are non-negative, take the

following hypotheses:

(1) The variables P, Z, and N are nonnegative,

(2) All values of the System parameters are positive.
Assumptions.

In this model, we consider an idealized aquatic system, (i.e.
water temperature, light intensity at the surface and photo-period
are constants). Therefore, all system parameters are also constants.
Some properties of the solutions of 3.3.1):

l. There exists a unique solution X(t) satisfying X(to) =X

0
for each XOG D={(®, 2z, M; P, z, N > 0} . [Picard-Lindelof theorem

(Hall 1969)] .
2. The solution of (3.3.1) is nonnegative. (It is necessary
. . . hd > >
and sufficient to prove that NIN=0 >0, PIP=O and Z|Z=O >0

where (PO, ZO’ NO) is the initial point).




Critical points of (3.3.1)

The above system has the form

(3.3.3) P=Plv. ¥,(\) -B-EZ¢ (P, 2)]

Z = Z[OEP ¢, (P, 2) - D]

I:I = -VmP wl(N) + BP + DZ + E(1 - 6) PZ ¢1(P, Z)
with

(3.3.8) () = == ,.and

The substitution of (3.3.2) into (3.3.1) yields

g e
[}

P[Vm wl(M -P-2Z) -B-~-EZ ¢1(P, Z)] , and

(3.3.5)

N .
)

= Z[6E P ¢1(P, Z) - D]

which is a two-dimensional system in the variables P and 2Z .

The point (P, 2) = (0, 0) is always an equilibrium point of

(3.3.5).

103
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If the equation

(3.3.6) vm wl(M -P)-B=0

has a positive solution P§ s that is, if

BK
V -8B
m

(3.3.7) M> > 0, where it is assumed that Vm >B ,

then the point (P, Zz) = (P%*, 0) becomes an equilibrium point, where
(3.3.8) PR =M-5—5
If we have the solution (P§, zg) of the equation
(3.3.9) B EF ¢1(P§, Zg) -D=20
(3.3.10) Vm wl(M - P§ - Zg) - B Zg ¢1(P§, Zg) =0
in the domain 0 , that is if

0 < Pg <M, 0< Z§ < M

then the point (Pg, Zg) is an equilibrium point.

The Equilibrium Point (Fg, Z§)

For simplicity we assume & = 1 . Then the system is reduced to
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. V N
o __EZ

(3.3.11a) P = P[K TN B - R+P+ bZ]

. E P
(3.3.11) 2z = zlg75 557 - DI

. NPV
(3.3.11c) N = - ——— + BP + DZ

At equilibrium,:and with PZ N # 0 , equation (3.3.11b) gives

DR D bZ
= = Pk
= D-+E - D P* + KIZ

(3.3.12) P

where P* is the equilibrium value for b =0 , K1 =

From equation (3.3.9) and the first equation in the system, we have

(3.3.13) a N2 + BQON + y(M) = 0

where

(3.3.14) o =E[(E - D) - b(Vm - B)] = constant.

(3.3.15) B(M) = (V- B)(E - D + bD) (R + P*) - o(M - P*) +

+ Ek[(E - D) + bB]

(3.3.16) Y

-BKk[(E - D) + bD](R + P*) - EK[(E - D) + bB](M - P*) < 0 .
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Case 1. 0 <b < g——2 which implies that a > 0

and

(3.3.17) (82 -4oy) >0 (special case b = 0)

Thus the positive solution of (3.3.13) is

2
(3.3.18) N;(M) - - B0 + ng(g) - hoy (M)

Case 2. b > VE -—DB which implies that o < 0 .
m

In this case we have two positive solutions for N(M)

but one
of them is in 0 (i.e. 0 < N < M) and the other is > M .
V/Z
(3.3.19) 0 < N*(M) - _BM) + BT(M) - doy(M) <M.
3 20,
From cases (1) and (2), the interior equilibrium point is
* + 2%, 7* h
(P K1 3 3) where
M - P* - Ng)(E - D)
e A = - P% - N% = .
(3.3.20) 27 (E -~ D) + Db (=M P3 N* , b =0)

Thus, from (1), (ii), and (iii), we obtain the following three

cases for the distribution of the equilibrium points. The system takes

one of these cases according to the values of the parameters.

[Case i]: (0, 0)
[Case 1i]: (0, 0) , (P%,0)

[Case iii]: (0, 0) , (PE* %)

* *
s (P3, 23) .
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Stability Analysis of the Equilibrium Points

Here the stability analysis of the nonlinear system (3.3.11) is
performed by perturbation analysis about the equilibrium points, i.e.,
linearizing the system about these points and examining the character-
istic equationms.

(1) Linearized form of equation (3.3.11) about the point (0, 0)

becomes

Aé AP
(3.3.2D) . = g%

AZ \ (0, 0) | Az
where

F| .P(Vm Y M -P-2) -B-Ez 9, (Ps 2))
(3.3.22) F,] T lzeee » $,(P5 7) - D)
and
K

(3.3.23) 3F (Vm - B) - X+ H 0

o, 0 |, .

The characteristic equation and its roots of the above equations

are given by

K _
K+ M

(3.3.24) (A + D) [(Vm -B - ) - Al =0.
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K .
(3.3.25) )\1 Vm -B - T+ » and

(3.3.26) 12 =-D <0,

Thus, the point (0, 0) is stable (node if

B k
V -8B
m

and the equilibrium point (P%*, 0) exists if M > T
m

(3.3.27) M <

(3.3.27) demonstrates that if the (Michaelis-Menten) uptake rate of

the phytoplankton component evaluated at the maximum total available
nutrient, M , is less than the loss rate of nutrient, B , of the
phytoplankton component, then the phytoplankton population is eliminated.

(ii) Linearized equations about the point (P%, 0) become

AP AP
) F
(3.3.28) . = %ﬁ
Az P%, 0)| AZ
with characteristic equations
6 EP% ) V_(M-P%) PXV_ K
: 2
2.p - |22 g m s+ ] =0
. - P% -P*
R+P% K + M P% K+ M P2
and characteristic roots
* - P%
, szmK Vm(M Pz)
(3.3.29) Al = - — +B - —m
- P% -
K+ M Pz) K+ M P§
and
6 E P§
(3.3.30) Xz = RaDpx D .

2




109

But,
M - P%
K
(3.3.31) Pg =M - v_E:-E implies that B =V 2
m T K+ M- px
2
Thus,
P*V K
(3.3.32) A = - —2-DB =<0
(K+M-P§)
Hence, if
RD BK . '
< — % g
(3.3.33) M E - D + Vm._ B (P2, 0) 1is stable (node)
and if

RD BK ' '
" . .
(3.3.34) M > 5E <D + Vm - ’(PZ’ 0) 1is unstable (saddle point)

and we have the equilibrium point (iii).

Inequality (3.3.33) indicates that the total amount of nutrient
present is not sufficient for the requirements of the system and hence,
the ecosystem cannot be maintained. (The right side of (3..3.34) can
be roughly interpreted as net population loss of nutrient by the phyto-
plankton and zooplankton components.

(iii) Linearized equations about the point (P%, Z*) becomes

3" 73

P SF AP 1

(3.3.35) Jd ==z
Az oX

vy .z LY
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with characteristic equation

Eb 2% P¥ V_ KP E P% 2
(3.3.36) [X+ " *0] [k+( o - - —=3 2)] +
(R+P%+b2%) (R + M-RZ$)"  (R+P%+bZ%)
+,E PAZ% (R +bZ%) [ VK E(R + P%)
+ =0
* 2 2 * 2 ]
* o -P%k -
(R+P%+bZy) (R+M-Px-2%)"  (R+P§+bZ,)

In the form

2 * * X)) =
(3.3.37) A% - q(B%, ZDA + A(P%, 28) = O ,

where

(3.3.38) 2(P§, Zg) =

% 7% kv
)\1>\2 _ E P3 Z3 _( m + ER >0
(R + P* +bZ%) — Pk — 7%) 2 * 2 2 ’
3 PVEK + M-PE-7%) (R +P%+bZ%)
that is, Kl, XZ have real partes of the same sign, and
E Pg Zg Vm KP§
(3.3.39) q(Ng) = Al + Az = - 5 b-1 + — 5
R+P§+bZ’§) (K+N§)

From equation (3.3.39) it is clear that there is a critical value.
b* , for the parameter b such that q(Ng) <0 for b >Db* and
for all 0 < P§ , Zg s Ng <M . On the other hand if 0 < b < b*
the sign of q(Ng) depends on the total nutrient level, that is

q(N%) >0 4if M > M* and q(Ng) < 0 if M < M* where M* is the

bifurcation level of the total nutrient. Thus, the following two cases

are considered.
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Case 1: b* < b .

In this case (Al + XQ) = q(N) < 0 which implies that the two
eigenvalues have negative real parts. Thus, the equilibrium point
(P%, Z§) can be either a spiral or a node. The flow associated with
system (3.3.11) (with b > b*) cannot contain a limit cycle. This
may be demonstrated by employing Dulac's modification of Bendixon's
non-existence criterion (Sansome and Conti, 1964, p. 176). Utilizing

the closure condition (3.3.2), we write (3.3.11) as

dp
dt

VM-P-2)
P [ m B - E Z ]

Fl(P’Z) XK+M-P -2) R+P + b2

az EP
FraR PSS Z)_.Z[R+P+bZ_D]'

Defining h by

m _ E(b - 1)

5 5 < 0.
Z(K+M-P - 2) (R + P + b2)

we find that div(hFl, th) = -

Dulac's result establishes that there are no limit cycles in the
quadrant P >0 , Z >0 .
Case 2: b* >b >0 .

From (3.3.39) and (3.3.11) q(Ng) can be rewritten as

K Vm Pg
(3.3.43) Q(Ng) = (Vn - R - ®T N (1 + ;————T) -
+ N%
3
E Z§
- % *
> (R + b(P3 + 23))

* *
(R + P3 + bZ3)
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and for M3 model with b = Q

KV P ER Zg
(3.3.44) qv%) = (v_-B) - 2+ ) -

2
* *

Since q 1is an increasing function of Ng » in view of (3.3.19), g¢q

is also an increasing function of M . Since b < b* » it follows

that

ER P*
TROFK) + 7,0 -5

(3.3.45) ' q(x) = (Vm - B) 0.

Furthermore,

KV P% E Z%(R + P% + Z%) _
(3.3.46) q(a)=-(T+—2)(1+Kia)+ 3 i
(R + P* + b 2%)
3 3
where
KB .

(3.3.47) o = v

Consequently, the equation q(Ng) = 0 has a unique positive

solution Nc given by

4 K} 2 _
(3.3.48) C1 Nc + c, Nc + c Nc + ¢ Nc + c5 = (0

3 4

where

(3.3.49) c; = -E(1 - BY(V_ = B)(D + K (V_ - B))P, ;
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(3.3.50) c, = E(1 - b) Vm K DP, ;
_ 2 .2
(3.3.51) c3 = (1 - b)EP* Vm K K1 + K Vm[(R + P*)(D + K(Vm - B))
+ (K, + B)P,(V_ - B)]2
1 *''m
(3.3.52) c4 = ZKVm[(R + P*)(D + KI(Vm -B) + (Kl + B)P*(Vm - B)]
[R+ P*)VM K Kl - (K1 + B)P* VmK]
and
2
(3.3.53) cg = K Vm[(R + Pm) Vm KK1 - (K1 +b) P, Vm K] .

*
The solution Nc » and hence M , are found numerically. The

values of the critical levels, M* s of the total nutrient for dif-
ferent values of b are given in Table (3.1) and Figure (S.E)

Note that for M3 model with b =0, c4 = c5 = 0 , and hence
(3.3.48) is reduced to

2
(3.3.54) ¢ Nc + c, NC + c3 =0 .
Thus, we see that
* RD BK
A < i > >
(a) Re( j) 0 if M M E - D) + (Vm —

*
(b) Re(xj) =0 if M =M,




TABLE 3.1

THE CRITICAL VALUE OF THE TOTAL NUTRIENT M*
VERSUS THE PARAMETER b 1IN THE

114

EP Z
GRAZING FUNCTION G = R+ P T 0z
b N P Z M*

(M3) Model 0.00 1.3720 .8824 3.5000 5.7550
0.01 1.4610 .9042 3.7150 6.0800
0.02 1.5490 .9287 3.9350 6.4130
0.03 1.6360 .9558 4,1640 6.7560
0.04 1.7220 .9860 4,4040 - 7.1120
0.05 1.8080 1.0190 4.6560 7.4840
0.06 1.8930 1.0560 4.9240 7.8740
0.07 1.9780 1.0970 5.2110 8.2860
0.08 2.0620 1.1420 5.5200 8.7250
0.09 2.1460 1.1920 5.8550 9.1940
0.1 2.2300 1.2480 6.2210 9.6990
0.11 2.3140 1.3110 6.6230 10.2500
0.12 2.3980 1.3810 7.0680 10.8500
0.13 2.4810 1.4610 7.5660 11.5100
0.14 2.5650 1.5520 8.1260 12.2400
0.15 2.6480 1.6560 8.7630. 13.0700
0.16 2.7320 1.7760 9.4950 14.0000
0.17 2.8160 1.9170 10.3500 15.0800
0.18 2.9000 2.0840 11.3500 16.3300
0.19 2.9850 2.2850 12.5500 17.8200
0.20 3.0700 2.5310 14.0100 19.6100
0.21 3.1550 2.8390 15.8400 21.8300
0.22 3.2410 2.2360 18.1900 24.6700
0.23 3.3270 3.7680 21.3300 28.4200
0.24 3.4140 4,5140 25.7200 33.6500
0.25 3.5010 5.6370 32.3300 41.4700
0.26 3.5890 7.5220 43.4100 54.5200
0.27 3.6780 11.3300 65.8000 80.8100
0.28 3.7670 23.1100 134.9000 161.8000
0.289 3.8480 386.2000 2266.0000 2656.0000
0.2895 3.8530 3091.0000 18150.0000 21240.0000
0.28957 3.8530 160800.0000  944200.0000 1105000.0000
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The Critical Value of the Total Nutrient versus
the Parameter b in the Grazing Function
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llg
() Re(Xj) >0 if M>M , i=1, 2.
Now we can conclude that

(a) (P%, Zg) is asymptotically stable if

RD BK

Mx>M> g5ty -8l
m

and

(b) (Pg, Zg) is unstable if M > M* ,

Figures ( 3.3 ) thru ( 3.20 ) represent the solution curve of
(3.3.5 ) for different values of b and for M > M* 1in each case.
As M increases, the waveform of the periodic solution becomes dis-
torted and the amplitude becomes larger. The solution becomes stable

as b approaches the critjcal value b* - 0.2589.

Hopf Bifurcation

Proposition 3.1. A Hopf bifurcation occurs at M = M* ,

Moreover, there is a neighborhood N of M = M* such that any closed

orbit corresponding to M & N has a period %-%2 and radius growing

like (i - mx|yl/2

(Marsden and McCracken 1976, p. 20).
Proof. When the value of M is near M* , (3.7.37) has complex
conjugate solutions A and A such that

(3.3.55)  R()) =0, |1mg(x)‘M=M* = Vg% = A% >0

M:M*

where gq* denotes the value of (Al + Az) corresponding to

M = M*¥ . Consider the equations

(3.3.56) Re()) = %-.
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Differentiating both sides with respect to M yields

d(Re(A)) _ 13g &N _ mfF o
d M 208 ln  amd My

But N >0 (¥ is an increasing function of M) = d Re(d) >0 .
oM d M

Then the eigenvalues Al’ AZ cross the imaginary axis with non-zero

speed, so a Hopf bifurcation occurs at M = M* , Consequently, there

is a neighborhood N of M = M* such that any closed orbit corresponding

21 . . 1/2
to ME N has period 3 Tx and radius growing like ([M - M*]|) .

Extinction Analysis

Theorem '3.4.1 If the parameters B, Vm, and K satisfy the

inequality

vV M
>
(3.3.58). B> go¥¢

then corresponding to the P-component of each solution cf (3.1.11)

there exists a constant PO such that

Vm M
-[B - B¢
(3.3.59) P(r) <P e M+R

In particular, there exists a £_, O <

>p < » , such that

P
P(&P) =0 .

Proof. Using Z >0, P >0 in the differential equation

(3.3.11a) we find

. Vm PN K
(3.3.60) P 5-757:73'_ BP = P[Vm(l S Y+ K) - B] . .
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As long as P # 0

1dP Vi .
(3.3.6D 32V -B -gox

The nutrient component N(t) satisfies 0 < N(t) <M so that

V K
m

M+K"*

(3.3.62)

mla'
rt|ro

1
Pac s Uy ® -

An integration from 0 to t leads to

V K
2]
M+ K

P(t)

(3.3.63) ln[P(O)

] f_t[Vm - B -

Solving for P gives the conclusion of the theorem:

V K
m

M+ K

-[B - ]t

(3.3.64) P(t) < P(0) e

Table ( 3.2 ) summarizes what we have discussed so far for the
model (3.3.5). 1In Table (3.2) , S means that the critical point is
stable, and mU (m =1, 2) means that the critical point is unstable
and the number of unstable eigenvalues of the Jacobian matrix at the

critical point is equal to m .
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Table 3.2

PROPERTIES OF THE CRITICAL POINTS OF (3.3.5)

. _RD __ _BK
1 ©E -D v _-B

M

CRITICAL POINTS
CONDITIONS
* * *
BK
< < - -
0 <M< S
m
BK
< -
vop MM U S
b > b* m
< < *
My <M <M U v S
V >B
m Mk < M U U s
1 1
BK
< < - -
0<M V% S
E>D m
BK
< < -
VB MM U S
m
0<b<b*
- < < Mk
My <M <N U L S
M* < M 1U 1U 2U

Theorem 3.4.2. If the parameters R, 6, E, and D satisfy

R 1
(3.3.65) M <7 g5 - 1]

then corresponding to each solution of (3.3.11) there exists a EZ s

0< EZ < o, such that the Z component satisfies 2(€,) =0 . If e >,
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then corresponding to the Z-component of each solution of (3.3.11),

e -6

there exists a T, » 0<T, <® such that Z(TZ) =3 and if
TZ <« , then Z(§) < 2 ; 8 for £ 2.TZ where
(3.3.66) € =6E - D,

- R
(3.3.67) ¢ AFDMTR®
and
(3.3.68) 4 =2

) A R P

Proof. Using 0 <P, z <M in the differential equation (3.3.11b)

we find

2
.3.69) 4z - D - R - b Z
(3.3.69) F <ZIEE-D) - T3 Hw TR - TFDHTE

comparing with

R b u2

A+DN+R ~ (T -DH+y

(3.3.70) %% = u[(6E - D) -

leads to

(3.3.71) z(t) < u(t) for t >0 if Z(0) < u(0)

Let
€ =6E-D,
5 = :
(1 +bB)M+R
and
=&
L= R b
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then

du _ 2
(3.3.72) T (e = 8) - Au” .

Separating the variables u and t , we get

(3.3.73) o - dr .
u A] A u]

An integration from 0 to t leads to

-— 1 u
(3.3.74) t = P 1n e _— 6]
0 A
where
(3.3.75) ¢, = —2(0)
0 u(0) - u
A
Solving for u , it follows
(3.3.76) u(t) = € -0/ | (¢ -8/
c t(e-6)
e -1
0
(e = &) 1
= — |1 +
A Gy (e = 0t_

R

(1) If <8, (i.e., 8E -D , then

“GBFDHTR




Lim u(t) =0 .

trco

R

(i) If €¢>8, (i.e. 8E-D> ®+ DN+ R)

s then

e -6

Lim u(t) = A .

R

(1i1) 1If € =68 (i.e., OE -D = ® - DN T R) ,» then

Cy t(e - §)2 (E - D)
Lim (Lim u(t)) = Lim Lim tc = 8) 5
tre  Soe tro Gt A[C0 e - 1]
C1
=Lim — =0
t’."°°t
where C1 is a positive constant. Thus
(a) The solution space structure of u = (g - Su - u2
€ <& 1is given in Figure (3.21):
u(t)
e
o .
e
t

Figure (3.2])

The solution space structure for ¢ <9

for

140
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) 2
(b) The solution space structure of u = (¢ - 8)u - Au’° for

€ > 6 1is given in Figure (3.22):

u(t)

E-(SL———— e e egees  dwsms
A
.
o

Figure (3.22)

The solution space structure for ¢ > §

Theorem 3.4.3. Let o = min #L {B, D} satisfy «a > 1, then

m
corresponding to any solution of (3.3.11), there exists a EO = go(p, Z),

0 < EO X ® , such that the P and Z components of the solution satisfy

P(EO) =0 and Z(Eo) =0.

If M> lli 3 then corresponding to any solution of (3.4.11c)

there exists a EN » O f_EN < @, such that the nutrient component of

the solution satisfies N(EN) = 1!i 3 and if EN < oo, N(EN) < N(&)

for all £ > £N .
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Proof. From (3.3.11c),

V_PN
N _ __n + BP + DZ + E(1 - 6) P2

dt K+ N R+P+0bz °
thus,

aN Vm PN Vﬁ PN
(3.3.77) T2 " xsntoe Vm(P +2) = - TSR Vm(M - N)
where

(3.3.78) «o Vm min{B, D} .

Using o« <P <M - N 1in (3.3.77), it follows

(3.3.78) ax _ _ 'l - HW-DE-0©
dt — K+ N

where

Case 1:

If a>1, then

V. K
B,y g MM L

dt — m K+N —K+M

(3.3.80) M-N,

comparing with
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(3.3.81) — =

leads to

(.3.82) N(t) >u(t) for t >0 if N(0) > u(0) .

Solving (3.3.81) for u(t) gives

V_ Kt
m

K+ M

(3.3.83) u(t) =M -[(M-u(0)) e

]

Thus, the differential inequality (3.3.80) leads to

Lim N(t) = M

t-o0

which in turn implies extinction of both P and 2Z .

Case 2:

(3.3.81) o<1 ,M>C-=

In this case, the differential inequality (3.3.77) has the form

(3.3.82) %%_3 - Vm(l - ) M -(g)iNN; C) .

Comparing with
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(3.3.83) g—: = - Vm(l - ) W™ -(;)-'(-UM.). C)

leads to N(t) > u(t) for t >0 if N(0) > u(0) . Solving (3.3.83)

for u(t) gives

K+M -V (M-0C(a - 1t
(u - M m
(3.3.84) ——==C_, e
- 0
where
K+M
(3.3.85) ¢ =@ =W
(u(0) - O
K a

Thus, Lim N(t) = C =

I & ° which leads to the last conclusion of
t-)OO

the theorem.

Persistence Condition

The main persistence result for this model is

Theorem 3.4.4: The model (3.3.1) is dynamically persistence if
and only if the parameters B, K, Vm, D, R, E, and 0O satisfy the

inequality

BK DR ]

(3.4.8) M > [Vm st 5

Proof. The result of this theorem follows from the topological
structures about the equilibrium points which lie on the boundary of
the phase triangle (A: P+ Z 4 N=1%) ., TFrom the inequalities (3.3.27)

and (3.3.33), it follows that the equilibrium point
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I, (P, Z, N) = (0, 0, M) 1is a saddle point, for the nonlinear system
(3.3.1), and the equilibrium point II, (P, Z, N) = (P§ y 0, M~ Pf)
is also a saddle point if (3.4,8) holds. The equilibrium point, II,

is an asymptotically stable node for parameters satisfying the comple-
mentary inequality. The set of attractive separatrices for the saddles
I and IT lie on the boundary of A . From this instability and from
the fact that A 1is a positive invariant set, we conclude that the
trajectory through any initial vector (n(0), p(0), z(0)) in the

interior of A must be bounded away from the boundary of A. Thus,

EP Z

system (3.3.1) with the grazing function R+7P %07

is dynamically
persistent provided (3.4.8) holds.

Figures (3.23) and (3.24) show the equilibrium points of the

above model for different values of b and M.

N (a) N (b)
Figure 3.23

Equilibrium Points of Model 3.3.1 with b > b*

a) Phase triangle diagram of the model (3.3.1) with b > b* when
equilibrium points I and I are saddle points and III is an
asymptotically stable node.

b) Phase triangle diagram of the model (3.3.1) with b > b* when
equilibrium points I and II are saddle points and III is
an asymptotically stable spiral.




a)

b)

c)

(a) (b)

11

Z ()

Figure 3.24

Equilibrium Points of Model 3.3.1 with 0 <b < b*

Phase triangle diagram of the model (3.3.1) with 0 < b < b*
when equilibrium points I and II are saddle points and III is
an asymptotically stable node.

Phase triangle diagram of the model (3.3.1) with 0 < b < b*
when equilibrium points I and II are saddle points and III is
an asymptotically stable spiral.

Phase triangle diagram of the model (3.3.1) with 0 < b < b*
when equilibrium points I and II are saddle points and III is
an unstable spiral and a limit circle exists.
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3.4. Two Nutrient Model Functionally Coupled Through

Transformation Rate Dependencies

The main objective of the research in this section is to con-
struct a two nutrients dynamic eutrophication model for a lake and
to provide basic information for the future exploration of water
quality management.

In real ecosystem, information external to a particular element
cycle is commonly required to determine the rates of the transformation
matter flows within the cycle. For example, experimental data [18]
indicate that element cycles are functionally coupled through intercycle
rate dependencies associated with nutrient uptake matter flows. Such
dependencies represent purely signal flow couplings between two or
more element cycles [18] . These signal flow couplings are typically
directed from one nutrient storage in one element cycle (say, the phos-
phorus cycle) to a nutrient-uptake matter flow in another element

cycle (say, the nitrogen or carbon cycles) [5] .

The Model
Nitrogen and phospuorus are considered to be the major nutrients

in the lake. That is, a modification of the total amount of either

one can have significant effect upon the balance of the system
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An outline of their cycle is illustrated in Figure (3.25)_ . For
the sake of simplicity nutrients are given as total nitrogen and total

phosphorus.

AAAL Tosses to N]/77

N 4

uptake
from
N, grazing

uptake
N2 kfrom N2 'y

losses to N2 death + Excretion

T %

Figure 3.25

Two nutrients aquatic model

The model presented here is a simple model which illustrate how

two element cycles (say, the N, and the N cycles) in the same region

1 2
of space may functionally interact in an aquatic ecosystem. This model
consists of two rudimentary element-cycle models symmetrically cross-
coupled by signal flow linkages directed from the nutrient storages

(Ni) in one element cycle to the nutrient uptake matter flow in the

other element cycle FP N respectively through the uptake rate coef-
i'i

ficients (al, a2) such that
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(3.4.1) a, = al(NZ) » a3, = aZ(Nl)

where FPiNj is the flow from Nj to P, , 143 .

In the particular model studied in this section, the uptake rate
a-

coefficients a are assumed to be in the Michaelis-Menten form

1° %2
a, N
_ 1 2
(3.4.2) al(NZ) T X
1 2
and
3, §

a,(®¥,) C, + N

where C1 and C2 are parameters which regulate the degree of inter-
coupling between the two element cycles. For instance, Ni;g> Cj
would imply luxury storage of element ’Ni relative to the uptake re-
quirement of element Nj and Ni would be effectively uncoupled
from the Nj cycle.

The structure of the resulting model of two functionally coupled

rudimentary element-cycles is

. N2 N2 Zl
(3.4.3) P. = a.( ) ( YP. - b.P. (—L-—) D P
1 1 Cl + N2 A+ Nl 1 11 Bl + Pl Pl 1
z, = AR
z. %
B, +P, 1
. N, N, z,
Ny = - G G 0% ~ b By D 4

1 2 1 1 2 2 1
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. .Nl Nz Zé
P, = a,( ) ( ) P, - b,P (-*;“——) -D P

2= %0 + W) A, + N, T2 7 P22, v B, P, 2

Ny

Z.=b. Z( )y -D. Z

27 %2 %%, + P, z, “2

) N, N,

N, = -a, (3G w20 P+ D, 2

2 1 72 2 2 2

where Ni(t)', (i =1, 2) 1is the concentration of biologically limiting
nutrients in the euphotic zone at time ¢t .
Pi(t) , (1 =1, 2) is the concentration of the nutrient in the

phytoplankton component at time ¢t .

Zi(t), (i =1, Z) is the concentration of the nutrient in the
zooplankton component at time t ; Dp s DZ. (i =1, 2) are the
death (washout) rates of phytoplankton and ;ooplankton respectively.

It can easily be seen that intercycle modulations do not affect

strict conservation of elemental matter within each element cycle,

that is

(3.4.4) P, +2Z +N =0 implies that Pi(t) + Zi(t) + Ni(t) =M,

= constant, (i = 1,2)

Indeed, intercycle signal-flow couplings preserve the physical distinct-

ness of noncognate element cycles while permitting the functional inter-

action of states and rates between such element cycles [18]

Simplified Model

Since it is difficult to examine the qualitative nature of the

system of equation (3.4.3) by means of analytical method, let us




151

consider a simplified version of the above system, a conservative
P

system with constant biomass stochiometry, (i.e., -Fl = 61 = constant,
Z1 Nl ?

-~ =0, = constant, and <= = 6, = constant), and in the average, for
Z2 2 N2 3

some major nutrients we can take 61 ¥ 62 X 63 Yo [10]

Thus, one may reduce the six-variable model discussed in the
foregoing to a functionally equivalent three-variable model which

exhibits identical behavior. Then, corresponding to equations (3.4.3)

we have

(3.4.5) P = s P-2EL p p ter = [0, ,
é=§i§'Df’ tE€R,
I:I= —a(AEN)(C -?-NGN)P +DPP +DZZ , t€ R+ R

and

(3.4.6) P+ Z+ N=M-= constant.

It is easy to show that system (3.4.5) has a unique nonnegative
solution for each nonnegative initial condition (X0 €D =

{(, z, N) ; P, Z, N>0}

Critical Points of (3.4.5)

The system (3.4.5) has the form
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P = Pla Y, (M) - D, = bZ ¢, (P)]
(3.4.7)  Z = 2[bP 6,(P) - D,]

N = -a[Pp v, (N) + D,P + DZZ]
with

oN*
(A ¥ M) (C ¥ o)

(3.4.8) wZ(N)

and

1

(3.4.9) ¢2(P)
The substitution of equation (3.4.6) into (3.4.8) yields

(3.4.10) ﬁ = Pla Y, - P - Z) - D ; bz ¢,(P)] ,
and
i =2Zb P¢2(P) - Dz
which is a two-dimensional system in the variables P and 2Z .
(1) The point (P, Z) = (0, 0) is always an equilibrium point

of (3.4.10) .

(ii) If the equation

(3.4.11) a Y, (M - P) = Dy = 0
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has a positive solution Pg » that is, if

D.(C+ A) + YQE; c+04) %+ 4D, C AB(a - D))

P
(3.4.12) M > T )

where it is assumed that a > DP , then the point (P, 2) = (Pg, o)

becomes an equilibrium point, where

D_(C+ 6A) + vD_(C + 6A) %+ 4D_ C AB(a - D_)
oy . P P P 14
2 (a - DP)

(3.4.13) P

(iii) If we have the solution (Pg, Zg) of the equations

(3.4.14) b P% ¢,(P%) - D, = 0

and

(3.4.15) a §,Q - P§ - 2%) - D, - b 2% ¢,(P%) = 0

in the domain D , that is, if

(3.4.16) 0 < Pk <M, 0<z§<HM,

then the point (P§, Zg) is an equilibrium point. It can be shown

that the solution (P§, Zg) is unique if

DZ B

—_— >
(b - DZ)

(3.4.17) M > 0.
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assuming that b > DZ .

Thus, from (i), (ii), and (iii), we obtain the following three
cases for the distribution of the equilibrium points. The system

takes one of these cases according to the value of the parameters.

Case 1: (0, O, M) for all 0 <M« Mo

. * *
Case 2: (0, O, M) , (P2, 0, MO) for MO <M< P3

Case 3: (0, O, M) , (Pg, 0, MO) and (P*, Z*¥, M - (P§ + Zg))

f Px < M
or P}

where
D (C + 6A) + /[DP(C + eA)]2 + 4DP CA6(a - DP)

(3.4.18) M = -P >0 ;

0 28(a - DP)

* = -
(3.4.19) P2 M My
and

D, B

(3.4.20) P = oo 5, >0

Stability Analysis of the Equilibrium Points

Here the stability analysis of the non-linear system (3.4.10) is
performed by perturbation about the equilibrium points, i.e., linearizing
the system about these points and examining its characteristic equations.

(i) Linearized form of equations (3.4.10) about the point (0, 0)

becomes
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(3.4.20) AP

[a 4,00 - D,]aP

®

and

(3.4.21) AZ

The characteristic equation and its roots are given by

2
a 6M = .
(3.4.22) —(Dz + ) [(A F M) (C + oM - DP - Al =0 ;
2
_ a 6M _ .
and
(3.4.24) Az = —DZ <0 .

Thus, the point (0, 0) is stable (node) if M < MO and it is

unstable (saddle point) and the equilibrium point (Pg, 0) exists
if M > MO .
(ii) Linearized form of equations (3.4.10) about the point

(PE, 0) becomes

. awz(M - Pg) 8¢2(M - Pg)
(3.4.25) AP = [a P; —————fﬁ;————] P+ [a PE — - bP§ ¢2(P§)]AZ
and

. b P;
(3.4.26) AZ = [B T pE DZ] AZ

%
2
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The characteristic roots are given by

* ? Wz
(3.4.27) Al = -3 P 2 3N . <0
and
b Pg
(3.4.28) 2, = [g555 - D ) < 0 if
DZ B
* —_— = *
(3.4.29) P2 < TN DZ P3 .

(1ii) Linearized form of equations (3.2.10) about the point

, 7%

(P3, 23) is
a awz(M - Pg - Zg) b Zg
(3.4.30) AP = Pg[ 5 + 2]AP +
(P% + B)
3
- Pk 7%
+ PR e el T MR ] Az
2 392 Pg + B
(3.4.31) 4z = 25— B e
(P%* + B)
3
Thus, the characteristic equation at (Pg, Zg) is
2
(3.4.32) 2" + alk + a, = 0
where
Y, (M - P% - Z%) b Z%
2 3 3 3
= - P%

(3.4.33) oy P3[a 5 + 1

2
P* + B
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and

- Pk - Z%
sz(M P3 Z3) ) |
Y 2 Pg + B

bB

(3.4.34) o, = Z% P*[————————fi
(Pg + B)

]+ [a

and the characteristic roots are

=1 2 _
(3.4.35) kl,z = 2(—a1 + o) Aaz) .
Hence, if
3 Y, (M - PX — A¥%) b Z*
W fa—2—2—F 3 <o,
% %
and

(i1) af - 4. >0,

(P%, Z%) 1is stable (node) and if (i) holds and

2
(3.4.36) o) - 4a2 <0,

(Pg, Zg) is stable (spiral)

The possibility of bifurcation and limit cycles exists if

3, (M - PY - 2%) b 23
(3.4.37) (1) a 5P + 7 = 0 at M=M* >0
(P% + B)
3
and
3 U.(M - P% - Z%) b z#
(3.4.38) (ii) S (a —2 33 3 >0

dM o P 2% + B =
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where M = M* is the bifurcation limit. Thus, if (i) and (ii) hold,
there is a neighborhood N of M = M* such that any closed orbit
corresponding to M & N has period ¥ %% and radius growing like
(M - M*|)I/2, where A* = Img AZ at M = M* [Marsden and McCraken

1976, p. 20] .

Extinction Analysis

Theorem 3.2.1: If the parameters a, c, A, D, and 6 satisfy

P
the inequalities
a K2
(i) C > 6A, M < (a = DP) = AKl/A -C/6 3
a K1
(ii) ¢ <6A , M < @a-D) —a KJC " A ;
P 2
or
DP A
(iii) C =04 , M < TN
P
where
2
= A
(3.4.39) K1 =C/s - & s
(c/e)2
(3.4.40) K2 = — ,
(C/8 - A)

then corresponding to the P-component of each section of (3.4.7)

there exists a constant P0 such that

-Ylt
(3.4.41) P(t) <P(0) e s Yy > 0
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In particular, there exists a Tp » 0< TP < =, such that

P(TP) =0.
Proof. Using Z >0, P >0 in the differential equations

(3.2.7) we find

5 %

dp
A+NT T F N

(3.4.42) E?-i (a - DP)P - aP(

C#eA,

where K1 and K2 are given by (3.4.39) and (3.4.40) respectively.

From the constraints (i) and inequality (3.4.42), it follows

< >
that K1 o, K2 0, and

aPKk aPKkK
dP 1 2
(3.4.43) Ef'i (a - DP)P - 3 -~ C/PF M

Integrating from O to t and solving for P 1leads to

ak
o - (@ - Dp) - a/A(RD ]

(3.4.44) P(t) <P(0) e

Similarly, from the constraints in (ii) and inequality (3.4.42) it

follows that

and

. a K2 )
M+ C/9
(3.4.45) P(t) f_P(O) e

(a - DP) - ea/C(—Kz)]t
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In the special case, ¢ = A , inequality (3.2.42) is reduced to

(3.4.46) $= < Plalag) - Dyl

and by integrating from 0 to t and solving for P(t) , it follows

that

Ot Ee Wt
(3.4.47) P(t) < P(0) e .

Theorem 3.4.2. If the parameters DZ’ B, and b satisfy the

inequality

D2 B
b - DZ

(3.4.48) M <

then corresponding to the P-component of each solution of (3.4.7)

there exists a constant Z(0) such that

—‘th

(3.4.49) Z(t) < Z(0) e . Yy >0,

In particular, there exists a T,6 , 0 < T

z
Proof. Using P >0, Z <M in the differential equation

Z
(3.4.5) we find that

(3.4.50 £ <z2{® -1y -

bB
B+M

]

Integrating from 0O to t and solving for Z leads to

< ® , such that Z(TZ) =0 .
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“paw - ®-Dle

(3.4.51) Z(t) < Z(0) e

Theorem 3.4,3. Let o = min{DP, DZ} » then corresponding to

any solution of (3.4.7), there exists a T L»,

0" TO(P, z), 0 27
such that the P and Z components of the solution P(TO) = (0 and

Z(TO) =0 , Moreover, if

(3.4.52) (i) C>6A, a<o, M>8 ;

D
we

(3.4.53) (ii) C<bBA, a<a, M>
or
_ Aa
(3.4.54) (i4i) C=06A , a<a, M>37;
where
_ a K1
(3.4.55) 6 =-(A - —)
o - a)ao
= a(-Kz)
(3.4.56) 6 = -(C/la - —— ,
(o - 3o
_ a K2
(3.4.57) o =1+ o - M F /o)
- a K1
(3.4.58) a =1+

(o - a)(A+ M

K, and K, are as given in Theorem 3.2.1, then corresponding
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to any solution of (3.4.7) there exists a T 0<1, <™,

N’ N —

such that the nutrient component of the solution satisfies

(1) N(TN)=6', if C>0A, a>a,
(11) N(r) =6, if C<6A, a>a,
or
(ii1) N(t) =A% 4f c=6A, a>a
N a-ao ?

Proof. In the differential equation,

a N2 P

A+ N(C/e+N)

dN _
(3.4.59) 5o = (D,P +D,2) -

let

(3.4.60) o = min{DP, DZ} .

Thus,

2
dN aPN
(3.4.61) 20 +2) - /e TN

But, P <M - N implies that

a K2 a K1

dN
Y GEm)

(3.4.62) F- > M- M@ - a) + TE i

In case 1, C > 6A implies that K, < 0, and K, > 0 , thus

)3 2

inequality (3.4.63) takes the form
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(3.4.64) D >-5 (a-a

M- N) =
GrmN -9

&

Comparing (3.4.64) with the equation

du
(304-65) d—t

- aa - o) H(u )

leads to N(t) > u(t) for all t if N(0) > u(0) . Separating the
variables in (3.4.65) yields

(3.4.66) AFTW du S oyde .

M- u)(u-18)

Integrating both sides from 0 to t yields

_.M —
(3.4.67) (_u_-_ﬂ_é - @ -
(u-M
where
(3.4.68) G ="£é_i%¥l » H= @é;t%%l » and C; = constant.
M-09) ™M -9
Thus,

N-+M as t >+ if a >da and
(i.e., (P, Z) » 0)

N+>6 as t+» if a > ¢q .

In case 2, C< B A implies that K1 >0 and K2 < 0 and in-

equality (3.4.69) takes the form
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dN M-N)(a - a) N
TR Y ) o (N -8),

then, as in the first case, comparing with

du _ M - u) N
(3.4.70) rrii aa - a) m (u - 9)

leads to N(t) > u(t) for all t if N(0) > u(0) .

Separating the variables and integrating from 0 to t yields

- H -a (a-a)t
(3.4.71) (”—‘e)—c = cx* e
(u - M
where
T = - /o +=M) , §=(C/e:6) )
M- 9) M - 9)

Thus, N->M as t+wo if a<qg and N » 3 as t + o if

a>aq .

In case 3, with C = A , we have the inequality

(3.4.72) W - - am - M -

A(2N + A))
dt

A + N2

M-NM - a) +

|v
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Similarly, as in cases 1 and 2,

N-+M as t=+>> if a < g

(i.e., P, Z > 0)

and

as t -+ {f a>q .

Persistence Condition

The main persistence result for this model is:
Theorem 3.4. . The model (3.2.7) is dynamically persistent if

and only if the parameters a, b, DP’ B, C, and 6 satisfy the in-

equality
2 2 L
DP(C + 0A) + [DP(C + BA)° + 4DP C AB(a - DP)]
(3.4.73) M > :
26(a - DP)
+£ *
b - DZ

Proof. The proof here is similar to the one given for theorem
(3.4.4) but using inequalities (3.4.18) and (3.4.29). It is worth
noting that the dynamic persistence condition (3.4.73) can be generally

realized by the relative locations of the P; and P§ :

DZB
(3.4.74) P% < P

* .
3

2 b - DZ
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3.5. Conclusions

Eutrophication in bodies of water is a critical environmental
problem on both local and global scales, which is mainly due to
nitrogen and phosphorus contained in the polluted inflows from sur-
rounding urbanized, agricultural or industrial areas.

In thié chapter, a nonlinear function general enough to include
the effects of feeding saturation, intraspecific consumer interference
and eutrophication phenomenon was used to represent the transfer of
material from phytoplankton to zooplankton population. This grazing
function has the form G = i—%—%—%—gz where E, R, and b are pa-
rameters of the model. If P >> R + bZ , then phytoplankton is
superabundent, i.e., an increase in phytoplankton population, P , will

not increase the rate of grazing per unit zooplankton, For this

G
7
condition, -g is a constant equal to E . If zooplankton population,

Z , is increased while the phytoplankton is held constant, then when

bZ >> R + P , the grazing rate, G , becomes EP s a linear phytoplankton

b

dependent function. Also, the grazing rate per unit zooplankton popu-
lation density varies inversely with zooplankton population density.

It was also shown that the phytoplankton population density at
equilibrium increases proportionally with the total nutrient which
reflects the eutrophication phenomenon and agrees with some recent
experimental data.

Another interesting feature of this function is the stability of
all equilibrium points of the model achieved for b > b* s a critical

value of the parameter b , for all values of the total nutrient, M ,
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in the system. Thus, nutrient enrichment does not lead to a cyclic
system behavioral mode.

The effects of nitrogen and phosphorus contained in the polluted
inflows were combined in a simple conservative aquatic model with the
assumption that the ratio of their concentrations in the system is
kept constant.

The two models were subjected to equilibrium and stability anal-
ysis to ascertain their mathematical implications. These analysis

led to interesting extinction and persistence results and to impor-

tant suggestions to control the models to stable persistent states.
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CHAPTER IV

OPTIMAL CONTROL THEORY AND ITS APPLICATIONS FOR AQUATIC MODELS

4,1 Introduction

Applications of Optimal Control Theory to ecological problems was
initiated only in the late 1960's. It appears that several authors,
independently of eaéh other, began to apply optimal control theory to
ecological problems at about the same time (Watt, 1968, Goh, 1969/1970;
Becker, 1970; Clark, 1971). Recently Clark (1976), Conway (1977), and
Wickwise (1977) have reviewed the applications of optimal contfol
theory in resource management and in the control of epidemic.

Inbaéplying optimal control theory to ecological problems, one
faces at least two difficulties. First, an adequate model of the eco-
system is required. Second, realistic models of ecosystems would
have many state variables. This leads to considerable computational
difficulties. For these reasons the potential usefulness of optimal
control in the management of ecosystems is demonstrated here by apply-~
ing it to some simple nutrient controlled aquatic model.

By applying optimal control theory to aquatic models, we tried to
achieve the following goals.

(1) Discovering what, if anything, can be optimized in aquatic
models (e.g. biomass, effort, energy, etc.)

(i1) Finding some nutrient control programs to manage water
systems subject to accelerated eutrophication because of waste dis- -

charges.
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(iii) Predicting the effects of expected future nutrient dis-
charges.

The formulations and equations presented in Chapter III with the
analytical methods employed there, demonstrated that some ecomodels
can be controlled to state of persistence by addition of sufficient
quantity of nutrient. As we shall see in the present chapter, this
controlling nutrient can be applied to one or several components.

The results achieved here for two trophic level conservative models
can be extended to more generalized models of higher dimension which

need not necessarily be conservative.

4.2 Outline

The outline of the optimization problems considered in this chapter

is given in Table 4.1. The results of these different cases are
Presented and compared in the following sections. Suggestions to ex-

pand them to higher dimensions and nonconservative models are made.

4.3 Aquatic Models With One Control Variable

The models considered here are described by &8 nonlinear system of

differential equations in the form

P(t)

P ¢1(N) - BP -2 li'i(P, Z) = Fl(P’ Z, N, u)
(4.3.1) |

é(t)

zy;®, 2) -2 =F,(, Z, N, u)
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N(t) = -P 6;(N) + BP +DZ + § u(t) = Fy(P, Z, N, u), 1=
l’ 2’ 3, 4’

with

t
(4.3.2)  P(t) + z2(t) + N(t) = P(to) + Z(tg) + N(to) + 6 j u(s)ds

to

where

P(to), Z(to) and N(to) are the initial valueg at t = tys
P(t), Z(t) and N(t) are as defined in Chapter 3,

B, D are death (washout) rates of phytoplankton and
zooplankton respectively,

u(t) is the input control variable, u(t) € Ut , and

U_ 1is the set of all admissible controls. (piecewise

t

continuous functions bounded by two finite constant limit).

The various formulations which have been utilized previously in

(4.3.1) are:




Mass Action Model: (i = 1) (Figure 4.1)

V N

(4.3.3) ¢ (W) = E%ﬁ 5 Y (P, Z) = EP

Michaelis~ Menten-Monod Model: (i = 2) (Figure 4.1)

VN

" - _m_ . = 'EE
(4.3.4) ¢2(N) T R+N > ‘PZ(P’ zZ) = P+P

Modified Michaelis - Monod Model: (i = 3) (Figure 4.1)

V N

- 2. = EP
(4.3.5) 93 = = 5 Uy(P, 2) R+P+bZ

Two Nutrient Interacting Cycles Model: (i = 4) (Figure 4.2))

2
VN
. ) = oo - _EP
(4.3.6) 9,8 = N R ACE IO
f £
PN £
fxe
fyz
Figure 4.1

Single Nutrient Controlled Aquatic Model
(1=1, 2, 3)




A*AL losses to N //77

8
u Nl k(
uptake
from
Ni grazing
Z
uptake
. from N
Su _ N, k. 2 ~
losses to N2 (death + Excretion)
Figure 4.2

Two nutrient interchanging cycles model with one control

variable

(1= 4)
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The contents of Tables 4.2 and 4.3 will be used in the following

sections

- Table 4.2

THE FUNCTIONS ¢, (N) AND do.(N) AND THEIR TIME DERIVATIVES:

dN
(1=1, 2,3
6, (M = 'm' oy(N) = B
K+N (R+H)
) o (6] () gy
D(4, (N - DT (M) =
. (k+N) 2 * (k4103
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Table 4.3

%, (0
THE FUNCTIONS 9,™) AND 3§ °* AND THEIR TIME DERIVATIVES

oV N

7 ¢y, (N) =

6V_N[ 2KC+(C+6K)N]
¢, N = T (crem

(&+) 2 (c+om) 2
-2evmﬁ-c(N>

6V_NN{2KC+(C+6K)N]

D(¢,(M) = D(9), (M) =

(k+N) 2 (c+6K) 2 (R4N) > (C+6N)

where G(N) = 6(CHBK)N° + 2KC(1-8)N° + 2KC(1-8)N + KC°

Table 4.4

I
THE FUNCTIONS ;(P, Z) , ME D g W D » AND
oP 32
THEIR TIME DERIVATIVES.

D(y, (P, 2)) = EP D(¥;p) = O D(¥;,) = 0
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Table 4.5
.. W, (P, 2) v, (P, 2)
THE FUNCTIONS wi(P, zZ) , 55— —— AND THEIR
TIME DERIVATIVES (i = 2,4)
EP _ ER
Y (P, 2) = 237 bip = p)2 byg = 0
ERP -2ERP
D(y, (P, Z)=—-D(IP)- D(W,,) =0
1 (R+p2 A iz
Table 4.6
‘ . (P, 2
THE FUNCTIONS y,(p, z)* wB; ) AND 4 (P, 2) AND THEIR
P ’ T ,
TIME DERIVATIVES:
EP E(R+bZ) EbP
Va(Py Z) = —=——= |y, (P, 2) = == (P, 2) = ——
3 (R+P+b2Z)| ¥3P (R+P+Z) 2 ’ (R4P4HZ) 2
D(¥,(P, 2)) = EP 5 [ (R+bZ)P - bPZ]
(R+P+bZ)
-2E . b N
D(w3(L, Z)) = 7 [(R+DZ)P - 0 (R+bZ-P)Z]
(R+P+bZ)
D(w3Z(P Z)) = ~Eb 3[(R+b2)i> - 2bPZ]"
(R+P+bZ)

From Tables 4.2-4.6, the time derivatives of the different

functions can be rewritten in the following simple forms where

the fij , are defined in an obvious way.
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(4.3.7) DM@ = £,(P, 2, ) + 6§ £,(P, Z, M) u ;
(4.3.8) DO = 3R, 2, W) + 6 £, Z, W) @ ;
(4.3.9) D(wi) = fSi(P’ Z, N)P + f6i(P, Z, N) z

(4.3.10) D(wip) f7i(P’ Z, N)P + fSi(P’ Z,N) Z ;

and

(4.3.11) D(wiz)

£9i(Py 2, )P + £,0.(P, Z, N) 2 ; 1 =

1, 2, 3, 4

4.4 Optimal Control Problems

For ecosystem models described by differential equations, the
appropriate tool for formulating optimal policies is the cont inuous-
time optimal control theory using the maximum principle. The standard
continuous-time optimal control problem for managing an ecosystem is
as follows:

Find the control program u(t) (that is, determine (i) rate of
application; and (ii) periods of application) that satisfy the follow-

ing:
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(4.4.1)  (System): X(t) = F(X(t), u(t)) ;
(4.4.2) (Initial conditions) X(to) =Xg 3

(4.4.3) (Terminal conditions) LS(T, X(M)=0,.s=1, 2, ..., k ;

(4.4.4) (Control variable constraints Umin-i u(t) S-Umax H

(4.4.5) (State variables constraints) (P(t) + Z(t) + N(t)) - k >

i

0,1=1,2,3,4 ;Nt)>0

where ki's are the persistence limits for the different

models;

T

(4.4.6)  (Objective) "§™ [G(X(T), T) + J £q(X(t), u(t))dt] .

to

Here G and fO denote scalar continuous objective functions. For

example, G might be

b 6(®), D = (@M - c?+ @M - cp? + @ - ¢
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which presents the deviation of the final point (P(T), Z(T), N(T))

from a desired target (Cy, Cy, C3) .

Necessary Conditions For Optimality:

In the following two theorems we state without proof [ 8 ]

the necessary condition for optimality.

*
Theorem 4,1: If (X(t), u*(t) is a normal optimal set, then
there exists a costate vector A(t) and cqonstant multipliers

Piy oeos Pk such that for i =1, ..., n

- d H |
(4.4.8) }\i(t) = - Wi- H
3G k BLS
(4-4-9) Ai(T) = 'aTi‘(T) +lePS 5T =0

where H is the scalar function given by

n
(4.3.22) H =X £+ 121 Ai(t) T (X(1), u(t)) ;

. W, .
(4.4.11) u*(t) = Umin only if a >0 ;

. oH
(4.4.12) u*(t) = Umax only if Fm <0
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and

oH
(4.4.13) Unin < u(t) < U only if 35 0

Theorem 4.2: If u*(t) belongs to the interior of Ut (define

before), necessary conditions for optimality are

“4.4.18) @ P

k

4.4.15) (11) -DF | d—k( g—f)] > 0 where k is the smallest
dt

positive integer for which

a™ (Hu)

o s m>2 is an explicit function of u .
dt

Additional Necessary Conditions For Optimality

Pontryagin and his co-workers have also derived other necessary

conditions for optimality that will prove useful. We now state, with-

out proof, two of these necessary conditions [14 ],

1. If the final time is fixed and the Hamiltonian, H , does

not depend explicitly on time, then the Hamiltonian must be a con-

stant when evaluated on an extremal trajectory; that is,
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(4.4.16) HE*(t) , ux(t), A*(t)) = c, for te [t,, T]

2. If the final time is free, and the Hamiltonian does not
explicitly depend on time, then the Hamiltonian must be identically

zero when evaluated on an extremal trajectory; that is,

H(X*(t), u*(t), A*(t)) = 0, for t € [ty, T] .

4,4.1 Optimal Control Problems With Linear Control Variable.

The problem to be solved in this section is to find the control
program for model (4.3.1) that drives the system from a given initial

state to a desired target set, and such that the performance index

J , given by (4.4.17)

4.4.17) T =[@@ -cP?+ @@ - e+ am -’ +

t
J(e + a]u[ 4+ BP + nZ + yN)dt]
0

is minimized.

In this problem we have state variables constraints in the form

(4.4.18) g(X(t)) >0,
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where g is an f-vector function of the state and possibly time,
having continuous first and second partial derivatives with respect
to X(t) . Our approach will be to transform the f-inequality con-
straints (4.4.18) into a single equality constraint, and then to
augument the performance measure with this equality constraint.

Let us define a new variable w(t) by
. - % 2
(4.4.19) w(t) = A [gl(x(t))] 1t ..ot [gR(X(t))] U,
where Ui is a unit Heavside step function defined by

(4.4,20) U, = i-
. 1 for g, <0 , for i=1, 2, ..., %

Notice that w(t) > 0 for all t , and that w(t) = 0 only for
time when all of the constraints (4.4.18) are satisfied. Now let

us require that the variable w(t) , given by

T
(4.4.21)  w(t) = J w(e) dt + w(t,)
o

satisfies the two boundary conditions

(4.4.22) w(to) =0 = w(T)
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Since w(t) > 0 for all t , satisfaction of these boundary con--
ditions implies that w(t) must be zero throughout the interval

[to, T] , but this occurs only if the constraints are satisfied for
all t [to, T] . Thus, to minimize the functional (4.4.17) subject
to the equations constraints (4.3.1)

and
(4.4.23) w= (B +2Z+0N-K)? U, + N Uy = F (2, Z, N, u) ;

constraints on the control variables (4.4.4), and state inequality

constraints
(4.4.24)  (B(E) +Z(t) +N(©)) - K, >0 1=1,2,3, 4;
and

(4.4.25) N(t) >0 .

first the Hamiltonian is formed:

n
(4.4.26) H= Aj(6 +alul +B8P +nz +yN) + J A (OF, (P, 2, N, v),

i=1

Notice that the Hamiltonian does not contain w(t) explicitly.

For optimal contol u = w (t) and optimal trajectory X*(t) for all
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t e [to, T] the AO’ Al’ AZ’ A3, and A4 are costate variables,

not all zero, which satisfy AO = constant ' > 0 and

(4.6.27) A = T2 = - A8 A, =B -2y (2, 2)
A2 V(P 2)

+ 230,00 - B)

2A4(P+Z+N-Ki)U1;

(4.4.28) Ay = Zoo g + A RE Yy, 2) + @, 2)

Yo 2 Wiy + 9 - D)

214 (P+Z+N-Ki)U1;

(4.4.29) Ay = N - AOY + (X3 - Kl)P ¢'i(N) -

2,0+ 2+ N-K&)U, + MU,] s
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’ -3H
(4.4.30) 2, = 5 =03

and

(4.4.31)  H(X*(t), uk(t), A*(t), t) < HE*(t), u(t), A*(t), t)

for all admissible u(t) . Condition (4.4.30) implies that 14
is a constant. The boundary conditions X(to) are specified .
[w*(to) = 0 = w*(T)] while the remaining boundary conditions at
t = T can be determined using the results in Theorem 4.1.

In the following sections some special cases of the performance

index J will be considered.

1. Optimal Time Problems

In this case,, a=B=n=y=0; 6=1. Thus (4.4.17)

and (4.4.26) take the forms

T
(4.4.32) J = G(X(t)) + J dt
0

where  G(X(6)) = () - ¢)? + @M - c? + (@D - cp? |

and

(4.,4.,33) H= Ae+ AF 4+ AgFy + AgFat A F

2 3°3° T4 4

respectively,
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Also, the costate variables satisfy (4.4.27) - (4.4.30) but with
B = n=y =0,

Thus, the control program for this problem is as follows

Umax if Hu =8 )\3(1:) <0
(4.4.34) u*(t) =4 .Umin if Hu =4 ks(t) >0

Singular control if H 8 X3(t) =0 for

te [r), t,)] s tg St Sty ST

Singular Control Analysis

If on the subinterval [tl, t2] , t1 # t,
(4-4§35) HU = 6 A3(t) =0 s

the control scheme requires a singular control. In what follows, we
shall denote total differentiation with respect to time t by D
or dot, and let P =P*(t) , Z =2*%(t) , and N = N*(t) . Dif-

ferentiating (4.4.35) totally.,

(4.4.36) D(Hu) =6 A3(t)

and employing (4.4.29) it follows that

(4.4.37) (A3 = AP, (V) - 2A4[(P+Z+N-K1)Ul + N, = 0.

We are interested in states which satisfy
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(4.4.38) P(t) >0, 2(t) >0, N(t) >0

hence (4.4.37) and (4.4.38) imply
' 2\, ..
(4.4.39) M(t) = - ZZA[(P+Z+N-K,) U, +NU,) .
1 - i’/ V1 2
P¢
i
Similarly we get
(4.4.40)  D2(H) = 0= - A [P, + BD($,)] -

]
9P, A, [6uly + U, ]

where ¢'i and D(¢i') are as given in Table 4.1. (p. 170). Sub-

stituting (4.4.8) and (4.4.27) into (4.4.40) yield

% A
¢,.(Ts. () T's..(t))
(4.4.41) w o=, 1114 11

S
1 @ ), A, )

3 1i=1, 2, 3, 4.

where
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(4.4.42) ) =P i) A (6, () - B -z Vip(Ps 2)) + 220, (2,2)

+ 2 X4(P +2Z+ N - Ki)Ul]

.
MNP I D@ M) - B -2y, 2) + £, ]

- 2A4(BP +DZ ~ P d)i(N))U2

and

(4.4.43) qali = é[kl P f4i + 2 A4 (Ul + Uz)]

where X (t) and A (t) are the singular state and costate
11 511
vector respectively.

Two observations concerning the optimal control scheme follow.

Using Theorem 4.2, the singular control, u o, is optimal and ad-

missible if

2 o o
(-1) Gili> 0 and U . <71i < y for all
® 11

t € [ty, t,]

For trajectories satisfying the state variables constraints, (i.e.,

U, =0-= U2) » we have the following relations

(4.4.48) 23(8) = 2y(6) = A (r) = 0 .
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From the additional condition (4.4.17) (for free final time) we have
(6.4.45) A =0

which contradicts the assumption that

n
4.4.46) ] 22(t) >0 forall te [ty T1 .
1=0

Thus, in this case, there is no singular control and the control pro-

gram is a bang-bang one.

2. Entrophication Control Problem

The object of the control in this model is the management of
water system quality subject to accelerated entrophication because

of waste discharge. In this case, the performance index and the

Hamiltonian function have the forms

T
(4.4.47) J =G(X(T)) + B j P(t)dt
%o
and
(4.4.48) H= AOBP + AlFl + XZFZ + A3F3 + A4F4

respectively, The costate variables satisfy (4.4.27) - (4.4.30) but

with B>0, 06 =n=vy=0=0 and the control program is given by

(4.4.34).
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Singular Control Analysis

As in problem 1 , the singular control, ub(t) » for all ¢t €&

[tl, t2] is given by

0210, (©) A (&)

2
(t))
i

(4.4.47) u.SZ:_i(t)= =G;21(xsz ® A,
i

except in this case Al(t) is given by (4.4.27).
For trajectories satisfying the state variable constraints, we

have the following relations for all t G»[tl, t2]

AoB
Tzt R, )

(4.4.48) X, =X, =0 , kz(t) = Z>0

3 1

and from the additional condition (4.4.17) with AOB # 0 we have

(4.4.49) P Y.p(P, 2) - Yi(P, 2) +D =0

which is the equation of the singular trajectory for this problem.
Taking the derivative of functions defined by (4.4.49) and using
(4.3.9) and (4.3.10) yield

(4.4.50) P =2 S21 (B, 2) where
RZi(P’ Z)

(4.4.51)  5,.(P, 2) = £, - P £, ,
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(4.4.52) Ry (P, Z) = Yyp+ P £, - £ 5 1=1,2,3, 4.

Thus, from (4.4.50) and (4.3.1)

VmP(t)

(V. - B)P(t) + [D Egi -y (Egi) + 1)]z
o Rog 1Ry

(4.4.53) N(t) =K -1

= Q,, (B(t), 2(t))

and the singular control is given by

S

(etst) | Uy () = FEOA+ 9 + &y ), 2]
i 2i

Special Cases:

(i) Mass-Action Model: (i = 1)

In this model with wl . D(Wi) , wlP and D(wlp) as
given in Table 4.2 (a), equation (4.4.49) implies that

D = 0 which is not true. Thus, there is no singular con-
trol in this case.

(ii) M3 And Two Interacting Nutrient Cycles Models: (i = 2, 4)

In these models with ¢, , D(W,) , V¥ and D({,,) as
i i iP iP

given in Table 4.2 (b), equation (4.4.49) implies that

(4.4.55) PS = %ég (VD + vE ) = constant.
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Substituting (4.4.55) and (4.4.53) into (4.4.54) yields

(4.4.56) ug (t) = S 4 : 1+ -1 .
21 [(W,-B)P - ¥, (P, 2)z]

(1ii1) Similar expressions can be derived for the modified M3

model (1 = 3)

3. Optimal Biomass Problem

The object in this problem is to find the control program u(t)

that maximizes the function J given by
T

(4.4.57) J = J (BP + nz)dz - G(X(T))
0

and drives the system from an observed state (PO, ZO’ NO) to

a desired final state.
In this problem, the Hamiltonian function and the costate
variables are as given in (4.4.26) - (4.4.31) with 6 = g = Yy=0

and AO constant < 0 . The control program is given by

p—

U if H

max u 8 X3(t) >0

A
o

(4.4.58) uk(t) = 4 Umin if H 8 A3(t)

u

Singular control if Hu =

I
Gn
>

(5]
~
(s
~
fl
o

for t [tl, t2] s to < t. < t, <T,
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Singular Control Analysis:

As in problem 2 , the singular control has the general form

d. . ( (t) , A ()
34 xssi S,

B

(4.4.59) ug (t) =

3i 3i(xS i(t) s Mg (£))

3 3i

i=1, 2,3, 4

where X, (t) and A, (t) are the singular state and costate
831 S31

vectors respectively. For trajectories satisfying the state

variables constraints, Al’ AZ and X3 satisfy (4.4.48) and

the singular trajectory and singular control are given by

(4.4.60) | (BP + n2) ¥,,(P, Z) - B(Y,(P, 2) - D) = 0
and
(4.4.61) w =k [2(t) @ + Eéi) +Q..]

b3i S R31 3i

respectively where
(4.4.62) S31 =B f6i - wiP(P, Z) - (BP + nz2) f8i H

(4.4.63) Ry, - B Y, (P, Z) + (BP + n2) f,;,-8f

51 3
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and

(4.4.64) Q3i(P(t), Z(t)) = N(t) .

Special Case:

Mass-Action Model: (i=1)

The singular trajectory is given by

B

- D B
(4.4.65) zg(t) = - -F (>0 if £<0) .

3w

The singular control is

(4.4.66) ug (t) = 0.
3i

Notice that, there is no singular control if B and n have the

same sign.

4. Optimal Effort Problem (General Case)

Minimum effort.(fuel) problems may be visualized in terms of
reachable states; that is, the minimum effort solution is given by
the intersection of the target set S(t) with the set of reachable
state R(t) , which requires the smallest amount of consumed effort.
To represent this idea geometrically we could use a state~time-con-

sumed fuel coordinate system and determine the intersections (if any)

of S(t) and R(t) . Unfortunately, although such a geometric




194

representation is helpful as a conceptual device, it is of limited
value in actually obtaining solutions. Instead, we shall approach
the minimum effort problem by starting with the necessary conditions
provided by Theorem 4.1.

The performance measure and the Hamiltonian functions are given
by (4.4.17) and (4.4.26) respectively with 6°> 0, o > 0,
B>0 (B<0), n>0(M<0) and § >0.

The minimum principle require that
(4.4.67)  H(X*(t), wh(t), A*(t)) < H(X*(t), u(t), A%(t))
or
(4.4.68)  Qgalu* (6] + XJ6 w(e)) < Ogalu®) ] + A Jsue)

for all admissible wu(t) and for all té&€ [to, T] . Using the de-

finition of |u(t)| it follows that

An (£)6)
(44 -2)  Qgae(®)] + 2306 u(e)) =| Agq + S

for u(t) >0 .

x;(t)d
A1 + ()

(4.4.69-b)

for u(t) <0.
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i
If >\3(t) g > 1, the minimum value of (4.4.69-a) is obtained
A
for U(t) =0-l and is equal to Aoa(l - A;(t) §)< 0.

*

3(t)~g < 1.0 , the minimum value of both (4.4.56-a) and
A

(4.4.69-b) oare zero and are attained for U(t) = O .

If

*
The same reasoning is used for 13(t) §-< 0 . In summary, the

form of the optimal control is

*
r U A3(t)6
max for < -1,0
A0
0
x;(t)d
0 for - 1.0 < —XF{_< 1.0
(4.4.70 u*(t) =
*
A3(t)6
< Umin for Aoa > 1.0

an undetermined nonnegative value if

A;(t)a

Aoa

=~-1.0

an undetermined nonpositive value if

A§<t>a
= 1,0
Aoa

Notice that where in minimum-time problems the optimal control is

bang-bang (see Fig 4.3) the minimum-fuel control may be described




196

) A3(t)l
I ' et
' | |
{
| | |
| |
|
u*(t) | | |
| I
| |
[ f
| | (
| | |
I Singularj
| Control
i -
U | ,
min |

Figure 4.3
The relationship between a time-optimal control and its

coefficient in the Hamiltonian
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as bang-off-bang (see Fig. 4.4) (if we assume no singular intervals).

Sirgular Control Analysis

If on the subinterval [tl, t2] >ty # t,
AnQ

* 0
(4.4.71) )\3(t) =+ <

we have singular control. Differentiate (4.4.71) totally, this

yield
(4.4.72)  A[(t) = 0 ,
Employing (4.4.29) we obtain

(4:4.73) Mgy + O = A)20y + 2, [(P + 2 + N = R)U; + 1,] = 0

Differentiating (4.4.73) totally and using (4.3.8) lead to

: l(t) , As4i(t))
(4.4.74) us4i(t) =@D4i(xs O As4i(t))

i=1,2,3, 4.

where
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B N ]

Control

OOL

*

The relationship between a fuel-optimal control and
A

}

- 1.0
u*(t) T
max

the switching function XB(t)d

min

Figure 4.4,
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(4875 44y (g (6 4 Ay, (€)= O3 - A o7 + Pf,y)

Xl P ¢i -2 A4(—P ¢i + BP + DZ)U2
and

®
(4.4.76) 4i(X

(t) , Ag (v)

S[(A, = APE, . + 2 A, (U, + U,)]
4 41 1 377741 471 2

S

For trajectories satisfying the state variables constraints,

Al’ and A3 satisfy

AgY
(4.4.77) A} = (A5 - 5629 R
Aou
(4.4.78) )\3 = i T

Differentiating (4.4.77) totally and using (4.4.27) and (4.3.8) we

have

-P ¢
4.4.79 U = - - B) -
( ) S4i(t) T g8 + (A = X0 (¢; - B)

AY b fa4

Ay = )2, + §$; G+ 5;_)]

i=1, 2, 3, 4.
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5. Optimal Energy Problem

The characteristic of effort optimal problems and energy-optimal
problems are similar; therefore, the following discussion will be
limited to considering the same model as before with the performance
index given by

T
(4.4.80) J = G(X(T)) + j wul(e)de ,
0
with control constraints given by (4.4.4).
The Hamiltonian function for this problem is given by
2 4
(4.4.81) H=Apuu"+ ] X (t)F (P, Z, N,u)
i i
i=1
where Ai(t) satisfy (4.4.27) - (4.4.30) for i=1, 2, 3, 4 re-
spectively.
For U ., <u®(t) <U » (i.e. interior control), the control

min max

that minimizes H is the solution of the equation
4.82 H = 2 * § A*( =0
(4.4.82) = M U (t) + 3 t) = .

Notice that H is quadratic in u(t) and

2
3

(4.4.83) ‘—%g 20 1> 0,
Ju

SO
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*
) Y3(t)

2 A

(4.4.84) yx(t) =
oM

i < u* <
does globally minimize the Hamiltonian for Umin u*(t) Umax

or, equivalently, for

-2 AU U -2 A 1U
0" “max * 0" "min
(4.4.85) — < A3(t) < — . -
-2 Au U -2 AuU
* *
If A (t) > —0_ min or A_(t) < . 0 max s then the con-
3 - ) 3 - 8
trol that minimizes H is
U tor Aty < 2 o U
max < °F 3(t) — 6 max
(4.4.86) u*(t) =
=2 AU
U_, * 0
min for X3(t) > 3 Umin

Putting equations (4.4.84) and (4.4.86) together, we obtain

( for WO 2 ¥ U
max 3 —_ 8 max
*
-5 AT (L) —2AuU_ .
(4.4.87) u*(t) = J 51—%———- for ——-Qg-ﬂii— < A5(t) <
0
=2 AOU Umin
5
=2A U U .
* 0" “min
\ Umin for 13(t) > 3
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This relationship between an extremal control and an extremal costate

is illustrated in Figure 4.5.

u*(t)
cmwwed U
max
]
1
- 1 -
2>‘01'1 Umax : 2 >\Ou Umin
o 1 S
]
! *
! Ay ()
]
]
1
'
Utnin = - -—

Figure 4.5 The relationship between an extremal éontrol and an ex-

tremal costate for problem 5.

4.5. Aquatic Models With More Than One Control Variable
In this section the different models presented before are con-
sidered again but with three different control variables applied to the
three components P, Z, and N as seen in Figures3 (4.6 and 4.7). The
analysis of the different control problems is similar to those with

one control variable except for the necessary conditions of optimality
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fz“z l 83uy
f t
5 PN ZP
1%1
’ N P yA
‘———-
T fyp
Nz
Figure (4.6) Two trophic level conservative aquatic system

with three control variables (i =1, 2, 3)

£
N1Z
‘ losses to Nl
Sjup N, uptake from
fN P
£ 1
PN1
S,u
62112————— P grazing 7 fea3—3—
fZP
‘ uptake fPN2
8,u = '
171 —— NZ from N2 fNZP
{, losses to N2
N,z

Figure 4.7. Two nutrient interacting cycles model with three con-

trol variables (i = 4).



of the singular control. The following two theorems are general- -

izations of Theorem 4.1 and 4.2 stated before.

Theorem 4.3: If (X*(t), u*(t)) 1is a normal optimal set,
then there exists a costate vector A(t) and constant multipliers

Pl, P2, cees Pk such that for i=1, 2, ... and r = 1, 2, ..., m

M
X,

AL (0)

3G ¥ g
A (T) = (T) + Po o (D),
1 ®,® + L Py,

5 k BLS
H(T) +-§%+ZPS"}E—=O H
S=1

Tl e B > o,

r  r_, onty 30 ’
min T
* oH

ur = Ur only if LT < 0
max T

U < u* < U only if oH = 0
Thnin r Tmax EE;
Let V and W besubvectors of u. Suppose v appears nonlinear-

ly in H(X, V. W, A) and w appears linearly in H . The next
theorem describes some necessary conditions for a singular extremal
to be optimal. More general conditions are discussed elsewhere

(Goh, 1973).

204
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Theorem 4.4.: Along a singular extremal, if H_ = 0 and

va = 0 , then necessary conditions for optimality are

(1) [DHw]w =0

(ii) 4if (i) is satisfied, the matrix

T
H -[DH_ 1,

2
—[DHW]V "[D HW]WJ

must be positive semidefinite. The nutrient controlled aquatic model

here is in the form

P=Po,() - BP =2y (B2) + 8ju; = F,(P, Z, N, U))
Z =2, (P, 2) - DZ + S,u, = F,(?, 2, N, U,)
(4.5.1)
N = -P ¢,(N) + BP + DZ + S3u, = F,(, 2, N, Uy)
W= (P+Z+N-K)2U, +NU, = F, (P, Z, N)
i’ 1 2 410 e ®

with performance index J given by

t
(4.5.2) J = J [6 + allull + u21u2| + a3}u3l + BP + nZ + SN]dt ;
0
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Control constraints
(4.5.3) U < U <y s i=1, 2, 3

rmin max

and state variables constraints given by (4.4.24) and (4.4.26). The

first step, as usual, is to form the Hamiltonian,
3
(4.5.4) H=2rq(6+BP+nZ+ YN+ Ja |ul)+
Y
r=1"
4
. 21 M(OF (P, 2, N, v, w, u)

The costate equations are

: -0H 4 aFi
(4.5.5) M) = 55 = “Aof - 1.—2.1 N
6.5.6) A (t) = TH _ % x, Fi
(4.5.6) = Ay(t) = "m0 = -Agn - LM T7
i=1
. 4 oF
_ =0H _ \ i
(4.5.7) )\3(t) = a—N— = —AOY - 2. )\i N
i=1
! -dH
(4.5.8) K4(t) = = 0

From (4.4.31), it follows that

N~

3
\ (4.5.9) Qg lun(®)] + A58 i () < 3 Qg fu (6) ] +
r=1

r=1

%
A u (
rér r‘t))
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Using the defintion of Idr(t)| , it follows that

(4.5.10.8)  Agaplu (6] + AT (e)8 o (6) =

(4.5.10.b)

x:<c) s,
Aoar(l + f—iaa;f—ﬁur(t)

for u _(t) >0

*
Ar(t)ér .
Aoar (-1 + —)\—u——)ur(t)
07'r

for ur(t) <0

1

As in problem 4, the optimal control program is

(4.5.11)

u¥(t) =

r—

L r=1, 2, 3,
*
Xr(t)ér
ur for o < =1.,0
max 0'r
*
)\r(t)ér
0 for -1.0 < X < 1.0
o
0'r
%
Xr(t)ér
Ur for o > 1.0
min 0'r

an undetermined nonnegative value for

*
Ar(t)dr
AOar

an undetermined nonpositive value for

uk(t) if = -1.0

*
A_(t)6
u*(t) if *r—xgi =1.0 ;
r 0'r
r=1, 2, 3.
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By definition the control vector u* isg singular if the matrix

2y (x%, ux, A)
‘aur Suj

is singular.

In the above problem,

AG
(1 +:55  for uk(t) >0
L . A0 Ao“r r -
ou, 0”r
Yrar
- %
Fl Aoar) for ur(t) <0
32y 3%y 2y
Thus, 33: =0, 8&;33;'= 0 and the matrix 36;35; (H*, ux  A) is

singular.

Singular Control Analysis:

From the conditions in Theorem 4.4 the singular control is optimal

if
(i) [DHu]u =0
(11) -[DzHulu is positive semidefinite.

For (i),

6 AL (t)
u = Ao lsgn uk(t) + 5——1 ; r =1, 2, 3

07r

H
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D[gu 1l = Gr Ar(t) s, r=1,2,3,

Thus, [DH ] = [6r Ar(t)]_ = 0 because A_(t) is not an ex-
u_‘up u, r
plicit function of u., r= 1, 2, 3.

For (ii), consider the following relations H, =

ér Ay

r
Ao [sgn . + N ] which implies D(Hur)= 6, A.(t) which in turn

implies DZ(HUT) =5 A_(e) .

Thus, if we write Ar(t) in the form

(4.5.12) .ir(t) = (br('ul, u2, u3) + ¢r(x, A) s

(r=1, 2z, 5)

then the singular control is optimal if the matrix

4

_a_
1

Q

M‘: ,__,6—
1 @
w‘: ,__.-e

%%
By

(4.5.13) is positive semidefinite

QO Q
nFInf>
Q1 @
uF NS
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- = 61[(A1 - )\Z)Zfli - 2A4Ul]

Sa 52[(A1 - A (2, + Vep) - 22,0,

— = 63[(A3 - A -2 A4U

9 1!

- 2A,U.)

o = 810 = A (Egy + 2fg, - 22U

+

9¢
-2 _
= ST = Ay, + £, + 2f

61 101 ~ 240,]

TP LA

Ty T 110G = A ¢y - 22,0)]

3¢3
EP O
3¢3

Remarks:

(1) A singular control can exist if one of the following situ-

ations occurs,
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D i S VA R S W R e
81 87 3

A0 AAQ A A0

! A 03

Wh - dr 5=, i, M
AnO AnO A0

(111) A £+ gl,xz#igz,x3#+ 23
1 2 3

AnQ AnNQ A0

01 _ o™ 03

v) =% 5, MaTd 5, A3 7t 5
AAC ALC ALC

s o 01 072 _ 03

) Al_i (51 ’ >\27"_t (52 ) >‘3‘i 53
AA0Q A0 A0

01 . oM _ 03

DA T S T 5, 0 Tt g
A0 AL An0

Wid) A =+ —+ , A =+ 22 5 -4 93
17278 0 2T IS, 3° = 3

(2) The analysis in any of the first three cases is similar to
the one control variable problems considered before.

(3) It is sufficient for illustration, to consider one of the
last four situations in detail. (e.g. (vii))

In case vii, the costate variables satisfy

A0 A

(o)
_ o™1 _ 0%2 ~ 0%3
MEE oS At P A=t 55
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Similarly

3=0 t [tl, t2]

and from (4.4.99) with ¢;, ¢,, and ¢5 as given in (4.5.12)

where ¢l’ ¢2, and ¢3 are

(4.5.14) ¢l (A3 - )\l)fil + (Al - Az)[qui(F1 + f81 FZ) +

wiPFZ] ’

(4.5.15) ¢, = Ay = A)IF, Vyo ¥ fiFy + £ Fy + 280 F) +

2f104F,]
and

4.5.16 = - ! -
(4.5.16) ¢4 = (A5 = ADI[Fy9] + PEy ] 2),F,U,
Now, solving the following system of equations in the three variable

u, 5, u , and u
1 S S3

(4-5-17) ¢l = all usl + 812 usz + 8.13 US3 = -¢1

(4.5.18) ?, ay  ug + a,, uSz + ayg uS33 = -0,

1
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2 33
we get ,
%) ajp 833
9 a3y 2y
_ %3 a3, a4
(4.5.20) &, - A
a;; 91 313
877 9 a3
a
(4.5.21) = -|%31 % %33
2 A
a, a, ¢l
3y 333 %
a a o)
4.5.22) = 31 232 93
( US3 A

a
(4.5.23) where A ={%21 222 23 .

4.6. Discussion

In this chapter, the use of optimal control theory to obtain

optimal strategies for the control of aquatic models was illustrated.

Several types of control variables were used. One control variable

was the rate of applying nutrient to the system. The other types of

control variables were the rates of change of nutrient concentrations
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in the phytoplankton and zooplankton populations. It has been demon-
strated how optimal control theory can be applied to different models
subjected to different state and control variables constraints. Though
the techniques were basically the same, the characters of the solutions
and the control strategies were dependent on the model and the function
to be optimized in each problem. Explicit expressions were given and
optimality conditions were checked for singular controls whenever they

existed. Some numerical techniques were suggested to put together the

optimal control parts in the right sequence.
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Appendix I: The Maximum Principle

An important class of optimal control problems may be formulated
in the following manner. In a specified class of functions C , find

a scalar control u(t) which minimize the scalar functional

T
(A1.1) J(u) = 6(X(T), T) + Jfo(x(t), u(t), t)dt
0

subject to the following condition
(AL.2) x =f(x,u, t) ( . =d/dt)
(AL.3)  x(ty) = x,

(AI.4)  L(X(T), T) =0

(AI.5) u(t) uU(t)

The functional in (AI.l) is referred to as the performance index.
In (AL.2) x = (xl, ceey xn) is the state vector, and f(x, u, t) is
an n-component vector function. Equation (AI.4) describes the terminal
manifold, a hypersurface in the (n+l)-dimensional X, t space, which
represents the set of allowable terminal state (X(T), T) . The
notation u(t)&U(t) indicate that admissible values of u(t) are
those belonging to a specified closed set U(t) .

The problem defind by equation (AI.1)-(AI.5) for suitably re-

stricted G , fo, and f can, in principle, be solved by application

of Pontryagin's maximum principle.
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The Maximum Principle: [ 10 ]

Let a Hamiltonian function H be defined as
(AI.6) HEX, A, u, t) = <A, f(x, u, t)> + Aofo

where < A, f(x, u, t)> is the inner product of A and f(x, u, t)
and A = (Al, «++» A)) 1is an n vector. Then, a scalar control
u*(t) which minimizes equation (AI.1), subject to the condition in
equations (AI.2) - (AI.5), must necessarily yield the minimum ad-
missible value of H(x, A, u, t) for every set (X*, A*, t') .
Ao.i 0‘ + Thus, the optimal control in the form u*(t) =

uk (X*(t), A*(t), t) is obtained from the finite equation
(A7) BE@E(D), M*(E), ur(e), ) = o HE*(8), A (), u(t), ©)
(tg <t <T)

The vector A is called the conjugate adjoint vector. The vectors

X(t) and A(t) in (AI.7) satisfy the canonical equations

OH*(X*, A%, u%, t)

(A1.9) Ay = - X A%, %, o) (i1=1, ..., n)
i

At the terminal time T , the tranversality condition
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(AI.10) 0 = [H*(X*(t), A*(t), u*(t), t) - x’%{{:—t)ltﬂ dt -

Z[Ai(t) + §§$§L_El]dx

9 Xy i

must be satisfied for every direction (dxl; vy dxn, dt) tangent
to the terminal manifold [Eq. (AI.4)] at the state (X(T), T) . It
may further be shown that

(AI.11) %—Ii;— (X*(t), A*(t), u*(t), t) = %E—*(X*(t), Ax(t), u*, t)

(tp 2t <T)
This implies that H*(X*(t), A*(t), U*(t), t) is constant along an

optimal trajectory when equation (AI.6) is not an explicit function

of time.

Equations (AI.8) and (AI.9) are valid if u* = u*(t) . If u*

u(X, t) , the canonical equation must be written

(AI.12) ; - oH* (x*, N*, u*, T) - ad(x, A, u, t) du*(x, A, t)
‘ i

(AI.13) i - _ OHR(X*, A*, u*, t) + 3H(x, A, u, t) duk(x, A, t)
* i axi 3u Bxi

The canonical equations (AI.8) and (AI.9) form a system of 2 n

simultaneous first-order, ordinary differential equation which must

be solved subject to the conditions of equations (AI.3)~(AI.5),
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(AI.7), (AI.10) and (AI.11). The integral curves of equations (AI.8)
and (AI.O) may be visualized in a (2n + l)-dimensional Euclidean
space whose points have coordinates Xys cees X, Al’ cees An’ t .

By this means the problem of optimal control described above leads

to the study of 2n-dimensional vector-differential equations with
two-point boundary conditions. Each particular solution of equations
(AI.8), AI.9) which satisfies the condition of equations (AI.3)-(AI.5),
(AI1.7), (AI.10) and (AI.1ll) is a candidate for the solution of the
optimal control problem. If more than one candidate exists further

tests may be required to identify the optimal solution. It is re-

marked that, in some cases, the optimal solution is not unique.




227

Appendix II: Computational Algorithms

The final jpb of putting together the different parts of the
optimal control program in the right sequence has to be done
numerically.

A convergent numerical solution to the equations provided, say,
by the minimum principle will yield an extremal control and the cor-
responding state and costate trajectories. Since there is always
some arbitrary initial guess involved then the iterative
process will converge to a solution which is "close" (in some sense)
to the initial guess.

To illustrate some of the different ideas that are being used
for the evaluation of the optimal control using iterative technique,
the necessary conditions provided by the minimum principle will
be restated. It is assumed that when the optimal control u*(t)
exists it is unique, and the extremal control are also unique. Re-*

call that the necessary conditions were stated in the form

(1) Canonical Equation

g

(AII.1) 3t

oH
X*(t) = 5X(t)l* (state equation)

d
7S A% () = - %%(t)l* (costate equation)
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(2) Boundary Conditions

X*(to) = X, (x0 is the initial state)
(AII.2) X*(T)& s (S 1is the target set)

A*(T) normal to S at X*(T)

Minimization of the Hamiltonian

(AII.4) H[X*(t); A*(t); u*(t)] < H[X*(t); A*(t); u(t)] for

u(t)€Uu(t) and t €& (to, T]

The general idea behind many of the iterative procedures which
are available today is to satisfy a pair of necessary conditions

and iterate until the third one is satisfied.

First Method:

Iterative methods utilize the. necessary condition (AII.3) and
solve for the optimal control u*(t) as a function of X*(t) and

A*(t) . 1If this is possible, one obtains from (AII.3) an expression

of the form

(AI1.4) U* = k[X*(t), A*(t)]

Equation (AII.4) is then substituted into the cononical equations

(AIL.1); the control u*(t) is eliminated from the canonical eq-

uations which then reduce to the form
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g%gg = h[X*(t); A*(t)]
(AIL.5)
gg%gg) gIX*(t); A*(t)]

Since one has used the necessary conditions (AII.1) and (AIL1.3),
one must iterate on the boundary conditions (AII.2). One can now
proceed in two ways

a) Guess an initial value for the costate. Itegrate, forward to
time, the system of differential equations (AII.5), using the correct

value X*(to) = X, and the guessed value A*(to) = A Check whether

0"
or not, at time T , the remaining boundary conditions (AI1.2) are
satisfied; if not, change A*(to) using, say, a gradiant method or
Newton's method.

b) The same as in (a), except here we guess value for the
terminal state S and construct the corresponding costate A*(T)
so that it is normal to S at X:(T) + Intecrate, hackward is time,

(AIL.5).

Second Method:

In this method, we try to satisfy the canonical equation and the
boundary conditions (AII.2) and to iterate until the necessary con-
dition (AII.3) is satisfied. The basic idea is to guess a control
function ua(t) , téi[to, T], such that the integration of the can-
onical equations (AII.1l) yields a solution which satisfies the boundary
conditions (AIL.2). One then adjusts the initial guess us(t) until
either the inequality (AII.3) is satisfied or until the cost functional

J is minimized.
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