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Abstract

Enhancements to the capabilities of focused laser differential interferometry
(FLDI) are developed and validated. These enhancements address shortcomings in
existing FLDI systems to allow researchers greater flexibility in applying the technique
and analyzing flows with complex features or geometries, like plasma and hypersonic
flow. The primary shortcomings that are addressed regard the acquisition of FLDI
measurements from large beam arrays, the creation of arrays of arbitrary shape and size,
the limited use of FLDI in small-scale applications, and the integration of absorption
spectroscopy methods with FLDI. First, a high-speed camera was shown to be a suitable
alternative to photodiode arrays for data acquisition from a 2D array of FLDI beams in
Mach 1 flow. The power spectral densities (PSD) of each beam were measured and
compare favorably with values obtained from a photodiode for the same jet flow. Next, a
spatial light modulator (SLM) was integrated into a 1-point FLDI to create a novel spatial
light modulated FLDI (SLM-FLDI), and PSD measurements recorded for both an SLM-
FLDI and a 1-point FLDI in the same region of a Mach 1.5 jet revealed strong agreement
between the detected dominant frequencies. Then, small-scale designs of both 1-point
and 2-point FLDI were developed. Each used an infrared laser to measure FLDI signals
in stagnant, room temperature air for wavelengths from 1391.98 to 1392.95 nm. The
resulting H-O-induced absorbance was estimated via a standard tunable diode laser
absorption spectroscopy (TDLAS) curve fitting approach. Electrical hygrometer and
TDLAS measurements of molecular density agreed closely with the estimates. An up-

scaled 1-point FLDI was used to record measurements of a small diameter jet using low



humidity air and of the combustion products of a paraffin candle. Further measurements
of the Mach 1.5 jet and a Hencken burner flame with equivalence ratios between 1-2
were recorded. These were used to develop a mathematical model incorporating aspects
of FLDI and LAS. Comparison of the measurements and model indicates that the
absorbing-FLDI (A-FLDI) signal effectively captures and encodes the local absorbance
changes in the probe volume, which can then be accessed via the phase shift and

individual beam absorbances.
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Section 1: Introduction to FLDI

For over a century, scientists and engineers have sought to understand supersonic
flows by optically investigating, measuring, and modeling characteristics like flow
velocity and turbulence [1]. Several of the present day’s primary engineering applications
for these studies include the internal and external flows of high-speed aircraft and rockets
[2-5], reactant mixing, ignition processes, and combustion instabilities within supersonic
air-breathing combustors [6-8]. Measurement techniques for understanding flow regimes
are commonly divided into two categories, intrusive and nonintrusive, based on whether
the technique effectively disturbs the flow conditions and thus the resulting
measurements. Some of the most reliable and widespread techniques are Hot Wire
Anemometry (HWA), Particle Imaging Velocimetry (PIV), Tunable Diode Laser
Absorption Spectroscopy (TDLAS) [9-12], and Molecular Tagging Velocimetry [13-15].
HWA measures the heat transfer from a physical sensing element, typically a highly
conductive wire connecting two probes, to infer the velocity, temperature, and
concentration of the flow. The physical element necessarily disturbs the flow, especially
at high speed, thereby altering the original conditions the researcher desired to measure.
PIV must employ the use of tracer particles or droplets, which can negatively impact the
flow by introducing new flow features and altering flow chemistry [9, 11, 16, 17].
TDLAS suffers from being limited to a measurement that is path integrated and relies
upon small variations in a relatively large original signal [18-20]. The MTV technique, as
the name implies, either requires additional molecular species for tagging or requires
advanced picosecond or femtosecond lasers to deliver enough energy to excite a molecule

already in the flow.



Recent developments in Focused Laser Differential Interferometry (FLDI) have
provided another tool for high-speed flow diagnostics. Over the 1960s and 1970s, Laser
Differential Interferometry (LDI) and its focused version were developed at the French-
German Institute of Saint-Louis for analyzing various flow fields and associated
phenomena with descriptions of suitable optical arrangements for different conditions.
FLDI was found capable of achieving significant attenuation of turbulent disturbances in
the boundary layers of supersonic and hypersonic wind tunnels and shock tubes, thereby
providing localized measurements of small turbulent structures in the core flow [21]. This
ability to achieve localized measurements of various flow characteristics in highly
turbulent flows from the supersonic to hypersonic regimes is a primary advantage of
FLDI [22]. Later in the 1980s, FLDI received some attention as a technique for
measuring shock wave propagation velocity, density distributions, and the impact of
shock-boundary layer interactions [23]. However, significant interest in applying FLDI
was not renewed until the 21st century upon advances in data acquisition technology.

Throughout the 2000s and 2010s, FLDI was developed to measure minute
boundary layer disturbances, flow transition, freestream turbulent disturbances, and
compare boundary layer instabilities with stability calculations [22, 24-26]. More
recently, Benitez et al. have developed simulations of FLDI to conduct analysis of the
sensitivity of the technique to various system parameters [27, 28] and thereby build upon
observations from the early development of FLDI [21]. Additionally, various
investigations of spectral content have focused on index of refraction fluctuations in
nonequilibrium, hypersonic flow [29], freestream turbulence fluctuations in hypersonic

flow [30], and developing a robust, quantitative approach to determining density



disturbance spectra from FLDI signals [31, 32]. A combination of FLDI with schlieren
imaging and pressure sensors has even allowed for the development of an algorithm to
rapidly identify distinct features of hypersonic flow called “wisps™ [33].

A substantial improvement of FLDI in recent years emerged through the addition
of a diffractive beam splitter, enabling arbitrary linear arrays of laser beam pairs with
which to conduct measurements [34]. Around the same time, a similar innovation for
easily and greatly increasing the number of measurement locations emerged by
employing cylindrical focusing lenses in FLDI [35, 36]. This was later applied in a novel
spectral characterization of a plasma jet [37]. These efforts have significantly increased
the number of measurement locations in flow fields for an individual test, and this newly
created linear array FLDI (LA-FLDI) has seen rapid adoption.

LA-FLDI was utilized to analyze screech phenomena in an underexpanded, Mach
1 jet [38], simultaneously measure the velocity profile and frequency content in a Mach 2
turbulent boundary layer at six positions normal to the wall, 12 FLDI point pairs total, in
a Mach 2 blowdown tunnel [39], and to correlate disturbances both within and outside the
boundary layer over a blunted cone positioned in the high-enthalpy, hypersonic flow of a
reflected shock tunnel [40]. Other applications of LA-FLDI to a blunted cone’s boundary
layer explored transitional, high-enthalpy flow through higher-order spectral analysis of
the harmonics of second-order instabilities [41] and comparisons with 1 MHz NO planar
laser-induced fluorescence imaging [42]. In these experiments, the LA-FLDI signals were
collected using arrays of photodiodes, which possess the advantage of being able to reach
sampling rates on the order of 100+ MHz. However, commercial availability of suitable

photodiode arrays is limited. These LA-FLDI setups tend to require either the creation of



fiber optic arrays connected to equivalent numbers of individual photodiodes or the
design and construction of custom photodiode arrays in-house [36, 43]. Efforts to
simplify the construction of these custom photodiode arrays have emerged in the form of
disassembling individual, commercial photodiodes and recombining their components to
create the necessary photodiode arrays [44]. As the size of the FLDI linear array
increases, these fiber optic and photodiode arrays become increasingly complex and
cumbersome to construct. This complicates their application in both laboratory settings
and in modern flight vehicles.

It is evident that in recent decades research into the characteristics of hypersonic
flight vehicles has garnered significant interest due to the potential for world-changing
advances in both the civilian and military aerospace sectors. If problems like fuselage
overheating and excessively strong sonic booms could be effectively mitigated, a
hypersonic passenger jet could far exceed the specifications of the well-known but ill-
fated Concorde jet and revolutionize air travel as we know it. Commercial spacecraft
companies naturally require the ability to experiment with their designs for vehicles
needing to withstand the hypersonic flight regime and its associated thermal
complications. Of course, the defense industry shares the need for adequate ground
testing facilities and the need for effective measurement tools to gather necessary data for
refining their designs. Such measurement tools further allow the development of more
effective computational techniques for simulating hypersonic flows.

The relentless pace of hypersonic flow research has necessitated the use of a large
variety of diagnostic techniques and has resulted in the rapid renewal of interest in certain

techniques that are more suitable for the inhospitable testing environments present in



hypersonic ground testing facilities. Despite wider applicability, this has driven focused
laser differential interferometry (FLDI) research to hone in on four general areas of
measuring turbulence [23, 45-46], density distributions [23, 25-26, 45-49], bulk flow
velocity [26, 46, 48-50], and spectral content [22, 31-32, 45-47, 50-54]. As a technique, it
measures the phase differences between one or more pairs of closely spaced, focused
laser beams generated from the same source and directed through a flow. The phase
differences generated near the beam foci translate to peaks and troughs in the intensity
signal of the final laser beam after the original beams are brought to interfere and
recombined. Its nonintrusive nature allows researchers to conduct measurements with
negligible influence on the flow dynamics and chemistry and to avoid destruction of the
instrument due to any debris or intense heat transfer that may be present in the test
environment.

Since its inception, continued research has shown that FLDI, due to its optical
design, notably attenuates the signal effect from turbulent disturbances in the boundary
layers of ground test facilities. Additionally, the extent of this attenuation can be
modified by adjusting the optics used, which provides flexibility for the technique to be
applied to any flow regime [22, 27-28]. However, FLDI is not without its limitations, and
its flexibility may allow for additional measurement capabilities, which have yet to be
explored or developed.

11 FLDI Areas of Improvement

For example, the number of measurement beam pairs in FLDI systems has been

increasing significantly in the last several years, which complicates data collection. As

before, it is typical for data collection to be achieved using photodiodes [44, 55].



However, a promising avenue for easing the alignment process of FLDI and avoiding the
need for complex photodiode arrays is to utilize high-speed camera imaging in their
place. To date, this has been little explored and represents a glaring gap in FLDI-related
literature [55-56]. A related limitation of FLDI lies in the current methods by which the
number of measurement beam pairs are produced. Typically, additional beam pairs are
produced in matrix arrangements by diffractive optical elements (DOE) incorporated into
traditional FLDI systems, which gives rise to the common moniker linear array-FLDI
(LA-FLDI) [55].

Such linear arrays constrict researchers’ abilities to make measurements in flows
or around models with complex geometries. Furthermore, to produce different beam
arrays, different DOEs are required, which notably increases costs over the course of
many experiments. A potential solution for this limitation of FLDI is to implement spatial
light modulation, which allows the fine control of phase, amplitude, and steering angle of
light. To the best of this author’s knowledge, spatial light modulation has never been used
in an FLDI system and could enable programmatic generation and active manipulation of
nonlinear arrays to fit arbitrary shapes, such as the perimeter of a vehicle test model.

Further relating to vehicle design, an overview of FLDI literature indicates that
FLDI research has largely been confined to ground test facilities or benchtop experiments
with FLDI systems mounted to optical tables or cumbersome rails. To the best of this
author’s knowledge, there has been no concerted effort to test small-scale FLDI systems
under 2 feet. To support future development of FLDI as a sensor embedded into all
manner of flight vehicles, it is necessary to work toward filling this gap in the literature

by designing, constructing, and testing small-scale FLDI systems.



In addition to these limitations, it is also likely that FLDI’s potential applications
are not fully fleshed out. In the foundational literature for FLDI, Smeets and George
briefly discuss problems that may arise in FLDI measurements as a result of significant
absorption of laser energy by certain gas species in the test environment due to the laser
wavelength [21]. Although essential to laser absorption spectroscopy techniques, it was
seen at the time as a negative factor for FLDI due to its complication of the phase
difference measurement. However, recently, a group of researchers studied the use of an
infrared laser of an absorbing wavelength in FLDI’s predecessor technique LDI to
conduct co-linear interferometry and absorption measurements [57]. Absorption
techniques are widely known to allow measurements of molecular concentrations of gas
species, as well as pressure and temperature. Naturally, this provides inspiration for
FLDI. By employing an infrared laser with tunable wavelength in an FLDI system, it may
be possible to develop a mathematical model combining characteristics of both
absorption spectroscopy and FLDI theory, which can then be used to measure flow
properties like gas species concentration, temperature, and pressure in addition to more
typical FLDI measurements. Furthermore, FLDI’s particular advantage of reducing path-
integration effects may translate to these additional measurements.

The different experiments hereafter discussed provide a foundational investigation
of those potential solutions by: (1) considering whether a high-speed camera is suitable to
replace photodiode arrays for acquiring measurements from FLDI beam arrays via a
series of measurements of a moderately underexpanded supersonic free jet from a
conical, Mach 1 nozzle, (2) implementing and validating the use of a spatial light

modulator (SLM) in FLDI via analysis of a moderately underexpanded supersonic free jet



from a conical, Mach 1.5 nozzle, (3) designing, building, and testing small-scale FLDI
systems with tunable diode infrared laser for absorption and FLDI measurements in
stagnant air, (4) developing and validating a numerical absorbing-FLDI model via a
series of tests with FLDI utilizing a tunable diode infrared laser in different
environments.

In the first of these experiments, a high-speed camera, specifically with a
maximum sampling rate greater than 0.5 MHz, is used to record images of a 2D, linear
array of FLDI laser beams which are produced by a commercially sourced diffractive
optic element (DOE) and focused through a well characterized supersonic flow. The
signals and resulting power spectral densities of each beam are measured and compared
with values obtained from a photodiode for the same jet flow. This is used to assess the
advantages and disadvantages of high-speed cameras for acquiring data from arbitrarily
sized FLDI arrays in the future.

In the second set of experiments, a commercially sourced spatial light modulator
(SLM) is integrated into a traditional 1-point FLDI system to create a spatial light
modulated FLDI (SLM-FLDI). This is achieved primarily through replacing the
previously utilized DOE with the SLM and implementing additional polarizers and lenses
as needed to produce the FLDI beam array with the desired shape, size, and focal region.
To test the feasibility of the SLM for use in FLDI, measurements are recorded for both
the SLM-FLDI and a traditional 1-point FLDI system at approximately the same region
in a well characterized supersonic flow, specifically a free, underexpanded jet produced

by a Mach 1.5, conical nozzle. A comparison of the power spectral densities as a function



of frequency is conducted between the two data sets, and this provides the basis for
ascertaining the usefulness of SLM-FLDI.

In the third set of experiments, small-scale designs of both 1-point and 2-point
FLDI, developed in CAD via Autodesk Fusion 360, are discussed. Commercially sourced
components were acquired, and the designs were constructed. The designs will were
operated with a tunable diode infrared laser to obtain measurements of FLDI signals in
stagnant, room temperature air as the laser wavelength was tuned over a narrow range.
The center wavelength of the infrared laser was selected such that significant absorption
of laser energy due to the presence of water molecules occured at certain wavelengths
within the tunable range. A commercially sourced, electrical hygrometer is also used to
obtain comparison measurements of room relative humidity and temperature.

In the final set of experiments, an analysis is conducted of the initial FLDI
measurements containing absorption features from room air’s water content recorded
using the small-scale FLDI designs by applying an existing mathematical model for
analyzing absorbance curves from the TDLAS technique. The infrared laser is further
utilized with an up-scaled 1-point FLDI design to record measurements of an
underexpanded, small diameter jet using low humidity air. Additional measurements are
recorded using the same FLDI system on the gas emitted from the flame of a common,
paraffin candle. Then, the mathematical model of the traditional FLDI signal is shown to
be integrated with the mathematical models utilized in TDLAS data analysis to form the
foundation for future analysis work. Further measurements of both the aforementioned jet

produced by the Mach 1.5, conical nozzle and the flame generated by a Hencken burner



operated with an equivalence ratio near unity are demonstrated. These measurements are
employed to further refine the absorbing-FLDI (A-FLDI) model.
1.2 Technical Impact of this Work

This work adds significantly to the versatility of FLDI by expanding the ways in
which FLDI systems can be designed to meet the needs of researchers. It assists in filling,
to the best of this author’s knowledge, significant gaps in FLDI literature regarding the
use of high-speed imaging, spatial light modulation, small-scale implementation, and
integration of absorption spectroscopy. Furthermore, it represents the first known use of
spatial light modulation in FLDI, which promises the potential to one day create beam
arrays that can replicate the perimeter of an entire test model for single-shot
measurements. By reducing the scale of FLDI and enabling it to capture information
about quantities like number density, pressure, and temperature through combining FLDI
and absorption spectroscopy techniques, this work establishes the necessary foundation
for FLDI to be used in a wider variety of settings and provide new means by which to
analyze flow chemistry.

Due to the attenuation effect of FLDI, its absorbance measurements are less path-
integrated and may even provide a desirable alternative to TDLAS. For the field of
hypersonic research, the ability to obtain additional measurements with FLDI for the
same tests has the potential to save time and money. Ultimately, one can envision FLDI
systems developing in time to one day commonly include SLMs, paired with lasers suited
for probing transitions relevant to important flow species. One of these SLM-FLDI
systems might be able to generate a beam array closely matching the shape of a ground

testing model for a hypersonic craft. Instead of photodiodes, a high-speed camera could
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be used to capture the entire beam array at a sampling rate suitable for measuring both
turbulence spectra and potentially eddy velocity. With the right laser, the absorption of a
species like NO could be probed simultaneously, and even further information might be
gleaned. Beyond ground testing, small-scale FLDI could become a replacement for hot
wire anemometers in weather balloons performing atmospheric turbulence
measurements.

At its core though, FLDI is one of many tools at researchers’ disposal, and this
work is simply about improving that tool. Many examples can be found in history of
better tools leading to remarkable things. With any luck, this will become a small part of
that long list. With that in mind, it is prudent to begin with some background theory on

the topics.

11



Section 2: Theoretical Background
2.1 Focused Laser Differential Interferometry Model

FLDI is a type of laterally shearing, non-imaging interferometer that splits the
wavefront of a continuous wavelength laser beam into two orthogonally polarized beams
separated by a small angle. These beams are focused to probe a region of interest, and the
beams share very similar, though not identical paths, throughout the test region. The
greatest optical path difference occurs at the focal plane, and the system is generally
symmetrically arranged. An early depiction of FLDI used by Smeets and George is
shown in Fig. 2.1 [21].

Generally, the beam from a continuous wavelength laser is directed through a
waveplate or polarizer. This prepares the polarization vector of the light to properly
interact with a beamsplitting optic downstream. The light is then expanded via one or
more lenses to some diameter, D, through a specialty beamsplitting optic of birefringent
material, such as a Wollaston prism. This prism takes the 45-degree linearly polarized
light and splits it into an ordinary and extraordinary ray, orthogonally polarized to each
other with a constant phase shift governed by the location where the incident laser beam
hits the prism. The beams are separated by a small angle, ¢, governed by the prism
design. As these beams expand, they meet a lens at its focal length from the prism, which
focuses the beams into a region of interest. The beams acquire a divergence angle, v, as
they are focused to a minimum diameter, d, at the focal plane. The orthogonally

polarized beams are separated by a small distance, Ax, given by Eq. (2.1.1) [21].
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Figure 2.1. Laser-side of focused laser differential interferometer.
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Ax = 2f tanz (2.1.1)

Clearly, for small angles, Ax is approximately equal to the product of the
separation angle and the focal length, f, of the lens immediately following the Wollaston
prism. Due to the symmetrical arrangement of most FLDI systems, the beams diverge
back into an identical lens, which focuses both beams into another Wollaston prism. This
recombines the two beams into one, and a subsequent polarizer is generally employed to
impart a 45-degree linear polarization to the recombined beam. As a result, coherence is
partially restored, and interference fringes appear in the far field. A photodiode is then
placed to capture the recombined beam before it diverges too significantly. An additional
lens is often placed before the photodiode to improve light collection and provide better
imaging. Ultimately, the interference fringes are related to the phase of the recombined
beam and the optical path difference of the orthogonally polarized beams. The optical
path difference of the orthogonally polarized beams contains two terms, shown in Eq.
(2.1.2) [21].

AOPL = AOPL, + 50PL (2.1.2)

These terms are the constant, phase shift set by the relative positions of the two
Wollaston prisms and a variable phase shift due to a refractive, phase object in the
measurement volume. The optical path difference, along with the wavelength of the laser,

directly influences the phase shift of the recombined beam, as shown in Eg. (2.1.3) [55].
21
Ap = T(AOPL) (2.1.3)

For the FLDI system to be functional, the “infinite fringe” condition must be

achieved. This is done by adjusting the position of the second Wollaston prism and
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polarizer pair along the beam axis and making minor rotational adjustments of the pair
until the number of visible interference fringes decreases to the infinite fringe case. In
this case, a single fringe fills the image plane, and translation of the second prism-
polarizer pair causes uniform brightening then darkening to occur in a periodic fashion.
Examples of different fringe appearances as one approaches the infinite fringe condition
are shown in Fig. 2.2 [58].

Once the infinite fringe condition is set, it is possible to remove the presence of
phase ambiguity in the system. Phase ambiguity adversely affects the signal output of the
photodiode by limiting the voltage values that are output. A prime example of this is
illustrated in Fig. 2.3 [59-60].

By translating the second prism-polarizer pair perpendicular to the beam axis or
using a Berek compensator, the initial phase shift of the FLDI system can be adjusted.

Setting the phase shift to approximately ”/2 radians renders the voltage output of the

system without a phase object present to be approximately half the maximum output
voltage. Therefore, perturbations in the FLDI measurement volume can produce the
maximum variation in the signal output [60]. Mathematically, this is determined by
linking the optical path difference in the system’s focal region to its signal output. The

key to this lies in the refractive indices and densities of the orthogonally polarized beams.

AOPsznlds—f n,ds (2.1.4)

S1 S2

15



Toward Infinite Fringe (From F)

-

Infinite Fringe
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Figure 2.3. Maximum-normalized signal output as a function of FLDI system phase
shift.
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The relationship between optical path difference and refractive index is expressed
in Eq. (2.1.4). It shows that the optical path difference stems from the difference in the
refractive indices of the two orthogonally polarized beams of the system along the beam
paths, defined by s: and s,. It is generally considered that refractive index, n, is related to
density, p, through Eg. (2.1.5), known as the Gladstone-Dale Law [55].

n=Kp+1 (2.1.5)
The proportionality value or Gladstone-Dale constant, K, is different for each species and
is often experimentally determined. Substituting Eq. (2.1.4) and Eqg. (2.1.5) into Eqg.
(2.1.3) yields Eq. (2.1.6), which links the difference in the densities along the beam paths

to the system’s phase shift [55].

2nK
Ap = T(J- p1ds —J- pzds> (2.1.6)
S1 S2

Since the early days of FLDI, experiments have shown that the extent of overlap
and similarity between the optical paths of the orthogonally polarized beams cause the
signal effect of local disturbances away from the focal plane of the system to be
attenuated significantly. Therefore, it is generally considered that an FLDI system is
sensitive to disturbances occurring within a region defined by a characteristic or sensitive
length, L, which is centered around the focal plane and much smaller than the total beam
paths. This gives rise to the more common, linearized relationship given in Eq. (2.1.7)
[21, 55].

2KL
Ap =——(p1 — p2) (2.1.7)
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There is a dependency of the value of L upon the length-scale of disturbances in a
flow, which complicates determining L for a given FLDI system. It is possible to estimate
using a turbulent, free jet by translating the jet along the beam axis and measuring the
average signal magnitude. Eventually, the average signal magnitude plunges as the
attenuation takes effect, and the location relative to the focal plane can be recorded [22].
To reach an expression for the voltage output in terms of phase shift, it is important to
consider the equation for FLDI system intensity, given by Smeets and George and shown
in Eq. (2.1.8) [21].

Ir = I, + I + 2\/1,1; cos Ay (2.1.8)

Smeets and George developed Eq. (2.1.8) by summing the electric fields of the
two orthogonally polarized beams and accounting for the proportionality between local
intensity, I, and the square of the electric field strength, E2. Thus, the total intensity, It, is
shown to be the sum of the intensities of the two orthogonally polarized beams, which is
then modified by a term where the beam intensities are coupled with the phase shift. As a
clear result, disturbances in the sensitive region of the FLDI system significantly
influence the signal output. The phase shift can be further related to the output voltage by
considering Eqg. (2.1.9), which describes the output of a photodiode under typical, linear
response [55].

V =14,pRR, (2.1.9)

By taking the ratio of the total intensity with a phase object to a reference total
intensity without a phase object, it is possible to remove the dependency on the detector

area, App, the resistivity, R, and the load resistance of the photodiode, R, . It is assumed
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that the orthogonally polarized beams each receive approximately the same amount of

energy, which yields the ratio given in Eqg. (2.1.10) [55].

Ir  Vp  L+ L+2Ll;cos(Ap) 21 + 21 cos(Ap) (2.1.10)

Lrey - Vier - L+ I,+2L1, cos(Agoref) 20 421 cos(Agoref)

Furthermore, the process of setting the initial phase shift due to the Wollaston

prisms to 7T/Z radians has the additional advantage of shifting the cosine terms to sine

terms via a trigonometric identity. The lack of a phase object for the reference case
further implies that the reference phase shift is zero. Taken together, it is possible to
greatly simplify Eq. (2.1.10) and obtain Eq. (2.1.11), which very simply expresses the
influence of phase changes due to refraction in the measurement volume on the final
output.

Vr 2L —2[;sin(Ap) 2 — 21 sin(Ag)
Vier 21 — 21y sin(A@e) 21y

=1 —sin(Ap) (2.1.11)

Depending on the application, FLDI is also sometimes described using Jones matrix
calculus or transfer functions that simulate the response [22, 27]. However, the
previously discussed equations represent an accessible entry point for those who may be
unfamiliar with FLDI.

To assess the power spectra of the FLDI signals requires determining the
normalized power spectral density profile resulting from each signal, which usually
involves the application of Welch’s method [61]. The approach described by Holladay
and Zhang was utilized to obtain the normalized power spectral density profiles in this
work [37]. First, the mean signal is calculated and subtracted from each element of the

original signal. For triangle wave modulated beams, this can be more accurately achieved
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by fitting a triangle wave function and then performing the mean subtraction. Next, the
signal is divided into a multitude of segments of some arbitrary length, overlapping by an
arbitrary number of points. For simplicity, the number of points is set as half of the
segment length for 50% overlap. In this work, the segments are then windowed with
Hanning windows of 50 elements each, which can reasonably smooth the spectral
profiles without eliminating the peaks at dominant frequencies. The periodogram of each
segment is computed by taking the square of the discrete Fourier transform, and all the
periodograms are averaged for the result. To enable comparison of the spectra, the
resulting power spectral density is then normalized by multiplication with the quotient of
the frequency spacing divided by the variance of the mean-subtracted signal.

The next subsection covers the topic of spatial light modulation in a more
qualitative sense, as its specific purpose for FLDI will be to produce the additional beams
that will feed into an FLDI system similar to a beam splitter. As a result, the fundamental
physics of FLDI are not expected to be impacted.

2.2 Spatial Light Modulation

Spatial light modulators (SLMs) are typically composed of liquid crystals (LCs)
organized into grids and enclosed in small displays. They can be either reflective or
transmissive. Among the different types of LCs, twisted nematic-LC (TN-LC) cells are
particularly useful for spatial light modulation. In a typical nematic LC, the molecular
centers are randomly distributed, but the molecules are ordered or aligned linearly. In a
TN-LC cell, the LC molecules are held within a small cell, and the molecules at the top
and bottom are aligned to those surfaces in a perpendicular manner. The interstitial

molecules then align themselves to form a helix pattern as depicted in Fig. 2.4 [62-63].
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The valuable characteristic of these TN-LC cells lies in their behavior when a
voltage is applied to the constituent molecules. Under an external voltage, the interstitial
molecules can be reversibly made to tilt and twist until they align parallel to the applied
electric field. Organizing thousands of these tiny cells, each on the order of hundreds of
square microns in area, into a grid display and running microscopic circuitry to convey
voltage to each cell allows for individual operation of each cell to change the
polarization, amplitude, and path of incident light. This gives rise to a programmable
optic that exhibits voltage-dependent, birefringent properties, which makes it somewhat
akin to a prism whose refractive index is spatially variable and controlled electrically.
With the right “map” of how to apply voltage to the different cells, any shape can
theoretically be generated from the incident light, especially if additional polarizers are
used to finely adjust the input and output polarization [62-63].

Hopefully this serves as a helpful overview of how an SLM can be expected to
operate. Its appropriate placement is before the first Wollaston prism, which aligns with
the contemporary optical positioning for DOEs in FLDI [55]. Further details will follow
in the relevant section. Finally, it is time to present an overview of how laser absorption
spectroscopy works, specifically TDLAS.

2.3 Absorption Spectroscopy Model

Laser absorption spectroscopy is a branch of optical diagnostic techniques, which
rely on a fundamentally simple concept. At their core, these techniques typically involve
utilizing lasers with wavelengths that specifically induce either electronic, vibrational, or

rotational transitions of electrons in certain molecules, such as water or carbon dioxide.
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The energy of the photons of these particular wavelengths corresponds to the
necessary energy for promoting the electrons of the various gas species. These transitions
are made possible by absorbing some of the energy from the incident laser, and it is
possible to measure the resulting loss of laser intensity using a photodiode for example.
This enables species-specific measurements of absorption of energy. The value of these
measurements emerges through the application of the Beer-Lambert law, given in Eq.
(2.3.1) [64-66].

[ =% LZio'N! (2.3.1)

This equation models the transmitted intensity of coherent light, I, through an
absorbing medium consisting of some number of atomic or molecular species, i, which
experience non-negligible absorption at the coherent light’s wavelength. It represents this
transmitted intensity as the product of a non-absorbing, reference intensity, 1°, and an
exponential decay term incorporating the optical path length of the light, L, the
absorption cross-section of a given species, o¢, and the molecular number density of a
given species, Ni. The exponent of the decay term is generally defined as the absorbance,

A, shown in Eq. (2.3.2) [64-66].
— _nl/ = ini
A=-In'/g LZ o'N (2.3.2)
L
From this equation, clearly absorbance can be experimentally measured by
measuring the transmitted intensity in the presence of an absorbing species, as well as a

reference intensity without the absorbing species. An example setup for direct absorption

spectroscopy and TDLAS is depicted in Fig. 2.5.
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For a single wavelength case, independently measuring the reference intensity is
necessary. However, if the current of a tunable diode laser is instead modulated to
periodically increase and decrease over a range, the laser’s output wavelength can be
made to vary over a range of values. For a wide enough range, this results in the laser
cycling through both non-absorbing and absorbing wavelengths. Recording the
transmitted intensity with a photodiode then reveals a mostly linear trend for the
intensity, punctuated by troughs due to absorption at certain wavelengths. This is
exhibited in Fig. 2.6 [65].

Examining Eq. (2.3.2) further reveals that there exists a linear combination of L,
o', and N that should fit the experimentally measured absorbance data. Generally, L is
simple to estimate as the total length from laser output to photodetector. This leaves two
unknowns. N is held to be approximately constant over the course of a single
measurement, so it is the absorption cross-section that varies by wavelength and governs
the shape of the curve. The absorption cross-section is influenced by an enormous variety
of factors, but the following simplified model has been found to be a close
approximation. The absorption cross-section is often represented through Eq. (2.3.3) as
the product of the absorption line strength at a wavelength, S(T), with a line shape
profile, gy, in this case one of the many forms of the Voigt lineshape convolution
function [67].

o=5ST)gy (2.3.3)

The absorption line strength at a given A or wavenumber, v, is then represented

solely as a function of temperature through Eg. (2.3.4).
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Figure 2.5. Example of laser absorption spectroscopy experimental setup.
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If the test environment temperature is known and a reference temperature, T, is
selected, the values of the reference line strength, S(T,), the partition functions, Q(T) and
Q(T,), the second radiation constant, c,, and the lower-state transition energy, E, can all

be determined from public databases like HITRAN and HITEMP [68].

(Y14
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Of course, test environment temperature is not always known, but there does exist
a reliable method for obtaining local temperature from the ratio of the line strengths of
two different transition lines. This ratio is expressed in Eq. (2.3.5). Rearranging the

equation and solving for the temperature yields Eq. (2.3.6) [68].

o) (@) - (e-f-g)] e

he s .
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T = 2.3.6
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In these equations, h, ¢, and kg represent Planck’s constant, the speed of light in a
vacuum, and Boltzmann’s constant. Once line strength for the test conditions is
calculated, the extensive task of determining the value of the line shape profile begins.
Fortunately, the Voight lineshape convolution function seeks to account for many of the
main sources of lineshape broadening, such as Doppler and lifetime broadening, by
utilizing aspects of Gaussian and Lorentzian lineshape profiles. Simply put, they attempt
to model the effects of physical phenomena on the width of the peaks of the absorbance

curve. The value of the lineshape profile can be defined through Eq. (2.3.7) [67].
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In this equation, v, represents the center or transition wavenumber, and c, represents the
second radiation constant from Planck’s Law. The Voight function, f;,, can be

represented using an empirically obtained expression given in Eqg. (2.3.8) [69].

_In2(v-v,)?

_ ay 4 In2e aj (23.8)
fV_CLn[(v—v0)2+a5 N = ay -

In addition to wavenumber, Eqg. (2.3.8) is also a function of the half-width of the

Voigt line, a,, and two weighting coefficients for Lorentzian and Gaussian profiles,
which are c; and c;, respectively. These are defined using an additional dimensionless
parameter, d, which represents a function of the Lorentzian half-width, a;, and Doppler
half-width, a,. The functions for ¢, and ¢, are given by Eq. (2.3.9) and Eqg. (2.3.10). The
value of d is defined by Eq. (2.3.11) [69-70].

c, = 0.6818817 + 0.6129331d — 0.1838439d? — 0.1156844d3 (2.3.9)

cc = 0.3246017 — 0.6182531d + 0.1768139d? + 0.1210944d3 (2.3.10)

oy — A
d=-L 2 (2.3.11)
(XL + (XD

A general, empirical expression for the Voigt half-width is given by Eq. (2.3.12) [70].

ay = 0.5346a; + \/0.21660(% + af (2.3.12)

The Lorentzian and Doppler half-widths are determined using Eqg. (2.3.13) and Eq.

(2.3.14) [71].

+ — (2.3.13)

Tonair 1 AE
a, =P[(1 = ODVair + Xyself] T
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For these equations, P is the total pressure of the system in atm, y is the molar
fraction (concentration) of the species (unitless, ranging from 0 to 1), y, is the Lorentzian
HWHM of species x in cm™, ng;, is the temperature exponent, A is the Einstein A-
coefficient in s, ¢ is the speed of light in cm/s, My, is the molecular weight of the
absorbing species in g/mol, A is the nominal wavelength of the laser in cm, and Af is the
optical linewidth of the laser in Hz. Typically, the total pressure for an experiment is a
controlled quantity, barring significant losses to total pressure. Most of the remaining
quantities can be determined from HITRAN or are already known. The molar fraction is
key. As shown in Eq. (2.3.15), the molar fraction is a function of the only remaining

unknown, N, the Boltzmann constant and the total temperature and pressure conditions.

— PSPeCl'eS _ Nspecies _ NspecieskBTT
X - PT - NT - PT

(2.3.15)
Through the use of a least-squares nonlinear curve fitting algorithm with the experimental
absorbance data, all of these equations can be iterated over to estimate temperature,
partial pressure, and number density of a species. This concludes a brief overview of
absorption spectroscopy theory, which will become relevant in later sections. The

following section will introduce the experiments conducted to assess the feasibility of

high-speed imaging for FLDI.
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Section 3: Linear and 2D FLDI Beam Array Measurements with a High-speed
Camera for Spectral Characterization of a Free, Underexpanded Jet Flow from a
Mach 1, Conical Nozzle

A version of this section was originally published by Seth Holladay and Zhili Zhang
and can be found at the following:

Holladay, S.%, and Zhang, Z.! "Linear and 2D arrays for Focused Laser Differential

Interferometry using a high-speed camera," Optics Communications Vol. 546, 2023,

p. 129754.

Author Affiliations: Department of Mechncial, Aerospace, and Biomedical
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3.1 Experimental Setup

The FLDI system utilized in this work is presented in Fig. 3.1, and it constitutes

an LA-FLDI with a camera for detecting the full grid and a photodiode for comparing the
signal at the grid center. To determine that the camera approach should provide similar
results to the photodiode approach, a beam splitter was added after the catch-side
polarizer and before the camera to create a second beam grid in a path perpendicular to
the original. A high frequency bandwidth photodiode was then placed such that the center
point of this new beam grid was incident on the detector surface. With proper photodiode
placement, the detector surface is large enough for the center point of the grid alone, but
an iris can be used to reduce stray light. Bandpass filters were used to reduce ambient
light effects, and a neutral density filter with optical density of 2 was used, out of an

abundance of caution, to mitigate the chances of damage to the camera sensor.
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The diffractive optical element utilized in this setup generates a 5x5 grid of beam
pairs at the focal region of the FLDI system by splitting the incident beam into 25
identical beams, for which a separation angle of 0.5 degrees exists between adjacent
beams. The setup was designed to have the beam array’s middle row centered on the
underexpanded Mach 1 jet, which issued from the nozzle assembly mounted
perpendicular to the beam paths. The nozzle was moved via translation stage until it
entered the live view of the camera with the grid, and the camera software was used to
measure the known nozzle exit diameter and set the image scale.

The geometry of the nozzle utilized is presented in recent work by Price et al.
[38]. The separation distance between the orthogonally polarized beams in each pair,
depicted by the blue and yellow beam paths, is approximately 0.234 mm, which is a value
estimated from the focal length of the focusing lens and the separation angle of 0.067
degrees for the Wollaston prism. This was also measured with the camera at full
resolution in the test section via the known pixel pitch and estimated beam centers. The
separation distance between each beam pair is approximately 1.7 mm as determined from
camera images.

The components of the FLDI setup that were utilized in this work, such as the 12-
bit monochrome Photron FASTCAM Mini AX200 camera and the Thorlabs PDA10A2
photodiode, are outlined in more detail in Table A-1, and the setup itself is depicted in
Fig. A-1 through A-4. Furthermore, the positions of the optics are detailed. It is hoped
this will allow for others to replicate the setup for their own experiments and assess the

validity of these results for themselves if desired.
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Figure 3.1. Optical setup for FLDI experiment with both high-speed camera and
photodiode. The numbered items are (1) Laser, (2) Diverging Lens, (3) Polarizer(s), (4)
Diffractive Optical Element, (5) Wollaston Prism(s), (6) Spherical Lens(es), (7) Beam
Splitter Plate, (8) Bandpass Filter(s), (9) Camera w/ neutral density filter to protect
sensor, (10) Photodiode.
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The maximum sampling rates of the camera and photodiode are 900 kHz and 150
MHz, respectively. The size of a camera pixel and the size of the photodiode active area
are 0.0004 mm? and 0.8 mm?, respectively. Therefore, a single pixel considers a region of
the beam 2000 times smaller than the photodiode.

Measurements of the Mach 1 jet were recorded using the full 5x5 grid, a reduced
3x3 grid about the center point of the full grid, a 1x5 grid formed from the center row of
the full grid, and the grid center point at sampling rates of 6.4 kHz, 37.5 kHz, 200 kHz,
and 900 kHz, respectively. This provided a frequency range of interest of approximately
0-450 kHz for the camera, and exposure times of 154.54 ps, 24.95 ps, 3.29 s, and 0.45
s, respectively, for the different sampling rates. These measurements were conducted at
underexpanded conditions, e.g., a nozzle pressure ratio (NPR) of approximately 3 with
the test air exiting to ambient room conditions.

The photodiode was used to record the signal from the grid center point in each of
the 1x5 and grid center point cases as well at the same sampling frequency or as close as
possible. The oscilloscope used in the tests would not allow a 900 kHz sampling rate for
the photodiode measurements, so a sampling rate of 1 MHz was used instead in those
tests. Due to problems with the available signal delay generator, the photodiode and
camera measurements could not be conducted simultaneously by trigger signal but were
instead performed manually. Therefore, flow conditions were almost certainly different to
some degree. Fortunately, the results still show a surprising level of agreement. The laser
was operated at approximately 1 W for the 5x5 and 3x3 tests and 2 W for the 1x5 and

grid center point tests to provide high intensity without saturation of the camera.
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However, there still exists a degree of separation between the beams as they focus
down to the catch-side Wollaston prism. It is conceivable that this causes some
differences in the phase shift for the various points of the array in the detector plane of

the system, such that some points may deviate from the center of the linear response

regime produced by setting the initial phase shift of the system to approximately % This

may partially account for some of the differences in spectra shown in the results. This
may potentially be addressed with a half-wave plate or Berek compensator in future
exploration of this topic.

3.2 Results and Discussion

An example of the background image, meaning an image recorded without active
jet flow, for the FLDI grid center point is portrayed in Fig. 3.2. It illustrates the beam
formed by the recombination of the orthogonally polarized beams. Images of the center
point were obtained at five positions downstream of the nozzle exit, and the image signal
was obtained by evaluating the mean intensity of the center point in each image.

To assess if the camera detects spectral content from the FLDI grid similarly to
the photodiode that would traditionally be used, the power spectral density was obtained
from the recorded signals at each position, and these spectra are illustrated in Fig. 3.3.
The results reveal that the camera spectra agree reasonably with the photodiode spectra in
terms of the dominant frequencies detected and qualitatively in terms of the general
profiles’ shapes. There are notable differences in the observed magnitude of the power
spectral density, which may be a result of inherent differences in the size of the detecting

areas and deviations in the amount of intensity absorbed by the filters.
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To further assess the usage of the camera as a substitute for photodiode arrays and
explore the creation of arbitrary arrays from the images, twelve pixels were selected
along the same line within the grid center point images, and the intensity of each pixel
was recorded in each image to construct the time-varying signals. The power spec