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ABSTRACT

A locally implicit relaxation scheme, is developed for the steady-state so-
lution of the Navier-Stokes Equations. The method uses finite volume spatial
discretization, implicit time integration, Jameson-type artificial dissipation terms
and a modified Gauss-Seidel iteration. The scheme does not require any ma-
trix solvers. The convergence rate is significantly enhanced by incorporating the
multigrid technique. Applications to the transonic flows show that the method is
efficient and robust. The basic scheme Ean be implemented in two modes, namely,
single point schemc and multi-point scheme. Both these methods have been an-
alyzed in detail along with their local linear stability analysis for model elliptic
Equation in single as well as in three-dimensions, and the scheme is shown to be
unconditionally stable. Subsequently, the single point scheme has been applied
to thin-layer Navier-Stokes Equations for a variety of test cases, namely, subsonic
and transonic flows over NACA0012 and RAE2822 airfoils and the numerical re-
sults have been compared with the available experimental results. An algebraic
eddy viscosity turbulence model has been used for turbulent flows. Both elliptic
and hyperbolic grid generators have been used to generate C-grids for the above

mentioned applications.
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LIST OF SYMBOLS AND ABBREVIATIONS

t time

CL lift coefficient

Cp drag coefficient

Cp pressure coefficient

u velocity in z direction

v velocity in y direction

U contravariant velocity see Equation(21)
% contravariant velocity see Equation(22)
J metric Jacobian

~ ratio of specific heats

7 molecular viscosity

e turbulent viscosity, friction velocity

Re Reynolds number

Pr Prandtl number

P, turbulent Prandtl number

p density

P pressure

Q conserved variables vector

d artificial dissipation in a particular direction
(2) factor used in artificial dissipation

gl4) factor used in artificial dissipation

v factor used in artificial dissipation, kinematic viscosity
A, B inviscid Jacobian matrix

w relaxation factor, vorticity

€ error in the solution, energy



Res

du
Au, AQ
FF

CFL
SJ
SK
UuLvi
D

k

y+

Subscripts

see Equation(3)

residue

amplification factor

see Equation(4)

change in the solution per time step
forcing function used in multigrid
any operator

injection or interpolation operator
shear stress, time

speed of sound

Clauser constant, see Equation(41)
inviscid flux vectors

viscous flux vector

simplified viscous jacobian matrix
Courant number

see Equation(69)

see Equation(68)

velocities, see Equation(70)
dissipation vector, see Equation(84)
thermal conductivity

law of the wall coordinate

1,7 x-direction

k y-direction

&,m  directions in the computational plane

oc free stream condition
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out outer

mar maximum

min  minimum
Superscripts

m  iteration sweep count

n  time level
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CHAPTER 1

INTRODUCTION

The main uses of computationz! fluid dynamics in aeronautical science fall
into two broad caicgories. First is providing reliable aerodynamic predictions,
which enable engineerss to design better aiplanes. Significant progress has been
made in this area and now there are many CFD codes in the industry which are
being used in the design and analysis phases of aerospace vehicles. Second is the
use of using computational luid dynamics for purely scientific investigationsf1]. It
seems possible that numerical simulation of complex flows not readily accessible to
experimental measurements can provide new insights into the underlying physical
processes. In particular, computational methods offer a new tool for the study
of structures in turbulent flow, and the mechanisms of transition from laminar to

turbulent flow.

In the last two decades reliable methods have been developed for predicting
transonic flows with shock waves, which require the use of a nonlinear mathemat-
ical model. The first breakthrough was the scheme of Murman and Cole/2| and
Murman3] treating the transonic small disturbance Equation. This was a catalyst
for widespread development of methods for calculating transonic potential flows
in two and three dimensions using either the small disturbance Equation or the

full potential Equation.

In parallel there have been efforts to devise efficient algorithms for solving
the Euler and Navier-Stokes Equations. Following the pioneering efforts of Mag-
nus and Yoshihara[4], McCormack has introduced his famous explicit difference

scheme in 1969[5]. Efforts to improve efficiency has led to the implicit scheme of

Beam and Warming (6], which has been adapted to general curvilinear coordinates
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by Steger[7]. The need to find a better shock capturing method has also been ap-
parent, and has stimulated the introduction of flux splitting [8]. By 1979,however,
Euler methods have remained very expensive, and have not attained the levels of
accuracy which justified their routine use for engineering design. Nevertheless, it
has already been evident that advances in the available computing power would
soon make it entirely feasible to solve the three dimensional Euler Equations, and
the eighties have seen widespread efforts to realize this objective. The alternating
direction method has been systematically developed into an effective tool, and the
current state of art is represented by the computer codes ARC2D and ARC3D/{9!.
Implicit schemes using LU decomposition[10] and relaxation have also proved suc-
cessful. Another path of development has led to multistage explicit time stepping
schemes|11]|. Jameson’s FLO52 and FLO57 programs using this concept have been
widely used. Stemming from the mathematical theory of shock waves, procedures
have also been developed for the design of effective shock capturing schemes. There
have been intensive efforts to find more rapidly convergent methods to find steady
state solutions. In particular, the use of multigrids, first introduced by Federenko,

and subsequently developed by Brandt[12], has been extended to the treatment of

hyperbolic systems(13| and has proved to be very effective.

In the following work a locally implicit scheme is presented to solve time-
dependent Navier-Stokes Equations for fluid flow problems{14], which can lead
to efficient codes for solving large problems. In the proposed method, the flow
variables at the center of a computational cell are treated implicitly in a local
sense, at every time step, by a modified Gauss-Seidel iteration process{15]. This
procedure is unconditionally stable in a local linearized sense, though in practice,
Courant numbers of about 10 seem appiopriate for the Navier-Stokes Equations.

Furthermore, there is only limited coupling at ii.e local level of the Equations and



solution corrections are computed efficiently by explicit expressions. The scheme
can be used in two modes: single point and multi-point update. Single point
scheme is computationally more efficient of the two and is developedin the main

text. Multi-point update scheme is described in Appendix 1[46).

The standard Gauss-Seidel scheme does not work when central differences are
used for convection dominated flows. Reddy and Jacocks[15] have done extensive
studies on the inviscid compressible flows and found that it is necessary to modify
the Gauss-Seidel scheme and incorporate symmetric sweeping in order to make the
scheme stable. Chakravarthy[16] and MacCormack[17| have developed relaxation
methods successfully for unfactored implicit upwind schemes using TVD concepts
or flux vector splitting , but centrally differenced schemes are computationally

more efficient than upwind schemes.

In order to understand the locally implicit scheme in the presence of diffusion,
the single point method has been applied first to a model Equation, in this case,
a time-dependent diffusion Equation and the methodology is described in chapter
2. Initially the Equation is discretized for a one-dimensional diffusion Equation,
the modified Gauss-Seidel method is defined and the Equations are derived for
a symmetric iteration process. Von-Neumann stability analysis is then carried
out for the difference Equations and the scheme is shown to be unconditionally
stable. In order to ascertain the merits of this scheme the same analysis is made
for a standard Gauss-Seidel scheme and the results are compared. It is shown
that there is a range of a parameter(which is defined later)for which the modified
scheme works better than the standard scheme. The scheme is then extended to the
three-dimensional diffusion Equation and the results of the modified and standard

Gauss-Seidel schemes are compared for both in single and multigrid modes. All



the results obtained for the model Equation are for a finite difference formulation
and the modified Gauss-Seidel scheme is shown to be superior in convergence,

especially in multigrid mode.

Having successfully tested the locally implicit scheme on model Equations in
one and three-dimensions, the method has been extended to thin-layer Navier-
Stokes Equations in two-dimensions. The application of the method is detailed
in chapter 3, starting from Navier-Stokes Equations in the general curvilinear
coordinates. In this case the method uses finite volume spatial discretization,
implicit time integration and Jameson-type artificial dissipation terms|18] to sup-
press the nonlinear instabilities. The multigrid technique used here is different
from that used for the model Equation. Jameson-type multigrid techniquei19! is
used here which significantly enhances the convergence rate. The locally implicit
scheme does not require any linear Equation solvers. The same logic applied to the
model Equation is extended to the Navier-Stokes Equations and the correspond-
ing Equations are derived. The residual terms contain all the required terms of
the Equations and no simplifications are made. However, in the implicit part, the
nondiagonal terms of the viscous Jacobian are neglected, which saves considerable
amount of computational time. An algebraic turbulence model is incorporated in
the code. Several test cases have been run ranging from low subsonic to transonic
flows. For subsonic laminar flow cases NACAQ012 airfoil has been used and for
the rest of the test cases RAE2822 airfoil is used. dey fitting and stretched C-
grids have been used, using elliptic grid generator[20] for NACAO0012 airfoil and
hyperbolic grid generator|{21] for RAE2822 airfoil. For all the cases the grid size‘
used is 128x32. The test cases chosen are such that either published numeri-
cal or experimental data is available for comparision. The results of flows over

NACAO0012 airfoil have been found to be similar to numerical results of Jame-
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son[22]. Cook,McDonald and Firmin have carried out extensive experimentation
on RAE2822 airfoil and published the data [23|. Computer runs have been made
for some of the available cases and numerical results have been compared with the
experimental results. As can be seen from the results fairly good agreement has
been obtained. For the turbulent flows an algebraic turbulence model has been
used. It is an eddy viscosity model developed by Lomax and Baldwin{24|. The

turbulence model is described in detail in Appendix 2.




CHAPTER 2

ONE POINT LOCALLY IMPLICIT SCHEME FOR
ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS

2.1 One Dimensional Diffusior quation

The basic locally implicit scheme which incorporates a modified Gauss—Seidel
scheme as an inner iteration is introduced in this chapter with specific application
to one and three-dimensional diffusion Equations. The method is applied first to
a one-dimensional diffusion Equation, along with its local linear stability analysis.
The scheme is then compared in detail with the standard Gauss-Seidel scheme
and the results are presented highlighting the merits and demerits of the new
scheme. Subsequently, the same methodology is extended to a three-dimensional
diffusion Equation and the corresponding results are discussed. In addition a
multigrid convergence acceleration technique is introduced with the locally implicit
scheme. Convergence results for the standard and modified Gauss—Seidel iteration

are compared.

Consider the following one dimensional diffusion Equation.
— =y — (1)

Euler implicit scheme for Equation (1) with central difference approximation for
spatial derivative is written as

ntl _ . n n+l n+l n+1
U 7 u;ly —2ui i (2)

At Azx?

This scheme, together with boundary conditions, involves the solution of a
tri-diagonal system of Equations at each time step. The scheme is unconditionally

stable and leads to an asymptotic solution rapidly. In multi-dimensions the matrix
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is too big for direct solution methods. There are a number of iteration methods
of solution in literature. The following is a new iterative method designed for

obtaining asymptotic solution of Equation (1).

2.2 Delta Form of Equation (2)

Define

ntl_ oy n

Au; = u; j

Equation (2) can be rewritten in terms of Au’s as

—rAuj_y + (1 +2r)Au; — rAu;; = Res] (3)
where
__, At
T Az?
and

Res}‘ =r (u;‘_l - 2u;-‘ + u;-‘H)
Res? is a known quantity and Equations (3) represents a linear system for Au’s,

when it is augmented with appropriate boundary conditions.

If we use a Gauss—Seidel iteration to solve the system of Equations (3) itera-
tively, Au;_, is available from the previous iteration and Au;, is set to zero to
compute Au; while sweeping from left to right. Instead, we modify the Gauss-

Seidel iteration as follows.

2.3 Inner Iteration

Define
C— Ag(m+1) (m)
where du; is the correction for Au; in one iteration sweep and m is the iteration

index count. Initially

Aug-o) =0



Rewriting Equation (3),

Ti + du; 1) (1+2r) (Au( ) 4+ du,)

-r (Aug':i + duj.H) = Res} (5)

Since we are dealing with a one-dimensional problem we can limit it to 2
sweeps for a symmetrical iteration, i.e., left to right sweep followed by a right to
left sweep. Asymptotic steady state solution does not depend on the evolution
of Au’s as long as they tend to zero asymptotically. For obtaining time accurate
solution however sufficient number of symmetric inner iteration sweeps have to be
carried out till the du’s become small. Let us consider each sweep along with its

Fourier modal analysis.

2.4 Left to Right Sweep

At this stage m =0 and Au}o) = 0. In the traditional Gauss—Seidel iteration
sweeping from left to right, du;_, is available for use at node j and du;;, which
is not available is set to zero, i.e., du; ; = 0. In the current modified iteration,

we approximate du;;, =~ du; and substituting it in Equation (5) we obtain
r (Aug-l_)l) + (1 + 2r)du; — rdu; = Res}

or

(1 +r)du; = Res} + rAuJ(-l_)1 (6)

and

Au(l) du;

Therefore, Equation (6) can be rewritten as,

(1+7)Au, (1) = = Res} +rAu(1) (7)



2.5 Local Stability Analysis

To understand the local amplification of the solution from one time step to
the next with this iteration scheme and to study the stability of the scheme, we
seek the solution of the difference Equations in terms of Fourier modes. We look

for the solution of Equation (7) of the fdrm,

uf =V eMAT SV S c=aAz, 0<¢< T

u;-‘ =V" s

Auj(-l) = uf —ul = (V® —vn)elss

Substituting these into Equation (7) and cancelling common factor e*’S we obtain
Q+r) (VP V) =7 [VP e —2V" + V" %]
+r(V*—-V")e ™™
dividing by V'™,

" A ,
(1+r)(%—1> = 2r(cos 5‘—1)+r<¥/;—1> e

The amplification factor g for the left to right iteration sweep is defined by

Vﬁ
9‘—‘%
We can obtain § in the form
g— (rcos ¢—r+1)+trsin ¢

(L+r—rcos ¢)+¢rsin ¢

2.6 Right to Left Sweep

For this case m = 1 and we approximate du;_; = du;.

Substituting the above in Equation (5),

—-r (Au‘s.l_)l + duj) +(1+ 2r)(Au§~l) + du;)

-r (Au(z)

= Res™
j+1) = Res;



(1 +r)du; = Res} + rAu.J(-l_)l -(1+ 2r)Au§-1) +r (Auﬁ_)l)

and in general

(2) _ A, (1) .
Au;” = Au; ™’ + du;y
If the inner iteration is stopped with one symmetric iteration,
n+tl _ ,n (2)
w,T o =u; + Auj

J

Rewrite Equation (8),

(1+7) (Au§-2) - Auj(.l)) =r(uf, —2u} +ul,) + r./.ku(-l_)1

-1+ 2r)Au§-l) +raut?

Simplifying,

(r+ l)u;-H'l - ru;‘:'ll =ru’f_; —ru? +u?

2.7 Stability Analysis

As before substituting u} = V™e'’S in Equation (9), etc.,

(L+r)VrHl—pyntl s = YR e —p V™ V7

and dividing it by V'™,

(8)

where g = V"*1/V™ is the amplification factor for one time step. Eliminating g

we can write
_ rgl(cos ¢—1) —1 sin ¢] +1
T [{(L+r—rcos ¢)—1irsin g
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We now consider the standard Gauss-Seidel scheme, along with its local stabil- |
ity and compare its merits and demerits with the modified Gauss-Seidel scheme.
As before, considering a one-dimensional diffusion Equation and discretizing it
according to standard Gauss-Seidel method, the Au;‘fll term in Equation(2) be-
comes zero in left to right sweep. Carrying out left to right sweep and then right to
left sweep and analyzing the stability of the resulting Equation, the amplification

factor g can be derived to be,

1+ g(r cos ¢ —ir sin ¢)
(1+2r —r cos ¢) +ir sin ¢

where

(1+7cos¢)+ir sin ¢
14+2r—r cos ¢) +1r sin ¢

=

The stability plot in terms of relationship between the magnitude of the am-
plification factor and ¢ for various r, for the modified Gauss-Seidel method is
shown in Figure 1. As can be seen from the plot, there is an optimum range of r,
namely, r ranging from 5 to 25 for which the method is most efficient in terms of
its convergence. It is important to mention here that the value of r equals 10 was
found to be the best when applied to three-dimensional diffusion Equation. The
stability plot of the standard Gauss-Seidel scheme is shown in Figure 2, and as ev-
ident from the plot the stability is more or less insensitive to the value of r. In the
subsequent sections of the chapter similar analysis are done for a three-dimensional
diffusion Equation, the convergence rate of the two methods are compared and the
concept of multigrid technique is introduced, which substantially accelerates the

convergence rate.

Solving Equation(1) by modified Gauss-Seidel as well as standard Gauss-
Seidel scheme is chosen to be a test problem. Random numbers have been chosen

to be the initial solution and dirichlet boundary conditions have been applied on
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the boundary. The convergence history of the locally implicit scheme for one-
dimensional diffusion Equation is shown in Figures 3, 4 and 5 where log(Au) is
plotted against number of work units. These three plots are for different grid sizes,
namely, 10, 20 and 40 cells respectively. Throughout the text, one iteration in the
finest grid level is defined as a work unit. This definition is useful when multigrid

technique is introduced later in the chapter.

2.8 Three-Dimensional Diffusion Equation

We extend the previous technique to a three-dimensional diffusion Equation.

‘;—'t‘ =LV (10)

Central difference approximation for spatial derivatives and Euler implicit scheme

for time integration give

+1 n+1 +1 +1
Uik T Yok _ ) Mk T 280kt M
At Az?
n+1 n+1 n+l1 n+1l n+l1 n+1
LBtk T gk T Yk | Yot T 2kt Uik (11)
Ay? Az?
For simplicity we assume here,
Az = Ay = Az
Equation (11) is rewritten in delta form as follows
A n —_— 1 R n r A n A n A n
Yijk = Trer ik T\ T 6r (Aui_y e+ Aufyy i+ Bl
AAUMPRIE iU Au?,j,k+l) (13)
where
At
r=v—s;
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n _ n n n n n n
Resfjp=r{(wfp e —2ulje+ulyyjn) + (0l e — 20l + 0l k)

+ (0l k-1~ 2ulj ke Ul ) }

2.9 Inner Iteration

Au (;";:1) Auf']"}c +du; jk

0
Au(,J),k =0

Equation (13) becomes,

m) r m)
(Au\ s ) 1+ 6r) ik (1 + 6r> {(Auf Lik T dui‘l’j’k)

(1+6r)
+ (Aul =1,k + du;,]_lyk) (Auf?}c 1 + dui'j,k-1>
+ (Au + du ) + (Au( ™ L du )
i+1,5,k t+1,5,k JtLET 1,j+1,k
+ (Au), y + dui ) } (14)

Being a three-dimensional problem the symmetric sweeping would involve up to
eight sweeps.
Sweep (1

If the first iteration sweep starts at the corner (1, 1, 1) of the computational

domain, modified Gauss—Seidel iteration introduces the approximation,

du‘l+1,],k = duz,1+l k= dut,] k+1 = duz,g,k

Substituting the above in Equation (14),

1 r 1
(Auf"d-,k + du,-,j,k) = — Res?,j,k + Aufm:';;c + Augfyjl,),c
(1+6r) 1+ 6r

(m+1) 3r o —7'_
+Au; 1} + (14—61‘) du; j x + (1+6r)

(Aufrl) gkt Au(m) + Au(m) )

1,7+1,k 1,7,k+1
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In the first sweep, m = 0, Auf J)k = 0 and we obtain Auf ])k = du; j k as

_ 1 n r (m+1) (m+1) (m+1)
m (1 + 6?’)
+Aul(.rl)’j et Auf H)-l et Auf'J"}cH} ——-——(1 T3 Auf'?)c (15)

Similar Equations can be written for the other seven sweeps, starting at the other

corners of the computational domain.

2.10 Stability Analysis of 3-D Diffusion Equation

The local stability analysis of the 3-D diffusion Equation can be carried out
very similar to that of the 1-D diffusion Equation. We look for the solution of the

Equation (15) of the form,

WYy = Ve GEHkn ) (16)

where,

i=v-1

€ = alr
n=BAy
¢ =4z

It is clear from Equation (16) that for the inner iteration,

Aulm™ = Ay (M) i(G§+kn+is)
also

dujey = Aulpr V- Aul) m=0,1,- - - -7
Finally the solution is updated by,

n+1

_ (8) — yntlgii§+kn+ig)
Uipl = Uik AU =V (78 §)
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Sweep 1: Node (1, k,{)

Rewriting Equation (15),
(1 +3r)duj ki = h(En,¢) +r (Au]( + Au (mﬂ) + A ;'ZT_{)I

+Au§'_ﬂ Kt Au§ 3_ Lt Aug-",':’),H) (1+ 67')Au]( k), (17)

where,

h(€,m,¢) = Res?y =7 {(uf_y 51— 2ulk; +uliy 1))

F(uf o1y = 20Tk +ulen ) + (U e imy — 2uf e + ik, i+1)
= 2r(cos £ + cosn + cos¢ — 3) (18)

For this sweep m = 0 and AV (?) = 0. Equation (17) can be rewritten as,

(14 3r)(AV ™D AVOW) = ¥mh(g n,q) + r { AVORI(TE L emin 1 om)

LAV (e 4 gin 4 eif)} ~ (1 +6r)AV(™

or
(1+ 3r)AV(1) =V"™h(&,n,¢) + rAV(N(eH L g7in 4 7))
h(€,n,)
AV(D) = 22T pn - a(Dyn
fl(f)'h §')
where

fi={(1+3r)—r(e+e+e)}
¢(!) = amplification factor for sweep 1

Sweep 2: m=1,node (1 +1, k+1, 1+1)
(1+ 3r) (AV("‘“) - AV(’")) = V™h(&,n,¢) +r {AV("‘“) (e + €t + &)

+AV (M) (¢T84 g7t 4 ¢7i) } — (1+6r)AV(™
or
(1+3r) (AV@D = AV) =V h(g,m,q) + 7 {Av<2) (%€ + 7 + &)

+AVD (e7 4 71 4+ e7¥) } —(1+6r)AV™)
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@ _ V"€ n.¢) +ea(€,m, ) AV

AV

f2(£’n’§)

_ Vh+ epg(Wom
f2

= g@yn

where
o® = h+ eag™
fa
ea =71 (e“’*f +e7 4 e'ig) - 3r

fa=(1+3r) —r (e + e+ €¥)

Noticing the pattern, we can write down the Equations for the other nodes as

follows
AV = Vh(§,n,¢) + Cp(E,n,g)g(P—l)Vn
fP(E7 n, S.)
= g(P)Vn’ p= 3,4’ _____ 8
where

(r) — h(f, 7’1{) + Cp(f,n’s-)g(p—l)
fP(Eansg)

)

ep and f, are similar to ez and f; and depend on the starting node of the inner

iteration sweep. The overall amplification factor g is determined as follows

yrtloyn 4 Av(s) =Vr +g(8)Vn

=V*(1+¢®)
Vn+1 g

The stability plot of the 3-D diffusion Equation is shown in Figure 6. Table
1 shows maximum and minimum values of |g| over the entire range of (£,7,¢)for
various values of r and proves that the scheme is unconditionally stable. The

domain of (§,7,¢) s0< <7, 0<n<7rand0<¢< .
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Figure 6: Stability Plot of Modified Gauss—Seidel Scheme
(3-D Diffusion Equation)
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Table 1. Stability of 3-D Diffusion Equation

r Min |g| Max |g|
1 0.1829 1.0
5 0.4787 1.0
10 0.6365 1.0
25 0.8094 1.0
50 0.8938 1.0
100 0.9436 1.0

2.11 Multigrid Acceleration Technique

The multigrid technique adapted here for the elliptic problem is slightly dif-
ferent from the multigrid technique used for Navier-Stokes Equations which will
be described later. The general multigrid algorithm represents one of the most
powerful methods of accelerating convergence of a numerical solution to its steady
state. The basic idea of a multigrid strategy is to perform time steps on coarser
meshes to calculate corrections to a solution on a finer mesh. The advantages of
time stepping on coarse meshes are two fold: first, the low frequency oscillations
are removed much faster on coarser grids, and secondly the work involved is much

less because of the smaller number of grid points in coarser grids.

2.12 Injection Cycle

From a chosen fine grid, a sequence of coarser grids is formed by combining

groups of adjacent cells in a systematic manner. At a grid level denoted by a mesh
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parameter h, suppose the delta form of the Equations to be solved is denoted by
Ln(Au) = Resp(u) + FFy, (19)

where F'F}, is a forcing function, which is zero for the finest grid level. One or more
time step calculations are carried out at this grid level and the solution is updated.
Then the solution uj is injected to a coarser grid level denoted by the subscript
2h. The type of injection of the solution and residues is problem oriented. For
the diffusion Equation which is discretized by using a finite difference method, the
following injection strategy is employed. Since the fine and coarse meshes have

common points,

U2h = Up

at all the points common to both grids. The residual is injected in such a way
that equal weightages are given to all the surrounding nodes. For example in a
three-dimensional problem the current node (7, 7, k) will get l/7 the weightage of

its own residual and 1/7 the weightage of all the surrounding nodes.

1 .
(Res?h)i,j,k ~ 5 {(Resh)i,j,k + (Resh)i—l,j,k + (Resh)H—l,j,k

+ (Resn); j_y 6+ (Resn); ;o p + (Resh); jg—1 T (Resh)i,j,k+1}
Now a forcing function FF is defined in such a way that,
FFyp = Resy, — Res(ugp) (20)

where Res(ugp) is the residue computed after injection. Then the following Equa-

tion is solved on the coarse grid,

LapAu = Res(uzp) + FFyp (21)
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This is done for one or more time steps by the locally implicit scheme outlined

earlier. This process is repeated until the coarsest grid solution is computed.

2.13 Interpolation Cycle

The coarse grid info:mation is passed back to the finer grids as follows. The
difference in the updated solution and the injected solution on the coarse grid is
interpolated in computational space at the grid points of the next finer mesh and

is added to the solution which is previously computed at that level. That is,

(uh)new = (uh) g T Igh (u2h - [izzh (uh)old) (22)

where Ié‘h represents interpolation operator from coarse to fine grid etc. we now
consider two options: one is to interpolate to the next finer grid level and secondly
to carry out relaxation at the intermediate grid levels. The later has been chosen

for the present case.

In order to understand the convergence process, several computer runs were
made with varying number of sweeps for the three-dimensional problem, namely,
2, 4 and 8 sweeps. Figure 7 shows the convergence history for both single and
multigrids for the case with 4 sweeps. Figure 8 is a similar plot with 8 sweeps.
As can be seen, the locally implicit scheme converges faster than the Gauss—Seidel
scheme and works faster as the number of sweeps increase, where as the standard

Gauss-Seidel scheme is more or less insensitive to the number of sweeps.

Similar analysis have been made by Ratcliff [45] for a convection dominated
flow, Reddy and Jacocks [15] for Euler Equations and the present scheme has been
shown to converge for convection dominated flows where as the standard Gauss-
Seidel scheme is unstable. Having established the scheme, the method has been
applied to thin layer Navier-Stokes Equations where convection and diffusion are

equally important.
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CHAPTER 3

A LOCALLY IMPLICIT SCHEME FOR
NAVIER-STOKES EQUATIONS

A locally implicit method for solving the Navier-Stokes Equations is described
in this chapter. The technique demonstrated for a model Equation in Chapter 2 is
extended to the Navier-Stokes Equations. The method uses finite volume spatial
discretization, local time integration and Jameson—type artificial dissipation terms.
The Navier-Stokes Equations are written in a general curvilinear form and the

linearized Equations are solved by a modified Gauss—Seidel inner iteration.

The multigrid scheme which significantly enhances the convergence rate for
the Navier-Stokes Equations is different from that of the model Equation and it
is described in section 3.10. Several test cases have been run and the numeri-
cal results are compared with the available experimental results {23]. Flow fields
around two different airfoils have been computed. For laminar, low Reynolds
number and subsonic flows an NACA0012 airfoil with C-grid has been used. Sub-
sonic and transonic flows have been computed around a RAE2822 airfoil at high
Reynolds numbers with turbulence. An elliptic grid generator has been used for
the NACAO0012 airfoil and a hyperbolic grid generator is used for RAE2822 which

requires a highly stretched grid. The grid size used in all these applications is 128
x 32.

The Navier-Stokes Equations written in generalized curvilinear coordinates

in non-dimensional form are

8:Q + 0:E + 8,F = Re"'[0:E, + 9, F,) (23)
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where
p pU pV
5 _ g- A _ - U+é&:p 5 _ g puV +1n.p
=J 1{pu , E=1J 1 pu z , =J 1 z
© pv pvU + &yp pvV +nyp
e U(e+p) — &p Vie+p) —mp
with
U=¢&+ &u+ &y (24)
V =10t + nzu +nyv | (25)
the contravariant velocities. The viscous flux terms are
E, = JY&E, + &F,) (26)
and
F, = J"Yn.E, +nyF) (27)
where,
0 0
_ | Tzz _ t Tzy
B = Tzy |’ by = Tyy
fa g4
J7l= (xéyn — ZyYe)
and

€z = Jyn, Ey::“-]mn
Ne = —Jyn, ny = Jz¢

The stress terms, such as 7., are also transformed in terms of the £ and 7 deriva-

tives where

Tzz = W(4(Ezue + Nzuy) — 2(&yve + nyvy))/3 (28)



Tzy = W(Eyue + Nytey + Ezve + NzUy) (29)
tyy = u(—2(€zug + nzun) + 4(&yve + nyvn))/3 (30)
fa = uteq + vigy + upr (v — 1) 7} (£:9:0® + 1;8,0%) (31)
ga = uTgy + v7yy + pp Ny — 1) 7 (€,0¢a? + nydpa’) (32)

with terms such as u, expanded by chain rule.

Re is Reynolds number and Pr is the Prandt]l number. Velocities are non-
dimensionalized by the free stream speed of sound a.,, density by free stream

density poo, and e and p by pooaZ, and viscosity by uoo.

3.1 Thin-Layer Approximation

In high Reynolds number viscous flows the effects of viscosity are concentrated
near rigid boundaries and in the wake regions. Typically in computations we have
only enough grid points available (due to computer storage limits) to concentrate
grid lines near the rigid surfaces. The resulting grid systems usually have fine grid
spacing in directions nearly normal to the surfaces and coarse grid spacing along

the surface.

Even if we numerically solve the full Navier-Stokes Equations, the viscous
terms associated with derivatives along the body may not be resolved. For at-
tached and mildly separated flows these terms are negligible while the terms in

the near normal direction are the substantial terms.
The thin layer approximation requires that:

1. All body surfaces be mapped onto coordinate surfaces. Specifically, n =

constant coordinate surfaces, see Figure 9 .

2. Grid spacing is clustered to the body surfaces such that sufficient resolution
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for a particular Reynolds number is obtained. (At least one or two points in

the sublayer.)

3. All the viscous derivatives in the £ direction are neglected, while the terms in

the n direction are retained.

The thin layer approximatibn is similar in philosophy but not the same as the
boundary layer approximation. The normal momentum Equation is solved and

the computed pressure can vary through the boundary layer.

The thin layer approximation can break down for low Reynolds numbers and
in regions of massive flow separation. It is not a necessary step in the development
of the Equations and numerical algorithm. The full Navier-Stokes Equations
can be solved if sufficient resolution is provided and is warranted by the physical

situation.

3.2 Thin-Layer Equations

8,Q + 8¢k + 8,F = Re™13,5 (33)
where
Q=J7'Q (34)
0
S (nzm1 + nyma)
(nzm2 + nym3)
nz(umy + vmz + my) + ny(umeg + vmz + ms)
and

u
m, = §(4nzu,, — 2nyvy) (35)

mz = u(nyuy + Nzvy) (36)



It is convenient to rewrite £ and F in terms of E and F as defined below.

E=J"Y(&E + &F) (40)
F =J"Y(n,E +n,F) (41)
where
pu pv
2
_fput+p _ puv
E= puv B = pv? +p
u(e + p) v(e + p)

The thin-layer Equations are rewritten as,
3 . -1
5—5 (JT6E +J7 &, F)

P - = 42
+ 5 (I neE + T nyF) ~ Re” a 5= (42)

9 ;-1
3./ Q)+

3.3 Finite Volume Approach

Integrating the thin-layer Navier-Stokes Equations over a unit square domain

{1 in the computational plane (£,n) bounded by 90 we get,

//a I7Q) //ag TE+JTIEF) + a(J 'n.E + J 'nyF)
Q
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Rewriting the above Equation,

//.(%(J‘IQ) +//a%(y,,E—x,,F) + %(-yeEﬁ“IsF)
Q

Q
a -~
—Re™! / —S = 43
e P 0 (43)
Q
Denote

K =yy,E - z,F (44)
L=—-yeE +z:F (45)

substituting the above in Equation (43) and applying Green’s theorem and intro-

ducing artifical dissipation, we have
o)
J1 // —Qdfdn + / (K, L).ds
(97' 30
Q

—Re™! / (0,5).d5= D (46)
an

where D is the artificial dissipation added to suppress the nonlinear instabilities.
Normally, D is less than the order of the truncation error. Discretizing Equation
(46) and assuming A¢ = An =1 in the computational domain,

-1

ik aq. - * (- T
L ik
_Re"\(§ ~-D=0 (47)
jrk_é

3.4 Euler Implicit Scheme

Writing Euler implicit scheme for time discretization,



-1

.’k . 1
XJ}—AQ?JC + (ynEnH - InFn+l)j+é,k - (ynEn+l - ann+ )j—g,k

+(—ygE"H + xSFn+l)j,k+,l_, _ (—ygE'H-l + Ian-l-l)j,k—--é;

~ReTH (S jny + ReTH (8™ 4oy — Dik(QH) = 0

3.5 Approximation To The §**1! term

]n+l ~

g = [5@.6n]"" = 30857

= 8(Q" + AQ", Q7 + AQY)

-~

§™+ = 5(Q",Qr) + M"AQ™ + M"AQ

where
M =085/8Q and M =085/8Q,
But,
MAQ: = (MAQ): - M, AQ™
Therefore,
St =5 + M"AQ™ - M, AQ™ + (MAQ)?
-~ ~ a ——— ~
=5"+(M"-M,)AQ" + o (MAQ)"
0 2
M_isi_ J—pe(‘;y§+$§) .
"~ 00, TE(y? + 42d)

3.6 Jameson Model For D; . (Q"*?!) Term

D;k(Q"") = D;jk(Q™) + AD;x(Q")

where

35

(50)
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] "-)'k J.1k+%
AD;(Q) = Ad‘ Ad! (54)
.7"‘ k j)k—%
g1
+1,k
divi k= JA—T [€§i)%,k(Qj+1,k —Qjk)
_sgi_)é,k(Qj-%-?,k - 3Qj+l,k + 3Qj,k - Qj—l,k)] (55)
-1
J+3k [ (2
Adjiyp= "7 [ §+)x (AQ 11k — AQjk)
(i). W(AQ 12k —3AQ 11k +3AQ5k — AQj-14)| etc. (56)
e, = K® Max(y : (57)
Sj+dk T Lk s Vik)
ej.fé,k = Max|0, (K - sgi_)%,k)] etc. (58)
and
- ij+1,k —2pjk + Pi—1,k|
Vik = .
Pi+1,6 + 2Pjk + Pj— 1,k
Rewriting Equation (48),
-1 - 1
ik A on a "AQ® n maon] 763
EAQJ',k + [(ynA™ — 2, B")AQ ] +[(-yeA™ + 2:B™)AQ"] i k1
-1 “n J)k+o J+ ,,, IJ’k+l n
— R\ (ASY[TE - Ad| —ad " = Resy (59)
jvk_— J_ar ]:k_E ’
where
L 9F
=30
[ 0 -1 0 0 1
B=mu”, (=yv (v - 3)u (h—1)v (1-7)
uv -v -u 0
L4 (1-yuu?+0?) =2+ O07UGBe2+0?) (v-luw  —qu




Rewriting Equation (59),

—l

Y1k A n n lj+;’k , n n J k+% -1
Ay A5k = [(ynd" — 2z, B")AQ ]lj'—é,kTL(—y‘A +2eB)AQ ey T
e An B ke Lk Gkey
(M - MAG™ + b—n(MAQ)"]ijk_L (Ad)l}_i  —(Ad[ = ResTy (51)

For steady-state solution we need to drive the right hand side, Res™ to zero asymp-
totically as n — oo. We can make simplification to left hand side operator to
enhance computational efficiency. Once such simplication is to drop (ﬁ " - M:)
term and retain only the diagonal terms of M. The justification for the above is
that, even though we are simplifying the implicit part, all the terms are retained

in the residue, hence the steady state solution is not affected.

Diag M = Diag [0, —"—;“f(gyg + z2), J—;"f(yf +323), 1%&7;1;(-’6% + yé’)] (62)
..1 o
22 0Q5 + (04"~ 2,88Q7 T+ (e = zeBmaenlf) )
g1 n 2 'j 30k 1ikt3 n
LI VO A v gy A
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In Equation (63),

1

n n +
(ypA™ — z,B™)AQ lJ S(ynA™ - InB‘n)j+§,kAQ?+1,k

nl-— 12—
?E" H‘

T2
1 n n
+3 [(ynAn - Ian)j+g,k — (ynA™ — zyB )j—g,k] AQjk
1 n n n
= 5 (Und™ —zqB");_1 kAR 1k
n n) kty 1
(-y¢A™ + z¢B") Q"IJ _i = 3 (-yed” + 2¢B") e 1 AQj k41
1
45 [(ueA™ + 2¢B™ ey — (—ueA™ + 2eB™)-y | AQ
1
-2-( yeA" + zB" );k _LAQ]’[C 1
— 0 Akt k+ 4
M%AQI;,,C_% ~ R~ AQ|J ’
=~ R; k+l(AQJ,k+l —AQjk) — Ry _1 (AQjk — AQjk—1)
where
0
R F(3vE+ <) ,
7 (vg + 37)

J p ;
210+ )
Substituting the above in Equation (63) we obtain,

CL;jkAQj-1,k + CR;jkAQj+1,k + CCjxAQjk

+ CB; rAQj k-1 + CT; x AQj k+1

—1 -1
Ti=3k (4 j+3.k (4
= Res;’;k - AT ;_)_L kAQj—2,k - T 5_'_)_&AQJ+2,I¢
-1 -1
“ik=3 Jk+3 (4
AT ] Jvk-ﬁ QJ’k 2 AT = 65’]2+%AQJ',IC+2 (64)

where
. -1
_ i+i.k (4)
CLjk = —E(y,,A" - ann)j—é,k AT 1(+i,kI
-1 -1
i=5k (2) _n d—3.k (4)
AT ej—-é,k 3 AT J—élkI
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-1

1 J+i.k (2
-1 -1
_3JJ'+é,k6(4) I__JJ 1.k (4) I
Ar  Itik Ar -k
1
CCik = 5(YnA"™ —20B") 41k — (ynA” — 22B")j_1
1
+ 5(—y5A" + IEBn)j,IH-é — (~y§An + :EeBn)J-,k_%
Jgobo I
1 7k j+i.k (2)
TR (Rjppy + Ripy) + 0T+ 2l T
-1 -1 -1
. J. J:
i+i.k (4) C I=4k (2) j=%.k (4)
+3——AT Gt T A GJ‘—%ka+3_AT eA_é’kI
Jo! - —1 J!
n Jik+4 (D) g gTikrs (9 L Dk-3 € 1.3 rk—z (4 g

(
A7 ak+d Ar kit T TAT Cik-d Ar k-3
1
CBji = —5(—y5A" + ISBn)j,k—g - RC——IR]'Y]C_L

-1 -1 -1

( _ g 0fTs
Ar  Dk+3 Ar k=3 Ar  Cik—3
and
1 _
CRjx = 5(“y£An + IﬁBn)j,k+§ — Re le,k-H_;
- -1 -1
JJ;’H‘» (2) I— 3J1,k+q (4) _ JJ,k—: (4) I
Ar ik Ar ikt Ar ik—4

3.7 Single Point Locally Implicit Scheme

Now, the linearized Equation at node (j, k) can be written in delta form using
Equation (64) as,

-1 -1

n -1 n JJ 5.k (4 j+i.k (4)
I J“‘
k-1 (4 Jk+3 (4
AT e(.) Ly AQR I - e §2+1AQ1,1¢+2I CLikAQT_,

—CBJ':"AQ?,k—l - CR?,kAQ?H,k - CTJ'vaQ?,kH} (65)
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~ 3.8 Inner Iteration

The system of linear Equations (65) for AQ form a system which couples all
the nodes in the flow field. However, the coupling is strongest in a local zone sur-
rounding a (J, k) node. With local time stepping and reasonable Courant numbers
(of about 10), we can solve these linear Equations approximately by a modified
Gauss-Seidel iteration technique. The Equation for iterative corrections to AQ is

written as

C-dQjk = Res} — Lk (AQ) (66)
AQTI! = AQY +win dQjk ,m=0,—— -3 (67)

where C is a diagonal matrix defined as a modification to the coefficient matrix

CC, in Equation (65) and w;, is a relaxation parameter.

-1 -1

Cix = CFL(Z2£)(0.5+ 1/CFL) + 22253 |

AT AT ]+é,k
-1 -1 -1 -1
, . J: .
o dt3k (4) J= 3k (2) o d=3:k (4) Jk+3 (2)
™3 Ar  Jthk + AT EJ"%”‘IT:; AT e._%,kl-i— Ar  Dhk+3
-1 -1 ~1
Ik+3 (4) k-3 (2) Jk—3 (4)
+3 Ar j,k+§I+ A7 € k-1 +3 Ar e].’k_él (68)

AQ on the right side of Equation (66) takes the latest available iterate. The
inner iteration for AQ can be computed rapidly since the d@Q corrections are
explicit scalar Equations. Four symmetric inner iterations are performed for each
time step, with each iteration starting at a different corner of the computational
boundary as shown in Figure 10 and sweeping the entire flow field. The modified
C matrix of the Equation (68) is designed to compensate for the fact that in a
Gauss-Seidel iteration the information at half of the nodes surrounding (j, k) is

at the latest level while the other half is at the previous level.




Figure 10: Schematic of Symmetric Sweeping
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The stability and convergence of the scheme do not seem to be sensitive to
the order of the iteration sweeps as long as a symmetric cycle is performed. w;p, is
an inner relaxation parameter of the order of 0.9-1.1 and depends upon the type
of flow. Another relaxation parameter w,y; is introduced at the end of each time

step.
Qn+1 = Qn + WoutAQ (69)
3.9 Time Step

Local time stepping is used to accelerate convergence to a steady state solu-

tion. The time step is scaled in £ and 7 directions.

In £ direction,

Ate = [c+ |yqu — zv|/SK| - SK (70)

SK = (xf, + y,2,)é
and in n direction,

Aty =[c+ | — yeu + zev|/ST|ST (71)

SJ = (z2+y})? (72)
The total time step At is given by,

At =¢(SJ + SK) + |Ul| + |V1] (73)
where

Ul = ygu — zpv

V1= —yeu+zev

¢ = speed of scund



3.10 Multigrid Technique

The present scheme is locally implicit and globally explicit. It has the proper
smoothing properties for high-frequency components, and a multigrid iteration
scheme is incorporated to speed up the convergence of the scheme for steady state
problems. At a particular grid level, h, one or more time step calculations are
made and the solution is updated. The solution @} is injected to a coarser grid

level, 2h, by the volume weighed average:

Q2n = (Z thh) [v2n (74)

and the residual is injected by the summation over the fine grid cells,
Ryn =) _ Resy, (75)

It may be noted that injection is made only in the interior. The boundary
is treated separately. Two kinds of boundary injection have been tried out: 1)
freezing the conservative variables and pressure on the outer boundary and 2)
taking the volume weighted average of the flow variables on the outer boundary.
Both methods have been found to be effective, but the first method gives slightly

faster convergence for subsonic flow.

The pressure, p, is injected to the coarser grid levels just like the conserved
variables. A forcing function FF, is defined as the difference between the injected
residual and the residual calculated on that grid using the injected solution.

FF,, = Ry, — Res(Qa2p) (76)

A corresponding forcing pressure, F P, is defined in a manner similar to the

forcing function, FF. The residual on the coarse grid is defined by
Resqn, = Resqp, + FFap (77)

The linearized Equation corresponding to Equation (65) on the coarse grid is
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L(AQ)z2h = Resan | (78)

and is solved for one or more time steps by the locally implicit scheme as outlined
earlier. The process is repeated until the coarsest grid solution is computed. In
the present formulation, multigrid solutions are obtained with only one time step
calculation at each grid level per cycle with a fixed local Courant number. The
coarse grid information is passed back to the finer grids as follows: The difference
in the updated solution and the injected solution on the coarse grid is interpolated
in computational space at the grid points of the next finer mesh and is added to
the solution which has been previously computed at that level. In the present
formulation, cor;ections are passed back from all the coarse grids to the fine grid
without recomputing the solutions at the intermediate grids. The pressure is the
dominant driver of a flow field and it has been found necessary to inject the fine

grid pressures on the coarser grids to prevent the shock location from oscillating

during a multigrid cycle.

3.11 Results and Discussion

Elliptic and hyperbolic grid generators have been used to construct C-grids
around NACAO0012 and RAE2822 airfoils respectively. Figure 11 shows the C-grid
around NACAO0012 airfoil and Figure 12 shows the closeup view of the grid of
Figure 11 near the leading edge. Test cases have been chosen which have either
experimental or numerical results in the literature. The first case chosen is a
subsonic flow over NACA0012 airfoil with a free stream Mach number of 0.5 and
Reynolds number of 5000 at a zero degree angle of attack. The grid around this
airfoil requires only moderate stretching for low Reynolds number flows. Figure
13 shows the convergence history, in terms of log (Res) versus the number of work

units. The residue drops three and one half orders of magnitude in 200 multigrid
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Figure 12: Closeup View of C-grid Around NACA 0012 Airfoil
Near the Leading Edge
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cycles or 262 work units. Figure 14 and 15 show the Mach and pressure contours.
The convergence rate is comparable to that of Jameson’s [10]. The Mach contours
are in good agreement Jameson’s results. Only one time step has been computed
at each grid level during the injection cycle and in the type of multigrid used the
flow variables have been frozen on the outer boundary throughout the injection
cycle. Cook, McDonald and Firmin [23] have conducted extensive experimental
studies on RAE2822 airfoil and presented the data for a variety of test cases.
Calculations have been made for select cases and the results are compared with
the experimental results. For these cases a C-grid (128x32) is generated by a
hyperbolic grid generator where the grid spacing normal to the body varies from
0.00001 to 2.0 chord lengths. The grid is as shown in Figure 16. Figure 17 shows
the comparison of pressure coefficient between numerical and experimental cases.
This is the case where free stream Mach number is 0.676, Reynolds number is
5.7 x 10° and the angle of attack is 2.4 degrees. It is expected that the pressure
distribution on the suction surface would be closer to the experiment if we used
a larger grid size. Figure 18 and 19 show the Mach and pressure contours for the
above case. The next test case selected is a flow of free stream Mach number of
0.6, Reynolds number of 6.3 x 10° and an angle of attack of 2.57 degrees. Figure
20 compares the pressure distribution and Figures 21 and 22 show the Mach and
pressure contours. Having obtained satisfactory results for shock free flows, it
has been decided to test the code with transonic flows. The test case chosen is
the flow with a free stream Mach number of 0.725, Reynolds number of 6.5 x
10% and an angle of attack of 2.92 degrees. Figure 23 shows the comparison of
the numerical and experimental pressure distributions. Here again it is expected
that the shock can be made sharper by increasing the grid resolution. Figure 24

shows the Mach contours where the shock location can be clearly seen. Figure 25




Figure 14: Mach Contours of Test Case 1



Figure 15: Pressure Contours of Test Case 1



Figure 16: C-grid Around RAE 2822 Airfoil 128 x 32
(Hyperbolic Grid Generator)
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Figure 17: Comparison of Numerical and Experimental Pressure
Coefficients for Test Case 2 (Re = 5.7 x 10°,
Mo = 0.676, o = 2.4)
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Figure 20: Comparison of Numerical and Experimental Pressure
Distributions for Test Case 3 (Re = 6.3 x 10°,
My =06, a = 2.57)
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Figure 25: Pressure Contours of Flow Field (Test Case 4)



61

shows the corresponding pressure contours for the same flow. The next test case is
the flow with a smaller Reynolds number, namely, 2.7 x 10° and free stream Mach
number of 0.73 and angle of attack of 3.19 degrees. Figure 26 compares the surface
pressure distribution between experimental data and numerical solution. Figures
27 and 28 show the corresponding Mach and pressure contours for the same flow.
In order to evaluate the robustness of the code at low Mach numbers, the code has
been run at a free stream Mach number of 0.1, Reynolds number of 1 x 10° and at
zero angle of attack. The corresponding pressure distribution, Mach and pressure
contours are shown in Figures 29, 30 and 31. Having established the robustness
of the code from low subsonic flow to transonic flow at reasonable angles of attack
it has been decided to test the code for a large angle of incidence. So the code
has been run at an angle of attack of 13.5 degrees, Mach number of 0.301 and
Reynolds number of 3.91 x 10°. The corresponding pressure distribution is shown

in Figure 32.
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Figure 26: Comparison of Numerical and Experimental Pressure
Distributions for Test Case 5 (Re = 2.7 x 108,
My =073, a = 3.19)




Figure 27: Mach Contours of Flow Field (Test Case 5)
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Figure 30: Mach Contours of Flow Field (Test Case 6)
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CHAPTER 4

CONCLUSIONS

A locally implicit, globally explicit method has been demonstrated for the
solution a of time-dependent model elliptic Equation in one and three dimen-
sions. The same method has been Successfﬁlly extended to time-dependent Navier-
Stokes Equations in generalized curvilinear coordinates with body conforming and
stretched grids. It can be applied in finite difference or finite volume formulations
in two or three dimensions. Unlike the other implicit schemes, this method does
not involve any large Equation solvers. The method works both in single and
multigrid modes and is compatible with Jameson’s multigrid strategy. There is no

restriction on the courant number and the scheme is unconditionally stable.

It has been tested extensively for flows from low subsonic to transonic range
and the numerical results have been compared with the experimental results, and
the results have been found to be satisfactory. An algebraic turbulence model
has been used for high Reynolds number flows. A concept of a new multi-point
locally implicit scheme has been introduced and its application to elliptic problems
has been found to be satisfactory, both in single and multigrid modes. However,
single point scheme seems to be computationally more efficient than multi-point
scheme. In conclusion it can be said that a new locally implicit method has been

demonstrated to be an efficient technique for solving the Navier-Stokes Equations.
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APPENDIX 1
MULTI-POINT LOCALLY IMPLICIT SCHEME

One Dimensional Diffusion Equation

A 2-point scheme for a one dimensional problem and an 8-point scheme for
a three dimensional problem are described along with the stability analysis as

opposed to one point scheme described earlier.

Consider the one dimensional diffusion Equation,

du 9%y

—a'z :UEE'Z' (79)

with arbitrary initial conditions and Dirichlet boundary conditions. Using Fi-
nite difference approximation and Euler Implicit Scheme, Equation (1) can be

discretized as,
ut Tl oy w20 L ]
J l v 7 J 1+ (80)
At Az?

2-Point Locally Implicit Scheme

Writing the difference Equation at 5 and 5 + 1 and denoting R = v AAJQ ,

(1+ 2R)u;'+1 - Ru?_:'ll =u; + Ru;-‘j'l1

--Ru;-H'l +(1+ 2R)u;-‘j_'11 =urg + Ru;-‘:;

Now, approximate Ruj; by Ru? , and solve for 7! and w7},
j = 2’496a— - -
Delta Form of the Difference Equations
Denoting Aul = u;‘“ - u? (81)

and Res} = (uf_; —2u} +u} )R (82)
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the difference Equations can be written in the A form as,
(1 +2R)Au} — RAuj,; = Res} + RAuj_, (83)
—RAu} + (1 + 2R)Au},, = Res” | + RAuj,, (84)

Approximations for Au7, ,

(i) Aujy, =0

Loses time accuracy but unconditionally stable. Asymptotic steady state

solution is not affected.
(ii) Autio = R (ufy, — 2ufy, +ufys), RP =1

It was observed that the scheme is time accurate for R* = 1 and stable for any
R. Asymptotic steady state solution was not affected and convergence to steady

state solution was found to be faster than in case (i).

Now, as before solve for Au;‘ and Au;-‘_,_l, for j=2,4,6,— — — — — — .

Stability
Denote u; = limp_.oo u} (85)
and e} =ul —u; (86)

Substituting, approximation (i) becomes

1 1_ +1
(1 +2R)e]™! — Rel[| = e} + Rel ™

—Re}t' + (L+2R)elf! =€) + Rel

] J+1

DenoteD=(—lf—m, 0<D<% (87)



n+1
j+1°

Solving for e

(1— D?e™! = D%} + ze’H— D + De?

j+Lr T i-1 R 7T pitt J+2
D* D i

(1= Dt < (% + 2 4 Dl + Deyea

Now,

7] < el
ie?-ﬂl < “e”go v ] =2,4,6,— - — —.

and

lelloe™ < llefl% (88)

Hence, the scheme is unconditionally stable. The convergence history of the
one dimensional diffusion Equation for a case of 80 cells is shown in Figure 33 for

both single grid and multi—gfid cases.

Three Dimensional Diffusion Equation

du 2
g 89
> vViu (89)

Dirichlet boundary conditions are applied at the grid boundaries and random

numbers are chosen as the initial condition.

Writing Euler implicit scheme for the Equation as before,

1 v
—_ noo—-
Augik 12

N (62 + 82 + 62)ul (90)

.5,k
A form of the above Equation is,

(1~ R(52+ 62+ 63) Aul, = Resl
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Res?;, = R(6% + 82 + 62)ul (91)

1,7,k

vAL
R=7L-2_

and

h=Az=Ay= Az

8-point Locally Implicit Scheme

The schematic representation of the 8—point Locally Implicit scheme is as

shown in Figure 34. Writing the difference Equation at node 1 (¢, j, k):

(1 + 6R)Au1 - R(A’U,2 + Auz + AU5) = RHS; (92)

where

RHS1 = Res; + R(Aui—y jk + Dugj—1k + Ajjk—1) (93)

Approximate the difference Equation at node 2(¢ + 1, j, k):

(1 + GR)A‘UZ — R(Au1 + Aug + AU.G) = RHS2 (94)
where
RHS2 = Resy + R(Auipy o1k + Dtir1jp—1 + AulDy ) (95)
and
Aul?), o= Reslyq /R (96)

Similar difference Equations are written at the nodes 3,4,5,6,7,8 (corners of one

cell).
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Writing in the matrix form,

r 1 - Aup r RHS; 7
L Jd L Aug J L RHSg A
Auyy,— — — — — , Aug are computed for each cell, in the increasing directions of
1,7,k and the solution is updated.
u:;',: =ulj, ~wAuf, etc. (97)

where w is the relaxation factor.

The convergence histories for the grid sizes of 120 x 20 x 20), (40 x 40 x 40), (80
x 40 x 40) are shown in Figures 35, 36, 37 and 38. Figure 39 shows the comparison
of the numerical and exact solutions of a poissons’ Equation, the forcing function
being sin 7z sin 27y sin 37z. The error margin in the above comparison was found
to be less than 0.6%. The plot of % error against grid length is shown in Figure

40 and the convergence history in Figure 41.
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APPENDIX 2

ALGEBRAIC TURBULENCE MODEL

An algebraic eddy viscosity model is includ=d in the code to approximate
the effect of turbulence. It is a conventional two-layer model. The inner layer is
governed by the Prandtl-Van Driest formulation, and the outer layer follows the
modified Clauser approximation. The turbulence model is detailed Baldwin and
Lomax (22| and was designed specifically for use with the thin layer approxmiation.
The model is most appropriate to attached and mildly separated boundary layers.
No attempt is made to model wake regions and massively separated flows. It has
been very successful for computing boundary layer growth, shock-boundary layer

interation, separation points or lines and other boundary layer properties.

The effects of turbulence are simulated in terms of an eddy viscosity coefficient
p¢t. Thus, in stress terms of the laminar Navier-Stokes Equations, the molecular
coefficient of viscosity u is replaced by u + pu¢. In heat flux term k/c, = 1/p, is
replaced by u/p, + p¢/pr+. The model avoids the necessity for finding the edge of

the boundary layer. The turbulent viscosity u: is given by,

(Il't)inner Y < Ycrossover
Ky = (95)
(ﬂ't)outer Ycrossover < Y

where y is the normal distance from the wall and ycrossover is the smallest value of
y at which values from the inner and outer formulas are equal. The Prandtl-Van

Driest formulation is used in the inner region,

(Ut)inner =p 12 !Wi (99)
where

| =ky[l-exp(-yT/A")] (100)



magnitude of the vorticity |w| = g—'—; - %’é (101)

y+ Puwlrly
Hw

u = velocity parallel to the solid surface

u; = friction velocity /7w /pw

Tw = shear stress at the wall

y" = law of the wall coordinate

The turbulent viscosity in the outer region is defined by,

(lllt)outer =K Ccp P Fyake FKleb(y) (102)

where K is the Clauser constant, C., is an additional constant, and

ymax Fma.x

Fyake = or the smaller (103)
Cwk Ymax U]%if/Fmax

The quantity Fiyax is the maximum value of F(y) that occurs in a profile and

Ymax is the value of y at which it occurs. The function Fk|en(y) is the Klebanoff

intermittency factor given by,

Ymax

Fien(y) = [1 +35.5 (MY] (104)

the quantity Upis is the difference between maximum and minimum total velocity
in the profile,

Upit = (\/ u? + v2> - (\/ u? + v2> (105)

max min

The outer formulations (Equations (102) and (103)) can be used in the wakes

as well as in attached and separated boundary layers. The product YmaxFmax
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replaces 6*u, in the Clauser formulation and the combination yp,x U%if/ Fo.x
replaces fupis in a wake formulation. In effect, the distribution of vorticity is used
to determine length scales so that the necessity for finding the outer edge of the

boundary layer (or wake) is removed.

The effect of transition to turbulence can be simulated by setting u; equal to
zero everywhere in a profile for which the maximum tentatively computed value

of u; from the foregoing relations is less than a specified value, that is,

pe =0 if (I/'t)ma_x in < CMutm Moo (106)
profile

The constants appearing in the foregoing relations have been determined by
requiring agreement with the Cebici formulation for constant pressure boundary

layers at transonic speeds. The values determined are,

A, =26
Cep = 1.6
Ckleb = 0.3

Cwyk = 0.25
k=0.4

K =0.0168

P. =0.72
P, =09
CMutm = 14
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