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Abstract

The theory of reproducing kernel Hilbert spaces has been crucial to the development of
many of the most significant modern ideas behind functional analysis. In particular, there
are two classes of reproducing kernel Hilbert spaces that have seen plenty of interest: that
of complete Nevanlinna-Pick spaces and de Branges-Rovnyak spaces.

In this dissertation, we prove some results involving each type of reproducing kernel
Hilbert space separately as well as one result regarding their potential overlap. It turns out
that a de Branges-Rovnyak space is also of complete Nevanlinna-Pick type as long as there
exists a multiplier satisfying a certain identity.

Further, we extend work of Theodor Kaluza to give sufficient conditions for having the
Nevanlinna-Pick property in terms of the coefficients of a reproducing kernel’s power series.
Lastly, we characterize the multiplicative shifts on certain de Branges-Rovnyak spaces by

highlighting four specific properties.
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Chapter 1

Introduction

1.1 History

There are two major topics covered in this manuscript: specifically, two types of spaces of
analytic functions that are known, respectively, as complete Nevanlinna-Pick spaces and de
Branges-Rovnyak spaces. Since there is far too much relevant history to recap in a short
section like this, we will focus mainly on the contributions made by the four mathematicians
whose last names appear in the names of the type of spaces: Rolf Nevanlinna, Georg Pick,
Louis de Branges, and James Rovnyak.

Let us start with the former pair. In 1916 and 1919, respectively, Pick (see [22]) and

Nevanlinna (see [20]) established the following theorem.

Theorem 1.1.1: (Nevanlinna-Pick) Given n € N and {z;}", and {\;}!_, in the unit

disk D, the following are equivalent:

(A) there exists analytic ¢ : D — D with ¢(z;) = N\; for all 1 <i < n.

1— A\

(B) the matriz M € C"*", defined component-wise by M, ; := for

1 <1,7 <mn, is positive definite.

That is, Pick and Nevanlinna proved that a solution to the interpolation problem described



in condition A exists if and only if the relatively-easy-to-check condition B holds. Several
decades later, Donald Sarason revitalized the subject by giving a new approach to the
theorem as well as the construction of the solution ¢ (see [25] and [17]). In the 1980’s, Jim
Agler—motivated by Sarason’s viewpoint—sought to generalize the interpolation problem
(see [1]). What if we replace the initial data {z;}I, with {z;}}'; in some more abstract
set X7 Or, more dramatically, what if we replaced the target data {\;}!, with complex-
valued matrices {W;}; of some fixed size? In making these changes, one inherently alters
the domain and range of a possible solution ¢; for example, if X C C? for d € N, then ¢
would have to be a function of d variables, as opposed to only one as in the Nevanlinna-Pick
theorem.

Under such abstractions, complete Nevanlinna-Pick spaces are ones in which a suitable
analogue of Theorem 1.1.1 holds. We will introduce the formal definition at the start of
Chapter 2, but we mention now that the work of Jim Agler, John E. McCarthy, Scott
McCullough, and Peter Quiggin will allow us to work with a much more favorable equivalence
in place of the rather technical definition. With that, many results have been determined to
hold for complete Nevanlinna-Pick spaces and we will discuss many of these advantages in
Chapter 2 as well, if only briefly.

We would also be remiss not to mention the mathematician Theodor Kaluza, who
established a lemma in 1926 (see [14]) that would later prove to be incredibly relevant
to these spaces. In fact, the entirety of Chapter 3 will be spent generalizing this one result
of Kaluza.

Next, let us reflect on the origins of de Branges-Rovnyak spaces. After Béla Sz.-Nagy and
Ciprian Foias had proven their famous dilation theorem (see [26]), de Branges and Rovnyak
devised a model to construct a particular type of subspace of the Hardy space H? in order
to study the invariant subspace problem. In fact, in 1964, de Branges had claimed to have
solved the invariant subspace problem using their model, and while this turned out to be an
incorrect proof, the spaces used therein have nonetheless become credited to de Branges and
Rovnyak.

Not all of the associated history is this unfortunate, as de Branges was able to use the

spaces successfully in 1984 to prove the Bieberbach conjecture (see [9]). That being said,



the modern view of de Branges-Rovnyak spaces was not developed until the 1990’s when,
among other contributions, Sarason’s book Sub-Hardy Hilbert Spaces in the Unit Disk was
published in 1994. This drove the theory forward and led to a central dichotomy of de
Branges-Rovnyak spaces: the extreme versus the non-extreme case. More recently, Michael
Jury and Rob Martin have developed additional (Clark) theory for multivariable analogues
of the original de Branges-Rovnyak models (see [13]) and have also investigated a similar
type of dichotomy (quasi-extreme versus non-quasi-extreme). Inspired by their work as well
as that of Ball and Bolotnikov (see [5]), this dissertation seeks to generalize some previously
known results to the setting of several complex variables.

While we have said nothing about how de Branges-Rovnyak spaces are defined /constructed
and will defer this until Chapter 2, we state now that de Branges-Rovnyak spaces are
reproducing kernel Hilbert spaces parameterized by a function which we usually call b. This
manuscript will focus on de Branges-Rovnyak spaces that are much more generalized than
their original formulation by considering b other than ones who have domain and range
both I, but we will mention that this original case has been shown to have applications in

mathematical physics.

1.2 Overview

In Section 1.3, we cover all the background needed for the following three chapters. While we
strive for this to be a self-contained document, we will assume the reader knows the basics
of inner products, norms, Hilbert spaces, and bounded operators/their adjoints. Specifically,
we must develop a certain baseline theory of what we call reproducing kernel Hilbert spaces
so that we may define two particular classes of these types of spaces, each receiving their
own introductory section in Chapter 2: complete Nevanlinna-Pick spaces in Section 2.1 and
de Branges-Rovnyak spaces in Section 2.2.

With the basics of those spaces established, we will take the remainder of Chapter 2 to
focus on the potential overlap of these two types; we will state and prove the following result

in Section 2.3 (see Theorem 2.3.2).



Theorem 1.2.1: Let d € N and r € NU {oc}. For a nonconstant b € My(H* @ D, H3)
)\ *
with dim(D) = r and b(0) = 0, the de Branges-Rovnyak kernel ky(z) = %
Z?
the complete Nevanlinna-Pick property if and only if there exists 1 € My(H?® D, H? @ C%)

such that M, (1) o b)(2) = b(z).

has

Here, H3 is the Drury-Arveson space, the space of multivariable power series who are
square summable under appropriate weights (see Section 1.3 for the specifics). Further,
the notation M refers to the set of contractive multipliers on the given spaces and will
be covered in our upcoming preliminary section. Further, M, refers to the row operator of
multiplication by the independent variable z = (21, ..., zq).

While Theorem 1.2.1 assumes we start with a de Branges-Rovnyak space and charac-
terizes whether or not the space is also of complete Nevanlinna-Pick type, we will be able
to quickly alter our viewpoint into a similar corollary at the very end of Chapter 2 that
interchanges the role of the spaces, instead assuming we are given a complete Nevanlinna-
Pick space at the start.

As mentioned in the history section, Sections 3.1 and 3.2 will focus on two ways we can
generalize a lemma of Theodor Kaluza regarding coefficients of power series of one complex
variable. While Kaluza’s result was not explicitly used in the environment of complete
Nevanlinna-Pick spaces when it was first published, a strong connection from the lemma
to this topic was established once interest in these types of spaces arose. In attempting
to develop multivariable analogues of Kaluza’s result, our two generalized versions will only
involve power series of d variables (and their coefficients) in order to properly match Kaluza’s
original lemma. We remark now that the multi-index notation discussed in Section 1.3 is
imperative to statements about these series.

In particular, we will need to define what it means for a sequence indexed by multi-indices
to be non-decreasing. First, for o, 8 in Z?, we can induce a partial order by defining 3 < o
to mean f3; < a; for 1 < i < d. With that, we say a sequence {5, }qeze is non-decreasing if
and only if S, < S for a < .

The following is the first generalization of Kaluza’s result (see Lemma 3.1.2).



Lemma 1.2.2 (Kaluza-Type Lemma): Suppose {Cy}qocza satisfies Co = 1,C, > 0 for
all other o, and C., =0 for any v such that v # 0. Define {Ra}aeNg by Ry := 0 and

Ca

.: d
E Ca—ek
k=1

Ra s CY#O,

where the e, are the canonical basis multi-indices.

If {Ra}aena is non-decreasing and bounded above by 1, then f(x) := Z Cox® converges

aeNg

1
on{x = (x1, ..., zq) | |zlli := |z1| + 22| + ... + |za] < 1} and g(x) =1 — o > gt
yeNd
for some non-negative {¢,},ena-

Before proving the above result, we will spend some time in Section 3.1 connecting this
type of result to complete Nevanlinna-Pick spaces, specifically noting how the lemma can be

applied to give a sufficient condition for a reproducing kernel k) to be of complete Nevanlinna-

Pick type and why the function 1— is relevant to this. Before moving on to Section 3.2,

1
ka(z)
we connect the above lemma back to de Branges-Rovnyak spaces with a corollary showing
that if k) is of complete Nevanlinna-Pick type by means of Lemma 1.2.2, it must also be a
de Branges-Rovnyak kernel of a specific form.

Our second generalization of Kaluza’s lemma involves word notation (covered in Section

1.3) and, being somewhat of a technical stepping stone to a more direct result, we omit it

here in order to highlight the following corollary instead (see Corollary 3.2.2).

Corollary 1.2.3: Suppose {Cataena are such that Co = 1 and Co > 0 for all other a.

(Cose)® _ (lo] + V(s +2)
Oaca_;,_gei - (|Oé| + 2)(041 + 1)
Ca+eiCa+6j < ‘05| +1
CaCOé+€i+€j N ‘Oé| +2

forall 1 <4 <d,

and fO’I"(llllSi,de, Z%j?



then f(x) := Z Cox® converges on {x = (x1, ..., xq) | ||z]1 = |x1| + |22 + ... + |2a] < 1}
a€eNg

and g(x) :=1— N = anxa where each ¢, > 0.
fla) ~

To close out Chapter 3, we discuss a class of examples of spaces for which Corollary 1.2.3
is applicable. Along the way, we will prove by example that Lemma 1.2.2 and Corollary
1.2.3 are independent generalizations of one another.

In Chapter 4, the longest chapter of the manuscript, we leave complete Nevanlinna-Pick
spaces behind and instead focus solely on de Branges-Rovnyak spaces. We start by settling
some rather specific operator theory preliminaries in Section 4.1. In Section 4.2, we address
an operator-based formulation of the reproducing kernel Hilbert space theory of Section 1.3.
Similarly, Section 4.3 re-introduces de Branges-Rovnyak spaces in a similar, more general
setting than was done in Section 2.2.

In Section 4.4, we turn our attention to (M., H(B)) on a de Branges-Rovnyak space where
this operator is bounded. With a series of propositions, we state and prove several properties
of this operator based entirely on just a few starting assumptions. Finally, Section 4.5 closes
out the dissertation by characterizing which abstract row operators (T,7H) are unitarily
equivalent to multiplication by z on a de Branges-Rovnyak space, as the following result

indicates (see Theorem 4.5.1).

Theorem 1.2.4: Let T = (T, ..., Ty) : HY — H be a bounded row operator on a separable
Hilbert space H, and let m € N. T is unitarily equivalent to (M., H(B)) for some B € S(D, £)
and Hilbert spaces D and & such that B(0) =0, dim(E) = m, and that M, is a bounded row
operator if and only if T satisfies the following four conditions:

(1) T,T; = T;T; for all1 <i,5 <d

(ii) dim([Ran (T — X)) =m for every A € By

(iii) || T||3 > ||2||a for all x € (Ker T)*

(i) () D TwH ={0}

n2>0 |lw|=n

Here, for A € By, A is a row operator which acts on x € H¢ by scaling each component



and adding as follows:

d
AX = Z i
i=1

1.3 Reproducing Kernel Hilbert Spaces

One of the most famous results regarding Hilbert spaces is the Riesz Representation Theorem,
which states that for every bounded linear functional 1) on a Hilbert space H, there exists a
unique g, € H such that ¢ (z) = (x,yy),, 8.

What does this theorem look like when we impose some extra assumptions? Specifically,
let us assume that (1) H C {f : X — C} for some set X (that is, H is a Hilbert function
space) and (2) the point evaluation functional E) given by E\(f) = f(\) is bounded on H
for every A € X.

In this case, for every fixed A\ € X, the Riesz Representation Theorem gives a unique
element ky € H such that Ex(f) = f(X) = (f, ka)y for all f € H. We call ky the reproducing
kernel at A as its defining property reproduces the value of f at A.

Therefore, the formal definition of a reproducing kernel Hilbert space, hereby referred to
as an RKHS, is a Hilbert space H C {f : X — C} on which all point evaluation functionals
are bounded. This is all that is needed to guarantee the existence of {ky}rcx, the set of
kernel functions.

To continue the general theory of RKHS’s, we require a definition. Recall that B(D, €)
refers to the set of bounded operators from a Hilbert space D to another one &, and that

B(E) abbreviates B(E, E).

Definition 1.3.1: For a set X and a Hilbert space &£, we call K : X x X — B(&) positive
definite and write K (z,\) > 0 if and only if for all n € N, {\'}!".; C X, and {a;}?, C €&,

Z <K(>\Z, )\j)(lj, ai>g Z 0.

1,7=1



Note that when £ = C, this definition is the same as requiring that the matrix K =
(ki jli<i j<n given by k; ; = K (X', M) is positive definite (in the sense of square matrices) for
alln € N and {\'}, C X.

Let us take the time to discuss some associated facts to Definition 1.3.1. First, we can
define an ordering on the set {K : X x X — B(£)} by A = B if and only if A — B > 0.
We point out specifically that this ordering is transitive: A = B and B > C indeed implies
A C.

Next, for a second Hilbert space F and H : X — B(F,E), it can readily be seen from
the definition that H(z)H(A)* > 0. More powerful and interesting is a converse-of-sorts
to the previous fact: if K(z,A\) = 0, then there exists an auxiliary Hilbert space F and
H: X — B(F,E) such that we can factor K(z,\) = H(z)H(\)* (see [21]).

Together, both of the above lead to a quick proof of the following useful proposition.

Proposition 1.3.2: Given a positive definite K : X x X — B(€) and g : X — B(E,D),
L: X x X — B(D) defined by L(z,\) := g(2)K(z, \)g(\)* is positive definite.

In Section 4.2, we will examine the more general situation where each k) (z) is an operator
on [E (hereby referred to as the operator-case), but for Chapter 1, let us consider the particular
case that we take £ = C. This is the case where k) (2) is a scalar valued function for all A\, and
in this setting, we obtain a one-to-one correspondence between positive definite functions
and RKHS’s, where the underlying set X is the same between the two. Let us now illustrate
the specifics of this correspondence.

Given an RKHS H and therefore a set of kernel functions {k)}rcx, we define K(z,\) :=
kx(z) = (ka, k.)5,- The positive definiteness is then near immediate as all we need to check

that the quantity

2

Z a_,»ajK(/\i, )\j) = Z <Clj]€)\j, Clik')\i>H = Zaik‘)\i
1,7=1 1,7=1 i=1 H

is non-negative for any n € N, {a;} C C, and {\'} C X. Of course, as a norm, this is clearly

the case.



Conversely, given a positive definite K, define functions {k)} ex by ka(z) := K(z, A) and

‘H as the completion of

i=1

D= {Zcﬁk/\i n€N, {a}, CC, (N}, C X}

in an appropriate Hilbert space norm. We outsource the remaining details that H is indeed a
Hilbert space to [21], wherein the author defines (ky, k.),, := kx(2) and then extends linearly
to all of D. With this definition, the desired reproducing property clearly holds for any
f € D and this can then be extended to all of H. Also, it is now clear that k.(\) = ky(2)
for fixed z and A in X.

To refer to the unique RKHS obtained from a positive definite K, we use the notation
H(K), and we comment that by the above, the span of kernel functions is always dense in
H(K). While this last fact will prove incredibly useful in many occasions, one might ask for

a more specific crtierion as to when an given element f : X — C is in such a space H(K)?

One possible answer comes in the form of the following proposition.

Proposition 1.3.3: Let f : X — C and H(K) be given. f € H(K) if and only if there

exists ¢ > 0 such that *ky(z) — f(2)f(A) = 0.

Moreover, in this case, || f||a(x) is the least ¢ that satisfies the above.

In Chapter 4, we will state the operator-case version of this result (see Proposition 4.2.1),
so we will defer the proof until then. Related to the previous proposition is a fact that

characterizes when one RKHS is contained in another.

Proposition 1.3.4: [21] Given H(K') and H(K?), H(K') C H(K?) if and only if there
exists ¢ > 0 such that *k3(z) — ki(z) =0.

Moreover, in this case, the least ¢ that satisfies the above is the operator norm of the

inclusion map j : H(K') — H(K?).

With so many results relating to the notion of positive definiteness, next we discuss



the following way of obtaining positive definite objects, to which we credit [2].

Proposition 1.3.5: If u: X — B(D,C) with ||u(2)||e, < 1 for all z € X, then

1
K(z,\) = ———————— > 0.
BN = T oty =
We comment that in the case that D has dimension a € N U {co}, we have u(z) =

(u1(2), ..., uq(2)) and subsequently

u(2)u(A)" = (u(2), u(N))p = Zuj(z)uj<)‘)a

We mention now that with the above assumptions on wu, we also have ||uls :=
sup [[u(z)llop < 1.
zeX

While there is more to be said about RKHS’s in general, let us now take a detour in using
the previous fact to provide a particular example of an RKHS whose importance cannot be

overstated. First, take
X =By :={(21, -, 2a) | |I2]5 = |z1]* + ... + |za]* < 1}

for some fixed d € NU {o0}, the parameter indicating the number of variables the functions
in our RKHS’s have. In fact, this set (the d-unit ball) will serve as our X for the entirety of

the manuscript.
d

Next, consider u(z) := z € B(C? C) defined by z{a;}¢, = Zziai. With d = 1, this
i=1
is simply multiplication by z, and it can still be thought of as multiplication in general if

we consider z as a row operator acting on columns. By the Cauchy-Schwarz inequality,
1z{a;}?_|| < ||zll2]lall2 < ||allz whenever z € By. Thus, u(z) = z satisfies ||u(z)||op < 1 for all
z € By.

One can quickly compute that z*c = {Zc}¢ | and subsequently that zA\* = (z,\)ca
for any z and A € B;. Proposition 1.3.5, which motivated all this set-up, now gives that

S(z,A) == !

W is positive definite. Thus, we obtain an associated RKHS H7 := H(S)
J— z’ cd

10



that we call the Drury-Arveson space. To explain some of the notation, we call the kernel
S(z,\) = sx(z) the Szegd kernel and we use the notation H2 as we will soon see that the
Drury-Arveson space is a multivariable generalization of the Hardy space H?> = HZ. To get
there, we need to introduce notation that will be used often throughout this dissertation.
Like the Drury-Arveson space exemplifies; the RKHS’s we consider will consist of
functions of d variables, for fixed d € N. Since we are interested in power series
representations of such functions, we will have a strong need for what is known as multi-index
notation. We call o a multi-index of size d if and only if o = («, ..., a4) for o; € Ny for

1 < i < d. Going forward, we use the notation N¢ to refer to the set of multi-indices of the
d

same size d. Each multi-index « has associated quantities |a := Z a;, which we refer to

i=1
al!

as either the order or length of the multi-index, as well as a multinomial weight 4 Here,
a!

d

al = HO‘Z'!’ and we note that the zero multi-index 0 has order equal to zero but weight
i=1

equal to one. The only other particular multi-indices we mention now are the set of canonical

basis elements for C?: {e*, 1 <k < d | ef = §,;}. For the sake of brevity in the future, we

will simply refer to this set as the canonical basis multi-indices.
d

For z = (21, ..., 24) and a € N¢, we use the notation z to refer to Hzia", and it is
implicitly understood when we use this notation that z;z; = z;z; for all ii;;d j. What if
we wanted to write a similar string of products of components of X = (X3, ..., X4) where
X;X; and X;X; may not be the same (e.g. if the {X;} were square matrices)? Instead of
using multi-indices, this task requires what we call word notation. We call w a word (made
from the d-alphabet) and write w € Fy if and only if w is a string of countably many letters
wiWs...w, where w; € {1 <1i <d} for 1 < j <mn, withn =: |w| being what we call the length
of the word (i.e. the number of letters it has). Then, the notation X, refers precisely to
the noncommutative product X,,, X,,... Xy, . We will also make occasional use of the empty
word (), which acts somewhat as a multiplicative identity where multiplication is appendation
of a word either on the left or right.

Before we return to H3, let us attempt to bridge the divide between multi-indices and

words. We first introduce the letter-counting map o : F4 — N& by the following: given any

11



w € Fy, let a(w) € N& be the multi-index with ith component
a(w); =#{1 <j<n|w;=1i}.

As an example, if d = 4 and w = 132232, then a(w) = (1,3,2,0). Another example
is a(f) = 0, no matter the value of d. It is a known combinatorial fact (an immediate

consequence of the multinomial theorem) that

#Hw eFa | a(w) =a} = —-

and we will make use of this in the sequel. We remark now that for d commuting variables
(21, ..., 24), we have that z, = 2 using both sets of our new notation.

Returning to the Szego6 kernel, we compute, for any n > 0,

Z /\ (Cd = (Zzz z) = Z ZwE: Z Z Za(w))\a(w Z ’CY|'

welFy aENg welFy aGNd

lw|=n laj=n a(w)=a la|=n

and subsequently by a geometric series expansion

o0

sx(z) = Z 2y, N a = Z |O{“

n=0 aENd

Thus, each s, is analytic by nature of having a power series representation. We now claim
that H2 C {f analytic on By}. Since any g € D is analytic and any f € H2 has {g, }n>1 C D
converging to it by the density, all we need to do is establish that said convergence is locally
uniform. By Montel’s theorem, it suffices to show that N := {g € D | ||g/[zz < 1} is
locally uniformly bounded and subsequently that /N is a normal family of functions. Fixing
a compact set C' C By such that we have a real number M satisfying [|z]s < M < 1 for all
z € C, we then have
1 1

||Sz||§{§ = <527SZ>H3 = 52<Z) = 1_ HZH% < 1— M2’ zed

12



and this leads to

1
9(2)| = | <9732>H3 | < llgllmzlls:llmz < I € CandgeN.

Thus, the convergence in question is locally uniform, as desired.

Therefore, for any H(K) such that H(K) C H2, each ky is analytic and therefore has
a power series representation. Towards the start of Chapter 3, we will discuss an alternate
assumption on H(K) that guarantees a stronger condition: namely that the coefficients of
ky’s power series do not depend on A € B,. The following proposition gives a quick way to

check positive-definiteness for power series of that type.

Proposition 1.3.6: If K(z,\) = Z Coz\e for {C,} C [0,00), then K(z,)\) = 0.

aENg

Proof: We simply use the definition: for any n € N, {a;}?_, C C, and {\'}}", C By, one can

show that )
> K06 V) = Y Y ()]
ij=1 aeNd i=1
which is of course non-negative if each C, is. >

While we are discussing power series, we remark that two absolutely convergent series

Z A,z% and Z B,z are identically equal on By if and only if A, = B, for all a € N¢.
aeNG aENG
Using the previous fact and the derived series form of s)(z), we can show that the set of

|
monomials {zﬂ}ﬂeNg lie in H7. To do so, fix a § and take ¢ := 4/ ’g—" Then

— |
Asy(z) = 2908 + Z %za)\“
a€Ng '
B

and therefore the power series of £y(z) = 2s5(z) — 2°A? has positive coefficients and

subsequently this shows that ¢,(z) is positive definite by Proposition 1.3.6. Then, by

13



Proposition 1.3.3, 2? € H2 = H(S) for arbitrary 3, with HzBH < |5" We next show

that this inequality is in fact sharp via the claim: <zﬁ, z“’>H2 = 08 |§“ for any 3, € Nd.
d .

To prove this, allow A\ and p to be arbitrary elements of B,;. We compute

(52}, 5, H2—<Z'”' ¥,y L u5>

eNg BeNd 2

Al — | !
-y Y B, = > (B Mo, |

BENE veNd BeNd " yeNd

On the other hand, we have by the reproducing kernel property,

8 |
CNQREMON Z R
BENd
Thus, as power series in the variable p, these two series are identically equal; therefore, in

equating the § coefficient of each and taking complex conjugates, we have for any A:

|ﬁ|‘ |ﬁ|‘ |7¢ B8 P ¥
ﬁl ﬁl j{: < >H2A
eNd
Again, as two series identically equal in the variable A\, equating the = coefficient of each

reveals

Y
55,7 |’Y! <’Z Z’Y>H2'

Rearranging this slightly, we have proved the claim.
We are finally ready to connect the Drury-Arveson space (when d = 1) to the Hardy

space by the following claim:

Hi=1{f(z) =) Aa®

aeNg

D |Aq \2—'<oo

aeBy

If so, then for d = 1, we see H? = H?: the set of power series on D with square summable

coefficients (using the fact that o and |a| have no distinction when d = 1).
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We have already noted that f € H3 reveals that f has an absolutely convergent power

series representation Z Anz%. To prove the desired set equality, we compute

aENg

”fH?{fl = <f> f>H3 = <Z Aozza7 Z A525>

aeNg BeNG H?

=3 > AA () = D0 Y AdAsl, ,ﬁ| Z Ao o

aeNg BeNg aeNd peNd
Therefore, this last expression is finite if and only if the norm of f in H3 is, and this proves
our above claim.
Let H and D be Hilbert spaces. We can construct the tensor space H ® D by defining

the inner product

(1 @Y1, 22 ® y2>H®D = (21, $2>H (y1, y2>p

for any x1, 20 € H and y1,yo € D. It is clear from this definition that tensoring H with C
does nothing, revealing H ® C = H.

Now suppose that H consists of functions (e.g. that H is an RKHS). Whenever we
encounter the tensor notation H ® D, we should think of elements in this space as D-valued

functions in H. As a primary example, for any n € N,

H@Cr = @”H = {columns consisting of {f;}, C H}.

i=1

In the future, we will use H™ to abbreviate this space.
Our final topic of this introductory chapter relates to mulipliers on a Hilbert space. For

Hilbert function spaces ‘H and K (on B,) and auxiliary Hilbert spaces D and &, define
MHRID,KRE) ={¢p:By— B(MD,E) | of e LRE VfeH®RD}

We adopt the conventions to not write the corresponding tensor product if either D or & is

C and that M(H ® D) is a notational shortening of M(H ® D, H ® D).
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To continue our discussion, we require the following fundamental theorem of functional

analysis.

Theorem 1.3.7 (Closed Graph): [8] An operator T : H — K is bounded if and only
if its graph
{(z,Tz) | w € H}

1s closed in H x IC.

Using the Closed Graph Theorem, one can show that each multiplier ¢ defines a bounded
operator My by Myf := ¢f. From there, we can define ||¢||mnap cze) = | Mo)op-

As one might expect, we are especially interested in the case where H and K are both
RKHS’s of functions defined on the same set: say, B;. If so, then for a scalar multiplier ¢,
we can determine how the adjoint Mj acts on kernel functions. The following proposition
will be proven in Chapter 4 when we encounter the operator-case version of it, as was the

same for Proposition 1.3.3, but for now consider K' and K? scalar valued kernels on B,.

Proposition 1.3.8: Let ¢ € M(H(K"), H(K?)). For any X € By, we have Mjk3 = ¢(N)ks,.

We will need a slightly more general version of the above result, one that holds when
¢ is a row multiplier: that is, when ¢ € M(H(K') ® D, H(K?)) for some D with dimension
r € NU{oo}. However, this turns out to be readily available from Proposition 1.3.8. For a
fixed 1 <4 < r, one can show that ¢; € M(H(K"), H(K?)) by having My act on a column
with an arbitrary f € H(K') in the ith component and 0’s in all the other ones. Therefore,
M ;Zk‘i = mk& for all components 1 < i < r by the above proposition; we can write this
succinctly as MZER = ¢(N)*k;.

In what follows, a normalized kernel simply refers to the fact that kg = 1. Among
other advantages for an RKHS, this guarantees that any constant function is in H(K), as

1 = ko € H(K) and thus can be scaled by any element of C. We will near exclusively work

with normalized kernels going forward.
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As a corollary to (the row multiplier version of) Proposition 1.3.8, we can prove that
for any ¢ € M(H(K) ® D, H(K)) such that D has dimension » € NU {oo} and that k is
normalized, the following inequality holds: ||¢[loc < ||&]| Mmr (K)eD,H(K))-

To prove this, first let us compute:

1lse = sup |6\ llop = sup [|6(A)*[lop = sup sup Ll A2 lo(N)*yllo
AEBy AEBy

AEB, yeC |y|
y7#0

\/Z B0 Pl

D lei(V)2

= sup sup = sup
AeBy yeC |y| AeBy —
y#0

Then, we note that for any fixed A € By, we have Mjky = ¢()\)*ky by the (more general)

proposition and subsequently

ZI% IR ) = 6N kallZsye

= [IMgkallfcrep < IMENG IR ey = I1Msllop 1 oall e

Next, it is the normalization assumption that allows us to now divide by ||kx2 H(K) A8
kx(0) = ko(\) = 1; therefore, k, is not identically 0 and |Exll () # 0. As mentioned, we can

now divide the previous inequality by HkAH%,( k) and take square roots of both sides to see

[0l = sup Z [2:(N)? < [IMpllop = @l mea )

AeBy
as desired.

In the case that d = 1, H(K) = H?, and D = C, the previous inequality becomes an
equality. This is because ||¢||oc = sup |¢(A)| precisely coincides with what we call the H*
norm and it is well-known that M()\I%IE;) = H*>.

The previous proposition has an additional consequence in the form of the following

lemma, which will have one particular use in the next chapter.
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Lemma 1.3.9: Suppose ¢ € M(H(K"), H(K?)) is non-vanishing on Bq. If MyM} = Ik,

then My is unitary.

Proof: As we have assumed M is isometric, it suffices to show M} is a surjective operator

(see [8]). Let D; refer to the set of linear combinations of kernel functions in H(K*) for i = 1

and 2, which we recall are dense in their respective spaces. If g = chk‘}\ is in Dy, then
i=1

h = Zn: ﬁkiz is well-defined since ¢ is assumed non-vanishing; further, we have found
h e Dl;lsuch that MZh = g for arbitrary g € Ds.

Let f € H(K') and {g,}nen C Dy such that g, — f in H(K"'). For any n € N, obtain
h,, € Dy such that M ;hn = ¢, and further note that Myg,, = MsM, ;hn = h,, by assumption.
Since My is bounded and g,, — f, we have h, = Myg, — M,f =: h € H(K?). Concluding,
we use the boundedness of M to see g, = M;;hn — M;h, but since g, — f, it must be that

Mjh = f and therefore M} is surjective. >

Our final result of the chapter characterizes which ¢ : By — B(D, &) are multipliers
from some RKHS H(K) to itself.

Proposition 1.3.10: [21] ¢ € M(H(K)® D,H(K) ® &) if and only if there exists ¢ > 0
such that
(c*Ie — ¢(2)$(A)")ka(2) = 0.

Moreover, in this case, ||@|| m(r(x)oD,H(K)2e) 18 the least possible c that can satisfy the above.

For ¢ > 0, we introduce the notation
M(H(K)®D,H(K)®&) :={¢ € M(H(K)®D,H(K)®&) | ¢l muu)on,amse) < c},

noting that the previous proposition gives us a precise criterion to check for when an element

is in this set.
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Chapter 2

Two Particular Classes of

Reproducing Kernel Hilbert Spaces

2.1 Complete Nevanlinna Pick Spaces

In this chapter, we will introduce two particular classes of RKHS’s, each getting its own
section. We call k) (z) a Complete Nevanlinna Pick (hereby abbreviated as CNP) kernel on
a set X if and only if for all s,¢,n € N, {W;}, € C* and {x;}?, C X, the following two

conditions are equivalent:
(A) there exists ¢ € M (H(K)® C', H(K) ® C*) with ¢(z;) = W, for all 1 <i < n.

(B) the matrix M € C"*™, defined by block matrices M;; := (I, — W W;)k,,(z;)

for 1 <1i,5 < n, is positive definite.

By Proposition 1.3.10, one can see that condition A always implies condition B. It is precisely
when condition B implies condition A that we call the relevant kernel CNP.

When k is a CNP kernel, we say that the associated RKHS H(K) has the CNP
property. As we see, the definition entirely relates to when an interpolation problem has
a contractive solution. Somewhat fortunately for us, however, we do not need to work with

this rather technical definition, given the below theorem, which is credited to the work of
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Scott McCullough (see [18]) and Peter Quiggin (see [23]) as well as that of Jim Agler and
John E. McCarthy (see [2]).

Theorem 2.1.1 (McCullough-Quiggin-Agler-McCarthy): Let k\(z) be a normalized
reproducing kernel. ky(z) is CNP if and only if, for some Hilbert space D of finite or countable

1
— ‘B D.C) wi .
1 —u(z)u(A)* for some u : Bq — B(D, C) with [u(z)l|op <

dimension, kx(z) is of the form

for all z € By.

That is, the sufficient condition to have a reproducing kernel in Proposition 1.3.5 actually
characterizes the CNP kernels. Therefore, as we discussed in Section 1.3, the Szeg6 kernel
is CNP and therefore H3 has the CNP property.

Since any positive definite object can be factored into u(z)u(\)* for some u, the theorem

gives us the most convenient equivalence to having a (normalized) CNP kernel:

1

k is CNP if and only if 1 —
A(2) s if and only i )

= 0.

This fact will be incredibly useful in proving the main result of Section 2.3.
Let us now take some time to briefly discuss some advantages (outside of solving
interpolation problems) to having a space with the CNP property. For each of the four

statements below, assume k) is CNP.

I) {kx}rer, € M(H(K)). That is, every kernel function is a multiplier (see [11]).

IT) For each f € H(K), we may decompose f into what are known as subinner and free-outer
factors. We defer these definitions to [4] but it is entirely motivated by the classic inner-outer

factorization in the Hardy space (which is clearly a CNP space, recalling H? = H?).
I1T) Also motivated by known results in the Hardy space, we have a Beurling-type theorem:

for brevity, we just say that theorems of this type allow for any multiplier-invariant subspace

of H(K) to be identified with the range of an operator satisfying certain properties (see [19]).
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IV) Most recently, Michael Hartz showed in 2020 [12] that every CNP space satisfies the
column-row property (with constant 1), which itself leads to advantages outside of the scope

of this text.

There are two additional theorems that apply to CNP spaces, but we will save those
for Section 2.3 since that is when we will use them. To close out this section, let us show
how any CNP space may be isometrically embedded into the Drury-Arveson space of an
appropriate number of variables. In doing so, this will explain why many refer to the Drury-
Arveson space as the universal CNP space.

Before that, we introduce one more (to-be-relevant) definition: we say a closed subspace
A C H is *-invariant if and only if for all ¢ € M(H), we have M7A C A.

Now, we illustrate the aforementioned embedding. Suppose that k)(z) is CNP and
— for some u : By — B(D,C) such that

1 —u(2)u(N)
D has dimension a € NU {oo} and [Ju(2)]|op < 1 for all z € B,.

subsequently that it has the form

Let s, (u) refer to the (Szegd) reproducing kernel of H2,

1

Sw(pt) = 1_ <,an>p

Y

and note that ky(z) = s, (u(2)); through this, we wish to view H(K) as a subspace of HZ,
which is done as follows. Next, let C': H(K) — H? be the operator defined by Cky = s,),
which by the previous observation can easily be seen to be norm-preserving from one dense
set to another (the linear spans of the respective kernel functions) and thus isometric.
Thus, C' provides an isometric embedding of H(K) into H? by identifying H(K) with
the range of C, which we now claim is *-invariant. This follows from the action of adjoints

of multipliers on kernel functions; for any ¢ € M(H?), we have

MgCl{I)\ = M;Su()\) = (¢ o u)()\)suo\) = C(gb o} u)()\)k‘/\

establishing the x-invariance.
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We also record now that for f € H2 C*f € H(K), and thus

(C° 1)) = {C* Fo k) = (2 O g = (s e = (F 0 0)(N)

for any A € By, revealing C*f = f ow.

2.2 de Branges-Rovnyak Spaces

Next, it is time to introduce this chapter’s second class of RKHS’s. We call a RKHS H(K)
on B, a de Branges-Rovnyak Space if and only if its reproducing kernel has the form

1 —0b(2)b(N)*
(e - LMY

]_ — <Z, A)Cd

for some b(2) = (b1(2), ..., b.(z)) and r € NU {oo}. In this case, we typically write H(b) in
place of H(K).

From Proposition 1.3.10, such a row function b satisfies kx(z) >= 0 if and only if b is in
M, (H? ® D, H?) where D has dimension r, revealing the set of b which parameterize de

Branges-Rovnyak spaces of the type introduced above.

We can also compute
sx(2) = ka(z) = ———— = b(2)sA(2)b(A)",

which is positive definite by Proposition 1.3.2. Then, by Proposition 1.3.4, we have that
H(b) C H?, and we remark now that the Drury-Arveson space is itself a de Branges-Rovnyak
space as H? and H(b) with b = 0 have the same reproducing kernel.

From the norm inequality towards the end of Section 1.3, we must have that [|b|. <

1] 0, (200m,12) < 1 and therefore [[b(2)*[|lop = [|6(2)|op < [|b]loc < 1 for all = € By. Therefore,

D 1bi2) Pl = [lb(z) wlp < wf?
=1
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for any w € C, and dividing by (nonzero) |w|* reveals that Z b;(2)|* < 1 for all z. We will

prove this inequality is in fact strict as long as we rule out that H(b) equals {0}, as we now
show that equality for any fixed A in the above demands that H(b) be only {0}.
To that end, assume we have u € B, such that 1 — Z |bi(1)|? = 0. Since ky(z) is positive

i=1
definite, for any fixed A € B, it must be that the matrix

0 1—Zb
1- Zbi(/\)bz‘(ﬂ) 1 - Z [bi (A

is positive definite by the remark we made immediately after Definition 1.3.1.

If so, it must be that its determinant

(o) (-£ro) -

Therefore, we see 1 — Z bi(p)b;(A) = 0, but then the Cauchy-Schwarz inequality gives
i=1

r 2

L= bi(wbi(A)

i=1

> 0.

T

Z bi(u)m

i=1

1=

< Z|bi(ﬂ)|2 Z|bi(/\)|2: ZV) )P <1,

revealing that Z b;(\)]? equals 1 for any A € B,. From here, we have
i=1

1= (M)

Exll? = kx(\) = =1 = 0.
” )\HH(b) A( ) 1— H)‘H%d

With this, every k) is identically 0 and subsequently H(b) = {0} in the case where there is
any u € By satisfying the previous inequality sharply. Therefore, as long as H (b) is nonzero,

we have strictness in the aforementioned inequality.

23



In other words, unless H(b) = {0}, b(z) € B, for all z € B, and we use this to abbreviate
b:By; — B(D,C) as b: By — B,.

One particular aspect of de Branges-Rovnyak spaces corresponding to b : B; — B, that
we should settle is that, in the sense of the upcoming proposition, it is always legal to assume
that b(0) = 0. The benefit of this is that we can always assume our reproducing kernel is

normalized since b(0) = 0 gives ky = 1. In doing so, this eliminates the possibility that

H(b) = {o}.

Proposition 2.2.1: Let d € N and r € NU {oo} and suppose we have a nonzero H(b)
corresponding to b : By — B,. H(b) is isomorphic to H(b) for some b : By — B, with

~

b(0) = 0.

The proposition’s proof will require the following lemma from Rudin regarding auto-
morphisms of the unit ball B,. Going forward, replace C" with ¢? in the case that r = oo.
We have tried to circumvent the need for this “split” notation until this moment, but now
it is time to formally abbreviate the infinite case as such in order to eliminate the clutter of

having to write two entirely different statements.

Lemma 2.2.2: [24] Let r € NU {00} and a € B,, a # 0. Define P,, Qa, and v, all

of which are maps from B, into C", by:

Paw = <w’ a2>(cr Oé? Qaw = w — Pawﬂ
e[

%7')1/2 Qaw

1 — (w,a)ca

a—Pw—(1— |«

wa(w) =

for any w € B,..

Vo satisfies the following identity for all w, pu € B,.:

(L= Jlaflgr) (1 = {w, pw)r)
(1= (w, @)er) (1 = (@, )

1- <¢a(w)v¢a(u>>cr =
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and subsequently v, maps B, into (onto, in fact) B,.

We note that, in the case that r = 1, P,w identically equals w and therefore we obtain
oa—w

the more familiar disc automorphism v, (w) = T
Proof of Proposition 2.2.1: 1f b(0) = 0, there is nothing to prove. If not, then we apply
the lemma with « := b(0) # 0, recalling our previous observation which confirms that (since
H(K) # {0}) b(0) € B,.

Define b : By — B, by b := 1, o b. Looking at the definition of 1, from the lemma, it is
clear from P,a = a that 9 (e) = 0, and therefore b(0) = 0. Let us now verify that b indeed
induces a de Branges-Rovnyak space (i.e. that kb is positive definite). Using the identity in
the lemma, we replace w with b(z) and p with b(\) to get:

i _ (X JlelE) (1= (b(2), b(N))er)
1= (b5 (L= (b(2), ) o) (T — (e, 6(\))er)

1 - 2r 1/2
Dividing both sides of the above by 1 — (2, A)a, we see that for f(z) := (1= lole.) , we
1= (b(2), a)r

have:

K(2) = () FOVRS ()

for all 2z, A\ € By. This reveals two things: the former is that kb s positive definite by
Proposition 1.3.2 and the latter is that, by Proposition 1.3.10, f € Ml(H(b),H(l;)) since
trivially 0 = k2(2) — f(2) (VKL (2) = 0.

My will provide the desired isomorphism. By Proposition 1.3.8, we have M }"k;f’\(z) =
F(VKL(2) and subsequently MfM}‘k:f’\(z) = kf’\(z)

Therefore, we can use a usual density argument to get MM} = I H): Since f is clearly
non-vanishing by its definition, we can employ Lemma 1.3.9 to reveal that M} is unitary, as

desired. >

Consider the row operator tuple of multiplication by the independent variable, M, =

(M., ..., M

Zd

d
], which acts on an f = [fi, ..., fa]7 € H(b) by M.f = Zzlfz There is
i=1
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a central dichotomy in de Branges-Rovnyak spaces depending on whether this operator is
bounded or unbounded. In the case of d =1 and a single function b(z) (as in the original de
Branges-Rovnyak spaces), the bounded case was known as the non-extreme situation and
unbounded the extreme situation, as it turns out this entirely depends on whether b is an
extreme point of the unit ball of H* or not (see [16]).

In considering row functions b of several variables, we lose this connection and choose to
no longer involve the word “extreme” for this reason. Regardless, the following proposition
characterizes the bounded case for any d and r, which is all this manuscript will focus on

going forward.

Proposition 2.2.3: Let b : By — B,. (M., H(b)) is a bounded row operator if and only
if b(2)y € H(b) for everyy € C".
Moreover, in this case, the operator norm of (M,, H(b)) and that of the inclusion map

j:{b(z)y | y € C"} — H(b) are related by ||M.||> = ||j||* + 1.

In Chapter 4, we will re-introduce de Branges-Rovnyak spaces in the case where k? is
an operator, and we will prove the operator-case version of the above proposition at that
time (see Proposition 4.3.1).

To close out this section, let us observe a consequence of being in the case where
(M., H(b)) is bounded: for every canonical basis vector e’ in C", 1 <14 < r, the proposition
tells us that in this case b;(z) = b(z)e’ € H(b) C H3 and therefore every component function

b; must be analytic. We will use this fact in the sequel.

2.3 Regarding the Overlap

Now that we have spent some time developing the basics of two particular types of RKHS’s,
one may wonder what spaces besides the Drury-Arveson space are both a CNP space and a
de Branges-Rovnyak space. In 2020, Cheng Chu proved the following result, addressing this
question in the case of H(b) for b: D — D.
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Theorem 2.3.1: [7] For a nonconstant b : D — D with b(0) = 0 and [|b]|x < 1, the
de Branges-Rovnyak kernel ky(z) = %AX)[)(Z) has the complete Nevanlinna-Pick property
if and only if there is a holomorphic h :_b(Ig) — D such that (hob)(z) = z on D and the
function ¥ (z) = %z) extends from b(D) to a holomorphic ¢ : D — D.

For d € N and r € NU {oo}, we now seek to generalize the previous theorem to one
applicable to a nonconstant b : By — B, [i.e. b is the row b(z) = (b1(2), ba(2), ..., b.(2))]

with b(0) = 0 and [|b[| pq2ep,52) < 1 where D has dimension 7.

Theorem 2.3.2: Let d € N and r € NU {oc}. For a nonconstant b € My(H* @ D, H3)
b(\)*

with dim(D) = r and b(0) = 0, the de Branges-Rovnyak kernel ky(z) = —fj))\() ) has
) d

the complete Nevanlinna-Pick property if and only if there exists 1 € M, (H? @ D, H> ® C?)
such that M, (1) o b)(2) = b(z).

Before proceeding towards the proof, let us note the details of how, when d = r = 1,
the right hand side condition of the above is indeed a generalization of the right hand side
condition from Chu’s original statement.

Assuming the existence of h and ¢ from Chu’s result, we have |¢(z)| < 1 for all z € D,
or in other words ||9|[ar¢a2)y = [|¢]|gee < 1. Also, (¥ 0 b)(2) = hé)b((zz))) — b(zz) Noting that

since d = 1, M, can easily be rearranged by (scalar) multiplication/division, we have the

condition in Theorem 2.1.2 (with the same ).
On the other hand, we claim that the right hand side implication of Theorem 2.3.2, again
in the case that d = 1 = r, guarantees that b is injective and thus b : D — b(ID) has an

inverse h. The following more general lemma, which relaxes r, shows this is true.

Lemma 2.3.3: Let r € NU {oo}. Suppose we have a de Branges-Rovnyak space H (D)
corresponding to nonzero b : D — B, with b(0) = 0. If there exists ¢ : B, — B, such that
2(Y o b)(2) = b(z), then ¥(0) # 0 and b is injective.

Proof: First let us assume that no b; is identically 0; this is legal because any b, = 0
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have no affect on b(z Z bi(2)b;(\) and subsequently no affect on H (b) either as the

previous expression is all that umquely determines k.

Next, for any 1 < ¢ < r, recall that we know b; is analytic on D. Thus, since b;(0) = 0,
there must be some k; € N (i.e. the multiplicity at 0) and analytic function ¢; with ¢;(0) # 0
such that b;(2) = zFic;(2) for all z € D. Let k := lrilzlgk and next let j be, say, the smallest
index such that k; = k. If we define d;(2) := ¢;(2)2%~* then {d;}/_, form a set of analytic
functions (noting that k; — k > 0) such that b;(z) = 2*d;(z) for all ¢ with d;(0) = ¢;(0) # 0.
If we allow d to refer to (dy, ..., d,), then we have b(z) = z¥d(2).

By the hypothesis, we have that z;(b(z)) = b;(2) for all 1 < ¢ < r. Taking 7 = j and

employing the above paragraph, we can write this as

zpi(2Fd(2)) = 2Md;(2)

and observe from the right-hand side that this function must have multiplicity & at 0.

Now, if 1;(0) = 0, then v;(z) = zf(z) for some function f. Hence, z1;(2*d(z)) =
2g(z) for g(z) := d(z)f(z*d(z)), and subsequently we observe that zi;(z%d;(z)) has
multiplicity at least £+ 1 at 0. This contradicts the earlier remark that the same function
has multiplicity & at 0. Therefore, it must be that 1;(0) # 0 and ultimately that 1/(0) # 0,
as desired.

Continuing the proof, we next address the injectivity. Assume b(z) = 0 for some z € D.
If so, then 21;(0) = b;(2) = 0 and therefore z must be 0 since ;(0) cannot be.

Next, assume for z, A € D that b(z) = b(\) and is nonzero (or else z = A = 0). Bringing

in v, we have

210 (b(2)) = bi(2) = b;(A) = M\ (b(N)) for all 1 < <.

However, since z1)(b(z)) = b(z) # 0, ¥(b(z)) cannot be either and therefore ¢,(b(z2)) # 0 for
some 1 < ¢ < r. This leads to zip(b(2)) = Mbe(b(N)) = Mpe(b(2)) and dividing by 1¢(b(2)),

we conclude that z = \. Having shown that b is injective, we have finished the proof. >

Before we prove Theorem 2.3.2, there are some preliminaries to address. Recall that
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we showed in the previous section that, since our assumption of b(0) = 0 guarantees H(b) is

nonzero, ||b(z)|lop < 1 for all z € B,.. Because of this, the function L(z,\) = ly(z) =
1

is a CNP kernel and we denote H(L) for the associated CNP space.
1 —(b(2),b(A)) 2
Therefore, we have the advantage of having an auxiliary CNP kernel to which we can apply
known results. In particular, we need two known theorems that apply to CNP spaces; the

first theorem is due to Robert Leech.

Theorem 2.3.4 (Leech): [15] Suppose H(K) is CNP and corresponds to a scalar-valued
kernel function ky(z). If, for auxiliary Hilbert spaces D and &, g : By — B(E,C) and
h:By — B(D,C) satisfy

[9(2)9(N)* = h(2)h(A)"]kA(2) = 0,

then 3.5 € Mi(H(K)® D, H(K)®E) such that h(z) = g(z)S(2).

The second theorem is a consequence of the Commutant Lifting Theorem and is due
to Ball, Trent, and Vinnikov. The proof makes use of the fact that the embedding of any

CNP space in the Drury-Arveson space is x-invariant, as we observed earlier.

Theorem 2.3.5 (Ball-Trent-Vinnikov): [6] Suppose H(K) is CNP and corresponds to a

1
scalar-valued kernel function ky(z) = T au0) for some u(z) = (u1(z), ..., uq(2)) and
—u(z)u

a € NU{oo}. Let S : By — B(D,E). The following are equivalent:

I)Se Mi(HIK)®@ D,H(K)®E)
II) there exists v € My(H?2 @ D, H? ® £) such that S = o u.

Proof of Theorem 2.3.2: Assuming the CNP property and noting that b(0) = 0 means

that k, is normalized, we have

Ll ENa b
0= = .~ [ Ve~ HEBATOG)
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d
Define g : By — B(C%, C) by g(2)r = Zzixi for any z € By and # € C? Noting that

9(2)g(A)* = (2, A\)cq and that H(L) is Clz\I:PI’,
[{2, M) ca = b(2)b(A)] €x(2) = 0

is precisely the hypothesis for Leech’s theorem with h = b : B; — B(C",C). Therefore,
we obtain S € M,(H(L) ® C", H(L) ® C?%) such that b(z) = g(2)S(z) = M,S(z), where
we choose to write g(z) = M, now that we are acting on a function space and no longer
considering g(\) as well.

Next, we apply the Ball-Trent-Vinnikov theorem to get property II as an equivalence to
property I with the above S. That is, there exists ¢ € M;(H? ® C", H?> ® C?) such that
S =1 ou. Combining this with the result of Leech’s theorem, we have M., (¢ o b)(z) = b(z),
as desired.

The converse can be proved more directly. Having ¢ € M;(H?® C", H? ® C%) translates
by Proposition 1.3.10 to

[ca — ¢ (w)d(p)"] su(w) = 0,

that is, as a function on B, x B,. In order to invoke our other assumption, we replace w

with b(z) as well as p with b(\) to get

[ca = (o b)(2)(¥ 0 )(A)] £x(2) = O

as a function on B; x By, where we recall that s,,)(b(2)) = €x(2). With the same g as in the
proof of the forward direction, we can apply g(z) on the left and g(\)* on the right to the

above and use Proposition 1.3.2 to maintain the positive definiteness:
0 < g(2)lca — (o b)(2) (¢ 0 b)(A)]g(A)"4a(2)

= [9(2)g(N)" = g(2) (4 0 b)(2)[g(M) (¥ 0 )(N)'T £a(2).

30



Invoking the fact that b(z) = M, (v o b)(2) = g(2)(¢) 0 b)(2), we arrive at
[{2, A ca = b(2)b(A)"] x(2) = 0.

From here, the calculations from the former part of the proof can be worked backwards to

get the desired CNP inequality. >

Now, consider the separate question: which CNP kernels have the form of a de Branges-
Rovnyak kernel? This turns out to be fairly simple to answer due to the symmetry present
in the following equivalent expressions:

1 L =b(2)b(N)* 1 I —u(2)u(N)*

T—u@a(N) 1= (5A 1= b@b) | 1= (5N

From here, the chapter’s main result therefore answers this alternate question for free, which
we include as the following corollary.
Corollary 2.3.6: Let ky(2) !
orollar .3.6: = —
Y N R S TSN
u € My(H? @ D, H?) with dim(D) = a € NU {oco} and u(0) = 0. Then, H(K) = H(b)
for some b if and only if there exists 1 € My(H2®D, H>®@C?) such that M, (ou)(z) = u(z).

be a CNP kernel for some monconstant

If d = 1, then by pulling from Lemma 2.3.3, the u must be injective if a CNP £k, is
also a de Branges-Rovnyak kernel. Therefore, any CNP kernel where the associated u is not
injective cannot be of de Branges-Rovnyak type.

Let us close out Chapter 2 in the same way we will conclude every following chapter:
discussing further directions applicable to the chapter’s concepts. In the context of the main
result, Theorem 2.3.2, there is one central question: how would one solve for, or otherwise
obtain, the multiplier v)? This may be (at least in general) a very difficult question, but one
can approach it with a slightly easier question: is the multiplier 1) uniquely determined by

the b7
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Assuming that » = 1, we would have to investigate 1 = (¢1,...,14)7 satisfying

M.p(b(2)) = b(z). If we write ¢;(w) = Zaikwk for 1 <14 < d, then the previous question

k=0
becomes: can the set of {a;} be determined uniquely only from information about the b7

For now, this question remains open.
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Chapter 3

Multivariable Generalizations of

Kaluza’s Lemmma

3.1 A Multivariable Kaluza-Type Lemma

In 1926, Theodor Kaluza stated and proved the following fact about power series of one

complex variable:

Lemma 3.1.1 (Kaluza’s Lemma): [14] Suppose {C,, },>0 are such that Co = 1 and C,, > 0

Cy
forn > 1, and define an auziliary sequence {R,}n>0 by Ry :=0 and R,, := c forn > 1.

n—1

If R,, is a non-decreasing sequence bounded above by 1, then f(x) := Z Cnx" converges for

n=0

x €D and g(x) :=1— m = Z g™ for some non-negative {qy, }n>o-
. >

n=0

As we will soon state and prove a multivariable version whose proof matches the one
written by Kaluza in the case of the dimension d equaling 1, there is no need to re-record
Kaluza’s original proof. However, we remark here that it’s the boundedness by 1 of R,
that makes the {¢,} exist and the non-decreasing property of R, that makes the {¢,} non-

negative. The same idea will appear in the proof of our generalized version.
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Before we get there, let us discuss the usefulness of such a lemma. Despite simply being a
statement about a new power series obtained from a prexisting one, it has found significant
practicality in the realm of reproducing kernels. However, we will need an assumption on

H(K) such that ky(z) has a power series representation of the following type:

That is, if the coefficients of the power series for each ky(z), say C2, are of the type C)} = C N\
for {Ca}aeng that do not depend on A. Of course, we also require each C, to be non-negative
for k) to give a legitimate RKHS.

One assumption that will guarantee this is the following: suppose {Za}aeNg forms an
orthogonal basis for H(K). If so, then for C,, := (Hzo‘H%ﬂK))_l, the functions {ga }seng given
by ga(2) := v/Chz® form an orthonormal basis for H(K). To use this, we employ a well-

known fact regarding RKHS’s that we chose to omit in Section 1.3: given an orthonormal

basis {f,}n>1 for H(K), one can obtain ky(z) through the sum an(z)fn()\) (see [21]).
n=1
Thus, in our case, we have

a(2) =Y ga(2)galN) = Y Ca (2)”

a€eNg aeNd

as was claimed.
Let us now recap some observations from Sections 1.3 and 2.1. First recall from Section
2.1 that we call a normalized kernel ky(z) (for z, A in B;) a Complete Nevanlinna-Pick
! - for some

T 1 —u(z)u(N)
u(z) = (u1(2), ..., uq(2)) and a € NU {oo} such that ||u(z)|lop < 1 for all z € B,.

kernel (or CNP for short) if and only if it is of the form ky(z)

Recall that hereby we are tacitly assuming that the monomials form an orthogonal basis
for H(K). In this case, we have that ky is CNP if and only if the auxiliary function uy(z) :=
1 —

1
() is positive definite, for it can then be factored into uy(z) = u(z)u(\)* for some u
N4
as in the definition, and solving for ky(z) reveals the desired form. Going one step further,
a power series is positive definite if and only if all of its coefficients are non-negative, and

since the set of coefficients {C,} do not depend on ), investigating if such a ky(z) is CNP
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reduces to seeing whether 1 — is a power series with non-negative coefficients, where

f(z) = Z Cox®.

aeNg
In the case of d = 1, the preceding paragraph should be enough to make clear

1
f(z)

why Kaluza’s Lemma gives a sufficient condition for ky(z) to be CNP with the above
correspondence of k < f; for d > 1, there is however one caveat to this correspondence.
By replacing Az with = when moving from k to f, we have altered the domain of
absolute convergence/analyticity. That is, if 2; := A\;z; for A and z in By, then [|z[; :=
|z1| + |z2| + .o+ |za] < ||A]2]|2]]2 < 1 by the Cauchy-Schwarz inequality. Also, if we allow
the notation |z| to refer to the tuple (|z1|, ..., |xq|), we have that f(|z|) = Z Ca |Xz|a.

aeNg
The comments above thus reveal that to correspond with ky(z) being absolute convergent

for any A and z in By, the appropriate condition on f is that f(]z|) < oo for any tuple z
such that ||z]}; < 1.

As was previously mentioned, our main goal is to come up with the correct way to
generalize the lemma to work for any d. However, we would be remiss not to mention that
there is a certain class of power series indexed over N¢ for which the original single-variable
lemma can be applied for any value of d. We call k) unitarily invariant if and only if its

power series has the form ky(z) = Zdn (z, \)" for some {d,} C (0,00]; the name comes
n=0

from the fact that ky\(Uz) = kx(z) for any unitary U acting on B,.

If ky is of this type, then the previous correspondence can simply be ky(z) < f(w) =

oo
Z d,w" where w € D since | (2, A) | < 1 again by Cauchy-Schwarz if z, A lie in B;. One way
ng 0think about this is that for a unitary invariant kernel, we get a “free extension” from 1 to
d as far as using the original lemma goes. Of course, it is natural to want to come up with
a new sufficient condition for a kernel to be CNP which can be used on a far less restrictive
set of multi-variable kernels.

To that end, we now begin to set up the generalized lemma. For a, 3 in Z?, we can
induce a partial order by defining f < «a to mean 3; < «; for 1 < i < d. As an example,

to say o € N¢ exactly means o > 0 using this ordering. We say a sequence {S,}acze is

non-decreasing if and only if S, < S for a < .
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Now suppose f(z) = Z C,z" satisfies Cqg = 1 and C, > 0 for all other a.. For ease of
a€eNg
notation/well-definedness in the sequel, we extend {Ca}tsena to {Cataeze by setting €, =0

for any v such that v # 0 (i.e. v that have at least one negative component).

Next, we define an auxillary sequence {Ra}qene by Ro := 0 and

Z%aZZZ—E—Ezi———, a:#:O,

> Coe
k=1

where the ey are the canonical basis multi-indices. We note that there are (infinitely) many
« > 0 that result in & — e, # 0 for at least one k, and therefore our previous extension
comes into play to ensure the above denominator is well-defined; further, demanding that

a # 0 ensures the denominator is strictly positive, as at least one k£ will result in v —e;, > 0.

Lemma 3.1.2 (Kaluza-Type Lemma): Suppose {Cy}ocza satisfies Co = 1,C, > 0 for
all other o, and C., =0 for any ~ such that v # 0. Define {Ra}aeNg by Rg =0 and

Ca
a0 a:#zoa

Y Coe,
k=1

R, =

where the e, are the canonical basis multi-indices.

If {Ra}aeNg is non-decreasing and bounded above by 1, then f(x) := Z Cpx® converges

aeNg

1
on{x = (x1, ..., za) | |zlli := |z1| + |w2] + ... + |za] < 1} and g(x) =1 — o > gt
yeNd
for some non-negative {g,},ena-

Before we prove this, let us take a moment to address how the original lemma and this

new one lead to the same condition to check when applied in the case that ky(z) is unitarily

invariant.

36



That is, suppose

- l — \a |~ \a
Zd (2, )" :Zdnzlg—l(”) :Zda|%()\z),
n=0

jof=n aeNd

a!
where we have expanded the series in order to see that C, = d|, —l We comment now that
a!

this means that if a!C,, does not depend only on ||, then k) is NOT unitarily invariant.
To show the desired consistency, we need the following: for any v > 0, using that

1 Y
m f}/‘ as long as /y] > O
J

d —e]‘ d — 1)l — !
Z!'y | Z(Ivl i _ (1l )Z%:m-

— | | |
= (v —¢ej)! = ! ! p !
7;>0 v;>0 v; >0
With this, we have:
d d o — ey! !
2 Camer = 2 daa (o = Do
k=1 k=1 kJ: '
ap>0
. Ca d\a| . A . ..
which makes R, = y = . Thus, if we use R,, to refer to as in the original
Ja|—1 n—1
> Coe,
k=1

lemma, it is immediate that R, = fi|a| and so both the conditions of non-decreasing and

bounded by 1 are consistent between the old and new lemmas.

Proof of Lemma 8.1.2: Since the two assumptions on {R,} are used in distinct ways, we

break the proof into two steps.

Step 1: Use {R,} bounded above by 1 to argue that f converges on

{z = (21, ..., zq) | |z|]x := |z1] + |22] + ... + |24| < 1},
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and subsequently that the {¢,} exist.

d
First note that Rg < 1 is equivalent to C < ZCg_ej as long as |5 > 1. For any
=1
a with |a| > 1, we claim that

la|

c, < Z C,_gx where Sk = Zeki.

k=(k1, - ko) =1
1<ki<d
Noting that the former inequality is equivalent to the latter when |o| = 1, we have shown

the base case for an inductive approach of establishing the claim. With that in mind, we
now fix an N > 1 and an « with |o| = N +1, assuming the above holds for any multi-indices
up to and including order N. Since not only is || > 1 but also |o —e;| = |a| =1 = N for

all j, we have by the base case inequality as well as the inductive hypothesis:

d d
Oa < Z Ca—ej < Z Z Ca—(ej—',-Sk) = Z Ca—Sk'
j=1 5=1 k=(k1, - Kjaj_1) k=(k1, -, kja|)
1<k;<d 1<k;<d
a!
With that established, we now argue that this sum bounding C,, precisely equals |—' To do
«

this, we first mention that by the additive property of the order |-|, it is clear that \Sk| = |of
for any k in the sum. Suppose we have a k such that o # S*: if d = 1, this is an immediate
contradiction of the previous observation; if d > 2, the only possibility is that o # S* has
at least one positive component and one negative component, but the latter of these invokes
our extension and thus C,_gr = 0 for these k.

This is to say, that the only k£ in the sum besides those such that C,_gr = Cy = 1 result
in vanishing summands. All that remains in this part of the argument is to comment that,

for a fixed a with || = oy + ... + aq, the number of k = (k1, ..., kjq) satisfying
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a!
is precisely 4 In fact, this was the exact same combinatorial idea employed in Section
al

1.3, just without explicitly referring to noncommutative/word notation.
Noting then that the left-hand number/cardinality above is SF, all of our work in

aggregate establishes

al!
Ca< Y, QkWZ#Uﬁﬁhwwkaazsﬂzyy
k=1, ey Kja|)
1<k;<d

ol

for nonzero a. Since Cy = 1, this is also true (with equality) when o = 0 as well.

From here, if we take an z € C? and M satisfying ||z]; < M < 1, we have

la]! 1 1
= E Colzl* < E —z|* = < < 0.
f(|x]) 2" < a!|x| 1— Hx“% =1 _ M2 o0

aENG aENG
Therefore, the power series of f is uniformly convergent on {x = (z1, ..., zq) | ||z]1 < M}
for any M < 1, proving our convergence claim. Then, since f(0) = Cy = 1, ¢ is thus analytic
in a neighborhood of 0 and subsequently the {qW}WGNg exist, as desired.

Before we move to Step 2, we desire an identity linking the C, and ¢,. Note that

f(x) — 1= f(z)g(x) and in series notation this gives

Z Cox® = Z Z Cogqyz®t7.

a#0 aENgveNg

We rearrange the right hand side to obtain

> Cor® =) ( > qﬁoaﬁ) e

a#0 a#0 \0<p<a

The reason we can exclude a = 0 in the right hand sum is that the corresponding term
vanishes since Cy = f(0) = 1 implies that go = ¢g(0) = 0. Comparing coefficients, we are

ready to write what we will hereby refer to as the main identity:

Co= Y qsCap=0u+ Y qsCap, a#0
0<p<a 0<f<a
B#a
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Step 2: Use {R,} non-decreasing to show that all ¢, > 0.

We will proceed by induction on the length of the multi-index |o| := oy + ... + ag. As a
base case, |a] = 0 means o = 0 and we have already noted go = 0. Also, the main identity
reveals 0 < C,, = ¢, for any k, covering all d possibilities of |a| = 1.

Moving to the inductive step, we fix an N > 1 and an « with |a] = N + 1, assuming
that the {¢,},<n are all non-negative. All we must show is that ¢, > 0. Define, for every

[0}

Coe.
1 < j < d, the scalars p; := ————— alongside the index set J := {1<j<d|Co, #0}.
S
k=1

Two important properties that we will make use of with these are that Z p;j = 1, and that
jeJ
Ca ] . . . . .
C—pj = R, for every j € J. Also, j € J if and only if « —e; > 0 (by our extension, nonzero
a—e;

coefficients only occur when the subscript is in N§), and |«| > 2 ensures that a — e; # 0 for
these j. Thus, we can use the main identity #J times (resulting in the bracketed expression

below being 0 for every j) to obtain

0= Z CC(':?; Ca*ej - Z (Mca,ej,g =Cy — R, Z Z C]ﬁCa,ej,g.

jeg 0<f<a—e; JET 0<B<a—e;

Since j ¢ J if and only if & — e; # 0, the inner sum is empty for those such j. Therefore,

we choose to write the outside sum over all j, rewriting the above as:

d d
Ca = Ra Z Z Q5Ca,ej,5 = Z QQRO[ Z Ca—ejf,&
j=1 0<B<a—e; 0<B<a Jj=1
B#a Bj<ay

where we have interchanged the order of the two sums by noting that 0 < 8 < o — ¢; if
and only if 0 < § < a and f; < o (which of course excludes 3 = «). However, despite the
qualifier 5; < «; being a part of the inner sum, it is fully legal for us to not include it; this
is because the only other option of 8; = «a; again invokes our extension to set C, = 0 for

any multi-index v with at least one negative component.
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Next, using the main identity once more as well as substituting in the previous equality,
we get

qa:Ca_ Z Q,Bcafﬁ: Z qs

0<p<a 0<f<a
Fa Fa

d
Ra <Z Cozej6> - Ca,5
j=1

d
= > ) Cae;5(Ra— Rap).
0<pf<a  j=1
BFa
The factor in parentheses is non-negative due to our assumption of R being non-decreasing,
as 0 < a — B < « for all B in the sum; as for the factors being multiplied on the outside,
the sum of C’s are positive by our starting assumption, and every ¢ in the above is assumed

to be non-negative by the inductive hypothesis: if 0 < 8 < a but 8 # « and |a] = N + 1,
then it must be that |5| < N. All of this combined shows g, > 0, which finishes the proof. :5

Next, we present the following corollary, which reveals that any k) that is CNP by means

of Lemma 3.1.2 is in fact a de Branges-Rovnyak kernel as well.

Corollary 3.1.3: Suppose we have a reproducing kernel ky(z) = Z C, (Xz)a for some
aENg

{C4} satisfying the assumptions of Lemma 3.1.2. Then

_ L= b(z)b(V)"
Y

for some b(z) = (\/Eza)aeNd with non-negative {b,}.

0

Further, {Cy} and {b,} are related by

| — A
o2l s~ gl

| _ |
al &2 (v — B)!

Proof: Since ky(0) = Cp = 1 and k§(0) = 1 — by, we see right away that it must be that we

take bg := 0 or else the corollary can’t possibly be true.
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Cq . . .
We take b, = R—(l — R,,) for nonzero a € Ng. Since C,, are strictly positive, the
assumption that 0 < R, < 1 gives that b, > 0. The rest of the proof is in the form of two
distinct computations that collectively establish that k) = kb

!
Invoking the expansion of the Drury-Arveson kernel Z M , we have

k§<z>=11_—b ZM'X ( ~Yb, Az)

>0 a>0

Z|V|' Zzw' N aﬂ

~v>0 v>0 a>0

Working on the sum being subtracted, we have:

30 (7 - Y L - X (3 et ) 6

a>0~v>0 7 a>06>a 5>0 \0<a<p

Taken together, these expressions show that the « coefficient (for aw # 0) in the power series
for k% is
|of! o — ]!
—_— = —— 0
l Z NG
al 52, (a — B)!

which holds outside the context of this corollary. The second of our two calculations is to

show, from our particular definition of b,, that this expression equals C,.

To that effect, we invoke the form of R, to see b, Z Ca—e; —Cq, which we immediately

turn around into C, = Z Ca—e; — ba; 1t will soon be clear why we choose at this step to

a; >0
explicitly remove the vanishing terms from the sum.

Like we have already done many times, the remaining calculation takes an inductive
approach on the order of |a|. Considering the base case of |a| =1 (i.e. a = ¢ for some k),

we have from the formula for C, that C., = 1 —b,,, and this matches the desired expression

e

since the only £ to show up in the latter sum in this case is o = e, itself.
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Recall that for any v € Ng,
—4lt Dl

Iy
(y—e)t A

2
g&M&

J
an identity we will need for the inductive step. We now fix an « of length N + 1 and assume
the desired equality holds for any 3 of order 1 < |3| < N. Applying this to the o — e; for

the 7 that show up in the following sum, we have:

— | (a—¢))! O<hene; (v —e; — )]

: = [ la—el o — ¢ — B!
Z oa— ej_ = Z T N Z —'bﬁ _ba
=

Jj=1 0<p<a—e;
where we have removed the a; > 0 qualifier since the inside sum over [ is entirely empty
in the only other case that o; = 0. Continuing with the last term in the above, we again

switch the order of the sums as we did in the proof of the lemma to see it equals:

d

la —¢; 5!' la — 8 — ¢! Ia—ﬁ|'
Sy @ e A= 2t 2 e 2 g
0<p<a j=1 0<p< J=1 0<p<a
B#a pi<a; BFa (a 7,3)j>0 B#a

Going back to C, and adding in the b, term so that f = « indeed shows up in the sum, we

have arrived at the destination, establishing

| — B!

al &2 (a—p) B’

by way of induction. As mentioned, this shows ky = k% and completes the proof of the

corollary. :5

Now, we approach the ideas featured in Corollary 3.1.3 from a different perspective:
suppose we start with b(z) = (\/baza) cna fOr non-negative {ba}, with bg = 0 specifically,
a&lo

and construct with it a de-Branges kernel k°. As seen in the previous proof, we know the
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expression for each of the k® power series coordinates C,. However, our existing framework
requires C, > 0. If k® is positive definite, then its power series coefficients must all be
non-negative, so we only need to rule out that any are equal to 0.

We now show that in the case that (M., H(b)) is bounded, every C, is strictly positive.
Recalling from the start of the chapter that C, := (||z°‘||12q(b))*1, we will do this by arguing
that the norm appearing in the preceding denominator is finite for all . Proceeding
inductively, the base case is clear since our kernel is normalized so that ||2°||me) = [|1]|me) =
k3] ey = |k§(0)] = 1. Next, assume we have z* such that || > 1 and ||2°| () finite for
any [ of smaller length than . Since |a| > 1, there must be at least one component «; # 0.
If so, then define f(z) to be the column with 0’s in every component except the ith and z*~¢

in the ¢th component. With this, we have

12y = IMzfllaw) < IMllopll fl @y = [[Mllopll 2%~

H(b)>

which is finite by our inductive hypothesis. Therefore, no C, can be zero and we are ready

to continue our discussion now that this has been settled.

Cq
R,
Suppose we have a k? just as above for which there is some M € N such that b, = 0 for

One advantage of the b, <+ C, construction given by b, = (1 — R,) is as follows.
all a with o] > M. Next, say that we wish to check, by Lemma 3.1.2, whether k® is a
CNP kernel. Having each b, > 0 means that 1 is the upper bound on the R,, and from
there knowing that b, = 0 if and only if R, = 1 means that we only need to check the
non-decreasing condition for the set of o up to and including order M.

To illustrate with one class of examples, take M = 2. We only need to make sure that

R, < Rg when |a| =1 and || = 2. Succinctly, this is demanding

R, < min{Rye;, Reye,} forall 1 <i,j <d, i#j.

Examining the definitions, we compute, for fixed ¢ and 7, ¢ # :

Ce, Coe;, 1=, — bae,
R, = “=1—1be;; Rae, = - = - o
oA o e = -0,

7
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Cei—l-e]- 2 - bei - bej - bei+ej
R€'+€' = == .
ta TG, + G, 2 — b, — b,

From here, it is only algebra to see that
Rei S RZEZ‘ — 6261‘ S bel(l - bel)

Rei S Rei+ej <~ beiJrej g bei (2 - bei - bEj)

Thus, if the {b,} satisfy the above right-hand side inequalities for all i and j, i # j, as well
as the rest of the assumptions, then k° is a CNP kernel by Lemma 3.1.2.

Before we move on, allow us to make this example class more specific by taking d = 2, for
then we only have five parameters affecting &°: b10, bo1, b2p, bo2, and by ;. Besides needing

to all be non-negative, the previous set of inequalities reduces to:
boo < bio(1 —b10); o2 <boa(l—bo2); by <min{bio, bo1}(2 —b1o—boa)

To write one particular example of a set of values satisfying these, we can take by g = by =

b1y = 5 and byg = by = 3, which corresponds to

1 1 1 1 1
b(2) = =21, =29, —=21, = —z .
(Z) (2217 2227 \/3217 221227 \/§z2>
One minor notational note to address with this is that we can always replace b(z) =

(\/Eza)aeNg with b(z) = (\/Zza)(zeNg as the expression b(z)b(\)* is all that affects the
form of k. 7

This last example provides one more important purpose. From the formulas, Cyy =
1—=b19—bap = % and C11 =2—b19—bo1—b11 = g; taken together, this is enough to show
that k® is not unitarily invariant: 2Cy # C; and therefore !C,, does not depend only on

|a|. This motivates our generalization, as the original Kaluza’s lemma cannot be applied to

show that kb is a CNP kernel, despite the fact that it indeed is by Lemma 3.1.2.
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3.2 An Alternate Generalization

We now aim for a separate generalization of the lemma, one that still gives the same
conclusion but with an alternate set of assumptions on (only) the coefficients of a given
power series. A major difference present is that what follows uses word notation, the non-

commutative analogue of multi-index notation.

Theorem 3.2.1: Suppose {Co}aene are such that Co = 1 and Co > 0 for all other a.
If each C, can be decomposed as C, = Z D, for some {Dy}yer, C (0,1] that satisfy

a(v)=«a
DiwD.yj < DyDiyj for all letters 1 < 4,5 < d and words w, then f(x) := Z Cox®™ converges
aeNg
1 (0%
on{x = (z1, ..., za) | ||z]1 = |z1| + |z2| + ... + |2za| < 1} and g(z) =1 — @) = anx ,

a#0
where {qa}qeng are such that g, = Z Gy for some non-negative {G, tver,-
a(v)=a

Clearly, each ¢, > 0 in the above, and thus this theorem could be applied to a ky(z)
precisely the same as in Section 3.1. The decomposition of the ¢, into the ¢, is merely an
extra that comes out of the proof.

If d = 1, then the only allowable decomposition in Theorem 3.2.1is D, = C, = C,, > 0,
as there is no difference between words and multi-indices in this case. The central inequality

in the above then becomes C? 41 < C,Chyo which can immediately be rearranged into

Rni1 < R,y for R, := ——. Therefore, this again reduces to the original Kaluza’s lemma
n—1
when we have only one variable.

Proof of Theorem 3.2.1:

Step 1: Use D, < 1 to argue that f converges on

{2 = @1, s 2a) | llzlly = J2a] + @] + oo+ el < 1},
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and subsequently that the {q,} exist.

This step is incredibly similar to the first step in the proof of Lemma 3.1.2. Defining
al!
Ny = #{v | alv) = a} = %,

D, <1 for all v implies C, < N, for all a. This inequality was precisely what we used to

it is immediate from the assumed decomposition that

argue the convergence claim as well as the existence of the {g,} in the proof of Lemma 3.1.2,
again also using the assumption that f(0) = 1.
We will make use of the same central identity from Lemma 3.1.2 as well, which can now

be obtained. Repeated here for convenience, we have:

Qa:Ca_ Z QBCa—ﬁa CY?AO
0<p<a
Ba

Step 2: Define {g,} inductively through ¢y := 0 and the equation

(jv = Dv - Z Cjqu
YW=V
w#D
for v # (), and then show by induction that every ¢, > 0 using the DiwDyi < DyDiyj
assumption.
Let us start with some alternate notation to be used in the definition of the ¢,. For a fixed
word v and 1 < i < [v] — 1, define v = v;...v; and V' = v 1.0} as well as vVl := v = B0
and 7"l := () =: v°. Noting that v'7* = v for any 0 < i < |v|, we have the following, written

two different ways:
[l
Gp = D, — Z quiDii; D, = ZQQ"DW
i=1

for any v # (). Next, since none of the D, are zero, we can define the auxiliary sequence

D
R, = k
D,U|'u|71

is only a single letter.

, where we comment that the denominator is Dy = Cy = 1 in the case that v

We can already see in the denominator of R, that the notation here starts to get a tad
hairy, so for convenience in the rest of the proof of this step, fix v and introduce z := v/~

This has easily verified properties |z| = [v| — 1 and 2 = v* for 1 <4 < |z|. Less immediate
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due to admittedly absurd notation yet still true is

7= ()" for 1 < < Jaf

since carefully parsing through the definitions used above reveals both equal v;y;...v), for a

fixed 1 <1i < |z| — 1 and both equal {) for i = |z|. The use for these properties is that we

D

T

as well as

can now write Ry =

ja jvl-1
D, =R,Dy=Ry,> GuDy =Y GuDuRy
=1 =1

and this, more importantly, leads to

v[-1 v[-1 |v[-1 |v[—1

Go=Dy— Y GuDy =Y GuDuRy— Y GuDuRy =Y GuDu(Ry— Ry).
=1 =1 =1 =1

Dy Diw;
Here is where we use the (rewritten) assumption that D—wj < =™ again noting that no

w W
denominators will be zero, even in the case of empty subscripts. However, we seek a form of
this where the letter ¢ in the right-hand side is extended to be any word u, which we obtain
as follows: if u has length m, then we apply the assumption m times (working backwards

through the letters of w)

ij < Dumwj S Dum,lumwj SS uwj’
Dw Dumw Dum,lumw Duw

>

as desired. Now, returning to our expression of ¢, and the associated notation, we apply the
obtained inequality with v = v', w = T' and j = v),| for every 1 < i < |v| — 1 to arrive at
R, — R; > 0.

All this preparation leads to a quick proof by induction on |v| that the §, are all non-
negative: the base cases are taken care by ¢y = 0 and ¢y = Dy, for any letter k. As for the
inductive step, fix a v of length N 4 1 and assume ¢, > 0 for any 0 < |u| < N. In particular,
gyi > 0 for 1 <1 < |v] —1. Since the {D,,} are all strictly positive, an examination of the

above expression for §, reveals it indeed must be non-negative. This completes this step of
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the proof.
Step 3: Show that ¢, = Z Q-

As usual, we will proceed by induction on |«|, but some preliminaries are required. First,

define the following sets for a fixed nonzero a:

Gp :={(u,w) | a(u) =0, a(w) =a—pF}, for 0 < < a, [#a.

H, :={(u,w) | w# 0, uw = v}, for v such that a(v) = a.

Some remarks: first, it is clear that any two distinct Gz must be disjoint, and the same is
true for any two distinct H,; second, we can use the additive identity a(uw) = a(u) + a(w)

to argue that

U 6= U
0<p<a (v)
B#a
To see this, we observe (1) that if (u, w) € G for an appropriate 3, then a(uw) = « by the
aforementioned identity and then trivially (v, w) € Hy,y, and (2) that if (u,w) € H, for an
appropriate v, then w # () ensures a(u) # o and we have that (u,w) € Gu) (again using

the identity).

With this set identity in tow, we use it to compute:

Ti=T oo Yan-t- ¥ ¥ g

a(v)=a a(v)—a“’w v 0<p<a au)=

B#a a(w)=a—p

Com D2 | 2 @) | X Do C—ZCMZ%
0<p<a \a(u)=8 a(w)=a—F 0<B<
Ba B#a
This is precisely the set-up we need to proceed with the inductive step of the argument,
noting that we have base cases for the claim ¢ = 0 = ¢y and ¢., = C., = Dy, = ¢, for

1 <k <d. If ais indeed fixed and we assume the claim is true for any 0 < g < o, 8 # «,

we are in the immediate position to apply this to where the above string of equalities left off
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to get

Z qu:Coa_ Z Ca—ﬁq,B:(Ja

a(v)=«a 0<p<a
B#a
from the identity obtained at the end of Step 1. The proof is now complete. >

The preceding theorem /proof applies noncommutative notation to functions of commuting
variables and entirely forgoes noncommutative function theory, which is outside the scope
of this text. Regardless, we now make some observations about how one might attempt to

restate the theorem as one applied to f(X) = Z D, X, where X is now, say, a d-tuple of

veF,
square matrices of the same size. Step 2 in the above proof essentially proved the main part

of a noncommutative version of Kaluza’s lemma, that the condition D;,D,,; < D,,D;,; for
all words w and letters ¢ and j is enough to guarantee that the set of ¢, are all non-negative.

However, note that an analogue of the expression 1 — %:z:) becomes harder to define
in this situation as f(X) is not scalar valued in general. Perhaps the best way to phrase
such a result is by saying that, with the inequality hypothesis, any noncommutative function
g satisfying ¢(X)f(X) = f(X) — I, = f(X)g(X) whenever X is a n by n matrix must
have non-negative coefficients in its noncommutative power series representation. Yet, even
then, this totally ignores the details of what would it mean for a noncommutative series to
converge (e.g. finding a analogous argument to Step 1). All that being said, it may be fairly
straightforward to revamp Theorem 3.2.1 into a fully noncommutative version of Kaluza’s

lemma, but this was not the focus of our current chapter.

Moving on, note that while Theorem 3.2.1 allows for any decomposition of each C, as
Ca(w)

Na(v) '
Each D, will be in (0, 1] as long as we again have C,, < N,, the necessary condition obtained

the sum of {Dv}a(v):a, there is a certain “canonical” way to do so by taking D, :=

along the way in the proofs of both the lemma and the theorem.
The condition we should investigate further is D;,, D,,; < D,,D;,,; in this particular case.
Substituting in and rearranging the C’s to the left-hand side and the N’s to the right-hand,

this condition is equivalent to

Oa(iw)ca(wj) < Na(iw)Na(wj).
Caw)Catiwy) ~ Nagw)Nagiuj)
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However, since a(iw) = a(w) + e; = a(wi) (and therefore a(iwj) = a(w) + e; + €;), this
condition needs not hold for all w, 7, and j, but rather for all «, ¢, and j: in other words, we
only need to check the condition for a single element of {w | a(w) = a} for each o and thus
there is no need to involve words moving forward in this part of the discussion.

We will soon state our results as a formal corollary but first let us simplify the right-hand

side of the central inequality, making use of the Kronecker delta. We compute

N adeitelt (Jal+ D)ol +2) la] + 2
ateite; (Oé + €; + €j>! (Oé + 61)!<C¥j —+ 1 + 5,”) atei Oéj —+ 1 + 5ij
N = la + ! _ a|oz|+1
T (a+e))! a; +1

Together, we obtain:
Note;Nate;  (Jaf +1)(a; +1+0y)

NoNarerre, (ol +2)(a; 1 1)

We now summarize with a corollary which has been proved by the above set of observations.

Corollary 3.2.2: Suppose {Cataena are such that Co = 1 and Co > 0 for all other a.

|af!
]fca S H}

(Cote,)® _ (ol + D(i+2)
Oaca_;,_gei - (|Oé| + 2)(051 + 1)

Ca—i—eiCoH—eJ- < ‘CK' +1
CaCOé+6i+6j N ‘04 +2

forall 1 <i <d,

and

forall1 <i,j<d, i#j,

then f(x) := Z Cox® converges on {x = (x1, ..., xq) | ||z]1 = |x1| + |22 + ... + |2a] < 1}

aENg

1
and g(x) :=1— m = anxa where each ¢, > 0.
a#0

Recall earlier in the chapter that

1 1 1 1 1
b — - - 2 - =2
(Z) (2217 2227 \/5217 221227 \/522)

led to a de Branges-Rovnyak kernel k® whose coefficients {C,,} satisfied the conditions of the

chapter’s first generalization. It turns out they fail the conditions of Corollary 3.2.2. To see
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this, note that with a = 0, we must have

(€l _ (Core? _ (ol + Do +2)
0261' CO&COH-Qei a (|CE| + 2) (ai + 1)

Yet, one can check using formulas from earlier in the chapter that Cy o = 3/4 and Cy ¢ = 5/12
C 2
<C}70) = 27/20 > 1. This shows there are CNP kernels for which Lemma 3.1.2

2,0
applies but Corollary 3.2.2 does not.

leading to

Now, let us construct a class of examples actually applicable to Corollary 3.2.2, starting
d
al! ~ ~
more general and moving towards the specific. Say that C, = 41_[ st for {{s' }ns0tl,
ol : =
i=1

that satisfy the following for every 1 < i < d: s) = 1 and, for all n e N, s, € (0,1] and
(sh)* < s, _ysh,,. We observe for any fixed i that these assumptions reflect the ones in

Kaluza’s original lemma: in particular, the inequality can be rearranged to quickly see that
SZ
it is equivalent to the condition that R, < R, for R, := —"

{2

n—1
We now show that such C,, satisfy the suppositions of the corollary. The immediate ones
al!
to check are that Cyp = 1 and that 0 < C, < ‘—! from the corresponding assumptions on
«

the s . To help us with the computations required to check the remaining two, we introduce

the notation

d d
. k . . k
P’i T H SakJ Q’L,] T Sak7
k=1 1
leti ki,
where the latter is only defined for ¢ # j. With this, we have for any 1 < 4,5 <d, © # 7:
o

i . —
Oa - FSCHP"’ Ooz-i—ei -

2)! ,
(o420 .
alla;+ D(a; +2) “

(laf + 1),
—— 5, Pz'; Ca e —
a!(ai + 1)Sai+1 +2e;

_ (o[ +2)! P
Ca+e¢+€j - Oé!(Oéi + 1)(06]' + 1) Sai-i-lsaj-i-lQiJ'

Subsequently, this leads to

<awg2:(

X (Siﬁl)z) ((|a| + 1)<%+2)) - (Jo] + 1) (s +2)

st shya) \(la] +2)(a; + 1) (la| +2)(a; + 1)
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using the assumed inequality for a fixed i. Also, for ¢ # j, we have

Ca+eiCa+ej _ < PJ ) (‘0" +1> _ |O“ +1
CaCa+ei+€j Sgiinj |O(| + 2 |Oé| + 2’

and we have now shown {C,} satisfies every assumption in the statement of the corollary.

Next, we move toward building a reproducing kernel whose {C,} are of the preceding
1

form. First, if x4 is a probability measure on [0, 1], it is known that F(s) := / t*du(t)
0

defines a function on [0, 00) for which InoF' is convex (see [3], Lemma 5.1). Therefore, for

any n € N, we have

In [F <” - L, n > 1)} %(ln[F(n 1))+ In[F(n +1)]).

Rearranging and taking exponentials of both sides, we then arrive at the inequality [F(n)]* <

F(n —1)F(n+ 1), which will prove useful soon.
d

Now, suppose on [0,1]¢ we have a measure y = Hui where each p; is a probability
i=1

1
measure on [0, 1] and that / t"dp; #0 forallm>1and 1 <i <d.
0
For t = (¢, ..., tq), we use this to define

1
B e 0
0,1 —
i=1

/[01] !a!' (tA2)dp(t) = ) (% /Md tadﬂ(t)) (R2)”.

aeNg
By expanding it this way and since p is a product measure, we see that we have C, =
al! !
o H / 3 dp;(t;). Thus, with st / tirdp;(t;), we are in the exact set-up from before,
0

notmg that the preceding discussion regarding log-convexity shows that the main inequality
is satisfied, where the other properties of sj = 1 and 0 < s’ < 1 are more readily verified.
All this is to say, any such u leads to a kernel that is CNP by the corollary. In fact, it was
shown all the way back in Kaluza’s original paper that these types of moment sequences

produced the exact type of inequality relevant to Kaluza’s lemma.

53



By taking d = 2 and both p; and ps to be Lebesgue measure on [0, 1], we can show the
resulting {C,} do not satisfy the conditions of Lemma 3.1.2, namely that the sequence R,

is not non-decreasing as required. Let us write (m,n) for arbitrary o € N2; we claim that

. 1
Ro2 > Ry2. To compute these quantities, we note that s;, = 1 for = 1 and 2, and
n
(m+n)!

(m+ )l(n+1)!
calculate Cp; = Cy1 = C12 = 1/2 and Cy 2 = 1/2. From there, all we need to do is employ

subsequently that C,,,, = (from the preceding paragraph). We use this to

the definition of R,,, to see:

C
Roo= =22 =2/3>3/5b = —2__ — R,.
Coa

)

Coupled with the other non-example discussed right after Corollary 3.2.2, we have shown
that our two multivariable generalizations of Kaluza’s lemma (Lemma 3.1.2 and Corollary
3.2.2) are independent of one another.

In terms of future directions, this chapter presents quite a few: first, our examples that we
used to show independence of the two generalizations ignore a potential connection between
Lemma 3.1.2 and Theorem 3.2.1. Is it possible that there is some decomposition/choice of
{D,} that would give Lemma 3.1.2 out of applying Theorem 3.2.17 This question is fairly
intimidating mainly because that it is difficult to come up with any other decomposition
of {D,} other than the somewhat canonical one that we chose in order to obtain Corollary
3.2.2. Nonetheless, it may be doable.

Next, note that we did not obtain a Section 3.2 analogue to Corollary 3.1.3, which said
that a kernel that is CNP by means of Lemma 3.1.2 must also be of de Branges-Rovnyak
type. It seems reasonable to assume that a kernel satisfying Corollary 3.2.2 (or Theorem
3.2.1 for that matter) must be of de Branges-Rovnyak type as well, but we could not obtain
an argument similar to that seen in the proof of Corollary 3.1.3.

Finally, we connect these ideas back to those of Section 2.3. At least in the case of Lemma
3.1.2, any kernel satisfying its assumptions must be both CNP and of de Branges-Rovnyak
type, which gives us the multiplier ¢ from Theorem 2.3.2. It seems likely that we could
determine more information about the v in this case; as in, one wonders whether one could

tie the {C,} to the coefficients of power series representations of the components of 1.
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Chapter 4

Characterization of Forward Shifts on

de Branges-Rovnyak Spaces

4.1 Operator Theory Preliminaries

Let d € N. The main goal of this introductory section is to study the implications of having a
row operator 1" = (T3, ..., T;) (whose component operators act on an arbitrary Hilbert space
H) bounded below by 1 on the orthogonal complement of its kernel. That is, ||Tz||y > ||2|3a
for all z € (Ker T)*.

At the outset, we first remark that any such 7" has closed range. If {T'z,} converges
to some y, we may as well assume that each z,, L Ker T, for if not Tx, = Tz, for z, =
Piker 717, anyway. From here, the property easily gives that if {7, } is Cauchy, then so is
{z,,}, thus converging to some x. By the boundedness of T, it is immediate that Tz = y,
concluding the argument.

One naturally might wonder about the converse, whether T having closed range is enough
to ensure 7" is bounded below when restricted to the complement of its kernel (although
perhaps with some non-negative constant besides 1).

The answer to this is affirmative: if T has closed range, then R : (Ker T)* — Ran T
given by Rx = Tx for z € (Ker T)* is invertible. This is because (1) assuming Rz = Tz = 0
for some x € (Ker T)* reveals that x can only be 0, and (2) that the closure of Ran R equals

the closure of Ran 7', which is Ran 7" by our only assumption. Therefore, R is both injective
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and surjective, and thus invertible. Then, as claimed, we obtain for any x € (Ker T,
[2lla = 1R Reelgga < | R |opl| Rl = cl| Revlu,

where ¢ := |[|[R7Y|op > 0.
We will make use of the fact that this property is invariant under adjoints, which we will
now prove as a lemma. In the below, S could be a row operator or a column operator with

the same proof, so for that reason we omit subscripts from the norms.
Lemma 4.1.1: If||Sz| > ||z|| for allx € (Ker S)*, then ||S*y|| > ||ly|| for ally € (Ker S*)*.
Proof: If y = 0, the claim is immediate. Let y € (Ker S*)* = Ran S, and suppose y = Sz

for some nonzero x € (Ker S)*, for otherwise y = S Prger g+ anyway. All we need to do is

compute:

* * * i S!E 2
57l = sup (5°9.2) = (5 (57 ) ) = L = sl =

]

as desired. >

Lemma 4.1.1 combined with our earlier observation that an operator has closed range if
and only if it is bounded below on the complement of the kernel of its adjoint allows for an
immediate proof of the Closed Range Theorem for operator tuples 7" = (17, ..., Ty), which
simply states that Ran T is closed if and only if Ran 7™ is.

Since T and T* have closed range, we can decompose H(¥ = Ran T* @ Ker T as well as
H = Ran T & Ker T* and subsequently express T' as a block matrix with respect to these

decompositions. Specfically, since T |Ker o and Pge 1™ equal 0 in H and H? respectively,

A0

we have T = with respect to Ran T* @& Ker T" — Ran T' & Ker T*, where A :=
0 0

Pron TT|Ran oy As a result, we have T = with respect to Ran T & Ker T* —

0 0
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U 0
Ran T*®Ker T as well as T*T = with respect to Ran T*®Ker T' — Ran T*®Ker T'.
0 0

Here, U : Ran T* — Ran T has the form U = A*A = Pran - T*T Ran T
We claim that U is invertible, which we will prove by establishing that it is bounded
below (on its entire domain) and that it has dense range. For the former, our two main tools

are

| TT*yll3 > | T*yllwe Yy € H and ||T*Tx||ya > || Tx|n Vo € H?

since our central assumption gives us both that 7" is bounded below by 1 on Ran 7% and

that T™ is bounded below by 1 on Ran 7. Then:
1UT yllpa = 1T TT yllgga = ITT yll2e = 1Tyl 340

and U is bounded below on its domain, as desired.

As for its (closed) range, we clearly have Ran U = Ran T*T = Ran T, with the last
equality again using the fact that 7™ has closed range. For if so, we can write any y € H
as Yy = Pran 7Y + Pkerr-y, leading to T*y = T*Pran 7y = T*Tz for some z € He. This
establishes Ran 7™ C Ran T*T, with the opposite containment being immediate. Therefore,

the range of U is dense.
: : . vt o]
With U invertible, we can define S := with respect to H? = Ran T* @ Ker T
0 0

UA* 0
into itself. Similarly, we now define the column operator L := ST* = with
0 0

respect to Ran T' @ Ker T* — Ran T* @ Ker T, which we call the Cauchy dual of T™*.
Before moving to a proposition getting at the main properties of L, we first show that
Ker T* = Ker L and Ran 7" = Ran L.
For the former, it is immediate that Ker T* C Ker L. Let us now compute the action of

L on an arbitrary y € H:

Ly =U""A" Pranty = U™ Praw 7T | 7 Pran 7y = U T Pran 17y
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Therefore, using the invertibility of U~!, Ly = 0 means that T* Pra, 7y = 0. Then, Pran 17y €
Ker T* NRan T' = {0} so it must be that y L Ran T' = (Ker T*)*. We have thus shown
Ker L C Ker T*, proving our first claim regarding set equality.

The previous action of L immediately reveals that Ran L C Ran U~! = Ran T*, so we

only need to show the opposite containment. To get that, we observe

I an 1™ 0
LT = ST*T = | 7 — T*TS = T*L*.

0 0

This tells us that L*x = 0 results in Pray 7+ = T*L*z = 0 and thus z € (Ran T*)L = Ker 7.
It is then enough to take orthogonal complements of both sides of the now-proven fact

Ker L* C Ker T to prove the second claim as well.

Proposition 4.1.2: LT = Pgy, 7+ and T L = Pgg, 7.

I an T™* 0
Proof: Since we’ve previously shown LT = fan T , there is nothing left to prove

0 0
for the first statement, and we only need to show T'L = Pra, v to finish the proof.

To start, we observe that S is self-adjoint since U and therefore U~! is, which gives us

I an T 0
TS = L*. Also, by applying T* on the right to fan T = T*L*, we obtain the identity

0 0
T =T*L*T*, or equivalently T" = T LT by taking adjoints.

With these, we directly compute that

(TL)* = L*T* = TST* =TL and (TL)?>=TLTL=TL.

Since T'L clearly maps H into Ran T, all that is left to show to establish T'L = Pra, 1 is
that y — TLy 1 Ran T for every y € H. For x € H%, we have:

(y—TLy,Tx) = (y,Tz) — (y, L"T*Tz) = (y,(T — L*T"T)x) =0
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due to the previously established fact T'=TLT = (TL)*T = L*T*T. >

The final proposition of this section will require some new notation, which will be used

throughout the entire chapter. For any Hilbert space H over C and any A € B,;, we denote
d

A to refer to the operator in B(H?, #), which acts on an z € H? by Az = Z)\le The
notation serves to make use of how rows act on columns in order to not havei:tlo write the
summation every time.

We now wish to make several observations involving this notation in order to make the
future computations involving it go more smoothly.

First, it can be checked that for any y € H, Xy = [A1y, ..., Agy]”, and this immediately
leads to the identity pX* = (p, A)ca Iy for any p, A € By. If H is a function space over d
complex variables (z1, ..., z4), we can write this identity as M, A* = (2, \)ca In.

Another quick idea we can establish is the fact that, by definition, A commutes with
any singleton operator O applied on the left in the following sense: OX = AO@ | where the
notation O@ refers to the diagonal matrix with constant operator entry O (otherwise the

dimensions do not align in the preceding equality).

Finally, for any column A, we have for y € H,
d d
()\A)*y — A" Ny = ZA?)\iy — Z )\iA:y — NA%y,
i=1 i=1

and thus (AA)* = AA*.

Proposition 4.1.3: L is a contraction, and subsequently (Iy — AL)™' and (Iy — AL*)~" are
well-defined for any \ € By.

Proof: First note that Pkerrs = [ — PranT = [ — T'L, where I = I3 unless otherwise
noted.
For arbitrary @ = Pke 7@ + T Lz € H, we have ||z||*> > ||TLz||*> > || Lz||* since we know

T expands the norm on (Ker T)* = Ran L. Thus L is a (column) contraction, as claimed.
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As for the invertibility of I — AL for A € By, we have for any = € H, ||ALz|| =

2 d 2 d d
< (Z IAiIIILifEH) <SP L) < IRl ) < ),
=1 =1 =1

d
=1

where the second estimate in the above is precisely the Cauchy-Schwarz inequality.
Therefore, we have established [|AL|,, < 1, a well-known criterion to ensure (I — AL)™"
exists.

Concluding, we immediately have (Iy — AL*) = (I — AL)*, so this operator must be

invertible as well. :5

Before we move to the next section, we invoke that perhaps the most significant identity
involving this T-dependent column operator L is that T'L = I3; — Pxer 7+, as was established

at the start of the above proof.

4.2 Facts about Operator Valued Kernels

So far, all of our reproducing kernels have been scalar valued; it is now time to introduce more
general formulations of RKHS’s, ones in which the reproducing kernel itself is a bounded
operator.

To wit, suppose we have an RKHS H(K) such that, for all A\ € By, ky is B(E)-valued
for some underlying Hilbert space £. Then, it must be that H(K) C {f : B — £}. The

reproducing property of the kernel is now:
<f(>\)7x>8 = <f7 k)\()x>H(K) vf € H(K)a A€ Bdaand x € €.

While we will not completely redo the theory in this more advanced setting, one property

we will mention at the outset is that the set

D = {Z kxi(z)z; | n €N, {Ai}?:l C Ba, {7i}iz, C 5}

=1
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is dense in H(K), just as we might expect to carry over from the scalar case.
Using this density, we can show that f,, — f weakly in H(K) if and only if f,(A\) — f(\)
weakly in &€ for any fixed A € By and sup || f|| (k) < 00. Assuming the former convergence,
neN

we have

(fa(X), 2)e = (fn, k?/\(‘)@H(K) = (/, k)\(')x>H(K) = (f(A), z)e,

showing the desired convergence in & since x was arbitrary. Conversely, assuming the

m
pointwise weak convergence in &£, we can show that for any g(z) = Zk’)\z(z)xz € D, we
i=1

have <fm9>7{(16) =

Z <fna kAi<')$i>7.[(;c) = Z <fn(/\i)7xi>g — Z <f()‘i)7xi>g = <f7 g>7—[(lc)-

Finally, the assumed norm boundedness and the density of D in H(K) allows for a routine
argument that f, — f weakly in H(K).
The following is an analogue of Proposition 1.3.3 (Aronszajn’s classical result) for

operator-valued reproducing kernels.

Proposition 4.2.1: Suppose for some Hilbert space D, we have F : By — B(D,&), and
consider the space

H:={F()y|lyeD}C{f:B;s— E}.

H C H(K) if and only if there exists ¢ > 0 such that *ky(2)— F(2)F(\)* = 0, as an operator
on ]Bd X Bd.
Moreover, in this case, the least ¢ that satisfies the above is the operator norm of the

inclusion map j : H — H(K).

Before we start a formal proof, let us first make several preliminary comments, which

will start to shed some light on how the proof should proceed. First, we wish to endow H
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with an inner product, making it into a Hilbert space. To do so, first define

which is clearly a closed subspace.
Next, define (F(2)y1, F(2)y2)y, = (Ppo¥1, Ppyy2)p, where we note right away the
property that ||F(2)y|l% = [[Po,yllo < |lyllp. One next notices that F(z)y = 0 for all

z € By if and only if y € ﬂ Ker F(z) = Dy, which happens if and only if Pp,y = 0, as it
z€eB
should be in order to ensure dour norm definition is well-defined.

To see that the norm is complete, take a Cauchy sequence {F'(2)y,} in H; as always, we
can remove any zeros from the sequence, which by the previous argument is akin to assuming

that {y,} is in Dy, and by definition we see:

1 F(2)Yn — F(2)Ymlln = 1F(2) Y — ym)ll2 = | Ppo(Wn — Ym)lp = |Yn — Ymllp,

which clearly reveals that {y,} is Cauchy in D. Since D is a Hilbert space, y, converges to
some y € Dy (again using that Dy is closed). Then, we have that || F(2)y, — F(2)y|ly =
|lyn — y||p and clearly F'(z)y, converges to F'(z)y in H.

Thus, we have shown H is a Hilbert space; on top of that, we now show H is an RKHS.
For any A € B,, we have that the point-evaluation functional F) : H — &£ is bounded. To
see this, we let y = Pp,y + Ppry € D, noting that our earlier work shows F(z)PDOLy =0 (as

an element of H). Then, we compute
IEALF (2)yllle = |EALF(2) Ppyyllle = [[F'(A)Ppoylle

< [IEM)llop[1Ppoyllo = 1M llop[1(2)yl34,

establishing the desired boundedness. Therefore, since H is clearly a function space, we have

established H is an RKHS.
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That is, H is in fact H(L) for some reproducing kernel ¢, : B; — B(E), which we claim is
given by (,(z) = F(2)F(X\)*. To prove this, we compute, for any z € £,y € D, and X € By,

(ECys EOFXN @) gy = (4, FQA) @) p = (FNys 2)e = (FCys OC)T) gy

which proves the form of /,(z).

Allow us to now break down exactly what c?ky(z) — F(2)F(A\)* = 0 (for some ¢ > 0)
means. This is equivalent, by definition, to requiring for any n € N, {\'}", C By, and
{z;}7_, C & the following inequality:

> {[hn (X)) = FON)F(N) )z, 24), > 0.

ij=1
Since (kyi (A)zj, i) = (kni(-)w;, kf)\i<')$i>H(K) by the reproducing kernel property, we can
rearrange the previous inequality to state it in terms of norms. Precisely, after taking a

square root, we arrive at

n

i=1

<c
D

i=1

H(K)

Lastly, we recall the following theorem from Chapter 1 before starting the proof.

Theorem 4.2.2 (Closed Graph): An operator T : H — K is bounded if and only if
its graph
{(z,Tx) | x € H}

is closed (in the product topology) in H x K.

Proof of Proposition 4.2.1: First, we assume that H C H(K). Let us first use the preceding
theorem to show that the inclusion map j : H — H(K) is bounded. Assume we have
{F(2)y,} in H and recall that we may assume {y,} C Dy so that the zeros are removed
from {F(2)y,}. If we assume F(2)y, converges in H to some element F(z2)y as well as

assuming jF(2)y, = F(2)y, converges in H(K) to some function g(z), then by the closed
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graph theorem, all we need to do is show that g(z) = F(z)y = jF(z)y to obtain boundedness
of j.

We clearly have that {F(2)y,} is Cauchy in H, and pulling on our previous work when
we showed the norm was complete, we know {y,} is Cauchy in D and thus convergent to
some w, which we know is in Dy by the fact that Dy is closed. Next, for any A, since F'()\) is
bounded, we must have that F'(A\)y, — F(A)w in €. Further, since {y,} must be bounded
in D, we have that sup || F(2)y,| u@) < sup ||ya|p < oo.

By our discussigrfNat the start of tﬁiestection regarding pointwise convergence in any
RKHS, we can now invoke that F(2)y, — F(z)w in H = H(L). The uniqueness of the limit
in H gives us that y = w and the uniqueness of the limit in H(K) gives that g(z) = F(2)w =
F(2)y, as desired. Therefore, |j|op < oo.

Using H = H(L), we now wish to compute the adjoint j* : H(K) — H(L). We compute

<F(')y7j*k5>\(')$>H(L) = (F(")y, k)\(')@}]([() = (F(Ny,z)e = <F(')y7£)\(')x>H(L)7

where the middle equality is only legal since we know H(L) C H(K). This shows that
J*kx(2)x = €x(2)z and of course that j* is also bounded with ||j]lop = [|7*]lop-

Therefore, we have for any n € N, {\{}"_, C By, and {z;}", C &,

7" Z km()l"z
i=1

Z ki ()

< |[7llop
)

H(L H(K)

However, working only with the first term, we have

J" Zk)\()xz
i=1

H(L)

Y

D

= ' PDO i F()\Z)*l’z
=1

i=1

D

since clearly Z F(\)*z; € Dy by definition. This is to say, pulling from the preliminary
i=1
calculations before the proof, that ¢?ky(z) — F(2)F(\)* = 0 with ¢ = ||5]|op-
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Conversely, assume we have

i=1

<c Z Foxi ()i
D =1 H(K)
for some ¢ > 0 and any of the relevant parameters n,{\;}, {z;}. The proof of the forward

direction reveals (1) that this inequality is the same thing as

Ty k) > k),

<c
)

H(L H(K)

for the map T : H(K) — H(L), Tky(z)z = {\(2), and that (2) 7™ is the inclusion map j.
In fact, invoking the fact that linear combinations of reproducing kernels are dense in their
corresponding RKHS, the previous inequality is precisely the minimum requirement to say T’
is bounded with ||T||op < ¢. And thus j is bounded as well, showing H C H(K), as desired.

As a final note, we comment that both directions of the proof combined show that |j||op

is the minimum possible ¢ that can arise in the theorem’s right hand side. >

One particular observation we wish to record now in the aftermath of the proof is that,

the boundedness of the inclusion map gives

IE Oyl < MillopllE Gyl < lillopllyllo

for any y € D. Quick access to such an inequality will be very useful in the sequel.

The next part of our discussion involves multipliers. In previous chapters, we allowed for
multipliers to be of varying size, employing tensor notation. There is no need for this (at
least in the scope of this dissertation) in the case of having an operator-valued kernel, so we

simply define
M(H(K'Y), H(K?) :={¢:Ba = C | ¢f € H(K?) Vfec H(K")}

as the multipliers from H(K') to H(K?).
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As we promised in Chapter 1, we owe a proof of Proposition 1.3.8. We are now ready to

prove the below retitled proposition in the case of K and K? both being B(&)-valued.

Proposition 4.2.3: Let ¢ € M(H(K"), H(K?)). For any A € By, we have M3k3 = p(N)k;.
Proof: For any f € H(K'), A € By, and z € &,
MO e = Mo O e = OV F), 20

= o(\) (f(\), 7). = d(N) <f> k}\('>$>H(K1) - <f’ Wk}\>H(K1) ’

Since f was arbitrary, this finishes the proof. >

We remark that just like before, we have access to the inequality ||¢|loc < ||l Mr(x))-

One last general fact that we will need in the next section is the following lemma.
Lemma 4.2.4: If k\(0) = I¢ for all X\ € By, then kx(z) > 0 if and only if kx(z) — I¢ = 0.

Proof: Since the symbol > gives a (transitive) order relation, the backward direction is
immediate as we have ky(z) > Ig > 0.

For the forward direction, we assume that k) is indeed a reproducing kernel and that we
therefore may use Proposition 4.2.1 with D = £ and F(z) = ko(z) = I¢, where we have used
the fact that ko(z) = k,(0)* = I¢ for all z € B;. Since we certainly have {ko(-)z | x € £} C
H(K), the proposition gives that [|]|2 kx(z) — ¢ = 0 where j : {ko(:)z | z € £} = H(K) is
the inclusion map.

Recalling some from the proof of Proposition 4.2.1, we have that the space Dy = £ and
therefore the norm we had induced on {ko(-)x | z € £} is simply ||ko(-)z|| := ||x|le. Thus,

we check

17k ()l ey = ko ()2 [y = Ro(0)zlle = llzlle = [|Ko ()],

revealing that ||j||,, = 1 and completing the proof. >
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4.3 de Branges-Rovnyak Spaces: The Operator Case

Recall that every prior de Branges-Rovnyak space we have encountered thus far has
corresponded to a function b from B, to B,.. It turns out that instead of only considering row
functions b, we may parameterize our de Branges-Rovnyak kernels with an operator from
one Hilbert space to another. To make this situation more distinct, we will use B to indicate
such an object instead of a lowercase letter as before. In this section and the next, we will
explore properties of these more advanced de Branges-Rovnyak spaces.

Let D, £ be any Hilbert spaces, and suppose B is in the Schur class
S4(D,&) == M(H; D, Hi R E),

with the extra assumption that B(0) = 0.
Therefore, since H? = H(S) for the Szegd kernel S(z,\) = s,(z) =
use Proposition 1.3.10 to see (Ig — B(z)B(\)*)sa(z) = 0. Thus

1
1-— <Z7 A)Cd

, We can

kx(z) = 151__B<(ZZ7))§((:)*

defines a reproducing kernel and subsequently an RKHS that we again call H(B) in place
of H(K).

We have particular interest in the row operator tuple of multiplication by the indepedndent
variable, M, = [M.,, ..., M. ], whichactsonan f = [f1, ..., fo7 € H(B)'by M.f = zf;.
Let us first observe that in the case that (M,, H(B)) is bounded, it must be that ||MZ||Zo:p1 > 1.

To see this, we note that one can immediately see that with (M., H(B)) bounded, it must
be that each coordinate function z; is in M(H(B)) for 1 < i < d. We then use Proposition

4.2.3 to see M ky = \ky, for all i. Subsequently, we obtain

d d
IMZ Rl oy = D IME Rl sy = D NP IRy = IMIBIEANZ sy
i=1 =1
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k
=, then ||gx[|z) = 1 and || M} gx||g(p)a = [|All2. From

for any A € B,. If we let g, := Ik H/\
AMIH(B)

there, we see
M- lop = |MZlop = sup{[| M fll sy | [1f sy = 1} = sup{[|MIgallm(mye | A € Ba} =1,

as desired.
The following is an analogue of Proposition 2.2.3 for the operator-valued de Branges-

Rovnyak spaces.

Proposition 4.3.1: If B(0) =0, then (M., H(B)) is a bounded row operator if and only if
B(z)y € H(B) for every y € D.
Moreover, in this case, the operator norms of (M., H(B)) and the inclusion map

j:{B(2)y | y € D} — H(B) are related by || M.||*> = ||j]|*> + 1.

Proof: A relevant fact that we will use in both directions of the proof is the reproducing-

kernel-based tautology
(2 N ea ba(2) + I = hin(2) + B(=) BOV".

Pulling on Propositions 1.3.10 and 4.2.1, respectively, the main claim reduces to showing
that there exists ¢ > 0 such that (¢*Iz — (2, \)ca)kr(2) = 0 if and only if there exists d > 0
such that d*ky(z) — B(2)B(\)* = 0.

First assume that we have ¢ := ||M,|op, > 1 satisfying the former positive definiteness
relation. We will handle the case that ¢ = 1 at the end.

Since r\(z) = | I¢ —6—12(2,)\>Cd) kx(z) satisfies ry(0) = I¢ and we are assuming
?ry(z) = 0 and therefore ry(z) = 0, Lemma 4.2.4 gives us that r\(z) — I¢ = 0. Then,
since C2Ci > 0, we have > i 1(r,\(z) — I¢) = 0. We now compute this object:

c? c? 1
21 (M) — L) = 5 (ka(2) — le) = 57— (2, A) ka(z) =
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C2C_ T (ka(2) = Ie) = 1_ ks (2) + B()BO)" = Ie] = ka(2) — 1_ 3

B(z)B(\)" — Ie.

1
Then, by defining t5(2) := kx(2) —— 1B(Z)B()\)*, we have that ¢)(0) = I¢ (since B(0) = 0)
C p—

and ty(z) — I¢ > 0, therefore t5(z) = 0 by Lemma 4.2.4. Finally, with d :== v/ —1 > 0, we
have d?ky(z) — B(z)B(A)* = (¢ — 1)tA(z) = 0, as desired.

We further note by the second statement in Proposition 4.2.1 that we must have ||j ||§p <
2 _ 2
d* = ||MZ||op — 1.

Conversely, assume d := [|j]|op > 0 is such that d?k)(z) — B(z)B(\)* = 0; again, we
postpone the case where d = 0 until the end of the proof. By defining py(z) := kx(z) —
1
— B(2)B()\)*, we have that p)(0) = I¢ and py(z) = 0 since we know d?py(z) is. Therefore,

2
Lemma 4.2.4 give us

0 < pr() ~ Ie = ha(2) ~ I = BB = ka(2) — Ie = l{z New ba(2) = (a(2) = I
d?+1 1

= (ka(2) — Ig) — 2 (2, A ga ka(2)

d2
Then, by multiplying by ————, we have

d*+1
1
0 < ka(z) = Ie - prn] (2, Nea ka(2) = ax(z) — e,
1
where ¢, (2) = kx(z) — 211 (2, \)ca ka(2). Since ¢»(0) = I¢, we also obtain g\(z) = 0 by

way of Lemma 4.2.4 and subsequently (d* 4+ 1)g\(z) = [(d* + 1)I¢ — (2, A)calkr(2) must also
be positive-definite. Taking ¢ := v/d2 + 1 > 0 finishes proving the biconditional statement.
Similarly to before, we close out the argument by applying the second statement of
Proposition 1.3.10 to observe ||MZ||C2)p <= j||§p + 1. Therefore, the previous inequality
reveals [|7[12, + 1 = |[M.]2,, as desired.
To finish the proof, we must show that | M.[lo, = 1 if and only if [[j]jop = 0. If the
latter is zero, then of course j must be 0 and subsequently B = 0. Then, by examing the

reproducing kernel, H(B) = H? and is it well-known that the Drury Arveson shift has norm
1.
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Conversely, assume [|M, ||, = 1. In returning to the ideas seen at the very start of the
proof, we have that (I¢ — (2, A\)ca)ka(2) is positive definite; then, rearranging the tautology
between these objects and B(z)B(\)*, we see that I — B(z)B(\)* must be positive definite
as well.

We claim this last relation is enough to say B(z) is a constant operator. To see this,

employ the definition of positive definiteness (with two points/vectors):

2 2

0< Y ([le = BN)BWN)aj,a), = Y {aj,a)e — > (B(N) aj, BO)a;),

i,j=1 ij=1 ij=1
= [lar + as[l¢ = [[B(AY)*ar + B(X*)*aal[%.

Then, by taking ay = —ay, we get 0 < —||B(A)*a; — B(A*)*a1||%. By rearranging this and
employing non-negativity of norms, it must be that B(A')*a; = B(\?)*a; for all arbitrary
a; € €. Therefore, B(z)* is constant and necessarily B(z) is as well. Finally, since B(0) is
assumed to be the zero operator, B(z) must be identically 0. This shows that ||j||o, = 0 as
desired. }

In the theory of de Branges-Rovnyak spaces (of functions of d variables), we say a column

operator X solves the Gleason problem in H(B) if and only if

d
VfEH(B), ) u(Xif)(2)=f(z) - f(0).
i=1
That is, if and only if M. X = Iy ) — Py where Py f := f(0), the orthogonal projection onto
the subspace M. In the case that d = 1, then X defined by (X f)(z) := w (what
we usually refer to as the backward shift) defines a unique solution to the Gleason problem.
For higher d, we cannot replicate this and in general the solution is not guaranteed to be
unique.
While the Gleason problem can be studied in any H(B) space, we will make the extra

assumption that (M,, H(B)) is a bounded (row) operator for some function B in the Schur

class Sy(D, E) satisfying B(0) = 0. Here, D and £ are abstract Hilbert spaces that do not
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play much of a role in the proof of the following proposition.
Proposition 4.3.2: If (M., H(B)) is bounded, the Gleason problem is solvable.

Proof: At the start, let us write S for the Schur function parameterizing the de Branges-
Rovnyak space H(S) so that we can use B for a different object throughout the proof. We
remind the reader that, pointwise, S(z) € B(D, ).

Unsurprisingly, the proof will make use of the H(S) reproducing kernel k) : B; — B(E)

given by ky(z) = [gl_—iiZ)f;it)*

as well as the corresponding tautology

<Z, )‘>(Cd k,\(Z) + [g = k’,\(Z) + S(Z)S()\)*

Since we are assuming ky(z) is positive definite on B, x B, the associated theory gives an
auxiliary Hilbert space F and an operator valued function H : B; — B(F, &) such that
kx(z) = H(z)H(\)* for every z, A € B,.

The proof will make heavy use of the preceding A notation, as well as the observations

made when this notation was introduced in Section 1. Define

HMN)*x
N = \/ ) CFeaD,
AEBy S(A)*x
z€el
NH(\)*x ;
Ny o=\/ CFlaE,
AEBy X
zel
H\)*x NH(\)x
and U : N1 — N3 by U » = » and then extending linearly to a dense

S(N\)*x x
set in NVj.
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We claim that U extends to be isometric on N;. Fixing pu and A in B, as well as z and

y in £, we compute

Y

<U H(A)y U H(p) > :< NHN)y| |pH(p) >

sl [swrel/ y e
= ((H (@)X HN)" + L]y, x)e = ({1, A)ga ka(p) + Le]y, 2)¢
. HQA)y| | H(p)
= (fkai) + (OS] y.2)e = < e e
(A)y wyrz|/
With this, it can be easily verified that [|Un| rige = ||n]|Fep for any n € N and thus our

claim has been established.

We wish to extend U to be defined on all of F @D by setting Um = 0 for every m € N
While U is no longer isometric on the full space, we do obtain that the extended U is
contractive.

Next, we define the column operators A : F — F% and B : D — F¢ as well as the

singleton operators C' : F — & and D : D — &£ by representing U as the block matrix

A B
. We observe now that for any = € F,

C D
1Az]7a < |A2]Za + IC2ll = U (2 ® 0)l[Fage < llz ® Ol zep = |l

and thus A is contractive as well. This reasoning could apply to show that any operator
arising in a block decomposition of a contractive operator is also contractive; in particular, we
will make use of this fact applied to B* as part of the block decomposition of the contractive
U*. Going one step further, since B* = [B}, ..., Bj|, applying B* to the canonical basis
elements of F?, one can check that B is contractive for 1 <i < d.

Since U is isometric on N7, we can determine the actions of A, B, C, and D (rather, the
actions of the restrictions of these operators to the appropriate spaces) more explicitly by
the fact that

A* C*| I NH(\)*z H(\)*z
B* D* x S(A\)*z
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for all A and x. This gives the following equalities in terms of operators in B(€) for fixed A:
ANHMN +C"=H(\)"

B*N'H(\) + D* = S(\)*.

The first thing we can do is plug in A = 0 to the latter equality to obtain D* = S(0)* =0
and therefore D = (0. Next, by taking adjoints and rearranging the former, we obtain
C=H\)(Ir— AA).

Now, since A is a column contraction, this allows for I — AA to be invertible for any
A € By, as || AA]|op can be shown to be less than or equal to 1, just as was done in the proof
of Proposition 4.1.3.

Therefore, H(\) = C(Ix — AA)™' and S(\) = HA)AB = AH(\)@B. Going forward,
we choose to write the latter as S(z) = M, H(z)¢B.

We now claim that for b, : By — B(D,€) given by b;(z) := H(z)B;, b;(2)y is in H(S)
for all y € D. If so, then for any y € D, by taking b(z)y to be the column H(z)¥ By =
[01(2)y, ..., ba(2)y]T, we have found b(z)y € H(S)? such that S(z)y = M,b(z)y, which will
be the key to defining our Gleason problem solution.

To show this claim, we will use Proposition 4.2.1: that is, fixing 1 <1 < d, we will show

that b;(z) = H(z)B; satisfies that b;(z)y € H(S) for all y € D by showing that
kx(z) — bi(2)bi(N)* = H(z)H(\)" — H(2)B;BfH(\)" = H(2)[I — B;B/]H(\)"

is positive definite. Since B being contractive (as our prior remark mentioned) means
precisely that I — B; B > 0, employing Proposition 1.3.2 reveals this is indeed the case.
Therefore, the aforementioned proposition can be applied d times with each b; acting as our
operator valued function F.

However, we have one more reason to momentarily keep 1 < ¢ < d fixed. Define the
operator Y; : H(S) — H(S) on a dense set by Yik\(z)x = b;(2)S(A\)*z and extending

linearly; we claim Y; extends to be a bounded operator, which we will prove by showing
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there exists a constant ¢ such that

<c

9

Y;Zk)\j(')xj Zk‘m(')%‘
i1 =1

H(S) H(S)

using the usual density argument in H(S). To do this, after fixing a relevant set of
parameters, we will simply combine two inequalities to which we readily have access. Since
we previously applied Proposition 4.2.1 to b;(z), we can also recall the comment after the
proof of said proposition that tells us there exists a constant ¢; > 0 such that

<

D PIMOR ZODBELURS > sy

H(S) H(S) D

For the second inequality, recall that Proposition 4.3.1 tells us that (M., H(S)) being
bounded (which we are assuming) gives the existence of some constant co > 0 such that
c2ky(z) — S(2)S(N\)* = 0. From the discussion in between Proposition 4.2.1 and its proof,

recall that we showed this is equivalent to

> SN
j=1

<
D

kaj(')xj

H(S)

From here, it is clear we have shown the desired estimate with ¢ := ¢ycs.

With each Y; bounded, we can assuredly say that Y = [V, ..., Yy]T defines a bounded
operator. We are finally ready to define our Gleason problem solution X, which we remind
the reader should be a column operator, by X := A* — Y, clearly bounded as the difference

of two bounded columns. In other words, we have
Xkr(z)x = Xkr(2)x — b(2)S(N\)*x.
Finally, we have M, Xk, (z) =

M XK (2) — Mob(2)S(A)* = (2, Ny ka(2) — S(2)S(N)* = ka(2) — Ie = kx(2) — kx(0).
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Thus, this establishes M, X = I — Fy, and therefore X is a Gleason problem solution, as
desired. >

We close out this section by crediting Ball and Bolotnikov (see [5]) for the ideas seen
in the above proof, namely that of the colligation U, which allows for a realization of S in

terms of the component operators of U.

4.4 Properties of (M., H(B))

In this section, we will continue to study H(B) for some B € S;(D, ) and Hilbert spaces
D and £. Our starting assumptions are that B(0) = 0, dim(£) = m € N, and that M, is a
bounded (row) operator on H(B). Knowing only these, there are many properties to derive
regarding M., which we will list and prove through a series of propositions.

Many of these properties will pertain to the operator M, — A and its adjoint, for an

arbitrary A\ € B,. Here, X refers to the operator in B(H(B)?, H(B)), which acts on an
d

feH(B)Yby A\f = Z i fi, just like it did in the previous sections.

i=1
Proposition 4.4.1: Consider M, := {k\(2)x | x € £} C H(B). The following properties
all hold:

a) dim(My) = dim(E)
b) My C Ker (M: — X)
c) |MZgll syt > |l9llaes) for all g L Ker M

Proof of a): Recalling that we set m = dim(E), let us specify a basis for £, say {y;}/";.
Fix A € B; and consider {ky(2)y;}",, which we claim is a basis for M,. From the fact

that the y; span &, it is clear that the ky(2)y; span M. As for the linear independence,

suppose that Z cika(z)y; = 0, as in that this function is 0 for any z € B,. Since B(0) = 0,

=1
m

kx(0) = I¢, and therefore plugging in 0 gives Z c;y; = 0; by the linear independence of the
i=1
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y;, each ¢; must be 0. This establishes our claim and reveals m = dim(M,). >

Proof of b): For any f € H(B), A € By, x € £, and 1 < i < d, we have by Proposition
4.2.3 that M ky(z)z = Nky(z)z. This can be written succinctly as M ky(z)z = Aky(2)z,
showing M, C Ker (M — X), as desired. >

Proof of ¢): First, we note that it is straightforward to see that

My ={f € H(B) | f(\) =0},

again by using the reproducing kernel to relate the inner products in £ and H(B).

Considering that b), with A = 0, shows that (Ker M)+ C My, it suffices to show that
Mg\l mesye > ||gllzes) for any g such that g(0) = 0 (i.e. that g € Mg, a potentially larger
set than to which the claim applies, although we will establish equality before the end of the
section).

We now claim that

D, = {Z[kzwz(z) — ko(2)]zi | m € N, {w'Y, C By, {z:}, C 5}
i=1

is a set dense in {g € H(B) | g(0) = 0}, which Dy is evidently contained in since k,(0) =
Ic = kp(0), regardless of @ and . To prove our claim, assume ¢(0) = 0 for some g € H(B).

Since D = Z kwi(2)x; | m € N {w'}, C By, {z;}1, C 5} is dense in H(B), there exists

=1
Mn

some sequence d,(z) = kan(z):rm converging to g. In particular, we have pointwise

i=1
convergence at z = 0, so

d(2) = irjko 2)Tin = me %kwm(@)xm — ¢g(0) =0.
i=1 i=1

Thus, {d, — d®},>1 C Dy converges to g, and the desired density has been shown.
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By this density, it suffices to assume g is of the form Z — ko(2))z; and remarking

i=1
that M ko(2) = 0 using the previously written action of M on the reproducing kernel, we

compute

ISH

j=1 j=1 \i=1 =1

d n n
1M1y = DM gl sy =D <Z wikyi(2);, wakwf(2)$e>
H(B)

- Z (Z wf_;> (ki (2)xi, ke (2 Z <w w ><cd (i (w ZIZ'“.T@>

i,0=1

Then, since ([kyi(z) — ko(2)|@s, [kue (2) — ko(2)|2e) ) = (ki (W) s, $g>g — (@, 2¢) for any

n

i and ¢, we have ||g||12LI(B) = Z { [k (W*) — ]g][Ei,{L‘g>g.

i0=1
Collecting both sets of calculations, we see:

||M,:g||%l(B)d - ||9||§{(B) = Z <[<w£7wi>cd k’wi(wg) - kwi(we) + IS]Ii,$z>5

if=1

n 2
= Z <B(w€)B(w Iz,l‘g>g > 07
i0=1 D
and thus our claim is established. >

By Lemma 4.1.1, we note that ¢) above holds for M, in place of M}, and therefore
both M, and M} have closed range. Also, by the discussion in the first section, the Cauchy
dual to M exists, which we will call .Z instead of L. We summarize the properties we will

presently need as the identity M..Z = Pran v, = I — Pker M-

Proposition 4.4.2: Again, we consider My = {kx(z)x | x € E} for some fized X\ € By
and finite-dimensional £. The following all hold:

a) Mg C Ran M,
b) |(M: = Nglluwye = (I = AM)gllam) Vg L Ker M:
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c) M, — X has closed range
d) kx(z) = (I = XL*) " ho(2)
e) My = [Ran (M, — \)]*

Proof of a): It is now time to invoke the existence of a Gleason problem solution X, as
proven in Proposition 4.3.2. That is, we have a bounded column operator X satisfying
M.X = Iy — Py where Pyf := f(0), the orthogonal projection onto the subspace M.
Thus, we immediately have that if f € Mg (i.e. f(0) =0), then M,(X f) = f € Ran MZ>

Before moving to prove b), we address that we have now established Mg = (Ker M)+
by Proposition 4.4.1b) with A = 0, Proposition 4.4.2a), and the fact that M, has closed
range. This is enough to show that .Z is also a Gleason problem solution, as we can now
establish Pger prr = Py, = . For this last equality, we can see this by first writing
f = Pumof + Py,r f. Next, we can plug in 0 to see f(0) = (P4, f)(0) since we have already
established that any g € Mg satisfies g(0) = 0. Then, since My = {ko(2)z | x € £} consists
of constant functions (as ko(z) = I¢), it must be that Py, f = f(0).

Proof of b): The claim is a somewhat auxilary estimate that acts as a A-dependent
generalization of M} being bounded below on the adjoint of its kernel. Taking A = 0
returns the already established property, which we will use to prove this one. Computing

the square of each norm separately, we have ||(M} — X)gHz(B)d =

d
A (M2g.9) ) + INPlg sy

1

d
Z 1M g = Xl tm) = IMZgll % pya — 2Re (

J=1

H(B)

J

and [|(I — AM2)gl|% 5 =

lg = AMZ gl sy = gl — 2Re ((AMZg, 9) ) ) + IAM: g% s)

d
= llgll7rs) — 2Re (Z Aj <M;j979>H(B)> + | AM gl )

J=1
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Before we subtract the latter from the former, we comment that the Cauchy-Schwarz

inequality reveals:

2
HAM:QH%{(B) =

d
Z NMzg
j=1

d d
< <ZIM2> (Z HM;gH?{(m) = [APIMZ gl7 e
j=1 j=1

H(B)

Collecting all this, we have ||(M} —X)gH%I(B)d —||(I — AM;)gH%I(B) =

1Mz gl )0 — Ngllzsy + NP9l sy — IAMZ gl = (1= NP IMZ gl gy — l9llis).

which is non-negative for any A € B, as long as g € Ker M since we can then use Proposition

44.1c). >

Proof of ¢): With the previous estimate proven, we are ready now to start a direct proof
that Ran (M} — X) is closed, which by the Closed Range Theorem will confirm c).

To wit, assume {f,} C H(B) is such that (M’ — X)f, converges to some g =
(g1, ..., g4)t € H(B)?. Define an auxiliary sequence {h,} C H(B) by h,(z) = fu.(2) —
fn(0)kx(2), noting that h,(0) = 0 for every n and therefore by the comment we made after the
proof of Proposition 4.4.2a), we have {h, } C Mg = Ker M}. Also, since (M} —X)kx(z) = 0,
we have that (M* — X)h, = (M — X)f,. This is to say that (M} — X)h,, also converges to
g and is therefore a Cauchy sequence.

Now, for any n,m € Ny, h, — h,, L Ker M}, so our earlier estimate can be applied to see

M = A)(h = b ) 11 ye = 1L = AM) (B = o) || 1),

and therefore (I —AM})h,, is also a Cauchy sequence. The same sequence must then converge
to some function r € H(B).
Let us now invoke component convergence when considering the convergence to g. Since

for any 1 < j < d, we have (M;"j — Aj)hy, converging to g;, we can first multiply by A; then
sum over j to see that (AM; — |\[*I)h,, converges to s := Ag € H(B).

79



Taking this one step further by adding and subtracting h,,, we have that (1 — |\|[*)h,, —
(I — AM?)h,, converges to s. Yet, now we can bring in the r and rearrange the convergence
to see that (1 — |A\|*)h, converges to r + s, which of course reveals that h, converges to

r+s
———— = he H(B).

Finally, since M* — X is continuous, it must be that g = (M} — X)h, as desired. >

Proof of d): We first comment that Proposition 4.1.3 establishes the invertibility of the
operator in the statement. Next, since M,.Z = I — Py and I — F, is self-adjoint, we also

have Z*M; = I — PFy. Therefore for any = € £, we have:
Ex(2)x — ko(2)x = [ka(2) — kx(0)]z = LMk (2)x = XL k().

Rearranging this and solving for kq(z)x, we obtain the desired identity. >

Proof of e): By c), it suffices to show that My, = Ker (M* — X). Even further, by
Proposition 4.4.1b), we only need check that Ker (M — X) € M,. Therefore, suppose
f € H(B) satisfies Mf = Xf. By applying Z* on the left to both sides, we have
L*M:f = XZ*f. Pulling on d) and its proof, this allows us to say f — f(0) = AZL*f,
and subsequently that f = (I — AZ*)7'f(0). Yet, since f(0) = ko(2)f(0), we have that
f=—=XL) " ho(2)f(0) = kx(2)f(0) € My, as desired. >

We note now that Proposition 4.4.1a) and Proposition 4.4.2e) together show that we have
dim([Ran (M, — A)]*) = dim(&) = m for every A € By. This property of [Ran (M, — \)]*
having constant dimension across any A is referred to in the literature as M, being a weak
dual Cowen-Douglas tuple (of rank m).

The next property involves a definition that requires multi-index notation. For {T;}%_, C

B(#) that pairwise commute, we can define 7% as T7"*...T;*. Then, for a commuting operator
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tuple T' = (13, ..., Ty), we call T" analytic if and only if

Y. 71 ={o}.

n>0 aeNg
|a|=n
In the future, we will replace the index under the sum with simply |a| = n where it is

understood that this refers to « in the set Nd with order n.
Proposition 4.4.3: (M,, H(B)) is analytic.
Proof: Since H(B) C (H3 ® &)~ (H? ® C™), we only need to show

(> Me(HieC") = {0}
n>0 |a|=n
to see that the restricted shift (M., H(B)) is analytic.

First, we show this in the case that m = 1. Let us assume for any n > 0, f = Z 2%hg,

la|=n
Bl
for some functions {h,} C H3. We claim that (mf) (0) = 0 for any v > 0, which would
z
establish f = 0. The main tool for proving this comes from observing that for any h, a # 0,
and 1 < i < d, a%zo‘h = 27g for some function g and |3| € {|a|,|a| — 1}. Fixing v and
letting k := |y| > 0, we can apply this observation k times sequentially to each summand of

o7
f= Z 2%h,, and see that 9 f vanishes upon plugging in 0.

|a|=k+1
For general m, if, for any n > 0, a column f = [f!, ..., f™]7 can be written as
Z z*[hL, ..., K" for some {hk} C H2, then applying the previous case to each component
|a|=n
function f* shows f* = 0 for any k£ and therefore f = 0. >

Proposition 4.4.4: If (M,, H(B)) is bounded, then dim(H(B)) = co.

Proof: Fix a nonzero x € &. By the only assumption, we have that zko(z)xr =

M, lko(2)x, 0, ..., 0] € H(B). This serves as a base case for an inductive approach to
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showing 27ko(2)z = M,[2" 'ko(2)z, O, ..., 0]T € H(B) for any n > 1, which should be clear
enough. We claim that the set {z]'ko(2)z}n>1 is linearly independent, which will be enough

to finish the proof.

Assume {a, },>1 C C are such that Zanz?ko(z)x = 0. Using that ky(z) = Ig, we have

n=1

o o0
= <Zanz?m,x> = ZaonH%z?,
£

n=1

for any z,

and a power series (in this case in the single variable z;) is identically zero if and only if all
its coefficients are, leading to a,||z||% = 0 for all n and therefore every a, = 0, as needed to

show the linear independence. }

4.5 The Main Result

In this section, our only concern is to state and prove the result below: Theorem 4.5.1.

Theorem 4.5.1: Let T = (Ty, ..., Ty) : HY — H be a bounded row operator on an
infinite dimensional Hilbert space H, and let m € N. T is unitarily equivalent to (M., H(B))
for some B € §(D,E) and Hilbert spaces D and £ such that B(0) = 0, dim(€) = m, and
that M, is a bounded row operator if and only if T satisfies the following four conditions:

(i) T,T; = T;T; for all1 <i,5 <d

(ii) dim([Ran (T — X)) = m for every A € By

(iii) || Tx||3 > ||| ya for all x € (Ker T)*

(i) () TwH ={0}

n2>0 |lw|=n

Here, X acts exactly the same as it did earlier in this section but instead is in B(’Hd, H).
Also, since (i) allows us to replace words with multi-indices, property (iv) is precisely that T
is analytic. H must be assumed to be infinite dimensional (by means of the separability
assumption), otherwise Proposition 4.4.4 would be contradicted since H = H(B) as a

consequence of the theorem.
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Theorem 4.5.1 is mostly a multivariable generalization of Theorem 4.6 in [16], wherein
the same type of characterization as below was done with d = 1 = m. However, assumptions
(ii) and (iii) are more complex as soon as d > 2, so we advise slight caution when comparing
the two theorems. Specifically, the authors of [16] show that dim([Ran 7]+) = 1 is all that
is needed to guarantee condition (ii) in the case that d = 1 = m, so condition (ii) with only
A = 0 is all that is assumed in their case. We will show at the end of this chapter with a
particular example that this is not necessarily the case for d = 2.

Secondly, Theorem 4.6 in [16] has that T is norm-expanding on all of H instead of only on
(Ker T)*. This is because, in one variable, it is an immediate necessary condition that Ker
T = {0} if T" is unitarily equivalent to a bounded shift (on any function space). Yet, as soon
as d = 2, one can show that Ker M, contains nonzero elements, and the norm-expanding
condition must likewise be weakened in the above way.

One of the most important tools in the (backward direction of the) forthcoming proof is
the L that was introduced (as the Cauchy dual of T*) in Section 4.1, as a specific consequence
of property (ii). As a quick remark, let us address that in [16], the L is defined more directly
by L := (T*T)~'T*. To see that this is still true with our slightly different assumptions in
the case that d = 1, we simply use the theorem to say that, under conditions (i) through
(iv), T is unitarily equivalent to the operator M., which is of course injective by being a
(singleton) multiplication operator. Therefore, Ker T*T" = Ker T' = {0} and by examining
the construction of L back in Section 4.1, we see that the form of L greatly reduces to
(T*T)~'T*. However, it seems likely that a direct proof could be obtained: that is, without
invoking any equivalence to an operator on a function space, one could presumably show that
conditions (i) through (iv) must guarantee that Ker 7" = {0}. We will leave this conjecture
open.

One particular aspect of the proof of Theorem 4.5.1 requires the introduction of notation,

a definition, and a lemma. We will begin the proof once these have been established.

Notation: For two closed subspaces M and M, of a Hilbert space H, we write H = M;+M,
to indicate an algebraic direct sum, with the plus symbol having the precise meaning that

(1) any element in H has a decomposition into a sum of two elements 1 + x5 where x; € M;
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and that (2) M; N My = {0} (i.e. such a decomposition is unique).

Nothing about the above involves any notion of orthogonality, which is why we avoid
using the symbol @. Idempotent operators (Q that satisfy Q? = @ but are not necessarily
self-adjoint) are to the above type of algebraic direct sum as projection operators are to what
we normally refer to as a direct sum of two subspaces; that is, given an idempotent @), we
immediately obtain an algebraic direct sum with M; = Ran ) and My = Ran (I — Q). At
this point, it should be noted that Q? = Q is enough to quarantee that () has closed range,
as one can readily check.

Conversely, every algebraic direct sum is associated with a unique idempotent () that
gives the decomposition in the sense that for x € H, x = Qx + (I — @)z is the unique
decomposition.

One last fact we will need is that given such an algebraic direct sum, it is still true that
dim(My) = dim(Mj). To see this, we consider the orthogonal projection P = Proj . ;
since clearly PM; = 0, we have that PM, = Ran P = M7{ and it is well-known that
dim(PMy) < dim(My).

To get the opposite inequality, we will show H = M7 + M3, since then we can apply
the inequality we just derived to obtain dim((Mj)+) < dim(Mj7). Noting that the M; are
assumed to be closed, this will establish the equality we need.

First note that the empty intersection of M; and M, is equivalent to saying H =
Mi VvV Ms. Yet, by considering the quotient map Q : H — H/Mji and the fact that
span(Mi, My) = Q71 ([M3]), we see this set must be closed and the symbol V may be
replaced with +, as desired.

Up until now, we have avoided using z (in place of X or p) when referring to the row
operator defined in the first section of the chapter. In what follows, we can no longer afford
to do this, as we want to use this notation while simultaneously allowing z to refer to the

independent variable on the de Branges-Rovnyak space that we will construct.

Definition: We call a row T of operators on B(#H) regular if and only if Ran (T — z)
is closed and H = Ran (T — z) + Ker T™* for all z € B,.
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While other authors may refer to the preceding as reqularity at 0 or otherwise replace B,
with an arbitrary e-ball, we (for now) have no need for anything besides the above definition
of simply reqular.

It is now an opportune time to relax our usage of simply P for the projection onto Ker 7™
as we will soon require other projections and we also choose to use P for something else
entirely in the following lemma, for which we are indebted to Jorg Eschmeier and Sebastian

Langendérfer (see [10]).

Lemma 4.5.2: Suppose T = (Ty, ..., Ty) : H'D — H satisfies property (iii) of Theorem
4.5.1. Define a map P : By — B(H), given by P(z) = (T — 2)L(I — zL)~*. For any fized z,
P(2) has the following properties:

a) P(2) is idempotent.
b) [I — P(2)|x = Pger (I — zL) ' for all v € H.
¢) H = Ran P(z) + Ker T*.
If T is reqular, the following is additionally true:
d) Ran P(z) = Ran (T — 2).
a') P(z) is the idempotent associated with H = Ran (T — z) + Ker T*.

Proof of a): We start by recalling that, due to property (iiz), we have a column L satisfying
that LT is a projection onto Ran L = Ran 7™, and subsequently [ — LT = Pke 7. Using
these facts and the well-established identity (I —zL)™' =1+ (I —zL) 'zL:

L(I—zL) Y (T—2)=LI+ (I —2zL) '2L)T — L(I —zL) 'z =

LT — L(I —zL)'2(I — LT) = Pran 1+ — L(I —2L) '2Pxer 7.

85



Invoking the projections as the right-most operators in each term is the essential step, since

we know Pra, 7+ L = L and Pker 7L = 0 and this leads to
P(z)?=(T—2)[L(I —2zL) (T —z)L] (I —zL)~" = P(2)
because the entire bracketed operator is simply L by the above, establishing a). >

Proof of b): Next, we directly compute (using a slightly altered version of the identity
for (I —zL)™! that we used just above):

I—P(z)=1—-(T—-2)L(I —zL) ' =1-TL(I —2zL) " +zL(I —zL)™*

=(I—zL) —TLI —2zL) ' = ~-TL)(I —2zL)™' = Pgex 7+ (I —2zL)".

Applying the above operators to = € H, we have clearly established b), although we note here
that this separately shows Ran [I — P(z)] = Ran Pke 7+(I —2zL)™' = Ran Pge 7+ = Ker T*

where the second-to-last equality comes out of the fact that clearly (I —zL)™! is onto. >

Proof of ¢): The decomposition in c) is a fairly simple consequence of a) and b) combined:
a) gives that 4 = Ran P(z) + Ran [/ — P(z)] and, as mentioned just above, we have
Ran [I — P(z)] = Ker T* from the proof of b). >

Proof of d): Tt is clear that Ran P(z) C Ran(T — z) by definition. To get the opposite
containment, we need to assume that T is regular, which we do from here on. In words, the
key idea is that we now have two algebraic direct sums to work with, where one summand
space is the same and there is a known containment between the summand spaces that are
not (yet established to be) the same. More formally, the argument goes like this: assume
x € Ran(T — z). By H = Ran P(z) + Ran [ — P(z)], = has unique decomposition into z =
P(z)x +[I — P(z)]z. However, since x and P(z)z are in Ran (T'—z), so must be the element
y := [[—P(2)]z, and we know that Ran (T'—z)NRan [/—P(z)] = Ran (T'—z)NKer T* = {0}.
Therefore y = 0 and © = P(z)z € Ran P(z), as desired. >

86



Proof of a’): As the notation suggests, this is a strengthening of a) in the case that T
is regular. Let us suppose that * = x; + o where z; € Ran (T — z) and x5 € Ker T*. By
d), z1 = P(z)y; for some y;, and since Ker T* = Ran [I — P(z)], we also have an y, such
that z9 = [I — P(2)]y2. Then, since P(z)[/ — P(z)] = 0, we get P(z)x = P(z)x1 + P(2)xe =
P(2)*y1 + 0 = P(2)y; = x;. With this, the proof is finished, since it is now immediate that
xe =1 —x = [[ — P(2)]z. >

We are now fully equipped to prove the main result of the chapter.

Proof of Theorem 4.5.1: First, we assume the unitary equivalence. For conditions (i) through
(iv), (i) is clear for M, since all multipliers commute by definition, and the remaining three
were derived in the previous section: (ii) comes from the remark after Proposition 4.4.2,
(iii) is established by Proposition 4.4.1¢) and the lemma following it, and (iv) is entirely
Proposition 4.4.3.

Therefore, all that must be done in this direction of the proof is to show that each
condition is preserved under unitary equivalence. To that end, we now specify a unitary
operator U : H — H(B) such that UT; = M,,U for 1 <i < d. Alternatively, we can write
this as UT = M,U?Y, where we recall that the notation A refers to a diagonal matrix with
constant operator entry A.

From writing 7; = U*M.,U, one immediately sees from UU* = Iy(p) that (i) holds for T
as well.

For (ii), let us first notate the distinction of the two relevant A-dependent operators by
letting A be the operator in B(H(B)¢, H(B)), where it can be easily established based on
the definitions that AU@ = UX. With that, it is a routine exercise to show that if {g;}™,
form a basis for Ker (]\4;,k - i), then {U*g;}™, form a basis for Ker (T* — X). Now bringing
in the fact that unitary equivalence preserves range closure, we have established (ii) for 7'

To now show (iii) holds for 7', we first claim U@ (Ker T)* C (Ker M,)*. Assume that
(X,¥)3@ = 0 whenever Ty = 0, and that f is such that M.f = 0. Then <U(d)x, f>H(
<x, (U*)(d)f>Hd = 0 since T(U*)f = U*M,f = 0, and our claim is established.

b)) —
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With that, for x € (Ker T')*,
T2 = U MU Dxl3 = |MU D% ) > 1UDx]| ggyar = 1%]3000,

where our previous claim was needed to justify the inequality.

Finally, we address (iv) for 7. Assume x is such that for every fixed n, r = Z Ty,
|a|=n
for some {y,} C H. Since U* is surjective, there is an f, such that y, = U* f, for every «

that appears in the sum. We then have

Uz= Y UTUfo= Y Mf,
|lal=n laj=n
and by (iv) for M., Uz must be 0 and thus x must be 0, as desired.

This finishes the forward direction of the theorem’s proof.

Conversely, assume properties (i) through (iv) hold for 7. From the first section and
its propositions, we know property (iii) gives us a contractive column operator L satisfying
LT = Pran 7+ and TL = Pray 1, as well as allowing for the well-definedness of (I — zL)™!
and (I — XL*)_1 for any z, A € B;. We reserve [ for Iy; any other identity operators will be
specifically denoted.

We now begin a fairly lengthy construction of the required objects. Since H is infinite
dimensional, there exists an abstract unitary row operator U : H? — H. Also, L being
contractive leads to the operator D := (I« — LL*)'/? being well-defined, and we are now
ready to define the spaces D := Ran UD and £ := Ker T*, which as a reminder serve as
the domain and codomain respectively for the Schur class of which our soon-to-be defined
B will be a member. We note now that by taking A\ = 0 in property (ii), we can see that
m = dim([Ran T|*) = dim(€), as we require. Lastly, the construction is also in need of an
auxiliary column C := DU* ‘D.

Beyond the above, our construction has three main pieces. In the below, we reserve the
notation P for the operator Py, 7+ : H — Ker T™ which has as its adjoint the inclusion map
L: Ker T% — H.

B:By— B(D,E) B(z):=P(I—zL) 'zC
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V:H— HB) Vz(z):=P(—-zL) 'z
kx(z) = P(I —zL) (I — AL*)™\

V will provide the desired the unitary equivalence, but we first show consistency in the above
(i.e. verifying that the above k)(z) is indeed the reproducing kernel corresponding to the de-
Branges kernel formed from our B). We will do this by showing the identity B(z)B(\)* =
(2, A) kx(2) —kx(2)+ 1. Another important goal this computation will accomplish is showing
that our B is indeed in its appropriate Schur class, since the corresponding ky(z) is clearly
positive definite as it can be written as H(z)H(\)* for H(z) := P(I —zL)™'.

Before we proceed with this task, now is perhaps the best time to address that at first
it may seem odd for an abstract unitary U, which is in no way guaranteed to be unique, to
play a role in a very particular construction; however, as we will see in the immediate sequel,
B(z)B(A)* will result in the same operator for any U, and this is what uniquely determines
the kernel/space.

A few preliminary calculations are required, listed in the order they will be used. First,
we compute CC* = DU*UD = D? = I;a — LL* which tells us C’Z-C’; = 0;;1 — L;Lj for any
1<i,j<d.

Next, we list the easily verified general identities (I — R)™*R = (I — R)™' — I and
S(I —8)™' = (I —8)™' — I for any operators R, S such that (I — R) and (I — S) are
invertible.

Lastly, we note that from the fact that Ker T* = Ker L, Lt and PL* are both 0. Then,
from the geometric series expansions we also obtain (I —zL)™'s = I¢ and P(I —AL*)"' = I

(i.e. only the Oth summand does not vanish.)
We compute B(z)B(\)* =
d
_mf—ﬂJJ}:%EQCﬂJ—XUrvﬂ:PU—zm4[@Ay—ﬂ5UqU—Xpr%

3,j=1

= (2,\) kx(z) — P(I —zL)'zLAL*(I — AL*)™"

89



We now use the two matrix identities with R = zL and S = AL* to continue computing
B(2)B(\)" = (2, ) k(2) = P[(I —2L)™" = I][(1 = XL*)™* = I]:

= (=N kae) = PI(I = 2L) "M (I = XLY) ™ = (T =2L) ™" = (I = XL*) ™" + I

Finally, we use the previously mentioned L-vanishing action of P and ¢ (as well as the fact

that Pt = I¢) when expanding the bracketed expression to obtain
B(z)BA\)" = (2, \) kx(2) — kx(2) + 2Ig — Pu= (2, \) ka(2) — ka(2) + Ig,

as desired.
Now to address the unitary equivalence, we first establish that V' is unitary by showing
that it is injective, has dense range, and is isometric.

To show that V' is injective, we require the following identity: for any n > 1,
n—1
=Y nn-Y Y ne
|w|=n k=0 |v|=k

d
which can be established by substituting [ — TL =1 — Z T;L; in for P on the right hand

i=1
side and writing T,7; = T;T, by assumption (i) (i.e. that 7, = T when a(w) = «).

We next identify the kernel of V' by computing

Va(z)=P( —zL)” PZ (Zz, z) T = iP Z 2w LT
n=0 |w|=n

_ZZP Z Lyxz® _Z P Z Lyx | 2¢
a(w)=«a

n=0 |a|]=n o(w)=«a a€eNg

which leads to the conclusion Ker V' = ﬂ [Ker | P Z L, |], since a power series is
aeNg w
identically 0 if and only if all of its coefficients are 0.
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Therefore, if x € Ker V', we use the same previous identity to get x =

n—1
ZZTUPLU:H— Z Twwa_Z Z TP Z Loz + Z Ty Loz = Z T,y Ly

k=0 |v|=k |w|=n k=0 |a|=k a(w)=«a |w|=n |w|=n

Since this holds for every n, (iv) reveals that x = 0 and thus V is injective.
N

Next, given an arbitrary linear combination of kernel functions Zk,\j(z)xj for some

j=1
N, {N} C By, and {z;} C Ker T*, we can define
N A
= Z <[ — ZA{L?) LT,
j=1 i=1
to obtain V(2 Z kyi(z)x;. Since functions of this form are dense in H(B), V has dense

range.

Lastly, to see that V' is isometric, we note from V' having kernel equal to {0} that

H = (KerV (ﬂ Ker P(I — AL)~ ) — \/ Ran (I—XL*)_I

AeBy AEBy

where we note that Ran (I — XAL*)~!¢ is closed for any \ € By.

N d -1
Therefore, elements of the form z = Z (I — Z AZL;‘) vr; for some N, {N} C By,
j=1 i=1
and {z;} C Ker T form a set that is dense in . We previously noted that for such z,
N

z) = Z kyi(z)xj, and we compute

N

HV»’UH%(B) = Z (ki (2) 25, ke (2) Z <km %,Cb’e>

je=1 §e=1

N d —1 —1
Z <P (1 — Z )\fLi> ( Z AJL*) vz, x€> _
j.l=1 i=1 ey
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N d -t d __ i
Z <<[ — ZAiL:‘) Lxj, (I — Z)fof) L$e> = ||x||3{
Py i=1 H

=1
By the aforementioned density, this establishes that V' is isometric and ultimately unitary.

All that remains is to confirm the intertwining identity M.V® = VT, which is where we
invoke Lemma 4.5.2. However, in order to use Lemma 4.5.2a’), we need to know that our
tuple 7" is indeed regular. Property (ii) plus Lemma 4.5.2¢) will give us this, as we will now
show, using the following fact from linear algebra: if A C B and dim(A) = dim(B) < oo,
then A = B.

Considering Lemma 4.5.2¢), all we need to show for regularity is that for a fixed z, that
Ran (T — z) is closed and that it equals Ran P(z). Recalling that Ran P(z) is contained
in Ran (7 — z), we will apply the prior fact with A := Ker (T* — z), which has dimension
m by (ii), and B := Ran [P(z)]*, which has dimension m by the decomposition in Lemma
4.5.2¢) and the fact we proved earlier that the notion of codimension for algebraic direct
sums works just as it does for (orthogonal) direct sums, noting that Ker 7* has dimension
m by (ii) as well. This tells us that At = B, and we note the latter equals Ran P(z)
by our earlier comment that idempotents have closed range. Then, since Ran P(z) C Ran
(T —z) C Ran (T — z) = Ran P(z), we clearly have that 7' — z has closed range.

Let us finally confirm the intertwining relations. Combining lemmas 4.5.2b) and 4.5.2a’),
let us state what we need only in terms of V: for a fixed z € By and y € H, the lemma tells
us that if gy € Ker 7" and y — g € Ran (T — z), it must be that g = Vy(z2).

Fixx € H,z € By, and 1 < ¢ < d. Since V(z) € Ker T*, we can clearly scale it by z; and

have it remain in Ker 7*. Also, note that z — Vx(z) € Ran (T — z) means, of course, that
d

there are {x;}7_, such that z —Vu(z) = Z(TJ — zj)x;; noting that T;(1; — z;) = (T — 2;)T;
j=1
for any j, it should be clear that we also have that T;[x — Vz(z)] € Ran (T — z). Using this,

we simply add and subtract T;Vz(z) in the following to get:
Tix — zVa(z) =Tix — Va(2)] + (T; — z)Vx(z) € Ran (T — z).

Applying the restatement of the lemma with y = T;z and § = 2z Va(z), we arrive at

z;Vx(z) = V[Iz](z). Unfixing z and z, we have finally established the desired relation:
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M.,V = VT;. With this, the proof of the theorem is now complete. >

As a following remark, observe that the proof reveals that the space D in the theorem
has dimension equal to that of Ran (I« — LL*)Y/2. While this may not be finite, it decides
how many columns a matrix representation of B(z) would have, where the number of rows
is dim(&) = m < 0.

Let us now produce an example motivating the need for all four conditions in Theorem
4.5.1 instead of a strict subset of them. Suppose S in B(H) satisfies the conditions of
Theorem 4.5.1 (in the case that d = 1), and consider wanting to check if Theorem 4.5.1 (in
the case that d = 2) applies to T := (5,0).

(i) is trvially satisifed since SO =0 = 0S and (iv) comes quickly as well since

D 71 =(]5"H={0},

20 actd n>0
if S is analytic.

For (iii), we first note that (Ker T)* = (Ker S @ H)* = (Ker S)* @ {0}. Therefore, if
x = [z1, 0] is in (Ker T)%, then Tx = Sz, for z; in (Ker S)t. With that, it is clear that
S norm-expanding on the orthogonal complement of its kernel implies that 7" has the same
property.

However, it turns out that (ii) is not satisfied. For A = (A, A2), T — A = (S — Ay, —A9)
and subsequently [Ran (T — A)J* = [Ran (S — \)]* @ [Ran (—AoIy)]t.  Then, since
[Ran (—X\oIy)|" = {0y A2 70 , there is no way [Ran (T' — X)]* can satisfy having

H  A=0
constant dimension across all possible A € Bs.

Of course, for this example, T having 0 in its second component reveals T' could never
be equivalent to a de Branges-Rovnyak shift, showing that all four conditions are required
in Theorem 4.5.1. In fact, condition (ii) with A = 0 is enough for the theorem in the single-
variable case, but as soon as d > 2 we need to add the Cowen-Douglas condition: that the

dimension in question is constant across all A € B,.
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Moving on to potential future directions, it would be ideal to examine some examples
of 2-tuples that satisfy all four conditions of Theorem 4.5.1 and can thus be modeled as de
Branges-Rovnyak multiplicative shifts. In [16], the authors mention that the shift on what
are known as weighted Dirichlet spaces satisfies the desired properties when d = 1; however,
one can show that these types of spaces are also de Branges-Rovnyak spaces by a direct
computation, so a more abstract T for which to apply the theorem would reveal considerable
more information and subsequently motivate the use of the theorem. However, none of these
examples seem readily available since the analyticity condition must be satisfied.

Therefore, one might ask for a weaker theorem revealing exactly which operators T satisfy
only conditions (i), (ii), and (iii) of Theorem 4.5.1. Without condition (iv), the unitary map
V' in the proof of Theorem 4.5.1 no longer has zero kernel; yet, the work of Eschmeier and
Langendorfer (see [10], Theorem 10) has shown that under weaker conditions, we can still
obtain a unitary equivalence from such an operator tuple T to a direct sum of a multiplicative
shift and a type of operator tuple known as a spherical co-isometry. That being said, there is
no assumption of expansiveness in their aforementioned Theorem 10, leaving the de Branges-
Rovnyak setting of this type of result stilll not formalized. Before moving on, we remark that
Eschmeier and Langendorfer’s result is entirely related to the classical Wold decomposition
in the case of having only one operator.

Next, one wonders if the B(0) = 0 assumption can be removed (not just for Theorem
4.5.1 but for several of the results in this chapter). Recall that Proposition 2.2.1 stated that
in the case where B = b was a row function, we were always allowed to assume b(0) = 0 for
if not, H(b) was unitary equivalent to H(b) with b(0) = 0. Yet, that argument relied entirely
on ball automorphisms which would not be (immediately) applicable for an arbitrary Schur
function B. Therefore, a much more general analogue of Proposition 2.2.1 remains open for

now.
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