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CHAPTER 1
INTRODUCTION

In this dissertation we shall be concerned with the vibrational
spectra of large chain molecules.

It is well known that, if a molecule is perturbed by a collision
or electromagnetic radiet}on, it may undergo a transition from one stationary
state of energy E'" to another of energy E'. During this transition, a photon
of frequency V = —lE:E:—E:l— may be absorbed if E' is greater than E", or
emitted if E' is less than E". The frequency \7 of this absorption or emis-
sion lin; can be considered as one of the "characteristic" frequencies of
the molecule. The characteristic frequencies which appear in the infrared
and Raman spectra of a molecule are essentially the frequencies of its
vibration and rotation. For a complete utilization of spectral data, it
-is necessary to make a mathematical study of the vibrations of the atoms,
and often also of the rotations of the molecules. For large molecules,
such as are considered -in this dissertation, the rotation-vibration spectra
are not readily resolved and only a vibrational analysis can be made.
Actually, the rotations turn out to be special forms of normal modes of
vibration in this method of treatment. A wvibrational analysis correlated
with spectral data may be made to yield values of interatomic distances,
force constants, symmetry of configﬁration, and structural properties of
the molecule. Our main aim in the vibrational analysis of molecules is to
make an accurate determination of the field of force, that is, of the force

constants, from the observed fundamental frequencies. A comparison of the
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different force constants in a given molecule and of the force constants
of different molecules with similar chemical structure gives valuable in-
formation on the nature of the forces holding the atoms together, or, in
other words, on the electronic structure of the molecule.

On the basis of an elementary theory of valence, we would expect the
C-H bond, as an example, to have essentially the same electronic structure
and therefore the same force constant in different molecules. However, on
closer examination it is found that this invariance of the force constants
holds exactly only if the bond is in similar surroundings. Crawford and
Brinkleyl* and others have shown for a number of molecules that by taking
over not only the stretching or bending force constants but also the inter-
action force constants from other molecules with the same groups, some or
all of the normal frequencies may be predicted to within 1 or 2 per cent
of the observed values,

It is clear that such a procedure is of.great importance since in
this way it is possible to find the correct assignment.of the observed
frequencies in more complicated molecules or even to obtain approximate
values for these frequencies without actual observation., It must be
realized, however, that with increasing accuracy of observations and cal-
culations slight differences in the force constants are to be expected
since there will always be some difference in the surroundings of a given

group in different molecules.

*All references are listed numerically in Bibliography.
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Both the infrared and Raman spectra of a molecule provide us with
information on the frequencies of vibration, but not all transitions which
occur in the Raman spectrum may occur in the infrared, and vice versa.

This is due to the fact that the infrared and Raman activity of a molecule
depend on different properties of the molecule. That is, the infrared
activity depends on the nature of the dipole moment and the Raman activity
depends on the nature of the polarizability of the molecule.

The vibrational analysis of large molecules quickly becomes very
difficult as the number of atoms is increased, even with the simplifications
which may be possible because of symmetry. In order to prevent the vibra-
tional analysis from becoming prohibitively complex, we must content our-
selves with an approximate treatment that is workable in preference to a
more exact treatment which is not. The first assumption that we shall make is
that the restoring forces binding the atoms of the molecule to their equi-
librium positions are linear in the displacements since the anharmonic con-
tribution to the restoring forces is an infinitesimal of higher order with
respect to the atomic displacements.

The idea of reduction-type ana1y3132°3'4 in which-a complicated mole-
cule is regarded as being made of coupled simpler groups of atoms called
"characteristic groups,™ provided a starting point for the analysis of many
complicated molecules., However, the characteristic groups were considered
to be point masses. This restriction was removed by the multiple-origin
method,5 in which the Eharacteristic groups are allowed to rotate, trans-
late and have internal motions.. In fact, no approximation at all are re-
quired in this method of formulating the vibrational problem, other than

the usual assumption of small oscillations.
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The number of subdivisions into which one mentally divides a large
molecule is arbitrary, but, on a chemical and physical basis, it is most
reasonable to divide large molecules into smaller sections which appear
to have a very strong chemical affinity, such as methyl groups and methylene
groups. One could also mentally split large molecules into sections which
appear appropriate because of the symmetry involved. Fortunately, these
two considerations, chemical affinity and symmetry, usually lead to the
same scheme for subdividing a molecule, and then we can take as the "char-
acteristic groups,’” those which, because of their strong chemical affinity,
often appear in numerous, symmetrical positions throughout a molecule.

Most large molecules are made possible by the chemical activity of
certain polyvalent atoms which can combine with other atoms to form elongated,
chain~-like structures. Such varied and important substances as oils, gaso-
lines, silicones, cellulose, natural and synthetic rubbers, proteins, and
plastics are formed of such chains., With the aid of the methods given in
this dissertation, one can systematically treat the vibration problem of

any large molecule which consists of such a chain.



CHAPTER II

GENERAL THEORY OF MOLECULAR VIBRATIONS

A. Quantum Mechanical Treatment

The energies which a molecule can have are given simply as eigen-
values of the Schrodinger equation,

P Y - & V. (2-1)

As a first approximation to the correct solution, we can put

11{ g 2Ft:rans. Wrot. ufvib. | )Ifspin zVelec. (2-2)

E = Etrans. * EBrot. * Evib. * Egpin * Eelec. (2-3)

where zl-/trans . ]I/rot " lyvit o~ 1Vspi.n, ?J/elec . and Egrang,, Erot.,

Evib.» Espins Eelec, are wave functions and energy eigenvalues correspond-
ing to translational, rotational, vibrafional, spin and electronic motions,
respectively. In this case, the SchrSdinger equatipn is separable. 1In
this dissertation we shall be concerned mainly with the wvibrational part

of the Schrédinger equation,

oP " \I[7 "
Foib. ~zljvgb, Evib. ¥ vib. (2-4)

Without subscript, we write this equation as

P =& . (2-5)

When we substitute the expression for the Hamiltonian into the equation

(2-%), we have

Rl —h— PP oV ¥ e

as the vibrational part of the time-independent Schr'édinger equation for a

polyatomic molecule with N atoms and (3N-6) vibrational degrees of freedom
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where -the range of i s from 1 to (3N-6). In general the matrim elements
of HOP in the g/bagls, whiéh we designate by

B = ( U H ng).
are not diagonal. By choosing a different basis, .1_._.‘3_, transforming from W
to ¢, we can diagonalize the Hamiltonian.
Regarding the sets ;qfifand {dij' as alternative sets of unmit
vectors in the infinite dimensioned Hilbert space, the unitary transforma-
tion corresponds to a rotation in this space, The unitary wmatrix S gives

the coordinates of q/n in the ¢ basis as followss

= T s s (2-8)
- 2w |
| The matrix elements of HOP transform as

Hap = (lyn'ﬂgpn)- = Zk- % Skn Sgn (Pir HEp)
) kZ[a Skn S¢m ‘R"k’l’ % sIk H"k,& Spe = (SSIH'S)nm .

Therefore, we have the matrix equation

H =.slms
. ~

o~

192]

¢

or SH = H'S (2-9)

From this we can see that
é: i % Hok Sa = £ End:xk Skm - = A Snk Pxn
kK k

since H is diagonal in @ basis. Therefore

% Spk  (Hym -\EnJ;nn,) =0
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is a set of linear homogeneous equations in Spx with n fixed. Dropping
the subscript n, we have
'Hkm‘Eka =0. (2-10)
This determinant is called a secular determinant, and its roots give the
eigenvalues of the energy. For each eigenvalue the Spk can be found to
within an arbitrary normalizing factor from the above linear equations.
If we assume that the intermolecular forces are linear and express
all quantities in terms of the normal coordinates Qj, on which the wave

function @ is based, the vibrational Schrodinger equation becomes

2
a< g 2 2
e E - K =0 2=-11
T 30,2 - ( 3 Zi: 1019 ¢ ( )

where Ki is the force constant associated with Qj. If we assume that
g=7 9; Q) ad E= 2 Ey ,
i i

we get (3N-6) simple harmonic oscillator wave equations

a2
£ SN 2 (By - 3R1 Q1D By =0. (2-12)
in2 h

The allowed energies for the ith normal mode are, if it is non-

degenerate
E{ = hVi (nj + 3, (2-13)
V Ki th
where Vi = 27 and the j-" quantum number nj is some non-negative
integer. |

Since the normal modes are simple harmonic oscillations, the selec-
tion rules are Anj = = 1, in which case a photon of frequency }?1 is absorbed
or emitted. Thus, there are at most (e6) allowed frequencies, correspond-

ing to the (3N-6) possible values of i, {f the force field is truly linear.



B. Classical Theory of Molecular Vibrations

It is a well-known fact that, for particles as massive as protons
and neutrons, the laws of classical mechanics can be applied with suf-
ficlent accuracy for most purposes.

The electronic energy levels are so widely spaced that transitions
between them produce lines in the visible or ultra-violet region of the
spectrum,

¥nder the conditions to be considered in this dissertatiqn, the
energies involved are so low that the molecules will usually remain in
the electronic ground state. In this case, to a very good approximation,
we can neglect the contribution of the electrons to the rotational and
vibrational energies of a molecule, Therefore, as a first approximation,
we can consider a molecule to be a collection of N rotators, elastically
bound to certain equilibrium positions, the whole collection being free
to translate, rotate, and vibrate. If N is the number of groups, K is
the number of atoms per group, there are NK atoms in the molecule (neglect-
ing end effects) and 3(NK)-6 degrees of vibrational freedom. But we set
it up with 3NK coordinates, of which six turn out to have zero frequencies
and are the translations and the rotations.

We shall use the generalized coordinates q1, q3, - -~ - qp, where
n = 3NK, to specify the configuration of the system of coupled rigid
rotators. Furthermore, we shall limit ourselves for the present time to
consideration of conservative systems in which the forces acting on the

individual rotators are derivable from a potential function V of the form

Veyv (qlo q2) = = =, Qn)o
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The deviations of the generalized coordinates from equilibrium con-
figuration will be denoted by %?1. Then we have qf = qo,{ *+ {?1, and
these %?1 may be taken as the new generalized coordinates of the motion,
The potential function V can be expanded in a Maclaurin's series

in the neighborhood of the equilibrium configuration with the form,

V=V(q, 92, - - -, qn) =V (0) + Z("’V >(1+ilzj

(

e (2-14)
dqi dqj » i o

where the subscript zero indicates that the derivatives are evaluated at
equilibrium,

In order that the equilibrium configuration of the rotator shall be
stable, V must be a positive definite function of the ’Zi- so that any dis-
placement of a rotator from its equilibrium position will increase the poten-

tial energy, and V must contain no terms linear in the coordinates, so that

ov
dqy
For the sake of definiteness, we shall set V(0) = 0, so that the

the generalized force f§ = vanishes in the equilibrium position.

potential energy is zero at equilibrium. Then we can write

V=i 1Zj Kij’?i)&"'}s_ Z Kige Q1 Z3%x* - - - (2-15)

i"j'k

e % s
where Kij (—m)oy Kijk ( dql dqj aqk )O' .

If we assume that the generalized restoring forces, Fi{, acting when the

rotator is slightly displaced from its equilibrium configuration, are

linear in the coordinates Yi, then the terms higher than the secord in

the potential function must vanish,
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Now we can write

vei 1Zj Riy Xy (2-16)

where K{j = Kjf .
The kinetic energy of the system is a positive definite quadratiec

function of the velocities 61 and is given in general by

T=4 fZ; mi4 4f 43 (2-17)

where the mjj are functions of the masses of the atoms and the coordinates

qi.

The coefficients nlj can, on the assumption of small displacements of
the qf, be expanded about the equilibrium configuration in a Maclaurin

series of the coordinates qis)

wij (91, 92, = = -qn) = mj (q10» 920» = = - dn,0) *

dm dzlj_
7 it et £t ot

As equation (2=17) is already quadratic in the éi's, the lowest non-vanish-
ing approximation to the kinetic energy expression is obtained by dropping

all but the first term in the expansion of m§j , Then we can write
T=3 1Zj mijy q4 45 = % 12:5 mgg 1 Ny - - (2-18)

where m{j =mj{ and myj are constants now.

The Lagrangian is given by

L=} 12:; (mgy g 5 = Ky Ny Xy

Taking the 7? {'s as new generalized coordinates, the Lagrange equations,
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d JL JdL
T ¢ =F T gL =

give the following 3NK equations of motion:

.‘." Z =0 -
; m{ 71 + g Kij )Zj (2-19)

where the range of j is from 1 to 3NK.
Since the equations of motion (2-19) are linear differential equations
with constant coefficients, we are led to try an oscillatory solution of the

form .
)’(J‘ = Yo S (2-20)
It is understood that it is the real part of equation (2-20) that 1is to
correspond to the actual motion. Substituting equations (2-20) into

the equations of motion,we obtain the following equation for the amplitude

factors:

?"‘13 Yoy = &% mygNoy) = © (24

Equations(2-21) constitute 3NK linear homogeneous equations for the ﬂLJ'a
and consequently can have a non-trivial solution only if the determinant of
the coefficients vanishes:

\K“ - 0% myy \ =0 . (2-22)
This determinantal condition is, in effect, an algebraic equation of the
(3NK) th degree for (V2. The roots Ar = d)rz of the secular determinant
(2-22) provide the frequencies for which equation (2-20) represents a cor-
rect solution to the equations of motion. Since the potential energy V is
a positive definite form, the roots Ar of this secular determinant will |
all be positive and real and can be represented by 6Jf2.where Cor can also

be taken to be real and positive.
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Mathematically it is always possible to obtain a non-singular real
transformation,

Y5 = Z:K Cik Ok (2-23)

which will simultaneously diagonalize T and V in such a way that

T=4 Z:L 61'2 and V = % % Ar G . (2-24)

Furthermore, the coefficients /\r in V are exactly the roots of the de-

terminantal equation

Kij - AL my \ =0 . : (2-23)

Equation (2-25) is the so-called secular equation, and the transformation
(2-23) is the one which will transform the quantum mechanical Schrodinger
equation (2-6) into the normal form (2-11),

When we rewrite the transformation equation (2-23),

/
 { Zk: aix Qx (2-23)
then we have
Q1 = % bik {k (2-26)

~

where b = a = }:,1. and we can obtain

ama=1 ' (2-27)
Aras=A (2-28)

where g = (ayj), m = (my4), R .= (Kij), and A_" (A.tt)'
From equations (2-27) and (2-28), we can obtain
K- AmE=0. | (2-29)

After we solve the secular equation (2<25) and obtain the roots Ar- we



13
can substitute the values of‘kr into‘gquafioh (2-29) and solve for the,aij.
Thus, w; can get the desired transformation matr1x>(aij).

It is a usﬁal procedure to use the established methods of classical
mechanics to £find the desired transformation to normal coordinates, afte:
which the more precise quantum mechanical expressions for the energy can

be used to replace the less accurate classical ones.

C. Multiple Origin Method for Large Molecules

Deeds® introduced the so-called "Multiple Origin Method” for thé
analysis of vibrational modes of large molecules. This Multiple Origin
Method, or M, O. M., has the following advantages in the analysis of large
moleculess

a) Immediate diagonalization of the kinetic energy function T 1if
rectangular coordinates are used to describe the position of the center
of mass of each characteristic group, principal axes of rotary inertia
for the equilibrium configuration are used as the moving coordinate system,
and the ordinary normal coordinates are used for the internal motions of
each characteristic group.

b) This method yields a symmetrical secular determinant..

When we write Ter,i{ for the kinetic energy of translation of the
center of mass of the itD characteristic group, Trot.,i for its kinetic

energy of rotation as an instantaneously rigid body, and Tint.,i for the
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kinetic energy of its internal vibrations, then we may write the kinetic

energy of the whole molecule as

T = Zi. Ter., 1 * ; Trot.,1 *z Tint.,i ° (2-30)

In order that we may have the kinetic energy of the whole molecule as in
equation (2-30), we have to impose the so-called Eckart conditions® on
the internal coordinates of "characteristic groups.”

Consider an inertial coordinate system XYZ and a moving coordinate
system which has its origin given by the position vector ;in the inertial
system and which is rotating with angular velocity C-J’. If a mass point has
a position vector : and velocity v in the moving reference frame, then
the absolute velocity —V' of the mass point, with respect to the inertial
frame is given by

;;,,;,, 7+5x;’ (2-31)
The kinetic energy of the mass point with respect to the inertial frame
is given by )
im-‘;';=im['/62#v2# (&3x?)2+2/g°;# 2;' (st;:’)-t
27 - (@Bx )] (2-32)
If there are K particles, with masses mj and velocities .\-7'1, we can

simply add their kinetic energies, which are scalar quantities,
-— 5 -2 =
e % Ty . ;i" ’.*miVi'-V'i-i{ ‘“1[/2+V12*(‘)xr1)2*

P . -y -y
2/2'7102/0-(wx;-;)+2w° (ﬁx?i)] (2-33)
where the range of { is from 1 to K where K is the number of particles in

the system under discussion.
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If the origin of the moving coordinate system is taken at the center

of mass of the system, then we have

Z mry=0 (2-34)
i
> o >
—g—t—zinia=0=zinivi+6)xzim1ri=
2wy vy (2~-35)
i

In this case, equation (2-33) becomes
5t 2 A -4 AT 4 - -
T = %Mf o L (% mf v{“) *ing_ (Wx ry) +_,'Zm1 (ri x vi) (2-36)
i i i

where Z my{ = M,
i
If we also require that the moving coordinate system rotates with

atoms in the system when they tend to rotate as a rigid body, then we have

2 m F°x¥ =0 (2-37)
i
=0 th —
where ry~ is the equilibrium position vector of the i™" atom, vi its in-

stantaneous velocity vector in the moving system. Now we have
; ->
ri = 7° + Iy
and

2 mf (?1x71)= Zm1 (x':’iox;a)-rzi mi(fﬂx?i)=
i i

JATRCATE R (2-38)
1

by virtue of equation (2-37), . Z:l. my (dry x vi{) is the internal angular
momentum resulting from degenérate normal modes or certain superpositions

of normal modes.
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Thus we have

2 :
Tz'}Mla +§Zi-mi(6.-)"x1—:¥_)2+ %(%mivi2)+6—3'zimi

=
(¢ x vi), (2-39)
2. .
where 4 M ;0 is the kinetic energy of translation of the center of mass of
the whole system relative to the inertial system, 3 2 mjy (O x ry)° is
i
the kinetic energy of rotation of the system of K atoms as a quasi-rigid
body about its center of mass, Zi (3 m{ viz) is the kinetic energy of
translation of the atoms inside the moving coordinate systems, and
B Z gpiginay
. m{ (cfri x vi{) 1is the Coriolis interaction energy, which will be
i
assumed to be negligible. Therefore, we have for the kinetic energy,
T (for one growp) = %M/ + 3 P4 mj (W x 1':1_)2 + % v A (3 my vi?
i i
(2-40)
The conditions that Z m{ r{ = 0 and Z (;:-:-_o X m§ Tr';) = 0 are known as
i i
the Eckart Conditions.®
We notice from equations (2-37) that under the conditions
20 o
25 mj (r{j x mj vi) = 0 each atom does not necessarily have zero angular
momentum. But we have to orient the moving coordinate axes in a particular
way with respect to the moving atoms to satisfy the Eckart Conditions.
One of these moving coordinate systems is taken for each of the character-

istic groups in the molecule, hence the name "multiple origin method.”
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D. Group Theory

Methods of group theory are very helpful in the solution of physiesal
problems involving symmetrical systems. The group theory method offers a
convenient and systematic method of classifying various types of molecules
and their properties, and gives insight into methods of breaking up compli-
cated problems into smaller pieces. In this section we limit our discussion
to those topics which we shall use in this dissertation.

Any set of "operators" A, B, C, . . ., for which a law of combination
i8 defined and which has the four properties stated below constitutes a
"group.”

(1) The set is closed in the sense that the combination of any two
elements gives an element already in the set.

(2) The set contains the identity element E.

(3) Every eleme@t of the set has an inverse.

(4) The associative law holds for all elements.

Let us consider two groﬁpé; G and G' containing elements A, B, C,

.. .and A', B*', C', . . . respectively., If there is a one-to-one corre-

spondence between products in the two groups, such that AB = C when A'B' =
C', then a simple isomorphism is said to exist between the two groups. The
simple isomorphism of groups is an important property because all of the
groups simply isomorphic to each other will have a one-to-one correspondence .
between their multiplication tables and in other properties.

We shall set ﬁp groups of matrix operators which are simply iso-

morphic to groups of geometrical operators, and we shall use the properties

of the matrix operator groups in solving problems 1nv01ying the corresponding
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geometrical operator groups.

A "covering operation" can be defined as a geometrical operation
which takes a symmetrical figure into a new configuration indistinguishe
able from the original one. The group of transformation matrices corre-
sponding to the group of covering operations can be taken as a "repre-
sentétion" of that group of geometrical operations. It should be noted
that each of the representation matrices is a "unitary matrix" and all
the general properties of unitary matrices apply to them.

A matrix A {s reducible when it is possible to perform a unitary

transformation of the form X A 5'1

which changes the matrix into one
having more steps than it originally contained. A matrix representation
of a group is said to be reducible when all the matrices in the repre-
sentation can be broken up in exactly corresponding ways into smaller
steps by a unitary transformation. A representation is said to be irre-
ducible when it is not possible to break up all the matrices in the repre-
sentation into smaller steps by a unitary transformation. There are
always as many linearly independent irreducible representations of a group
as there are classes of elements., A reducible representation of a group
can be expressed as a linear combination of the irreducible representations
of that group. The complete set of elements conjugate to each other in a
given group is said to form a "class" of that group. The “character" of
an operator of a given class is the sum of the diagonal elements of any
representing matrix. If a covering operation of the molecular symmetry
group transforms the {th characteristic chemical group into the jth, then

the secular determinants going with the chemical groups are identical. This

fs a basic idea of the "reduction-type" analysis of vibrations of molecules.
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Consider a group G of order h, and let R denote an arbitrary opera-
tion of the group. If we have a set of [ coordinates SB =1, .. A,
and if, for every operation R of the group G, the coordinates Sﬁ undergo a
linear transformation

RS = " (r) s (2-41)
where the matrices rﬂ(R) form an irreducible representation of the group
G, then the coordinates Sﬁ are called symmetry coordinates.

The potential energy must belong to the totally symmetrical species
under all covering operations because it is a scalar function.

If it is written in terms of symmetry coordinates, then there may be
no cross-products in the potential energy expression between symmetry co-
ordinates of different species, or between symmetry coordinates belonging
to different rows of the same species. The same-is true of the kinetic
energy expression, but there is ordinarily no doubt about the terms which
occur in it.

The expressions for the kinetic and potential energy are, therefore,
considerably simplified when symmetry coordinates are used (assuming that
the molecule has some sort of symmetry), and it follows that the form of
the secular determinant will also be simplified. To be specific, the
secular determinant will break up into blocks along the principal diagonal,
each block corresponding to each of those symmetry coordinates which trans-
form according to the same row of a given irreducible representation.

Those blocks corresponding to different rows of the same irreducible repre-

sentation are identical.
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E. Valence Displacement Coordinates

Valence displacement coordinates are measures of the stretching,
bending, or twisting of a molecular chemical valence bond. The importance
of such valence displacement coordinates is due to the fact that the force
constants associated with such coordinates have been calculated for simple
molecules, and the values found may be used in more complicated molecules
to a fairly good degree of approximation. For example, the force constant
associated with H-Cs? stretching is approximately 4.8 x 10° dynes/cm.,
regardless of the particular molecule in which the H-C configuration appears.
We shall assume that the matrices of the irreducible representations of this
symmetry group of the molecule under study are explicitly known and that we
have chosen a set of valence displacement coordinates whose transformation
properties under the symmetry operation are also known.

Then, we can find a complete set of symmetry coordinates S§ in terms

of the set of valence displacement coordinates R with a relation

S = UR (2-42)

~

where U is8 a unitary matrix.

Symmetry coordinates S, which are related to valence displacement

coordinates according to (2-32) will be called valence symmetry coordinates.

F. Repeating Unit and "Unit Cell"

The formation of long chain molecules depends upon the presence of
chemically active, multivalent atoms, such as carbon and silicon, which
can join with at least two other atoms to form the so-called "repeating

units”™ in the chain.
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Nitrogen, phosphorus, oxygen, and sulfur atoms also play important
parts in many chain molecules.

The repeating unit in a chain molecule is defined as a set of atoms
which, when translated along the axis of the chain by integrél multiples
of its own length and rotated by the same integral multiples of a certain
angle, will generate the chain molecule, Molecules containing many re-
peating units will form helices, in general.

The assumption of repeating units does not really restrict the
generality of the analysis since a repeating unit can be as long as desired,
up to the length of the entire molecule. These repeating units may have one
or more characteristic groups of atoms which appear to act as chemical units.

The structures for some important types of chain molecules are shown

in Figure 1.

Polyvinyl chloride and polyacrylonitrile

'U =U q,c
R —_Rl' §R"
o= o

Natural rubber

. 'R..UDBUOCO .
——’R' I Rn R' R" Rl Rn__

Silicone polymers

Figure 1. Characteristic Groups (R's), Repeating Units (R.U.) and
Unit Cell (U.C.) for Some Well-Known Type of Chain Molecules.
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If the angle of rotation from one repeating unit to the next is
zero, then the repeating units become identical with the so-called "unit

cell” in crystallography.

G. Amplitude Phase Difference

We first assume that all particles in the infinite chain molecule
are simultaneously executing simple harmonic motion with the same frequency.
We know that this assumption is permissible if the molecule is a stable
one. Suppose that there is a phase difference ar between corresponding
particles in two adjacent repeating units. From the symmetry of the re-
peating units, there must be the same phase difference between the corre-
sponding parts of any two adjacent repeating units in the chain. Further-
more, this rule will hold for any pair of corresponding particles in
adjaceﬁt repeating units. This symmetry rule may be stated as follows:

If a stable molecule is being traversed by a travelling wave, the
phase differences between the various parts of the molecule must satisfy
the same covering operations as the molecule itself.

The simplest way to prove. this useful rule is to observe that the
wa;e should be propagated through the molecule in exactly the same way,
regardless of whether or not the molecule has been subjected to a covering
operation, and of course the wave would be affected if the phase differences
were changed. We have already used the symmetry rule in the argument that
there must be the same phase difference ¢  between all pairs of correspond-
ing parts of all adjacent repeating units because of the translational

symmetry (with rotation included) of the repeating units.
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The most general solution té the vibration problem:;onsists of a
superposition of waves travelling in both directions along the chain.
It is well-known that the superposition of two sinusoidal waves of equal
amplitudes and wavelengths will give rise to a system of standing waves,
and it is these standing waves, of different frequencies and wavelengths,
which are the normal modes of chain molecules., The framework modes are
roughly analogous to the familiar transverse, longitudinal, and torsional
standing waves observed in vibrating strings, and there are much more
general types of standing waves corresponding to the various internal
motions of the characteristic groups. The phase differences actually apply
to waves travelling along the chains. In a standing wave, all particles
have the same phase, or differ in phase by integral multiples of . Al
atoms in a given repeating unit are regarded as having the same phase,
and the phase differences between adjacent repeating units are all equal.

If the‘ends of the chain are perfectly free, the fravelling waves
will be reflected at the ends without loss of amplitude, since there is no
means for the energy to escape, but there may be a change of phase, 2 e,
where 0SEL1,

The sum of the incident and reflected waves is

[ei(a)t + nf) + Ot - nd - 21T’6)]

qn = 9ni + 9nr = 9no

2 qpo el@t - EM) cos (nd + €T, (2-43)

which represents standing waves.

These standing waves are the normal modes of chain molecules - the
<

different modes being given by different wavelengths of the standing waves

and by different types of waves: transverse, longitudinal, torsional and
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so on. The factors of' and € in equation (2-41) are determined by the
boundary conditions on the wave.

If the ends of the chain are free, the shearing stresses and bend=-
ing moments must vanish there. For a chain composed of discrete mass
elements, such as we are considering, the shearing stresses and bending
moments are given by finite difference equations and are proportional,
respectively, to the third and second differences of the qp.

Setting the third differences equal to zero, for coordinates which
have the same directions in ad jacent groups, gives us the condition that

= E
An3 9n = 9+l - 3dn + 3qp-1 - 9p-2 = 0 = 164qpo GOt 575,

sin> iJsin [(n-l)af-r EVJJ (2-44)
where n = 1, N.
The only term in the above equation which depends upon n is the
last factor. Hence we must have

2 + EM=n' 7,

and

N -HS 4 €M aw’
where m' and m"” are integers. Subtracting the first of these equations
from the second gives
(N-1= (@ -0 )7 =zua?
where m is an integer,‘ or .
S = m%-—l ‘ (2-45)
For infinite chains the values of J are continuous, but for finite chains

they have N possible values separated by integral multiples of N - 1)
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H. Selection Rules

If anharmonicity is neglected, only the "fundamental" frequencies
of simple harmonic oscillations are infrared or Raman active.

In unsymmetrical molecules, every normal vibration is connected with
a change of dipole moment. That is, all normal vibrations are infrared
active, although they may be great differences in the magnitudes of the
changing dipole moment and therefore in the intensity of infrared absorp-
tion. -'

- Only in symmetrical molecules may there be vibrations during which
the change of dipole moment is exactly zero and which are, therefore, in-
frared inactive.

According to classical electrodynamics, any motion of an atomic
system that is connected with a.change of its dipole moment leads to the
emission or absorption'of radiatﬁm. A change of t;he quadrupole moment
or of the magnetic dipole moment may also lead to emission or absorption
of radiation.

But in the infrared, the intensity of this emission or absorption
is entirely negligible.

In order that a fundamental frequency shall appear in the Raman
spectrun, the polarizability of the molecule must change during the vibra-
tion considered.

The magnitude of the induced dipole moment P is given by

|F]= o |%] (2-46)
where ‘E’ is the electric vector of the incident radiation of frequency \)

and a is the polarizability. If a changes during the. vibration i with
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frequency Vi,?will ‘change with the frequenecies | Ve \71 and - Vi
as well as with the frequency \7; that is the scattered radiation will
contain the frequencies \7 + ‘?1 in addition to ‘7. In an uyhsymmetrical
molecule, duflng all normal vibrations, a periodic change of the polariza-
bility takes place and, therefore, all normal frequencies are Raman active.
In symmetrical molecules there may be vlbrations'during which the polariza-
bility does not change, and which are, therefore; Raman inactfiva.
Quantum-mechanically the dipole moment of the molecule is represented
by the matrix
Mpn = fﬂ/n" Wl az (2+47)
where _ﬁ‘ is a vector with components Mx = ;-qu:i. My & g‘qu‘, Mg ‘= ;‘leo
and ﬂfm and ‘dyn are the time-independent eigenfunctions of the system in
the two energy states m and n. The transition probability W is proporflonal
to tﬁ; square of Mmp..
As stated in section A, we are concerned only with the vibrational.
part of the wave function, that is -ﬂfv. m and lIf,, in equation (2-47)
shall be understood as the vibrational eigenfunctions in nth and nth vtbfae
tional energy states. Vibrational selection rules are important oulj wheh
the molecule under consideration has elements of symmetry., In order that
any transition may be observed, Mmn must be different frdm eero, This
implies that a transition is observed only when Mpp, remains unchangad
for any of the symmetry operations permitted by the symmetyy of the molecule-
in its equilibrium pesition, or in other words when Mpn 1is totaliy sym=

metrical.
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Since My, My, M; have the same behavior with respect to symmetry
operations as the translations Ty, Ty, Tz in the direction of the co-
ordinate axés, a vibrational transition me>»n is allowed only when the
product gfm* &n belongs to the same species as one of the transla-
tions, Tx'. 'l{‘y,’ Tz. In order to ascertain whether a certain transition
m<»>n is allowed in the infrared, therefore, 1.1; is only necessary to see
whether the species of ?[fm* Zlfn is the same as that of My, My or Mz. The

- species of the components of the dipole mament are listed in Table I.

TABLE 1

SYMMETRY TYPES OF THE COMPONENTS OF THE DIPOLE MOMENT AND THE POLARIZABILITY

Cs Cy C2n - Cov
Mx A Ay By B)
My A® Ay , Ay A
Qe A* Ag Ag A
Yyy. A* - Ag Ag A
nzz A' Ag Ag Al
axy A' Ag Ag  Ag
%xg A Ag Bg 51
e ———— —

The intensity of scattered light depends on the induced dipole moment

-I;'which {s represented by the matrix formed from the integrals,
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* -—
{Wm P Ufn ar, (2-48)
where P is a vector whose components are given by
Py = axx Ex + axy Ey + axz Ez
Py = ayx Ex + ayy Ey + a.yz Ez
Pz = azx Ex + azy Ey * azz Ez - (2-49)

Therefore the matrix elements are written as

(- Ex[qjm* axx md'r-ﬁEy/qu* axy U'n dT‘+Ezfg/m* axz Un T
B = 2f Wa* axy Yo o+ 5yf Yo" oy W o7 + 5af Yo" sz Yo oT
[Pz]nm Exf Wm° xz ﬂ/n it = Eyfwm* ayz ?[/ 87 » Ez[ ZKE* gz Zyn aT’

(2-50)

where Ey, By, and E, are the components of the amplitude of the incident
light wave. A Raman transition between two vibrational levels m and n is
allowed if at least one of the six products, Wm* Qyx 2[{,1, wm* axy ¢ n»
- - -, is totally symmetrical, that is, remains unchanged for all symmetry
operations permitted by the symmetry of the molecule.

Similarly to the previous infrared selection rule, the general Raman
selection rule may be stated as follows:

A Raman transition between two vibrational levels m and n is allowed
if the product me* u-[n has the same species as at least one of the six
components dxyx, dyxy, Gyy, Gyz,» Gxz» Gzz of the polarizability tensor.

In order to be able to apply this rule, we have to know the species
of axx, axy, - - - for the various point groups. It is easy to find the
behavior of the ayy, Axyr» = = = with respect to symmetry operations. 1In
Table I the species of the six components of the polarizability tensor are

given for some of the important point groups.
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I. Calculation of the Force Constants

The roots CJ%? of the vibrational secular determinant are functions
of the coefficients mjj and Kjj inT and V as we have seen in section B.
The mj4 are usually known from other measurements such as electron
diffraction work and rotational spectra. From the observed vibrational
frequencies 601 in the infrared and Raman spectra, we can, in principle,
calculate the unknown force constants Ki j. . However, it frequently happens
that there are more unknown force constants than there are observed funda-
mental frequencies to put into the equations.
(I1,0bs. = 0O1,cale, (mi4, Kij) (r =1, 2, - - 3N-6)
(2-51)
from which the force constants can be calculated. This can happen when
some of the vibrational modes are inactive in both the Raman and infrared
spectra or when the molecule is so complex that there are more significant

interatomic bonds than there are fundamental vibrational frequencies.



CHAPTER III

GENERAL THEORY OF THE VIBRATIONS OF UNBRANCHED,

ACYCLIC CHAIN MOLECULES

A, General Considerations

For a molecule or atom in a gas, the translational and rofational
degrees of freedom are usually unhindered, so that they yield zero roots
of the secular determinant. In a liquid the collisions between molecules
or atoms occur with much greater frequency than in a gas, so that the
roots corresponding to the translational and rotational degrees of free-
dom are no longer zero ones, but give, in general, aperiodic oscillations.
Molecules, such as the long chain polymers which we shall consider, often
have a regular arrangement in a crystalline lattice. In this case we can
solve the vibrational problem for a relatively small section of the
crystal, which is typical of the rest of the crystal. The effect of other
parts of the crystal can be included by assuming that they vibrate in
exactly the same way, except for possible differences of amplitude and
phase. This assumption is justified by the so-called "Symmetry Rule”
which we discussed in Section G of Chapter II. As soon as the polymer
contains at least ten repeating units, any differences in the spectra
of longer polymers are due to effects of the end groups which gradually

become less important as the chain length increases. Deeds® discussed
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in detail these effects, including the effects of adjacent chains, mix-
tures of chains of different lengths, and branching on the spectra.
Although it is in general very unusual to be able to obtain a high
polymer in the form of a single crystal of suitable size for spectro-
scopic work, it is often possible to vary the degree of crystallinity in
a polymer sample. Intermolecular forces are generally at least an order
of magnitude smaller than the intramolecular forces which determine the
values of the fundamental frequencies. This allows us to make one fur-
ther assumption that the interaction forces between polymer chains are
so small that the magnitudes of the fundamentals are not greatly changed
by the intermolecular forces. Since the site symmetry of a molecule in
a crystal is usually equal to or lower than the symmetry of the isolated
molecule, the only change which can result on considering the complete
crystalline arrangement is a relaxation of the selection rules predicted
on the basis of the isolated molecule. Therefore, it will never happen
that a mode predicted to be active in an isolated molecule is forbidden
in the crystal.

When the repeating unit of the polymer contains more than one
chemical unit, the normal modes of the polymer are built up essentially
of the characteristic modes of each group and the framework modes which
depend on the various possible amplitude phase differences between motions
in neighboring groups. The frequencies of the resulting fundamentals
depend upon these differences in amplitude. This dependence on amplitude

was discussed in Section G of Chapter II. It is, therefore, possible
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only by the detailed analysis of all of the frequencies, to obtain struc-
tural information about the molecule.

The spectrum of the amorphous form is generally much more diffuse
than that of the crystalline form but gears a rather close resemblance to
it. When new absorption bands are found in the amorphous form, these may
be due either to breakdown of selection rules operative in the crystal or
to the existence of different rotational isomers which are absent from the
crystalline phase. Tﬂe diffuseness associated with the spectrum in the
amorphouse state is probably due mainly to the random nature of the inter-
actions which can occur between individual polymer molecules., In the
crystalline state the interactions are precise and the same for each re-
peating unit, so that the splitting of a fundamental frequency of the
repeating unit of a single polymer is correspondingly well defined. 1In
the amorphous state, the great variety of possible intermolecular con-
figurations will lead to an ill-defined broadening of the absorption
"line."

Although the prediction and interpretation of the fundamental fre-
quencies of the characteristic groups are usually straightforward, the de-
termination of the fundamental frequencies of the framework vibrations may
be quite complicated.

In the next section we shall consider molecular vibrations of un=-
symmetrical three particle systems. These normal modes of vibration of un-
syumetrical three particle systems will be used as fundamental modes of the

characteristic group in the complete analysis of the chain molecules. In
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section C, we shall consider in detail the framework vibrations of the

chain molecule.

B. Molecular Vibrations of Unsymmetrical Three Particle Systems

Most of the previous work on the small vibrations of triatomic
molecules has dealt with symmetrical systems; that is, systems of the

7,8 Shaffer? has, however, developed a general method applicable

type XY,,
to unsymmetrical three particle systems.

We shall attempt a somewhat different approach to this problem. We
shall adopt valence displacement coordinates as defined in Chapter II, We
choose a rectangular coordinate system to specify the configuration of

the group, with the origin at its center of mass. The equilibrium con-

figuration of the group is shown in Figure 2, where r1° is the equilibrium

(x + r2° cos (@° +51),
y + r2° sin (@° +6) m} (x + r1° cos [

02 y + r1° sin 2%

r2 o o
y 9

90

ﬁs (X, y)

Figure 2. The Equilibrium Configuration of an Unsymmetrical
Three-Particle System.
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value of the distance r] between the particles 1 and 3, ry° is fhe equilib-
rium value of the distance r, between the particles 2 and 3, O ° is the
equilibrium value of the angle O between r; and ry ar'id“ ¢° is the equilib-
rium value of the angle between r) and the X-axis.

The most general quadratic potential function in terms of these
valence displacement coordinates is:

V=i [Krlrl (J;'1)2 + Krzrzefrz)z + Kpg (6)2 + 2 Kryrp 1y +

2 Kry r1d0+ 2 Keo0 cfrchd]. , | (3-1)
The kinetic energy function of the system can be written as
T=4%4m [(;:-0-1:"1 cos § - r] ﬂ'sinﬂ)zd'(i-fi'l sin § + ry ¥ cos 93]+
bmy [+ iycon (B0 0) -8+ ) stn@+02}2+ {3 +ry0in s+
) + 1y (3 +8) cos (8+0))2] 4 3uy &+ 3D, (3-2)
Since we have taken the origin of coordi”nate"s‘ a’\tﬂ:‘ the center of
mass of the gystem, we can eliminate x and y through the relétions
2;1:11 x{ = 0, ;mi ¥i =0, (3+3)
wtthwt s;rious error, we can replace r), r2, and O by their equilibrium values
n°, r2°, 0°, respectively, in the coefficients of the vaioé..ity terms,
The Lagrangian function for the system will then be étven as
L =T-V=§):1 [i'lz-r r1°2 ﬁ‘zjo %}12 [522¢f2°a§+2r222§&+
r,°2 6’2]-):3 [1"1 £, cos 8% + £,° f5 # sin O° = rp° 5 (7 +8) sin & +
£1° 1% (% + 36) cos 0°)- # [Rpyr) (Fr)? o Kegr, ()2 + Ky, (0)2 +
2 Reqr,y dr1dry + 2 Kry0 100 + 2 Kro0 Jr, S0]. L (3=4)
We notice that‘ﬂ is an ignorable coordinate for an isolated three particle
system, and that @ is eliminated by solving -——QL‘—-— = C for # and sub-

og°

. . .
stituting this value of # in the L' = L - @ (%—).‘ € {s:taken as; geto

/ _
in order to satisfy ome of Eckart Conditions,®
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The reduced Lagrangian L' may be written as
L' =1} [pl - f}:iz r,° s1n20°) ::1 244 [}‘2 -/)132 r° sin20]t.'2 R g
3 /Pr°2 r°2 ()11' P2 -)132 cis2 8% d2, ~p3 cls o° + /0)132 r1° r,° sin2&°]
ryry + £ ps r1%,° 81n8° [y r,° - p3 r° cls 6° & & +/ps 11%,° 81n0°
D\z r,° - p3 n° cos£9°] t"z 0’:' - & [K'-'lrl (Fr)? + Ke,r, ¢ i.‘z)z +

Kaoc{d)z ¢ 2 Krlrz d'r1(r2 + 2 Krla JG r] ¢+ 2 KrzoJOJrzj (3"5)
where
m)jm2 + mymy mlm2 ¢ m2m3
F1 = oy +m +ms ' J2° oy +my ¢ ms
mjm2

P3®° mp vmy + s,
and :
% = pyr1%? );2rz°2 - 2 pgry °ry® cos O °.
If we make the following substitutions,

Jrl = ql i Kao = (l‘loz [ ] ‘r2°‘2) ko‘ = 82 koa
Itz = q; Krip = 11° kny @
e = qs Krze = r,° kf)@ y | (3-6)

then the reduced Lagrangian can be expreseed as

L' = & ().\1 - /0}:32 r,° sin? 3°) &12 + 4 ();2 - 10}132 r1°? sin? 09)‘&22 +

4 Pry°? r,02 (py P2 -)132 cos? 0o)4,2 + (wps eos 4N 4/0}352 r1°r,° 81n20°)
Q142 + /° ps ©11%2° ein 69 (m r° - ps r2° cos 6°) q4q5 *

/0)-13 r1°c,° sin 6° ()12 r° -~ Ps r1° cos 8°) qyq5 = %'{Kfll‘l ()2 +

Kror, ()2 »+ 2 Krlrzo(rlo(rz + koo s? (JO’Sz + 2 k.r‘o r1°cf@¢€vr1~ +

2 kppgr° S Od'ry . ” (3-7)
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From Lagrange's equations of motion,
e

d . JdL oL'
(—=—) - = 0, (3-8)
dt . 94i 94

we obtain the following equations of motion:
Pu - /’)13 To \bin2005| qy + [-}13 cos O ° + /0)13 r1%r,° sin & _] q, +

/0}13 r1°r2° sin O (1 r° - p3 12° cos 6° J 45 + Kryr) 41 * Kryry a2 *

ki@ r1°4qs =0 ‘ (3-9a)

[P2 -/Pps? r1°2 s1n? 0] 4z + [p3 cos O° + A ps? £1%,° atn?8] g, +
Aps 1°r,° sin 0% (pp r° - p3 1% €080 43 + Kryrp 92 + Kryry 92 +

krze r2° q3= o, (3-9b)

Vt1°2r2°2 (}.\1 P2 -)132 cos? 0°)_] qz + /°)|3 r1°r,° sin 6° (p1 r° -

3 20 cos 6°) qp + /°)13 r1°r,° sin 6° (p2 £2° - p3 r1° cos 6% 4> + .

kKoo s2 q35 + kﬁo r1%q; + kro0 r% q =0, (3-9¢)
From Chapter.1I, we know that all displacement coordinates must

oscillate with the same frequency (which is a normal frequency), sb that

we can write:

a = 1° eiGJt

q2 = q,° Rt (3-10)

o i(».)t
qz = q3 e

where 1 = (-1')%. Substituting equations (3-10) into equations (3-9) and
eliminating the common factor eiwt, which is not identically zero, we

obtain three homogeneous, linear equations for the amplitudes q1°, q2° and

Q3°-

In order for this system of linear equations to have a non-trivial

solution, the determinant of the coefficients of the amplitudes must vanish.
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The secular determinant which is thus obtained is:

-2 A+ Kriry NALSPR Keyry -0? M3 + krypT1°

-w? A12 * Kpyry, -W2 Ay + Krors -2 Ayz + kr, 0 i -0
-w0? A13 4 kryg T1° -2 Ags + kpygr2® -WP sy 4 koo S2 (3-11)
where

Al = -/0}132 r,%2 sin?0°
A2 = p2 -/0}.132 r°2 sin? @°
AS; =/°r1°2 r2°2 (}12 P2 - }132 cos?2 6°)

A12 = -p3 cos 6° «+ /0)132 r1° r,° sin0°

A3 =/0).13 r1° r,° sin 6° ()11 r,° - p3 r,° cos 8°)

Ayy = /°}a3 r1° r,° sin 8° ()12 ry° - ps r1° cos8°).
When Qe gsolve this determinant, we obtain the following algebraic secular

.

equation;

D8 + POO* + q2 + r = 0, (3-12)
where
P = A1 As3 Krory + A22 A1l koo $2 - 2 A11 A23 kry T2° + A22 A33 Kryrp -
A23? Kryr, = A12 A33 Kpyrjp = A122 LY s? + A12 A1sikrop r2° + 2 kg £’

2
2 A2 A
- 2 A12 A13 A23 + A22 Al3
A12 A23 - A12 A3z Krlrz/' A1l A22 A3z *+ A12° Azs 12 A13 A23

02

2 2 _ 2 g - Kpqary Kror, A33
q = - All Kryr, kgeS” + ALl ¥ryg T2 A2 kpeS® Kryry = Bryry Bror

2 © +2 &

*+ 2 Rpyry kryg 12° A23 * 212 Kryrp ko065 - A12 kr,m Fryjp T1 T2
o o _ A K
A12 keg S° Kryr, - Kryr, 823 krygT1l * Kryry A13 ke, T2 13 Ky
. (o]
o o _ ok r1° - Apz K Ko 1o B
o -

+ k1§ r1°% A22 *+ A13 kpypg T Krzrz/’ A11 A22 A3z *+ A12 Ass

2 A12 A3 A23 + A22 A132
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2 0,2 ‘
t = Kriry Krarp ke 8° - Kpyry (kpyp r27)° - Kr1r22 koo s2+ 2 Krira

o o o
krae krio T1 T2 - Krorp (kpyg T 12 /< A1y Apg Ass + A12° Azz -

2 A12 A13 A23 + A22 A132-

Three roots of this algebraic equation are obtained as

a)l=(2\/.—-%cos-—§‘—"‘§—)%
C‘)2= {2\/ -; cos (g +120°) -

e 2
>

6, = {2 = cos (_¢ + 240°) —2-} 5
3 3 3 -3

2 } 3 (3-13)

where
1
4§ (3 q - p2)
b=—— (2p3-09Pq+ 27 1)
27 P - q r
and 6
T of
g = cos'1 ( .
... =
27

C. Framework Vibrations of an Infinitely Long, Zigzag Chain Molecule

Framework vibrations of an infinitely long, zigzag chain molecule
which has two identical characteristic groups in one repeating unit, such
as normal paraffin, was discussed in detail using the multiple origin
method by Deeds.5

In this section we shall consider the framework vibrations of an
infinitely long zigzag chain molecule which has two different characteristic
groups in one repeating unit. We shall assume that the chain is not branched

and that the groups are arranged in some sort of order such that the inter-
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actions between adjacent groups are generally larger than those between

second nearest neighbors, and so on.

The secular determinant of anlinfinitely long unbranched molecule

with repeating units of finite length is shown in Figure 3.

R.U. X Y z
-
X R.U. X Y| 2
I
]
Y XN -mWs X, ¥ z
N o —' = == ==
' |
Z iy _IR:U°,_ LS . 5
z Y ;X RO, X Y

Figure 3. The Secular Determinant of an Infinitely Long Unbranched
Molecule.

The blocks marked "R.U." represent the secular determinants for
isolated repeating units, and the blocks marked "X, Y, Z,. . . " are inter-
action blocks of progressively smaller importance.

In this form the secular determinant has considerable symmetry. The
blocks along the principal diagonal are all identical, and the interaction
blocks at a given distance from the principal diagonal are all identical,
since we can ngglect end effects for this infinite chain.

Since the interaction blocks are less significant as they occur

farther from the principal diagonal, we may neglect interaction terms between
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the gfoups belonging to.repeating units seﬁarated by more than two intér-.
vening units. Fu;thermore, if we can solve the vibrational problem for this~
typical section outlined by the dashed line in Figure.s, we can say that -
ali of the other sections should vibrate in the same wa§ with only aiffefént_
amplitudes. | |

In thevfreatmeﬁtAof fhe framework vibra#ion éroblem of :long.chain
molecules, we consider a "characteristic group" as a hindéred, rigid -
ro‘tator. The treatment given here is applicable to the frameWOfk ‘vibration
problems of many chain molecules, and in particular, those¢ of .polyvinyl
chloride, polyacrylonitrile,.and possibly polystytréne.

The type of zigzag chain which we are-considering is a type of ‘helical -
chain in which the repeating unit contains two characteristfe groups.. Let us-
assume tﬁat the rotators are numbered as shown in Figure 4 where n'is any
integer.

Mnlnl . . y AMn . Mn‘l :

=2 Mp.l : n Mpse] -
Figure 4, Configuration of a Chain Molecule with Alternating Groups.

We shall also assume that the equilibirum configuration is specified

as in Figure 5.
Mp.1 M Mn+1

n
r
Lo A Tro — ° e
G ° 8,
mp=2 Mp.l n _ Mp+l

Figure 5. Equilibrium Configuration of a 2igzag Chain Molecule:
with Alternating Groups.
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In applying the M. O. M. to this problem, we shall set up a rectangular
coordinate system for each characteristic group of atoms, the x-axis
parallel to the long axis of the chain in the direction of increasing n,
the y-axis perpendicular to the long axis, and the z-axis perpendicular

to the x and y axes in the usual right-handed sense, as shown in Figure 6.

Yn Yn+1

Figure 6. Rectangular Coordinates.

Let us call one of the two characteristic groups in each repeating
unit an M-rotator and the other one an m-rotator. Let gfn, %Zn. and q;'n
be the infinitesimal rectangular displacements of the center of mass of
the nth ﬁ-totator from its equilibrium position in the x,, y, and 2 direc-
tions respectively. Let }n'- )(n': and & ' be the infinitesimal rec-

th m-rotator from its

tangular displacements of the center of mass of the n
equilibrium position in the xn', yn', and zn' directions respectively. Let
an, Pn and qutm the infinitesimal hindered angular displacements of the
nth M-rotator, with their positive senses in the direction of rotation of

"w

-a right-handed screw traveling in the positive x,, yn, and z, directions,

respectively. Let an', gn', and Xh' be the infinitesimal hindered angular
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displacements of the nth m-rotator, with their positive senses in the direc-
tion of rotation of a right-handed screw traveling in the positive xp',
yn', and z,' directions, respectively. To reduce the algebraic complexity
we shall assume that x-, y-, 2-, x'-, y'-, and z'~ coincide with the.
principal axes of rotary inertia of the rigid rotators and that correspond-
ing axes are parallel.

Under these assumptions, we can write the kinetic energy function

of the chain of rigid rotators as
s 22 ° D e 2 o 2 ‘ o
2T = % [M(gn L4 7 n2 + ;nz) + Ix an + Iy 3[\ + IZ fnz

"'an(?n'z + 7n'2 o ;.n'z) - Ix' ‘.‘1\_'2 * Iy' én'z +1; ;(n'zj, (3=14)
where the range of n, here and in the rest of this section, is from - 00
to +00; M is the mass of Merotators, m is the mass of m-rotators, and Iy,
Iy, Iz Ix'.~1y', and 1,' are the:pfincfpal maments of inertia of the M-
rotators and the‘m-rotators about the x-, y-, 2-, x'-, y'-, and z°- axes,
respectively.

If thé princlp&l radii of gyration of the M-rotators and the m-
rotators are a, b, c, a', b', and c' respectively, about the cbrresponding

aies, then the kinetic energy function can be written in the forms
2T=MZ('§n2+ 7°n2* ?_;,nz‘az&n2+b23n2*c2 b',nz)
n

> m%( %'270'2 + ;.'noz + a'2 &n|2 + b2 én'2 ¢ c'2 fn!Z) (3-15)
For physical reasons it is desirable to express the potential energy
function in terms of valence displacement coordinates.. Let us suppose that

S;h is the increment in the length of the bond r, between the center of
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mass of the n"'h M-rotator and the center of mass of the nth m-rotator,
J. rn' is the increment in the length of the bond rp' between the center
of mass of the ntD m-rotator and the center of mass of (n+1)tP M-rotator.
X-Bn is the increment in the bond angle &, between the adjacent bonds
Tn-1' and rp, {6 n' is the increment in the bond angle &n' between the
ad jacent bonds rp and r,', @ is the torsion in the bond rn and g,' is
the torsion in the bond rp' with their positive sense such:ethat it tries
to make the chain look like a right-handed screw.

Then simple geometrical considerations show that for infinitesimal
displacements, we can write the valence displacement coordinates as follows,
letting rpne rp' =r, and 9,, QAT - &n') = 90 where ro is the equi-
librium bond distance between adjacent rotators, and 90 is the equilibrium

bond angle between ad jacent bonds:

Jtn= (&' - En) stn 3 O + a' - 7n) cos 3 8,
b-l‘n' = (;n-l-l - ;n') sin 4 G, + (7n+1 - 7n') cos &
(o= < (En' - Fr'deos § Oo - @ - Ju' - P sin 46,

ﬂn’, i ( §\+1 v En) cos 3 O, - (27,,' - 7n+1 - 7,,) sin 4 90

To

In = To !1:1 Go (;4-1 o ;’n' . 4‘11 > ;‘l-l.) (3-16)
fn' = m ( g'bl ";.1, - Q'n’- ;1). (3-16)

If the principal axes of the rotators coincide with the x-, y-, and
z- axes, as assumed previously, then the symmetry of this infinite chain
can be considered to be that of the line group Cg, since the only covering
operations, in addition to the identity and translation operations are re-

flections in planes perpendicular to the chain axis.
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From section E of Chapter II we know that certain combinations of
these valence displacement coordinates will be symmetry coordinates.

We define the covering operations which we need in this discussion
as follows:

T: translation by m; links
where m] takes all integral values (positive, negative, or zero), and a
"link" is the length of a repeating unit parallel to the long axis of the
chain,

G x: reflection in plane perpendicular to the x-axes and located

am2 links to the right of tﬁe nth rotator.

Now we can 1nveqt1gaté the fesulting combinations and their be-
havior under the covering operations, as shpwn in Table II. Since the
potential energy is a scalar function, all terms in it must be totally sym-
metric under all covering operations. Therefore, in the most general quad-
ratic potential energy function there can only occur products of coordinates
belonging to the same symmetry species, since such products are the only
quadratic ones which will be totally symmetric under all covering operations,

The most general quadratic potential in terms of these valence co-

ordinates is: .

V=i Zn [ Kerg (O Tn)? *+ Kpopgr (3 tn2 # Keper (drp) (F1p") + Kery
(‘;.rn) (Jtns1) + 2 Kevp, (a—rn') (frml') + Kpho ( f?n)z +Kgo g
( JnN2+ 2Kgpr (9Bn) (JBn") + 2Kgpy ( Jon) @B + 2Ky gy
(J6n') (JBne1) + Kgg, Pn® + Kgrgr #n'2 + 2 Kggyo fn n' + 2 Kgg O
Pn+l + Kago an? * Ka'ag' an'? + 2 Kgqt ap an’ + 2 Kgq Gn Gnel * 2 Kgrgy"

an' aps1’ + Kﬁﬁo Bn? + Kgigy* Bn'2 + 2 Kﬁﬁ' Bn Pn' *+ 2 Kgg; Bn Bnsl *



TABLE Il

TRANSFORMATION PROPERTIES OF SYMMETRY COORDINATES

e

—Covering Operations
Symmetry Coordinates T X Species

Xrn + f"nm + + A’
ﬁn' + + + A'
Jign*m - " A'
Jﬁatl"11&h+m v % A'
+ ¢ oon ¥ IR A’

Th ;rnm * = A"
IR + . A"
§bn - Fbowm * ¥ A

/&' - T * 3 =
Toom # - A"

F - oo : :
an ¢ Gnem + + A’
an' + Gneg’' . . AY
Bn + Bem - . A
Bn' * Bnem’ -] + Al
on + Znem + + A'
%n' * nem’ = = A'
an = Cn+m + = A"
an' - anem’ + - A"
Pn = Bnem s ¥ A"
Pn' = Pnem’ ¥ - A"
Pn = Znem + - ' A"
#n' = fnem'’ = i A"

=——————— = ==
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2 Kgvgy' Bn' Bnel' * K 975 %2“(7-%-3’::'2‘“(3(' A AR
Ky Yo Vaer * 2 ¥ i ' dnn’ + 2K g (U6 (Jtn + Jrp1) +
2K 5" ( gfn') (Jrn + Jtn") + 2Kggr an (Bn’ = Bno1') *+ 2 Kqrg On'
(Bne1 = Bn) *+ 2 Kagy' @ (Bn+1 - Bn-1) + 2 Katpy (Bn+l' = Bp-1") +
2 Kgg #n (an' = apn) + 2 Kgg Pn' (apsl - an') + 2 Ko@) Pn (an+l - an-l) +
2 K401 #n' (aps1' - an-1') + 2 Kgg #n (Bn' = Bn) + 2 Kggy ' #n* (Pnel = Bn")
+ 2 Kggy Pn (Bn+l - Bn-1) + 2 Kgg,' #n" (Bnsl * - ﬁn—l)] . (3-17)
We must now express ‘this potential energy function in terms of the rectangular
displacement coordinates ;, 7, ;. ;‘. ‘7', and ;', using the definitions
in (3-16).

If we also make the following substitutions:

D = sin 4 G, E=cds 4 &,
(3-18)
F=s£n9° G =cfs &

and

RKooL=kopi o Kgr Gr =k g0 g1 ro?
Kggy = kppy ro? sin? &, Kr ®1 = kr 81 Tois Kr @' = kr g4' To
Rgoge, = kgogy ro? sin?
Kaag = ¥aag aZ, Karaq? a'?
Kppy = kppe D% Kprpyr = ¥prpyt O
Kyri=krvt c?, Ky 7 =kanﬁ. 2
Kr gy =%r & Tor Kr 93" = kr g4’ To,
where { = 0, 1, then the potential energy function has the following form:

B L e R Ry Ll L

2 7n.- 7n) + 2 Kpp_ DE (;n' 7n' - gn-7n' b ;n7n' * ;n 711) + Rpop 0 p?
(San?+ En'l -2 5hn £n") ¢ ez E? (71\'2 + 71'"12 - 27," 7,‘,{ ) +
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2 Kev ro* DE ('§n+1 ?n' t gn-fl n+l + 5n' 7n' = gn' n+1) + k goo EZ
<§ = Z 1'% - 250" En1') ¢ kewo DF (4MF e M2 e gy

-4 n p-1' +2] n-l)-2k90°DE (25 7,1-;“'7“'-
n-l = 2 n-1'

' + gn_ 7!\-1 ) + k ' ’O' E2 (£n+12 +

gn_zsml )+k&’°.n(4 + = W n+l -

n * 2§n+17n) *2k . 97:1'3 (2;:,1 n' ‘7§n+1 Z-'-l -7§‘n+17
hel + En ) *+ kgg (Gne1? + g2 ¢ 2{n+1 Gn' *

; Jnl'z*"":‘né‘n-l -2§n+14'n-24;n+1§n-1 -2Zn"Cn -

2&n" g1 +kgegr (G’ * Gt + Gu'2 ¢ o ¢ 2 GG -

2 San Su' = 3 G Ln -2 4;41';n' -2Cn1'Sn*2 Zn'Gn) +

2 Kep? {02 (Zn' gﬁu - ‘;’n'z - $n Zne1 + §n Ba") + DE( J 7n’ -

n+l//n * f 1 +& 0 In' - Enne1 - 2 S0’

B2 (-g 2 . 7n77m + 77n -7 7n+Zf + 2 er1 {02 (5 gn-tl -

gn' Enel - En Enel '+ En Enel) + DE ( En' 7n+1 - &En'nn1 -
..1' + En nel + Snel’ 7 - £n+17n -7 Zael' * n Bne1) ¢

E2 (7 Jnu -7 n+l - 7‘41 + 7:: n+1)‘(" 2k gpr Ez

Enel Znel Zn-1' - En En' + Z._11) - DE

(27n Zael = Ene1n’ - Znel 7:\-1 =2 %t Sl o 1" -

250" P’ + 270 En-1' * 7n+1 Bx' =~ Fei 7 - ?;n'7 "= Ea-1?

- p? (57 n - 2;:\ 2 - 27 7 oy ";7n+17 7n+17 7n+171-1 .

-1 ")1* 2 kgg' (Gne1® * Snel T’ - 2 Znel &n -
sl 21 + Znel' Enel * Gnel' G’ - Sme1'Sn - Snel’ Sl -

Gn' Snel - gn.z + Zn' Zn-1" *&n’ * & Sn1')

*+ 2 Kpopy! {Dz ( §n+1 gmz = ;14-1 ?n-rl' = 'gn' §n+2 + En' &na")

+ DE (- ;Hl %,1' * En*17n+2 + gn'7|41' - En'7n¢2 -7n' g-mz +
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Ensl' * Jasl Sne2 = Enel’ Toa1) ¢ B2 (M1 0’ = Yov2 ' -
;7:*1 ?n-ol' + 71 n+2) + 2 9917 ;E ( ﬁu? En' 7 Z:- 7‘
gml 51 1") +DE (2 §n 7n+1 - €n 7n+1' -2 Epa'
7n+1 + ?n- 77n+1 + &n- '7n' + 2 n+17 -2 §n7 - 5+1'7n'
Tne1’ 7n-1 Zn' 7., ) # 02 (‘*7n+17. 77n+1 - 2 n7n =
7n+17 ?«ol 7 7 n+17n g 7n+1 n-1 7n— 7
t2k g n+2 ;’nu - Bne Ene2 En * §n+1
+ DE (2 n+1 7n+1' - ?n+17n+2 -2En/he’ * En 7m2 *§n7n+1 +
27:1' §n+2 - 27 ; gn-fl - 7n+1 Ene2 = o Snez + Zn+17n) + p?
(4 /nel™ n -2 n+2 = 2 nel = 2041/ ne1’ n+27n+1 =
%Zl . 2 n+1 7 77n+ 7 7 7 7
* 2 kg C;+2 g‘m 242 Shel' §'n+2 &n' - ChiaZh*
Zne2' Gn+l + Gne2' Cnl' - Cne2" Sn' - Gne2'&n - Gel' G+l -
G’ Snrl'Chn' * Soe1'En - a1’ - Zasl Lner'
Cn1dn' *Sna1S n) "

2
*+ kgao a2 e, *+ ka'ao' a'? an'2 + 2 kaal a2 qp aps) + 2 ka'al' a'? ap an+l’
2 2 2
+ kﬂﬁo b pn2 + kp,po' b Bn'2 + 2 kppu bb' Bn Bp' + 2 kﬁﬂl b Bn Pn+1 *
2 kgepyt 52 Bn’ Prat + kg € Tl * kylp 2700 4 2 kg e

Ta¥a * 2k S Yo * 2k 40 g2 2 0" Joa’
+2kr9{DE(i'2+g 1v2_2_gn gn-,_a% 7 71'2+
n +4 RO n v)+(E2_D2)(2§n § 7

e ;» 7n -

gn -1 - 2 gn- 72 "+ Tor' 7,,_1 ) f

+2kr9 {DE & - -2§n Conr * 70’2 + 92 + 7n+12_
7 > “7 7nr1 + 2 n7n+1) 41 (Ez + D% (2 §n+1 §n+17n
§n+1 n+l - 2 ;n7 fn? £n7n+1)-}



+2kr {DE(? §n+1+2§n En-1 - '2" fn'gn-l“
;n-l gn-rl 5 -1 gn- 7 7 a 27 7n+1 a 27 7n-—

+ 22 nl/n-1 - '2*n7n+1‘ n' n-l" n-17) n+1 * 7/n-

7n-?1'; -1 ZhEz (75“ 7 En'Ynel + g Z— g 7

i on sn- R nsm +

5 R £ 5"'2

En-l n' = Bn+¢1//n-1' - fn- ?\-1' * g‘n 5 n-1 n-l )

+2 kr &' DE (Ene1 Ene1' * 2 Epe1 Bn - ﬁu % nel En_

‘;’n gnu gn’+ En ;n 1’ * 2 7,.41 7’ - 27!14-17:1 - 27 7:;-1 *

210" W - 7n+1 n+1 + n+1 ?n-o-l?n-l m1'7n* InJn-1’ -

%+ 82 ( §n+17n+1 - Ene177n41 - Sl 7:: I/ Zn7n+1' .

nzm-l + nzn- ?n7n + 02 (2 Ene1'7n’ + 2 §n7n - 2 &7’
- Enel 7m1 = En/ne1 * Ena1/ner * Enal 7n+1 .

';n+17 7 n+17n"" n-1 7:1)}_—] (319

Putting the expressions for T and V from equations (3-15) and (3-19)

into Lagrange's equations of motion,

Bs )-?1‘=o where L =T - V, (3-20)
t H 0 4

we obtain the following equations of motion:

M :&;k - Krro D2 (%' - B * Kpp, DE (7k =x') + Kpog o p? ( By -
gk-l) *+ Kpopye DE (71: —71:'- 1+ kg B2 (2 €g - Sie1 - i) -
9 ' 4o’ 'DE (2 k-1' - 71:.1 o 27 i 7k+1) + Kepe D2 ( k-1 - im s
Zk-1 - Ek') + Kpp' DE (7k k-1 "'71: . ?k-o-l) + Kppy DE (7k+1

71«1' *71:-1 -7,-1') + kg B2 (2 &y - Ek-2' - §x') - kopr DE

(2 7&-1 - 271: - 71;.2' +7k’) + Keopyt 02 € Ehar * Bl - Ex' - Bx-2”)

4 Kpepq' DE (-716 - 7\:—2' + 7»1 + 7;-1> *tk g8 B2 (2 €y
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+ 2 €k+1 -2 8y - gk-z - € - k s A DE (271:' B 27k+1'

+ ke2 * 27/x-2" - 2?!:-1' = Dx-2) + ke g0 DE (4 By - 2 By, -

2 fk_l) + ke o' (B2 -D%) (27, ;' - 7“_1 - 271:' - 71«»1) *ke g’
DECEK' +28k1*2 Bur = 4 Bk~ &2’ - B’ ¢ S
k9 B2 (7)) - 7k-2' ‘71;-1 =71’ * Pk * 7k-1') - kp @' D
(~2%.1" - 27k' ey 7k-1) *k g PEC( B ' - Skn' -

gk—z' E gk') -k 5 p? (27k-1 = 27k+1 - 7&L1' » 71«1' '7k—2'

o 71c'> =0 (3-21a)

> 2 2
m k' * Kerg D7 € ' - B * Kz'r0 DE (7k' 1 7k) * Bripgr P

C %' = Sor) + Kpop o DE (7k' " 7»1’ *+ kpoo B2 (2 €' - ey’ -
Exs1") - k 9p, DE (27 - 7&-1' - 27k+1 *71«1" + Kep' D2 C By -
2 gk- + fk) + Kpp' DE (1)) +7h1 - 27,;) + kppy D2 (fku' + g’ -
el = Sp-1) + Kpppy DE ( %u' a1 * 7\:-1' . 7k-1) + & gy E
2 a1 - 2 - §k> - kgp' DE (23" - 2 7k+1' e 7k+2 - 71:) .
Kereyt D2 (- Bk = Sz v " * EZ-I') U TR RS 7 7k+2 *

k-1’ '719 + kpgy B (2 Tior' * 2 Fk1' - 2 B - Ske2' - Ek-2"
+ kg DE (27k+1 = 272 * 7xe2" * 2% ka1 - 2%k '71:-2') + krg DE
4By’ -2 §py' - 2 gl:u') + ke g (B2 - D?) (271; - D1 - 27k+1 %
71;»1') +kp o' DE ( Gy - ez - Trel* B - kr o' D? (271:4-1 -
. k'7k+1' P 7k.1') + ke o DE (i1 * 2 ke’ * 2 54y’ - 4 B -
zk-l - St gk) * ke g B2 (—7k+1 % 7k-1' '7\:—1 "7k+1' & 7k+2
*7\:) -k g, p? (27k+1 - 27“ - ?"1' . 7k_1') =0 (3-21b)
M'?k + Kppg B2 (7k '7\:') * Kprg DB C By - €' * Kpop v B 7%

-7k-1') - Kl"ro' DE ( gk = ;k-l') + k o' 9‘5' D2 (27k = 27k—1' -27‘(.
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+7u1 + 71‘.1) -k g g DE (- 4 Ee1) + k gg D2 (471‘ - 2
=2 7%.1") - k g4 DE (2 gk' =2 Br1") + Kpp' DE (Fy' - Eer *
Tr1' - &-1) + Kppo EZ (7k.1' *7;' = 7k - 71:-1) *+ Kppy DE
CBre1 - Biear” - Eku' + Exe1) * Kpy B (- 7:-1' * 7k+1' d 7k+1 *
e1) = K 8! DE (2 Bip1 - 2 G+ &2’ - Bi") + kg D2 (5 -
27‘“1 = z77k " 271‘_1' + )Z.z' = 472k> + kpopy+ DE ( {k_l -8,
el - S k") * kporys E? (= 7x-2" AN P * 71;-1) -k, p DE
(Bre2 = Sued) *+ & oo g D ('27u-2' ' 27\:-1' '+ 27k+1 *
27‘_1 + 271‘ - 2)7k+1' *771«2 *71«2’ + k gg DE (2 ;k_l' -2 8y, ¢
2 Bre' - 2 Bic) + k pgy D2 (4 7&«1 E “71;-1 ; 27k+1' i 271;' - 271;-1'
-27.‘_2') - kp o' DE (-47“ + "71:' + 47“_1' - 2% - 271:-1)
+ ke g' (B2 - D) ( Ek-l - E“*l) + kr g, DE (2Z' = 7k—1' - 27“:1 +
71;-2') + %k, B2 (- gk-1' - Eue’ ¢ Cx-2' * x") - kr gy D? 2 Erer *
2 1’ =28k - 2%k1) * krgy ' DE (71:-1' - 7k' = 71:-2' + 7k+1°)
+krgy' B2 ( iy ¢ Bial) - kr g D° (- Zx' " Sk1* k2" -
Brel' * o1 * Br1') =0 (3-21¢)

m7)y’ + Kerg B2 (' =M + Kero PE ¢ Bk’ - Ex) * Keop o B2 (7' -
k1) * Kt."r:c' DE ( Ek' - i.k-o-l) E k&' &' p? “71:' - 2?«1 - 27k) =

K o' o' DB (2 &y - 2 €1) + kg D (27,; - 27x = 2/,“1 + 7k+1" +

7\:-1') -k ppo PE (81" = Bie1”) * Repr DE C Fpy + i # brr” B

(-2 7k' *71«1 + ?k) *+ Kpp DE C Eiy’ - Skl * Tl - Exe1)

+ Kpry E2 (7k+1' + 71;_1' - Jx+1 - ¥ x-1) *+ ¢ ' DE(- £k+1 * B *

Bt Suo1 -2 B! - 2 1) + kge' D? <’7k E “7k' . ?k-l' &

2 ?*1' + 27( + 71(4'2)
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+Kpopyt DB (= B+ i1’ - Buez * Binr”) * Kprryr B2 C Tien" *
’7k_'-ﬁk+z-?k)-k991- DE<2€k‘2€k1+2gk+2“2£k+1)
* kot gy p? (4 7,”1' +4 71<- . 2?7‘“2 -y 7“1 - 271: - 2 71:-1) +
k o8 DE ( Ey.p' -Ek+2)*k091° (27k-1‘2 K - 27k+1
272k+1 * 200"t 27" =27 7] k-2" * "/ ke2") * kpg' DE
(-8 7\:' = “7: +4 M) * ke’ (B2-DD) (2 G, -2 5 + kg DE
Al Lk L 1 7k+1" ke (B2 - DD (- Fiyy

*Br1) * ke gy B (Fy - z fk 1 é_lco-l) - kz- e’ p? (2 1 39

*28y -2 §k+1 i Zk-1 ) - kp g," DE (771«1 . 7 7]:-0-2 7k-1)

+ kp g, DE (2 1-27,‘ +7k*1-2 k1+gk+2)+kr91
( Spar' - ik- ") -k Ekn €k-1' * k-1 - Exe2 *

ka1’ B =0 (3-21d)

ME , * kgg, (2 Gk - Sl =Gk * Koy (2 Gy - Gt - Gpc))
+ kgg' (4 Gy - 2 Sa1 - 24ka1) + kog, (2G4 - 2G% + 2& k1

- wz = Gre) * Mgy 2 * 28k - 28k - Gz - G D
*+ kgg, (2 ;k-ll - Gr-2' - 4x") *+ kgog o (20" - &k-1" - Sie1") *
kgg' ( Gyo1' - Sx-2" * Sk’ - L) * kgg, (2 Gx' - 26, " +
28%2" - Gual' - Sas’) * kgrg,» (2 Sx-1' - 28" * 26" -

2Lk") =0 , (3-21e)

nZx' * gy, 251" - Gkl - Gyn” * kg 25 - e’ -

S 1) * kg’ 2" * 281" - & a2 - Sk-2' = 2&") +

kggy, 2 Cxa1' * 281" - 25 k" - st = G paa®) + kg g, » (2 a1’ *
2 qc-l' = Cx«z' -Ck_z' - 2Ck') + kgg (2 Cku - &2 - G +
kgeg, (251( - Cku - & kgg' ( Tl - Gre2* S-Sy ) *
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kggy (2 &y - 2Gy, + 2&ves - & 'Zk-o-s) *kgigr (26, -

2 &,’2) . 24_1 -2 =0 (3-21¢)

M 32 &‘k + kaao 32 ax + kqa.' aa' ak' + kaal 52 '(“k'bl + “k-l) =0

(3-21g)
m a'? .‘;k'-" “a‘ao' a'? ag' + Kyqt 22" ay + "q'al' a'? (age1 + ap1") =VO

(3-21h)
M b2 ék"’ kppo b2 Bk *+ kﬁﬂ'; bb!* Bx' + kppl (pk#l + ﬁk_l) =0 (5—211?

m B2 B ¢ kgugor B2 Byt 4 kpgu bbY gy ¢ %3yt (Prel’ * Pa1”) = o

g i | (3-213)
2 LN
MeT Tt ke Vet kg T vk prd (Vi * Tl =o
(3-21k)
EGIIEE S CRE ARTNVES ARV IR
Yos =, (3-211)

Applying the ‘aymetry rule, we see that the coordinates of rotators
in a given repeating unit must oscillate with amplitude phase differing by

integral multiples of ; . Hence we can write:

g L s EO it + nd) Zk. & Eo' ot + nJ')

7 " A ellwt + nd) 7!:’ . 70. ellart + nd)
B it + nd) Ly = £ ettt +nd)
ay = ag ellert + nd) 0’ = agr elWt + nd)
By = po el(Wt +nd) B’ = ot ellWt + nd)
r , elwt +ndD Tat = X, elwt + ng)

(3+22)
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Substituting equations (3-22) into equations (3-21) and eliminating the
{(Wt +nd)

comon factor e » which is not identically zero, we obtain an

infinite number of identical sets of twelve homogeneous linear equations
for the amplitudes &, 70, >os Eo's 70', Go'r 99 Bor ¥ os o'
Bo' and 7'

In order for this system of linear equations to have a non-trivial
solution, the determinant of the coefficients of the amplitudes must vanish,

This determinant is the desired secular determinant which has the following

form:
Aj] Al A13 A;, O O O0 O O O 0 0
Al; Ap Ayz A4 O 0 0 0 0 0 0 0
A3 A% As3 Ay, O O O 0 0 0 0 0
Aie “Ank As, Ay O O 0 0 o0 0 0 0

0 0 0 O Ass Asg¢ O O O O 0 0

0O 0 0 0 Agg Agg O O 0 O 0 0 = 0
0 0 0 O 0 O Ag7 A9g O O 0 0

O 0 0 O O O Ayg Agg O O 0 0

0 () 0 0 0 () 0 0 Agg Ag,10 0 Y

0o o0 0o o 0 0 0 0 Ag,10410,10 O 0

o 6 o0 o O0 0 © ©O0 O 0  An1,11 411,12

o o o0 O OoO Oo o o0 © 0 An,12 212,12

(3-23)

where

-1 _ 19,

Ay mos Mu? Krro D? + Erisg® p? + kp' oo £* (2 - e™”) - Kppr D2

el? Loty Reep,+ D2 eld + 19y, kgt gy B2 (2e-1 4+ 219 _
2. o~ _ 218, + kg go DE (4 - 219 _ 2717, Kr " DE (2719,

pees
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aadf o 0

B2 = - Kpp D% - Kpop o D Nl kee' D2 (e 4 1) + kg1 B2 (20717
e N P Keopyt D2 (1 # REICI ke §," DE (1 - 217 _
eir+ e'i;_) + krﬁl DE (e'i"r - e"f- e'2‘;— + 1)

Als = Rer DE + Kpop o DE 4 k oy g o DE @i Kpp+ DE i’ .
eir) + Kppy DE @i? gty kpp: DE (2e'i;- 2) + Rpopyo DE (eJ:
et kg g+ DE @t 2y, ke pr (B2 - D) (el - 1) 4
kr ' E? (e"if + eif) - kr gy p? ( e1r+ e'ir) - kr g p? (2e'wf-
2e1)/) |

A4 = - Kpry DE - Kpap o+ DE e'ir - k gt g+ DE 219 - 2 Kppt DE
(e'ir-'- 1) - Kpr, DE (eir-n- e'i‘)’) - k ggr DE (1 - e-2iJ; = Kpepyr DE
(1 + e-Z"J.) -k gu g+ DE (2 - 2id o 2e'2“r: 22749 ) 4 ki gr (82 - D?)
(26717 _ 2) 4 Kk gyt B2 (1 4 T TR TN ke ®,' D? (-2e1d
+2) - kr 5y p? (eyf - e'i;-b 1- e-nf;

A1 = - Krrg p? - Keer,t p? e;_)" + Kppr D2 (eir-r 1) - Kppy D2 (eiJ—+

1Ty 4k jor B2 (2610 _ 210 _ ), Kpep,» D2 (-1 - 219y, ke 0"

WP L S W _ T T,
-1d _ id

)"’krpl DE (e

2 2
Ao = =my "'KrroDz"Kr'ro' D2+k99°E (2 -e
i/

) = 2 Kppe

i,

p? 4 Krry D2 (ei‘r-r e'ir) + Kpopyo D2 (e + e‘ir) + kom E2 (2e

2e-i0 L5 _ 20 _ 2, k.o DE (4 - 2= 9. 27 . Ky, DE
(Zei)— e 2e'ir- 4) |

A2s = - Kppy DE = Kpop v DE etk 86, DE (2 - 217 54 Kppe DE (1 +
tdy _k r, DE (el 4 o1y . k g+ DE @9 _ ). Rpopy+ DE (1 +
20y o kgpy DE 26t - 202217 L 21 | g krp (E2 - D2) (2 -
2t ). kr 24’ D2 (2eif- 2) + kg oy E2 (-eir- e“ir + ezir-f 1

-k p 1 D2 (2217 - 2
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‘iro e"‘r) - 2Kpp DE #

+ DE (etar—#

A24=Krr DE*Krr'DE-kQOODE(-ﬂ

Krr, DE (el 4 e-td ) _ k o' DE (2 - 217 ) 4 Kror,

J—) + k o1 DE (e2 4 - e‘u‘r) + ke p (E? - D2)(-el a.-i' eia—)

sl 1;_) - Kpp+ DE (+e1r+

= } & + DE (e ;_
e'ir) + Kp rr, DE (e'1 ) -k 68" DE (2e - 2) - kr'rl' DE
(1% 4+ eld )

(e-1d _ éif) =

p* " DE (e=219 _ o210 , ke 5+ (E2 - D?)

kppqy D2 (2217 _ 2719 ) . ke 6" E2 (eld 4+ e-1d )
-1, 1
1d 1d .

Azp = -Krro DE - Kr|r°' DE e~ - k&p.o DE (2 - 2e” ) + Kept DE (1 +

e-tf -id -2id

) = Ker, DE (ei‘r-re ) - k gp+ DE (e

(1+e'21r) + 2kgg, DE (e"'r- e'21r+e -1 +2kep (E? -

1y 5" D i -1y . kep, E2 (o=l _ o1,

-1) - Kr'rl' DE

D?) (1 - e
e"n‘r +1)=-2%k r &1 p? (e'if -1)

15, -1
Ass = Mw? + Rer B2 # Kpap o B2 4k g1 g i D2 (24 e 47l s

1/, -LJ-) -
107, 23-11"

k 68, p? (4) - Kepe B2 (eir + e r) ML E? (e

D2 (.29 _ 6) » Kpopyo B2 (el o 19y, kgr & D? (2e

s e2tT  -21d L 6o, D? (4 i s ietd kp o+ DE (-4 - 2t
) 2e-13' y
Ay = "Krro - Kpopge E2 “"‘r-r kg1 gy p2 (-2¢-14 _ 2) + 80, D?

(-2 - 219 ) 4 kpp sz (e'i‘r+1)~x Ez(e-i‘r+er)+kw.

LS |
D2 (5 + 2e-1 f-r e‘u; ) + Kpe ry’ E2 (-e"zif- 1) + k’. ’1. p2 (-2e‘2if

- 23-1)— = Qe 291;-) + kgo, D2 (-2e£J— -2 - 2e'1r- 2e'21r) + kp gt

DE (4 + 4e=19 ) 4 ke §, DE (2 - e-1F | 2eld o2y, kr g, DE
(=10 _ 1. =208 , 1d
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A44=_m“)'2+l(rr° E2+Krpr°v E2+4D2k9. =% +k09—°D2 (2*21;
(o]

+ e‘1r

) - 2 Repr E2 + K E2(eir+e'ir)+k”,1)2(4-2e-1;-

17, -1y,

rr]
2id ), Reop,+ B2 LI T A kg g1 D2 (e
koo D2 (21 4 2e-1F 4 54 20, 218 ) kro * - 2 kp g DE
(2 +ell , o-14

Ass = Mw? + Ugg, + kgog o) (2 - eld _ 14y, kgge (4 - 2019 _

2e-1 f) + (kggl + kﬂ'ﬁl') (2e1f- 2 + 2e‘1;_- ezir- e'Zi‘r)

Agg = kgﬂo (2e'1r - e-ZIf_ 1) + kg'goo (2 - e'i'r- e"‘r ) + kﬂﬂ'
(e-if _ e-219 The eir ) + kgg, (2 - 2e"1}- + 2e'21'r.- eir- e_nf )
y (2e-19 | 2e=2id | 2010 _

-id _ id ) + —Lr =1d

+ 2e’1J— - e21a—- e'2ir - 2)

+ kgt gl

o 2
A66 = -m ) + kﬂﬂo (2 - e 1I

)

e

(kﬂgl + kggl + kg'glt) (ZeiJ-

Ayq = -Maza_,z + kaao al + km_1 a2 (eif + e"' ;)
Agg = kaa' aa'
Agg = -m a'2 w2+ ka.'a.o' a'2 + ka'al' a'2 (eir-o— 'if )
A89 = kaa' aa'
_ R u2 2 O e g B
A =
99 'M b w + kﬁﬁo b + kaﬁ]_ b (e + e )

Ag10 = kgge bb'

A10,10 = -m b'2 ;2 4+ kgeg ¢ b2 4 k., b2 i’ . e-id )
B'Bo B'B1

2 (el 4 o-1d

811,11 = M 2 02+ k 4y e? 4k 4y

A11,12 = k 4 cc’

e T e c? (? + £y LY c'2+k)" n' c'2 (ei'J-te'i‘r).

The determinant (3-23) can be factored into the following blocks:
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Al1 A2 A1z Al
A2 Az A4
Azz Az

ALY A At Ay,

Ass Asg A77 Aqg Agg Ag10

Asg®  Agg A78  Agg A910  Aj010 AnA12 Ar2A12

(3-24)

’ An1A1l AnAr2

For all of the blocks except the first one, we can easily £ind roots

Wy (8):

p) 3
. Ce6 Cs5 +|/¢ Ce6 055) 4 (CeeC 2
- e - " — 55C66 = Asg )
hja (5 =( = - - = f

( 2
5 3

s _ C17 :V( L B M% (Cy7 Cgg - A782)z

14 m M
l : ;

3
( 1010 Cog + ][(61010 o A i‘_:._(C99 C1010 -A9102)%

(d) =
ws

M m M
0«)6 (a-) = ) J
c C11C c c11C i 2y %
( 1212 _ C11u V( 1212 _ C11011,2 & (cy5),0,Cy- A11127)
W (5=
7 [ 2
where
(o} = + M e C = A + 2
55 = Ass W 1010 1010 * " W
2
Ces = Ags + miu> C1111 =A1111 +* Mw
Cyqy = Agg + sz and
2 2
Cgg = Agg + mw C1212 = A1212 +m W

Cog = Agg + MW? (3-25)



59

The general solution for the 4 x 4 block of the secular determinant
in (3-23) is too complicated to be of much practical value. However, we
shall carry out a linear transformation on the En, fn', 7,, and 7:1'

coordinates such that

£n= Xp + ;1‘ (D qp - E pp)
Eni & Xp - -HF(D Qn-Epn)
?n'yn*;r(sq“*Dp“)

Po¥ mignia

Physically, the xp and yp coordinates correspond to translations of the

(E qp + D pp). (3-26)

center of mass of the nth repeating unit, q, corresponds to X"n' the
infinitesimal displacement of the bond rp, and p, corresponds to the rota-
tion of the nth repeating unit as a rigid rotator.

When we express the kinetic energy function in terms of these new

coordinates, we have

T= i Z (”r in2 + My y.'nz "'/‘ (.!nz "'/1 ﬁnz) (3-27)
n

where My = M + m and/.: = MMT . We can write the valence displacement
m

coordinates as follows:
82,

m M
Jrn' =D (kne1 - %) + E (Yne1 = ¥n) + g dnel * 7~ 9n

Bqn

[E (xp - xn—l) =D (yn = ¥n=1) ¢+ ("'M‘zr"" g2 .

To
D2) Py = 2 DE qp = = Pp_y
" E

% 2m
- 2 pi
M,rm @2 - E2) Ppey + ( ,m, + M’“ ) Py * g DE Qn}. (3-28)
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The potential energy function in terms of these new coordinates is:

2
v =g Z[Krro an? + Keorg' (02 xp412 + D2 x42 - 2 D? Xnel Xn * B2 Yne1” +
n
2 2,02, 2 2 m? 2., M2 2
E€ ¥n+1“ *+ E° yn© = 2 EC yp g Yn * 2 dn+l *"M'TT% *+ DE Xn+l Yn+1 -
2Dm
2 DE xXp41 Qn + 2 DE X Yp+l * 2DE X yp + 2D Xn+l 9p+1 - o

2DM 2DM o o
Xn qn+l * Wy *n+l 9n = =% Xn qp + 2 E M'r" Yn+l 9n+1 = 2E Mp Yn

M M
qn+l * 2 E My ann*T,rT dpe1 9n) * 2 Kppr (D qp Xp4) - D qn X +

m M
E dqy Ynel - EQp Yn+1 = E Qn ¥n + wp 9n o+l * T an?) + 2 Kppl
qn 9pn+1 * 2 Kr'r1'~(D Xpnel Xpa2 = D€ Xp Xpa2 = D xp4) Xp Xn+l

Dm .
DE ¥n+1 Xne2 = DE ¥n Xpep = DE ¥nel Xpe1 * DE Xnel Yo + 5= dnel Xne2 -

Dm DM

M qn+1 *n+1 + Mp qn Xn+2 - Qn Xp+1 * DE Xp4] Yn+2 - DE Xp yn42
E + DE + E2 E2 - E? 2, g2

= DE Xp4l1 Yn+l Xn Yn+l Yn+l Yn+2 = Yn Yn+2 Yn+l

Em Em
Yn ¥n+l * “Wp 9n+l Ynt2 - g In+l Ynel * % 9n Yn+2 - ng.r— dn Yn+1 *

Dm Dm Em Em o
X - — X, + - — Yy +
Mr 9n+2 *n+l r dn+2 *n VT 9n+2 Yn+l r 9n+2 Yn w
M Dm DM EM
9n+1 9n+2 * —ﬁr 9n 9n+2 * T 9n+1 *p+l - My 9n+l Xp + Y dn+1
2
M Mm .M 2.2
Yn+l = 5~ 9n+l ¥n * T’rT qmlz P m— qn qp+1) * k 86, { E" xp +
2
M 4
E2 xn_12 - 2 E2 Xn Xp-1 + D2 yn2 + D2 Yn-12 -2 D2 Yn Yn-1 + -—_E—Mr E
2m+M M(2n+M M2
Pp? + (-34-,1,—)2 B2 o _—(‘;r-i’—_)— D2 E2 pp2 + 4 D% 52 g2 + ya P
M
- 2 DE xp ¥ + 2DE X ¥p + 2 DE ¥ ¥no1 - 2 DE Xn-1 ¥n-1 * 2 E?
2(2m+M)
Pp xn-—ﬂ—z-:-m--)—-n2 Pn X - 2%E2ann_1 -o---—-}-’l_—----DzPn Xpo1 -

pil
4DE2ann¢4DE2xn_1qn-ZMWEann_]_*- - E *n-1Pn-1- 20D

M 2(2mM) 3

2( 2m+M
( ) D> Pn yn-+2DE:ZwPn Yn-1 -

M 2
— B Pn Yn +
Mr
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2 21D 2D
Ppyp1 * 4D°E qyyy, - 4D?Eqnyn1 + My Un Pp-1 - Y Yn-1 Pp-1

(2m+M)
Mr

- 4 DE? Pnqy + 4D3E

2
M M
Pn qn - 2 ﬂ- E2 Pn Pn—l + 2

M
_(..2%;)_4.)._ Pnp Pp-1 + 4 DE3 qp Pn—l} + k 9' 90’ {Ez xn+12 + E2 xnz -

Mp
2 E2 x x, + D2 2 4p2y 2_ 2p2 »f“”3 p2 g2 2,
n+l Xn Yn+1 n Yn+l ¥n m- 9n+1

2 oL ,
“?_(Dz-zz)zpn,12+(;r + :rm )2Pn2+—ﬁu-s§-D2E2qn2+2DExn...1

4m 2
Yn+l = 2DE Xp ypn4) - 2 DE Xp4) yn + 2 DE xp y,, + W DE™ xp,.1 dn+] -

4m m

2m
—— DE? xn dny1 # g (DB - B2) (Ppyy Xpey - Prel %) + 2E

Mr
MD2E Em

Pn Xp+1

MD2E

M .
Pnh Xp + 4 _ﬁT_ DE2 dn Xnps+l

4M 2 m m 2 i,

-WDE Xp qp *+ 4 Dqun-flyn-rl'l‘WD Eynqn_,,l-'-ZMTD3
e 2 , 2m 3 2
Pn+l Yn+1 - Mr DE® Ppn41 VYns+l - Wp D™ Ppns1 ¥n * DE® Pp,q ¥n *
m 3 m 3

=% Mr Pp Ynsel + 4 PhVnse1 - 2D Mr Pp Ynsl - 4 Ppn yn +

M M 4m
AMranq“y"*l'l‘WDqu“yn*Mﬁ D> E dne1 Ppay -

2 2
4m 3 4m Mn .3 8Mm
”rz DE dn+1 Pp+1 *+ MTz DE Pp qp+1 *+ 8 MT: D° E Pp dn+1 * —M';T“

2 2
2D 2m 2 4Mm 4 2m 2
D® E“ qp qp+1 * o) D® Ppyy Pp + —_TMI‘ D" Pp41 P - -Wl‘ E® Ppyy Pp -

4MmD2E2 4M " o
H’l‘z Pne1 Pn *+ Mr D> E Pnel dn - "i;'r" DE> Phsl an

*2kppr {Ez (Xp Xp+l = Xn> - Xn-1 Xnel * Xn Xp_1 ) = DE (Xps1 ¥p -
M_ g3 _ _2nM

Xn#l Yn-1 = Xp ¥n * Xn ¥n-1) + ( D2 E) (Pp Xnel - Pp Xn)

ME ME
-2 DE2 (xm.l qn - Xp qp) - -M?- Pro1 Xn+1 + w Pn—l X, + DE (X Yp+1 -
Xn ¥n - Xp-l Yn+l - Xn-1 ¥p) - D2 (Yn Yn+1 - Yn2 = ¥n-1 Yn+l * ¥n-1 ¥n) +

M 2 2m+M
s EC D
(M'r

M 2m 2
5 D (Pp-1 Yn+1 = Pn-1 yn) * M DE (dn+1 *n = 9p41 *n - 9n+l *n-1)

D) (Pn Yn4l = Pn yn) - 2 D3 E (dn Yn+1 - 9n ¥Yn) -
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~ _%rm_ D2 E (dn+l yn - 9dn+1 Yn-1) + (—im%- DE> - 4m2+§'Mm D3 E) Pp qp+1 -
%Tn; p? B2 e i -b_zl'b-rh;_ Pp-1 dn+1 + (mbl::E F ;IES ) Pn+l Xp - Pnel Xp-1)
= ¢ ;‘;’3 -2 _E2D) (Ppe1 ¥n - Pn+l ¥no1) * <-§r E? - 1’2‘%’.‘_ D2) (HW p?)
(? E?) Pn Ppey - W (D3 E - E3 D) Ppe1 qp - MM,‘: (D? - E?) Pp4q Ppy +
<;f_ + Z'M‘Tnz“)pnxn-ann-n-<§rD + ”M‘T"z)(Pnyn-Pnyn-lH(;r
+ :rm ) Pp Ppa1 + ;Mr DE2 (xp Qn - Xp-1 9n) - —%EE- (dn Yn = 9n Yn-1) +
2 pE (M _g2. _2mM p2yp | a2 o 2 DE qn P }+
Mp M n 9n MT qn -;‘-TT- qn ¥n-1

2 k60, {Ez (Xp+l Xn = Xpol Xp+l - "n2 + Xp Xp-1) - DE (Xp+1 ¥n - Xn+l Yn-1 -

Xn Yn + Xn Yn-1) + (MW E> - _2%1.& D2 E) (Pn xp+1 - Ppn Xp) - 2 DE2 '

ME
(qp Xn+1 = qn xp) - Mr (Pp-1 Xp+1 - Ppn-1 Xp) - DE (xXp Yp+1 = Yn+l Xn-1 -

2

1 ME™D
Xn Yp + Xn-1 yp) + D2 (Yn+1 Yn = Yn+l Yn-1 - Ynz + ¥n Yn-1) - C Mr =
2m+M MD
T D3) (Pn ¥n+1 - Pn ¥n) + 2 D? E (4n ¥nsel - 9n ¥n) + wr— (Pn-1 Yo+l -
M 3 2m+M 2 ME2D
Pn- + E° = wteem D E) (P -P Xnal) = -
n-1 yn) ( "1‘ oy ) (Ppn+l xp n+l *n 1) - ( i
2m+M +]
VT D3 (Ppe1 ¥n - Pnel ¥p-1) * (jME— 2 - —2-':71.-& p2)2 pp Ppel - (-éMT— DE>
2m+M M2 M( 2m+M 2
i D3 E) Pnel qn - (m— E2 - —-(-M;!_l- D2) Pn+l Pp-1 - 2 DE€ (xp qpe1
- Xp.1 qn+l) + 2 D2 E (dn 9pe1 = Yn-1 9n+1) = ( ;Ml‘ DE> - _2:.%!. D3 E) P
M ME MD
+ 4 D2 E2 + DE P,_ - (Pp Xn = Pp Xp_1) +
qn+1 qdn 9n+1 M'r n-=1 9n+1 11,— n *n n Xn-1 M
(Pn yn = Pn ¥n-1) - (T E? - 2m D2) P, 2.2 W DE P, qn +
M2
Mrz Pn - Pn—l}‘ 2 %a' i E (xn+1 Xn.‘.z - Xn xn...z- xn...12 + xn xn.‘.l) + DE (yn'.'l

2m m
Xpn+2 = Yn Xp+2 - Xn+l Yn+l= Yn Xp+l) + T DE? (xn+2 dn+l - Xn+l dpe1) + T
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nE 2 E
(D? E - E3) (Pnel X pe2 - Ppel Xps1) + o * 9—’—%——) (Pp Xp+2 -

2
DE® (Xp42 9n - Xp+1 dn) * DE (Xp4] Yn+2 = Xp Yn+2 -

?n Xn+l) + §¥

2m
Xn+l Yn+l + Xn Yn+1) + D? (yn+1 Yn+2 = Yn Yn+2 = Yn+12 * Yn Yn+l) + Yip

m
(D3 - DE2) (Pns+l Yn+2 = Pnsal Yn+1) +

D2 E (qp+ Yn+2 = 9n+l Yns1) +

3
( :: . 2:: ) (Pn Ype2 - Pn Yn+l) +

A

2
D” E (4n Yn+2 = 9p Yn+1) *

DE (xn+1 dn+2 - *n 9ne2) * D? E (dp42 Yne1 = 9n+2 ¥n) *+

2 2 2

— 2m
. MT2 p? g2 sl dns2 * 2 p2 (p3 E - DE) dpe2 Pnsl + (5 DE +

Mr

3
4m M D° E Mm 2
T)ann+2*4 D

E2 qp dne2 + :;, (2 E - E3) (P,,,

(D3 E -

m
*nel = Pne2 Xp) + Mp (0® - E2 D) (Pp,, Yn+l = Pne2 ¥n) +

2 2
(82— B)% By Boiai b e ¢ o Dy (p? - %))

Mr< Mr2
nE 2MD2E

2Mm 3 L 3 _
Pn Ppep * Mr2 (D> E - DE°) qp Ppyp + ( Mr i1 My ) (Ppa1 Xp4y

DE®) Ppyz dnel * :T2

mD 3 2m? 4Mm
Pn+1 Xn) + ( ot zg: ) (Ppyy Ynel =Pney ¥n) + ¢ L e

2 M 2
B D p2) (p2 2 m 22 |2
Prel dnel * (5= * 53 D°) (0% - B9 Pppy? 4 ( + )

D3E)

Pn Pn+l

2. "3
2Mm &M“ D” E M 2
+ (___5_ DE + _____3_____) Pasl 9p + ; DE (xn*l dn+1 - Xn qn+1) +*

2Mm
MTz

2
2MD< E 4M
Wr (dn+1 Yn+l = Yn 9ne1) * =

2Mm a2
dns1 Pne1 * Mfz DE + Mp2 D> E) Pn qp+1 +

D2 B2 qpyq2 + (03 E - DE?)

4M2
Moy 2

p? E2 qn Qn+{]
2uM
4 2“1:9{“3 (dn *n = 9n *n-1) - D (¥n 4n - ¥n-1 9n) + (%— B - " p?)

Pn 4n - 2 DE qp? -

Pn—l qn + DE (xnz - Xn Xn.1l = Xn xn_l + xn_lz) . D2

M
My

(Xn Yn = Xn Yn-1 - *n-1 Yn * Xn-1 ¥p-1) + ( 2

E2 D - D3) (Pp xXp -

2
Pp xp.1) - 2 02 E (x5 qn - qp xn-l) - .%E_ D (Pq.1 Xn = Pp-1 xp-1) + E
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(¥n Xn = ¥n Xn-1 - Xp Yn-1 + Xp-1l Yn-1) - DE (Yn2 + Yn.12 = 2Yn ¥p1) +

M 2m+M
(e B2 = o i p? E) (Pp Yo - Pn ¥n-1) - 2 DE2 (qp ¥n - qn Yn-1) -

Mr

M m m

M E (Pn-1 ¥n - Pn-1 ¥n-1) + W E (dn Xp = Qn xp,_1) - Wy D (4p ¥n -
Mm 2nam 2 m 2  Mm

dn Yn-1) + (—_Tur E2 - —”—r!— D) P, q, - 2 DE _MT q, - W Pno1 4n

: n 2
E (x, 9p-1 = *p-1 qn_l) - -Fr— D (qn-l Yn - 9n-1 Yp-1) + (W E

2

™ M
D?) Pp qpa1 - —MT_ DE q, qn.1 - M,l'z Ppaa Qn-lj

* 2

2Mm+M2

: 2m
+ 2 kr g 13("n+1 9n = *n 9n) *+ D (Yn+1 9p - ¥n 9n) + My DE dn dn+1

. 2 P!
(02 - E2) Ppyy an + ( :;'r + 3’: ) Pn.qp *+ ¥y OF dn? + DE (xp4y? +

s 2m
xn® - 2x;,1 xp) + D? (Xp41 Ynel - Xn+l Yn = Xn Ynel * Xn ¥Yo) * Wy p? B

+

(xn"'l qn#l- xn qn‘l'l) + % (D3 = DE2) (Pn...l xn...l - Pn+1 xn) +

mwb , 2Mp> M2 E 2

( r T) (P, Xp+1 = Pp xp) + T (dn Xp+1 - 9n Xp) + E

(e s o + WDE (¥pe12 + yo2 - 2 =
n+l Yn+l = Xn Yp+1= ¥n Xn+l * Xp ¥n Yn+1 Yn Yn+l Yn) + My

2 m mE
DE® (dp4+) Yn+l = 9n+l Yn) * e (02 E - E?) (Ppa1 Yn+l = Pn+l ¥n) + ( r +

202 pas|
=) (Pn Yn+1 = Pn Yn) + T DE? (dp Yn+l = 9n Yn) + ;1‘ E (qp4
m 2m2 2 n?
Xn+l = 9nel Xp) + = D (dp4+1 Ynel = 9n+l Yp) od W’r DE qp4q“ + W

2 2
m ZMmD Mm
(02 = E2) Ppy; dney * ¢ 0 * T2 ) P dns1 + 2 T DE qp qn+1 *

=

M 2Mm
i E (g Xps1 - qn Xp) + M D (n Yne1 - dn yo) + W2 DE qn qp41 +

2 2
Mm : Mm 24 iyl 2
—5 (0%'- E?) Py, qn *# (—5 * 5 %) Py an + ——- DE qnj




65

M
+ 2 ke 9 ‘lE (xn qn-1 - *p-1 9n-1) - D (4p dn-1 - ¥n-1 4n-1) + (g E?

2m+M
Mr

Xn-1 Xnp+l1 - xn2 + Xp_1 Xn) - D? (Yn Xn+l1 - Yn-1 Xn+1 = Xn ¥Yn * Xp Yn-l) +

p?) Pp qp-1 - 2 DE gn qp-1 - Pn-1 qn-1 DE (xp Xp41 -

2 2m

(l“r- ED - M0 (Pp Xp+1 - Pn xpn) - 2 D2 E (qn Xn+1 - qn Xp) -

—grl (xp+1 Pn-1 - xp Pp-1) + E2 (Xn Yn+1 - Xp-1 Yn+l - Yn Xn * Xn-1 ¥Yn)
n 4 ot
- DE (¥n Yn+l1 - Yn-1 Yn+l = ¥n< * ¥n-1 ¥Yn) * ( ¥y

L
g3 - 2o p2p

(Pn yn+1 - Pn yn) - 2 DE? (qq Yn+l - 9n Yn) - TMT_ E (Ph_1 Yn+1 - Pp_1 yn)

mE m Mm 2
(dn+1 *n = 9p+1 Xn-1) T D (qn+1 Yn - 9ne1 Yn-1) + (—D;rT L

+

2m24Mm ™ ME

_— Mm
D2) P, qp+1 - 2 DE W 0 dnel - 7 Pnel Gnel * g

2 2
MD M 2 2Mm+M 2
(x - Xnal) = wsmmes ( - _ ) + ( EX S i [1<)
n 9n = 9n Xn-1 M an}'n Yn-1 9n M2 Mp2
M M

2
* 2k 6y { E (dp+1 Xn+1 - *n 9n+1) * D (dn+1 Yn+1 - 9n+1 Yn) o oE

2 ™
(D2 - E2) Ppy1 Qe + ¢ ;l‘ + ﬁ ) Pp Qn+1 + B DE qp qn+1

+ DE (Xp41 Xpn - Xn2 = Xp_]1 Xnel Xp Xp-1) + D? (Xp Ynl = Xn ¥n = *n-1 Ynel

m

Qn+12 i

2m m
. * *n-1 ¥n) * Wy D? E (4p4e1 Xn - 9n+l ¥p-1) * o (D3 - E2 D) (Pp41 Xp -
3 . 2
Pn+1 Xn-l) + ( ;rD + 2;1[; ) (Pn Xn - Pn Xn_l) + 2MD“E (qn g = dg xn_l)

+ E2 (Yn Xn+41 = ¥n Xn = ¥Yn-1 Xps1 * Xn ¥Yn-1) + DE (¥p+1 ¥n - yn2 = Yn-1 Yn+l

2m

m
- ¥n ¥n-1) # - DE?2 (Yn 9n+1 - 9n+1 Yn-1) *: o (D%E - E3) (Pn+1 Yn -

( mE
o 2

mE mD 2m

e W (ap Xn+1 - dn Xn) * T (dn Yp+1 - 9n Yn? * —-M?— DE (qp41 9n

Pn+l ¥n-1) +

2MD2E ™ 2
+ (P - P _1) + DE“ ( - Yno1)
) (Pp yq n Yn-1 ¥r 9n ¥n = 9n Yn-1

+

2 2 2
m 2Mm
T B R ¢ e e B p e G TR0
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ME MD 2Mm
™y (qp-1 Xp+1 - 9n-1 *n) * Mr (qp-1 Yn+1 - 9n-1 Yn) * Mo DE
Mm Mm 2M2p2 )
Inel dn-1 * pm (O - B Poey dnoy # wr? | wpZ ) Pndn-1*
M2
—51‘1- DE qp qn-1 ﬂ' (3-29)

Putting the expressions for T and V from equations (3-26) and (3-28) into

Lagrange's equations, we obtain the followiﬁg equationsof motion:

Mp X + Kpop o (2 D% x - D2
To

Xpoo = Xke2 = 2 Xk) # k 000 B2 (2 Xp = Xy) = Xye1) * ko &' E2 (2% -

2
Xk-1 - D2 xk,l) +* Kr'ri' D€ (2 Xpeal xXp] -

Xieal = Xo1) * K pgr B2 (2 Xpu) # 2 Xy = 2 Xy = X3 = Xpyp) * k08 E2
(gl *+ Xl = X2 = Xig2 = 2 Xk * Xp] * Xpol) F ko0 g E? (xpy) + Xgel
= Xp42 = Xpo2 = 2 X + Xga]l + Xi_1) + kpg DE (4 X = 2 X7 - 2 xk41>
# kp pe DE (4 X = 2 Xpq) = 2 X1) *+ kpopr DE (2 ¥k = Vg1 = Vk-1) *
kK 9po DE (-2 yk + Vel + ¥k-1) *+ k 47 g v DE (2:¥g = Yi41 = Vk-1) = Kk 48°
DE (2 yg_1 - Yk-2 - Yk) - k 981 DE (2 yk-l. ™ Vk-2 = Yk} + k gr g+ DE
(2 Y1 - Y2 - YK) - kr@ D? (2 yic = Y1 = Yisl) * kpp B2 (2 yg - yg) -
Visl) * kp go (2 Yk = Vi1 = Yia1) - ke ¢ D% (2 ¥kl = Y2 = YD * ke g9y
B2 (2 yiea1 - Yis2 - i) * Kp g' D? (2 Vie1 = Vi - Yke2) * kr g1 E?

Dm DM

(2 Yk-1 - Yk = Yk-2) * kprp + ( - DB gre1 P kel - e )
Yk-1 = Yk = Vk-2 r'r, T K Mr k+1 W k-l Br k

Dm DM
+ Krr* (D qg_3 - D qk) + Kr'rl' (W qk-1 + —DMW 9ke2 = 11‘— 9k-2 -

DM ‘DM Dm - DM 2
G ey JEN - Do o s + 2k DE -
MT qk-1 M dk+1 Mr Ak+2 Mr Ak+1 ) 480 ( qk+1 qk)

+2k0'5o' DE2 (mW qk_mW ‘lk+1""§"r"qk-1"%;‘qk)"2k99i

M 2
(qy - qk-!-l)f - 2 kypBq DEC (qy_q - qy) + 2 k&' A’

DE? {(qk - qp_1) +

— DE? ( -q) + 2k M—DE2( )+ 2k —
¥y iz o' b1’ M k-2 = k-1 o' A’ T
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M
DE? (dkel - e2) + 2 K gv @' Tw DE2 (q - Gke1) * krp {E (ak -

2 R m _ M m
d41) - 2 D E (qk - Qgs1) + % F (q) - dk+1) + Tr (qg-1 qk)}

2
2 p2 g (q = Qq41) + —%—’1— (q_1 - qx)
; 2m
Q.1 - QQ)j * kr gy { E (qk = dge1) * Mp

2 nE ME
D2 E (qk'fl - qk+2) + _%.%E_ (qk - qkﬂ) + Mrr (qk_l o qk) + Mr

o kré' {E (qg-1 - qx) +
ME

mE
* o (I - kD) 4

2m+M M
(qk-z - qk-l)} + 2k &00 (-,%-:r— E_2 Pk - T D2 Pk - W E2 Pk+1 +

2m+M m
5 D2 Pys1 - M _ e Py + E Py) + ksl Oo' i - (D2 E - E3)
Em D2 _ B, _ _2%
(P = Prad) * (—+ 55 Pl =Wy Pk % Pk) + kg

i.('%r— ES - _z%r':."’_ D2 E) (Py_q - Px) - -I-:;i- (P2 = Pr-1) *(m *

2MD2E
v ) (Pk - Pk-rl)} + kgg1 f ("g;- B> - —2%24— D?E) (Pyy1 = Pies2)

mE 2MD2E mE 2MD2E
Pyly = P ( (0 = Poai)
i i e R S UMD i e k+1}

+ ke g i (-a-r—- B2 0 - 2 3) (B - Pyyy) - T D (B - B §
5
+ ke gt {-%T—-(DS-DEZ) (pk-pk+1)+(:;rn + aM‘: ) (pk_l-Pk)}
M 2 _ 2 3 5, _ _MD_ by
+ k!.' 91 ;(W B D T D ) (Pk-l Pk) M‘r (Pk-2 Pk_]_)j
2
+ kp 9’9 _%r_ (03 - E2 D) (Pra1 = Prse2) + ( ;‘;I'D + ﬁ ) (P = Pirq1) =0

(3-30a)

Mr .yk + Krﬂro' DE (xk - i Xps2 = * xk_z) + k 860 DE (=2 Xk + Xg_1 * xk.,,l)
+ k&v Qo' DE (2 xx = X1 ~ xk...l) - k #61 DE (2 Xpq4] = Xps2 = X)) +
kK g? 9" DE (2 Xpu) = Xka2 = X) - kpe D? (2 Xk - Xyeyp - Xeo1) *+ Kpg E?

(2 X = Xp_1 = Xpa1) * Kp @' (2 Xy = Xpeal = Xo1) = ke @1 D? (2 Xkal -
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Xk+2 = xk) + kr@q E2 (2 Xgo1 - X2 - Xk) *+ kp gy, D? (2 Xy - X -
X-2) + kp ;' B2 (2 Xya1 - Xi - Xia2) + Krero! E? (2 Yk - Va1 - Vie1)
* Kpept E2 (V-1 + Yk#l - Yke2 = Vi#2 *+ 2 Yk + kel * Vie1)

+ k900 D? (2 ¥k - Yial = Yk-1) * k g1 &+ D? (2 ¥k - Ypul - Vi1

k96' D2 (2 Y4l # 2 Ykel = 2 Yk - Vke2 = View2)

+

k 987 D? (2 Y41 * 2 Yko1 - Yia2 = Yke2 - 2 Vi)

+

kKgr o D? (2 Yial * 2 Ykl = Yi#2 = Yk-2 = 2 Vi)

krg DE (4 Vi - 2 Ykal = 2 Yk-1)

+

kr @ * DE (4 Yk = 2 Y4l = 2 Vi1)

k. g, DE (2 Va1 * 2 Y] - Yk-2 = Yk+2 = 2 Yk)

+

kr 9" DE (2 Yio1 * 2 V-1 - 2 ¥k - Vk-2 = Vis2)

Em
* Kr'ry' Ty kel + qk-1)

Em EM
* Kppt E (qk-1 - QK) *+ Kerpy! ‘T{f" (Q_1 - ) + Mr (qp_2 = qe-1) +

Em 9
o (Qrs1 - qga2) * %‘ (q - qk+1)j

2m 2m Py

"'k990D2E(2QR-2‘11«1)"1‘9'50'DzE(MT % W kel * W
M

qku-quwzkgg'i-DzE<qk-1-qk>-l§—D2E(qk+1-qk+2)-

2MD2E
Mr

M m M
D2 E| —-E—T—- (Qe-1 - q) + Mr Qo2 - Ax-1) + Fﬁ (Qr41 - qk+2) + Mr

(qx - ‘Ik+1)} +2k8g1 D? E (Qrol - G + Qa] - Qks2) + 2k gt A0

(qx - qk+1)}+ krg ll- D (qk - qQu+1) - 2 DE2 (Qk = Q41) - .%“,?. D (qk -

DE2 (q -

Qik+1) --yMTr- D (qk.1 - qk)J v kEp { D (qe-1 = ak) *+

D (qy_] - Qk)}

qQg+1) +

DE2 (Qe-1 - ) + Tmﬁ\_ D (qk - qxs+1) *

+ krB1 i- D (qk-1 - qx) - 2 DE? (qg-1 - Q) - *;';T D (qyy) = dk+2) -



69

—ST—- D (qy - qwﬂ}* ke 6’ i - D (qk * qg+1) ¢+ —2%?‘:3‘ (dge = 9k+2)

+ _éMr_ DE2? (qy - Q41) * % (qg-1 - ) + g‘l‘ D (qg_, - Qk-l)} * kKggo
(.EEE;M_ Py + (_2%“_) D3 P, + DE? MW Pral - (2:;'4) D3 Pyyy + 2D E Py
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Pgol = 2 -%,D—- Py)
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D3) (P - P) = 2 D2 E (P _; - Py) -

2
Pk - —Er— D3 Pk.‘.l + -?F DE Pk*l +
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M ) _ 2w 2 . B _ (_mD MD2
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(Pk = Prs1) - —?%—E—- (Py - Pk"l)f+ k 5 &' “-glﬁ- (D3 - DE?) (Py_q = Py) +

(_mD D3
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5 Cx - P
+ k"{('%r_ g3 _

m

(D3 = B2 D) (Pyyy = Ppap) + (1‘}’;— +

i D2 E) (Pk g Pk-l-]_) - -bﬂﬁ‘ E (Pk-l . Pk) J

‘ 2
+ kg 6 k { Wm (D2 E - ES) (Pk - Pk+1) + (I!g’% + ZM;I‘E ) (Pk-l - pk)j
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+ kr gq Q ( i E> - i D2 E) (Px_1 - Px) - Ty E (Py_, - pk_l)J
2g
2 kl‘ 01' l‘."{ir‘— (D2 E ~ EB) (Pk"'l - Pk...z) + ( 3: + % )
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o8 o Dm DM DM _
P Gk * Keep o (D My Yk T W %kl Y W Xk+l - T,T‘) + Kppe (D xgy)

Dm Dm DM DM " Dm
L R L (-BT— Xiel = Wy Xk * My %ke2 T Fp %kl Y M Xkl -

Dm DM
‘g;_”‘kd* W ¥k © W k-1 + 2 k gpo DEZ (= X + Xka1) + 2k gy g

DE2 ('mﬁ— X -

(= Xpqa1 + X)) + g’r (xy - xk_l)r -2kos DEz (Xpe1 = Xi)

m

M M 2 2
X1 * W DE2 Xk+l - M DE xk) + 2 ko&' DE {
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M
* 2Kk 0 o DE? i.;}‘? (xXp41 = YK) + e (Xp42 - Xka1) + %T- (xp_1 -

M
Xk-2) * Hpo (% "k-l)f *krp $E (xg - X)) - 2D2 E (xp = xpe_p) +

oI E (xk - xk_l) +

Mr
2 ME
(X = xp_1) + __Z‘_ﬁ_dl;__E_ (Xpe1 = XK) + 15‘;:_ (xp = Xp_1) + vr— (Xpe1 - xk)f
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mE
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2028 E ME ,
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Em Em
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EM ) Em ( ) » EM EM ¢ i
W (Yk+2 = Yke+l) + M Ykel = Yk-2 T’l‘— Yk - “""'M,r yk-l} 660

2m 2n M
D2E(2Yk-2Yk-1)J +k9.9°. DzE(-gT—yk—‘WykJ* Mr Ykel -

M n M
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ir (Fee2 = Ykel) + 5 (g1 - Yk-2) + My

{—;—?’I_— (Yre1 = YK) +
(yx - Yk-l)r + krg i-n (Y = Yk-1) - 2 DE2 (yk - Yk-1) - -—:;—T— D
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Uk = Y1) = g D ka1 - YK { * ke gt {D (Ykel = V&) * g DEZ

M
(Vg = Yk-1) + % DE2 (Yie1 - Yi) + :'r D (yx - yk-1) + M D
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M mD
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MD £ M2 M
W Tke2 - 7k+1>} *+ Kppg 9k * Kr'ro'I (—3?' + -M—TT) qk + —MET A+l *

Mm m m M
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Applying the symmetry rule, we can write:
XK = Xo AWt +4d)
7 = yo elrt + A1)
r
qk = qp elW'E +47)
Py = P, (Ut +43) (3-31)

where { = (-1)*.

Substituting equations (3-31) into equations (3-30) and eliminating
the common factor el{Wt +k & ), which is not identically zero, we obtain
four homogeneous, linear equations for the amplitudes, x5, yo, qo and Pg.
In order for this system of linear equations to have a non-trivial solu-
tion, the determinant of the coefficients of the amplitudes must vanish.

This secular determinant has the following form:

Cn C12 C13 C14

C12*  C22 C23 Cau|. .

Ciz* Caz* C23 C34 i

C1s¥  Ca*  Cis*  Cus (3-32)
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D. Frequencies of the framework Vibrations

If the molecule is in the crystalline state only a very small
number among its fundamentals can give rise to infrared absorption. The
fundamentals which can be strong in absorption are only those in which
the dipole change in each repeating unit has the same amplitude phase.
For a finite chain, the intensity of these vibrations in which repeating
units do not have the same amplitude phase can be shown to be very much
weakerj for an infinite chain they will have zero intensity. Thus, if
there are p characteristic groups in each repeating unit, then according

to the above criterion, only those modes for which

5 = _ﬁéﬁ'_ (3-33)

(where r = 0, . ., ., p=1) can be potentially active in absorption.

Whether even those will be active depends on the change of dipole moment
associated with them.

According to Deedss the expression for the changing dipole moment
parallel to the axis of the chain is given as

My, = Mo oai'(aJt -€m) cos [i(N-l) S+ 6'7T]sin 3 NI /sind S

(3=34)

For changes in the dipole moment perpendicular to the axis of the chain
at an angle 1? to the initial direction from which rotations are measured,

the result of the analysis is that
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M, = ino ei(ll)t - e & cos [é (N-1) (;-rV) +€T - rj

sin & N( J+ ?‘)/Sin 3 +¢) + cos [é (N-1) (;--v) +

+ €M+lpin 3 8 (J-P)/ain & (7 -P) (3-35)
where Mg = the maximum value of the changing dipole moment for a repeating

unit,

5- = the amplitude phase difference,

211’6= the phase change of traveling wave on reflection at end of
chain (0 S€¢€ 1),
and W = the angular displacement from one repeating unit to the next
about the central axis of the chain, If the molecule is
planar zigzag, ’\P =T.
The intensity of infrared absorption lines is proportional to
e'hQ /¥t (M)z, where 9 is the 'frequency of the vibration or rotation
involved, and M is the change produced in the electric dipole moment.

The molecules under our consideration have p = 2 in equation (3-32),
~ Therefore there should be two potentially active fundamentals.. They occur
when

;-= 0 and S - 7. (3-36)

Fortunately, many of the off-diagonal elements in the secular de=-

terminant (3-31) vanish when gequals 0. When $= 0, secular determinant

(3=31) can be factored into the following blocks:

Cis Css
Cin C22 . (3-37)
Cz4 Cas
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Therefore, when ‘S-= 0, the roots qu (5‘) of the secular determinant

(3-31) are given by:

UAh (0) = 0 (translation parallel to axis of chain) (3-38a)
U& (0) = 0 (translation perpendicular to axis of chain) (3=38b)
Wy (0) = [ 1+ C2) + | (C1 +C)¥ - 4 (C1C2 - C359) {»&

3 { 5’1 (3-38¢c)

3

wa 0y = [ SO * C2) - Yy (C1 + €2)2 - 4 (C1C2 - C32)
2, (3-38d)
where
C1L =Krry * Krtry' 4 2 Kppv # 2 Kpp) # 2 Rpopyo + 4 k 96 D2 B2 +
249 2 o2 . 3 o2
41(6'000DE BkoquE48k901DE+8k60910DE-

8krg DE+ 8krg' DE -8k g DE+ 8k g+ DE

2 2 2
RELITH S(E“ $2+(23;M)2D4+-ME!—-2E(W2)+4M:;:224}
2 4 2n2
m 21p2 M_ .2 _ _2mM o, M m 22
M 2 2m+M 2 M 2 M(2mn+M) M M 2
?(-—M;—E -TD)-(MTZ E ‘—i;rT—-Dz)-_m (WE
2 2
.—?t.nb;;.y_Dz)+-yM;-2-}+2kaoelvE;r2 (D2-E2)2+(;:12‘2 + :Ifrd; DZ)
2 2
2 _ g2 m 2Mm 2 m 2MD“ .2
02 - B & (o + 25 01 ¢ (i + A%

C_5=21(990(--DE3 -%l_—'#DBE 2;;}1 + DE :T)"'2k&vaov (03 E

2 o 2 ,
— - pE3 e B pE+ S dE s H_3E - M 8% -8k,
Mp2 Mp2 My2

Mr2 Mr Mr

2
D2E2+2k9&1(-%I.—DE+;—T-MWDE3)+4I<9.91. 5—;—;—-DE(02-
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E?) 4 (D E + 2;';233)-» g‘;,,DE(Dz—Ez)sf(—-y—g—DE MTz
D3E)} +kr9$E2(§T §2 ;2)-02(2{;;“ m!(’rzgm) +
- - K - Ez-_____zgj;m 2. +:;2 B2

*::2 Dz'::z Ez*;ir“zt; Dz*;r_zm‘Ez*bé;lz*zgil;zL

When § = T, the off-diagonal elements in the secular determinant (3-31)
do not vanish. Therefore, we have used a graphical method to find numeri-
cal values for roots qu (7). These roots are tabulated for certain
specific molecules in Tables VII, VIII, XIII, and XIV.

If we solve the determinant (3-31) when.5.= T, we obtain the

following algebraic secular equation:

(WD*+a (WH3>+B (WH2+cp?+D=0.

where
1
he o T | R e e o) e pt o |
1
o Mr2 p2 ll C33 C44 M2 - 0342 Mr2 - Mr p (Czz *+ C44) (Cpp + C22)

+Cn 022/,2 - Mr m Cp3? - Mr p G242 - v €122 - ¥ m C142 j
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T
M2 g2

2
- p C11 C22 (C33 + C44) + Mp C232 C44 - Mr C24° C34 +pu C11 Co3?

C= $ - Mr C33 C44 (C11 + C22) + Mr C342 (C11 + C22)

- Mp C24 C23 C34 + Mp C242 C33 +m C24? Cpy +p €122 (C33 + Cas)
-/* C13 C12 C23 +m C12 C24 C13 - A C24 C12 C14 - Mr C14 C13 C34
+ My C142 C33 + pu C142 sz}

1
D = —>—> (Cp) C22 C33 C44 - C11 Cp2 C342 - C11 Cp32 C44 + 2 C11 C3

. ¥

Csz4 C24 - C11 C33 C242 - C33 C4y C12° + C12? C342 + C12 Cp3 C13 Cu4s

- C12 C23 C34 C14 + C12 C24 C34 C14 - C14 C12 C23 C34 + C14 C12 C24 C33
+ C22 C14 C13 C34 - C142 C22 C33 - C14 C23 C13 C24 + C14° c25? )

and

C11 = 4 Rerpgr D% - 8 Reopyr D2 4 6 kgpo B2 + 6 k gv g v E2 - 8 kpgrE
-84uE"8 k g1 9" B2 4 8 kg DE+ 8 kp o + DE - 8 kr ) - 8 kp gy* DE
C12 = 4 Rrorot DE - 4k ppo DE + & k o1 g + DE + 4 kgpr DE + 4 k §@q DE
-4kgrg'DE-bkrg D? 44 kg E2+bkrpr +bkrg, D? - b keg,

E? - 4 ke g+ D? - 4 kp gy B2

Cls=2Kr-r°-D(—‘l‘-—-MW)-21(1.,.-0-2&,-1.1.1)(;1_ - ;d’r )
-4k990032+4k3.9°.DE2(—§-r-- :T)+4k,,9.m:2 1+ E'r)
- 4 k pg, DE? - 8 k G:DEzc—';T- MMr)+2kra(E-2D2E+
%-%)+2kr9.s(-1+ ;T“‘ D2-—$—D2+ ;:r --MF)

m M

+2kr913(-1+202-.m_+ =)
M

E2 _ _2u+M
Mr

3 Em IMD2E 2u+M 2 -
E)-Mr- M +2k09'(TD E--———-MTE MT*—MT

D2 +

M
014=2kpoo(MT
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o—i’M-‘;:fE—)+4k991(-(-2-“§-Tﬂnzs-_LE5- ME)ozkp.ol.
(-:-;-T—-EZ'--:-;T—-DzEa- ;‘;E . Ang)'bZkrg(c-%r—-EzD- 2::;"‘ D3
+ Mu-r D) + 2 kg gt (%D’--;Tnzz- ;rD ] Z:fr’s)*zk,‘,l
(2;;” D’--%T—EZD- 2 + 2 kp gy (—;TEzD-—;-r—EZD-
%034 ;rD + 23:2)

C22=4Krvrov E? - 4 Kppe E2+4k'0°D2+4k&, 85" D? + 8 kgp* D2

2
-ekoolnz-ekp.el.n -8krg DE+ 8kppr DE + 8 kp g, DE

-BkrpltDE
Cox 8= 2 Kppt E # 2 Kerpys = (= 1 ¢ <224 _ BB 5 . 4k soo D2 E
23 rr r'rl’ My My T 600
2 m M 2 m i\
"‘41(9!0001) E(W—M’r)*‘tke&OD E(l#m—_u_r-)
-8k991D2E+8k0-91.D2E(-_M;;-r Mfrd)+2kr9 (- D - 2 DE2
- w0 M_ D)+ 2k pe (-D 4 ;r“‘ DEz-_;i"r.DE?»f = D--%r-—D)
2, m M -p.--2 pE2._
+2kr91(D+2DE+”rD-MTD)+2kr91'( D Vir DE
n MD
— D + )
Mr
ME2 (2m+M)D2 M m 2
024=2k9°°D(-Mr * My -M'r)+2k9'ao'n(_M;r_D-
-‘E‘M?-Ez-_%_nz)-»zknvnc._“ﬁ-ﬁ- i D2+2DE-;:T +
Mm m 2MD 2MDE M .2, _2mM 2
g . . 4 k D (—— E2 + D* -
—!-&r—TDE = Vir i ) + pp1 D ( My
2
2 DE + )+4k9.91-D(Tmﬁ,—E2-;rD2 ;r+ 2‘;’;)42\:1.913
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2m+M 2 M 2 M m 2
+ 2k E ( D* - E€ - + 2k E (~— E€ -
r6; F (S5 W W t2krer By
2
m 2 m 21D
— D% + + )
Mr Mr Mr
2 2
_ m M 2Mm M m
033 -Krro +Kr0ro' ( l@rz + mz - D&rr—-f 2 Krrl (M'r -—m ) u
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2Mm 2
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2 2
. M 4 2m+M (2 4 , M M2 2( 2m+M2)
c“-k”o‘l—-—,-n y (a2 p k- Ez-_1_(m

m 22 m? 2
9 00' ( m + »r = MT:- D

M 4 . ml 4Mm
--TH.‘TD *T’P—Ez-tw-nzﬁz)

- 2kggr }(.3.4._.32- 2 p2)y (Ln2--mﬁ-E2)+—”£-r(n2-E2)

Mr Mp Mr
m 22 M 2 2meM .2 M m 2MD2
* o) G R D)-Mr(MT+Mr))'-2k961
M_ 2 _2ueM 2 M2 2 meM? 2 00 MM 2
é(-m—z e abRREC -l DR e

ameM . M2 m2
-—M—r—-D)"‘MTz -2k9091'{MT2

2
(2 - EH2 . (B .
Mr<

Mn 2 2 2 me M .2 2 2 m Mp2 |2
D*) (D* - E*) - ( + D) (D€ - E“) + ( + I= o
2 Mr2 vir 2 My Mr

(3-39)

D. Numerical Calculations

In this section we shall calculate the actual frequencies of the
framework vibrations involving coordinates x, y, p, and q.for polyvinyl
chloride and polyacrylonitrile. We shall use the constants and the force

constants listed inTables V, VI, XI and XII. The vibrational frequencies,

Y, in cm.'l,are obtained from the roots of the algebraic secular equations

(3-38) and (3-39) by the use of the relation ) = —57“%- .
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For polyvinyl chloride we have found the following frequencies of
the framework vibrations involving the coordinates, x, y, p and q.
When § = 0 \
‘/1 (0) = 1188 cm.”}
A (0) = 475 cn."}
When 5-= 77, the equation (3-39) becomes:.
(w)“ - 4.615 x 1028 x (wP)> - 6.251 x 10%6 (W22 - 1.748 x 1084 w2
+ 0.0426 x 10112 = o | (3-40)
By putting the left-hand side of the equation (3-40) equal to K, we can
plot a graph K versus wz. We have obtained the graph shown in Figure 7
for polyvinyl chloride. We notice that two roots of the algrebraic
equation (3-40") in the 1-2000 cm.~1 range are:
Wi%r)=17.5 x 1028
W4 %r)=0.035 x 1028
Accordingly, when g =T
Vs (1) = 1269 cn.

7‘ (M = 93 em.”

For polyacrylonitrile, we have found the following frequencies of

-1

the framework vibrations involving the coordinates x, y, p, and q.

Whené—=0

¥ 1 (0) = 1185 cm.”}

;)2. (0) = 648 em.”!

When 9 =T, the equation (3-39) becomes:

(Luz)“ - 4,601 x =" (w2)3 - 6.264 x 10°° <w2>2 -1.734 x 1o84

W + 0.0421 x 10112 = o (3-41)
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Figure 7. The Roots of the Algebraic Equation (3-40) in 1-2000
cm.” " Range.



92

By putting the left-hand side of the equation (3-41) equal to K, we can
plot a graph K versus wz. For polyacrylonitrile, we have obtained the

graph similar to what we obtained for polyvinyl chloride. Thus, we have

obtained two roots of the algebraic equation (3-41) in the 1-2000 cm.g1

range as

2

w2 =5.7x 1028

W2 = 0.031 x 10%°,
Accordingly, when d= T,

;7’3 ('ir) =/2./¢'cm.-1

;7: (‘ﬂ') = 98 cm.-l.



CHAPTER 1V

VIBRATIONAL ANALYSIS OF POLYVINYL CHLORIDE

A. General Considerations

Vinyl chloridelo can be produced by the dehydrohalogenation of
ethylene chloride. Vinyl chloride polymerizes readily in the presence of
peroxides to a hard brittle resin in which the units are linked regularly
in a head-to-tail fashion. In order to achieve a complete assignment of
the infrared and Raman spectra of a molecule, some knowledge of its struc-
ture or possible structures is necessary. Otherwise, a complete determina-
tion of selection rules and normal modes is not possible. If the structure
is not known with certainty, it nevertheless serves as a useful starting
point for the analysis. The structure of polyvinyl chloride is presumed
to be based on a head-to-tail arrangement of the -CH,CH(Cl)- monomer units.
The chemical structure could therefore be written (-CHCHCl-)p. The X-ray
diffraction pattern of oriented specimens, however, shows!l that the funda-
mental repeat distance along the chain axis is about 5 &. This suggests11
that, although the carbon chain backbone is a planar zigzag, the chlorine
atoms are alternately on opposite sides of the plane of the carbon chain.
Thus, the crystallographic repeating unit consists of two monomer units.
This suggested structure of polyvinyl chloride is shown schematically in
Figure 8. The C, axes coincide with the two-fold axes of the CHy groups,

the mirror planes G5, coincide with the planes of the CHC1l groups, and

the glide plane Og is the plane of the carbon backbone. In analyzing
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Ca Ca

fe——————gnit - Cell

Figure 8. Structure of Poiyvinyl Chloride.

the infrared spectrum, it is also important to know what ptoportiqn of the
sample is crystalline. We already discus#ed in Chapter III the differences :
in the spectra of the crystalline and amorphous polymers.
Infrared spectra in the region of 500-1500 cm.=1l have been reportéd. |
for polyvinyl chloride by Thompson and Tarkington.12'13 Polarized infrared
studies on oriented polyvinyl chloride in the region of about 800 to 3000 |
cm.~1 have been obtained by Elliott, Ambrose, and Temple.la Infrared
spectra in the extended range of 70 to 3000 cm. -1 haﬁe been obtained by

= The one-dimensional space group for the polyvinyl

Krimm and Liang.1
chloride structure shown in Figure 6 has a factor group isamorphic to the
point group Cyy. Therefore we can obtain the symmetry species, characters,

and selection rules which are shown in Table III.
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TABLE III

CHARACTER TABLE, SYMMETRY SPECIES, AND SELECTION RULES FOR
POLYVINYL CHLORIDE

;s o T2 v G U T 1 R
A 1 1 1 ‘ 1 a a
A2 1 1 -1 -1 g a
B1 1 -1 1 -1 a a
B, 1 -1 . | 1 a a

a = active; £ = forbidden

—_—_———— e e

Fl

B. Frequencies of Framework Vibrations

In order to make numerical calculations, we need to know the equi-
librium configuration of polyvinyl chloride. The necessary constants are
listed in Table 1IV.

TABLE 1V

THE EQUILIBRIUM CONFIGURATION OF POLYVINYL CHLORIDE

C-C Bond C~H Bond C-Cl Bond

Distance Distance Distance Cc-C-C Cl-C-H
Reference k) ) ) Angle Angle
Syrkin and 1.54 1 ongt oz

16 & 071 1.69 109°28 110°30

Dyatkina ‘ (Assumed)
Mullerl? 1.54-1,.55 ' 114°
Btatuer:]:8 1.50 1.08
Dieke and 1.1
Kist iakowskyl? i
Pauling and 1.53-1.54 1.09 * 0.0 111°  111°30°
Brockway20 . 5 -

Assumed here 1.54 1.071 1,69 111°30’ 109°28°
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From the data in Table IV and the well-known masses of the hydrogen,
carbon and chlorine atoms, we can calculate the constants we need. The
results are given in Table V.
TABLE V

CONSTANTS USED IN THIS ANALYSIS

e ]

Symbol Description Value

ny mass of hydrogen atom 1.6732 x 10=2% gn,

me mass of carbon atom 19.9230 x 10-24 gm,

L mass of chlorine atom 59.103 x 10-24 gm,

m =ms + 2 my mass of CHy group 23,2694 x 10-24 gn.

M =m; + my + mo) mass of CHCl group 80.593 x 10=2% gn,

M& =m+ M total mass of one repeating 103.2694 x 10-24 gn.
unit

Mm -24
= -EE— reduced mass of one repeat- 18.123 x 10 gm.

ing unit

o (CH) - (CHC1) - (CH2) angle 101°

6’ (CHC1) - (CHp) - (CHC1) angle 101°

Ty (CH3) - (CHCl) bond distance o 1.65 &

Using known force constants from similar molecules, we shall make

a conplete assigmment of the infrared active fundamental band sets in the
polyvinyl chloride spectra. A set of force constants which works well

for some other moleculess'21 is listed in Table VI.



97

TABLE VI

A SET OF FORCE CONSTANTS

i

Nominal Force Constant In Units of 103 Dynes/Cm.
Kero % Ke'rg! ¥ 4,64
k goo Tk & & = 0.35
kg, kg, . 0.311
kaag Tka'ay' = 4.8
Kaa1 S Kqray " - 0.34
K880 ¥p'po" - H
pp1 X kprp1” = e
kyro Sk - 2
Kyl Tk vy = 0.167
Ke-cl = 3.64
Koo - 4.79
koao (for Cl-C-H angle) = 0.58

cnc e

The numerical calculations in section D of Chapter III lead us to
assign the infrared active fundamental band sets for the framework vibra-

tions as shown in Table VII.

C. The Frequency Assignment of Infrared Spectrum of Polyvinyl Chloride

We shall interpret the assignments made in section B of this chapter
and complete assignments for other band sets.
In the 100-200 cm,~} region, there occur three weak infrared band

sets. It is believed that these band sets are due mainly to framework
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TABLE VII

INFRARED FREQUENCY ASSIGNMENT FOR THE FRAMEWORK VIBRATIONS
OF THE POLYVINYL CHLORIDE

I

Observed Calculated -
Frequency Frequencg Coordinates
in cm.-1 Intensity in cm.- Assignment Involved
102 v 93 chain bending when X, ¥, Py q
=7
160 wb 197 torsional when § =7 S
182 \ ! :
430 w 410 (HCC1) rocking a
487 w 475 chain bending when Py, q
5=0
693 m 725 (CHy) .rocking. a'
833 w 819 (HCC1) twisting B
963 m 950 (CH) twisting B'
1096 m 1036 (HCC1) wagging /g
1125 vw 1188 chain stretching when P, q
5=0
1235 vw 1269 chain stretching when x, y, p, q
=T

a
vw = very weak,

bw = weak.,

vibrations. Using the force constant21 kggo = 0.311 x 10° dynes/em. (for
the cyclic chain molecules), we have calculated possible frequency of
torsional vibration. It turned out to be at 294 cm.~). Therefore we

have adjusted the value of kggo so that we may have the frequency of
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torsional vibration at 197 cm.'l. The adjusted value of kggo is 0.15 x
10° dynes/cm,

From the result we obtained in section D of Chapter III ﬁe have
assign‘ed to chain bending vibration (when §=77'S the band at 102 cm.-l.
These assignments are different from those g£v§n by Krimm and Liang.ls

A comparison of the spectra of ca;cu201,22 CH;CHCICH;z3 suggests
that the C-Cl stretching frequencies lie approximately in the region be-
tween §00 and 700 cm.=! while the G-Cl1 bending frequencies are found at
about 300 to 400 cm.~l. Prom this we have assigned to C-Cl bending
vibrations the bands at 315 and 363 cm.-l. We have assigned C-Cl stretch-
ing modes for the two bands at 615 and 635 em.-1,

Our numerical calculations have led us to assign to (CH) rocking -
mode the band at 693 cm.=! and to (CHy) twisting vibration the band at

963 cm.'l. These assignments agree with those given by the author in

21 We notice that assignments

the analysis of cyclic chain molecules.
are different from those given by Krimm and Liang.15 It was suggested by
Krimm and Liang that the band at 635 cm.~! arises from interactions in the
crystalline regions of the polymer or due to rotational isomers of the |
polymer chain which aré present in the amorphous region. But our calcula-
tion leads to the predic¢tion that the band at 635 cm.'1 is also assigned
to C-Cl bending vibration. This assignment is also eupportéd by Mizushima
and Shimanouchi.za

The bands at 430 and 480 cm.'1 were assigned by Krimm and Liang

to the degenerate chain bending modes Y-( M/2) and Y-(3 "72). But our

numerical calculations in Section D of Chapter IV which is based on a



100
new transformation (3-26) has led us to believe that we should assign
to chain bending mode when X = 0 the band at 487 cm.~!, We have assigned
to (HCC1l) rocking vibration the band at 430 em.-1,

From our calculations we expect a band set at 735 t':m.'1 which should
be assigned to the (CHy) wagging vibration. But this mode does not seem
to be assignable to any band in the spectrum. It is clear that the spec-
trum of a deuterated polymer would be most helpful on this point.

In the 800-1200 cm.~! region, where no strongly infrared aétive
fundamentals of characteristic groups are expected, infrared band sets
are believed to be due mainly to framework.vibrations. Our theory de-
veloped in section C of Chapter 1V has proved to be most valuable on
this point. The results of our numerical calculations in section D of
. Chapter IV and the results obtained from the expressions (3-25) show
clearly that the band at 833 cm.~l should be assigned to (HCC1) twist-

ing vibration when 5= 0, the band at 1096 em."1

should be assigned to
(HCC1) wagging vibrations when §:=0. Furthermore, they show that the
bands at 1125 and 1235 cm.'1 should be assigned to chain stretching vibra-
tions when 5: 0 and 0= T respectively. Krimm and Liangls could not

assign to any vibrational mode the band at 1235 em.~1,

Our calculations confirmed the assignment of the band at 1197 cm.'1
to a (CH) wagging vibration which was predicted by Krimm and Liang with
less certainty. The fact that the band set covering the frequency range
1140-1250 cm.'1 is weak in the infrared but strong in the Raman spectrum

lends support to the assignment of this band set.
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There is little doubt about the assignments of the strongly infrared

25 The

active band sets from the detailed analyses of small molecules.
strong band at 1427 em."! is undoubtedly caused by the (CH,) stretching
mode, although it is at a somewhat lower frequency than the corresponding

25 By analogy with the poly-

mode at about 1460 cm.-! in polyethylene.
ethylene case, we may assign the 1352 cm.~! band to the (CHy) wagging mode.
The two bands at 1330 and 1250 cm.-! are most probably assignable to the
two (CH) bending modes. It is well-est#blished that the band at 1250

cem. =1 corresponds to the (CH) bending mode.

For the assignments of C-Cl modes, it is probable that they are
mixed with the framework vibrations. We notice that the (CCl) wagging
mode is forbidden by the selection rules.

The four expected CH and CHzrsttetching vibrations are undoubtedly
to be assigned to the four high frequency bands at 2820, 2849, 2920, and

2967 cm.'l. By analogy with the corresponding modes at 2853 and 2925

26 1

em. -1 in polyethylene and normal paraffin,> we can assign the 2849 cm.”
band to the symmetric (H-C-H) stretching vibration and the 2920 cm.-! to
the unsymmetric (H-C-H) stretching mode.

A complete assignment of the infrared spectrum of the polyvinyl

chloride is listed in Table VIII.



TABLE VIII

102

FREQUENCY ASSIGNMENTS OF THE INFRARED SPECTRUM OF THE
POLYVINYL CHLORIDE

Observed Calculated Assigmment Given
Frequency Frequenc Assignment Given by Krimm
in cm.” Intensity in cm.” in this Analysis and ‘I..i.tmgr15
102 v 93 chain bending when ¢ M2)b
5 =T
igg : 197 torsional when ¢ = 7T (3 1/2)
315 v ¥, (cc1)
363 - 328 (C~Cl) bending }(CCI)
430 w 411 (HCC1) rocking Y- (3T /2)
615 s 458 (C-C1) stretching Y (cCl)
635 s 7 (ccl)
693 n 725 (CHp) rocking Yy (cc1)
833 w 819 (HCC1) twisting Vs (T/2)
963 m 950 (CH) twisting ))-0» (3 7/2)
1096 m 1036 (HCC1) wagging )?*- (0)
1125 v 1188 chain stretching when )>+ «m
7= 0
1197 w 1194 (CH) wagging ¥, (cn)
1235 vw 1269  chain stretching when
" d =TT
1250 s 1249 (CH) wagging 'J.(CH)
1330 m 1337 (CH) bending J (CH)
1352 v 1379 (CH,) wagging ¥ (CH2)
1427 8 1468 sym. H-C-H bending S (CH2)
2820 ww 2819 (CH) stretching y (CH)
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TABLE VIITI (CONTINUED)

Observed Calculated Assignment Given
Frequency FrequencY Assignment Given by Krimm

in em.-1 Intensity in om.” in this Analysis and Lian§15
2849 W 2865 sym. C-H stretching Vs (CHp)
2920 m 2925  unsym. C-H stretching V) (CHp)
2967 w 2972 (CH) stretching ;(CH)

8y = weak; vw = very weak; s = strong.

b 7= stretching; ;: bending; 3: = rocking; fw = wagging;
.(t = twisting; s = symmetric; a = antisymmetric.



CHAPTER V

VIBRATIONAL ANALYSIS OF POLYACRYLONITRILE

A. General Considerations

Acrylonitrile is made from either ethylene or acetylene as a start-~
ing point.lo Acrylonitrile long has been used as a co-monomer in the
synthesis of synthetic rubbers and plastics. When polymerized alone, it
forms a solid resin which is composed of linear polymers. The solution
of this resin can be spun into threads, which led to the introduction in
1948 of a new synthetic fiber known as Orlon. This fiber is especially
resistant to deterioration by weathering and sunlight and finds extensive
use for fabrics for outdoor use. Acrilan and Dynel are other trade names  ,
for this polymer.

The infrared spectrum of polyacrylonitrile in the rocksalt region
has been studied by Harms2? and Burlant.?® The infrared spectrum of poly=-
acrylonitrile in the 70-3000 em, -1 range was obtained by Krimm and Liang.29

The structure of polyacrylonitrile is presumed to be based on a
head-to-tail arrangement of -CH,CH(CN)- monomer units. The configuration
has been thought to be an atactic one, the irregular arrangement of the
CN groups being inferred from the quality of the X-ray diffraction

30 However, it is now believed that the structure is actually

pattern.
isotactic, but in a helical conformation. Since the CEN bond has been
investigated thoroughly, we may apply the theory developed in Chapter IV

to find the vibrational modes of polyacrylonitrile. That is, we treat
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the CaN group as an instantaneously rigid rotator in finding normal modes
of (NZC-CH) characteristic group.
The one dimensional space group of the structure of polyacrylonitrile
has a factor group isomorphic with the point group Cyy. Therefore we can
obtain the symmetry species, characters, and selec¢tion rules which are

shown in Table III,.

B. Frequencies of Framework Vibrations

In order to make numerical calculations, we need to know the equi-
librium configuration of the polyacrylonitrile molecule. The necessary
constants are listed in Table IX.

TABLE IX

THE EQUILIBRIUM CONFIGURATION OF POLYACRYLONITRILE2%:16

C-C Bond C-H Bond C=N Bond

Distance Distance Distance CCC - - C+N<C~H
(¢:9) (¢9) Q) Angle Angle
1.54 1.071 1.15 109°28* 110°

From the data in Table IX and the well-known masses of the hydro-
gen, carbon, and nitrogen atoms, we can calculate the constant§ we need.
The results are given in Table X.

From the results we obtained in section D of Chapter III, and the
numerical values obtainable from the expressions (3-25), we may assign

the fundamental band sets to the framework vibrations of polyacrylonitrile.
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TABLE X

CONSTANTS USED IN THE ANALYSIS OF POLYACRYLONITRILE

_——,——— .

Symbol 5;-cr1pt£on Value
my mass of hydrogen 1.6732 x 10-24 gm.
mg mass of carbon 19.9230 x 10-2%4 gm,
my mass of nitrogen 23,258 x 10-24 gm.
m=m; + 2 my mass of CHy group 23.2694 x 10-2% gm,
M=2m; + myg + my mass of (NCCH) group 64.577 x 10=24 gm,
Mp =m+ M total mass of one repeating 87.846 x 10-24 gm,
unit
Mm -24
u = reduced mass of one repeat- 17.15 x 10 gm.
M+4m
ing unit
&, C-C-C angle 101°
6’ C-C-H angle 110°
Yo (CH2)-(NCCH) bond distance 1.65 }

The assignments of the infrared active fundamental band sets are
shown in Table XII. The set of force constants used here is listed in

Table XI,

C. The Frequency Assignments of Infrared Spectrum of Polyacrylonitrile

We shall interpret the assigmments made in section B of this chaﬁter
and complete assigmments for other band sets. The result of our calcula-
tions in section D of Chapter IV leads us to assign the 86 em.™] band to

a chain bending vibration when § = . This assignment is different fram
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A SET OF FORCE CONSTANTS

Nominal Force Constant

—%\ Units of 100 Dynes/Cm.

krro ¥ kriro'

kK pgo Ik o po
kg, kg,
kc:.a.o Q'lku.'cv.o'
kaal N ka'al'

kgpo % ¥8'Bo"

kgp1 % kpp1’

kxvo XK ¢4

k vl Tk o

kC—C-N

kc-n

k 9"40 (£or NC-C-H group)

4,44
0.35
0.311
4.8
0.34
12
1.06
15
0.167
4,50
4.79

0.55
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TABLE XII

INFRARED FREQUENCY ASSIGNMENTS FOR THE FRAMEWORK VIBRATIONS

OF POLYACRYLONITRILE

Observed Calculated
Frequency Frequenc{ Coordinates
in cm.” Intensity in cm.” Assignment Involved
86 w 98 chain bending when X, ¥, Py q
g
675 w 648 chain bending when P, q
5=0
778 m 725 (CHy) rocking a'
862 W 803 (HCCN) twisting B
1044 (sh) 950 (CHp) twisting B'
1073 8 1024 (HCCN) wagging .4
1115 (sh) chain stretching when
1175 (sh) e 9= 0 P, 4
1227 mw 1214 chain stretching when x, y, p, q
o
1359 ms
1375 (sh) 1379 (CH2) wagging T
1447 vs 1468 sym, H-C-H bending internal co-
ordinates of
(CHy) group
2870 m 2865 sym, C-H stretching internal co-
ordinates of
(CHy) group
2940 vs 2925 unsym., C-H stretching internal co-

ordinates of
(CHp) group
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the one given by Krimm and Liang. It is believed that this band set 1is
due mainly to framework vibrations.

Most of the CH, modes can be readily assignable as in the previous
studies of other polymers. The © bands at 2940, 2870, and 1447 t:m."1
are undoubtedly to be assigned to unsymmetric C-H stretching, symmetric
C-H stretching and symmetric C-H bending, respectively.

The ¥ band at 1359 cm.”! is assigned to (CH,) wagging vibratiem.
The corresponding modesfor polyethylene,26 polyvinyl chloride and poly=-

31 and polyvinyl alcohols>? all are observed

vinylidene chloride,15 polystyrene
near the same frequency.
Assignments of CEN modes are given by Krimm and Liangzg and Herse
berg.25
A complete assignment of the observed bands is shown in Table XIII,
together with our calculated values,

1 region, where no strongly infrared active

In the 800-1250 cm.”
fundamentals are expected, except the 1073 band, infrared band sets are
believed to be due mainly to the framework vibrations. The results of
our calculations in section D of Chapter III show clearly that there
ought to be five frequencies there. However, the assignment of the 1073
band is doubtful. It is probable that this is one of‘the combination
bands, since many of the weak bands in the spectrum can be assigned as
overtones or combinations of the fundamentals. The assigmment of the
1375 cm.”! band is different from the one given by Krimm and Liang.

The results of our calculations in section D of Chapter III shows that the

1227 em.™ band should be assigned to the chain stretching vibration, al-
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though Krimm and Liang argued that it should be assigned to (CH,) twist-

ing mode.

with deuterated compounds.

TABLE XIII

On this point more experimental investigations are needed,

FREQUENCY ASSIGNMENTS OF INFRARED SPECTRUM OF THE POLYACRYLONITRILE

Observed Calculated Assignment Given
Frequency Frequenc Assignment Given by Krimm
in em.” Intensity in cm.” in this Analysis and Liangls

86 oW 98 chain bending when 8 (CH2)- %, (CH2)

5= T

127 vs (CN) wagging p/w (CN)

259 ms 267 (C-CN) wagging fw (C-CN)

430 w (CN) bending ;‘(CN)

532 i 489 (C-CN) bending 3 (C-CN)

675 w 648 chain bending when  5(CN)+ § (C-CN)

T=o
778 m 725 CH2 rocking ¥: (CHp)
Y (C-CN)

862 w 803 (HCCN) twisting 2 x 9 (CN)
1044 (sh) 950 (CH,) twisting Y+ (0)
1073 s 1024 (HCCN) wagging Y+ (T
1115 (sh) 1185 chain stretching (C-CN)+ ,(C-CN)
1175 (sh) when J = 0 + %(CN) = 11717
1227 mw 1214 chain stretching ﬁ (CH2)

when J= 7T

1247 g 1249 (CH) wagging v, (CH)
1310 w 13357 (CH) bending d (cn)
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TABLE XIII (CONTINUED)

——

smmnsu———e—

Observed Calculated Assignment Glven
Frequency Frequenc Assignment Given by Krimm
in cm.” Intensity in em.” in this Analysis and Liangl5
1359 ms ¥ (CHY)

1379 CHZ) waggin w 2
1375 (sh) (Ch2 Lo (CH3) group?
1447 va 1468 (CH2) bending 0 (CHy) bending
2237 vs (CN) stretching y(GN) stretching
2810 vw 2819 (CH) stretching
2870 m 2865 sym. HeC-H stretch-

ing

2940 vs 2925 unsym, H-C-H stretch-

ing




CHAPTER VI

SUMMARY AND CONCLUSIONS

For a complete utilization of molecular spectral data, it is

necessary to make a mathematical study of the vibrations, and often also

of the rotations, of the molecules, It is believed that the procedures

described in this dissertation provide a systematic method for analyzing

the vibrations of large molecules, Actually, rotations turn out to be

special forms of normal modes of vibration in this method of treatment.

The

€9

(ii)

(iii)

(iv)

theoretical analysis has been facilitated by:

Use of the Multiple Origin Method. This effects a great
simplification in the kinetic energy function and leaves the
vibrational secular determinant in symmetrical form.

Use of group theory. The theory of groups gives insight into
the use of symmetry to break up complicated problems into
easier ones, It also provides selection rules and indicates
the kinds of interactions which ocecur.

Extension of the method, originally developed by Lagrange,33
in which it is assumed that the normal modes in a chain-type
structure are standing waves formed by the superposition of
traveling waves progressing along the chain, The dependence
of normal frequencies upon the amplitude phase difference is
obtained.

Introduction of a new transformation,based on physical con-

siderations. This new transformation enables us to reduce the
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secular determinant of the framework vibrations into soluble
form for the type of molecule considered here.

The results obtained in this dissertation may be summarized as
follows:

(1) Although Shaffer’

has developed a general method for analyzing
unsymmetrical three-particle systems, there are difficulties in applying
his method to actual molecules. In section B of Chapter I1I, a new approach
of analyzing unsymmetrical three-particle systems was attempted and found
to be successful in obtaining the fﬁndamental frequencies for such a charac-
teristic group.

(2) The determination of the fundamental frequencies of the frame-
work vibrations is quite complicated for the molecules considered here.
In section C of Chapter 1V, the framework vibrations of a planar zigzag
chain molecule were analyzed in detail. It was found that the orientation
of displacement coordinates gn, 72 ne Z:n,which works well for chain mole-
cules containing two identical characteristic groups per unit cell, such
as normal paraffin and polyethylene, is inappropriate for chain molecules
containing two different characteristic groups, such as polyvinyl chloride
and polyacrylonitrile. A new orientation of displacement coordinates X..
72,,, Cn, En’v )Zn', Cn' was introduced and found to be useful in analyzing
the framework vibrations of planar zigzag chain molecules containing two
different characteristic groups. It appears that there is no practical
straightforward mathematical method to reduce the secular determinant of
the framework vibrations into a soluble analytic form. However, various

transformations based on physical considerations have been tried. The
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new transformation (3-26) was found to reduce the determinant into a
soluble form. Furthermore, the new coordinates obtained by the trans-
formation (3-26) have physical significance.

(3) In Chapters IV and V new assignments of the infrared active
fundamental band sets in polyvinyl chloride ﬁnd polyacrylonitrile have
been made on the basis of the rigorous theory developed in Chapter III.
Some of the frequency assigmments given by Krimm and Liangls'zg are
different from the corresponding assigmments given here. It appears that
Krimm and Liang made frequency assignments on the basis of calculated
values of polyet:hylene.z6 We should expect that the vibrational analyses
of polyvinyl chloride and polyacrylonitrile are different from the analysis
of polyethylene, since polyvinyl chloride and polyacrylonitrile have two
different characteristic groups in each repeating unit while polyethylene
has two identical characteristic groups in each repeating unit. The re-
sults of this dissertation make our assignments seem more plausible. This
emphasizes the importance of detailed mathematical analyses of specific
molecules,

(4) From the analyses of normal paraffin5 and cyclic chain mole-
cules,z’1 the infrared band sets in the 1-200 cm.'l region are believed to
be due to torsional framework vibrations., Using the force constant kggo =
0.31 x 10° dynes/cm. to calculate a predicted frequency of the torsional
framework vibration, we have found it to be at 296 em."! for polyacrylo-
nitrile and 287 cem.”! for polyvinyl chloride. Since there are no band
sets at those frequencies for those molecules, we have ad justed the force

constant kgg  to be kggo = 0,151 x 10° dynes/cm, so that we may assign
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1 to the torsional framework vibrat ion when 5-= 0.

the band at 197 cm.”
This new force constant kggo = 0,151 x 10° dynes/cm. and the assignments
of the normal frequencies involved in the motion of §, ‘7. E’. ‘)2'
would give useful information to guide experimental study of chain molecules,
particularly in determining the field of force, the equilibrium configura-
tion, symmetry and specific heats of the molecules. This torsional mode
is unobservable in such molecules as the normal paraffins, so that the
torsional force constant could not be determined for them, although it
should be very similar to that obtained here.

A great deal of theoretical and experimental work remains to be 'done.
The theoretical part will consist of carrying out a study including more
interactions between framework and internal motions and between various
neighbors, and study of the modes of helical chains, since it seems that
this is a likely type of conformation. The experimental part will con-
sist of making spectra of deuterated molecules in order to help establish
the correct assigmment of the various band sets.

This dissertation is a necessary first step in understanding some
of the properties of some very importan£ synthetic fibers. It is hoped

that future extensions of this work will make it possible to understand

the behavior of all sorts of extended molecules and fibers.
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