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ABSTRACT 

Recently, R. J. Daverman and J. J .  Wals h modified an example due 

to J .  Taylor to obtain an example of a cell-like map from a compactum 

with non-trivial shape onto the Hilbert cube Q such that the non­

degeneracy set is contained in the countable union of finite dimensional 

closed subsets of Q . Previously, G. Kozlows ki  proved that a cell­

like map f:X' +X from a compact ANR X' onto a metric space X 

is a hereditary s hape equivalence if there exists a sequence {Bn}�=l 

of finite dimensional closed subsets of X such that the non-degeneracy 

set is contained in 
00 
U B and 

n=l n 
- 1  00 

{f (Bn)}n=l forms a pairwise  dis -

joint null-sequence .  Here we  raise two questions,  which  we show are 

equivalent. First: Is a cell-like map f:X' +X a hereditary shape 

equivalence if the non-degeneracy set is contained in the countable 

un ion of pairwis e disjoint finite dimensional closed s ubsets of X ? 

Second: Is a cell-like map f:X' +X a hereditary s hape equivalence 

if there exists a s equence  

s ubsets of  X such  that 

00 
{B } of finite dimensional closed n n=l 

U (Bn n B ) has a strong transfinite dimen-
nrm m 

00 
sion and the non-degeneracy set is contain ed in U B ? 

n=l n Even though 

we are not able to answer these questions,  we give affirmative answers 

to the questions for special cases, and, furth ermore, we are able to 

extend the aforementioned result of Kozlowski's . Also, we attempt to 

extend certain analyses of cell-like maps , which  are proper by defi-

nition, to (non-proper) UV
00

-maps . 
00 

We prove that for a UV  -map 

f:X' +X from a n  ANR X' to a metric space X the following are 

equivalent: 



i v  

(1) X i s  a n  ANR ; (2) f i s  a heredi ta ry homotopy equ i va l ence ; 

(3) f i s  a heredi ta ry shape equ i va l ence ; (4) f i s  a fi ne homotopy 

equi val ence. Si nce UV00-maps are genera l ly not onto , the noti on of a 

11 heredi tary shape equi val ence 11 i s  a vari ati on of that for cel l-l i ke 

maps, though i t  agrees wi th, say, Kozl ows ki's for cel l -l i ke maps. 
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CHAPTER I 

I NTRODUCTION 

1 

I t  i s  known that a cel l -l i ke map f : x • + X  from a n  ANR x •  onto 

a metr i c s pace X i s  a heredi tary shape equi val ence i f  and on ly i f  f 

i s  a fi ne homotopy equi val ence and , furthermore , i f  and  onl y i f  X 

i s  an ANR ; see [An] a nd [ K2 ]  . Furthermore , i f  the d i mens i on of x •  

i s  f i n i te ,  then X i s  an ANR i f  and on l y  i f  X i s  fi n i te d i mensi onal  

and , furthermore , if  and on ly i f  the d i mens i on of X i s  l e ss  than or 

equal to the d i mens i on of X ' ;  see [AP] , [ Kl ] , and [ La ]  . 

It  i s  qui te natura l to expect cel l -l i ke maps to be homotopy equi ­

va l ences . Even the expectat ion that cell - l i ke maps a re fi ne homotopy 

equi val ences i s  reasonabl e .  For the most part , cel l - l i ke maps behave 

i n  the expected fash i on by be i ng f i ne homotopy equi va l ences i n  the 

setti ng of ANR's and by bei n g hered i tary shape equi val ences i n  the 

sett i ng of genera l metr i c  spaces ; see [An] , [ K2 ] ,  [MR] , and [ Sh ] . 

J. Tayl or [Ta] gave a n  exampl e of a cell - l i ke map F from a n  

i nfi n i te d i mens ional  compactum T wi th non-tri v i a l s hape onto the 

H i l bert cube Q , wh i ch i s  not a hered i ta ry shape equi val ence . For 

further examp l es of cel l - l i ke maps that a re not hered i ta ry shape equi v ­

al ences see [DW] , [ KMW] , and [Mi ] . 

Now a pr i nc i pa l  unanswered probl em about cel l - l i ke maps , wh i ch i s  

known a s  the 11d i mens i on ra i s i ng cel l - l i ke map ques t i o n 11 , ta kes the 

fol l owi n g  form . Is there a cel l - l i ke map f: X' + X  from a fi n i te 

d i mens i ona l  ANR  X '  to a metri c  s pace X such  that any one of  the 

fo l l ow i ng fi ve equi val ent cond i t i ons ho l ds? 
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( 1 )  f i s  not a hered i ta ry shape equi va l ence; ( 2 ) f i s  not a f i ne 

homotopy equ i va l ence; (3)  X i s  not an ANR ; ( 4 )  X i s  i nf i n i te d i men­

s i ona l;  ( 5 )  the  d i mens i on of  X i s  b i gger than  the  d i mens i on of X '  . 

R.J. Daverman and J.J. Wa l sh  [OW] mod i fi ed the examp le  due to 

J .  Tayl o r  [Ta ]  to obta i n  an exampl e of a cell - l ike map F from a com­

pactum T wi th non-trivi a l  shape onto the H i l bert cube Q sati sfyi ng 

that the non-degeneracy set, that i s ,  the set { y  E Q [ F- 1 (y ) r po i nt} , 

i s  conta i ned i n  the countabl e un ion  of fi n i te d imen s i onal c l osed sub-

sets of Q . On the other hand G .  Koz l owsk i [ K2 ]  proved that a cel l -

l ike map f : X '  � X  from a compact ANR X '  onto a metri c space X 
00 i s  a hered i tary shape equ i va l ence i f  there exi sts a sequence { Bn } n=l 

of pai rwi se d i sjo i nt fi n i te d i mens i onal cl osed su bsets of X such 
00 

that the non-degeneracy set i s  contai ned i n  U B and  
n=l n 

forms a nu ll -sequence , that i s ,  d i ameter of f- 1 ( Bn ) � 0 as n � oo • 

Here a ri ses a pert i nent questi on. 

QUEST I ON A .  I s  a cel l - l ike map a hered i tary shape equ i va l ence i f  

the non -degeneracy set i s  conta i ned i n  the countabl e u n i on o f  pa i r -wi se 

d i sjo i nt fi n i te d i mens i onal cl osed s ubsets? 

We may even expect a better res u l t .  

QUESTION B. I s  a cell - l ike map f : X '  � X  a hered i tary shape 
• 00 equ i val ence i f  there ex 1sts a sequence { Bn }n=l of fi n i te d i mensi onal 

c l osed subsets of X such that the non-degeneracy set i s  contai ned i n  
00 
U B and 

n=l n 
00 
U ( B  n B ) 

nrm n m has a strong transfi n i te d i mens i on? 

We fi nd an aff i rmati ve an swer to Quest i on A combi ned wi th a 

theorem of F . D .  Ancel's [An ]  g i ves an affi rmat i ve answer to Quest i on B .  
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Unfortunate ly  we are unab l e  to answer these questi ons . I n  Chapter 

I I  we g i ve some affi rmati ve answers for spec i a l  cases of the questi ons , 

and we extend the aforementi oned theorem of G. Koz l owsk i • s  [ K2 ]  . Two 

resu l ts are the fol l owi ng . 

THEOREM . I f  f : x • +X i s  a cel l - l ike map between compact 

metr i zab l e spaces such that there exi st a sequence { Bn }�=1 of 

c l osed s ubsets of X and an i nteger k sati sfy i ng, for each 

n = 1 , 2 ,  .. . , 

(1 ) f l f-1 ( Bn ): f-1 ( Bn ) + Bn i s  a hereditary s hape equ i val ence , 

( 2 )  the non-degeneracy set i s  contai ned i n  

and 

00 
U B. , 

; =1 1 

(3) for each nei ghborhood U of Bn , there ex i sts  a ne i g hbor-
oo 

hood V of Bn sati sfyi ng V c U and  d i m[aV n ( U B. ) ] < k , 
i =1 1 -

then f i s  a hered i tary shape equi val ence . 

THEOREM. If  f : x • +X i s  a cel l - l ike map from an ANR X '  onto 
00 

a metri c s pace X such t hat there ex i sts a sequence { Bn } n=1 of 

c l osed subsets of X sati sfy i ng , for each n = 1 , 2 , ... , 

(1 ) f l f-1 ( B  ) :  f-1 ( B  ) + Bn i s  a heredi tary shape equ i va l ence , n n 
( 2 )  the non -degeneracy set i s  conta i ned i n  

and 

00 
U B. , 

i =1 1 

(3) for each nei ghborhood U of Bn , there exi sts a nei ghbor­

hood V of Bn sati sfy i ng  V c U and av i ntersects a t  most fi n i te ly  
00 many of { B i } i =1 , 

then f i s  a hered i tary shape equ i va l ence. 

In Chapter I I I , we extend analyses of cel l - l ike maps , wh i ch a re 

p roper maps by defi n i t i on ,  to ( non -prope r )  UV00-maps . 00 Even though UV -
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maps are requ i red to be nei ther surject i ve nor proper as  we see i n  the 

exampl e  of the i ncl u s i on of the open i nterva l ( 0 ,  1 )  i nto [0 , 1 ]  , 

whi ch i s  a heredi tary shape equ i va l ence and a fi ne homotopy equ i va l ence , 

we expect UV00-maps to behave i n  the same way as cel l - l ike ma ps . 

G. Koz l owsk i [ K2 ] defi ned the not i on of a hered i tary shape equ i -

val ence for proper maps between metri c spaces; name ly , f i s  a hered ­

i tary s hape equ i va l ence prov i ded f l f-1 ( A )  +A i s  a s hape equ i va l ence 

for each c l osed subset A of X . Necessari l y ,  such  maps are surj ect i ve .  

I t  fol l ows from Koz l owsk i ' s  work [ K2 ] that a map f : X '  + X  i s  a 

heredi tary shape equ i val ence i f  and on ly  i f  f [ f-1 ( U ) : f-1 ( U )  + U i s  

a shape equ i val ence for any open subset U of X . The l atter equ i ­

val ent cond i t i on turns out to be an adequate defi n i t i on of a heredi tary 

shape equ i va l ence for non-proper maps and fi ts wel l wi th the not i on of 

a UV00
-map . ( We sha l l g i ve a forma l defi n i t i on l ater . ) 

I n  F . D .  Ancel ' s  work [An] , we fi nd that for a p roper map f : X '  +X  

from a n  ANR X '  onto a metri c space X and a c l osed s ubset A of X 

f l f-1 ( A ) : f-1 ( A )  +A i s  a heredi tary shape equ i val ence i f  and  on ly  i f  

fA : X '  +X ' U A i s  a fi ne homotopy equi va l ence , where X '  U A i s  the 
f f 

adjuncti on s pace defi ned as fol l ows. As a set X '  U A =  ( X '  - f-1 ( A ) ) U A 
f 

and the topol ogy on X '  U A i s  generated by the open sets i n  X '  - f-1 ( A ) , 
f 

together w ith  sets of the form f-1 ( U  - A )  U ( U  n A )  for open subsets 

U of X , and  fA ( x )  = x for x E X ' - f-1 ( A )  and fA ( x )  = f ( x )  for 

-1 ) x E f ( A  • Hence we adapt the  l ast  equi val ent cond i t i on to def i ne the 

not i on that a map f : X '  + X between metri c  s paces i s  a fi ne homotopy 

equ i va l ence over a c l osed subset A of X . 
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We general i ze a theorem of G. Kozl owsk i ' s  [ K2 ]  stat i ng that a 

cel l - l ike map f : X ' +X  from a compact ANR X '  onto a metri c s pace 

X i s  a hered i tary shape equ i va l ence i f  there ex i st s  a sequence { Bn}�=l 
of pai rwi se d i sjoi nt cl osed subsets of X sat i sfy i ng : the non-degeneracy 

set i s  conta i ned i n  U B , fif-1 ( B  ) :  f-1 ( B  ) + B i s  a hered i tary 
n=l n n n n 

shape equ i va l ence for each Bn , and { f-1 ( Bn )}�=l forms a nul l -
00 sequence , to a theorem on a UV -ma p as  fol l ows. 

THEOREM . • 00 I f  f : X '  +X 1 s  a UV -map from an ANR X '  to a metr i c 
00 space X such that  there exi st s  a sequence 

of X sat i sfyi ng , for each n = 1 ,2 , .. . , 

{ Bn}n=l of c l osed subsets 

{1 ) f is a fi ne homotopy equ i va l ence over Bn , 

( 2 ) for each nei ghborhood U of B , there exi sts a nei ghbor­n 00 
hood V of Bn wi th V c u and av n ( U B. ) = ¢  , 

i = l 1 
and 

00 (3) the non-degeneracy set i s  conta i ned i n  

then f i s  a hered i ta ry shape equi va l ence. 

U B .  
i=l 1 

G. Kozl owsk i [ K2 ] proved that  a cel l - l ike map f : X '  +X  from an 

ANR X '  to a metr i c  space X i s  a heredi tary shape equ i va l ence i f  

and only i f  X i s  a n  ANR We extend th i s  resul t as fol l ows. 
00 THEOREM . A UV -map f : X '  +X from an ANR X '  to  a metr i c  

space X i s  a hered i tary shape equ i va l ence i f  and on ly  i f  X i s  an 

ANR . 

We fi nd that the next theorem provi des important equi va l ences 

among the c l ass i cal noti ons. 
00 THEOREM. For  a UV -map f : X '  +X from an ANR X ' to a metri c 

s pace X the fol l owi ng are equ i va l ent : 



( 1 )  X i s  a n  ANR ; 

( 2 )  f i s  a hered i tary homotopy equ i va l ence; 

(3) f i s  a hered i ta ry shape equ i va l ence ; 

( 4 )  f i s  a f i ne homotopy equ i va l ence . 

F i rst noti ce that ( 2 ) eas i l y  i mpl i es (3) . For a cel l - l i ke map f 
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F . D .  Ancel  [An ]  proved equ i va l ences of ( 1 ) ,  (3), and ( 4 )  and G .  Koz l ows ki 

[ K2] proved equ i va l ences of ( 1 )  and (3). W . E. Haver [ Ha ]  proved equ i ­

va l ences of ( 1 )  and (4 ) for a cel l - l i ke map betwen separab l e metr i c  

s paces . For ( non-proper )  UV00-maps Kozl owsk i [ K2]  proved ( 4 )  i mp l i es 

( 1 )  and ( 1 )  i mpl i es ( 2 ) .  We establ i s h the rema i n i ng i mp l i cati ons . 

Fi na l l y ,  we genera l i ze a theorem of G .  Koz l owsk i 1 S  [ K2 ]  that 

states a cel l - l i ke map f : x • +X i s  a hered i tary shape equ i va l ence 
00 i f  X =  U X .  for a c l osed subset X 1. •s of X sat i sfy i ng 

i = 1 1 

f l f- 1 ( X . ) :  f- 1 ( x . )  +X .  i s  a hered i tary shape equ i va l ence for each 
1 1 1 

X .  to a theorem for a ( non- proper )  UV00-map w ith  the same hypotheses . 1 

DEF I N I T I ONS AND NOTAT ION 

CONVENTI ON. Al l spaces are metri zabl e and a l l metr i c s  a re denoted 

by d . 

A map i s  a cont i nuou s funct i on .  

A map f : X  + Y i s  a UV00-map prov i ded , for each x E X and each 

ne i ghbo rhood U of x , there ex i sts a nei ghborhood V of x such 

that V c U and the i nc l us i on f- 1 ( V ) + f-1 ( u )  i s  nu l l -homotop i c .  

A map f : X  + Y i s  proper prov i ded f- 1 (c ) i s  compact for any 

compact subset C of Y . I t  i s  we l l - known that f i s  proper i f  

and on ly  i f  f i s  c l osed and each  poi nt- i nverse i s  compact . 



A cel l -l ike map i s  a proper map wi th each po i nt- i nverse havi ng  

tri v i a l s hape. 
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A map f : X  + Y i s  a heredi tary homotopy equi va l ence prov i ded , 

for each open s ubset U of Y , fif-1 ( U ) : f-1 ( U} + U i s  a homotopy 

equ i va l ence. 

An ANR i s  understood to be a metri c  s pace that i s  an absol ute 

nei ghbo rhood retract for the c l ass  of metri c spaces . 

A map f : X  + Y i s  a s hape egui val ence prov i ded for each ANR 

P f# : [ Y : P] + [ X : P] i s  a b i ject i on of sets , where each of [Y : P] 

and [ X : P] denotes the set of homotopy cl asses of  maps  and 

f# ( [a] ) = [a o f] for a c l ass  [a]  E [ Y : P] . 

Reca l l  that a map f : X  + Y i s  a heredi tary s hape equ i va l ence 

p rov i ded , for each open subset U of Y , fjf-1 ( U ) : f- 1 ( U )  + U i s  a 

s hape equ i va l ence . We a l ready menti oned that a proper map f : X  + Y 

i s  a hered i tary shape equ i va l ence i f  and only i f  f l f- 1 (A ) : f-1 ( A} +A 

i s  a shape equi va l ence for any c l osed s ubset A of X . 

For a fi xed map f : X '  +X we i ntroduce the fo l l owi ng  notat i on : 

S '  = f- 1 (s} for any subset S of X . 

U'  = { f-1 ( U )!U E U }  for any fami l y  u of subsets of X . 

I denotes the un i t i nterval [ 0 , 1 ]  . 

A homotopy H :  X x I + Y i s  1 i mi ted by � fami l y  U of subsets 

of Y prov i ded { H ( { x }  x l ) l x E X }  refi nes U . 

A map f : X' +X i s  a fi ne homotopy equ i va l ence pro v i ded , for 

any open cover u , there exi sts  a map g : X  +X ' such  that g o f 

i s  h omotop i c  to i dent i ty on X '  wi t h  the homotopy l im i ted by U'  

and f o g i s  homotop i c  to  i dent i ty on X w i th the  homotopy l i mi ted 

by u . 
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Reca l l that a map f : X '  + X i s  a fine homotopy equ i va l ence over 

a c l osed s ubset A of X provi ded fA : X '  +X ' U A i s  a f i ne homotopy 
f 

equ i va lence , where X '  U A i s  the adj unct i on space defi ned as fol l ows . 
f 

As a set X '  U A =  ( X '  - f- 1 (A ) ) U A and the topo l ogy on X '  U A i s  
f f 

generated by the open sets i n  X '  - f- 1 (A )  together wi th sets of t he 

form f- 1 ( u  - A )  U (U n A )  for open subsets U of X , and 

fA ( x )  = x for x E X ' - f- 1 ( A }  and fA ( x )  = f (x ) for x E f- 1 ( A )  . 

We a l ready menti oned that for a ce l l -l ike map f : X '  +X from an 

ANR X '  o nto a metri c space X and a c l osed subset A of X , f 

i s  a fi ne homotopy equ i va l ence over A i f  and on ly  i f  

fjf- 1 ( A ) : f- 1 ( A )  +A i s  a heredi tary s hape equi va l ence . 

For a map f : X '  +X the non-degeneracy set , denoted by Nf , 

i s  the subset { x  E Xlei ther f-1 ( x )  = $ , or f-1 ( x ) conta i n s  at 

l ea st  two po i nts , o r  f- 1 ( x )  =po i nt but { f- 1 ( B ) I B E B} i s  not a 

nei ghbo rhood bas i s  for f-1 ( x )  where B i s  a ne i ghborhood bas i s  

for x} . Not i ce that for a cell - l i ke map f : X '  +X 

Nf = {x  E X!f- 1 ( x )  f poi nt} . 

A ne i ghborhood always refers to an open set. 

For a s pace X and su bsets B c A of X we i ntroduce the 

fol l owi ng notat i on : 

B = the c l osure of B i n  X . 

B ( i n  A )  = the c l osure of B i n  the s u bs pace A . 

i nt ( A )  = the i nter i or of A i n  X . 

open�� means open i n  the subspace A .  

a B  = the boundary of B i n  X . 

a B  ( i n  A )  = the boundary of B i n  the subs pace A . 



F i na l l y  we s tate here a mod i fi ed homo to py  extens i on propert y of 

ANR . 

9 

HOMOTOPY E XTEN S I ON PROPERTY OF  ANR . Suppose A i s  a c losed 

s ubset of a metr ic  s pace X and U i s  an  open cover of an ANR Y . 

I f  H :  A x  I U X x { 0 } + Y i s  a map such tha t { H ( { x }  x I ) l x E A }  

refi nes U , then there ex i sts  a n  extens i on H: X x I + Y of H suc h  

that H i s  l i mi ted b y  U . 

For standard defi n i t i ons  and  notati on see [Du] , [Hu] , and [HW] . 
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CHAPTER I I  

CELL-LI KE MAPS 

Throughout th i s  chapter f:x • �X denotes a cell-li ke map unless  

spec i fi ed otherwi se . 

Recall that ,  for a cell-li ke map f:x• �X , the non-degeneracy 

set Nf equals the s et {x E Xlf- 1 (x) i s  not a poi nt} 

G .  Kozlowsk i  [K2] proved the fol lowi ng theorem . 

THEOREM . Suppose f:x • �X i s  a cell-li ke map from a compact 

ANR x •  onto a metri c space X such  that there exi sts a sequence 
00 

{B } of closed subsets of X sati s fy i ng n n=1 
00 

(1) Nf c U Bn , 
n=1 

{2) fiB• :B• � B i s  a heredi tary shape equi valence for each n n n 

(3) 
00 

{B } i s  pai rwi se di sJ'o i nt and. for each E > 0 , at  most n n=1 · 

fi ni te members of {B�}�=1 have di ameter > E , 

then f i s  a heredi tary shape equi valence . 

I n  secti on 2 . 1  we generali ze the aforementi oned theorem of G. 

Kozlows k i  as  fol l ows. 

THEOREM 1 .  Suppose f:x • �X i s  a cell-li ke  map between metri c 

s paces such  that there exi sts a sequence {Bn}�=1 of closed subsets 

of X sati sfy i ng 
00 

(1) Nf c U Bn , 
n=l 

(2) fiB�:B� � Bn i s  a heredi tary shape equi valence  for each Bn , 
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and 

(3) for each Bn and a ne i ghborhood U of Bn , there ex i sts 
CX> 

a nei ghborhood V of Bn such that V c u and av n ( u B.) = cp , 
. 1 

1 1= 
then f i s  a heredi tary s hape equ i va l ence . 

Theorem 1 combi ned wi th a theorem of L. Tumark i n • s  [Na] g i ves a 

11better11 theorem as  fo 11 ows . 

THEOREM 2 . Suppose f:x • +X i s  a cel l -l i ke map between com-

pact metri zabl e s paces such  that there exi st  a sequence 

cl osed subsets ' of X and an i nteger k sati sfyi ng 

( 1)  

(2) 
and 

CX> 
N
f c U B 

n=1 n 

f i B • :B •  + B i s  a heredi tary s hape equ i va l ence for each Bn n n n 

(3) for each Bn and a ne i g hborhood 

ne i g hborhood V of Bn sati sfy i ng V c U 

then f i s  a heredi tary shape equ i va l ence . 

U of Bn , there exi sts a 
CX> 

and dim (aV n ( U B.) ) < k , 
. 1 1 -1= 

The same ana l ys i s  as  i n  the proof of Theorem 2 g i ves the equ i va l ences 

of two questi ons A and B ra i sed i n  the i ntroducti on .  

In secti on 2 . 2 , we prove Theorem 3 which a l so extends Theorem 1 .  

But Theorem 3 i s  qu i te di fferent from Theorem 2 .  Theorem 3 repl aces 

the hypothes i s  (3) i n  Theorem 1 wi th the fol l owi ng: for each Bn and 

a ne i ghborhood U of Bn , there exists a ne i ghborhood V of Bn 

sati sfy i ng V cU and av i ntersects at  most fi ni te l y  many of {B i }7=1 

Let us  i ntroduce defi ni ti ons and notati on whi ch  are used through-

out Chapter I I .  



For a subset V of X x Y we adopt the fo l l owi ng: 

dam V = {x E Xj{x ,y) E V for some y E Y} . 

VIK ={{x ,y) E Vlx E K} for a s ubset K of X . 

Vjx = Vj{x} for x EX 

V (x) = {y E Yj(x ,y) E V} for x EX . 

Suppose U and V are subsets of X x Y and g:DomV � Y i s  

a functi on such  that the re l ati on g c U A sli ce -contracti on of 
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V onto g i n  U i s  a homotopy ¢:V x I � U such  that ¢0 = i nc l us i on 

V � U , for each x EX ¢ ( (Vjx) x I )  c Ujx , and ¢1{Vjx) = gjx . If 

there i s  a sli ce-contracti on of V onto g i n  U , we say that V 

s l i ce-contracts or i s  sli ce-contracti bl e onto g i n  U 

Suppose R i s  a re l ati on from a space X to a s pace Y . Then 

R:X � Y i s  s l i ce-tri vi a l  i n  X x Y provi ded R i s  conti nuous wi th 

compact poi nt i mages and i f  each ne i ghborhood U of R i n  X x Y 

conta i ns a ne i ghborhood V of R i n  X x Y such that V sli ce­

contracts i n  U 

Throughout chapter I I  we use G .  Kozlowsk i 1s defi ni tion of a 

heredi tary shape equi va l ence defi ned for cell-li ke maps  as fol l ows . 

A cel l- l i ke map f:x• �X i s  a heredi tary s hape equi va l ence provi ded 

for any closed subset A of X fjA • i nduces a b i jecti on between 

[A:P] and [A • :P] for any ANR P . 

To prove theorems i n  th i s  chapter we free ly  use results of 

F . D .  Ancel • s  [An] and G .  Kozl ows k i 1S [K2] . 



2 . 1 .  MAPS DETERM I NED  ON SEQU E NCES W ITH BOUNDED 
D IMENS I ONAL  PAI RW I S E  I NTERSECT IONS 

1 3  

F i rs t  we prove the fol l owi ng theorem whi ch genera l i zes a res ul t  of 

G. Koz l ows ki ' s [K2] . 

THEORE M 1 .  If  f :  X • ->- X i s  a ce 1 1 -1 i ke map between metri c s paces 

s uch that there exi sts a seq uence { Bn }�=1  of c l osed s ubsets of X 

sat i sfyi ng 
00 

( 1 }  Nf c u B n , 
n=1  

( 2 } for each Bn f j B ' : B ' -+B n n n i s  a heredi tary s hape eq ui va l ence , 

and 

( 3 )  for each Bn and a ne i ghborhood 

nei ghborhood V of Bn s uch that V c U 

then f i s  a heredi ta ry shape eq ui val ence . 

U of Bn , there exi sts  a 

and av n ( u B .} = cp 
i = 1  1 

PROO F. Si nce any metri c s pace can be embedded as a cl osed s ubset 

of an ANR , we may ass ume that x •  i s  an  ANR . Accord i ng to G. Koz l ows ki 

[ K2] , f i s  a heredi tary s hape eq ui va l ence i f ,  for any open cover M 

of X , there ex i st s  a map g :  X-+ X • s uch  that g o f i s  homotop i c  to 

the i denti ty map on x •  wi th the ho motopy l i mi ted by M' 

Let M be an  open cover of X . By Ancel • s  en l a rgement l emma 

[An , A . 8] , there exi sts  a ne i ghborhood U of the re l at i on f- 1 i n  

X x x •  s uch that { U ( x ) l x  E X} ref i nes M' . 

Accordi ng to Ancel [An , Theorem 4 . 5] , f- 1 1 Bn i s  s l i ce-tri v i a l 

i n  X x x •  for each n = 1 , 2 ,  . . .  

For a s ubset S of a s pace Y and s > 0 we denote N ( S ;  s) = 

{y E y I d (y ' s) < E} . 
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By induction we will prove that� for each n = 1� 2, .. . . ' there 

exist a (possibly empty) open subset Mn of X , a map gn:Nn + X' , 

a homotopy Hn:(M )' X I+ x• from Ho
n = inclusion (M )' +X' to n n 

H1
h = gnof! (Mn)' , and an open cover Ln of X such that 

and 

n n 
(a) {Mn}001.=l consists of pairwise disjoint sets, U B. c UM. , 

. 1 1 . 1 1 1= 1= 00 
aM n ( u B. ) = <P , n . 1 1 1= 
(b) mesh (Ln) < * 
(c) g = f-l on n 
(d) Hn (x , t) = x 

aMn , and 

for each 

refines M , 

(x, t) E (aMn)' x I and the homotopy 

Hn is limited by L' n • 

We will show the first two steps of induction. 

Choose an open cover L1 of X such that mesh L1 < 1 and L1 

refines M • Using the enlargement lemma, choose neighborhoods u1,1, 

u1,2' u1,3 and u1,4 of f-1
1B1 in X X x· and, by the hypothesis 

(3), a neighborhood M1 of B1 such that 

(l.a) u,,; slice-cont�acts onto gl,(i-1) in ul,(i-1) by 

¢1 ,i (i = 2, 3, 4) , aM n ( U B ) = <P , M c Dom u1 4 , and 
n=l n ' 

{U1,1(x)!x E X} refines L1 . 
- -1 Now we will find g1:M1 +X' satisfying g1 = f on aM1 . By 

Ancel's neighborhood extension property [An. 2.4], f-l laM1 extends 

to a map gl from a neighborhood v1 of aM1 (in M1) into X' 
such that gl(x) E u1,4(x) for each x E X .  Find an open set w1 
(in M1) such that aM1 c w1 c w1 (in M1) c v1 c M1 , and find a map 

A:M1 + [0, 1] satisfying A(aM1) = {0} and A(M1 - w1) = {1}. Then 

we can define g1:M1 +X' as g1(x) = g1,3(x) if x � w1 and 

g1(x) = no¢1,4(x, gl(x), A(x)) if x E w1 (in M1) , where n is 



a project i on from X x X' onto X' . Then we eas i ly see g 1  c u1,3 

and 91 = f-l on aM1 . 
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We wi l l  fi n d  a homotopy H 1 from H 6  = i nc l us i on (M1)• �X' to 

91of!(M1)• s ati sfyi ng H 1({x} x I ) c u 1,1(f(x)) for eac h  x E (M1)• 

an d H 1(x, t) = x for each (x, t) E ( dM1 )' x I . S i nce X' i s  an ANR ,  

there exi s ts a nei g hborhood C o f  ( aM1)' ( i n  (M1)' ) and a homotopy 

G' :C x I �X' from G0 = i nc l u s i on C �X' to Gl = g1of!C such th at 

G' (x, t) = x for any ( x ,  t) E (aM1)• x I  an d G' ({x }  x I ) c 

u1 ,3(f(x)) . Let P = { C  x I x I }  U{{M1)• x [({ 0, 1} x I) U 

(I x {1})]} , and fi n d  a map A:(M1)• x I � P s ati sfyi ng  A{x, s)  = 

{x, s ,  0) for any (x, s )  E [(aM1)' x I ] U [(M1)• x {0, 1}] and A 

preserves the fi rst coordi n ates . Defi ne � = P �X' as fol l ows. 

no<t>1,3(f(x), G 1 (x, s)' t) on c X I X I 

�( x,  s ,  t) = rro<t>1,3( f(x), x,  t) on CM,>· X { 0} X I 

no<t>1,3(f(x), 91of(x), t) on CM, ) I X { 1 } X I 

g l , 2of(x) on C�\)1 X I X { 1 } 

Finally we define Hl:(M1)' xI� X' as Hl = � o A • We can eas il y 

check H J({x} x I ) c u1,2(f ( x)) for each x E (M1)• 

H1 ( {x} x I )  I x E (M1)' } refi nes q , H�  = i nclus i on 

H,I = g 1ofl ( M1 )' , and H1(x, t) = x for any ( x ,  t) 

Now we wi l l  s how the second step of i nducti on . 

, hence 

(M ) I � X I , 1 
E {aM)' x I . 

Choose an open refi nement L2 of M with  mesh < � • If 

82 c M1 , l et M2 = 4> , 92 = 4> , and H
2 

= � . Suppose 82 i s  not 

contai ned i n  M1 . Then we can eas i ly show that for any nei ghborhood 



16  
U of  82 - M1 there exi s ts a nei ghborhood V of 82 - M1 such  that 

av  n { u 8n) = � and V c U . A l s o  i t  fol l ows from resul ts of Ancel 's 
n=l 

and Kozl ows k i 's that f-l 182 - Ml i s  s l i ce-tri v i a l  i n  X X x·  . There-

fore , by the same argument as i n  the fi rst step of i nducti on, we obta i n  

a nei ghborhood M2 o f  82 - M1 , a nd a map g2:M2 +X' , and a homotopy 

2
{-) 2 -) 2 -H :  M2 ' xI+ X' from H0 = i nc l us i on {M2 '+X' to H1 = g2ofj(M2) '  

sati sfy i ng that M1 n M2 = � (Note that M1 n (82 - M1) = �) , 
( 

00 -1 2 
81 u 82 c M1 u M2 , aM2 n u B ) = � , g2 = f on aM2 , H (x , t) = 

n=l n 

x for any (x, t) E (aM2) •  xI , and {H2 ({x} x I)jx E (M
2) '} refi nes 

L2 . 

Now by i nduction we c l a i m  that for each n = 1, 2 , • . .  , there 

exi st  an open set Mn of X , a map gn:Mn +X' , a homotopy 

n n n - ' H :(Mn) '  xI+ X' from H0 = i nc l us i on {Mn) '  +X' to H1 = gnofj (Mn) , 

and a n  open refi nement Ln of M wi th mes h < � s ati sfyi ng (a) , (b) , 

(c) ,  and (d). 
Now def i ne g:X +X' as  g (x )  = gn{x) for x E Mn (n = l ,  2 , 

. .. ) and g (x )  = f-1
(x) otherwi s e , and defi ne H:X' xI+ X' as  

H{x ,  t) = Hn{x , t) for {x , t) E (Mn) '  xI {n  = 1 , 2 , . . .  ) and 

H (x, t) = x otherw i s e .  Then i t  can be shown that g and H are con­

ti nuous [In fact we g i ve a proof i n  chapter III where the hypotheses are 

weaker] . Furthermore H i s  a homotopy between  i denti ty on X' and 

gof l imi ted by M' . Hence f i s  a heredi tary s hape e qui va l ence . 

A sequence of s ubsets of a s pace i s  a nul l -sequence provi ded for 

any c > 0 only f i ni tely  many members of the sequence have di amete r 

> £ • 

As a corol l ary of Theorem 1 we· have the fol l ow i ng. 
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COROLLARY 1.1. (G. Kozlowski [K2] ) If f:X'-+X is a cell-like 
map between metrizable spaces such that there exists a sequence {Bn}�=1 00 
of pairwise disjoint closed subsets of X satisfying Nf c U B , 

n=1 n 
{Bn}�=1 forms a null-sequence, and fiB� is a hereditary shape 
equivalence for each Bn , then f is a hereditary shape equivalence. 

PROOF. It fo 1 1  ows from the fo 11 owing 1 emma . 
LEMMA 2. 1 .  1. Suppose f:X'.-+ X is a map and there is a sequence 

{Bn}�=l of closed subsets of X such that {B�}�=l forms a pairwise 
disjoint null�sequence. Then for any n = 1, 2 , and any neighbor-
hood U of Bn there exists a neighborhood W of Bn such that 

00 
w c u and aw n ( u Bi) = ¢ • 

i=l 
PROOF. Consider the decomposition G = {B�In = 1 ,  2, .. . } U 

{{x}]x EX' - U B'} of X' and the decomposition space X'/G. 
n=l n 

1r:X' -+ X'/G be the decomposition map. 
We can easily show Tf is a closed map since {B�}�=l forms a 

Let 

null-sequence. Hence X'/G is a normal space. Now using Urysohn's 
functions we can prove the lemma. 

Also by the same analysis as in the proof of Corollary l.1 , 
we have the following. 

' 

COROLLARY 1 . 2. If f:X'-+ X is a cell-like map between metri-
zable spaces such that there is a sequence {Bn}�=1 of pairwise dis-

00 joint closed subsets of X satisfying Nf c U Bn , {Bn}�=1 forms a 
n=1 

null-sequence, and fiB� is a hereditary shape equivalence for each 
Bn , then f is a hereditary shape equivalence. 

REMARK 1. Even though we state Corollary 1.1 and Corollary 1.2 
for null-sequences, we immediately see "better results" as follows. A 
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cel l -l ike map f:X' �x between metrizabl e s paces is a hereditary shape 

equival ence if there exists a sequence { Bn }�= 1 of pairwise disjoint 
co 

c l osed s ubsets of X such that Nf c U B , fiB' is a hereditary 
n= 1 n n 

shape equivalence for each Bn , and either of the fol l owing two 

conditions is satisfied: 

(1) the decomposition map TI':X' � X'/G' is c l osed , where 

G' = { Bn ln EN } u { { x}lx Ex· - IT B� } . 
n= l  

(2) the decomposition map TI:X � X/G is c l osed , where G = 

{ Bnln EN} U { { x} jx EX - U B } • 

n= l n 
REMARK 2. Even:though G. Kozl owski states h is theorem for the pair-

wise  disj oint nu l l -sequence { B � }�= l  , his p roof g ives a 11better 

theo rem" as fol l ows . 

THEOREM (G. Kozl owski [K2]). If f:X' �X  is a cel l -l ike map 

from a compact ANR X' onto a metric s pace X and there is a sequence 

{ Bn }�= l  of pairwise disjoint c l osed s ubsets of X such that 
co -1 co Nf c nYl Bn , for each xn E Bn { f  (xn )} n= l forms a nu l l sequence , and 

each fiB� is a hereditary s hape equiva l ence , then f is a hereditary 

s hape equival ence. But h is '' better theorem" does n ' t fol l ow as a coro l ­

l ary of Theorem 1 as his original theorem does . 

Now we present Theorem 2 whic h  generalizes Theorem 1 with hypotheses 

11close to being minimal". We prove Theorem 2 as a coro l l ary of 

Theore m  1.  

THEOREM 2. If f:X' �x is a cel l -l ike map between compact metri­

zabl e s paces such that there are a sequence { Bn }�= l of c l osed s ubsets 

of X and an  integer k such that , for each n = 1 , 2, ... , 
00 

( 1 )  Nf c U B .  . 1 , ' 1 = 



(2) fiB' is a hereditary shape equivalence, and n 
{3) for each neighborhood U of Bn , there exists a neighbor-

co 
hood V of Bn such that V c U and dim(aV n (

i�l
Bi)) � k , then 

f is a hereditary shape equivalence. 

1 9  

PROOF. For each Bn and each integer m > 0 , choose a neighbor-
co 

hood Vn m of Bn such that dim(avn m n ( U B1.)) � k and V m c 

1 ' ' i=l n, 
N(Bn; m) = {x E Xjd(Bn' x) < k}. 

00 00 00 
Let K = U U [avn m n ( U Bi)] . Notice that dim K < k . Re-

n=l m=l ' i=l 
call a theorem of L. Tumarkin' s which states that a finite dimensional 

subset of a metric space is contained in a G0-subset of the same di­

mension [Na. Theorem II. 10, page 32]. Now choose a subset L of X 
00 

with the dimension < k such that X - L = U F. for closed subsets 
i =1 1 

F.'s of X and K c L .  By a theorem of F.D. Ancel' s [An. Theorem 1 
5 .  1], to show f is a hereditary shape equivalence, it is enough to 

show that fjF' :F' � F is a hereditary shape equivalence for each n n n 
n = 1, 2, 

We will show that for each i = 1, 2, . • .  , 

sequence {Bn n Fi}�=l of closed subsets of Fi 

fjF!:F� �F. 1 1 1 
satisfy the 

and the 

hypotheses in Theorem 1 .  The hypothesis (1) is certainly satisfied, and 

the hypothesis (2) is satisfied by the definition of a hereditary shape 

equivalence. Suppose U is a neighborhood of Bn n F1 (in F;) and 

W is an open subset of X such that U = W n Fi . Then {Bn - W) n 

F1 = ¢ , hence we can find a neighborhood V of Bn - W {in X) 

such that V n Fi = ¢ . Then certainly we have Bn c W U V . Using 

compactness of X we get a neighborhood vn,m of Bn such that 

Vn ,m c W U V . Hence Bn n F; c Vn,m n F; c (W U V) n F; = W n F; = U . 
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Furthermore, a ( V  m n F1.) {in F1.) = a V  n F . .  Therefore n, n,m 1 
00 00 

[a ( v n ,m n F i ) (in F i ) J n [ u ( BJ. n F. ) J = [ a  v n F i J n [ u BJ. J c 
j=l 1 n,m j=l 

K n F; c L n F1 = ¢ . Therefore the hypothesis ( 3 )  in Theorem 1 is 

satisfied. Hence each fjF�:F� +F. 1 1 1 is a hereditary shape equivalence, 

and hence f is a hereditary shape equi va 1 ence. 

Early in the introduction we raised two questions . 

�estion A. Is a cell-like map a hereditary shape equivalence if 

the non-degeneracy set is contained in the countable union of pairwise 

disjoint finite dimensional closed sets? 

ggestion B. Is a cell-like map f:X' +X a hereditary shape 

equivalence if there exists a sequence {Bn}�=l of finite dimensional 

closed subsets of X such that the non-degeneracy set is contained 
(X) 

in U B and U (B n B ) has a strong transfinite dimension? 
n=l n n1m n m 

Here we present the proof that Question A and Question B are equivalent. 

We prove it using the same analysis as in the proof of Theorem 2. 

Before we give the proof, we recall the definition of a strong trans-

finite dimension. The definition of a strong transfinite dimension, 

Ind, is given inductively. (See [Na]). Ind X =  -1 provided X is 

the empty space. Ind X < a for an ordinal a provided for each closed 

subset A of X and a neighborhood U of A there exists a neighbor­

hood V of A such that V c U and Ind(aV) 2 s for some ordinal 

B < a . The space X is said to have a strong transfinite dimension 

provided there is an ordinal a such that Ind X � a  . Also we re­

call a theorem of F.D. Ancel' s [An] which states that if a subset S 

of a metric space X has a strong transfinite dimension, then S is 

contained in a countable dimensional G0-subset of X . Certainly an 



affi rmati ve answer to Questi on B provi des an affi rmati ve answer to 

Questi on A .  Ass ume an affi rmati ve answer to Questi on A .  Usi ng the 

2 1 

aforementi oned theorem of Ancel's , fi nd a countable d imens i onal subset 
co 

K of X such  that X- K = U F . for some closed subsets F.'s of 
i =l 1 1 

X Accord i ng to a theorem of Ancel's [An.  Theorem 5 .  1], to cla i m  f 

i s  a heredi tary s hape equ i valence , i t  i s  enough to s how that 

fjF�:F� +F. 
1 1 1 

i s  a heredi ta ry shape equ i valence for each i = 1 , 2 ,  

But for each F. 
1 

the sequence and the map fjF�:F� + 
1 1 

F. sati sfy all the hypotheses i n  Ques ti on A .  Therefore an affi rma ti ve 
1 

answer to Questi on A g i ves an affi rmati ve answer to Questi on B .  

2 . 2 . MAPS DETERMINED ON SEQUENCES WITH 

EMPTY INFINITE INTERSECTIONS 

In thi s  secti on we have a theorem whi ch generali zes Theorem 1. 
But the theorem i s  qui te di fferent from Theorem 2 . 

THEOREM 3. If f:X' +X i s  a cell-li ke map from an ANR X' onto 

a metri c s pace X such  that there exi s ts a s equence {Bn}�=l of 

closed subsets of X sati sfyi ng 

( 1 ) 
co 

Nf c U B , 
n=l n 

(2) fiB' :B' + B i s  a heredi tary s hape equ i valence for each n n n 

n = 1 , 2 ,  . . . , and 

(3) for each Bn and a nei ghborhood U of Bn , there exi s ts a 

nei ghborhood V of Bn s uch that V c U and av i ntersects a t  mos t 

fi ni tely many of {Bi }7=l , 

then f i s  a heredi tary shape equ i valence . 

PROOF. As i n  the proof of Theorem 1, i t  i s  enough to show tha t  for 

any open cover M of X there exi sts a map g:X . +X' such  that gof 



i s  homotopi c  to the i denti ty on x •  wi th the homotopy l i mi ted by M' 

We wi l l  s how i t  i n  5 steps. 

Let M be an open cover of X . As i n  the proof of Theorem 1, 
f ind a nei g hborhood u0 of f-l i n  X x x•  s uch that { U0 ( x ) jx E X} 

refines M' • 

Step 1. I t  eas i l y fol l ows from a l emma of F . D .  Ancel ' s  [An . 3.5] that 
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for each n = 1, 2, • . .  there exist an open cover L of  X , a nei g hbor­n 
hood Un of f- l  i n  X x X '  , and a nei ghborhood Mn of Bn such  

that 

(1) mes h  Ln < * and L� refi nes { Un-l ( x )  jx E X }  , 

(2) Un c Un- l and { Un ( x ) jx E X }  refi nes L� , and 

(3) UnjMn s l i ce-contracts i n  Un-l . 

Step 2. For each n = 1, 2, . . . we wi l l  fi nd open s ubsets Kn and 

Hn of X and a s l i ce-contracti on Xn such that 
n n 
U B .  c U K .  , Kn . 1 1 

• 1 1 
1 = 1 = 

i ntersects at most (2.1) Kn c Hn c Hn c Mn , 

f i ni tely many of  {H; }7=l and 

(2.2) a s l i ce-contract i on x :[ � ( U.jK. ) ]  x I + � ( U . 1jK. )  

s uch 
n i=l 1 1 i=l 1 - 1 

that Xn = Xn- l on ( U i jKi ) x I i f  Bn n aKi = ¢ for i < n . 

We w ill show i t  by i nducti on. 

For B1 c M1 , we s i mp l y  choose open subsets K1 and H1 s uch that 

B1 c K1 c i<1 c H1 c H1 c M1 and aK1 i ntersects at most f in i tely many 

of { Bi }7=l . Certa i nly  there i s  a s l i ce-contracti on x1 : ( U1 jK1 ) x I + 

uo I Kl • 

Let k > 0, and assume that for each n = 1, 2, . . . , k there 

exi st open s ubsets Hn and Kn of X and a map Xn s uch that 



n n 
(2 . 1)' Kn c Hn c Hn c Mn , U B. c U K. , dKn intersects at 

i=l 1 i=l 1 
most finitely many of {B;li=l , and Hn n K; = � if Bn n dK; = � 
for i < n and 

n n 
(2 . 2 ) '  x :[ U (U.!K.)] x I -l- U (U1 1!1<1) is so that Xn = Xn-l n i=l 1 1 i=l -

on (U.IK1) x I if B n dK. = � for i < n • 1 n 1 k 
Consider Bk+l c Mk+l . If Bk+l c .u K. , simply we choose 

1 = 1 1 
Kk+l = Hk+l = � and xk+l = xk • Otherwise, first we choose open 
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subsets Hk+l and Kk+l of X such that Kk+l c Hk+l c Hk+l c Mk+l , k+l k+l -
i�l

Bi c i�/i .• Hk+l n K1 = � if aK1 n Bk+l = � for i <k+l , and 
aKk+l intersects at most finitely many of {B1}i=l , and then we de-k+l k+l -
fine xk+l:[ u (U.!K.)] x 1 + u {U1_11K;) as follow·s. 

i=l 1 1 i=l 

xk+l (x, y, t) = 

xk(x, y, t) 
xk(w(x, y, A(x)· k+l 

k+l 
on { U U . 1 (K. - Hk+l ) }  x 1 

. l 1 1 1= t), ll(x)·t) 
on {1�1 ui I [K1 n (Hk+l - Kk+l)]} x I 

w(x, y, t) on {Uk+l IKk+l} X I ' 

where w is a slice-contraction of Uk+l IHk+l in UkiHk+l and 
11, A:X + [0, 1] are maps such that A(X- Hk+l) = {0} , ll(Kk+l) = {0}, 
and 11-1(1) U A-1(1) = X . Then we easily see that for each n = 1, 2, 

k+ 1 k+l ... , k+l ( 2 . 1) '  and (2.2)' are satisfied by {Kn}n=l , {Hn}n=l , and 
{xn}�:i . Now we can easily claim (2.1) and (2 . 2 ) . 

Step 3. For each n = 1, 2 ,  ... , we define a slice-contraction 
n n 

� :[ U (U;IK1.)] x I+ .u (u1_1i'K1) as �n(x, y, t) = Xn(O)(x, y, t) n i=l 1=l where n(O) is the smallest integer satisfying K1 n Hm = � for any 
i < n and m > n(O} . Using (2.1) and (2.2) we can show that each 



¢n i s  wel l -defi ned and conti nuous. Furthermore , ¢n = ¢n- l on 
n- 1 
U ( U. jK; ) x I  for each n = 1 ,  2 , 

; = 1  1 
00 00 
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Step 4 .  Let K = U K. and . 1 1 1= 
U = .u

1
(ui - l !K;) • By induct i on we w i l l  

1= n 
show that  for  each n = 1 ,  2 , 

n 
. . . , there exi s t  a map g : U K .+ X 1  n . 1 1 

and a homotopy Fn : (  U K. ) '  x I+ X 1  such th at 
i = l 1 

1= 

and 

n- 1 n 
(4 . 1 ) g - g on U K. and g = f- l  on n - n- 1 ; = 1 1 n ( u K; ) - K 

; = 1  

n n 
( 4 . 2 )  F� = i ncus i on (_U K; ) ' + X '  , F� = gnof j (_U Ki ) '  , 

1= 1  1= 1  

Fn ( x ,  t )  = x for each (x , 

n- 1 
( u Ki ) I X I 
i = l 

n 
for any x E ( U K; ) '  

i = l 

n 
t )  E ( u K; - K )  I X I ' 

i = l 

, · and Fn ( { x }  x I) c U ( f( x ) ) 

n oo 
Let ¢n s lice-contract U U. jK. onto g n' i n  U = U ( U .  1JK1. )  

i = l  1 1 i = l  ,_ 
Then , by a propos i tion of F . D. Ancel ' s  [An. 2 . 1 . ( 1 ) ] ,  we fi nd th at  

for each n = 1 ,  2 ,  . .. g� i s  a conti nuous function and g� = g�+1 n 
on U ( U . j K .} . 

i = 1  1 1 

Let rr : X  X X1 + X 1  be the p roj ection map .  

Noti ce that f- 1j (K1 - K ) :K 1 - K + x •  i s  a conti nuous map a n d  

G 1 : (K 1 - K} x I  +X ' defi ned by G ' ( x ,  t )  = rro¢1 ( x ,  f- 1 ( x ) , t )  i s  

a homotopy from G0 = f-1 1 (K 1 - K )  to Gl = 911 (K 1 - K )  s uch that 

G ' ( { x} x I) c U (x )  for each x E K 1 - K .  Hence , by a mod i f i ed 

homotopy exten s i on property of an ANR X '  , we obta i n  a n  extens i on 

G1 :K1 x I+ X '  of G '  such that G ' ( { x }  x I) c U ( x )  for each x E K1 
Defi ne g1 : K1 + x •  as g 1 ( x )  = G ' ( x, 0) . Let P1 = [ ( K1 - K ) 1 x 
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I x I] U [ (K1 ) 1  x { 0 ,  1}  x I ] U [ (K1 ) 1  x I  x {1 } ]  , and defi ne 

no¢1 ( f ( x ) , x ,  s t )  on (Kl - K) I X I X I 

A1(x , s ,  t )  = X Or::l (K1 ) I X { 0 }  X I 

G1 ( f (x ) ,  t )  Qri (K ) I 1 X {1} X I 

no¢ 1 ( f ( x )  , x ,  s )  on (Kl ) I X I X { 1 }  

Then we can easi ly check that A1 i s  a we l l -defi ned cont i n uous functi on. 

By a mod i fied homotopy extens i on property of an ANR X1 , we get an 

extens i on A"1:(K1 ) 1  x I-+ X1 of A1 s uch tha t A1 ( {x }  x I  x I ) c 
1 -U ( f (x ) )  for each X E Ci<l) I • Now we defi ne F : (Kl ) I X I -+ X1 as 

I F 1 {X , s ) = A1 { x , s , O ).  Then F { x , O ) = x  and F 1 ( x , l ) = g1of { x )  

for any x E (K1 ) 1  a nd F1 {X , s )  = x for any ( x , s )  E (K1 - K)1 xl .  

Furthermore , F ' ( {x }  x I ) c U ( f ( x ) ) for each x E (K1 ) •  

Now we wi l l  show how to  get g2 and F2 F i rst  we noti ce that 

the functi on gl u f-l I (K2 - K ) :K l U (K2 - K ) -+ XI defi ned as gl 
on K1 and f-l J (K2 - K) on K2 - K i s  wel l -defi ned and conti n uous . 

Define G2 : [K1 U (K2 - K)] x I -+ X 1 as G2 = G 1 on K1 x I and 

G2 { x ,  t) = no¢2 { x ,  f-1 ( x ) , t) for { x ,  t) E (K2 - K) x I  . Then G2 

-1 - 2 is a homotopy from g1 U f I (K2 - K )  to- g2 s uch that G ( { x }  x I)c 

U ( x )  for each x E K1 U (K2 - K )  . Hence , by a mod i fi ed homotopy 

exten s i on property of an ANR , there i s  an extens i on "G2 : (K1 U K2 ) 

x I -+ X1 of G2 such that � ( { x }  x I )  c U ( x ) for each 

x E K1 U K2 . We defi ne g2 :K1 U K2 -+ x •  as g2 { x )  = � ( x , O )  . 



- 1 Then g2 i s  an extension of g 1 and g2 = f on (K 1 U K 2 ) - K . 

Let P2 = { [K 1 U ( K2 - K ) ] ' x I x I }  U { (K 1 U K2 )• x { 0 , 1 }  x I }  

U { (K 1 U K 2 ) •  x I x { 1 } }  , and def i ne A2:P2 � X' as  fol l ows . 

To¢2 ( f ( x), x ,  s t) on (K2 - K)' X I X 

n2 ( x, s ,  t )  = X on (K )' 2 X { 0 } X I 

� ( f { x ) , t )  on ( K2 ) I X { 1 } X I 

no¢2 ( f { x ) , x ,  s )  on  (K2) I X I X {1 } 

A 1(x, s ,  t )  on  (K l ) I X I X I 

I 

Then we can eas i ly show that n2 i s  a wel l-defi ned cont i nuous function 

that extends n1. Us i ng a mod i f i ed homotopy extens i on property of an  

AN R ,  we obta i n an extens i on A2 : {K1 U K2 ) •  x I x I �  X '  of n 2 such 

that A 2 ( {x }  x I x I )  c U ( f (x ) ) for any x E ( K1 U K2 ) '  . Now we 

defi ne F2 : (K 1 U K2 )• x I �  X '  as F2 { x , s )  = A2 ( x , s ,  0 )  . Then we 

can s how that F2 i s  an extens i on of Fl , F6 = i ncl us i on ,  and 

F� = g2o f[ (K 1 U K2 )' . Fu rthermore , F 2 ( { x}  x I ) c U ( f ( x ) ) for each 

x E (K 1 U K2 ) •  and  Fi ( x ,  t)  = x for any ( x ,  t)  E [ (K 1 U K2 ) •  -

K ' ] X I • 

Now , by i nducti on , we c l a i m  that for each n = 1 ,  2 ,  . . .  there 
n n 

exi st a map g : U K. � X' and a homotopy Fn : (  U K. )' x I � X' n i=l 1 i=l 1 
sati sfyi ng ( 4 .  1 )  and ( 4.2 ). 

Step 5. F i na l l y we defi ne g : X  � X' as  

g (x )  ={ gn ( x )  i f  X E Kn for  some 

f- 1 ( x )  
Cll> 

i f  X E X - U K . 
i= l  1 

and we defi ne F : X' x  I �  X' as 

n = l , 2 , . . .  
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F(x, t) 

for some n = 1, 2, ... 
00 

if (x, t) E [X • - ( U K.) • ]  x I • 

. 1 1 1= 

We will show g is continuous. First notice that it is enough 
to show that , for any sequence {xn}�=l 
aK , {g(xn)}�=l converges to f-l (x) 

sequence in K converging to x in 

in K converging to x in 

Suppose {xn}�=l is a 
aK • If there is K; such 

that K; cont_ains infinitely 
many {xi (n)}�=l of {xn}�=l , then 

g(xi(n)) = gi(xi(n)) and {g;(xi{n))}�=l converges to gi{x) = 
f-1(x) • Since each K; intersects at most finitely many of 
{Kn}�=l (see (2.1}), there are at most fintely many Ki's which 
contain infinitely many of {xn}�=l . Hence it is enough to show 
that, for any sequence {xn}�=l with xn E Kn converging to x in 

aK , {g(xn) = gn{xn)}�=l converges to f-1{x) . Consider a neighbor­
hood B(f-1{x); £ ) = {y E X'ld(f-1(x), y) < d for some £ > 0 . 

Since f is proper, there exists a neighborhood B(x; o) of x in 

X for some 8 > 0 such that f-1(B(x; d)) c B{f-1(x); £ ) . Choose 
an integer n1 such that xn E B(x; �) for any n � n1 , and an 
integer n2 such that n2 � n1 and �2 < � • Since each K; 
intersects at most fintely many of {Kn}�=l , we can find an integer 

00 
n3 such that n3 > n2 and K. n ( U K ) = ¢ for any i < n2 . If 

1 n=n n 
n2 3 

n .::_ n3 , then x � U K .. Let n(O) be the smallest integer such n . 1 1 
1= 

that xn E Kn(O) . Notice that for any n � n3 n(O) .::_ n2 + 1 

-1 L S. U(xn) = Un(O)-l
{xn) c f (L) for some L E n(O)-l . 1nce 

f-l(x ) u g(x ) c U(x ) , we have {x11, fog(xn)} c L and 
n n n 

and 
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diam L 
< n(O�-l � n2 

< � for n � n3 . Therefore for n > n3 
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d(f o g(xn),xn) � d(f o g(xn), xn) + d(xn' x) < � + � = o . Hence for 
n � n3 f o g(xn) E B(x; o) and g(xn) E f-1(B(x; o)) c B(f-1(x); €) • 

Therefore g is continuous. 

The continuity of F can be checked by the same analysis that 
established the continuity of g . 

Finally we can claim that F is a homotopy from the identity 

on X' to gof limited by M' by noticing that F({x} x I) c 

U(f(x)) c u0(f(x)) and {U0(x)lx EX} refines M' . Therefore f 
is a hereditary shape equivalence. 



CHAPTER I I I  

In this chapter we generalize some theorems for cell-like maps 

to theorems for (non-proper) UV00-maps . 

29 

Throughout this chapter f:x• � X is a map between metric spaces 
unless it is specified otherwise . 

In section 3 . 1  we recall two definitions . First we give the def-
inition of f being a hereditary shape equivalence that generalizes 
G .  Kozlowski •s notion of a hereditary shape equivalence for a proper 
map . Then we have the definition of f being a fine homotopy equiva-
lence over a closed subset A of X which generalizes Kozlowski1s 
notion of fJA• being a hereditary shape equivalence for a proper 
map. 

00 In section 3 . 2 we generalize Theorem 1 for a UV -map by adopting 

the above definitions and by modifying the proof of Theorem 1 .  

In section 3 . 3 ,  we have Theorem 5 which extends a result of G .  

Kozlowski1s [K2] . The proof is given there for maps between separable 
metric spaces, while the proof in the case of maps between (non­
separable) metric spaces is given in the appendix . 

As an important corollary of Theorem 5 ,  we get the following. 
THEOREM 6 .  For a UV00-map f:x• � X from an ANR x• to a 

metric space X the following are equivalent: 

(1) X is an ANR . 
(2) f is a hereditary homotopy equivalence . 
(3) f is a hereditary shape equivalence. 

(4) f is a fine homotopy equivalence . 
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Final l y  in  section 3 . 4  we improve a theorem of G .  Koz l ows ki ' s [ K2 ]  
00 to a theorem for a ( non-proper ) UV  -map . 

Before we precede further , l et us reca l l a nd introduce definitions 

and notation . 

s •  = f- 1 (s ) for the map f : X ' + X  and a subset S of X . 

For a map g : X  + Y between metric s paces and a c l o sed subset A 

of Y , the adj unction space X U A obtained from g and A is the 
9 

space defined as fo l l ows . As a set X U A = ( X  - g -1 ( A ) ) U A , and 
g 

the topo l ogy on  X U A is generated by the open sets in  X - g- 1 ( A )  
g 

together with sets of the form g- 1 ( u  - A )  U ( U  n A )  for open su bsets 

U of X • 

M ( f )  = the adj unction spa ce x •  x [0 , 1 ]  U X x { 1 }  obtained 
( f ,id ) 

from ( f ,  i d ) : x •  x I + X  x I and X x { 1 } ,  where ( f ,  id ) ( x ,  t )  = 

( f (x ) , t )  for any ( x , t )  E x •  x I • 

DM ( f )  = the adj unction s pace X '  x [ - 1 , 1 ]  U X x {± 1 }  
( f ,i d )  

obtained from ( f ,  id ) : X '  x [ - 1 , 1 ]  + X  x [- 1 ,  1 ]  and X x {± 1 }  

where ( f ,  id ) ( x ,  t )  = ( f ( x ) ,  t )  for any ( x ,  t )  E x •  x [ - 1 , 1 ]  . 

f '  : DM ( f )  + X  x [ - 1 , 1 ]  denotes the 11natural map 11 defined as 

f' (x , t)  = ( f ( x ) , t )  for ( x ,  t)  E x •  x ( - 1 , 1 )  and f ' ( x ,  t)  = ( x ,  t )  

for ( x , t )  E X  x {± 1 } .  

fA : X '  + X '  � A and 'TA : x •  � A +  X are the 11 natura1 maps 11 •  

fA : DM ( fA ) + ( X '  � A )  x [-1 , 1 ]  i s  the 11natural map 11 • 

M ( f : B )  = { ( x, t )  e M ( f ) j x e B or  x e B ' } for a subset B of 

X • 

DM ( f : B )  = { ( x ,  t )  e DM( f ) l x  e B or x e B ' }  for a su bset B 

of X . 
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We sha l l not d i s t i ngu i s h  between a subset a n d  a n  embedd i ng. For 

exampl e  we i dent i fy X '  wi th X '  x { 0 }  i n  ei ther M ( f) o r  DM ( f) 

and X w ith  X x { 1 }  i n  M ( f) . 

L '  = { L ' I L E L }  , L = {L!L E L} , and I'" = {I'!L E L }  for any 

fami l y  of subsets of X and f:X ' + X  . 

3 . 1. I NTRODUCT I ON AND PREL IM INARI ES 

Reca l l  a map f;X ' + X  i s  a UV�-map prov i ded for each x E X 

and each nei ghborhood U of x there exi sts a nei ghborhood V of 

x s uch that V c U a nd the i nc l us i on V '  + u •  i s  nul l -homotop i c .  

As we see i n  the exampl e of the i nc l us i on ( 0 , 1) + [0 , 1 ]  , a 

UV00-map does not force surjecti v i ty of the map unl i ke a ce l l - l i ke map 

whi c h forces surjecti v i ty of the map .  But we have the fol l owi ng 

propos i ti on for a UV00
-map. 

PROPOSIT I ON 3 . 1 .  I f  f : X '  + X  i s  a UV00
-map , then f ( X ' )  i s  

dense i n  X . 

PROOF . Suppose f ( X ' ) i s  not dense i n  X . Then we can fi nd a 

non-empty open s ubset U of X such that U '  = � • Then for any 

x E U and any open subset V of X wi th  x E V c U the i nc l us i on 

V '  = � + u •  = � can not be nu l l -homotop i c .  Therefo re f ( X ' )  i s  

dense i n  X . 

Reca l l a map f;X ' + X between metr i c  s paces i s  a hered i tary 

shape equ i va l ence prov i ded for each open subset U of X fiU ' : U '  + U 

i s  a s hape equ i va l ence. G. Koz l owski [ K2 ]  i ntroduced the not i on of a 

heredi tary shape equ i va l ence for a proper map between metri c s paces; 

namely ,  a map f:X ' + X  between metri c spaces i s  a hered i tary shape 
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equ i va l ence provi ded for each c l osed subset A of X fiA':A' � A  

i s  a shape equ i val ence . Necessari l y ,  h i s  noti on of a hered i tary shape 

equ i va l ence forces heredi tary shape equ i val ent maps to be surject i ve .  
00 S i nce a UV -map does not force s urj ect i v i ty of the map ,  certa i n l y  the 

s tereotype of h i s  defi ni t i o n  woul d not work for a UV00
-map . But Koz l owski 

[ K2]  showed that i f  a cel l -l i ke f : X' � X  of an ANR X' i s  a hered i tary 

shape equ i va l ence , then for any subset S of X fjS' : S' � S i s  a 

shape equ i va l ence . Al so  i mp l i c i t l y  he s howed that i f  a cel l - l i ke map 

f:X' � X  from an ANR X' onto a metr ic  s pace X i s  such that for 

any open subset U of X flU' : U' � U i s  a shape equ i va l ence, then 

for a ny c l osed subset A of X f i A' : A' � A  is a s hape equi val ence . 

Therefore we get the fo l l owi ng propos i t i on whi ch  s hows that our defi ­

n i ti on of a hered i tary shape equ i va l ence i s  a genera l i zed not i on of 

Kozl owsk i's heredi tary shape equ i va l ence. 

PROPOS IT I ON 3 . 2 . For a cel l - l i ke map f:X' � X  from an ANR X' 

onto a metri c space X the fol l owi ng are equ i va l ent : 

( 1) f i s  a hered i tary shape equ i va l ence . 

( 2) for any c l osed subset A of X , f l A' : A' � A  i s  a s hape 

equ i va l ence . 

Reca l l that a map f:X' � X  between metr i c  spaces i s  a fi ne 

homotopy equ i val ence over a c l osed subset A of X prov i ded 

fA:X' � X' � A i s  a f i ne homotopy equ i va l ence . G. Koz l owski [ K2] 

i ntroduced the not i o n  of f ! A':A ' � A  be i ng a hered i tary shape equ i ­

v a l ence for a map f:X' � X  between metr i c spaces and a c l osed subset 

A of X • We wou l d l ike to extend h i s  not i on to UV00
-maps . Though the 

stereotype defi n i t i on of Koz l owski 's does not work for ( non-surjecti ve) 



00 UV -maps , we fi nd an extens i on of th i s  noti on i n  F . D .  Ancel • s  works 

[An] • Ancel showed that , for a cel l -l i ke map f : X '  + X  between 

metr i c  spaces , the fol l ow ing  are equ i va l ent : 

( 1) f i s  a heredi tary shape equ i va l ence . 
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( 2) for any c l osed embedd i ng of x •  to a n  ANR X� , the tri v i a l  

extens i o n  + f : X� + X� U X of f i s  a fi ne homotopy equ i va l ence ; see 
f 

[An , 4 . 5 ] .  

( 3) there exi sts a c l osed embeddi ng of x •  to an  ANR X� s uch  

that the  tri v i a l  extensi on f+ : X� + X� U X i s  a f i ne homotopy equ i ­
f 

va l ence . 

I f  we not i ce that ,  for a cel l - l ike map f : X '  + X  from an ANR x •  onto 

a metr i c  space X and a c l osed subset A of X • fA : x •  + x •  ¥ A i s  

the tri v i a l  extens i on o f  f ! A '  : A '  + A a r i s i ng  from the c l osed embeddi ng 

A '  i nto an ANR X '  , then i mmed i ate ly  we get the fol l owi n g  propos i t i on 

wh ich  s hows that the noti on of a map f : X '  + X  between metri c spaces 

be i ng a fi ne homotopy equ i va l ence over a c l osed subset A of X i s  

an extended not i on of f !A ' : A '  + A be i ng a hered i tary s hape equ i va ­

l ence that Koz l owski  [ K2 ]  i ntroduced . 

PROPOS ITI ON 3 . 3 .  For a cel l -l i ke map f : X '  + X from an ANR X '  

onto a metr i c  s pace X and a c l osed subset A of X the fol l ow i ng 

are equ i va l ent : 

( 1 )  f i s  a fi ne homotopy equ i va l ence over A . 

( 2) f !A ' : A '  + A  i s  a heredi tary shape equ i va l ence . 

3 . 2 .  MAPS DETERM I NED  ON PA I RW I SE 

D I SJO INT SEQUENCES 

00 
I n  th i s  sect i on we genera l i ze Theorem 1 to  a theorem for UV -maps. 
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Reca l l B ( x ;  � )  denotes the nei ghborhood { y  E X j d ( x ,  y )  < *} 

of x for a poi nt x i n  a metri c  s pace X and n > 0 . Al so recal l  

that , for a map f:X ' � X  between metri c spaces , Nf i s  the subset 

{x E X l ei t her f- 1 ( x ) = ¢ , or  f- 1 ( x )  contai ns at  l east  two poi nts , 

or f- 1 ( x ) = poi nt but { f- 1 ( B ) I B E B }  i s  not a nei ghborhood bas i s  

for f-1 ( x ) ,  where B i s  a ne i ghborhood bas i s  for x }  . 

I mmed i atel y  we get the fol l owi ng proposi t i on wh i ch s hows that a 

UV00-map behaves 11n i cely 11 i n  the comp l ement of the non-degeneracy set . 

PROPOSIT ION 3 . 4 .  For a map f:X ' � X  between metri c spaces , the 

restr ict ion  f- 1 1 x - Nf: X - Nf � X ' i s  a conti nuous funct i on . 

The fol l owi ng two are mod i f ied homotopy extens i on propert i es of 

ANR ' s ,  wh i ch can be eas i l y  shown u s i n g  compactness  of I and  I x I ,  

normal i ty ,  and  the homotopy exten s i on property of ANR ' s  . 

PROPOS IT ION 3 . 5 .  I f  A i s  a c l osed subset of a metr i c space X , 

Y i s  an  ANR , and H :A x I U X x { 0 }  � Y i s  a map such that 

{H (  {x}  x I )  j x  E A} ref i nes an open cover U of Y , then there ex i sts  

an  exten s i on H: X x I �  Y of  H such that {H( { x }  x I ) j x E X} refi nes 

u . 

P ROPOS ITION  3 . 6 .  I f  H: ( A x i x i ) U ( X x { O , l } x i ) U ( X x i  x { l } ) � Y  

i s  a map to  a n  ANR Y and { H ( {x }  x I  x I ) l x E A }  U { H ( [ { x }  x {0 ,  1 } x I ]  

U [ { x }  x I  x { 1 } ] ) j x E X } refi nes a n  open cover u o f  Y , where A 

i s  a c l osed subset of X , then there exi sts an  extens i on H: X x I x I � Y 

of H such t hat  {H( { x }  x I  x I )lx E X } refi nes U . 

Befo re we genera l ize Theorem 1 ,  we need to present the fol l ow i n g  

three l emmas . 

L EMMA 3 . 2 . 1 .  I f  a map f:X ' � X  from a n  ANR X '  to a metri c 

s pace X i s  a fi ne homotopy equ i va l ence over a c l osed s ubset B of 
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X , then for any open cover L of X , there exist a neighborhood V 

of B i n  X and a map g : V  � x• such that g o f i V• is homotopic to 

the inclusion v• � x• with the homotopy limited by L 1  • 

PROOF . Let 
ment M of L • 

L be an open cover of 
Since fB : x• � x •  � B 

X • 

is a 
Find an open star refi ne­

fine homotopy equivalence, 
there exists a map h : x• u B � x ·  such that h o fB is homotopic to f 
the identity on x •  with the homotopy limited by M 1  Consider 
h i B : B  � x• , and regard B as a closed subset of X . Since x• is 

an ANR , h i B  has an extension g :W � x •  for some neighborhood W of 
B in X . Define H : [ (x• � B) X { 0 } ]  u [B X I] u [ (fB)-

1 (W) X { 1 } ]  � x ·  

as H (x, 0 )  = h (x) for (x, 0 )  E (x • U B) x { 0 }  , H (x, t) = h (x) for f - - -1 -(x, t) E B x I , and H (x, 1) = g o fB (x) for (x, 1) E (fB) (W) x {1 } . 

Then there exist a neighborhood V of B in X and a map 
H: (tBf1 (v) x I � x• such that H0 = h on (TBf1 (V) , tr1 = g o TB on 

(TB)-
1 (v) , and tr is l imited by M 1  • Hence there is a homotopy from 

g o f i V• to the inclusion v• � x •  limited by L 1  • 

LEMMA 3. 2 . 2 . Suppose f : x• � X  from an ANR x •  to a metric space 

X is a fine homotopy equival ence over a closed subset B of X and 
B is such that for any neighborhood W of B there exists a neighbor­
hood V of B satisfying V c W and av n Nf = � . 

Then, for any open cover L of X , there exist a neighborhood 
V of B and a map g :V � X such that av n Nf = � , g = f-1 on av 
and g o f i (V)• is homotopic (rel. (av)•) to the inclusion (V)• � x• 
with the homotopy l imited by L 1  • 

PROOF. Let L be an open cover of X , and choose an open star-

refinement M of L Using Lemma 3 . 2 . 1 ,  we obtain a neighborhood W 
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of B and a map h : W  + X ' such that h o fjW '  i s  homotop i c  to the 

i ncl us i on map W '  + X ' wi th the homotopy l i mi ted by M ' . Choose a 

nei ghborhood V of B such that V c  W and av n Nf = $ . Let 

g •  = h jV , and l et G : (V) ' x I + X '  be a homotopy from G1 = g '  o f j (V) ' 

to G0 = i ncl u s i on (V) ' + X ' l i mi ted by M' . Regard f- 1 jV as a 

s ubset of X x X '  . Defi ne $ : ( f- 1 jV) x I +  x •  as $ ( f ( x) ,  x ,  t) = 

G ( x ,  t) , and defi ne H : [ ( aV )  x I ]  U [V x { 1 } ] + X ' as 

H (x ,  t) = $ ( x , f- 1 ( x) , t) for ( x ,  t) E av x I and H ( x ,  t) = g ' ( x) 

for { x ,  t) E V x { 1 }  . Then by the mod i fi ed homotopy exten s i on property 

of ANR , H has an extens i on �:V x I + X ' l i mi ted by M ' . Defi ne 

g :V + x •  as  g = �0 . 

Let P = [ ( f-1 j aV ) x i x i ]  U [ ( r1 [V) x {O , l } x i ]  U [ ( r1 [V) x i x { l } ] , 
and defi ne � : P  + X ' as fol l ows. 

¢ ( f ( x) ,  x ,  s t) on (f-1 j a V )  x I x I 
X on  ( f- 1 jV) X {Q } X I 

� ( f ( x) ,  x ,  s ,  t) = 
( f- 1jV) H( f ( x) , t) on X { 1 }  X I 

¢ ( f ( x) ,  x ,  s) on ( f- 1 [V) X I X { 1 } 

Then eas i l y  we can check � i s  a wel l -defi ned conti nuous functi on. 

Furthermore , we can check that {� (  { { f ( x) ,  x) } x I x I )  I 
( f ( x) , x) E f- 1j aV } U (� ( { ( f ( x ) , x) } x [ ( { 0 , 1 }  x I )  U ( I  x { 1 } ) ] ) 1 
f { x) , x) E f- 1 jV} refi nes L' . Hence by the mod i fi ed homotopy exten­

s i on property of ANR ' s  , � has an  extensi on � : { f- 1jV) x I x I +  x •  

such that {� ( { ( f (x ) , x ) }  x I  x I) j ( f ( x) ,  x) E f- 1jV} refi nes L ' . 

F i na l ly  we defi ne a homotopy K: (V) ' x I + X '  as  K (x , s)  = 

� ( f ( x) ,  x ,  s ,  0) for each ( x ,  s) E (V) ' x I . Then 
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K0 = inclusion (V) ' + X', K1 = g o  f j (V)' , K(x, s )  = �P(f(x }, x, s, 0 }  

= <J>(f(x }, x, 0 }  = G(x, 0 )  = x for each (x, s }  E (aV } '  x I , and K 
is l imited by L '  . 

The foll owing lemma is a variation of Lemma 3 . 2 . 2 ,  which can be 

proved by the exact same analysis as Lemma 3 . 2 . 2 .  We state the l emma 
without a proof . 

LEMMA 3 . 2 . 3 . Suppose f : X' + X  from an ANR X' to a metric space 

X is a fine homotopy equivalence over a closed subset A of X and B 
is a cl osed subset of A such that for any neighborhood W of B there 
exists a neighborhood V of B satisfying V c W and av n Nf = <j> • 

Then, for any open cover L of X , there exist a neighborhood 

V of B and a map g :V + X' such that av n Nf = ¢ , g = f-1 on av , 
and g o f j  (V)' is homotopic (rel . (aV )' }  to the inclusion 

(V}' + X' with the homotopy limited by L '  • 

Now we are ready to present the improved version of Theorem 1. 
THEOREM 4. If f : X' + X  is a UV00-map from an ANR X' to a metric 

space X such that there exists a sequence {Bn}�=1 of closed subsets 

of X satisfying 
00 

(1 ) Nf c U Bn , n=l 
(2) f is a fine homotopy equival ence over each Bn 

and 
(3 } for each Bn and each neighborhood W of Bn , there exists 

a neighborhood V of B n 
00 

such that V c w and av n ( u B . ) = ¢  , 
i =1 1 

then f is a fine homotopy equival ence . 

PROOF . As in the proof of Theorem 1, we wil l show that for any 

open cover L of X there exists a map g : X  + X' such that g o f 

is homotopic to the identity map on X '  with the homotopy limited by L '  . 



Let L be an open cover of X . First , by induction , we wil l 

show that , for each n = 1 ,2 , . . .  , there exist an open subset Vn of 
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X , an open refinement Un of L , a map gn:Vn + X' , and a homotopy 
Hn · (V ) • x I + X' such that 

• n 
(1) Un has mesh < � , 

oo n n n (2) avn n ( U B .) = ¢  , U B .  c U V; , and {Vi}i=1 is pair-i=1 1 i=1 1 i=1 
wise disjoint, 

(3) gn = f-1 on avn , 
and 

(4) Hn is a homotopy from H� = incl usion (Vn) ' + X' to 
H� = gn o f i (Vn)' (rel . (aVn)') l imited by U� . 

Notice that immediatel y  we get an open refinement Un of L satis­
fying (1) for each n = 1, 2, . . . . Using the exact same analysis as in 
the proof of Theorem 1, Lemma 3 .2 . 2 and Lemma 3 . 2 . 3 provide (2), (3), 

and { 4) • 

Define g :X + X' as g(x) = gn(x) for x E Vn (n = 1 ,2, . . .  ) and 

g(x) = f-1{x) for x E X - U V .  , and define H : X' x I +  X' as 
. 1 1 1= H(x, t) = Hn (x , t) for (x , t) E v� X I (n = 1,2, . . .  ) and 

00 
H{x, t) = x for (x, t) E [X' - U V � ]  x I . 

. 1 1 1= 
First we wil l show g is continuous . It  is enough to show that 

00 
if {x }00_1 is a sequence in U Vn converging n n- n=1 
then {g(xn)}�=1 converges to g(x) = f-1(x) . 

00 to x E a ( u V n ) , n=1 

00 00 
Let {xn}n=1 be a sequence in U Vn . If there exists Vm n=1 00 containing infinitel y  many of {xn}n=1 , then x E Vm and each Vn 

( 1  Vm) intersects at most finitel y many of {xn}�=1 because {V;}7=1 
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00 i s  pa i rwi se di s jo i nt .  But for a ny sequence { an } n=1 i n  Vm conver-

g i ng to a poi nt i n  avm , we not i ce that { gm (an ) }�= 1 converges to 

f- 1 ( x )  . Hence to c l a im  g i s  cont i nuous , i t  i s  enough to show that 
00 00 00 

i f  { xn } n= 1 i s  a sequence i n  U V .  convergi ng to x E a (  U V ) 
i = 1 1 n=l n 

such that each V i conta i ns at most fi n i te ly many of { xn }�= 1 , then 

{ g ( xn ) }�= 1 converges to f-1 ( x ) . Rei ndex i ng i f  neces sary ,  i t  i s  
00 00 enough to show that i f  { xn }n= 1 i s  a sequence i n  U V converg i ng 

n=1 n 
00 

to x e a (  U V ) such that x E V for each n = 1 , 2 , . . .  , then 
n=1 n n n 

{ g ( xn ) = gn ( x-n ) }�= 1 converges to f- 1 ( x )  . 
00 

Let { xn } be a sequence converg i ng to x e a (  U Vn ) such that 
n= 1 

x e V for each n n n = 1 ,2 , . . . . Suppose W i s  a ne i ghborhood of 

f- 1 ( x )  . S i nce x � Nf there exi sts an i nteger n0 s uch that 

- 1 ( 1 ) )  . 00 , there exi s ts an f B ( x ;  n- c W . S1 nce { xn }n= 1 converges to x 

i nteger n� s uc h  that n\ < 2�0 
and xn E B ( x  ; 2�0

) for any n > n 1 . 

Noti ce that , for any 

conta i ned i n  f- 1 ( u )  

n = 1 , 2 , . . .  , a nd y E f- 1 ( xn ) ' {y , gn ( xn ) } i s  

for some U E Un , hence {xn , f o g ( xn ) }  i s  

conta i ned i n  1 U for some U E un . For n > n 1 , d ( x  , x )  < -2 -- n no 

and { xn ' f o gn ( xn ) }  c U for some U E Un wi th di ameter < * < 2�
0 

. 

Hence for n � n 1 , f o gn (xn ) E B ( x ;  �) , and 
0 

g n (xn ) E f- 1 ( B (x ;�) )  c W . Therefore { gn ( xn ) }�=1 converges to 

- 1 00 0 00 
f ( x ) i f  { x  } _ 1 converges to x e a (  U V ) such that xn E Vn n n- n=1 n 

for each n = 1 , 2 , . . .  , and we see that g i s  conti nuous . 

Conti n u i ty of H can be c hecked by the s ame ana l ys i s that estab­

l i s hed the conti n u i ty of g . Al so we eas i l y  see that H i s  a homotopy 

from g o  f to i dent i ty on X '  l i mi ted by L '  . 



As coro l l ar ies of Theorem 4 ,  we can i mprove Corol l ary 1 . 1  a nd 

Coro l l ary 1 . 2 . The not i o n  of "nu l l -sequence " as "only fi n i te ly  many 

members havi ng d i ameter > E for a l l E > 0 " i s  too l i mi ti ng i n  non ­

compact , espec i a l l y  non- l ocal ly  compact spaces . A proper noti on i s  
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co suggested a s  fo l l ows . A sequence { Bn } n=1  of pa i rwi se d i sjo i nt c l osed 

subsets of a metri c space X i s  a l ocal l y  nu l l -sequence provi ded , 
co for any l imi t po i nt x of { Bn } n=1  ( that i s ,  each nei g hborhood of x 

i ntersects i nfi n i te ly  many of { Bn }�= 1) and a nei ghborhood U of x , 

there exi s ts a nei ghborhood V of x such that V c U  and any Bn 
i ntersect i ng V wi th x E Bn i s  conta i ned i n  U • Now u s i ng the 

l ater not ion  of nu l l -sequence we improve Coro l l ary 1 . 1 .  and Corol l ary 

1 . 2 .  

COROLLARY 4 . 1 .  00 I f  f:X ' � X  i s  a UV -map from an ANR x •  to 

a metri c space X such  that there exi sts a sequence { Bn }�=1 of c l osed 

subsets of X sat i sfyi ng 

( 1) 

( 2) 

and 

co 
Nf c U Bn , 

n= 1  
f i s  a fi ne homotopy equi val ence over each  B n 

( 3) { f- 1 ( Bn) }�=1 forms a pa i rwi se d i s jo i nt l oca l ly  nu l l - sequence , 

then f i s  a fi ne homotopy equ i val ence . 

COROLLARY 4 . 2 .  I f  f:X ' � X  i s  a UVco-map from a n  ANR x •  to a 
co metr i c  s pace X s uch that there exi sts a sequence { Bn } n=1  of c l osed 

subsets of X sati sfyi ng 

and 

00 
( 1) Nf c U Bn , 

n= 1  
( 2) f i s  a fi ne homotopy equ i va l ence over each Bn 



( 3 )  {Bn }�=1 forms a pairwise disjoint locally null-sequence, 
then f is a fine homotopy equivalence . 

3 . 3 .  CR ITERIA ENSURING IMAGES OF ANR ' S  ARE ANR ' S  
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In this secti on we will extend a theorem of G .  Kozlowski ' s  [K2] 

stating that a cell-like map f : X '  � X from an ANR X '  onto a metr i c  
space X i s  a hereditary shape equivalence if  and only i f  X i s  an 

()() ANR to a theorem for a UV -map . Due to the complex i ty of the proof 
for (non-separable) metric spaces, i n  section 3 . 3  we give a proof of the 

theorem for separable metric spaces and i n  the appendix we prove the 
theorem for metric spaces . 

THEOREM 5 .  
()() A UV -map f : X '  � X  from an ANR X '  to a metri c 

space X i s  a heredi tary shape equivalence i f  and only i f  X i s  an 
ANR 

As a corollary of Theorem 5 ,  we get the following i mportant equi ­
val ences among the classical notions . 

THEOREM 6 .  For a UV00-map f : X '  � X  from an ANR X '  to a metric 

space X , the following are equivalent : 
( 1) X is an ANR . 
(2) f i s  a hereditary homotopy equivalence . 
( 3)  f is a hereditary shape equivalence . 
( 4) f is a fine homotopy equivalence . 

Before we prove theorems, we need to present several lemmas . 
The next two lemmas show how to construct a continuous function 

from an adjunct ion space using a well-defined function .  Vari ations of 

the construction will be used often in  this secti on and i n  section 3 .4 
to obtain continuous functi ons from adjuncti on spaces . 
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LEMMA 3 . 3 . 1 .  If f : X '  + X  , h:X ' + Y , and g:X + Y are maps 
such that there is a homotopy H : X '  x I + Y from H = h to H = g o f , 0 1 
then G : M(f) + Y defi ned by 

H(x, 2t) on X '  1 
X [0, 2J 

G(x, t) = g o f(x) on X '  1 
X [2, 1) 

g(x) on X X {1 } 

i s  continuous . 

PROOF .  It is enough to show that if a sequence {(xn, tn)}�=1 in 
X '  X 

1 [2, 1) converges to (x, 1) in X x {1 }, then {G(xn' tn )}�=1 
converges to g(x) . But i t  does because the map C:M(f) + X X {1 } 
collapsing M(f) onto X x {1 } is continuous . 

L EMMA 3 . 3 . 2 . If f : X '  + X  and g1, g2:x + Y are maps such that 
g1 o f is homotopic to g2 o f , then there i s  a map G:DM(f) + Y with 
G = g1 on X x {- 1 }  and G = g2 on X x {1 } . 

PROOF. It fol lows immediately by the same analysis as i n  the proof 

of Lemma 3 . 3 . 1 . 

Now we present three more lemmas needed later . Lemma 3 . 3 . 3  is a 
basic tool needed in the transfin i te induction argument used to prove 
Lemma 3 .3 . 4, and Lemma 3 . 3 . 4  is needed in the proof of Lemma 3 . 3 . 5 .  
We prove Theorem 5 using Lemma 3 . 3 . 5  as a basic tool for a transfinite 
induction argument . 

Recall we identi fy X '  with X '  x {0 } in M(f) or i n  DM(f) and 
X w ith X x {1 } i n  M(f) . 

L EMMA 3 . 3 . 3 .  Suppose a map f : X '  + X  is a hereditary shape equi­

valence . Assume h : X '  + Y is a map to an ANR Y , U and V are 
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open s ubsets of X , Hu : M ( f : U )  � Y and Hv : M ( f : V )  � Y are maps sat i s ­

fyi ng Hu = h o n  u ·  ' Hv = h o n  v ·  ' Hv ( V  X { 1 } )  = { a  po i nt }  ' and 

Hu (M ( f : U n V ) )  U Hv ( M ( f : V ) )  i s  conta i ned in an open subset 0 of Y , 

and A i s  c l osed ( i n  U U V )  

Then there ex i sts a map H : M ( f : U  U V )  � Y such that H = h on 

(U U v ) • ,  H = H on M ( f : ( U - V )  U A )  , and H ( M ( f : V ) )  c 0 . u 
PROOF . Let W = U n V , g : W � 0 be the map defi ned a s  

g ( x )  = Hu ( x ,  1 )  , c : W  � 0 b e  the constant map defi ned as  c ( x )  = Hv ( x , 1 ) ,  

and c ( W )  = {y }  S i nce f i s  a hered i tary s hape equ i va l ence , there 

ex i sts a homotopy G : W  x I � 0 wi th G0 = g and G 1 = c . Defi ne 

L : w •  x [ - 1 , 2] � 0 as fo l l ows . Let q : x •  x I �  M ( f )  be the 1 1 natural 

map 1 1 • L ( x ,  -t ) = Hv o q ( x ,  t )  , L ( x ,  t )  = Hu 
o q ( x ,  t )  , and 

L ( x ,  1 + t )  = G ( f ( x ) ,  t )  for each (x , t )  E w •  x I . Then L defi nes 

a map \ : w •  � �0 to the s pace of l oops i n  0 based at y and 

parameteri zed by the i nterval [ - 1 , 2 ]  Si nce �0 i s  a n  ANR , A has 

an extens i on A : M ( f : W )  � �0 . Then � defi nes a map 

M : w •  x [ - 1 , 2 ]  x [0 , 1 ]  � 0 sati sfyi ng M0 = L and 

M (w •  x { - 1 , 2 }  x [0 , 1 ] ) = ·  {Y} . Let T be the tr iang l e i n  the p l ane 

whose verti ces are ( - 1 ,  0 )  , ( 1 ,  0 )  , and (0 , 1 )  . Fi nd a homeo­

morph i sm 8 : w •  x T � w •  x [-1 , 2] x [0 , 1 ]  such that 

8 I W 1 x [ - 1 , 1] x { 0 }  = i ncl u s i on and 8 preserves the fi rst coord i nate . 

Let q2 : W '  x T � M (T: W )  be the 1 1natural map .. , where T: DM ( f )  � X  i s  the 

1 1natu ral map 11 • Then M o 8 o q2 1 : M (T: W )  � 0 i s  a wel l -defi ned funct i on . 

Us i ng a vari at i on of Lemma 3 . 3 . 1 ,  we wi l l  get a cont i nuous functi on from 
3 M ( f : W )  to 0 as  fol l ows . Let a1 : [ - 1 , 2 ]  x [0 , 1 ]  � [ - 1 , 2 ]  x [0 , 4J 

be the map Obta i ned by projecti ng [ - 1 , 2 ]  X cj, 1 ]  OntO [ - 1 , 2 ]  X {!} 



vertically. Let S denote the hexagon whose vertices are (-1,  0) , 
( 1 1 1 3 1 3 1 1 2 , 0) , (1 2, 4), (1  2, 4), (- 2, 4), and (- 2, 4) , and 

a2 : [ -1, 2] x [0 , tJ + S be the map obtained by projecting the 

quadrilateral whose vertices are (-1, 0) , ( - �· t) , (- �· �) , and 
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(-1, t) onto the polygonal arc joining ( - 1 , 0) , ( - � ·  t) , and ( - t •  t) 
horizontal ly and projecting the quadrilateral whose vertices are 

1 1 1 3 3 (2 , 0) , (1 2' 4), (1 2. 4), and (2, 4) onto the polygonal arc joining 
1 1 1 3 . ( 2, O) , (1 2, 4), and ( 1 2, 4) hon zontally. Let 

a3 : s + [ - t• 1 �] x [t, tJ be the map obtained by projecting the 

quadrilateral whose vertices are (-1, 0) , (2 , 0) , (1  �· l ) , and 

(- � ·  !) onto the line segment joining (- i• !) and (1 �' l) 
. 1 1 1 3 rad1ally. Let a4:[ - 2, 1 2J x [4, 4J + [ - 1, 2] x [0, 1] be the 

homeomorphism satisfying a4(- i• t) = (-1, 0) , a4 ( - t• t) = (-1 , 1) , 
1 1 1 3 a4(1 2 '  4) = (2 , 0) , and a4(1  2, 4) = (2 , 1) . Define 

a : w •  x [- 1, 2] x [0, 1 ] + w •  x [-1,  2] x [0, 1 ]  as a(w, s, t) = 

(w, a4 o a3 o a2 o a1(s, t)) . Then M o a o e o  q2 1 is continuous. 
- 1  Furthermore, M o a o e o q2 defines a homotopy from Hu i M(f : W) to 

Hv l M(f:W) (rel. w •  x {0})  . Then, using normality, we easily get 

H:M(f:U U V) + Y satis fying H = h on (U U v) • , H = Hu on 

M(f:(U - V) U A) , and H(M(f:V)) c 0 • 

LEMMA 3 . 3 . 4 .  
00 Suppose a UV -map f:x • + X  is a hereditary shape 

equivalence . If U and V are open subsets of X , F is closed in 

U U v satisfying F c U , and h:x • + Y and H:M(f:U) + Y are maps 

to an ANR Y satisfying that H = h on u •  and H(M(f:U n V)) U h(V ')  

is contained in an open subset 0 of  Y , then there exists a map 

H:M(f:U U V) + Y satisfying H = h on (U U v) • , H = H on 

M(f : F U (U - V)) , and H(M(f:V)) c 0 . 



PROOF .  For each x E V - F choose a ne i ghborhood U of x 
X 

s uch that there exi sts Hx : M ( f : Ux ) + 
0 sati sfyi ng Hx ( Ux x { 1 } )  = 

{ a  poi nt }  , Hx = h on ( Ux ) 1 , and Ux c V - F . Choose a l ocal ly  
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fi n i te refi nement U = { U0 ,  Ua l a  E A 1 }  of  the open cover { U ,  Ux l x  E V - F }  

of  U U V with  u0  = U and { U I a  E A 1 } < { U l x  E V - F }  , and choose a x 
a prec i se refi nement V = { V0 ,  Va l a  E A 1 }  of U wi th V0 ( i n  

u u V )  c uo and va ( i n  u u V )  c ua for each a E A 1 
• Not i ce that 

F U ( U  - V )  i s  conta i ned i n  v0 . 
Assume A =  { 0 } U A 1  i s  a we l l -defi ned set w ith  11 < 1 1  s uch  that 0 

i s  the fi rst el ement of A . 

Let P ( a )  denote the fo l l owi ng propos i t i on ;  for each i � j < a  

there ex i st an open set W� and a map Hj : M ( f : U  W� l s � j } )  + Y sati s -

fyi ng 

and 

( 1 )  v .  
1 

( 2 )  w� 
1 

( 3 )  w� 
1 

( 4 )  Hj 

( 5 )  Hj 

( i n  u u v )  c w� c u . ' 
1 1 

i c w .  ' 
1 

- u ru6 ( i n  U U V )  l i < s < j } c w� 
1 

= Hi on 

= h on 

M ( f : u { wi I s ..: n ) 
( u {wj I s < j } ) l  s - ' 

( 6 ) Hj ( M ( f : ( u { wi I s _: j } ) n v ) ) c o 
We wi l l  s how that P (a ) i s  true for any a E A u s i ng transfi n i te 

i nducti on . 

Certa i n ly  P (O ) i s  true w ith  W� = u0 and H0 = H . 

Let w E A , and as sume that P ( a )  i s  true for any a < w . For 

each a < w defi ne L = n{w6 1 a < S < w} . We wi l l  s how that L i s  a a - a 
open for each a < w . I f  w has the i mmed i ate predecessor w - 1 , 

then L = ww- 1 by ( 2 ) a a Suppose w does not have the i mmedi ate 
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predecessor . For x E L , us i ng the l oca l fi n i teness of U , we can a 
fi nd a nei ghborhood N of x wi th N c Wa such that there exi sts 

X X a 
a ( x )  ( <  w )  sati sfyi ng Nx n U6 ( i n  U U v )  = ¢ for any 6 � a ( x )  . 

Then N n wa ( x )  c w6 for any 6 < w by (2 ) and ( 3 ) , hence x a a 
N n � (x ) c L . Therefore L i s  a nei ghborhood of V ( i n  U U V )  x a a a a 
for any a < w . Furthermore , w6 - uru.  ( i n  u u V )  1 6  < i < w} c L a 1 a 
for any a < 6 < w by ( 3 )  . For each a < w , choose a ne i ghborhood 

M of V ( i n  U U V )  sati sfyi ng V ( i n  U U V )  c M c M ( i n  a a a a a 
U U V )  c La , and defi ne W� = Ma U ( La - Uw ( i n  U U V ) )  and 

Ww = U . Not i ce that there exi sts a map G : M ( f : U{ L  I a  < w} ) + Y w w a 
defi ned as G = Ha on M ( f : L  ) for each a < w such that a 
G ( M ( f : ( U { L i a < w } ) n V ) ) c O and G = h  on  ( U{ L i a < w} ) 1  S i nce a a 
Uw c: Ux for some x E V - F , there exi sts Hw : M ( f : Uw ) + 0 sat i s fyi ng  . 

Hw = h on ( Uw ) • and Hw ( Uw x { 1 } )  = po i nt .  Therefore we can apply 

Lemma 3 . 3 . 3  wi th open sets U{ L Ia < w} and U , maps G and H , a w w 
and a c l osed set U {M ( i n  U U V ) l a  < w }  i n  U U V to obta i n  a map a 
G: M ( f : ( U { L  I a  < w } )  U U ) + Y sati sfy i ng  G = h on ( U { L  I a  < w } ) •  U u • , a w a w 
G = G on M ( f : ( U{ L  I a  < w } - U )  U ( U {M ( i n  U U V ) l a  < w } ) )  , and a w a 
G{M ( f : Uw ) )  c 0 Now we defi ne Hw : M ( f : U{ W� I a  � w} ) + Y as Hw = G 

We wi l l  check P (w )  i s  true . Certa i n ly  { 1 ) ,  ( 2 ) ,  ( 4 ) , ( 5 ) , and ( 6 ) 
hol d .  S i nce W� - U{Ui ( i n  U U V ) l a  < i < w }  c L - U ( i n  U U V )  - a w 
c Ww for each a <  w , ( 3 )  a l so  hol ds . a 

Therefore , by transfi n i te i nduct i on , we cl a im  that P ( a )  i s  true 

for any a E A . 

Fi na l l y , we defi ne H: M ( f : U  U V )  + Y as H = Ha on  M ( F : V  ) a 
for each a E A . Then H i s  a we l l -defi ned cont i n uous map by ( 1 ) ,  
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( 2 } ,  and ( 4 } , H = h on (U  U v ) •  by ( 5 }  , H = H o n  M ( f: F  U ( U - V } }  

s i nce F U ( U- V } c v0 , and  H(M ( f:V) } c o  by { 6) • 

To prove Lemma 3. 3. 5 ,  we need to recal l standard facts about 

geometri cal  nerves and s impl i c i a l  compl exes. 

Suppose X i s  a metri c space and U i s  a l oca l l y fi n i te open 

cover of X • Let N be the geometri c nerve of U wi th the weak 

topo l ogy. 

As a conventi on , we regard each vertex { of N ) as the bary­

center of i tsel f. 

Let Bk be the set of a l l barycenters of k- dimens i onal  s i mp l i ces 

i n  N for k = 0 , 1 ,  . . . . Then we eas i l y see that , for each k = 0 , 1 , . . .  , 

the star of b E Bk i n  the second barycentri c refi nement i ntersects 

the star of c E Bk i n  the second barycentri c refi nement i f  and on ly  

if  b c . Hence , for each k = 0 , 1 , . . . , there ex i sts  a ( pos s i b ly  

empty } fami ly Sk = { s b l b  E Bk } of  pa i rwi se d i sjo i nt c l osed s ubsets of  
00 

N such that N = U { U \ )  • 
k=O 

Let K:X + N be the map such  that K -1 { St ( u ,  N ) ) c U for each 

vertex u ( of N ) corres pond i ng to a member U of U . 

For a barycenter b of a s i mp l ex a i n  N , ab denotes a and  

I b = u0 n . . .  n Um , where { U0 , . ..  , Urn } corresponds to ab • Then 

K- 1 ( sb) c I b for each b E U Bk . 
k=O 

Al so  we can fi nd that , for each k = 0 , 1 ,  . . .  , there ex i s ts a 

( poss i bly  empty) fami ly  Lk = { l b l b  E Bk } of pa i rwi se d i sjo i nt open 
-1 ) subsets of N such  that sb c 1 b and K ( 1 b c I b for each 

b E Bk 
• 



- 1  ) I - 1  Let Ck = { K  ( s b b E  Bk } and Nk = { K  { l b ) j b E Bk } for 

k = 0 , 1 ,  . . . . Then we have the fol l owi ng propo s i t i on . 
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PROPOS IT ION 3 . 7 .  For a metri c s pace X and a l ocal l y  fi ni te open 

cover u of X , there ex i st ( pos s i b ly empty ) fami l i es C k = { Cb j b  E Bk } 

and Nk = { Nb l b  E Bk } for k = 0 , 1 ,  . . . s uch that , for each k = 0 ,  1 ,  . . .  , 

( *1 ) cb c Nb for any b E  Bk , where Bk i s  the set of a l l 

barycenters of k-d imens i onal s i mp l i ces i n  the geometr i c  nerve N of 

the open cover u , 

( *2 ) Nk i s  a fami l y  of pai rwi se d i sjo i nt open s ubsets of X 

( *3 ) 

sati sfyi ng 

and 

( * ) 5 

Ck i s  a fami l y  of pai rwi se d i sjo i nt c l osed s ubsets of X 
00 U ( U  C k ) = X , 

k=O 

The next l emma i s  the ma i n  l emma u sed i n  the proof of Theorem 5 .  

Once aga i n  we recal l that we do not d i st i ng u i s h  s ubsets from 

embedd i ngs . 

For a map H : M { f : A )  � X ' , H j { O }  denotes the restri cted map 

H I A '  X { 0 }  . 

L EMMA 3 . 3 . 5 .  Suppose u i s  a l ocal l y  fi n i te open cover of a 

metri c s pace X and , for each k = 0 , 1 ,  . . .  , C k and Nk are fami l i es 

of subsets of X as i n  the prev i ou s  propo s i t i o n  sati sfyi ng ( *1 ) 

through ( *5 ) . 

Suppose that a UV00-map f : X '  � X  from an ANR X '  to a metr i c  

s pace X i s  a hered i tary shape equ i val ence . Suppose D i s  an open 

subset of X , H : M ( f : D )  � X ' i s  a map ,  and Mk = {Mb l b  E Bk } i s  a 



fami l y  of  open subsets of X for each k = 0 , 1 ,  . . .  such that 

H I {O }  = i nc l u s i on , Cb c Mb c Nb , and H ( M ( f : D  n Mb ) )  c I b for any 
00 

b E U Bk . 
k=O 
Then , for any open subset E of X i ntersecti ng on ly  f i n i te ly  
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many u0 , • • .  , Un of u ,  there exi st a map H: M { f : D  u E ) � x •  and a 

fami l y  L k = { Lb l b  E Bk } of open subsets of X for k = 0 , 1 ,  . . � 

such that H I { O }  = i nc l u s i on , Cb c Lb c Mb , Mb - I c Lb , and 
00 

H{ M {f : ( D  U E )  n Lb ) )  c Ib for each b E U Bk . Furthermore , for any 
k=O 

c l osed set F i n  U U V such that F c D , we can choose H so that 

H = H on M ( f : F  U (D - E ) ) • 

PROOF . Let F be a cl osed set i n  U U V such that F c D . 

Let m be the d imens i on of the subcompl ex K (of the geometri c 

nerve of U )  determi ned by { U0 , • • •  , Un } . 

Suppose c i s  a barycenter of an  m-d imens i onal  s i mp l ex i n  K 

sati sfy i ng Me 
n E f ¢ . Then , by apply i ng Lemma 3 . 3 . 4 ,  we obta i n  a 

map Hmc : M ( f : D  U {Me 
n E ) ) � x •  such that Hmc = H on 

M ( f : F  U ( D - Me n E ) )  , Hmc i { O } = i nc l u s i on , and Hmc ( M { f : Mc n E ) )  c I � . 
00 

Hence Hmc ( M ( f : [ D U (Mc n E ) ]  n Mb ) ) c ib for any Mb E U Mk by 
k=O 

{ *5 ) • By not i c i ng ( *2 ) and Hmc = H on  M ( f : D - ( Me n E)) , we c l a i m  

that there exi sts a map Hm : M ( f : D  U [ ( U Mm ) n E] ) � x •  defi ned as 

Hm = Hmc on M { f : D  U ( Me 
n E)) for Me E Mm such that Hm = H on 

M ( f : F  U [D - { U  Mm ) n E] ) , Hm i { O }  = i nc l u s i on ,  and 
00 

Hm ( M { f : { D U [ ( U Mm } n E] } n Mb ) }  c I b' for any b E U Bk . 
k=O 

Now suppose Me E Mm_ 1 and Me n E r ¢ . For each Mb i n  Mm 
sati sfyi ng oc c ob and Mb n E r ¢ , choose an open s ubset 0� of X 



c � c c 1 sati sfying Cb c Ob c Ob c: Mb , and l et 0 = U{Ob oc c ob and 

Mb n E � ¢ }  • Now we appl y Lemma 3 . 3 . 4  to obtai n a map H (m-1)c: 
M (f:D u [ (U M ) n E] u (M n E)) -+ x •  such that H ( 1) I {O }  = m c m- c 
i n c 1 u s i on , H ( 1 ) = H on M ( f : F U (Cf n E ) U { [ D U ( U M ) n E] m- c m m 
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- (Me - E)}) , and H (m-1)c (M (f:Mc n E)) c I� • Let L� = 0� U (Mb - E) 
CXl 

for any b E U Bk satisfyi ng a c ob and Mb n E � ¢ . Otherwise, 
k=O c · 

l et L� = Mb • Then we can show that H (m-1)c (M (f:{D U [ (UMm) U Me] n E} 
c)) • c - c oo 

n Lb c Ib , Cb c Lb c Mb , and Mb - E c Lb for any b E U Bk . 
k=O 

Therefore, for each M E M 1 satisfyi ng Me n E 1 ¢ , there exi st c rn -

a map H (m-1)c:M (f:D U [ (U Mm) U Me ] n E) -+ x• and a fami l y  
L� = {L� I b E Bk } of open subsets of X for k = 0,1, . . .  such that 
H (m-1)c i {O }  = incl usi on, H (m-1)c = Hm on M (f:F U { [D  U (U Mm n E)J 

- ( Me n E)}) , H (m-1)c (M (f:{D U [(U Mm) U Me] n E} n L�)) c Ib , 
c - c CXl 

Cbc Lb c Mb , Mb - E c Lb for any b E U Bk . Now by noticing 
k=O 

( *2 ) ,  H (m-1)c = Hm on M (f:[D U (U Mm n E)] - (�1c n E)) , and that 
there are at most fi n itel y many Me E Mm_1 sat isfyi ng Me n E 1 ¢ , 
we cl ai m that there exi st a map Hm_1 :M (f:D U [ (U Mm) U (U Mm_1)J f1 E) -+ x •  
and a fami l y  L�-1 = {L�-�· j b  E Bk } of open subsets of X for each 
k = 0, 1, . . .  such that Hm_1 ! {0 } = i ncl usion, Hm_ 1 = Hm on 

M (f:F U {[D U (U Mm n E] - (U Mm_ 1 n E)}) , Cb c L�-1 c Mb , 
Hm_ 1 (M (f : {D U [(U Mm) U (U Mm_1)J n E} n L�-1)) c Ib , and Mb - E c L�-1 

oo m-1 f '  d h for any b E U Bk • In fact, each Lb can be de 1 ne as t e 
k=O 

f in ite i ntersection n{L� ! Mc E Mm_ 1 and Me n E 1 ¢ }  . 

F inal l y, by f in ite i nduction, we cl ai m that there exi st a map 
H = H0:M (f:D U [ (U Mm) U • . .  U (U M0)] n E) (= M (f:D U E)) -+ x •  and 
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a fami l y  Lk = { Lb l b  E Bk } o f  open subsets o f  X for each k = 0 , 1 , . . .  

such that H I { O }  = i nc l us i on , H = H on M ( f : F  U ( D - E ) )  , 

Cb c Lb c Mb , Mb - I c Lb , H(M ( f : ( D U E )  n Lb ) )  c I b for any 
co 

b E U Bk . 
k=O 
Now we are ready to present a cri teri on ensuri ng that i mages of 

AN R 1 s are AN R 1 s Here we establ i sh the cri ter i on for maps between 

separabl e metr i c spaces , whi l e  the proof in the case of maps between 

( non -separa bl e )  metr i c spaces i s  g i ven i n  the append i x .  

THEOREM 5 .  A UV00-map f : X 1 -+ X from an ANR X 1  to a metri c s pace 

X i s  a hered i ta ry s hape equ i val ence i f  and on ly  i f  X i s  an  ANR . 

PROOF .  I t  fol l ows from a theorem of  G. Koz l ows k i 1 S [ K2 ]  that a 

UV00-map between ANR 1 S  i s  a hered i tary homotopy equ i va l ence , hence a 

hered i tary s hape equi val ence . Therefore we need to s how on ly  necess i ty .  

Accord i n g to Koz l owsk i , i t  i s  enoug h  to s how that , for any open cover 

u of X , there ex i sts a map H : M ( f )  ..... X 1  s at i sfyi ng H I { O }  = i dent i ty 

and { H ( M ( f : { x } ) ! x  E X }  ref i nes u •  . 

As sume X i s  a separabl e metri c s pace . 

Let u be a n  open cover of X . We may ass ume that u i s  a l oca l l y  

fi n i te open cover of X . Let Ck , Nk ' and B k  ( k = 0 , 1 , . . .  ) be the 

fami l i es as i n  Propos i ti on 3 . 7  sati sfy i ng ( *1 ) through  ( *5 ) . 

Choose a countab l e open cover V = { V1 , v2 , . . .  } of X s uch that 

each vn (n  = 1 , 2 , . . .  ) i ntersects on ly  fi n i te ly  many members of u ' 

and choose a prec i se open refi nement M = {M1 , M2 , . . .  } of V such  

that  Mn c Vn for  each n = 1 , 2 , . . . . For each n = 1 , 2 , . . .  , choose 

o pen subsets W (m = 1 , 2 , . . .  ) of X such t hat n ,m 
M c W 1 c W 1 c W c W c V for m = 1 , 2 , . . .  n n ,m+ n ,m+ n ,m n ,m n 
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We wi l l  s how , by i nduct i o n , that , for each n = 1 , 2 , . . .  , there 
n 

exi st Hn : M ( f :
m
�
1 

wm , n ) � x • and a fami l y  L� = { L� I b  E Bk } ( k = 0 , 1 ,  . . .  ) 

of open subsets of X such that Hn i { O }  = i nc l us i on , Hn = Hn - 1  

n - 1 
on M ( f :  U W ) , 

m=1 m , n  
co 

for any b E U Bk k=O 

Hn ( M ( f : ( 0 w ) n Ln
b) )  C l b1 ' and cb c Ln C Nb m= 1 m , n  b 

and n = 1 , 2 , . . .  

S i nce v 1 i ntersects on ly fi n i te ly many members of U , by app ly i n g  

Lemma 3 . 3 . 5 ,  we obta i n  H ' : M ( f : w1 , 1 ) � X ' and a fami l y  

Lk = { Lb l b  E Bk } ( k = 0 , 1 ,  . . .  ) o f  open subsets o f  X such that 

H ' I { O } = i ncl us i on , H ' ( M ( f : w1 , 1 n Lb ) )  c i b , and 
co 

Cb c Lb c Nb for any b E U Bk . 
k=O . i 

H 1 : M ( f :  U W . )  � X ' 
m=1 m ,  1 Let i > 0 , and assume that we have a map 

and a fami l y  L � = { L� I b  E Bk } ( k = 0 , 1 ,  . . .  ) o f  open 

such that Hi i { O }  = i ncl us i on , H i = H i - 1 on M ( f : 
i
u
1 

m= 1 

subsets of X 

w . ) m ,  1 

H i ( M ( f : ( � w . )  n L i ) )  c I '  , and cb c Lb
i c Nb for any 

m= 1 m ,  1 b b 
co 

b E  U Bk . S i nce Wi +1 , i + 1  ( c V i + 1 ) i ntersects on ly  fi n i te ly many 
k=O 

members of U , we can apply Lemma 3 . 3 . 5  to obta i n 

H: M ( f : ( � W . ) U w . +1 . + 1 ) � x •  and a fami l y  L�+1 = { Lb+1 l b  E Bk } 
m=1 m , 1  1 , 1  

( k = 0 , 1 , . . .  ) of open subsets of X such that H i { O }  = i nc l us i on , 
i i - ) - i ) J i + 1 ) )  I H = H on M ( f :  U W . + 1  , H (M ( f : [ (  U Wm i U Wi + 1  i + 1  n Lb c l b m= 1 m , 1  m=1 ' ' 

co 
• 1 i + 1  

and Cb c Lb+ 1  c Nb for any b E U Bk . Defi ne H1 +  : M ( f : U wm , i + 1 ) � x ·  
k=O m= 1 . 1 i + 1  . 1 . i 

as H1 + = H I M ( f :  U wm , i + 1 ) Then H 1 +  = H 1 on M ( f :  U Wm i + 1 ) 
m= 1 m= 1 ' 

. . 1 i +1 ' + 1  H 1 + 1 i { O }  = i ncl us i on , and H 1 + ( M ( f : ( U wm , i + 1 ) n L� ) )  c I b for 
m=1 co 

any b E U Bk . 
k=O 



Therefore ,  by i nduct ion , we c l a i m  that , for each n = 1 ,2 ,  . . .  , 
n n 

there ex i st a map H : M ( f :  U W ) � X ' and a fami l y  
m= 1 m ,n 

n n l L k = { Lb b E  Bk } ( k  = 0 , 1 ,  . . •  ) of open subsets of X such  that 
n- 1 

Hn i { O }  = i nc l u s i on , Hn = Hn - 1 on M ( f :  U W ) , 
m=1 m , n 

00 
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n ( ( 
n n n H M f : ( U W ) n Lb ) )  c i b' , and  cb c Lb c Nb m=1 m , n for any b E U Bk . 

k=O 
Now we can defi ne H : M ( f )  � X ' as  H = Hn on M ( f : Mn ) ( n  = 1 ,2 ,  . . .  ) . 

Then H i s  a wel l -defi ned conti n uous functi on such that 

{ H ( M ( f : { x } ) ) ! x E X } refi nes U '  and H I { O }  = i denti ty . 
As an i mmedi ate corol 1 a ry of Theorem 5 ,  we get the fol l owi ng  

equ i val ences . 
00 THEOREM 6 .  For a UV -map f : X ' � X  from an ANR X '  to a metri c 

space X , the fol l owi ng are equ i va l ent : 

( 1 )  X i s  an ANR . 

{ 2 )  f i s  a hered i tary homotopy equ i va l ence . 

( 3 )  f i s  a hered i tary s hape equ i va l ence . 

( 4) f i s  a fi ne homotopy equ i va l ence . 

PROOF . G .  Kozl ows k i [ K2]  a l ready showed { 1 )  i mp l i es ( 2 )  and (4) 

impl i es ( 1 )  . Not i ce that ( 2 ) ea s i l y  i mp l ies  ( 3 )  . Hence we need to 

show ( 3 )  i mpl i e s ( 4) . 

Not i ce how we proved Theorem 5 .  We proved that i f  f : X '  � X  i s  

a heredi tary shape equ i va l ence from an ANR X '  to a separab l e metri c 

space X , then , for any open cover U of X , there ex i sts g : X  � X '  

such that g o f i s  homotop i c  to i dent i ty on X '  w i t h  the homotopy 

l i mi ted by U '  . In fact , we wi l l  s how the same th i ng for the case of 

( non-separabl e )  metri c space X . If  we have such g : X  � X ' , we fi nd 

out that f o g and i dent i ty on X are St ( St ( St U ) ) -c l ose . S i nce 



we know X i s  an ANR , us i ng refi nements of U , we can eas i ly s how 

that f i s  a fi ne homotopy equ i val ence i f  a UV00-map f : x •  +X from 

an ANR x •  to a metri c  s pace X i s  a hered i tary s hape equ i val ence . 

Hence we have equ i val ences . 

3 . 4 .  MAPS OF ANR 1 S  WHOSE IMAGES ARE ANR 1 s  
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In thi s sect ion  we i mprove the fol l owi ng theorem of G .  Koz l owski  • s  

00 [ K2] to a theorem for a UV -map . 

THEOREM ( G .  Koz l ows ki ) . If f : x •  +X i s  a cel l - l i ke map between 

metr i c  s paces and { X  }00 
n n= 1  i s  a sequence of cl osed s ubsets of  X such  

00 
that X =  U X .  and f i  X � :X� +X. i s  a hered i tary s hape equ i val ence 

i = 1 1 1 1 1 

for each i = 1 , 2 ,  . . .  , then f i s  a hered i tary shape equ i va l ence . 

We prove Theorem 7 u s i ng the cr i teri a devel oped i n  sect i on 3 . 3 .  

Before we prove i t  we need to present n i ne l emmas . 

Here we recal l some notati ons and i ntroduce some more . 

For the map f : x •  +X , f •  : DM ( f )  +X x [ - 1 , 1 ]  i s  the .. natural 

map 11 i nduced by f and i denti ty .  

fA : x •  + x •  U A and fA : x •  U A + X are the . . natural maps 11 , where 
f f 

A i s  a c l osed subset of X 

fA : OM ( fA ) + (X • � A )  x [ - 1 , 1 ]  i s  the .. natura 1 map . . . 

fAx [ - l , l ] : DM ( f )  + DM (fA ) i s  the .. natura l map 11 • 

fAx[ - 1 , 1 ] : DM ( fAx[ - 1 , 1 ] ) + DM (fA ) x [ - 1 , 1 ]  i s  the 1 1natural map 11 •  

L EMMA 3 . 4 . 1 .  I f  f : x •  +X and f • : oM ( f )  +X x [ - 1 , 1 ]  are 

hered i tary homotopy equ i va l ences , A i s  a c l osed subset of X , 

U i s  a nei ghborhood of A , and G : M ( f : U )  U x •  x { 0 }  + Y , then 

G i M ( f : A )  U x •  x { 0 }  + Y extends to a map from M ( f )  to Y . 
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PROOF . S i nce f i s  a heredi tary homotopy equ i va l ence , we have a 

map H : DM (f : U )  U M ( f )  + Y sati sfyi ng  H ( x ,t )  = G { x ,  -t )  for each 

( x , t )  E DM ( f : U )  wi th  t 2 0 and H ( x , O )  = G ( x , O )  for any x E X ' . 

Then s i nce f '  i s  a hered i ta ry homotopy equ i va l ence , H I DM ( f : U )  has 

an extens i on H: M ( f ' : U  x [ -1 , 1 ] ) + Y . Certa i nl y  H i nduces a homo­

topy { re l . x• X { 0 } )  from G to H I M ( f : U )  u X '  X { 0 }  . Therefore , u s i ng 

norma l i ty ,  we cl a i m  that G ! M ( f : A )  U X '  x { 0 }  extends to a map from 

M ( f )  to Y • 

LEMMA 3 . 4 . 2 .  Suppose fA : X '  + X ' U A and 
f 

fA : DM ( fA ) + ( X '  ¥ A )  x [ - 1 ,  1 ]  a re hered i tary homotopy equ i va l ences . 

I f  B i s  a c l osed s ubset of X , U i s  a nei ghborhood of B , and 

H : X '  x {0 } U M { f : U )  + Y i s  a map to an ANR Y , then there exi st a 

ne i g hbo rhood W of A U  B and a map H: X '  x { 0 } U M ( f : W )  + Y such 

that H = H on M ( f : B )  U X '  x { 0 }  • 

PROO F .  Let fAM : M ( fA ) + M ( f )  be the "natura l  map 1 1 • By Lemma 

3 . 4 . 1 ,  H o TAM I M ( fA : (fA ) - 1 ( B ) ) u x• x { O } : M ( fA : (fA ) - 1 ( B ) )  u x• x { O }  + v 
has an extens i on F : M ( fA ) + Y . Defi ne H ' : M ( f : B  U A )  U X '  x { 0 } + Y 

a s  fo 1 1  ows . 

H ' ( x ,  t )  = 

F ( x ,  t )  

H ( x ,  t )  

H ( x ,  0 )  

on M ( f : A ) 

on M ( f : B )  

o n  X • + { 0 } . 

Let g : A  U B + Y be the map def i ned as  g ( x )  = H ' ( x ,  1 )  . S i nce Y 

i s  a n  ANR , g has an extens i on g from a ne i g hborhood w1 of 

A U  B to Y . Noti ce that g o  fAM = F on ( fAM ) - 1 ( A U B )  . S i nce 

Y i s  an ANR , we can fi nd a ne i ghborhood W of A U B and a homotopy 



from g o  fAM ! (fAM ) -
I

( W ) to F l (fAM fi ( W ) ( re l . (fAM ) -
I

( A U B ) ) , 
wh ich  i nduces a homotopy from [ F I X '  x { 0 }  U M ( f : A  U B ) ]  
u [g o fAM I (rAM ) -

I
( W ) ]  to F I X '  x { 0 }  u M ( fA : A  u B )  u (fAM ) -

I
( w ) . 

Hence by the homotopy extens i on property of an  ANR Y 

[ F I X '  x { 0 }  U M ( f : A  U B ) ]  U (g o rAM I (fAM ) -
I

( W ) ]  has an extens i o n  

F ' : X '  x {0 }  U M ( fA : (fAM ) -
I

( W ) )  � Y .  Now , u s i ng a var i ati on o f  Lemma 

3 . 3 . I ,  we can fi nd H " : X '  x { 0 } U M ( f : W ) � Y such  that 

WI M ( f : A  U B )  U X '  x {0 } i s  homotopi c  to W • Therefore H '  has an 

extens i on H: M ( f : W ) U X '  x { O }  � Y . Certa i n ly  � = H '  = H on 
M ( f : B )  u x •  x { O }  

LEMMA 3 . 4 . 3 .  Suppose f : X '  � X  i s  a map and { X i }7= I  i s  a 
00 

sequence of c l osed su bsets of X such that X = U X . .  
i = I  , 

f . : x •  � x •  U X .  denote the map fx for i = I , 2 ,  . . . . 
, f 1 i 

Let 

If f .  1 

and f � : DM ( f . )  � ( X '  U X . ) x [ -
I , I ] are heredi tary homotopy equ i -1 1 f 1 

val ences , then any map h : X '  � Y to an ANR Y has a n  extens i on 

H : M ( f )  � Y . 
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PROO F .  Fi rst ,  by i nduct i on , we wi l l  show that for each m = I ,2 ,  . . .  

there exi st  open subsets V and N of X and an extens i on m m 
Hm : M ( f : Vm ) U x •  x { 0 } � Y of h such that Xm c Nm c ffm c Vm , 

m m+ I  
( ) , Xm+l U Nm c Nm+l c ffm+I c Vm+ I  , and H = H on M f :Nm U X X { Q } 

(m = 1 , 2 , . . .  ) . 

By Lemma 3 . 4 . 2 ,  we have a ne i ghborhood V I of X I and an 

exten s i on H ' : M ( f : VI ) U X '  x { 0 } � Y of h . Choose a ne i ghborhood 

NI of XI such that XI c NI c NI c VI . Let m > 0 , and assume 

we have the fol l owi ng : 

( I ) open subsets VI ' ' ' ' '  Vm of X . 
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( 2 )  open subsets N1, .. . , Nm of X such that 
N; u xi+1 c Ni+1 c Ni+1 c vi+1 (i = 1 , 2, . . .  , m - 1) .  

( 3 )  Hi :M (f:Vi) U X '  x {0} � Y such that Hi = Hi+1 on 
M (f:N .)  U X '  x {0} (i = 1, 2, . . .  , m - 1) . 

1 

We apply Lemma 3 . 4 . 2  with Nm c Vm , Hm:f4 (f:Vm) � Y , fm+1 , and 
f�+1 to obtain a neighborhood Vm+1 of Nm U Xm+1 and 
Hm+1 :M (f:V 1) U X '  x {0} � Y such that Hm+1 = Hm on m+ 
�1 Ef :Nm) U X '  � {0} • Then we choose an open set Nm+l such thu.t 
Nm U Xm+ 1 c Nm+ 1 c Nm+ 1 c V m+ 1 . 

Now, by induction, we claim that, for each m = 1 , 2 , . . . , there 
exist open subsets Vm and Nm of X and an extension 
Hm :M (f:V ) U X '  x {0} � Y of h such that X c N c N c V m m m m m 

-u -u m m+1 Xm+1 U ,,m c Nm+1 c nm+1 c Vm+1 , and H = H on 
M (f :Nm) U X '  x {0} (m = 1 , 2 ,  . . .  ) . Then we can define H :M (f) � Y 

as H = Hm on M (f :Nm ) (m = 1 ,2 ,  . . .  ) . 
00 LEMMA 3 . 4 . 4 .  If a UV -map f :X '  � X  from an ANR X' to a 

metric space X is a fine homotopy equivalence, then f x id :X ' x I  � x x I  
defined by f x id ( x, t) = (f ( x ) , t) is a fine homotopy equivalence. 

P ROOF .  Since f x id is a UV00-map between ANR ' s  , it follows 
from Theorem 6 .  

LEMMA 3 . 4 . 5 .  00 If a UV -map f :X '  � X from an ANR X '  to a metric 
space X is a fine homotopy equivalence, then, for any closed subset 
A of X , fA :X ' � X ' � A and fA :X ' � A �  X are fine homotopy equivalences. 

PROOF . By Theorem 6 ,  it is enough to show that, for any open 
cover u of X '  U A , there exists a map h :X '  U A �  X '  such that 

f f 
h o fA is homotopic to identity on X '  with the homotopy limited by 
{fp:1( U) ! U  E U} . 



Let U be a g i ven open cover of X '  U A . F i nd a fami l y  V of 
f 

open subsets of X s uch that { {fA ) - 1 ( V ) j V  E V }  refi nes u and 

A c uv . Choose open subsets w0 , w1 , and w2 of X s uch  that 

A c w0 c "W0 c W1 c ill c W2 c i12 c UV . For each x E X - il2 , choose 

a ne i ghborhood Vx of x in X such that Vx c X - -w2 . Let 

VT = V U { Vx l x  E X  - i12 } . Si nce f i s  a fi ne homotopy equi val ence , 

there exi st  a ma p g : X  � X ' and a homotopy H : X '  x I � x •  from 

H0 = i dent i ty on X '  to H 1 = g o f l i mi ted by ( VT ) '  • Noti ce that 

H J W2 x I i s  l i mi ted by v • , hence l imi ted by { fji,l ( U ) j U  E U } . Fi nd 

a rna p a :  X I u A � [ 0 ' 1 J sat i sf y i n g a ( cr A ( 1 (W 0 ) )  = { 1  } and 
f 

a ( (fA ) - 1 ( x  - w1 ) )  = { 0 } .  And defi ne h : X '  U A � X '  as fol l ows . 
f 

fAl ( x )  X '  U A -
- -1 -on (fA ) ( Wl ) 

f 
h ( x )  = H ( f�1 ( x ) ,  a ( x ) )  o n  (fA ) - l ( W2 ) - A 

g o fA( x )  on - -1 ( fA ) ( WO ) 

Al so defi ne G : X '  x I � X ' as  fol l ows . 

X on X '  - (W ) I 1 
G ( x , t )  = H ( x ,  t · a ( x )) on  w •  - A '  2 

H ( x , t )  on  We) . 

Then we can ea s i l y  show that G i s  a homotopy from h o fA to 

i dent i ty on X '  l i mi ted by {fA1 ( U )  j U  E U }  • 

LEMMA 3 . 4 . 6 .  00 If  a UV -map f : X '  � X  from an ANR X '  to a metri c 

space X i s  a f i ne homotopy equ i va l ence over a c l osed subset A of 

X , then , for each open cover U of ( X '  U A )  x [ - 1 ,  1 ]  , there 
f 

58 



exi sts a map g : ( x •  � A ) x [ - 1 , 1 ]  � DM (fA ) such that g o  fA1 i s  

homotop i c  ( rel . ( x •  � A )  x { ± 1 } )  to i denti ty on DM (fA ) wi th the 

homotopy l imi ted by { ( fA ) - 1 ( U ) j U  E U} and fA o g i s  homotop i c  

( rel . ( x • U A )  x { ± 1 } )  to i denti ty on ( x •  U A )  x [ - 1 ,  1 ]  wi th the 
f f 

homotopy l i mi ted by u .  
PROOF . By Lemma 3 . 4 . 4  and Lemma 3 . 4 . 5 ,  fA : DM ( fA ) � ( x • U A )  

f . 
x [ - 1 ,  1 ]  i s  a fi ne homotopy equ i va l ence between ANR 1 s  . 

F i rst not i ce that i t  i s  enough to show that , for any open cover 

u of ( x • U A) x [ - 1 ,  1] , there ex i sts a map 
f 

g : ( x •  U A )  x [ - 1 , 1 ]  � DM (fA ) such that g o fA i s  homotopi c ( re l . 
f 

( x •  U A )  x { ± 1 } )  to i dent i ty on DM (fA ) wi th the homotopy l i mi ted 
f 

by { ( fA ) - 1 ( U ) j U  E U }  ( see the proof of Theorem 6) . 

Let U be an open cover of ( x •  U A )  x [ - 1 , 1 ]  . S i nce fA i s  
f 
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a fi ne homotopy equ i va l ence , there exi st a map h : ( x •  U A) x [ - 1 , 1 ] � DM ( fA ) 
f 

and a homotopy H : DM ( fA ) x I � DM (fA ) from H0 = i dent i ty to 

H1 = h o fA l imi ted by { ( fA ) - 1 ( U ) j U  E U } . Not i ce that 

Ht o ( fA ) - 1 j ( x •  U A)  x { ± 1 }  (t E I )  defi nes a homotopy from 
f 

( fA• )
- 1 j ( x •  u A )  x { ± 1 }  to h j ( x •  u A )  x { ± 1 }  l i mi ted by 

f f 
{ ( fA ) - 1 ( u ) j U  E U } . Hence by the modi fi ed homotopy extens i on property 

of an ANR , there i s  a homotopy G : ( x •  U A) x [ - 1 , 1 ]  � DM ( fA ) l imi ted 
f 

by { ( fA ) - 1 ( U )  j U  E U }  such that G1 = h and Gt = Ht ( fA ) - 1 on 

( x •  u A) x { ± 1 } . 
f 
Let P = [ ( x •  u A )  x { ± 1 } x I x I ]  u [ DM ( fA ) x I x { 1 } ] u 

f 
[ DM (fA ) x { 0 ,  1 } x I ]  , and defi ne A : P  � DM (fA ) as fol l ows . 



A ( x , s , t )  = 

X i f  S = 0 

G ( fA( x ) ,  t )  i f  s = 1 

i f - t = 1 
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H ( x ,  s )  

H ( x ,  s t )  i f  ( x , s , t ) E ( X 1  U A )  x {± 1 } x l  x I . 
f 

We can eas i ly check A i s  a we l l -defi ned cont i nuous map .  Si nce 

DM (fA ) i s  an ANR , A extends to a map from DM ( fA ) x I x I � DM ( fA ) .  

Hence G0 o fA i s  homotopi c ( re l . ( x • U A )  x { ± 1 } )  to i denti ty on 
f 

DM (fA ) Furthermore , by the mod i fi ed homotopy exten s i on property of 

an ANR , we can cl a im  that G0 o fA i s  homotopi c ( re l . ( x •  U A )  x { ± 1 } )  
f 

to i denti ty on DM ( fA ) wi th the homotopy l imi ted by 

{ ( fA f1 ( u )  J U  E U } . 

As an immed i ate corol l ary of Lemma 3 . 4 . 6 ,  we have the fo l l m-Ji ng 

l emma . 
00 

L EMMA 3 . 4 . 7 .  I f  a UV -map f : x •  � X  from an ANR x •  to a metri c  

s pace X i s  a fi ne homotopy equi val ence over a cl osed subset A of 

X , then for any open subset N of ( x •  U A) x [ - 1 , 1] there ex i sts 
f 

a map - 1  g : N  � ( fA ) ( N )  such that g o fA J ( fA ) - 1 ( N )  i s  homotop i c  

( re 1 .  [ ( x • � A )  x { ± 1 } ]  n ( fAf1 ( N ) ) to i dent i ty on ( fA ) - 1 ( N )  and 

fA o g i s  homotop i c  ( re l . [ ( x • � A )  x { ± 1 } ]  n N )  to i dent i ty on N . 

LEMMA 3 . 4 . 8 .  
00 If  a UV -map f : x •  � X  from an ANR x • to a metri c 

s pace X i s  a fi ne homotopy equi val ence over a c l osed subset A of 

X , then fAx [ - 1 , 1 ] : DM ( f )  � DM (fA ) i s  a hered i tary homotopy equ i val ence . 

PROOF . By Lemma 3 . 4 . 6 ,  we can choose a map 

h : ( x •  U A )  x [ - 1 , 1 ]  � DM ( fA ) '  a homotopy ( re l . ( x •  U A )  x { ±1 } )  
f f 

H : DM ( fA ) x I � DM (fA ) from H0 = i dent i ty to H1 = h o fA , and 



6 1  

a homotopy ( re 1 . ( X  1 U A )  x { ± 1 } )  G :  ( X  1 U A )  x [ - 1 , 1 ]  x I -+ 
f f 

( X 1  u A )  x [ - 1 , 1 ]  from G0 = i dent i ty to G1 = fA o h • 
f 
Let c 1 : 0M ( fA ) -+  OM ( f )  i s  the map defi ned as c 1 = fA on 

( X 1  U A) x {± 1 } and c 1 = i dent i ty on X 1  x ( - 1 , 1 )  , and 
f 

c2 : ( X 1  U A )  x [ - 1 , 1 ] -+ O�l (fA ) i s  the map defi ned as c2 = fA on 
f 

( X 1  � A )  x { ± 1 }  and c2 = i dent i ty on ( X 1 � A )  x ( - 1 , 1 )  . 

Oefi ne h 1 : ( X  1 � A )  x [ - 1  , 1 ]  -+ OM (fA ) , H '  : OM ( fA ) x I -+ OM ( fA ) , 

and G 1 : ( X 1  U A )  x [ - 1 , 1 ]  x I -+  ( X 1 U A )  x [ - 1 , 1 ]  as fol l ows . 
f f 

h ( x ,  2t ) i f  

h 1 ( x ,  t )  = h ( x ,  1 )  i f  

h ( x ,  - 1 ) i f  

(x , s )  

1 1 - - < t < -2 - - 2  
-} 2_ t 2_ 1 

1 - 1  < t < - -- - 2 

i f  s = ± 1  

. 

(fA (x ) ,  - 1 ) i f  0 2_ t 2_ -} and - 1  < s < t -

H ' (x , s , t ) = 

(fA ( x ) , 1 )  

H ( x , 1 : t 

(fA (x ) ,  - 1 ) 

( fA (x ) ,  1 )  

H ( x ,  2s , 2t -

i f  

0 )  .i f 

i f  

i f  

1 )  i f  

-
0 � t � � and 1 - t � s < 1 

0 2_ t 2_-} and t-1  < s < 1 

1 and - < t 2 -
1 and - < t 2 -
1 and - < t 2 -

- -
1 - 1  < s < - -- 2 

-} 2_ s < 1  
1 1 - - < s < -2 - - 2 · 

- t 

1 
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G ( x ,  - 1 '  0 ) i f  O :s_ t :s_ } and - 1 < s < t - 1 

G ( x ,  1 ,  0 ) i f  O < t :s_ } and 1 - t < s < 1 

G ( x , s 0 )  i f  1 - t ' 0 < t < l 
- 2 a nd t - 1 < s < 1 - t 

G '  ( x , s , t )  = 
l < t G ( x ,  - 1 ,  2t - 1 )  i f  2 -

G ( x , 1 , 2t  - 1 ) i f  l < t  2 
G ( x ,  2s , 2t - 1 )  i f  l < t  2 -

and 

and 

and 

- 1 1 < s < - -- - 2 
� :s. s .:s. 1 

1 1 - 2 :s_ s < 2 . 

- 1 Then we can ea s i l y chec k that c 1 o Ht o c1 ( 0  :s_ t :s_ 1 ) i s  a homotopy 

from i dent i ty on DM ( f )  to c 1 o h '  o c2 1 o fAx [ - 1 , 1 ]  and 

i s  a homotopy from i dent i ty on DM (fA ) 

to fAx[ - 1 , 1 ] o c 1 o h '  o c2 1 . Hence fAx [ - 1 , 1 ]  i s  a homotopy 

equ i va l ence . But i f  we use Lemma 3 . 4 . 7  together wi th the above 

ana l ys i s ,  we can eas i ly show that fAx [ - 1 , 1 ]  i s  a hered i tary homotopy 

equ i v a l ence . 

L EMMA 3 . 4 . 9 .  00 I f  a UV -map f : X '  � X from an ANR x •  to a metri c  

space i s  a f i ne homotopy equi va l ence over a c l osed subset A o f  X , 

then fAx[ - 1 , 1 ] : DM ( fAx[ - 1 , 1 ] ) � DM (fA ) x [ - 1 ,  1 ]  i s  a hered i tary 

homotopy equ i va l ence . 
00 P ROO F .  S i nce fA : DM { fA ) � { X '  U A )  x [ - 1 ,  1 ]  i s  a U V  -map 

f 
between ANR ' s  , fA : DM ( fA ) � { X '  U A )  x [ -1 ,  1 ]  x [ - 1 ,  1 ]  i s  a 

f 
UV00

-map between ANR ' s  • Hence fA i s  a fi ne homotopy equ i va l ence . 

By the same argument as  i n  the proof of Lemma 3 . 4 . 6 ,  we can  

prove that , for any open subset N of ( X '  U A )  x [- 1 ,  1 ] x [ - 1 ,  1 ] , 
1 f - 1 there ex i sts  a map g : N  � ( fA ) - ( N )  s uch  that g o  fA I { fA ) ( N )  i s  



homotop i c  ( rel . [ ( X '  U A )  x { ± 1 }  x I ]  n ( fA ) - 1 ( N ) )  to i dent i ty on 
f 

( fAf 1 ( N )  and fA o g i s  homotop i c  ( rel . [ ( X '  � A )  x { ± 1 }  x I ]  n N )  

to i dent i ty on N . Then , by mod i fyi ng the map and homotop i es as we 

di d i n  the proof of Lemma 3 . 4 . 8 ,  we can s how that f�x[ - 1 , 1 ] : 

DM ( fft. ) + D�1 (fA ) x [ - 1 ,  1 ]  i s  a hered i tary homotopy equ i val ence . 
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Fi nal l y ,  we are ready to improve a theorem of G .  Koz l ows ki ' s [ K2 ] .  

THEOREM 7 .  I f  f : X '  + X  i s  a UV00-map from an ANR X '  to a metri c  

space X and { Xn }�= 1  i s  a sequence o f  c l osed subsets o f  X such 
00 that U '), = X and f i s  a f i ne  homotopy equ i val ence over each X n  , 

n = 1  
then f i s  a heredi tary shape equ i val ence . 

PROOF . F i rst  not i ce that f1. : X '  + X '  U X .  
f 1 defi ned by f .  = f 

1 X ·  1 
and f � : DM ( f . ) + ( X '  U X . ) x [ - 1 , 1 ]  are hered i tary homotopy equ i -1 1 f 1 
va l ences by Lemma 3 . 4 . 4  and Lemma 3 . 4 . 5 .  Therefore , for any map 

h : X '  + Y to an ANR Y , there exi sts an exten s i on H : M ( f )  + Y of 

h by Lemma 3 . 4 . 3 .  Hence f# : [ X : Y] + [ X ' : Y ] i s  onto for any ANR 

y 

We wi l l  show f# i s  one-to-one . 

Con s i der the map f '  : DM ( f )  + X  x [ - 1 , 1 ]  . Certa i n ly  
00 

X X [ - 1 , 1 ]  = u 
i = 1  

( x i x [ - 1 , 1 ] ) , fx . x [ - l , 1 ] : DM ( f )  + DM (fx . ) i s  a 
1 1 

heredi tary homotopy equ i val ence by Lemma 3 . 4 . 8 ,  and fx . x [ - 1 , 1 ] : 
1 

DM ( fX . x [ - 1 , 1 ] ) + DM (fx . ) x [ - 1 , 1 ]  i s  a hered i tary homotopy equ i va l ence 
1 1 

by Lemma 3 . 4 . 9  ( i  = 1 , 2 , . . .  ) . Now suppose g 1 , g2 : x  + Y are maps 

to an ANR Y such that g 1 o f i s  homotop i c  to g2 o f . Then we 

have a map G : DM ( f )  + Y sat i s fyi ng G ( x , - 1 )  = g 1 ( x ) and G ( x , 1 )  = 
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g2 (x ) for each x E X . Hence we can a pp ly  Lemma 3 . 4 . 3  wi th f '  , 

fx . x[ -1 , 1 ]  , fx . x [-1 , 1] ( i = 1 , 2 • . . .  ) , and G to obta i n  an exten s i on 
1 1 

G : DM (f ' ) + Y of G .  Certa i n l y  G i nduces a homotopy from g 1 to 

g2 . Therefore f
#
: [X : Y] + [ X ' : Y] i s  one-to-one . 

Hence f i s  a shape equi va l ence . 

S i nce we can app ly  t he above ana l ys i s to any open subset U of  

X , we can  c l a i m  that f i s  a hered i tary shape equ i va l ence . 



L I ST OF  REFERENCES 



[An ] . 

[AP ] .  

[ Du ] .  

[OW] . 

[ Ha ] . 

[Hu] . 

[ HW] . 

[ Kl ] .  

[ K2] .  

( KMW] . 

[KW] . 

[ La ] .  

[Mi ] .  

[MR] .  

L I ST OF RE FERENCES 

F.  D .  Ancel , The rol e  of countabl e d i mens i ona l i ty i n  the 
theory of ce l l - l i ke rel at i ons , Trans . Amer .  Mat h .  Soc . ,  to 
a ppea r .  

66  

S .  Armentrout and T . M .  Pri ce , Decompos i t i ons i nto compact 
sets wi th UV- properti es , Trans . Amer.  Math . Soc . 1 4 1 ( 1 969 ), 
433-442 . 

J .  Du gundj i , Topol ogy ,  Al lyn  and Bacon , Boston , 1 966 .  

R. J . Daverman and J . J .  Wal s h ,  Exampl es of cel l - l i ke maps 
that are not shape equ i val ences , M i ch i gan Math . J .  30 ( 1 983 ) , 
1 7 -30 . 

W . E .  Haver , Mappi ngs between ANR ' s  that a re fi ne homotopy 
equ i va l ences , Pac i fi c  J .  Math . 58 ( 1 975 ) , 457- 461 . 

S . T .  Hu , T�iory of retracts , Wayne State Uni v .  Press , 
Detro i t ,  1 9  5 .  ---

W. Hurewi cz and H .  Wa l l man ,  D i mensi on theory ,  P ri nceton 
Uni v .  Press , Pri nceton , 1 948. 

G. Koz l owski , Factor i zati on of certai n  maps up to homotopy , 
Proc . Amer.  Math . Soc . 2 1 ( 1 96 9 ) , 88- 92 . 

�----' Ima ges of ANR '  s ,  Trans . Amer .  Mat h .  Soc . , 
to appear .  

G .  Koz l owsk i , J .  van  Mi l l , and  J . J .  Wa l sh ,  AR-maps obtai ned 
from cel l - l i ke maps , Proc . Amer .  Math . Soc . 82 ( 1 981 ) ,  299-
302 . 

G .  Koz l ows ki  and J . J . Wa l s h , Ce l l - l i ke mappi ngs on 3-man i ­
fol ds , Topol ogy 22 ( 1 983 ) , 1 47 - 1 5 1 .  

R. C .  Lacher , Cel l - l i ke mapp i ngs , I ,  Pac i f i c .  J .  Math . 
30 ( 1 969 ) , 7 1 7- 731 . 

J .  van Mi l l , A counterexamp l e to a ques t i on of Bors uk on 
decompos i ti on of a bso l ute retracts , Topol ogy Appl . 1 2 ( 1 981 ) ,  
31 5-320 . 

J .  Mog i l s ki and H .  Ro sl an i ec , Cel l - l i ke decompos i t i ons o f  
ANR ' s ,  Bu l l .  Acad . Pol an .  Sci . Ser.  Sc i . Math . Astronom.  
Phys . , to appear.  



[Na] . J .  Nagata , Modern d imens i on theory,  John  Wi l ey & Sons , 
New York , 1 965 . 

[Sh] . R . B .  Sher , Rea l i z i ng cel l - l i ke maps  i n  euc l i dean space , 
Genera l Topol ogy and App . 2 ( 1 972 ) ,  7 5-89 . 

(Ta ] . J . L .  Tayl or ,  A counterexampl e  i n  s hape theory , Bu l l .  Amer .  
Math . Soc . 81 ( 1 97 5 } , 629-632 .  

67  



APPENDIX  



PROOF of Theorem 5 for (non -separabl e )  metri c spaces . 

We wi l l  s how that , for each open cover U of X , there exi sts 

a map K : M ( f) + x •  sati s fy i ng K I { O }  = i denti ty and 

{ K (M ( f : { x } ) ) l x  E X } refi nes u•  as  we d i d  to prove the theorem for 

the case of separab l e  metri c s paces . 

Let U be an open cove r  of X . We may assume that U i s  a 

l ocal ly  fi ni te open cover of X . Let Ck , Nk , and Bk be the 

fami l i es as i n  Propos i ti on 3 .  7 sati sfyi ng ( *l ) through ( *5 ) .  

Choose a l oca l ly  fi n i te open cover V = { V  I a  E A }  of X s uch a 

that each Va i ntersects only fi n i te ly many members of u , and 

choose a preci se  open refi nement M = {M Ia E A} s uch that M c V a a a 
for each a E A . 

As s ume A i s  we l l -ordered wi th �� � ��  , and defi ne the property 

P (a )  as fol l ows ; for each S < a and each y � S , there exi st  

an open s ubset w6 of X , a ma p H6 : M ( f :  U { W6
,. l i  < S } )  + x •  , and 

y -

a fami l y  L� = { L� I b  E Bk } ( k  = 0 ,  l ,  . . .  ) of open s ubsets of X 

s uch that 

(1) M c wS 
c V 

y y y 
( 2 )  w6 

c wY 
y y 

{ 3 )  wY - urV . ! y < i < S }  c w6 
y 1 - Y ' 

( 4 )  HS = Hy on M ( f :  U {W� I i  < y } )  , , -

( 5 )  H6 1 { D}  = i nc l us i on ,  

( 6 )  H6 ( M ( f : [U {W� I i  � S } ]  n L� ) )  c I b  for any 

S y N 
oo 

( 7 )  Cb c Lb c Lb c b for each b E U Bk , 
k=O 

s 00 
( 8 )  L� - { UV; I Y < i � S }  c Lb for any b E U Bk k=O 
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We wi l l  s how that P (a )  i s  true for any a E A by transfi ni te 

i nducti on . 

Let 0 be the fi rst e l ement of A . 

certa i n ly get w� = v0 , H0 : M ( f : W� ) � X '  

By u s i ng Lemma 3 . 3 . 5 ,  we 

, and a fami ly L� = 
0 { Lb l b  E Bk } ( k  = 0 ,  1 ,  . . .  ) of open s ubsets of X s uch that ( 1 ) 

through ( 8) are hol d .  

Let a E A , and assume P ( B )  i s  true for any 8 < a . Hence , 

for each y 2 8 < a , we have an open s ubset w8 of X , a map y 
H6 : M ( f :  U {W� I i  2 8 } ) � X ' , and a fami l y  L� = { L� I b  E Bk } 

( k  = 0 ,  1 ,  . . .  ) of open s ubsets of X sati s fyi ng ( 1 ) th�ough { 8) . 

For each s · <  a , l et w8 = n {W� I 8  2 i < a} . We wi l l  s how that 

each w6 i s  a nei ghborhood of 'M8 . If a has the immedi ate pre­

de:essor a- 1 , then W = Wa- l by ( 2 ) , hence WB i s  a ne i ghborhood 8 B 
of "M8 . St·ppose a does not have a i mmedi ate predeces sor .  Then 

for each x E M , we can choose a ne i ghborhood G of x i n  X s uch 
B 

that there exi sts u ( x )  i n  A s ati sfyi ng S < a ( x )  < a and G n 

V
1 = ¢ for any i � cx ( x ) . Hence G n w:(x )c W� for any i w i th 

8 2 i < a by ( 2 )  and ( 3 ) . Hence w6 i s  a nei ghborhood of M8 for 

any 8 < a . 
00 

For each b E U Bk k=O 
, l et Lb = n { L� I 8 < a} . We wi l l  show 

70 

that each L0 i s  an open set conta i ni ng Cb . I f  a has the i r11ned i ate 
a- 1 ( ) predeces sor ct·- 1 , then Lb = Lb by 7 , hence Lb i s  an open set 

conta i n i ng Cb . Suppose a has no i mmedi ate p redecessor .  Then for 

each x E Lb we can choose a nei ghborhood G of x s uch that there 

exi sts a ( x )  i n  A sati sfy� r�g a ( x )  < a and G n Vi = ¢ for any 

i wi th a (x )  < i Then G n Lb( x )c Lb for any i < a by { 7) 

and (8) . Therefore each Lb i s  an open s et conta i n i ng Cb . Hence 



we have a fami ly Lk = { Lb l b  E Bk } ( k = 0 ,  1 ,  . . .  ) of open s ubsets 
00 

of X sati s fy i ng Cb c L c Nb for any b E U Bk b k=O 
Certa i nly  we can defi ne a map H :M ( f :  U {W8 ! 8  < a } )  � x •  as 

H = H8 on M ( f : W8 ) us i ng ( 4 ) . Then i t  i s  easy to see that 
00 

H (M ( f : [ U {W8 ! 8  < a } ]  n Lb ) )  c I b' for each b E U Bk . 
k=O  

For each 8 < a , choose an open set G8 sati s fyi ng M8 c 

G8 c G8 c w8 , and l et W� = G8 U ( w8 - Va) . 

Now we apply Lemma 3 . 3 . 5 wi th D = U {W8 ! 8  < a } , E = Va , 

H : M ( f :  U {W8 ! 8  < a } )  � x •  , Lk ( k = 0 ,  1 ,  . . . ) , and a c l osed set 

F = [U  {G8 j 8  < a } ]  U [ ( U {W8 j 8  < a } ) - Va] i n  (U {W8 ! 8  < a } ) U Va 
to obtai n H: l� ( f ( U{W8 ! s  < a } ) U Va ) � x •  and a fami ly Lk_ = 

{ L� I b  E Bk } ( k = 0 ,  1 ,  . . .  ) of open s ubsets of X such that H = H 

on M ( f : F )  , H j { O }  = i ncl us i on , H(M ( f : [ ( U  {W8 ! 8  < a} )  U Va] n 

L� ) )  c I b , Cb c Lb c L� c Nb 
00 

b E U Bk • 
k=O 
Let wa = V , and defi ne a a 

H j M ( f :  U {WC: j i  < a } ) . 1 -

, and 

By now we have found that , for each 8 .::_ a and each y .::_ 8 , 

there exi s t  an open subset w8 of X , a map H8 : M { f :  U {W8
1• l i  < 8 } ) � y -

x • , and a fami l y  L� = { L� I b E Bk } ( k = 0 ,  1 ,  . . . ) of open  s ubsets 

of X for wh i ch ( 1 ) ,  ( 2 ) , ( 4 ) , ( 5 ) , ( 6 ) , and ( 7 )  are c l early hel d .  

Noti ce that , for each 8 < a  and y < 8 , wY - U{ V .  ! Y < i < a} c y 1 
wY - U {V. i < 8 }  c wS , hence wY - U {V. j y  < i < a }  c W . There-y 1 - y y 1 y 
fore wY - U {V. j y  < i < a }  c W - V c Wa , hence ( 3 )  i s  he l d . Al s o ,  y 1 - y a a 
by the same anal ys i s , we can s how that L� - U { Vi I y < i .::_ a } c L� 

00 
for any y < a and any b E U Bk , hence ( 8 )  i s  hel d .  

k=O 
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Therefore P (a )  is  true for any a E A . 

F i nal l y  we defi ne K : M ( f )  � X '  as K = H S  on M ( f : M6 ) . Then 

we can eas i ly see that K i s  a wel l -defi ned cont i nuous functi on such 

that K I { O }  = i dent i ty on X '  I f  we l et Db = n { L� I a  E A }  , then 
00 

certa i n ly  Cb c Db and K ( M ( f : Db ) )  c I b for any b E U Bk . Si nce 
k=O 

00 00 
U { Cb l b  E U Bk ) = X and { I b l b  E U Bk } refi nes u •  , 

k=O k=O 
{ K ( M ( f : { x } ) ) l x E X } refi nes U '  • Therefore X i s  an ANR 
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