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ABSTRACT

Recently, R.J. Daverman and J.J. Walsh modified an example due
to J. Taylor to obtain an example of a cell-like map from a compactum
with non-trivial shape onto the Hilbert cube Q such that the non-
degeneracy set is contained in the countable union of finite dimensional
closed subsets of Q . Previously, G. Kozlowski proved that a cell-
1ike map f:X' - X from a compact ANR X' onto a metric space X
is a hereditary shape equivalence if there exists a sequence {Bn}:=1

of finite dimensional closed subsets of X such that the non-degeneracy

(29

. . . -1 ©
set is contained in ngl B, and {f " (B )} _;

forms a pairwise dis-
joint null-sequence. Here we raise two questions, which we show are
equivalent. First: Is a cell-like map f:X' > X a hereditary shape
equivalence if the non-degeneracy set is contained in the countable
union of pairwise disjoint finite dimensional closed subsets of X ?
Second: Is a cell-like map f:X' = X a hereditary shape equivalence

if there exists a sequence {Bn}:=1 of finite dimensional closed

subsets of X such that U (Bn n Bm) has a strong transfinite dimen-
n#m

sion and the non-degeneracy set is contained in ﬁ Bn ?  Even though
n=1

we are not able to answer these questions, we give affirmative answers
to the questions for special cases, and, furthermore, we are able to
extend the aforementioned result of Kozlowski's. Also, we attempt to
extend certain analyses of cell-like maps, which are proper by defi-
nition, to (non-proper) UV™-maps. We prove that for a UV™-map

f:X' - X froman ANR X' to a metric space X the following are

equivalent:
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(1) X is an ANR ; (2) f 1ds a hereditary homotopy equivalence;
(3) f 1is a hereditary shape equivalence; (4) f is a fine homotopy
equivalence. Since va-maps are generally not onto, the notion of a
"hereditary shape equivalence" 1is a variation of that for cell-like

maps, though it agrees with, say, Kozlowski's for cell-like maps.
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CHAPTER 1

INTRODUCTION

It is known that a cell-like map f:X' - X from an ANR X' onto
a metric space X is a hereditary shape equivalence if and only if f
is a fine homotopy equivalence and, furthermore, if and only if X
is an ANR ; see [An] and [K2] . Furthermore, if the dimension of X'
is finite, then X 1is an ANR if and only if X is finite dimensional
and, furthermore, if and only if the dimension of X is less than or
equal to the dimension of X'; see [AP], [K1], and [La] .

It is quite natural to expect cell-1ike maps to be homotopy equi-
valences. Even the expectation that cell-1ike maps are fine homotopy
equivalences is reasonable. For the most part, cell-1ike maps behave
in the expected fashion by being fine homotopy equivalences in the
setting of ANR's and by being hereditary shape equivalences in the
setting of general metric spaces; see [An], [K2], [MR], and [Sh].

J. Taylor [Ta] gave an example of a cell-like map F from an
infinite dimensional compactum T with non-trivial shape onto the
Hilbert cube Q , which is not a hereditary shape equivalence. For
further examples of cell-1ike maps that are not hereditary shape equiv-
alences see [DW], [KMW], and [Mi] .

Now a principal unanswered problem about cell-like maps, which is
known as the "dimension raising cell-like map question", takes the
following form. Is there a cell-like map f: X' > X from a finite
dimensional ANR X' to a metric space X such that any one of the

following five equivalent conditions holds?



(1) f 1is not a hereditary shape equivalence; (2) f is not a fine
homotopy equivalence; (3) X s not an ANR ; (4) X is infinite dimen-
sional; (5) the dimension of X 14s bigger than the dimension of X' .

R.J. Daverman and J.J. Walsh [DW] modified the example due to
J. Taylor [Ta] to obtain an example of a cell-like map F from a com-
pactum T with non-trivial shape onto the Hilbert cube Q satisfying
that the non-degeneracy set, that is, the set {y ¢ QIF'I(y) # point},
is contained in the countable union of finite dimensional closed sub-
sets of Q . On the other hand G. Kozlowski [K2] proved that a cell-
like map f:X' - X from a compact ANR X' onto a metric space X
is a hereditary shape equivalence if there exists a sequence {Bn}:=1
of pairwise disjoint finite dimensional closed subsets of X such
that the non-degeneracy set is contained in n?I Bn and {f—i(Bn)}:=1
forms a null-sequence, that is, diameter of f'l(Bn) >0 a n-»> o,

Here arises a pertinent question.

QUESTION A. Is a cell-like map a hereditary shape equivalence if
the non-degeneracy set is contained in the countable union of pair-wise
disjoint finite dimensional closed subsets?

We may even expect a better result.

QUESTION B. Is a cell-like map f:X' > X a hereditary shape

oo

equivalence if there exists a sequence {Bn}n=1 of finite dimensional

closed subsets of X such that the non-degeneracy set is contained in

U B and U (Bn NB ) has a strong transfinite dimension?
nsl " n#m m

We find an affirmative answer to Question A combined with a

theorem of F.D. Ancel's [An] gives an affirmative answer to Question B.



Unfortunately we are unable to answer these questions. In Chapter
Il we give some affirmative answers for special cases of the questions,
and we extend the aforementioned theorem of G. Kozlowski's [K2] . Two
results are the following.

THEOREM. If f:X' > X 1is a cell-like map between compact
metrizable spaces such that there exist a sequence {Bn}:=1 of
closed subsets of X and an integer k satisfying, for each
n =1,2,...,

(1) f1£1B): £l ) ~ B

n n n is a hereditary shape equivalence,

(2) the non-degeneracy set is contained in .ﬁ B,
and =

(3) for each neighborhood U of Bn , there exists a neighbor-
hood V of B, satisfying Vc U and dim[aV n (ingi)] <k,
then f s a hereditary shape equivalence.

THEOREM. If f:X' > X 1is a cell-like map from an ANR X' onto
a metric space X such that there exists a sequence {Bn}:=1 of
closed subsets of X satisfying, for each n = 1,2,...,

(1) f|f'1(Bn): f'l(Bn) > B is a hereditary shape equivalence,

(2) the non-degeneracy set is contained in _ﬁ B. »
and =

(3) for each neighborhood U of Bn , there exists a neighbor-
hood V of Bn satisfying Vc U and 3V intersects at most finitely
many of {Bi}?=1 s
then f s a hereditary shape equivalence.

In Chapter III, we extend analyses of cell-like maps, which are

proper maps by definition, to (non-proper) va-maps. Even though -



4

maps are required to be neither surjective nor proper as we see in the
example of the inclusion of the open interval (0, 1) into [0, 1] ,
which is a hereditary shape equivalence and a fine homotopy equivalence,
we expect UV*-maps to behave in the same way as cell-like maps.

G. Kozlowski [K2] defined the notion of a hereditary shape equi-
valence for proper maps between metric spaces; namely, f is a hered-
itary shape equivalence provided flf'l(A) +~ A 1is a shape equivalence
for each closed subset A of X . Necessarily, such maps are surjective.
It follows from Kozlowski's work [K2] that a map f:X' > X 1is a

Ly su s

hereditary shape equivalence if and only if flf—l(U): f
a shape equivalence for any open subset U of X . The latter equi-
valent condition turns out to be an adequate definition of a hereditary
shape equivalence for non-proper maps and fits well with the notion of
a U -map. (We shall give a formal definition later.)

In F.D. Ancel's work [An], we find that for a proper map f:X' - X

from an ANR X' onto a metric space X and a closed subset A of X

f[f-l(A): f'l(A) +~ A is a hereditary shape equivalence if and only if
fA:X' - X" UA 1is a fine homotopy equivalence, where X' g A is the
f
adjunction space defined as follows. As a set X' UA = (X' - f'l(A)) UuaA
f
L),

and the topology on X' U A 1is generated by the open sets in X' - f~
f

together with sets of the form f'l(U - A) U (UnA) for open subsets

U of X, and fA(x) =x for x €X' - f'l(

L

A) and fA(x) = f(x) for
x € f “(A) . Hence we adapt the last equivalent condition to define the
notion that a map f:X' - X between metric spaces is a fine homotopy

equivalence over a closed subset A of X .



We generalize a theorem of G. Kozlowski's [K2] stating that a
cell-like map f:X' > X from a compact ANR X' onto a metric space
X is a hereditary shape equivalence if there exists a sequence {Bn}:=1
of pairwise disjoint closed subsets of X satisfying: the non-degeneracy
set is contained in ? 8, fIf1(8): f1(B ) B isa hereditary
shape equivalence forn;;ch Bn , and {f'l(Bn)}:=1 forms a null-
sequence, to a theorem on a va-map as follows.

THEOREM. If f:X' > X is a UVw-map from an ANR X' to a metric
space X such that there exists a sequence {Bn}:=1 of closed subsets
of X satisfying, for each n =1,2,...,

(1) f 1dis a fine homotopy equivalence over Bn R

(2) for each neighborhood U of Bn , there exists a neighbor-

hood V of B with VcU and 3V N ( Bi) = ¢,

1

n cs

1
and

(3) the non-degeneracy set is contained in

ncsg
@
L

.i
then f 1is a hereditary shape equivalence.

G. Kozlowski [K2] proved that a cell-l1ike map f:X' » X from an
ANR X' to a metric space X is a hereditary shape equivalence if
and only if X is an ANR . We extend this result as follows.

THEOREM. A UVm-map f:X' > X froman ANR X' to a metric
space X is a hereditary shape equivalence if and only if X s an
ANR .

We find that the next theorem provides important equivalences
among the classical notions.

THEOREM. For a UVm-map f:X' > X froman ANR X' to a metric

space X the following are equivalent:



(1) X 1is an ANR ;

(2) f is a hereditary homotopy equivalence;
(3) f 14s a hereditary shape equivalence;
(4) f 4is a fine homotopy equivalence.

First notice that (2) easily implies (3). For a cell-like map f

F.D. Ancel [An] proved equivalences of (1), (3), and (4) and G. Kozlowski

[K2] proved equivalences of (1) and (3). W.E. Haver [Ha] proved equi-

valences of (1) and (4) for a cell-like map betwen separable metric

spaces. For (non-proper) UV*-maps Kozlowski [K2] proved (4) implies

(1) and (1) implies (2). We establish the remaining implications.
Finally, we generalize a theorem of G. Kozlowski's [K2] that

states a cell-like map f:X' = X 1is a hereditary shape equivalence

if X = 1U1 Xi for a closed subset Xi‘s of X satisfying

f|f'1(Xi): f'l(xi) + X, is a hereditary shape equivalence for each

Xi to a theorem for a (non-proper) va-map with the same hypotheses.

DEFINITIONS AND NOTATION

CONVENTION. A11 spaces are metrizable and all metrics are denoted
by d .

A map is a continuous function.

Amap f:X->Y is a UVm-map provided, for each x € X and each
neighborhood U of x , there exists a neighborhood V of x such

1(V) > f'l(U) is null-homotopic.

L

that V c U and the inclusion f~
A map f:X > Y is proper provided f “(C) is compact for any
compact subset C of Y . It is well-known that f is proper if

and only if f s closed and each point-inverse is compact.



A cell-1ike map is a proper map with each point-inverse having

trivial shape.

Amap f:X~+Y is a hereditary homotopy equivalence provided,
-1
(

for each open subset U of Y , flf'l(U): f “(U) > U 1is a homotopy
equivalence.

An ANR is understood to be a metric space that is an absolute
neighborhood retract for the class of metric spaces.

A map f:X > Y 1is a shape equivalence provided for each ANR

P f#: [Y:P] > [X:P] 1is a bijection of sets, where each of [Y:P]
and [X:P] denotes the set of homotopy classes of maps and
f#([a]) = [a o f] for a class [a] € [Y:P] .

Recall that a map f:X = Y 1is a hereditary shape equivalence
-1
(

provided, for each open subset U of VY, fif'l(u);f U) »U ds a
shape equivalence. We already mentioned that a proper map f:X » Y
is a hereditary shape equivalence if and only if flf'l(A): f'l(A) + A
is a shape equivalence for any closed subset A of X .

For a fixed map f:X' - X we introduce the following notation:
Y

st = f

S) for any subset S of X .

u' {f'l(U)IU € U} for any family U of subsets of X .

I denotes the unit interval [0, 1] .

A homotopy H: X x I - Y s limited by a family U of subsets
of Y provided {H({x} x I)|x € X} refines u .

A map f:X' =X is a fine homotopy equivalence provided, for

any open cover U , there exists a map g:X = X' such that g o f
is homotopic to identity on X' with the homotopy limited by U’
and f o g is homotopic to identity on X with the homotopy limited

by u.
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Recall that a map f:X' - X 1is a fine homotopy equivalence over

a closed subset A of X provided fA:X' + X" UA is a fine homotopy
f

equivalence, where X' g A 1is the adjunction space defined as follows.

As a set X' g A= (X" - f1(A)) UA and the topology on X' UA is

generated by the open sets in X' - f-l(A) together with sets of the

1

foom f “(U - A) U (Un A) for open subsets U of X , and

L La) .

fA(x) =x for x e X' -f “(A) and fA(x) = f(x) for x € f

We already mentioned that for a cell-like map f:X' = X from an
ANR X' onto a metric space X and a closed subset A of X, f
is a fine homotopy equivalence over A if and only if

{

fif'l(A): f "(A) > A is a hereditary shape equivalence.

For a map f:X' = X the non-degeneracy set, denoted by Nf s
is the subset {x € X|either f'l(x) =¢ , or f-l(x) contains at
least two points, or f'l(x) = point but {f—l(B)lB € B} is not a
neighborhood basis for f'l(x) where B 1is a neighborhood basis
for x}. Notice that for a cell-like map f:X' » X
Ne = Tx € X[F71(x) # point} .

A neighborhood always refers to an open set.

For a space X and subsets Bc A of X we introduce the
following notation:

B = the closure of B in X .

B (in A) = the closure of B 1in the subspace A .

int(A) = the interior of A in X .

open in A means open in the subspace A .

oB = the boundary of B in X .

3B (in A) = the boundary of B in the subspace A .



Finally we state here a modified homotopy extension property of

ANR .

HOMOTOPY EXTENSION PROPERTY OF ANR .  Suppose A is a closed

subset of a metric space X and U 1is an open cover of an ANR Y .
If H: Ax I UXx{0}+Y is amap such that {H({x} x I)|x € A}
refines U , then there exists an extension H:X x I - Y of H such
that H ds limited by U .

For standard definitions and notation see [Du], [Hu], and [HW].
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CHAPTER I1I
CELL-LIKE MAPS

Throughout this chapter f:X' - X denotes a cell-1ike map unless
specified otherwise.
Recall that, for a cell-like map f:X' - X , the non-degeneracy
set Nf equals the set {x ¢ X|f'1(x) is not a point} .
G. Kozlowski [K2] proved the following theorem.
THEOREM. Suppose f:X' = X dis a cell-like map from a compact
ANR X' onto a metric space X such that there exists a sequence
{Bn}:=1 of closed subsets of X satisfying
(1) Ne ngl B, >
(2) f[Bﬁ:Ba -> Bn is a hereditary shape equivalence for each

and

(3) {B )"

ntn=1 is pairwise disjoint and, for each ¢ > 0 , at most

finite members of {B'}' , have diameter > e ,
then f 1is a hereditary shape equivalence.

In section 2.1 we generalize the aforementioned theorem of G.
Kozlowski as follows.

THEOREM 1. Suppose f:X' > X 1ds a cell-like map between metric
spaces such that there exists a sequence {Bn}:=1 of closed subsets
of X satisfying

(1) Nf c ngl Bn .

(2) f[Ba:Bﬁ > Bn is a hereditary shape equivalence for each Bn s
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and

(3) for each Bn and a neighborhood U of Bn , there exists
a neighborhood V of B~ such that Vc U and 3V r](iﬁl Bi) =¢ ,
then f 1is a hereditary shape equivalence.

Theorem 1 combined with a theorem of L. Tumarkin's [Na] gives a
"better" theorem as follows.

THEOREM 2. Suppose f:X' - X 1ds a cell-like map between com-
pact metrizable spaces such that there exist a sequence {Bn}?=1 of

closed subsets of X and an integer k satisfying

(1) N.c U B_,
f n=1 n

(2) f|B,:B) ~ B, 1is a hereditary shape equivalence for each B ,
and
(3) for each Bn and a neighborhood U of Bn , there exists a

neighborhood V of Bn satisfying V cU and dim(aVv N (
i=1

Bi)) <k,
then f s a hereditary shape equivalence.

The same analysis as in the proof of Theorem 2 gives the equivalences
of two questions A and B raised in the introduction.

In section 2.2, we prove Theorem 3 which also extends Theorem 1.
But Theorem 3 is quite different from Theorem 2. Theorem 3 replaces
the hypothesis (3) in Theorem 1 with the following: for each B, and
a neighborhood U of Bn » there exists a neighborhood V of Bn
satisfying V cU and 3V intersects at most finitely many of {Bi}?;l .

Let us introduce definitions and notation which are used through-

out Chapter II.
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For a subset V of X x Y we adopt the following:
dom V = {x € X|(x,y) € V for some y € Y}.
VIK ={(x,y) € V|x € K} for a subset K of X .
Vix = V|[{x} for x € X .
V(x) = {y € Y[(x,y) € V} for x €X.
Suppose U and V are subsets of X x Y and g:DomV = Y is

a function such that the relation gc U . A slice-contraction of

V onto g in U is a homotopy ¢:V x I - U such that % = inclusion
VU, for each x € X ¢((V|x) x I) cU|x , and ¢1(V|x) =g|x . If
there is a slice-contraction of V onto g in U, we say that V
slice-contracts or is slice-contractible onto g in U .

Suppose R 1is a relation from a space X to a space Y . Then

R:X + Y is slice-trivial in X x Y provided R 1is continuous with

compact point images and if each neighborhood U of R in X x Y
contains a neighborhood V of R in X x Y such that V slice-
contracts in U .

Throughout chapter II we use G. Kozlowski's definition of a
hereditary shape equivalence defined for cell-like maps as follows.
A cell-1ike map f:X' - X 1is a hereditary shape equivalence provided
for any closed subset A of X f|A' induces a bijection between
[A:P] and [A':P] for any ANR P .

To prove theorems in this chapter we freely use results of

F.D. Ancel's [An] and G. Kozlowski's [K2] .
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2.1. MAPS DETERMINED ON SEQUENCES WITH BOUNDED
DIMENSIONAL PAIRWISE INTERSECTIONS

First we prove the following theorem which generalizes a result of
G. Kozlowski's [K2] .

THEOREM 1. If f:X' > X is a cell-like map between metric spaces
such that there exists a sequence {Bn};;l of closed subsets of X
satisfying

(1) N, c U B,
f n=1 n

(2) for each Bn f}Bﬁ:Bé—»Bn is a hereditary shape equivalence,
and
(3) for each Bn and a neighborhood U of Bn , there exists a

neighborhood V of B~ such that VcUu and 3V n(

1

n 8
(o]
—
"
©
-

p
then f s a hereditary shape equivalence.

PROOF. Since any metric space can be embedded as a closed subset
of an ANR , we may assume that X' is an ANR . According to G. Kozlowski
[K2], f 1dis a hereditary shape equivalence if, for any open cover M
of X , there exists a map g:X-+X' such that g o f 1is homotopic to
the identity map on X' with the homotopy limited by M' .

Let M be an open cover of X . By Ancel's enlargement lemma
[An, A.8], there exists a neighborhood U of the relation 1"1 in
X x X' such that {U(x)|x € X} refines M' .

According to Ancel [An, Theorem 4.5], 1"1

|B, is slice-trivial
in X x X' for each n=1,2,... .
For a subset S of a space Y and ¢ > 0 we denote N(S; ¢) =

{y e Y|d(y, S) < e}.
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By induction we will prove that, for each n =1, 2, ..., there
exist a (possibly empty) open subset Mn of X , a map gn:ﬂh - X',
a homotopy Hn:(ﬁh)' x I > X' from Hg = inclusion (ﬂh)' + X' to
Hr = gnof[(ﬁh)' , and an open cover Ln of X such that

o n n
(a) {Mﬁ}i-l consists of pairwise disjoint sets, U B,c UM ,
- i=1 1 =
and 3M n(UB,) =¢ ,
n j=1 |
(b) mesh (Ln) <'% and Ln refines M ,
-1

(c) g, =f " on aM , and

(d) H"(x, t) =x for each (x, t) ¢ (aMn)' x I and the homotopy
H' ds limited by L' .

We will show the first two steps of induction.

Choose an open cover L] of X such that mesh L1 <1 and L1

refines M . Using the enlargement lemma, choose neighborhoods U1 1°

u and U, , of f'liB1 in XX X' and, by the hypothesis

1,2° Y1,3

(3), a neighborhood M. of B, such that

1
(1.a) Uy ; slice-contracts onto gy (5_q) n Uy 5y by

0.5 (1=2,3,4), ann (U
> n=1
{y, ](x)[x € X} refines Li .

Now we will find g]:FH + X' satisfying 9y = f_] on aM] . By

Bn) =¢ , Mc Dom U]’4 , and

Ancel's neighborhood extension property [An. 2.4], f']laM] extends
to a map gi from a neighborhood V] of aM] (in ﬁ}) into X'

such that gi(x) € U]’4(x) for each x € X . Find an open set N]

(in M']) such that oM, c W, cW] (in ﬁ]) c Y, cﬁ] , and find a map
A:ﬁ} + [0, 1] satisfying A(8M1) = {0} and A(ﬁi - w]) = {1} . Then
we can define g]:ﬁj + X' as g](x) = 91’3(x) if x ¢ W) and

g](x) = ﬂo¢1’4(x, gi(x), A(x)) if xe¢ Fﬁ (in FH) , where 1 is
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a projection from X x X' onto X' . Then we easily see 9, U] 3

and g, = 1 on M, .

We will find a homotopy Hl  from Hé = inclusion (FH)' - X' to
of] 1 )' satisfying Hl({x} x 1) c U],1(f(x)) for each x ¢ (ﬁ1)‘
and H (x t) = x for each (x, t) € (aM])' x I . Since X' is an ANR,
there exists a neighborhood C of (8M1)' (in (ﬁ])') and a homotopy
G':Cx I > X' from Gy = inclusion C~>X' to Gi = g1of|C such that

G'(x, t) = x forany (x, t) ¢ (BM])' x I and G'({x} x 1) c

Uy 3(F(x)) . Let P ={Cx T x1I}ULM)" x[({0, 1} xI)U

(1 x {11})]} , and find a map A:(ﬁ])' x I »P satisfying p(x, s) =
(x, s, 0) for any (x, s) ¢ [(oM))" x 1] U[(ﬁ])' x {0, 1}] and §

preserves the first coordinates. Define y =P -+ X' as follows.

mody 3(f(x), 6'(x, s), t) on Cx1Ix1
P(x, s, t) = j mody 3(f(x)s x, t) on UW])' x {0} x 1
| mogy 3(f(x), gyof(x), t) on (M))' x {1} x 1
b gy p0f(x) on (M)' x I x {1} .

Finally we define H1:(M;)' x I > X' as Hl =y of . We can easily
check HY({x} x 1) c U]’Z(f(x)) for each x ¢ (ﬁi)' , hence
Hl({x} x I)|x € (ﬁi)'} refines Li , Hé = inclusion (ﬁj)' - X',
H% = g]of[(FH)', and Hl(x, t) = x for any (x, t) € (3M)' x
Now we will show the second step of induction.

If

rof—

Choose an open refinement L2 of M with mesh <

2 .
82 c M] , let M2 =¢ , 9, = ¢ , and H = ¢ . Suppose 82 is not

contained in M1 . Then we can easily show that for any neighborhood
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U of 82 - M] there exists a neighborhood V of 82 - M.l such that

v (§ Bn) =¢ and VcU. Also it follows from results of Ancel's
n=1

and Kozlowski's that f']]B2 - M] is slice-trivial in X x X' . There-
fore, by the same argument as in the first step of induction, we obtain

a neighborhood M, of B, - M, , and a map gzzﬁé + X' , and a homotopy
H2:(ﬁé)' x I - X' from HS = inclusion (W%)' X' to Hf = gzof[(ﬁz)'

satisfying that M, n M, =6 (Note that M, n (B, - M) =¢) ,

1 on aM, H2(

B]UBsz]UMz,aMzn(nEf]Bn)=¢>,gz=f X, t) =
x forany (x, t) € (3My)' x I , and {2 ({x} x I)|x € (ﬁz)'} refines
]
L2 .
Now by induction we claim that for each n =1, 2, ..., there
exist an open set Mn of X , a map gn:ﬁh + X' , a homotopy
n _ — ]
to H-I = gnofl(Mn) ’
satisfying (a), (b),

Hni(ﬁh)' x I > X' from Hg = inclusion (M )' ~

and an open refinement Ln of M with mesh <

(c), and (d).

X'
L
n

Now define g:X + X' as g(x) = gn(x) for x € Mn (n=1, 2,
...) and g(x) = f'](x) otherwise, and define H:X' x I + X' as
H(x, t) = H"(x, t) for (x, t) € (Mn)' xI (n=1,2,...) and
H(x, t) = x otherwise. Then it can be shown that g and H are con-
tinuous [In fact we give a proof in chapter III where the hypotheses are
weaker]. Furthermore H is a homotopy between identity on X' and

gof 1limited by M' . Hence f 1is a hereditary shape equivalence.

A sequence of subsets of a space is a null-sequence provided for

any € >0 only finitely many members of the sequence have diameter

> g -

As a corollary of Theorem 1 we have the following.
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COROLLARY 1.1. (G. Kozlowski [K2]) If f:X'=+X 1is a cell-like

map between metrizable spaces such that there exists a sequence {Bn}:=1
of pairwise disjoint closed subsets of X satisfying Nf.c U Bn s

n=1
{Bn}:=1 forms a null-sequence, and f]Bé is a hereditary shape

equivalence for each Bn , then f s a hereditary shape equivalence.

PROOF. It follows from the following lemma.

LEMMA 2.1.1. Suppose f:X' > X 1is a map and there is a sequence
{Bn}:;] of closed subsets of X such that {Bﬁ}:=] forms a pairwise
disjoint null-sequence. Then for any n =1, 2, ... and any neighbor-
hood U of Bn there exists a neighborhood W of Bn such that
Wc U and 3””(.0{181):‘1)'

PROOF. Consié;l the decomposition G = {B/|n=1,2, ...]U
{{x}|x € X* - q Bﬁ} of X' and the decomposition space X'/G . Let
T X' > X'/G bz_lhe decomposition map.

We can easily show 7 1is a closed map since {B'}".

nlq=y forms a

null-sequence. Hence X'/G 1is a normal space. Now using Urysohn's
functions we can prove the lemma.
Also by the same analysis as in the proof of Corollary 1.1 ,

we have the following.

COROLLARY 1.2. If f:X'>= X 1is a cell-Tike map Between metri-
zable spaces such that there is a sequence {Bn}:=1 of pairwise dis-
joint closed subsets of X satisfying Nf c ﬁ B , {B }w_l forms a

n=l " n‘n=
null-sequence, and f]Bﬁ is a hereditary shape equivalence for each
Bn » then f s a hereditary shape equivalence.

REMARK 1. Even though we state Corollary 1.1 and Corollary 1.2

for null-sequences, we immediately see "better results" as follows. A
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cell-like map f:X'->X between metrizable spaces is a hereditary shape
equivalence if there exists a sequence {B }n 1 of pairwise disjoint
closed subsets of X such that N c:nl=J1 B, > leﬁ is a hereditary
shape equivalence for each Bn , and either of the following two
conditions is satisfied:

(1) the decomposition map n':X' > X'/G' 1is closed, where

= {Bn]n e N} U {{x}]|x ¢ X' - nU]Bn}

(2) the decomposition map w:X > X/G is closed, where G =
{ByIn e N} u {{x}x ¢ X - nt;i’]sn} .

REMARK 2. Even-though G. Kozlowski states his theorem for the pair-
wise disjoint null-sequence {Bé}:=] , his proof gives a "better
theorem" as follows.

THEOREM  (G. Kozlowski [K2]). If f:X' > X 1is a cell-Tike map
from a compact ANR X' onto a metric space X and there is a sequence
{B }oo =1 of pairwise disjoint c]osed subsets of X such that

<o

Ne © ng]B , for each X, € B (x )} forms a null sequence, and
each leé is a hereditary shape equ1va1ence, then f 1is a hereditary
shape equivalence. But his "better theorem" doesn't follow as a corol-
lary of Theorem 1 as his original theorem does.

Now we present Theorem 2 which generalizes Theorem 1 with hypotheses
“close to being minimal". We prove Theorem 2 as a corollary of
Theorem 1.

THEOREM 2. If f:X'>X is a cell-like map between compact metri-
zable spaces such that there are a sequence {Bn}:=1 of closed subsets

of X and an integer k such that, for each n =1,2,...,

(1) N, < U B,
f i=1 1
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(2) lea is a hereditary shape equivalence, and
(3) for each neighborhood U of Bn » there exists a neighbor-
hood V of Bn such that V< U and dim(aV (ig]Bi)) < k , then
f is a hereditary shape equivalence.
PROOF. For each B~ and each integer m > 0 , choose a neighbor-
hood V, . of B such that dim(aV, . n(UB)) <k and V - c

n,m .
N 1, i=1
N(Bn, a& = {x ¢ X|d(Bn, x) < =1
Let kK= U UT[aV —n(UB,)]. Notice that dimK < k. Re-
n=1 m=1 > i=1
- call a theorem of L. Tumarkin's which states that a finite dimensional
subset of a metric space is contained in a Gs-subset of the same di-
mension [Na. Theorem II.10, page 32]. Now choose a subset L of X
with the dimension < k such that X - L = ﬁ Fi for closed subsets

i=1
F.'s of X and Kc L . By a theorem of F.D. Ancel's [An. Theorem

]
5.1], to show f 1is a hereditary shape equivalence, it is enough to
show that leath - Fn is a hereditary shape equivalence for each
n=1, 2, .

We will show that for each i =1, 2, ..., f[F%:F% > Fy and the
sequence {Bn n Fi}:=1 of closed subsets of Fi satisfy the
hypotheses in Theorem 1. The hypothesis (1) is certainly satisfied, and
the hypothesis (2) is satisfied by the definition of a hereditary shape
equivalence. Suppose U 1is a neighborhood of Bn n Fi (in Fi) and
W 1is an open subset of X such that U= Wn Fi . Then (Bn - Wn
F1 = ¢ , hence we can find a neighborhood V of Bn - W {(in X)
such that V n Fi = ¢ . Then certainly we have Bn cWUV . Using
compactness of X we get a neighborhood Vn m of Bn such that

Vn,m c WUV. Hence B N F; < Vn,m N Fi c(WUV)n Fi =Wn Fi =U.
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Furthermore, a(vn,m N Fi) (in Fi) = avn,m n Fi . Therefore

[3(V, n N F;) (in F)In [ji’j](sj nF)1=Cav, - NFIN [J_EJO]BJ.] c
Kn Fi clLn Fi = ¢ . Therefore the hypothesis (3) in Theorem 1 is
satisfied. Hence each f|F%:F% > Fi is a hereditary shape equivalence,
and hence f 1isa hereditary shape equivalence.

Early in the introduction we raised two questions.

Question A. Is a cell-like map a hereditary shape equivalence if
the non-degeneracy set is contained in the countable union of pairwise
disjoint fini;e dimensional closed sets?

Question B. Is a cell-1ike map f:X' - X a hereditary shape
equivalence if there exists a sequence {Bn}z=1 of finite dimensional
closed subsets of X such that the non-degeneracy set is- contained
in ﬁ B and U (Bn N Bm) has a strong transfinite dimension?

Heren;; presentniﬁe proof that Question A and Question B are equivalent.
We prove it using the same analysis as in the proof of Theorem 2.

Before we give the proof, we recall the definition of a strong trans-
finite dimension. The definition of a strong transfinite dimension,
Ind, is given inductively. (See [Na]). Ind X = -1 provided X is

the empty space. Ind X < a for an ordinal o provided for each closed
subset A of X and a neighborhood U of A there exists a neighbor-
hood V of A such that VcU and Ind(3V) < B for some ordinal

R <a . The space X 1is said to have a strong transfinite dimension
provided there is an ordinal o such that Ind X <a . Also we re-
call a theorem of F.D. Ancel's [An] which states that if a subset S

of a metric space X has a strong transfinite dimension, then S is

contained in a countable dimensional Gs-subset of X . Certainly an
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affirmative answer to Question B provides an affirmative answer to

Question A. Assume an affirmative answer to Question A. Using the
aforementioned theorem of Ancel's, find a countable dimensional subset

K of X such that X - K = .ﬁ Fi for some closed subsets Fi's of

X . According to a theorem o;-Ance]'s [An. Theorem 5.1], to claim f

is a hereditary shape equivalence, it is enough to show that

f(F%:F% > Fi is a hereditary shape equivalence for each i =1, 2, ....
But for each F, the sequence {Bn n Fi}:=1 and the map f|F%:F% -

Fi satisfy all the hypotheses in Question A. Therefore an affirmative

answer to Question A gives an affirmative answer to Question B.

2.2. MAPS DETERMINED ON SEQUENCES WITH
EMPTY INFINITE INTERSECTIONS

In this section we have a theorem which generalizes Theorem 1.
But the theorem is quite different from Theorem 2.

THEOREM 3. If f:X' > X 1is a cell-like map from an ANR X' onto
a metric space X such that there exists a sequence {Bn}:=1 of
closed subsets of X satisfying

(1) N,c UB_,
f n=1 n

(2) f|Bh:BB > Bn is a hereditary shape equivalence for each
n=1, 2, ..., and

(3) for each B, and a neighborhood U of Bn , there exists a
neighborhood V of Bn such that Vc U and 3V intersects at most
finitely many of {Bi}:;] R
then f s a hereditary shape equivalence.

PROOF. As in the proof of Theorem 1, it is enough to show that for

any open cover M of X there exists a map g:X - X' such that gof
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is homotopic to the identity on X' with the homotopy limited by M' .
We will show it in 5 steps.

Let M be an open cover of X . As in the proof of Theorem 1,
find a neighborhood U0 of f'] in X x X' such that {Uo(x)lx € X}
refines M' .
Step 1. It easily follows from a lémma of F.D. Ancel's [An. 3.5] that
for each n=1, 2, ... there exist an open cover Ln of X , a neighbor-

hood un of f‘]

in X x X' , and a neighborhood Mn of Bn such
that

1 . .
(1) mesh L, <+ and L. refines {Un_l(x)lx € X},
(2) Un c Un-] and {Un(x)|x € X} refines Lh , and

(3) U, IM ~slice-contracts in U, .
Step 2. For each n=1, 2, ... we will find open subsets Kn and
H, of X and a slice-contraction X such that

n n —
U Bi c U Ki . Kn intersects at most

(2.1) K. cH.cH M,
n n n n i=] i=1

finitely many of {Fﬁ}?;] and
n _ n —
(2.2) a slice-contraction x :[ U (U.|K.)] x I+ U (U; ,]K.)
n“tioq 101 i=1 i-1'
such that x_ = x,_; on (UilKi) x1 if B naK; =¢ for i<n.
We will show it by induction.
For B] c M1 » we simply choose open subsets K1 and H1 such that
B, c K e Y] cHc 'ﬁ] c M, and 03K, intersects at most finitely many
of {Bi}?;] . Certainly there is a slice-contraction X]3(U]|Ri) x I -
Uol%y -
Let k >0, and assume that for each n=1, 2, ..., k there

exist open subsets Hn and Kn of X and a map Xn such that
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_ _ n n
(2.1)! KcH cH cM , UB.c UK , 3K intersects at
L P R

most finitely many of ({B, } _1 » and Fh n i} =¢ if B NOK; = ¢
for i <n and
n n
(2.2) Xn 1U] (U |K )] x I - 121 ; ]IK ) is so that Xn = X1
on (U lKi) x I if B Na3K, =¢ for i<n
n k
Consider Bk+1 c Mk+1 . If Bk+1 c 1U]K , simply we choose

Kk+1 = Hk+] = ¢ and Xet] = Xk Otherwise, first we choose open
subsets H and K of X such that X .. cH ,,cH., cM ,
K+ K+l]<+1 - kfl . k+1 k+1 k+1 k+1
1U]B1 c 1U]K1 Hk+1 n K1 =¢ if BK. n Bk+1 =¢ for i <k+l , and
8Kk+] intersects at most finitely many of {B } =1 and then we de-

k+1 k+1
: K;) as fol]oWs
fine yx,.:[ U (U ]K)Ix1I~> U (Ui 1K)
SARRRE RS B i=1 )
k+1 _
X (X ys t) on {1_31 Us (K, - Hyq)d > 1
X (W(Xs ys A(x)e t)s u(x)-t)
= k+1
X (X, ) t)'
k+1 on { U1 U, DK N (Fyq - Kegp)13 < 1
vix, ¥ t) on {Uk+]lKk+]} x I,
where ¢ 1is a slice-contraction of 1|Hk+1 in Uklﬁk+1 and

s A:X > [0, 1] are maps such that X(X - H ) = {0}, u(Kk+]) = {0},
and u‘](l) U A'](l) = X . Then we easily see that for each n=1, 2
k+1 k+1

n=]’ {H }n 1° and

Now we can easily claim (2.1) and (2.2) .

..y k¥1 (2.1)" and (2.2)' are satisfied by {Kn}
k+1
{Xn}n=1 )
Step 3. For each n = 1, 2, ..., we define a slice-contraction
¢ [ U U IK )] *x I - U] j- ]lK ) as ¢n(x$ Y t) = Xn(o)(xs Yy t)

i=1 _ _
where n(0) is the sma11est integer satisfying Ki N Hm = ¢ for any

i<n and m>n(0) . Using (2.1) and (2.2) we can show that each
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¢, is well-defined and continuous. Furthermore, ¢y = b1 ON
n-1
U (UK for each n=1, 2,
i=1
Step 4. Let K= i Ky and U= U (U1 ]{K') . By induction we will
i=1 i=1 n
show that for each n=1, 2, ..., there exist a map 9 U Ki + X'
n_ i=1
and a homotopy Fn:( U Ki)' x I > X' such that
i=]
n-1 _ -1 n_
(4.1) 9y = 97 ON 151 K; and g = f on (iglKi) - K

and

n n
(4.2) F0 incusion ( U K.)' - X' , F} g of| U

Fn(x, t) = x for each (x, t) ¢ ( U K - K)''x1,

i=1 "
n_ n-1 n-1_
F' = F on (U K1)' x I ,-and F ({x} xI) < U(f(x))
i=1
n
for any xe (U Ki)l .
]:
Let ¢ slice-contract U U, |K onto g' in U= [K
n =1 n i= ] 1 1

Then , by a proposition of F.D. Ancel's [An. 2.1. (1)], we find that

_ , . . . Voo
for eﬁch n=1, 2, ... 9, is a continuous function and 9p = 9p+1
on U |K ) .

i= 1

Let w:X x X' = X' be the projection map.

Notice that f']|(Fﬁ - K):Kﬁ - K+ X' is a continuous map and
G':(K] - K) x I > X' defined by G'(x, t) = wo¢](x, f'](x), t) s
a homotopy from Gé = f']|(i] - K) to G' g]{ K) such that
G'({x} x I) = U(x) for each x e'K1 - K. Hence, by a modified
homotopy extension property of an ANR X' , we obtain an extension

S
G .K]

Define g]5K1 + X' as g](x) =G'(x, 0) . Let P, = [(?% - K)' x

x I > X' of G' such that G'({x} x I) c U(x) for each x ¢ FH
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Ix 17U [(K)" x {0, 13 x 13U [(K})' x I x {1}] , and define

A]:P1 + X' as follows.

no¢](f(x), x, st) on (Kj -K)' xIx1

A](x’ S, t) = ‘ X on

(K])' x {0} x I
1 G'(f(x), t) on (FH)‘ x {1} x 1
ﬂo¢](f(x), X, S) on (_A)' x I x {1}

Then we can easily check that A] is a well-dafined continuous function.

By a modified homotopy extension property of an ANR X' , we get an
I) c
:(?H)' x I+ X' as

X

extension p.:(Ky)' x I + X' of A, such that A({x} x I
1°*™M 1 1

U(f(x)) for each x ¢ (Fﬁ)' . Now we define F!

F'(% ) =T (x, s, 0) . Then F (x, 0) =x and F'(x, 1) = g of(x)
for any x ¢ (Ki)' and F'(x, s) = x forany (x, s) ¢ (FH -K)'xI.
Furthermore, F'({x} x I) < U(f(x)) for each x ¢ (E])'

Now we will show how to get 9, and F2 . First we notice that
the function g, U f ]I(KZ K)'K] U(Ké - K) - X' defined as 9
on K& and f ]| K) on Ké - K is well-defined and continuous.
2 1

Define G [K] ( K)] x I = X' as G° =G

6%(x, t) = mopy(x, F1(x), t) for (x, t) € (R, - K) x I. Then G

on 'K1 x I and
2

is a homotopy from 9 U f']l(Ké - K) to gé such that GZ({x} x Tjc

U(x) for each x G'Kl U (Ké - K) . Hence, by a modified homotopy

extension property of an ANR , there is an extension GQ:(KI U Ké)

2

<« 1+X'" of G such that T ({x} x I) cU(x) for each

X € .Kl UK

o - We define gziﬁl U Ké - X' as gz(x) = Ce(x, 0) .



Then 9, is an extension of g, and g, = £l on (Ki U Ké) -

Let P, = {[Ki U (F% -K)J]' xIx1I}U {(Ki U Ké)‘ x {0, 1} x I}

U {(Kl U'KZ)' x I x {1}} , and define A,:P, - X' as follows.

2" 2
[ m0,(F(x), x, st) on (K, - K)' x I x1
Az(x, s, t) =| x on (Eé)‘ x {0} x I
) Ee(f(x), t) on (Ké)' x {1} x 1
no¢2(f(x), X, s) on (?%)‘ x I x {1}

\ A-'I(Xs S, t) on (_K.I)' x I x 1

Then we can easily show that Ay is a well-defined continuous function
that extends K&. Using a modified homotopy extension property of an

ANR, we obtain an extension Ké:(?i U'Kz)' x I x I >X' of A, such

that Xé({x} x I x1)cU(f(x)) forany x ¢ (K] u Kz)' . Now we

define FZ:(K] UK, x T>X' as F2(x, s) = Ty(x, s, 0) . Then we

can show that F2 is an extension of Fl . F2 = inclusion, and

0

F? = gzof[ Kﬁ -é)' . Furthermore, F2({x} x I) < U(f(x)) for each

X € ( ) and Ff( t) = x for any (x, t) € [(K] u Eé)' -

K'] x I,

Now, by induction, we claim that for each n =1, 2, ... there

n n

exist a map 9, U K1 - X' and a homotopy Fn:( U ?%)' x T+ X'
i=1 i=1

satisfying (4.1) and (4.2).

Step 5. Finally we define g:X » X' as

g(x) = gn(x) if xe¢ Kn for some n=1, 2, ...

-] o
f '(x) if xeX- U Ki R
i=1

and we define F:X'x I » X' as
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F(x, t) Flix, t) if (x, t) ¢ (k) x I

for some n=1, 2, ...

X if (x,t) e X' - (
1

nc8§

1K1~)'] x 1.
We will show g 1is continuous. First notice that it is enough
to show that, for any sequence {xn}:=] in K converging to x in
3K , {g(xn)}:=] converges to f'](x) . Suppose {Xn}:=1 is a
sequence in K converging to x in 3K . If there is Ki such
that K, contains infinitely many {Xi(n)}:=1 of {xn}:=] » then
Q(Xi(n)) = gi(xi(n)) and {gi(xi(n))}i=1 converges to g,(x) =
f'](x) . Since each ?% intersects at most finitely many of
{Kn}:=1 (see (2.1)), there are at most fintely many Ki's which
contain infinitely many of {xn}:=] . Hence it is enough to show
that , for any sequence {Xn}:=1 with X, € Kn converging to x in
oK , {g(xn) = gn(xn)}:=1 converges to f_](x) . Consider a neighbor-
hood B(f 1(x); €) = {y € X'|d(f '(x), y) < e} for some ¢ >0 .
Since f 1is proper, there exists a neighborhood B(x; 8) of x in
X for some 8§ > 0 such that f'](B(x; 8)) c:B(f-](x); €} . Choose
an integer n, such that x_ € B(x;«g) for any n > ny and an

integer n, such that n, > M and 1 < %- . Since each .Ki

= n
2
intersects at most fintely many of {Kh}::] , we can find an integer
’ and Ki N (ngn Kn) = ¢ for any i <N, . If
n, 3
n>ns, then Xn ¢ U 'Ki. Let n(0) be the smallest integer such
i=1

X i hat for any n>n, n(0) >n, +1 and
that x € Kn(O) . Notice tha y n2>ng >n,

Ny such that ng2>n

-1 .
U(x,) = Un(O)-1(Xn) c f (L) forsome L €L g q - Since
f'](xn) U g(xn) c:U(xn) , we have {Xn’ fog(xn)} cL and
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; 1

2
d(f o g(xn),xﬁ) < d(f o g(xn), xn) + d(xn, X) < §—+

)
ﬁL,< 5 for n >ns . Therefore for n 2N,

iA

§-= § . Hence for
n>ny fog(x)eB(x;s) and g(x )€ £ 18(x; 8)) e B(FH(x)s €) .

Therefore g is continuous.

The continuity of F can be checked by the same analysis that
established the continuity of g .

Finally we can claim that F is a homotopy from the identity
on X' to gof 1limited by M' by noticing that F({x} x I) c
U(f(x)) e Uo(f(x)) and {Uo(x)[x € X} refines M' . Therefore f

is a hereditary shape equivalence.
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CHAPTER II1I
UV -MAPS

In this chapter we generalize some theorems for cell-like maps
to theorems for (non-proper) UVm-maps.

Throughout this chapter f:X' - X 1is a map between metric spaces
unless it is specified otherwise.

In section 3.1 we recall two definitions. First we give the def-
inition of f being a hereditary shape equivalence that generalizes
G. Kozlowski's notion of a hereditary shape equivalence for a proper
map. Then we have the definition of f being a fine homotopy equiva-
lence over a closed subset A of X which generalizes Kozlowski's
notion of f|A' being a hereditary shape equivalence for a proper
map.

In section 3.2 we generalize Theorem 1 for a va-map by adopting
the above definitions and by modifying the proof of Theorem 1.

In section 3.3, we have Theorem 5 which extends a result of G.
Kozlowski's [K2] . The proof is given there for maps between separable
metric spaces, while the proof in the case of maps between (non-
separable) metric spaces is given in the appendix.

As an important corollary of Theorem 5, we get the following.

THEOREM 6. For a UV®-map f:X' » X from an ANR X' to a
metric space X the following are equivalent:

(1) X 1dis an ANR .

(2) f is a hereditary homotopy equivalence.

(3) f

(4) f 1is a fine homotopy equivalence.

is a hereditary shape equivalence.
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Finally in section 3.4 we improve a theorem of G. Kozlowski's [K2]
to a theorem for a (non-proper) UV™-map.
Before we precede further, let us recall and introduce definitions
and notation.

-1(

S' = f *(S) for the map f:X' > X and a subset S of X .

For a map g:X - Y between metric spaces and a closed subset A

of Y , the adjunction space X U A obtained from g and A is the
g ang

space defined as follows. As a set X U A = (X - g'l(A)) UA, and
g

the topology on X U A is generated by the open sets in X - g'l(A)
g

together with sets of the form g-l(U - A) U (UnA) for open subsets

U of X.

M(f) = the adjunction space X' x [0, 1] U X x {1} obtained
(f,id)

from (f, id): X' x I - X x I and X x {1}, where (f, id)(x, t) =
(f(x), t) for any (x, t)e€ X' x 1.,

DM(f) = the adjunction space X' x [-1, 1] (¢ Ud) X x {+1}
.

obtained from (f, id):X' x [-1, 1] > X x [-1, 1] and X x {1} ,

where (f, id)(x, t) = (f(x), t) for any (x, t) € X' x [-1, 1] .
f':DM(f) - X x [-1, 1] denotes the "natural map" defined as

f'(x, t) = (f(x), t) for (x, t) € X' x (-1, 1) and f'(x, t) = (x, t)

for (x, t) € X x {#1}.

foaxXt > X! 2 A and ?A:X' g A > X are the "natural maps".

A
fA:DM(fA) > (X' g A) x [-1, 1] 1is the "natural map".
M(f:B) = {(x, t) e M(f)|x € B or xe€ B'} for a subset B of

DM(f:B) = {(x, t) € DM(f)|x € B or x € B'} for a subset B
of X .
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We shall not distinguish between a subset and an embedding. For
example we identify X' with X' x {0} in either M(f) or DM(f)
and X with X x {1} in M(f) .

L' = {L'|Le L} ,L={CJLe L} ,and L7 ={L"|L€ L} for any

family of subsets of X and f:X' > X .
3.1. INTRODUCTION AND PRELIMINARIES

Recall amap f:X' > X is a UV -map provided for each x € X
and each neighborhood U of x there exists a neighborhood V of
x such that V cU and the inclusion V'+ U' is null-homotopic.
As we see in the example of the inclusion (0, 1) - [0, 1] , a
UV©-map does not force surjectivity of the map unlike a cell-like map
which forces surjectivity of the map. But we have the following
proposition for a UVm-map.

PROPOSITION 3.1. If f:X' > X is a UV -map, then f(X') is

dense in X .

PROOF. Suppose f(X') is not dense in X . Then we can find a
non-empty open subset U of X such that U' = ¢ . Then for any
x € U and any open subset V of X with x € VcU the inclusion
V' = ¢ >U' = ¢ can not be null-homotopic. Therefore f(X') is
dense in X .

Recall a map f:X' - X between metric spaces is a hereditary
shape equivalence provided for each open subset U of X fju':U' + U
is a shape equivalence. G. Kozlowski [K2] introduced the notion of a
hereditary shape equivalence for a proper map between metric spaces;

namely, a map f:X' - X between metric spaces is a hereditary shape
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equivalence provided for each closed subset A of X f{A':A' + A
is a shape equivalence. Necessarily, his notion of a hereditary shape
equivalence forces hereditary shape equivalent maps to be surjective.
Since a UVm-map does not force surjectivity of the map, certainly the
stereotype of his definition would not work for a UVw-map. But Kozlowski
[K2] showed that if a cell-like f:X' > X of an ANR X' 1is a hereditary
shape equivalence, then for any subset S of X f|S':S' S is a
shape equivalence. Also implicitly he showed that if a cell-like map
f:X' = X from an ANR X' onto a metric space X is such that for
any open subset U of X f|U':U' - U is a shape equivalence, then
for any closed subset A of X f|A':A' -~ A is a shape equivalence.
Therefore we get the following proposition which shows that our defi-
nition of a hereditary shape equivalence is a generalized notion of
Kozlowski's hereditary shape equivalence.

PROPOSITION 3.2. For a cell-like map f:X' - X from an ANR X'

onto a metric space X the following are equivalent:

(1) f 1ds a hereditary shape equivalence.

(2) for any closed subset A of X , f|A':A' ~ A is a shape
equivalence.

Recall that a map f:X' = X between metric spaces is a fine
homotopy equivalence over a closed subset A of X provided
fA:X' - X' g A is a fine homotopy equivalence. G. Kozlowski [K2]
introduced the notion of f|A':A' - A being a hereditary shape equi-
valence for a map f:X' - X between metric spaces and a closed subset
A of X . We would like to extend his notion to UV -maps. Though the

stereotype definition of Kozlowski's does not work for (non-surjective)
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UV“Lmaps, we find an extension of this notion in F.D. Ancel's works
[An] . Ancel showed that, for a cell-like map f:X' - X between
metric spaces, the following are equivalent:
(1) f 1is a hereditary shape equivalence.

(2) for any closed embedding of X' to an ANR X! , the trivial

+ 0
extension f+:X; > X; g X of f 1is a fine homotopy equivalence; see
[An, 4.5].

(3) there exists a closed embedding of X' to an ANR X  such
that the trivial extension f': Xy > X4 g X 1is a fine homotopy equi-
valence.

If we notice that, for a cell-1ike map f:X' - X from an ANR X' onto

a metric space X and a closed subset A of X , fA:X' - X' g A s
the trivial extension of f|A':A' ~ A arising from the closed embedding
A' into an ANR X' , then immediately we get the following proposition
which shows that the notion of a map f:X' - X between metric spaces
being a fine homotopy equivalence over a closed subset A of X s

an extended notion of f|A':A' >~ A being a hereditary shape equiva-
lence that Kozlowski [K2] introduced.

PROPOSITION 3.3. For a cell-like map f:X' > X from an ANR X'

onto a metric space X and a closed subset A of X the following
are equivalent:
(1) f 1is a fine homotopy equivalence over A .

(2) f|A':A* > A is a hereditary shape equivalence.

3.2. MAPS DETERMINED ON PAIRWISE
DISJOINT SEQUENCES

In this section we generalize Theorem 1 to a theorem for UVw-maps.
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Recall B(x; %ﬁ denotes the neighborhood {y ¢ X|d(x, y) < %}
of x for a point x in a metric space X and n >0 . Also recall
that, for a map f:X' = X between metric spaces, Nf is the subset
{x € X|either f'l(x) =¢ , or f'l(x) contains at least two points,
or f'l(x) = point but {f'l(B)IB € B} 1is not a neighborhood basis
for f'l(x), where B is a neighborhood basis for x} .

Immediately we get the following proposition which shows that a
UVm-map behaves "nicely" in the complement of the non-degeneracy set.

PROPOSITION 3.4. For a map f:X' = X between metric spaces, the
-1
|

restriction f “|X - Nf: X - N, > X' 1is a continuous function.

f

The following two are modified homotopy extension properties of
ANR's, which can be easily shown using compactness of I and I x I,
normality, and the homotopy extension property of ANR's .

PROPOSITION 3.5. If A s a closed subset of a metric space X ,

Y is an ANR , and H:Ax I UXx {0} ~>Y 1is a map such that

{H({x} x I)|x € A} refines an open cover U of Y , then there exists
an extension H:X x I - Y of H such that {H({x} x I)|x € X} refines
u.

PROPOSITION 3.6. If H:(AxIxI) U (Xx{0,1}xI) U (XxI x{1})~Y

is a map to an ANR Y and {H({x} x I x I)|x € A} U {H([{x} x {0, 1} x I]
U[{x} x 1 x {1}])|x € X} refines an open cover U of Y , where A
is a closed subset of X , then there exists an extension H:X x I x I - Y
of H such that {H({x} x I x I)|x € X} refines u .

Before we generalize Theorem 1, we need to present the following
three lemmas.

LEMMA 3.2.1. If amap f:X' + X froman ANR X' to a metric

space X 1is a fine homotopy equivalence over a closed subset B of
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X , then for any open cover L of X , there exist a neighborhood V
of B in X and a map g:V -+ X' such that g o f|V' 1ds homotopic to
the inclusion V' -+ X' with the homotopy limited by L' .
PROOF. Let L be an open cover of X . Find an open star refine-

ment M of L . Since fB:X' -+ X' g B is a fine homotopy equivalence,

there exists a map h:X' g B+~ X' such that h o f, is homotopic to

B
the identity on X' with the homotopy limited by M' . Consider

h|B:B -~ X' , and regard B as a closed subset of X . Since X' is

an ANR , h|B has an extension g:W + X' for some neighborhood W of

B in X . Define H:[(X' UB) x (0}] U [ x 1] U [(Fg)THW) x {130 > X"
as H(x, 0) = h(x) for (x, 0)€ (X' g B) x {0} , H(x, t) = h(x) for

(x, t) €Bx1,and H(x, 1) =g o ?é(x) for (x, 1) € (¥F )'I(W) x {1}.

B
Then there exist a neighborhood V of B in X and a map

H:(?’B)'I(V) x I > X' such that Hy, =h on (?B)'l(v) , A =go Ty on

(?é)-l(V) , and W is limited by M' . Hence there is a homotopy from

g o f|V' to the inclusion V' - X' limited by L' .

LEMMA 3.2.2. Suppose f:X' > X from an ANR X' to a metric space
X is a fine homotopy equivalence over a closed subset B of X and
B is such that for any neighborhood W of B there exists a neighbor-
hood V of B satisfying Ve W and 3V AN Ne = ¢ . _

Then, for any open cover L of X , there exist a neighborhood
V of B and a map g:V -+ X such that 3V N Ne =0, 9= £l on 3V ,
and g o f|(V)' 1ds homotopic (rel. (aV)') to the inclusion (V)' » X'
with the homotopy limited by L' .

PROOF. Let L be an open cover of X , and choose an open star-

refinement M of L . Using Lemma 3.2.1, we obtain a neighborhood W
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of B and a map h:W > X' such that h o f|W' is homotopic to the
inclusion map W' - X' with the homotopy limited by M' . Choose a
neighborhood V of B such that Vc W and &V n Ne = ¢ . Let

9' = h|V, and let G:(V)' x I > X' be a homotopy from Gl =g'o f|(V)'

to Gy = inclusion (V)' » X' 1limited by M' . Regard f'1|V' as a
subset of X x X' . Define ¢:(f'1|V) x I - X' as o(f(x), x, t) =

G(x, t) , and define H:[(3V) x IJ U [V x {1}] = X' as

H(x, t) = o(x, F1(x), t) for (x, t) € 3V x 1 and H(x, t) = g'(x)

for (x, t) € V x {1} . Then by the modified homotopy extension property
of ANR , H has an extension H:V x I - X' 1limited by M' . Define
g:V > X' as g = ﬂb .
et P=[(f1|aV)xIx1] U [(f W) =10, 1}x1] U [(FLV) xI1x{1}] ,

and define y:P » X' as follows.

¢(f(x), x, st) on (f"llav) x I x1
X on (FL7) x {0} x I
\U(f(X), Xy S, t) = _ -1
H(f(x), t) on (f V) x {1} x I

o(F(x), X, s) on (f'I[V) x I x {1}

Then easily we can check y is a well-defined continuous function.
Furthermore, we can check that {y( { (f(x), x)} x I x I) |

(F(x), x) € £7HaV} U (p({(F(x), X)} x [({0, 1} x 1) U (I x {1N])]
f(x), x) € f'l[V} refines L' . Hence by the modified homotopy exten-
sion property of ANR's , y has an extension ﬁ}(f'IIV) x I x1+X'
such that {y({(f(x), x)} x IxI)|(f(x), x) € f'l{V} refines L' .
Finally we define a homotopy K:(V)' x I = X' as K(x, s) =

P(f(x), x, s, 0) for each (x, s) € (V)" x I . Then
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K, = inclusion (V)' > X', K, = g o f|(V)' , K(x, s) = T(f(x), x, s, 0)

0 1
= ¢(f(x), x, 0) = G(x, 0) = x for each (x, s) e€(aV)' x I , and K
is limited by L' .

The following lemma is a variation of Lemma 3.2.2, which can be
proved by the exact same analysis as Lemma 3.2.2. We state the lemma
without a proof.

LEMMA 3.2.3. Suppose f:X' -~ X from an ANR X' to a metric space
X is a fine homotopy equivalence over a closed subset A of X and B
is a closed subset of A such that for any neighborhood W of B there
exists a neighborhood V of B satisfying VW and 3V n Ne = ¢ .

Then, for any open cover L of X , there exist a neighborhood
V. of B andamap g:V-X' such that 3V ANN;=¢,9= £ on av ,
and g o f|(V)' ds homotopic (rel. (3V)') to the inclusion
(V)" > X' with the homotopy Timited by L' .

Now we are ready to present the improved version of Theorem 1.

THEOREM 4. If f:X' > X is a UV"-map from an ANR X' to a metric
space X such that there exists a sequence {Bn}:=1 of closed subsets
of X satisfying

(1) Ne cnlzjl B, >

(2) f 1is a fine homotopy equivalence over each B, >
and

(3) for each Bn and each neighborhood W of Bn , there exists

a neighborhood V of Bn such that VW and 3V N ( Bi) =¢ ,

ncsg

i=1

then f is a fine homotopy equivalence.
PROOF. As in the proof of Theorem 1, we will show that for any
open cover L of X there exists a map g:X » X' such that g o f

is homotopic to the identity map on X' with the homotopy limited by L' .
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Let L be an open cover of X . First, by induction, we will
show that, for each n = 1,2,..., there exist an open subset Vn of
X , an open refinement un of L , a map gn:Vh -+~ X' , and a homotopy

Hn:(Vh)' x I - X' such that

1

n!

(2) av.n(U B,)=¢,
"o

(1) u has mesh <

n n n
U B, U Vi, and {V.};_, is pair-

wise disjoint,

n
and
(4) H" s a homotopy from Hg = inclusion (Vﬁ)' + X' to
n___ ° 1 1 s 3 1
H1 9, fI(Vh) (rel. (avn) ) Tlimited by u -
Notice that immediately we get an open refinement un of L satis-
fying (1) for each n =1,2,... . Using the exact same analysis as in

the proof of Theorem 1, Lemma 3.2.2 and Lemma 3.2.3 provide (2), (3),
and (4) .
Define g:X » X' as g(x) = gn(x) for x € v, (n=1,2,...) and

g(x) = f-l(x) for x €X - U V; , and define H:X' x 1 ~+X' as
i=1

H(x, t) = H" (x, t) for (x, t) € V; xI (h=1,2,...) and
H(x, t) = x for (x, t) e [X' - U V%] x 1.
i=1
First we will show g 1is continuous. It is enough to show that

[oe]
converging to x ¢ a{ U

V),
n=1 n

if {x },-; 7s a sequence in B v,

n=1
then {g(xn)}:=1 converges to g(x) = f'l(x) .

Let {x } _, be a sequence in ngl V, - If there exists V_
then x €V~ and each V

o)

containing infinitely many of {x } _; »

(# Vm) intersects at most finitely many of {xn}n=1 because {V%}i=1
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is pairwise disjoint. But for any sequence {an}:=1 in Vm conver-
ging to a point in an , we notice that {gm(an)}:=1 converges to
f'l(x) . Hence to claim g 1is continuous, it is enough to show that

if {x_}._, 1is a sequence in U v, converging to x € 3( U V)
n“n=1 j=1 n=1 "

such that each Vi contains at most finitely many of {x }:;1 , then
{g(xn)}:=1 converges to f'l(x) . Reindexing if necessary, it is

enough to show that if {xn}:;l is a sequence in U1 Vn converging
n:

8

to x €d( U V) such that x_ €V_ for each n = 1,2,..., then
n=1 n00 n n1

{g(xn) = gn(xh)}n=l converges to f “(x) .

Let {xn} be a sequence converging to x e 3( U Vn) such that
n=1

X, € Vn for each n =1,2,... . Suppose W is a neighborhood of

f'l(x) . Since x ¢ Nf there exists an integer ng suéh that

f-l(B(x;-#—)) CW. Since {x } ', converges to x , there exists an
0

; 1.1 1

integer n; such that n; < 2"@ and X ¢ B(X’2n0) for any n>n, .

Notice that, for any n=1,2,..., and y € f'l(xn), {y, gn(xn)} is

contained in f'l(U) for some U €U, hence {xp, f o 9(x,)} s

. . 1
contained in U for some U € un . For n> ny > d(xn, X) < gﬁg
. . 1 1
and {xn, fo gn(xn)} cU for some U € un with diameter < 7 < 2n0 .
1
Hence for n 20y fo gn(xn) € B(x; ﬁa) , and

-1 .i‘ ©
gn(xn) ef (B(x,no)) c W . Therefore {gn(xn)}n=l converges to

-1 . ) o v
fo(x) if {x } _; converges to x €d3( U V ) such that x €V

n=1 n

for each n =1,2,..., and we see that g 1is continuous.
Continuity of H can be checked by the same analysis that estab-
1ished the continuity of g . Also we easily see that H 1is a homotopy

from g o f to identity on X' 1limited by L' .
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As corollaries of Theorem 4, we can improve Corollary 1.1 and
Corollary 1.2. The notion of "null-sequence" as "only finitely many
members having diameter > ¢ for all ¢ > 0" 1is too limiting in non-
compact, especially non-locally compact spaces. A proper notion is
suggested as follows. A sequence {Bn}:=1 of pairwise disjoint closed

subsets of a metric space X 1is a locally null-sequence provided,

for any limit point x of {Bn}:=1 (that is, each neighborhood of x
intersects infinitely many of {Bn :=1) and a neighborhood U of x ,
there exists a neighborhood V of x such that V < U and any Bn
intersecting V with x ¢ Bn is contained in U . Now using the
later notion of null-sequence we improve Corollary 1.1. and Corollary
1.2.

COROLLARY 4.1. If f:X' > X is a W™ -map from an ANR X' to

a metric space X such that there exists a sequence {Bn}:=1 of closed

subsets of X satisfying

(1) N c U B_,
f n=1 "
(2) f is a fine homotopy equivalence over each Bn s
and
(3) {f'l(Bn)}:=1 forms a pairwise disjoint locally null-sequence,

then f 1is a fine homotopy equivalence.

COROLLARY 4.2. If f:X' = X is a UV"-map from an ANR X' to a

metric space X such that there exists a sequence {Bn}:=1 of closed
subsets of X satisfying

(1) Nfcnl=J Bn s

1
(2) f s a fine homotopy equivalence over each Bn s

and
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(3) {Bn}:=1 forms a pairwise disjoint locally null-sequence,

then f s a fine homotopy equivalence.
3.3. CRITERIA ENSURING IMAGES OF ANR'S ARE ANR'S

In this section we will extend a theorem of G. Kozlowski's [K2]
stating that a cell-like map f:X' = X from an ANR X' onto a metric
space X 1is a hereditary shape equivalence if and only if X is an
ANR to a theorem for a va-map. Due to the complexity of the proof
for (non-separable) metric spaces, in section 3.3 we give a proof of the
theorem for separable metric spaces and in the appendix we prove the
theorem for metric spaces.

THEOREM 5. A UVw-map f:X' + X froman ANR X' to a metric
space X 1is a hereditary shape equivalence if and only if X 1is an
ANR .

As a corollary of Theorem 5, we get the following important equi-
valences among the classical notions.

THEOREM 6. For a UV -map f:X' - X from an ANR X' to a metric
space X , the following are equivalent:

(1) X is an ANR .

(2) f is a hereditary homotopy equivalence.

(3) f 1ds a hereditary shape equivalence.

(4) f 1is a fine homotopy equivalence.

Before we prove theorems, we need to present several lemmas.

The next two lemmas show how to construct a continuous function
from an adjunction space using a well-defined function. Variations of
the construction will be used often in this section and in section 3.4

to obtain continuous functions from adjunction spaces.
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LEMMA 3.3.1. If f:X'>X, h:X'>Y ,and g:X~> Y are maps

such that there is a homotopy H:X' x I > Y from H, = h to Hp=g°f,

0
then G:M(f) -~ Y defined by

H(x, 2t)  on X' x [0, 4]
60, t) = ( gof(x) on X x[5 1)
g(x) on X x {1}

is continuous.

PROOF. It is enough to show that if a sequence {(xn, tn)}:=1 in
X' x E%, 1) converges to (x, 1) in X x {1}, then {G(xn, tn)}:=1
converges to g(x) . But it does because the map C:M(f) » X x {1}
collapsing M(f) onto X x {1} is continuous.

LEMMA 3.3.2. If f:X' > X and 9> 92:X -~ Y are maps such that
9; ° f s homotopic to gy © f , then there is a map G:DM(f) - Y with

G=g; on Xx {-1} and G = on X x {1} .

9

PROOF. It follows immediately by the same analysis as in the proof
of Lemma 3.3.1.

Now we present three more lemmas needed later. Lemma 3.3.3 is a
basic tool needed in the transfinite induction argument used to prove
Lemma 3.3.4, and Lemma 3.3.4 is needed in the proof of Lemma 3.3.5.

We prove Theorem 5 using Lemma 3.3.5 as a basic tool for a transfinite
induction argument.

Recall we identify X' with X' x {0} in M(f) or in DM(f) and
X with X x {1} in M(f) .

LEMMA 3.3.3. Suppose a map f:X' > X 1is a hereditary shape equi-

valence. Assume h:X' > Y dis amap toan ANR Y , U and V are
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open subsets of X , Hu:M(f:U) +~ Y and HV:M(f:V) -+ Y are maps satis-
fying Hu =h on U', HV =h on V', HV(V x {1}) = {a point} , and
Hu(M(f:U nv))u HV(M(f:V)) is contained in an open subset 0 of Y ,
and A 1is closed (in U U V) .

Then there exists a map H:M(f:U U V) > Y such that H=h on
(UUV)', H= Hu on M(f:(U-V)UA), and H(M(f:V)) cO .

PROOF. Let W=UNOV , g:W~->0 be the map defined as
g(x) = Hu(x, 1) , c:W >0 be the constant map defined as c(x) = Hv(x, 1),
and c(W) = {y} . Since f 1is a hereditary shape equivalence, there
exists a homotopy G:W x I - 0 with GO = g and G1 = ¢ . Define
L:W'" x [-1, 2] - 0 as follows. Let q:X' x I - M(f) be the "natural

map". L(x, -t) = HV o q(x, t) , L(x, t) =H ©°q(x, t) , and

u
G(f(x), t) for each (x, t) € W' x I . Then L defines

L(x, 1+ t)
amap A:W' > Q0 to the space of loops in 0 based at y and
parameterized by the interval [-1, 2] . Since Q0 4ds an ANR , X has
an extension A:M(f:W) > Q0 . Then Q defines a map

M:W' x [-1, 2] x [0, 1] -~ 0 satisfying MO =L and

M(W' x {-1, 2} x [0, 1]) = {y} . Let T be the triangle in the plane
whose vertices are (-1, 0) , (1, 0) , and (0, 1) . Find a homeo-
morphism B:W' x T+ W' x [-1, 2] x [0, 1] such that

g|W' x [-1, 1] x {0} = inclusion and 6 preserves the first coordinate.
Let q2:w' x T > M(T:W) be the "natural map", where T:DM(f) -~ X is the
"natural map". Then Mo 8 o qéle(T:W) +0 1is a well-defined function.
Using a variation of Lemma 3.3.1, we will get a continuous function from
M(f:W) to O as follows. Let alz[-l, 2] x [0, 1] -~ [-1, 2] x [O, EJ
be the map obtained by projecting [-1, 2] x [%3 1] onto [-1, 2] x {%J
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vertically. Let S denote the hexagon whose vertices are (-1, 0),

(2,0, 057 (153, -5 7, and (-3, 7) , and

Gy (-1, 2] x [0, %] + S be the map obtained by projecting the

quadrilateral whose vertices are (-1, 0), (- 1 -%), (- %— %), and
(-1, %) onto the polygonal arc joining (-1, 0), (- %3 %)
horizontally and projecting the quadrilateral whose vertices are

, and (- % %)

(2, 0), (1 %3 %), (1 %3 %), and (2, %J onto the polygonal arc joining

3)

4
< 5 [- l

a3.S [ 5 2] x [4, 4] be the map obtained by projecting the

(2, 0), (1 l~ %), and (1 %— horizontally. tlet

quadrilateral whose vertices are (-1, 0) , (2, 0), (1 %— %0, and
1
(15

11 11 1
(- s 4) onto the line segment joining (- > 4) and 4)
radially. Llet oy:[- 7, 1 1] x (3> 31> [-1, 21 x [0, 1] be the

] 1 1 1 = l § = -
homeomorphism satisfying a4(- > z) = (-1, 0) , a4(- 5> 4) (-1, 1) ,

13 .
015 §) = (2, 0), and (13, 3) = (2, 1) . Define

a:W' x [-1, 2] x [0, 1] -~ W' x [-1, 2] x [0, 1] as afw, s, t) =

(w, Gy © 03 © ay © al(s, t)) . Then Mogog o qél is continuous.
Furthermore, M o q o g o qél defines a homotopy from HulM(f:w) to
HV|M(f:w) (rel. W' x {0}) . Then, using normality, we easily get
H:M(f:U Y V) - Y satisfying H=h on (UU V)" ,H= H, on
M(f:(U - V) UA), and H(M(f:V)) <O .

LEMMA 3.3.4. Suppose a U -map f:X' - X is a hereditary shape
equivalence. If U and V are open subsets of X , F is closed in
UUV satisfying Fc U, and h:X' > Y and H:M(f:U) > Y are maps
to an ANR Y satisfying that H=h on U' and H(M(f:UNV)) Uh(Vv')
is contained in an open subset 0 of Y , then there exists a map
H:M(f:U U V) > Y satisfying H=h on (UUV)' ,H=H on
M(f:F U (U -V)), and H(M(f:V)) <O .
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PROOF. For each x € V - F choose a neighborhood UX of x
such that there exists HX:M(f:UX) + 0 satisfying HX(Ux x {1}) =
{a point} , H = h on (Ux)' ,and U <V -F . Choose a locally
finite refinement U = {UO,

of UUV with U,=0U and {Uala €A'} < {Ux|x € V - F} , and choose

0
a precise refinement v = {V,, Va|a €A'} of U with .VO (in

UUV)cU, and V& (in UUV)<c U, foreach a€A' . Notice that

0
FU(U-YV) 1s contained 1in V0 .
Assume A = {0} UA' is a well-defined set with "<" such that 0
is the first element of A .
Let P(a) denote the following proposition; for each i < j < a
there exist an open set wg and a map Hj:M(f:U wg|e < Jj}) »~ Y satis-
fying

1) V. (in UUV)cwgcui,

(

(2) Wl cwl,

(3) w} - U{T, (in WU V)i <8 <jrcw,

(4) W = H' on mM(f:uwlle <il)

(5) W =h on (U{w‘élejj})' ,
and

(6) Hj(M(f:(U{w‘élsij}) AV))co .

We will show that P(a) 1is true for any o € A using transfinite
induction.

Certainly P(0) 1ds true with wo = U, and H0 =H.

0 0
Let w € A, and assume that P(a) is true for any o <w . For

each o <w define L = ﬂ{wSIa < B <wl. Wewill show that L s
open for each a <w . If w has the immediate predecessor w -1,

then L, = wg'l by (2) . Suppose w does not have the immediate

Ua|a €A'} of the open cover {U, U |x €V - F}
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predecessor. For x ¢ L, » using the local finiteness of U , we can
find a neighborhood NX of x with NX c wz such that there exists
a(x) (< w) satisfying Nx N Ué (in UUv)=2¢ forany B >a(x).
Then Nx 0 wg(x) c:ws for any B <w by (2) and (3), hence

N, N wg(") <L, . Therefore L is a neighborhood of ¥V (in U U V)
for any o < w . Furthermore, WS - U{IH (in UUV)|B<i<wlc L,
for any o < B <w by (3). For each o <w , choose a neighborhood
M, of V., (in UUV) satisfying V_ (in UUV)cM =M (in

. W o = .
uuVv)c La , and define wa = Ma U (La Uw (in UUV)) and

wa = Uw . Notice that there exists a map G:M(f:U{Lala < w}) > Y
defined as G = H* on M(f:La) for each o < w such that
G(M(f:(U{Lala <w})nV))c 0 and G =h on (U{Lala < w})' . Since
Uw<: Ux for some x € V - F , there exists Hw:M(f:Uw) + 0 satisfying .
H, = h on (Uw)' and Hw(Uw x {1}) = point. Therefore we can apply
Lemma 3.3.3 with open sets U{Lala <w} and U , maps G and H s
and a closed set U{ﬁ& (in UUV)|a<w} in U UV to obtain a map
EEM(f:(U{Lala <w}) U Uw) + Y satisfying G =h on (U{Lala <wh' U UQ,
G=G on M(f:(U{Lala <w}-U)U (U{ﬁa (in UUV)|la <w})), and
G(M(f:U,)) =0 . Now we define HW:M(f:U{wgla <w}) +Y as M =3.
We will check P(w) is true. Certainly (1), (2), (4), (5), and (6)
hold. Since wg - U{T; (in UUVa<ic<wicl, -T, (in UUV)
c:wg for each a <w, (3) also holds.

Therefore, by transfinite induction, we claim that P(a) is true
for any a € A .

Finally, we define H:M(f:UU V) ~Y as H=H" on M(F:Va)

for each o € A . Then H 1is a well-defined continuous map by (1),



47

(2), and (4), H=h on (UUV)" by (5 ,H=H on M(f:FU (U-V))
since FU (U - V)c Vy » and H(M(f:V)) = 0 by (6) .

To prove Lemma 3.3.5, we need to recall standard facts about
geometrical nerves and simplicial complexes.

Suppose X 1is a metric space and U is a locally finite open
cover of X . Let N be the geometric nerve of U with the weak
topology. ,

As a convention, we regard each vertex (of N ) as the bary-
center of itself.

Let B, be the set of all barycenters of k-dimensional simplices

k

in N for k =0,1,... . Then we easily see that, for each k = 0,1,...,

the star of b € B, 1in the second barycentric refinement intersects

k
the star of c € Bk in the second barycentric refinement if and only
if b=c . Hence, for each k = 0,1,..., there exists a (possibly
empty) family Sk = {sb|b € Bk} of pairwise disjoint closed subsets of

N such that N= U (US,) .
k=0 k

Let k:X - N be the map such that K-l(

St(u, N)) €U for each
vertex u (of N ) corresponding to a member U of U .
For a barycenter b of a simplex o in N, S denotes ¢ and

I, =U, N ... N Um , where {UO,..., Um} corresponds to O - Then

L) S 1, for each b € i B -

k=0
Also we can find that, for each k = 0,1,..., there exists a
(possibly empty) family L, = {Tblb € Bk} of pairwise disjoint open
subsets of N such that Sy S 1y and K'](]b) c Ib for each

b€B .
k
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- o1 -
Let ¢, = {x (sb)lb € B} and N =k

k = 0,1,... . Then we have the following proposition.

-1
(1,)b € B} for

PROPOSITION 3.7. For a metric space X and a locally finite open

cover U of X , there exist (possibly empty) families Ck = {Cblb € Bk}
and N, = {Nblb € B} for k=0,1,... such that, for each k =0, 1,...
(*1) cy c:Nb for any b ¢ B, » where Bk is the set of aj]
barycenters of k-dimensional simplices in the geometric nerve N of
the open cover U ,
(*2) Nk is a family of pairwise disjoint open subsets of X ,

(*3) Ck is a family of pairwise disjoint closed subsets of X

[o0]

satisfying U (U Ck) =X,
k=0
(*4) Nb C:Ib for each b € ! Bk ,
k=0

and

* . .

( 5) if Nb n NC # ¢ , then either o, €0, Or o_Sop .

The next lemma is the main lemma used in the proof of Theorem 5.

Once again we recall that we do not distinguish subsets from
embeddings.

For a map H:M(f:A) > X' , H|{0} denotes the restricted map
H|A'" x {0} .

LEMMA 3.3.5. Suppose U 1is a locally finite open cover of a
metric space X and, for each k = 0,1,..., Ck and Nk are families
of subsets of X as in the previous proposition satisfying (*1)
through (*5) .

Suppose that a va-map f:X' > X from an ANR X' to a metric

space X 1is a hereditary shape equivalence. Suppose D 1is an open

subset of X , H:M(f:D) > X' 1is a map, and M = {Mb|b € Bk} is a
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family of open subsets of X for each k = 0,1,... such that

H|{0} = inclusion, C_ cM

b b < Nb , and H(M(f:D n Mb)) c I for any

b

beUu B
k=0

Then, for any open subset E of X intersecting only finitely

K *

02 Un of U, there exist a map H:M(f:D U E) -~ X' and a

family L = {Lblb € Bk} of open subsets of X for k = 0,1,..%

many U

such that H|{0} = inclusion, C < L, eM » My -Ecly, and

H(M(f:(D U E) n Lb)) c:Is for each b € k§0 Bk . Furthermore, for any
closed set F in U UV such that F <D , we can choose H so that
H=H on M(f:FU (D -E)) .

PROOF. Let F be a closed set in U UV such that F <D .

Let m be the dimension of the subcomplex K (of the geometric
nerve of U ) determined by {Uo,..., Un} .

Suppose ¢ is a barycenter of an m-dimensional simplex in K
satisfying MC NE#¢ . Then, by applying Lemma 3.3.4, we obtain a
map Hmc:M(f:D U (Mc NE)) - X' such that Hmc = H on
M(f:F U (D - M ne)) HmCI{O} = inclusion, and HmC(M(f:MC ne)) cIl.
b S yoo 'k
(*5) . By noticing (*2) and Hoe = H on M(f:D -(MC NE)), we claim

Hence HmC(M(f:[D U (MC NE)] f1Mb)) C:IS for any M by

that there exists a map Hm:M(f:D U(u Mm) NE]) - X' defined as

Hm = Hmc on M(f:D U (MC NE)) for Mc €A%1 such that Hm =H on

M(f:F U [D - (U Mm) nNegy) , Hm[{O} = inclusion, and

Hm(M(f:{D U [(u Mm) NEJ} nM ))<= 1' forany be U B

) .
b b o K

Now suppose Mc EM and MC NnE#o¢ . For each Mb in Mm

m-1
satisfying 0. € o and Mb it # ¢ , choose an open subset Og of X
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e C _=C c _ c
satisfying C, COb c Ob <M and let 0" = U{0b|oc S and

Mb NE # ¢} . Now we apply Lemma 3.3.4 to obtain a map H(m-l)c:

M(f:D U [(UM) NE]U (M.NE)) + X' such that H(m_l)cl{o} =

. . _ . =C
inclusion, H(m-l)c = Hm on M(f:FU (0 NnE)U{[DU (U Mm) n EJ]

- (M- D)) ,mand Hinon)c(M(FM. NE)) <1 o Let LS =0t u (M, - E)

b b
and Mb NE # ¢ . Otherwise,

m-1

forany b € U Bk satisfying o co
k=0 ¢
c _
let Lb = Mb .

b

Then we can show that H( (M(f:{D U [(UMm) U MC] n E}

m-1)c

c pa—

CMb,and Mb-EcL for any beoLTB

k=0
1 satisfying MC NE # ¢ , there exist

c c
Ly b k-
Therefore, for each M. EM

a map H( )C:M(f:D u[(u Mm) U MC] n E) - X' and a family

m-1
LE = {Lglb € Bk} of open subsets of X for k = 0,1,... such that
H(m_l)cl{O} = inclusion, H(m_l)c =H on M(f:F U {[D U(UMm n E)j
. c 1

- (MC NE)}) , H(m_l)c(M(f.{DU[(UMm) U MC] neEeEn Lb))c Ib ,

c a o it -
Cbc Lbc Mb s Mb -Ec Lb for any b ekEO Bk . Now by noticing
(*2) R H(m-l)c = Hm on M(f:[DU (U MmIWE)] - (Mc NE)) , and that
there are at most finitely many MC € Mm_1 satisfying MC NEZo,

we claim that there exist a map Hm_I:M(f:D U [(u Mm) U UJMm_lﬂ neE) » X'

and a family LE'I = {Lg'llb €B,} of open subsets of X for each
k =0,1,... such that H__,|{0} = inclusion, H  , =H on
. m-1
M(F:F U{(DU (UM NE]- (UM _;NE}) ,C el cM ,
. m-1 . = m-1
Hpoy M(FD U LQUM ) U (UM DI NE}NLPT)) eI, and M -EcLp
forany be U B, . In fact, each Lg'l can be defined as the

k=0
finite intersection ﬂ{LglMc € Mm-l and MC NnE%#o}.

Finally, by finite induction, we claim that there exist a map

H = HO:M(f:D U Mm) U...U (U MO)] NE) (=M(f:DUE)) +~ X" and
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a family L, = {Lblb €B,} of open subsets of X for each k = 0,1,...

such that H|{0} = inclusion, H=H on M(f:FU (D - E)) ,

Cp SLp =My s

be U B
k=0
Now we are ready to present a criterion ensuring that images of

My - E <Ly > H(M(f:(D U E) m‘b)) <1 for any

K

ANR's are ANR's . Here we establish the criterion for maps between
separable metric spaces, while the proof in the case of maps between
(non-separable) metric spaces is given in the appendix.

THEOREM 5. A va—map f:X'+X from an ANR X' to a metric space

X 1is a hereditary shape equivalence if and only if X is an ANR .

PROOF. It follows from a theorem of G. Kozlowski's [K2] that a
va-map between ANR's is a hereditary homotopy equivalence, hence a
hereditary shape equivalence. Therefore we need to show only necessity.
According to Kozlowski, it is enough to show that, for any open cover
U of X, there exists a map H:M(f) - X' satisfying H|{0} = identity
and {H(M(f:{x})|x € X} refines u' .

Assume X is a separable metric space.

Let U be an open cover of X . We may assume that U is a locally

finite open cover of X . Let ¢C Nk, and B, (k =0,1,...) be the

k ° k
families as in Proposition 3.7 satisfying (*1) through (*5) .

Choose a countable open cover V = {Vl, v .} of X such that

g
each Vﬁ (n =1,2,...) intersects only finitely many members of U ,

and choose a precise open refinement M = {Ml, M2,...} of V such
that ﬁh c Vn for each n=1,2,... . Foreach n=1,2,..., choose

open subsets wn m (m=1,2,...) of X such that
Mn c wn,m+1 c wn,m+1 c wn’m o wn’m c Vn for m=1,2,... .
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We will show, by induction, that, for each n =1,2,..., there

n
exist HM:M(f: U W)~ X' and a family LE = {Lg|b €8} (k=0,1,...)

k

m=1
of open subsets of X such that H"|{0} = inclusion, H" = pn-1
M(f'nl—l1 W), HTM(F:( O W nL" : c"c
on ‘m=1 M7 ° (M( '(m=1 m,n) 8) C:Ib » and Cb Lb Nb
forany b€ U B, and n=1,2,... .

k=0
Since V1 intersects only finitely many members of U , by applying

Lemma 3.3.5, we obtain H':M(f:W, .) - X' and a family

1,1
Li = {LBIb € Bk} (k = 0,1,...) of open subsets of X such that

H'|{0} = inclusion, H'(M(f:W nL,)) C:IB , and

1,1 b
Cb c Lb c Nb for any b € 9 Bk .
k=0 .
; i
Let 1 >0 , and assume that we have a map H':M(f: U W 1.) + X'
m=1 i
and a family L, = {L/|b €8} (k=0,1,...) of open subsets of X
. . . i-1
such that H1|{0} = inclusion, H' = H' 1 on M(f: U W_ .),
m=1 M1
. i . .
i . i \ ic
H (M(f.(mg1 wm’i) r\Lb)) c Ib , and Cb c Lb Nb for any
b € k§0 Bk . Since wi+1’i+1 (CZV1+1) intersects only finitely many

members of U , we can apply Lemma 3.3.5 to obtain

-i . .
FMF( U U ) UMy, qp) > X and a family 07 = " b € B

(k = 0,1,...) of open subsets of X such that H|{0} = inclusion,
= _ -l . 1. —_ — . 1 .i+1 1
=T on mOF U T ) s FOCEREO U Wy ) Ul ] ALTD S 1
- . i+l
Define H1+1:M(f: U W
; m=1

L :
H on M(f.mgl wm,1+1) ’

and C_c Li+1 ) > X!

b b
i+l

cN. forany b € U B

k=0
Then H

‘-
i+1 _

b m,i+l

il
= H|M(f: W

as H D
m=1  Meitl

Wt (o) niitly e for

inclusion, and H1+1(M(f:( U W
m:

any b e U B

k=0 K~
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Therefore, by induction, we claim that, for each n = 1,2,...,

n
there exist a map Hn:M(f: U W n) + X' and a family

m=1 i
n n
Ly = {Lb|b € B} (k = 0,1,...) of open subsets of X such that
n-1
H'[{0} = inclusion, H" = "1 on M(f: U W ),
m=1 MmN
n . n n , n o
H (M(f.(mli1 wm,n) r1Lb)) c %}, and Cb c:Lb c Nb for any b € Bk .

k=0

Now we can define H:M(f) ~ X' as H=H" on M(f:M ) (n=1,2,...).

Then H 1is a well-defined continuous function such that

{H(M(f:{x}))|x € X} refines U' and H|{0} = identity.

As an immediate corollary of Theorem 5, we get the following
equivalences.

THEOREM 6. For a UVm-map f:X' > X froman ANR X' to a metric
space X , the following are equivalent:

(1) X 1is an ANR .

(2) f 1is a hereditary homotopy equivalence.

(3) f 1ds a hereditary shape equivalence.

(4) f 1dis a fine homotopy equivalence.

PROOF. G. Kozlowski [K2] already showed (1) implies (2) and (4)

implies (1) . Notice that (2) easily implies (3) . Hence we need to
show (3) implies (4) .

Notice how we proved Theorem 5. We proved that if f:X' > X is
a hereditary shape equivalence from an ANR X' to a separable metric
space X , then, for any open cover U of X , there exists g:X » X'
such that g o f is homotopic to identity on X' with the homotopy
limited by U' . In fact, we will show the same thing for the case of
(non-separable) metric space X . If we have such g:X -~ X' , we find

out that f o g and identity on X are St(St(St u))-close. Since
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we know X is an ANR , using refinements of U , we can easily show
that f is a fine homotopy equivalence if a UVm-map f: X' = X from
an ANR X' to a metric space X 1is a hereditary shape equivalence.

Hence we have equivalences.
3.4. MAPS OF ANR'S WHOSE IMAGES ARE ANR's

In this section we improve the following theorem of G. Kozlowski's
[K2] to a theorem for a W -map.

THEOREM (G. Kozlowski). If f:X'=+X 1is a cell-like map between
metric spaces and {Xn}?=1 is a sequence of closed subsets of X such

that X = Xi and f|X%:X% > X1 is a hereditary shape equivalence

N c 8

i=1
for each i =

1,2,..., then f 1is a hereditary shape equivalence.

We prove Theorem 7 using the criteria developed in section 3.3.
Before we prove it we need to present nine lemmas.

Here we recall some notations and introduce some more.

For the map f:X' > X , f':DM(f) - X x [-1, 1] is the “"natural
map" induced by f and identity.

fA:X' +X'"UA and fA:X' g A -~ X are the "natural maps", where
f

A 1is a closed subset of X .

fA:DM(fA) + (X! g A) x [-1, 1] is the "natural map".
fax[-1,17:0M(F) > DM(F,) is the "natural map".
AX[-I,I]:DM(fo[-l,l]) + DM(F,) x [-1, 1] is the "natural map".

LEMMA 3.4.1. If f:X' > X and f':DM(f) » X x [-1, 1] are
hereditary homotopy equivalences, A is a closed subset of X ,
U 1s a neighborhood of A , and G:M(f:U) U X' x {0} -~ Y , then
G|M(f:A) U X' x {0} » Y extends to a map from M(f) to Y .
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PROOF. Since f 1is a hereditary homotopy equivalence, we have a

map H:DM(f:U) U M(f) - Y satisfying H(x,t) = G(x, -t) for each
(x,t) € DM(f:U) with t <0 and H(x,0) = G(x,0) for any x € X' .
Then since f' is a hereditary homotopy equivalence, H|DM(f:U) has
an extension H:M(f':U x [-1,1]) =Y . Certainly H induces a homo-
topy (rel. X' x {0}) from G to H|M(f:U) U X' x {0} . Therefore, using
normality, we claim that G|M(f:A) U X' x {0} extends to a map from
M(f) to Y.

LEMMA 3.4.2. Suppose fA:X' - X' g A and
fA:DM(fA) + (X g A) x [-1, 1] are hereditary homotopy equivalences.
If B 1is a closed subset of X , U 1is a neighborhood of B , and
H:X' x {0} UM(f:U) Y dis amap to an ANR Y , then there exist a
neighborhood W of A UB and a map H:X' x {0} U M(f:W) >~ Y such
that H =H on M(f:B) U X'x {0} .

PROOF. Let Ty .:M(f

AM
3.0.1, Ho Ty [M(f,:(F)71(B)) U X' x {0}: M(f

A) + M(f) be the "natural map". By Lemma

— -1 .
A:(fA) (B)) U X' x {0} »Y

has an extension F:M(f,) - Y . Define H': M(f:B U A) U X' x {0} - Y

A
as follows.

F(x, t) on M(f:A)
H'(x, t) = H(x, t) on M(f:B)
H(x, 0) on X'+ {0}.

Let g:AUB->Y be the map defined as g(x) = H'(x, 1) . Since Y

is an ANR , g has an extension g from a neighborhood wl of

AUB to Y . Notice that g o ?AM = F on (WAM)'1 (AUB) . Since

Y is an ANR , we can find a neighborhood W of A U B and a homotopy
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from g o fAMI(fAM) (W) to F[(fAM) (W) (rel. (Fam) 1(A uaB)) ,
which induces a homotopy from [F|X' x {0} U M(f:A U B)]

Ulge ?"AMI(TAM)'I(W)] to FIX' x {0} UM(f,:AUB)U (?AM)‘l(W) :
Hence by the homotopy extension property of an ANR Y ,
[F|X" x {0} UM(f:AUB)J U (g o TAM|(?AM)-1(W)] has an extension
F':X' x {0} U M(fA:(?AM)'l(w)) +~ Y . Now, using a variation of Lemma
3.3.1, we can find H":X' x {0} U M(f:W) - Y such that
H'{M(f:A UB) U X' x {0} is homotopic to H' . Therefore H' has an
extension H:M(f:W) U X' x {0} > Y . Certainly A=H' =H on
M(f:B) U X' x {0} .

LEMMA 3.4.3. Suppose f:X' > X 1is a map and {Xi}:;l is a
sequence of closed subsets of X such that X = .ﬁ X. . Let
fT:X' > X! g XT denote the map fxi for i = 1,;:... . If fi
and f{:DM(fi) > (X' g Xi) x [-1, 1] are hereditary homotopy equi-
valences, then any map h:X' - Y to an ANR Y has an extension

H:M(f) > Y .
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PROOF. First, by induction, we will show that for each m =1,2,...

there exist open subsets Vm and Nm of X and an extension
HU:M(F:V ) U X' x {0} > Y of h such that X <N <N <V,
Xm+1 U Nm c Nm+1 c
(m=1,2,...) .

By Lemma 3.4.2, we have a neighborhood V1 of X1 and an
extension H':M(f:Vl) UX'"x {0} >Y of h . Choose a neighborhood
N1 of Xl such that X1 (s N1 ch c V1 . Let m >0, and assume
we have the following:

(1) open subsets Vl""’ V of X.

NV, sand H' = W™ on M(FN ) U X' x (0)



57

(2) open subsets Nl""’ Nm of X such that

RoUX, EN SN SV, (1=1,2,.,m-1).
i+1

(3) Hi:M(fzvi) UX' x {0} » Y such that H' = nI*! on
M(ffNi) UXx'x {0} (i=1,2,..., m=-1).

N m, .
We apply Lemma 3.4.2 with Nh<: Vm , H .M(f.Vm) + Y, fm+1 , and

fm+1 to obtain a neighborhood Vm+1 of Nm UX and

m+l
Hm+1:M(f:Vm+1) UX' x {0} > Y such that H™! = " on

M(f:ﬁh) U X'+ {0} . Then we choose an open set Nm+1 such that

N_UX cN c N

m m+1 m+1

Now, by induction, we claim that, for each m = 1,2,..., there
exist open subsets Vm and Nm of X and an extension
HY:M(f:V ) U X' x {0} Y of h such that X c N cN cV ,

Xgg YN eN e eV, and H' = W™ on
M(f:Nﬁ) UX'x {0} (m=1,2,...) . Then we can define H:M(f) » Y
as H=H' on M(f:N) (m=1.2,...).

LEMMA 3.4.4. If a W™ -map f:X' - X froman ANR X' to a
metric space X is a fine homotopy equivalence, then f x id:X'xI>Xx]I
defined by f x id(x, t) = (f(x), t) is a fine homotopy equivalence.

PROOF. Since f x id is a UV -map between ANR's , it follows

from Theorem 6.

LEMMA 3.4.5. If a UV“Lmap f:X' > X from an ANR X' to a metric

space X 1is a fine homotopy equivalence, then, for any closed subset

A of X, fA:X' -+ X' g A ‘and ?A:X' g A - X are fine homotopy equivalences.

PROOF. By Theorem 6, it is enough to show that, for any open

cover U of X' UA, there exists amap h:X' UA » X' such that
f f

h o f, 1is homotopic to identity on X' with the homotopy limited by

A
-1
(W Ue ud .



58
Let U be a given open cover of X' UA . Find a family vV of
open subsets of X such that {(?A)_I(V)|V € ¥} refines U and
A cU/ . Choose open subsets wo, wl, and w2 of X such that
A cwo CWO C,wl
a neighborhood VX of x in X such that VX c X -'Wé . Let
VT

c ch w2<: W2 c Uy . For each x € X —WZ , choose

=V U {Vx[x €X - Wé} . Since f 1ds a fine homotopy equivalence,

there exist a map g:X - X' and a homotopy H:X' x I - X' from
Hy = identity on X' to H) =g o f Tlimited by (VT)' .
HIW5 x 1 is limited by V' , hence limited by (f;l(U)|U €u} . Find

..1(

Notice that

a map a:X'UA-~[0, 1] satisfying a((?k) Wb)) = {1} and
f

a((F)7H(X - W) = {0}. And define h:X' UA X' as follows.

f
fgl(x) on X' E‘A - (?A)‘I(Wi)
h(x) = { H(F (%), @ (X)) on (T (Hy) - A
g o Fplx) on ()7 (Wy)
Also define G:X' x I = X' as follows.
X on X' - (Wi)'
G(x, t) = H(x, t * o(x)) on W, - A

H(x, t) on Wé .

Then we can easily show that G is a homotopy from h o fA to
identity on X' Tlimited by {fz'(U)|U €u} .

LEMMA 3.4.6. If a W™-map f:X' > X from an ANR X' to a metric
space X is a fine homotopy equivalence over a closed subset A of

X , then, for each open cover U of (X' g A) x [-1, 1] , there
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-1
A

with the

A) such that g o f is

homotopic (rel. (X' g A) x {¢1}) to identity on DM(f

exists a map g:(X' 2 A) x [-1, 1] > DM(f

a)
homotopy limited by {(fA)'l(U)|U € u} and fA o g 1is homotopic
(rel. (X' U A) x {£1}) to identity on (X' g A) x [-1, 1] with the

f
homotopy limited by U.

PROOF. By Lemma 3.4.4 and Lemma 3.4.5, fA:DM(fA) > (x! 2 A)

x [-1, 1] 1is a fine homotopy equivalence between ANR's .
First notice that it is enough to show that, for any open cover

u of (X' UA) x [-1, 1] , there exists a map
f
g:(x' UA) x[-1, 1] » DM(fA) such that g o fA is homotopic (rel.
f
(x' g A) x {#1}) to identity on DM(fA) with the homotopy limited

by {(fA)-l(U)IU € U} (see the proof of Theorem 6).

Let U be an open cover of (X' g A) x [-1, 1] . Since fA is

a fine homotopy equivalence, there exist a map h:(X' g A) x [-1,1]—>DM(fA)

and a homotopy H:DM(fA) x I DM(fA) from H0 = jdentity to

H = h o fi Timited by {(f3)"'(U)|U € u}. Notice that

He o (F)7HI(X' U A) x {£1} (t € 1) defines a homotopy from
f

(F7H(X P A) % (1) to h|(X' Y A) x {21} Timited by
{(fA)'l(U)IU € U}. Hence by the modified homotopy extension property

limited

of an ANR , there is a homotopy G:(X' g A) x [-1, 1] » DM(fA)

|'1 _ _ '_1
by {(fa)""(U)|U € u} such that G =h and G = H(fa)"" on

(X' UA) x {1} .
f

Let P = [(X' g A) x {#1} x I x IJ U [DM(f,) x I x {1}] U

a)
[DM(fA) x {0, 1} x I] , and define X:P - DM(fA) as follows.
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X if s=0
G(fa(x), t) if s =1
Mx, s, t) = H(x, s) if t=1
H(x, st) if (x,s,t) € (X' UA) x {1} xI x I .

f

We can easily check A is a well-defined continuous map. Since

DM(fA) is an ANR , A extends to a map from DM(fA) x I x 1~ DM(fA).

Hence GO ° fA is homotopic (rel. (X' g A) x {+1}) to identity on

DM(fA) . Furthermore, by the modified homotopy extension property of

an ANR , we can claim that G0 o fp s homotopic (rel. (X' U A) x {#1})
f

to identity on DM(fA) with the homotopy limited by
(e v eus .
As an immediate corollary of Lemma 3.4.6, we have the following
Temma.
LEMMA 3.4.7. If a W -map f:X' > X from an ANR X' to a metric
space X 1is a fine homotopy equivalence over a closed subset A of

X , then for any open subset N of (X' g A) x [-1, 1] there exists

a mp g:N -~ (fA)'l(N) such that g ° fA](fA)'l(N) js homotopic

(rel. [(X' g A) x {#1}] N (fA)-l(N)) to identity on (fA)'l(N) and

fA ° g 1is homotopic (rel. [(X' g A) x {#1}] NN) to identity on N .
LEMMA 3.4.8. If a W™-map f:X' > X from an AN X' to a metric

space X 1is a fine homotopy equivalence over a closed subset A of

X , then Ax[-l,l]:DM(f) -> DM(?A) is a hereditary homotopy equivalence.
PROOF. By Lemma 3.4.6, we can choose a map

h: (X" g A) x [-1, 1] » DM(fA), a homotopy (rel. (X' g A) x {£1})

h o f, , and

H:DM(f,) x I » DM(f,) from H0 = identity to H = A

A A



a homotopy (rel. (X' U A) x {#1}) G:(X' g A) x [-1, 1] x I »

f
(X' UA) x [-1, 1] from G, = identity to G, = f) o h .
f A
Let c,:DM(fy) > DM(f) is the map defined as c; = ?A on

(x" g A) x {+#1} and ;= identity on X' x (-1, 1) , and

c,:(X* UA) x [-1, 1] - DM(f,) 1is the map defined as c, = f, on
- A 2= 7
(x' g A) x {#1} and Cy = identity on (X' UA) x (-1, 1) .

f'

Define h': (X' g A) x [-1, 1] » DM(fA), H':DM(fA) x I » DM(fA) ,

and G': (X' g A) x [-1, 1] x T » (X' g A) x [-1, 1] as follows.

[ (x, s) if s = +#1
(fA(x), -1) if 0<t 5_%—and -l<s<t-1
(F(x), 1) if 0<t<gandl-t<s<l
H' (x,s,t) = ¢ H(x, -i-—f——f » 0) if Oiti% and t-1 <s <1 -t
(fa(x), -1) if -%_5 t and -1 <s < -.%
(fa(x), 1) if %-f_t and %—5_5 <1
\ H(x, 2s, 2t - 1) if %itam '%isi%



( G(x, -1, 0)
G(x, 1, 0)
G(x, T-§~E, 0)
G'(X,S,t) =
b8 t) ﬂ G(x, -1, 2t - 1)
G(x, 1, 2t - 1)
\ G(x, 2s, 2t - 1)

Then we can easily check that ¢

if
if
if

oHt
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0 f_tli-% and -1 <s<t-1
0<t 5_%— and 1 -t<s <1
Oitiéand t-1<s<l1l-t
1 1
<t and -1 <s -7
1 1
—2—§t and ~2-isil
1 1 1
-z—it and -‘Z—is_f_'z—

o cil (0 <t<1) is a homotopy

from identity on DM(f) to ¢y e h' ocy” o fo[-l,lj and

1 ‘1

Cy o Gt ° Cy (0 <t<1)
' ' -1

to fAX[—l’l] ] Cl (¢} h o C2 .

equivalence.

Hence f}

is a homotopy from identity on DM(?A)

Ax[-1,1] is a homotopy

But if we use Lemma 3.4.7 together with the above

analysis, we can easily show that f'x[_l 1] is a hereditary homotopy

equivalence.

LEMMA 3.4.9.

If a UVw-map f:X'" > X from an ANR X'

to a metric

space is a fine homotopy equivalence over a closed subset A of X ,

then fﬁx[-l,lj‘DM(fo[-l,l]) + DM(fy) x [-1, 1] is a hereditary

homotopy equivalence.

PROOF. Since fa:DM(f,) » (X' UA) x [-1, 1] is a UV -map

between ANR's , fA:OM(fA

va-map between ANR's . Hence

A

) > (X g A) x [-1, 1] x [-1, 1] s a

is a fine homotopy equivalence.

By the same argument as in the proof of Lemma 3.4.6, we can

prove that, for any open subset N of

(x' g A) x [-1, 1] x [-1, 1],

there exists a map g:N -+ (fx)'l(N) such that g o fxl(fx)_l(N) is



63
nomotopic (rel. [(x' Y A) x (1) x 1] ri(fA)'l(N)) to identity on

(fﬂ)_l(N) and fy o g is homotopic (rel. [(X' g A) x {£1} x I] nN)

to identity on N . Then, by modifying the map and homotopies as we

did in the proof of Lemma 3.4.8, we can show that f;*[_l,l]:

DM(fA) > DM(?A) x [-1, 1] 1is a hereditary homotopy equivalence.
Finally, we are ready to improve a theorem of G. Kozlowski's [K2].
THEOREM 7. If f:X' - X is a UV"-map from an ANR X' to a metric

space X and {Xn};o= is a sequence of closed subsets of X such

that U &1 =X and f 1is a fine homotopy equivalence over each X, ,
n:l .

then f s a hereditary shape equivalence.

X

PROOF. First notice that fi:X' > X! 2 Xi defined by fi = f
I j

;
valences by Lemma 3.4.4 and Lemma 3.4.5. Therefore, for any map

and f%:DM(f ) - (X! 2 Xi) x [-1, 1] are hereditary homotopy equi-

h:X' - Y to an ANR Y , there exists an extension H:M(f) - Y of
h by Lemma 3.4.3. Hence f#:[X:Y] + [X':Y] 1is onto for any ANR
Y .

We will show f# is one-to-one.

Consider the map f':DM(f) - X x [-1, 1] . Certainly

: 1 X

X x[-1,1]= U (x. x [-1, 1]) , ! DM(f) - DM(F. ) i
[ ] ie1 X ] Xix['l,l] ; 1S a

hereditary homotopy equivalence by Lemma 3.4.8, and f;_x[_l 1]:
1 9
DM( Xix[—l,l]) > DM(fxi) x [-1, 1] 1is a hereditary homotopy equivalence

by Lenma 3.4.9 (i = 1,2,...) . Now suppose 91,92:X + Y are maps
to an ANR Y such that 9y o f is homotopic to 9, © f . Then we
have a map G:DM(f) - Y satisfying G(x, -1) = gl(x) and G(x, 1) =
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gz(x) for each x € X . Hence we can apply Lemma 3.4.3 with f' ,

iTX[—l,l] . iix[—l,l] (i =1,2,...) , and G to obtain an extension

G:DM(f') » Y of G . Certainly G induces a homotopy from 9, to
g, - Therefore f#:[X:Y] + [X':Y] 1is one-to-one.

Hence f 1is a shape equivalence.

Since we can apply the above analysis to any open subset U of

X , we can claim that f 1is a hereditary shape equivalence.
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APPENDIX



PROOF_of Theorem 5 for (non-separable) metric spaces.

We will show that, for each open cover U of X , there exists
a map K:M(f) +~ X' satisfying K|{0} = identity and
{K(M(f:{x}))|x € X} refines U' as we did to prove the theorem for
the case of separable metric spaces.

Let U be an open cover of X . We may assume that U is a
locally finite open cover of X . Let Ck’ Nk , and Bk be the
families as in Proposition 3.7 satisfying (*1) through (*5).

Choose a locally finite open cover V = {Vala € A} of X such
that each V; intersects only finitely many members of U , and
choose a precise open refinement M = {M_|o € A} such that ﬁ&: v,
for each o g€ A .

Assume A is well-ordered with "<" , and define the property
P(a) as follows; for each B <o and each y < B , there exist
an open subset ws of X , a map HB:M(f: U{NE |i < B}) ~ X', and
a family LE = {LEIb € Bk} (k =0, 1, ...) of open subsets of X
such that

B | B Y
(1) M CWYCVY s (2) wchY s

(3) W - UlVly<i<Blcw,
(4) H® = HY on M(f: ULKSIT < ¥}) ,

(5) H®|{0} = inclusion,

(6) HEM(F:UtE]i <831 L)) c 1 forany be UB,
k=0

(7) ¢, c LE c Ll N, for each b ¢ kSOBk ,

UB

_ B
(8) Lg - {UV1|Y < i < Bl c:Lb for any b ¢
k=0

k
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We will show that P(a) 1is true for any o € A by transfinite
induction.

Let 0 be the first element of A . By using Lemma 3.3.5, we
certainly get wg = V0 , HO:M(f:wg) - X' , and a family LE =
{Lglb € Bk} (k =0, 1, ...) of open subsets of X such that (1)
through (8) are hold.

Let o € A, and assume P(B8) is true for any B < a . Hence,
for each vy < B < a , we have an open subset ws of X , a map
HEMF: Ut ]i < 83) > X', and a family L} = {Lp|b e B}

(k =0, 1, ...) of open subsets of X satisfying (1) through (8).

For each B'< a, let W, = N {wéls <i<a}l . Wewill show that

B
each NB is a neighborhood of ﬁé . If o has the immediate pre-
decessor a-1 , then wB = wg‘1 by (2), hence NB is a neighborhood
of M, . Suppose a does not have a immediate predecessor. Then

B
for each x ¢ MB » we can choose a neighborhood G of x in X such

that there exists «(x) in A satisfying B < a(x) <o and Gn

V} = ¢ for any i > u(x) . Hence G n wg(xZ: wé

B<i<a by (2) and (3). Hence wB is a neighborhood of ﬁé for

for any i with

any B <a.
For each b ¢ ﬁ B, »
k=0 K
that each Lb is an open set containing Cb . If a has the immediate

Tet L, = N {LEI B <a}l . Wewill show
predecessor «-1 , then L, = L%'] by (7), hence Ly is an open set
containing Cb . Suppose o has no immediate predecessor. Then for
each x ¢ Lb we can chonse a neighborhood G of x such that there
exists a(x) in A satisfyirng a(x) <o and G n V} = ¢ for any

i with a(x) <i. Then 6nXct] forany i<a by (7)

and (8). Therefore each Lb is an open set containing Cb . Hence



we have a family Lk = {Lblb € Bk} (k = 0, 1, ...) of open subsets

of X satisfying C_cL <N forany be UB, .
b b b k=0 K
Certainly we can define a map H:M(f: U{NBIB <a}) > X' as

H=H® on M(f:NB) using (4). Then it is easy to see that

HM(f:[UW, |8 < o}l n L)) c I' for each be UB, .
B b b ok

satisfying M_ c

For each B < a , choose an open set G 8

B

_ a T
GB c GB c:wB , and let NB = GB 1] (wB Va) .

Now we apply Lemma 3.3.5 with D = U {NBIB <a}, E= v, >

H:M(f: U {NBIB <a}) > X", L(k=0,1, ...), and a closed set

(
k
F=T[U {GBIB <a}] U [(U {NBIB <al) - V] in (U {Wg|B < a}) UV

to obtain ﬁEM(f(U{NBIB <a}) U va) + X' and a family ﬁi
{L%Ib € Bk} (k =0, 1, ...) of open subsets of X such that H
on M(f:F) , H|{0} = inclusion, H(M(f:[(U {NB|B <al) UV In

e ] Q v o

Lb))CIb , CbcLbcLchb , and Lb- VOLCLb for each

be U Bk .

k=0
Let W> =V_, and define H':M(f: U(W|i <al) > X' as H

HIM(f: UIWS]i < a}) .

By now we have found that, for each B <o and each y < g8,
there exist an open subset ws of X , a map HB:M(f: U{N?|i_§8}) >
X', and a family Lﬁ = {LEIb W (k =0, 1, ...) of open subsets
of X for which (1), (2), (4), (5), (6), and (7) are clearly held.

Notice that, for each 8 <o and y < B , wz - UV ly < i <alc

Y _ v . B Y _ v ; -
NY U{v; i<Ble wY ,» hence NY U{V1|Y <i<al C’NY . There

fore W' - UV.]y <i<ale W -V W, hence (3) is held. Also,
Y i - Y a a

by the same analysis, we can show that Lg - U{V}l Yy <i<al c:Lg

for any y<a andany be U

B, » hence (8) is held.
k=0

"
x
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Therefore P(a) 1is true for any a ¢ A .

Finally we define K:M(f) - X' as K= B on M(f:M Then

B) )
we can easily see that K is a well-defined continuous function such
that K|{0} = identity on X' . If we let D = N{l |a € A} , then
certainly C_ <D, and K(M(f:D_))c I! forany b € U B, . Since
i B,) = X and {I} lb e U B ) refines u'

k=0 k=0

{x}))|x € X} refines u' . Therefore X 1is an ANR .

utc, |b €
{K(M(f:
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