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ABSTRACT 

The l aser vel oc i meter ( LV ) i s  current l y bei ng u sed  by many 

researchers to noni ntru s i ve l y  obtai n ve l oci ty data i n  comp l ex fl ow 

fi e l ds . The LV measures the ve l oc i ty of smal l part i c l e s  entrai ned i n  

the fl ow fi e l d  o f  i nteres t .  The fl u i d  vel oc i ty and turbu l ent ve l oc i ty 

corre l ati ons are then i nferred from s tati st i cal anal ys i s  of these 

parti c l e  ve l oc i ty measurements under the as sumpt i on that the parti c l es 

exac tl y reproduce the moti on of the fl u i d .  Th i s as s umpti on needs 

carefu l eval uati on s i nce i t  i s  fundamental to the appl i cat i on of  the 

LV . 

The parti c l e  equati on of moti on was carefu l l y anal yzed to deter­

mine what form i s  requi red for eval uati ng the turbu l ence response of 

the sma l l ,  l i ght  part i c l es of i nterest  to vel oc i metry. The  i mportance 

of i nc l u d i ng the Bas set h i story i ntegral was noted . The effects of 

correcti ons to the Stokes drag term to extend the part i c l e  equat i on of 

moti on beyond the S tokes f l ow regi me was d i scus sed . A compu ter code 

was devel oped to numeri cal l y  s o l ve the Lagrangian part i c l e equat i on of 

mot i on .  

The effects of a parti c l e  s i ze d i s tri buti on present i n  a fl ow 

fi e l d  wi th s u ff i c i ent mean vel oci ty grad i ents to cau se  part i c l e  l ag on 

LV data were eval uated . The res pons e of the i nd i vi dual part i cl e 

s izes wi l l  l ead to an over pred i ct i on of the turbu l ence i ntens i t i e s  

and al so  affect the Reynol ds shear measurement . A "ru l e  o f  thumb " for 

part i c l e  sel ecti on for accurate mean fl ow measurements i n  fl ows wi th 

vel oci ty grad i ents i s  presented . 

i i i  



iv 

A numerica l  model for eva l uating seed particl e  requirements for 

accurate turbul ence measurements with the LV has been deve l oped. A 

Monte Carl o turbul ence model was deve l oped which inc l uded an  el emen­

tary description of the internal  structure of an eddy. The mode l was 

appl ied to two simpl e turbul ent f l ows , grid generated turbul ence and a 

subsonic axisymmetric jet , to eva l uate particl e response a nd to estab­

l ish partic l e  size for accurate LV measurements in these  fl ows . Large 

monodisperse partic l es were found to cause the turbul ence quantities 

to be underestimated , l eading to a requirement for very sma l l particl es 

for meaningful turbul ence measurements with the LV. 11Rul e of thumb .. 

criteria for particle size se l ection are developed. 
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CHAPTER I 

I NTRODUCTION  

The evo l uti on of non i ntrus i ve fl ow di agnosti c methods in  the 

l ast few years has created powerful too l s for gatheri ng mean i ngful 

fl ow f i e l d  data i n  extremel y  compl ex f l ow fi e l ds .  But, as w ith a ny 

measurement techni que , care must be ta ken i n  defi n i ng the l i mi tati ons 

a nd cri ti cal  requi rements for these techn i ques . Thi s i s  espec i a l l y  

true i n  the case  of these  noni ntrus i ve techni ques s i nce there i s  often 

no means to veri fy measurements i n  the compl ex fl ow fi e l ds i n  whi ch 

the techn i ques are bei ng appl i ed .  

One of the most promi s i ng of these techni ques i s  l a s er ve l oc imetry 

(LV). The LV measures the vel oc i ty of sma l l parti c l es entrai ned i n  the 

f l ow f i e l d  of i nterest.  The f lui d ve l oc i ty a nd turbul ent ve l oc i ty 

corre l ati ons are then i nferred from stati sti cal a na l ys i s of these  

parti c l e  vel oc i ty measurements under the assumpti on  that the parti c l es 

exactly reproduce the moti on  of the fl u i d. Thi s as sumpt i on needs to 

be careful l y  eval uated s i nce i t  i s  fundamenta l to the appl i cati on of 

the l aser vel oc i meter . 

Earl y deve l opment of the vel oc i meter s eemed to have centered on 

the e l ectron i cs and opti cs of the i nstrument . Parti c l e  dynami cs  was 

genera l l y  as sumed to be a mi nor probl em compared w i th the task  of 

acqui r i ng any data at a l l .  S i mpl e low speed fl ow fi e l ds were used to 

veri fy the LV pri nc i pl e, and ca l cul ati ons us i ng s i mpl e parti c l e  drag 

l aws a nd s i mpl i f i ed parti c l e  equati ons of moti on were used to di spe l  

concerns about parti c l e  dynam ics  effects . A s  the LV was graduated to 

1 
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more complex and higher speed flows it became obvious that the assumed 

small particles were not following the fluid. This can be seen in the 

exit of a supersonic jet described in Reference [1].1 Results such as 

these have led to a more thorough evaluation of particle dynamics and 

particle generation in the LV community. 

Most of the current particle dynamics studies are directed to the 

problem of obtaining an accurate mean flow velocity measurement. Very 

little has been or is being done to investigate particle response to 

the velocity fluctuations of a turbulent flow field. Hjelmfelt and 

Mockros [2] performed a fairly simple analysis of particle response to 

a sinusoidally oscillating flow field. The solution is of only aca-
demic interest since turbulence consists of finite random eddies 

rather than continuously varying velocity oscillations. The solution 

is based on the questionable assumption that the solid particle 

always follows the same fluid particles, i.e., there are no trajectory 

crossing effects. Shuen, et al. [3], modeled the turbulent field more 

accurately by using a Monte Carlo approach to reconstruct the random­

ness of turbulence and included trajectory crossing effects. This 

technique is adequate for large, heavy particles but lacks the detail 

in the turbulence model and in the particle equation of motion to 

adequately predict the motion of the small particles of interest in 

velocimetry applications. Ormancey and Martinon [4] followed a 

similar approach to Shuen but included a more complete model of a 

1Numbers in brackets refer to similarly numbered references in 
the List of References. 
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turbu l ent eddy and an i mproved equati on of moti on . Th i s  method fai l s  

to predi ct the moti on of sma l l ,  l i ght parti c l es i n  a turbu l ent f l ow, 

whi ch possi b l y  indi cates some prob l ems ex ist wi th h i s  turbu l ence mode l . 

S i nce sma l l ,  l i ght parti c l es whi ch nearl y reproduce the moti on of the 

turbu l ent fl u i d  are of pri nc i pa l  interest i n  LV app l i cati ons, i mprove­

ments to these mode l s  are necessary before they are usefu l in eva l ua­

ting part i c l e dynami cs l i mi tati on for LV measurements . 

The objective of th i s  effort i s  to deve l op the mode l s  necessary 

to determi ne parti c l e  requ i rements for obta i ning turb u l ence measure­

ments w ith the LV and to app l y  these mode l s  to some si mp l e fl ow fi e l ds 

to eva l uate parti c l e  response. The parti cl e equati on of moti on i s  

carefu l l y  eval u ated i n  Cha pter II and a computer code i s  deve l oped to 

sol ve th i s  equ at i on .  Us ing th i s  code, the broadening of  the ve l oc i ty 

d i stri buti on due to a parti c l e s i ze d i str i buti on i n  the presence of a 

vel oc ity gradi ent i s  di scussed i n  Chapter III . A Monte Carl o turbu­

lence model is deve loped and cou p l ed wi th the parti c l e  equati on of 

moti on so lver from C hapter II in  Cha pter IV . Th i s  code i s  appl i ed to 

two simp l e  turbul ent fl ow fi e l ds i n  Chapter V to eva l uate the parti c l e  

size requ i rements for turbu l ence measurements i n  these fl ows. S i mp l e  

"ru l e  o f  thumb1 1  techniques for est i mati ng parti c l e si ze requ i rements 

for turbu lence measurements w i th the LV are outl ined i n  Cha pter VI . 

Concl usi ons and recommendati ons are presented in  Chapter VII . 



CHAPTER II 

PARTICLE EQUATION OF MOTION 

There are a number of forms of the equa t i on of moti on of a sma l l 

parti c l e  i n  a nonu n i form f l ow fi e l d i n  the l i terature. A l l these 

equati ons are based on  the equati on of mot ion  for a sma l l sphere 

acce l era t i n g  i n  a f l u i d  a t  res t  deve l oped i ndependentl y by Bas set [5]� 

Bouss i nesq  [6],  and  Oseen [7] . Tchen [8] ge nera l i zed the s o l ut i on for 

unsteady Stokes f l ow i n  a uni form f lu i d .  Tchen then attempted� 

throug h heuri s t i c argument, to extend the so l ut i on to non u n i form 

fl ows. It i s  a ssumed i n  a l l these equati ons that the parti c l e  i s  

sma l l enoug h to not di sturb the f l ow fi el d i n  wh i c h i t  i s  conta i ned. 

Th i s  l eads  to the requi reme nt tha t the parti c l e  l oadi ng be extreme l y  

l ow .  

Bas i c  Equ a t i on 

Tchen1s equa t i on  may be wri tten a s  

where 

- g. ( m  - mf ) 1 p 

Du. au. au. 1 1 1 
ITt

= 
at+ uj ax. 

J 

4 

( 2 .  1 ) 

( 2 . 2} 
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and 
du. au. au. -1 

= 
-1 + v. -1 

{2. 3) dt at J ax. 
J 

and v. 
1 

= v; {t), ui = u; (t). The terms on the right hand side are the 

Stokes drag term, resultant pressure term, apparent mass, Basset 

history integral, and the gravitational force. The terms in Eq. {2.2) 

and Eq. {2.3), which were not rigorously derived, are a source of con­

troversy with this equation. 

Several authors have attempted to improve upon Tchen's equation 

of motion for a sphere in a nonuniform Stokes flow, including Corrsin 

and Lumley [9], Buevich [10], Sao [11], and Gitterman and Steinberg 

[12]. In a more recent effort by Maxey and Riley [13], the equation 

of motion is derived using matched asymptotic expansion of the inner 

disturbance flow and the outer undisturbed flow. Their derivation 

also included the effects of velocity curvature on sphere drag. Maxey 

and Riley's equation may be written as 

+ (m -mf)g. p 1 

d [ d
2 

2 ] 
dT vi-Ui - vrV u; I Y( t1 

hv(t-T) 

(2.4) 
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where 

1 1 1 Du . ( au . au. ) 
ot = at+ uj axj x=v(t) 

(2. 5) 

and 

1 1 1 du. ( au . au . ) 
at= at+ v j axj x=Y(t) 

(2.6) 

and v.= v . (t) , u.=u . (t) [Y(t) , t] .  Y(t) is the particle position as a 1 1 1 1 
function of time in an inertial reference frame. Crudely evaluating 

the order of magnitude of the term in Eq. (2. 1) or Eq. (2. 4) relative 

to the left hand of the equation we have 

Drag Force 'V 0 

Gravitational Force 

Pressure Force 

Apparent Mass Force 

Basset His tory Integra 1 rv 0 [1 Pf r:v) d Pp 

For the small and relatively heavy particles of interest in velocim-

etry, the drag term clearly dominates the equation of motion. As the 

density ratio decreases, other terms in the equation will become more 

important. 
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Basset Term 

The Basset term is frequently omitted from solution schemes for 

the particle equation of motion because it is not easy to deal with 

numerically. Order of magnitude analysis similar to that in the 

previous section are usually used to justify the omission of this 

term. These analyses fail to consider the magnitude of the integral 

term, and should be viewed with caution if the magnitude of the 

integral is not known. The Basset term is essentially the time inte-

gral of the relative acceleration of the particle weighted by the 

square root of the time difference between the present time and the 

time at which the acceleration occurred. It is significant when the 

particle relative acceleration is large compared to the particle rela-

tive velocity. It also becomes more significant as the particle den-

sity approaches or is less than the fluid density. Tchen's solution 

of the particle equation of motion, though not entirely accurate, 

offers the opportunity to evaluate when the Basset term becomes impor-

tant. Two simple examples using Stokes drag law follow. 

The solution to Tchen's equation of motion, including all terms, 

for a step change in fluid velocity from u = b0 to u = a0 is 

where 

2 2 w = a k2 = a2 ( 3 S + 9�2 ) 
K = a ( 1 - 3/2 S) 

(2. 7) 

(2. 8) 

(2.9) 



8 

12v a = - S 
d2 (2.10) 

If the Basset term is ignored, the solution becomes 

V = (b -a ) e-at + a0 0 0 

(2.11) 

(2.12) 

S olutions of these equations for density ratios S of 1000, 5, 1.75, 

and 1.0 are shown in Figure 1. In Figure la it can be seen that the 

Basset term is not negligible for S = 1000, which roughly corresponds 

to water particles in air. As S decreases the solution becomes an 

exponentially damped oscillation (Figure lb) , until S = 1.75 (B = 

0.6667) at which time the damping disappears (Figure lc) . As S is 

further decreased the solution becomes an exponentially increasing 

oscillation (Figure ld) . 

In this example the Stokes drag law is used even though the 

particle relative Reynolds number greatly exceeds one. With Stokes 

law the drag is essentially zero for large particle Reynolds number. 

Because the drag is essentially zero, the Basset term dominates the 

equation of motion. In actuality the particle drag is not zero in the 

region with high particle relative Reynolds numbers when compressibil-

ity and inertia effects are included, and the effect of the Basset 

term is reduced. Forney, et al. [14] demonstrates that the Basset 

term ha� little effect near the step but causes the particle velocity 

to relax more slowly away from the step, greatly increasing the par-

ticle relaxation distance. This example indicates that the Basset term 



9 

cannot be arbitrarily ignored in flows with large velocity gradients 

even when fairly dense particles are considered. 

A second example of the importance of various terms in Tchen1s 

equation of motion can be seen in the solution given by Hjelmfelt and 

Mockros [2] for a particle responding to a uniformly sinusoidally 

oscillating fluid flow field. Their results for the amplitude ratio 

and phase angle of the particle velocity in terms of the fluid velocity, 

for various approximations of the equation of motion, are 

and 

where 

a. General solution 

where 

[ 9 Nf ] [ 1 s ] 
= 

l + 
�(S+l/2) S+�/2 f 1 81 [ 2 N 2 + N f J 2--=-[ -------,.,-9 -.N..-::f,.-----=]-=-2 

(S+l/2) 2 f 
� 

+ l + �(S+l/2) 

9(1-S) [ 2 N 2 + l] 
f2 

= __ 
8

_
l

(�S�+�l/�[2�)_
2
�

2
-�:

f
-=]�2��2�[�-�9�N-f

-�]�2 
2 N + - + 1 + --::-::----'---

(S+l/2) 2 f � IS (S+l/2) 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

(2.17) 



and 

b. Type I approximation, neglecting the history term, 

(1-S) 

18 N 2 (1-S) 

f = -;;:----::::--c
f
;;;;--:::---'(>...:..S_+ l:...r.../-=-2 '--) 2_ 

2 f18 Nf2 ] 2 
U s + l/2) + 1 
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(2.18) 

(2.19) 

(2.20) 

c. Type II approximation, neglecting the history and apparent mass 

terms, 

(2.21) 

{2.22) 

d. Type III approximation, neglecting the pressure, history, and 

apparent mass terms, 
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f l 
= - 1  

[ 1 8N 2 y 
( 2 . 23 ) 

s 
f +1 

f2 
= 

- l SN/ /S [ 1 8�/r + 1 

( 2 . 24 ) 

Fi gure 2a shows the amp l i tude ra ti o as a fun cti on of nondi men­

siona 1  frequency for a densi ty rati o, S, of 1 000, wh i c h a pproxi mate l y  

represents water parti c l es i n  a i r .  T h i s  i nd i cates that for h i g h 

frequenci es or for l arge parti c l es ( sma l l Nf
) the h i story term becomes 

s ign i fi cant  wh i l e the apparent mass and  pressure terms are i nsi gn i fi-

cant . The phase ang l e, Fi gure 2b, i s  sl i ght ly  more sensi t i ve to  the 

add i ti ona l terms. Th is  exampl e  corresponds to the case where the 

rel a t i ve veloci ty is near l y  zero , whi l e  the re l ati ve acce l erati on 

rema i ns fi n i te. As the densi ty rati o decre ases, as i nd i cated i n  

F i gures 3a and  3b  for S = 2 . 65, the h i g her order terms become more si g -

n i f i cant . 

These examp l es i ndi cate th at  the Basset term ca nnot be i gn ored 

i n  a general sense because of order of mag n i tude ana l ys is  i nvol v i ng 

onl y  the coeff i c i en t  of the term, as is usua l l y  done . The term must 

be eva l ua ted on a case by case bas i s  to ensure that the physi cs of the 

parti c l e/ fl ui d  i nteracti on  are proper l y  model ed .  T h i s  i s  espec i a l l y  

true for the sma l l ,  l i g h t  parti c l es of i nterest to ve l oc i metry si nce  

the i nerti a term can  be  qui te sma l l  wh i l e  the  Basset term is  st i ll 

fi n i te .  
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Exten s i on Beyon d  Stokes Fl ow 

The repercus s i ons  of the Stokes fl ow as sumpti o n  whi ch underl i es 

the deri vat i on of Eq . (2.1) and  Eq. (2.4) shoul d be noted . The 

a s sumpti on i s  that the convecti ve terms of the N av i er Stokes equa t i on 

are neg l i g i b l e. Thi s  assumpti on l i mi ts  the equati on  to very l ow 

Reynol ds numbers , and thus to cases of very sma l l p arti c l e  l ag .  

Another cons equence o f  the Stokes fl ow as sumpti on , a s  noted by Ho [15], 

i s  that the pos s i b i l i ty of any transverse ( l i ft ) force s o n  the par­

ti cl e i s  e l i mi nated . Saffman [16] deri ved the l i ft force o n  a s p heri-

ca l parti c l e i n  a un i form s hear fl ow as 

2 \dU!l/2 
F

L 
= 1.6125 d /pf� ay ( v-u ) (2.25) 

Eva l uat i ng the order of magn i tude of th i s force re l ati ve to the l eft 

ha nd s i de of Eq . (2.4), 

L i ft Force � 0 [� :: IV] 

The l i ft force i s  then of the s ame mag n i tude a s  the Bass et h i story 

i n tegra l for a part i c l e i n  a s hear . U nfortunate l y  there i s  no genera l 

expres s i on for the l i ft force on a s phere i n  an  uns teady nonun i form 

fl ow f i e l d ,  and hence thi s force i s  usua l l y  i gn ored . Fortuna te l y ,  the 

l i ft force, l i ke drag , i s  proport i ona l to the re l a ti ve ve l oc i ty ,  a nd 

i s  usua l l y  neg l i g i bl e  when  compared to the drag force . 

The genera l procedure for extendi ng th i s  equa t i on  to h i gher 

Reyno l ds numbers has  been to mul t i p l y  vari ous terms by emp i r i ca l l y  

determi ned coeffi c i ents . Odar a n d  Hami l ton  [17] performed a n  e l a bo-

ra te experimental  s tudy and  c oncl uded that emp i ri ca l constants were 
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required on the drag, Basset, and apparent mass terms. Later work by 

Karanfilian and Kotas [ 1 8] indicated that, at least for heavy parti-

cles in sinusoidally oscillating flows, the drag term required empiri-

ca l modif ication and the other terms could be neglected. In th is 

work the empirical constants of Odar and Hamilton [ 1 7] will be employed 

because of the more general validation and more thorough scrutiny they 

have been given. The drag term in the equation of motion then becomes 

wh ere 

and 

w. = v. 
1 1 

lw·l 
1 =f0;w.2 

. 1 
1 

(2.26) 

( 2. 27) 

(2.28 ) 

The empirical coefficient for the Basset term is taken from Reference 

[ 1 4] as 

6H = 0.48 + 

where 

0.52 A� 
(1 + A  )

3 
n 

(2.29 ) 

(2.30) 

A number of empirical drag coefficients are available to extend 

the particle equation of motion beyond the Stoke1s regime. The simp­

lest extensions of Stoke's drag law attempt to model the incompressible 

sphere drag coefficient curve ( Figure 4) at higher Reynolds numbers. 
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The more compl ex l aws add correct i ons for compressi bi l i ty, rarefac­

ti on, heat tra nsfer, and  shape effects . Barnett [ 1 9] presents a drag 

coeffic ient  based on  the experi ments of Ba i l ey and Hi a tt [20] of the 

fo rm 

( 2 . 3 1 ) 

where 

cdo = Stokes drag  = 24/ReR 

F1 = Inert i a l  ( Re ) effect 

F2 
= Compressi b i l i ty ( M ) effect 

F3 
= Rarefacti on (Kn ) effect 

F = 
4 Parti cl e shape effects . 

Barnett expresses the i nert i a l  i n fl ue nce coeffi ci ent as 

( 2. 32 ) 

The effect of i ncreasi ng  Reynol ds number is to i ncrease the drag 

above th a t  wh i ch i s  predi cted for Stokes f l ow, as i s  see n  i n  Fi gure 

5 .  Compressi b i l i ty effects are mode l ed by 

( 2 . 3 3 ) 

for M> 0 . 1 5 .  As shown i n  F i gure 6, the effect of compressi b i l i ty 

is  to i ncrease the drag above Stokes drag . The rarefact i on i nf l uence 

coeffi c i e nt i s  g i ven as 

( 2 . 34 ) 
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where A= 1.34285 and B = 0.277 for Kn < 0. 85 and A= 1.2243 and B = 

0.18 for Kn > 0.85. As shown in Figure 7, the effect of rarefaction 

is to decrease the Stokes drag. The particle shape is accounted for 

by 

F4 (lJi) = 1 + 4.065 (1-lji) Res 
.238 (2. 35) 

where lJi is the shape factor defined by 

n o2 

ljl = ES 
Ap 

(2. 36) 

and 

DES = ( 6n
;(

Q )l/3 
( 2. 37) 

A
P 

and;(
P 

are the surface area and volume of the particle. Res is 

the particle Reynolds number based on the equivalent spherical diam­

eter from Eq. (2.37) . As the particle becomes less spherical (or as 

ljl decreases from 1) the drag increases as shown in Figure 8. Heat 

transfer effects may be added to Barnett's drag law by calculating the 

effective viscosity for calculating the Reynolds number as recommended 

by Golovin and Fominysk [21]. This is done by calcul ating an effec­

tive temperature which is the geometric mean of the fluid and particl e 

temperatures. The effective viscosity is calculated based on this 

effective temperature. As shown in Figure 9. the effect of increas-

ing the temperature of the particle relative to the temperature of the 

fl uid is to increase sphere drag. 

Barnett's drag law is limited to particle relative Mach number 

(MR) of less than 0. 8 because the transonic drag rise and subsequent 
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supersonic drag of a sphere is not modeled. Barnett•s drag law is 

useful for evaluating the effects of various parameters on particle 

motion, but must be used with caution in regions of large particle 

lag, such as the region downstream of a strong shock. In such regions 

the drag is better represented by the drag law of Crowe [22]. 

where 

and 

and 

Cd = (Cdl - 2) exp [-3.07 yl/2 (MR/ReR)G (ReR)J 

(2.38) 

(2.39) 

log10 G (ReR) = 1.25 [1 + tanh (0.77 1og10 ReR - 1.92)] (2.40) 

h (MR) = (2.3 + 1.7 (Tp/Tf)l/2) - 2.3 tanh (1.17 

loglO MR) (2.41) 

Crowe•s drag law includes inertia, compressibility, rarefaction, and 

heat transfer effects. Although Crowe•s drag law is valid over a 

wider range of particle conditions than Barnett•s, it makes simple 

parametric studies of the various correction terms more difficult. 

Numerical Solution of the Equation of Motion 

Equation (2.4) can be put into the following form to facilitate 

numerical solution 
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(2.42) 

This can be interpreted as a nonlinear first order differential 

equation of the form 

(2.43) 

A few comments on the stability of Eq. (2.42) are in order. If 

we assume that the drag is given by Stokes law for simplicity and we 

ignore the lower order terms, f; can be written 

f. = 1 8]1 1 i w. 
(pp+l/2 pf) 1 (2.44) 

The Jacobian is then given by 

0 0 

J = N s 0 0 (2.45) 

0 0 

where 
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(2.46) 

The system of equations is quite stable and easy to solve for large 

particles. As the particle diameter becomes small, N5 becomes quite 

large as shown in Figure 10 and the system of equations become stiff. 

Physically, as the particle diameter approaches zero, the relative 

velocity also approaches zero. Numerically this is not always the 

case, and hence small time steps are required to maintain the sta-

bility of the system. This problem can be circumvented by arbitrarily 

setting the particle velocity to the fluid velocity for particle sizes 

below a given size or for particle relative Reynolds numbers below a 

specified value. Since interest in this effort is in the response of 

very small particles to turbulence , a limiting value of particle 

Reynolds number of lo- 12 was chosen to be compatible with the conver-

gence criteria used in numerically solving the particle equation of 

motion. 

The Basset term contains an apparent singularity at the upper 

limit of integration (-r=t ). This must be considered in the numerical 

solution of the particle of motion. Setting 

dW. l f (T ) = -1 - (2.47) d-r r=-:-

the integra 1 is 

t 

l 
f {T) d-r 
It - -r 

v'1T\l 

(2.48) 
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Integrating by parts, this becomes 

t d f  2 1t f ( o )  + 2 r lt--r - d-r 
Jo d-r (2.49) 

When the integral in Eq. (2.49) is evaluated numerically, the con-

tribution to the sum by the point T is zero. Thus this point is 

not a singularity . Physically, this is consistent wth the proper 

interpretation by the Basset history term since the contribution o f  

the present time to the history o f  the particle should be negligible. 

This simplifies the numerical solution o f  the particle equation 

o f  motion since numerical calculation o f  the integral term does not 

require a knowledge of  the velocities at the present time step. 

A computer code was written to solve Eq. (2.42). The code uses 

� fourth order forward marching Adam's predictor-corrector technique 

to integrate for the particle velocity at a given time step. The 

corrector term was iterated until the desired convergence was obtained. 

The convergence criteria were 

Vi - i - 1 
----.,...;-- S 1 X 10-6 (2.50) 

u 

where i was the iteration index. Each component o f  the velocity was 

required to converge independently . These criteria, though somewhat 

restrictive , were found to guarantee converged solutions for any case 

to which it has been applied. The same numerical technique was used 

to integrate the particle velocity to obtain particle position. The 

integral term was evaluated using a trapezoidal rule integration, and 

the required fluid derivatives were evaluated using simple backward 
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d i fferenci ng . The Adam's method does suffer occasi onal numeri cal 

i nstab i l i ty because of the sti ffness of the equati on of moti on. To 

overcome thi s probl em, a fourth order Ru nge -Kutta so l ver was used to 

start the so l uti on and to restart the so l uti on  when the Adam's 

method d i verged . The Adam's method i s  preferred to the Runge-Kutta 

because i t  i s  much faster and because i t  al l ows si mp l e testi ng for 

convergence to a desi red accuracy . 



CHAPTER III 

PARTICLE SIZE DISTRIBUTION EFFECTS 

A commo n l y  occurr i ng and often i g nored phenomenon i n  l aser vel oc i -

metry i s  the broaden i ng of measured ve l oc i ty d i stri buti ons due to a 

parti c l e  si ze d i str i buti on i n  the presence of a ve l oc i ty grad i ent. 

This  broaden i ng i s  often i nterpreted as an i ncrease i n  turbu l ence 

i ntensi ty whe n i t  actual l y  has nothi ng to do with the turbu l en ce l evel 

of the fl u i d .  Three s imp l e exampl es frequently fou n d  i n  hi gh speed LV 

appl i cati ons are g i ve n  here. 

Before proceed i ng to a d i scussion  of part i c l e s i ze d i stri buti on  

effects on  turbu l e nce measurements wi th the LV , a bri ef outl i ne of  the 

i nterpretati on of vel oc imeter data wi l l  be g i ve n . The d i scuss i on wi l l  

be l i m i ted to two-d i mensi onal data for s i mpl i c i ty, al though extensi o n  

to three d ime nsi ons i s  strai ghtforward. 

A sampl e ve l oc i ty cQrre l ogram is  g i ven i n  F i g ure 11. For typi cal 

ve l oc i ty d i stri buti ons , the pro babi l i ty d i stri but ion  takes the form of 

an e l l ipse when p l otte d i n  ve l oc i ty space. The turbu l en ce i ntens i ty 

i n  the x and y d i recti ons i s  g i ve n  by the vari ance of the vel oc i ty 

d i stri buti on  i n  each d irecti on, and may be i nterpreted as the square 

of hal f  the projected el l ipse l ength on each ax i s .  The Reyno l ds shear 

i s  cal cu l ated from the cross corre l ati on  of the si mu l taneousl y  measured 

ux and uy vel oc i ty components, and may be i nterpreted as the angu l ar 

rotati on of the corre l ogram re l ati ve to the coord i nate system of 

i nterest. 

2 1  



The determination of the principle turbulence intensities, or 

those where the Reynolds shear is zero, is given by the following 

relations in two dimensions [23] 
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-;I --:2 2 + lJTU' sin 28 + ----;2 . 2 ulO = ul cos 8 1 2 u2 s1n 8 ( 3. 1 ) 

where 

� ----;2 . 2 u20 = ul s1n 8 

1 -1 = 2 tan [ 

- lJTU' sin 1 2 

2 lJTU' 1 2 
u'2+u'2 

1 2 ] 

28 + ----;2 u2 cos28 (3.2) 

(3.3) 

'2 '2 
-,-

2 
-,-

2 and u10 and u20 are the principle stresses and u1 , u2 , and 

u1 'u2' are the stresses in the measurement coordinate system. 

Normal Shocks 

A very simple example of how particle dynamics can affect turbu-

lence measurements with the LV is a normal shock. The momentum of a 

particle cannot be dissipated in the few mean free paths comprising 

the shock thickness. Theoretical particle response to a bow shock in 

front of a cylinder at a Mach number of four is shown in Figure 12 for 

olive oil particles of various sizes. The different particle sizes 

respond to the shock at different rates. The velocity distribution 

measured using a polydispersed particle size distribution would initi-

ally be tight (the variance would be small) in the free stream ahead 

of the shock. The distribution rapidly spreads as the particles relax 

at different rates behind the shock. Finally, as the particles begin 



23 

to re l ax to the ve l oc i ty beh i nd the shock, the d i stri buti on forms a 

peak at the l ow ve l oc i ty end wi th a tai l to the h i gher ve l oc i ti es .  

As the l arger parti c l es re l ax to the f l u i d  ve l oc i ty th i s  tai l  beg i ns 

to d i sappear and the l ow vel oc ity peak grows . 

Experi me ntal resu l ts for th i s  case are shown i n  Fi gure 13.  The 

f l ow was seeded wi th o l i ve o i l usi ng a C o l l i son  atomi zer , whi ch pro­

du ces a broad size range of parti c l es as shown i n  Fi g ure 1 4. The 

ve l oc i ty d i stri buti ons correspond to what one wou l d  expect from a 

parti c l e  dynami cs point of v i ew. There i s  a strong peak upstream of 

the shock i n  the free stream, a very broad ve l oc i ty d i str i buti on beh i nd  

the shock, and  a ve l oc i ty peak wh i ch beg i ns to deve l op at the l ower 

ve l oc i t i es as the cy l i nder i s  approached. The actual fl u i d  turb u l ence 

val ues are masked by the spread i n  the ve l oc i ty d i str i buti on due to 

the parti c l e size d i stri buti on present i n  the exper i me nt . 

Ob l i que Shocks 

The previ ous exampl e can be extended to two-d i mensi onal f l ows by 

exami n i ng the s impl e case of an ob l ique shoc k .  Cal cu l ati ons for a 

forty degree obl ique  shock  wi th an upstream r�ach n umber of 2.2 are 

shown i n  Fi g ures 1 5  and 1 6 . Xs i s  the di stance from the shock  measured 

perpendi cu l ar to the shock . The cal cu l ati ons show a behavi or for each 

ve l oc i ty component s im i l ar to that seen  for the case of the normal 

shoc k .  The ve l ocity d i stri buti on i s  ti g ht and near the upstream ve l o­

c i ty near the shock ,  then spreads dramati cal l y ,  and fi nal l y  deve l ops a 

ti ght peak at the downstream ve l oc i ty wi th an assoc i ated tai l of l ag­

g i ng part i c l es. 
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Figures 16a to 16e, presented in velocity space, indicate that a 

particle size distribution will also affect the Reynolds shear measure­

ment. As mentioned in the introduction to this section, the orienta­

tion of the turbulence ellipse in velocity space is an indication of 

the Reynolds shear. These figures indicate that the ellipse would be 

rotated as though a strong negative Reynolds shear were present. This 

particle induced velocity correlation could well hide the actual tur­

bulence induced velocity correlation. 

Laminar S upersonic Boundary Layer 

The previous two cases indicate that particle dynamics can greatly 

affect turbulence measurements with the LV in the presence of strong 

velocity gradients such as the gradients associated with shocks. The 

present example illustrates that this effect can also be seen in flows 

with milder gradients, such as in the laminar boundary layer on a 

seven degree half angle cone at a Mach number of four. 

Figure 17 shows calculated particle response and actual LV data 

taken in a laminar boundary layer on a cone with a similar seed par­

ticle size distribution as shown in Figure 14. The calculated results 

in Figure 17 indicate that the apparent increase in turbulence in the 

center of the boundary layer noted by the broadening of the velocity 

distribution is actually due to the broad particle size distribution 

present and not a feature of the flow. 

Nean Flow Particle Size Requirements 

These three examples point out the care which must be taken in 

acquiring and interpreting LV data. Particle dynamics effects must be 



25 

considered and seed particle size distributions must be minimized if 

meaningful results are to be acquired with the LV. It also points out 

that the LV  may not be the instrument of choice for making turbulence 

measurements in shock interaction regions, an application of veloci-

me try many seem to make. In these regions care must be taken to 

identify the actual particle size distribution the LV  is 11Seeing11 and 

to assure that measurement are made outside of the relaxation region 

for these particles. These examples do not indicate what size parti-

cle is required to obtain meaningful turbulence measurements since, 

to this point, only mean flow particle lag has been considered. 

A simpl e expression for estimating mean fl ow particl e l ag can be 

derived from the particl e equation of motion assuming that onl y the 

drag term is important. This yields the following equation, 

u. 1 
v .  1 

where the derivative can be expressed 

dv. av. 1 1 
dt = vj ax. J 

(3 . 4) 

(3.5) 

and Cd0 is the S tokes drag. This equation is not considered accurate 

enough for data correction, but is val uabl e for identifying areas in 

the fl ow in which particle l ag may be present. The equation demon-

strates the importance of maximizing the Stokes number in regions of 

the flow where l arge velocity gradients are present. 



CHAPTER IV 

TURBULENCE MODEL 

In order to further study the effects of partic l e  size on their 

response to turbu l e nce, a mode l of the turbu l ent fl ow must be con­

structed. There are basical l y  two ways to visua l ize turbu l ence in a 

fl ow fie l d, either from an Eu l erian or a Lagrangian refere nce frame. 

If we were to visual ize turbu l ence as a finite number of discrete 

eddies, each with its own random f l uid characteristics convected with 

mean ve l ocity u, then in one dimension the turb u l ence may be repre­

sented as in Figure 1 8a .  As these eddies are convected past a probe 

the v e l ocity measured wou l d  be as shown in Figure l 8b. This cou l d  

easily be represented as a Fourier series and cou l d  be simu l ated using 

white noise Monte Carl o techniques . Thus, in an Eu l erian reference 

frame, the turb u l ence appears to be the superposition of random freq­

uency sine waves . If the probe were given a ve l ocity rel ative to the 

turbu l ence , the frequency domain of the Eu l erian turb u l ence spectra 

wil l chan ge , producing an apparent higher frequency if the probe re l a­

tive ve l ocity is of opposite sign to the mean f l uid v e l ocity u. Hence 

the Eu l erian representation of turb u l ence is a fun ction of the rate of 

convection of eddies past the probe and the individual eddy character­

istics .  

Partic l es interact with turbu l ence from a Lagrangian point of 

view. Figure 1 9a is an exampl e of how the eddies appear to the parti­

c l e .  At time t the partic l es and the eddy are both centered at point 

2 6  
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c with a relative velocity of w
1

. As time increases, the particle 

exits the eddy and enters a second eddy with a relative velocity w2. 

In the Lagrangian reference frame, the turbulence appears more as a 

randomly spaced set of velocity discontinuities as the particle moves 

from one eddy to the next, as shown in Figure 19b. The number of 

these discontinuities encountered by the particle is a function of the 

time and length scales of the turbulence as well as the size and den-

sity of the particle. If a particle is small and light enough, it may 

remain in the same eddy throughout the eddy's lifetime and see very 

few discontinuities as it passes through the flow field. If a particle 

is large and heavy, it will "bust through" the eddies and not have time 

to respond to any of the velocity discontinuities it encounters. 

For the large heavy particles which fail to respond to the tur­

bulence, modeling of the time scale and the internal structure of the 

turbulent eddy are unimportant because the particle will generally 

encounter a new eddy at each time step. Several simple turbulence-

particle interaction models take advantage of this fact since it 

simplifies the calculation of particle response. As the particles 

become smaller and lighter, the internal structure of the eddy and 

the time and length scales become more important. Since information 

on these length scales and on the internal eddy structure is difficult 

to come by, the proper simulation of the particle response for the 

small particles of interest to velocimetry becomes more difficult. 

The turbulence model used in this effort assumes that the turbu-

lence is multinormal with the off-diagonal correlation functions given 
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by the Reyno l ds shear va l ues . The mean  f l u i d ve l oc i t i es, f l u i d  pro-

perti es, turb u l ence i ntensi t i es ,  and Reynol ds shears are assumed to 

be g i ven  fu ncti ons of posi ti on i n  the f l ow fi e l d ,  determi ned from 

experi menta l data or from ca l cu l at i ons. 

Informati o n  on time sca l es and eddy i nterna l structure are often 

more d i ff i cu l t  to come by . For wake f l ows or free shear fl ows , empi r i­

cal rel a ti onshi ps are ava i l ab l e from Shuen  [3 ] a nd Tennekes and  

Luml ey [2 4 ] . The t ime sca l e  is  defi ned by 

00 

TE i  = J 0 

U
i (T )U

i ( t-T ) 
u �2 

1 

and  the length sca l e  i s  defi ned by 

00 

L .. 1 1  = f 
0 

The Tay l or mi crosca l e  is 

( ur i t· ( ur i )+ x=A x=B 

--;2 u. 1 

de fi ned as 

These can  be approxi mated by 

\) A; = 86 . 06 vu----

( 4 . 1 )  

dr ( 4. 2 )  

( 4. 3 )  

( 4 . 4 )  

( 4 . 5 )  

( 4 . 6 ) 
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where U = .L 

1 = 1 
u!2 

1 
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( 4 .  7 ) 

(4 . 8) 

and A is a constant of order one. These scales can also be approxi-

mated from eddy viscosity or mixing length information using the 

following rel ation from Tennekes and Luml ey [24] 
(4. 9 ) 

where L11 is assumed to be the direction aligned with the mean flow 

vector and � is Prandtl 's mixing length. With scales defined as above 

the turbulent eddies are modeled as follows. The random duration of 

the eddy is modeled by assuming that the autocorrelation is given by 

the Poisson form e-t/TEl. The spatial distribution of the turbulence 

must al so be modeled since the solid particle will not exactly follow 

any single fluid particle. The spatial distribution is assumed to be 

given by Frenkiel 's analytical form [25] 
" i c"Jx )u

i/ j uj/ exp [ (n+i)Lij 1 cos [ (n2+��L. ]  1 J 
(4 . 10) 

where r is the distance between the fluid particle at point c and the 

solid particl e at point x. Currently n is set to zero. The velocity 

components at points c and x are assumed to be governed by a multi-

normal distribution with a covariance matrix of 
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u c l
'uc l  

I uc l  
'uc2

' uc l  1ux l  uc l  
'ux2 

uc2
'uc l  

I uc 2
'uc2

1 uc 2
'ux l  

1 u c 2
1ux2  

I 

ux l  
1u c l  

I u 1U I u 'u 1 u 'u 1 ( 4 . 1 1 ) x l  c2 xl x l  x l  x2 

uX2
1u c l  

I ux2
'uc2

' u 1U 1 I I 

x2 x l  ux2  ux2  

The turbu l ent i ntensi ti es and  Reyno l ds shear at poi nt x are assumed to 

be the same as those at poi nt c because of the smal l si ze of the eddy 

rel ative to the scal e of the mean fl ow .  The cross terms between po i nts 

x and  c are assumed to be g i ve n  by Eq . ( 4. 1 0) .  The random fl u i d  ve l a-

c i t i es at po i nts x and c are generated by the mu l ti normal form outl i ned 

by Rub i nste i n  [26] 

u l c  
' 

u2c  
I = c .. R . 1 J Zl ( 4 . 1 2) 

u l x  
I 

where 

"2x
' J 

u�u� !1 c; kcj k 1 J k=l c .. = 

!1 2 ) 1 /2 lJ ! u j 2 - cjk k=l 

(4 . 1 3) 

R2; are randoml y  generated one d i mensi onal normal var i ates . The 

corre l ati on g i ven by Eq . ( 4 . 9) beg i ns to lose mean i ng at l arge va l ues 

of r, and the random vel oc i t i es at poi nt x become i ndependent of the 

vel oc i t i es at poi nt c. To avo i d l osi ng thi s  mode l of the i nternal 

structure of the turbu l encei the code changes from fo l l owi ng  the fl u i d  



particle at point c to following the fluid particle at point x if r 

is greater than the Taylor microscale A1. 
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The variates R21 and R22 are generated when an eddy is created 

and remain constant for the lifetime of the eddy. The variates Rz3 
and R24 are generated at each time step. If the eddy's random life­

time is exceeded, then new random variates R21 and Rz2 are generated 

and the model begins to follow the fluid particle located at point x. 

If the distance r between points x and c exceeds the dissipation length 

scale A, then the model changes from following the fluid particle at 

point c to the fluid particle at point x. This is accomplished by cal-

culating new random variates R21 and R22 from the fluid velocity at 

point x from 

u' 
R = � 

zl c11 
(4.14) 

(4. 15) 

These variates remain constant until the length or time scales of the 

eddy are exceeded 

Figure 20 graphically describes the process the model uses in 

following a particle through a turbulent flow field. In Figure 20a, 

the particle begins at the center of a fluid eddy. The minimum radius 

of this eddy is the Taylor microscale A1. As time progresses, the 

particle remains in this eddy until the eddy's random life, governed 

by a Poisson distribution, is exceeded. The process is modeled by 

drawing a random variate from [0,1] at each time step and comparing 
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it to 6t/TEl' I f  the variate is less than 6t/TEl, new values of u; 1 

are generated. I f  not, ui 1 remains the same during time interval 6t. 

In Figure 20b, the particle again begins at the center o f  an eddy 

o f  minimum radius A1. As time progresses, the particle exits this 

eddy. At this point, the code begins to follow the eddy centered at 

point x. This proceeds until the particle exits the new eddy or the 

random duration of the eddy is exceeded. 

The turbulence model used in this e f fort attempts to model the 

internal structure o f  the turbulence. For the small, light particles 

required for accurate velocimetry measurements, it is this structure 

which the particles must follow. The structure is somewhat simpli­

fied by assumptions concerning the probability distributions governing 

the process. Although it is fully realized that all turbulence 

velocity distributions are not truly normal, and length and time cor­

relations are not strictly Poisson, these forms should be adequate to 

describe the particle response within the framework o f  a simple tur­

bulence model. 



CHAPTER V 

PART ICLE RESPONSE TO TURBULENT FLOW F IELDS 

The particle equation of motion code developed in Chapter I I  was 

coupled with the Monte Carlo turbulence model developed in Chapter IV. 

Individual particles were followed through the randomly varying flow 

field. One thousand samples were used to calculate the particle and 

fluid statistics at various stations in the flow. The number 1000 was 

chosen as a compromise to allow a reasonable confidence band without 

consuming excessive computational resources. 

Grid Generated Turbulence 

The code was first applied to the grid generated turbulence 

experiment of Snyder and Lumley [27]. This provided a flow field with 

near-homogeneous and near-isotropic turbulence with no mean flow 

velocity gradients. In this experiment particle velocity autocorrela-

tion functions and particle dispersion were measured in a vertical 

6.55 m/sec flow behind a 2.54 em square mesh. Fluid turbulence inten-

sities were measured with a hot wire and are shown in Figure 2 1. 

These curves are shown to be adequately represented by 

u'2 
= 

u2 
1 42.4 (x/m - 16) 

---;-2 u2 
u2 = 39.4 (x/m - 12) 

(5 . 1) 

(5.2) 

where m is the mesh size. The Lagrangian integral length scale and 

Taylor microscale were tabulated in [27]. These tabulated values were 
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fitted by 

L11 = 2.19327 + 0.0128493 x /m + 8 . 582 x 10-6 � � )2 
(5 . 3) 

Al = 0.00436 x /m + 0.2507 (5 . 4) 

Equations (4 . 6) and (4 . 7) were used to obtain L22 and TEl " The length 

and time scales are shown in Figures 22 and 23 , respectively. 

Experimental results are given in [27]  for the four different 

particles given in Table 1. The Stokes number defined as 

is given as a parametric indication of particle response . As the 

Stokes number decreases particle response to turbulence will also 

decrease. 

Calculations were made for the four different particles in Table 

1 .  The particle calculations were begun at the experimental particle 

injection point of x /m = 20. The particle velocity was assumed equal 

to the randomly fluctuating fluid velocity at the injection point. 

T he experimental measurements began at x /m = 41. Because of the large 

separation between the injection point and the measurement stations 

there was no influence of the assumed particle initial conditions on 

the calculated particle response at the measured stations. 

Comparison of the predicted and measured particle dispersions i s  

shown in Figure 24 . The agreement i n  all cases is considered good. 

Even better agreement can be achieved for each case by slightly vary­

ing the lagrangian length and time scales for each different kind of 
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particle. This was not done because such ''fine tuning " cannot be done 

when the code is used to predict the response of the smaller particles 

of interest to velocimetry. Hence this example should be representa­

tive of the results to be expected from this code for various size and 

density particles. 

Predicted and experimental" turbulent velocity decays are shown in 

Figure 2 5. Again there is excellent agreement. The roll off of the 

copper particle decay predicted by the code is not shown by the experi ­

mental data , but Snyder [ 24 ]  indicates he has little faith in the 

measurements at this point due to his measurement technique and the very 

low values of particle velocity fluctuations there. For the smaller , 

lighter particles of interest in this study the code does exceptionally 

well. 

Following the successful validation of the code calculations were 

made for various particle sizes and particle densities to in vestigate 

what particles were required to properly characterize the turbulence. 

Results of these calculations are shown in Figure 26 for two diffe rent 

axial stations. The figure indicates that the particle response is 

essentially the same for these two location s ,  which is to be expected 

because of the small change in turbulent intensities between them (a 

turbulent intensity of 1. 9% at x/m of 80 compared with a turbulent 

intensity of 1.5% at x/m of 124) . The turbulence is properly repro ­

duced by particles with Stokes numbers greater than 1 . 3  x 104 , which 

corresponds to a five micron water particle . The mean velocity values 

are still quite good for particles with Stokes numbers of twelve , 

which corresponds to a 160 micron water particle . The calculations 
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a lso i nd i cate that the parti c l es respond to d i fferent components of 

the turbu l ence di fferentl y .  The parti c l es respond to the turbu l en ce 

component i n  the di recti on of the mean fl ow vector si gn i f i cant ly  better 

than they respond to the component of turbu l ence n ormal to the mean 

fl ow vector . Th i s  d i fferen ce i n  response seems to d i sappear as the 

parti c l es beg i n  to fo l l ow the fl u i d  ve l oc i ty turbu l ent excursi ons . 

The resu l ts i nd i cate that the fl u i d  turbu l ence properti es wi l l  be 

u nderpredi cted when parti c l es whi ch are too l arge to respond to the 

fl ow are use d. 

Some physi cal i nsi ght i nto the parti c l e response to turbu l ence  

can be gai ned from the Lagrang i an turbu l en ce descri bed i n  Chapter IV  

and  shown i n  F i gure 1 9 .  The  part i c l e response is  i nd i cati ve of the 

rati o of the parti c l e re l axati on ti me to the ti me scal e of the tur­

b u l ence . I f  the parti c l e re l axati on ti me i s  of the same order as the 

ti me scal e of the turbu l ence the parti c l e  never has an opportu n i ty to 

re l ax to the fl u i d ve l oc i ty of the eddy i n  wh i c h i t  i s  l ocated . As 

the part i c l e  rel axati on t ime decreases, the parti c l e more fa i thfu l ly 

reproduces the fl u i d  mot i on . The Stokes number i s  an i nd i cator of the 

ti me response of a parti c l e ,  and serves as a good parameter for eva l ­

uati ng  parti c l e  response . F i gure 27  i n d i cates that the product of the 

Stokes number and the i ntegral ti me sca l e must be of the order of 1 000 

for accurate turb u l ence measurements i n  th i s  fl ow f i e l d .  

Subsoni c Ax i symmetri c Jet 

The second val i dati o n  case for the code was the axi symmetri c j et 

experi ment of Y uu, et a l . [ 28 ] .  I n  th i s  experi ment, parti c l e 
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d i ffus i v i ty was measu red i n  a s impl e se l f-preservi ng subson i c  jet .  

Thi s  fl ow offered the opportun i ty to eval uate the effect o f  parti c l e 

dynami cs on Reyno l ds shear measu rements and al so i nc l uded the effects 

of a mean f l ow vel oc i ty gradi ent . 

Yuu  presents cu rve fi ts of the turbu l ence i ntens i ti es and mean 

f l ow vel oc i ti es for thi s  jet based on the experi ments of Li epman and 

Laufer [29 ] , Lau rence [30] , Corrsi n and Uberoi [ 3 1 ] ,  and Wygnanski  

[ 32] . The bas ic  fl ow structu re is shown i n  F i g u re 28 . The potenti a l  

core of  the jet i s  defi ned by 

x/0 < 6 . 8  ( 5 . 6 )  

r /0 < 0 .  5 - _x_ ( 5 .  7 )  1 3 . 6  

whe re 0 i s  the nozzl e ex i t  d i ameter .  The ve l oci ti es i n  thi s  reg i on 

are g i ven  by 

1 . 0 

u' = u • 2 = 0 1 2 

( 5 . 8 ) 

( 5. 9 )  

( 5 . 1 0 ) 

where u0 i s  the nozzl e exi t  vel oc i ty .  In the mi x i ng reg i on ,  defi ned 

by 

x/0 < 6 . 8 

X r/0 > 0 . 5  - 1 3 . 60 

( 5 . 1 1 ) 

( 5 . 12) 



the vel oc it i es are g i ven by -�
o 

= 1 - 92 . 6  (n 1 + 13� 6 )2 
+ 34o (n 1 + 13�6)3 

u 2 = 2 3 4 
uo 

-4 . 05 n 1 - 1 1 . 7  n 1 +. 255  n 1 

----:2 u , 2 -2 
= 0 . 02 1 7  exp ( -2 00 n 1 ) 

uo 

u' � = 0 . 0 1 03 exp ( -2 1 7  n 1
2 ) 

u o 
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( 5 . 13) 

( 5 . 1 4 )  

( 5 . 1 5 )  

( 5 .  1 6 )  

where n 1 = r - 0 . 5 ) /x. In the mai n  reg i on of  the jet, defi ned by 

x > 6 . 8 ,  the ve l oc i ti es are g i ven by 

u , 2 3 - 1  
= ( 6 . 8  - 630 n2 + 2313 n2 ) x u o 

3 4 _-l 
(3. 4 n2 - 472 n2 + 1 85 1  n2 ) x 

u •  
-1- = .L.ll exp  ( - 1 54 n2

2 ) 2 x-2 uo 

2 ( - 1 78 n 2 ) 

( 5 . 1 7 ) 

( 5 . 1 8 )  

( 5 . 1 9 )  

( 5 . 20 )  

where n2 
= r/x. The Reyno l ds shear i n  the mi x i ng reg i on was taken 

from Chow [33] as 
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� � = 0 . 0 1 2  ( 1  - 204 . 5  n 1
2 ) exp [ - ( 30 n1 + . 2 ) 2/ 1 . 704] ( 5 . 2 1 ) 

uo 

The Reyn o l ds shear i n  the mai n  je t i s  g i ven by Hi nze ' s  express i on [ 2 5 ]  

as 

The i n tegral l ength sca l e  i s  approx i mated by [ 28 ] � [ 3 2 ]  

r = L ; o  = o . o38s x 
m m 

Ll l /D  
= Lm ( exp [- 1 00 [ ( r + 0 . 45 ) /x] 2} 
+ exp {- 1 oo ( (f - o .  45 ) ;Xi}) 1 12 

for x < 4 ,  

for 4 < x < 1 0 ,  

- 2 L 1 1 10 = Lm exp ( -50 n2 ) 

For x > 1 0 .  L2 2 , A 1 , and TE l  are g i ven  by [ 3 2 ]  

( 5 . 22 )  

( 5 . 23 )  

( 5 . 24 )  

( 5 . 2 5 )  

( 5 . 26 )  

( 5 .  2 7 ) 

( 5 . 28 )  

( 5 . 29 )  
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The a bove f l u i d  ve l oc i ty and  turbu l ence sca l es a re graph i ca l l y  rep re-

sented i n  F i g u re s  29-34 . 

Ca l cu l at i ons we re made for 20 m i c ron di amete r fl ya s h  p a rti c l es 

i n  a 1 00 m/sec jet  to compa re wi th the experi menta l res u l ts of Y u u  [ 28] . 

The ca l cu l at i ons were begun wi th the p arti c l e  i n  the potenti a l  core 

reg i on of the j e t  mov i ng a t  the j e t  f l u i d  ve l oc i ty .  Pred i ct i ons of the  

mea n  p a rt i c l e  ve l oc i ty on the nozz l e  centerl i ne a re compared  wi th 

experi menta l res u l ts  i n  Fi gure  35 . As s hown , the a greemen t  i s  qu i te 

good . Compa r i s ons of p redi c ted and  measured  parti c l e d i ffus i v i t i es , 

defi ned by 

(5 . 30) 

are s hown i n  Fi g u re 36 . Ag reemen t  i s  a ga i n  qu i te good , e s pe c i a l l y  

cons i der i ng  that  the t ime deri vat i ve of a s ta ti s t i ca l l y  determi ned 

quant i ty i s  be i ng compa red . 

Ca l cu l at i ons we re then made for part i c l es i n  the s i ze ra nge of 

i ntere s t  for v e l oc i metry .  The ca l c u l a t i ons we re made i n  the near  

reg i on of the  j e t  (x/D < 1 2 . 0) to  mi n i mi ze the t i me s te p  req u i red i n  

the nume ri ca l c a l cu l at i on , and  off cente rl i ne i n  the reg i on of max i mum 

Reyno l ds s he a r .  Res u l ts are s hown i n  Fi gure 37 . The genera l trends  

at  a l l x l ocat i ons are the s ame ; the mean  ve l oc i ty ra t i o a pproaches  

one  fi rs t a s  the S tokes number i n creases , fo l l owed by the ra ti o of the  

l ong i tu d i n a l  tu rbu l ent  s tres ses , the rati o of the l a tera l turbu l e n t  

s tres ses , a nd  fi na l l y  t h e  rat i o of t h e  Reyno l ds s hea r .  These  c a l cu l a -

t i ons a re for 5 ,  2 . 5 ,  1 . 0 ,  0 . 5 ,  0 . 25 ,  a n d  0 . 1  m i cron water parti c l es 
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in regions of the flow where the turbulence intensity is about 20% . 

The particles are less responsive at x/D = 8.57 because the magni­

tude of the velocity fluctuations is approximately 50% hi gher there. 

The effect of particle dynamics can be seen in the velocity 

correlograms shown in Figure 38 . As the particle size increases , the 

ellipse begins to shrin k and to rotate so that the principle axes 

align with the mean flow direction . This corresponds to an under­

prediction of turbulence quantities which worsens as the particle 

size increases. 

The calculations indicate that a water particle of maximum 

diameter of 0 .25 microns is required to ma ke reasonably accurate tur­

bulence measurements in this flow field (reasonably accurate being 

defined as the size for which all the turbulence quantity particle to 

fluid ratios are better than 98%), while a 2.5 micron water droplet 

will yield acceptable results for the mean velocity . Figure 39 indi­

cates that the product of the Stokes number and the integral time scale 

must be greater than 200 for meanin gful turbulence measurements in this 

flow field . 

Multimodal Turbulence 

The turbulence model developed here is based on an analytical 

representation of the time averaged flow field that is consistent with 

a single normal mode representation of turbulence , but is not always 

consistent with actual LV measurements of turbulence. This can be 

seen in the two stream mixing measurements made with the LV reported 

in [ 1 ]. The velocity correlogram was shown to be bimodal (dumbell 
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shaped ) wi th two d isti nct vel oc i ty modes representi ng  the hi gh speed 

and the l ow speed streams . The two modes beg i n  to coa l esce as the 

mi x i ng reg i on more fu l l y deve l ops , and eventu a l l y become one mode far 
I 

downstream . In the early reg i on of the mi x i ng zone the max i mum 

Reyno l ds shear i s  very l arge beca use the stress e l l i pse has a very 

l ong  major axi s a n d  a short mi nor ax i s .  Thi s  i s  true eve n i f  the 

i nd iv idua l  components of the dumbe l l are i sotropi c .  If the parti c l e  

l ag effects o n  mea n  vel oc ity are neg l i g i b l e  ( as was shown i n  [ 1 ] )  then 

the mean  ve l oc i ty of each component of the dumbe l l i s  accurate l y  deter­

mi ned . As a resu l t  both the major axi s ,  u 1 0 , a n d  the a n g l e ,  e ,  o f  the 

stress e l l i pse ( F i g ure 1 1 ) are accurate l y  determ i ned. O n l y  the mi nor 

axi s ,  u 20 , of the stress e l l i pse is  sensitive to parti c l e l ag and  wou l d  

be underpredi cted i f  the parti c l es were too l arge to fol l ow the tur­

b u l ence . The Reynol ds shear i n  the mea n  fl ow di recti on  [ 2 3 ]  i s  

(UTcl - �) 
2 si n 28 ( 5 . 3 1 ) 

and wi l l  be overpred i cted when parti c l e  dynami cs effects are present . 

The we i ghti ng of the i nd iv i du a l  components of the dumbel l was 

shown to be a functi on of the respecti ve i nd i vi dua l l y  contro l l ed seed 

rate present i n  each stream  i n  [ 1 ] .  The correct wei ghti ng , or i nter­

mi ttency , of the ve l oc i ty modes can not be determi ned  from LV data a l one . 

To properl y  model  thi s  fl ow an i ndependent measurement of the fl u i d  

i ntermi ttency wou l d  be requ i red . 



CHAPTER  V I  

APPROX I MATI ONS  FOR PART I C L E  

RESPONSE T O  TURBULENCE 

The pre v i ous res u l ts i nd i cate that  q u i te sma l l parti c l es may be 

requ i red to obta i n accura te tu rbu l ence measu rements wi th the LV i n  a l l 

but  very l ow s peed  fl ows . I t  wou l d  be u sefu l to know what s i ze p ar­

t i c l e i s  requ i red fo r a spec i fi c  fl ow fi e l d  to a i d  i n  pretes t p l ann i ng 

and  pos ttes t ana l ys i s  of LV data . The numeri c a l  method descri bed i n  

Chapte rs I V  and  V i s  not a conven i ent too l fo r gene ra l ve l oc i meter 

a pp l i cat i ons s i nce the maj ori ty of the req u i red fl ow fi e l d  a nd  turbu­

l ence i nfo rma t i on i s  not  known a pr i ori . Hence some me thods of a pprox i ­

mati ng the p arti c l e  response to tu rbu l ence wou l d be u s efu l  i n  pra ct i c a l  

a pp l i c a t i o n . Two pos s i b l e  techn i ques  wi l l  b e  d i s cu s s ed i n  th i s  sec­

t i on .  

S pectra l C u toff Frequency Approx i ma t i on 

The work of Hj e l mfe l t and  Moc k ros [2] d i s cu s sed  i n  Cha pter  I I  

offe rs one method of approx i ma t i on . Th i s  method i s  based  on the 

a b i l i ty of a part i c l e  to res pond to the h i ghest  frequency present  i n  

a tu rbu l ent  f l ow fi e l d .  The h i ghest  frequency i n  the Eu l er i a n  t i me 

s pectrum can  be a pprox i ma ted by [24] 

where 

wo = (+t2 
n- 1 (6 . 1 ) 
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The d i s s i pa t i on , £ , can be approx imated  by [ 3 ]  

E = ( 0 . 09 ) 312 u 2 
40 \) 

The frequency pa rame ter may be defi ned a s  

Nfo 
= 4 . 3 1 5 -'--­

d /U 

or ,  i n  te rms  of the Stokes numbe r ,  

v N ( 2S+l ) s 
u 
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( 6 . 2 )  

{ 6 . 3 )  

( 6 . 4 ) 

( 6 . 5 )  

The p a rti c l e  response can  then be found  from Eq . ( 2 . 1 3 } fo r vari ous  

s i ze and  we i ght  parti cl es . 

S i mpl e Tu rbu l ence Model Approx i mati on  

Mee k and  J ones  [ 34 ]  present a method of predi cti ng the  response  

of heavy parti c l es to  tu rbu l e nce based on  a s i mp l e i s otro p i c  tu rbu l ence . 

Th i s  s i mp l e  model  i s  va l i d  whe n the parti c l e s  a re much more den se  tha n 

the f l u i d  a nd when the parti c l es are sma l l enough for S tokes l aw to 

app l y .  The i r equa t i on 

v ' 2 
- -

u '  

where 

£1 1  
= 

i s  

1 
1 +s 1 1  

d2 {2S+l ) 
1 80 TE l  

( 6 . 6 )  

= 2 
Ns TE l  

{ 6 .  7 )  



S u b s t i tu t i n g  i n to Eq . (4 . 7) for TE l ' £11 become s 

E
l l  

= 8. 436 X 10-S 
U d

2 
( 2S+ l )  

A-} 
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= 3. 037 X 10-3 (6. 8) 

The p a rt i c l e res po n s e  c a n  then be a pp ro x i ma ted from Eq . (6.6) fo r 

va ri o u s s i ze a n d  we i gh t  p a rti c l es .  Thi s equ a t i o n  i s  e s s e n t i a l ly a form 

of the p roduc t  o f  the i nteg ra l ti me s ca l e a n d  the S to k e s  n umber . wh i c h 

forms a nond i me n s i on a l  q u a nt i ty t h a t  was s h own to c o r re l ate the p a rt i ­

c l e  res po n s e  res u l t s  we l l  i n  C h a p t e r  V .  

Appl i ca t i o n s  o f  the Approx i ma t i on Tec h n i ques 

Both techn i qu e s  were a p p l i ed to the gri d gen e ra ted tu rbu l ence a n d  

the a x i symme tri c j e t  examp l es deve l oped i n  C h a pte r V. Re s u l ts for the 

g ri d tu rbu l e nce a re s h own i n  F i g u re 40 ; j et re s u l ts a re s h own i n  F i g -

u re 4 1.  Thes e  res u l ts i nd i cate t h a t  the method of Meek a n d  J ones 

be tte r represents  the p redi cted trend o f  parti c l e  res ponse w i th d e c re a s -

i ng Stokes n umbe r .  The method o f  H j e l mfe l t  a n d  Moc k ro s  p re d i c ts a much 

g re a te r l os s  o f  res po n s e  wi th decreas i n g S to k e s  number than actu a l l y  

e x i s t s . Both methods yi e l d a bo u t  the s ame v a l u e  of Stokes number fo r 

tu rbu l e n t  i ntens i ty ra t i os of 0. 99. Both methods u nderpredi c t  the 

c o rrect mi n i mum v a l ue fo r the g ri d c a s e  wh i l e  they both p re d i c t  the 

co rrect mi n i mum Stokes n umbe r for the j e t .  F o r  the c a s e s  p re s e n te d , 

the method o f  Meek a n d  Jones s eems to be adequ ate fo r 11 ru l e  of thumb" 

a pp ro x i ma t i o n s  of the expected p a rt i c l e  re s po n s e  to tu rbu l e nce a n d  fo r 

e s t i ma t i n g  LV d a ta q u a l i ty .  



CHAPTER  V I I  

CONCLUS IONS 

A numeri ca l  mo de l fo r eva l uat i ng seed pa rti c l e  req u i reme n ts for 

accu rate turbu l ence �easu rements wi th  the l as e r  ve l oc i meter has been 

deve l oped . The pa rti c l e  equati on of mo t ion  was care fu l l y  ana lyzed 

a nd the i mpo rtance of i nc l u d i ng the Basset  h i s to ry i nteg ra l  noted . 

A Monte C a rl o tu rbu l ence model was deve l oped whi ch i nc l uded an e l eme n­

tary desc r i pt i on  of the i nterna l s tructu re of an eddy . When these 

mode l s  were app l i ed to s i mp l e  fl ow f i e l ds to eva l uate pa rti c l e  dynam i c s  

effects on LV turbu l ence measurements , two i mportant  conc l u s i ons were 

reached . 

The f i rs t  conc l u s i on s tems from an ana lys i s  of a parti c l e  s i ze 

d i s tri buti on present i n  a f l ow fi e l d wi th  suff i c i en t  mean vel oc i ty 

g rad i e nts to cause the parti c l es to l ag the fl u i d  v e l oc i ty .  The 

res ponse of the i nd i v i du a l  parti c l e  s i zes  wi l l  l ead to a broaden i ng of 

the me asu red ve l oci ty di str i buti on . Th i s  broade n i ng  can affect both 

the turbu l ent  i n tens i ty and Reyno l ds shear measu rements . These parti ­

c l e  dynami cs effects a l s o po i nt to l i mi tati ons of the vel oc i mete r fo r 

obta i n i ng turbu l ence i nformat i on i n  the reg i on i mmed i a te l y  beh i nd 

s hocks or i n  other fl ows wi th l arge vel oci ty g ra d i ents . 

Secondl y ,  parti c l es wh i ch are capab l e  of track i ng the mean fl ow 

may not be adequate for measuri ng turbu l ence quanti t i e s . La rge mono­

d i s perse parti c l es wi l l  cause the tu rbu l ence quanti t i es  to be unde r­

pred i cted . As the parti c l e d i ameter o r  dens i ty dec reases , the f l u i d  

mean ve l oc i ty wi l l  be rep roduced f i rs t ,  fol l owed by the l o ng i tu d i n a l  

4 6  
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turbulent s tres s, the lateral turbulent s tres s ,  and f i nally the 

Reynolds shear. It i s  ant i ci pated that the h i gher order the turbu­

lence correlati on parameter, the more sens i ti ve the measurement w i ll 

become to parti cle dynam i cs. 

Calcula t i ons were made for t wo s i mple turbulent flows : gr i d  

generated turbulence and a subsoni c ax i symmetr i c  jet. The Stokes num­

ber was shown to be a reasonable correlat i on parameter for par t i cle 

d i ameter and dens i ty effects. It was found that the product of the 

Stokes number and the turbulence i ntegral t i me scale ( wh i ch i s  equ i va­

lent to the rat i o  of the turbulence i ntegral t i me scale to the part i cle 

response t i me )  mus t  be of order 1 0 00 for gr i d  generated turbu l ence and 

200 for the jet turbulen ce for meani ngful turbulence measurements w i th 

the LV . Th i s  leads to a requ i rement for submi cron par t i cles for mos t 

appl i ca t i ons of the LV . Approx i mati on techni ques for part i cle response 

to turbulence were developed for 11rule of thumb11  type app l i cat i on s . 

It i s  i nteres t i ng to note that the part i c l e  i nduced errors as soc i ­

ated w i th the L V  have a cancelli ng effect . The mean flow part i cle lag 

leads to a broaden i ng of the measured veloci ty d i s tr i but i on when a 

parti cle s i ze d i s tr i buti on i s  present, wh i le large par t i cles w i ll under­

respond to the actual flu i d  turbulence . In complex flow f i elds, both 

of these effects may be occurr i ng, and care should be taken to a s s ure 

that measurement s  wh i ch appear reasonable are not the result of a 

fortu i tous i nteracti on between these competi ng parti cle dynami cs effects. 

Several recommendati ons for future work in th i s area can be made. 

There i s  very l i m i ted data base for par t i cle response to turbulence. 
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Carefully controlled exper iments in  known, well documented flow f ields 

w ith smaller s ize particles would a id in ver ify ing th is code and 

impro v ing the turbulence model. Numer ical impro vements in the part i ­

cle equat i on of mot ion solver such as the use of a st iff system 

equat ion sol ver and faster integrat ion techn iques in the evaluat ion 

of the Basset h istory integral would reduce the cost and manual inter­

vent ion requ i red for solutions w ith th is code. 

Reference [ 1 ]  included b imodal results in the in it ial reg i on of a 

jet/ base and a freestream/ base shear layer. The b imodal nature of the 

veloc ity d istr i but ions is qu ite pronounced near the jet ex it and sub­

s ides as the m ix ing reg ion grows . The separate ve l oc i ty modes form a 

1 1dum be l l 11 when plotted in veloc ity space, each mode conta in ing a d is­

t i nct mean and turbulence level cons istent w ith flu i d  streams present 

on e ither s ide of the shear layer. The mean veloc ity and turbulence 

levels assoc i ated w i th a po int in the shear layer are generated by pro­

cess ing the veloc ity data for both modes, g i v ing a somewhat d istorted 

v iew of the actual 'f l u id behav ior . The relat i ve s i ze of the modes 

could be controlled by regulating the amount of seed introduced to each 

stream ind i v idually. Th is  creates a perplex ing s ituat ion s ince the mean 

and tur bulence measurements w ith the LV become a funct ion of the seed 

rate from the two seeders. Further work is requ ired to assure that the 

mu lt imodal measurements are real and not part icle induced and to develop 

data sampl ing techn iques for o bta in ing LV �easurements in  such flows. 

F inally, there are some other factors not d iscussed in th is work 

wh ich may also effect tur bulence measurements w i th the LV , includ ing 
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ma chin e (pr ocess or) br oad enin g, pr e fer en tial tr ea tm en t by the pr o­

cess or, v el oci ty b iasin g ,  and spuri ous n ois e in the m easur em e t sys tems . 

A d eta i l ed s tudy of thes e effects coup l ed wi th this work would es tab ­

lish the a ccura cy limi ts of  turbul en ce m easur em en ts wi th the LV and 

aid in th e in terpr e ta ti on of LV da ta .  
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D i ameter  ( m )  Dens i ty (g/cc ) Stokes No . 

46 . 5  ±3 . 5  

87 . 0  ±5.0 

87 . 0  ±5 . 0  

46 . 5  ±3 . 5  

0 . 26 579 . 0  

2 . 50 17 . 24 

1 . 00 43 . 08 

8 . 90 1 6 . 95 
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