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CHAPTER I
IN TRODUC TION

A groupoid is a set G 1in which a single valued product ab 1is
defined for every palr of elements a, b € G, If G is a groupoid
and at the same time a Hausdorff topological space, and, moreover, the
multiplication in the groupoid G is continuous in the topological
space G , then G 1s called a topological groupoid, Our aim in this
dissertation is two-fold: (1) to study topological groupoids for their
own sake; (2) to investigate the relation of certain topological pro-
perties_ to associativity. We note, in relation to the first motif, that
many authors have dealt with non-associative algebrale structures, i.e.
Al!:_ert;[}]’, Frink [hk], Garrison [S], Etheringtom [2]), Hausmann and
Oore [T], and Stein [22]. _ 4

If a 1s an element of a groupoid G , we will use the follow=-
ing notation: a=a, ':28 a-°a, 23-';\2 S5 e 09 ’a‘\n-ﬁ"l  a,
etc. An element a of a topological groupoid G 1is said to hawve proper=-
ty Q, if and only if (henceforth, we will use the common abbreviation
iff introduced 1n<[9 ) v(@) [v(@')v(.)] N [v(i?‘)v(’ﬁ‘) v(a) ¥y O
(O will denote the empty set) for every triplet of neighborhoods v(:‘),
of 3‘ 5 Y(f’) of ";r 3 — V(a) of a for all positive integers
n and r. If a & G has property @ , all powers of a are unique.
In Chapter 2, we will prove theorems relating to idempotents, ideals,

ete. Many of these theorems are generalizations of theorems in mob

Mumbers in square brackets refer to numbers in the bibliography
at the end of this paper.
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theory. Fo? example, we establish the following theoremss An element;
wise bicompact groupoid G that haB an element with property Q  con=
tains at least one idempotent, If A 18 an algebraic subgroup of a
topological groupoid G and ;: is bicompact,.then I 1is a topological
group, Every bicompact groupoid G has a unique minimal closed ideal,

a minimal closed left ideal, a minimal closed right ideal, and a minimal
closed subgroupoid. These concepts are défined in Chapter IT (Defint-
tions 2,3, 2,12, and 2.?). Every algebraic subgroup of a topological
groupoid G is contained in a maximal algebraic subgroup which is a bi=
compact topologlical group if G 1is bicompact. If G 1is a bicompact
graqpoid, each minimal left ideal and each minimal right ideal is closed
provided each element of K , the minimal eclosed ideal of G , is center
associative [5]. The set of idempotents of a topological groupoid is
closed. ‘

‘Chapter II closes with a discussion of connected groupéids.
If G 1is a bicompact, connected groupoid with a wnit, the minimal closed
ideal K of G 1s comnected. If G is a groupoid with a wnit, let I
denote the set of elements of G such that x € I 1ff there exists a
Yy & G so that xy=yx=u ., If G is a connected groupoid such that
I 1is bicompact and each element of I 1is center associative in G, ‘
then no elehent'of I cuts I in _G o If G 18 a bicompact, connected;
non-simple [17) groupoid with a unit, no element of I cuts G provided
a 'eeryain*‘neighborhood condition is satisfled. If G 1is a connected
groupoid with a zero, every left gright) ideal of G 1is connected pro=-
vided G has a left (right) unit.

In Chapter III, we consider bicompact groupoids G with a zero



3
and a unit which are irreducibly connected between O and u and which
ol_:gy tlje cancel}ation law, xc =yec or cx=c¢cy for x,y,¢c € G
with ¢ ¥ 0 inplies|x-y. If x,y, and ¢ € G, x < ¥y, and
cfO, then xe < ye and ex < ey . If x¥u and x has property
Q_: s then {xntn e I} s where I represents the positive integers,
converges to O . Our main result states that if every element of G has
property 624 s then there exists a function f from G onto the unit in-
terval [0, 1) of real numbers under the usual topology and the usual
mnltiplieatiox_a, which is an isomorphism as well as an order preserving
homeomorphism, We note that the unlt in the above theorem maj be replaced
by any center asgociative idempotent. In particular, any continuou.s mltl-
plication on [0, 1] as a space is the usual mltiplication of real num=
bers if the multiplication obeys the cancellation lew, O acts as a zero,
1 acts as a umit, and every element of [0, 1] has property @ . Ve
next study the 'assoeiatin-iike" properties of G. Using these proper-
ties, we establish some of the results of mob theory for‘ this typé of
groupoid, ‘ |

In Chapter iv, we are concgrned with monothetic groupoids, topolo=
glcal groupoids with a zefo, and »quasi-‘groups., A topological groupold G
1s monothetic iff there exists a & G such that the collection of sll
finito”"gor_ds“ in a 1s dense in G ., We call a a generator of G .
We consider the net {bnsn (R ]} (see definition-U.3). This net clus=
ters at each idempotent of G . If G 1is bicompact, n?':l {bg_:i z n}

18 a closed 1deal of G such that A C G, A=X, and AL =4 ime

ply A C ﬂl {1:1 Z nF » Let G be a monothetic groupoid with
- n- % A ,
a unit and suppose that G=P (J Q where P and Q are disjoint,
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clgeegl, and non-empty. Then P and Q each contain infinitely many fi-
nite "words" in any generator a of G. We glve necessary and sufficient
conqlitions for a mqnothet.ic groupoid to be a monothetic semi-group., We.
next consider the general theory of topological groupoids G with a zero.
If a & G and a is unique for all n, then a is called a nilpotent
provided a0, A nil left (right, two-sided) ideal of G 1is a left
(right, tawo-aidgd) ideal of G which consists entirely of nilpotent ele-
ments, If G is elementwise bicompact, every right (left, two-sided) ideal
A of G is either a nil ideal or contains non-gzero idempotents provided
evgry_glement of A has property (2, . The groupoid G is said to be an
N-groupoid if_f its nilpotent elements form an open set, If every element of
G has property A, then G 1is an Negroupoid provided there exists a
neighborhood V, of O which consists entirely of nilpotent elements. The
radicgl (Def. L4.9) of a bicompact N-groupoid is open provided each nilpotent
elemgn‘}_‘is_right assqciative [5]. We show that any bicompact subset of G
is bounded. Finally, we consider the special groupoids with a zero men-
tioned in Chaptef IIT. We discuss the concepts of nil ideal, radical, and
"arbitrarily small™ bicompact ideal neighborhoods of O 1in these groupoids.
We close tyis chapter with an application of topological techniques to the
theory of qnas}-gronps,‘ A groupoid G is called a quasi-group iff for amy
two elements a and b in G, there exists exactly one x € G such
that ax = b and exactlyone y € G such that ya=b . It is well
known that a finite groupoid that satisfies the cancellation law (ax = ay
or xa=ya implies x=y for all a, X, y € 0 1is a quasi-group. We

glve conditions for a bicompact cancellation groupeid to be a quasi=-group.



CHAPTER IX

GENERALT TTES (N TOPOLOGICAL GROUPCIDS

~ Definition 2.1. A groupoid is a set G in which a single valued
product ab is defined for every pair of elements a, b € G,
Definition 2,2, A subgroupoid in a groupoid G 1is a non-void set A
T contained in G such that TT Cr.
Definition 2,3. (1) A left (right) ideal of G is a non-voi‘d set

T ocontained in O shoh that 6T C T (T8 C T)5 (1) a two-sided ideal

of G is a subset of G which is both a left ideal and a right ideal.
Definition 2,k, An element e in G 1is called an idempotent iff
=, |
Definition 2.5, An element O € G 1is termed a zero iff
Ox = 0 =x0 fqrall x € G,
Qlearly, if a zero e;ists in G it is unique and is an idempotent,
Definition 2.-6—.‘ An element u € G 1s termed an identity of G
iff ux=x=xu forall x € G,
- Clearly, if an identity exists in G , it is unique and is an idem=
potent. . | |
_ Definitiom 2.7. A groupeid G in which (ab)e = a(be) for all a,
b, and ¢ 1n G 1is called a semi-group.
_ Definitiom 2,8, If G 1is a groipoid and at the same time a Haus-
dorff topological space and, moreover, the multiplication in the groupoid
G 1is continuous in both variables with reapect to the topological apaco

G, then G is callad a topologl_eal groupoid, ‘ !

Definrition 2,9. A topological groupoid in which the multiplication is



associative is called a topological semi-group or a mob,

‘{Zf Ty and T; are bicompact subsets of a topological groupeid G,
then '_1'1'1', is also bicompact. By Tycnondff's theorem T3 x T, i bicompact
and TyTe is the continuouws image of Ty x T; . It thus follows that if G
is a bicompact groupoid then aG , Ga, Gz ’ 2?6 and Gaz are bicompact
for a in G.

We alqo observe that 1f T and T; are connected subsets of a
topological groupoid G__ s then TyTe 1s comnected,

A subgroupold G, of a topological groupoid G 1s itself a topolo=
glcal groupoid under the relative topelogy.

The following theorem gives a statement of the associative law in

topological groupoids in terms of neighborhoods.

Theorem 2.1, A necessary and sufficient condition for a topological
groupoid 6 to be a topological seml-group is that [V(a)V(b)IV(c)
N V(a)[V(®)V(c)] # O for all triplets of neighborhoods V(a) , V(b) ,

and V(c) of av,l_a, and ¢ respectively forall a ,b,c in G,

Proof:  Suppose the condition 1s satisfied and there exist ele-
ments a , b, and ¢ of G such that (ab)e ¥ a(be) . Then one can find
neighberhoods V(a) of a, V(b) of b, and V(c) 'of ¢ such that-
V() ¥(e) () M V() [V()V(c)] = D . But this is a contradiction.

On the other hand, the condition is clearly satisfied for a topole=-
glcal semiegroup.

We will denote the topdlogical closure of a subset S of G by § .

Lemma 2,1, Let G be a topological groupoid and let S be a

subsemd-group of O . Then ¥ 1s a closed subsemi-growp of G .

Proofs Suppese a € S and b € 8, Let V(ab) be an arbi-



trary neighborhood of ab ., Then there exists neighborhoods V(a) and
V() of a and b respectively such that V(a)V(b) C v(ab) . But,
there exists sy £ S and sz £ S such that s € v(a) and
s8a € V(b) . Thus, 238 & V(ab) (1 S and ab & §,

Next, suppose there exists a , b, and ¢ € S such that
(ab)e ¢ a(be) . Then one can find neighborhoods V(a) of a , V(b) of
b, and V(c) of e such that [V(a)V(b)IV(e) M V(a)[V(0)V(e)]= D
991’., there exist eleme!}ts 8y , 82 , and 83 of 8 ay_mh that
83 € V(a) , 82 € -‘V(b) » and 83 € V(e) . Thus 818283 £ [v(a)V(b) Iv(c)
ﬂ_. 7(§)'[V(B)V(c)] . Hence, we have ’a contradiction and (ab)e = a(bec) for
all a,b, and ¢ in I

Analogously, we have

. Lemma 2, 2. Iaet G be a topologicd goupoid and let A be right

(1ef1'. two-sided) ideal of G, Ten X is a closed right (left, two-sided)

ideal of g .
'Definition 2,10. We will make use of the following notation: a = a ’
/8.\2-’8\.;8., ..3-8203’000.vn /\11 5

Deﬁ.n?.tion 2,11. An element a of a topological groupoid G 1is said
to have Property L 1iff [V(a2)V(a¥) 1¥(a) N V(a®) [v(&)V(a)] ¥ O \fﬁr
every triplet of neighborhoods V) of a®, V&) of & and V(a) of
a for all positive integers n andl r, | |

~ Example 2,1, An example of a finite topological groupoid which is
not a topological suﬁi-group although every element has property (I is given
by the set {1, 2, 3} with the following multiplication table and the dis-

crete topology:



1 2 3
1|1 3 x
2| x 2 1l X may be 1, 2, or 3
3| x x 3

Lemma 2,3, Let G be a topological groupoid. If an element a of

G has property (L5 then all the powers of a are umque,

Proof: Tt is first shown that (:nfr)a - :n(:ra) for all positive
integers n and r . Suppose this were not the cass. Then there exists
'positive integers n and r such that (:n:r)a ¥ %(&a) . Thus, there
exist neighborhoods V( + V(;}) and V(a) of ab " o s and a respec-
tively such that [V(:h)V(a') ]V(a) N V(an) [V(\r)V(a)] - 0, But this
contradicts property a/ ‘nms, (anar)a = .n(éi-a) for all positive inte-
gers n and r ., Itis next shown that am - a . ;h for all positive
integers m and n . This is true for m = 1 by definition, We will as=-
smuq it is true for m = r and prove it is true for m=r +1 . Now,

™, :}"'1 -/.h(:ra) - '(};* Ja = :’\"'ra - :i'rrﬂ . 'Hms, all the powérs of a
are unique. & '

Definition 2,12. A topologlcal groupoid G 1is elementwibe bicompact

iff for every a € G , stch that all the powers of a are unique, the set
{an:n_ & I} s vhere T is the positive integers and a is tl;ze'unique
n*® pover of a, 1= contained in a biconpact subset of G .-

Example 2.2, An example of an elemntviso bicompact groupoid which is
is not bicompact, let G = (o, 1) vith the usual topolog'y. Define
xy=1/2 for a11 x and y in G. Let a £ G, say & < /2. Then

{a tn & I} C [a,l/Z]



_Theorem 2.2, An elementwise bicompact groupoid G that has an

element with property (), contains at least one idempotent,

Proof, Suppose a € G and a has property (L . Then, by
Lerma 2,3, the powers of a are unique. As is customary denote these
powers by a" , etc., where n 1is a positive integer. Then {antn e I} »
where I represents the positive integers, is a topological semi-grodp.
Hence {_an_l_n e I} is a topological seml-group by Lemma 2.1. Let

Ay = {altt 2 v} and U= {aysY=1,2 ..} . Since U has the fi-

n:l_te ;ntersec_:tion property and {:anm & I} is bicompact by virtue of

the elementwise bicompactness of G, D -fj;ﬂ ¥y O , It will be shown

that D is a commutative closed group, Since D (C {antn & f} s D obeys
the associative law. Hence it is clear that D 1s a commmtative closed
seml-group. It remains to show that D forms a group. To prove this it
is qufﬁcient to show that xXD =D for all x € D , Suppose there exists
¥y in D such that yD % D . Then there is a z in D such that

z Eyn s that is, = d yxq for every x; in D . Therefore, there exist
neighborhoods V. (y) of y, V(x,) of Xg, and V,(z) of 3z such that
V,(z) N Vo(y)vixg) =T . Since zaLeJDv(x) D D and D 1is bicompact
we can choose a finite subcollection V(xai) (1 =1, 2, ..., n) of the
V(x,) so that UV(Iai) D D. let V(y) amd V(z) be neighborhoods
of y and 3z respectivgly such that V(y) C leai(Y) and V(z)

Pl Qvai(z) . Let 1L-J1V(xai) =Q, Q is an open set containing D and
v(z) a! Viy)@Q= U , sSince y € D, there is an integer u > 1 so
that a" & V(y) . Since z £ D, there exist integers vy such that
VYD U, Ve >V (1-1, 2, eeo ) s and a'l e V(z) for every v .
Put ty =Vy-u>=1 aa alte -{atiza-c,c+1,...}.nm
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ﬂ A(tc) y O and 1t 1s easily shown that nA(t J(e) 'C D. Choose an
c=1

element 4 € 91 E ), Then since Q is an open set containing D , there

exists a neighborhood V(d) of d contained in Q , and since
¥ o

e nA(E;) there exists an integer t, such that atk e V(@) .

Thus, a'k e 7V(z) and a'k-' Wk L gugtk ¢ V(Y)V(d) C v(y)Q . This

contradicts the fact that V(z) () V(y)Q = . Hence, we obtain xD = D

forall x € D and D 1is a group. If e 1s the identityof D, e’ =e .

-borollﬂ 2.1. A necessary and sufficient condition that an element-

wise bicdmpact grbnpoid G have an element a such that all powers of a

are ﬁi{ﬁe g_s_ that G have an idempotent element,

Lemma 2,h, Let G be a topological groupoid and let A be a subset

é{_ G . Le_t gt A—=G be such a function that (1) g(k) is compact.

(2) Forsome ¢ € G andall x € A, xgx)=c . (3) If xy=c,

then y = g(x) , Then g is a map (a continuous function).

ii:Lofg‘Ifnot, then for some B C A and some x ¢ B, we have
g(x) £ 8 \T Then x R‘B‘)_ C 6\c . Hence we may obtain an open
set U including x with U g(B) € o\c [18), If a EU () B, then
ag(a) = ¢ and we have a contr_'adiction.

Theorem 2.3, Let A be an algebraic subgroup of the topological

groupoid G , If XK dis compact then X 1is a topological subgroup,

Proofs K 1s a submob by Lemma 2,1, We will next show that X is a
subgroup. It will be sufficient to show that xA =X for all x & X and
Ex =K for all x € K. Suppose there is a y & X such that yA & XK.

Then there exists z & X such that % o ¥yXg for all x, in X . Thus

a

one may find neighborhoods V,(z) of z , V. (y) of y, and V(xg) of x,

for all x, in X so that Vg(z) (| Vo (y)V(xg) = O . Since T 1is com-
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pact, there exists a finite subcollection {V(xq)z i=1,2, ... k} of
k k

the V(xg's so that Uvl(xy) D I. Let Q= 153;"(%’ . Now one
may find neighborhoods V(z) and V(y) of z and y respectively so
that st) M V(y)Q= 0O , Now, there exist elements a and b of A
such that a & V(z) and b & V(y) . But, a=b(b"a) € V(y)Q and
we have a contradiction, Thus xi =4 forall x € A, Simlarly

Ax = A for all x € K. Tus, A 1is a group.

It follows immediately from Lemma 2,4 that the function x —>- x1
where x & A 1s a continuous function of I onto itself. Tus, X
is a topologlcal subgroup,

Definition 2.13, [9]. A directed set (D, >) is a non-empty set

D together with a binary relation > satisfying (1) if my n, and p
belong to D and if m > n andn>§,thenm>p. (11) 1if
m € Dythen m > m, (iii) if m € D and n € D then for some
P €E D, p > m and p > n.,

A net is a function v on a directed set D to aset X, If X

is a topological space, we say (1) a € X 1is a cluster point of the net
v if for any open set O containing a , and any d € D, there is a
d* € D such that d' > d and w(d') € O3 (1) a € x 1is a point
g_g-: convergence of the ﬁet v 1if given any open set O containing a ,
there is a d € D such that if d' € D and d* > d , then
via) € 0.

Definition 2.1i. A minimal left (right, two-sided) ideal L 1is a

left (right, two-sided) ideal such that if A 1is any left (right, two-
sided) ideal and A C L, them A=1L ,

We note that a minimal two-sided ideal of a groupoid G 1is uniqus.
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For let A and B be minimal two sided ideals of G, Then A [l By 0O
.since AB C A (| B. Thus, A (| B is an ideal and A=B =14 [ B,

Theorem 2.4, Let G be a topological groupoid and suppose a € G

has property (2 . Then, if {a™in € I} (note that the powers of a are

unique) is compact, the set of all cluster points of the net v defined

by v(n) = a" forms a topological group and is the minimal two sided ideal
of {un:n & I} .

L
Proof, The set D = ~r01 {;111 2 Y} is the set of all cluster points

of v. We may show, as in the proof of Theorem 2.2, that D 1s a group,

Since D 1is compact, it is a topological group by Theorem 2.3, Next, we

show that D 1s°a two-sided idesl of the mob {a™m & I} ., Let ’
v € Zan:n €1 'and x € D, Suppose O(xy) is an arbitrary neighbor=
hood of xy . Then one can find neighborhoods O(x) of x and O(y) of
y .such that 0(x)0(y) C O(xy) . But, there exists 2ty e ofx) for
Va1, B s aiﬁcg x € D. There also exists a® € 0(y) . Hence
' o olay) for Ye1,2, ... Thus xy € D. Similarly

yx € D. Thus D is a two-sided ideal of {a™n € I} , Since D is a
;group,_ijjb cannot contain properly any -two-sided ideal. For suppose A 1is

a two~sided ideal of D , Let y € D and a € A. Then ya=Db € A,
But, y = bal € A, Hence A=D. Thus D 15 a minimal two-sided ideal
of m . By the remark above, such an ideal is unique.

_Theorem 2.5. Every compact groupoid G hag a minimal closed sub=

Proof, Let (2 be the family of all closed subgroupoids of G .

Let 'Q- {Aaza 6/\} be any nest [9] in (. . Since TL has the finite
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intersection property, QA A, ¥ O and hence is a closed groupoid. But,
QA Aq C Ay for all a e N\ . Thus, @ has a minimal member by the
minimal prineiple [9].

~ Theorem 2.6. Every compact groupoid G contains the unique minimal

closed ideal.

 Proof: Let & be the family of all closed ideals of G . Let
Tl = {Br:'\’ % /\} be anynest in & . Then, @\B,ff O and hence
is a closed ideal of G . But, Q B, C By forevery Y E A .
Thus, & has a nrlnimal_ member, '{'hg uniqueness was established previously.

Theorem 2,7. Every compact groupoid G has a minimal closed left

ideal and a minimal closed rigl_t ideal.

Proof: The proof of this theorem is similar to that given for
Theorem 2.6,

Theorem 2.8. Any algebraic subgroup of a topological groupoid G

:_L_é_ contained }é g maximal algebraic subgroup.

?_ég_g_'i:: Let A be any algebraic subgroup of the topological
groupoid G ., Let Cl be the family of all subgroups of G antaining A
partially ordered by inclusion. Let 7 = {Aasa & /\} be any chain in
a . Let us consider B -U{Aasa E /\} . Let x,y € B . Then
x € Ag and y & Ag for some a and B € /\ . We may assume
Aa C.(p. Thus xy € AE,CB’ Suppose x , y , and 2z are in B.
Then x € Aq,y € Ag, and 2 € A, forsome a, p, and v e A .
We may assumme Aq C Ag C A, . Hence x, y, and z are in Ay and
(xy)z = x(yz) . Let e be the identity of A . Then e is the identity
of .Aa for ail a € /\ and hence e is an identity of B , Let

x € B, Then x € Aq for some a & A . Therefore x1le A, C B
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l-oe=xx, Thus, B 1s a group containing A and B D 4,

and xx
for all a ¢ A . Hence, by Zorn's lemma [9], (Z has i maximal member.,
Now, suppose B! 1s an ‘algebraic subgroup of G containing the maximal
menber C of A, Them, B' D A and B! =C .,

M_‘l"heorem 2,9, If G ji a compact ftoﬁologcal groupoid, each maxi=

mal algebraic énbgroup_g{ G 1is a compact topological group.

~ Proof: If A 1is an algebraic subgroup, X 1s compact and hence
is a topological group by Theorem 2.3, Since A is maximal, A=1X,
Definitlon 2,15, We shall call an element ¢ of a groupold G

center associative in G if x(cy) = (xc¢)y for all x,y € G . [5]

Theorem 2,10. If G is a bicompact groupoid, each minimal left

1deal and each minimal ﬁght ideal of G i’; closed provided each element

éj‘_ K, the minimal closed ideal of G, is center associative in G.

. Proof: Let L be a minimsl left ideal of G. Ka C L for
a € L since L 1is a left ideal. b(Ka) C (bK)a C Ka since every
element of K 1is center‘a‘ssociative in G. Thus, Ka 18 a left ideal
and Ka = L because of the minimality of L . Hence, L 1s closed.
Simllarly, we show that 1f R 1s a minimal right ideal of G, aK is
a right ideal contained in R for a € R, Hence aKk =R and 'R is

closed;

'i’hgorem 2,11, The set of idempotents E of a topological groupoid
is closed. |
I Proof: If E= U , the result is trivial. Suppose E o O and
p & E. If py p2, there exists a nei_ghborhbod V(p) of p such that
gv_(p)]"j_n V(ip) = O , Since p £ E, V)N EF O , ie., an

idempotent f exists in V(p) . This contradicts [V(p)]° M V(p) = O
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‘I'hus, p? =p, p € E, and E 1s closed.

We next discuss briefly the concept of comnectivity as related to

topological groupoids. This will be discussed more fully in Chapter III,

Theorem 2,12, Let G be a compact, connected groupoid with a

unit. Then the minimal closed ideal K of G E connected.

Proof: Let C be a component of K. Then, € =uc C6 Cox Cxk.,
Since GC 1s a connected subset of K, GC=C ., Simlarly -CG = §.: Sinee
K 1s closed, C 1s closed, Thus, C = K from the minimality of KX .,

~ Definition 2.17, If G is a topological groupoid with a unit, let

:I; denote the set of elements such that x & I 1ff there exists a
Y € G so that xy=yx=nu.,

Definition 2,18. Let us agree that A|Bmeans X NB=0O=2NF
i.e., A and B are separated. Let us say that P“ cuts Q in G 1if
¢-P=v UV, UV , QM UufgD , and o ] VY DO,

We next_st.atcé a theorem dus to Wallace [18, Theorem 1],

 Lemma 2,4, Let X be a connected Hausdorff space and let C be

a compact subset of X with at least two points. Then C has at least

two points, neither of which cuts C in X,

Theorem 2,13, If G 1is a connected groupoid such that I is com=

pact and each element of I 1s center associative in G, then no element

of T cuts I in G, ‘
Proofs If I =u, the result follows immedi_gtely. Thus we may as=
sume I 1is non-degenerate. We first note that I 1s a group since each

element of I 1is center associative, Let x & I and x¥ u. Define
£(s) =x - s and g(s) = x~ls for all s € G . TUsing the center asso=

ciative property, it is easily seen that f 1s a homeomorphism of G onto
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i‘_bse‘.!_.f_. Since I 1is a groupoid and each element of I 1s center asso=
olative , f(I) =I . Now assume u cuts I in G . Then sinse
£(u) = x; each point of I cuts I in G . But, this contradicts
1em§_2:k._ Hence, u does not cut I in G . If x ¢ I cuts I 1in
@, then g(x) =u cuts I in G, Tus, no x § I cuts I in G,

_ Definition 2,19, A grompoid G 1is said to be simple [17] "iff G
contains no proper closed ideals, :

. ‘lheorem 2.1k, If G is a compact, connected, non simple groupoid
with a mit such that V(y) [(v(x)v(s)1 N [v(y)v(x)lv(s) ¥ OO0 for every
triplet gnei:glhborhooda V(y) , V(x) , and V(s) of y, x, and s

respectively for all Y,x,ad s € G guch that yx = u, then no
element of I cuts G .,

Proof'; ' Since G 1is non simple, G ¥ K and hence u € G\K.,
We note that K 1s ecomected by virtue of Theorem 2,12. If u cﬁts G,
then 6=4 UB, A1 Bou,A\e/ 0O ,B\uy 0 , and 2 and
B are each contimua' [6]. We may assume that K Ca\ua ., If x € B ’
then since XK C K , the connected set xA has a point in both A and
B . Therefore, u € xA and x has a right inverse y', 1.e.,
ay! = u . Simlarly, x has a left inverse. Utilising the hypothesis,
réazoning as in Theorem 2,1, and applying elementary algebraic techniques
one sees easily that x has a unique inverse ©{x) * Let us consider the
maps f ,g31 G— G where f(s) =x - s and g(s) = e(x) * 8 . Utili-
zing the hypothesis, one sees that f£(g(s)) = 8 and g(f(s)) = s and if
8 € G, s=f(e(x) . 8) . Clearly the maps f and g are continuous.
Thus, f 1g a homeomorphism of G onto itself. Hence, since u cuts

G, x=f(u) cuts G . Therefore, each point of B 1is a cut point of °
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G, But B has at 1eas£ two non cut points of itself. Let p eB\u be
one of them, Then it is easily shown that p cannot cut G, This is a
contradiction and hence u cannot cut G . Now, if x £ I cuts G,
then g(x) =u cuts G. Hence no x in I cuts G as asserted,

Example ‘223.' Let [0,1] be the unit interval of real numbers with
th? usual topology. Define the following multiplication on
[O,_l]: aob = 'azb where tl}e mu}tiplication on the right is the usual multi-
plication of real ngmbera; [0,1] with this multiplicfationﬂis clearly a
topologlcal groupold but not a topological semi-group. It is non-simple,
connected, satisfies the neighborhood condition of the gbc;ve theorem, 1 ’
ig a left u{xit,- and I (with respect to 1) =1, Obviously, no element of
I cuts [9,1]. k ‘

Theorem 2,15, Let G be a connected groupold with a zero.

(1) If G has a left wnit, every left ideal of G is connected.
(2) If G has a right unit, every right ideal of G 4is con~

neé{‘.ed.

(3) If G has a right unit or a left unit, every ideal of G
- is connected,
Proofs (1) Let L be a left ideal of G. If x € L,
x € 0xC L. Hence, L= \J0x and 0 € Gx forall x & L.
Hence L 1s connected since each Ox 1s connected,
(2) Let R be a right ideal of G. If x € R,
x € x6C R. Hence R=UxG and 0 € xG forall x € R.
Hence R 1is connecfad since each xG 1s comnnected.

. (3) The proof of (3) is similar to those given in (1) and (2).,
_ Remark,  We note that O could have been replaced by left zero in (1)
and by right zero in (2).



CHAPTER ITX
GROUPOIDS IRREDUCIBLY CONNECTED BETWEEN TWO IDEMPOTENTS

Definition 3,1, A space S 1s irreducibly connected between two

points a and b 1if and only if it 1s connected and is the only con-

nected subset of itself containing both a and b .

If such a space is Hausdorff every point different from a and
b 1is a cut point, separating the space into exactly two components, one
cqntaining a and the other contalning b {21].. We can introduce a linear
order relation in S by defining y £ x if y € C , C the component
of b in S = x [:?.‘1]. Under this order relation, b < x < a for
every x € 8 .

; Moreover, for any x € S , the set A(x) = {yty € S,y > x}
is precisely the component of a in S = x and the set B(x) :- {y{y € 8,
y < “x} is precisely the component of b 1in S = x [21]. It is clear
that we can define a reverse order relation in S such that a = x < b
for every x € S, b_y.'-replacing a for b 1in the order relation.

} This order relation induces a topology in S , the so=-called order
topology, with basis elements of the forn W= {yis <y <t and s,t € s}
.[21]. Since we wish' to use the order topology in this section, we prove
that 1f S 1s compact, the order topology is equivalent to the original
topology of S , |

Consider f£:(S, U) = (S, vy) where U 41s the original topology
of S, Y 1is the order topology, and f 1s the identity function.

-~

Since Y C U [2]] and since S 4s compact, f 4is a homeomorphism ex~

-

tablishing our assertion that the topologies are equivalent,
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Now, suppose S 18 a topological groupoid with a zero and a unit
a_and S 18 irreducibly connected between O and u . We shall choose
one of the two order relations we have defined In S so that 0< x < u .
- We shall denote [s, t] -{y € 8§, g =y £ t} . The set
“[s,t_] i8 compact if S 1is compact and is irreducibly connected between
s and t [21].

It follows easily that

Lemma 3.1, Let S be a connected Hausdorff space and C a com-

~ponent of S -x,x € S 1 If T 1s a connected subset of S such that

TNCFUFT MN(S-C), then x € T . Further, if S-x=24 U B,

A and B areseparated,andi{'rﬁﬁ. and T¢B,then xe T,

Lemma 3.2, Let S be a compact Hausdorff space irreducibly con=-

nected between two points, If T 4is a connected set contained in S and

if s and t are two points in T, then s, t] C T,

)1’_5'92{. Let a and b be the two non cut points of S . Thus, we
have b = s < t = a., Let y € [s,t] such that y¥s,t. Then,
b = 8 < y < t = a, which implies y 1is a cut point of S . Hence
S-y=A Ug where A and B are separated. Since A and B are
cpr_mected 61, neither A nor B contains both s amj] t . Otherwise,
[s, t]__ is not irreducibly connected between s and t+ . Thus, T 1is a
cor_mgcted set'meeting both A and B . By Lemma 3,1, y € T . Hence
s, t] CT.

Eé_n_yv_n_t_i_‘BJ. Let S be a compact Hausdorff topological space which

is irreducibly connected between two points a and b . Let A and B

I_)g subsets 2£ S such that
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(1) s=a UB
(2 A NB=101O
(3 a40 , B4 D
(h)gaaAggaeB,yg_ega<p;

Then there is one (and only one) v € S such that ¢ < for all

¢ & A and v Sp forall p € B,

_ Proof, Since S 1is comected, X (1 B¥ U or A (1 B¢y O,

Suppose X NBYO ., Let Y€ T MNB., Then YE B, Suppose
there exists B € B such that B < Y. Then there is a basis ele-
ment U(Y) containing ™ such that U(Y) (| A=(] . This contra-
dicts the fact that Y € T, Hence, a« < ¥ forall o & A and
=Y forall B & B, Next assume A [| B ¥ 7 and let '
Rall = (1%, Hence, Y € A . Suppose there exists a« € A such
that a >~ . Tus there exists a basis element U(v) conteining v
such that U(Y) () B = 00 contradicting the fact that Y € B ., Hence
a $_Y for a}lw a £ A and B > Y for all B E, B . Suppose there
are two elements Yy, and Yz such that ¢ < i, Y2 forall a € A
and B ="y, Y for all B € B ., Suppose Y3 < Yp . Then there
exists Y3 such that Y3 <3 <Yz . Thus Y3 < Yz implies

Y3 € A whereas ¥ < Y3 implies Y; € B . This contradicts 2,

Corollary 3,1, Under the hypothesis of Lemma 3.3, either A com-

tains a largest element or B contains a smallest element,

Proof, If Y € A, Y is the largest elementin A . If Y € B

Y is the smallest element in B. By (1) one of these cases must occur,

while (2) implies both cannot occur tc;gether.
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Definition 3.2, Let S be a compact Hausdorff space irreducibly
connected between two points, Let E be a subset of S ., If there is
a y €& S such that x 2 y for a;ll x € E, we say that E 1s

bounded belcmi,_ and call y a lower bound of E .

Definition 3.3. Let S be a compact Hausdorff space irreducibly
connected between two points. Let E be a subset of S ,

Suppose y has the following properties (a) y 1s a lower bound
of E. () If x > y, then x 1is not a lower bound of E ., Then

y 18 ocalled the greatest lower bound of E [clearly from (b), there is

af:uznos_t one such 'y .] We shall use the abbreviation "inf.%" or "g.l.b."

for "greatest lower bound",

Lemma 3.4, Let S be a'compact Hausdorff topological space which

is 1rx:educiblz connected between two points a and b ., Then every non-

void subset E of S has a greatest lower bound.

Proof. If E consists of a single element the result is immediate.
Thus we may take E to be non-degenerate. Let B be the followlng set
of elements: B € B iff there 1s an x & E such that B > x . Let
A=35 ~B . Clearly, no member of B 1s a lower bound of E , and every
member of A is a lower bound of E . To prove the existence of the inf.,
it _suffic_:es to prove that A has a greatest member. We now verify that
A and B satisfy the hypothesis of Lemma 3.3,

.Evidgn.tly (1) and (2) hold. Since E 1is non-degenerate, B ¥ 0O ,
Since E 1s bounded below, there exists a y € S such that y £ x
for a1l x € E. Tus y € A, and A ¥ O . Hence (3) holds. If
B & B, thereis an x € E such that B > x. If a & A,

a S x. Tus, ¢« < B forall « © A and B & B and (h) is



22

-

satisfied. __

» Hence, by Corollary 3.1, either A contains a largest element or B
contains a smallest element. We prove the second alternative cannot hold,
Let B &€ B ., Then there is x & E such that B > x . Choose B!
such that B > B' > x, Since f* > x, B' £ B so that B 1is not
the smallest member of B . This completes the proof,

~ Definition 3.4, A groupoid G with a zero is said to satisfy the
cancellation law 1ff xc = y¢ or cx = cy implies that x =y for all =x,

Yy, & G with ecy¥ 0.

~ Theorem 3.1, Let G be a compact groupoid with a zero and a unit

such that © is irreducibly connected between O and u . Suppose G

satisfies the cancellation law, Then x < 7 implies x < y¢ and

ex < cy forall x,y,c € G with c¥ 0,

Proof. Let x,yeGsuc}}that_x<y.Let
A= {xaaxc < ¥ for all ¢ & [xa,u]} . Ten A¥ O since u ¢ A .
' ',_Let. k = inf, {xa\ x4 & A} . Clearly, k exists by Lemma 3.4. We sup-
pose k > O ., We next show that xk =< yk . Suppose xk > yk . Then
there exist disjoint open neighborhoods V(xk) and V(yk) of =xk and yk
respectively such that a & W(xk) and Y € V(yk) imply a« > Y ,
There is a neighborhood TV(k) of k such that x¥(k) C V(xk) and
YW k) C V(yk) . But there is an x; € W(k) . Hence, xx, > yx, and
we have a contradiction, If xk = yk , then x = y by the cancellation law
and_ we have a contradiction. Thus xk < yk . Hence there exlst disjoint
neighborhoods V(xk) and V(yk) of xk and yk respectively such that
a & V(xk) and v € Wyk) imply a ¢ Yy . But, there is a neighbor-
hood V(k) of k such that x®(k) C V(xk) and yW(k) C V(yk) . We
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may take V(k) to be an open interval about k . Since there is an
X 6 vik) , xc & yc for-all ¢ & [;a, u] . But, x¢ < yc for all
c & V(k) . -There exists a t € V(k) such that t < k . Hence
xc < yo for all c¢ & [t,u] and .t € A, This contradicts the definition
of k. Hence, k=0, Let ¢ € G and suppose c ¥ O ., Then there is
an x; € [0, ¢c) and x¢ < ye . A simlar argument ylelds cx £ cy
for cy 0. ‘ ‘

Lemma 3.5. Let G be a groupbid with a zero and a unit. If G

satisfies the cancellation law, G contains no idempotents except O and

u.
Proof, Let f be an idempotent of G and suppose f ¥ O , Then
R £ R o > and hence f = by the cancellation law,

_borroligx 3.2, If G is a compact groupoid with a zero and a unit

which is irreducibly connected between O and u and which satisfies the

cancellation law, then
(1) xy = mn(x, y)
() if x <y and w = v, then xw = yv
(3) if x has property Q , {xnm & I} converges to an

idempotent. If x ¥ u, then {:Jasn e I} converges
to O . |

-

Proof, (1) x < u implies xy < y and y < u implies

Xy < x by Thec;rem 3.1, (2) x = y implies xw < yw and w = v
implies yw < yv by Theorem}-3,1. Hence xw = yv. (3) Since x has
property L, u 2 x = x° = 2 ... by Theorem 3,1, By Theorem 2.k,
{ ¥in & I} must cluster at an idempotent £ , But, it follows from

" Lemma 3.4 that the monotone decreasing sequence {f‘:n (>4 I} has a limit,
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Hence 1lim X*=f, If x¥ u, then {:xnsn e I} is bounded away from
u, and limx® ¥ u . Thus by Lemma 3.5, l}lnzn- 0.
n

Lemma 3.6. Let G be a compact groupoid with a zero and a unit

which is irreducibly connected between O and u and which satisfies the

cancellation law, Then Gx = [0, x] = xG for all x in G,

Proof, Let ' x € G o Since Gx 18 a connected set containing O
and x, Gx D [0, x] 'byL-emma 3.2, If 2 € Gx, z = ax for s‘ome
a € 0 and z = x by Corollary 3.2, ‘Hehce, z & [0, x] and
ax C [0, x] . Tus Ox = (o, x] . By a similar argument, xG = (o, x] .
L._e_iu_n_xg_ 3.7, lLet G .jb_e a compact groupoid with a zero and a unit

which is irreducibly sonnected between O and u . Suppose G satisfies

the cancellation law and every element of G has property (2 . Then G

is an are and G is an abelian topological seml-group.

Proof. Let A" be the diagonal of the cartesian product of G ,

n times, For each n define fy: A'—> G by fn(y) = x® , vhere x
is the _pg'o:)ection of y into G . (We note that all powers of x are

unique for all x € G by virtue of Lemma 2,3), Since f, 1is continu-
ous, fn( An) C G 1s a comnected set containing O and u ., Since G

is irreduoibly comnected between O and u , fynf An) = G This implies

th

f, 1s onto and, in particular, that any x € G haé an n root,

n

We now assert that 1f x¥ O, x has a unique square root, Swup-

pose az-bz-xfoo Suppose a < b, Then azs,;ab §b2'32

by Theorem 3.1, Hence ab = aa , Thus, since ay O, a=b by the
cancellation law, By induction, x has a unique AW oot
'Let X, y € G. Suppose y < x ., Then y2 < 12 by Theo=

rem 3,1, It follows y‘z. < xzm for all positive integers m ., We call
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this result (1),

Let us define for x € G, x¥ O

/2% « (/29°

where p and q are positive integers. It 1s immediate from the fact
that the 2™ oot are unique, that x  is well defined for any posi-
tive dyadiec rational r , regardless of the represéntation of r. By
the same argument, straight forward verification establishes that we can
write

(2) RN A

We claim further that if r and s are dyadie rationals such thgt
r < s, then X = x®, There exists a dyadic rational t such that
r+t=s, By (2, x° =V F 2, By Corollary 3.2,
x5 = 2 xt = e . Therefore, if {rn is a monotone increasing sequence
of dyadic rationals, {x" N> is a monotone decreasing sequence in G .

For x € G, x40, u, let D= {3 sr 15 a positive dyadic
rational} . By (2), D 1s an abelian submob of G . We claim D=a.

Let V(0) b? any neighborhood of zero, Since x #u, x'—>0
by Corollary 3.2, Tus, V(0) () D¢ O . Let V(u) be any basis ele-
ment containing u . Let y £ V(u) with y < u, Clearly y—> 0 .
Thus t_here exists a positive iInteger n such that yZ'n < x, Hence, by
(1) and the linearity of the ordering y < /P ang viuw) () D¢ O.

Let t be an arbitrary element of G, t Y0 and t¥u and let
B = {s:a < 8 < b} be an arbitrary basis element in the order topolz;:gy

containing t . Without any loss of generality, we may assume



0< a<bc<u. Let

b, r a positive dyadic rational}

=
RV = {r:tr < a, r a positive dyadic rat.ional}

Clearly, R' and R'' are non-empty, Since r < 8 implies xX* = x°,

R' and B'; have upper and lower bounds respectively, Let r' be the
l.u.b, of iR'_ and r'' be the g.1l.b, of R'' , Since {x’} is a mono=
tone det_:reasihg sequence as r increases, r! = r'!' . If r* ¢ r't',
D meets B . Therefore;, we assume r' = r'' , Let {pn} be a monotone
increasing sequence of dyadic rationals of R' converging to r' . Then
{,'Pn} is a monotone decreasing sequence such that {xPn Z b for all
n, By Lemma 3.4, {xpn} has a g.1.b. ¢ = b ., Hence {xpn} converges
to ¢ ."_I,et' W Dbe an open set containing ¢ so that W N [0, a] = O
By the continuity of multiplicgtion, there exist open sets U and V
with w € U and ¢ € V such that W C W, Since D () UY O ,
X € U for some r ., There exists a p, 1in the sequence {pn} such
that xpk €V _and r+p, > r' = ptt , This implies
Pk e [0,a]. But, Pk ¥ € WWC W and W 1is dis-
joint from [O, _‘a] . From this contradiction it follows that D = G .,
Thus G 1is a mob by Lema 2.1, Ciearly G is abelian. Since D is a
countable dense get and since G 1is compact and irreducibly commected be-
tween two points, G 1s homeomorphic to I , the wnit interval of real
numbers [21], _ A

3 Exﬂg le 3.1, An example of a finite groupoid with a zero and a nnit‘
which obeys the cancellation law and in which every element has property 4,

but which is non-associative and non-abelian is given by G = {1, 2,3,h,5}



with following multiplication table.

0 1 2 3 L 5
o| o 0 0 0 0 0
1|0 1 2 3 h 5
2|0 2 1 5 3 1
3|o 3 b 1 5 2
hle & s 2 1 3
5:0 5 3 4 2 1

We see
(23)1;%2(31;) and 2-3¢3.2,

Definition 3 5. An a ___gebraic nilpotent of a ougoid with a zero

is an element x such that x* 1is unique for some n and for this n,
=0, i _
Definition 3.6. An algebraic nilpotent of a semi=-group is an ele=

ment x such that X" = 0 for some n ,
We next state a result due to Faucett [3]..
Lerma 3.8, Let S be a compact semi-group with a zero and & unit

and no other idempotents. Suppose S is irreducibly connected between O

and u . Assume further that S contains no non-gero algebraic nilpotents.

Then there exists a function F from S onto I , the unit interval [0, 1]

of real numbers with the usual topology and the usual multiplication, that .

é 'aﬂ isomorphism as well as an order preserving homeomorphism,

Lemma 3.9, let G be a groupoid with a zero such that every element

of G has property (2 and G satisfies the cancellation law. Then G

contains no non-zero algebraic nilpotents,
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Préor. SuPpose f‘-o. Ih_en xn'loxﬂo °x., Thus, x=0

« ».11,-1 =0, Simlilarly, x=0 or x1~2 = 0, Proceeding in this way,

weseethai_; x=0,

Theorem 3.2, let G be a compact groupoid with a zero and a unit

which is irreducibly comected between O and u . Assume every element

of G has property 7, and that G satisfies the cancellation law, Then
= ) &

there exists a function f from G onto I , the unit interval [0, 1]

of real mumbers under the usual topology and the usual multiplication, which

ie an isomorphism as well as an order preserving homeomorphism.

Proof, This result follows immediately from Lemmas 3.5, 3.7, 3.8,
and 3.90

Corollary 3.3. Let G Dbe a compact groupoid with a zero and another

idempotent f which 1s center assoclative. Assume G is irreducibly con-

nected between O and f ;, G satisfies the cancellation law, and every

element of G has property Z . Then there exists a function f from G

onto I , the unit interval [0, 1] of real numbers under the usual topo-

logy and the usual multiplication, which 1s an isomorphism as well as an

— p—

order preserving homeomorphism,

Proof. Since fG 1s a connected set containing O and f
fG =G , Simi.lt_crly, Gf = G, Since f 1is a center associative idempotent
f acts as aright unilt on Gf = G and a left mit on fG =G , Hence £
is a two sided unit on G and the result follows from Theorem 3.2,

Remark, We note that any continuous multiplication on [0, 1] with
the usual topology is the usual mltip}ication for real mumbers if the mul-
tiplication obeys the cancella‘l;ion law;, O acts as a zero, 1l acts as a

wit, and every element of [0, 1] has property L .
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Example 3.2 An example of a continuous multiplication on [0, 1]
with the usual topology which is non-associative and non-abelian, which
has O as a zero, which has 1 as a right unit, and which obeys the can-
cellation law, We defines aob = ab2 where the last multiplication is
that of real numbers.

We next qonsider the associative-like properties possessed by com-
pact groupoids with a zero and a unit ﬁhich are irreducibly connected be-
tween O and u and which obey the cancellation law,

Lemna 3,10, Let G be a compact groupoid with a zero and a unit

which 1s 1rreducibly connected between O and u and which satisfies the

cancellation law. Then (Ga)b = G(ab) and a(bG) = (ab)G for all a

and b in G,

Proof, [0, ab] C [0y, alb by Lemma 3.2, Thus, (Ga)b = [0, alb
e/ [0, ab] -“G(ab) by virtue of Lemma 3._6; We will next show that
(o, alb C [o, ab]-., Let z € [0, a]b ., Then 3z = xb where .
0 € x < a, Hmce, 0 < z = ab byCorollary32 and z € [0, abl.
Now, (Ca)b = [0, alb C [0, ab] = G(ab) by Lemma 3.6 and (Ga)b = G(ab)
Similarly, a(bG) = (ab)G .

Lemma 3.11. Iet G E_é_ a compact groupoid with a zero and a unit

which i_s irreducibly connected between O and u and which satisfies the

cancellation law. Then Gx = xG = [0, x] is a two sided ideal of G. A
Proof, a(0x) = a[0, x] = [0,ax] C [0, x] = Gx by Corollary 3.2,

Lemma 3.2, and Lemma 3.6, Similarly (Gx)a = [0, x]a = [0, xa] C [0, x]

= Gx. Thus Gx 1s a two sided ideal. Also, %3 1s a two sided ideal.

Lemma 3,12, If G is a compact groupoid with a gero and a unit

which is irreducibly connected between O and u and which obeys the can-
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cellation law, (Gx)G = G(xG) and (Gx)G = G(xG) 4is a two-sided ideal for

axeo. A

‘ M.‘ We f‘%rst note that [0, x][O,u] = [0,x] for all x € G,
let z € [0, x][0, u] . Then 2z =yt where 0 < y < x and
0=t =u,. Thus, © = yt = xt 5 x by Corollary 3.2 and _
z & [o, J_:] . If z ¢ _[O, x] ,z=2u and z £ [0, x][0, u] . Hence,
(ax)e = [0, x][0, u] = [0, x] by virtue of Lemma 3.60 By the above method,
it 1s easily shown that G(xG) = [0, x] . V'Ihus, G(xg¢) = ()G = [0, x] .

‘Lemma 3,13. If G is a compact groupoid with a zero and a wnit

which is 1rredﬂcib}1 connected between O and u and which obeys the can-

cellation law, a(Gb) = (aG)b for all a and b 4in G,

Proof, a(G) = a[0, b] = [0, ab] = [0, alb = (aG)b by Corollary 3.2,
Lerma 3.2, and Lemma 3.6,

Lemma 3.1k, If G is a compact grompoid with a zero and a unit which

is irreducibly connected between O and u and which satisfies the cancella-

tion law, then (GV)G = G(VG) and (GV)G = G(VG) is a two sided ideal of G

for all subsets V g£ G .

Proof. If z € (ov)a z € (Gv)G for some v € V , Hence,
2 £ (v@) C 06(V0) by lemma 3.12 and (6W)G C G(VG) . Similarly
6va) C (GNG. If z € OVG, z € GWG for some v V. Hence,
24 '@ (Gvé)a- Caove Cove for all a in G by Lemma 3.12. Similarly,
az £ GVG .for all a in G . Thus GVG = (GV)G = G(VG) 1s a two sided
ideal of G,

Lemma 3,15, If G 1s a compact groupoid with a zero and a unit

which 1s irreducibly connected between O and u and which satisfies the

cancellation law, then GV and VG are two sided ideals of G for all sub-
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sets V of G,

Proof, If z £ GV, 2z € Gv for some v € V , Hence
az € a(@v) C owv C GV for all a in G by Lemma 3,11. Similarly,
za € GV for all a € G and GV 1is a two-sided ideal of G . By the
same method, VG 1s a two-slded ideal of G .

We next apply the above Massociative-like®” properties to extend some
of the results given by Koch and Wallace [12] and Numakara [16] for mobs
to compact groupoids with a zero and a unit which are irreducibly con=
nected between O and u and which ooey the cancellation law,

Deﬁnj:ﬂon 3.7. 1t A Cag s a groupoid, and A includes an
ideal of G, let M be the union of all ideals contained in A . Thus
J(A) 1is the largest ideal contained in A , If A includes no ideal of
G, J(4) =0 , the mll set.

Theorem 3.3, Let G ®e a compact groupoid with a zero and a unit

which is irreducibly connected between O and u and which satisfies the

cancellation law, Then, if A is open, J(A) 4is open.

. Proof, If J(a) = O , we are done. Suppose J(A) ¥ O ., Let
x e J(A) . Then x Uxt Uax Uaxe C J(&) C A by Lemma 3,12,
Sinece A ‘.L? open and G is compact, we apply a lemma of Wallace [18;
Lerma 1] and Lemma 3,1k to produce an open set V  about x such that
vUwU o Uee C A, Bylema 3,14 and Lemma 3,15, this set
is an ideal of G and hence 1is contained in J (A) . Therefore
x € ¥V CJ(a) and J(A) 1is open.

Theorem 3.4. Let G be a compact groupoid with a zero and a unit

which is irreducibly connected between O and u and which satisfies the

cancellation law. Then G \ u = [0, u) 1is the maximal proper ideal of G,
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It containe every proper ideal of G,

_ Proof, If ay 0, a[0, ) C [0, u) by Theorem 3.1, If a=0,
the result is trivial. Similarly, [0, w)a (C [0, u) . Thus, [0, u) is
a two sided ideal of G. If A is any proper ideal of G, u & A
Tus, A C G\u.

Corollary 3.3. Let G be a compact groupoid with a zero and a unit

which is irreducibly connected between O and u and which obeys the can-

cellation law., If H(u) is any subgroup of G containing u , then

H{u) = u ,
Proof. Clearly, u € H(u) . If x € H(u) , there exists an
X € H(u) such that xx=u ., If x € G\u, xx € G \u since

G\ u 1s an ideal by Theorem 3.4. Thus, H(u) = u ,



CHAPTER IV
APPLICATIONS

Monothetic Groupoids

_ Definition Lh.1, A groupold G is sald to be cyclic iff there
exists an a € G such that every element of G can be expreefsed as
a finite "word" in a 3 and a 1s called a generator of G [Z].
Definition L4.2. A topological groupoid G is monothetic iff
there exists a € G such that the collection of all finite ™words"™

in a is dense in G . The element a 1is called a generator of G .

_Theorem h.1. A compact topological groupoid G contains a

compact monothetic subgroupoid A ,

Proof, Let A be 1;he collection of all finite ™words™ in

a ¢ G, Since A 1is a groupoid, A 1is a groupoid, and A is dense
in X

Definition 4.3, Let G be a groupoid and a an element of G .

Let @, = {c_qlle_ction of all n 1letter words in the letter a} .

(n - 2)¢

R such words [8]. Denote thése in any way by

There are N(n) =
c&nl, “hz’ g a"nN(n) . Thus we obtaln a sequence {"-'-N(:‘.) 9 .2N(z) ’
cees ;'n1, &p,s <oy ."N(n)’ .} . TRelabel this sequence in such
= & = then the terms
a manner that if by 1N (1) and if by .'nN(n) ‘
bm-'-v scoy bm"’N(rl'l-l) are the terms 1'(n+1)1, coey a(n"'l)N(n-f:.l.) e
The theorems in this section are independent of the way we assign a’n;’
na 5 -ees Bayqy) o to the elements of Ly, i.e., the theorems are
for all possible sequences {bnsn & I} .
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~ Theorem 4.2, Let G be a monothetic groupoid with generator a .

Then the net {bnffp k= I} clusters at each idempotemt of G .

Proof, Suppose e 1is an idempotent of G and e = b, for some
positiva“integer n , From this it is clear;, if we are glven any k € I,
there exists- mi > k such that by =e ; i.e, {bnsn e I} clusters at
e . Next, we suppose e ¥ by for all 1 € I . Then, glivenany p & I
and any open set O about e , there exists k € I such that k > p
and bk € O, Otherwise, there exists an open set (O about e such
that for anmy positive integer k ; by € O. But this contradicts the
fact that A 18 dense in G , Thus, {bn:n = I} clusters at e ,

__'I'heorem k.3 A necessary and sufficient condition for a monothetic

groupoid G to be a monothetic semi-group [11] is that its generator have

property (L .

Proof,” If the generator a of G has property ( , all the

powers of a are unique by Lemma 2.3, Hence {l.nm > I} =G, Since
{anm A.E/ I} is a semi-group, G 1is a seml-group by Lemma 2.1. Clearly a
monothetic topological §emi-group has a generator with property a .,

Theorem L.L., Let G be a monothetic groupoid with a unit and sup-

pose that G = P (U Q where P and Q are disjoint, closed, and non-

eﬁtptj;_ Then P and Q each contain infinitely many finite words in any

generator a of G,

Proof, Let a be a generator of G . Denote the unit of G by
1 and assume 1 € P , Since Pv and Q are open, each contains ele-
ments of {:bnsz} € I} » To establish the conclusion for P , suppose

there is a largest integer k such that by € P . Then the net

{heisd ey 18 amtin Q. But, {bkﬂ_}‘:u clusters at 1 by
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'i'k}gqrem h.2." 'fhp.s 1 E_ Q since Q 1is c_losed and we have a contradic=
- tion, To establish the conclusion for Q , suppose there exists ‘a'largest
integer k such that b, € Q . Then the net {bkﬁ}o;_l is anet in P
and clusters at 1 ., Hence by continuity {bkbkd}mi_,_ clusters at b, ,
but the latter net is in P, Thus by € P s8ince P 1s closed and'we

have a contradietion,

D
Theorgx_x_m_,h.s. If G 1is a compact monothetic groupoid Ql bitdZ n

is a closed ideal g a.

Proof, let a € @ and b € é_{bﬂi = n} . Suppose ‘.T(ab)
1s an arbitrary neighborhood of ab . Then there exist neighborhoods V(a)
and V(b) of a and b respectively such that V(a)V(b) (C V(ab) . But
there e:i:ist b; € V(a) forsom j € I and by € V(b) for all
n & I where n, is a positive integer. Hence bybpen. = bn*hke V(ab) for
a11 positive integers n and ab € [} Tb__f—? Clearly,

5 ibisi ; ,I D Thus 551 «l;bizi z ni: is a left 1deal of G,

Similarly, it is right ideal of G .
_ Definition h.k, If G is a groupoid and B 1s a subset of G,
B® denotes the totality of n letter words with letters in B ,

. Lemma k.1, I_:g_t_' G be a compact groupoid with a wnit and a €@. Then
oo
akrTa By =)0 tredomyir £ Co, A=K, md m=d

tmplies A C g_\l o1 = n}

[« -4
Proof, We first assume nfﬁ {bisi " n} = Q;_Gn . Suppose

A Co0 eand AA =A., Ten A" = 3 for all positive integers n ., Thus,

oo
A C Qﬁn fad {bizi 2 n} We next assume A C 6, A=K, and
AL = A implies A C ney {biti > n} + Clearly, Q {biti Z. n}C

/'\e

® [ - J— =]
n . n
n=1° , Hence it is easily seen that Q_ {bi:i o n} C Q:_GA Q:.G 's Let
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a
A= nOlGn . Since A 1is a two sided ideal, AA (A , Suppose

AA é A . Then there exists x £ A such that x € AA . Since G

is compact and A 1is closed, there exists an open set V D A such that
x 2 Vv [18]. By use of an elementary net argument, it may easily be
shown there exists an integer m such that G° C V., Hence

x g .(}mG?"l B 2™ Hence, we have a éontradicti?:l and AA = A, Thus,
A= A " C a {bisi 7 ‘n} . Hence élGn = Qi {:biti Z n} .

Theorem 4.6, If G 1is a compact monothetic groupoid; then

A - P A-I,ﬂAA-A.implieaAC@{gitiz n} .

Proof, Let a be a generator of G o We will first show that

Grf = {biti =z n} . Let x & @ and suppose X g {bizi Z n} o

Then x 1s not a cluéter point of {bn} o Therefore there exists

k £ I such that x = by where k £ n since {bn:n 2 I} =G,
Since x € G, there exist elements c¢j, ¢z, ...; ¢n in G such that

AS

x = by 1s a word with letters c,y, cz, , Cn o We denote by by
Wlca, €25 cces Cp) o« No ¢ &£ {bii'Z n} , Suppose ¢4 € {bii7/n} "

Let v(w(cy, cz; soes5 Cp)) be an arbitrary neighborhood of ;
Wlca, 25 oeey cn) . Then there exists neighborhoods V(cy) » V(cz)poces
and Vlep) of c1 , C2y ..o and ¢y respectively such that

Y(V(O:L): cees Viop)) C V(W(cis c25, eoey €n)) - But there exists

brl € Y(cl) ’ br € V(Cz) 9 ecey bnq.nYE, V(Ci) 9 ooop brn € V(cn) °

NOW, W'(bri, 'brﬂ, Xxy) bn"‘an"." brn) = bt where t > n . Hence

x= W(ca, ca, '...,On)) € {bia:l > n} and we have a contradiction,

Thus, as asserted above no ¢4 € 11)1:1 > n} o« Thus, each of the ele=
ments c3, C25 +ee 5 C, 18 a by where i < n, Therefore b = by -
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where p = n > k., Thus, by g {bizi = n} and we have a contra-

diction, Hence G® C <(bs::i 3 r 11 d

-y ' < 431 7 n} Pl'aﬁn an> f f\ 3
Aer C O A{bixi > n} . As above, {bi i1 = n} G" .
n=1 =1 e

n=1
@

Thus, n-1Gn°n-1 byl 2> n} . Hence A CG, A=K, and AA= A
implies A C ﬁ m by Lemma L.1. |
If G is a m9n9thetic semi=group, rii {biai z n} is the minimal two
sided ideal of G [19], In this special case, Theorems 4.2, L., and L.6
have been proved by Koch ([10] and 11, Section 3])
_ __!bcample h.1l. An example of a finite cyclic groupoid which is not a
eyclis sem=group is G= 1, 2, 3 with the following multiplication

table .

vhere x maybe 1, 2, or 3 . Clearly, (12)3 ¥ 1(23) and 1 is a
generator of G . ’ |
__Example _h.2. An example of an infinite cyclic groupoid which is not

a cyclic semi-group. Consider the set ai; az;, o.o» 23, ..o Where
8y = ay iff 1 =3 , Define the following multiplication: ajay = a if
L ¥3 and ayay = ay,, . Clearly (ajaz)a3 ¥ a1(aza3) and a; 1is a
generator,

 If we use the discrete topology in Example 4.1 and Example L.2 we
obtain nionothgti—c groupoids which are not monothetic serrr_i-groups.

Example 4.3. Consider the interval [0, 1] of real numbers under
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the usual topology and the following multiplications aeb = ‘abz where the

multiplication on the right is the ususl real multiplication, Let a = &.

Then {anﬂ_! e I} is a compact monothetic groupoid with generator %

which is not a monothetic semi -group and which has zero as its only idem-
potent. We note that if A C G = }bnm £ I; s A=K, and 2A=1,

[ 4]

then A =0 C nQ{bili 7 n} g

~ Example 4.k, Consider the integers with the usual topology under
subtraction. They form a monothetic topological groupoid which is not a

topological seml-group, One is a generator of this groupoid.

: Topological Groupoids With A Zero
Definition 4,5. let G be a topological groupoid with a zero and
a be an element of G such that a" 1s unique for all n, If a"—>0,
i.e., if for every neighborhood U of O , there exists a positive integer
m = m(U, a) such that a" € U forall n = m, then a 1is termed a

ni‘lpotent element or in short a nilpotent.

Definition 4.6. A nil left (right, two sided) ideal of a topological

groupold G with a zero is a left (right, two sided) ideal of G which

consists entirely of nilpotent elements, A nil seml-group (sub-groupoid)

of G 1is a semi-group (sub-groupoid) of G consisting entirely of nil-

potent elements,

Lemna h.2, Let {Ay tX € A} Dbe a family of right (left, two-

sided) nil ideals of a topological groupoid with a zero, Then A = AL)AZ
EA

is also a right (left, two-sided) nil ideal of G.

~ Theorem h,7. If G is an elementwise bicompact groupoid with a
éero,‘ évezz right (left, Eﬂ-sided) ideal A of G 1s either a nil ideal
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or contains non-zero idampotontg provided every element of A has proper-
A AR |

_ Proof, Let A be a non-nii right ideal of G , Then there is an

element ay 0 in A such that aP,Z9 O since for all a € A, the
powers of a are wnique by Lemma 2,3, Now, if we consider subsets

B= afmeq ,8 = (sl Zv} (¥=1,2,3 ..0), ma
D -‘K.r:} TB; » D 1is a subgroup of G gnd BD S D by Iheomﬁ 2.4, Let
e be the identityof D. If e=0, D= (0) and a®—»0. But,
this contradiets the assumption that. a® /-0 . Tus, e 1s a non-zero
idempotent. Since BD & D, as € D and we denote by (ae) "t the ine
verse of ae in D . Since A is aright ideal, e = (2e) (l.e)_-l € A
Homo A contains a non-zero 1dempotmt e . It is the same with the
case of tho left 1deal,

Theoren L,8, A closed subgroupoid Gy of an elementwise bicompaot

-

groupoid with a zero is either a nil subgroupoid or containa non=gero idem=

potents provided each element of 0Oy has property .

. ; gj-_éﬁ. The existence of -the non-zero idempotent e 1s established
as in the proof of Theorem L, 7. One then notes that e¢ C D C'¥ =0, .
" Definition k.7, A topological.groupoid with a zero is said to be
an Negroupoid if its nilpotent elements form an open set,

Lemma k.3, Let G be a topological groupoid with a zero and let a

be an element of G with propertz a. 1t a® is a nilpotent element

Tor some positiye integer n , then a itsslf is a nilpotent element,

3 Proof, All the powers of a are unique by Lemma 2.3, Iet b = a®
and let U be an arbitrary neighborhoed of O , Then there exist neigh=-
“borhoods Wy (4 =1, 2, ..., n = 1) of zero such that Wiai i UA
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1=1,2 ..., n=1) , Now, since b' —> 0 , there exist integers
M (1=1,2 ...,n-1) such that ¥ > M implies b € W
and there exists a positive integer M, such that Vv = M, implies
bY £ U. Let M¢ = max(Mg, Miy ..os Mpy) and let M=n(M* + 1),
If u Z M, vwewrite u=kn+1, 0 =1 = n-l_[18]. Then
k = M. If 1=0,wehave a%=a® =X € U, If 140, ve
have all = gkm*i = alal a pkal = wial C U. Hence a isa nilpotent,
Definition 4.8. If G 1is a topological groupoid and

A 3 A
A C 06, we shall use the following notation: A = A, A2 = AA,
ﬁ = ﬁA 9 oocey ih = ﬁ-lA s eteo

Theorem L4,9. Let G be a topological groupoid with a 0 in

vhich every element has property (2 . If G has a neighborhood V, of

0 yhich consists entirely of milpotents, then G is an N-groupoid,

f_ii)g_f_. We denote the set of all nilpotent elements of G by N .

If p 1is an element of N , there exists a positive integer n such that
‘ pr_1 €7 - “Recalling the above convention, one can easily see that there
1s a neighborhood U(p) of p such that U@“ ] v(pn) C V. It
q is any element of U(p) , then ¢® = qn € V and q° 1is a nilpotent.
Thus, q is a nilpotent by Lemma 4.3 and p € U(p) C N . Hence, G
1s an N=-groupoid, . )

~ Definition h.9. The join of all left nil ideals of a topological
groupoid with a zero is called the radical of G.
| ~ Definition h.lO.. An element b of a groupold G is said to be

right associative iff (xy)b = x(yb) for all x and y in G [14].

Theorem 4.10, The radical of a bicompact N-greupoid is open pro-

vided each nilpotent element is right assoclative.

Proof, Let R be the radical of G , and let a € R . Ten for

any x, € ¢ ) X8 CR CN, wvhere N 1is the set of all n:llpotént



elements of G . The sbove relation is valid since R 1s a left nil

1deal of G by virtue of Lemma 4.2, Since N 1s open by assumption,
there exists a neighborhood V(x,a) of x, a such that V(x,a) C N
for each x, € G'. Hence, one can find neighborhoods V(x,) of x,

and Vy(a) C N of a such that V(x,)V,(a) C V(x,a) . Since G 1is
bicompact and U V(x,) = G , one can find a finite subcollection

{v(xu), 1 =1, 2, 153 k} of {v(xa)sx,‘ E G} so that i..}v(x,d) =G,
We denote by V(a) a neighborhood of a such that v(a) Gt {k\vu (a)
where V,'xj(;) corresponds tokv(xM) s1=1, 2 ..o k., Thus

av(a) C Uv(x,,i)v(a) G Sl V(xg®) C N . If we put L* = GV(a)

U_ v(a) , then i 1s a left nil ideal since each nilpotent element is
right aseociqpive. Thus, a & V() C L¥ CR and R 1s open,

_ Example 4.5. Let [0, 1]" be .the closed unit interval of real
number'-e under the usunl_topology. Define . the following multiplication
on [0, 1]tacb = ab2 for all a, b € [0, 1] where the mltiplication
on the right is the usual multiplication of real numbers, A topological
groupoid G is formed in wﬁich 0 1is the only ni]_.potent element. Hence,
G 1is not an N=-groupoid. But, if we consider [0, 1] with the discrete
tepology and the above Tultiplication, we form a topological groupold G!
which is an N-groupoid. ‘

We next consider briefly the concept of boundedness in topological
groupoids with a zero,

Definition 4,11, A subset B of a topological groupoid with a
zero ig‘right bounded iff for any neighborhoqd U of O there exists a
neighborhood V of O such that ‘'VB C U ., Left boundedness is simi-

larly defined, and a set is bounded iff it is right bounded and left
bounded,
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Theorem L,11, A bicompact subset of a topological groupoid with &

-Z@&ro is bounded.

 Proof. Let B be a bicompact subset of G, Let U(0) be an ar=
bitrary neighborhood of O ., Since Ox =0 for x € B, there exist
neighborhoods V(x) of x and Wx(0) of O such that Wx(0)V(x) C U(0).
Since B 1is bicompaect and X.Le)g(x) = B, there exists a finite ;ubcollec-
tion (V)11 =1, 2 ..., &} of {V()ix e B} such that L J¥(xy)D B.
Let W(0) = wai(o) where Wy;(0) corresponds to V(xg) , 1 =1, 2, ..., k.
Hence W(0)B (C U(0) and B 1is right bounded. Simllarly, B is left
bounded,

We finally consider the special case of a bicompact groupoid with a

@e_ro'and a unit which is irreducibly connected between O and u and which

obeys the cancellation law,

Theorem 4,12, Let G be a bicompact groupoid with a zero and a wnit

which is irreducibly connected between O and u and which obeys the cancel-

lation law, Then
(1) [0, x) 1s a nil ideal of G provided all y & (0,x) have

property (.

(2) [0, x] 1s igi.li_dgg_l_gi G provided all y & (0, x] hawve

L3 property ([ Erlq‘x/u :

(3) ‘the radical of G is open . ‘_ _'
- Proof, (1) Let z & [0,x) . If ayo0, alo,x) C [0,x) by
virtue of_'lhem_'t‘sm '3.1 and Corollary 5.20 If a=0, this zfesult 1s trivial,
Stimilarly, [0, x)a C [0,x) for all a € G . Thus, [0, x) 15 a two-
sided ideal of G ‘; and [0,- x) 1is a nil ideal by Corollary 3} 2.

(2) By Lemma 3,10 [O, x] is an ideal. If x¥u, [0, x] is a
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nil ideal by Corollary 3.2,

(3) Let R be the radical of G and let N be the set of nil=
pof.ents of .G . If a € R, one may find a neighborhood V(a) of a
such that V(a) C N and av(a) C N as in the proof of Theorem k.10,
Then L* = Gv(a) U V(a) 1s a left nil ideal of G by virtue of
Lemma 3.1k, Hence, _QL* CR and a € v(a) C R. Tus, R is open,

~ We note that if every element of G has property &2 , G 1is an
N-semigroup,
Definition 4,12, A topological groupoid G with a zero is said to

havg arﬁitrarily small ideal neighborhoods of 0 1iff every nelghborhood

U of O contains an ideal which is a neighborhood of O . This is
analogous to the notion of arbitrarily small subgroups (13, Chapter 3],

_Theorem 4,13, If G is a compact groupoid with a zero and a unit

which _i_is. irreducibly connected between O and u and which obeys the can-

cellation law, then G has arbitrarily small bicompact ideal neighborhoods

of O,

Proof, The result follows immediately from Lemma 3.10.,
Quasi Groups
Definition 4,13, A groupoid G is called a quasi group iff for any
two elements a and b in G, there exists exactly one x 6. G such
that ax =b and exactly one y € G such that ya=b [7,p. 986].

 Definition k4.14, A groupoid G is called a left hand quasi group

irr for.any two elements a and b in G , there exists exactly one
x € G such that ax=b [7, p. 986].

_ Definition L4.15. A groupoid G 1is called a right hand gquasi group

iff for any two elements a and b in G ;, there exists exactly one
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y € G such that ya=b [7].
Definition k.16, A groupoid G is said to satisfy the left cancel-
lation law iff ax = ay implies x =y for all x, y, and a & G 3 and

G satisfies the right cancsllation law iff xa = ya implies x = y for all

XY and a ¢ G, G satisfies the cancellation law iff it satisfies

the right cancellation law and the left cancellation law,
We now state a well known theorem from the theory of quasi groups,

Theorem 4,1k, A finite cancellation groupoid is a quasi group, [7]

Under certain additional hypotheses, we will extend the theorem to bi-

compact groupoids,

Lemma L4, Let G be a topological groupoid and B* be a bicompact

subset of G ., Let W= (w) be an index system and let A = {a,ta, & G

and WeWp and B= {bytbw © G and w & W} be subsets of G

whose elements correspond to the same index system W ., We suppose B - B

and a & T . Then, there exists b € B such that ab € T where
C= {wbﬂﬂ W e “W} 0

Proof. let /\ = {V4(a):t & T} be a complete neighborhood system
of a. Let Ay =7Vy(a) (| A . Clearly, At ¥ 00 . By By , we denote
the set of elements of B whose elements have the same indices with those
of elements of Ay . Let B = {Btet z T} o We will show that B is a
family of subsets of g* with the finite intersection property. For let
Bty 5 Byy 5 ees By, be any finite number of sets in B . Then A¢,5 Atg »
;..,__ Atn are the corresponding subsets of A ., Hence, there eJdr.lsts a
neighborhood Vi (a) (€ A , to £ T) such that Vyo(a) C (v (a) .
Let A = Vi (a) 1 A end denote by By, the subset of B which cor-

responds to Ay, . Then, it is clear that O ¢ Bt = Q_Bti .
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Thus B has the finite intersection property, and since B* 1is bicompact
Be N

we have (a\rag{ O . Let b £1B; and let V(ab) be an arbitrary
neighborhood of ab . Then there exist neighborhoods Vi(a) of a and
V(b) of b such that TV (a)V(b) C V(ab) where Vi (a) (€ A ; k& D,
Since b & Qrﬁt , V)M B¢ O . Now, 1f we let b, € B, () V(b)
_th'ereﬂ_axists' an element 8y, such that ay € A =4 [ Vg(a) . Hence
Sps Dy, € V(b)) (N C and ab & T, _

Lemma 4.5, If G is a bicompact groupoid in which every element has

property (2 and which satisfies the left cancellation law, then G 1is a
Y /\ ~
left hand quasi group provided p(p") = (pp™)a = p?(p@) for all p & @

and for all n € I.

Proof, If p € G , it follows that G D p6 D p2%G O ...

5 P D ... . Put Pp= {plet 2 r} . Then, since G 1is bicompact
Qlf; YO . Lt q¢ (‘sPr . We intend to show that npie -=qC.

. First, we show q¢ C {WpiG . Let qx(x € G) be any element of
q0 , and let V(qx) be an arbitrary neighborhood of qx . Then one can find
a neighborhood V(q ) of q such that V(q)x C V(qx) . But,

P Ir € Vlq) for r =1, 2, .., where i, 1is a non-negative integer.

r+ip

. Hence, p 1'1':: Cv(qr) for * =1, 2, ... o But, pmrx € p G

e prG for r =1, 2, cEN 'Iherefore, qx € ('\prG. ﬁ p*G and
qCG C i_ij'(} Next we will show that Qp’-(} C q6. Let p'e 91910 -
Ten p!' =pleg , 121, 2 ..., where g € 0. Let o = (gt & T}

and P = {piii & I} . By Lemma l,l, there isa g € &' C G such

that qg € {p’-gisi & I} -;- p' . Hence, p!' =qg © qG and
1_1143 C @ . Thus, q@ = pia Next, we will show that Qpi(pe)

= q(pG) . As before, let qx € q(pG) (x € pG) and let V(gx) be an
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arbitrary neighborhood of qx . Then, one can find a neighborhood V(q)
‘of q such that V(g)x C V(gx) . Thus, p***x € TV(qx) for
re1,2 ... . Since p%(pd) = pP*l¢ for all positive integers n,
pHry e f*ii’(p(}) = pr*ir’jﬂ Cpr*lg = p"(p8) forr=1, 2, ... .
Thus qx € é,pr (p@) = flpr (p0) and q(p@) C y.,p*(pG) . Finally,
we show that Qpi(pﬂ) C q(8) . Let p' e ﬂpi(pe) . Then
p' =plg' ,1=1,2 ..., vhere g1' € pO. Let P={plit £ T}
and 0' = {gy's1 £ I}. Ten there exists g' € O C PG = p0 such
that qg' € {ﬁ’é'ai € ;}.=;- P' . Thus, p' =aqg' € qlpG)
and i.lp"(pG) C q(p6) . Hence, ﬁpi(pG) = q(pG) . But, ﬂpi(pc)

ﬁpi+1o mpiG . Thus, q(pG) = q¢ and pG = G by virtue of the

left cancellation law. Thus, if we are glven any a and b in G,
there exists x & G such that ax = b . By virtue of the left cancel~
lation lay_, this x is unique and G is a left hand quasi=-group.

Lemma 4,6, If G is a bicompact groupoid in which every element

has property (. and which satisfies the right cancellation law, then G

is a right hand quasi group provided (GpR)p = G(pPp) = (Gp)p" for all

PEOC amdfral ng I,
Proof, The proof of this lemma is analogous to the proof of the
previous lemma,

Theorem 4.15, If G 1s a bicompact groupoid in which every element

has property 0, and which satisfies the cancellation law, then G 1s a
quasi group provided (Gpn)p = (Gp)pn = G(pp o) and p(pG) = pn(pG)

=-(pp)e forall p € G andforall n E T %

Proof. This result follows immediately from Lemma 4.5 and Lemma k.6,
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Example 4.6, Consider the following mltiplication table

1 4 3
1|1 3 2
213 2 1l
3|2 1 3

Under this multiplication G = {1, 2, 3} is a finite groupoid which satis=

ﬁqa the gan_cellation law, in which every element has properti a s and in

which (Gp’h)p " (Gp)r’:‘l = G{p;") and p(p%)--;n(w) = (pp1)G for all

p € G ané 28ll n & I, But, G is not a semi-group,

 Example 4,7. Let E? be the Buclidean plane with the ususl topology.

Define u_gulﬁ.pliégtion on E2 by defining x - y = midpoint of the segment

xy . Under ‘this multiplication B2 becomes a topological groupoid which is

not a seml-group although it is a quasi group. _ -

Example 4.8. Let C be the circumference of a circle in EZ with the:

usual relative topology. On C define xeo y =32 if 2z 1is the mirror imape

of y in the diameter through x . Under this multiplication C becomes a

topological g;oupqid which is not a semi-group although it is a quaai-g_roup;
_ Example h.9. Let P be the parabola (y = x?) 1in E? with the

Md relative topology. On P, define xo y = z by .the demand that

"2 € P and that the line yz 1s parallel to the tangent at x (set

(xx = x) . Under this multiplication P becomes a topological groupoid

which is not a semi-group although it is a quasi group.

For the algebraic counterparts of these examples, see [22, p. 22h].
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