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PART I

QUANTUM KINETIC EQUATIONS FOR PLASMAS AND RADIATION



CHAPTER I
INTRODUCTION AND REVIEW OF THE LITERATURE

One method of examining mgny-bodyvproblems is to utilize a statis-
tical approach, replacing the system in question by a qqllection of rep-
resentative ensembles, This method has led to some successes in determin-
ing the properties of plgsmas in which quantum mechanical effects are
significant, but, as yet, no complete, consistent exposition of the
theory, based on the quantum analogue of the Liouville equation for the
system, has been given, This investigation is concerned primarily with
such an exposition, The entire non-relativistic Hamiltonian is retained,
in order that transverse electromagnetic interactions may be studied.

In Chapter II the density matrix formalism is reviewed briefly
and shown to be most useful in investigating the problem of quantum
plasmas, The formalism is extended to include the degrees of freedonm
of the radiation field, in‘order that both fields and particles may be
treated‘siatistically. Inclusion of the transverse interactions is
effected by replacing the electromagnetic fields by an infinite set of
radiatio; oscillators and then defining a density matrix for this sys-
tenm, Figally,'am alternate approach--that of quantum mechanical dis-
tribution functions--is discussed and the disadvantages'of such a
formulation indicated. _

A preliminary problem is considered in Chapter IiI. Here, the
potential energy of a particle is assumed to be derivable in a self-

consistent manner, That is; the electrostatic potential is calculated

from Poisson's equation with the sources derived from the particle
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distributions, Transverse electromagnetic interactions are ignored. The
dispersion relation obtained from the N-particle'equations is found to be
the same as that from the one-particle equations. Thus, particle corre-
lations are not included,

In Chapter IV a hierarchy of equations for the "internal" or
reduced density matrices for particles and oscillators is obtained by
taking partial traces of the Liouville equation for the entire system,
One integrates the equation over the coordinates of all but a small num=-
ber of particles and oscillators. Due to interactions, the equation for
the m-particle, t-oscillator density matrix contains the density matrices
for m+1 particles and t+ 1 oscillators, etc. However, these interaction
terms follow in a completely consistent manner, so that one no longer
needs to insert ad hoc forms for exchange integrals, etc, Then, a per=
turbation theory is developed which enables one to close the chain of
equations, The limits of validity of this treatment appropriate for a
plasma are discussed. Finally, the quantum analogues of the classical
Vlasov and Fokker-Planck equations are exhibited.

In Chapter V the theory is used to calculate dispersion relations
for the frequencies of small disturbances in the plasma, The effects of
particle correlation are demonstrated for the case of lopgitudinal
Coulomb interactions and are found to be due to exchange, In addition,
the dispersion relation for transverse interactions is also derived and
some rather unusual features of this relation are compared with the

classical case.

The investigation is summarized in Chapter VI and suggestions for



further studies are given,
I. BASIS FOR THE INVESTIGATION

The procedure for obtaining "kinetic" equations for internal dis-
tribution functions of a system was first developed by Bogoliubov* (1) in
his studj of -the properties of un-ionized gases, Bogoliubov also indi=
cated soms of the problems which would be encountered in a similgr devel=-
opment for systems interacting through long-range Coulomb forpes. ‘Born
and Green (3), Kirkwood and collaborators (13, 25) and Yvon (37) also
studied classical and quantum systems, using techniques similar to tﬁosq
developed by Bogoliubov, However, they too were primarily interested in
un-ionized gases and liquids. Recently, Rosenbluth and Rostoker (26)
derived kinetic equations for a classical plasma, assuming only Coulomb
interactions. Simori and Harris (30) extended the theory to include
transverse electromagnetic interactions.

Most of the investigations of quantum p;asmqs have employed tech-
niques differing somewhat from those used here., Several texts have been
devoted to the methods appropriate for various many-body'problems, but
some'of them most often employed in plasma studies will be indicated
here, Perhaps the best known treatment is due to Bohm and Pines (2)e |
Bere, "collective" variables replace the usual coordinates of the sjatem,
facilitating the solution of problems in which the individual particle

nature is not as important as the gross features of the system., In par-

#References are listed alphabetically and numerically in the
bibliography



ticular, Bohm and Pines obtained a dispersion relation for the fre-.
quencies of collective oscillations of a quantum plasma., This same rela-
tion has been obtained by several other authors (8, 15, 29, 39) in
different ways and will also be derived in this investigation, Of
especial interest is the work of Klimontovich and Selin (7), in which
kinetic equations for the quantum plasma were obtained and applied to
several problems, including the small-amplitude Coulomb disturbances,
Ehrenreich and Cohen (8) have also studied this problem, obtaining the
quantum dispersion relation by means of the one-particle Liouville equa=-
tion and the'self-consistent field approximation for the Coulomb poten=
tial, Finally, von Roos (36), formulating the problem in terms of a
quantum mechanical distribution function similar to that used first by
Wigner (37), obtained the dispersion relation mentioned above and showed
how exchange affects the relation,

None of the above treatments have included a development of kinetic
equations for particles and the electromagnetic field, although Osborn
and Klevans (2h) initiated an investigation of this problem at about the
same time that the present study was begun. However, the direction of

these authors! work seems to be somewhat different from this disserta-

tion.



CHAPTER II
THE DENSITY MATRIX

In order to develop a system of kinetic equations for a quantum
mechanical plasma, it is necessary to introduce a distribution function
containing the statistical information pertinent to the system under con-
sideration. In this chapter, it is shown that the density matrix of
Dirac (6) and von Neumann (35) can be employed, and the generalization of
the resulting formalism to radiation fields is given. In the final sec-
tion, an alternative formalism is discussed briefly and compared with

the one utilized in this work.
I. PARTICIE DENSITY MATRICES

In ordinary non-relativistic quantum mechanics the state of a
system is described by a wave function * s @ function of the particle

coordinates and time, which obeys the Schrodinger equation
Hy=-% 2 | (1)

where H is the Hamiltonian operator for the system, With this wave
function or probability amplitude one calculates expectation values of
operators for the system,

Instead of using the wave function of the system, an equivalent
formalism can be developed using the density matrix. The density matrix
is usually defined as

R (xx") = Yo Y. (2)

If we consider WP to be a column vector in Hilbert space, then Vd‘, the
Hermetian conjugate of1P s Will be a row vector and the direct product,



represented by Eq. (2) will be an infinite matrix,
It is a simple matter to obtain an equation for the time dependence
of R, in fact
> = WYt pF _ L o
R o= ¥+ WY =g ¥l yyryr
= -=[#,R],

since H is Hermetian, It is also easy to see that the expectation value

(3)

of an operator A(x) is given by

Ay = ya Vi) Ao ) Wle)dy = }/(c/,( ‘Qon) Sex-x )R ()
= Jnace (QR)

In the above, the xx' "matrix element" of the operator is written
Alxx) = ax)dx-x"). (8)
Thus the analogy to a matrix formalism is preserved. This particular
notation is not essential to the development of the theory, but is less
cumbersome than others commonly used (e.g., Lowdin (16), McWeeny (17)).
In general, the wave function HU carries indices or quantum num-
bers which label the operators of which qD is an eigenfunction. The
density matrix for a state k is denoted by
R s Y)W @
The diagonal‘element of this matrix,f(kk(x,x), gives the probability that
a system in the state k (k may be a composite quantum number} is located
at the point x, In addition to these one may define transition matrices
Rkl(x;x'):\%( %f-(!') (7)
The diagonal elements of these matrices are not physical observables,

However, if A is an operator which causes a transition in a system, then

(z//}/k>:/%fl-¥)4.%(x)4(: 72/?’“4, (8)
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This is simply the matrix element or transition element of the operator
A, From this element we can calculate the transition probability,

The density matrix formulation of quantum theory has found many
applications, in particular in the study of atomic and molecular systems,
Recently, Lowdin (16) has developed a generalized Hartree-Fock approxima-
tion using the density matrix, and has applied it to many-electron and
many-atom systems, Lowdin's work has the advantage of being more amenable
to numerical treatment than previous theories. U, Fano (9), in an
excellent review article, has discussed the non-statistical applications
of the density matrix, with particular emphasis on nuclear physics and
scattering theory,

The original development of the density matrix theory was intended
to introduce a formalism analogeous to classical statistical mechanics,
It is this particular approach which will be emphasized below, In pre-
senting the ensemble theory, the treatment given by Lowdin will be fol-
lowed, Since the theory can be found in any standard text in statistical
mechanics (e.go, (33), (3L)), only the main features will be presented
here, .

We assume that the system under consideration is, by reason of
complexity in a physical sense, incapable of exact treatment using the
Schrodinger equation, In other words, the values of a complete set of
constants of motion or eigenvalues necessary to specify the state of
the systems are not available, One then can consider representative
systems, each of which has the same number of particles (canonical en-

semble) and obeys the same Schrodinger equation, for which we can specify
exactly the state by giving the eigenvalues, Then the expectation value



of an operator for the system is given by

{A) ’-’ZK P LVl A ). (9)
The P, are the "weights" or probabilities of finding the system in the
state described by the wave function?&. Note that%k is not necessarily
a stationary state, although for most purposes it will be. The only
requirement placed on the\h4 is that they must be orthogonal to prevent
mixing. The Pk are time independent quantities determined by the initial
conditions. They are sometimes referred to as Boltzmann factors,

In Eq. (9), two distinct averages have béen taken, the first being
the usual quantum mechanical average or expectation value of the opera-
tor.A, while the second is a statistical average over all possible states
available for the ensemble, It is apparent from the above that a con-
venient definition of the density matrix of the ensemble is

R :ZK Px Y LP: = ZK Pu R QO).

and the éverage value of the operator A can be written as before
CA> =TaRA - =
Since the P are time-independent quantities, it is apparent that
the new density matrix will also obey a”Schrodinger equation, or rather
its equivalent, Eq. (4). Thus, this treatment differs from a time

dependent perturbation theory, where one writes

kP = Z-,, @ (#) %ﬂ, (12)

and theqéjare stationary wave functions, In fact, in some situations
exactly such a procedure may be followed, giving for the density matrix

(see McWeeny (17))

/?JZEE;_}DK{EE;MAI CZA(t)CQ{C;)lf&Iu&fJZ, (13)



Now, where one writes Eq. (L) for the ensemble density matrix,
one is actually imparting a different kind of information than pre-
viously. This is, in fact now a statement of conservation of probability
in two senses, the quantum mechanical and the statistical. In the latter
sense, it is analogous to the Liouville equation of classical statistical
mechaniés, a continuity equation in the 6N-dimensional phase space of
the classical systems The importance of this two-fold statistical nature
has been emphasized by Tolman (3L),

With the density matrix for an ensemble defined, it is possible
to develop a quantum statistical mechanics quite similar to classical
statistical mechanics, In particular, the concept of the micro-canonical,
canonical, and grand ensembles (see, e.g., ter Haar (33)) are all re~
tained, and many other features of classical statistical mechanics can

be adopted,

IT. REDUCED DENSITY MATRICES

Since the complete density matrix for a system of N particles is
a function of the coordinates of all these particles, it is seldom con=
venient to work with this quantity, disregarding completely the fact
that the mathematical problem of calculating it is practically insur-
mountable, For this reason Husimi (12) introduced thav"reduced" density
matrices, These are "correlation" functions for m(8 N ) particles of the

N-particle system, They are defined by*

®#This definition differs from the standard one in the introduction
of the factor V™, For the purposes of this investigation it is more con=-
veniont - and only changes the normalization. Henceforth, this new normal-
ization will also be used for R, the full density matrix for N particles.
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(m) 1)
ﬁ (X‘;tl"'x”u. X.'(;'---K»f\) = VM/VVr/me "'JX/VJ (

where V is the volume of the system, Thus, the original elements of R(m)
multiplied by Vd-3xl...dxm, gives the probability that particle 1 can be
found in the volume dx) centered at xj, particle 2 in dx, centered at xp,
etc., with the reméindgr of the N-m particles unspecified, The generali=-
zation of Eq. (1) to ensembles is obvious, and the elements have similar
interpretations,

Lowdin (16) and McWeeny (17) have discussed the reduced density
matrices quite completely, but some of the more important considerations
will be included here, Since the most interesting and useful applica-
tions occur for identical particles, the discussion will be restricted to
a system of N identical fermions, According to the Pauli exclusion prin-
ciple, the wave function of this system must be completely antisymmetric
under interchange of any two particles. Thus, for the two-particle
reduced density matrix

)
R(Z(x'x“sx'%l) = ‘/fm(’('ﬂjh'l(:') = k(l’(/-\/:,‘iﬁ’x/), (1)

and for the diagonal elements,

)
/?Q(qu:x.;a) = K“’/w,;xax,)
and finally,

2 1) - 17)
R =550 =8') = ©. ‘
The last is the result of the anti-symmetry of the wave function, The

(16)

important point to note here is that the diagonal elements, used to cal=
culate expectation values, are symmetric. This is simply an expression

of the fact that the particles are indistinguishable,
Now, suppose that the Hamiltonian of the system contains a two-



particle operator, e.g.,

H&= Z Vir, %), (18)

Then, the expectation value of this operator is

2\ _ 5 1=
(f/ > ‘Z;,J/U?&;/J) S”W’Z/x = V’“Z,/U“"‘;)O‘//?&{m&r)ﬂ?@' (19)

/V('V‘/)/U'(x,ﬂ,) K((X,)ﬂ ‘i) = /V//V'/) 7;0. V(x,,x&)
Hence, in order‘to calculate the expectation values of two-body operators
one need know only R(Z). While the previous discussion has been re-
stricted to fermions, it is clear that similar considerations apply to
bosonses The situations for mixed systems is only slightly more compli=
cated and need not be considered.

Another interesting relation is obtained from the definition of

the reduced density matrix,

)] -
K(m = y"”‘/‘tﬁ V”;/xm+,...¢/x,¢ = V "/Xmu Vm_*/}by%(m*zm//(/
= V 'I/J/X R(m"l)()(l ) £8 "-Xm-;-/)‘/(,lx/),'m/ml; )/m-l-/-.,)(zo)
v/ 7Z(M+I)R(hu)

where Tr(m+1)} denotes the partial trace, i.e., integration over the
coordinates of particle (m +1), Thus, if the interactions among par=-
ticles are confined to m-body forces, then it is only necessary to
calculate R(m) to be able to determine all expectation values, One can
“hen use the recurrence relation given by Eq. (20) for calculations of
expectation values of j(£ m)-body forces.

For many physical systems (possible exceptions being nuclei and
molecules) interactions are only of the two-body type. For this reason,
as well as mathematical complexity, most of the applications of the re-

duced density matrices have been confined to orders one and two, Husimi
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and Nishiyama (13, 21) have given detailed discussions of the algebraic
properties of the reduced density matrices for the canonical ensemble,
In particular, recurrence relations for R§m)1n terms of Rﬁ?{, R&m'l),
etc., have been found.* These relations are much more useful than Eq.
(20) since it is clear that R{(m) is, at best, obtained by solving an
m=body problem, Thus, for m>2, Eq. (20) is of academic interest only

except in very special circumstances,
ITI. THE DENSITY MATRIX FOR RADIATION FIELDS

As is well lnown, Bohr originally demonstrated that if the uncer=
tainty principle is to be universally valid, electromagnetic fields
interacting with quantized systems must also be quantized. Quantization
of the electromagnetic field essentially consists of requiring certain
field components to obey commutation relations, i.e., the fields are no
longer "c" numbers, but operators, In this section the density matrix
theory will be extended to include the radiation fields,

Originally, fields were quantized by defining generalized
"coordinate" fields and their conjugate "mamentum" fields and then re-
quiring the two classes to satisfy commwutation relations similar to those
obeyed by particle coordinates and moments, Although this procedure is
not necessary, it has the advantage of simplicity and clarity. For this
reason the canonical formalism given by Heitler (10) will be given here,

In order to define a Hamiltonian for the radiation field, one ex=

pands the vector potential in a series of orthogonal functions

#The subscript refers to the number of particles in the system,
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A =2 gnfin + AL (22)

The Ay satisfy the equation
(V=22) Ar = ©. (22)
With  gufm) = /Z,\/@‘w** (23)

Further, for most purposes, one employs solenoidal gauge, i.e.,
ViAar = o, (2L)
The generalized coordinates and momenta of the field are defined
respectively as
Ar =z gr fﬁ)\,. (25)
A= —iwa (5A~5A*)- (_26)_

Then, with these definitions, the Hamiltonian becomes
H=2,Hr=42ZA )’B\Q*Qz\ U*ai = "“2;\ wﬁg,\*'z,\ « (27

Quantization is attained by applying the commutation relations

[g, Q,\] = PAQ)\‘ Qa Pr = f\k('_, (28)
[P,u, Pﬂ] =[Q)\, @M] = 0. (29)

The Q) and P), are now time-independent operators. The evolution of the

system ié determined by a Schrodinger equation
HY-= i3 (30)
w is the state vector of the system, depending on the generalized co-
ordinates and time., The stationary state solutions for H\ are
Hx¥a = Ex¥n = nhwn Yn (31)
and, in general, any state vector can be written
¢:24,Q“,¢7A Ca, Qs @N IP/ Vg a 2/)\ ¢ (32)
Thus, by employing the amplitudes as generalized coordinates and

moments, one can quantize the radiation field by imposing commutation

relations in the usual manner. Furthermore, from Eq. (27), it is apparent
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that the Hamiltonian is a sum of Hamiltonians of harmonic oscillators.
Thus, the radiation field can be replaced by a system of oscillators,
each with a different natural frequency «Jx, . Now, instead of discussing
the photons of the electromagnetic field, one may alternatively consider
the interactions of the radiation oscillators. This is, in fact, a con-
sistent formulation of the original ideas of Planck, In the problems to
be investigated subsequently this viewpoint will offer many advantages,

The simplicity resulting from the oscillator "picture" is illus=-
trated in Eq. (32L which is significantly different from the correspond-
ing expression for identical particles. Since oscillators of different
natural frequencies are distinguishable, no symmetrization of the state
vector is necessary, Each oscillator represents a separate degree of
freedom for the fields: consequently, the state vector for a given con=
figuration is simply the product of state vectors for each oscillator if
there are no interactions. However, since photons are bosons, the state
vector of a system of these particles must explicitly include their
statistical correlation even in the absence of interactions,

Since the foregoing formalism so closely resembles the particle
theory, an obvious definition of the density matrix is

R=Y Y7 (33)
That R will satisfy an equation of motion like Eq. (i) needs no demonstra=
tion, The expectation values of operators follow in é simple manner, As
an example, consider the expectation value of the number operator i =

a (-qi‘q% ), using Eq. (32) in the number representation,

I 3,%3,\ R = 2 <’%m.--13»”3a ln.’n\’..)(n.'m‘...lRln.n,..)

no nlmnl 'n\'...
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E R MGG DS, SHWD Cosn WIH)
2 2y COCr LR gl gD = W gt |9

In order to define reduced density matrices for the oscillators,

(3L)

some comment is necessary about the state vector in the quantum theory
of radiation., Generally, the emphasis is on the operators in this
theory, and the state vector is only a formal concept. For this reason,
one finds that most authors are not explicit in defining'the variables
upon which the state vector depends (e.g., see Heitler (10)), In the
ensuing calculations the variables will, in most instances, be indicated
by (Q1, Q2,e°.,Q). In the amplitude or coordinate representation, the
eigenfunctions of H) are Hermite polynomials and are, in fact, explicit
functions of the Q) ? However, one should not infer that the representa-
tion is being used uﬁless noted, With this exception in mind, the
reduced density matrices can be defined as

R%... ac Q) Be) Ay dOss L8008y, &, 6 B, 35)
This definition differs formally from the corresponding particle reduced

density matrix only in the absence of the factor Vt.
IV. QUANTUM MECHANICAL DISTRIBUTION FUNCTIONS

Before preceding with the development of the kinetic equations for
a plasma, it will be useful to consider an alternate approach to quantum
statistical problems introduced by E. Wigner (37).

Instead of employing the density matrix in calculations, Wigner
suggested the use of a quantum mechanical "distribution function" which,

being a function of both coordinates and momentum, would be more similar



to the classical distribution function than the density matrix. His
definition of the distribution function is given by the equation
{(x‘)-x‘)."'_x‘”‘;p,)ﬁ.n-’?l) -
w < 3,3 2 ~ L .. . a o oy RO

(k) fo,/v c/g/’{}zmlyy V&,+y,.,. b*yv)y(xf-y,-"&-y,)c”?{
with

= 5 - ~

p'V:Zi}’l"o‘f"z (37)

and S& is the Fourier wave vector

(36)

- 1 A A
Pi = Pix Cx + }’(}Qa P Cr (38)
This "probability" distribution function is easily seen to have the ﬁro-

perties

>
L[ F Gt By B dp dirn diy = | Vertid] (39)
and

[[f('('--"(d"l’r--a?ﬂ)//f-u/xf/ = /f(,...,w)/,y | (10)

where f#(pj...py) is the momentum space representation of Y . Egs. (39)
and (LO) are simply the probabilities of finding particles 1,..N at
;1...§N and particles l...N at 31"'§N respectively.,

Wigner showed that the expectation values of a certain class of
operators could be calculated by direct integration of f with the  opera=-
tor over coordinates and moments, Later, Irving and Zwanzig (1l) indi-
cated that the expectation values of all operators can be calculated
with £, provided that one obtains the quantum mechanical operators from

their classical counterparts by the prescription given by Weyl (14},
The equation of change satisfied by the distribution function f

iss ;ff R y
- . +
at = %k. ® (hl)
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where V(x, x2...xN) is the potential energy of the system, N is the num=-

,  (conts)

ber of particles in the system and the Hamiltonian is assumed to consist
of kinetic energies and scalar potential only. In the sum over )\1, the
Ay are subject to the restriction
2 X! = odd integer (42)
It is ;pparent that as h3> 0, this equation reduces to the classie"
cal Liouville equation, Also, one should observe that quantum mechanical
corrections to the Liouville equation are second order in ti, This rather
interesting point has also arisen in some recent work by von Roos (36) on
quantum corrections to plasma dispersion relations,
The Wigner distribution function has had many applications,
Wigner employed it to calculate lowest order quantum corrections to the
classical Boltzmann function (37). It has also been applied extensively
by Kirkwood and collaborators (lh, 25) in deriving transport equations
for low density gases and to formulate a hydrodynamics of quantum fluids,
A. W, Saenz (27) also derived a transport equation for a dilute, non=-
degenerate, spinless gas using this function. Recently, von Roos (36),
by defining the quantum distribution function as
f = Y w) e"’%’y%(x) 2L 4, (13)
obtained an apparently less complicated quantum transport equation and
with this calculated the lowest order quantum correction to the plasma

dispersion relation.

Wigner's intention in introducing the distribution funotjon, aside
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from considerations of mathematical simplicity, was that quantum statis-
tics might embbdy more of the concepts of classical statistics than pre=
viously. In particular, the very useful phase space of coordinates and
momenta could be adopted, Thus, large portions of the classical formal=
ism could be maintained without change, even though the fundamental pos-
tulates of the theory must, of course, differ, In addition, the transi=-
tion from quantum to classical treatments is simplified, However, there
are several annoying features which one encounters, aside from the com=
plexity of Eq. (21). As was mentioned earlier, the calculation of
operator averages is not straightforward. Of more importance, due to
the uncertainty principle, a function giving a simultaneous distribution
of position and momentum is obviously unobservable, and inferences from
relation between such quantities must be made with great caution,
Finally, there is the embarassing feature that none of the "probability"
functions are positive definite, However, it cannot be denied that the
striking similarities in appearance of the quantum distribution functions
and their classical counterparts are extremely useful for parallel devel=-
opments of the statistical theories. Certainly one useful feature of all
these distribution functions, irrespective of their apparent differences,
is that in the classical limit they all reduce to the classical distribu-
tion function, Of course, the density matrix also has this property, but

the correspondence is not so clear,



CHAPTER IIT
THE SELF-CONSISTENT FIELD APPROXIMATION

In this chapter the dispersion relation for a quantum plasma is _
calculated using the N-particle self-consistent field (SCF) approximation.
It is shown that the statistics enter the dispersion relation in the same
manner as obtained previously by other authors in one-particle treatments,

From Chapter II, one knows that the density matrix R for the N-
particle system satisfies the Liouville equation

T %,—lj :[H:R]. (1)
Now, in the SCF approximation, the Hamiltonian is simply
B=3.-E 0542 gibd=forV, (2)
where q4 is the charge on the ith particle,

Here, no transverse electromagnetic terms have been included., The
potential @ is calculated from the equation

Vg = 912, 3 Tn (RGR-7c)). (3)

Now, we consider a system of electrons slightly disturbgd from
equilibrium in the presence of a "smeared" positive background, The
density matrix can then be written

/? = /99.,/0) (L)
whereJoo is the density matrix for the canonical ensemble and p: is a
small perturbation. Eq. (2) then becomes
V3P = e, /?z(f J(x—x;)) | (5)
since the uniform positive background cancels the zero-order negative

charge density. Then, Eq. (1) becomes

it %= [Hopl + [V ®
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since fo commtes with H,,
Now, since jD o 1s diagonal in the energy representation, one can

take matrix elements of Eq. (6) with free particle eigenfunctions

"{)K Z C—)P/Dk ?Af' %43 "o w/wﬂ’: ua//v (7)
V—.V"’

h - o4 R /7¢ 8
where ’30/“ - ¢ (8)
Pk is the permutation operator for N objects and of ; is a spin function.
The sum is taken over all N ! permutations, It is a simple matter to cal-
culate the matrix elements (see, e.g., Condon and Shortley (5)). One has

K5I 21T = (Ee- EEPIT) +f ey FENCIVIY  (9)
where (3 )

Z = 2— a"{n, ke f10)
7[0(55)2 <E/f°/‘r). (11)

-
The restricted sum in Eq. (10) indicates that the ki must be chosen from

and

the set & = (;1, Eg...ic‘n).

Furthermore, one can write

per.,t) Za gcg,e)€" 7 A (12)
and .

V=2, 21 e gt € G (13)

Now, consider a matrix element of V, It is easy to see (5) that
if the sets & and £ differ by more than one‘quantum number

CEIVIE) = o. (14)

Thus,
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IV = {317 eqe| 7

,..,;‘:\t}?‘n 5KJ,kJJs;'<k 61 ka (158)
with

§35= s A—SJ K (15b)
and ) .
S= (5,508 (15¢)

§ ij is the Kronecker delta, Also, ﬁn and i\cn' are the two differing k
vectors in the sets ¥ and £, Thus, < .l;n‘ﬂl-l;n'> is a single-particle
matrix element, The sign depends on whether an even ( +) or odd (-) nume
ber of permutations is necessary to put k and kn' in the same position
in the sets & and £ . But

<An/4) l-&,”> :../17 /64'(£n"é,,')';2 ﬁ(g‘ﬂt}g‘lf"!d%

(16)
PG 4) Okd-Fa, 3,
hence, Eq. (6) becomes
kI S6) = (6 f:)(ﬂf!()
+[7((5r) ,/,(5527 ¢(3,ij¢,7 R, dss dbf-den, 5. (17)
In addition,
oK §a-aalty =% Tl aSHiAs Sss'<2'n/5:a-ﬁn/i.: >
= tJZ;, OR).&/ s’ C’ “ Gt “eng, oo
Hence
E/Z Inip) =2 eSIZaE s 5 5)E 5 ple,5) =
(19)

f-r.,s <k /w/za’m-&)/é’ i SOCR Skl (o) b5y =
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- Z,.- & e (é, kesslfel el L‘fi; D, (°°é§f)

{)DIla) V
where now g ' is the set § with k; omitted. The sign is determined as

before., However, changing the order of the differing indices also intro-
duces a sign change (4), so that one may perform the sum over i (= 1...N),
giving 124

Ta(Z:d6-79p) =2, W< VL slelhg els>,
and now we have re-nam‘ed the differmg indices k]_ and kl' Thus Eq. (5)
can now be written, using Eqs. (12) and (20), -

Prg. e = ’;”;‘;‘7‘255 </:z, EJ’J'///Z,U': g;;) ) (21)
Now, since the Hamiltonian is independent of spin, the initial arbitrary
spin orientation will be preserved, Furthermore, the spinless density
matrix is given by (16)

4 ”f/;) ""s_’z&“‘3;5,-.&/f/{;51-~5~'>1 (22)
so, one has finally .

pg) = UELL | LATIPIAED, (23)

Now, if one assumes that ﬂ(q,t) and P (t) are proportional to

e=iwWt,  Eq, (17) becomes
[~'k w+Eg, k- E{:';,]G’: 12,',-;;,9/(,’[/,-:') =

(24)
LIZIM/& []C (f{,é) /(E{ 4_,)]J¢, 4/»4/ dss &,_4, ¢(8'x)
Dividing both sides by the term in & and letting
£'=77 (25a)
I{ = é/ *{ (25b)

S =g’ (25¢)

and sumring both sides, one obtains
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Z[ <é) /u,f/f/E ‘o*ia-") =

I Il
YN [ folEe k. g)- To (¢ ’w)] RS AP f>' (26)
25k0S z (4 Ez)zlfﬁ EZJ‘/ -Rw <
Now, one can use Eq. (22) and cancel the sums over

- | > -
<£l,k1 lf’f sk + q> since there are only dummy indices to consider,

This gives
_ Z Y e [1‘ (E:ak,*a) {/Eg,/,)] )
EkuS 5 4 E: k,fz "b€ I‘, —Rw (27
But Eq. (22) holds for 100 also, Furthermore,
r_ LY 4o _j(
o -6k, < S AR Ll LR
2

Finally, since the denominator depends only on T:l' s one can per-
form the sum over all kj (i > 1). From Chapter IT, this gives the
reduced density matrix for one particle (partial traces are independent
of the representation) in k space, But this is simply (33)

(k.
£ i) = z—_) </=, kol P ks ko)

[ 7
e HE LT
where E¢ is the Fermi energy. Thus, the final dispersion relation

(29)

becomes
)= g £ len;) - Ao ee)
= U ]
{77 % ETthegr-a)) - tur (30)

where the subscript on k has been dropped,

This is precisely the dispersion relation obtained by Bolm and

Pines (2) and others (8, 15, 36, LO) by several different methods, GCen=
erally, one takes the volume to be infinite, keeping N/V finite, Then,
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the sum over k can be replaced by an integral, giving
[= 4IE [ [ Veens) - £5E)]
2 _,,—f“\[(é,fa)té z_]~ teor

Unfortunately, this expression can be integrated in closed form

(31)

only at zero temperature (15). Furthermore, the integral in series gives
a doubly-infinite series of transcendental functions, the arguments of
which contain#/ . Needless to say, these functions cannot be inverted
to give o/ (k). However, there is one point to which attention should be
called: in this treatment, the statistics of the particles enters only
through fol(Ek), which is the same as f,(Ey) for the one-particle system
(33)e Thus, nothing new is obtained in the N-particle SCF treatment.

In ordér to include exchange effects it is necessary to go to a more
exact treatment and include explicitly the interactions which will lead
to correlation effects, This requires a more complete development of
kinetic equations for single-particle reduced density matrices and will

be considered in the next chapters.



CHAPTER IV
DEVELOPMENT OF THE QUANTUM KINETIC EQUATIONS

In this chapter, new equations for a system of charged particles
will be developed in order that a more detailed study than the self-
consistent field approximation can be made., In the first section, the
Liouville equation for a system of particles and radiation oscillators is
reduced to a less complex set of equations for the reduced density
matrices of the system by integrating over groups of particle and oscil=-
lator coordinates. In the second section, the two simplest sets of
kinetic equations-=the analogues of the classical Vlasov and Fokker-
Planck equations--are displayed and some of their interesting'properties

compared with the classical theory of Simon and Harris (30).
I. THE HIERARCHY OF KINETIC EQUATIONS

As was indicated earlier; the procedure employed to obtain dynami=
cal equations for the particle distributions is the followings the Ne
particle, 00 -oscillator Liouville equatioqs will be integrated over the
coordinates of a1 but a few particles and oscillators. This will yield
equations for the internal or reduced density matriees, |

Physically, the plasma state consists of an equal pumber of posi=
tively and negative: charged particles in unbound: states. Although
there may be-otﬁer types of forces besides those electromagnetic in origin
which are important in some plasmag, for our purposes we shall consider:
only electromagnetic fields. Furthermore, as an additional simplifica-

tion, this development will apply io a gystem consisting of N electrons
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and a "smeared" background of positive charge, In addition, for the pres-
ent, external electromagnetic fields will be omitted, since they can be
adde& at any time with no difficulties. For the system considered, the
Hamiltonian is (10)

= - " A ~

=2 A - 8 (o o)t

+/§{ 53-:6 (g2 +42 8 ) Te Ae +9¢ @) &u-or
1)

e

- > - ‘/\ +
2 %’\;o-dovxfm/ya“z;dh)

Z llu-/?/ "'QZWA j‘;"'

LZf

Here, the Ax are the functions discussed in Chapter IT,
gzp. (& = 1,2) is the polarization vector in the pth direction and & i
is the spin operator for the ith particle, Now, as was mentioned pre=-
viously, it wiil be convenient to use a "coordinate apace" representation
of the above operators., Eor eimplicity, all vdriables 'will'be treated. .
ags if they were continuous., The coordinate "matrix elements" of the
above operator are then, taking the kinetic energy of the ith particle as

an example,

le()(l ra. oy XN)' xl"" XdIIQI 1ee QJJ' gj'ou a;)

N o
=y T OUh-xe') [l Jtae -a<")
J ket t4 Y]

——

(2)

where now
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Xj = (2,5 7y (3)
and the Q). are the "coordinates" of the oscillators discussed in Chapter
IT and include the polarization coordinates. This is simply an extension
of the Weyl representation (1) to include spin and oscillator coordi=-
nates, Also, one has similar expressions for the other operators with
the delta functions multiplying the usual operators on the right. Phys=
ically, these are all "local" operators for any given particle, (The
Coulomb potential depends on the coordinates of two particles, but is
"local™ in each of these coordinates.) 7
Now it is possible to consider the Liouville equation as a matrix

equationy thus, e.ge.,

(U R) Ry A5 ks X | @y e @y 8,11 B ) =

f/x,"... " 48, - d &S f U R sty 4 | i B R, @)
x E(x’;l 1 XM"J )(, 'ou X”' /QI ’:“ ';'J Ql"“ 06;);

= /J(/” VJ»J-(XJ “{/ly k(l\/l "'6’:;x/ s IJI/dI:IIJ' QI"':)
= U R& iyl i ki | Brini 2 &)

with similar expressions for the other terms in the Hamiltonian., While

(L)

this notation is somewhat cumbersome; it is nonetheless simpler than
other forms used,

Before performing the calculations, a further word about notation
is necessary. In order to reduce the complexity of the arguments of the

various functions, we shall write:

)(fM]= (X,,X; "o )(m), (5)
Qray = (Q) i Ba) (6)
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and
Xemg = (Kmityon 2w), (7)
QR = (Qxur, . 04) (8)
The same notation will be used for differentials, i.e.
difmy = s i dlus, (9)
dGT = dCnisn Ao (10)

Then, for example, the reduced density matrix for m particles and He

oscillators will be:

) , nint ’
R m 'M(Kn n.in\j)(:'"'xm 1 4. 1Qu, Qi’-uoau’) =/?(XI'MJ/'1[:|J/QL‘“], Qt])
(11)

=V [t A Pt e g, 17 R0u B 45, 90) .
With these preliminary remarks, let us consider the form of the
Hamiltonian in Eq. (1), This can be written
H = gl204 g2:0, (021 +H121  gls2 ' (12)
where H1?0 is a sum of one-particle operatoraysﬂz’o is a sum of two=
particle operators, HO%1 i3 a sum of one-oscillator operators, H131 con-
tains one-particle, one-oscillator operators only and H1%2 i5 a sum of
" one-particle, two oscillator operators. In the integration over all but
m particles and T oscillators, some of the terms in the Hamiltonian will
vanish, For the sake of brevity, we will consider examples of the various

operators as classified in Eq. (12),

First, let us examine terms of the type found in H120, i.e., single=-

particle operators, One such term will be

/ w7 AGr [ K, ?)f] = / g f//c:‘o Hicw ﬁ"}’,ﬁw, Xesmy e ,&)(13)
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4 > ?
XV' ” —)(, ” T S, 5 g N'C‘ /

J d(Xemg EmJ)szﬁ(Da d@,ﬂ) %J{J{wj XI”J)K(XI@XE@J XE‘E) (cont.)
The integrations on Q; do not affect the operator, so they have been
performed and the arguments suppressed. Now, suppose that j is in the

set Lmj o One can perform the integrations over all x" [';] and x [ET]

except for the jth coordinate and also over all x" [l'nj to get

7] m#l’t PR
%Mil,/d,xj /‘(/ /f /;([MJJ X X[,"U/)O ) ?/‘J"O"W -
7 metit ’
VJ 5(/./"(/”)/6 (J(;MJJ A{}”j m) JA./J‘{F =

—L v 4 7] ”n
ymH k//‘{f’/’{/ﬁ/gl kh*l/{»@ (;’,’kﬁ-ng./)(/ }RXJ ‘J{;J (1)

- milit ’ / ) "
U R™ Ctoms, 1), Kz 60 T4 -»g)/ = 0.

The result follows since in each term, the operator acts on the right
coordinate of the density matrix. Another way of seeing the same result
is to interchange double-primed and unprimed variables of particle j in
the second term, This is possible sime they are integration variables,
However, if j had been in the set/m} the right coordinate of the jth
particle would have been primed, and there would be only one integral
over xj’ to consider, Then the operator would have been operating on
different variables in R, i.e., the right in the first term and the left

in the second, Then, one would obtain

St R0 = L R ] )
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Now, let us consider a typical term appearing in H230, If both
particles are in the set [-n:_'] s considerations similar to those of the
previous example hold, and the commutator vanishes. If only one particle

is in the set [m} » one has

Jh L] o 0,

17t —ﬁ:’

duy, w R j g pom.e (16)
(X4 /J Jx“ / A‘,I k[xau X A '
/7‘7* - X "’%t;-/,/ /R -mJ

z o,

Finally, if neither particle is in the set [m] , one has
wvee - mir _[
‘/l/x(’rﬂ[ )/i’t fil/] = _VLM [Ie / /ﬁ:"—/?d /] (17)

Next, we consider a typical term in Hl’l. One such term is
LPNZBN é‘)\M'ﬁj. If X is in the set [cJ and j is in the set [nJ ’
one will again get no contribution. However, if j is not in [ m] , one

has

vm//J 44, /‘24”({?( Tro Y Q46 )ZA AA)?O,"@) L pdu-x;)

7MM/@~@’9 ’DJ/{,-)QJAD /xj:/,g/g’j&q?f - (18)
o [0 LR 5 42] # 0.
where /?; = 2 6#/..4,\ (18a)
and ' ;A _ Z 6,/&4,{ (18b)

That this term does not vanish can be seen by examining the arguments of
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the operators in Eq. (18), Although q » acts on the same coordinates in
each term, i.e,, the right coordinate, v 3 acts on different ones. Hence
the term must be retained., Finally, if neither A nor j is included in

the integration, one has

ﬂ&mjz/ﬁzzz [k,pﬁlx - ] -L [,P m;'rp A o4 5] (29)

The integrals of terms in H1:2 gre similar to those in H1?l except
one will also have integrals over RR *1: T+1 gnq RM: ¥+2 jp addition to

the types considered above.
Finally, the terms in HO%l will be similar to those in H1:0, If
A is in [Z] s the term vanishesj otherwise it must be retained.
‘ With this final consideration, it is now possible to write the
kinetic equation for the mepartiole, Z =-oscillator reduced density matrix,

This equation is (multiplying each term by Vm)

B[R]
77 ek [ R o o t) ]

+ /VV-"))\Z_&] e \//x[fm:‘lz/ptod +?+,4) Z]
- 2, 2T T L i) Gyhogtt)]

=/ )&-‘-[J P/

N\
\
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e (w-m

_“7_>mc 2 A rey . (cont,)

2 ~ia S "//0 /x[f"’* gl‘/\AA }?"'AA)(Z(A.f .[.6(?‘;4{{‘2] nt
2 ey '

1221 X s, [ & 2 b yudnryt At )]

J= It
H-m ok 5 ' i ]
SASE S SATE 5 el )]
£ 4 My
where ém/ x-[k 2/4 Jl]

mLT = . )
: "2 ’ff" -2 -e-,-t/y/b\ fy”’A}),l.(V-;
Js! )‘:{1],“‘
— . . N !
f/;zzfzftJ l%l,_«- (3"4* ‘LZIAA)-(?/% fzg‘,{;)
(21)

7‘2— o"‘d vx(jAAA +3;*AA?E *z{ \_C:

} Ca me 3 ,
[¢J‘ “74-7“(\,1
2
F 2 wloks
TRl o S
In Eq, (21), the last term follows since the particles are identical,
As a reminder, each term on the right side of Eq. (20) has argu-

ments of the form

S 0n [R5 o el L3.]= ~
(22)
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ﬁﬂb\[ R T'/;"'£+p*3;) 7 ?3] (8123, Qx; Qre1, @ [Xemd, dem) . (cont..)
Since every term on the right side of Eq, (20) contains higher
correlation functions, it actually represents an infinite set of coupled
equations for the reduced density matrices of the system, The solution
to this set would eventually necessitate solving the full Liouville
equation, so that“at this point there is not apparent adfantage to the
development. However, thus far the entire treatment has been exact. It
will be seen in the following section that an expansion of the reduced
density matrices is possible, which will enable one to close this set of
equations. This, in turn, will make it possible (in principle) to cal=-

culate all reduced density matrices in terms of the several lowest

orderse.
IT. THE QUANTUM VLASOV EQUATION

In this section, the simplest of the kinetic equations will be
given and it will be shown that by assuming a special form for the
reduced density matrices the infinite chain of kinetic equations repre-
sented by Eq. (20) can be closed,

The equation for the single-particle reduced density matrix can

be obtained from Eq. (20) by settingm =1 and ¢ = O, Then, one has
3 [0 ] e S o K i)
T T TR K daLR’ (pn *ZA'AA)‘T"]

- oL / - a |
re 2 ﬂ@;« LY [ £ ([i/\\‘p) , (5xAn FJA*AA") o{ [Mf +;//?/)]

amcl pw Y

St [I0[R 78 x (4 egh)]

Fey

(23)



3k

L‘//J(a. /ﬁj/?;/] = 0. (cont.)

Similarly, the single-oscillator equation can be obtained from Eq.
(20) by settingm =0 and Z =1, This is

o +amp [ R g¢5] ~Mek o[£ ) GeAp g H ) 5/

+ Ne™ j /A( Ao/ Rip, (34 +g{z;)'( e *304;)] (24)

E A
ma o n T+
- Nek  [ax //?;a‘: p X(Z,o/ipq//p)]
meV
Now, if one assumes that R2:0, R1:1l and R122 can be written as products

of single-particle and single-oscillator reduced density matrices, i.e.,
/"o

Ru,g) = PIP u) ,? ), (25)
Pl = 27w PY0, (26)
,?“{MP) S f”(on /PO!{/\)IPO(:;), (27)

theh Eqs. (23) and (2L) are sufficient to describe the system, since
higher order reduced density matrices can also be written as products of
the single-particle and single-oscillator reduced density matrices. In
Eq. (25), the operator P symmetrizes the product of single-particle func-
tions. These are the quantum analogues of the Vlasov equations for &
plasma and radiation (30).

The assumption of Eqs. (25)-(27) is essentially equivalent to an
expansion of the density matrix in terms of interaction parameters chare-
acteristic of the system as has been done in the classical case by
Rosenbluth and Rostolsr (26) and Simon and Harris (30). Here, only the
zero-order terms have been kept. Thus, Egs. (25)-(27) are "zero inter=

action" form of the reduced density matrices.
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While a detailed examination of the perturbation treatment for a
quantum plasma will not be given, some of the qualitative results should
be discussed, Before doing this, it is necessary to examine the various
operators in the Hamiltonian to determine whether they contain parameters
characteristic of the system.

First, the normalization of the An is such that (Heitler (10),

P. 39, Eq. 6) | - ;'s 3 -~

d ' = T¢

7 //4/\ A d>x ¢ p) (28)
so a factor (4 ITC2/V )% must multiply each K » used in this treatment,

Also, the commutation relation for q» and q)* is (10)

- X
(A o L (29)

80 q » and g, * must be multiplied by a factor ( z-é; V)%. Actually,
since it will not affect the results of the problem, we will include a
factor 1/V in the single-oscillator density matrix to éccount for the
presence of 1/V in Eq. (29). This, in effect, means that we assums that
#98 -gg = (30a)
and 2 L [ R0z, (300)
since the sum over wavelengths is proportional to the volume of the sys-

tem,

Although we will not re-write Eq. (20) with the parameters shown

2K
explicitly, one should consider that a factor ( Lor V )% multiplies

each term in Ax . The general procedure for the perturbation theory is
then to assume that such quantities as e, 1/V, 1/N, " /m, etc., are small,
or more correctly, approach zero in such a way that certain ratios, e.ge,

e/m, Ng/V, etc., remain constant, Thus, some physical characteristics

of the system are not affected by the perturbation theory., For example,
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requiring that e/m remain constant means that cyclotron radiation, the
frequency of which is proportional to e/m,.will be described correctly
by the perturbed equations. After determining which parameters should
be varied, one can then examine the Hamiltonian to determine the "order"
of each terms Thus, a term proportional to 32/m would be first ofder. v

Finally, the density matrix is expanded in a series of the form
m lt
R /? ﬂ (31)

where /5 is a small quantity characteristic of the plasma, (In the
treatment of Rosenbluth and Rostober (26), 16 was taken to be the recip-
roocal of the number of particles in a Debye sphere. Thus, when the num-
ber of particles in the Debye sphere is large, the system exhibits plasma
characteristics.) The physical parameters such as e s my, etc., are
regarded as being proportional to ,8 o The next step is to equate powers
of ,6 in the kinetic equations, so that one obtains equations coupling
R 2’ T to R}?:f, etc. Finally, one assumes that the reduced density
matrices can be written as products of single-particle and single-

oscillator density matrices and various correlation functions to a given

degree of accuracy. For example s to first order one would have

m'( /DZ /?ma,,) I ey 1 /-A’ n)
(32)
+PZ f k ())J/ ﬁI&?(P)” 0/13))

Y TY;
where again P is a symmetrization operator. Then, one finds that only a
small number of equations are needed to obtain the functions necessary

to describe the system.
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The procedure outlined above has been applied many times to various
physical systems, However, in the case of a plasma and radiation fields,
there are several difficulties inherent in such a procedure, This is true
both for the classical and the quantum cases., The primary difficulty is
due to the fact that the method described above is based on a one-parameter
expansion of the density matrix, However, when there are both longitudinal
and transverse interactions such a treatment is not strictly correct. The
reason for this is easy to see, The determination of the parameter ) is
not arbitrary, but depends on the type of system considered, In fact, one
chooses cartaim "fundamental units" appropriate to the system, e.g., the
Debye length, the plasma frequency, and some third quantity. When the
equations are written in terms of the fundamental units, certain physi=-
cally meaningful contributions appear, e.g., the reciprocal of the number
of particles in the Debye sphere. However, when radiation fields are
present, there are several sets of reasonable fundamental units, e.g.,
the plasma frequency or the time required for 'a light wave to cross the
Debye sphere, One is not justified in making an arbitrary choice betweea
these two., Thus, strictly speaking, the one-parameter expansion is incon=-
sistent, In fact, in the course of this dissertatioﬁ, such an expansion
was made, taking )f, e, my 1/N and1l/V as the quantities varied. The
result of this treatment géve-Eqs. (23) and (2L4) as the zero-ordef equa=-
tions, but for systems known to exhibit plasma=like or éollective
behavior, the'parameter A became greater than unity,

Although they will not be employed in this study, it is of some
interest to write down the "first order" equations corresponding to those

in the treatment of Simon aﬁd Harris (30), and referred to by those -
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authors as the "Fokker-Planck" equations. Here, one assumes that Eq.
(32) gives the proper form of the density matrix and writes the cor-

relation functions in the following form,

1o
/P, (/,;) = [r?, w f w */?ow/f/ f-‘) rq(/.u]

(33)
7 0. 110 ol
£ = /?,“(3)/?, ) o Kion v acuh), (3L)
o't 0! oil ] ! ,
/f, ap) = Roen (0) # Rotn RS te), (35)

where q(1,2) and q(1,\) are correlation functions which vanish in the
limit of no interactions. One finds that four equations are sufficient

to describe the plasma. These are obtained by setting m =1, Z = 03
ms0, Z =1;ms1l Z =1; andm =0, T =2, Since we will not use

them here, the derivation will not be given, The equations are

m=o0,T=1,

?{_ %ﬁl" f-[ﬁ,mj _at;:v'v] _)Z %f/‘/@[/?, I)u/gﬂ'i:‘ "3‘*’4;*-);3( p]

E-i Z' //0,\ [/ﬁ“,'o"-?x(gaiﬁ +g/!/4})]

(36)

.‘zmc Z ﬂ@}\ 40{’[/? (,he), (j,\AA #g /4/\) /Z,A, f‘,*ApZ/

A p=1

1‘”6 //)(a//? (/a)//‘”:{‘y] 0/

(1
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m=0,T=/;

I 3R0' + QU [/Q,} Z,\ Z" //&}C/‘/x K,/j/(ZAEA*?*ZAf)’%?‘/

1ab

+ Ne®
PR Z /de JX[/f (4, 7p) /Z,\AA fp*'A/\) /jf/?r fZPA/y (37)

—A‘é—t / [/f, )6— V)‘/JAA’A fz AA)_]

mVe

= /)t=/;

.?:‘ %f_m +[A’I”i ;%:V'L] 20))«"[/?4“: 3,@*3,\]
R

"] & ALK, G ol
r?

j //@P [R(IA,P),J"?X(FA;*Z;A;Z/

pin "

mVet

fﬂe Z ﬂopd&[/e,(,”z)”) /ZAAA +3A/4A)(jfﬂf+l _)/ (38)
+7:tef//xa[’e (/«,/\),0‘,-L V;;.K (&’):AA f-g,\ AA),/

f/%/j [/? )D?'ﬁ/]

- O

2
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mzo,r=2}

L3 )Rw‘ 0:a
| x»f['?‘“)'aw"z%‘]

/dx [/?a re), /Zn n+ZnA’°) "]

MV" =hp

*ifch"Z i /a’Ova[A’ {znAkwfzg_Ak.) (ZyAyfguAyy

hahp VEMP
(39)

—/V ! a A
705& f/dx[ﬁ//i?'sﬁ(gﬂm‘zbﬁy
F Net

;T,;,Va //x[/? (5n. Ar +g/c/7k.) (Zt /75 r[; /zf)]

k=pp Z=Ap
= 0.

Although it appears that there are more variables than equations,

1:0 0s1

Ro"~ and Ry°" are found from Eqs. (23) and (24). In addition, using Eq.

(32), one can find expressions for Ri’z, R%’B, Ri’z and R?L’l. It seems
unnecessary to give them here,

There are several differences between the zero- and first-order
equations and their classical counterparts. The most important of these

is a result of the fact that Rﬁ’o must be properly symmetrized. Im fact,
one has (17)
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2io ro
K (‘,X;,A’,x‘) ﬁ(xu(,)/e/h/x) k (x'Xt)KCXL;XI )/ (,.lO)
where the sign is chosen for fermions. This means, for example, that the

Coulomb integral has a term of the form

‘/a/fa. /X, [(‘l!!) /e (xl/xl) J()(, x,d :9/ X& 0 ;qo,(‘) kﬂ (X;,/,

/ﬁ' N - f 4;/ (k1)
Thus, this term cannot be written in the form
[Axa Rt 5020, ,—0.‘.'--&/ Z (,é(&))f(x,,{// (L2)

where # is a multiplication operator. This exchange correlation means
that, even in the zero-order approximations, the quantum equations retain
a particle aspect, whereas in the classical treaty these equations cor=-
respond to a "fluid" limit (26, 30). This rather important effect will
be discussed in more detail in the next chapter. An additional difference
due to exchange is that partial reduction of Eqs. (36)-(39), possible in
the classical case (30), is no longer possible here.

In tHe next chapter, applications of the "Vlasov! equatioms, Eqs.
(23) and (24), to the calculation of dispersion relations will be con=
sidered, However, before considering the applications, it is useful to
examine the coupled Vlasov equations for particles and oscillators in a

slightly different manner. This will be done in the following section.
XTI, AVERAGE POTENTIALS AND THE CLASSICAL LIMIT

In this section it will be shown that the oscillator equation, Eq.
(24), can be eliminated and instead, Maxwell's equations for "average"
fields can be substituted if one neglects spin terms.
We begin by noting that in the particle equation, Eq. (23), one

has for the A « ¥ term,
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{/JQ,\ [,ecll)o/??/’\l) ) (ZA/T" fg;lzlr) 7' A] =

o 1,

Jai R x// 2 [donde) Pén0l) 3 A r B 310 Q)1 V)
_ . , o (h2)
"/Z/JQAJ&A,/[AAA*JIAU 5(&\‘0/)f?b)391ly 'T'VJM-K") Ay (x5x :)/

N

= /o‘x," / RN P (1) 3 Sth’) = Aonr + BIte 510 F (xx)

= [’e/w/ A.“" 'g'ﬁ./)
where

Aw = 0’0)\ /0/\' /8(0/\, 0,.’){5,( Ay +J;/4A7f/ @~ = (43)
2: 7'/10)[/?0:(/,\) (g,u‘f/\ f?fA‘A*‘)‘Z.

Similar considerations hold for the term in A2, 1In fact, it becomes

>"\/l

2//@4/09[/(::;‘%; k&:"}, (ZA'Z:A fj/«';,«*) ‘(g,;ffz}‘ﬁfﬁ =[k;,')3 i;] . (LL)

*P

Finally, using Eq. (39), one can write the scalar potential term as

Jou[Ri g, ]+ LR 9] =

1=
) 0
ﬂ "'y f"’ ;m,h/') e a’v:o,'z / dtr-n/)dtac'- a,) ()
18,"-A]

/!0 v, /10”
- /,.é._;?/;(’l/ -ﬂp"}é.(dt—ﬂ"y/?(ﬂ, ,n,)f( g,ﬂJf # [k‘2:0¢wj —
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[R/!,‘)?Sw] * [Rajo jﬁex]/ (cont.,)

with

¢w /ﬂ& 14 (r(“/,) = 7:1.(?.)( ﬁ:.’!g,—f 4 )) (L6)

-l
N t

where now we must remember that ¢ex is an integral operator. In fact,

one has
1o
{¢2K/€ (’J‘)) /JI)_ ﬁ(/)l l)/?(ll‘bl‘hll) f (h?)

T

Thus, one can write the particle equation in the following form,

ok o [ (%i-mgﬁw)"] 0 g T R p ] 0,

since
b —_—
Now, let us take the classical limit of the above operators. We

know that
.t"" m [A B] {/4 B} (50)

where the expression in curly brackets is the Poisson bracket, Then,

taking the limit of Eq, (L8), one has

;fh;A /"o

190, R = £ .5, (51)
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where 5 and E are the canonical coordinates and momenta and f is the clas-

sical distribution function, Now, let
1./ - = \2
H'= (P - Chn)" + Pov
The exchange term will not contribute in the classical litﬂit since par-

(52)

ticles are distinguishable., One has

{_N 1 [R"IH] < f,é (.5, /Jf

= H' OF - . oF = B +$.2 = -2F, 3
= b—ﬁ 7 2 3 op 33 ox
where v is the velocity,
c- P-%A, (53a)

“m
This is the result obtained by Harris (1la) in the classical

treatment,
The oscillator equation, Eq. (2L4), can now be written

-t %—{io“ 4 aw,\‘[p“,'g»’p] - _;_I/i 7',{’)[/?::)0 /??):«S) (JAIiA +3;2:)"§ 9]
(

,L/{/e" (I)P)/'/e/"f) o&)/PofP) {Z"A; ,»3;/4/\)(]? ffi//fﬂ}/

meV

2 o | ) (51}
: b)_li + R0 [/?;pga] o R P Wﬂp’/&)’-]

rnE" ]‘A.”)[/e”o/?%lzl\), /f)( i;\ *g»*/-i«*/'z«..] = 0

mcV

Now, we can re-write Eq. (Sh) in terms of the canonical variables, Qi ,

PX, and for convenience, change to a representation in which the fields

are real (10); then we get
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K%Y +[R%) 1 (R woﬁ)] [R5 aI e 5]
(55)
- Z"- 9/?“‘(/',\) ol/
: 2 #l
where N R N
U= L(F - g A, (56)

Again, we take the classical limit. One has
L1 o yr | _ Aph
fz‘o u'K[/? 'H]' [{fﬂf

A -
= - Oty 49 2t " (3 B lin3)dsde. ©D
AL A ¥ EQAPA +f/: Din ﬂx ?r/(p,;/;/pdg )

which again agrees with Harris' result (1lla).
The next step is to define the average electric and magnetic
fields., We take .
= -
Eow= -1 -7, (58)
and
r— — -
Howr = T % Ao ’ (59)
It is simple to show that three of Maxwell's equations are satis=

P .
fied. First, we take the divergence of £ s giving,
-~ = = >
Vifanz LV how - 0*for

= 0-V N J
_;/,Pr /;3) R ‘/Ju (60)

I

(
AL TR0 dta, ).
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Then, taking the divergence of § one has

5N
Vilew = Fi(Prhu) = (61)
Taking the curl of € 4y, one has
> - -
- _9 = -/
Vefor = -2l % = G%ﬁo«, (62)
The final equation, giving the curl of H is somewhat more involved,

One must calculate Aav and Aav from the oscillator equations. Thus, one
has (using the Q ) instead of qA and qp * for simplicity)

- -

VxH

Vx(PxhAa) = - 7% Aenr

] bt Ax T (4, %

(63)
= 2 AA In (G £k
and N s
Xor = -1 Do =)
¢ 557 b2 -1V (6L)
Consider first % %‘ﬁt av, Ve get, using Eq. (L6), '
é¢ - a ”C‘//?,;gu/’t h /ak,‘(ﬂ.'4 /ﬂt'\. '
’hl'hjl ,Q’-ﬂ‘/ (65)
aRl'.o
But 3,  is given by Eq. (L8), Taking a typical term, one has
/{0 , 7”9
jot,.‘(%)[ R, (p e Aw) _](o., W)= L Mo [dadn! § (o ¢ hed 0 0dt00) BRI
17,7l K T :
A (66)
(P - %A;'ﬁ"V) J("z-/’.'} ﬁml';”;{; = 90,
since in each case, the operator acts on the right coordinate. The other
terms vanish for similar reasons,

- -
Next, consider the form of %—ﬁf" o We get
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97. on- = ot ZAA n.(N((\}A A:j =

o2
‘)2 i,; W[O/‘[/eh 1(& - QA}]‘ e[OA, /?A'l].(l) )10 'f,]ﬂf (67)

The first term gives (10)

74(“{ [ , L (’,i M,’&,,‘Z]f = {i:b /0A &[&m) 04f 04\[&+w,(‘@.j/?r)\)}

- o (68)
= Ja (RA[QAPA -k OAJ) = ‘..‘tl: T/LW(PAB(’)-

The second term gives

YNNI ZON *)]} ,—,,/; wifdloolf o,

Then, one has from Eq. (67)

2 T (B 2% = - 1 3 A T BILR, (W) - s [On Rk Phi]

= +Zw,\‘7'¢(/e°i'm)4 %w([/?o///toﬁ B TP Ay f

(70)
- *2‘ ~ T (A)/?o;'a e 2“ /T(’W,PMA .A)
=1L, wat R eA)An 1§ 24 Arlin A/,
Thus, we obtain finally
v« /TN ~ .é 35- . Q;Z AA fa(”(ﬁ”% U')) (71)
which can be simpllfied somewhat since A A can be written (10)
A 2; é:w. c.nl'& W /‘/4(‘)%,. (72)
Then, one has (10)
A - T ! . e
Z; A/« () ]-4, [/?/ ?n,) /bu(a,) ?J’(ﬂ,); (73}

= T f Ry ridn 2y MR AnR) =
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(" A & - _-— () ] -+
a f R0 t0,)815%4,) o ] wu?’: zﬂn'—[:)(p;;fu.,,)J(;,‘.;;,))) (cont.)

PR N
where l is the unit dyad. Thus, the average fields obey Maxwell's equa=

tions, just as in the classical treatment (1la). This result will be

employed in the next chapter to calculate the dispersion relation for

transverse waves.



CHAPTER V
DISPERSION RELATIONS FOR A QUANTUM PLASMA

In this chapter, applications of the zero-order equations to a
quantum plasma are considered. By means of a perturbation treatment,
dispersion relations for an electron plasma in which the equilibrium
state is the canonical ensemble are derived., The similarities between

these relations and their classical counterparts are discussed,
I. DISPERSION RELATION FOR LONGITUDINAL WAVES

In this section, the zero-order equation derived in the previous
chapter will be employed to calculate a dispersion relation for the fre-
quencies of small amplitude oscillations in an electron plasma when the
transverse modes are of no significance,

The starting point for this calculation is Eq. (23) of Chapter

IV, with the transverse interactions omitted. One has

RO [0 ¢ M fon [R3E8, w15 2o

Here, in the potential energy we have written ]b([f;-;}[) in place
of 1/[?1-;2l since it will prove necessary to introduce a "screened"
potential function later, Now, it is useful to re-write Ed. (1) in.tha

momentum representation, This is

z 307 , 0 5 ,
.- (k,,4,7) *[/7 ) & V,](A,,K,) + (2)
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fpe-z/a’m[/?"'?w, Mnt-"n')]‘k,é:;k%) T2 (eonta)

Now, consider the form of 4)(.}.:1, ko3 -l.cl" ’ 'l.ca"). Since ¥ (fry-ro/)

is a function only of |T1-T5|, one can define two new variables

- -

ﬁ- 7;/* 1 (3)

~

(L)
and find the matrix elements in terms of these. Then, one has for

F Ay < (i) wilind 1R
R L i 75

L (B 41 KM 5)
=4 /0'3,&/’4 He)e (5)

= oy Jlh}- 4 +2‘."-2.)?(1f’w'1 ["7‘*';Zt’),

and the factor |} ¥ comes from the intégration over angles in'r space .and
the factor 1/8 has been included in ¥ .

Now, one assumes that the density matrix for the system can be
written /.

R"° = Frp 6)
where F is diagonal‘in kinetic energies (or momenta) and p is a small
perturbation of the equilibrium density matrix F, due to the presence of
the Coulomb forces. We also assume that the terms of the form £ 2 can

be neglected, This is a linearization or first-order perturbation theory
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similar to that of Chapter III, With these assumptions, Eq. (2) becomes

Fop i) v [peElot (61
L §

W™ [k / PO Wi h 0T
AR AAIREAAY o

(7)

Now, one assumes that initially, the spins are randomly oriented,
and that this orientation is not changed by the perturbation. Then, since
there are no spin terms in Eq. (1), one can sum over spins, The spinless
correlation function for two electrons, assuming random spin orientation,

is (17, 36a)

0 ~ - /0,

Ro thik.f, ') /P{ 4,)/?(4,,4) IP(/ul //?727,4, ®)
Taking the form of R$?0 assumed in Eq. (6), Eq. (8) becomes
R2 = FGA)FER') - L FCbi)FLGY

FFOud)plhab) ek Elisdy)
(9)

[ rry oy > = fe . s
2 FO el ) ~ L pURYIEGh) + O

Now, the next step is to consider the commtator of the potential energy
with each of these terms; that is, the last term in Eq. (7). Taking each

term in Eq. (9) in order and using Eq. (5) one has

Jteadl)"dh, Fh LI FGAY p R EE) = "
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_ Jde PO E AL R FRZL) <
fdhc//t ABISECR) SO0 FORI T L) P/ e ) = VBB HEE ) FORFI G R
= by JFOR) ) YU A0 o) - Wk, KAIFO)FOR) /=

4T [l [ree) i) SUi-R) B U16-l) — (cont.)
T U"-4)) J(Zi'-z‘,/,fm‘,)mi)f -

i $th-5) Yl ( FA) -m‘,’/// Fe)dk,

Now, because the delta function is in the above equation, it will con=-
tribute only for ky' = k. However, for all potentials such that (o)
is finite, this diagonal term will vanish, Now, the matrix element

W(klil') of the Coulomb potential is

| , YT
- M 1
_LPC (I"l") = //u’-AI/ + (11)

This clearly diverges for El = il" This is the reason that we
have preferred to leave the potential unépecified so that a screened
potential can be employed. Henceforth, we shall assume that the potential
is screened so that 4&(0) remains finite, This will enable one to omit
the term in Eq. (10), Similar considerations apply for the second term
of Eq. (9).

In order to avoid an undue amount of algebra, let us consider the
form of two typical terms in Eq. (9), the third and the last, Then the
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other terms can be written in analogy with these, The third term, taking

each part of the commutator separately, gives
Las =/£/k;z//e»”4/z," F(IZ,Z"),o(/'z},E")' 3&(4":41”} [:',[a.) =
SIT [lhsdedh,” FeE) 0, -R) PO -4 &, k) a0k -Lnd, <4)

YIT Jebodb £ Jptik ) B0, o] L) Stitdy A a2
ST FCh) B4 Jop s, Rrlilh),
and
Tow= = folladbia YAy )R tlith, ) 20,22,
- - ﬂzudu' kA sb B F O pORLLE) |
(13)

= —wrﬂ/wé RS h) R [) SR s ) )tk )
= - uT _@-ﬂk,’- Z;/) /-‘(/:,')//oc[,_, 4:*[, ,"[/)Jé.\J

where Tcg" and .122 have been interchanged in Eq. ‘('13) since they are inte=

gration variables, Adding Eqs, (12) and (13) one éets

L, +I;_ = ym Q(“:/"Zl/)/‘F(ZI)' F(Z,yf/oc&, hth?-6 )46 ()

Now, for the last term in Eq. (9) , again considering each part of the

commutator separately, one has

Tuos = -4 [dhs dbl"dh i, () Flon ) VUG £/
= =L [ s ol IO PO I 4 U KR (15

= 20T/ e s ok 4, ) ) UL -2 1 1) -4



Lo Sk
- - ;/T/jlﬁ ‘o(t:,,f,’)F(G) 30//4/"4-’/// (cont,)

and similarly, the second term is

Lo = 4 [l b/t Yk G U R, ) P

= 4 F) [oth, 2" 11 Tl 405 B ) | (16)

Hence, adding Eqs. (15) and (16), one gets

T, = -4 eOid)) Jihy FUes)ar P/, 4 )
vy i) [t 2 FURA A, 4,4,

Without considering each term in detail, one can now write for the other

(17)

expressions:

_7_—,_/ =0 (18)
I.S‘ = -2/TF (Z,}//é; £ (4, 4:;%: 14:)_?%4:-4:”
2T Py 4,') [t FO) DL -4,))

Now, evaluating the kinetic energy commutator and using Eqs. (10), (1L),

(19)

(17)-(19) in Eq. (7), one has

Tt ;,,— "'_,‘Z::(A/”: 'I!lz)/o(gu'/:/’) =

yve* " Fa)) - FUE, L)) Jey ohn, ha b -4,
W' [ F ) )/717(/4,4‘/)/.»/» #4,-4,)

> f 1) ) PO | FUh-l) - WAl

(20)
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U [ O ) PO e oA o o), ot

One now assumes that P ei“jt, whence Eq. (20) becomes

}0(51121 I) = C%-el/.‘:jk’u_ ‘%)/'[/?’4‘,7-;‘(4':!]_?(/5’-4‘,@44‘/4{,{,[!@
£ Ff’tfﬁ’)/%/?@l/ P&z -4 -Pth. -4, o)
+ & J ) ~FE)F s DA Ypll E44:)

Unfortunately, the solution of this integral equation cannot be
effected, However, if one assumes that the contribution of exchange to
the allowed frequencies is small, Eq. (21) can be simplified somewhat,
Let

W = o ey, (22)

ﬁ =/oo(wa)f—ﬂ(w,}, (23)
where ‘1) 1 is the correction due to exchange to the usual frequency. Then,
if quééa.)o and f144 Fo, one can obtain two equations for these quane

tities. These are

[ Wy —a_?“ (k> ,’j]q/;,:’;') (2L)
= A ri-ri JPU) [y i i l),

and

W, ek, by - PN S
Pl ) [ w0 X (4,4 )ffinh) = (25)
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= ‘/l%/%e}/;/:“‘/) - F(@)f?{/i’-f,})/d’bﬁ /4:, '4: fljf'{;)
_,Lfﬂ (4,14,9/444 /C(éi)/_?(/4; ’Z’,/)— %/4:-4;4/ (cont.)

-4 /m‘,/ - mif /a’ A f#4-5/)/o Cho by 1824,

If one writes
T/ 7~
;= kL (26)

N
and integrates Eq. (24) over ky, one obtains

ﬁo/&éjfg‘)a’/z& //_ a3, a)/ Flg)-Feb) e
o) "a-_é; [(/1-;*3/ u/t]

This is the same relation as found previously in the self-consistent

field treatment (Eq, (31), Chapter III)., Now, using Eq. (26) and inte-
grating Eq. (25) over k), taking into account Eq. (27), one has an equa-

tion for LJl, i.e.y
AU/ ﬁ(Z/JZ,#Lz;)/é/ —
o ik [tk sir-4]

s ‘/’ [k, fok F) Pith-t 5 -V
O -:12:‘4[([,,«3‘ 2 ,j/ (28)

£ / /A,/fﬁ #4)- F (42] //;4 " [[/4:—{-:/)/4 4: /Z ntj’)/

w, ié [ ( l{}*;)z- 4,_‘/
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This is the same equation found recently by von Roos and Zmuidzinas (36a).
It can be solved at zero temperature for | qf¢c ’kf]. Since the solution
has already been given by the aforementioned authors, there is little

point in repeating the calculations.
II. TRANSVERSE OSCILLATIONS OF A QUANTIZED PLASMA

In this section an equation which, in the absence of exchange terms,
leads to the dispersion relation for transverse waves will be derived,
The problem is formulated in terms of the average fields discussed in the
previous chapter. Now, however, one assumes that the time dependence of
the fields is arbitrary and Maxwell's equations may be substituted for
the oscillator equation., We employ a perturbation treatment similar to
that of the last section, letting

RO = Ftp (29)
where F is the equilibrium density matrix of the previous section., We
also assume that the sources of the fields are due to the departure from
equilibrium, i.e., one inserts‘/o in the traces. Thus, there must be a
positive background of change to cancel the contribution from F. Finally,
it will be convenient to change gsauges so that

Vo Ant L =0, (30)
i.e., the Lorentz condition holds,

With these assumptions, the basic equations for the particles

(neglecting spin) is, from Eq. (L8) of Chapter IV,

_(7,:_?_;,; ,0,;_2;;7’_-] + e[ F, por | + (31)
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(cont.)

[r, AXGiRpd] (R g = o,

t
(We drop the subscript av for conven-

For the fields,

-
since A is no longer solenoidal,
ience.) 4lso, f%fsz is second order, hence negligible.

one has
v.ﬁ :0/ (32)
- - A 2 ) - o
V& =L P4 -vp=vake o IR, (33)
-1 0
e = " (3h)

and
Gl = Vx(Bxi) = 95 4)-v4 = "/‘th % f¢+‘/@”£f(/°o% T (38)

Now, as usual, one can use the Lorentz condition in Eqs. (33) and (3L),

5
adding and subtracting ?’, %{S,_ in Eq. (3L) to give

(P>~1.2.)¢ = - Vi T bden-A,) (36)
and for Eq. (35) one has
(37

x mn t)
(V -iz%;)/’r - ‘/””47— VINA)
Now, one can Fourier transform Eqs. (36) and (37) in space and time and

evaluate the traces, recalling that
— - a
’U'ziin()b‘%/?/. (38)

One obtains

) s w »
(32~ &) pGe= Itk pi. 4 5)
and
(87 g i) = ULE feed opr#ih0). o

(39)
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(The traces are evaluated as in Chapter III, but now we have assumed con-
tinuous variables.)
Next, we shall write Eq. (31) in the momentum representation,
Since the procedure is quite similar to that in the preceding section,
only one typical term will be derived. (Eor:sider, for example,
(FA-x3)E4+) - /6/4,",/4 "FUAI AR NG D, )

But h s y
ut, one has 1id "5,

@'Jdi’-ﬁﬂ(k ':'4’); / PUits)e <k Aoda?
. L2)
= RS- (w2

where an integration by parts was performed. Also, F is diagonal in k,

so Eq. (41) becomes

[ ) 5 A" AT
= FOR)AGBEY. AL,

The other terms may be obtained in a similar manner. Finally, Eq. (31)

(L3)

becomes, dividing each side by Z" 9

(- Z (hGT= WP pl%y ir5) =

3 PR LR)AF +.£ 2k Lri) 8EF) )

where

AF = F(k+3) - F(k), (15)
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ARF) = kFErs) ~(R4)FCL) (L6)

and p R
é =4 f?/ (L7)
with @ox given by the last two terms of Eq. (21). Now, we note from Eqse
(39) and (LO) that A(‘l.(, Tq#?;) and ¢(§, qu?;) can only be functions of
the difference of their arguments, i.e., of a.
Let us now drop the exchange potential for a moment. Then, divide

ing each side of Eq. (LL) by the term in ¢/, one has

P(E’I:*-f) = % ¢(5-).% +e ,I(z) A(/r.F) e Z'A(yae(l@)

with
D= w_;ﬁ‘[(é‘*z,)z._éj' (LBa)
We can multiply Eq. (L8) by (L Ng/’) and integrate over 1-(: s

using Eq. (39), to get

- e = wni’sn f i Ko/ s P
- S AG) [ Cpdh

wherd ' .. Gyt = Ymve/ny. (50)
Similarly, multiplying Eq. (L8) by (‘/ﬂ;/‘%%: k-) and integrating over k-,

(L9)

one has, from Eq. (LO),
2 /- 2 AN~
[5‘ (w “:c:;«.) A wﬁ» ]{é %‘d{

(51)
%61/4-/A (ke b A
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_ (cont,)
wm‘AM‘}/ ,,q./é‘aFM
Now, Eqs. (50) and (51) can be written
Ae=ZCohy,  (<ijer-y) 2
with
Ay= ¢ (53)

Thus, one has a set of homogeneous equations. The condition that there
be a solution is that the determinant of the coéfficients vanish, This
will lead to the dispersion relation.

Now, let us examine the Cij explicitly, Without any loss in gen=-
erality, one can take 'q' to lie along the Z direction. Then, some of the
Cij will vanish because of the parity of the integrands. (The function

F(k) , as discussed previously, is a function only of k2,) Explicitly,

the cij are
k3 .
C’uq = a%“//eﬁéﬁpéatl (/4,1/:/—3) (5k)
S F) Wni Fh
Cuv= 3k Pl - G5k, 5 | kst B

—_ [5 '(wl*“‘-')“_]cj/«y‘

b
Co = K / AlR)F AL
e = P (36)

(], 2, 3 corresponds to x, ¥, z.)

and
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= W"’-"‘_m/ﬁiﬂ - (52-%0). (57)
Cq‘/ = ~ > 2 < )
Now, let us examine the function D, One has
1 _ 1
P= G [6sht] = b thyg -2 (58)
m M ’

Thus, D is only a function of k3. Taking the first integral in clh’ one

has
Fkr3) kb
C/‘/— _C‘!- /d D(/LJ,j,QJ)

= )ty s FOLE ALY hy1g)2)

—o=

(59)

But, since F is an even function of k) and D does not depend on k;, one
has for the ky integration an odd integrand integrated between symmetric
limits. Thus, the integral vanishes. Similar considerations apply to the

other expressions in Cy) and, in fact, we get

Cuv=0 ,upy (60)
p)
C/q:Ca_t/: Cy/ =Cc./3_:0. (61)
Thus the determinant of the coefficients is of the form

Cu o (@) (9]
o C,, 0 ©

J
Q

) (62)
@) o C33 anf

(&) O Cy3 Cuy
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for which
011 =0, (63)
or Crp = 0 (6L)

are solutions for transverse waves. Although it appears that the dis-
persion relation is still coupled, one can use the Lorentz condition to
eliminate § (or A3), i.e.,
= -4/
zAE. - < ¢ . (65)
Thus, the dispersion relation for transverse waves (neglecting exchange),
using Eqs. (55) and (63), is
LS z
[= L ﬁa,,c)é,ﬂ, (66)
)

me [751_(a{;$%h,9

This expression can be integrated at zero temperature. The result

is

Rl = - TR B
/4/7/-/43) 4514 -8/ -4

~ AU p) . [hart ] - e ),

“S/A-8/ Ahy —A (67a)
tal o[8[ - / 4
st A G
with
b= EGm, (67b)
A = Wt K hm (67¢)
B = w-Kghm (67d)

and kp is the Fermi momentum (33), It hardly seems necessary to state
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that one cannot solve this expression for «J.
Finally, one can examine this expression in the classical limit,

To do so, one should note that

_f.‘“';o Jel3kF — % Fep) (&)

where f is the Maxwell-Boltzmann distribution function (33)., Also, one

has N
Ak=P (69)
JCp) = Ry F(Rhit Ky) - £ (4,) FCRY)
'S

= P,(F(p)ftjl_ff)_ pF
’ %

'S (70)
- b 1%
since q is an arbitrary wave vector. Thus, Eq. (66) becomes
topr _/ “s 2F 3
/= et G (e ) % 3;;;3//3 (71)
e D/
where
Fu s B — 2 L =D’
-t:" D £=>0 wu—xT:g 24 “PY,, (72)

This is the result obtained in the classical treatment (1la). Now, all
the previous considerations depend on the fact that one can neglect
exchange terms. A glance at Eq. (21) indicates that one cannot obtain
dispersion equations when exchange terms are included, Moreover, the

simple perturbation procedure employed in the first section is no longer
useful, since the resulting equations are still coupled.
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However, one expects exchange effects to be relatively small in
most cases and the dispersion relations should be quite accurate, While
it is inaccurate to say that the exchange effects "couple" transverse
and longitudinal dispersion relations, since these cannot be obtained
when exchange is included, it is not unreasonable physically., The ex-
change terms arise from particle-particle (longitudinal) interactions,
but give rise to "currents" which couple the longitudinal and transverse

modes,



CHAPTER VI
SUMMARY

In the preceding chapters, the problem: of formulating a quantum
kinetic theory of plasmas has been examined in detail, It was shown first
in Chapter III that the N-particle self -consistent field solutions give
no new results and offer no advantages over the single-particle selfe
consistent field approach. In Chapter IV, the derivation of kinetic
equations for reduced particle-oscillator density matrices was given,

The hierarchy of ecoupled kinetic equations was decoupled by an expansion
of the density matrices, Zero- and first-order equations were displayed,
and it was shown that by taking several of the lowest order kinetic equa=
tions, the density matrices needed to specify the system could, in prin-
ciple, be founde In Chapter V, the zero-order equations were applied to
the calculation of dispersion relations for collective oscillators of the
plasma, It was found that, in contrast to the corresponding classical
case, separate dispersion relations for longitudinal and transverse waves
were not obtained, This result is due to the presence of particle ex=
change terms in the electrostatic potential. A calculation assuming dis-
tinguishable particles indicates that the coupling no longer exists,

In view of the fact that the equations obtained in this treatment
reduce to the proper form in the classical limit, one can hope that, at
least for the zero-order or "Vlasov" equations, other collective prop=
ertiés: of quantum systems can be studied within the formalism, Although

there is no experiment with which to compare the results obtained here,

they are apparently substantiated to some extent by the correspondence
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principle arguments. Since the entire treatment up to the expansion of
the density matrices in Chapter IV is exact and is based on the Liouville
equation, any inaccuracies must enter in or after the expansion, However,
the expansion is essentially equivalent to a Hartree-Fock treatment,
which is known to be valid for weakly interacting systems,

Perhaps the most critical inaccuracy in the zero-order equations
arises from the electrostatic potential., The fact that this term diverges
at short distances, or in the momentum representation, at long wavelengths,
makes it necessary to assume a screened potential. This must be done on
a phenomenalogical basis and is consequently not rigorous. A second dif=-
ficulty is that when radiation fields are represented, there is no rigor=-
ous justification for the expansion of the density matrix, However, it
is reasonable to suppose that this is possible, just as it is when only
Coulomb forces are considered,

Although the previous considerations indicating the weak points
in this thesis are quite pertinent, it is nonetheless appropriate to indi-
cate future directions of research. Foremost among these is a detailed
examination of a perturbation treatment applicable to a system in which
both longitudinal and transverse electromagnetic interactions are signif=
icant, This study would have mééhing both in the classical and quantum
mechanical realms. Since, as was mentioned earlier, situations exist in
which quantum systems display collective behavior, the arguments for such
an investigation are quite cogent.

Another interesting problem would be to include the spin variables

in the calculations in order to determine their effects on the dispersion

relation. One would expect these terms to contribute to the transverse
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fields,

Again, in relation to the first suggestion, first-order kinetic
equations would contain information about particle correlations, Deri-
vation of a true, irreversible Fokker-Planck equation from these could
be expected to yield information concerning energy losses, etc., in a
quantized plasma, Along these same lines, the determination of the par-
ticle correlation function for a plasma is a quite useful objective.
waever; both of these last two problems depend on the proper derivation
of first-order equations. Consequently, this seems to be the most appro=

priate step in extending the theory,



PART IT

CYCLOTRON INSTABILITIES IN A BOUNDED PLASMA



CHAPTER I
INTRODUCTION

Since the pioneering work of Langmuir and Tonks#* (16) in 1929, the
theory of plasma oscillations has received increasing attention, particu-
larly in the last ten years. One of the major obstacles to the evalua=-
tion of the theory has been the extreme difficulty encountered in the
interpretation of experimental data. However, with the improvement in
plasma diagnostics, it has become evident that oscillatory phenomena play
an important role in the interactions of the particles composing a plasma,
Of particular interest are the unstable modes of oscillation, in which a
small disturbance grows in time or space, eventually disrupting the con-
fined system,

In Chapter II of this part of the dissertation, the oscillations
of a cylindrical shell of plasma in a uniform axial magnetic field are
considered. The formulation of the problem in terms of the two-fluid
magnetohydrodynamic equations is shown to lead to a dispersion relation
for the frequencies of oscillation of the plasma. This disperéion rela-
tion is solved in the limit of short wave length axial disturbances and
under certain circumstances growing modes are predicted. Finally, a

comparison of the results with experimental data is given.
I. REVIEW OF THE THEORY

After the classic papers of Langmuir and Tonks (16), plasma oscil-

*References are listed as in Part I.
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lations were considered in a slightly different manner by A. A. Vlasov
(18), who treated the system of charged particles by means of a modified
Boltzmann equation for each species of particle. Vlasov omitted the
collision term in the Boltzmann equation and calculated the average or
self-cohsistent electromagnetic field by using the particle distribution
functions as sources in Maxwell's equations. After linearization of this
system of equations, Vlasov was able to obtain a dispersion relation for
the oscillation frequencies,

Later, Landau (12), employing the Vlasov equations, showed that
damped and growing modes of oscillation could exist in a plasma for cer=
tain initial configurations. In addition, Landau showed that, in the
most rigorous sense, a proper dispersion relation for a plasma does not
exist, Van Kampen (17:) also demonstrated that for a given wave number of
a disturbance, a continuous range of frequencies is possible.

In recent years plasma oscillations have been scrutinized care-
fully by theorists in an effort to find possible unstable or growing modes
of oscillation in a plasma, since, under certain circumstances, a small
disturbance will propagate and grow either in space or time, preventing
containment. All of these studies, as well as those previously dis-
cussed, are based upon linearized versions of the statistical or magneto-
hydrodynamic equations governing a plasma, and their predictions are con-
tingent upon the validity of the linearization. A recent paper by
Bernstein and Trehan (L) contains a complete bibliography of linearized
treatments as well as the few attempts to study non-linear properties of

a plasma., However, the usefulness of the linear theories, in the absence

of any interesting non-linear investigations, is considerable. In par=-
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ticular, Harris (8-10) has shown that unstable longitudinal oscillations
may exist in a plasma in a uniform magnetic field when the initial ion
or electron velocity distributions are sufficiently axisotrgpic and when
the density of the plasma exceeds a certain critical value, Harris
showed that when the ion cyclotron frequency (Jci became less than the
electron plasma frequency (Vpe , instabilities would develop., This has
particular significance for thermonuclear devices such as DCX, Drummond,
Rosenbluth and Johnson (6) have determined lower limits for instability
for both ion and electron longitudinal oscillations in terms of the degree
of anisotropy of the initial velocity distributions, A similar result
has been obtained by Post (13) for unstable transverse hydromagnetic waves
in a magnetic mirror machine.

A limitation on the applicability of Harris' treatment of longi-
tudinal oscillations arises because this work, liké most other previous
studies, considers oscillations in an unbounded plasma, As yet, only a
few authors have attempted to study finite systems. Thus, one has no idea
how the finite boundaries will affect plasma oscillation frequencies.

For this reason it is of considerable interest to examine the problem of
the finite, cylindrical shell of plasma in a uniform magnetic field. 1In
Chapter II one form of this problem which approximates the situation
existing in the DCX machine of Project Sherwood (2) is examined,

Specifically, the problem consists of an examination of the oscil-
lations of a cylindrical shell of plasma of infinite length and limiting
radii ry and rp. Initially, the ions are assumed to more in Larmor orbits

in a uniform external magnetic field and the electrons are assumed sta-
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tionary. The equations governing the system are linearized and the dis-
persion relation for longitudinal (electrostatic) waves is derived, See

Fig, 1.
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CHAPTER II
SOLUTION OF THE PROBLEM

In this chapter the basic equations governing the plasma are
derived from the Vlasov equations and the range of validity of the theory
is discussed, A perturbation treatment which consists of linearizing
the equations is used to obtain the dispersion relation for longitudinal
or electrostatic waves in a plasma, This dispersion relation is solved
for the oscillation frequencies in the limit of short wavelength axial

disturbances., Criteria for instability are derived and discussed,
I. THE VLIASOV EQUATIONS

As was mentioned previously, the basis for many theoretical inves-
tigations of plasmas is the Vlasov equations. These are a set of coupled
equations for the distribution functions of each species of the plasma

and Maxwell's equations with the distributions used as sources, i.e.,

-é—t-i-\r'vfs *LM—J(Ei‘%XB) +_Ffrﬁ:,].3_17 = 0

and
‘V-X.-E-\ = “é (%) (28)
1B = E M g fhvd, -
-V; 'E = HTl'zs %sff,;d"“v-J (2C)
_V‘ 'B - O) (2d)

where fs is the distribution function for species 's', ¥ is the velocity
and eg and mg the charge and mass respectively, In the term F; are

included all external forces imposed upon the system, while E and B are
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the average internal electric and magnetic fields arising from the charges
and currents within the system,

Eq. (1) is quite similar to the Boltzmann equation, except that
the collision term is neglected. This is a quite common practice in-
plasma'physics, although it necessarily places a certain limitation on
the validity of the treatments, However, for relatively low density sys-
tems in which collisions are infrequent, or for times short compared to
the collision time, it is a valid approximation., The use of the "average"
or self-consistent electromagnetic field in Eq. (1) is, of course,
subject to the same restriction since the distribution functions are
sources.

ﬁnfortunately, the complexity of the Vlasov equations limits their
usefulness, While some exact solutions have been found, most treatments
employ a linearized form of the above equations in which the distributions
and fields are assumed to differ slightly from "equilibrium" values,

Most discussions of plasma oscillations are based on this procedure.

The Vlasov equations yeild information about the change in space
and the change in velocity space of the distributions. In this inves-
tigation, a simplification is possible which will reduce.the number of
variables necessary to specify the distributions, Here, one considers a
plasma of sufficiently low density to make it possible to assume that
there are no random or thermsl velocities., That is, the distribution
function f is written

fs = V3R, £)8 (+-V(7,x). 3)
Now, it is fairly simple.to show that this distribution function

M

satisfies the Vlasov equation provided certain restrictions are placed
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upon N8, the number of particles of type s at a point in space, and N-;S,
the velocity of a particle of species 8 at a point in space., These
restrictions will be seen to comprise the two-fluid magnetohydfodynamic
equations for electrons and ions,
Now, let us consider each term of Eq. (1) with the distribution

function of Eq. (3)e One has

& [100a8) fes- V)] = UG -Tere)+ A/’_g I-7). 207, (k)
- 9 /V’J(v-v‘)] . WS- 7s) ¢ NS ?{s 2 IF-72) (5)
and ”; '5’u— [l/’J(v Vs)] .Er/V‘ 2 I(F - 7s). 6)
Now, we note that from the properties of the delta function,
(v(-—v,{))%na(#-w)z 0, 4izk, 1)
(v<-Vi) g J(G-V‘) =-J(F-V8), L=k, 8)

Thus, one can add and subtract/VdVJluﬂ))to Eqs. (4) and (5), and add Egs.

(k)= (6) to gots
[%e' +» BN RNT V]J(Zr-V‘) NSP VS $¢-7)

PO ) F: 59 I - VS)+/V‘dV‘ 2 Jru- #s)
RS S Yl L (9)

— > V F o ‘-'.
= [%’f-r V-MVJJ(:;—-VS) +[§—,t # 7S py:-ﬁ]dﬁpsa’m v
since T I(F-Vs) = P EF-79), (10)
scg-p) [ T 3w Bz 51 g[G5 g weanepis]s Sti-r)Pass (12)
and Eqs, (7) and (8) have been used. Thus, the distribution function

given by Eq. (3) satisfies the Vlasov equation if

QH* + 7T =0, (12)

é:" o am T % 2. A3
Jr+VS'VVJ‘rEni‘%s[t+{x€]. (13)
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Eq. (L) and Eq. (13) represent "continuity" equations and "equations of
motion" for the particles, They must be used in conjunction with
Maxwell's equations to describe the plasma,

The justification for the use of the Vlasov equations or, equiva=-
lently, Eqs, (L), (13), and Eqs. (2a)-(2d) is simple. Since the most
interesting cases will occur for plasmas of densities ¢ 10lh particles
cm73, it is easy to see that the collision integral will not be needed,
Following the arguments of Simon (22), one can assume that the initial
distribution has been randomized when a particle has suffered a deflec-
tion of 90°, 1In a plasma, the significant interaction for low energies
(non-relativistic) is the Coulomb interaction. It can be shown (22)
that small angle deflections make a more significant contribution than
large angle scatters, since the Coulomb forces are active at long ranges,
The "effective" cross-section for a series of random encounters leading
to a 90° deflection is

e = 80T (£,) (14)
where v is the average velocity of the particles, For 300 kev. protons,
this is 20 .

Oere = s z:c;fzoo""/.é-/o"z) = 1/‘9'/0-2y0m.z (15)

Hence, for a particle density of 10lh cm.'3, the average time

necessary to randomize the distribution (assuming that the magnitude of
the initial velocity is not significantly changed during collisions) is
Teoil. _—_//—Lo_'”v. = ;,L‘,' Yo.0°*7. 109 ™~ 25 dec. (16)
However, the times of observation will be determined by the frequencies
of oscillation of the disturbances, which one expects to be of the order

of Wp , where u4;; b an2(1/hi l/he) is the plasma frequency. For a
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plasma of electrons and protons, this is approximatelys:
4 'Y 23.,p°30) "L .
(‘t ) ~ /4/77/0 Q30 T .. /0 ?4“' (17)

9.70-2?

Hence, one sees that for a relatively long time, the Vlasov equations
are quite useful, In addition, the approximation becomes better for
lower densities since a5c‘l/N%'while tco11~1/N. Furthermore, for DCX,
where the proton energy is about 300 kev and the electron energy about
1/40 ev, the ratio of electron velocity to proton velocity is
ve = g~ /0™, (28)
so it is quite reasonable to assume initially that ?; 2 0. Thus, the
assumptions of the problem as stated in Chapter I are seen to be Justifi=-
able for low densities and in the energy range in which we are interested,
Finally, one finds experimentally in DCX that the average time for an ion
to be lost via charge exchange is of the order of seconds==again much
longer than the period of one plasma gsci;lation.

One final approximation remains to be discussed, As indicated,
in this investigation only longitudinal or electrostatic interactions
are considered., This means that in the low frequency apprqximation, the
displacement current and the perturbed magnetic field are neglected. In
effect, one assumes that W/k&c, This type of approximation has been
discussed in some detail by Bernstein and Trehan (L) and Bernstein and

Kulsrud (3)., When the equations governing the plasma are linearized and
Fourier analyzed (exp i[wt+Q,d.+ kz ), one finds that the transverse fields

are multiplied by factors %. ,wce (aj i is the cyclotron frequency for ions

or electrons), QQJe(u)pwis the plasma frequency for ions or electrons) and
V°/c, Hence, if one restricts the treatment to longitudinal (electrosta-
tic) disturbances, one is assuming that the foregoing quantities are small,

i.00,
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Weifp ) Weefh , LWpifh , Worfp L& C (18a)

Thus the phase velocities of the plasma waves and the particle velocities
must be small compared to the velocity of light,

In view of the fact that this investigation is primarily concerned
with the state of a plasma such as occurs in DCX, some of these require-
ments can be seen to be valid already. For example, the densities con-
sidered will range between 106-108 particles/cm3. For such a system, the
plasma frequency is 108-109 cycles/sec. Consequently, for %«c, the treat-

ment must be restricted to k<1¢m‘1, i.es, to short wavelengths,

For 300 kev protons and electrons at room temperature, it has al-
ready been seen that the initial particle velocities are( 10° cm/sec. s 80
V°/c~0 is a fairly good approximation for the ions and very good for the
electrons.

Finally, the magnetic field in DCX is about 10k gauss. For such a
field, the ion cyclotron frequency is about 108 cycles per second. Thus,
“.;E" will be essentially zero for k<1 cm‘l, again in the short wavelength
region, However, the electron cyclotron frequency is approximately three
orders of magnitude greater than &/ cie Consequently, one must go to very
large k( »100) before ‘-:—“ can be neglected compared with co The restric=
tion on W, the frequency of oscillation of the disturbance in the plasfna ’

must be justified a posteriori, since one does not know what values

will assume until the dispersion relation is solved.
All of the foregoing is simply an expression of the fact (3,).1)
that Coulomb disturbances are most responsible for plasma instabilities,

II, THE DISPERSION RELATION

In the linear approximation one assumes that each quantity can be
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written in the form G°+ g, where G° is the initial value and g is the
perturbed quantity, Powers and products greater than one of the perturbed
quantities are neglected. If the initial quantities are time independent,

Eqs. (4) and (13) become

%o v T(MV e W75+ Te) = o (19)
V3 P - - A= = A -‘J R

Now, in keeping with the assumptions previous discussed, one has

(subscript i for ions, e for electrons):

Vez V. +im (21)
V= hweif, (22)
Ve = 'l—;'e.) (23)
Me= NP ne, (2L)
We = Ne® rhe, . (25)
N = Me® = VOen), (26)
ém)=[o, AR, R >ia 27)
N I, 70,8 h ek,

B =- B2 (28)
E = E. (29)

P
In the above, # is a unit vector in the (cylindrical) aximuthal direc=
tion, 7 is a unit vector in the z direction, W o4 = eBo/mjc and the per-
turbed electric field is written in script rather than lower case, The

resulting equations for the plasma and fields are

o - 4
%%‘ +~7 '[/Vo EVe + T Nte ¢_7: 9, (30)

-, - - = — . A - e -.— .‘\ s 2
?5 # o id Bl ranid + ]+ T Plrwi )= [E Bzl o)
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%%"‘ +?'(A/56?}e,) =0, (32)
g%‘ = .'ﬂ—icz *%c.‘m’x Bo 2, (33)
and
-t —_— a
VeE = —vT @ = yrel(ni-ne). (3L)

Here, since the perturbed magnetic field and the displacement current
have been neglected, & = -f;ﬂ, where @ is the scalar potential,

The problem now consists of solving Eqs. (30)-(3L), subject to
the appropriate boundary conditions., The first step in effecting the
solution is to assume that all quantities can be written

9= gen pi(wzt +Le f—-éz.) (35)

Changing notation, with ;i 3 3,'33 = ﬁ, M; = M and My = m, one can obtain
expressions for the components of the velocities in terms of the compo=

nents of the fields, i.e.,
e L2 Enrar by ,

VUn =
M ey — ,* (36)

e L QUEP - elén

V¢ = m w—:.,i "-(7—61— J (37)
e £
1/-! = M ,Q'._-fz_)-x. ) (38)
with .
€2y = Wrhued (39)
and
Un = _%2 lil)gfl + LLJCQE¢ , (40)

Cee” — CO*
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_ -e AWEP -wre g (k1)
Uug = o )
wCe"‘ -w=
Uz = -¢ _8_-3 (L2)
/m ,:w ’
where B
e Po
Wee = —4:(3_2_ (L3)

At this point it is necessary to emphasize a significant point
with regard to Eqs, (36)-(38) and (L0)-(L2), Although é can be written
as the gradient of a scalar, this is only an approximate relation, sub=-
Ject to the assumptions on the frequencies. But the rate at which work

=

is done on a particle by the field (or vice versa) is simply E « ve

and the average of this quantity over a period T is
=S - 2 2
CEvy =L pelgar. (L)

It is clear that if ; and é were /2 out of phase, this quantity would
be zero, However, the presence of the uniform magnetic field serves
essentially to mix the phases of v and g with the result that they are
no longer [T/2 out of phase and consequently, the time average of the
power is non-zero., This important fact will be useful later in inter=-
preting the results of the problem. At this point it is sufficient to
say that it is the mechanism for energy gain by the particles (fields)
at the expense of the fields (particles).,

Continuing with the solution of the problem, on the basis of

Eq. (35), Eqs.- (30) and (32) become

Ne = = WMo /‘A/ﬂ,,ﬂ..) U -€ ;'{;_;/,(Q)QJ (L5)
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Ne = =No [o(n.a)Un —EFTf /0, (46)

where

Alh, h) = g{ Eth) = Ef,-1) =dn,-1r) . (L7)
Insertion of the expressions for v and u from Eqs. (36)=(38) and (L0)-(L2)

give a relation for nj and ng in terms of 5 o Then, this relation can
be used in Poisson's equation to obtain a final equation for € or

actually, #(r). This equation is

W{dﬂgf{{é ,_(~/\,> )¢--A(/~,,,/7,_)/(_&'z- /7/ (k8)

where
- (f /- €[ wasyv rwisae]{ @
l+w'*
- 50)
W' = e Woe 4 w o J (
th'w wc-'; ‘—c)'.&
/Q’ - _é pe® e, ~ (,ue.f_"wu' , (51)
w Wee = W™ wc“?’—ﬂ;—
[+ w'*
and
Woe = YITHeE
pe /M , (52)
wWee = 4TV f (53)

The boundary conditions on this equation are continuity of the potential

(and regularity at r s O and r = )
Blrir) = @A) (5L)

¢(/?,1 r‘) = ¢(/7¢\ ") (55)



85
and a second set of conditions which may be obtained by integrating

Eq. (L48) over the discontinuities at ry and r,. These are:

d /
Zz/"'*f- M!mr - % -’ e

vy

de/fu— 'Lgi?/fu- = 4?0?/4”“ : o

Note that the latter set of conditions are the discontinuity conditions
-
placed on the normal component of<€ , due to space charges piling up,

i.84y

Ay = YT, (s8)

where A &£ n 18 the change in the normal component of é in crossing the

boundary from vacuum to plasma and 0  is the surface charge density,
The solutions of Fq. (L8) are combinations of Bessel functions

of imaginary argument and Hankel functions. Specifically, #(r) is (the

notation is that of Watson (19))

ALytka) | nen,, (59)
POYZ N AL BPON + Ay HRON), Ryt Lhs, (60)
Ay Kolkn), n, LN, (61)

where the A;(i = 1l...4) are arbitrary constants. In the above, N is the
expression given in Eq. (49) with € (r) replaced by unity, Insertion of
these functions in the boundary conditions leads to a set of.homogeneous
algebraic equations for the constants Aj, i.e.,

Adolkn) = AL AP On) - A HPG0) = o, (62a)

- Az A" () - A3 HEP ) + Ay /{W”‘) :a/ (62b)
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-A, dIe(A") +/4:.[“W1 (An) f-_LD He a"j’As[d'%(MHPfﬁm)] (62¢)

_ J H 0) ) )
/4::[7&6(/\@) +_E fle O }} AJQ‘Z% (An,) +_1€be )(Ani)m,{%_lg(m)___ o (62d)

The condition that this set of equations has a solution is that the

determinant of the coefficients of Ay vanish, i.e.,

I( (kn,) Hg)(M -HP (An) (0]

o ) -HPOM) Kylke,)
=)

"’Iz(kh) [ng)(M) t;"f M)][_ﬁl ) +2 Ha /Ahj O (63)

o [d”z (Am)tP Hi o ] [ A any) t{)#ﬁu//h,) i"/%(bc)

In the above, ZD is the function defined by Eqs. (50) and (51) with
€ (r) replaced by unity,

Eq, (63) is the desired dispersion relation. In principle, one
can solve the equation for the allowed frequencies !/, Of course, it is
apparent that no such solution can be effected due to the complexity of
the relations. For this reason, it is necessary to make some sort of
approximations with the hope of obtaining a tractable expression. This

will be considered in the next section,
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III, THE SHORT WAVELENGTH LIMIT

Fortunately, as will be seen later, short wavelength oscillations
are the most unstable, For this reason, one can simplify Eq. (63) con-
siderably by replacing the cylinder functions by their asymptotic forms,
This requires kry, kr,, )\rl, ro»| o Hence, any roots w of the dis-
persion relation must be consistent with these conditions. The asymptotic

forms of the cylinder functions are:

Tplkn) ~ CM//;A ) (6La)
ke('%/?) ~ 6Jﬂ//elz, (6Lib)
Hhr) ~ QKA'L'/O’/;” (6lic)

_.l‘A"}
h‘ (M ~ e /i (6ha)

Furthermore, the derivatives of these functions are, taking I (kr)

as an example,

%(j&l) 6'(%/: /)Ch 1( r(\) ~ ﬁl?’ (65)

/ iz Y&\
with similar expressions for the other functions. Now, using Egs.

(6ha)~-(6Ld) and Eq, (65) in Eq. (63) gives
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eh’lo ei/"“ _ e—‘:M’ o
Ty T, ”,
ANy .i)h

o et -€ 2" o

Aha /XE*
ha

Nal ‘ -
~ke e -Atp e o
/ﬁn' L)‘ff 4_/,,.1 [ ,‘%' {’ITD.
«)"’u

0 ;Mf]e/f_)_ [_LMP*JC;%% )

| This expression can be further simplified, Multiplication of the

first row by k and addition to row three and multiplication of the sec=-

ond row by (=k) and addition to row four gives

hay ‘ANt ~ M
c —6LA -&% O
‘ﬁ-‘ My n
))hb _L)‘h\‘ hao

- £
o ¢/ . S,

Q [,ux)Jer]e/‘g'[ -A)\+P] O =0 D
' !

[k“)\f‘ ]éﬂ[ L)\Jémj Nh

Expanding along the first column gives a 3x3 determinant which in

turn may be expanded along its third column, yielding
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R(4,~ns) R+ Ml . AN
Ve'_n‘;?\ [ HA+R ] [_k M-P/,,]

[ k +£)\+%,_J%: l—i)\ et P/N_L]cf%:

But, since £ k(r1-r2) nas only imaginary roots and k is real, this factor

may be ihrown away,

This determinant when expanded leads to the equation

[~; ktht %,\_] i- ke +4‘)\. t ﬂ,“)ﬁ- o [ ~k~xN+ %D[kﬂ) f-%]fu: o, (69

where a = ro-rq (70)
and a factor ( )\ 2r1r2)"1 has been thrown away. Performing the individual

multiplications yields:

[Pt Ay tXMih -ahPa +h Pa 42k ’7"7~]€-LM
(71)

-[P—: 1L khhn, - /?.1'/1./7), +hpPa *)‘Ehc +ol P‘\JeJlAq:

re-arranging terms one has

[/ X2k - kM0, - “P_J(C-LM 4)‘) D/’a JAh.luk[e e )f],("?)

or,

[‘ ?D‘:A}r/‘:’l/h 'f'/tPa]*W\)\a: /\Pa - thl\hlh). ) (73)

and finally,

Lo Ao = APa - 2kAA i

Nk - PN P (74)
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Unfortunately, this equation is still somewhat too complicated even to
find approximate solutions, However, if one considers the limit k- ,
it is possible to simplify Eq. (7L) further, Note that the terms in P
are due to the discontinuity in dg/dr at the boundaries., But the

boundary conditions, Eqs. (5L)-(57) can be re-written,

ol = %

d
7’% !np» = gm/m- + bR, (76)

From Fig, 2., it can be seen that as k—»a® , ¢(r1), ¢(r2)-> 0 and the

+ P, (75)

derivatives become continuous, That is,

g%/n- x AkelZ (1-L)
A et i,

where the asymptotic form for T, (kr), Eq. (6La), has been used, But

X h >oe (77)

ko2 implies from Eq. (77) that # > 0, since df/dr->o would imply
physically unrealistic infinite fields. However, if B> 0, one is justi-
fied in neglecting terms in P, This argument can be substantiated in

another manner, One can write Eq. (7L):

ton Bha = Blafyy, —28 , 18)
1= P kb= (3% Pafap 1,
with R =Xx/bh. (79)

Now, the terms in P contain factors k, ry, ro in the denominator and,

from the short wavelength conditions, can be neglected. Thus, Eq. (78)
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becomes
Lo Bta = -7_—‘32—%} . (80)
The roots of this equation can be found only by numerical methods, How-
ever, Fig, 3' indicates the general form of the functions in Eq. (80),

It is clear that the solutions ﬁ n °f Eq. (80) can be written

B'h /,;n;./)”._l_& , (81)

where n is an integer. Of course, one cannot find J n exactly, so
Eq. (81) is not very informative, However, this equation is useful in
one respect, since the dependence of fsn on ka is indicated crudely. In
fact, as ka becomes very large, J n approaches zero for all n.

With the knowledge that the roots .5 n can, in principle, be found,
one can now find approximate solutions for the allowed frequencies of a

disturbance., From Eqs. (49)=(50), one has

K
/- a)pe - 1’ +/.’>nl//+ ..Wez' + Wea. -
11- we;‘_w\— wf,(‘l.— n k.

(82)

[ +Ba> = F(w)

From Fig. i. one sees that of the eight roots of Eq. (82), three
real roots always occur at values of /w /771«/“'. However, in the region
W~ -,chi s pairs of complex roots may occur. From the knowledge of
Harris' work (9-10), these are the interesting roots. Consequently, one

can simplify the above expression if one confines it to the region
U)N-AUJU:.

Then, since
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%‘-"-:=_/_V'_ > 2000,
m

(83)
one can write
U = N ™ “SN
Wee™ ~ Wpe ~ HITNMe™ A y0 X .
We g =-w™ Wt Bo* Bo* (8L)
But for the situations in which we are most interested one has,
Bo ~ 103707 gauss, (85a)
N o~ 10©-108 cppn =3 (85D)
and Eq. (8l) gives .
10°7 ¢ BB <073l . (86)

Therefore, one is justified in neglecting this term for plasmas of pﬂyai-
cal interest in the region considered. Thus, one can examine the new

function g(w ) defined by

a R
|- Woeu> - Wecfag® +3a"( I+ ai_:*-ﬁ:—nﬁ')
(87)

= [+B,*- 200) = 0.

The intersection of g(«w ) with the line 1 +73n2 is indicated in
Fig. 5.‘ Again, it is clear that for certain values of the parameters,
complex roots may appear, In the figure, one bf .five:posaible roots-are
shown; the sixth, which is real, lies outside the region of interest,
Beginning at line A, as the parameters are changed, one progresses to
line B, where there are two pairs of equal, real roots at approximately
-(f+1)W;i. At C, the roots in the nejghborhood of =(f+1)w/os have

become complex, so that there are three real and two cdmplex roots, At
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D, one again has five real roots, Finally, at E, complex roots again

appear.for which the real part of W is
Rtw) ~ - L (88)

In order to determine the conditions for the occurrence of complex roots
as seen in E, the function g(«/) can be simplified somewhat, It will be

seen later that complex roots occur only for ﬁ n<< 1. Furthermore, at

R(W )~ = Leu,i, one has

K o]
> ' kS
(Bn ™ Les zﬂn"%ﬁs__ ¢/, (89)

a2 ¢*
Consequently, one is justified in examining the function G(w ) defined

by
>~ K S
7"‘3/} - e —tp = [+ AR -G ()= O, (50)
// . wr S / /‘3'? | G ()
Now, two of the roots of this expression will be complex if
[ FPL G (W) n, (91)

where O(wW)pip, i8 the relative minimum of the function G( ) in the region
-(ﬂi-l)u)ci (u)(—(ﬁ -l)u/ci. The relative minimum can be found by dif-

ferentiation of G(/); thus
d6 - awed ; qwek = o,
au

(92)

ws (w tdoe, )3
or
e 2
- = [ Wps 4 i
«“ /Z';?‘-) /w""é"““)’ (93)

which gives
w= - £wg £

[+ (_;ﬂn,),g (9k)
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(,()p,,,2~ - ‘”T”G’VM - m
twpr 4N eLs/m m (95)

Inserting the value of ¢/ from Eq. (94), Eq. (91) becomes

rro ¢ s [+ (@) (%)
or Louk 3
gru < /ﬁ;‘[/ +/—3a”f§/ : (97

This is the condition for insbability. One_can see qualitatively
the effects of the boundaries, since (rg-rl) occurs in the expression
for Bn' ‘ ,

The roots of thg dispersion relation now may be found approxi=-
mately. Re-writing Eq. (90), one has

[[1#67%) o™ W™ ] () 1res V5 pi s (%8)
or
Wes W
—_ — -
LL) — /chj, -_— [(,f'lgn).)wl‘wp-eljl/a" . (99)

A sufficiently accurate result may be obtained by letting
W= - b"ci on the right side of the equation, since the correction is
proportional touj pi and is expected to be small compared to - Mi'

Then, one obtains

W - bwey r Ll

[(1+802) s - o2 T (100)
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Now, it is of éqme interest to determine the maximum value of the imagi-
nary part of @ . In order to do this, one may follow Buneman (5) or
Bernstein and Kulsrud (3). Let
Xz wtlwel (101)
and
X = /K(&‘C&. (102)

Then; Eq. (90) becomes

U

(103}

> 3
[+, - e —We:, =o
(X~ tasi)” X~ ’
or

_ > W }']—k

(;‘ ~£.aJu,) = [/ +/gn "E?_ Woee . (10L)
fn the region of interest one has from Eq. (100)
- L

(//'50})"//(/ ~ Lwey > Whp., . (105)

Thus, the right gide of Eq. (10L) can be expanded, retaining only first

order terms, i.e.,

2
XA (/f/fwf}j"[l S Y=( 144, Y, / (106)

One can now take the imaginary part of both sides, noting that

o ) o~ Al z -20mRCR&
-Q(RLL) = &(,XI;&.!MB) = Tl —/X—I." / (107)

8o

—w >
K1 4 (118.2)% | x| ’ o



x| = [(HA" " p::/%c,,a!m.

But one knows from Eq. (101) that

Qx) =R @) = (Ko = = (e n e B e B,

(’/f‘/Jn".H

Differentiating this expression with respect to 8 gives

coa 8 "‘gdm Ween 24 = o,

or

Lo & = + /3.

We choose the phase so that cos 84 0, Then one has

cd}l’\ = —//)_

< 34

Finally, for :Q ( "J)max on obtains from Eq. (110)

and

Rlw)max = (“’““’"ﬁ)‘?f '/E(/(M )
(1+60™) " = (1) B

In addition, when
x 2 \ kS
Wpe>> ( 11823/ L wer,

we see from Eq. (100) that

Ll w) => ]/—%ﬂm; = /%‘ Lwens

100

(109)

(110)

(111)

(113)

(1)

(115)

(116)

(117)
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Fig. & shows one branch of °Jég.pe as a function of # , One
notes that as the density increases, complex roots appear., The imaginary
part of U)/b)pe increases to a maximum and then decreases again, approach-
ing zero, ‘

Finally, it is useful to consider the charge states of the plasma
as represented in various modes, Fig. 7 gives several gimple examples
of the charge distributions. From the values of 4~/ obtained, one knows
that these configurations are rotating at approximate multiples of @he
ion cyclotron frequency, as is the electrostatic potential. In Fig. 8
the electric fields for such states are indicated. It is clear that a
small charge separation can lead to complicated field configurations,
Furthermore, as was mentioned earlier?, the particle velocities are not 4
/2 out o? phase with these fields, so that energy transfer is possible,
Physically, the ions tenq to "bunch," giving rise to large electric '
fields within the plasma, This effect has apparently been observed in

DCX,

*See P. 12,
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FIGURE 8
ELECTRIC FIELDS IN THE PLASMA



CHAPTER IIT
CONCLUSIONS

In the previous chapter it was shown that, under ‘certain circum-
stances, a cylindrical shell of plasma can be expected to exhibit grow=
ing modes. The real part of the frequencies of these modes occurs at
integral multiples qf the ion cyclotron frequency: a result predicted
earlier by Harris (9-10). In addition, the imaginary part of the fre-
quency is dependent upon the density and the criterion for the appear=
ence of éomplek frequencies is quite similar to that found by Harris.

Both of these predictions are borne out by experiment, Barnett
(2) has found large amplitude disturbances in DCX apparently corre=-
sponding tﬁ superpositions of the modes predicted here, These disturb-
ances appear after an initial time dﬁring which the plasma can be .
expedted to have reached a density of approximately 10 particles/cm% v
For a proton plasma with an energy range of 200-300 kev and a magnetic

field of 10b gauss, one has for one centimeter wavelength disturbances,

Ny = \//2)“ % 6_7/'0/08 = bam, (1)
= Vel Sfwed 8""’/0"’ Yer, (@)

From Eq. (97) of Chapter II, the critical density for / 1 and /6 /ka

N =¢b" m B> o~ 250803
© e 4/7'8"[/+(};))§}3 @)

Although this agrees with the experimental figure given above, one should

is

exercise some caution in attributing quantitative significance to the
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predictions of this calculation, due to the approximations made and also,
due to the present uncertainties in experimental data. However, qualita-
tively the theory is surprisingly good, The critical density predicted
is certainly correct within anorder ofmagnitude. Furthermore, as mentioned
before, the instabilities are observed after a finite time following
turning on the beam, One can interpret this to mean that the plasma must
build up to the critical density before becoming unstable,

Besides the aforementioned data, intense radiation, almost at
integral multiples of the cyclotron frequency, has been observed in DCX,
Due to the intensity of the radiation, it is believed that it must be
coherent and therefore, attributable to collective oscillations of the
plasma, Experiments with OGRA, the Russian counterpart of DCX, also
indicate that the plasma radiates at multiples of the cyclotron fre-
quency (7). However, it is not clear whether this is coherent or in-
coherent radiafion.

It is apparent that from a qualitative viewpoint, the calculations
presented in this study are valid, However, some weak points should be
noted,

First, of course, the entire treatment is linearized, while a real
plasma'résponds in a distinctly non-linear manner, This can be seen very
simply, If, for example, the ion density were actually oscillatory, even
with a growing ampliﬁude modulation, eventually it would become negative--
a physical absurdity. Unfortunately, exact, non-linear treatments for
physically interesting situations are, at present, beyond one's ability,

A second objection--one which may be more easily corrected--is the

restriction of the tregtment to longitudinal oscillations, While it may
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be quite true that the Coulomb forces are initially responsible for the
appearence of unstable modes, it is apparent that there must be some
coupling between these and the radiating transverse modes, Harris (lla),
considering the infinite plasma, has indicated that this can occur for
certain types of velocity distributions.

Finally, the announced purpose of the study, to determine the
effects of the finite size of the plasma on the dispersion relation, has
been accomplished to a very limited degree, Unfortunately, present experi=-
ments can give little indication of the accuracy of the present treat-
ment in this réspect. The advent of DCX-II, a larger machine with a more
homogeneousrﬁagnetic field, makes it desirable to refine the calculations
to determine more accurately the effect of the boundaries, However,
since such a treatment will require extensive numerical calculations,
one should a;so include th§ transverse fields to increase the validity

of the study,
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