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CHAPTER I
INTRODUCTION

The determination of the nature of beta interaction has been the
subject of investigation for several years. The experimental con-
firmation of parity breakdavnl in nuclear beta decay opened a new field
of experimentation, and a very clear understanding of the main interactions
has emerged from the "post” parity experiments. The experiments, to be
briefly described below (Section I), lead uniquely to the vector and
the axial vector interactions; but have no bearing on the pseudoscalar
interaction. In Section II, it is discussed why these experiments do
not have any bearing on the pseudoscalar interaction; them the experiments,
which can best determizne the existence, and hence, the contribution, of
the pseudoscalar interaction are described (Section III). It is the
purpose of this dissertation to discuss the pseudoscalar interaction by
formulating2 the theoretical exprassions for these experiments and by

comparing them with the existing experimental data.

1c. s. Wu, E. Ambler, R. Bsyward, D. D. Hoppes and R. P. Hudson,
Phys. Rev. 105, 1413 (195"{). The hypcthesis of nonconservation of parity
in B decay was originally suggested by T. D. Lee and C. N. Yang, Phys.
Rev. 104, 254 (1956).

2We follow the formulation of the pseudoscalar interaction given
by M. E. Rose and R. K. Osborn, Phys. Rev. 93, 1315 (1954).



I. EXPERIMENTS INDICATING VECTOR AND AXTAL VECTOR INTERACTIONS

(a) One consequence of the parity breakdown is that the p particles
are longitudinally polarized in the nuclear beta decay. The longitudinal
polarization of g particles has been measured in many cases of "allowed"
beta transitions ,3 and the results for B~ a.ndB+ are - % and % respectively
within an experimental error of 10%. Here ‘E'- is the ratio of the
particle velocity and the vacuum velocity of light.

(b)ﬂ The particle of spin -é— and mass zero accompanying B~ emission
is called an antineutrino, and for a"' emission, it is called a neutrino.
To explain the experimental polarization data, the vector and the axial
vector interactions require the neutrino to be "left-handed"; whereas
the scalar and the tensor interactions demand the neutrino to be a "right-
handed" particle. The left-handed and right-handed particles have
negative and positive helicity respectively. The experimental obser-
vation of the neutrino helicity was made by Goldhaber, Grodzins and

4

Sunyar.® This experiment involves Eul?2 (07), which by K-capture goes

3C. S. Wu, Proceedings Rehovoth Conference on Nuclear Structure
(North-Holland Publishing Company, Amsterdam 1958), p. 359; and J. Heintze,
Zeits. fur Physik 150, 134 (1958). For a recenmt summary of B polarization
measurements, see A. I. Galonsky, A. R. Brosi, B. Ketelle and H. B.
Willard (to be submitted for publication in Nuclear Physics).

l‘M. Goldhaver, L Grodzins, and A. W. Sunyar, Phys. Rev. 109, 1015
(1958). This has been confirmed by I. Marklund and L. A Page, Nuclear
Physics 9, 88 (1958).




to the excited state of Smi 2 (17); which in turn decays by a dipole

gamma transition to the ground state of Sm152(0+).

By observing the
resonance scattering of these gamma rays in Sm203, only those y-rays,
which go in opposite direction to that of the neutrino, were considered.
The y-ray helicity is the same as the neutrino helicity. The y-ray
helicity was found to be negative and therefore the neutrino helicity
is negative.

(c) Thus the experimental data on B longitudinal polarization in
allowed transitions and the helicity of the neutrino lead to the vector
and the axial vector interactions. The relative sign and stfength of
the vector and axial vector interactioms are fixed by the nuclear B tran-
sitions, where these interactions interfere. The most informative and
carefully analyzed case is that of a polarized neutron tramnsforming into
a proton with the emission of an electron and an antineutrino. Burgy et
315 measured the anisotropy of the electron and the antineutrino with
respec% to the spin direction of the neutrdn... The result of this ex-
periment is that the relative sign of the vector and the axial vector
coupling constant is negative. Comparison of "ft-values" (camparative

half lives) of a neutron and 0lh

gives (1.21 ¥ 0.03) as the ratio of the
absolute magnitudes of the axial vector and the vector coupling constants.

The B interaction in the form of V - 1.2A law is consistent with the other

5M._T. Burgy, V. E. Krohn, T. B. Novey, G. R. Ringo and V. L.
Telegdi, Phys. Rev. 110, 1214 (1958) and Phys. Rev. Letters 1, 324 (1958).
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experiments on "allowed” beta transitions. To understand why the ex-
periments on "allowed" transitions do not have any bearing on the pseudo-
scalar interaction;, we give below the classification of the allcwed and

the forbidden beta transitions which is commonly used.
II. ALILOWED AND FORBIDDEN TRANSITIONS

The most general parity nonconserving interaction hamiltonian

E 2 3
density for the nuclear B decay“ is

* .
A number of recent review articles appear in the literature. See
references T, 8, 9, 10, 11, 12,

7Inv:lted papers at the Conference on Weak Interaction, Gatlinburg,
Rev. Mod. Phys. 31, 782 (1959).

8y, E. Rose, Handbook of Physics (McGraw-Hill Book Co., New York,
1958) p. 9-90.

9D. L. Pursey, Proc. Royal Soc. of London, Series A, 2h6, khh (1958).
10 7. Konopinski, Avrual Rev. Nuclear Science 9, 145 (1959).

llM. Deutsch and O. Kofoed-Hansen, Experimental Nuclear Physics
Vol. III (John Wiley and Soms Inc., New York, 1959) p. 427.

12y, Smorodinskii, Soviet Physics Uspekhi 67 (2), No. 1, 1 (1959).

*ox
M. E. Rose, reference 8.
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5 * »* .
H - Zl (\PP .ﬂx \PN) . (\-\Je nx‘_Cx+Cx 75j\'|}v) + hermitian convjugate (1.1a)

The summation over x implies the five possible interactions. The first

term represents P~ emission, and the hermitian conjugate of this gives the
B+ emission. Cx and C;C are generally called the parity conserving and parity
nonconserving* coupling constants. ﬂx is a 4 x 4 matrix and in terms of

the y-matrices which obey the following commutation rules:

YooY +tIm 7 =2 é/v»,u (Mand V =1, 2, 3, 4)

Let -ﬁ.x; 7Y Ox. Then 0x has the following forms for the respective inter-

actions
Scalar 1 (one component)
Vector T (four components)
Tensor Wi Aty (six compbnents)'
Axial Vector 7.7 (four components)
Pseudoscalar 7s (one component)
Making use** of 7, = -ﬁ&k (k =1, 2, 3);71+ = =B , we write (1.1la) as
H-= xil Hx + hermitian conjugate. (1.1v)

where

* ]
It is the occurrence of the cross terms between cx and C_ that
X
give the parity nonconserving effects.

* 1 0 , [0 &
‘In this representation: g - o -1/’ aqd & o

1 . G =ay, =2
= 0 1 E] 75 = 7172737,4’ 75 = 75 =G o



By = (W) (Yap Legregrs] W )

By = (WL [ty 1) - (WY (Ve Topeyry & )
iy = (Y23 W) (¥ [opoprs] ) + (Yppd\) (Whd Lepeprsy )
H, = (g e\ (g & [cA+c‘;75] R (W;75\PN)(LV:75 [CA+C;75] Y )

* * t
* *
In equations (1.1), l{’P and.\*/e represent the creation operators for a
proton and an electron respectively, whereas k*)N and \+L are the de-
struction operators for a neutron and a neutrirno in the negative energy
state. One can comsider a neutron and a proton as the two states of a
nucleon, and we define an operator Q which trausforms a neutron into a

proton. Thus we can write the equation (1.1a) as
N i o
HB - 2& Q - (\‘Penx [-cx+cx75] % ) + h. c. (1.1c)
x

Strictly speaking, the setting up of the interaction hamiltonian
density for the four fermioms is s field theory problem and cne requires
second quantization of the field amplitudes to insure the Pauli exclusion
prrinciple and to describe properly the creation and the destruction of the
particles. The usual field theoretic.? approach is to set up the first
order perturbation theory formula for the transition probability between
the initial and the final nuclear states. Then in this formula, \.Ve‘and
% are treated as the proper Dirac wave functions. Using the relativistic

units (A = ¢ = mg = 1) the transition probability for B~ emission between



T
the initial and the final nuclear states, represented as L+)i and \J)f, is

given by the following:"

"SE“S‘_(H&*'EF (1.22)

F is the density of the final states and_E; is the summation over all un-

observed observables.

A
fie S [rra S 000 w0 in, a1 4O, G

In (1.2b) beta interaction operator is written in the space of the kth
rucleon and the lepton covariant (qIZJ\x LCX+C;753 9{ ) is to be evaluated
at the position X of the k-th nucleon. The integration is over all nuclear
co-ordinates and it is to be summed over all nucleons.

The selection rules for the allowed and the first forbidden beta
transitions depend on the rotational properties of the interaction operators
in the nucleon space. The Coulomb effects on the B particle do not in-
fluence the rotational properties and as such, in the following discussion,

the electron and neutrino are represented as Dirac plane waves.

~ ip'r
L*; =Y € (1.3a)
Y oou, o iEF (1.3b)
S Y °

In (1.3), D and g are the (physical) momenta of the electron and the anti-

Y
neutrino respectively. Letting P =D + q; substituting (1.3) in (1.2)



T 2
x75] u, )X‘L{/;Jlx e - ¥, l (1.2¢)

r, 1s the position of the decaying nucleon and r, $ nuclear radius (r).

k
In the above we have introduced the conventional notation#

-iP-7

A 5 =3
2 am...d T\WeV (k) e cz(k)\-}'i j\.rf‘nx e LV
k=1

P is at the most as large as 10 (in mec units), r = 0.02 % for A = 2103

therefore Pr ~ 0.2. In general Pr << 1. Using the Raleigh expansion

P F 2( i (ees) JL (r) 3, (B9 (1.ka)
—) ¢ =¢ 4L
T ek Y (1) ST g¢ y ®y @
4

4

- £ x
TS AFhY Oy ® (1.40)

In arriving at (1.4b), we have used

and

13L @)z r y“(?)

We write (1.4b) as



oiPeT ___f ae,M\j:‘ (¥) (1.5a)
£>M

where

, e X
TR ol A Sz

Substituting (1.5a) in equation (1.2c)

* t » /_ 2
vee S [Zwem (620750 ) 2. 24 f Yelulf, @ Q) 8
X e;M
(1.24)
Now ﬂx is a tensor of a certain rank, depending upon the inter-

action. For example, Yl_ =8, 1, 75, 1375 are zero rank tensors, because

X
these are scalar under three dimemsional rotation. ILet us denote them by
'l‘o(flx). Similarly whenﬂx =BZ, ¢ , q, B3, Jlx is a tensor of rank
one and let us represent it by Tl(Jlx). In the nuclear matrix element

of equation (1.2d4), we have

ﬂx'\dzm () = 7 M) 'y; (- ;L=0o0rlL-=1l
=2 bpgy T (N, ) (2.6)
A .

* —
where bL 3 is a constant, which for our discussion is irrelevant. Sub-

*

brea = c(Lex;m-M, M, \r) 18 a Clebsh-Gordon Coefficient.

Le
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stituting (1.6) -in (1.2d) we have

* ' * o 2
e Q’TS ’i (g, (CC75] vy ) 2 %e¢,M bL,LxJ\Vf T:tJlx’r)Q\ﬂ.‘ ’
X

;M2
(1.2e)

T:A' are the components of tensor rank A where, in steps of unity,

[RETA RS, £¥ 4 (1.7)
Thus L, e and A must form a triangle 5 and we represe:nt it as & (Ll ).
This notation will be used wherever needed. To conserve angular momentum
in the nuclear matrix element of Eq. (l.2e), we must have & (wai). e
and J ; are the spins of the final and the initial nuclgar states. If we
represent the parity of TX(J)’:’?) as :t(Tx), then .ﬂf’ti = :t('.l'x). In the
Raleigh expansion, Sl.Sg) , we get the leading term, when ¢ is zero. The
higher the value of 2 s the smaller is the term in the expansioh. Also
from Eq. (1.1') we observe that the even operators (in the Dirac sense,
like B) appear on the left side and odd operators (in the Dirac sense,
like ) appear on the right-hand side. As pointed out earlier, these
opera‘borsvin the'nuclea.r_ space are 4 x 4 matrices. In the nuclear matrix
elements the even operators connect the large component with the large
component and the small component with the small components of the nuclear
wave functions involved. On the other hand, the odd operators comnect

the large and small components. The small component is of the order %

of the large component. As such the even operators with the leading term
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of the Raleigh expansion (for L = 0) give maximum contributions to the
transition probability. Such transitions, for which the selections are

given by A (qui) and x = n('r)‘), and which have the largest tran-

£71
sition probability, are called allowed transitions.

Now we also note that for the pseudoscalar interaction, only an
odd operator 375 (a zero rank tensor) is involved. Therefore, the max-
imum contribution of this interaction arises from the selection rules
A(T £0J i) and Ax = - 1. Now, if there were no other interactions in
nuclear B decay, then this transition (43 = 0; Ax = - 1) would be
called an allowed transition. But we know that there are other inter-
actions (the vector and the axial vector) which have much larger contri-
butions; therefore the transitions with these selection rules are called
first forbidden.

In the first forbidden beta transitions the contributions to the
transition probability come from

(1) Tne even operators with the term in the Raleigh expansion for

£ = i.
(2) The odd operators with the term in the Raleigh expansion for
L-o.

The selection rules for the first forbidden are |&J| =0, 1, 2
and At = - 1.

In Table I we list the nuclear operators for the allowed (n = 0)

and the first forbidden (n = 1) transitions. In Table II, we explicitly
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TABLE I
NUCLEAR OPERATORS FOR ALLOWED (n = O) AND FIRST FORBIDDEN (n = 1)
TRANSITIONS
L, Interaction n(.ﬂ_x) T, Rank A K(Tx) n
Even Operators
B Scalar + B o] + 0
Br 1 - 1
1 Vector + 1 o + 0
T i - 1
5] & Tensor + B & 1 + 0
B&-T 0 - 1
BE x P 1 & 1
B(}!Tzrz-c T) 2 - i X
& Axial Vector + 2 1 + 0
Sor 0 - 1
& xF 1 - 1
*(36=r -&-F) 2 il
3T, T -
0dd Operators

- -

(o Vector - Qa 1 - i
8a Tensor - BY il - 1
75 Axial Vector - 75 0] - 1
375 Pseudoscalar - . 675 o - 1

= SR

*
One component of the tensor has been shown.
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TABLE II

ANGULAR MOMENTUM AND PARITY SELECTION RULES FOR
ALIOWED AND FIRST FORBIDDEN TRANSITIONS

Interaction T, Ax YNGRy )
Allowed:
Scalar B 1 2(3,3.0)
Vector 1 1 a(T iJfO)
-

Tensor BE 1 A(JiJfl)
Axial Vector = 1 c;(JiJfl)

First Forbidden
Scalar Br s a(3,3.1)
Vector r -l a(J,J.1)
o -1 a(3,3.1)
Tensor Be T -1 NG 1. i;.'('J)
BE x T -1 a(J3,3,.1)

* - o>
B(3 crzrz-c-r) -1 A(JiJf2)
Axial Vector &7 -1 a(J iJfO)
oXT -1 4(3,3,1)
* e ™ )

(3 ,T," GT) -1 a (Jisz)
Pseudoscalar B7s -1 a (JiJfO)

ST

*Only one component of the tensor is indicated.
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give the selection rules for the allowed and the forbidden B transitions.
In general, the nth forbldden transition has the followlng selection rules

&J =n, n+l forn )1l

ax=(-)"

II1. EXPERIMENTS FOR INVESTIGATING THE PSEUDOSCALAR INTERACTION

Due to the parity selection rule, the experiments on the allowed
beta transitions do not have any bearing on the existence of the pseudo-
scalar interaction. The operator B75 (in the nucleon space) is a zero
rank tensor and has odd parity. Therefore, the pseudoscalar interaction
contributes when A J =0and Ax = - 1. The pseudoscalar and axial
vector interactions contribute to nuclear transitions with J hE J P = o)
and X = = 1. Generally this type of transition is written as 0 => O
(yes). Since the nuclear matrix elements are very hard to evaluate they
are treated as parameters, which are adjusted to fit the experimental
data. Though, in principle, the contribution of the pseudoscalar inter-
action can be determined also from transitions (J =9 f-.f 0; Myx, = - 1)
where the pseudoscalar, axial vector and vector interactions contribute,
there are more unknown (nuclear matrix elements) parameters, thus making
the analysis harder. The best cases for investigating the existence of

the pseudoscalar interaction are 0 = O (yes) transitions because the

vector interaction does not contribute at all. With the known negetive heli-

city of the neutrino, the pseudoscalar and the axial vector interactions,
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taken separately, give opposite longitudinal polarization of P particles.
The relevant experimental data on 0> O (yes) transitions are

(1) The B spectrum
(2) The longitudinal polarizatiom of B particles.

‘ 166
At present, 0 =0 (yes) transitions occur in the decayl3 of Prllm, Ho 2 r

Celhh, 152 206

Eu™”, and possible T1 .

IV. STATEMENT OF THE PROBLEM

The problem, considered in this dissertation, is to investigate
the existence of the pseudoscalar interaction in the interaction hamil-
tonian density for the processes of nuclear-beta. decay, by:
(1) Formulation of the theoretical expressigns for B longitudinal polar-
ization and the B spectrum in 0 = O (yes) tramsitions with the correct
form of the pseudoscalar intera.ction2 and the axial vector interaction.
(2) Making an extensive numerical analysis of the presently availdble ex-
perimental data, using the derived formulas, with the calculated electronic

*

functions, which include accurately the nuclear finite size and the effect

*3
due to finite deBroglie wavelength.

l3D. Strominger, J. M. Hollander and G. T. Seaborg, Rev. Mod. Phys.
30, 585 (1958).

*
M. E. Rose, Phys. Rev. 82, 389 (1951); M. E. Rose and D. K Holmes,
Oak Ridge National Laboratory Report No. 1022 (Unpublished).

%
M. E. Rose and C. L. Perry, Phys. Rev. 90, 479 (1953)
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The remainder of this chapter summarizes the history and the
present status of the pseudoscalar interaction in nuclear B decay. In
Chapter II we find an expression‘for the iﬁger&ction hamiltonian density,
by removing the odd operators with the Foldy-Wouthuysen transformation.
Also the representation and notation used is discussed. In Section I of
Chapter III, time-dependent perturbation theory is outlined and the
asymptotic wave function of the beta particle is given. After a
brief discussion of the polarization operator im Section IIA, the main
problem of longitudinal polarization and B spectrum is set up for O — OJ
(yes) transitions. After assuming time reversal invariance in weak and
strong interactions and the two-component theory of neutrino as valid, we
give the resulting formulas for the B longitudinal polarization and spectrum
in (3.35) and (3.37) on pages 89 and 90 respectively. The relevant ex-
perimental data on O — O (yes) transitions are'summarized in Section II
of Chapter IV. In Section III of Chapter IV, after a brief discussion
of finite nuclear size and finite deBroglie wavelength corrections, the
methods of analysis are described and results are given. Chapter V con-
tains the conclusions of this investigation and a discussion of these
conclusions. In Appendix A, for clarity, the symmetry relations of
Clebsch-Gordon coefficienfs, Racah coefficlents and X-coefficients are
listed along with some "relations" which already exist in the literature.
Appendix B contains the neutrino wave function in <+the negative energy state

in (Section 1), and the general expression of P matrix elements for the
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axial vector and the pseudoscalar interactions is worked out in detail .
in Section II In SectionIII of Appendix B the results of Section 2 are
specialized to 0 = O (yes) transitions. Appendix C shows fhe details
of a certain Racah recoupling in Section 1, and a short discussion of
time reversal invariance in strong and weak interactions in Sections 2
and 3 respectively. Appendix D lists the expressions of certain functions
(introduced in polarization expression of Chapter III) up to order R (the

nuclear radius).

V. HISTORICAL BACKGROUND

In 1934, Fermilh formulated a field theory of beta decay in close

analogy with the field theory of electromagnetic radiation. He considered

only the vector interaction by taking the interaction hamiltonian density
* * *

as a scalar product of two k-vectors (“VP"“"‘ kVN) and (Y 77m ¥ )-

Soon it was realized that one could make other possible com'binations15

in the interaction hamiltonian density, and they are called the (1) scalar,

(2) tensor, (3) axial vector, and (4) pseudoscalar interactions. In the

4E. Fermi, Zeits. fur Physik 88, 161 (193k).

*
A h-vector transorms under Lorentz transformation as do x, y, z,
ict.

15H, A. Bethe and R. F. Bacher, Rev. Mod. Phys. 8, 189 (1936).
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setting up of the hamiltonian density, the following were assumed:

(1) The interaction hamiltonian density is hermitian so as to
treat e~ and e’ on the same footing.

(2) The beta interaction is direct, i.e., no derivatives of the
field amplitudes exist.

(3) The beta interaction is local, i.e., the field amplitudes
are taken at the same space-time point.

(4) The classical beta hamiltonian was, a priori, considered a
scalar. The experimentl proved it otherwise.

In equation (1.1) setting C; equal to zero gives the classical
beta interaction hamiltonian density.

In 1941 the theory of forbidden beta transitions was given by

17,18 The ex-

Konopinski and Uhlenbeckl6 and extended later by others.
perimental data on B spectrum, half-life and electron-neutrino corre-
lation were compared with the theory to determine the nature of B

y
interaction. The energy dependence of the B spectrum in allowed tran-
sitions indicated that there is little or no interference between the
vector and the scalar interactioms nor between the axial vector and the

tensor interactions. The above statement is generally expressed as

16g, ;. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 308 (1941).
17E. Greuling, Phys. Rev. 61, 568 (1942).

18, 1. Pursey, Phil. Mag. 42, 1193 (1951).



19

20

that the Fierz interference19 terms are almost absent. As late as

September 1957, the scalar and the tensor interactions were considered

as the main 1nteraction321 mostly due to erroneous results of Rustad and

Ruby.22

2,23,24,25
16,18

From 1952 through 1957, several authors expressed doubts

about the correctness of the conventional treatment of the pseudo-
scalar interaction. In the conventional treatment the parameters
describing the lepton field were considered as independent of those
describing the nucleon. In the "new" formulation of the pseudoscalar
interaction a gradient operator appears, which operates on the lepton co-

*
variant. As an illustration Rose and Osborn2 applied the formula for the P

spectrum in O — O (yes) transitions using the pseudoscalar and the tensor

194, Fierz, Zeits. fur Physik, 104, 553 (1937).

20J. B. Gerhart, Phys. Rev. 109, 897 (1958): gives by = 0,00 T 0.12.
R. Sherr and R. H. Miller, Phys. Rev. 93, 1076 (1954): gives
bG.T. = - 0,01 - 0.02.

2lg, J. Konopinski, Proceedings Rehovoth Conference on Nuclear
Structure (North-Holland Publishing Company, Amsterdam 1958) p. 318

22B. M. Rustad and S. L. Ruby, Phys. Rev. 89, 880 (1952).

3, Ahrens, E. Feenberg, and H. Primakoff, Phys. Rev. 87, 663 (1952).

2hT. Ahrens, Phys. Rev. 90, 974 (1953).

(1057) 23G. Alaga and B. Jaksic, Glansik Mat-Fiz. i Astr. Tom. 12, No 1-2
1957).

*Reference 2 contains an excellent discussion. See also Chapter II
of this dissertation.
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interactions to RaEj but it turned out later that in RaE (Bi ) the

beta transition was 1 — ot. Laub:l.‘cz26 and Zyrizamovza.27 made a detailed
analysis of 0 = O (yes) in Prlm‘ using the Rose and Osborn formula for
25

the B spectrum. Alaga and Jaksic™ - applied essentially the Rose and

Osborn formlation with some extra parameters describing the nuclear

forces effect, to the analysis of p spectrum of O = O (yes) in H0166.

Alaga, Sips and 'I‘adicae'also consider a tensor and the pseudoscalar

interaction for the analysis of B spectrum of Prlm". At present, our
knowledge of nuclear hamiltonians is not adequate to calculate the nuclear
matrix elements, and in the usual treatment of B decay, these nuclear
matrix elements are considered as parameters. Alaga and Ja.ksicas‘ intro-
duce more parameters depending upon the nuclear forces. Now. if one did
know how to calculate the nuclear matrix elements, with some confidence,
then it might be interesting to see how many other parameters (depending
on the nuclear forces) are required to fit the experimental data. But
with our present knowledge of nuclear forces, it is neither practical
nor desirable to complicate the theoretical calculations with such para-

meters.

26y, J. Laubitz, Proc. Phys. Soc. (London) A69, 789 (1956).

271.. N. Zyrianova, Bull. Acad. U.S.S.R.--Physical Series 20, 1280
9
(1956). (Translated by Columbia Technical Translation, New York).

28;. Alegs, L. Sips, D. Tadic, Clansik Mat-Fiz. i Astr. Ser. II,
12, 207 (1957).
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After the experimental verificationl of the breakdown of parity
symmetry law in beta decay, a number of experiments on the longitudinal
polarization of B particles, the anisotropy of B particles from oriented
nuclei, and B-y (circularly polarized) correlation were done. 1In the
meentime Lee and Yang,29 Salam;o and also LandauBl gave independently
what is termed as the two-component theory of neutrino. Also following
different approaches, Sudarshan and Ma.rshak,3 2 Feynman and Gell-bhnnB 5
and also SakuraiBh proposed the vector and the axial vector theory of B
decay. As pointed out earlier in this chapter, the experiments on the B
longitudinal polarization in allowed transitions, the experimental de-
termination of the neutrino-helicity and the anisotropy of e~ and 2 from

the polarized neutron, uniquely indicate the vector and the axial vector

interactions. These interactions are consistent with the electron-neutrino

29p. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957).

30y, salam, Nuovo Cimento 5, 299 (1957).

3. Landau, Nuclear Physics 3, 127 (1957).

32R. E. Marshak and E. C. G. Sudarshan, Phys. Rev. 109, 1860 (1958).
R, P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 (1958).

343, 3. sakurai, Nuovo Cimento 7, 649 (1958).
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correlation experiments on He",

As a consequence of the above development leading to tpe V-A\A law of
be}a decay the-pfévious estimat?svbf the pseudoscalar interacﬁioﬁ based on
the analysis of a mixture Qf the»tepsor and the pseudoscalar inte;action,
are no longer correct. Recently the beta spectrum of Prlhh (07—9‘6+) has
been studied experimentally.38’59’ho Graham et al38 set up an upper limit
for the pseudoscalar interaction using the Rose and Osborn formula2 with the
axial vector and the pseudoscalar mixture. To investigate the existence of
the pseudoscalar interaction one must consider all the experimental data in
any pgrticular B tramsition, and the best tramsition as pointed out earlier,
is 0'490 (yes). Apart from the B spectrum, we have additional information

gbout the B longitudinal polarization. A number of treatmfentshl’he’h5 of

554. B. Hermannsfeldt, R. L. Burman, P. Stahelin, J. S. Allen and
T. H. Bird, Phys. Rev. Letters 1, 61 (1958) and J. S. Allen, Rev. Mod.
Phys. 31, 791 (1959). Also see F. Pleasonton, C. H. Johnson and A. H.
Snell, Bull. Am. Phys. Soc. L4, 78 (1959).

365, B. Gerhart, Phys. Rev. 109, 897 (1958).

37W. B. Hermannsfeldt, J. S. Allen and P. Stahlein, Phys. Rev. 107,
641" (1957). -

3®R. L. Graham, J. S. Geiger, and T. E. Bastwood, Can. J. Phys. 36,
1084 (1958).

9F. T. Porter and P. P. Day, Phys. Rev. 114, 1286 (1959).
hON. J. Freeman, Proc. Phys. Soc. T3, 600 (1959). “
4Y1G. E. Lee-Wniting, Can. J. Phys. 36, 1199 (1958).

haT. Kotani and M. Ross, Prog. Theor. Phys. 20, 643 (1958).

hBV. B. Berestetsky, B. L. Ioffe, A. P. Rudik, and K. A. Ter-
Martirosyan, Nuclear Phys. 5, 464 (1958).
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the B longitudinal polarization in first forbidden transitions appear in
the literature. In all of these treatments, the "conventional" form of
the pseudoscalar interaction has been used instead of the correct formu-
lation of the pseudoscalar interaction. Geshkenbeinhh gives the longi-
tudinal polarization in O —> O (yes) transition, still not using the
correct form of the pseudoscalar interaction. 'l‘adichs has analyzed the
earlier less accurate (22%) measurement of the B longitudinal poleri-
zationhé in 0 - 0 (yes) of Prlhh. His treatment, though it introduces
parameters depending on the nuclear forces, is not rigorous and his
analysis is inadequate because of the approximations used therein. Re-
cently B'\ihringh7 measured the longitudinal polarization of B particles in
the 0—>0 (yes) transition of Ho]'66. His analysis of the longitudinal
polarization measurement is not correct because he uses the formulgs of

Lee-Whiting. Cm:sermanh8 has analyzed his measurement of the longitudinal polar-

ization of B particles in the (3*— 1”) transition of m207,  Apart from

M*13. V. Geshkenbein, Zhur. Eksptl'i Teoret Fiz. 34, 1349 (1958).

l‘SD. Tadic (Private communication to Dr. M. E. Rose).

h6.]’. S. Geiger, G. T. Ewan, R. L. Graham and D. R. Mackenzie, Phys.
Rev. 112, 1684 (1958).

4Ty, Bibring, Z. Phys. 155, 566 (1959).

hBS. Cuperman (to be published in Phys. Rev.)
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the fact that there are more parameters occurring, it appears that the
correct formulation of the pseudoscalar interaction has not been used.
Recently Mehlhopl+9 reported the measurement on the longitudinal polari-
zation in the O-->C¢ transition of Prlhh. In his analysis, very crude
approximations were used, along with the incorrect formulas of Lee-

Whiting.hl The effects of the finite deBroglie wavelengthso and the

51,52 gre important in 0 =0 (yes) beta tran-

finite size of the nucleus
sitions, and have not been properly considered.

Thus, until now, no consistent treatment for the search of the
pseudoscalar interaction existed in which the correct formulation of the
pseudoscalar interaction was used. This dissertation presents such a

treatment in which all the relevant experimental data are analyzed with

large scale computing programs using the accurate electronic functions.

ltiw. A. W. Mehlhop, "A Measurement of the Longitudinal Polarization
of Pr Beta Particles" (unpublished Ph.D. dissertation. Washington
University, Saint Louis 1959).

%M. E. Rose and C. L. Perry, Phys. Rev. 90, k79 (1953).

’lM. E. Rose, Phys. Rev. 82, 389 (1951).

2M, E. Rose and D. K. Holmes, Oak Ridge National Leboratory Report
No. 1022 (unpublished ).



CHAPTER II
BETA DECAY INTERACTION IN NONRELATIVISTIC FORM AND NOTATION USED

In this chapter, we start with a brief discussion of the diffi-
culties which arise in obtaining the nonrelativistic limit of the nuclear
matrix elements involving odd operators. The prescriptions of removing
the odd operators in the hamiltonian by the Foldy-Wouthuydenf{canonical)
transformation for a free Dirac particle and for nuclear beta decay are
given in Section I and II respectively. Section III contains the appli-
cation of the results of Section II to the axial vector, vector and
pseudoscalar interactions and it is explained, why the conventional
treatment of the pseudoscalar interaction is not correct. For clarity,
the notation and the representation, used in later chapters, is explained
in Section IV.

The relativistic dynamics of a nucleon in & nucleus are not presently
known and as such we are ignorant about the details of relativistic
nucleon wavefunctions. In nuclear beta decay, the transition probability
between the initial and final nuclear states depends upon the matrix
., elements of operators (4 x 4 matrices) in nucleon's space. Due to the
above reééon, these nuclear matrix elements are very hard to evaluate.
However, there are some nucleay models like, the shell model, thé Wigner
model, the optical model and the unified model, which have some success

in explaining some qualitative properties of nuclear structure. These
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models are nonrelativistic in nature and it appears that the relativistic
corrections are not very important. Thus, at least there is a possibility
of evaluating the nuclear matrix elements, provided the nonrelativistic

limits of these matrix elements are known. We represent the nuclear wave

K s

where v and u have two components. In the nonrelativistic limit:
0
Y —
u

then v and u are called the small and the large components of \f) . In

function

the following the subscripts i and f refer to the initial and final
nuclear states.

Consider a matrix element of an even operator in nucleon space,

e.g., & .L(&)Q (in the axial vector interaction)
> * . !
L(&) = (Yo & [C4+C75] Y )

SL}’;GL(B" )Q\-,u1 = Ju';g-L(é") uy +Jv:e L(&) v, (2.1a)
In the above equation, u's and v's are two component functions and & is
a Pauli matrix (in the nucleon space) on the right-hand side of (2.1a).
Also the first and second term in (2.1a) involve only the large and small
components of the nuclear.wavefunctions. To obtain the nonrelativistic

limit, we can neglect the second term as compared to the first one
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gq; & L(Z)Y, —eﬁ; & L(& )u, | (2.10)

In the pseudoscalar interaction, we are interested in the matrix elements

of an odd operator (which anticommutes with B) 375L(Bys).

J\-}); BYsL(B75)\Y; = j‘v:. L(Brg)uy -Ju: L(Byg)vy (2.2a)

where we have used the representation

l1 O o 1
B =( ); 75 =< ) (2'2b)
0 -1 1l O
and

the lepton covariant L(675)'=‘-'_ (\Y: ﬁ'ys [CP+CI',75] ¥I{, ). In (2.2a), both
the terms involve the large component and the small components of the
nuclear wavefunctions, as such these terms are of the same order of mag-
nitude. There is no simple prescription, as in the case of even operators,
to obtain the nonrelativistic limit.

There are two methods, which, in principle, can be utilized for
obtaining the nonrelativistic limit of the matrix elements of an odd
operator in the nucleon space:

(1) By eliminating the small components by making use of the re-
lation between the small and the large components of the nuclear wave
function. As an illustration: if we take the wave equation for stationary

states of a nucleon (in unitsh = m, =c= 1) as
-@p+BM-VY =Wy

- -hy
Y =(V\; then v = - (W-vaM)™h & Jux - & T Ju (2.2¢)
“\u
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if we take W - V - M << 2M
Substituting (2.2¢) in (2.2a) gives

*

Sqf; BrsL(Br5) Y = - o J(Fr D) L(Byg)y + %ﬁ S up & p L(Byg )y,

[

Sq»; BrsL(BYs)\Y; = - - ju’; (3D LBr)]) (2.24)

In (2.24) P operates only on L(B75) and if L(Bys) is considered as a
constant (as done in the conventional theory); then & .3 L(B75) = 0, and
hence there is no contribution from the pseudoscalar interaction. The above
procedure may not be quite correct when the fields are present and is
very cumbersome in many body problems.

(2) By applying a Foldy-Wouthuysen (canonical) transformation to
the total ha.mi;Ltonian of the system comprised of the decaying nucleon,
the lepton (e-)V ) field and the lepton, so as to remove the odd operators.
The odd operators can be eliminated up to any order in % This procedure

is theoretically more sound and we shall follow this prescription.
I. FOLDY-WOUTHUYSEN TRANSFORMATION (NO l“I]!ILDS)]"2

The equation of motion of a Dirac particle of mass M, with no

]'L. L. Foldy and S. A. Wouthuysen, Phys. Rev. '_@, 29 (1950).

2!4. E. Rose, Relativistic Electron Theory (to be published by
John Wiley and Sons, New York) Sections 18 and 22.
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fields present is

H\.B=i>g—% (2.3)

where in the standard nota.‘t:ion3 (using’h = ¢ = 1)

H= - BM - a'; (2'1”)

In the equation (2.4) 3’ is an odd operator and we want to eliminate, for

the time being, -&’; terms up to an order % . Consider a unitary trans-
formation generated by S and % =0
y S
Y =Y (2.5a)
then the equation of motion (2.3) can be written as
eSHe-SeSH_’ —1 D eSY
ot
1]
H t__E' o 1 _.);\'-E_ (2.5b)
Dt

where the new hamiltonian H' is given by

H' = eS H e'S (2.5¢)

3. I. Schiff , Quantum Mechanics (McGraw-Hill Book Company, New
York 1955) Sec. 43. '
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H'=[1+S+§E+... [1-s+§-2:-... ]

Hl

H+ (S, H) + %(s, (s, H)) + . « . (2.68)

where the commutator of S and H is written as

(s, H)= SH - HS

We choose
- .B—— — .B—. A--’
S=-55%0% %P (2.7)
where 01-:_. - 85’ is the odd part in the hamiltonian (2.4). We evaluate

H' in equation (2.6a) up to order %I

. E. el Bt cmp
Using
BOl = - OlB
- - - -
pa'p = - G-

B =1
e 1l =2
( oM 1’H)‘( 5w Oy = PR =GR ) = - 0) ~gPP (2.72)
1 B -..—D _.5_92
ET( 2% ©17 'ap)‘zmp (2.70)

Substituting (2.7) in (2.6b)

o 32 B =2

-
H':H-l ﬁp 2MP+"‘
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- o > -
HY=-BM-a-p+a«p--2—ﬁB o o e
>2
H' = BM-g—M'p + o e e (2-6c)

We get the correct nonrelativistic hamiltonian by substituting p— -1
2

I
2M '
this transformation is applied taking S = - g’ﬁ (0dd part in H'). By

2
in (2.6c) as + M. To remove odd operators in H' up to order (%{) 5
successive application of the Foldy-Wouthuysen transformation, odd
operators in the hamiltonian can be removed to any order in ( -:‘Z) . For
large M (say for a nucleon), the terms containing( 'bll-l) or of higher orders

are very small. A similar prescription can be applied when the fields

are present by considering
B_
5= - 55 [01 + odd operator involving fields J

In the following, this procedure is applied to remove the odd operators
in nucleon space for a system of nucleon “source" coupled to the lepton

(e-v ) field.

II. FOLDY-WOUTHUYSEN TRANSFORMATION FOR NUCLEAR BETA DECAYh’ 2

The total hamiltonain is then composed of three parts (1) the
nuclear hamiltonian (HN) , (2) B interaction hamiltonian (Hﬂ) , and (3) the

lepton hamiltonian.

by, = Rose and R. K. Osborn, Phys. Rev. 93, 1315 (1954).

( ) 5G. Alaga and B. Jaksic, Glasnik Mat-Fiz. i Astr. Tom 12, No. 1-2,
1957).
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H=Hy+ By + Hy (2.8a)
In the space of the decaying nucleon, considering the nucleon obeying
the Dirac equation, we have
By=-B[M 7, + M 7] - @D+ V
-

Hy = - BM - &.p - %ﬁ(Mn-Mp)"{’z +V (2.8b)

In the above Mn and Mp are the neutron mass and proton mass. The ration-
M +M

= 1) are used. M=~ _r_1__2_2 "

and V represents the nuclear potential. In the following, B~ emission

alized relativistic units ¢h = ¢ = B Jsctron

is considered.

By- = 8 SSL(MALE) (2.8¢)
X
LN )= (Yo, [cx+c;75] V) (2.84)

-ﬂ_x in the nucleon space, for clarity is written as ﬂx(N). Bt emission

is obtained by hermitian conjugating 1-15_ in (2.8c). We write (2.8b) and

(2.8c) as
By = HN(even) + 0y (2.92)
Hy- = Hﬂ-(even) + 0, (2.9v)
where the odd part of Hy: 0O = - oD (2.9¢)

and the odd part of Ha- is 02.

HN(even) and Ha_(even) in (2.9) represent the even parts of Hy and HB...
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Taking
S = - gﬁ (0,+0,) (2.10a)
Se - gﬁ (- ap + 02) 5 (2.10v)

fThe calculation of H', the transformed hamiltonian, can be easily

done by using:

" (2.11a)

H+ (S, H) + (s, (S, H)) + .

H' = Hy + K + ' (2.11b)

in a consistent manner,

==

To remove odd operators ip (2.11) up to order
the following are used:

(1) The terms containing 1 o higher orders are neglected.

e

(2) The terms of second order in the coupling constants are ignored.

1 1
(3) The term - E(Mn'Mp B T, does not contribute to HB.

(4) There is no contribution to HB' arising from H; .
6,7

(5) The odd part of the nuclear force operator does not contribute. ’

Making use of the above:

1 _— =
(s, By) = - 55 (- Ba-p + BO,, - BM - & + V,)
(S, By) = 33 - 0, - =32 + B-(0,33 + 3:30,) (2.12a)
» By) =ap -0, -5y AN 2 °
In the commutator (S, (S, HN) we take up to order %

6z. v. Chraplyvy, Phys. Rev. 91, 388 (1953).

Tz. v. Chraplyvy, Phys. Rev. 92, 1310 (1953).
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- 542 > o - -
(s, ap - 0,) = 22 . (0,05 + &0,

= = (2.12v)

4

(s, Ha- (even)) is an odd operator because S is odd operator and it is of
order % . The only contributing terms from this commutator are of the

order (%)2 and so are neglected.

. >
(S) 02) s - ‘éﬁ(' Ba-p + BO » 02)

1 22 1
= B _ran %
(s, 02) = an(a PO, + 0 P). (2.12¢)

Substituting (2.12) in (2.11),

- - B 2 a o - ﬁ?_ ﬁ > -
H' = H+ap -0, - 55 % + 550 &2), + 5 - 5w *P),

) = = 2
+ é-ﬁ(oe, a-p)+ + terms (’JNP) or higher

"' = [_ BM + V. - %_-’2]+ [Hﬂ(even) + g-ﬁ(oa, a"ﬁ)+] +H, (2.11c)

Hys - BM+ V- %-432 (2.13a)
By = Hy(even) + 55(0,, D), (2.13b)
H =~ H (2.13¢)

The anticommutator (02, ) .= 023'3 +'&-502 and 0, = odd part of the
HB-. Using (2.13b) the odd operators in the vector, axial vector, and

the pseudoscalar interactions will now be transformed into even operators.
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III. BETA-DECAY OPERATORS IN THE NONRELATIVISTIC FORM

For B~ emission, the interaction hamiltonian for the vector, axial

vector and pseudoscalar interactions is HB' = H.v + HA + HP

H, = 1Q-L(1) - Q- L(&) (2.1ka)
Hy = SQL(E) - 7,a°L(y,) (2.1kp)
Bp = 575Q°1-(675) (2.1ke)

* 1
where the lepton covariant L(J'lx) = (\.|Je iy [Cx+cx75] %) . In the
following, (as usually is done), we suppress the operator Q which con-

verts a neutron into a proton. (2.13b) gives

Hé.: HB-(even) + %—4(02, g'f),,_

For the vector interaction O, = - 2 L(3)

(- TL(@), 33), = - [2L@) B + BL(@) + 185 » 1(d) ]

(- 1@, 3),

) %,-4@(&)-5 +DL@) + 15D x L@)] (2.158)

l\)l'CD
=

For the axial vector 02

- 75L(75)
(- 75L(7s), @B, = -[2L(r5)3 5 + 3 BLly) ]
B0 (- 75L(r5), &B), = - B[O 85+ 3BL0r,) ] (2.150)

For the pseudoscalar interaction: O, = B'ysL(Bys)



(B75L(B75), @), = - B 5B L(Bys)

Sh (B75L(875),68), = - 255F L(Bys) (2.15¢)

Up to order(%‘l\ , Hl; is from (2.14) and (2.15)

Bp- = By thtE
where
Hy = 1-L(1) - gﬁ[ex.(&)-i; + i'ﬁ-L(éz’) + 167 x L(@)} ] (2.16a)
By = 8-L(F) - 5[ 2005)S 5 +§ T 10rg) V) (2.260)
Hy = - & o+ |§3 1y, } ] (2.16¢c)

In (2.16), the even operators are the same as in HB"' There are two
types of terms which arise in Hé_ by removing the odd operators up to

order ( }M) ¢ (1) the operator _}?E - 1 ¥ acting on the nuclear wavefunction,

e.g., the first terms in the square brackets of (2.16). (2) The operator

—

= = 17 acting on the lepton covariant--the terms in the curly brackets

of (2.16).

From the above considerations, the following major points come to
light:
(a) For the allowed beta transition; the results of using (2.16) and of
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the conventional ‘t:heor&8 are the same,
(b) The second type of terms, (involving the gradient on the lepton co-
variant ) , are generally very small compared to the leading terms in
transitions, where the even operators (in Hﬁ) contribute, In the vector
and the axial vector interactions, essentially H; gives the same results
as the conventional treatment8 ( HB)’ provided the second type of terms
are neglected. Only the nuclear matrix elements have different forms.
To illustrate this, consider the contribution of the axial vector inter-
action to 0 = 0 (yes) transitions. In the new formulation (Hé), there
will be the contribution of three matrix elements due to interaction
operators: (1) 01-?, (2) lld &3, (3) b_]/.l & .7, - (3) is the contri-
bution to the matrix elements owing to a gradient operator on the lepton
covariant. In such a case, one can neglect the contribution of Dld .7

compared to the contribution of (1) G ‘7 and (2) 'lN'I S .. In the con-
ventional theory, the contribution to 0 = 0 (yes) transitionsis due to
G ¥ and 75 (e.g., see Tables I and II). By doing an explicit calculation,
one sees that the contribution of 75 is the same as of % o 'ﬁ Thus in

the presently considered case of 0 — O (yes) transition® the conventional

*
treatment and the new formulation give the same results for the axial

8. 4. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 308 (1941).
Also D. L. Pursey, Phil. Mag. 42, 1193 (19513.

*
See M. E. Rose and R. K. Osborn, Reference 1, Section III.
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vector interaction.
(c) In the pseudoscalar interaction, the only operator in Hé is
1 =

- oW :; L(Bys); in which a gradient appears on the lepton covariant.

If the contribution of this interaction operator is neglected, then there
is no contribution fiom the pseudoscalar interaction. In the conventional
treatment of the pseudoscalar interaction, the lepton covariant L(B75)

is considered as a constant, i.e., independent of the parameters de-
scribing the nucleon. In the nonrelativistic limit, the contribution

of the conventional treatment of the pseudoscalar interaction vanishes.
Thus, in the nonrelativistic limit, whereas very small correction terms
appear to the conventional treatment of the vector and axial vector iriier—-
actions, completely different contributions of the pseudosca.lar‘ ixiteré.étion
arise in the two treatments. Hence, these considerations point out why
thé conventional treatment of the pseudoscalar interaction is wrong.9
Therefore, to study the existence and the contribution of the pseudoscalar
interaction, the correct form of the interaction operator -2% - ; L‘('B“75)

must be employed. In this work, this has been done.

IV. NOTATION AND REPRESENTATION

9M. Deutsch and O. Kofoed-Hansen, Experimental Nuclear Physics
III (John Wiley and Sons, Inc. New York, 1959) p. 515.
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A. Representation of Dirac Equation

The rationalized felativistic units are used‘h = ¢ = m.e =1

(me - mass of an electrop). The Dirac equation for a B~ particle in a

central field Vc is

(-a-p—6+vc)EE=i—b-—¥‘ (2.17)
ot
0 > 1 0
2: . 6-> ; B=( ) (2.18a)
G 0 o -1

1 0
In (2.18a); 1 =( )
0o 1

The commutation relations are

ap +Ba, =0 (2.19a)
a0y + 0y = 2 Sij (2.19b)
Vc =’%§ for the Coulomb field: a--i%7 the fine structure constant .

Z 2 the number of protons in the daughter nucleus. The solution of (2.17),

for stationary states, can be obtained by separating the equation in

polar co-ordinateslo’11

10y, E. Rose, Elementary Theory of Anguler Momentum (John Wiley
and Sons, Inc., New York, 1957) p. 152.

lly, E. Rose, Phys. Rev. 51, 48k (1937).
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A
" 11, (r) X_
Ww = * (2.20a)
g, (r) 'X:L
where
3 o= P -3
£ = x 1f X>0 (2.20b)
£ =« (% 41) if %<0
KJM': ZC( Z%Ji M=, r) Yg_“-’r X; (2.20c)

1
YeM-'Y is a spherical harmonic. Xg =(é) and X f =((]).)

_ *
c(f 23; M-, 7) is a Clebsch-Gordon coefficient

c(4 Fm-v,v)= (4 %J:M,E 23 M=T,7).

Also in the representation (2.20a).
AL AL
P X = 3(341) Xy

-],:2 X:‘—’ en (en +1) ’X:
RAS s xy (2.21)
I, A= M Xow .

- ~
K LV;AE B(S -I+1) LPx - ¥ \'Pw.

*We follow the conventions and notation of the Clebsch-Gordon co-

efficients of M. E. Rose, Elementary Theory of Angular Momentum (John
Wiley and Sons, Inc., New York, 1957).
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fy (r) and g, (r) obey the following coupled equations

d A -1
EI— f% = 5 f‘L - (W-l-Vc )g» (2.223)
d  +1

T B = (W1-V))f, - —=g, (2.22p)

In this work, we take

Vo=-2 r ) R (nuclear radius)
2
oz L
Vc=-—23(5-R-—2'); r< R

The computation of f, and g, , which are required for the analysis
of B spectrum and longitudinal polarization, was done on the ORACLE.
f,, and g, are real.
For the Coulomb field Vc = - %—Z and the normalization correspond-

ing to one particle in a sphere of radius R, f and g are given by

@i ) 2 MGy |

2(wR)Z [(27 + 1)

3%

-ipr+in, _
X{ e (7+iy) F(y+1l+iy, 2y+1, 2ipr) + complex conJugatej

(2.22¢)
Wo (024 1)2 (2.23a)
_ azW
Y= (2.23b)
1
% = ( o - oPr2)° (2.23c)
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2i
e ’,7"' = - _}_;L@ZL (g'gjd)

7 + ioZW/p

2
F(a, b, x) l+%x+:§:i -2x—!+... (2.23e)

For the neutrino Vc = 0, we represent the radial functions of the

*
neutrino as F,, and G,

F, =5Sx q Je(_x) (qr) (2.248)
Gy =4 Jf(x) (ar) (2.2kp)

q is the momentum of the neutrino and S, represents the sign of x .

The spherical Bessel function J, (x) = I%’E J2.+%- (x)

2n

¢ oo
J R e Sy et )
2 (x) ISR Zn',,( ) (2n!!)(22 +2n+41)!!

For x << 1;
é PR

3o (D YT (2.25)

B. Irreducible Tensors and The Wigner-Eckart Theorem

-—
First we describe the spherical representation of a vector V.

The three components V (for m = 1, 0, -1) are

1
v, = - = (v + 1vy) (2.26a)

* _

We teke theDirac wavefunction for the neutrino in our calculations
and we discuss the relation to the two-component neutrino in Section C of
Chapter III. N
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v =V, (2.26p)
V.= (v -1v) © (2.26¢)
e o X y ‘

The advantage of the spherical representation is that Vm transforms under g
three-dimensional rotation as the three components of the spherical
harmonic of order 1 or as an irreducible tensor of rank 1.

Also

B - o " A_B_ (2.264)
m

An irreducible tensor operator of rank L is defined as a set of (2L+1)
functions ?E, (M=-L, -L+1 ..., L) which transform under the

' *
(2L + 1)-dimensional representation of the rotation group
-1 L !
R -1% g ZM' Dygr g (087) IE (2.27)

Thus an operator is an irreducible tensor of rank L, if it transforms
like the spherical harmonic of order L.
The most important advantége that accrues from the introduction
of these irreducible tensors is that one can make use of the Wigner-Eckart
theorem, which is:
(3rm | Ty | m) = CILY*sm,M,me )(SII T |1 ) (2.28)
The quantity (J'[|TL "J) is called the reduced matrix element of the tensor

operator Tg and it is independent of M, m and m', as the notation implies.

*
M. E. Rose, Reference 10, p. T76-106.
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The conservation of angular momentum is contained in the Clebsch-Gordon
coefficient C(JLJ',mMm'), 1.e., |J - L| £ J'< (J + L) in steps of
unity. GCenerally this fact is expressed as A (JLJ '.) and this notation
will be frequently used throughout this work.
Throughout, the rationalized relativistic units ¢h = m,=c = 1)

are used. In the following chapters, M represents the nucleon mass

y
(~1800) 1in units of the electron mess, & =CB and X = >
MCA {e 2

We introduce also the following notation:
(1) € =¢, and T = ¢_, for the electron.

(2) £, = fnv and 0, = f_)‘vfor the neutrino.



CHAPTER III
FORMILATION OF THE PROBLEM

In Section I, the first order time-dependent perturbation theory
is outlined and the probability amplitude of the electron, due to B~
interaction, is given at large distances from the decaying nucleon.
This asymptotic form of the probability amplitude (outgoing wave) is
used in the calculations of the B longitudinal polarization and B spectrum

in 0 = 0 (yes) transitions, (Section II).
I. FIRST ORDER TIME-DEPENDENT PERTURBATION THEORY

We follow Rose, Biedenharn and Arfkenl and useh = ¢ = m, = 1.
For the time-dependent perturbation H e + Hl e , the wave equation

is

. -ikt * - D r,t
(Ho +H e +E eikt) Y (r,t) = 1 'TW:LD—‘)' (3.1a)

I-Ic> - is the unperturbed hamiltonian.

Introduce the Fourier transform of Y (¥, t) as

\i/(? W)= ;'— T\f( r, t) eIVt g ‘ (3.22)

then

1M, E. Rose, L. C. Biedenharn and G. B. Arfken, Phys. Rev. 85, 5
(1952).
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oQ
Y (7,t) - f‘i’(r,m e Wt aw (5.20)
-9
1 _iWt
Multiplying (3.la) with 5% © and integrating over t,
N o oQ
1 Wt (/2 i(W- - * -
3= fnoe Y(F,t)at + %; fnle ( k)t\f(r,t)dt + %'EJ Hlei(w"fk)t Y (7,t)at
-0 T =0 R S )
R
i d > iwt
= 5 J’[—b-;k.l)(r,t)’]e dt (3.1p)
-0

Using (3.2) and
o o
1 DY(R,t) 1wt W 4,y iWt
= f_%_{_.r__ e at = = f‘:Y(r,t) e at
_ﬁ .—ﬁ N

(3.1b) becomes

H Y @,w) + le (¥,W-k) + E: Y (F,Wk) = W Y(F,W) (3.1¢)

W is the final state energy. Energy conservation dictates that
either the second or the third term in (3.1lc) contributes to any transi-
tion caused by the perturbation. Therefore considering the second term
as contributing, (3.lc) becomes

(8, -w) Y @W = - 5 V(& wk) (3.14)
(3.1d) is an exact equation. In the first approximation,

VY &, wk) > Y, (z, W,)

where the initial energy of the system W, = W - k. \f i is the wave

i
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function describing the initial system, before the perturbation is "switched"

on.

(B, - WY (F, W) = - B Y, (7 W) (3.38)

For an electron in a Coulomb field Vc = - Sf—z

@p+8 -V, +WY(r, W) =8 Y (r, W) (3.3b)

*
we have taken

H°=-a-p-a+vc
The equation (3.3b) can be solved by finding the Green function G(T, ')
(@B +8B - v, o+ W) G(T, T') = S(f’ -r') (3.%)
A is a 4 x 4 unit matrix. Then
Y(r, W) = Jd?' G(#,#") B (#) Y (E",W) (3.3¢)

*%, 2
It has been shown, in detail, ’ = that
‘—M-D ‘4'* -
G(r,r') = -n 1 _;_ @ r) @) (r') forr >y r' (3.%)
S >

where

*For notation, see Chapter II, Section IV, of this dissertation.
**Rose et al., loc.cit.

2M. E. Rose, Relativistic Electron Theory (to be published by
John Wiley and Sons, New York), Section 3k.
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= — N
_EPM -1, X,
n = — An
B (X’u

f, eand g, are such that @T represents asymptotically an outgoing
R

spherical wave3 o4
ipr+S
w-1 %
r Ty r—>oo [ ]
- gu r.s,o w+1] ipr+§
where
gx=%1032pr-arg r'(7+i%) +")x-n% (3.4)
_ [uf ™
M ién eipr P -n
EP =1© > 3 (3.58)
] B X
ﬂp n
and
M
n -1f, ’X_M

(2.20a)

w
[

X

3 For the radial current only, the outgoing wave contributes.
E. Greuling and M. L. Meeks, Phys. Rev. 82, 531 (1951).

hFor the nonrelativistic case, H. A. Bethe, Ann. Physik 4, LkL3
(1930).
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2 2% 217,y A -1z
v, =x2-(@)?]° ; e 3
y + 1aZW/p
Substituting (3.4b) in (3.3c)

Y @i --xt (@S @ T e g

wYom

L@ --1S PO EEN 6 |P,60) G

A oo

Substituting (3.5a) in (3.3d)
W-1 : "
P LS

§ " 4
Lw -1 2855 P anmeEn| e
x,m * .

[E%&Jix:‘
(3.3e)
st s

[-ETJ jxln

ad

(B X

- < >
Dirac hamiltonian - a<p - B, with eigenvalue W. This can be easily -

The spinor is an eigenfunction of the free particle

checked by taking P along r and using (A.2)
AN AN
Gi'X-x ="X.-,,,
In nuclear B~ decay, a neutron transforms into a proton with the
emission of B~ and » (antineutrino).

n->p+e +v (3.6)
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The electron is in the Coulomb field of the daughter nucleus. According
to the Dirac "hole" theory, the creation of ) is equivalent to the
destruction of a neutrino in negative energy state. The nuclear B~ decay
problem (3.6), therefore, can be considered as one in which)/ in a negative
energy state (representing the initial state (f i) is absorbed by a
neutron, due to B interaction, making it a proton, and an electron appears

in the final state (as @ : ). In (3.3e), therefore for nuclear B~ decay

& ADIEN DD T (VAL MITAN (5.1)

EP ¢ and \__-P 4 represent the nuclear final and initial states respectively.

Substituting (3.7) in (3.3e),
1

[_Ef 9{:{%)

b

. eipr 18n
Y@Ew = -1 < - Zie <Ys \B-| Wy -
- [%2) X, @)

(3.8a)

After a brief discussion of the polarization operators, this
asymptotic form of \f (%,W) 1s used, in the next section, for calculating

the B longitudinal polarization and spectrum in O = O (yes) transitions.
II. BETA LONGITUDINAL POLARIZATION IN NUCLEAR BETA DECAY

The breakdown of parity and charge conjugation symmetry laws are
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now well established in nuclear beta decay. This impl:tes5 the existence
of the pseudoscalar qua.ntities6’ 7,8 in the processes of nuclear B decay.
One such pseudoscalar quantity is the longitudinal polarization ( §-f)) of
B pa.rticlesg’lo from unoriented nuclei.

A. Polarization Operstor for Electrons

The covariant description of the spin of an electron has been given
by Michel and Wightma.nll and also by ’l?olhoek.12
An operator Q(n) = 1 757M- n, 1s considered for the description

of the spin. (? Q(n)Y¥Y ) transforms like a pseudoscalar quantity. n,, is

2C. S. Wu, E. Ambler, R. Hayward, D. D. Hoppes and R. P. Hudson,
Phys. Rev. 105, 1&13 ( 1957g 5 In this experiment the angular synnnetry of B~
particles from oriented Co°" nucleus (5t — L+) was observed. (J D) -p
is a pseudoscalar quantity because ¢ - the average value of nuclear
spin is an axial vector and p - the momentum is a polar vector. The ex-
rerimental observation of ¢ D proved the nonconservation of parity
in nuclear B decay.

®p. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956).

7'1‘. D. Lee, Conservation Laws in Weak Interactions (Unpublished).
Lecture Notes at Harvard University, March 1957.

8'1'. D. Lee and C. N. Yang, Elementary Particles and Weak Inter-
actions (Brookhaven National Leboratory 1957) B.N.L. k43 (T-91).

9J D. Jackson, The sics of Elementary Particles (Princeton
University Press, New Jersey, 1958) p. 91

loJ. D. Jackson, S. B. Treiman, and H. W. Wyld, Jr., Phys. Rev.
106, 517 (1957).

117, Michel and A. S. Wightman, Phys. Rev. 98, 1190 (1955). Also
see C. Bouchiat and L. Michel, Nuclear Physics 3, ’+_6 (1958).

12H.‘ A. Tolhoek, Revs. Mod. Bnys. 28, 277 (1956).
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a L4-vector and is (ﬁ, 0) in the rest system of the electron. One defines

another 4-vector P which is (O, i) in the rest system of the electron.
Clearly in the rest frame of the electron L. P = O. Since it

is a scalar product of two lL-vectors, therefore n,p, = O in any Lorentz

reference frame, therefore only three parameters are required.

-3

Using 7k=-16% 3 7,=-8 and 753=cr

(n) =1 €n -1 (
Q(n) = 1 y57uny = - B0 - 1780 3.9)
In the rest frame of the electron, 8 = - 1 and n), = 0

Q(n) - & ?1
Thus Q(n) gives the polarization operator in the rgst system of ‘the
electron, if we take n along the spin direction. However, for the pur-

»* -
pose of calculations Rose introduced the polarization operator & as

= - A A > A A N A A

6 - ©.e e - g 5.e, e, - B b‘-e3 5 (3.10a)
where ’él’ %2 , and ’33 form an orthogonal right-handed set of unit vectors
and ’él-; ? (unit vector in the direction of momentum). First we show that

—’
& , indeed, reduces to the correct polarization operator in the_rest

frame of the electron and then we list its important properties.

3 can be written as

%*
M. E. Rose, Reference 2, Sections 19 and 20. We use the repre-
sentation in which Dirac hamiltonian for free particle is - a-:p-B and

‘P =( z )which in the nonrelativistic limit goes to ( 101) . The results,

in the representation used in this book (_g = '&-'f»&), can be converted
in our representation by changing d— - &’and B- - B.
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AL
n

G\
®>
>
+

Q¥

or

A - N

33 = Ba‘ee131+56‘-e

Substituting for B3 e, €, + BS &, &, in (3.10a),

2 2 373
- G
o G € -BF 4 pe'e, & (3.10b)
In the rest system p — -1,
o -
e —» o (3.10¢)

—,
The following are listed some useful rela:l;:l.omt'.]'3 involving © :
-
(1) For positive energy states; (i7.7.n, - & ‘i) acts as a mull
57m B
operator and as such they are equivalent.
-
(2) Each component of © on the unit vectors 'él, @2 and 33 commutes with
the hamiltonian of the free particle.

o
Co
[

> A ERR
(G-ed, -ap-B)=0 1, 2, 3

n A S A
(3 (© ‘e C-g )=2 ékemem ; (k, ¢ and m cyclic permutation)
(1) (5-8)%=1

(5) The polarization "vector" is given bylh

B (T APRVID

(3.12)

13R. H. Good, Jr. and M. E. Rose, Nuovo Cimento 1k, 872 (1959).

thee for the application to the polarization of conversion electrons
following beta decay, R. L. Becker and M. E. Rose, Nuovo Cimento 13, 1182

(1959).
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where QS implies summation over all the observables not observed. For
-

longitudinal polarization, we need only consider © "f). For LPoo " ’1; is

in the same direction T.

B. Beta Longitudinal Polarization in O —=> O (yes) Transitions

The longitudinal polarization (P,, ) of B particles is given by

n =<(LE°J g'} \'Pog)>
V(YY) D

where the unit vector ? is in the direction of the momentum of the f particle.

(3.12a)

The round brackets indicate the scalar product with respect to the spinor
indices only. The anguia.r brackets in (3.12a) denote (1) the summation
over all observables ( 2, , &, ) of the neutrino (not observed) and (2)
the average over the magnetic substates of the initial and final nuclear
states. In O = O (yes) beta transitions, M, = M, = O, so the averaging

i f
is trivial and it gives unity. The differential energy P spectrum is

given by % 2<( %, q)go )>
W-l-% XMA ‘
[—T] = (1‘) \

(3.8a)

i isx
W o1 erprg” e {5 )
‘ ‘_H%‘]‘ X » (T)
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*
The vector interaction does not contribute to O —> O (yes) transitions.
<L\)f \ HB'\ LP1> is worked out in (B.2.7) of Appendix B for the axial
vector and pseudoscalar interaction. We have used the conventional form
of the axial vector and the correct formulation of the pseudoscalar

interaction.l” For 0 = 0 (yes) transitiong, (Appendix B, equation
H

(B.27))

{\Pel Bl Y )
gl . '
. %_; (Y -+l é,o.,-,u, (1CA& o "G S

X [(_6(2_2 +1)_]% c 12500) w(@ 134; £ 3)(¢, G, +g, F )je' T + (£, F, -g, G“)iJ;BJ

C
P @ A
+ {1 2M “x, - S5x 2w én,-uv dar (f4 F,y + 8, Gy )js r R

(3.13a)

SM_ is the sign of # and M is the nucleon mass in units of the electron mass.

é and 8 Kr ker delta f%? and _{ are re
S~y Moy s are Kronecker deltas. 75
duced matrix elements and are independent of magnetic quantum numbers

and in the theory of nuclear P decay, are considered as parameters. Since

*This is an exact statement. 1In the nucleon space, the even operator
of the vector interaction 1is 1 and for the pa.rity change, T must occur at
least once (or an odd number of times). But i ’ being an irreducible tensor
of rank 1, cannot make a A (0 1 0). Similarly @ - the odd operator of
the vector interaction cannot make a A4 (0 1 0) and there is no combination
of & and T which can contribute to 0 =0 (yes) transition. Also this can
be seen from Tebles I and II.

15M. E. Rose and R. K. Osborn, Phys. Rev. 93, 1315 (1954). Also
see Chapter II.
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< L:\)f\ Hﬂ_\\.})i> depends on 3 , m (of the electron) and %, , M, (of

the neutrino) quantum numbers, it is convenient, for calculations, to

defineJ (x, x,) as

. £
<k:t)leB"LV1>E 1];_;(_)(4».+ +JJ(», u,)gM,_Mu (3.13b)
where
J(x n, )= (4C 5 - 8, cA 5u,-x ) [[6(2'2 +1)]% c(€ 12 ;00)
WL 13%;€ 1)(£, 6, +8,F ) |6+ (£, F -8, C) 1J75 ]

%

+ (15500, = 5 emtgu o ) &= (5. By + &, Gy )jc T (3.13¢)
Substituting (3.13b) in (3.8a)
1
H M
W-1 A
) X.O

)M+ il éM:'/"vJ(’L: ", ) 1 A
(B %0

7'.

Y, - fe
’.

7

o

(3.8b)
2
Substituting (3.8b) in (3.12a) and cencelling the common factor %ﬂ r°, we

get for the B longitudinal polarization in 0 - 0 (yes) transitions

P (3.12b)

o=

where



o7

16 -8 - Mgyt 4+
K. - E 7 . T W

)()): ws o My A M

X J*(w, w, ) J(x, x,) éu,-upg};,-u, (’)(:',7(‘:‘) (3.1kb)

and
’ i(s - . N X 4 !
5 = E z . L 5x )(_)M w+3-3 ) + 4

XN »' Mys s “

M
X j( > ) ﬁp)J(X; ')ty) éM';'Mng (7(::7(” ) . (3-15b)

F) -MU 3

In obtaining the above equations, we have used the following relations:

(l) ((Xj:", gr X"f») A (’XA):" XA:')L)
@ (X g X )= - A X))

AL ' a
IO WD SIS WY ¥

and the fact that A\ + Jj' 1s an integer.
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The differential energy spectrum N(W) is, then, given by

N(W) = % r2( Ys 5 o) (3.11a)
N(W) = 1—2 D (3.11b)
b5

The B longitudinal polarization (P, ) in 0 — 0 (yes) transitionms,
is given by

Pn = 'g
Thus we wish to calculate N and D as given in (3.1lb) and (3.15b) respectively.
In the following pages, we show the details of these calculations and the
resulting expressions for N and D are given in (3.14f) and (3.15f) on pages
66 and 67 respectively. \

These results are simplified by using the assumptions of time-
reversal invariance in the weak ( p decay) inmteraction and in the strong
(nuclear) interaction. N.and D are given on pages 83 and 84 respectively.

The formulas of the B longitudinal polarization and the p spectrum
in 0 =0 (yes) beta transitions are, then, given on pages 89 and 90 re-
spectively; we assume the validity of the two-component theory of the

neutrino.
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Making use of and
ne M- My Sith- ai?

; 1( = l) ] ]
B o 2 2 e On " $a (-)3-3" (o) €+ T s % Y Towan, )

P s )
)'.’7'»)14

Uy - Ay
x D XY
My
Changing the summation letter M, to A

Na.-2H (5% - S (3G o ) T, %)
My n' o
" Z ( ’x::', Xf:t) . (3.1k4¢)
AA
Similarly
i( (Su ot 5 |) ] ]
D=%"_’ e T G- s 3. ot ey, )
n,o Ne N
X Z ( ’X::, "X::) (3.15¢)
AL

In (A.7) of Appendix A:
e “ 22 41)(2 £ 141)(2341)(23'41) 1 ;
(i, 2 = 2 (0 [ 2@ L) EmIEI) ] o1 e as00
N

X (3 Ihs- m, ) N(F) WIS L7 £ 523)
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Substituting for ( X ' ')( ) in (3.1k4e), we get

5 nit ' 1 '
2_ E w0 ) (e e Ty 0 )T, )

)t s '

1
« c( £ Txz00) [ 2 ‘;;gg;i;ﬂ)(eﬂﬂ)(%'+1>j’“ ()

(IO TE) 2 (D e n-m, ) (5.14)
AN
Now noting that C(J'JO;-m,m) = (-)"'*"‘* [_23+1]

1 1
2 (™ o3 s-aom) = 2 (<) [23+1)% C(31305-pm, ) C(3'Ph5-p,p0)
m ey
g(-)‘“% (3 P-suopn) = (Y (20 1,0 (3.160)

-

Substituting the above in (3.14d), and sumning over A

i n - ' ' ' 1_41 :
T oW Z_ . (S (Sx, ) (_)J"J +4+8& (_)’2"3 (23_’_1)%(11;)'2

P %, w, n'

_ ' N S -
[(2 ¢+1)(2€K+1)(21+1)@J +1)J (L2 0;00) J*(ty %y ) J (3,2 )

X W(JJ(' £ ;0%)

" Using (A.1b) and (A.8f), we get
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c( ¢'20;00) = § (2 7 0;00)

nw=n'
_ R
c(£'20;00) = gm_ W (-) [2¢+]
- (")%-J-Z 1 t 2
W(3'3 e'2;0%) = _gi'-"% Se,2
[(23+1)(2€ +1))
Substituting the above relations and simplifying, we obtain
3 S )
=-2% e S-x (2341) T = -, 3, Ve s %, )

Ay, ,n

or

o .
N = é'% MZ ei( SRR (23+1) J*(-x, »,, ) (2, %y ) (3.1k)
vt

‘ ' A A
Now substituting ( X . ’Xx ) in (3.15¢)

D = &%
X,!XJ)}'

' 1)
x 2 c( 97 2;00) [%‘,‘1)(29*'1)(2; L ¥O@) w3ty 12 53)
A

X z (-)M“% C(JI'IM3- mom)
AA

o S 0 S (IR S0 T, )

Using

T (" ol pseam, ) = OF S, resatt (3.260)
A
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and summing over A, we get

1(6 ‘cS |) 1 '
oo BN E e O x (_)J-J.+2+£ 3*(%" 2y 2]y 2y, )

P
A, 5%, w

Nj=

% C( 2 !0;00) LLQ£+1)12£"+1)(§+1)(§'+1J%(%;t_) W(J'J 2'p ;0%)

i
2

x ()29 [23+1) (3.154)

Using in (3.15d)

c( e1'¢0;00) = 5)0 o c(€4€ 0;00) = (_)? Sm W (‘_28+1j%

3-3-¢€
W(3'3 20 ;08) = Spy See O
[(2,1+1)(2£+1ﬂ5

For = n'; j = J'; and summing over ' gives

9 2
Do S BT EIC ) P, ) Tl 10)

71»:7l=)t'

(2[-‘-&2(21"'1) [(2J+1)(2€+1)J-% [2e+1J'% LQJ*'-U%

e 2—"6 Z (23+1) J*(x, ", )J(x,u,,) (3.15e)

Mu,n

Py =3 (3.120)

where
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N and D are given in (3.14e) and (3.15e) respectively. Now we define

Ul(x) = Z Fo,n, Ve, %) (3.17a)
MU
:]l(x) = z (-1 ng-x,uy +S,LCA* S, )[[§(2e+1)]% c( €12 ;00)

XV
CIRCINE I T4 S I N )(1_[75‘)*_]

* *

1
P P d > ALK
+ (-1 5-1;1-5 il R ¥ +S":’2—5>¢,"v ) ar (f-xF-‘n.."g-x G )( Sc’-r) i

X E‘i Ch Sty ™ 5% O Sy >[L6<2é'+1>]’=’ c(Z 12 500)

X W(213%;0 $)(f_

Q
Q

W(C 13350 3)(fy Gy, +8, Fyy )j?o’-’r‘ + (£ F, -8, G, )1 75)J

C c}
P ¥ 4 d 2 A
+ (1 M Ox,x, 8, = _— ) = (£, B, +g, 6, X 56' r) }
(3.170)
We have for the radial functions of the neutrino,
F_, =-8x adplar)=-8, G, (3.18a)
G = adplar) =8, F, (3.18p)
Using (3.18a) and (3.18b), we get
o Ny PR T B (f_, B -8_, Ox) (3.18¢)
f L Foy “8By Gy = -8y (£ Gy +& , Fy) (3.184)



N
-8,(-%£,G, +eg_ F_ ) (5.18e)

. -n A

£ P * 8Oy =

Also from (A.lc) and (A.84)

c(212 ;00) = - (251‘%) c(€10 ;00) (3.16b)
We 135 73) = - w(Z133;€3) (3.16¢)

Since ¢ +.2 1s odd integer.
Substituting (3.18) and (3.16b) and (3.16c) in (3.17Tb), we get

Jl(x) B z isn (-4 C: S"l, 1y, +S”' CA* gl(: Ay )[- [6(224-1)]%
Ny

xC(é-l( 300) W( Zl.j%;z'%)('f ar T - G,, )(J‘8 ?')* - (f-x G+, Fi )(ij75)j

* *
C C2

+ B (-1 Eﬁ‘g-x,w + S o x, X ) & (0B 48, B ) J‘é‘ D 3
X 2» (1 cAgnw cA S. s ot ) [[_6(22+1)J c(Z14;00) W(213}; %)

(£, G, + 8, Fo )( _fc? )+ (5, 7y -8, Gn)(i_r75)]

C3 »
+(i 8"‘-)(» - Sx é-l;'i -,y )g—rf(in.Fr. +3>‘,Gu.)( SV'?') }
where ‘

i) =TT )T 60 ) (5-17a)

Ay,

Carrying out the multiplication, we get
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Jl(n) - 1(c:cA+cAcA’f) i- 6(2¢ +1) [_c(z 10 ;00) W(Z 133; Q%)]e

X (-f'_"’F)L + 8_“G,( )(fn G +8,Fy ) \Sgh.?ia

s (f_xG.,,, tE Fy M(EFe - 8 Cn) \§75\2

- [6(2E41))? o(T 18 ;500) W(E1sk; €3) (£, B, + e, G )

-t A
X (5 - 8,000 (307 ()
5 6(2.Z+1) % c(Ill; §00) w([ 133 L3)(£ G, +8,F, )

x(f., 6 +8 R ()" ([38) j

1 (clepsonct) ) & a TRl
+:N;2-(CPCI'>+CI"CP)idr (£, G, +8_  Fu) g (£, F, +g,06,) 'S rl}

i * vk r} & = Y,
- = (c,c.+C! C.) i 6(2¢ +1) 2 c(€ 12 ;00) W(£ 133;€3)(-f F, +g G, )

2M *'A'P AP -x N -n M
d = A2
= (£ By +&, Gy ),HSG lx\'l

- L (chopeeyep) i(::,tan + 8P ) & (T + 86,0 (3D 7))
+ 55 (CA°1'>*+°AC; i[_6(22+1)]% c(Z 1 0;00) W(l 133;¢ 3)

d - A 2
X(fy Gy + 8, Fo ) gz (-f_ G +8_ F,) \Ser-rl }

+ & (e cp’4cicn) Z(f,( P - 8,0 ) & (£ o 45 (&) (1575)}

(3.17¢)



We had
1(83«. -S.y)
W -
where n =-11, -2, 2. ..
and
=[x -3%

We introduce

Jy )z 1A 00) + Ay(w)

Then we get

66

(3.1ke)

(3.192)

‘ 1(S,.
N = 2 "S) (23+1)[iA(x)+A(n)] (3.14£)
bY 8

2np

where from (3.17c), rearranging some terms and introducing the notations

Re and ‘Im as meaning the real and the imaginary parts, we have

N\ 1(0)s - (2 Re C,C )36(22+1) [c(lll,oo) w(el.j%,zé)_') (£ o P B

X (£, Gy + 8 Fy ) | Sa .’1‘-,2 + (f_nG”_ +g_xF,( )£, E, -8, 0, )| (75|2

[(fx,_+g'Gn)

- 1 - -
+ [6(2€41)] c(£ 12 ;00) W(£ 133;

X(£y, F.o =&, Gy )(jc?-’i')* (1575) + (£, 6, +8, B, NE_ G +

x jé-?)(ijys)*]}+

g"')t
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4+ ;;2— (Re CPCI', )i%; (-f,LGn+g_nF"_ ) g; (fn F“'+gx: Gn.) | F’o}' 2j
2M [Re (c,ce *sc1 cP)] % [6(2¢ +1)_T3 (€ 1€ ;00) W(2 133;

: d d
x[(-f_an +g__ G )_ & (£, F, +8, G, )-(f, Gy +8, Fy ) = (-f_nGK+g_nFn ﬂ

won
x\fsr|+(f v F, )& (£, F, 48,6, ) sr(ijys
- (£, Fy -8, Gy) ?3 (e om0 a [ Gam

AN o(M)e - — [Im (c, c' cp)] } [6(2L+1)_']% c(? 14;00) W(£ 133;21)

d d
x (-f_ P 48 G,) gr (£, F, 48, G, J+(£, G468, Fo ) & («£_,6 +_ F, )

x\S@-%le + (£ Gute T, ) & (£, F, 2,0, )(_f’éL 2 [r)”

+ (00 Py -8, 00 ) 5 (2 08 B (8 D) sy } (3.19¢)
We had
=§-"—g<ea+1) Zg(n,uugu,u ) (3.15¢)
We defi |
T0U = Zd‘(n,u, 1 s (3.208)
1,

then, we get

D= p 2 (23+1) o o) (3.15¢)
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JQ(K)ZZiE-i CZ é&,u, -8, CA*S,_’_XV )

"y

* [[6(2 €'+1)J% C(2 1€ 500) W( 21345 €3) (£, G, +8, B ) 53 2
* (8 By 6, 0,1 f75)" ]
g__ _ * .S o _d_ 3'? *
+2M(iCPS>L,x, w Cp éx,-xv ) & (B Foct8 Gy ) j )
X {(i Cp Sn,,.y 'Sucfxch,-n, )[[6(22 +1)_7% C(€ 10;00) W(C 134;0 %)

"X (fy G, +&, F, ) fc‘,—".?) + (£, F, -gnGn)(ij75) J

s io (10 Svt,n,, -5,, C S”’_x» ) %r- (£, F, +8, G, ) j‘&‘ :\r):’] (3.20b)
There are two points to be noticed in the above equation.

(1) There will be no terms containing the primed and the unprimed coupling
constants because of i{ronecker deltas. This leads to a well known result
that the measurement of the B spectrum does not show the effects of
parity breakdown,

(2) ﬂ 2( L) is a positive definite quantity, as the intensity term

should be

RED
= ([e1% + 10112) 16(2Z42) [ c(£1€500) W(Z 1335 €3)]2 (£,C,, 48, Fu REAP

+ (£, F, -8, G, )= ’f’s‘e + [6(2'8'+1ﬂ% (2 12 ;00) W(Z133; £3)

X (£ 0y 48, E)5, By 6,0, ) [(J& B "+ (83 (1j75)]} +



et {169

*
1

+ 2 [Re (cAc;wAcP ﬂ { [6(2 E+1)]% c(€ 1€ ;00) W(€ 133; €3)(z,, G, v, F,)

X S (5 By 48, Gy ) | 3‘% x|2 }

*

+ 3o [(CAC;“‘CA%)( Jé'"?-)(i_['ys)f + (cXcPwA*cl',)(fé” 2 (1]75)]

X (£, P -8, G ) T (£, B, g, Gy )} (3.200)

Now we assume tlat time-reversal invariance is valid in nuclear B

15

decay ~ and in strong interactions. If time reversal invariance holds

in strong interactions then (1) all the combination of nuclear matrix
16,17

elements (in the cross terms) are real.

lsM. A. Clark, J. M. Robson, and R. Nathan, Phys. Rev. Letters 1,

109.,23_;’958)_‘ The measurement involved the detection of a term like

D J(p X P

75 Ei where for the vector and axial vector interactions in the
(]

* *

2 Im (cch + CyCh

decay of polarized neutron D = - —> —5— 5 55 Pe
1Cl = + [Cy|” + 3(1cy| = + Ical )_)

- the momenta of the electron and antineutrino respectively and J being

P
tﬁe spin direction of the geutrons. Under time reversal this quantity
changes sign. D = - 0.02 = 0.28, by experiment.

16

and

S

C. L. Longmire and A. M. L. Messiah, Phys. Rev. 83, 46k (1951).

lF{For special case, see L. C. Biedenharn and M. E. Rose, Revs.
Mod. Phys. 25, 729 (1953).
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* *
Therefore, (ijys)( jé‘ ‘¥)" 1s real and for weak interactions(B
*
decay) (2) the coupling constants are real. Making use of the sbove,

A 2( N) in (3.16c) vanishes becguse of the factor Im (CAC'P + C! AC )

From (3.19b), we get

N\, ()
=-2 cAc.; {6(2&»1) [c(€12;00) w( 0133 %)J2 (-f_ Fy +8_,, Gy )
X (£, Gn"'gnFn ), Sé: 2 |2 + (f-x G)t+g_"t ¥, )£, F, -8, G,,.) | §75\2

+ ['6(22+1)]% c(C 18 ;00) W(£ 133;¢ %)[ (-f_, Fy+8_, Gyn)

*
x (£, F, =€, 6, ) + (E G, +e Ty )(f-xGx"'g-x. F, ) T T) (ij75)

+ ;iz-cpclgi% (-£_, Gy +8_,, F ). & (£, F, 48, Gyy) lgs-r B
- &5 (c,C I;wAcP)E [6(2Z +1))% c(Z 1€ ;00) W( T 133;
[ age T ¥ an) T
(-£_ G+ F, )] ”3‘ -’}’2 + [(f_XGn+g_n F,, )
Py 48,6y ) - (£, B, -g G, ) & (£ G +&_ P )

<Sé 2y (1_{75)} (5.190)

* S Ak
(1 \7.)( }& #)" 15 rea as:;proved in Appendix C.
5

(f F, +8, Gy ) = (£, G +8, Fu )

*%
T. D. Lee and C. N. Yang, Reference 8, p. 23. Also see Appendix
C for proof.
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And from (3.20c), we get, using these assumptions,

Ja(x)
= (cBscs?) §6(2Z+1) [c(Z 1€500) w(Z 153;€3)]? (2, G, +g, Fy )2 |S8 2P
+ (£, Fy -8, Gy )° I S7S|2 + 2[6(2€ +1)J% c(Z 12 ;00) W(2 133;¢ %)
X (£30 Gy +€,, Fyy )G F, -€, Gy )(fé B (1) }
+ j?- (e + clgz)lg? (£, F, +g, Cy )]2 ”8‘ 2P }
a%p*Ca%p

+ %‘1 (c,c+CiCY) i[s(z'e'u)_]% c(f 1¢;00) (T 133; €1)(t, G, +g, Fy )

X %3,- (£, Fy +8,, Gy )Ua‘ 3_,2

+ (5, 7, 8,0 ) & (5,5 4, 0, (1j75)3 (3.200)
We have, J = Il -3 or2)+1=21%
Py =%
where
1(dm -5 )
N - 5‘;—’; i e ( 5"“ 2 |x) 1A1(x) (3.14f)
n
- 7 a2 J ) (3.15¢)
n

‘u = -l, 1, ‘2 ’ 2 9 o o o
We introduce

M| =k
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Then
1(o - - -S.)
N = "-5 > ke Sy S 1/\1(x=k) +ke 18y~ 14 (t =-k)
1S .-§..) A4S -§ )
N = -}5 % ik IE 5 TEx Al(x=k) + e % é'k l(n =-k)]

(3.1hg)

Similarly, we obtain

p- L % k [Jya=n) + I, =) ] (3.158)

For/\l(n= - k), we replace, in (3.194), % by - k

we see that

(2£41)2 c(€ 12 ;00) W(L133;C %) = (2;+1)% C(Z 10 ;00) W( € 133;2 1)

(3.18a)
For the neutrino radial functions,we have
F__, =-56, (3.18pb)
G_, =5¢Fy (3.18¢)
where Sxiis the sign of o .
It is very easy to see, by substituting the above that
Aot =-x)=-Aj(%=x) (3.19¢)

Substituting (3.19e) in (3.14g), we get

N=" Z 1k [ei(6 x O = e-i(S K 5'1‘)) N\ NCTRY
k

np



[F]
N = - %Zk ksin(§, - §_ A (3t = K) (3.19¢)

A\ l(>L) is given in (3.19d).
Now we simplify the expression for/\ l( M) for X = k

(-f_ka+g_ka)(kak+ngk)

2 2
= - f_ & Fp + &g 0,6, - (f,f -8  JFG (3.21a)
(f_,Gyre 1 Fi ) (£, F, 8,8y )
2
= fkg-kFi - g f 1 Gy + (£ f &8 JFy Gy (3.21b)

(- Ficre_, O ) (P8, Gy ) + (£,0,4, P )(F_(Gyre , Fy )
= - (£.f . -g88 )F° + (£.£ .-g.8 )G + 2(f.g +g.f L)F.G. (3.21c)
k -k 8kB.x "k k" -k "8kBx Uk T S T N N P T
Now
%; (£,F 8, 0,) = T PLHTIF 48 GG,
The prime in the above equations means differentiation with respect to

r. To evaluate this, we use the coupled equation318 where V is the

potential energy.

£ =SSt - (W-V-l)gk (3.22a)

18y, E. Rose , Elementary Theory of Angular Momentum, (John Wiley
and Sons, New York 1957) p. 153. Also see M. E. Rose, reference 2,
Section 26.
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k+l
! = - = =
gy = (W-v+1)f, - == g, (3.22)
For the neutrino: = the momentum of the neutrino (in mc units)
k-1
=
Fy == F - q Gk4 (3.22¢)
k+l
, S - c—
Gl = aF, = (3.224)
We define
u=W-V-gq (3.22e)

Using ( 3.22), and rearranging “t’erms,

d
& (70800 & (-2 0T

,,1,15_1_1?.

2['1"1-_1 {u(fkf-k'gkg-k) + (B f (8 k)} fkg-k'(“z'i)f-;gk:l 5

k+1 )

2[% {“(f kB + (B f 88, )} v f-kgk"(“z'l)fk“;kjelzﬁ

: 2 -
+ [h ‘:—2—'—11 ( fkf_k-gkg_k) + (u2-l)(fkf_k-gkg_k) + 2u(fkf_k+gkg_k)

+ 4 Lk—ll ufeg, - I Qﬂ— uf_ g, Fka (3.214)
Similarly

o f [f‘kgk ve Q'i-'_ll (ff 88 Fi e [fkg-k - Q%l')' (fkf-k"'gkg-k)](;i

- 2| u(nr_ peE ) + (00 a8 )] RG (3.21e)



15
(f .G, +g F )g-(fF+ ‘G)-(fF-gG)g—(-f G, +g .F,)
-k k®x'k’/ & “k kK Kk &'k’ ar ‘"T-k 'k 8-k k
=[' ur, T 88 ) - (fkf-k'gkg-k):]lii + [(e Tt yreye )
s (6. ge )]+ -2 (er 4g8.)+2 g 42f g |FG  (3.21f)
k-kgk-ka r 'k -kEREk e I S
In nuclear B decay, the lepton functions are evaluated at the nuclear

radius. In this work, we shall denote the radius of the nucleus as R.

In the relativistic units, the nuclear radius is given by

R = 0.330a/3 (‘gg) .
1
where a elﬁ .
We define the following:*
A, =) IR g sin(S - 5,) (3.23a)
Byq s (0F ) RN £ g Sin(8,- 8,) (3.230)
¢, , = (BF )R (£ sgg ) Sin(§ - &) (3.23c)

F 1s the Fermi function
2
2(7-1)  ogw l [(7, + t0w/p) |
exp :

(3.23e)
P pEer ) )

)
W

4 (2pR)
-[1 - @

~
(=)
|

*
See Appendix D for analytical expression up to order R.



Now we define
N )z AJx) 6%F,)™" % sin(g -5

So that

N - -—-( °p )angk‘zj\(k)

Substituting (3.21) in (3.19d) and using (3.23), we get

A\ (x)
- - 2¢,C, i 6(27 +1) [c( P18 ;00) W(Z 13%; 2%)]

13_112?'1?2 Ale + D) RF,G) ]fsor

+ (B y F12c 'BklReci’“D Gy) \S’S\

+ [6(2@11)]’:’ c(€ 14 ;00) w(¥ 133;¢3) [- Py ns‘i

+D, ) RG: 4+ (2o . + KB, ) Fyly | (f& ) (1575)}

* ;]n? CpCp 2[2(k-1)(unk_l +Cp )+ b(k-1)° R-QA'k-l
- (u2-1)13 2_] F + [2(k+1)(uD Cyq)
- h(k+l)2Bk_1 + (v -l)Ak_¥] Gk + [h(k 'l)R-lnk-l

2 -1
+ (uwS-1)RD, , + 2uRC, , + W(k-1)R™°A, ;u

. h(k+1)mk_1]'pkck}| JE% S

76

(3.24a)

(3.19¢)



7

l‘ﬁ (cAcl;wAcP){:e L6(2Z+1)]% C(€ 10 ;00) W( P133;2 1)

x[— (R%B, | + (k-1)C, )F2 + (A, - (1§~1)cl‘_l)c',;“t

2
‘ =~ A
- (wRC, , + RO, ,)F,G ] 'f"" r

2
+ [- (uRC, , + RDk_l)Fi + (uRC, _, + RD, ,) G

+ (- be, ;) + 2RZBk_1 + 2Ak_1)Fka] (f&" -?')f if75 } (3.240)
where
u = W-V-q (3.22€)
In (3.158)
p-5£27 x[dpn=0+ Jyn =-x]
k
Je(x) is given in (3.204)

Now, as before, the following are to be evaluated at the .nuclear radius.

2 2 2
(£, Gy +8, Fy )" = fi Gy + &4 FE +2f, g, F, G, (3.25a)
2 2 )
(5, T, '3>4Gx,) = f"_Fi-i- g5, 0, - 2f, g F, G, (3.25b)

(f,_ 0 )(fx F, *€, G, )

2 2 2
= (f\\. -gﬁ)Fn G” - f>t €., Gn"’ T, 8. Fy (3.25¢)
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[-%; (25 B, +8,, G, )]2
g [J—i f,, - (u-l)g ] Fy + [_(u"'l)f)\ - _('L-Ll'z gx] Gr(}e
= [u "rél : £5 + (u-1)g? - u ht;ﬁ (u-1)1 g, ] Fy

2 .
+ (u+1)21’2 + 4 Ol )" 32 -4 (n+1) (w1)f, g @2
7 r2 " r A n M

2
2[ 2 Ll‘;‘—l—) (u+1)f,2L +2 ﬁ-’%”l—) (u-l)gf - (4 L,;,ll + u2-l)f,t g,

(3.254)
(£ Ou 48y By ) &= (£y By +g, G, )
- [2 fi‘;ll—) £, 8, - (u-1)&? ) F
3 [_(u+1)f,2L -2 -(-’-Lr—*-l—) £, gx) 2
[ -(-1-1—1‘ +2f, g, 21—35—?—1—2 ij "0, (3.25¢)

d
r

- [2 1) 2 e, g”]pf - [(m); g, -2 ";fl) 32,(] G5

+ [l - v 2r g+ (1) FG, (3.25¢)

Using (3.18a) and noting from (3.18b) and (3.18c)

2 2 2 2
F-k = Gk ’ G-k = Fk
G, =-FG
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and with the following definitionsl9

L, = (20°F ) B (£ 4 @8 (3.268)
Meq = ("’Papo)-l R2K (£2, + ) (3.26b)
N, = (%P )R (r g, - 1,0) (3.26¢)

= (2p%F )™ RO (&2, - £2) (3.260)
-1 = (QPQFO)-i R2K (gf - £2) (3.26e)
R _,= (2’:’21"0)'1 p-2 (£ 8 + )8 ) (3.26¢)

[J (w=1) + J,(n = k)] (2% )7t 2%
(c2ec; )is(ee +1) [e(7 1€ 500) W(Z 1333 ¢ $))° [uk_l R°FC
Ly G - 2N BRG] lS 3 2|
[Lk1F12:+"k1RG+N k][ps‘
v 2 [eZa))? c(B1e500) W1k € - 7
1RO + (L, o - M RP)F.G (JG ) (1J75)}

+ N

19, Greuling, Phys. Rev. 61, 568 (1942); D. L. Pursey, Phil.
Mag. 1+2, 1193 (1951). Also see M. | E Rose and R. K. Osborn, reference 15,

equa.tion 59.
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+ o (Gpep) i[h(k AP R ) ¢ PR - aRg
+ ML)uly o+ DR ) ]+ [0S
- 2Py

+2 [Z(k-l)uR']'Lk_l - 2(k-1)R7IP, , + 2(lhlJuR

- 2(k+1)RQ ) + 1;(1{2.1)R']'uk_1 + (“2'1)RN1<-1] Fka)l S'é’ .'é-le

+ 1&(k+l)2 Moyt b+l )ulN, , - h(k'"l)R'k-l:] 612:

+ % (C,Cp#CiCp) i@(e t7+1)’]ér c(T1¢;00) WL 133;€3) {[2(k-l)Rk_l

- uR"’qk_l + Rallk_l] Fo + [- WPy + Ly - 2R, )] e
v [- elenrry ) - omn ) - 2(e1)Re 1] G| [e4)?
f[ - 20 LRMP ) - WR ) - RN, ) F
- (RRyy - R - 2(k+1)nqk_1]<;§
R L TREL LY

(f&* @y ‘J (3.27a)

From (3.15g)

(20°F )2 2k-2i[3 (w= k) + J,6t=-k) (2p 25' ) 132'21‘3

(3.15b)

L
7P
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where the expression in the curly brackets in (3.15b) is given by (3.27a)

- -2 W) Z s PAW (3.19)
k
where /\ (k) is given by (3.24b)
and
N
B =3
Now
¢ = n 5wy 0
l=-(M+1) ; n ¢ O
L, =72
Also
Fie = @ 41 (R) o~ a(aR)*™ [(2k-1)2:] 2
G =4 Jk(qR) o q(qR)k Y_(2k+l)!: J'l

In (3.19¢) we evaluate the first term of the series, corresponding
to k=1,

Then, for k = 1 7-0, £-1, J=%
6(2Z +1) 2 c(T1€;00) W(T 1532 3)
= (6)% c(011;00) w(0133;13)
- (6 () cla01500) (-1 w(13d;08)

= (6)% 6 Y2 o1 (3.28a)
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Also
F, = e (3.280)
62 - "%/ (3.280)
F.G = OF/3 (3.264)
Substituting (3.28) in (3.24b) for k = 1
M=) = - 2 %7 ) A (k= 2)
using (3.24b)
A (x=1)
- 2¢° c,ct 1(30 .- %EAO +3 DO)R2 \jé‘- -?’2

2
- (a, - & R'B_ + 38 | 575|2
2 *
- (-p, + &R +Zaa + 2B R([§ D (1 fys)}

CC'(21)B 93 4(uD_4C_) + 16B_ (v2-1)A
QLFPP u- + [- + - (u®- o]

+3[ (u-l)D - 2uC +8uB]} lfs?'a
2i(cc +°°1>)f [ +3—( By +2C.) + 3 (uC 4D )]RQU'&"

+[uC +D +%—(-uC -D)Ra+%(hc°-2n5so-21\°)

* R (J? )" J75j (3.24¢)
R j‘ ;'\ = j‘c"r

Define
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Since R << 1 for A = 144, R = 0.016 (%) units, we neglect all terms of
order R? or higher orders. In this approximation, the second term of

the series in (3.19g), namely, 2 R2A(k = 2) gives only

= ;ME cplp - W Eny - 3o | S0

Lo (Fen) (Sl

However, this term compared with the leading term in (3.19g) is small
and as such is neglected. Therefore substituting (3.2U4c) in (3.19g), we

get ‘
2 | g
) o 6, - £, 4§20 |31

'frslzl.w»o-%wda D afn )

&
}142 i(u -8, + & [168, - H(udgc,) - (P-1)a)
% [8uB - (v® +1)D, - euco]} \ffi
1 = ¢ q S"‘ 2|2
e § [y a5, +§ (o011 53

‘2 [“°o+Do + %3 (¢ -A) (& e (1J75)j J (3.29a)

Similarly we take the term for k = 1 in (3.15b) using (B.27a), (3.28)

and neglec‘ting terms of order 32 or higher orders.
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2 2 2 .2 2 = =iy
_g(p ano) [(CA+CA)§(MO + %qL '% So'. \

o)

\f75'2 + 2(- N +§ aL ) ( S'&-'f‘)i,e (1575) j

i 2 _ 53 2 2¢ 2
+ h_l;)é (Cp+Cp ) ; (u +1) M, - 2uQ,+ 99— ‘Su-ﬂ-l) L,

™ 2 2 - 2
2uPo +16Mo +8uN0-8Rc;, +-§‘1 [h(uMO-QO) + (u -l)NoJ}\ G .r'

+ = (ccqcreh [-uQ+M +93[—UP+L - 4R - 2 (N 42q) 56-’ z[?
M AP AP o 00330%\'

[uR+N + (uR -N_-4Q )

+ 3 (uPo-Lo+’+RO-RQ(qu-,Mo)ﬂ}( g? B (1 J75) (3.308)

where Lo, Mo, NO, Po, Qo, and Ro’ Ao, Bo, Co, and Do are defined on pages
79 and T5 respectively.
The longitudinal polaerization of B particles in O =»0 (yes) transitions

assuming time reversal invariance in strong and weak interactions is

=N
P'| =3

where N and D are given in (3.29a) and (3.30a) respectively and from (3.11)

the differential energy B spectrum N(W) is given by

NwW) = LD
hnz

Now we specialize these results assuming the validity of the two-component

theory of neutrino.
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C. The Two-Commne'nt Theory of Neutrino

*
After the experimental confirmation of parity breakdown in nuclear

B decay, it was 1>ro:|:oosed20’2]"22

that a neutrino can exist either in a
positive helicity or a negative helicity state but not in both. Whether
a neutrino is left-handed or right-handed, is to be decided by experiment.

23 measured the neutrino helicity to be

Goldhaber, Grodzins and Sunyar
negative.
The wave equation of neutrino, with negative helicity, is
EP =1 2%

- Dt

H=-6.p
We have taken the mass of neutrino to zero and use”h = ¢ = 1. Then for the
stationary state of energy W = q and @» =¢ e'iqt; -& Q4 - ¢ .
Clearly the helicity operator ¢ -0 commutes with the hamiltonian (- s -a)

and as such helicity is a good quantum number. (In fact, in our case

it 1s -1).

*
C. S. Wu et al, reference 5.

20p, D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957).

21). salam, Nuovo Cimento 5, 299 (1957).

22y Landau, Nuclear Physics 3, 127 (1957).

23M. Goldhaber, L. Grodzins, and A. W. Sunyar, Phys. Rev. 109,
1015 (1958). Also these results have been confirmed by I. Marklund and
L. A. Page, Nuclear Physics 9, 88 (1958).



86
Since, in our calculations, the Dirac wave function for the neutrino
was taken, we show the connection of the two-component theory and the Dirac
theory of the neutrino.

*
For stationary states of W = q, the Dirac equation gives
> A
~aq ¥, = Y, (3.32a)

-

0 G

-
a =

=3

G 0
then

LP cpv
V =
- A
- G
q @,

Since 75 commutes with 3, therefore from (3.52&), 75 "Py is also a

solution. If we impose the condition
. +
sW,=€e® ;5 € =% (3.32b)

Then we show, below, that % represents a two-component neutrino of

negative helicity for € =1
(O : )
P 2
> \1

%(1+75)\|)v =%(1+€ Y,

o

From (3.32b)

*
We consider here positive energy states.
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n
[

Consider &

(1- E"’(\l) c\)u
% (1+75) q)y = 1 S (5'55)
5 (1- ¢ :q) C\)y

S o

Y

In (3.33), the upper and the lower components of LV» are the same. The
*
helicity of » , for &= 1, is negative.

In nuclear B decay, the interaction hamiltonian for an interaction

can be written as

- Lme YL, (e Y )

=L ey, [ (o)1) + 3 (cc)(2-75)] Y,

(3.34)
Thus to find the condition so that neutrino has negative helicity (eigen-

¥
value of & a is -1) for positive energy states, from (3.34), we observe

In fact -2-(1+75) and -2-(1-75) are the projection operators for spin

of the neutrino and these projections operators acting on ‘-H, select
states of negative and positive helicity respectively. Thus te.king €=1
(or -1) in (3.32b) gives for the neutrino a negative (or positive ) helicity.

In fact W=1 q in (5.328.3. corresgonding to positive a.nd negative
energy states of neutrino. Then o-q 2(1 = ) ¥, = + Sw é-(l Ye) %
where Sw is the sign of W. From this it is clea.r that 5(1 - 75) "};

the s_igenfunctions of the helicity operator 6‘ -q. For Sw positive:
i1 = 75) q/ represents states of (+) helicity of L . For Sw negative:

i1t 75) kV represent states of (L) helicity of M. For an antinuetrino
in positive energy state: (1 1 ) “P- represent (¥) helicity of D .
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that (Cx+C;‘) and (Cx-C;c) are the amplitudes for positive (negative) and
negative (positive) helicity of antineutrino (neutrino). Therefore the

longitudinal polarization of L is

P = (Intensity spins \7) - (Intensity spins antiparallel y)
(Intensity spins \|4) + (Intensity spins antiparallel Q)

| Cx +c:':\2 -\Cx'c:'c‘Q
|c_+c |2+ |c —c!|”
X X X X

*
Assuming time reversal invariance in nuclear beta decay, (Cx = Cy; C )= C:)
we get
QCxC;(
P; = '—2‘

Cx +Cx

From the above equation, we see that

(1) Py = 1 for Cy= Cy
and (2) B = -l.for C = -C;
The choice Cx = C :'c is the correct choice, comsistent with the experimental
determination of the negative helicity of the neutrino. Thus the results
derived in using Dirac wave functions for the neutrino in nuclear pgdecay,
can be converted into those using the two-component theory by substituting
C_= C)'c for all the interactions. In our case of the 0> O (yes) transition,

X

we get

and
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*
D. Formulas for Longitudinal Polarization and B Spectrum in 0 - O (yes)

Transitions, Using the Validity of the Two-Component Theory of Neutrino

Cancelling common factors
W -
= (2T, o 153 2% 1n (3.208) ana (3.308)

after setting

CA=C;\ H P
P I
where ! f o S
/ 2 \75\ 2 i 75
N;-[‘IBO-%-AO+-§D°- OW”‘(% 3qlA) fe‘-? 7]
c 2
-%(-E;) i( -1)B +9—[163-1+(uD+C ) - (u®-1)A ]
+%[8uB -(u+1)D - 2uC J}

e
%—[uC +D+-—ql (20 -A )] } ] (3.36a)
2 1
Dis M 1q2L -gqN + L —-\—gz_.L\-are(-N +qu)—£—75—- +
*3 3 \o‘.r\a o 3 %o jc—r;

*

To check these formulas in the limit Z - O, it is necessary to

takeX = t 2; in those terms which vanish for || = 1, for example to N!
2

1/% )\ 8 2
we should add - = qQ A and for D'; we should consider
F\Mc,! "9
Co\2 /
1( P\ 8 2 |
T\ MC 9 %4
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2
c 2
1({%p 2 2
. E(WA) { (uP+1)M -2uq_ + %—[(u +1)L_-2uP_+16M_
+ 8uN°-8R°] + %—‘1 [h(uMo-Qo) + (u2-1)No] j

CP q? 2
+ ECI { M,-uQ, + 5= (- uP +L -MR ) - 3 q(N_+2Q )

[uRo+N°+ R (R -N_-bQ ) - i{ P _+L_-UR

+R2(uQ, M)ﬂ f75 } (3.36b)

The differential energy B spectrum

N(W) = =5 D
by
queFo
N(W) = 3 c’5
2n
* 1+7l
CB is called the Shape factor. For allowed transitiomsit is LOCf 5
-3
- o [fcr 2P (3.37)

D' is given, above, in (3.36b).
In (3.36)

uzs W-V-q )

- 0.43(137)"L AL/3
For B~ emission, V = - @Z/R and for B emission, V = a2Z/R

This shape factor was derived by M. E. Rose and R. K. Osborn,
Phys. Rev. 93, 1315 (1954).
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The functions Ao’ Bo’ Co, Do and Lo’ Mb’ No’ Po, Qo

equations (3.23) and (3.26). Units are such that (h = mg = ¢ = 1).

1575

2 i
W=1(p+ l)2 and in these formulas 'TI:':' is a real number, because
c.r

y Ro are defined in

of the assumption of the validity of time reversal invarience in strong

interactions. The neutrino energy represented by q is equal to Wo - W,

where Wb is the end-point beta energy.



CHAPTER IV

EXPERIMENTAL DATA ON 0— O (YES) BETA TRANSITIONS
ITS ANALYSIS WITH THE DEVFLOPED THEORY
AND THE RESULTS

Lt

In the previous chapter, we developed the theoretical formulas for
the B longitudipal polarization and the shape factor for 0 =0 (yes)
transitions using the axial vector interaction and the correct form of
the pseudoscalar interaction. In this chapter, Section I gives the pres-
ently available experimental data on the B longitudinal polarization and
the B spectrum of 0 —>0 (yes) transitions. Section II starts with a
short discussion of the finité nuclear size corrections and’the finite
deBroglie wavelength effects; then the numerical coefficients for the
formulas of the B longitudinal polarization and the B shape factor are

W4 (0 -, 6") and 1in Teble V for HoX6 (0™ 0').

given in Table IV for Pr
In Section III, the methods émployedvfor the analysis of the experimental
data are described and the results of the extensive computations are
graphically presented. The main results are given in Section IV.

In the final chapﬁer, we give the conclusions and a discussion of
these conclusions.

I. EXPERIMENTAL DATA ON O =0 (YES) TRANSITIONS

The 0 =0 (yes) beta transitions have been established}in the decays

166 5,152 L4l

of Pri44) Ho and Ce A 0 =0 (yes) transition has been re-

N lD. Strominger, J. M. Hollander and G. T. Seaborg, Revs. Modern
Phys. 30, 585 (1958). See pages T2k, T43, 732 and T23.



93
ported? in 1120,

The relevant experimental data for our purpose of investigating
the existence of the pseudoscalar interaction are (1) the B longitudinal
polariza.tion* and (2) the g shape factor in 0 0 (yes) transitionms.

(1) pri** > nalt* (p7)

The decay scheme of Porter and Da.y3 is given in Figure 1. The
meximum P~ kinetic energy is 3 Mev in the 0"— 0% branch. Pri** phas a
half-life time of 17 minutes. The advantage of the study of Prlm" (0™ — O+)
is that this transition is very intense (~98%). The log ft value is
6.6.

A number of groupsB’ by 5 have studied the B spectrum and the
general 'conclusion is that the P ~ shape factor of the 0™ 0"'» branch is
independent of the B~ energy within 6%. For our analysis we take the
shape factor as éiven by Porter and Day?

Table III summerizes the B~ longitudinal polarization measurements

of the 0 —> o' branch.

2y, Zyrianova, Bull. Acad. Sciences U.S.S.R. 20, 12680 (1956). (Trans-
lated by Columbia Technical Translation,. New York).

*For a recent review article,. see L. A. Page, Revs. Mod.'Phys. 31,
759 (1959). ‘

3p. T. Porter and P. P. Day, Phys. Rev. 11k, 1286 (1959).

hR. L. Grabam, J. S. Geiger and T. A. Eastwood, Can. J Phys. 36,
1084 (1958). This paper contains the references to the previous work.

51{. J. Freeman, Proc. Phys. Soc. 73, 600 (1959).



UNCLASSIFIED
. ORNL — LR— DWG 48106
Pri44 (17min) 184
0 Nd

807 * 5Skev
(1.0 £0.1%)

2299 *15kev

(1.2 +0.1%) _
I~ 2.19 Mev
2996 £3kev
(97.8%)
‘ 2t 0.697
O+

Figure 1. Decay Scheme of Pr'44 of Porter and Day, Phys. Rev. 114, 1286 (1959).
The numbers in the parenthesis refer to intensity.

9k
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TABLE III

EXPERIMENTA DATA ON BETA LONGITUDINAL POLARIZATION
Ll

oF ettt 0" 0"

Longitudinal Energy Range Method of

Polarization of B particles Measurement
in units of (v/c)
- (0.986 +0.030) 1 Mev to 3 Mev Mfller Scattering’
- (1. + OZOO) 0.3 Mev to 3 Mev Circulation Pola.ribza.tiona

Z0:13
‘ of Bremsstrahlung

- (0.96 + 0.04) 0.3 Mev to 3 Mev Multiple - Mott Scattering3
- (0.90 + 0.22) 0.3_Mev to 3 Mev Mgller Scatteringh,
- (0.77 + 0.21) 0.4 Mev to 1.1 Mev Mfller Scattering’
- (1.08 + -.26) 1.2 Mev to 3 Mev Mfller Scatteringsk

1

W. A. W. Mehlhop, Ph.D. dissertation (Unpublished) Washington
University, Saint Louis (1959).

9. ©. Cohen amd"Rs Wiener, Nuclear Physics 15, 79 (1960).
33. Heintze, Z. Physik 150, 134 (1958).
l“Geiger, et. al., Pnys. Rev. 112, 1684 (1958).

5Fra,uenn‘.‘elder , et. al., Pnys. Rev. 107, 643 (1957).
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The most accurate measurement of the p ~ longitudinal polarization
of the (0> o*) branch is due to Mehlhop6 et al. In this experiment a
relative measurement of the B~ longitudinal polarization was made with

respect to the B~ particles of the 27— o (unique) transition of .

The B~ longitudinal polarization in Y90 (2> O+) was assumed to be - V.
c
Py - 144 = +
Mehlhop found the average of -7_.. over the B~ spectrum of Pr (0= 0"),
v/c

for the kinetic energy of the g " particles from 1 Mev to the end point

(~3 Mev), to be

<

v/c is the ratio of the B~ particle velocity to the vacuum velocity of

P">= - (0.986 =x0.030)
v/c . :

light.
(2) B ¥y 1% (57)

The decay scheme7 of Hol66 is shown in Figure 7. Its half-life time
is 27 hours and its log ft value is 82 The B ~ spectrum of the 0= o*
branch (~ 47% intense) has not been very carefully studied experimenta.lly.*

We do not, therefore, make a detailed analysis of the shape factor.

6w. A. W. Mehlhop, E. D. Lambe and T. Pond, Bull. Am. Phys. Society 5,
9 (1960). Also W. A. W. Mehlhop, Ph.D. dissertation, (Unpublished), Washington
University, Saint Louis, 1959.

7J. M. Cork, M. K. Brice, R. G. Helmer and R. W. Woods, Jr., Phys. Rev.
110, 526 (1958). Also see Strominger et al., op. cit. p. Th3.

*
Private Communication from Dr. R. L Graham.
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{ihring8 - 3 +
Buhring“ measured the g~ longitudinal polarization in the O —= O

branch and the results are:

P .
< (- W"?:' )110166> = (0.99 +0.02) <( e ch? )932\/

The range of the B~ energy was from 0.18 Mev to 1.8 Mev and the angular
brackets mean the averaging over this range of the B~ energy. P32 (lf_a O+)
is an allowed g~ transition and we assume, for our analysis, By =- v/c

in this case.

152

(3) But? gal”?

(87)

The decay scheme9 is given in the tables of isotopes by Strominger
et al. The intensity of the 0 — 0+transition is ~ 70% and the half-life
time is 9.2 hours. No accurate measurement of the B~ spectrum is avail-
able. Also the B~ longitudinal polarization has not been measured. We
do not carry out any analysis of such cases where the accurate measurements
of these are not available.

@) et pe™ (89

StromingerlO et al. give the decay scheme. The half-life time is
about 285 days. NS detailed study of the beta spectrum has been made of

the (76%) intense 0Y— 0~ transition and also no measurement of the beta

longitudinal polarization has been reported.

84. Blhring, 2. Physik 155, 566 (1959).

9Strominger et al., op. cit., p. 732.

10
Strominger et al., op. cit., p. T23.
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(5) TL = P (87 98

The decay scheme is giQen by Zyrianova.% The half life time is
4.2 minutes and the log ft value is 5.2. The beta end point energy is
1.5 Mev and the B~ spectrum is a simple one. The beta energy differ-
ential spectrum is of the allowed shape within 5%. But a careful analysis
is desirable to establish the decay scheme. Accurate measurements
of the B~ longitudinal polarization and B~ spectrum are required.

Now we describe the method of computation and the nuclear finite
size and the finite deBroglie wavelength effects.

II. METHOD OF COMPUTATION

The formulas of‘the P longitudinal polérization and the B shape

factor, as developed in this work,.are given for 0 =0 (yes) beta tran-

sitions on pages 89 and 90. In these expressions, we have A,, Bos Co»

Dys Lgs My, Ny, Py Qo @nd Ry, which depend on the electronic radial
14k

functions evaluated at the nuclear radius. For the P decays of Pr
and Hol66, these electronic radial function f,, g,, f_;, and g_;, evalu-
ated at the nuclear radius 0.43 a.Aé (%%5, were computed taking into
consideration (1) the finite nuclear size effect, by considering the
nucleus as a sphere with a uniform charge distribution and (2) the finite
deBroglie wavelength effects. Sin ( Sl - S.1) was computed, only con-
sidering the Coulomb effects. In the following, we briefly describe these

two effects and then give the numerical coefficients of the formulas.

*
2yrianova, loc. cit.
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A. Nuclear Finite Size Effects

In our calculations, we have taken for the electron

m -1 £, (r)zu

u’i - -

where f,, (r) and g, (r) are #'eal and are the radial functions. It has
been shown by Rosell that the ‘indicial behavior of the radial wavefunctions

for any central field V(r) is given by the following:

(a) For X = k ; k is a positive integer,
using the notation x = %—
and w(x) = (2j +2) xd * l,
% J+3
fk Cl R
1
~ ! (R)'j +% V(x) w(x) ax (4.1a)
8x Z3 +2) .
)
(v) and for A = -k
Co J+2
£ ~ 57+ 3 R 7 v(x) w(x) dx
\ 0
o, ®

1M, E. Rose, Phys. Rev. 82, 389 (1951).
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From (4.1) it is clear that g, and f_, are "field sensitive" and for
large angular momentum, the weighting function approaches a delta
function. However, for small values of angular momentum, this effect
becomes important. In O —0 (yes) transitions, the finite nuclear size
corrections are therefore important.
\
We take R the nuclear radius as 0.43 an 2 (;-ﬁ? units) and a uni-

form charge distribution in the nucleus,which gives:

ve - 22, r,R (4.2)
2
az ro .
V= -F(3- m ); TR

a X I—%.? and Z is the number of protons of the daughter nucleus. The
details of the computation of the radial functions, using the potential
in (4.2) are given elsevhere.t®

B. Finite deBroglie Wavelength Effects.

Usually, the analytic expressions are given13 Lk for Lo, Mo, No,
, *
Po, Qo, Ro and also Ao, Bo, Co, and Do by considering the first term in

the power series expansion of these combinations of the radial functions.

120. P. Bhalla and M, E. Rose, Oak Ridge National Laboratory Report
(to be issued).

13g, Greuling, Phys. Rev. 61, 568 (1942).
4D, L. Pursey, Phil. Mag. k2, 1193 (1951).

*
Appendix D. of this dissertation.



The validity of this procedure rests on the fact that the beta particle
deBroglie wavelength is very large compared to the nuclear radius or
to be more exact PR << 1. However, where we have either large B mo-
mentum,or for small momentum but «@Z not small, these approximate
expressions are not quite valid. The desirable procedure is, therefore,
not to terminate the power series expansion by considering the first
term only, but to take into account a large number of the terms in this
expansion. The correction arising from this procedure has been called
the finite deBroglie wavelength effect .l >

In our analysis, these corrections have been properly considered
by computing all the required functions on the ORACLE of the Oek Ridge

National Iaboratory.

C. B Longitudinal Polarization and Spectrum Formulas of

PrlM(O-—) 0") and Hol66(0-—> 0%) with Numerical Coefficients

We write the formulas for the B longitudinal polarization and

spectrum, as developed in this work as:

a, + 8 A.2 +a, A -a3é + (ah,.+ asx )e

101

P” = - 2 - 2 (h"3)
by +DBy A+ Dby A+ +(bh+b5x)$
and the shape factor Cﬁ_ as
Coe=b_ +bs A +b, A +Db,€° + (b, +b. X ) (.4)
B~ = % T M1 p b +DP3g y * %% 2 ’

154, E. Rose and C. L. Perry, Pnys. Rev. 90, 479 (1953).
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where we have introduced

et (4.52)
L 2 o
C
P
s (4.5v)
IR
and
2 .
8, = By +—3-D - 34 (k.62)
a, = -Aj (4.6Db)
8, = D - % a A (4.6¢c)
a3 = %:—-i (u2-1) Bo+—;'—q[8uBo-(u2+l)Do-2u Co] |
2
' -§L ‘.16 B, - Mu D, +cC,) - (@ - 1) A ]31 (4.64d)
2
&, = B+ —g-—(u C, + Do) + —%— (2 c, - Ao) (4.6e)
a5 = %[uCO+DO+%q(2CO-A°)J (4.61)
b, =z M - —%—q N+ % o 1, (4.7a)
b, =z L (4.70)
b, = -2(N - % q L) (4.7c)
: 2
b, = -%;-i(uz + 1M - 2uQ + —g—-q[h-u M - bqy + (u° -1)N,]

2 .
+ —§L [(u2 +1)L -2uP +16M +8ul,_ - 830] (4.7d)
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2
2
bz M-, -2 a (M +2Q) + D (-, + I, - WR) (b.70)
1 2

bs:_. - [uRo + N, -Tqi -wP +L - hRo +R (qu - Mo)}

1l 2.2 *
* —5-q B (W, - N - th).] (4.78)

Ly» My, Ny, P, Q, R, and A, B, C_, and D,, are defined in (3.26)

and (3.23) on pages 79 and 75 respectively.

These coefficients, as defined in (4.6) and (4.7) are given in

Table IV for Prlhh (0"> 0+), taking W = 6.854 (mc2 units), and in Tdble V

166 , -
for H_ (0" = 0%), taking W, = b.51k (mc2 units). The P momentum p is

in mc units. These co‘efficients are given for various values of p, assuming a

uniform charge distribution in the nucleus, with radius 0.428 a A-is (%c)
and taking into account the finite deBroglie wavelength effects.
III. METHOD OF ANALYSIS OF DA'I‘I;. AND RESULTS
In (4.3) and (4.l4) we have two unknown quantities (1) ¢ - CTPA >

the ratio of the coubling constants of the pseudoscalar interaction and
the axial vector interaction divided by the nucleon mass in (~ 1800) units
of m, and (2) A, the ratio of the nuclear matrix elements. Our
motivation is to investigate the existence of the pseudoscalar interaction.
Therefore, first we im.r’estigate whether or not the axial vector interaction
alone can explain the experimental data (? . 0); then we wa.nt to find an

upper limit of the value of 6 which is consistent with the experimental

*In (4.7f), the terms containing R can be neglected.



TABLE IV

pel** 0" > 0*. NUMERICAL COEFFICIENTS FOR BETA LONGITUDINAL
POLARIZATION AND SHAPE FACTCR FCRMULAS

P 85 a 8, ag 8, a b, by b, by Y b,
1.0 112.3 0.6L400 16.97 14290 91,54 1.922 153.4 0,9026 23.53 20780 2260 175.7
1.5 131.5 0.7487 19.85 17740 108.5 2.182 153.9 0.8976 23.50 21830 1768 1kl.l
é.o 140.7 0.7992 21.21 20250 117.7 2.261 153.8 0,8917 23.43 23050 1hk5- 116.7
2.5 145.1 0.823h 21.86 ééééo 123.3 2.248 153.6 0.8854 23.32 24480 1217 - 99.48
2.783 146.6 0.8310 22,08 23520 125.7 2.229 153.3 0.8816 23.25 25320 1116 ,‘91.95
3.0 147.3 0.8348 22.19 24370 127.3 2.203 153.1 0.8787 23.18 26010 1050 87.00
3.5 148.5 0.8395 22.33 26380 130.5 2.128 152.5 0.8720 23.05 " 27680  923.5 T7.60
4.0 148.9 0.8402 22.37 28&10 133.2 2.047 151.8 0.8651 22.92 29490 825.4 7T0.33
4.5 148.9 0.8385 22.35 30510 135.8 1.964 151.1 0.8582 wgz.76 31400 Th6.6 6L.52
5.0 148.7 0.8354 22.29 32730 138.2 1.870 150.3 0.8512 22.62 33480 681.8 59.83
5.5 148,2 0.8312 22.20 35020 140.6 1.770 149.5 0.84k2 22.45 35670 627.9 55.9h4
6.0 147.6 0.8264 22.09 37430 142.9 1.690 148.7 0.8372 22431 37990 582.0 52.67
6.5 147.0 0.8211 21.97 39960 145.3 1.595 147.8 0.8302 22.15 LOL6O 542.6 L49.89
——

(3) the finite deBroglie wavelength effects.

*Equations (4.3) -and

L.L).,

$ These coefficients have been calculated considering (1) the
nuclear radius to be 0.428XA"> A/mc), (2) the corrections due to the finite nuclear size and

10T
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Ho 0" —ot.

POLARIZATION AND SHAPE FACTCR FORMULAS*

TABIE V

NUMERICAL COEFFICIENTS FOR BETA LONGITUDIRAL

P a,
0.76 95.95
1.0 111.8
1.5 130.8
2.0 139.6
2.5 143.9
3.0 145.9
3.5 1L46.8
4.0 1L47.0

&

0.5323
0.6200
0.7239
0.7713
0.7932
0.8026
0.8055
0.8046

)
14.30
16.66
19.47
20.76
21.37
21.65
21.76

21.76

8.3 &h
16800 8L.46
20050 99.02
24820 117.5
28220 127.k4
31080 133.7
33700 138.1
36290 1k41.6

38910 1uk.T7

e

*Equations (4.3) and

nuclear radius to be 0.428A

(3) the finite deBroglie wavelength effects.

%
1.4
1.661
1.882

1.936

© 1.919

1.869
1.801
1.724

%o

1586
152.8
153.1
152.9
152.4
151.6
150.9
149.9

1
0.8758

0.8734
0.8673
0.8602
0.8525
0.8k6
0.836L

0.8282

L
23.12
23.10
23.05
22 .93
22.80
22.62
22.47

22.28

b3

28130

28670

30080

31750

33620
35620
37820

40120

b),

2809
2505

1983

1615
135k
1163
1018

905.6

L

217.9
195.1
156.2
128.7
109.3
95.15
8L.52
76.26

4.4), These coefficients have been calculated considering (1) the
h/mc), (2) the corrections due to the finite nuclear size and

6ot
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data. However, there is one difficulty: 3 has also to be treated as
& parameter.

Nuclear Matrix Elements

No reliable calculations of A , the ratio of the nuclear matrix
elements have been done because not enough is known about the nuclear
forces. However, several attempts have been made to calculate the value

of ) , using certain assumptions. Equations (4.9) and (4.10) give these

A s i}'@{% Y N ER A (4.8)

Then, on the basis of the single particle (J - J coupling scheme) model,

results. We write

Rose and Osbornl6 give: (h =m = c 1)

[¢]

./\.—.2[(R§f-)+alz(wo-zs) (4.9)
( R ? ) ~ 1 to U/3. W, 1s the maximum B total energy.
'A is the mass difference of neutron and proton and R is the
nuclear radius in units of (x_nflc- ).
Using a semi-empirical energy formula, Ahrens and F‘eenberg]'7 obtain:
AN [1.2 + S (g -A) ) (4.90)

Pursey,18 using an explicit form of the nuclear hamiltonian and single

16M. E. Rose and R. K. Osborn, Phys. Rev. 93, 1326 (195k4).

17p. Anrens and E. Feenberg, Phys. Rev. 86, 64 (1952).

18p. L. Pursey, Phil. Mag. k2, 1193 (1951).
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particle wavefunctions, gives
R
A =2[‘1+_ - ]
- (Wo A) (4.9¢c)
For Prlhh (0= ot), Pearsonl9 has calculated ) , assuming the
single particle potential‘to be an infinitely deep square well. With
this assumption:
o« Js

= 205 (’-l».lOa.)

- -b

G.r
And using the harmonic oscillator potential of equal strengths for the

parent and the daughter nucleus, he obtains:
A =8 (4.10b)
But from the equations (4.9) one gets for prith (0" ot)

A~ =30 to -37 (4.10¢)
and for Ho166 (0™ — O*)

A ~ -31 to -37 (k.11)
The Coulomb contribution provides the dominant term in the expressions
of ) as given in equations (4.9). ‘This;fact favors a value of A from

Wk o4 H0166‘

-30 to -40 for Pr
But it must be remembered that these calculated values of A cannot
be accepted with much confidence, because of the lack of the knowledge

concerning the nuclear forces; therefore, we shall consider ) &as a para-

l9J’. M. Pearson, Can. J. Physics 38, 148 (1960).
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meter in the following analysis, rather than relying on certain calculated

values.

A. Anslysis of Data on Pritt (0=> o%)

1. B~ longitudinal polarization

(a) Pure Axial Vector Interaction. (i.e. 2 = 0)

The calculated B~ longitudinal polarization (P, ) in units of
- v/c, is plotted (Figure 2) versus B~ momentum in mc units for
A = 10, 30, 110, -30, =50 aﬁd -150. The region of B~ kinetic energy
for the measurement of Mehlhop* et al. is from 1 Mev to ~ 3 Mev, and this
is shown in the Figure. From Figure 2, we observe that in the g~

P
energy range of Mehlhop's data, the calculated - ‘-’71_: deviates less than
0.25% from 1.000 for large values of | A| () 100). The upper and the

lower limits of <- ;;lé\-}f this data are 1.016 and 0.956 respectively.
A large number of the values of A , the ratio of the nuclear matrix ele-
B,
ments, can be found, for which the calculated values of <- ">lie well
i v/c
within these limits (of Mehlhop's data). Therefore, the pure axial vector

interaction can easiiy explain his data.f
(b) Axial Vector and Pseudoscalar Interactions. ( G s£0)

Using both the axial vector and the pseudoscalar interactions, we
now investigate the regions of the values of ? and ) , for which the

calculated <- -;Ll>11'es within the experimental limits. Figure 3 shows
v/e

*Mehlhop et al., op. cit. And also Mehlhop, op. cit.
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these permissible regions. In this Figure, the curves designated by
L and U represent the loci of the points in the (ﬁ 5 M) plane, for the

lower and upper limits (0.5‘56 and 1.016 respectively) of { - P > The
/e
lightly shaded regions, in between the curves designated by L and U,
give the permissible values of ? and A for the longitudinal polarization
measurement of Mehlhop.
Figures 4, 5, and 3 respectively, give the typical curves of the
calculated - %E versus B momentum for the following:
(1) ?f = 0.05; A =90, 100, -65, -150 and -190
(2) ?, = - 0.05; » = 150, 175, 190, -110, -150 and -190
and (3) ? = 0.002, '0.004, 0.006, 0.008, -0.002, -0.004, -0.006, and
-0.008 for A = -35
It is interesting to notice that for the pure pseudoscalar inter-
' action, our calculated value of P, 1is (0.9"{') _cv_ at p = 1.0; however,

using plane wa.ves* for the electron we get Plll = 0.8 v/c at p = 1.0.

2. B  shape factor

We compare the calculated shape factor curve indirectly with the
experimental data. The comparison is made between the calculated shape
factor and a cubic (in p) fit through the experimental data. The cubic
fit to the data on the shape factor data of Porter and Day is as follows:

Cy- = 9459.32 - 375.752 p + 89.840 p2 - 8.4ggk p3 (4.12)

*
This implies neglecting the Coulomb effect and other corrections,
used in our analysis. '



112

UNCLASSIFIED
ORNL-LR-DWG 48109

A=
\

1.05 & ki
P

_Pu
v/c
o
(@]

e

/

0.95 100

/; 20|

REGION OF M¢LLER SCATTERING DATA OF MEHLHOP

0.90

4 2 3 4 5 6 7

MOMENTUM (mc UNITS)
pr'%® 0—=>o0 (yes)

Figure 4. Calculated Longitudinal Polarization in Units of =v/c versus 3 Momentum for C,/MC, = 0.05. The
numbers attached to the curves give A.



113

UNCLASSIFIED
ORNL-LR-DWG 48108

1.10
iJy
1.05 k X:-—-i—
\ fo'or
N 150
—
S —
\_
| o
|
———/-
// =
a—
0.95 //,4-150
/———
—
-110
i
REGION OF MBLLER SCATTERING DATA OF MEHLHOP
0.90
1 2 3 4 5 6 7

MOMENTUM (mc UNITS)
Pr'%t 0—=0 (yes)

Figure 5. Calculated Longitudinal Polarization in Units of =v/c versus 8 Momentum for C,/MC, = -0.05,
The numbers attached to the curves give A,



Py

ANV

1.10

1.05

o
< 100

0.95

0.90

UNCLASSIFIED

114

ORNL-LR-DWG 48110

MCy,

™ 0.008

y -
— 0.006 _
— 0.004

0.002

|_.—0.002~
"

- 0.004

—0.006"

-0.008
-

REGION OF M@L

LER SCATTERING DATA OF MEHLHOP

n

4 5
MOMENTUM (mc UNITS)
Pri44 0 =0 (yes)

Figure 6. Calculated Longitudinal Polarization in Units of =v/c versus 3 Momentum for A = =35, The numbers
attached to the curves give CP/MCA.



115
The mean sum squared of the residuals* of this fit from the experimental
data is 1.217.

For our analysis, we arbitrarily normalize the shape factor (4.12)

and the calculated shape factor (from Table IV) to unity at p = 5.0.
Thus we get from (L4 .12): CB‘ normalized to unity at p = 5.0.
L ) 2 3
Co- = BrETR [: 9459.32 - 375.752p + 89.840p° - 8.4994p3 ] ) (hé13)
For p - 1.0 to p = 6.5 in the steps of 0.5, we calculate (Axii s

where A’& is the deviation of the calculated shape factor (from our
formulas) from the value (Xi) given by the cubic fit. Then we compute

1 p=6-5

Z = . % (&)2

P= Xy

for the cases of interest. We consider the calculated shape factor a
"reasonasble" fit if A < 0.005; this generally corresponds to the maximum
deviation %E:L being less L%.

i
(a) Pure A. Interaction ( ? = EM(—I;_ =0)

A
We find, for the pure axial vector interaction, that for A)O0,

we always get a reasonable fit and for A= -50, we also get such a fit to

i 35; . .

* 1
The mean sum squared of the residuals is defined as = (46 - &)

the shape factor.

where n, and n are the computed values and the experimental values of the
B8 shape factor. There were 46 experimental points in this experimental
shape factor.
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This implies that the pure axial vector interaction can explain
the experimental shape factor of Porter and Day.

It is interesting to observe that it appears in the literature
that there is no fit to the shape factor for )\ O, contrary to our
finding ( A¢-50). In the previous works, -MA was only considered in the
region of a large destructive interference (~10 to 30), where there is
no fit. We have investigated taking -\ to be as large as 200 and find
that for ) (-50, there is a reasonable fit.

(b) A and P Interactions (% % 0)

We now consider the axial vector and the pseudoscalar interactions.
The results of the computations are summarized in Figure 3, page 110. In
this Figure, we show by the shaded regions, the permissible values of
and ) for a reasonable fit to the data of Porter and Day.

The overlapping regions of the P shape factor fit and a fit to
the polarization data of Mehlhop, is shown as a crosshatched region. The
values of 6 in this crosshatched region depend on A. It is interesting to
notice that we can find values of fa for A = -35 which are consistent*

with the experimental data. In the previous works, no such value of ‘§.

(= Cp_ ) was reported.
MCa

*
See Figure 6 for a plot of - P—')— versus B~ momentum for ) = =35
and a number of values of ﬁ . e
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B. Anelysis of Data on Hol66 (0°—= 0%)
166

*
The decay scheme of Ho of Cork et al. is given in Figure 7.

g8~ Longitudinal Polarization

(a) Pure A. Interaction (ﬁ, =B)

The calculated B~ longitudinal polarization in units of - v/c
is plotted (Fig. 8) versus B momentum in mc units for A =10, 30, 130,
-30, -50 and 130. The range of the B~ kinetic energy for the PB~longi-
tudinal polarization data of Buhring is 0.18 Mev to 1.8 Mev. A large
number of the values of A , the ratio of the nuclear matrix elements,
can be found for which the calculated values of< - %E lies within the
experimental limits. Therefore, as before for prlik (0" O+) , the pure
axial vector interaction can easily explain Buhring's data.
(b) A and P Interactions (@,# Q)

Using both the axial vector and the pseudoscalar interaction, the

regions of % and A , for which the calculated value of<-%%> lies within
the experimental limits, are shown (Fig. 9) by the shaded region. The
curves denoted by L and U give the loci of the points in the (i, » M) plane
for the lower and the upper l‘imit (0.97 and 1.01 respectively) of the B~
longitudinal polarization data of Buhring.

In Figure 9, the region of large destructive interference, (-25 ¢\ {-5)

3%
Cork et al., loc. cit. Modified by Strominger, op. cit. Th3.

*Buhring, loc. cit.
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is so indicated.
We do not analyze any shape factor for Hol66 (0™> 0t), because
so far no accurate measurement exists.
IV. RESULTS
(1) We find that the pure axial vector interaction can explain the
existing data on Pri™ (0"— 0% and Ho100 (0= o).

(2) We find the upper limit of EMg_ » which is consistent with the ex-
A

perimental data.

For Pritt (0°> 0%

C
(a) '2; - 0.05 for A as large as 200

(b)

0.045 for -\ as large as 200

<

For HoX® (0"— 0%)

(a) = 0.048 for A as large as 200

(v)

- 0.0k for -2 £ 200

B B



CHAPTER V

SUMMARY AND CONCLUSIONS

In Section I, we summarize what has been covered in the previous
chapters. Then in Section II, we list the main points of this work in-
cluding the assumptions used in this investigation of the existence of
the pseudoscalar interaction. The conclusions of this work are given
in Section III, followed by & brief discussion of these conclusions.

I. SUMMARY

In Chapter I, the statement of the problem considered in this
dissertation is given: the investigation of the existence of the pseudo-
scalar interaction by the formulation of the theoretical expressions for
the B longitudinal polarization and the B spectrum in 0 = 0 (yes) beta
transitions and by a comparison of the ekistiﬁg experimental data with
the developed theory.

In Chapter II, we explain the reasons for the incorrectness of
the conventional treatment of the pseudoscalar interaction, and then
give the correct form of the operator for this interaction.

In Chapter III, using the correct form of the pseudoscalar inter-
action and the conventional form of the axial vector interaction, we
develop the B longitudinal polarization and the B shape factor formulas

for 0 = 0 (yes) beta transitions.
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In Chapter IV, we analyze the experimental data on Prlhh (0= o%)
and Ho166 (0-—7'0+) with the formulas of Chapter III, which in these cases
are tabulated on pages 104 and 105 respectively.
II. MAIN POINTS OF THE PROCEDURE
1. We have used the conventional form of the axial vector inter-

1 operator for the pseudoscalar interaction. The

action and the correct
derived formulas of the B longitudinal polarization and the B spectrum
are given in (3.35) and (3.37), on pages 89 and 90 respectively, for the
0 —0 (yes) beta transition. These developed formulas are expressed in
terms of (l)ﬁ; » the ratio of the coupling constants of the pseudoscalar
interaction and the axial vector interaction, divided by the nucleon mass
(~1800) in units of electron mass, (2) A, the ratio of the nuclear
matrix elements and (3) certain functions, which are defined in (3.23)
and (3.26), depending on the electronic radial functions, evaluated at
the nuclear radius.

2. All the electronic radial functions,2 used in the numerical
analysis, were computed on the ORACLE of the Oak Ridge National Labora-
tory3xtaking into account the following:

(a) the nucleus was considered to be a sphere with a uniform

charge distribution - the nuclear finite size effect3

1M. E. Rose and R. K. Osborn, Phys. Rev. 93, 1315 (1954).

2The details of the actual computations are given by C. P. Bhalla
and M. E. Rose, Oak Ridge National Laboratory Report (to be issued).

3M. E. Rose and D. K. Holmes, Oak Ridge National Laboratory Report
1022 (unpublished).



(b) the nuclear radius was taken to be 0.428 a Aé5 (;?—c)
and (c) the finite deBroglie wavelength effectsh were properly
considered.
3. A comparison of the developed theory was made with the
following experimental data:
(a) pri** (0"—0%
(1) The B~ longitudinal polarization datum of Mehlhop et al.?”
(2) The B~ shape factor of Porter and Dza,y.6
(b) Ho® (0= 0)
Only the B~ longitudinal polarization measurement of B'{lhring.7
L. Time reversal invariance is valid in strong interactions.
This implies that the ratio of the nuclear matrix elements is real.
5. Time reversal invariance holds in the nuclear beta decay.
This assumption gives the reality condition on the coupling constants.
6. The two component theory of the neutrino is used. This

assumption gave Cp = CA and CP = Cl'> in the theoretical formulas,

l’M. E. Rose and C. L. Perry, Phys. Rev. 90, 479 (1953).

W. A. W. Mehlhop, E. D. lambe, and T. Pond, Bull. Am. Phys.
Soc. 5, 9 (1960). And also W. A. W. Mehlhop, dissertation, Washington
University, Saint Louis, 1959.

6F. T. Porter and P. P. Day, Phys. Rev. 114, 1286 (1959).

4. Bihring, 7. Physik 155, 566 (1959).
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developed using the h-ccmponent Dirac neutrino.

Now we present the conclusions of this investigation.

III. CONCLUSIONS:

l. We have developed the theoretical formulas for the B
longitudinal polarization and the B shape factor in 0 —= 0 (yes)
transitions, without any known significant approximations, using the
correct form of the operator for the pseudoscalar interaction and the
conventional form of the axial vector interaction.

2. By the application of these formulas to the most accurate
existing experimental data on 0— Q (yes) beta transitions, we have
been able to conclude that:

(A) The absence of the pseudoscalar interaction in nuclear beta decay
is consistent with the existing experimental data. This data does not
contradict the V-1.2 A law, which is well established by the experiments
on the allowed beta transitions.

(B) A new upper limit on the ratio of the coupling constants of the
pseudoscalar interaction and the axial vector interaction can be set

and this is
c
b
< %0
\CA <
which is about half the previous extimates, as reported in the litera-

*
ture; then the contribution of the pseudoscalar interaction is ¢ .002.

*The ratio of the shape factor for the pure pseudoscalar inter-
action to the shape factor for the pure axial vector interaction at
the B kinetic energy of 1 Mev for Pri** (0~— 0%).
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3. Within the framework of the developed formulas, it is
possible to decide the question of the existence of the pseudoscalar
interaction in nuclear beta decay, provided that
(A) The B longitudinal polarization in 0 -0 (yes) beta transitions
is measured with an accuracy* of ~1% at four or five different values
of the B momentum, throughout the beta spectrum.
(B) The accurate B spectrum measurements are performed, as in Prlhh(o-—? 0+),
for the other 0 - O (yes) beta transitions.

Discussion of the Conclusions

This work represents a consistent detailed analysis of the pseudo-
scalar interaction in nuclear beta decay. The essential limitations
which influence the results of this analysis are the following:

1. The ratio of the nuclear matrix element has to be treated as
a parameter.

2. The t;o accurate (2 to 3%) measurements of the B~ longitudinal
polarization in Prlhu (0= 0" and Ho166 (0=>01 give the average of
gs;-over the beta kinetic energies from 1 Mev to 3 Mev and from 0.18 to
1.8 Mev respectively. These measurements do not provide a sensitive

test of the existence of the pseudoscalar interaction, because a wide

C
range of the values of _52_ and the ratio of the nuclear matrix elements
A

*
The Oak Ridge group has achieved an accgracy of ~ 1.2% in the

B longitudinal polarization measurement for P3 (iT-5 0+) at v/c= 0,8912,by

Mott Scattering.
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dl
can be found which give the calculated.<:;73- consistent with the
measurements. However, if the B longitudinal polarization is measured
at about four different beta momenta, (say by Mott Scattering), then
these parameters cannot take on a wide range of values and still give
a fit to the experimental data. This can be readily understood, because
the pure pseudoscalar interaction and the pure axial vector interaction,
taken separately, give the opposite signs for the beta longitudinal
polarization.

Also the accurate P shape factor measurements of the 0—> O (yes)
beta transitions are extremely useful to investigate the possible con-
tribution of the pseudoscalar interaction, provided that the beta
longitudinal polarization measurements are available for these cases,
(as explained above).

Finally, we wish to point out that the necessary accuracy of the
measurements in 0 = 0 (yes) transitions required to settle the question
of the existence of the pseudoscalar interaction in nuclear g decay,

is withih reach of experimental measurement.
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APPENDIX A

The following relations, which have been useful in this work, are

listed. . The proofs and discussions appear in the lit'érature!

Clebsch=Gordon Coefficients or C-Coefficients

Throughout this work, notation of C-Coefficients as given by Rosel
is used; and for reference, it is compared with that of Condon and Shor'l'ley.2

C(3dpd5my ymyom) 2 (3 dpmym, | 3y dpom)
Since m, +m, =m; for brevity 0(31‘12;’ ;mlm.am) is also written as

(33 d5mm-m, ).
‘I'he following are the symmetry coefficients of C-Coefficients.
d Wz
C(313pd55mymom) = (- 30(313233;-5,%2,-1:13) (A.1a)
Jl +32 'J3
= (') 0(32313331’12:’“1:1‘1 ) (A.lb)_

3 Jml( 233 +1

(-) 33, +1)°(313332’m1' 3"‘“2) Soets)

* Making use of (A.la) through (A.lc), additional relations can be derived

¥
. M. E. Rose, Elementary Theory >f .ngular Momentum (John Wiley
and Sons, Inc., New York 1957) p. 37.

2E. U, Condon and G. H. Shortley, Theory of Atomic Spectra (Cambridge
University Press, 1935)

*M. E. Rose, op. cit. p. 38-39.
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1

Jo-m, /23, +1\?
" ml(E,jZ + 1) ("‘(333_'1_325“1 ’hmlme) (A.le)

J

= (=)

J 2j, +1
= (") e m2(233 + l) C(Jaj3jlﬁ'm1)m Jml) (A"lf)

In (A.l) the phases are real and the parity C-Coefficitent

c(?,¢, 3,000) = unless ¢, +22 +€3 is even.
Gr X %-w (a.2)
(Reference” 1. p. 15k4)

L
(0 1l ) =8, Sntm v (- (303 + 1)) C(3lhsm + ) (A05)

| (Reference 1. P« 85)

Y ml(e 9 )Yy mg(é»f)

EFQQ +l)(2? +1)
B el C(C L Glmm)e((y 5000 1y ©59) (A:6)

(Reference 1. p. 61)

wi-

(X2, % )= Z (L *3 l:(zé +1) (aé'h; 8;‘2‘1 I)l)(gi' + 1)|c(¢ €4, 0o,

C(33' smmon') ¥ W(33'2050 ) | (A7)

Hon' =
(Proof given on page 158 of Reference 1)
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W (33'¢L;2%) 1s a Racah Coefficient and is defined as
C(abe; aB) Clede; a+ B, ) = Z(_(ze +1)(2f + 1)] c(vaf;ps )
x Clafc; @, B +§ )W (abed;ef) (A.82a)

W (abedjef) = o unless Af(abe), A(ede), A(bdf), 4 (afc) (A.8b)

*%
Symmetry Relations of Racah-Coefficients

In W (abcd;ef) the following permutations of (a,b,c,d;ef) are per-
missable without any phase change.

(badc;ef), (cdabjef), (dcbajef), (acbd;fe)

(cadb;fe), (bdac;fe), (dbea;fe) (A.8¢c)
The Racah coefficients of the following argument permutations give

(-)b tc e -f I;J(ahcd;ef)

(aefd;bd), (eadf;bc), (fdae;bec), (dfea;be)

(afed;cb), (fadejyeb), (edaf;cb), (defa;chb) (A.84)
The Racah coeffi;:ients of the following argument permutations give

(-)% * 2 =® T y(abed;er)
(ebef;ad), (befc;ad), (cfebj;ad), (fcbe;ad)
(ecbf;da), (cefbj;da), (bfec;da), (fbce;da) (A.8e)

Also,
W (abed;or) = &= )22 Sep G i (.8¢)
[(2b + 1)(2d + 1)] A
(Reference 1. p. 113)

*
. See M, E. Rose, op..cit., p. 110.

e
See M. E. Rose, op. cit., p. 226.
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We give, below, the gradient f'ornmla.3

- N,90) v B (eij:;) (dr -éi)c(elulm)v'é (7)

(22 -1) ((1 2, b’ 239) ce1 -1 MYy TR (F) (A9a)
Definition of X-Coefficient
X = X (53)58,3,:187)
J .
= (-) :E (2t + 1) W(s;0501L5t4 ) W (€y8,3,8;5t8,)W(Ly;5,5t7) (A.10a)

t
G =@ +8) +3) +ly +8y, +J+ L8+ T (A.10b)

If the nine arguments are arranged in a square array:
€181 9
o 85 dp
L 8 J

then the entries in any column or any row form a triangle. Any pair of

rows or columns can be interchanged, introducing a phase (-)

i

As a sbecial case

(-)¢ tg -a ey (abde; cg)
[(2c +1)(eg + 1)]'*

(Reference 1. p. 192)

(A.10c)

X (abc;dec;gel) =

3M. E. Rose and R. K. Osborn, Pnys. Rev. 93, 1315 (1954) equation L7.
Also M. E. Rose Reference 1. p. 120

M. E. Rose, Reference 1l. p. 191-192.



APPENDIX B

In the process n 5p + € + 7] » & neutron transforms into a proton,
with the emission of an electron and an antineutrino. By the Dirac "hole"
theory, the creation of the antiparticle (arrtineutrino) is equivalent to
the destruction of the particle (neutrino) in a negative energy state. By
the charge conjugation operator, the wave function of a neutrino in nega-
tive energy state is obtained in Section 1 (B.lc). Using the Dirac wave-
function of the electron in a Coulomb field, and the neutrino wavefunction
(B.lc) , the general matrix elements for the axial vector and pseudoscalar
interactions are set up (B.23). In Section 3, the HB' matrix elements of
0 -0 (yes) transitions are obtained from (B.23).

1. NEUTRINO WAVEFUNCTION IN NEGATIVE ENERGY STATE

The charge conjugation operator is i Qs Ko where Ko is a complex

conjugating operator.

1000 . 00 0-1
0100 001io
B= a2=
00410 0-1 00
0004 1000
.o K 1 * (B.1a
%: a, 0% = 5“2% .1a)

-1 F)(_ (I‘) X-x

S

6, (r) X



M u-T T
,X = ZC(‘ex‘;'_ 3,45“'7:‘7’) er. ,X_:_
Jx i =
Fy (r) and G, (r) are real functions:
F)L o sx, q.Jﬂ (=) (qr)
Gy = aldp,, (&)
c
X
Y, = isa, Y . X
Wc (1 ON/O s \[1F X_,,
= 1 &
v
0 -1 65 0 G 7{1,.,
c G 6"7(“
Y g B Ay
v M
-i F
v B X,
v Ty L e
= _ z
Using Eg 'Xi i (=) xi
X
M M =M
and ¥ L = (-) YL

Hox
Gy !X)L = i (=" %ZC((,L{J;LL-“!,?’) 7(1:
Y

Changing the summation letter T = - T, we get

X T
g X, =t (-)“'"'Zc(&t + B, -r) Xy
v

1ko

(B.1b)

(B.2a)

(B.2b)

(B.3a)



Using the symmetry property of C-coefficient (A.1a \, we obtain

w9

>
« F
I

lr
@ T O o, 4 g5 e )X
3

) T -u=-7
5‘2 7" = 1i '(_’)l-l'*'ex J 2 C(en ‘\i J;'H"' ’r) 'r)x-fi i YZ,,
"

= 4 (_)M#QL'J 7(;‘#

S
»
b4

|

Also X
B = n
§ A -1 (vl X

K

i (=M e,,_ -J=1 X e

(VAN S
%X
We have used €l+ f_x+ 1l =2 |x| = even integer.

X -
ci (b 9
LG

-%

(B.3b) can be written considering that 4 » 18 an integer, therefore

n _ -
Gs x,‘ =i(-)'j+("u xx
Substituting (B.3c) and (B.4c) in (B.1lb)

c ., - 1 S
9, Sy e 2 ey

We have introduced the subscript ) for clarity.

LS

== "(

Yo,

(B.3p)

(B.ba)

(B.4D)

(Boke)

i

(B.3c)

(B.1c)
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2. GENERAL NUCLEAR MATRIX ELEMENTS FCR A AND P INTERACTIONS

For the axial vector interaction

s * <5 e * 1
=G, (WE[C+0 751y a-rs(R 750 +ur5]4n

(B.52) -
For the pseudoscalar interaction, the hamiltonian is
= * 1
HP=$ S .V(Ye B [cp+cP 75]%"):& (B.5b)
In the above Q is an operator which transforms & neutron state into a
proton state,
For the axial vector and pseudoscalar interactions,
By = H, + Hp (B.6a)
We introduce the following notation: )
H, s ¢ T.(YS Y (.72)
{ - * '
A, @ = ¢ &F.(R &7 ¥)a (B.8a)
H,(3) = ¢, 7. (Yrs YHa . (B.98)
A - A 5" e 5 W
Ay )= ¢ 75 - (Y 75 754 )0 (B.10e)
- 1 - * c '
B{P(l) = 2w Cp o V(Y. Brs @) (B.1la)
- i [ ) ¥* c
Ao @ = & TV (Wers 75 ¢ (B.12a)

In the following, }fA (1), DfA (2), 2, (3), >€A (%), }CP (1) and

Q(P (2) are evaluated and the results are given in (B.7d), (B.8d),
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(B.9b), (B.10c), (B.llc) and (B.12d) respectively.

First we evaluate Qf A (1) and show the details of the calculations.

; - -2 * c
A )= ¢ S.(Y & Y)a (B.72)
We shall suppress Q in the following:

Using spherical basis, we write (B.7a) as

A W=¢, T Py (¥ g ¢ (B.7b)
(V' o W) -
-1 f,_X“ ¥ (g 0 ( )Jy +qu u, #l Gy, '::
-
gy K ° q 15, X_:y
(Y7 o ¥ -

3y + 4, -y, 4 - -
(-) =i [1fox (Ku’ ®n X: )"'ingxy(?('u’ emxfk):]

Now we evaluate
1

(Xor G Xot) =

X
ch(eizésu-%'r) c(e g am' -7, 7))y Ty "
QI

i 7'
X (’X.L P) G;n ,XJ, ) (B-l)"'a)
> 2



Using (A. 5) which gives

('X.': G-X.l)'

gq-, 7 +m (- 3 c(4 14 ¥ +m, -m)

Substituting the above in (B.lka)

(Nyy &3, Kot =

L

Zzgf‘r)fr +m() (3).5. C(elj,“-’YT)C(L'lj',u-'r,?’)

v
ey X ey

x C($14; 4" +my-m) Ye_ YL‘

Summing over fr', (making use of S v, ¢ +m) and using (A.6)

({X:L,G;I x:l )=

1 e
(P 2 (M =0 ] oo e 00 1 T
A

~r

xc(¥13 ;7, m)

Using (C.lc) .for the summation over T

S ey
T O L T Ao g e -t ,7)( Oy

(B.1k4v)

J';u'-?'-lin,'r-m)

(B.lhe)

W

(X“ o Xi':) _ (_)p.-p'+l+‘e+m Z_ [6(2 f+ 1)(2!.;}; 1)(2 J' + 1)]\/‘-.X
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TR 4
X C(eLs00) T 2 (28 +1)

2
C(Asd -p' -mp' +m)
8

X C(3' 1 s3=u', -m)W(A €'34;¢€s)W( €1y 4 1;4s) (B.1ka)
From (B.7b) and (B.1l3a)

o, +0, -, 4
Ay @ e T o 7w oy (Pate e A )

+1g,Fy " 6y (')c';, o x:;y) (B.7c)

Using (B.1lkd) changing A =X ; W= X, 5 K'=> =},

R d u
Z (=) O (X_wv 611-1 X:Lv)

) 2 (<) o ()i 2, m i 6(22 + 1)(2 ?z; 1)(2Jw + 1) o(2 6,) 500)
m
A

-“'y -“-{m 2 l
Y?\

&
(28 +1)7 C(Aspae by my=py, +m)C(Iy, 1 850, ,-m)
8

X WAey, 345€s)(Ly 3 4 154s)

(B.15a)
We have introduced the following notation
£ = f_y 2 = ‘ex.
[T £, = &, (B.16a)
Also £ + € + 1 = even integer

(B.16b)
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Now, in general, the definition of an irreducible tensor is

%6 8) = 2, c(diMa ) ' @) o

and

@) § =2 o(AlLwam) T, ¢,F)

L is the rank of the irreducible tensor and the parity of

A
'l’tL‘ N (2, ?) is (-) , since @ is an even operator.*
2

In (B.15a) we combine

M-y _ R g TE TP .
@m Yz: Vo= EL' ¢( A 1L;m-p-p,,,-m) TL;\ (B.16c)
Ti“;““ = % c( 1L;m-p-p, ,-m) Ym;“‘“” G (B.164)

Therefore, (B.l5a) becomes

Z (_)m G:m (X;:hsi'x-: } & Ziilr (_)Ll"#y+l+£y ‘;,
m o 2 f

1!
6(2 412, 1)(2,+41) \* _ o
X [ % :‘ s ] c( TL,2;00) T

i
- Z (28+1)C( A1L;m-p-py,-m)C( A 83;u+y I, =p,,+m)
S

* G; commutes with . (1 =1, 2, 3)
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2 Cl3u 83y ,-m) WAl 335 C8) Wl Jo i 54is) (B.15b)

Again we use (A.8a) on the three C-coefficient in the summation over s.

C(ANLim - p - py , -m)C(Asd;u + uy - m)C(Jy 1 854y - m)

Aig- -
= (=) VA (ujdw + 18 C(Al Lim - u - uy, =m)C(Jp\ 85 = uy,m)
xC(s8AJ; - py, +mu +py -m)

“J+ A+, + 2
7T T o Loy om) 2[(2841)(2841)) CLN 85, iy 40)
s'

X C(Jys'ds-ny uty,) W3, 1 J2;s's)
Substituting the above in (B.15b) and making use of

Z C(™ | Lym-p-p,, ,-m) c(A | 8';m-p-p, ,m) = g
m IF'

A

Zm (P &n (X, Xy, )

v
_ iL % (ya+ by #2433 [6_(22 +1)(aluﬁ)(am+1)(am1)J‘T£u;u,

x c( 22, ;00)cC (3pLIs-ny,n +up )

x 2 (2s41)W(A €y 345 Ts)W(Ly 3315 48)W(3w 13X 51S) (B.15¢)
<

By definition of X-coefficient (A.10); and using (A.8c)

2 (s41)W( ALy 3 %5 Te)W( €y 31154 8)W(Jy 13 ) ;1S)
8
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)L+7\+jy +3+8, + €

X(L1asdy $ 40 3L 2)
Substituting the above in (B.1l5c) and using (Al.a)

m

i (_)m G_-m (xtlx’%x-:' )=£L‘ 2 (_)Hﬂly+dy+z+3
g 7

1
6(2¢ )24, +1)(23, +1)(2L+1)] *
X L > = i J c(Z ¢, ) ;00)

® Cy Lsmy »mumuy ) I X (155, 4 653 5 2) (B.15d)

From (B.15d)} X> =X, %y -3,

> -u, Hiy +3, +0+)
2 (P A gX =22 ()
m Ll o L 2
[6(26 +1)(2 & +1)(24, +1)(2Ls
X

) Ic(e 2, ) ;00)
Lx ] g

x C(3y Losuy ,u-n, ) Ti“;“” X (A9, 4 &, 53 4¢) (B.15e)

Substituting (B.15d) and (B.1l5e) in (B.7c) and using 2J, +1 = even

3+ 4, w 6(23, +1)(2L+1) 3
B{A (1) = c, 1 (-) Z iﬁL 7 JC(Jy Lsuy, s=u=n, )

T;u;‘uu i(")e- [_(26—+l)(2 ¢, +1)]1 c(Z ¢, 3 500)2, ny X(L19 53, -LeyiJ y )
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4 3
+ () [(2€n)(2E, 1)) c(L T2 ;00),F, X(1173dy 42 ;Jie)} (8.74)

Next we calculate

A @)= 6 (Y 75§ (5.82)

X, (@) =c; zm -V o (W, 6375 W) (B.8b)

Using \Pe and %c; (B.8b) becomes

. g+l =u, 1 . }
M@= 3 (Fag @ T a0k e,

m
. e B (B.8c)
85 ,_y(x,,_: m?(x» )J _ |
Using (B.14d) and proceeding exactly as before, we get
' * o5 c
A, @)= ¢, T (Y, &%)

L
£, +u+} r6(23,+1)(2L41) 1* -
g, £=) Y 2_; [_ - e ] C(IyLIsu,, -n=tp) TL”.A““

1 -— -—
X i(-)z H [(eZa)(=2, 1)) c(€ T 500)5F,, X(L1) 33, 4 € 594 €)
i
+ (_)C Kee +1)(2¢,, +1)_')’~ c(¢ e,);oo)gxcu” X(LLp;3 L4 ;,j:ie) } (B.84)

Now we consider ){A (3)= -C, 75(L.P:}75 qf,)

. IRV ARt S LAV Gy, AL
(LPe 75('}'3) = (-) "“ey”' ( ; -un( > M -Ti
B ogs 10 i, },_;L
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* c
(Yo 75,1 = L=

Jy+G,-p +l _
s g-gF AT + 8,6, (X X)) (B.7a)

Using (7(::, Xt:) Le.(A.6):

Ip+d,-uymp+ L (2341) (23, +1)7 2
-BQ (3) = "CA (-) e % 2[ In(2x +1) C(3dy 5 'H:‘My)75 Y "IJ;(P)
2
L
[ -5h (RO (T8 250033 T8s2 )

+ 820y, [.(2£+1)(2£,+1)_]ic( £¢,);00)W(33, €8, ;2% )J

Again, we introduce the irreducible tensor

RTH(R) = T (@,7,) (B.170)

The rank of the irreducible tensor is ani its parity is (-)Ml because 75

is a tensor of rank zero and is an odd operator (in the Dirac sense).

* L/
Writing the Dirac equation in Co-variant form (7,4,-53— +1)¥Y =

it is easily seen that under the Parity operator P: P\{(?) =y \P(-r)
An operator <L in the Dirac space, then, transforms as 7y JU under the
parity transformation. Since 75 anticommutes with 7), therelikore, 4 7571}

and hence the parity of’y 7s is odd and is odd operator (in the
Dirag sense).
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Substituting (B.17b) we get

X, (3) =

I+l p,-u+ 2 (23+1)(23 +1)9% -
o 22[ In(2 +1) C(Jd»ﬂs-u,-uy)T;; W (?,75)

-CA (")
N

X [-&F,(y [(2€ 2)@% +1))% ¢ T p;0004(33 € 65528 )

4
+ 0y, [(@60)@6 1)) c(28) ;0003 € 6 5 a3) | (B.9b)

"

-Cy7s W2 ) (B.10sa)

. ' dptbmny 41 L ' WY M
H, @) = -, (-) {i“;‘%(%-a Ko, * 1650 N0 20 )} (B.100)

Using (A.7) in (B.1Ob)

Jurbymu,-uty (23+1)(25w+l) '
S Ewmaay—J Caursmmm) |
>

K ¥) = -1c, (-)

ST — ko _ |
TA’)(:Q"}5) [fnGn,[@ 2+1)(2 ep"'lné- C( L & ;00)W(33¢e ¢, 5 32)

A _ —
+ g,F, [(2:1)(28 +1)]% c(€ 8,2 500)W(33,.€8, 5 1} )] (B.10c)
For the axial vector interaction we have

B, = 0 (1) + 36 (2) +3¢, (3) +3¢, () (B.58)
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where, explicit expressions for )CA (1), XA (2), X, (3) and x:A (4)
are given in (B.7d4), (B.8d), (B.9b) and (B.1l0c) respectively.

In the following, the pseudoscalar interaction 1s treated.
T * ' c
B =55 ?‘V(We f3‘)'5(CP + CP75)% ) (B.5b)

B, = X, (1) + X, (2)

K )z Zo, &9y B75 ) (B.11a)
Xp @) 2 350 F-9 (Y, ) (B.128)
% 'ifx)'"_l o 10\701 «jy’*'e,'ll;ﬁl Gy, X'Hv
BY- ) = - *
Webrs ) ( . X,{‘)(oa)(l o)( ; (15‘, R
» -Ay
* It -y TP T
(Yo er ) = (-) {f,@,,(x_,‘ X)) + 5,6, (XY, zx;>}

Substituting the above in (B.lla), we get

Co  Ju+d
A, (1)-12M<)”+’"[av S8, () + 85, (L x“v)}l

11b)
Using (A.7) and ? V- im (_)m G-V

o by, ep-l (2 1)(23 1)72
M, (1) =1 ()RR R [ JZ( P e v [?(JJ,)»,-u,-uy)

B { [(2 ¢ H)(2é&

) — —
Py 2y +L JC(Nn 00)&1'“ Wlid, L4snd ) &
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(2€+1)(24,+1)
[ ;m +1ev+ ] (€6, 300)g,Gy,, W(3dy 24 AL )}J (B.11c)

We introduce ( Y ) 4
20 4 24, +1 - -
M= {, 2+ - c(e 82 ;00)5,F, W33, e4,;24)  (B.18a)

(2€ +1)(24, +1) cy '
22 +1 c(é v)'OO)gqu W(JJ,ely;li) (B.18b)

then
Ip+l-upu-4 ¢ (2) 1)(23 1)
VR T TE T Al - [ sl fZ( PPC(33, 5 tts -ty

X G VYn Y;tl-w({-‘) (Rl ¥ R2) (B.114)

Using the gradient formula (A.9a) and

6=y ) i A g C(A+1,1,L; -u-uym:'m)'rf:-;il &%)

» +l
and
G YR () - Z C() -1,1,L; -y, +m,-m)T "V (F, @) (B.18c)
=M ?vml L N -1

Jyp+ &y mu-t (23+41)(25,+1) o _
H, (1) =1 () i 21;1[. Tx ] % fl-n (=7 C(3dyns=ns =)

“H=Hy,

xi 2);13] Z C(A L, A+15-poihy,m)C(R +1, 115 -mitim, -m)Ty, o 17 De(D)(Ry #R5)

[2 ) l] S (a1 A-1; ~p=it,,,m)C( A -1,1,L; -p-p +m, m)TL )“l D+(A)(R1+Ra)j]
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" where
D, (M)s= grd— - % (B.184)
D,. (A)= E%*% (B.18e¢)
p P p TR R 2) (B.18¢)

La+1l = Lj+l

Using (A.1d) and (A.la)

36, et e BN {_(23+l)(23”+1)] iz_ 3D 37 )
s 3<Hy=Hp

J
) (_)mj A4l , 2M3 T

23+3 2,\+1] (=)"C(X +1 1 Aj=p-p 4m,-m)C( A+L 1L;~u-p,+m,-m)

-l=p

. 2)-1

LM RO ) (521 2,,+l] (-)*e( -1 17 -u-ym,-m)

X C(A-1 1L;-p-u,+m,-m) T;“;_*; D, () (lea) ’f( (B.1le)
Using

i C(A+L 1) ;-p-p,4m,-m)C( A+l 1L;-p-p,+m,-m)

3 éﬁ.L
m

and
Z C(A-1 1) ;-p-p #m,-m)C(A -1 1L;-p-p,+m,-m) = S;\ L (B.18g)
e eer 4 1)(23 1)
Jy+ &= ,+L+ 1iC 23+ +
M, (@) = (1) TR QMP[ - JZc(aay,\ ST

A



“Hly, 2 By A >
[ 2)_,,1 1 L -1 (?,52)D-(2)(R1+RQ) - [2)_4_]:] Lu?- (r O')D+(a)(R

J

where Ry, Ry, D.()), Dy(?) and T Mo are defined in (B.182), (B.18b),

Ly +)
(B.184),. (B.18e) and (B.18c) respectively.

Now we calculate

XM, ()2 L, & UYBE)
Jy+€y-uy+l _ ,
(W) = (-) [150, @ te 200) - 18R (X X0 )
T oo (2341)(28,41) Y >
- + &), -1y, ~u+ + +.
(W) = 1 (I VNS 04 o
(2 e_+l)(2(,+ly - _
X R C(Z4,2500) £,6, (33 26,5 2 %)
(2¢+1)(2 4, +
o T e g a0 sy e B2 1) }
Substituting the above in (B.12a) and using
= .
sy e :EE (-) G aVn
(22+1)(26,+1)
R3 ;E 2x+1 J C(‘e[)l) OO)fAG W(JJ C(,:')t )
(2¢+41)(2 2, +1) 1

R, = - Y1 ] cle e, 300 )8, F, W(3J, £ 4;5%L)

(B.12a)

(B.19a)

(B.19b)
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m

dut € =y =pts C. (23+1)(23,+1)
X, () = - (=) ?QQL i

x e Vi T ) 'Y (R 3*R,) (B.12b)

~~
1
S
Q
~~
<
T
<
>
-

> =K, "Hy)

:»r\f\"*'
=]

Applying the gradient formula (A.9a)

W, e, = (A55]° 2 6(21 pLsopenyom)t P

D_(N)(RR,)

bﬂﬂcunammeTMQUMﬁp

D_ (A) and Dy (Q) are given in (B.18d) and (B.18e)

Substituting the above in (B. 125) and using (B. 18c)

J +0 -p, -p+d (23 1)(23 1)
){P(Q) = (=) gt (‘ _ [ - o _] fii( ) C(ij):'ll;'uy)

2 _0)(RyR,)

2)43

l
)‘§[ Ay C(2 1 ML;-p=p,,m)C(A+1 1L;-p-p,+m, m)TL A+

L
JITTIN

LE)-al C( 2L )-1;p-p,,m)C(A-1 1L; -u-u,ﬂn,-m)'r L 51 D ())(R *Rh)§ (B.12c)

As before in BCP (1), using (B.18g), (A.la) and (A.1d)

- Cp  [(23+1)(23,+1)
3, (o) = (o T [ ]Zaw>fmmg

i[“*l T “H= uy D_(A)(R +Rh) L?MJ )“)“Z D+(2)(R3+Rl+)‘} (B.124d)

R3 and R, are defined in (B.19a) and (B.19b).



For the axial vector and pseudoscalar interactions, the B~ hamiltonian
* . c * 1 Cc
By = & (Y, 2(C4*0h75] W)-75(Wers Carears] W)
i
becomes from (B.7d), (B.8d), (B.9b), (B.10c), (B.llc) and (B.l2d)

J+0, 4w 6(23,+1)(2L+1 e
H- ={‘iCA (-) ELE)‘-‘_LJ’}%( lJ C(3uLdsm,,=H- -, )T - v

B

X [[£27+1)(2£,,+1)_'|iv C(T4n;00)£,6, X(LLX ;3,3 6, 534 €)

-K22+1)(21,+1)]’1“c(e T, A;00)g, Fy , X(11M ;J;,Ji?,;J%.Q)] }

R Yy S 6(23,4+1)(2141) 1 2 -
. {cA -) 2 SxL Z i ] C(3Ldsmr oy )T

(ESCH TP C(2 7, 7500085, X (112 58,4 8,53 3D)
+[(2041)(20,7) 2 ©(€6,3500)8,6x, X(11 X33, § 45312) ]]J

3, +0-uy-utd_c(23+1)(23,41)
. ICA ) ii[ ) J JEENP LT uy)T“ “@15)

A
x[- ()& )] c(BE 1500058, 4(33, 2450 4)

+[(2ta)(2 l,u)]% (€ ¢,2;00)8,Gy W33y 4y 5 A%) ] }

Lihig(2 +1)
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3G eutd r(234) (25 A1) ST
-{mA ()" g z_f( C(ij);-u,-u,)T); (r,75) X



L
N [ [_(_2? +1)(2€,,+1)J" c(26, ;OO)QG,VW(JJ,?A, 324)

L
+[_(2€+1)(2?,+1)]‘ c(€'¢,%;00)g, B W33, 68,5 2 4) ]}

L
. fi Cop Gyt €nmp,+ L (2341)(2),41) 1%

M (-) Ix(2A +1) C(33y X5 =1s-1y)
A
M=ty 3 Ho
IR NI T 0,00 8y ;) }

c;, I+ mnmpt L r(2341)(23,41) 72
+ oM (-) Ix(2 p+1) J C(JJ;,) ;-u,-uy)
A

4 il 4
[(xm‘ T ¥ () - W T “”*‘ 2| ® "Ru)_}

A+l
where
(2z+1)(21,+1) L
2 Al C(l ey} 300)f, nyw(djyl-(ni A 3!‘_)
(2€+1)(24,41)
I e ] C(€42500)8,6, (33, 45 A L)
L
(2¢ +1)(2¢, +1)
i3 EL ZEn JCW A300)8,G, W(33, 265 )3

f(2[+l)(27g +1) _ _
R, == 771 J c(L 2, 2;00)e,F, W(33,08,5 A3)

D, (7) = d(.i—r"' 2;1

D (A) = %-
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(B.6b)

(B.18a)

(B.18v)

(B.19a)

(B.19b)

(B.18e)

(B.184)
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=p=p -2 M=fi={
T )’(9,5)-: im_ (M Limpmy,-m)Y o V@) 6y (B.164)
Ay R INTERE S B (B.17b)

Thus far, no retardation expansion has been made and the results
given above are the most general for the interaction hamiltonian for the
axial vector and pseudoscalar interactions.

Now to get a matrix element between nuclear states specified by

J 17 Mi and J £ M_; we shall use the following notation:

A M_%* M M_%* M
pi M i £ M i
7 SL_PJ .ﬁ_L(k) Q(k) \fJi a7 d, E,‘;&f Iy LJ’Ji
K 2
Np Y-
Where in the above, L(k) is an operator acting in the space of the kth
nucleon. Q(k) is the operator which converts the kth nucleon from one
charge state to the other. There is a summation over all the nucleons.
In (B.6b), we have the following:
L - rank of the irreducible tensor
A - order of spherical harmonic for the axial vector interaction.
£ : 4 p - refers to the orbital angular monentum of the electron and
neutrino for ) .and X,
y2 ,ey are Q_x and e_uvrespectively.

By Wigner-Eckart theorem; -

(3 M | T’If 91 M) = c(a L T5M M M) (Jp || Ty |9;)
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and also since nuclear states have definite parity:

xy x(T) = e

“1’ Tp) x(T) are the parities of the initial, and final nuclear states

and the irreducible tensor respectively.

We shall use also the standard notation

(Te || 1| 9y) = jTL

To find the matrix elements of HB' as given in (B.6b), we are

interested in the following:

(1)

(2)

(3)

()

g M| 7 E) |3y ) = 0y 13y s ) [0 BF)

(B.20a)
and
0w, = (- ;A 1,) (B.20b)
(Jf Mfl T.:::’(?,‘rs) \ 3y Mi) = C(Ji A Jf;Mi,-u-uy,Mf) JT %3\'(?,75)
(B.21a)
and
n 7o = (-) A+l RN CAR N (B.21b)

(3p M | 777 B[ 3y M) = C3y h TpMy, i) ST}, L 28

(B.22a)
and
A+l
7 onp = (=) a3 3p) (B.22b)
(J MIT'"'"”(??)Jm)—c(J N Tos M, y=p- )JT (&)
£ Ml Ty aa'® 1 M) = Cly A JesMpsmumuy, M) J T, o (5
(B.23a)
and

n e = (-) e 3 AT A J3,) (B.23b)
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In (B.20), (B.21), (B.22) and (B.23),M, = M, + (=p=py)e Using
(B.20a), (B.21a), (B.22a), (B.23a) and (B.6b), the matrix elements of
H,. for the axial vector and the pseudoscalar interaction involving a

B
nuclear transition from a state (Ji’ ni) to (Jf, :tf) is B

(o | By | 9 )
¢ 6(23,+1)(2L+1) P
- ii CA (-)J+ i z—mz i‘_ 5 ‘l-! C(JpI-JSHy:'u'uy)C(JimeMi:"l-l"lly,Mf)
L A

X ﬁL,'A (9,3)[£(2?+1)(21y+12'ﬁ C(T£4,2;00)£, G, X(LIN;3% 4053 2 2)

[(2&'!'1)(21;;"'1)]%0(([ 7\ 00)8 X(L ‘>\ Jy-‘-ey,die )]}

6(2J +l)(2L+l)
i (- )J+€,+'€+p-12 L a C(3, 151y =ut, C(T LT o3 M, 5 =pmy 5 Mp )
xer,)(r,? [[(2e+l)(2l,+1ﬂlc(? 7,2 500)8,F, X(L1233,38533¢)
+[$2Q+1)(20,+1)ﬁc(¢1,);w)gcxy X(Ll’A;JV%Q,;j%‘Q)]}

(23+1)(23 +1)
-1, (- )Jy+€, Wepy+3 ZD‘“(“H; C(IIp A 51y =1p)C(Ty AT o5 My 5 =iy, Mp )

J a5 75) [ -[_2e+1)(2?y+1)J? C(T ZA;00)8,F, W33, £ 4,50 %)
+[_(2£+1)(2£ +1)_'F c(M 2300)g.G ” w(3Jd, eey,xg)] }

, - (23+1)(23,+41) 3
= ?j_cA (_)J,"‘lv gl +% 2[‘ Tx(2 _'Z) (JJy?\S'H) 'uy)C(Jifo‘;Mi:'lJ-'up)Mf)

JTM (Fy75) [[_(zal)(eo,u ) (@ k) 300)2,G,, W(33, €473 )

+[(2€+l)(22;, +l)J%C(¢ o2 ;OO)g’LF,(yW(JJyz l, ;X%_)] }
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I+, -np, +3 ZL(e:l+l)(2:;‘,+1) 1

2M( -) x(Z 1) J C(3dy A 515 =Hy)

d
% [( ?\"‘1)1 C(Ji) Jf;Mi) -u-uWMf) S\T}’*H (F: 6? )D__(X)

- (k)%C(J )Jf;M -u-u”,Mf)JT),)_l(f'\,S)D+(}\)]x (R1+R2)}

J,+0 -u-u,+% (23+41)(23,+1) .
()’ 2 R ] C(33,) 3-Hs-Hy)

o[t o2 g, ) i, @@ 0)
S0 eI M) foy 0 @30, )] (8 Ru)}

(B.6c)

3. MATRIX ELEMENTS OF H._ FOR 0—> O (YES) TRANSITIONS

Hy-

Now we specialize the equation (B.6c) for J, = J, = O and

i f

T[i "f = -10
Two types of irreducible tensors occur for the axial vector inter-

action. Namely, Tip';\p'” (£, &) and THHY ({'\97’5)-

PP
(Jf Mf \T Koy (1',8 )\ Ji Mi) = C(Ji mei)'u uy)M )S 7\(1‘, 3' (B'zoa)
In this case =, =, = (-)" and A(JiI.Jf) (B.20b)

A > 1 so that = = =1

3 *g
L - 0 (since Ji = Jf = 0) and the projection of a zero rank tensor is
also zero; therefore, p + p, = O.

By definition:
Tgl (F, &) = Z c(n O;m,-m) f; (%) 6o
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2L conmo)E 8 ey

m
mA
= {g Zm (-) ™m %o
0 A
TOl (?’?) = ﬂ eor
Matrix elements of TOl (# , &) for Iy = 0 are
0 A == A
(00 lTOl (, &)]oo) = - l f T (B.20c)
Similarly for the case
(I, M| T'“'“"(r.rs)l J; M) = c(3;) Jf;Mi,-u-uy,Mf)STM(?ws) (B.21a)
and as pointed out earlier:
1
ngn, = (.=)')+ ; and A(Ji)\Jf) (B.21v)

In 0 =0 (yes), %; %, = -1; therefore, A=0

e
and also p = “H, .

0 1
10, &) =8 @) 7, - Hs

0 /A 5
(00 | Ty (r,rs)\OO) ~sz;; Su,-u, J’s (B.21c)
In the pseudoscalar interaction, there are two irreducible tensors

(_)) +1

+ Thus we con-

PR (A,@) end Tnu-:ul (2, ¢); where I

)g A+L %
sider A= 0, and as before p = -y,

0 ]l = A
TOl:-E‘;; 6.1‘

(o0 l '1%1(?,?” 00) = -Ih% S u,-u,fa' 2 (B.22¢c)
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—H-p = =t =p,,HO
But .0 Y (F,8)2 Z C(AL-Lueppm,m) Y, YT () o,

) ) "1 m
For =0 ; Y\“_Lll” (r) = 0 and as such there is no contribution of
jt ¥ 3 53 A =
T) N (¥, ) to 0> 0 (yes) transitions.
y

The coefficient C( 61(223;00) is called the parity C-coefficient,
if £, £, and é3 are integers.

Using (A.la)

'
c(¢,¢,4,00) = f = 30(8162(23,00)
For the equation to be true, ¢, +£, - -[3 = even.
and so l +-€ +<€3 = even.

Also C(J,0 3,m S 1’138 m g (B.23c)

Consider in (B.6c) for 00 (yes)&::eta. transition

JXA(l)

6(23 +l)(2L+l)
;ii c, () Hﬂli i[ z JC(J,,LJ,LL,, =1, )C( T LT o3 M, 5 =pmpy , Me)

L
SL )(r &)x [@2&1)(2(,&2}“ C(€ &y )500) 8, X(11 253, 4 653 4.2 )

L
-(2t)(@%1))" COT, 3;00)8,F, X(11X 53, 1 Ts34€)

(B.24a)

Since in the above 'X = 1, the parity C-coefficients gives
c(Z¢,,1300) = gx,u,, c(Zel ;00) (B.252)
CLy);00) = $ c(tZ, ;00) (B.25b)

n,g,



and C(J OJsp ,-p-p,) = gwyg

then X-coefficientsbecome

K=

x(011;34€55 4 @) = X(€4 35 €£35110)

2 "Z*"l Wz el; 1
X013 403347 ) = ()44 HEETRSL)

[-322,1+1 5_] Va
Using (A.8c)

. - J-C++ w(Peis;13)
X(01133 46342 ) = (37 gy
Similarly,
. _oyE o wEest
X(011;51 2534 €) = (-) W‘—
Also C(J0J;u,,,0) = 1

Substituting (B.25) and L = O in (B.24a), we get

YB{A (1) =1c, (- jﬂenﬁz gu,-uu =

Il : TERY
X [[(2E+1)(2£+1_)]‘ C(é—el;OO)fnGx(-)J:aHi %‘%ﬁ‘f‘%}:—

1

&

A

T
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(B.25¢)

(v.254d)

(B.25€e)

(B.25¢)

gx ’XV

= (-(-ze +1)(2¢ +1)]L c{L®1;00)g B, ('()J-L“i %%ﬁiijﬁz

Using (A.1lb)

C(lf 1,00) = (_)Q+e—-1

0+Z+u+3-0+4
fgg (1) = -t ¢y ()7 +*Su,-“,8

”Xy

c(Z €1,00) = c(24£ 1,00)

n 070 1,002 ey 431) 5,6, ()¢ o7 | [Ea

[(2 ¢+;.)éaé'+l) ] 'Lz_
7T
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Using E + 4 +1=-even and 2J + 1 = even integer

_ i+l , (2(’+l)(22' +1)
JXA (1) =1 Ca (-)2 gu,-u x»ty[ 8

x c(¢de1, OO)W(éfiz,lj)(fo +gF,) jo' oT (B.24v)

Similarly we consider

fXA @ = ¢ (Ml g (St By 15, i)
A

X (I LI i,-u-u,,Mf)JTL,,\(?, &) [(_(2F+1)(2?u+1)]% c(2 e.x ,00)5,Fy,,

x o X(112;3,48,;93¢) +[(2¢+1>(2€y+1)]% C(€4,3;00)g,G , X(112; 3% ey;a%e)]
Again for 0-> O (yes) transitions, (B.2ke)
A=1;L=0
The parity C-coefficients give
C(Z &, 1;00) = éx,_xy c(Z ¢ 1,00)

c(e 4, 1,00) = ch,_xvc(a 71,00 =§,
C(I, 03, 4y ,-m-Aty) = éju 3 'éM> _—
X(011,3% €;3% €) and X(011,3% Z;3%¢) are given in (B.25d) and

c(Z¢ 1,00)

-xu

(B.25€).
C(J03;5 m,, 0) =
Substituting these relations and (B.20c) in (B.24c)

fo (2) = ¢, ( frrrd S ay S, _&[(201)(224{_1) 3

C(Z01,00)W(0¢ 3%;19) (£, F_ -8, G_ )|&.7 (B.24d)
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» “MTAY, 3 %
[t e oy ot
A

x C(IgQ JpsMy,-pm -/u»,Mf)JTA,Z(?, %) [-[(2Z+l)(2'¢'» +l)]§c(2 2, 3 ;00)

i
X B By w(33 Z0o,;)3) +[(2 L,1)(26, +1)]§C(4c €, 500) 8,6y, W(J3J, 24,52 %z_]

(B.2ke)
From (B.21): ) =0; after simplification, as shown above,
we get
-C J+lm
fDCA (3) = E‘f‘ () éM,-Wé"”‘» (£F, - 8,0 ) j'ys (B.2uf)

Similarly, we evaluate

1 » ‘ey' . -
YXA ()5 10y ()T AAT %Z[ (Edn‘zé)a(iir; - (39,8 34- )

x C(Ji) inMi,'lL'ﬂme) .[T),l (?:75)

x [Kz 2 +1)(2£,+1)_]%c( Z4,2;00)f, G, W(3J, 24 ;22)

=

+[(2l+1)(2 4 + 1)150(2 2,1 ;00)g, F,, W(3J, 04 ;2%)]

Substituting the values of Racah Coefficients and simplifying,

we get: .
A +2+mn
rx (T Seay, S, (5 GtE, P ) _[7 .

J)(;\ (1) = -1
(B.24g)

Now we consider the terms due to the pseudoscalar interaction.

For the general case we have:

J\% (1) = g%f.’_ (_)Jy+ly 7’4"4&""2‘2[(23 +1)(23v +1) C(JJ,‘)\ 3'/“7‘/0‘») X
A

be(2% +1)
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1
X [(241)50(J17~ JpiMis =M =Ly M )fg 542(FSD_(A) - OEIERY: T ML, AL, M)

j’r%,,\ 2 (&%), (A)J (R +Ry) | (B.26a)
Ry, Ry, D (%) and D_ (}) are defined in (B.18a), (B.18b), (B.18e), and
(B.184).

Using (B.22c) and simplifying, we get for 0—>0 (yes) beta transitions

_(XP (]-)":].—L ()J+£+M§ A’ oY) dr[f F)L+ gx ”J fc' T
(B.26b)

Similarly we consider g)fp (2) and we get in 0 -0 (yes) transitiong,

~ Cp NI+ lrm+l
J‘XP @) - 8xM Sx,-x, Ly Ay, dr[l -x & F. ')gcr ukl

(B.264)

For 0 - 0 (yes) beta transitions, we get

(e |nﬁ-,%>=f>g\ (1) + fgeA (2) + ﬁcA (3) + ﬁ(A (4)+DG(1) +[36p(2)

where the terms on the righthand side are given by (B.2kb), (B.24kd), (B.2kf),

(B.24kg), (B.26b) and (B.26d) respectively.

Now
Fo =842 (ar)
G, =ad, (ar)
therefore, F, =5.a, (qr) = -8, G,
and G, =4 J'L (ar) = S, F,

Making use of the above and using (A.lc) and (A.8d4), we obtain the nuclear

B matrix elements for 0 >0 (yes) transitionsg,
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<L:Pf\ HB‘|W1>

é ] _l. —
= El— (-f“'- +J S“)-M»{(icAg'&"Xy ) SICA 5&, ny) [L6(2 Z+ 1)32 C( €l ;OO)
W(e )| 355 ¢ 3) (£, G+ &,F, ) J'a*.% + (£, E, -g,LG,‘)iJ75

C Cl - A
+ (1 22 é)‘ N a + :
( M Yy, Sx oM 8"-}'*» )dr(f"- FK ‘ 8¢ G") i

(B.27)



APPENDIX C

1. Evaluation ofd.

We show the details of some Récah recoupling, which have been
used. |
4 i)“ T e - - +m)c<e L3su-m, 7IC('a 300 T4 m, 7 -m)
x C(513%T,m) (c.1a)

ClL A T-uyu'-T M)C(ﬁé Jsm -1, '7')
L

¢ 1 Z
=(-) ** i [g%—:—i] C('M'e;u-u'-m,u'-’l’ﬂn)c(lé AHEL A

il
- (- )Q +u' -T+m g%:i Z(asl +1)(2¢ + 1)]2‘ C(Zsld;u - p'em,u' +m)

X C(e sl’“ -T+m, 7) W(Ae 32: ¢ sl) ('_0-28-)
In arriving at (C.2a) we have used (A.ld) and(A.82a).

Similarly,

c(t %J';u' -7 +m,T- m)C(%l %’57', -m) = (_)C.' -n' +T+if$T'_2—t_i

X C(0 3" 5 -T+u' +my- w)CGE 1% -Tom, - m)

_ i)
- (-)L' ~n' +T+ l(&e:,' +1)(28, + 1)]"0(3'1 8p5 =u', - m)
xC(€'sy 35 ~T+u' +m -u' -m) W (& I 315 58,) (c.2v)
Sbstituting (C.2) in (C.la) 4

DS R [ PEVOTICHPRTCHPED CONTRREEAS
£1%2
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X €(3'1 sp;-u', -m) W(M'Ji is)) WQ 35 15 5 8,)

g -y Tocor sysn ~T+m, %) C(L'sy 55-Te u' +m, =u' -m)  (C.1b)
Using (A.lc)

Z( Y o(0 Soys 1w -T+mT) ey ks <o w +my - ur - m)

€'+'T-p-m 2 e
Z() F—se—” c(@ ogsu' ~T+m, )

C(Z' 5 8y p' =T+ m:‘r)
4

R e T

Substituting the above in (C 1b) and’ su.mming over s, .l

4 Z( )‘l MRS [(2 A+ 1)(230 + 1)(2s + 1)2_] c(Asa,u-u -m,u' +m)

xC(3' 1L s; -p', fm) w( @'35; {s) W(Z'J'g 1; g 5) (c.1lc)

2. Time Reversal Invariance in Strong Imteractions

The presernt evidence is that 'time reversal invariance holds in
strong (nuclear) interactions to a high degree of a.ccuracy.l
The time reversal operator, for a Dirac wave function, is a non-

linear operator and is i 6'21(, where K means complex conjugation.

/ X
Pt = -t) =1Pt) = 16 Y(¢t)

1‘1‘ D. Lee and C. N. Yang, Elementary Particles and Weak Inter-
actions, Brookhaven National Iaboratory, B.N.L. 443 (T-91) (2957) p. 16.
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Therefore, if we consider a nuclear matrix element of an operator n

between initial ((K) and final (l&) nuclear states, then under time

reversal it goes to

JL&*J)- P — (T‘P)ﬂ.(T\P)

J %Nli%%
.fLV GG Py
(f\y; 5 e W)
- (9 g w)

In the above * means hermitian conjugate and Xx

X

where\ﬂ.,.p- 2.

implies complex conjugation. In our problem, we have:

s [z o o & 3

X . — Sy X - -
= -1 ( j75) 6.r = (iJ,75) ( G .r) (c.2)
We have used
I = %75 % = 7
and
(U‘.r) = g-?.;sa- = wi
From (C.2) we get (ij‘r )(fs‘ T ) = its complex conjugate and, there-

X
fore i 7 (J .r) is real.

3. Time Reversal Invariance in Weak Interactions

We prove, that under the assumption of time-reversal invariance
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being valid in nuclear B decay, all the coupling constants are real.

- The B interaction hamiltonian density is
* *
By = 2 (Wh, Wy) + (W o, (o + 679 %)
* n ) . * o ¥ V¥ -

+ (WN X k‘)P (Wv ‘,Cx + cx 75] ‘n'xq)e ) (0‘3)
In (C.3) the first term represents 6' emission and the second term
(which in hermitian conjugate of the first) represents B+ emissiaon.
In the above, we have taken JLx to be hermitian.

Under time reversal, the Dirac wave function transforms as
follows:

LP (t'=t) =T{t) =1 & \-Px(t)

Iet us now consider a matrix element

(P 0= (YY)
-’9 (TLV]_;J]-T .‘Pa)
A R
= (Y1 o Yo )

= (Y, - 63 \|)2‘)x (C.ka)
Now ( W, & J{@é Ll)z)x is & 1 % 1 matrix: therefore, complex
conjugation is equivalent to hermitian conjugation.
Introducing Jl’t = GQ‘J{ G‘z
(Wi N Yo) = (Y, N Wz)*
= (Y )

In (C.4b) we note that LP , end “’2 have reversed their positions.
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7 - (5,0 )"
JL: = 6—2J1*% = \QT *

®r
R
In general g either commtes withV); in which case Jl.r =J\T= fl;

or 6, anticommutes with A" Gm ket Base J).: g - -,
Also, JL is either real or pure imaginary. In the former case
\Qx =JL and in the latter,xn.*= -JL . But in any case, at the most
ﬁ*_t -N-:+ N - (c.58)
Similarly,
Hlrg)y =+ 750 (c.5b)
Substituting (C.Ub), (C.5a), and (C.5b) in (C.3), the + signs cancel
out, as they occur twice (once in the lepton covariant and also in the
nuclear space).
*
B . (B L W) (G [ v, 7570 W)
(P Y)Y Legrctrs 1Y ) (c.6)
Comparing (C.3) and (C.6), they are exactly the same, provided:
*

Cx = Oy

¥*
and C' = ICLW
X X

Hence the coupling constants Cx and Cx' (for all interactions) are

real, provided H, is invariant under time reversal operation.

B



APPENDIX D

We introduced Ao ,Bo ) Co and Do in the expression of longitudinal
polarization. We give, below, their analytical expressions up to order

R (the nuclear radius).

-1 o .
A, = (PaFo) e qk .k Sin(gk»gL )
2 F.
P k(k +7) 2k , \2k-2 ((k-1)! k-1 ‘J
W & [2 (p) (ek: ) ¥,
Be.1 = (peFo)fl r-2k f__k 8y Sin(ék- g‘k)

et B
az . (2y +1-2k) 2y +1 -k)p
R M2y +1 (1 +27)

—> P.[k___lé +
W 2R

(az)e P (by + 3)(; +1 - k)] o2k 21<-2 ((k-l))e -
0

(1 +27)%(y +1) 2k

=1 l-2k

Cp1 = (p°Fo)” (£, + 88 ) Sin(§ - &)

- 2 F
- - '
27k o2k p2k 2 (gk 12.) k-1

W' 2y +1 2k! “TFo
-1 p1-2k ‘
D, = (BF0) (£, £ - 8 &) Sin(S_ - &)

| F
az oW 2.2 2k 21:-2(1_:__: 1 Tkl
—% kilT- * 27+1(7"2°‘Z)}"[2 ® 2k:‘f Fo

In the above,

|
T = [kz - o7 J >
L
137
Z corresponds to the daughter nucleus.

Q ~



— ) 21 A - 407 /
éK-S-k-:’?k-?-k, where e ?)( = ~A?—+Wﬁ7§

For

and

then,

- Q.43 173
R = 157 A
W = [_p2+l]l/2

az <1 |,

7=l - 1 (@z2)
Fl(x FO

-2
Bom> = §

2
B R[GR) ¢ 3(F) o+ 50 ]
coa—% [ 2/3]
o, > F) 5]
Al—)-%[_%paj

Lk-l’ L&:—l and Nk-l are given by G:reul:l.ng.l
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Pk-l’ Q k-1’ and

Rk-l are given by Purse}—'2 and these have been tabulated for Coulomb

functions by Rose, Perry and Dismuke.

3

E. Greuling, Phys. Rev. 61, 568 (1942).

D. L. Pursey, Pnil. Mag. 42, 1193 (1951).

The nuclear finite size

3M. E. Rose; C. L. Perry and N. Dismuke, Oak Ridge National
Laboratory Report No. 1459 (Unpublished).
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4
corrections have also been given by Rose and Holmes. » 2

4
M. E. Rose and D. K. Holmes, Phys. Rev. 83, 190 (1951) and
Oak Ridge National Laboratory Report No. 1022 (Unpublished).

°C P. Bhalla and M. E. Rose (Oak Ridge National Laboratory
Report to be issued); containing tables of functions, with finite
nuclear size corrections, for polarization and ﬁ spectrum.
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