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Abstract

Let pu[mu] be a nonnegative Borel measure on the boundary T[unit circle] of the unit

disc and define ¢, [phi mu] to be the harmonic function

1 — |z|?*[square]

ou(z) = / [integral] Czota] — 22 du ().

The harmonically weighted Dirichlet space D(u) is defined as the space of all analytic

functions on the unit disc D[unit disc] such that

/D () Ppu(2)dA(2)

is finite. When g is the Lebesgue measure on T, then D(u) is the Dirichlet space
D.

The harmonically weighted Dirichlet spaces were introduced by Richter in [50] as he
was studying analytic two-isometries. These spaces have been studied extensively
throughout the years, see e.g. [3], [21], [22], [23], [24], [52], [53], [62], [63], [64], [66]
and [67].

The weak product of D denoted by D ® D[DdotD] is the following set:

D ® D = {h € [in]Hol(D) : h = Z [sum] f;g;,

> lIflllgill < ocfinfinity], fi, g; € D}.



The dual of D ® D has been characterized in 2010 by Arcozzi, Rochberg, Sawyer and
Wick [9] as the space X[script X](D) of analytic functions b on D such that |V'|*dA

is a Carleson measure for the Dirichlet space.

In this dissertation we show that for functions f in proper weak*-closed M,[M sub z|*-
invariant subspaces of X' (D), the functions (zf)" are in the Nevanlinna class of D and
have meromorphic pseudocontinuations in the Nevanlinna class of the exterior disc.
We then use this result to show that every nonzero M, -invariant subspace N [script N]

of D ® D has index 1, i.e. satisfies dim N /zN = 1.

In the second part of this dissertation, we study the corona theorem for the
D(u) spaces when g is a finitely atomic measure. If p is a finitely atomic
measure, we use the observation from Richter and Sundberg [52] that M(D(u)) =
D(p) N [intersection| H* (D) to show that the set of multiplicative linear functionals
consisting of evaluations at points of D is dense in the maximal ideal space of
M(D(u)). Furthermore, we obtain the corona theorem for infinitely many functions

in M(D(n)).
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Chapter 1

Introduction

In this introduction we will establish the definitions and background results that
are necessary for our main theorems. In Section 1.1 we will talk about weak product
spaces, how they arose and have been used in the literature and why we are interested
in them at this time. Our new main theorems about weak product spaces will be
presented in Chapter 2. In Section 1.3 we will introduce another main topic of this
dissertation, namely maximal ideal spaces and the corona theorem. In Chapter 3
we will prove our generalization of the corona theorem to some of the harmonically

weighted Dirichlet spaces.

1.1 Weak products of Hilbert spaces

Let d > 1,9 C C? be a nonempty set, and let H be a Hilbert space on §2. Suppose
that for each point z € €2, evaluation at z is continuous. Therefore there is an element

k. € H with the property

(f.kyu=f(z), VfeH



The vector k., is called the reproducing kernel at z, and H is called a reproducing
kernel Hilbert space (see [11] for a detailed discussion of reproducing kernel Hilbert
space). Suppose {f;}icz is an orthonormal basis for H, then by Parseval’s identity,

we have

ka(2) =Y iV i(2),

i€Z
and ky(z) = (kx, k.)u = k.(N), i.e. k is symmetric.

Considered as a function on €2 x €2, the kernel function k, is positive definite, i.e. for

any finite set {z1,- -, 2,} C  and any complex numbers {ay, - , a,}, we have
n n n
Z ala_]kzz(zj) - <Z aikzi’ ajk2j>7'l
ij=1 i ]

n
=Y aika i = 0.
7

Conversely we can start with a kernel and construct a Hilbert space that has the
given kernel as its reproducing kernel.

Theorem 1.1.1 (Moore [46]). Suppose k is a symmetric, positive definite kernel on
a set Q). Then there is a unique Hilbert space of functions on € for which k is a

reproducing kernel.

Let d > 1,92 C C? be an open, connected, and nonempty set, and let H C Hol(Q2) be
a reproducing kernel Hilbert space with kernel k., the weak product of ‘H denoted by
H © H is defined as

HOH={heHol(Q):h=>" figiy | fillullgllz < oo, fi, g: € H}.
=1 i=1



If h € H®H, the norm of h in H ® H is defined to be

Rl = nf 0>\ fillsllgilla : =" figi, fi,9: € H}. (1.1.1)
i=1 =1

Weak products first appeared in the work of Coifman, Rochberg and Weiss [25].
They arise in connection with the Hankel operators and they are used to establish
the duality between L! (D) and the Bloch space and the duality of H'(0B,) and BMO.
Later Ferguson and Lacey [31], Lacey and Terwilleger [37] studied the weak product
of H%(D?), they showed that a Hankel form with symbol b is bounded on H?(D?) if
and only if b is in BMO(D4).

Let D be the Dirichlet space of holomorphic functions f for which

A
/ |f,|2d_ < 00,
D 7

and let Dj be the harmonic Dirichlet space, which consists of functions of the form

f+7gfor f,g € D.

In 2010, Arcozzi, Rochberg, Sawyer and Wick [9] characterized the dual space of the
space of weak products of Dirichlet functions D ® D. their result also involves the
boundedness of the Hankel operators and it implies the characterization of the dual
of D, ® Dy. The characterization of Dy ® Dy also follows from results of Maz’ya
and Verbitsky [44]. This was observed by Richter and Sundberg [55], and they also

studied the space of weak products systematically:

note that from (1.1.1) we have
h(2)| < [1E: 13071l

and it was shown in [55] that HO®H is a Banach space of analytic functions, thus HOH

is a Banach space of analytic functions such that point evaluations are bounded.



If Hol(27) is densely contained in H, define
X(MH) ={be M :3C>0,[{ey,0)] < Cllellll¥ll, Ve, 4 € Hol(27)}.

If b€ X(H) write ||b]|x for the infimum of all C' > 0 such that |{(p, b)| < Cllg||||¢||
for all ¢,1 € Hol(Q27). It is clear that X' () is a Banach space (see [55]).

For a vector subspace £ C H let
ﬁéﬁ = {Zfzgz : fla"' 7fn7gl7”' y9n € E,TL € N}
i=1

be the set of finite sums of products of elements in £ and define a norm on £LOL

by
hlloz = inf > NI fillallgillae : =" figi, firgi € L}
=1 =1

Under mild assumptions on #H, the space H ® H always has X'(H) as a dual space,
and indeed we have the following theorem (see [55]):
Theorem 1.1.2 (Richter, Sundberg). Let Hol(2™) be dense in H, and suppose there
is a linear subspace L C Hol(2™) which is dense in H and which satisfies |||« =
@llez for all p € LOL. Then (H © H)* = X(H). This means if for b € X(H), we
define Ly on H by

Ly(h) = (h,b)»

then Ly extends to be bounded on H © H, and the map b — Ly is a conjugate linear

isometric isomorphism of X (H) onto (H © H)*.

We can also embed ‘H ® H into some Hilbert space.



Theorem 1.1.3 (Richter, Sundberg). If H = H(k) C Hol(2) has reproducing kernel
k, then

HoHCHE,

with ||h|lu@z) < ||R|ls for all h € H © H, where H(k?) is the Hilbert space with the

reproducing kernel k*.

In Chapter 2, we consider weak products of different spaces, and we also have the
following theorem:
Theorem 1.1.4. If H = H(kM) C Hol(Q2), £ = L(k*) C Hol() have reproducing

kernel k™ and k* respectively, then
HOLCHE KF),

with ||hl|lygmrey < Rl for allh € HO L, where H(kM - k<) is the Hilbert space with

the reproducing kernel kM - k~.

Let H satisfy the conditions in Theorem 1.1.2. Then for each b € X(H), the rule
Hy(p, ) = (pt, by, ¢, € Hol(27) extends to be a bounded bilinear form on HHH.
This bilinear form defines a bounded operator Hj, the Hankel operator with symbol
b. More precisely, if we let H = {f : f € H},||fllz = ||f|l», then for b € X(H), we
have Hy : H — H, (Hyp, V)3 = Hy(p,9) = (g1, by for all o, ¢ € Hol(Q27).

If f € H, welet [f] be the smallest invariant subspace of the operator of multiplication

by z. A function f € H is called a cyclic vector if [f] = B.

For the Dirichlet space D, we show in Chapter 2 that every nonzero M, -invariant
subspace M of D is the kernel of a Hankel operator, and then we use this fact to
prove that if f € D, then f is cyclic in D if and only if f is cyclic in D ©® D. We will

give a few motivations in the next section.



1.2 M.-Invariant Subspaces

Let €2 C C be nonempty, open and connected. Let B ba a Banach space of analytic
functions on €2 such that point evaluations are continuous, and B is M, -invariant, i.e.
for every f € B, we have M, f = zf € B. If for every A € Q, M, — X is bounded below
on B, then for every M,- invariant subspace M of B we define the index of M to be
the dimension of M/zM, i.e.

indM = dim M /2 M.

If f € B, welet [f] be the smallest invariant subspace of the operator of multiplication
by z. Thus [f] is the closure of the polynomial multiples of f. A function f € B is
called a cyclic vector if [f] = B.

For p > 0, let H?(ID) be the Hardy space of analtytic functions f on D such that

d
11 =sup [ 1705 <

let L2(D) be the Bergman space of holomorphic functions f(z) = > 7, f(n)z" such
that

dA |
/m2 Z n—l—l

and let D be the Dirichlet space of holomorphic functions f(z) = 3.°°, f(n)z" for
which

Ly = onsor <

It can be shown that for every A € D, M, — X is bounded below on H?(D), LZ(D) and
D.



By the factorization theorem, every function f in HP(DD) can be written as f =

BSF, where B(z) = H‘.X’ Qi i 2 g the Blaschke product, «;’s are the zeros of f,

=1 |o<,-| 1-a;2

it . . . . .
S(z) = exp(— T elfz do(t)) is the singular inner function for some measure o which is

smgular with respect to the Lebesgue measure, and F(2) = exp( [, %= log | f(e)| L)

ett—z

is an outer function.

The Beurling’s famous theorem says that every nonzero M, -invariant subspace M in
the Hardy space H%(DD) is singly generated, and it has the form M = ¢ H?(D) = [¢],
where ¢ = BS is an inner function with B a Blaschke product and S a singular inner
function (see [59, Page 348]). Beurling’s theorem fully characterizes the M., -invariant
subspaces in H?(D), it also tells us that indM = 1 for every M, -invariant subspace
M in H*(D) and f € H*(D) is cyclic if and only if f is an outer function.

Since then there have been a lot of articles in the literature studying the M- invariant
subspaces in the Banach space of analytic functions, see e. g. [8], [16], [18], [29], [30],
[34], [35], [36], [48], [49] and [53]. One of the surprising facts is that in the Bergman
space L2(D), if n € NU{oo}, then there is an M,-invariant subspace M in L?(D) such
that ind M = n (see [8], the authors in [8] proved this fact using abstract theory).
Later, Hedenmalm ([35]) constructed an invariant subspace in L2(ID) with index 2

using the span of zero set based invariant subspaces.

It turns out that for the Dirichlet space D, we have similar result as in the Hardy
space H?(D): every nonzero M, -invariant subspace M in D is singly generated, and
it has the form M = pD(my) = [¢], where dmy(2) = |¢(2)|*52 921 and ¢ is a multiplier
of D (see [49], [53]). But there is still an open question about the cyclic vectors in
D:

Conjecture 1.2.1 (Brown-Shields [16]). Let f € D, f is cyclic in D if and only if

f is an outer function and its boundary zero set is of capacity zero.

Some authors have studied this conjecture and they obtained some partial results,

see e.g. [29], [30], [34] and [53].



Recall that D ® D is the space of weak products of functions of D, i.e.

DoD={heHol(Q):h=Yfig,y Ilfilplgllp <o, fig: € D}.

i=1 i=1

Note that by the Riesz factorization theorem, every function in H!(D) is a product
of two H?(D) functions, we have H'(D) = H*(D) - H*(D) = H*(D) ® H*(D). Thus
we can think of D ® D as an analogue of H!(D) and it may be needed for a complete
theory of the Dirihclet space.

The dual of D ® D has been characterized in 2010 by Arcozzi, Rochberg, Sawyer,
and Wick [9] as the space X (D) of analytic functions b on I such that |[b'|?dA is a

Carleson measure for the Dirichlet space.

In Chapter 2, we use the tools Cauchy dual, pseudocontinuation to study the index of
M ,-invariant subspaces in D® D (see section 2.3 for the definitions, see also [27] for the
background on pseudocontinuations). We show that for functions f in proper weak*-
closed M}-invariant subspaces of X (D), the functions (zf)" are in the Nevanlinna
class of D and have meromorphic pseudocontinuations in the Nevanlinna class of
the exterior disc. We then use this result to show that every nonzero M, -invariant

subspace N of D ® D has index 1, i.e. satisfies dim N /2N = 1.

Note that for functions f € D ® D, we don’t necessarily have (zf)" are in the
Nevanlinna class of . Also when a function f is in the Nevanlinna class of D, it
doesn’t necessarily have a pseudocontinuation in the Nevanlinna class of the exterior

disc. We attack those difficulties in section 2.3.



1.3 Corona Theorem

By the Gelfand theory every abelian Banach algebra A is isomorphic to a subspace of
C(A), where A is a compact Hausdorff space. It is called the maximal ideal space of
A. In the following we denote the maximal ideal space of A by M 4. If A= H*(D),
then the open unit disc I is homeomorphic to a subset of My and for f € H>*(D)
the identification of f|p with its image in C(Mpy) is just the identity. Thus we will
just write D C Mpye and H*(D) C C'(Mpg). Carleson’s famous corona theorem
(see [19]) says that D is dense in Mpe. It is well-known that this theorem has an
analytical reformulation which is as follows: If {¢1, ..., ¢, } is a finite set of functions

in H>°(D) satisfying
Z lp;j(2)?>n>0, ze€D, (Corona condition). (1.3.1)
j=1

then there are functions {fi, ..., fn,} € H>®(D) with

ij(z)gpj(z) =1, ze€D, (Bezoutequation). (1.3.2)
j=1

Carleson’s proof of the corona theorem was very complicated. He introduced what
are now know as Carleson measures. They are an important tool in complex and

harmonic analysis.

In 1979 Thomas Wolff gave a simplified (but unpublished) proof of the corona theorem
using the d-technique (see [32]).

If H(k) is a reproducing kernel Hilbert space of analytic functions on some region

Q) C C% d > 1, then the multiplier algebra M (H(k)) is defined by

M(H(k)) = {p € H(k) : of € H(k),Vf € H(k)}.



For ¢ € M(H(k)), we denote it by M, the multiplication operator by ¢, and let M}
be the adjoint of the operator M,,. Then for any f € H(k), z € 2 we have

(Mkey Fyamy = (ks My Faay = 0(2) f(2) = ((2)kz, Fam),

thus M7k, = ¢(2)k., which implies |p(z)| < [|[M|| = ||M,|. Taking the supremum
over all z € , we have ||| g < || M,||, therefore M(H(k)) is always contained in
H>(Q).

Notice M (H(k)) is always an abelian Banach algebra and that H>°(D) is the multiplier
algebra of H*(D) and LZ(D). On the other hand if H(k) = D or H(k) = H3, then
M(H(k)) # H>®(D). Here H3 is the reproducing kernel Hilbert space with kernel
kx(z) = % on the unit ball of C%. Tt is called the Drury-Arveson space. Thus
for our understanding of the function theory on the spaces where M (H(k)) does not
equal H>*(DD) it becomes an interesting question whether or not a corona theorem

holds for such a multiplier algebra.

It was shown that the corona theorem also holds for many other function algebras,
such as M (D) (see Tolokonnikov [69], Xiao [76]), M (H?) (see Costea, Sawyer and
Wick [26]) and so on. In all of these cases the algebra is the multiplier algebra of a
space with a complete Nevanlinna-Pick kernel (see Agler and McCarthy [2], also the
definition below).

Definition 1.3.1. Let By be the unit ball in C*. A reproducing kernel k on By is
called a complete Nevanlinna-Pick kernel if ko(z) = 1 for all z € By and if there exists

a sequence of analytic functions {b,}5°, on By such that

1

L ee

D " bu(2)ba(N)  for all X,z € By.
n=1

10



Thus since Shimorin [67] showed that for any Borel measure g on T, D(u) has a

complete Nevanlinna-Pick kernel, one wonders whether the corona theorem holds for
M(D(p))-

Also the corona theorem has been generalized to infinitely many functions in H>°(ID)
and M(D) (see Rosenblum [58], Tolokonnikov [69] and Trent [73]). The infinite
version, given by Rosenblum [58] and Tolokonnikov [69], can be formulated as follows
(see Trent [72]):

Theorem 1.3.2. Let {p;}32, € H>*(D). Suppose that

0<é <Z|g0j (2)]* <1, forall z€D.

Then there exists {e;}52, € H*(D) such that °2 | pje; = 1 and sup,ep y 24 |ej(2)[* <

S ln L, where Cy is a constant.
2 €27

In this dissertation, we study the corona theorem for the D(u) spaces when pu is a
finitely atomic measure. Fix pu = g, a finitely atomic measure, we observe that by
[52, Lemma 5.3] we have M (D(ux)) = D(ug) N H°(D). We will see that a corona
theorem holds for M(D(uy)) if and only if every ¢ € Myp(u,)) extends to some
) € Mpye (see Theorem 3.1.12 which is due to Sundberg), we only need to show that

every ¢ € My (p(,)) has an extension to some ¢ € Mpe.

As to infinitely many functions in M (D(u)), we consider Dp2(py), or @°D(uy),
which can be considered as [?-valued D(uy) space. If F = (fi, fo,...) € ®°D (),
then the norm is defined by

11155 Dy

e 2 F(e") - FQIR dt
= [Ty« [ [T TOE Ra)

Jj=1

11



Given {p;}32, € M(D(ux)), we let ®(z) = (p1(2), p2(2),...). We use Mg to denote
the (column) operator from D(uy) to @3°D(uy) defined by

Mo (f) = {pif152, for f e D(u).

Note that the pointwise hypothesis >, |¢;(2)|> < 1 in Theorem 1.3.2 implies that
the operator Ty defined on H%(DD) in analogy to that of Mg is bounded and ||Ts| =
SUp,ep (D521 |g0j(z)|2)%. Since M(D(ux)) = D(ux) N H*(D), the pointwise upper
bound hypothesis will not be sufficient to conclude that Mg is bounded from D (1)
to ©7°D(uy). Thus, we will replace the assumption 322, |p;(z)[* < 1 for z € D by
the condition ||Mg|| < 1, and we have the following theorem:

Theorem 1.3.3. Let {p;}>2, € M(D(ux)). Suppose that

7=1

Ms|| <1 and 0< et < go-zz for all z € D.
J

j=1
Then there exists {b;}32, € M(D(u)) such that

(i) ®(2)B(2)"T =1 for all z € D, and

€

theorem in M (D(ug—1)).

1/2
(i) [[Mp] < l(2 + 16HMB;€,1H2> ., where By_y is the solution for the corona

12



Chapter 2

Weak Products and Index

2.1 Weak Products

We will follow the general theory in [55, section 2].

Let d > 1,9 C C¢ be a non-empty open connected set. Suppose B,& C Hol()) are
Banach spaces such that point evaluations in €2 are bounded, let B*,£* be the dual
spaces of B, € respectively. For z € Q, let k5" € B* be the point evaluation map from
Bto C,i.e kB (f) = f(2),Vf € B. Similarly we let k" be the point evaluation map
from & to C.

We define B ® £ to be the weak products of functions in B and & as follows
BoE={h=> fgi:fi€B.gec& Y |fillsllgle < oo}
i=1 i=1
The norm in B ® £ is defined by

1ol = mf(Y N fillsllgille - h =) fig:}, he BOE.
i=1 =1

13



Lemma 2.1.1. If B,E C Hol()) are Banach spaces such that point evaluations in
Q are bounded, then (B® E,| - ||«) is a Banach space of analytic functions such that

point evaluations in €1 are continuous.

Proof. As in [55], we note that |h(z)| < ||h]].||kE kg

B e forall h € BG®E, and

z € €. This implies that if ||h|« = 0, then A = 0. The proof of completeness is the

same as in [55].

We only show that the norm in B®E satisfies the triangle inequality. Let h, k € BOE,
Ve > 0, we can find f;,a; € B, g;,b; € € such that h =Y .2, figi,k = > | a;b; with
1Pl = 222 I fillsllgille — & Ikl = 3252 Nlaillslbille — €. then
h + k= Zfzgl -+ Cljbj,
2
thus ||h + k|« < |||« + ||k]l« + 2¢, letting € — 0, we see that the norm satisfies the
triangle inequality:. O]
Remark 2.1.2. (1) Let B = & = H'(D), then H' (D) ® H'(D) is a Banach space,

and HY?(D) C HY(D) ® HY(D).

(2) Of course, one could define a weak product for some other Banach spaces. If B =
P ={a= ()|l =07 lalP <ool,p>1, then P C1°° with ||a < ||a|e.

Forp,q=>1, and = (B;) €I,y = (v;) €14, let B -~ = (B;7:), then we define
Poll={a=>Y B87: Y |Billelvlu < oo,8 €7 €1}
=1 =1

the norm is defined by

ladlle = nf > 1Bl llvsllie 0= 85+ it
j=1 j=1

14



Then for every i, |a;| < |||, thus |||« = 0 if and only if o = 0. Therefore [P ® 14

1s a Banach space, p,q > 1.
Similarly, we have 2Ccitoll.
Let A C B, L C & be vector subspaces, we define
AGL={h = figi: fi € B,g; € E,n €N},
i=1

and the norm is defined by
1hfle = EO> " N fillsllgille : h=>" figi}, h € ASL.
i=1 i=1

Then AOL C B® & and ||h]l, < ||h|s for every h € A®L. If we use (AOL), to
denote the completion of A®L with respect to the norm || - ||,, then the inclusion of

AGL into B® & extends to be a contraction V : (A®L)y = BOE.

The following three results are the Banach space analogues of Hilbert space results
that were proved in [55]. The same proofs will establish the following Lemma and
Theorems.

Lemma 2.1.3. If A C B, L C & are dense vector subspaces, then AOL is dense in

B®E in the | - ||« norm and
bl =t 0" [ fllsllglle - b= 3" fugn fi € Agi € £}, he BoE.
i=1 i=1

Theorem 2.1.4. If A C B,L C & are dense vector subspaces, then V is onto and

the induced map V : (AOL)s/ ker V — B ® & is isometric.

For d > 1, let B, denote the open unit ball in C¢, for 0 < r < 1,z € By, let
fr(2) = f(rz). Write Hol(B,) for the algebra of all functions f on B, such that f

extends to be analytic in a neighborhood of the closure of B,.
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Theorem 2.1.5. Let B,E C Hol(B;) be Banach spaces of analytic functions which

satisfy the following conditions
(a) Point evaluations in B, are bounded and B is reflexive.
(b) B contains Hol(B).

(¢) If fu, f € Hol(By) such that f, — f uniformly in some open neighborhood of
By, then f, — f in B.

(d) There is a C > 0 such that if 0 < r < 1 and if f € B, then f. € B and
1f-lls < Clifls.

Then Hol(B) is dense in B® & and

12l = l1Blle = fOY 1 fillsllgille : b= figis fi 9: € Hol(B;)}
i=1 i=1

for all h € Hol(B).

Let d = 1,2 C C be open, connected and nonempty set. Let H C Hol({2) be a
reproducing kernel Hilbert space, i.e. point evaluations in 2 are bounded. If H is

M, -invariant, let

K=(zH)' ={(zf)": f € H},

and the norm in K is defined by ((zf)’, (29) )k = (f, 9)n-

If Hol(27) is densely contained in H, we define

X(H,K) ={beH:3C>0,[pzv), (2b) )| < Cllpllullvll,
Vo, € Hol(27)},

for b € X(H,K), write ||b||x@z,) for the infimum of all ¢ > 0 such that
(=), (2b) hic| < Cligllalllla for all p,4 € Hol(Q7).
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Lemma 2.1.6. If H C Hol(Q?) is a reproducing kernel Hilbert space, and if Hol(2™)
is densely contained in H, then X (H,K) is a Banach space of analytic functions on

Q such that

()] < [blleceso |2 el Ll

Proof. Note that Hol(Q7) is dense in H and b(w) = (b, k)5 = ((2b), 1 - (zk})" )k,

w

the inequality follows.

Also
1115, = [1(zb)'[lx = (1 (2b)', (2b)")ic < [[1[lallbll 1Bl 2.

thus [6fl3; < |[1fla[lbll x e

The completeness follows from the same argument as in Lemma 2.2 in [55]. It is clear

that || - [|x(zx) is a norm in X (H, K). O

Theorem 2.1.7. Let Hol(Q2™) be dense in H, let K = (zH)', and suppose there is a
linear subspace A C Hol(2™) which is dense in H and which satisfies ||¢]l« = ||¢]|e
for all p € AO(2A)". Then (H® K)* = X(H,K), this means if b € X(H,K), define
Ly on KC by

Ly(k) = (k, (2b)),

then Ly extends to be bounded on H ® K and the map b — Ly is a conjugate linear

isometric isomorphism of X (H,K) onto (H ® K)*.

Proof. We will follow the argument in [55, Theorem 1.3].

17



Let b € X(H,K), h € A®(zA) C Hol(Q2™) C K. Then h = Y7, fi(zg;)’ for some
fi,gi € A, i=1,...,n, and

| Lo(h)| = !<Z fi(zg)', (20)')x| < Z |(fi(29:); (2b) )il

< S llxgese l fillllgslls

=1

thus |Ly(h)| < [|bllx@ei)llPlle = [10lx@ei)llh]ls. By Lemma 2.1.3 it follows that L,
extends to be bounded on H © K with ||Ly|| < |0 x.x)-

If L e (H oK), then for (zf) € K we have

|G <AL e < NEN el

thus 3(z0)" € K, such that L((zf)") = ((2f), (2b)" ) := Ls((2f)").

If p,9 € Hol(27), then

[{o(z00)", (2b) )il = [Lp(20)) < LI (z9) |l

< LAl

thus b € X(H, K), and [[b]| xge0) < [ L] = |[ Lo |- =

Remark 2.1.8. If H s a reproducing kernel Hilbert space satisfying the four
conditions (a) — (d) in Theorem 2.1.5. If H is M,-invariant, then K = (zH)
also satisfies the four conditions (a) — (d) in Theorem 2.1.5, and so by Theorem
2.1.5, we have ||¢|« = ||¢lle for all ¢ € Hol(Q27). Thus, in this case we have
(HoK)*=X(H,K).

Proof. 1t is clear that /C satisfies conditions (a) — (¢) in Theorem 2.1.5.
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For any (zf) € K, suppose f(z) = ", f(n)z", then
[(2f)1r(z) = D> _(n+ 1) f(n)r"=" = (2£,)(2),

n=0

thus [(zf)'], € K and

TG T lle = NF) e = 1Ll < ClLf Nl
= Cllzf)x

[]

If H C Hol(Q?) is a reproducing kernel Hilbert space such that Hol(€27) is densely

contained in H, define

X(H)={beH:3C >0, [{e0,b)n] < Cllollnlvlln,
Ve, € Hol(27)},

and for b € X(H), write [|b]|x() for the infimum of all C' > 0 such that |(pi, b)y| <
Cllellzll [l for all @, € Hol(Q27).

If H C Hol(f2) is a reproducing kernel Hilbert space, we say a positive Borel measure
pon € is a Carleson measure for H, € CM(H), if there is a C' > 0 such that for all
fen,

/ﬂ FPdu < CH|SIL.

The smallest such C' is the Carleson measure norm of .
Remark 2.1.9. (a) It is shown in [55] that X(H) is a Banach space of analytic
functions and it is the dual of H ©® H, that is (H© H)* = X(H).
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(b) Let a € 0,1], Do = {f € Hol(D) : || I3, = S5 o(n + 12| f(n)[? < o0}. Let

C(D,) = {f € Dy : |f)?(1 — |2|*)'"*dA is a Carleson measure for

Da}.

It is shown in [75] that (Do ® (2D,)')* = C(D,,).

(c) If H = H? is the Hardy space, then H*> ® H*> = H', and by the well known
Fefferman’s theorem (see [32]), (H')* = BMOA, thus X(H?) = BMOA. By the
result in [75], we have H? ® (zH?)' = OH', and X (H?,(2H?)") = BMOA = X(H?).
(d) If H = D is the Dirichlet space, then by the result in [9], we have (D®D)* = C(D),
thus X(D) = C(D). By the result in [75], we have D ® (zD)" = 9(D ® D), and
X (D, (zD)) = C(D) = X(D).

(e) In (c) and (d), we see that for a« = 0,1, X(D,, (2D,)") = X(D,). Then we have
the following question:

Question 2.1.10. For a € (0,1), is X(D,, (2D,)") = X(Dy,)?

The following Theorem can be derived from Theorem 3.1 in [55].

Theorem 2.1.11. If H = H(k™) C Hol(Q), L = L(k*) C Hol(Q2) have reproducing

kernel k™ and k* respectively, then
HOLCHE KR,

with ||hl|lygmrey < R« for allh € HO L, where H(kM - k<) is the Hilbert space with

reproducing kernel kM - k*.
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2.2 Hankel Operators and Cyclicity

In this section, we prove that every nonzero M, -invariant subspace M of D is the
kernel of a Hankel operator, and then conclude that: If f € D, then f is cyclic in D
if and only if f is cyclic in D ® D. This is a joint work with Stefan Richter.

Recall that if H C Hol(f) is a reproducing kernel Hilbert space such that Hol(27)

is densely contained in H,

X(H)={beH:3C >0, [{et,b)u| < Cllpllallvll;
Ve, € Hol(27)}.

The following Theorem is in [55] and it is stated as Theorem 1.1.2 in the introduction,
we include it here for the convenience of the reader.

Theorem 2.2.1. Let Hol(2™) be dense in H, and suppose there is a linear subspace
L C Hol(Q7) which is dense in H and which satisfies ||¢|« = [|¢|loz for all o € LOL.
Then (H© H)* = X(H). This means if for b € X(H), we define L, on H by

Ly(h) = (R, b)

then Ly extends to be bounded on H © H, and the map b — Ly is a conjugate linear

isometric isomorphism of X (H) onto (H © H)*.

Let I be the open unit disc with boundary T and let p be a nonnegative Borel

measure on the closed unit disc, define

D(p)={f € H*D): [ Dr(f)du()) < oo},

D-
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where Dy(f) = [; |%|2% is the local Dirichlet integral of f at A € D~. The
norm of f in D(u) is defined by

120 = £ + / Da(f)du(N).
s

For u supported in T, D(u) spaces were introduced by Richter in [51] as he was
studying analytic two-isometries, and then they were generalized by Aleman [3] to

the p on the closed unit disc. When p = £ D(4L) is the Dirichlet space D (see

[50], [52]). We can verify that D(u) spaces satisfy all the conditions in Theorem
2.2.1.

Let H satisfy the conditions in Theorem 2.2.1. Recall that H = {f : f € H}, || fl7 =
| f|l2, then for b € X(H), we have Hy : H — H, (Hyp,V)zz = Hy(p, 1) = (09, b)x
for all ¢, € Hol(Q27).

Also recall that M () is the multiplier algebra of H, i.e.
MH)={peH: : of € H,Vf € H}.

Lemma 2.2.2. Suppose Hol(2™) is densely contained in H, and Hol(27) C M(H).

Ifbe X(H) and [ € H, then for every p € Hol(2™) we have
(Hyf, @)z = (o f ) = (f, MZb)a. (2.2.1)

* J

Thus ker Hy = {f € H : (f, M}b)3 = 0,Yp € Hol(2")} = [b]s-, where [b]. denotes the

smallest subspace that contains b and is invariant under M for every ¢ € Hol(2™).
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Proof. Let ¢, € Hol(27) and ¢, — f in H, as n — oo, then for ¢ € Hol(Q27) we

have
= Jim (v, Byw = (. B
= <f7 M;b>%7
thus f € ker H, if and only if f € [b]+ and the lemma follows. O

Remark 2.2.3. If for A € Q we have ky € Hol(2™), then

Hyf(N) = (Hof k) = (flox, D)

Furthermore, if f € Hol()™), then

thus Hy, f = (f, k.)uk. is a rank one operator.

If B is a Banach space, and T" € B(B), we let LatT be the lattice of T-invariant
subspaces of B. The following Theorem is in [50].

Theorem 2.2.4. Let H be a Hilbert space and T' € B(H) satisfy

() T"H = (0), (2.2.2)
n>0
| + 1 T%2|* < 2| T2|?, Vo€ H. (2.2.3)

If M € LatT, then [ker(T|m)*]lr = M, where [ker(T|pm)*|r is the smallest T-

invariant subspace of H that contains ker(T|am)*.
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The following Theorem is known to experts, but we cannot locate a reference, we
include a proof here for completeness.

Theorem 2.2.5. Let H be the D(u) space and let T = M,, then T satisfies (2.2.2)
and (2.2.8) in Theorem 2.2.4 (see [3]). ¥YAg € D, let Ty, := (T — No)(I — A\oT) 74,
then T\, also satisfies (2.2.2) and (2.2.3), and ker(Th,|m)* = ker((T'— Xo)|m)*. Thus
VM € Lat(M,, D(p)), M = [ker(Th,[p)*]ry, = [ker((T"— Ao)|m) 7

Proof. YAg € D, let A =T5 Ty, — I, and A* =T*T —I.

Note that o(T) C D~ (see [50]), where o(T') is the spectrum of T. Vz € D(u), let
y = (1—XT) 'z, then 2 = (1 — A7)y and we have

Tl = ol = (T = Ao)yl® = 11 = XDy

= (ITyl1* = 2Re(Ty, doy) + ol 1y

~ (llyl1* — 2Re(y, XTy) + oI Tw?)

= (1= PoP)(ITyI> ~ llyl®)

= (1= Do) (IT(1 = XT) 2l = (1 = XoT)"a?),

this implies A2 = (1 — [A|*)(1 — AT™) " PA2(1 — A T) 71

Note that we have the following equivalent relationships:

T3, A% T < A%,

S (T = Xo) A5 (T — No) < (I = XNTH)A3, (I — AoT)
ie. TEAS T — NT* A5 — M3, T + | ho? A%,

<A = NTHAY = AT + Mo’ T AT

& (1= [M[)T AT < (1= AS,

i.e. (1 —| NI — XNoT*) M T*A2T(1 — NT) 7!

< (1 =[Nl = AT*) 1A% (1 = A T) 7,
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by the assumption, we have T*A*T < A?, thus T3 A Ty, < A3, Also (I3 H =
n>0

(0).

Therefore, the conclusion follows from Theorem 2.2.4. n

Lemma 2.2.6. M(D(u)) C X(D(w)).

Proof. Note that by Theorem 1.9 in [3, p74], we have

Da(f)du()) = / F(2) PU(2)dA(2),

D-

l—wz
z—w

w —|Z 2
where U, (z) = [, log 1df|(w|)2 + J1 ﬁw_'Z‘Pdu(w).

If o € M(D(u)), then ¢ is bounded and f¢' = (fy) — f'¢. Hence the measure

|¢'|?U,dA is a Carleson measure for D(u). This property implies that ¢ € X (D(p)).
[

Theorem 2.2.7. Let H be a Hilbert space, suppose polynomials are multipliers and H
has the following wandering subspace property: If N is a non-zero multiplier invariant
subspace, then dimN & zN =1 and [N © 2N = N. Let ko denote the reproducing
kernel for 0. If M is a multiplier invariant subspace such that 0 is not a common

zero of all functions in M, then
ML — [PMJ_I{Z()]*

Proof. Since Py kg € M+ we have [Priikols C ML, For the reverse inclusion we

let N = [Ppkoli. Then M C N, and N is a nonzero multiplier invariant subspace.
Thus by the hypothesis it suffices to show that M © z2M =N © 2N

Since 0 is not common zero of all functions in M we have that Py ko is a basis for the
1-dimensional space M © 2 M. We have to show that Pyko € N © 2N. We clearly
have Pyko € N, thus it suffices to show that (Pyko, 2f) = 0 for all f € N. Since
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M*ky = 0 we have M} Pyky = —M? Py ko € Nt. Thus
<PMk07Zf> = <MZ*PM]€07f> = <_MZ*PMLI{:07f> =0.

O

Proposition 2.2.8. If H is a reproducing kernel Hilbert space on D with a complete
Nevanlinna-Pick kernel ky, then YA\g € D, Pyky, € M(H), where M C H is a

multiplier invariant subspace.

Proof. 1f k) is a complete Nevanlinna-Pick kernel, then for any multiplier invariant
subspace M C H, we have [,(z) := P’;&’tgz) is positive definite. Then by a Theorem
of McCullough and Trent ([45]), we have YAg € D, I, € M(H). Also by [33, Lemma

2.2], we have ky, € M(H), thus Pyky, = lx,kx, € M(H), Vo € D.

Proposition 2.2.9. If o € M (D), then so is M}p.

Proof. Note that M;z" = "Hln=1 = zn=1 4 [Y(tz)"=Ldt, n > 0.

Let Lf = f_Tf(O) be the backward shift, then Vf € D, M f = Lf + fol(Lf)tdt, where
fi(z) == f(tz).

If o € M(D), then Ly € M (D), also 3C, such that Vf € D, |¢:fllp < C|lofllp, the

result follows. O

Now we show that every nonzero M,-invariant subspace M of D(pu) is the kernel of
some Hankel operator with symbol b € X(D(p)).

Proposition 2.2.10. Suppose M € Lat(M,, D(u)), M # 0, then there is a function
be M(D(u)) N ML, such that [b]. = ML and ker H, = M.

Proof. Suppose zg ¢ Z(M), and ¢ € MO (z — z9) M, ||¢| = 1.
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Note that k., = Puk., + Py k., Puk., = cp, where c is a constant, let b = Py k.,
we konw that by Shimorin’s result ([67]), D(u) has a complete Nevanlinna-Pick kernel,
then by Proposition 2.2.8, we have b € M (D(u)). We will show that [b], = M™.

Let g = (M} — %), then for any p polynomial, (g, py) = (¢, (z — 20)py) = 0, which
implies g € M+, so [g]. € M*.

Let £ = [g]+, then M C L. Note that for any f € L, (¢, (z — 20)f) = (g, f) = 0, by
Theorem 2.2.5, M = [p] = L, thus [g], = M™*.

From (M} —Z5)b = (M} — Z5)(k,, — cp) =0 — (M} — Z5)p = —cg, we get

M+ D Span{b, (M} — %)b,...} D Span{g, (M} — Z)g, ...}

z z

therefore [b], = M*, and ker H, = M by Lemma 2.2.2.
[

Remark 2.2.11. (a) If M € Lat(M,,D(u)),M # 0 and 0 &€ Z(M), then b :=

Py ko = 1—p(0)p, where ¢ € MSzM is the extremal function. Then the conclusion
of Proposition 2.2.10 follows from Theorem 2.2.7.

(b) If v is the Lebesque measure on T, then D(u) = D. Note that by proposition
2.2.9, If p € M(D), then M € M(D). In this case, we can let b = (M} —Zy)¢p in
Proposition 2.2.10.

Lemma 2.2.12. Let M be a multiplier invariant subspace of D(u), let M be its
closure in D(p) @ D(p). Let N = M7 D(u), then N is closed in D(u) and
N =M”.

Proof. Let f, € N, f., — f in D(u), then f, € MQ, and note that || f, — fll« <
fr — fllpgy — 0 as n — oo, thus f € M", and so f € N
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Note that M C M~ N D(u) = N, we have M~ C N°. On the other hand, let
f e /T/Q, there exist f,,’s in NV, such that f, — f in D(u) ® D(u) as n — oo, note
that f, € WQ, thus f € M. ]

Corollary 2.2.13. Let M, N be multiplier invariant subspaces of D(u), M # N,
and let M” and N'© be their closures in D(p) ® D(p). Then M #* N,

It follows that for any M we have M = M7n D(p).

Proof. Without loss of generality we suppose that there is an f € N such that
f & M. By Proposition 2.2.10 we pick b € X(D(u)) such that ker H, = M. Then
the functional that b defines in the dual of D(u) ® D(u) annihilates M and hence it
annihilates M. However, since f € N\ ker H, we have H,f # 0. Then there is a
¢ € Hol(D™) such that (¢ f,b)p) = (Hof, ?)pgy # 0. Thus b does not annihilate all
of N°. O

Theorem 2.2.14. Let f € D(u). Then f is cyclic in D(u) if and only if f is cyclic
in D(p) © D(w).

Proof. Since for any polynomial p, |[pf — 1|« < [[pf — 1||p, it is clear that cyclic
vectors in D(u) are cyclic in D(u) ® D(u).

If f is not cyclic in D(u), then we can take M = [f] and N = D(u) and apply the

previous Corollary to conclude that f is not cyclic in D(u) © D(pu). O

We see that in Proposition 2.2.10, for any M € Lat(M,, D(u)), M # 0, there is
ab e M(D(u)), such that ker H, = M. But in general, for an Hilbert space H,
and M € Lat(M,,H), M # 0, we may not find a function b € X(#), such that
ker H, = M.

Example 2.2.15. Consider H?(ID?), the Hardy space on the bidisc,
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i) M ={f € H*(D?) : f(0,0) =0} = {z,w}] = zH*(2) ® Y .-, w"H?(z), then
ML = span{1}, where span{1} is the space spanned by 1. Let b = 1, H, : H*(D?) —

H2(D?), then ker H, = [1]} = {f € H*(D?) : (fg,1) = 0,Vg € M(H>(D?))} = M.

(ii) If M = 22H*(2) @ Y02 w"H?(z), then M+ = span{l,z}. Let b = z, then
ker H, = [2]} = M.

Let H be a Hilbert space, 11,7, € B(H). For a subset £ of H, we denote by [€]r, 1,
the smallest invariant subspace of #H for both 7} and 75 containing £. If [E]n, 1, = H,
then &£ is called a generating set for operators 7T} and 7. The minimum number of
elements in generating sets is called the rank of H for 77,75, and we denote it by

rank ¢ 1,3 H.

(iii) Let {¢,(2)} be a sequence of inner functions in H*°(2) such that ¢, (2)/¢ni1(2) €
H*>(z)(n > 0), and functions in {¢,(z)} have no nonconstant common inner divisors.

Let M =70 ©w"pn(2)H?(2), then M+ =377 s dw" (H?(2) © ¢n(2)H*(2)).

When ¢o(z) is a Blaschke product, it is shown in [38] that rank a: a:) M* varies

from 1 to oo:

rank (M = sup#{n : (,(a) = 0,n > 0},

aeD

where (,(2) = @fz—(lz()z).

If ¢,,(2) is mutually prime (i.e., there are nonconstant common inner divisors of (,(z)
and (;(z) with n # ), then rank gps a3 M- =1 (see [39]). It is also shown in [39)]
if {a,} is a positive sequence and {a,} € I*, then b = >  @a,w"M;p,(z) € M+,
and [b], = M=, In this case, it is easy to see that b € H>*(D?) ¢ BMOA(H?*(D?)) =
X (H*(D?)) (where X (H?*(D?)) is the dual space of H*(D?*) ® H*(D?)), and ker H, =
bl = M.
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But if rank (s ar: 3 M* > 2, since ker H, = [b];, there is no b € X (H?*(D?)) such that
ker Hy, = M.

For the Bergman space L?(ID), we have a similar result.

If M € Lat(M,, L2(D)), we write

M, B
0 PuyiM|ue

M, =

with respect to the decomposition L?(D) = M & M*.

The following Lemma is in [5].

Lemma 2.2.16. Let M € Lat(M,,L2(D)), M # L2(D),\ € D. Then M}|yx — A is
a semi-Fredholm operator, and ind M = 1 — ind(M |y — A).

Theorem 2.2.17. There exists an M € Lat(M,, L2(D)), such that ker H, # M for
all b € X(L2(D)).

Proof. Let M € Lat(M,, L2(D)) with indM > 3 (see [8], [36]). Suppose that there
exists a function b € X(L?(D)) such that ker H, = M, then from Lemma 2.2.2, we
have M = [b]{. Thus M+ = [b],, and so ind M|y € {—1,0,1}, which contradicts

Lemma 2.2.16. Therefore the conclusion follows. O
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2.3 Index of Invariant Subspaces in D ® D

Recall that the Dirichlet space D is the space of holomorphic functions f(z) =
> o f (n)z™ for which

/uﬁ“‘ > nlfm <

The norm on D is given by || |3 = [|f|%2 + fp [F/*% = 307 y(n+ 1)| £(n)[>. When
g€ D,

o = (Lo + [ f’?%

in—l—l (n).

A positive Borel measure p on D is a Carleson measure for D, u € CM(D), if there

is a C' > 0 such that for all f € D,

Av&mscwma

The smallest such C' is the Carleson measure norm of .

In this section we show that every nonezero M, -invariant subspace in D ® D has
index one. A part of this is a joint work with Stefan Richter.
Definition 2.3.1. (a) Let D be the open unit disc with boundary T and D, = C,\D~

be the exterior disc, where D™ is the closure of D and C., is the Riemann sphere.

(b) Let N(D) and N(D,) be the set of Nevanlinna functions (i.e., the quotients of two

bounded analytic functions) on D and D, respectively.

31



(¢) For p >0, let H?(D) be the Hardy space of analtytic functions f on D such that
dg
11 =sup [ 105 <

(d) A function F € N(D,) is called a pseudocontinuation of f € N(D) across T, if
f(e®)y = F(e") a.e..

By Privalov’s uniqueness Theorem ([41, p. 82-84]), whenever a pseudocontinuation

exists, it is unique.

By Lemma 2.1 in [55], D ® D is a Banach space of analytic functions such that point
evaluations at points of D are continuous, and it is clear that D ® D is M, invariant.

Moreover, we have
Lemma 2.3.2. Ifh € D ® D and h(\) =0 for some A € D, then there is a function
g € D® D such that (z — X)g = h.

Proof. Suppose h € D® D and h(\) = 0. Note that the norm of h in D® D is defined
by (?77?), and

<f+g)2 B (f —9y2,

fg= 5 5

Thus we have Ve > 0, 3f/s € D, such that h = > f2 with ||h]l. > D |Ifill% —
Then h(\) =Y f2(\) = 0 and

2

-3 E ARG o0

12— 2O
.

LA p < G fillos 10+ £ o < lfillo + 1] < G fillo

for some constants C7(\) and Co(N).

then

Thus || 25|« < C1(A)Co(N)(||A]|+ + €), which shows -2 € D® D. Let g =
(z—=A)g = h. O

z>\’
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From Lemma 2.3.2, we see that for A € D, there is a constant C'(\) such that ||(M, —
Mhlls = C(N)||h||« for any h € D ® D. Thus for any M, -invariant subspace N of
D® D, we have (M, — \)| is a semi-Fredholm operator, and by the Fredholm theory,
dim(N/(z — M)N) does not depend on A € D (see [48]). We then define

ind(N) = dim(N /zN).

2.3.1 Duality

It is shown in [9] that (D ® D)* = X (D) (see also [20]), the dual pairing is with
respect to the Dirichlet pairing, and

X (D) = {b € Hol(D) : |'|*dA is a Carleson measure for D},

and the norm in X(D) is [|b]|5py = [6(0)* + [[[V'*d Al cmr(m)-

Let Y = {(2b) : b € X(D)}, the norm in Y is defined by

1(z0)'lly = 11bllx(p)-

Let S ={(zh)" : h € D ® D}, the norm in S is defined by

1(zh)'lls = 7]l pen-

By Corollary 1.4 in [9], S = (0D) ® D = 9(D ® D).

Let V : X(D) — Y, Vb = (2b)/, then V is an isometry. Similarly, U : D ® D — S,

Uh = (zh)' is an isometry.
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Lemma 2.3.3. Y is the dual space of D ® D realized by the H? pairing, i.e., for
he D®D,(zb) €,

2w

L dt
(h, (Zb)/>(D®D’y) = lim h(re”)(zb)’(re”)Q—.

r—1- 0 T
Proof. Note that (p,q)p = (p, (2q)") g2 for all polynomials p and g¢.

Let (20) € ), then b € X(D), and (h, (2b)')(pep,y) = (h,b)p for h € D ® D. Then

(R, (20)) (pop,y)| = [ (R, b))
< |10l (p)
= |2/ 1(20)' ||y,

thus (z0) € (D ® D)*.
Let T' € (D ® D)*, then there is a b € X(D), such that T'(h) = (h,b)p,h € D ® D.
Then (2b)" € Y, and T'(h) = (h, (20)")(pepy),h € D ® D. It is clear that the map

T +— (2b) from (D ® D)* to ) is bounded and one-to-one, and so we can identify T
with () € V. O

Because of Lemma 2.3.3, we call ) the Cauchy dual of D ® D, see [4, section 5] for

a detailed discussion of Cauchy dual.

Let L3(D) = {f € Hol(D) : | fl172m) = Jp [f[?% < oo} be the Bergman space, then
we have

Lemma 2.3.4. Y is the dual space of S realized by the L? pairing, i.e., for (zh) €
S, (2b) €Y,

(0, )iz = [ (0 T A,

D T

Proof. Note that (p,q)p = ((2p)’, (2q)") L2(») for all polynomials p and gq.
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Let (2b)" € Y, by the same arguments as in Lemma 2.3.3, we have (2b)" € S*.

Let T' € 8*, then by [75, Theorem 1], there is a b € X' (D) with b(0) = 0, such that
T((zh)) = [ (zh)V(2)%22 where (zh) € S.

dA(z)

s

Let ¢ = 2, then T((2h)') = [, (zh)¥(2) A% = [ (2h)(zc)(2)

T

It is easy to see that ¢ € X' (D), and the map T+ (zc¢)" from &* to Y is bounded and

one-to-one, and so we can identify 7' with (z¢)’ € V. O

Let he D® D,be X(D), and let H = (zh)’, B = (2b)’, then

(M_h,b)p = (h, M;b)p = (h, (zM})")(peD,y)
= (h, VMb)(pop,y)
= (H,VMb)r2m),

and

(zh,b)p = (2h, B)(poD,y)
2

= lim (zh)(e“)B(re“);l—t

r—1— 0 m

= (h, LB)(pop.y)
= (H,LB)1z(m)

= (H,LVb)r2m),

where LB(z) = w is the backward shift, therefore VM} = LV, which says

M| x(p) is isometrically isomorphic to Lfy.

Note that X(D) is continuously embedded in D, which implies ) is continuously
embedded in L2(D). It is clear that ) is M, invariant, and 1 € Y.

Lemma 2.3.5. Y satisfies the following three conditions:
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(i) VA €D, LY C Y, where Lyf = 1),

z

(ii) Y ={g € Hol(D) : 3C' > 0, for all f € D, [ |fg|*dA < C| flD}.
(iii) o(M.]y) =D".

Proof. ( )
f

Since D ® D is M, invariant and VM} = LV, we have LY C ), where
Lf = ),

(©

Note that for any A € I, M, — X is not onto on D® D, which implies o(M,|pep) 2 D~.
Vh € D® D,\ €D, we have —=-h € D ® D, thus o(M.|pep) =D".

Therefore o(M:|x(p)) = D™, which implies VA € D, (I — AL)~! exists. An elementary
calculation shows that (I — AL)"'Lf = &N — [\ ¢ Thus Vf € Y, L f € V.

(ii) It is clear that (ii) is true, we include a proof here for completeness.

Note that if b € X (D), then b € D and there is a C such that for all f €
D, [, |fbPdA < C||f||3. Thus if g = (2b) = b+ 2V € Y, applying the triangle
inequality, there is a C' such that for all f € D, [, |fg|*dA < C|f[|%-

On the other hand, suppose g € Hol(D) and there is a C' such that for all f €
D, [ |fglPdA < C||f||,. Then g € LE(D).

Let b € Hol(D) be (zb)’ = g, then b € D and &' = £°. Let f € D with f(0) = 0,

/D\ng_deAgC(/D%gy?dA+/D|£b\2dA)

f
SCH;H%

then

< ClIflI5,

thus for f € D,
/Ifb’| dA = /|f Praa < cfIp.
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and so b € X' (D) which implies g € V.

(ili) If A € D, g € Y, then | 2| < for all z € D. Thus for f € D,

- \)\|
[l poPia < s 1
9 )
p1-Az R W) i
this implies =zb € Y, therefore o(M.|y) 2 D™,
Note that, 1 € Y implies VA € D, M, — A is not onto, thus o(M,|y) =D~. O

From Lemma 2.3.5, we see that o(L|y) = D™, and so

VM € Lat(L, ), o(L|p) D™,

where Lat(L,)) is the lattice of L-invariant subspace of ).

2.3.2 Pseudocontinuation method 1

In this subsection we show that if M is a weak*-closed L-invariant subspace of )
with M # Y, then every f € M is contained in the Nevanlinna class N(ID) and has

a pseudocontinuation in N (D).

First, we introduce the Cauchy transform.

For A € C, p € M(D™), the complex regular Borel measures with support in D,
define the Newtonian potential U,()\) = [, CTL“'/\ZR Then U, € Lj,.(dA). Let E, =
{r € (0,00) : U,(r¢) € L*(T, |d§\)}, then by Fubini’s Theorem, E,, has full measure
in R* (see [4, p. 239)).

loc

Since U, € L},.(dA), we can (at least [dA] — a.e.) define the Cauchy transform of p

loc

by C.(A) = [5- dz“_ It is clear that C,()) is analytic off the support of p. In fact,

it is well-known that the Cauchy transform of any measure with support in T is in

H?(D) and H?(D,) for all p < 1 (see [28, p. 39]). Let u € M(D™), by considering the
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sweep of p into T, we see that C, € H?(ID,) for any 0 < p < 1. This also follows from
the following Lemma. Let CJ(C ) be the nontangential limit values of this function

which exists a.e. ( € T.

The following Lemma is the Lemma 3.2 in [4].
Lemma 2.3.6. Let pn € M(D™). Then for each 0 < p < 1, there is a constant ¢, > 0
with

|[dAN\VP ¢
( /A| G < P, e B,

2rr

Lemma 2.3.7. The polynomials are weak™ dense in X (D).

Proof. Let M be the weak™ closure of the polynomials in X'(D). Let f € D ® D,
fetM={ge Do D,(g,b)p =0,Yb € M}, and suppose f(z) = > a,z", then
n=0
0={(f,2p=(+1)a;i=0,1,---, thus f =0 and so M = X (D). ]
Recall S = {(zh) : h € D ® D}, and the norm in S is defined by ||(zh)'||s =

1Pl pep-
Lemma 2.3.8. Let f € Y, ¢ € S, then ¢, f¢ € L'(D), where L'(D) = {f : [, | f|dA <

Proof. Let ¢ € S, then there exists an h € D ® D, such that ¢ = (zh)". Suppose h =
ST f2, fi € D with _ || fill% < oo. Since fi, f/ € LZ(D), we have ¢ = (zh) € L'(D).
i=1 i=1
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By Lemma 2.3.5, if f € I, we have
[1rsiaa= [ 1scryiaa= [ if S 2+ 2241
<o ([ lrtars [ Ir5sia)
<o [(f npaara(f ras
+ ([ 1£8Eaay [ |fPaay
<Ol <

[]

Proposition 2.3.9. Let f € Y, ¢ € S. Let djy = fodA, dus = ¢dA, where dA is the

dpi(z)
z—A

area measure on D. Then Cy,, (X) = [y is continuous on D, i =1,2.

Proof. Note that if g € L°(dA) has compact support, then [ %d/l(z) is continuous
on D.

Let A € D, suppose |A| < r < 1, then

I, is continuous at A since fox|,<r € L®(dA). By Lemma 2.3.8, f¢ € L'(D), we
have I, is also continuous at A. Thus C,, (\) = [, @dA(Z) is continuous on D.

Similarly, Cy,(\) = [, @dA(z) is continuous on D.
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We now prove the main Theorem about the pseudocontinuations of the functions in
the proper weak*-closed L-invariant subspace of )). The proof is similar to Theorem
4.8 in [4], the main difference being that we need to work with weak™ continuous linear
functionals instead of continuous functionals. Also, there are certain simplifications
in our case, because the authors in [4] consider more general measures.

Theorem 2.3.10. Let M be a weak*-closed L-invariant subspace of Y with M # Y.

Then every f € M s contained in the Nevanlinna class N(D) and has a

pseudocontinuation in N(D,).
Proof. Note that *M ={h € D® D : (h, f)popy) = 0,Yf € M}. Let
A=UM)={peS:¢=(zh),hec M}, (2.3.1)

where U : D ® D — S, Uh = (zh)’ is isometric. Then tM = U1 A, and for ¢ € A,
there is an h € * M, such that ¢ = (zh)/,

(¢, Flrzw) = (b, flpepy) =0, feM. (2.3.2)

Let f € M, note that when [A| < 1,722 = (1 — AL|y)"'L|sf € M. Thus for

nonzero ¢ € A, by (2.3.2), we have (%&)‘),gb)Lg(D) =0 for all |A\| < 1.

By Proposition 2.3.9, we have for each r € (0,1) and |¢| =1

¢ JA(2) = fo

160 | [ T sdAG), (2.3.3)

For 7 € (0,1), |A| < 1 define ®,(\) = [ _ 2ELdA(2).

lz|<r Z—r/A
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By Lemma 2.3.8, f € M,¢ € S implies f¢,¢ € L'(D), and by Lemma 2.3.6, @, €
HP(D) for all 0 < p < 1 and

||| e < cp/ |p|dA, Vr e (0,1). (2.3.4)
D
Moreover ®,(A) — ®(N) := [, £ 1/AalA( z) uniformly on compact sets as r — 17. By
Fatou’s Lemma and (2.3.4) Vs <1
27 27
Lo dt ity AL
/ (s P < liminf/ 1B, (se)|P L < (cp/ |¢|dA>p, (2.3.5)
0 21 r—1 0 21 D

thus © € H?(D).

Using power series we have ®(A\) = —A > A" [ Z"¢(2)dA(z). Since the polynomials
n=0
are weak® dense in X(D) and (h, 2=)p = (¢, 2")12(n), We have [ Z"¢(2)dA(z) =

) ntl

0,Vn implies ¢ = 0. But M # ), we conclude that ® # 0 whenever ¢ # 0.

z—r/¢
z—r/(s0)

convergence theorem shows that the non-tangential boundary values of ®,. are given

“dCH_a'e' by (I)T(C) f| |<r z— r(dA< )

Note that if s < 1,]z] <r < 1, then

‘ < 2. An application of the dominated

Now we show that for any 0 < p <1

/|< ORI (2.3.6)

is uniformly bounded for r € (0, 1).

Note that since ¢ is analytic, we have f| 9() dA(z) = 0, then

|[>r z—r¢
1B,(0)] = |—]/H<T

)dA()

‘_‘ p2—1C
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By (2.3.3), we get for any 0 < p < 1

1RO = )f(rc 9 )

DZ—TC

p

dA(2)

) D z—rC

thus for any 0 < p <1

r()®,.(O)|Pld¢| =
[ weae@raa= [

< cp/ |fo|dA by Lemma 2.3.6,
D

f(2)é(2)

p 2—1¢

aA(2)| la¢

therefore (2.3.6) is uniformly bounded for 0 < p < 1 and r € (0,1).
Now we can show that f € N(D).

The uniform boundedness of (2.3.6) implies that f(rA)®,()\) is uniformly bounded
on compact subsets of D (see e.g [28, p. 36]). Hence by a normal family argument
f(r,A)®,, (A) — H(A) uniformly on compact sets for some sequence r, — 1 with

€ (0,1). By Fatou’s Lemma, H € H?(D). Note that ®,(\) — ®()\) uniformly on
compact sets as r — 17 and & € H?(D), ® # 0, we have f® = H with ® # 0 and so

f = H/® is a Nevanlinna function.
Now, we show that f has a pseudocontinuation across T.

Let duy(2) = f(2)0(2)dA(2), dus(2) = ¢(2)dA(z), where ¢ € A, then by Corollary
3.4 in [4], Cy,(r¢) — CF(() in measure [|d(|] as r — 17, i = 1,2, where C}f(() are
In.i=1,2.

the nontangential limit values of C,

Note that by (2.3.3), for [A| < 1, f(A fD
CH(¢),ae]ldC]], asm— 17,

dA fD o vdA, therefore C+ (O f(r¢) —

zZ—
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When [A| > 1, C\,,(A) = [, 255dA = 5 z & [y 2" 6(2)dA(2), then C,,(\) # 0 in

n=0

D.. Note that by Lemma 2.3.6, C,, € H?(D.),i = 1,2 for any 0 < p < 1, thus

CM (\)
1y (V) 1D

is a pseudocontinuation of f. m

e

2.3.3 Pseudocontinuation method 2

In this subsection we use the idea in [54] to show that if M is a weak™*-closed
L-invariant subspace of )} with M # ), then every f € M is contained in the
Nevanlinna class N (D) and has a pseudocontinuation in N(D,).

Lemma 2.3.11. Let g € Hol(D), then |¢'|*dA is a Carleson measure for D if and
only if

[ireroeZ <cispvs e,

(

where D.(g) = [; l9(zx)—g(w)|? |dw]|

|z—w|? 27

18 the local Dirichlet integral of g at z.

Proof. Note that D.(g) = [, |9 (w)[? Lofwl? dAW) (g0 [52]), we have

[1-—zwl?

/T FERD S ~ [ 1Pl
- [1s / P s o~ L)) )

Zw|? 27 T

= [1gwr s - (w2

< A llglD,

where in the second to the last inequality we used f € D implies f € BMOA, the

conclusion follows. OJ

Lemma 2.3.12. Let h€ D ® D,b € X(D), then D¢(h,b) € L*(T) and

[ o = [wema el
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where De(h,b) = [, C)=hOIECI=HE) ldui

I¢—wl]?

Therefore (h,b)p = [ h(2)b(2)1ZL + [ De(h, b) %l

Proof. Let P = {p: pis a polynomial}, then P is dense in D and P C Hol(D™). By
Theorem 1.3 in [55], we have POP is dense in D ® D.

If he POP,h = z f:g:, then
=1

D¢ (h, b) :/ (R (w) = h(Q) (b(w) — b(C)) |dw]

|¢ — w|? 27
:/Z(f( )gi(w) J;g(C_)iU(é))(( ) (C))\ZW!

[ (0:0) — 0OV =K
—;</Tfl< ) e i

n /Tgi(é) (fi(w) = fi())(b(w) = b(C)) \dwl)

¢ — w]? o

If b € X(D), then apply Holder’s inequality,

/|D<hb@

SN ICIENONE w<gi>>%';ljf'

<3l / ) PDu0) jf‘ﬁ( / Dw<g@->'§i‘;’>%

/ G NCESHYENGESD

< S Cllflolalo.
i=1

where in the last inequality we used Lemma 2.3.11.
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For any h € D ® D, using Fatou’s Lemma, we have [..|Dc(h, b)|% < 0.

Note that
(9i(w) — gi(Q)) (b(w) = b(¢)) |duw] |d]|
//fi(w) |¢ —w|? 21 2w
1—|z|? dA(z) |dw|
/fl / () )|1 wz|> 7 2w
; ) 1= |2 |dw| dA(z)
/gZ () /fl —wz]2 2r 7
-/ ﬁ(z)gﬂz)b/@ﬁ,
D m
we have for any h € POP, [ D¢(h,b) |d<| = [, (= (z). Thus, [; D¢(h, b)% =

U

iy ()0 (2) 222 holds for any h € D @ D andbeX( )

Lemma 2.3.13. Let h€ D ® D,b € X(D), then

e” , —|dz| dt
— h(re™))(b(z) — b(ret)) == |— <
o [ S0 - e T e

Proof. For r € (0,1), let

Teits y —|dz| dt
b= 1] G S ) — e B R S

1— re”

45



Suppose h = Y f;g;, where f;,g; € D, then
j=1

o0

I - / / NN (2)gs(2) — f(re)gs(re))-

(1 —reitz)? <=
J_
——|dz| dt
b(z) — b(re)) 12 28
(6 — i) o | o

|
- 1] s o [60ae) - s

Jj=1

B — 0o + g, ) (5(2) — i(re))
) - b(reit))} el 2
o dt

= 9i(2) = g;(re") 1
<> [ [inen [ 12Ty

7=1

/| ) — b(re') |2 dt)l |dz|
—reit 2

; fi(z) — f;(re) \dz\

+ [lgyeni [ EEZLG I
/| z) —bre’t ’2|dz|) L dt
— rett or ' 2m

b(re') ‘2 dt |dz|

< )2 3
_j; /’fj ’/’ — rett 27T27r)
//|g] — g;(re) |2 dt |dz|)%
— rett 2 27

b(re') |2|d,z| dt 1

zt 2
/|gJ re)l /’ ret 27 27r)

//|fj — fi(re™) |2|dz| dt) ]
— reit 21 27w

note that b(z) exists a.e. on T, and for a.e. z € T, (i l;(w) € H?*(D), thus

)= ) o Qplddl _
[t o [P =R ),

[NIES

46



Also by Lemma 3.3 in [52], for any f € H*(D), A € D,

— f(A A
B < oni(h), where ¢ = -
Thus
> dz| 1
LY [ 160PD0 o+

Jj=1

C( [ lay(re") D)3 15

(Clslollgsllo + gl ol £l )

Cllillollgsllp,

oo
<2
J=1
oo
<
Jj=1

where in the second to the last inequality we used Lemma 2.3.11, and g;,(2) = g;(rz).

Therefore sup I, < oc. O]
0<r<1

Using Lemma 2.3.12, we have the following corresponding Lemma as the Lemma 2.1

Lemma 2.3.14. Leth € D® D,b € X(D),A € D, and o, 5 € C. Then

(1 5hbo = [ (W + D)
Az ——|dz]
-/ e srUOLOY =3

and

|dz|
2

Az ——|dz| 2 .
/Tmh(z)b(z)ﬁ = /T m(h(z) — a)(b(z) — B)

FaX ().
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Now we can prove the following pseudocontinuation Theorem.

Theorem 2.3.15. Let N € Lat(M,,D ® D),N # 0 and b € N* C X(D), then
(a) (2b) € N(D). In fact, YVh € D @ D, h(zb) € H?(D) for any p < 1,
(b) (2b) has a pseudocontinuation B across T, Blp, € N(D,).
Proof. Note that by Theorem 3.1 in [55], D ® D C D, € H?*(D), and X(D) C D.

Apply Lemma 2.3.12 and Lemma 2.3.13, using the calculation in Theorem 2.2 of [54],

the result follows. We sketch an outline here.

(a) Let h € N. Then hb € H' thus it is enough to show that the function
R(AAY' (A), A € D, is in H? for every 0 < p < 1.

Since b € N+, we have by Lemma 2.3.14, for A\ € D,

0= <1—1th’b>D
B 1 — |dz| Az ldz|
_ /T = (D) + Do(hB) S+ /T TS erlOLCE =

Thus for A € D,

—\2)

+1 [ b + D) )

BN < TN — [ 25 h()BGT 5

The function h(z)b(z)+D.(h,b) € L'(T), hence the complex conjugate of [, ﬁ(h(z)@—i—

Dz(h,b))% is in H?,0 < p < 1 (see P39 in [28]). Also, note that if we use
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a = h(\),B =b()\) in Lemma 2.3.14 to obtain

TN ~ [ 2o 5

I B NNy (e yownd
=1 [ g he) — DR PO

apply Lemma 2.3.13, we conclude that h(A)AY'(X) € HP,0 < p < 1.

(b) Let h € N,h # 0. For A € D define

HO\) = /T 1 izxz(h(z)@JrDz(h,b))g—il. (2.3.7)

Then H is the Cauchy transform of a finite measure, hence H € HP,0 < p < 1. As

inTheorem 2.2 of [54], H has nontangential limit H(() = h(¢)¢V/(¢),a.e.( € T.

Thus the function B()\) := H(1/A)/h(1/)) is the pseudocontinuation of (zb)' to
D. [

2.3.4 Index

In this subsection we show that every nonezero M, -invariant subspace in D ® D has

index one.

For M € Lat(L,Y), we write 0(L|m),0p(L|am) and o4,(L|aq) for the spectrum of
L on M, point spectrum of L on M and the approximate point spectrum of L on

M.

In the following Lemma, we use the L? pairing.
Lemma 2.3.16. Let M be a weak™ closed L-invariant subspace in Y with M # Y,
if |[\| > 1, then for every f € M, the quantity

zf A

C/\(f7¢> = <Z—)\’¢>/<Z—)\7¢>
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is independent of the choice of ¢ € A with (ﬁ,@ # 0, where A is the same as in
(2.3.1).

Proof. Method 1:

From the proof of Theorem 2.3.10, we have for f € M, ¢ € A, 2“18;
K2

pseudocontinuation of f, where Cy, (A) = [ %dA, Cus(N) = [, %dA. And by

Ip, is a

Privalov’s uniqueness Theorem, the pseudocontinuation of f is unique, thus it is

independent of ¢ € A. Note that

(2!

A
a9
= (LA

=0+ Cy (N)/Cr(N),

Af A

O+ (0

)

therefore (25, ¢)/ <z:\ 5, @) is the evaluation of the pseudocontinuation function of f

at A, and so it is independent of ¢ € A with (X, ¢) # 0.
Method 2:

We verify directly that for any f € M, ex(f, ¢) = F()), where F is a pseudocontin-

uation of f.

Suppose f = (2b) € M,b € X(D),¢ = (zh) €t M,h € D® D with (ﬁ,aﬁ} £ 0,
then

A A =
(53— 9w = (5 Mow),pon) = h(L/A),
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and

Note that if we replace A by 1/X in Lemma 2.3.14, we have

(%, h)p = /T %(b(z)er D.(b, h))%
+ | R g
thus
<AA——fz> P)r2(m) = /T ) i 2(5(2)@ + D (b, h))|;l_7zr|'

Replacing A by 1/X in (2.3.7), we have <,\/\fz, ¢)r2m) = H(1/X), therefore

Lo/ 0) = BN R/

From the proof in Theorem 2.3.15, we have the right hand side is the evaluation at A
of the pseudocontinuation of (zb)" = f, and so ¢,(f, ¢) is independent of the choice

of p €t M C S with (L5, ¢) # 0. O

The following Theorem is basically the Proposition 2.8 in [4]. The difference is that
in our case, we consider the functions ¢ € *M instead of M+, we include a proof
here for completeness.

Theorem 2.3.17. Let M be a weak™® closed L-invariant subspace in Y with M # Y.
Then cap(Lipm) ND = o(Lim) ND.
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Proof. Let [A| > 1 with 1/X ¢ 04,(L|pm), since L(-5) = 15, there exists ¢ €= M
with (j, ¢) # 0. For f € Y(D), define R\ f = %W, where ¢, (f, ¢) is the same

as in Lemma 2.3.16.

Since Y(D) satisfies the five conditions (1.1)-(1.5) in [4], R\Y(D) C Y(D), by the
closed graph Theorem, R is bounded. We show that RyM C M.

Let ¢ €+ M, note that (ﬁ, ¢) # 0, there exists a,, — 0 such that (¢ — a,¢)|p =0
and (5,1 — a,¢) # 0, then

A
<R>\fa¢_an¢>:<zz_f)\7 _an¢>_c)\(fa¢)<m7¢_an¢>

o
-

=0,

b= 0,8} — ([~ aud) (o ¥ — n0)

where in the last equlity we used Lemma 2.3.16. Now let a,, — 0, we get that
(R/\ﬁ ¢> =0, thus RyM C (LM)L - M.

By a calculation, we see that Ry\(I — AL)|pm = (I — AL)|m Ry = I, therefore 1/ ¢

o(L|m)- [l

Now we can prove that g4,(Lipm) ND = o(L|m) ND is a Blaschke sequence.
Theorem 2.3.18. Let M be a weak™* closed L-invariant subspace in Y with M # ).
Then c4p(Lipm) ND = 0,(Lim) ND = o(L|m) ND is a Blaschke sequence.

Proof. By Proposition 2.1 in [4], 04,(L|am) D = 0, (L) ND = {A € D : =2 € M}

If M # Y, M is weak* closed, then there exists f # 0, f € D® D, such that f|, = 0.
If f(2) = > a,z", then
n=0

g(A) = (fa_; )(DoD,Y) Zan D,
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thus ooy (Llpm) ND = 0p(Lip) ND={AeD: 2o eM}C{AeD:g(\)=0}isa

Blaschke sequence. [

Now we can prove the index one result in D ® D.
Theorem 2.3.19. Let N' # (0) be an M, -invariant subspace of D © D. Then
dimN /2N = 1.

Proof. Let N # (0) be an M_-invariant subspace of D® D. Let M = VN = {(2b)' :
be Nt} where V : X(D) — Y, Vb = (2b) is isometric. Then M # Y and M is

weak™® closed.

Since M |x(py is isometrically isomorphic to L|y, we have M € Lat(L,Y) and M|+
is isometrically isomorphic to L| s, thus by Theorem 2.3.18, o (M*| ) ND is discrete.

The conclusion follows from Theorem 4.5 in [48]. O

Remark 2.3.20. The simplest proof of the index one result for D uses the fact that
every non-zero M.-invariant subspace contains a non-zero multiplier, but we don’t
know whether that is true for D ® D, thus we can ask the following question:

Question 2.3.21. Does every non-zero M, -invariant subspace of D ® D contain a

non-zero multiplier of D ® D?

As in [4], for any weak™ closed M € Lat(L,Y), M # Y, we also have 04,(Lipm)NT =
o(Llm)NT =T\{1/¢: every f € M extends to be analytic in a neighborhood of (}.
In order to show this, we need one Lemma.

Lemma 2.3.22. Let f € Y be analytic in an neighborhood of a point ( € T, then

of —wflw) | 2f = ¢f(Q)

Z—w z—C

in the weak™* topology of Y (2.3.8)

as w — C(w € D).
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Proof. Suppose that U is a ball with center at ¢ € T and radius r such that f is
analytic in U~. Let ¢ € S, then

2f —wf(w) <Zf—€f(€)

( P )2 - ,O) 2 (m)]
- [ - =GR
IR Ny
< /D\U ]ﬁd)(z) - T¢(2)\df4(2)
v [ el - =G aag)
=y + Iw,2
For I, 1, note that if |w — (| < §, then 3C
o5 - =5
C C
< Cen+ ) e o)

thus 1,7 — 0 as w — (.

For I,2, note that Zf%f;(w) is analytic in U~ x U™, by Dominated Convergence
Theorem, 1,2 — 0 as w — ¢. The conclusion follows. O
Using [4, Proposition 2.6] and Lemma 2.3.22, we conclude that:

Oap(LIm) NT = o(Lim) NT = T\{1/¢: every f € M extends to be analytic in a
neighborhood of (}.
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2.4 Some Calculationsin D ® D

In this section, we embed the space D ©® D into some other function spaces, and

calculate the exact norm of the monomials 2", n € N.

For A € D, let ¢\ (2) = f_‘%z.

Proposition 2.4.1. Let h € D ® D, then

2v/3
[h o @l < —HwhH :

Proof. Let A =0, Ve > 0, then 3f; € D, zh =Y f with ||zh|. > D |1 fill*> —&. We
have

Zf_f Zfl 5O 4 fi0)).
Thus,

il < 31254 o)

< [Ife = £ OISz + F:0)]
= Z VIIZ = 1) RVILAI? + 3] f:(0)2

, [IROF [ RoP
=2 I \/ L \/1+3 E
Z—Hsz? 28,2, +).

Hence [|A]. < 23|24

If A # 0, let Ve > 0, then 3f; € D, p\h = ZfQ with [|oah||« > E | il — &, then
2(howy) =Y (fi o pr)?, by the same calculatlon as above, we have

i
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[hopalls < Z [fioox = fioox(O)|l[[fi o ox + fiopa(0)]
\/_

< _HfzoSO/\HQ

. Z—fllfzIIQ < 25 bl + ).

%

Thus || 0 pall. < 22 [|0ahl .- =

This Proposition is not satisfying. For example, from the above Proposition, we only
get the estimate of the norm of z in D ® D: ‘/75 < |lzll« € V2. But we have the
following estimate.

Theorem 2.4.2. Let h € D, then v2|h(0)| < |zh|l. < V2|hllp. In particular,
=]l = V2.

Proof. Ve > 0, there exist f; € D, such that zh = > f2, with > || fil|% < ||zh]« +¢.
i=1 i=1

Then h(0) = (zh)'(0) = Z2fl( )f1(0), this implies

RO <43 IHOF D IFO)

thus

SHOF > —POF
S A0
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and so

bl +e > 1£lD =2 D 1HOP+2) £ 0P
i=1 i=1 =1

> A0 + MO
i=1 42 15O)P

> V2[h(0),
the other inequality is clear. O

In [10], it was shown that for n € N, ||2"[|. ~ v/n+ 1. We show in the following
theorem that ||2"||, = v/n + 1.

Theorem 2.4.3. Let h € D ® D. Then for n € N, ||z"h|l. > vn+1|h(0)]. In
particular, ||2"|, = vVn + 1.

Proof. Suppose h(0) = 1. Ve > 0, there exist f; € D, such that z"h = Y f?, with
=1

; I fill% < ||z"h|« +e.

oo
Suppose f;(z) = Y a;;27, then
7=0

() -
Let A; = (ay,azj,---) = (250),, Aj - Ay = (A, A ), and [|A;]]° = (A, 4;).

7!

) © k n
Then z"h = > f2 =3 S (A;j - Ax_;)2", this implies 1 =2 > A; - A,,_;. When n is
i=1 k=0 j=0 7=0
not n-2

2 2
odd, wehave 1 =2 % A;-A,_;, whenniseven, wehave 1 = > A;-A,_j+A, /2 Ao
=0 =0
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Note that 3 |I£illb = 2 | 22 a2’llb = 2 35 (7+ Dlagl* = 22 7+ D A%, we have
1= 1= J]=

i=1 ;=0 =0

I="hll 422 2.0+ D145
p=

n—1

When n is odd, we have |1 — B,| :== |1 — 2 i A; - An_j] = 2|A0 - Al < 2[JAoll||Anlls
j=1
thus

12"l 4+ 2 ) (G + DA

Jj=0

> S G+ DI + (e LBl
Z 2 J N

n—1
> V11 =B+ ) (5 + D)4,
j=1

n—1 n—1
2 2 .
note that B, =2 33 Aj- Ay, |Bal < 37 | Al +8;[| Anyl|?, where a; = 5. 3 =
j=1 7j=1

i n—1
R i =1,2,..., %52, therefore vn + 1|B,| < Zl(j + 1)||A;||?, and so
j:
n—1
12"Alle + & > V11 = Ba| + Y (G + DIIA|* > v+ 1.
j=1

In a similar way, for n even, we also have ||2"h|[. +¢& > v/n + 1, since ¢ is arbitrary,

we conclude that ||2"h|[. > v/n + 1|h(0)|. O

From the calculation in the above Theorem, we also have ||z" + 2" hl[, > [|2"|+, h €
D ® D, and ||2" + 2%, > ||2"||+, k # n.

Remark 2.4.4. The above Theorem tells us the norm of z" in D ® D, but in general,
we don’t know how to calculate the norm for the simple functions like 1 + az,a € C,

using the same calculation as in Theorem 2.4.3, we only have the estimate: \/§]a| <

114 az|« < /14 2|al?.
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Using the idea in Theorem 2.4.3, we have
Theorem 2.4.5. Let h € D ® D. Then ||zh]. > vn+1/"=2] |,

(n—1)!
(n)
vn + 1|hT'(O)|

Proof. We sketch an outline here.

As in Theorem 2.4.3, Ve > 0, there exist f; € D, such that zh = Z 2= Z Z(

=1 n=0 j=

7)
An_j)2m, with S |[£ill3) < (28]l + £, where A; = (ay;, sy, ) = (222,
=1

o0 n n

Suppose h(z) = Y. ap,z", a, = h(rz,(o), then a,_1 = > A; - A,_;, then we can use the
n=0 ’ j=0

same estimats as we did in Theorem 2.4.3. ]

Let I°(vn+1) = {f(z) = > a,z" € Hol(D) : supvn+ 1la,| < oo}, for
n=0 n

fe lX(Wn+1),f = > a,z" the norm of f is defined by |[|fljec(\mzr) =
n=0
sup vn + 1]a,|.

By Theorem 2.4.5, if h € D ® D, then h € [°(y/n+ 1), and the embedding is a
contraction, i.e., |h|l. > ||Allj0c(ymgr)- Thus D © D CI°(vn +1).

In fact, more is true. Let

coa(Vn+1)={fel(Vn+1): Jgglo vn + la, = 0}.

Vh € DOD,Ve > 0, there exists a polynomial py with degree IV, such that ||py—h/|. <
e. If f € Hol(D), let a,(f) be the n-th coefficient of f, then

supvn + la,(h — Py)| < |lpny — b« <&,

note that when n > N, a,(h — pny) = a,(h), therefore h € ¢ q(v/n+1). Thus we

have
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Theorem 2.4.6. D ® D C ¢y ,(v/n+ 1) with

7]

COCL

) < ||2[l«,h € DO D.

By Theorem 3.1 in [55], H ©® H C H(k?) with ||Alj3@2) < [|h]l«,h € H © H, where

‘H = H(k) has reproducing kernel k.

[e.e] o

If # = D, then ky(2) = 3 =L A"2", s0 k3(2) = 3 2"z with a,, = 3 25 ~
k=0

n=0 n=0

log(n + 1). Then Vf € H(k3), f(2) = f;o bz, || Fllney ~

Z logn:il |b |2

Proposition 2.4.7. H(k3) € cou(v/n+ 1) and con(v/n +1) z HI).

Proof. Let h = Y b,z" € Hol(D) satisfy

n=0

Y
bn — n+1
0, : otherwise.

Then h € H(k3), but h & cpqo(v/n + 1).

L . n=2¥ keN,

On the other side, for any K € N, let h = ) b,2" € Hol(D) satisty

n=0

1 )
b= Ve n < K,
0, . otherwise.

Then bl ymrn = L but [Allsgs, ~ 2 s b, 2
Coa(VIHT) L H(kD).

The following Proposition is in Page 33 of [77].
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Proposition 2.4.8. If X|Y are Banach spaces, then the space X NY is a Banach

space with norm

12l xmy = max{][z]lx, [y},

and the space X +Y 1is a Banach space with norm

Iz[lx+y = nf{[lz]lx +lylly -z =z +y,x e X,y Y}

By the above Proposition, we have

Theorem 2.4.9. D ® D C H(k3) Ncoo(v/n + 1) with

1Pl 3ek2 0.0 (vrrn) < 1Bl b€ DO D.

Let Il(vVn+1) = {f(2) = 3 a,2" € Hol(D) : > /n + 1]a,| < oo}, and its norm is
n=0

n=0

[e.e]
defined by || f|;1(yms1) = Z_:O v+ 1ay|.
Theorem 2.4.10. co,(v/n + 1) = 1}(v/n + 1) under the pairing

[e.9]

(F.9)p =S (n+ Danby,

n=0

where f(z) = i an2" € cou(v/n+1),9(z) = i bp2" € Ii(Vn +1).

n=0 n=0

Proof. Let L € co.(v/n+ 1)*P, then for f € ¢y o(v/n + 1), we have

f(z) = Zanz”, with v'n + 1|a,| — 0, as n — oo,
n=0
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and

thus

> 1
< N flleo.(varm) Z |L(2")],
o —~yn+1

and so [|L]| < 3772 A L(2")].

Fix 1 > 0, let
sgnL(z") .
T
0, n > 1,
where
ﬁ? : w # 07
sgnw =
0, :ow=0.

Then fo = Y1 _o&2" € coa(v/n + 1) with || foll,. (yars) = 1, and

L(fo) I—Z\/—IL 2")| < |IL],

therefore 3 % ) Z==|L(z")| < [|L]] and so [|L]] = 3.

1
vn+1 n= 0«/n+ ‘ ( )’
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Let (n+ 1)b, = L(z"),g9(2) = > .0, bp2™, then

o0

gl e = Y Vit Libl

thus

The other part is clear.

It is shown in [9] that (D ® D)* = X(D) (see also [20]), where X(D) = {b
Hol(D) : [V'[?dA is a Carleson measure for D}, and the norm in X(D) is [|b]|%p)
16(0)|* + |||V |*dA|| carepy- By Theorem 2.4.10, we see

X(D)=(D®D) Dcy.(vVn+1)"P =1(/n+1).

Let H(k})*? = {f € Hol(D) : |(f.9)p| < Cllglluuz,), Vg € H(kD)}, then H (k)™
{f = > a,2" € Hol(D) : > (n + 1)log(n + 1)]a,|* < oo}, and so H(k%)*P
=0 0

(D® D) =X(D) (see Theorem 4 of [10], also Proposition 18 of [16]).
Proposition 2.4.11. H(k%H)*P Z 1{(v/n+ 1) and I{(v/n+ 1) € H(k%)"P.
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Proof. Let f = Y a,2" € Hol(D) satisty a,, =

n=0

but f & $(v/n+1).

On the other side, let f = > a,2" € Hol(D) satisfy

n=0

then f € H(k%)"P,

1
(n+1) log(n+1)3/2

SR S =2 L eN
a, = v/ (n+1)log(n+1)’ " ’ ’
0, : otherwise.
Then f € I¢(v/n+ 1), but f & H(k3)*P. O

If we use an equivalent norm in X (D):

1/ [y = ||]§1|131|<h,f>D\,f € X(D), (2.4.1)

| *

then we have

Theorem 2.4.12. H(k3)*P +1L(\/n+1) C X(D) with
[y < M lly-o4izvmrns [ e X(D).

It is shown in Theorem 2 of [10] that for n € N,|[2"||xp) ~ /n. If we use the
equivalent norm in X' (D) defined by (2.4.1), then indeed the norm of 2" in X' (D) is

vn+ 1.
Theorem 2.4.13. Forn € N, ||2"||xpp) = vn + L.

Proof.

[[R]l-<1 lIAll-<1

in the last inequality, we used v/n + 1|h(n)] < ||h. < 1.
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Let h = \/%, then by Theorem 2.4.3, ||h||« = 1, therefore from the above equations

we get [[2" | xp) = vVn + 1. 0

We can also use the observation: n+1 = (2", 2")p < ||Zn”*HZ”HX(D), and HanX(D) <

12" [l;1 (ymz1) = V1 + 1 to conclude that [|2"[|xp) = vVn + 1.
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2.5 H(k?) space

2.5.1 H(k%) space

In this subsection, we study the index of the M, -invariant subspaces in H(k%), where
kp is the reproducing kernel for the Dirichlet space D and H (k%) is a Hilbert space

with reproducing kernel £%,.
Recall that D is the Dirichlet space with reproducing kernel ky(z) = > 7, #IX”zn, SO

K3 (2) = 300 2" 2" with a,, = Yo 25, Then Vf € H(k3), f(2) = 300 bu2”,

n=0 n+2 k+1°

1 l2urzy = > e nt21p 12, We can calculate the first few a,,’s: g = 2,01 = 3, a0 =

n=0 ap
%, g = %, --+. By checking the conditions in Theorem 7.33 of [2, Page 88|, we see
that £%(z) is not a complete Nevanlinna-Pick kernel.

It is clear that H(k%) is a Hilbert space of analytic functions such that point
evaluations at points of D are continuous, and it is clear that H (k%) is M, -invariant.

Now we show that H (k%) has the following property:

(%) If f € H(k3) and f(\) = 0 for some A € D, then there is a function g € H (k%)
such that (z — \)g = f.

First, let’s show that M. on H(k}) is expansive, ie., ||zflpwey > |Iflluwz), f €
H(K?).
Lemma 2.5.1. For anyn € N,

n+3_n+2

Ant1 Qp

>0

— 9

and when n > 4,

n—|—3_n+2 S n~|—4_n+3

Ant1 Qp o An42 Ont1
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Proof. WhennzO,thena%—a%zg—%zo. When n > 1,

n n+1

2 2
(n+3)an_<n+2)an+1:(n+3) k—‘H_(n+2)Zk——H
k=0 k=0
_z”: 2
k:1k+1
=a, —22>0.

n+3 n+2> (n+4 n+3.  a,—2 Q1 — 2
Opt+1 (7% Opt2 Opt1 N OOt Oyt 100042
_ (an = 2)anye — (Ang1 — 2)an

Ap Q1042
B (n = 2) (g2 — an) — ni_i_gan
B O Qp 41012
_ n%g(an —2)— ni—&-Q

U Qn410n42 7
and the last expression is nonnegative when n > 4. O

Note that if f € H(k}), f = Do by, then zf = > >° b,2""! with norm

12 fllwz) = 2ono 3;31 |b,|?, thus from the above Lemma, we conclude that M, on

H (k%) is expansive, and so for every A € D, M, — \ is bounded below. If f € H(k%)
with f(A) =0, let g = f/(z — A), then

[ fllrwzy = 11z = Nglluaz) = COMgllnwsz)

therefore the space H (k%) satisfies the property ().
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Also note that by the above Lemma when n > 4, let H, = {f € H(k%) : f(0) =

f'(0) = --- = f=D(0) = 0}, then M, on H, satisfies,
ﬂ Man = (0),
k>0

and

AP+ IMEFIP < 2IML 11, VS € Ha

Thus, by Theorem 2.2.4, if M € Lat(M,,H,), then [ker(M,|m)*|a, = M. But we
can verify that M, on H,, is not Dirichlet type in the sense of Aleman ([3]).

Now we can study the index for M, invariant subspaces in H(k%). For M €

Lat(M,,H(k%)), the index of M is defined by
ind(M) = dim(M/2M) = dim(M N (zM)F).

We use the Cauchy duality to study the index for any M, invariant subspace in
H(k2).

If H is a reproducing kernel Hilbert space of analytic functions, then the Cauchy dual

‘H' of H consists of analytic function of the form
F) ={g:(1 =) Du, AeED,

where g € H and || ||z = ||gll% (see [6]).

In our case, the Cauchy dual of H(k}) is H(w) = {g € Hol(D) : |lgl3 ., =

oo
Zo |G(n)[?22 < oo}, where w = (;22),>0 is nonincreasing by Lemma 2.5.1.
n=

Qn

n+27

Let w, = it is pointed out in [1] that if “»** is nondecreasing with n then the

norm on H(w) is equivalent to a Bergman norm with a radial weight and the norm

satisfies (1.9) in [6].
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In the Cauchy dual H(w) of H(k%), Wn:l — 2annr g

(n+3)an

Wnt2 _ Wnt1 . (n + 3)an+2 (n + 2)Oén+1

Wnt1 wWn R+ (n+ 3)ocn
(n +3)’ananio — (n 4 2)(n + 4)a g1
(n +3)(n + 4)anan

n+4 n+4
_2n+3O‘"+1 4n+3 + QpQlpro

(n+3)(n+4)a,an11

when n = 0, the above expression is negative, thus “* is not nonincreasing with n,
7’L

but we show that H(w) satisfies (1.6) in [6], which is the following condition:

(x) There is a ¢ > 0 such that H1Z—_X/\zFHH(W) > c||F|lyw) for all FF € H(w) and all
A e D,

and this will imply the index of any invariant subspace in H (k%) is 1.

Note that w = (;7%)n>0 is nonincreasing, we have ||zf[l3w) < ||f|l#) for each
f € H(w). This also follows from a general fact of the Cauchy dual (see [6]):
Lemma 2.5.2. Let H be a Hilbert functz’on space, H' is the Cauchy dual of H. Let
U:H—H UG =g, where g(\) = (G, —=)u with |||l = ||G|l%. Then

71— )\z

(i) Lly is unitary equivalent to M*|y, where L is the backward shift, Lf = fﬁﬁ(o).

(ii) If M, is an bounded expansive operator on H, then M, is a contractive operator

on H'.

Proof. (i) Note that if F' € H,g € H', then

) —dt
(F.g)aum = [ F)reglre s = (F. Lo
T T

™
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Thus

<F> LUG>('H,'H/) = <ZFa g>(H,H’) = <ZF, G>'H = <F7 M:G>'H
= (F,UM;G)3,20),

this implies LU = UM}, and so Ll is unitary equivalent to M*|3.

(ii) Since [lgllr = sup  [(F, g) )], we have
FeM,||F|lx<1

sup  [(F, 29) )|
FEM,|Flly<1

129l

> sup  |(2F, 29) ()]
FeH,|Fllx<1

= sup  |[(F, )zl
FEM,|Flly<1

= llgllae,

where in the second inequality, we used that M, is an bounded expansive operator

on H. O]

Now we verify that for each A € D, M, — X is bounded below in H(w). Note that
a, ~ Inn, we have the following Lemma follows from [65, Theorem 4, Page 66]. We
include a different proof here.

Lemma 2.5.3. 0(M.|yuz2)) =D~

Proof. Note that for A € D, M, — X is not onto, thus J(MZ|H(k%)) oD,

For the converse inclusion, we will use the idea in [42].
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n=0 An k=0

N+ 2~ k+2 %
< — A
<X o P =B §)k

< sup{Cu} | fllauuz) Y 31NV,

where C,, =

2 i < Z A < iy

k=0

Thus = f € H(k?,) and so o (M. |yrz,)) =D~ O
Lemma 2.5.4. If F € H(w), and F(\g) = 0 for some \g € D, then there is a function

G € H(w) such that (z — X\g)G = F.

Proof. Suppose f € H(kp) such that F(X) = (f, (1 = Az) ")y, then

1 1
F<)‘>_F(/\0) _<f 1-xz  1-Xpz >
N\ — )\0 - 3 X — )\_0 ’H(k%)
z
= (/) 100 x )>H(k%)
* * 1

= (I =AM M f - _XZ>H(I<:%,) € H(w),
where in the last equality, we used Lemma 2.5.3.
Let G = F(’\) , then G € H(w) and (z — A\)G = F. O
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Since for any A € D, M, — X is one to one, M, — X is bounded below if and if M, — A

has closed range. By the above Lemma,

ran (M, — ) ={f € H(w) : f(A) =0},

therefore M, — X is bounded below on H(w) (see also Lemma 2.1 of [48]).

As in [6], let a_(w) = lim inf (n + 1)(1 — 222), o, (w) = lim sup (n + 1)(1 — =),
n—00 " n—00 "

then

Lemma 2.5.5. a_(w) = a4 (w) = 1.

Proof.

1_ Wn+1 1 (n + 2)Oén+1

Wn (n+3)ay,
(43 — (n+2)an
(n+3)a,
oy —2
(n+3)a,’
hence lim (n + 1)(1 — =2£) = 1. O
n—00 "

Thus H(w) satisfies the conditions in Corollary 4.3 in [6], and so it satisfies (1.6) in
6], which is the condition (x).

Let L be the backward shift on H(w), i.e., Lf = w,f € H(w). Then by
Theorem 2.2 in [6], for N' € Lat(L, H(w)), o(L|y) ND is discrete. Note that L|y.,
is unitarily equivalent to M ;|H(k%), we conclude that

Theorem 2.5.6. Let M € Lat(M,, H(k%)), then ind M = 1.

Proof. This follows from Theorem 4.5 in [48]. O
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2.5.2  Other spaces

In this subsection, we study the index of M,-invariant subspaces in D, ® Dg and
H(k*-kP), where for o € R, D, = {f € Hol(D) : || f||3, = 02y (n+1)%| f(n)[? < o0},
D,, has reproducing kernel k%, and H(k® - k?) is the Hilbert space with reproducing
kernel k% - k°.

D, ® Dg space

For a € R, let

Do ={f € Ho(D): ||f, = Y (n+1)°|f(n)]* < oo},

n=0

then D, is a Hilbert space of analytic functions such that point evaluations in I are

bounded, we denote the reproducing kernel of D, by k*.

For a = —1,0,1, we have D_; = L?(D) is the Bergman space, Dy = H*(D) is the

Hardy space, Dy = D is the Dirichlet space.

For a < 0, the norm in D, is equivalent to
[1r@Pra = By edae)
see [68, Lemma 2|, therefore D, = L2((1 — |z|*)~'7%), where

La((X =) 77)

={f € Hol(D) : /le(2)|2(1 — [2[*) 7 dA(2) < oo}
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For o > 1, D, is an algebra (see [42, Theorem 3]), thus M(D,) = D,, where M (D,,)

is the multiplier algebra of D,, i.e.

M(Dy) ={¢ € D, :of € Dy, Vf € D,}.

For a > 3, D, C Dg and M(D,) C M(Dg) (see [68, Page 233]).

Recall that D, ® Dj is the space of weak products of function in D, and Dsg, i.e.,

Do© Dy ={h=7)_ figi: fi € Daygi € Da, Y | fillp llgillo, < o0}

i=1 i=1

Therefore if « > 1,8 < «, we have D, ® Dg = Dg, in this case the index of M-
invariant subspace in Dy is well-known (see [4], [8], [35] and [36]).

Definition 2.5.7. A set A € D is called dominating for T if supycp|f(N)] =
|l for every f € H¥(D).

It was shown in [17] that A is dominating for T if and only if a.e. point ¢ of T is the

limit of a sequence of points from A that approach { nontangentially.

To study the index for M, -invariant subspaces in D, ® Dg, we need to consider the
interpolating sequences (see [43] for the background on interpolating sequences).
Definition 2.5.8. (1) A sequence {\,}n>1 C D is called interpolating for D, if the

linear transformation defined by

0w
Tof = o)

maps D, into and onto [?.
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(2) A sequence {A\,}n>1 C D is called interpolating for D, © Dgs if the linear

transformation defined by

f(On)

Dallk?]| Dy

Toz/jf: {Hka” }

maps D, ® Dg into and onto I*.

For a sequence A = {\, },>1 C D, write
[(A) = {f € Dy ® Ds : f(A\,) =0 for all n},

where we mean that if A occurs in {\, },>1 n times, then f has a zero at A of order

at least n. If M is an M,-invariant subspace in D, ® Dg, write Z(M) = {z, € D :
f(zn) =0,Vf e M} = ﬂfeM Z(f)-
The following Proposition can be derived from [5, Proposition 7.3].

Proposition 2.5.9. Let A = {\,},>1 C D be interpolating for D, © Dg. Then the

following are equivalent:
(a). A is dominating for T;

(b). there is an invariant subspace M of (M., Do ® Dg) such that I(A) C M and
indM > 1.

Theorem 2.5.10. If a, B < 0, then there is an M, -invariant subspace M C D, ® Dg

with ind M > 1.

Proof. Without loss of generality, suppose f < a < 0, then D, C Dgs. Let N' C
Lat(M,, D,) with Z(N) dominating for T. Let A = Z(N), as in [5, Corollary 7.4],
we can choose a subsequence A’ such that A’ is dominating for T and for all A\, u € A/,

p(A p) =
is interpolating for D, and Dg (see [57]). Thus A’ is interpolating for D, ® Dg

A—p

v for some r € (0,1), where r depends on « and f so that A’
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and dominating for T, and so by Proposition 2.5.9, we conclude that there is an

M -invariant subspace M C D, ® Dg with indM > 1. O

If « = =0, then Dy ® Dy = H*(D) ® H*(D) = H'(D), in this case every nonzero

M_-invariant subspace in H'(ID) has index one.

If a=p=1,then D; ® Dy = D ® D, and we have proved in section 2.3 that every
nonzero M -invariant subspace in D ® D has index one.

Question 2.5.11. (1) If « < 0 < B < 1, what is the index for M, -invariant subspace
in C D,® Dg? Especially, what is the index for M,-invariant subspace in C L2(D) ®
D?

(2) If a, 8 € [0, 1] except « = =0 and a = B = 1, what is the index for M,-invariant
subspace in C D, ® Dg?

H(k* - kP) space

Note that if o < 1, then D,, has reproducing kernle k*(z) = W For o, B < 1,

let v=a+ g —1, then

() F) = s o
B 1
~ (1= )28
B 1
- =

in this case H(k® - k%) = D, and the index of M, -invariant subspace in Dj is well-
known (see [4], [8], [35] and [36]).

Theorem 2.5.12. If a = 1,8 = 0, then there is an M, -invariant subspace M C
H(k™ - k) with ind M > 1.
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Proof. If « =1, = 0, then k*(z) = > o7 —=2" = Llog({=) is the kernel for the

n=0 n+41 -z

Dirichlet space D, k°(z) = 7 (2" = 1% is the kernel for the Hardy space H*(DD),

thus

E'(2) - K°(2) = élog(1 i !

z).l—z
"1

:;% :Ok+1z'

ol

Let an = Y 5_o 77> then a, is increasing. For f € H(k' - k°), we have HfH?H(kl.kO) =

> omo ac | f(n)[?, therefore ||z fllami a0y < | [l2qatro)-

kX (2)k3 (2)

Note that )

= k) (z) is a positive definite kernel, thus

H>(D) = M(H*(D)) C M(H(k*- k%)) € H(k - k°).

Also limyy 51 (1 — [AP)EN(A)AS(A) = limy 1 k3 (X) = oo, therefore by [7, Theorem
4.1], there is a sequence A C D that is interpolating for H (k' - k) and dominating
for T, and so by [5, Proposition 7.3] (also see Proposition 2.5.9), we have there is an

M, -invariant subspace M C H(k® - kP) with ind M > 1. O

By a similar argument, we have

Theorem 2.5.13. Ifa > 1,8 <0, ora = 1,8 <0, then there is an M, -invariant
subspace M C H(k* - kP) with indM > 1.

Theorem 2.5.14. If o, > 1, then every nonzero M, -invariant subspace M C
H(k* - kP) has indez 1.

Proof. We show that H(k® - k) is an algebra, and then the conclusion follows.

Note that k*(z) =>">7, mz”, we have
ko (2) - Ko(2) = f:zn: ! L -
et it (k+ 1) (n— k+ 1)
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1
Let Ay = Zk; 0 k+1)um, then

1<(n+2)%-a :Z(k+1) o(n—k+ 1)

ke
< 9l+a i 1 l+a i 1
- (k+ 1)« —~ (k+1)
= Cq < 00

Similarly, let b, = > ,_, k+1)5m’ then

R FE = DY e = Y e

nOkO n=0

and 1 < (n + 2)%b,, < cs for some constant cs depending only on 3.
For f € H(k® - k"), we have

2 - - 1 1 1 2
I By =32 (2 Gy o) )

1

<5 (S

g |

thus f € H(k® - kP) if and only if f € H((k* - k%)?).

Note that if f, g € H(k*-kP) with || ||l gere)s |9llaggerey < 1, then fg € H((k*-kP)?)
with || fgll2(rereyz) < 1, thus H(k* - k7) is an algebra. O

If a = =1, then k'(z) = Y7 —52" = Llog(;L;) is the kernel for the Dirichlet
space D, therefore H(k' - k') = H(k%) and we have proved in section 2.5 that every

nonzero M, -invariant subspace in H (k%) has index one.
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Question 2.5.15. (1) If « > 1,0 < < 1, what is the index for M, -invariant
subspace in H(k* - k9)?

(2) If a =1,8 > 0 except a = § = 1, what is the index for M, -invariant subspace in
C D, ®Dy?
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Chapter 3

Corona Theorem and Bass Stable Rank for

M(D(p))

3.1 Corona theorem for M(D(321, a;0.,))

]

Let D = {z € C: |z| < 1} be the unit disc. Let x be a nonnegative Borel measure on

the boundary T of the unit disc. Let ¢, be the harmonic function

The Dirichlet type space D(u) is defined as the space of all analytic functions on D
such that

/D () Ppu(2)dA(2)

is finite. For any f € D(n), [fhgy = 1/ o) + Jy 17/ ()Pu(2)dA(). When
p=2% D(4) is the Dirichlet space D.
Dirichlet type spaces were introduced by Richter in [50] as he was studying analytic

two-isometries. Let D¢(f) = Hf%f(é)ﬂfp(m be the local Dirichlet integral of f at .
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In [52], Richter and Sundberg showed that if f € D(d;), then

= [Irer e, cer.
Thus for any [ e D(u), 150 = Iliew + Jr D(Hdu(@) = Iflliep) +
L f . D¢(f) turns out to be a convenient tool in studying these
fqr H ¢ y
spaces.

In this section, we prove the corona theorem for M(D(u)) when p = 3% a;0, =
lg, where a;’s are positive numbers, (;’s are in T. Let M (D(ux)) be the space of

multipliers of D(ug), that is
M(D(ux)) = {¢ € D(ux) : ¢.f € D(px), Vf € D () }-

First, we consider that £ = 1 and pu; = 41, the unit point mass at 1. To prove the
corona theorem for M(D(6;)), we need the following two Lemmas (see [52]).

Lemma 3.1.1. Let f € D(01). Then
(i) f=f(1)+ (z—1)g for some g € H*(D) and D(f) = Hg||§{<D).
(i) lim,_1- f(r) = f(1).

(i) [f()] < Cllfllpe (see [63)).
Lemma 3.1.2. Let ¢ € H®(D) and f € D(0;). Then ¢f € D(5:) if and only if
f(Q) =0 orp e D(d). Furthermore,

De(of) < 2(l[@l 2 De(f) + [F(OF Dele)
and
IF(O)1?De(w) < 2(|l@l 2 De(f) + Delef))-

If £(¢) = 0 then one even has D¢(pf) < |lp||%Dc(f), while the second inequality can

be replaced with the trivial observation that the right-hand side is nonnegative.
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Thus, by Lemma 3.1.2, we have M (D(ux)) = D(ur) N H>(D), where py, = Zle a;0c, -
The norm in D(u) N H*®(D) is defined by

1 pgunm=m) = 1 l2(guam) + 1 flloos [ € D) N H* (D),

where Hf/H%?(%de) = Jp [F'(2)Pou, (2)dA(2).

We will use an idea which is similar to Lemma 2.1 of [47] to prove the corona theorem

for M(D(d1)).

For ease of notation, we let K := M(D(d;)) = D(61) N H*(D), and K, := {f €
K, f(1) = 0}. Note that Ky C K, and Kj is a Banach algebra without identity.

Note that evaluation at z € D U {1} is a multiplicative linear functional on Ky (if
z =1, then it is a trivial one). We have the following lemma.
Lemma 3.1.3. The set of multiplicative linear functionals consisting of evaluations

at points of D is dense in the set of all multiplicative linear functionals on K.

Proof. Let m be a non-zero multiplicative linear functional on K, then there exists

a function gy € K, such that m(go) # 0.

If f e H®(D), define M(f) := m(fgo)

m(go)

Claim: M is well-defined, and M is a non-zero multiplicative linear functional on

H>(D).

If we assume that the claim holds, then by Carleson’s corona Theorem, there exists
a net (5;);er of point evaluations in D that converges to M in the weak™ topology of

the maximal ideal space of H>°(ID). Note that m is the restriction of M to Kj:

_ m(fgo) _ m(f)m(go) —m
= mlg) — mlg)  Uhfeko

M(f)

Also the restriction of (5;);esr gives a net of point evaluations in D that converges to

m in the weak™® topology of the dual space of K.
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We are left to prove the claim: f € H*(D), go € Ko, so fgo € K by Lemma 3.1.2.
Also (fgo)(1) =0, so fgo € Ky, which implies M is well-defined.

Clearly M is linear, when f € H*(D),

()| = 790 o gl

m(go)  ~ [m(go)

_ Ifgolls + 11 f90llpeny [ llosllgollos + [/ llocllg0ll Doy
[m(g0)| - Im(go)]

_ lgollx

so M is a bounded functional on H>*(D).

When f, h € H*(D), m(fhgo)m(go) = m(fhgogo) = m(fgo)m(hgo), thus we get

-4
_ [m(fgo)m(hgo)]/m(g0)
m(go)
= M(f)M(h).
Therefore the claim is proved. O

Now, we can prove the following Theorem.
Theorem 3.1.4. The set of multiplicative linear functionals consisting of evaluations
at points of DU {1} is dense in the mazximal ideal space of K.

Proof. Suppose M is a non-zero multiplicative linear functional on K.

Let m = M|g,, then m is a multiplicative linear functional on Ky. If f € K, then

f=f(1) € Ko, so M(f) = f(1) +m(f— f(1)).
Case 1. If m = 0, then M(f) = f(1), so M is the point evaluation at 1.

Case 2. If m # 0, the by Lemma 3.1.3, there exists a net (f3;);c; of point evaluations

in D that converges to m in the weak* topology on the dual space of K. Therefore,
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for all f € K,

M(f) = f(1) +m(f = (1)) = f(1) + (Um 5;) (f — f(1))
— J(1) +lim(F(8) = £(1))
= llleﬂll f(ﬁi) = (11161111 51)(f)

Thus M = ljrgl B;, and this completes the proof. n
1€

Remark 3.1.5. For any f € K,0 < r < 1, let E.(f) = f(r), then from Lemma
3.1.1 we have f(r) — f(1) asr — 1. Thus E, — E; in the weak star topology of
K as r — 1, which implies the set of multiplicative linear functionals consisting of

evaluations at points of D is dense in the maximal ideal space of K.

Now we consider general k > 1. Let ( € T, u be a Borel measure in T with u(¢) =0,
and suppose that D is dense in the maximal ideal space of M (D(u)). Let H :=
M(D(p)) N D(6¢) and Hy := {f € H, f({) =0}. The norm in H is defined by

1Nl = Il larpeuy) + Hf/||L2(<,05CdA)7 fed,

then we have:
Lemma 3.1.6. H is a Banach algebra, Hy C H and Hy is a Banach algebra without
identity.

Proof. We only need to verify that H is an algebra. Suppose f,g € H = M(D(u))N
D(d¢), then fg € M(D(p)). Also f — f(¢) € H implies f%f(cog € H?(D), thus

fo= 2= 0(F9) 4 109 € Dld0),

z

and so fg € H. m
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Lemma 3.1.7. The set of multiplicative linear functionals consisting of evaluations

at points of D is dense in the maximal ideal space of Hy.

Proof. Let m be a non-zero multiplicative linear functional on Hj, then there exists

a function gy € Hy, such that m(gg) # 0.

If £ € M(D(). define M(f) := )

m(go)

Claim: M is well-defined, and M is a non-zero multiplicative linear functional on
M(D(p))-

The proof of the claim is similar to the argument in Lemma 3.1.3. Then there exists
a net (B;)ier of point evaluations in D that converges to M in the Gelfand topology
of the maximal ideal space of M(D(u)). Note that m is the restriction of M to Hy.
Also the restriction of (5;);cr gives a net of point evaluations in D that converges to

m in the weak™ topology on the dual of Hy.

By the same argument as in Theorem 3.1.4 we have the following Proposition:
Proposition 3.1.8. The set of multiplicative linear functionals consisting of evalua-

tions at points of D is dense in the maximal ideal space of H.

Now we can prove the corona theorem for M (D(j)).
Theorem 3.1.9. The set of multiplicative linear functionals consisting of evaluations

at points of D is dense in the mazimal ideal space of M(D(uyx)).

Proof. This clearly follows from Proposition 3.1.8 and induction. [

Remark 3.1.10. If we let du = ;l—fr, then D(g—fr) is the Dirichlet space D. By
Tolokonnikov [69], Xiao [76] we have the corona theorem holds in M (D), then by
Proposition 3.1.8 we also have the corona theorem holds in M (D) N D(d¢) for any

¢eT.
By the standard Gelfand theory of Banach algebras Theorem 3.1.9 implies:
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Corollary 3.1.11. The following are equivalent:

(1) @1,y 00 € M(D(px)) and there exists a n > 0 such that

D lei(2)P=n>0, zeD.
j=1

(ii) There are functions by, ..., b, € M(D(uy)) such that

Zgoj(z)bj(z) =1, zeD.

We can generalize the proof of the corona theorem for M(D(uy)) to the following
theorem which is due to Carl Sundberg.

Theorem 3.1.12 (Sundberg). Let A C H*(D) be a Banach algebra, then a corona
theorem holds for A if and only if every ¢ € M4 extends to some ¥ € Mpe.

Proof. Suppose every ¢ € M 4 extends to some ¢ € Mpy~. By Carleson’s corona
theorem, there exists a net z,, such that lim, f(z,) = ¥(f),Vf € H*>. Note that

a4 = ¢, thus lim, f(z4) = ©(f),Vf € A.

On the other hand, suppose a corona theorem holds for A. Let ¢ € M4, then there
exists a net z,, such that lim, f(z,) = ¢(f),Vf € A. Also z, has a subnet converging
to some ¥ € Mpys, thus o(f) = ¥(f),Vf € A. O

The following results are due to Stefan Richter.

Lemma 3.1.13. Let A C H*(D) be a Banach algebra. Suppose || f|loo < ||f]la for all
f € A, then AND(6y) is also a Banach algebra with norm || fll. = | fllat[Lf | z2ps, a1
where A € D.

Theorem 3.1.14 (Richter). Let A C H*(D) be a Banach algebra that contains 1.
Suppose || flloo < ||flla for all f € A If ¢ € Munpes,), then ¢ extends to some
e May.
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Proof. Let B={f € AN D(d,): f(A) =0}.

Case 1. There exists g € B with ¢(g) # 0. If f € A, then fg = (z = N\)f% €
AN D(by), thus fg € B.

Set (f) = 249 then ¢y € My and |5 = ¢|p.

w(g)

If f e AN D(Jy), then f — f(\) € B, therefore

U(f) = FN) +o(f = F(V)
= f) +o(f = F(A) = e(f),

and 50 Y| anp(s,) = ¢-
Case 2. If ¢|g = 0. Note that for any g € AN D(6y), we have g = a + (z — ) f for

some a € C, f € H*(D), then ¢(g) = a = g(\).

Let rp > 17, Z={f € A: f(rA) > 0as k — oo}, then Z C A is an ideal. Thus
I € My, such that Z C kereyp. If ¢ € AN D(6y), then g — g(A\) € Z C ker,
therefore 1(g) = g(A) = ¢(9) and so V| 4npe,) = ¢- O

3.2 Infinite version for M(D(32F, a;0.))

The corona theorem for H*(D) and M (D) has been generalized to infinitely many
functions (see Rosenblum [58], Tolokonnikov [69] and Trent [73]). The infinite version,
given by Rosenblum [58] and Tolokonnikov [69], can be formulated as follows (see also
Uchiyama [74], Trent [72]):

Theorem 3.2.1. Let {¢;}52, € H*(D). Suppose that

0<e < Z lp;(2)? <1, forall z €D.
j=1
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Then there exists {e;}52, € H®(D) such that )72, pje; = 1 andsup,ep Y72 [ej(2)[? <

S 1n L, where Cy is a constant.
€ €’

In this section, we consider Djz(uy), or @5°D(u), which can be considered as [*-
valued D(uy) space, where py, = Zle a0, If F = (f1, fa,...) € B D (1), then the

norm is defined by

[Pl T

T 7 ||F(e) = F(O)|2 d
= [T+ [ [TEO=EE L

= > il
j=1

Given {¢;}52, € M(D(ur)), we let ®(2) = (p1(2), 2(2),...). We use My to denote
the (column) operator from D(uy) to @3°D(uy) defined by

Mo (f) ={pif};21 for f € D(uy).

Note that the pointwise hypothesis >, |¢;(2)|* < 1 in Theorem 3.2.1 implies that
the operator Ty defined on H?(DD) in analogy to that of Mg is bounded and ||T| =
SUp,ep (D21 |g0j(z)|2)%. Since M(D(ux)) = D(ur) N H*(D), the pointwise upper
bound hypothesis will not be sufficient to conclude that Mg is bounded from D(py)
to ©°D(uy). Thus, we will replace the assumption 22, |p;(2)[* < 1 for z € D by
the condition || Mg|| < 1.

First, we consider M (D(d1)).

The following Lemma can be derived from [73, Lemma 6] (see also [60]), we include

a proof here for completeness.
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Lemma 3.2.2. Let {a;}52, € I? and A = (ay,as,...) € B(I?,C). Then there exists an
00 X 00 matriz Qa, such that the entries of Q4 belong to the set {0, £a; : j =1,2,...}
and Q4 satisfies

(a) range of Q4 C kernel of A.
(b) (AANT — A"A = Qu@:

(c) If{d;}2, € I* and D = (dy,ds, ...), then

(AD")I = D" A = QaQp.

Ap+1  Ag42 Q43

Proof. For k=1,2,--- | let Cy = | —a, 0 0
0 —Aag 0
0 0 —ag

where the first k£ — 1 rows of C have only 0 entries.

Then

0 0 0 0 0

0

0 0 0 0 0
CrCi= |0 0 > pilal? —@ars —@ragso

0 0  —appis lag|? 0

0 0  —apGrsz 0 lag|?
thus
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Zk;ﬁl |ak|2 _a_1a2 _a_la?,

ad —asa ap|?>  —aza
S 60 = 201 D o |l 203
P —aza; —azay g larl? -
= AA"] — A*A.
Let Q4 = [Cl, Cs,-- ] € B(@TOZQ, 12), then AA*I — A*A = QAQZ ]

We need one lemma before we prove the corona theorem for infinitely many functions
in M(D(dy)).

Lemma 3.2.3. Let {p;}32, € M(D(61)). Then

(i) Mg is a bounded operator if and only if 3372 | ||90j||%)(51) and sup,ep Y2y |pi(2)[?

are finite.

(il) If [Ma]l <1 and 0 < < 3%, |@;(2)|? for all z € D, then

(1) = (¢1(1), 2(1),...) #0.

(iii) If [ M|l < 1 and f =322, [0i = wi(D]wi(1), then f € M(D(é1)) and f(1) = 0.

Proof. (1): Suppose that Mg is bounded from D(6;) to @ D(d;) with | Mg < 1,
then sup,ep Y72, [9;(2)[> < 1 (see [73]). Let f =1¢€ D(), then

Z leillDesy = 1Ma fllze e,
=1

< | Ma|*[ 1@, < 1.
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Conversely suppose sup,cp -2, [;(2)[* < Land 3577, |95, < 1. Let f € D(d1),
suppose f = f(1) + (2 — 1)g for some g € H*(D), then D;(f) = ”9”%12(]])) and

1Mo f I3 pisy = D N0if b
j=1

=3l + 1A g,

< Wl + 30 212 TGl e ) 2 B2 Dy,

< /@) + 2D ZDl w;) + 209l
7=1

< 2|l fllpey + 21F (1)

Since |f(1)] < C||fllpe,) (see [63]), we conclude that Mg is bounded from D(d1) to
B D(0y).

(ii): Suppose {g;}52, € H*(D) such that
pi(2) = ¢;(1) + (= 1g;(2), and  Di(e;) = llgjllir), i =12,
Note that

i () <l (DI + [z = 11195 (2)* + 2l (1)]]2 — 1]g;(2)]

<L+l WP +(1+ %>|z C1Plg (),
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where 7 is any positive number. Then we have

m[\')
IA
Mg

> 1
Z 1+n)]e;(1 +(1+5)IZ— 1g;(2)]?

<.
Il
-

o0

A+ mles (D + (14 'Z 1' 2 lelb,

<
Il
—

oI

1 |Z—1|2

(L Mles(OF + (4 D)y

for all z € D,

WK

<.
I
—

where in the last inequality we used part (i). Let z =r — 1~ we get

& <Y (Ll (P = 1+ )@,
7=1

Let 7 — 0, we have |®(1)]> = > 77, |@;(1)[> > €2, thus @(1) = (¢1(1), 2(1),...) # 0.

(iii) Suppose |[Ms|| <1 and f = > [¢i — vi(1)]pi(1), then f € H*(D) and

11 = | Z 2iDlbe
< Z s — ||D(61) Z lpi(1
[Zn%nml +Zm 23 e
=1

Y

<4

where in the last inequality we used part (i).
For any k € N, let f, = S°F [¢; — ¢;(1)]@i(1). Then f, — f € D(0;), note that

fr(1) = 0 and point evaluation at 1 is continuous, we conclude that f(1) = 0. O

Now we can prove the corona theorem for M (D(d1)).
Theorem 3.2.4. Let {¢;}52, C M(D(é1)). Suppose that [[Mg| < 1 and 0 < € <
> 21 lwi(2)? for all z € D. Then there exists {b;}32, € M(D(01)) such that
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(i) ®(2)B(z)"T =1 for all z € D, and

(i) [[Mp] < 1(24 8% InL)H2

Proof. (i): By Theorem 3.2.1, there exists an £ € H3°(D) such that
d(2)E(z)T =1 for z €D,

and

Co, 1

oo
2 — 2
HEHH;;(D) = Szlelgjzl lej(2)]° < = In =

Let A= ®(z), D = E(z) in Lemma 3.2.2, then
I —E(2) ®(2) = Qo) Qi)
thus

I=E(2)"2(1) + E(2) (2(2) = 2(1)) + Qu() Q) (3.2.1)

Let ®(1)* = (¢1(1), po(1),...)", then |®(1)]2 = &(1)®(1)* and

®(1)" = E(2) '[P + E(2) " [®(2) — (1)](1)" (3.2.2)

+Qa(x) Qo 2(1)".

By Lemma 3.2.3 we have ®(1) = (¢1(1),¢2(1),...) # 0, then from (3.2.2) we have

o(1)
[P

— B()T + B(o)T 2 2WIRA) Qa() Q)
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therefore,

o) o) [P(z) = S(D)]P(D)

PO HQoCrogmp “mOP ~ - @R O
) TR - e a
~a()P ep 0

Let B(z)" = E(2)" + Qa(z) E(Z % From Lemma 3.2.2, we have

®(2)B(z)" =1 for z €D,

and
bi(2) 0;(1) % [pi(2) — e D)]ei(1)

O 1B(1)2 ej(2),j=1,2,3,--

By Lemma 3.2.3 we have f := > [0; —¢i(1)]¢i(1) € M(D(d1)) and f(1) = 0. Thus
from Lemma 3.1.2 we have b; € H*(D) N D(61) = M(D(d1)),j =1,2,---

(ii): Let f € D(dy), then

D 185 F e
j=1
< iy W + 313l = T )

< o [P, +ZZ|| e, oo 2]
- M +ZZH Wles ]
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Note that

Z Z i = wi(D)]e; fll sy (3.2.3)

j=1 i=1

=33l el + 33 I E o e

7j=1 =1
< 1Bz Z[H (O By + 1220 p )
— s Z Ios = i) i

<2 By o[ S i iy + 3 (W)
=1 =1

< 20 Elp ) |IMal? + 19| 115

< 4||E||?{;§(D)||f||%)(51)'

Thus
Z 1637y < s (b + BV s
therefore
9 ) 1/2
1M5] < [ pt + 4B s )]
1 C 1
<-(2+ 8—01 )1/2,

where in the last inequality we used |®(1)| > ¢ in the proof of Lemma 3.2.3. O

Remark 3.2.5. From equation (3.2.1), we can get another corona solution D(z) =

(dq(z),da(z),- -+ ) such that

Zgoj(z)dj(z) =1, zeD. (3.2.4)
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Suppose [ip1(1)] = maxq_ia.. s (D], let di(z) = b — 2800 (2 dy(z) =

—%(f)l(l)ej(z),j =2,3,--. Then (3.2.4) is satisfied and we have
2 ||901||%4(D(6 ) Co, 17172
M S[ +4 ! —i—l—ln—] ,

Mol < |G T e T ata

but in this case the bound of the corona solution depends on the chosen wi. It would
be of interest to determine the best possible bound for the solution B in terms of || Mg ||

and €.

For general k, we have the following theorem.

Theorem 3.2.6. Let {¢;}32, € M(D(ux)). Suppose that
2\ 2
|Mg|| <1 and 0<e §Z|gpj(z)| for all z € D.
j=1
Then there exists {b;}52, € M(D(ux)) such that
(i) ®(2)B(2)" =1 for all z €D, and

1/2
(i) |Mp| < l(2 + 16||MBk_1||2> , where By_y is the solution for the corona

€

theorem in M (D (p—-1)).

Proof. The idea is the same as in Theorem 3.2.4. We sketch a proof here.

If Kk =1, then by Theorem 3.2.4, it is true.

Suppose k =1 > 1, it is true.

If k = 141, note that {¢;}32, € M(D (1)) € M(D(w)), by induction, there exists

{5132 € M(D(u)) such that

d(2)E(z)" =1 for z €D,
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and

1 1/2
IMell < = (24 16 Mg, )
9

Following the same argument as in Lemma 3.2.3, we have ®((41) = (p1((41), 92(Gt1)s - - ) #
0 and

I=E(2) ®(Gr1) + BE(2) (D(2) — ©(G+1)) + Q(I’(Z)Qg(z)' (3.2.5)

Thus

oy PilGr) >oilei(z) — piGen)pi(Gen)
") T8 B /(5 € M)

and ®(2)B(z)" =1 for all z € D.

Now we estimate ||[Mp||. Let f € D(u41), then

Z Hbij%(MH)

|<I>( ))|2 [HfHD () T ZZ Iles — @i(G1) )]6Jf||D (i) |-

7j=1 =1
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Suppose 41 = ju + d¢,,,, note that using inequality (3.2.3) we have

Mg

>

=1

e — @i(Gr)lesf D
1

Z H — ¥i ClJrl))]ejf“ZD(ul)

1 i=1
+ Z Z Illei — @i Cl+1))]63f||D(5<l 1)

=1 i=1

< S IMelP s — il oy + A E s/ e,
i=1

.
.
Il

Mg

J

< IMpI2 [ Mall + 12(Gs) B 1 B,y + B Bs s,
< AME sy + AMENZ

= SHMEH2HfH%)(m+1)'

Thus
S 15 By < e [ B + SIM I |
= T R(G)) o !
1
< = (2 160M512) 1 I
1/2
andso||MB||g§(2+16||ME||2) . O

3.3 Wolff's ideal theorem for M(D(ZZ-_ az%))

Carleson’s corona theorem states that the ideal generated by finitely many functions
{¢i}j—1 € H>(D) is the entire space H>(D) given that > ", ¢;(2)[* > 7 > 0 for all
z € D and some 1 > 0. In an effort to classify ideal membership for finitely-generated

ideals in H>* (D), Wolff ([32]) proved the following theorem.
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Theorem 3.3.1. If {¢;}7_, € H*(D), H € H*(D) and

|H(2)| < (Z |g0j(z)|2> 2 for all z € D. (3.3.1)

Then H® € Z({@;}7_,), the ideal generated by {@;}7_, in H>(D).

It is shown by Rao ([32]) that condition (3.3.1) is not sufficient for H to be in
T({p;}5-1), also Treil ([71]) has shown that condition (3.3.1) is not sufficient for
H? to be in Z({p;}_,).

Recently, Banjade and Trent [12], [13] proved the Wolff’s ideal theorem for the
multiplier algebra of the Dirichlet space and the multiplier algebra of the weighted
Dirichlet space. Also Banjade, Holloway and Trent [14] proved the Wolft’s ideal

theorem on certain subalgebras of H* (D).

If we consider the radical of the ideal Z({¢;}}_,),
Rad({p;}j—,) = {G € H*(D) : 3m € N with G™ € T({p;}j-1)},

then (3.3.1) gives a characterization of radical ideal membership. That is, G €

1/2
Rad({y;}}-,) if and only if there exists m € N such that |G™(z)] < (2?:1 ](pj(z)|2>
for all z € D.

In this section, we consider Wolff’s ideal theorem for M(D(u)), where p, =
i aide,.

First, we introduce the harmonic Dirichlet - type spaces.
Definition 3.3.2. The harmonic Dirichlet - type space HD(u) is the set of all
functions f € L*(T) such that D¢(f) is integrable with respect to p, where D¢(f) :=

f;”y%ﬁ“wg—fr is the local Dirichlet integral of f at (. Define the norm by

1A by = WS 2y + Jo De(F)du(S)-

The following Proposition is in [23].
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Proposition 3.3.3. Let f be a harmonic function on D of the form f = f. + f_,

where fo, f— € D(u) and f—(0) = 0. Then

| Detnantc) = [P +1ZEPwda = [ (7P + [T P)puda

(3.3.2)

Remark 3.3.4. For any f € HD(u), let f(z) = (Pf)(z) be the harmonic extension
of f toD. Then f satisfies equation (3.3.2), and in the usual way, elements of HD ()

can be regarded as functions on T. As pointed out in [25], HD(u) is a reproducing -

kernel Hilbert space containing D(p) as a closed subspace.

First we consider £ = 1, and we have the following theorem.

Theorem 3.3.5. If {p;}}_; € M(D(61)), H € M(D(51)) and
n 1/2
< <Z |g0j(z)|2> for all z € D.
j=1

Then H* € T({@;}7-,)-

Proof. Let ¢(z) = H(2)g;(2)/ Yoy ler(2)], 4 = 1,-- - n, then

;(2)| <1, and Zsoj<z>¢j<z>zﬂ<z>, 2 e D.

Also there exist a;,(2),5,k =1,--- ,n (see Garnett [32, P320]). with

Jdajr(2)

lajk(2)| < C(n), and  —2= = H<Z)¢j(z)8wk(z)

0z

Let
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then

e; € H*(D), and Zgoj(z)ej(z) = H*(2), z €D.

Case 1. If ®(1) = (p1(1),--- ,pn(1)) = (0,---,0), then from (3.3.3) we have H(1) =
0. Thus by Proposition 3.3.3 and Lemma 3.1.2 we have e; € H>*(D) N D(61),j =
1,---,n. Let b;(2) = e;(2),j =1,--- ,n, then

e; € H*(D)N D(5;), and ngj(z)ej(z) = H3(z2), z e D.

Case 2. If ®(1) = (¢1(1),--- ,¢n(1)) # (0,---,0), note that there exist Qq(.) and
(QQE(z) such that

O(2)E(2)" I — E(2) " ®(2) = Qu(2)Q(s),
thus

H*(2) = E(2) (1) + B(2) " (®(2) = ©(1)) + Qa(»)Qpe)-

Let ®(1)* = (¢1(1), po(1),...)", then |®(1)]? = &(1)®(1)* and

H(2)®(1)" = E(2)"[@(1)* + E(2) " [®(2) — 2(1)]@(1)"

therefore,
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o) D(2)—0(1)]P(1)*
Let B(z)" = H%z)ﬁ — E(Z)T%, then

() X (e @k(l))%—(l)e,
=g e B j

€ M(D(61)),j=1,2,--- ,nm,

1)
)l

]

For general k, let py = Zle a;0¢;, where a;’s are positive numbers, ¢;’s are in T. We

have

Theorem 3.3.6. If {p;}7_; € M(D(uy)), H € M(D(1)) and

|H(z)| < (i ]goj(z)]2>1/2 for all z € D.
j=1

Then H* € T({p;}7-,)-

Proof. For simplicity, we consider k = 2 and jo = d¢, + d¢,-

Case 1. If ®((2) = (¢1(C2), -+, ¢n(C2)) = (0,---,0), we define e; as in (3.3.4), then
we have e; € M(D(d,)),j =1,2,--- ,n.

If ®(¢;) =(0,---,0), then e; is also in M(D(é¢,)), thus e; € M(D(uz)). Let b; = ey,
then 1, ,(2)e, (=) = H¥(2), = €.

If ®(¢y) # (0, ,0), let

0i(C)  Xhmr (k= wr(G)) ei(G)
[2(C1)[? |D(¢1) [

S M(‘D(541>>’j: 1727"' y 1,

b, = H

€

then b; € M(D(ug)) and Y7 @;(2)b;(2) = H?(2), 2 € D.
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Case 2. If ®((y) # (0,---,0), let

0i(G) 2ot (or — k(&) wi(G)

b, = H
’ |P(C2)? |2(C2) 2

fjaj:1727"' , 1,

where f; € M(D(d)) such that 377 ;(2)f;(2) = H?(2),2 € D, then we have
bj € M(D(p2)) and Y77 ¢;(2)bj(2) = H*(2), 2 € D. O
Corollary 3.3.7. If {w;}j_; € M(D(u)), H € M(D(u)). Suppose that there exists
m € N such that

1) < (S le@F) " for allz €.
j=1

Then H € Rad({¢;}7-,).

Now we consider infinitely many functions.

Theorem 3.3.8. Let {p;}:2, C M(D(61)), H € M(D(61)). Suppose that || Mg|| <1

7j=1

and

HE) < (Xle@l) " foraizem

Then there exist {b;}32, € M(D(d1)) such that 322, p;(2)b;(2) = H*(2) for all

z € D.

Proof. Case 1. If (1) # (0,0,---), let

- se@ _Zﬁzl(wk—wk(l))wk(l)e, o
b= e (1P IR

where e; € H*(D) such that ", ;(2)e;(2) = H?(2),z € D. Then we have f; €
M(D(01)) and 377 ¢;(2)fi(2) = H?(2),z € D. Let b; = Hf;, then b; € M(D(61))
and 30, ¢3(20h(2) = H'(2), 2 €D,

103



Case 2. If ®(1) = (0,0,---), then by |[Mg| < 1 we have H(1) = 0. Let b; = He;,
where e; € H>(D) such that ", ¢;(2)ej(z) = H?(z),2 € D. Then we have b; €
M(D(6:)) and S0, 5(2)by(2) = HY(2), 2 € D. a

Question 3.3.9. Let {p;}32, € M(D(01)), H € M(D(61)). Suppose that || Ms|| <1

and

H(2)| < (i es()" for ail 2 € D.
=1

Does there exist {b;}52, C M(D(01)) such that 377, ;(2)bj(2) = H*(2) for all
zeD?

By induction we have
Theorem 3.3.10. Let {;}52, € M(D(ux)), H € M(D(px)). Suppose that || Mgl|| <
1 and

HE) < (XlesP) " forallzeD
j=1

Then there exist {b;}32, C M(D(uy)) such that 3>, @;(2)b;(2) = H*™*(2) for all
zeD.

3.4 Bass stable rank for M(D(3F_ a;0c,))

1

The notion of stable rank of a ring was introduced by Bass [15] to facilitate
computations in algebraic K-theory.

Definition 3.4.1. Let A be any ring with identity 1. An n-tuple a = (a4, ...,a,) €
A" is called unimodular or invertible, if there exists an n-tuple b = (by,...,b,) € A"
such that Y a;b; = 1. The set of all invertible n-tuples is denoted by U,(A). An

(n+1)-tuple © = (z1,...,Tn11) € A" is called reducible, if there exists an n-tuple
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Y= (Y1,--.,Yn) such that (x1+y1Zp11, ..., Tn+YnTns1) is tnvertible. The Bass stable

rank of A is the least n such that every invertible (n+1)-tuple is reducible.

In recent years, the Bass stable rank has been studied by many authors in the setting
of Banach algebras. Jones, Marshall and Wolff [40] showed that the Bass stable rank
of the disc algebra A(DD) is one; Treil [70] proved that the Bass stable rank of H>°(ID)
is one; and in [47], Mortini, Sasane and Wick showed that the Bass stable rank of
C+ BH®™ and Ap are one as well. In this subsection, we show that the Bass stable

rank of M (D(ug)) is also one, where py, = Zle a;0c;.

First, we prove that the Bass stable rank of M (D(61)) = D(d;)NH>(D) is one.
Lemma 3.4.2. The Bass stable rank of D(61) N H>®(ID) is one.

Proof. Let (f,h) be a unimodular pair in (D(d;)NH>(D))?, i.e., there exists (g1, g2) €
(D(d1) N H>*(ID))? such that fgy + hgs = 1. Then inf.cp | f(2)| + |h(2)| :=n > 0.

Case 1. If f(1) # 0, then we claim (f, (f — f(1))h) is unimodular.

In fact, if z € D is such that |f(z) — f(1)| = L8 then |f(2)] +|(f(z) — F(1)h(z)] >
@)+ E ()] > mind1, TP,

If z € D is such that |f(z) — ()|<— then |f(2)| = |f(z) — f(1) + f(1)] >
W= 1f() = F)] = [ and so [£(2)] +[(£(2) = F(DA)] = [f(z)] = [LE].

Thus, (f, (f — f(1))h) is unimodular. By Theorem 1 in [70], there is some element
g € H*(D) such that f+g[(f—f(1))h] is invertible in H>(D). Note that g(f—f(1)) €
D(61) N H**(D), by the corona theorem for M (D(d1)), we get that f+ g[(f — f(1))A]
is also invertible in D(6;) N H*(D).

Case 2. If f(1) = 0, then h(1) # 0, since inf,ep |f(2)| + |h(2)| := n > 0. We claim
the pair (f + h, h) is unimodular: By the corona theorem for M (D(6;)), there exists
(91, 92) € (D(01) N H*(D))? such that fg + hgy = 1, 50 (f +h)gr + h(g2 — g1) = 1,
which implies (f + h, h) is unimodular.
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By Case 1, there exists some g € D(d;) N H*(D), such that (f + k) + gh is invertible
in D(6;)NH>(D). Note that (f+h)+gh= f+(1+g)h,and 1+g € D(6;)NH>(D),

we are done.

]

Now we show the Bass stable rank of M (D(d¢,) N D(6¢,)) = D(6¢,) N D(d¢,) N H>(D)
is one.

Lemma 3.4.3. The Bass stable rank of D(d¢,) N D(d¢,) N H*(D) is one.

Proof. Let (f,h) be a unimodular pair in (D(d;,) N D(d,) N H*(D))?.

Casel. f(¢2) # 0. As in Lemma 3.4.2 we conclude that (f,(f — f({))h) is
unimodular. Then by Lemma 3.4.2, there exists some g € D(d;) N H*(D) such
that f + g[(f — f(¢2))h] is invertible in D(d;) N H*(D). Note that g(f — f({2)) €
D(6¢,) N D(d¢,) N H*(D), by the corona theorem for M(D(é¢,) N D(d¢,)), we get
[+ gl(f — f(1))R] is also invertible in D(d¢,) N D(d¢,) N H®(D).

Case 2. f((3) = 0. As in Lemma 3.4.2, we consider the pair (f + h,h) and conclude
that the Bass stable rank of D(d¢,) N D(d¢,) N H>(D) is one. O

For general k, by induction we obtain that the Bass stable rank of M(D(uy)) is
one.

Theorem 3.4.4. The Bass stable rank of M (D(ug)) is one.

Topological Stable Rank for M(D(Zf:l a;o¢,))

Definition 3.4.5. Let A be a Banach algebra with identity 1. The topological stable
rank of A (denoted by tsr(A)) is the least n such that U,(A) is dense in A".

It is shown in [56] that bsr(A) < tsr(A).
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Note that z € M (D(ux)), where py, = Zle a;0¢,, by the maximum modulus Theorem
or Hurwitz Theorem, z can not be uniformly approximated by invertible elements in
D(u). Thus tsr(M(D(pu)) > 2.

Question 3.4.6. Is the topological stable rank of M(D(uy)) two?
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