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Abstract

We consider a boundary value problem of nonlinear elasticity on a domain €2
[omega] in R3 [3-dimensional space| and compute the Complementing Condition
for the linearized equations at a point xy [x zero] on 0f2 [boundary of omega]. We
assume a stored energy function W (F') depending on the first, second and third
invariants of the deformation I’ and that the strong-ellipticity condition holds in
Q. A surface traction boundary condition is imposed at xy.

The Complementing Condition is calculated from a system of 3 second-order
ordinary differential equations (0 <t < oo[infinity]) with boundary conditions at
t =0 and constant coefficients; the condition is satisfied if and only if the only
bounded exponential solution is trivial. We compute the Complementing
Condition in terms of parameters in W.
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Chapter 1

Introduction

Consider a body in a region 2 c R3, its reference configuration. Let f: € — R3 be
a deformation of the body. The 3 x 3 matrix F(z) = Vf(x) with components

Vi(x) = ag—:c(j) is called the deformation gradient and belongs to Lin* as det
Vf>0on (. Here

Lin = {3 x 3 real matrices}

Lin® ={F e Lin : det F >0}

3
and K- H = Z K;;H;; for K, H € Lin

ij=1
In this thesis, we assume a stored energy function for material of the body :
1 1
W(F) = (13(5 F-F)+ Q(Z(FFT) -(FFT)) +¥(det F), Fe Lin*
The Piola-Kirchhoff stress is given by

S(F) = W (F),

e S(F).H = C%W(F +HH)|1mo

where S: Lin®™ — Lin ,F € Lin*, H € Lin .
The elasticity tensor is given by

dS(F).

) =—F

It is the linearization of S about F :
C[H] = %S(F+tH)\t_0 € Lin, for H € Lin

We assume C is strongly elliptic, that is, (a®b)-Cla®b] >0, Va,beR3\ {0}
where (a ®b) € Lin, (a®b);; = a;b;.



We study the boundary value problem

div S(Vf)=-bon Q,
S(Vf)n=ton 0

for a given body force, b: Q - R3 and applied surface traction, t : 9Q - R3
Here n is the outward unit normal to 0€) .

Fix p,w >0 and let Fy = diag [u%,/ﬁ,w],fo(x) = Fyx, ©€Q,Vfy=Fy.

The linearized equations about fy are obtained by letting f = fy + tu and
applying %...hzo to the left side of equation (1).

This yields the linearized boundary value problem :

div C[Vu] =0 on Q @)
C[Vu]n =0 on 0%

for u: Q — R3; C is the linearization of S about Fj.

We calculate the Complementing Condition on 0f) for equation (2) for different
cases when (2 is a cylinder {(x1,22,23) 123 +22 < R?, 0<x3< L} and
n=e; and n = e3.

Then we assume a stored energy function

W(F) = % FLF + U (detF)

and calculate the Complementing Condition when n = e;.

The Complementing Condition was first formulated by Lopatinskii(1953),
Shapiro(1953) and Agmon, Douglis, Nirenberg(1964). It was used to establish
estimates for elliptic boundary value problems such as equation (2). It was
shown that ellipticity and the Complementing Condition are necessary and
sufficient for the estimates to hold (Friedman(1969), ” Partial Differential
Equations”, Thompson(1969), ”Some existence theorems for the traction
boundary value problem of linearized elastostatics”).

Agmon’s condition was first defined in Agmon(1958), ”The coerciveness problem
for integro-differential forms”, and Agmon(1962), ”On the eigenfunctions and on
the eigenvalues of general elliptic boundary value problems”, De Figueiredo
(1963), " The coerciveness problem for forms over vector valued functions”. For
system (2) this is :



fVu-C[Vu]dxzcof|Vu|2dx+clf|u|2dx
Q Q Q

for all uw e W12(Q) with ¢5 > 0,¢1 € R.

In Simpson and Spector(1987), ”On the positivity of the second variation in
finite elasticity” it is shown this holds iff C' is strongly elliptic and satisfies the
Complementing and Agmon’s conditions on 92 (assuming 0f2 is C''-smooth).
(Simpson and Spector(2008), Friedman(1969))

In the paper, ”On Bifurcation in Finite Elasticity: Buckling of a Rectangular
Rod”, Henry C. Simpson and Scott J. Spector consider a two dimensional
material with stored-energy function W(F) =W (3F - F, det F') where F is a
two-by-two matrix and describe the strong ellipticity and Complementing
Conditions.

In the paper of Pablo V. Negron-Marrero and Error Montes-Pizarro, they study
the deformation of cylinders for a stored energy function of a homogeneous and
isotropic material of the body, with W(F') = avy + b(v? — vg) + ¥(v3), v1 =

L FFvy=1(FFT) - (FFT),v3= det F, a>0,b>0.

In this thesis, we study the deformation in cylinders by calculating the
1 1
Complementing Condition on 092 with F' = diag [p2, p2,w] for p,w >0 .

We start with Chapter 2 and 3 which describe the definitions of Complementing
Condition and Agmon’s Condition. In Chapter 4, we describe a boundary value
problem. In Chapter 5 and 6, we calculate the Complementing Condition for our
boundary value problem when n =e; and n = e3 respectively. Lastly, in Chapter
7, we consider a slightly altered stored energy function and calculate the
Complementing Condition for n = e;.



Chapter 2

Preliminaries

Let

Lin = {3 x 3 real matrices},

Lin®* ={F e Lin : det F' >0},

with inner product, H - K = tr (HTK)
= tr (HKT) =Y}, H;;K;; for H K ¢ Lin
and norm |[H?=H-H=Y%7,_ HE.
For column vectors a,b € R? we define a ® b =ab” € Lin by
(a®b);; = ab; (Note a ® b has rank < 1).
Also we define Cof F' = (detF)F-T for F € Lin (Cof F' = matrix of cofactors of F).

Assume a material has a stored energy function W: Lin" — R, and assume W is
C2?-smooth on Lin*.

The Piola-Kirchhoff stress, S : Lin* - Lin is given by
S(F) = -Lw(r), Fe Lin'
T dF ’ m

In particular, for F' € Lin*, H € Lin,
d
S(F)-H = %W(F +tH)|i=o

and S(F') has components

S(F)ij = c‘)gVéf)

4,7 =1,2,3

Fix Fy € Lin™.



We can expand each component of S in a Taylor series about F' = Fj :
S(F)ij = S(Fo)ij + L1er 572 2 (Fo)(F = Fo)w + O(||F = Fol[?),
for F' near Fy (i.e. ||F — Fpl| small).

The first order terms give the linearization of S about Fj:

d
C[H] = %S(FO +tH)|t=0

0S;; 3
VHy = CijriHp
k,l=1 OF) kl 1221 ’

0S;
where Cjjp = (Fo) i,7,k,1=1,2,3, He€Lin
OFy,

ClH]ij =

Here H — C[H]: Lin — Lin is linear in H.

Thus C'is a 4-tensor (with components C;;x;) that maps Lin linearly into itself.
Also C' is symmetric:

Cijri = aF—apkl = Chuij

K-C[H]=H-C[K]= zg”jk,ﬂ CiymKijHy YH,K € Lin.

Let Q c R3, be an open, bounded set and suppose 0f2 is C?- smooth. Consider
the boundary value problem

div S(Vf)=-bon Q
S(Vf)n=ton 0

for a given body force, b:Q — R3 and given applied surface traction, ¢ : 9Q - R3:

div S(Vf) = -b is the balance of momentum equation, S(V f)n =t is the surface
traction boundary condition. Here n is the outward unit normal to 9. We wish
to solve for f:Q — R3 which is the deformation of the body.

Its derivative, the deformation gradient is the matrix V f(z) with components
Vf(x)i = afl(m) ,1<i,j<3

Vf(z)e Lin* VreQ.



Fix a deformation f:Q - R3 and assume f; is C2—smooth.

The linearized equations about f, are obtained by applying %...hzo to the left
side of the balance of momentum equation with f = fy + tu, where u:Q - R3 is
an infinitesimal displacement from f.

L (div S(V(fo + tu))|eo = div LS(V fo +tVu)|i-o = div C[Vu],
LS(V(fo +tu))nli—o = C[Vuln.
This yields the linearized boundary value problem about fjy :

div C[Vu] =0 on
C[Vu]n =0 on Q

Vu(@)i; = %2, Vu(z) e Lin - VoeQ

We denote

Z[u] =div C[Vu]
Blu] = C[Vu]n

Definition 2.1 :
The 4 - tensor C is strongly-elliptic (SE) iff

(a®b)-Cla®b] >0 Va,beR*\{0}.

Definition 2.2 :
For b € R? define the 3 x 3 matrix M (b) by

M(b)a=Cla®blb VaeR?

(M (D) is also defined by this formula in case a,be C3). M(b) is the acoustic
tensor; it is a function of b€ R3 (or C3).

Theorem 2.3.

For a,be C3

a) M(b) is symmetric



b) (a®b)-Cla®b]=a”M(b)a
c) ZL[eb*a] = M(b)aet*, HBlet*a] =Cla ® blne’>.

Proof. ¢) Let u(x) = e*®a, a,beC3 .

Ou; - .
Then V’U/ij = BZJZ = %€b$ai = bjaiebz

= Vu=able’ = (a®b)et®
ZLu]; = (div C[Vu]); = ¥; %C[Vu]ij
=%;Cla®b]; 5o
=¥, Cla®bly; bt
= (Cla®b]b); b=
— ZL[u] =Cla®b] be*® = M(b) aeb*.
Blu]; = ¥, ClVu]ijniet® = (Cla ® b]n)e>.
b) Let ceC3. Then cTM(b)a=c"Cla®blb=(c®b)-Cla®b].
a) From b) and symmetry of C,

I'M(b)a=(a®b) -Clc®b] =a”M(b)c.

Thus M (b) = M(b)T.



Chapter 3

Complementing and Agmon’s Conditions

Suppose n € R3 is a unit vector, |n| =1, and C is a constant 4-tensor which is
strongly elliptic. Denote the halfspace

H={zxeR?:2-n>0}
with boundary hyperplane

OH={reR®:2-n=0}

Definition 3.1 :
A function u: H - C3 is a bounded exponential iff u is of the form

u(z) = 2(n-x)e®* re H (3)

for some bounded function z: [0, 00) = C? and some & € R3 \ {0} such that £ 1L n
(&Tn=¢-n=0, ¢ is parallel to OH ); z is C?—smooth on [0, c0).

We denote the normal variable ¢ =n -z € [0, 00) for 2 € H. Then t =0 for x € 0H
and z = z(t) is a function of ¢ € [0, 00).

Consider the boundary value problem on H :
div C[Vu]=au on H
ClVuln=0 on 0H

where u: H - C3 is a bounded exponential and o€ R, a0 > 0.

Definition 3.2 : Assume C is strongly elliptic.

The pair (C,n) satisfies the Complementing Condition iff for a = 0 and each
£ eR3~{0},¢ L n, the only bounded exponential solution of equation (4) is u =0
on H

(i.e. z=0on [0,00)).



(C,n) satisfies Agmon’s Condition iff for every o > 0 and each
£ e R*\ {0},¢ L n, the only bounded exponential solution of equation (4) is u = 0
on H.

In order to determine if the Complementing or Agmon’s Condition is satisfied,
substitute (3) into equation (4) which yields an ODE system for z(t),t € [0, ),
with boundary condition at ¢t = 0. This system consists of 3 second-order ODE’s
(on [0,00)) and 3 first-order boundary conditions (at ¢ = 0) each with constant
(complex) coefficients depending on n, &.

By Theorem 3.3 below, the ODE has 6 linearly independent solutions, and by
strong ellipticity of C', three are exponentially decaying to 0 as t - oo and three
are exponentially unbounded as ¢ - co. We denote the exponentially decreasing
solutions by 21, 2(2) (),

Thus for bounded z, we have
Z(t) = 612(1)(t) + C2z(2) (t) + C32(3) (t)
c;€C,i=1,2,3.

Applying the boundary conditions to z yields 3 algebraic linear equations for
¢1,C2,c3. A nontrivial solution z of equation (3) exists iff ¢ = (¢1,¢2,¢3) 0.

Thus the Complementing and Agmon’s Conditions are algebraic conditions
depending on C|n only.

To calculate these conditions, we find, from equations (3) and (4) :

div C[Vu] = Z[z]e**, te[0,00)
C[Vuln = Be[z]e®", t=0

where Z; is a second order ODE operator, and % is a first order boundary
operator on 2 .

Now equation (4) becomes equivalent to :

ZLe[z]=az, te]0,00)

Be[z]=0 att=0 (6)

Thus the Complementing Condition is satisfied iff for a = 0 and each
£ eR3~{0},£ 1 n, the only exponentially decreasing solution z of equations (6) is



z=0on [0,00). Agmon’s Condition is satisfied iff for every a >0 and each
£ e R3\{0},€ L n, the only exponentially decreasing solution of equations (6) is
z=0on [0,00).

To determine %, %, explicitly first note by equation (3)
Vu(z) = [2/(t) @ n+iz(t) ® {]eis™

4

= in all that follows.

where ' =

]
Proof. With z(t) =| 2(t) |,
z3(t)

(VU)U auz g;z el 4 2 el 8(15]1)

[zaz (n $)+Zza (15 x)]eléﬂc

[2in; + iz e

=[(z"®n); +i(z®&);jlei®

Then,

Zelz]=C["@n+iz' @&n+iC[Z' @n+iz ® ¢,
Belz]=C[Z'®@n+iz®&]n at t=0.

Proof. Put H(t) = 2/(t) @ n+iz(t) ® ¢ |

(div C[vul)i = ; 2 ACLH (1) et}

= SAGCIH )i (n-2)ei€e + CLH()]ij50- (i€ - w) et}
= LACIH (1) iyn; +iC[H (1) ];5&5} e

= [C[H'(t)n +iC[H(t)£]; %=

s div C[vu] = {C[H/()]n + iC[H(1)]E)} e,

(C[Vu]n); = (C[Z' ®@n+iz®&]n); €* from formula for Vu above.

10



—s (C[Vu])n = {C[H(#)]n}e.

Then see equation (5).

To find nontrivial solutions z of equation (6), we try
2(t) =e"a
for some 7€ C,a € C3\ {0}.

Then ¢ = n-x and equation (3) == u(x) = e+ zq = ¢brq
where b=1rn +if € C3

Then following Theorem 2.3 and its proof we have Vu(z) = a ® b e’?,
div C[Vu] = Z[e’*a] = M(b) a e** = M(b) a e"e**, for t > 0 and
C[Vu]n = B(e*a) = Cla®b]n €€ at t = 0.

Thus by equation (5),

Zlea] = M(b)ae™, te[0,00),
Bele"a] =Cla®bln, t=0,

b=rn+1€.

Thus we have nontrivial solutions of equation (6); of the form z(t) = e"a iff

[M(rn+i€) -al]la=0

for some a € C3,a # 0 iff p(r) = det [M(rn+i) - al]=0;

p is the characteristic polynomial of .Z;.
Theorem 3.3.

Assume C' is strongly elliptic and a > 0. Then

a) pis a 6" degree polynomial in r.

11

(10)



b) p has no roots r with Re r = 0.

¢) p has 3 roots r with Re r < 0 and 3 roots with Re r > 0.

Proof. First we note that by strong ellipticity and Theorem 2.3(b), M (b) is
positive definite for each real b € R3 \ {0}. Also M (cb) = c2M (b) for ce C.

a) The coeflicient of 7% in p(r) is det M (n) which is nonzero since M (n) is
positive definite.

b) If r € C is a root of p(r) then [M(rn +i&) — al]a =0 holds for some
ae€C3~{0}. If Re r =0, say r =ip for pe R, then M(b) =-M(e) for
e=pn+&eR3 Thus [M(e)+alla=0and @' [M(e)+alla=0. Also e#0
since £ #0,& L n. Thus M(e) is positive definite so a’ M(e)a > 0. But o > 0
contradicts the above equation.

¢) Since M(b)a=C[a®blb=C[a®blb=M(b)a then M(b) = M(b). Also
M(-b) = M(b) so p(r) = p(=7). Thus if r is a root of p, so is —F and
Rer<0 = Re (-7)>0.

The Lame’ 4-tensor of linear elasticity is given by

C[H]=p(H+HT)+\(H-I)I,H ¢ Lin .

for some p, A € R, see Gurtin(1981). Then we have (see also Mikhlin(1993)
Thompson(1969), Simpson and Spector(1987))

Theorem 3.4.
a) C'is strongly elliptic iff 4 >0 and 2u+ A > 0.

b) For any unit vector n € R3, (C,n) satisfies the Complementing Condition iff
i+ A#0; (C,n) satisfies Agmon’s condition iff g+ A > 0.

12



Chapter 4

The Boundary Value Problem

In this thesis we assume a stored energy function of the form
1 1
W(F)=(; F-F)+Q(;(FFT) - (FFT)) + U(detF),

ie. W(F) =o0(v1,v9,v3) = ®(v1) + Q(v2) + ¥(v3)

where vy = 1 F - Fiuy = L (FFT) - (FFT),v3 =detF, F e Lin" for some functions
®,Q,U:(0,00) >R (Gurtin(1981) Chapter 1X(25)), v; are invariants of FFT.

We assume ®,Q, U are C?smooth on (0, c0).

o) 0 0 02 ;
Denote g1 = 8_:1 = q)’(’Ul),O'Q = 6_172 = Q’(’Ug),O’g = 8_1?3 = \IJ,(Ug),O'M = 6_1)[.2;7 1= 1,2,3.

Then the Piola-Kirchhoff stress is given by
S(F)=01F+0,FFTF +03CofF. (See Simpson(2008))

We linearize the equations as in Chapter 2 about
Fo = diag [/L%,,LL%,W]
for p,w > 0. (See Negron-Marrero, P.V and E.Montes-Pizarro(2011)).

Then the elasticity tensor,

d
ClH]= %S(FO +tH)|ieo= 01 H + oo(HE] Fy + FobH Fy + FoF{ H)

+os(det Fo)[(FyT - H)F, T - FyTHTEy T (11)
+O’11(G1 . H)Gl + 022(G2 . H)G2 + O'33(G3 : H)G3,
G'=Fy,G? = WF{ F,,G? = Cof Fy = (det Fy)F,7.

We define the constants
Y = 011t + 093 + 0334102
V= 0'11(,02 + 0'22(,06 + 0'33,1,112

1 3 3
Z = 0112w + O fl2w° + 033/12W

13



X=M%O'3+Z
Br=01+ (p+w?)oy
B3 =01+ 2109

T1 =01+ 3uoy+Y
T3 = 0p + 3w209+V
2 =u%w02—,u%ag
V3 = [109 — W03
vy=wos+Y
N=X+1,

a=T1 —7.

Note V3+’Y=’7’1—53.

Theorem 4.1. The elasticity tensor in equation (11) is given by

T1 Y X
O[H] = H11 Y + H22 1 + H33 X
X X T3
[ 0 B3 0] [0 v3 0] 0 0 A
H12 V3 0 O +H21 65 0 O +H13 0 0 0 +H31
| 0 0 O | | 0 0 0 | vy 0 0
[0 0 0 ] [0 0 0 |
H23 0 0 51 +H32 0 0 u©y s H € Lin.
[ 0 1 0 | | 0 G 0 ]
Hy Hip His
Proof. Let H e Lin, H=| Hy Hyy Hos
H3zy Hsy Hsg

Recalling Fy = diag [,u%,/ﬁ,w] we have
G' = Fy = diag [u?, u?,w]

G? = FoF Fy = diag [12, 12, w?)

G? = Cof Fy = diag [u%w,,u%w,,u]

14



Then (det Fo)[(FyT - H)FyT - F;THTF;T] = ((det Fy)-'[(G3- H)GB - G3HT G

piw 00 Hyy Hyy Hs
= [ 2 (Hyy + Hap) +w ' Hys]| 0 piw 0 _uLng Hyy Hyp Hip |G
0 0 u Hiz Hys Hss
w 0 0 u: 00
={ 0 w 0 |[(Hu+Hx)+| 0 ,u% 0 Hss
0 0 pz 0 0 pw!

pw?Hyy o pw? Hoy N%WHSI
_,ﬁ pw?Hyg  puw?Hay  przwHsy

M%WHB M%WH% 2 Hg

Next,
HFOTFO + F()HTFO + F()FOTH =
3/,LH11 2[&[’[12 + ILLH21 ((.UQ + /,L)ng + /L%WHgl
211 Hoy + i Hyo 311tz (wW? + ) Hoz + N%WHBZ
(w2 + ,LL)H31 + /L%Wng (w2 + M)H32 + LL%WHgg 3&)2H33
Next,

O'll(Gl . H)Gl + 022(G2 . I‘I)CJ2 + O'33(G3 : H)G3 =

diag [01111%(@1 H) + 022,1{%(@2 H) + U33H%W(G3 -H),
anu%(Gl : H) + O'QQM%(GQ : H) + Uggu%w(G3 . H),
O'nu)(Gl : H) + 0'22(,03(G2 : H) + 033,u(G3 . H)]

Y(H11+H22)+ZH33 0 0
= 0 Y(H11+H22)+ZH33 0
0 0 Z(H11+H22)+VH33
because :

15



i) all,u%(Gl -H)+ agg,u%(GQ -H)+ 033M%W(G3 -H)

1 3 3
= (o1 p + 093 + o33pw?) (Hiy + Hag) + (0112w + 09 p12w3 + o33 p12w) Hag

11) 0'11W(G1 . H) + 022w3(G2 : H) + O'33,M(G3 . H) =
(Ull,u%w + O'QQ/L%LUS + 0'33,&3(,0)(]']11 + H22) + (O'HWQ + 0'22(,06 + 0'33,u2)H33

Let B = C[H]. Then by equation (11)

Biy = (01 +Y +3u0s)Hiy + (wos +Y) Ha + (203 + Z) Has
Bss = (wos + Y)Hyy + (01 +Y + 3p102) Hos + (203 + Z) Has
Bss = (u203+ Z)(Hyy + Ha) + (01 + V + 3w05) Has

By = (01 + 2u0o9) Hyy — (wos — puog) Hyy

Boy = (01 + 2uo2) Hay — (wos — pog) Hio

Bis = (01 + w0y + pos) Hig — (203 — prwoy) Hyy

Bsy = (01 + w?oy + poy) Hsy - (M%Uza - ,U%WJQ)HB

Bos = (01 + w209 + juo3) Hyz — (/L%O'g - ILL%UJO'Q)Hgg

1 1
B3y = (01 + w209 + puo2) Hso — (p203 — p12wos) Hog

Theorem 4.2.

If C in Theorem 4.1 is strongly elliptic then 8; > 0,33 > 0,7 > 0,73 > 0.
Proof. We recall C is strongly elliptic iff H-C[H] > 0 for all
H=a®b#0, a,beR3.

H=e1®e1 = 11 >0,H=e30¢e3 = 713>0,

H=e1®e3 = [$1>0,H=€1®ey =— [(3>0.

e1,es, e3 are the unit vectors in R3.
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Chapter 5

Calculating the Complementing Condition when n = e ;

In this Chapter we calculate the Complementing Condition for (C,n) with n = ¢
and C in Theorem 4.1. As in Chapter 3, this is equivalent to showing that for
each £ e R3N{0},€ L n

Ze[2] =0, te[0,00)

%’g[z]_=0 at t =0, (12)

the only exponentially decreasing solution of equation (12) is the trivial solution
z=0on [0,00).

1
Let n=e;=] 0
0
0
=] &
&3
21(t)
2(t) =] () |, te[0,00).
z3(t)
Let _ 7
21 1§z 1632
H=zen+iz®{=| 21 itz itz
2y i€azy 1323

Then by equation (7)
] = CLHn +iC[H)g
=C[z"@n]n+iC[z' @&n+iC[z'®@n]{ - Clz2®&]¢

17



Be[z]=C[H]n=C[z'®@n|n+iC[z®&]n

From the formula for C[H] in Theorem 4.1, we have

Ze[z]1 = C[H |11 +iC[H]128 +iC[H 1383

=112y = (B35 + $163) 21 + i&a(vs + ) 2 +i&3(X + v1) 24
ZLe[z]o = C[H' a1 +iC[H]906s + 1C[H 2383

= B3z — (T1&5 + 163) 22 + i€ (1 — B3) 2] — £263(X +11) 23
Ze[z]s = C[H' |31 +iC[H 3262 + iC[H ]3383

= Przy — (51&5 +7383) 23 + 16 (X + v1) 21 = &3(X +11) 2
PBe[z]1 = C[H]i1 = 1iz) +iv6a20 +iX&323

PBelz]a = C[H]a = Bazy +iv3€oz

PBelz]s = C[H]31 = Przg + i1z

Then by equation (12), Z[z] =0 iff

1127 = (Bs&d + 3163) 21 +i&o (v + 7) 2 + i&3(X + 1) 25 = 0
Bazy — (11&3 + B1€3 ) 2o +i&a(T1 — B3) 2] — £2&3(X +11)23 =0
Brzg - (5153 + 7'35:3)23 +i83(X + 1)z — L& (X +11)z =0

fort>0
and e[z] =0 iff
7'12{ + ’i’nyZQ + inng =0

P32y + 138221 = 0

Przg +ivi€321 =0
att=0
We seek decaying exponential solutions of equation (14) of the form

z(t)=€"p, t20
for r € C, Re 7 <0,p e C3. (See equation (8) with a replaced by p).

18
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By equation (9) we have

Zele"p] = M(rn+i&)pe™,  t>0,

17
Bele"pl=C[p® (rn+i&)In, t=0 (17)
and M is the acoustic tensor in Definition 2.2. We define, for r € C, the 3 x 3
complex matrices A(r), B(r) by
A(r) = M(rn +1§)
B(r)p=Clp® (rn+if)]n, peC3.
So equation (17) becomes
Ze[e"'p] = A(r)pe”, 20
] (18)
Pele"pl = B(r)p. t=0
It follows that equation (16) is a solution of equation (14) iff
A(r)p=0. (19)

To find A(r), B(r) we substitute equation (16) with p = e1, eq, €3 into equation
(13) and use equation (18) and v3 +7v =7 — 33 to get

Tir? - (5353 + 5153%) i& (11 = Bs)r i§sNr
A(r) = i&a (1 — B3)r Bar? — (&3 + 1€3) -8 N
| ngNT —5253]\] 61T2 - (51522 + 7—353%) ]

nir ey 15X
B(T) = ’L.§2V3 537“ 0

1€31 0 517“

We are looking for nontrivial solutions (16) of equation (14) which requires p # 0
in equation (19) =

19



det A(r)=0

(20)

As in Theorem 3.3, this is the 6t degree characteristic polynomial in r. It has
exactly 3 roots 11,719,173 € C with Re r; < 0. By strong ellipticity no root has real

part equal to zero. Let

S = set of solutions of equation (14) on [0, c0) which are exponentially decreasing

as t - oo.

S is a vector space over C and by Theorem 3.3, dim S = 3.

Theorem 5.1. Letting p =12 - 2 we have

det A(r) = (B3p — 51&3) (Bimip” — A&3p + 173E3)

with \ = 82 + 775 — N2
det A(r) =0 has roots +ry, +rq, +r3 € C with Re r; < 0,7 =1,2,3.

There are four cases.

Case 1) fg#O,N%O,Tl %T‘g.
=Gkt =G 3G =Gk

where ki, k3 € C are the roots of

ﬁl’flkz - Ak + 517'3 =0

With
T —i§2 rs
pl = 7,52 9 p2 = T2 ) p3 = 252
ic1&3 0 ic383
Tk - 51
77— = 17 3
N

(21)

(22)

(23)

(24)



S = span {e"'py,e!py, estps}
Case ii) £&3#0,N=0
A=grid, =g+ 28 =8 3d

With

0 1 —1&y

p3 = O , P1= 252 P2 = T9

1 0 0

S'= span {e"'py,emtpy, €3 psy}
Case iii) £&3#0,N #0,7 =13
r2= €24 k2, r2=62+ %gg) 12 =85+ k3&2  with kq, k3 as in Case i).

With py, ps in equation (23) and
p(r) =] g
ic(r)&s

o(r) = 220,

p(r) =72 - &, we have § = span {e"'py, ey, F[e"p(r)]lr-r, }
Case iv) {3=0
== ri= g

With
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—i&o 0 537“2 - Tlf%

b2 = 79 v Ps=1 0 |> p(r) = —i(Tl - ﬁg)?”&g

0 1 0

S = spall {emtp%emtp& %[enp(r)“r:rl}

Proof. To find det A(r) we reduce A(r) by row and column operations via E(r)
below to a simpler matrix D(r).
Let

m(p) —i&ama(p) iE3NT

D(r) = E()TAET) = | —igons(p)  pma(p) 0

i3 N 0 n3(p) ]

where
p=r’-&

m(p) =1ip - Bi1& + (11 - B3)&3
m2(p) = Bsp - f1&3

n3(p) = Bip - 73§§

Expanding the determinant of D(r) about the third row —
(and for brevity writing n; = n;(p) )

det D(r) = [ det E(r)]* det A(r) = o[ E§N?r2p + ns(pm +E3m2) ]

22



=ar?[EN?p +15(T1p - fi1€)]

(since pmy + &3z = r2m + & (112 = 1) = v = E (11 = B3)r?
=r?(rip-51&3) )

=mar?[EEN?p + (Brp = 1383) (T1p = 51€3)]

=12(B3p = B1€3)[B171p* = A3 p + 1 735]

where A = 32 + 773 — N2.

Since det E(r) =r , we get equation (21) .

Let the roots of equation (21) be py, pa, p3 € C . Then the roots of det A(r) are
+11, 19, 273 € C where 72 = p; + £5 and Re r; <0, i=1,2,3.

i) py satisfies

A

Bap—01€5=0 = py = Eﬁg (25)
ii) p1,p3 satisfy
Bimip® = N3p+ Pims€s =0 (26)
and putting k; = 2’—5, ks = 2)—3
3 3

is equivalent to ki, k3 € C satisfying equation (22).

k1, ks can be complex. Now putting r? = p; + &5 we get :

B
r2 = €3+ k€273 = €2+ THE3 r2 = €3 + katl. (27)

Bs

This gives the 6 roots of equation (20) det A(r) =0 which occur in 3 pairs
£71,£79, £73 with Re Ti<0, i=1,2,3.

Case 1) 53#0,]\7#0,7"1 #7’31

The roots r1, 79,75 are given in equation (27).

Next we find the null vectors p; of A(r;) satisfying equation (19). This is
equivalent to finding ¢; such that D(r;)q; =0 ,

then putting p; = const. E(r;)g;

Finding the null vector p, :

r=ry = 1m2(p2) =0 =
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m 0 i&Nry
D(r2)=f 0 0 o0
i i&3Nry 0 3 ]
Here n; = n;i(p2).
_ 0 -
Then o= 1 | =
0
—i&s
pa=E(r2)qe = )
0

Finding the null vectors py,ps3 :

Letting r =1, p; =

Pi

4= i&2
€37
where ¢; =

Then p; = const. E(r;)q; = const. 1€aT;

Put the constant = r;

&

N¢s

k&2, i=1,3in D(r;), we can take

- Db (This uses that p; satisfies equation (26), i = 1,3.)

1 fr—
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pi = & | 1=1,3.

ic;i&3

with p; = k;&2 this gives p1, ps in equation (23). Thus since A(r;)p; =0 for
i=1,2,3, then equation (19) = e"i'p;,i =1,2,3 are exponentially decreasing
solutions of equation (14) in S. They are linearly independent on [0, c0) since
r1 #r3 and {p1,p2}, {p2, p3} are linearly independent in C? due to

ri =i
det =rirg—£&2#0 for i =1,3. Since dim S = 3 they form a basis for S

1y T

and S is spanned by e"itp;,i=1,2,3.

Case ii) &3#0,N=0:
When N =0, equation (22) becomes (71k - 1)(1k —713) =0. So
ki = f—ll; ks = 3* and the roots are in equation (27).

r}=G+2 r3=G+5¢2, r3=G+3& Reri <0

To find null vectors p; € C? of A(r;) we have

[ (B3 +Bi&)  ibo(ma - Ba)r 0 ‘
A =1 iG(n-B)r  Par? - (néd+ Bigd) 0
_ 0 0 Bur? = (Br&3 + 7€3)
We get
— 0 - — 1 - — —i&, -

D3=10 | P1=] & |» P2= T9
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As in Case i) {e"'p;}2, are linearly independent on [0, 00), using the fact that
p1, P2, p3 are linearly independent in C3

1 —if2 ) ) ) )
( =111y = &5 = [r1f[ra| = &5 > |&2]|€2] = &3 = 0 since |ry] > [&2f).
Zfz T2

Thus they form a basis for S.

Case iii) £&3#0,N £0,r; =13 :

The roots r; are as in Case i). Also, with p1,p; € C? in equation (23),
eripy, er2tp,y € S are linearly independent on [0, 00). To find a third linearly
independent solution in S

.
et p(r) =| i [e() =P ()=t
ic(r)&s

Then - ‘
A(r)p(r) = N _

Tt = (56 + £i§3)  i&a(m - Ba)r i€3Nr r

(= Ba)r  Bar? = (mi&d + $i€3) ~&o€sN i&

i & Nr ~6&N Bur? = (18 +€3) || ie(n)és |

=NL§3(51T1P2—>\§§P+517'35§) 0 P=T"-¢-

1

Since r; = r3 then k;y = k3 is a double root of equation (22) so
Bimik? = Ak + Bi73 = i1 (K - Kp)2.

Similarly 5171p? = A&3p + (17385 = Bimi(p — p1)?. Thus
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A(r)p(r) = B2 (p-p1)?| 0

1

So A(r)p(r)lr-r, = 5:[A)p(r)]lr=r, = 0 since r =11 = p=p1.
Now by equation (18) with p = p(r), differentiating % gives
Zel 5 (er'p(r)] = 5[ A(r)p(r)ert],t > 0

and therefore

Ze[ & (ep(r))lr=r, ] = 0 on [0, 00).

Thus we let a third linearly independent solution of S be

%(ertp(r)Nﬁﬁ =tetpy + et 0

211171

Nés
. = = e £2 _np-Prgl _ mki-fi _ N :
since p(r1) = p1 = k1§35, (1) = Ng TN TG = p(r1) = p1 in equation

(23).

Since pq, ps € C? are linearly independent then etpy, e"2tp,, %[eﬁp(r)“r:r1 are
linearly independent on [0, c0) and form a basis for S.

Case iv) {3=0:
When & =0, then r? =2, i=1,2,3, Rer; <0 =

L =re=T3= —|52|- Also,

mir? = 3585 i&a(m - PBs)r 0
A(r) =| igy(m - Ba)r  Bar? - T3 0

0 0 Pi(r? - &3)
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—i&, 0

Then A(r;) has null vectors po=| », |, p3=| 0

0 1

and e"2tpy e"stps € S and are linearly independent on [0, 00). As in Case iii)
another solution is Z[e"*p(r)]},=r,

537’2 - Tlf%

with p(r) = | ~i(r, - B5)ré,

0

This follows from

A(r)p(r) = 1 Bs(r? - 53)2 0

0

So A(r)p(r)|r=r, = %[A(T)p(r)]lr:m =0.
Now %(ertp(r))|rzr1 — tentp(rl) + €r1tp/(T1)

-£2 ~233/&|

= te 2l (= B3) | gyle| [+ €| —itm - By)e

0 0

Then e"2p,, e™3tps, %[e”]g(r)“,ﬂ:r1 are linearly independent on [0, c0) (considering
the cases 11 — 3 = 0,# 0 separately).
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From Theorem 5.1, equation (14) has three linearly independent solutions
2O(), i=1,2,3 (28)
on [0, 00) such that 2(9) are exponentially decreasing.

We substitute these into the boundary operator % in equation (13) at ¢t =0. We
write

TIZ{ + ZEQ’)/ZQ + lngZg

Bf[z] = 5325 + ’lfQVng (29)

B124 + 131121

and
Ce = [Be[2 V][0, Be[ 2P J]1=0, B[ 2P |i=0] ;

C¢ is a 3 x 3 matrix.

In the following Theorem we find C¢ using the four cases in Theorem 5.1.

Theorem 5.2.

Case i) &#0,N #0,r # 13

CL522 + (lel — XCl)fg —iafgrg a£22 + (leg — XCJ)S?%

Ce = iaéa als + i&3 iaars

i&3r1 (v + Bicr) 11&283 i&3rs(v1 + Bics)

ke .
a:ﬁ—’y,ciz—ﬁj\,ﬁl, i1=1,3.

Case ii) &3#0,N=0
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aly + (165 —iabory 13X

Ce=| da&r:  a+pi&3 0

€31 1&és  Pirs

a=T -7

Case iii) £&3#0,N £0,r; = r3

a} + (miki - X)) —ialors  Z[mr? - ~&3 - Xe(r)&2]-r

Ce = 1aary a3 + 163 %[z’aég'r’ﬂr:m

i&sr1 (1 + fic) 16283 %[ZEST(VI + B1c(1)) lr=r,

T T)— 2
a=7-7,¢c(r)= —1p(N)§§51§3 , p(r)=r2-¢£2.

Case iv) £3=0

iagleal 0 Fnpsr®+ (= Bs)y - )& Ihn

Ce=|  ag 0 L1-i&(Bsyr? + v3mi€2)ler
0 ~B1]&2| 0
a=1-7,11 =-|&)].

Proof. In the following calculations we use from equation (18)

'@ﬁ[ertp] =B(r)p att=0 and in cases where p = p(r),
B[ L [e'p(r)]] = [B(r)p(r) at £ =0
13 or e p\r)ll= ar 2 =0.

Also a =1 —7.
Case i) : &3#0,N 40,1 #73
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%)5[2(1)] = B(r1)p1 =

PBe[2D] = B(ra)ps =

PBe[23)] = B(rs)ps =

af% + (lel - XCl)fg
1a&ary

i§37“1(V1 +5101)

—1aéaTo
agz + &3
V1§2f3

afg + (leg - X03)§§
1aéars

i&3r3(v1 + PBics)

Caseii) : £&340,N =0

PBe[2V] = B(r1)p: =

PBe[2D] = B(ra)p2 =

aS% + 515§

1a&or

i§3T1V1

—1agary
a3 + €3
116283
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1€3.X

Be[:®]=B(rs)ps=| 0

pars
Case iii) : &#0,N #0,r; =r3

a&s + (k1 - Xcp)
Be[z(V] = B(r1)pr = 1a&ary

i&sr1(v1 + Brcr)

—Z'(lgg’/’g

Be[2PD] = B(ro)p2 = | a2+ €2

16283

From equation (30), B¢[2(®)] = %[B(T)p(r)“r:r1

T2 - 75% - XC(T)&%

where B(r)p(r) = iayr

i&sr(vy + Bic(r))

Case iv) : £3=0

ias|s|

Be[2V]=B(ra)pa=|  ae2

0

using B3 +v3 =11 — 7
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0

B[z D] = B(rs)ps = 0

i —B1]&2]

From equation (30), B[2®] = Z[B(r)p(r)]}r-r

718313 + [(11 = Bs)y — 11157

B(r)p(r) = ~i&a(Bayr? + v37I€3)

0

]

Next we note equations (14), (15) have only the trivial exponentially decreasing
solution z iff det C¢ # 0. Since {z(1),2(2) 23} is a basis for S then any
exponentially decreasing solution z of equation (14) can be written

2(t) = 12 (t) + o2 (1) + 323 (¢) with ¢; € C.

1

Then Be[z]lio = ¥y :Be[2]i-0 = Cec where ¢ = | ¢, | € C3. Thus z satisfies

C3

equation (15) iff Cec = 0. Finally, z is trivial iff ¢ = 0, and Cec =0 has only the
trivial solution ¢ =0 iff det C¢ # 0.

Theorem 5.3.

(C,n) satisfies the Complementing Condition iff det C¢ # 0 for all
£eR3\{0},¢& Ln.

Proof. By Definition 3.2 and the remarks after equation (6), (C,n) satisfies the
Complementing Condition iff for each £ € R3\ {0},£ L n, the only exponentially
decreasing solution z of equations (14), (15) is trivial z =0 on [0, 00) iff for each

such &, det C¢ # 0. ]
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In view of Theorem 5.3 we calculate det Cg.

Theorem 5.4.

With the 3 x 3 matrix, C¢ in all four cases of Theorem 5.2, we find det C¢.
a=171—-7.

Case i) det C¢ =

(iB8163){-r1[a&s + (miks — Xe3)E5] [aci &5 + (v + Brer)&3] + r[ads + (ks -
Xc1)E2] [acs&s + (v1 + Bres)&3] + a®(cr — c3)&5rimars )

Case ii) det C¢ =
—a2ﬁ17’17’27“3§§ + 517“3(@5% + 515%)2 + 51XV17“1§§
Case iii) det C¢ =

(i51€3) % {=ri[mr? =& = Xc(r)E2] [aci&s + (v1 + Brer) &3] + rla&s + (Tiky —
Xe1)§3] [ac(r)s + (v1 + Bic(r))§3] + a®(er = (1) E5rirar o=,

T1p(1)— 2
or) = Mg o)==

Case iv) det C¢ =
af1|€a|€5 [=77 + (38 +v) 71 + B37]

Proof. Case i) Expanding det C¢ about its 31d column gives

det C¢ = [a&3 + (Tiks — Xc3)&5] (i€3r1) [av1€5 — (w1 + Prer) (a&3 + B1€5)] -
iangg(fggg) [I/l(afg + (’7'1]{71 - XCl)fg) = CL7’17’2(V1 + ﬁlcl)] + Zf37"3(V1 + ﬁlc;;) [(afg +
(Tih1 = Xe1)&3) (a&3 + Bi€3) — a*EGrirs]

= (i€3){-Pim [a£§ + (T1ks - XC3)§§] [a61£§ + (1 + 5101)53] - stg E2 (&522 S GLE
Xc1)&3)—arire(vi+Picr) [+rs(vi+Pics) [(a&3+(Tiki=Xc1)E3) (a&3+61£35)~a*E3rirs]

= (i€3){-Bim [a£§ + (ks - XCs)f%] [a61£§ + (1 + 5101)5:3] + 517“3(053 + (ks -
Xe1)€3) [acsés + (v + Pres)&3] + aPrirarsé3 Bi(er —c3)}

Case ii) Expanding det C¢ about the second row =

det Cg =
—(iakary)[—ialorafirs — i€3 X11&83] + (a3 + £1€3) [Pirs(a&l + £i&3) — &3 Xi&griin]

= —a2517“17"27“3f§ + 517“3(6153 + 51532,)2 + 51XV17’15§
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Case iii) Let
a3y + (mk1 - Xc1)&2  —iakors mr? —~&5 - Xe(r)&s

Ce(r) = 1agary a&s + /&3 1ayr

i&3r1(v1 + Bicr) 118283 i&sr (v + Bic(r))

Then expanding det C¢ in Case iii) about its 31d column we see det

Ce = 57 det Ce(r)lpr,
Expanding det C¢(r) about the 3rd column gives

det Ce(r) = [11r? = v€3 = Xc(r)&3] (i€sr1) [an&3 — (vi + Brer)(aé + 51€3)] -
iaor(&28s) [vi(a&s + (Tiky — X¢1)&3) — aryra(vy + frey) ] + i&sr(vi + Bre(r)) [(a& +
(k1 = Xc1)&3) (a3 + B1€3) — a?E3rims]

= (i&){=Airi[mir? = v€5 = Xe(r)&3] [aci&s + (v + Brer)&3] — ar&3[vi(ags + (Tiky —
Xe1)E2) - aryra(vy + Brer) |+ r(vn + Bie(r)) [(a&s + (1iky — Xe1)&2) (a&2 + 1€2) -

a?&3rire]}

= (1&){=Bir[mir? =765 - Xc(r)&3] [aci&3 + (v + Brer)&3] + Bir[a&s + (k-
Xe1)&3] [ac(r)&5 + (v + Brc(r)E5] + aPriraré3 i(er — ()}

Case iv) Let
ia&s|&s| 0 710373 + ((11 = Bs)y = T2)&3r

éf(r) = a&s 0 —i&(B3yr? + 1371E3)

0 —B1]&2] 0

Then by expanding det C¢ in Case iv) about its 31d column shows det
Ce =2 det Ce(r)]rer,-

det Ce(r) = aBi|&I€2[I&](Bsyr? + vsi&) — (1 Bsr® + (11— Bs)y - 72)&3r)].

Then differentiating % at r=r; =& =

det Cg = CL51|§2|£§ [_7'12 + (353 + 7)7—1 + 537]
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In the next Theorem we summarize the results of this Chapter. By combining
Theorems 5.3, 5.4 we have

Theorem 5.5.

Assume C'in Theorem 4.1, C' is strongly elliptic and n = e;. Let ki, k3 € C be the
roots of S17k? =Nk + B173=0, A=p2+773- N2 Denote a=m1 —. All
Re (...)2 > 0.

a) Assume N #0,k; # k3. Then (C,n) satisfies the Complementing Condition iff
a[-12 + (303 + 7)1 + B37] # 0 and

(z+ kl)%[ax + (ks — Xe3)][acrz + (v1 + Blcl)]l— (z+ k’gl)%[ax + (z‘lk:l -
Xcy)][acsz + (v1 + Prez)] — a?(er — e3)x(x + k)2 (z + k3)2 (z + %)5 0

for all z € [0,00). Here ¢; = 2Ef =1 3,

b) Assume N =0. Then (C,n) satisfies the Complementing Condition iff
a[-72+ (383 + )11 + B3] # 0 and
Xvy(z+ kl)% +(x+ k3)%(a:p +61)% - a’x(z + kl)%(x + k’g)%(l' + %)% £0
for all 2 € [0,00). Here ky = & ky = 7

1
T1

c) Assume N #0,k; = k3. Then (C,n) satisfies the Complementing Condition iff
a[—7'12 + (363 + ’}/)Tl + 53’}/] # 0 and

Dz + k)2 [ax + (nk - Xé(k))![aclx + (1 + 6101)1 —(z+ kl)%[ax + (lﬁkl -
Xe)[ac(k)z+ (v + Bié(k)) ]+ S (kv —k)z(a+ k)2 (z+ k3) 2 (z + %)§}|k:k1 #0

for all x € [0,00). Here ¢(k) = %

Proof. We use the results of Theorem 5.3, 5.4 and require det C¢ # 0 for all
possible (£2,&3) € R~ {0} in order for the Complementing Condition to be
satisfied. In particular, when & = 0, Theorem 5.4 (iv) implies

a[~77 + (383 + )71 + B37] # 0 (31)

in all cases a), b), c).
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a)

N #0,ky # ks
In Theorem 5.4 (i) we put « = 33 € [0, 00).
Then r; = —(z+k;)3|&|, i=1,3, ro=—(z+25L)2|¢| and det C #0 iff

(z+ kl) [ax + (T1hks — Xe3)|[acix + (1y + ﬁlcl)] (z+ kg) [ax + (le:l
Xay)][acsz + (1 + Pres)] — a®(c1 — e3)x(x + k:l) (z+ k;3) (z+ g;) #0.

This must hold for all x € [0,00). The case & =0 is in equation (31). Also
Rer; <0< Re (z+k)2 >0, Re (x+%)% > 0.

N =0.
In Theorem 5.4 (ii) we put z = é—% €[0,00) 1i=—(x+ kz)%|§3|7
3

k=2 ky = 2 ks = 3 in det Cg.

The case &3 =0 is in equation (31).
N 7'{ 0, kl = kg.

In Theorem 5.4 (iii) we put x = 52 € [0,00) and

r= —(ZL‘+]€)%|§3|, k>0, Re (:L‘+k‘)2 > 0. Then 2 == (2r§§2)§k and

) 2 2\ g g2
r=ry < k=ky. Also we put ¢(r) = np(;\,)gf@ = o ]\5,252 s - nkB = (k)
3 3

so T17? = €3 = Xe(r)&3 = (11 - 7)63 + (k= X&(k))& = [ax + (mk - Xé(k))]ES

1 —C(T) T1k1 Tiki-B1 le Tik—B1 _ (k )
Then det C¢ # 0 in Theorem 5.4 (iii) iff

ak{(x+k1) [ax + (T1k - Xc(k))][aclx+(yl+ﬁlcl)] (a:'+/f)%[ax+l(7'1k1—
Xey)|[ac(k)x+ (v + fré(k)) ]+ ajgl(kl—k)x(x+k:1) ($+k3)5($+%)5}|k=k1%0-

This must hold for all = € [0,00). The case &3 =0 is in equation (31). We note
k is a real variable and k; € R (since k; is a double root of equation (22) which
has real coefficients).

]
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Chapter 6

Calculating the Complementing Condition when n = e j

In this Chapter we calculate the Complementing Condition for (C,n) with n = e3
and C' in Theorem 4.1. The calculations are similar to those in Chapter 5.

0
n=e3=|
1
&1
=1 &
0
Zl(t)
2(t) = 2o(t) |,t=0.
z3(1)

Let

i&121 1621 2

H=2®n+iz208=| iz, iz 25

1123 16223 Z;'g

Then by equation (7) and the formula for C[H ] in Theorem 4.1, we have
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ZLelz]1 = C[H' 13 +iC[H ]11& +iC[H ]1262

= Brz) +i& (X + 1) 25 — (€] + 0383) 21 — E1&2(v3 + ) 22
Ze[z]o = C[H' o3 + iC[H]9161 + 1C[H 2262

= frzy +i&a (X + 1)z = E1&a(vs +7) 21 — (B3] + &3 20
Ze[z]s = C[H' ]33 +iC[H]31&1 +iC[H 3260

= 1328 + 161 (X +vy) 2y + i€ (X + 1) 2 — Bi(E8 +£5) 23
Be[z]1 = C[H]13 = Przy +i&1v123

Be[z]2 = C[H]az = P12y +i&ov1 23

Be|z]s = C[H]s3 = 161X 21 + 16X 29 + T324

L]0

Brzt +i€1(X + 1) 25 — (&7 + B383) 21 — 162 (V3 +7) 22 = 0
Bizy +i&a(X +11)25 — &1&(vs + )21 — (B3€7 + 11&5) 22 = 0
32y +i61(X + 1) 2] +i&(X + 1)z — f1(E7 +€5) 23 =0

fort>0
Be[z] =0 <
Bz +i&iv123 =0
ﬁlzé + ngl/lzg =0
7'32:,3 + Zle,Zl + ZfQXZQ =0
att=0

We seek decaying exponential solutions of equation (18) of the form

z(t)=e"p, 20
for re C, Rer<0,peC3.
As in equation (18)
A(r) = M(rn +if),
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B(r)p=C[p® (rn+i&)]n for r e C,p e C? and

Zele'p] = A(r)pe™, 20,

PBele"'p) = B(r)p, =0 (36)

Then equation (33) implies
A(r)p=0. (37)

Substituting equation (35) into equation (32) with v3+~ =7 -3, X +14 = N and
using equation (36) yields the formula for A(r), B(r) :

Bir? — (& + B3€3) ~&1&(m - Bs) 1§ Nr
A= -a&(n-6)  Bir2- (B +n&) i&Nr
I 1§ N i§aNr 3% = B1(§F + €3) |

Bir 0 €11
B(r) = 0 pir  i&an

Zng ZSQX T3T

We are looking for nontrivial solutions (35) of equation (33) which requires p # 0
in equation (37) =—

det A(r)=0 (38)

Let

S = set of solutions of equation (33) on [0, 00) which are exponentially decreasing
as t — oo.

By Theorem 3.3, dim S = 3.
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Theorem 6.1.

det A(r) = (Bur? = Bs|EP?) (Bursr® = NEPr? + BrimE[h),

with A= 37 + 15— N2, |2 = & + &
det A(r) has roots +ry, +ry, +r3 € C with Re r; < 0,i=1,2,3.

Case i) N#0,ry # 13
v = SRS = kafé]?, 3 = Kafé
ko, ks € C are the roots of
617’3]{32 -k + 517'1 =0

/\Zﬂ%+T17'3—N2

With ) - ) ) ) )
—&2 &1 &
pr=& [ P27 & | P37 &
0 iCQ’f‘g ngT3

= Biki-m L _
C; = W, 1= 2,3

S = span {e"'py, e"'py, €73 ps}
Case ii) N=0
- 53|£|2 i = Bl = SleP

0 —&2 &1
D=0 1| Pr=| & |» P27| &

1 0 0

S = span {e"ipy, emipy, e"3ps}.
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Case iii) N # 0,75 =13

r? = S[E[2, 73 = kal€[?, 73 = ks|€[? with ky, ks as in Case i). With py,ps as in
equation (41) and

&1
p(r)=| &

ic(r)

C(T) Bir? 7'1\£|2

We have S = span{e™tp;,em?ps, %[e”p(r)“r:m}

Proof. To find det A(r) we reduce A(r) by row and column operations via E(r)
to a simpler matrix D(r).

Let

m(r)  =&ma(r) & Nr

D(r)=E(r)"A(ME) =| —&no(r) |€Pm(r) 0

& Nr 0 ns(r)

where
€[> = &3 + &5
m(r) = ir® = (1€ + B5€3)

n2(r) = Brr? = Bslé[?
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n3(r) = Tar? — ﬁ1|5|2

Expanding the determinant of D(r) about the third row —

det D(r) = [ det E(r)]* det A(r) = mo[EFN?r2IE + muns € + &3nems) ]

det E(r) =& .

Substituting for 7y, ns, 713, we get :

det A(r) = (8172 = B[€?) (Bimsr® = AEPr? + fiml€[*) =0, A= Bf+7i73— N?

Let the roots of equation (39) be +ry,+ry, +r3 € C, Re r; <0.

i) 7 satisfies

ﬁw?—mMP:o:z»r%=§Wf
1

2 2
ii) ro,rs satisfy Bimsrt — A[E|?r? + 51 [€[* = 0 and putting ko = %, ks = ‘2% ,
this is equivalent to ks, k3 € C satisfying equation (40) :
We have

3
ﬁzéﬁﬁﬁzmm%@=mm2

Case i): N 40,7 #13

The roots 1,79, 73 are in equation (43).

Next we find the null vectors p; of A(r;) satisfying equation (37). This is
equivalent to finding ¢; such that D(r;)g; =0 ,

then putting p; = const. E(r;)g;

Finding the null vector p; :

Ui 0 &N
D(ry) = 0 0 0
ilerl 0 R

Here n; = n;(r;).
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Then ¢ =| 1 | =

=2

m=E)a=| g

Finding the null vectors po, p3 :

Letting r =r; = k;|€]2, i=2,3 in D(r;), we can take

95
¢ = I where ¢; = %
1,161
&

p; = const. FE(r;)q; = const. 616

iciTi&1

Putting the constant = {;! =

&1

pi = 52 ) Z.=273

iCﬂ’i

Thus e™tpy, e"2tpy, e"3tps are exponentially decreasing solutions of equation (33) in
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S. They are linearly independent on [0, c0) since ry # r3 and {p1,p2}, {p1, ps}are
linearly independent in C3. Then S is spanned by emip;,i=1,2,3.

Caseii) : N=0

Equation (40) becomes (f51k —71)(73k — B1) = 0 s0 ky = 2+, k3 = 2-. The roots are

in equation (43). To find null vectors p; € C3 of A(r;) vfe 7have
Bir? = (méd + 5s€3)  ~&&al(m - fs) 0
A=l ~&&(n-B) A= (B + &) 0
0 0 Tyr? = B1 (83 + €2)
We get ‘ _
0 -& &

DP3=10 D= & D2=1 &

1 0 0

Since py, pa, p3 are linearly independent in C3, then e"!py, e™2!py, e73tps are
linearly independent on [0, c0) and they form a basis for S.

Case iii) : N #0,7m =73

The roots r; are as in Case i). With py, ps in equation (41), e™!p;,em2tpy € S are
linearly independent on [0, 00). A third linearly independent solution in S is

%[e’"'ﬂo(r)]h:r2 where

&

p=| & | o=

ic(r) ]

This follows from
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A(r)p(r) = ﬁ(ﬂﬁ:ﬂ“‘l - NP2+ mplE*) | o

1

But since ry = 3 then ks = k3 is a double root of equation (40) so
517’3k2 -k + 517’1 = 517'3(]{ - /{2)2 and similarly

Birard = NEPr? + mBu|E]* = frms(r? —r3)2.

0

Thus A(r)p(r) = i@;?’(r? -r2)?| o

1

So A(P)p(r)lr=r, = 5:[A)P()]lr=r, = 0.
0

As in the proof of Case iii) in Theorem 5.1 we see 5-[e"'p(r)]|r-y, is a solution in
S. Also it equals te"2!p, + e™2!p’(13) since

2 2
_nry—milél® _ mke-mi,. _ _ ; 3 ;
c(ry) = Ny = N T2 = Cory = p(re) = pe. Since py,py € C3 are linearly

independent then e™tpy, e"2tps, %[e”tp(r)]|rzr2 are linearly independent on [0, c0)
and form a basis for S.

]

Theorem 6.1 implies equation (33) has three linearly independent solutions
2D (1), 23)(t),23)(t) on [0, 00) which are exponentially decreasing.

We substitute these into %, in equation (32) at t =0,

Bir 0 &

'%75[2:] = 0 517“ ile/l

Z§1X Z£2X 3T

and

Ce = [Be[2V]liz0, B[z ]|i=0, B[z =0 ]
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C¢ is a 3 x 3 matrix.

In the following Theorem we find C¢ using Theorem 6.1.

Theorem 6.2

Case i) N#0,ry # 13

~Biri& 7”2(51 - V102)§1 7”3(/31 - V1C3)§1

Ce=| pim&  m(Bi-me)é  r3(Bi—1ies)é

0 i(T3cors + X|E]?) i(Tsesri + X[E?)

_ Biki-m  ; _
C; = N—ki’ 2—2,3

Case ii) N=0

=Biri& Biréi iy
Ce=| pimé&  Pirabs &y

0 ZX|§|2 T37T3

Case iii) N # 0,75 =13

=Biri&e 12(fr - 1ic2)6y %[(517’ = v16(7))&1]lr=r
Ce=| Bin& m(Bi-nw)é  Z[(Br-nc(r)ll-r,

0 i(meary + XIER) G [i(mse(r)r+ XIEP) lrmr,

C(T) Bir? 7-1\§|2

Proof. In the following we use equation (18) He[e"'p] = B(r)p at t =0 and
equation (30)
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B[ p(r)]] = - [Bp()] at £ =0

Case i) : N40,r9#1r3
—-Bir1&e
B[z =Br)pr = | Byt

0

7’2(51 - V102)€1
PBe[2D] = B(ra)ps = ro(B1 = 11¢2)&s

i(Tscory + X|E[?)

r3(B1 - v1e3)&

Be[23)] = B(r3)ps = r3(B1 = 1v1c3)éo

i(Tscars + X[EP)

Case ii): N=0

—~Biriée

PBe[»D] = B(r1)p1 = piri&a

Biraéy

B[] = B(ra)p2 = | Byry6,

X[
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1€y

Be[2O)] = B(ra)ps = | iny&y

7373

Case iii) : N #0,7m =73
—Biri&e
’@5[Z(1)] = B(Tl)pl = 517“151

0

7’2(51 - V102)§1

PBe[zD]=B(r2)p2= | 1y(81 - v109) &

i(Tscary + X[EP)

From equation (30) %e[2®] = Z[B(r)p(r)]| -, where

(Bir = vic(r))é
B(r)p(r) = (Bir - vic(r)&

(X () )

Theorem 6.3. We calculate det C¢

Case i) det C¢ =

% {[m3B1ka+ (XN =7173)] (B1 —v1c3)r3 = [1381ks + (XN =7173) ] (B1 —v102)70}
Case ii)

det Cg = —517’1|£|4 [XVl + 51\ /7'17'3]
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Case iii) det C
=i |E? & {[mscard + XIEP] (Bur — vac(r)) = [mse(r)r + X[EP2] (B1 - vica)ra}rer,

C(T) Bir? T1\€|2

Proof. Case i) Expanding det C¢ about the 31d row =

det C¢ = —i(Tsczrg + X[£[2) [Barirs(Br — vics) (- 52 )] + Z(7'3037% +
XI[EP) [Brrira(Bi —vica) (- §2 )]

= 1B |§P[(Tscars + XIE12) (81 = vies)rs — (m3esrs + X[E[) (81— vica)ra]
= B (B ke + (X = B2)) (Br — vies)rs — (B + (X = B2)) (B1 — vice)ra]

Case ii) Expanding det C¢ about the 3rd row =

det C¢ = =i X[ [(=5171&2) (11&2) = (Brri&) (i1&1) ] + mars[ (=11 &) (Bir2e) —
(B1r161) (Biraér) ]

= = X[E]2Bivnri (63 + &) — marsfirira (&5 +£7)
= =i |2 [ X €] + T3 f17ars]
= -G § [ Xy + Bi/TiTs]

using ro = —\/E_ll|§|7 r3=—y/ %|§|

Case iii) Let

-Biri&e  ra(Br - vic2)és (Brr = vie(r))&
Ce(r) = Biri& ra(fi - i) (Brr = vic(r))é2

0 i(mseary + X[E?) imse(r)r + X[E])

Expanding det C¢ in Case iii) about its 3rd column, we see det
Ce = 2 det Ce(r)|yer,-

Expanding det C¢(r) about the 3rd row

det Ce(r) = —i(m3cor? + X|EJ?) [Bar1(Bir —vae(r)) (=3 = €2)] + i(Tse(r)r +
X|5|2) [517"17“2@1 - 1/102)(_522 - f%)]
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= ifiri|€]? [(mscary + X[E]2) (Bir —vie(r)) = (mse(r)r + X[E[2) (81 — vica)rs]

Theorem 6.4.

Assume C' in Theorem 4.1, C' is strongly elliptic and n = e3. Let kg, k3 € C be the
roots of 617’3]{?2 -k + 617'1 = 07 A= 6% +T1T3 — NQ.

a) Assume N #0, ko # k3.

Then (C,n) satisfies the Complementing Condition iff

[73B1ks + (XN = 7173) (81 — V103)’€3% —[73B1ks + (XN - 1173) (1 — V102)/f2% #0

Biki-T _
Here Re k2 >0, ¢ =", 1=2,3.
b) Assume N =0.
Then (C,n) satisfies the Complementing Condition iff Xvy + 51./7173 # 0.
c) Assume N #0, kg = k3.

Then (C,n) satisfies the Complementing Condition iff

%{[TgCQk’Q + X (Bir = vie(r)) + [mae(r)r + X](51 - Vlcg)/{é”r:]m #0

p Bik firton
Here k5 >0, ¢y =272, o(r) = 257

Proof. We use Theorems 6.3, 5.3 and require det C¢ # 0 for all (&,&) e R2\ {0}
in order for the Complementing Condition to be satisfied.

a) N%O,kg#kg

1
In Theorem 6.3 (i) we have r; = k2| (|2 =E&2 +&2), i=2,3. Then
Rer; <0 = Re k? >0, and det C¢ # 0 for all |¢] # 0 gives a).

b) N =0.
This follows from Theorem 6.3(ii).
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C) N # 0 kg = k’g.
Here k9 is real since it is a double root of equatlon (40) which has real

coefficients. In Theorem 6.3(iii) we have ry = —k2 |£| and Re ry < 0 = k2 > 0.
Also by dividing r and r5 by [£| we may assume [¢] = 1.

]
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Chapter 7

Case with Stored Energy Function where 0 =1

Assume a stored energy function

WGU=%FF+W@&F)

ie. W(F) =0(v1,ve,v3) =v1 + ¥(v3)

where vy = $F.F,v3 = det F, F e Lin" for some C?-smooth function
U:(0,00) >R

Denote o = g—; =1,00=2%2=0,03= g—; =W/ (v3).

and o7 = 0,033 = ¥ (v3)

The Piola-Kirchhoff stress, S(F') = 01 F + 03CofF = 01F + 03 - (detF')F-T.
We linearize about Fy = diag [u%,,u%,w] for p,w > 0.

Then the elasticity tensor, C[H] = 4£S(Fy+tH)|io

= H +o3( det Fo)[(FyT-H)E;T - F;THTF;T) + 033(G3 - H)G?,

G3 =CofFy = (det Fy)F;T.

We have the constants

Y = os3p0?
V = o33

7 = o3prw
X = /ﬁag +7
Bi=03=1
m1=1+Y
3=1+V

v = —piroy
V3 = —wo3
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vy=wo3+Y
a=7-y=1-wos, b=1-L03
Then v3+v=7m-pF3=Y, and
X+ =27

Theorems 4.1, 4.2 still hold with the the above constants.

We calculate the Complementing Condition for (C,n) with C' in Theorem 4.1

and n = e;. The calculations are similar to those in Chapters 5, 6.

Let n=e1 =]

£3

21 (t)

z(t) = 2(t) |-te [0, 00)

Zg(t) ]

We get exactly the equations (14), (15) :
L) =0

T2y — (B33 + B1€2) 2y + i (vs + )2 +i&s(X +11)25 = 0
Bazy — (7'1522 + 5155)22 + Zfz(ﬁ —B3)2) — 5253()( +11)23=0
512:,3’ — (5155 + 7'35%)23 + Zgg(X + I/l)Zi - 6263()( + 1/1)2’2 =0

o4
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%&[2] =0«
7'121 + i’y€222 + 7;X£32’3 =0
B3z +iv3€az = 0 (45)
Brzg + 1116321 =0
att=0

We seek decaying exponential solutions of equation (44)

z(t)=€"p, 20 (46)
for re C, Rer<0,peC3.

Exactly as in equation (18), (36) we have
A(r)=M(rn+i), B(r)p=C[p(rn+i§)]p for r e C,p e C* and

Ze[e"'p] = A(r)pe™, 120, (47)
Bele"'p]=B(r)p, t=0

Then equation (44) implies
A(r)p=0 (48)

Substituting equation (46) into equation (13) with v3+~y=1-3=Y, X +11 =2
and using equation (47) we get

nir? — (&5 +&3) i&Yr &3 27
A(r) = iGYr - () -h&GZ |
| &34 -§2837 % — (5 + 73€3) ]

nr iy 163X

B(T) = ’L.€2V3 r 0 )

i53V1 0 r
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As in Theorem 3.3 det A(r) is a 6th degree polynomial in r and it has exactly
three roots r1,79,r3 € C with Re r; < 0. We let

S = set of solutions of equation (44) on [0, c0) which are exponentially decreasing
as t — oo.

dim S = 3.
Theorem 7.1.

Letting p =1r? - &2,
det A(r) = (p - &3)*(T1p — T3&3)- (49)
det A(r) has roots +ry, +ry, +r3 € C with Re r; < 0,4 =1,2,3. There are 4 cases.

Case i) &4 0,2 40,71 # 73

B=ri=let=G a8, =g 6. With

1 =& r3
=l i& |, p2=| o |s P3| i (50)
1
i-1&3 0 it g
| p2 | | | | |

S = span {e"'py, e py, em3lps}.
Case ii) £3#0,Z2=0

r?=ri=r2=|¢?=¢+¢2. With

—
(el
(el

p1= 0 , P2 = 1 , P3= 0 3

0 0 1

S = span {e"ipy, empy, e73ps}.

Case iii) £3#£0,Z2 40,1 =13
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Rl -G+8, B-g+28.

With py, ps in equation (50) and

.
. T1p(r)-£2
p(r)=| g |soelr) = PR
ic(r)&3

p(r) =1? - &2 we have
S'= span {e"'py, e py, S p(r)]lr=r, }-

Case iv) £3=0

—1&2 0 r? - 1&3
p2=| r, |, B3=|0 | p(r)=]| -i&,yr |
0 1 0

S = span {e"'py, e"5'p3, L[ep(r)]}ror }-

Proof. The proof follows that of Theorem 5.1. Note N = X + 14 = Z. Then det
A(r) is in equation (21). Also
Br=P0s=1, A=03+mm3-22=1+(1+Y)(1+V) -0 pPw? = 1+(1+Y)(1+V)-YV

=2+4Y +V =7+ 713, 5im1p? = N2p + Bims&s = (p? = €2) (11p? — 13€2) and equation
(21) gives (49).

Case i) {340, Z240,r #r3
The roots of equation (49) are p; = py = €3, p3 = 22&3 and
R B B L R B pe)

In the notation in Theorem 5.1, k1 =1, k3 = :—i’ The null vectors with p; of A(r;)

1
_Tik3-B1 _ 731 _ V. _ p2

=Z~-"I» 4 N -z ~Z~ &

Z

are in equation (23) with ¢; = 280 = 2L o

RS
%45

This gives equation (50).
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Case ii) £3#0,Z2=0

Z =0 = 033 =0 (since p,w >0)
—— Y:V:O p— 7'1:7'3:]_ —— k1:k3=1
— ri=rj=rd=gi g =lep

Also A(r) = (r2-[¢|?)I, I = identity matrix. Linearly independent null vectors of
A(r;) are py = eq,ps = e, p3 = e3 since A(r;) = 0.

Case iii) 30,2 40,1 =13
The roots are in Case i). This case is exactly as in Theorem 5.1 with

p(r)=| i& |
ic(r)&3

a2 2
c(r) = Tlp(;/)ggﬁlgg = n”é?g S p(r)=r2-€

Case iv) 3 =0
Exactly as in Theorem 5.1, 72 =¢3, i=1,2,3
r?—Ti&;

with p(r) = —iYré&y |, usingY =7 - .

0

Theorem 7.1 implies equation (44) has 3 linearly independent solutions
2 (1), 23 (t),23)(t) on [0, 00) which are exponentially decreasing. We
substitute these into %, in equation (45) at ¢ =0

T2 +i7€a29 +1XE323

‘%5[2] = Zé + ngfQZl

Zé + iV1£321
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and put

Ce = [Be[2V]|i-0, Be[ |0, B[ 2P ]li=0]

We find C¢ using Theorem 7.1.

Theorem 7.2
Case i) &340, Z2#0,r1 13

al¢f? iésléla all +b&3
Ce=| —ia&lé] a&3+&  ialors

. . 12
—i&[El520 &l i6rsta

a:ﬁ—’y,bzl—fag

Case ii) £3#0,Z2=0

—|5| &y 1€3X

Ce=| i&ws ¢ 0

i 0 —[¢] ]

Case iii) £3#£0,Z2 40,1 =13

aldP i&lla  Z[mir? 1€ - Xc(r)€)|en
Ce=| -ia&lé| a&2+8& 2 liagar]|rer,

~i&lElb m&s Fli&r(n +e(r)-r

a=71-7b=1-EL0o;
T1p(r)-€2
o(r) = 2, p(r) =12 - &,

Case iv) {3=0

29



iafol&l 0 Flnr®+ (= 1)y =) lelr]l—r,

Ce=| d&> 0 D&y (7r2 + v511E2) oo
0 —|&] 0
a=1 -7 =-l&]

Proof. We use equation (18) %B¢[e"'p] = B(r)p at t =0 and equation (30)
Bl 5rlertp(r)]] = 5 [B(r)p(r)] at t =0.

Casei) : £&3#0,Z240,r #713

algl?

Pe[zV]=B(r)p=|  —iakl¢]

—i&3|¢| = b

using v3+ 1 =1 —7v =a, b=1—5037 X4 =7.
/1“2

i&s/la

Pe[2P] = B(r2)p2 = aks + &2

1&263

a&3 + be?

‘%5[2(3)] = B(T3)p3 = iafgr3

) 12
i§3r3t—a

1
. 2
using 73 - X£= =0

Caseii) : £3#0,Z2=0
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—[¢]

Be[zV] = B(r)pr = | icory

1€311

i§27y
Be[2P]=B(ra)p2 = | -

1€3X

Be[2P]=B(rs)ps=| 0

el
Case iii) : £&#0,240,m =73
Be[2(V], Be[2(P] are the same as in Case i).

From equation (30), B¢[z(®)] = %[B(T)p(r)“r:r1

T2 - 75% - XC(?")E%

where B(r)p(r) = iagyr

i&sr(vy +c(r))

Case iv) : £3=0

iaa|&s|

Be[z(V] = B(ra)ps = al&?

0
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0

Be[2D]=B(rs)ps=| 0

i =[&|

From equation (30), B[z®] = Z[B(r)p(r)]}r-r

mird + (1= 1)y =) Ir

where B(r)p(r) = —i&(yr? + 137 E3)

0

using y=Y -v3, Y =71 - 1.

We calculate detC.

Theorem 7.3.

Denote a =1 - wos.

Case i) det C¢

= i&l€l- [a?rs(& + F &Il + (a&y + 0657

Case ii) det C¢ = —[¢|[(1 - w?03)&2 + (1 - po?)&3]

Case iii) det Ct

= ilel 4 & el [agd + 22 (o + e(r))EF] + [rr® =263 - Xe(r)e3] [06] + B3]} o,

Case iv) det C¢ = a|&|& -T2+ (3+7) T +7]

Proof. Case i) To find det C¢, multiply the first column of C¢ by (_IZTEIZ) and add
to the second column =—
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aléf? 0 a&s + be?

det Ce = det [ —jag|¢] & aors

1
—i&|E)45b -6l ibsrsia
| /"2 /4,2

Expanding this about the first row =—
det C¢ = i€3|§|ui% [a?rs(&63 + LE3)IE] + (adh + b€3)?]
Case ii) Expanding about the third row

det Cg = (i&s1) ([€]i&s X) — [€](I€7 + E3vvs) = —[SI[(L +yv5)€3 + (1 + 11 X)&Z].

Thenuse Z=Y =V =0, v=wos, X:/J/%O'g to get
—[EIL(1 - w?o3)&5 + (1 - po3)E3].

Case iii) Let

alf?ilfla mr? =46 - Xe(r)é

Ce(r)=| —ia&ls| a3+ iagar

i —i§3|5|u%b 118283 i&sr(vi +c(r))

Expanding detC; in case iii) about its 3'd column we see
det C¢ = £ det Ce(r)|r—r,. To find det C¢(r), multiply the first column of Ce(r)

by (Tgf) and add to its second column =—

det Ce(r)

- ialel{alelr{ag + 2 (4 c()EF) + [ =98 - Xe(r)63] [agh + 031

Case iv) This follows from the proof of Theorem 5.4 (iv) with £, = 83 = 1.

Theorem 7.4.

Assume C'in Theorem 4.1, C' is strongly elliptic and n = e;. Denote
1
a=1-wo3, b=1-E0s3. All (...)2 >0.
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a) Assume Z 40,71 # 73.
Then(C, n) satisfies the Complementing Condition iff
a[-m2+ (3+v)m +7] # 0 and
—a2(z+2)3 (v + &) (z+1)2 + (ax +b)2 #0
for all z € [0, 00).
b) Assume Z = 0.

Then (C,n) satisfies the Complementing Condition iff
(1-w?02)(1-po3)>0

¢) Assume Z =0,71 = T3.
Then (C,n) satisfies the Complementing Condition iff

a[-12+ (3+v)m +7] # 0 and

%{—a(w+k)%[ax+ %(1/1 +¢(k)) ] (z+ 1)% +[ax + (k- Xe(k))](ax+0)}r=1 #£0

for all z € [0, 00). Here ¢(k) = 2L,

Proof. We use Theorems 7.3, 5.3 and require det C¢ # 0 for all (&,&3) e R2~ {0}
in order for the Complementing Condition to be satisfied. In particular, when
€3 =0, Theorem 7.3 (iv) implies

a[-m2+(B3+7)1 +7] #0 (51)

in all cases a), b), ¢). Also r; =r3 < 1 =73.

a) Z+0,7 #73.

In Theorem 7.3 (i) we put = = 2—% € [0,00). Then
3

ry=—(z+2)3l&), [¢]= (x+1)3]&] with each (..)2 > 0. Then det C¢ £ 0 iff
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—a2(z+2)3(z+ &) (z+1)2 + (az +b)2 #0.
This must hold for all 2 € [0, 00). The case & =0 is in equation (51).

Z=0.

In Theorem 7.3 (ii), det C¢ # 0 for all (&2,&3) €e R2\ {0} iff 1 -w?0? and 1 - po?
are nonzero and have the same sign. Also 7 =1,y =wo3,a=1-wo3 = the
left side of equation (51) =2(1 -w?03) == equation (51) is satisfied.

Z#O,Tl = T3.

In Theorem 7.3 (iii) we put

5%6[0700)’ r=—(z+k)2|&), k>0, (z+k)2>0.

ﬂfzg

Then & = (2r§;?) 2 and r =1y < k=1 (since ry = —|¢], {2 =E2+&2).

g2 2 2y g2
Also we put C(T’) _mp(r)=& _ n(r-£)-& _ 71271 =é(/€) 0

7€~ Z¢€2
Tir? =765 = Xe(r)&E = (11 - 7)& + (mk - Xé(k))&S
= [az + (k- X¢(k))]E, 1] = (z +1)3[&).

Then det C¢ # 0 in Theorem 7.3 (iii) iff

%{—a(:):+1)%(x+k:)% [a:v+%(1/1 +¢(k))]+[ax+(mk-Xé(k))](ax+b) }Hi=1 # 0.

This must hold for all = € [0, 00). The case & =0 is in equation (51).
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Chapter 8

Conclusion

We calculated the Complementing Condition for the boundary value problem
given by equations (1), (2). We have considered different cases when (2 is a
cylinder and the unit normal, n = e; and n = e3. The assumed stored energy
function for material of the body depends on first, second and third invariants of
the deformation F.

We then calculated the Complementing Condition for a special case of stored
energy function when the unit normal, n = e;.

We have found solution sets of ODE system, substituted into the boundary
conditions and found the Complementing Condition equivalent to det C¢ # 0 for

all € in all cases. The Complementing Condition results are summarized in
Theorems 5.5, 6.4, 7.4.
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