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 (a) (b) 
 

Figure 6.8  (a) Image of the minute diagonal cracking following the primary horizontal crack and (b) image of the 
stress plume following the horizontal crack. Notice how minute diagonal cracking behind the primary horizontal 

crack reduces the resistance of material right above the horizontal (“Stress 0” is the stress in the x-direction in MPa). 
 
 

To test this hypothesis, the unloading behavior of the cohesive elements was changed 
from a residual model to an elastic model. Instead of the Talon-Curnier interface model in Figure 
2.2 where the interface separation is maintained until the stress returns to zero, an elastic model 
was used. The elastic model assumes unloading back to the origin, so the resistance of a 
damaged interface is stronger than in the residual model. In fact, elastic unloading was used for 
the remainder of the simulations in this thesis since the research from Zhang and Nguyen, as well 
as others, also use elastic unloading. The results for the 80x80 mesh and 132x48 mesh are shown 
in Figure 6.9. The simulations became unstable earlier in the fracture process, which is why only 
a short segment of the diagonal crack is shown. 
 
 

 
 (a) (b) 

 
Figure 6.9  Fracture path results using an elastic unloading model for (a) the 80x80 mesh and (b) the 132x48 mesh. 
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These results show improvement compared to the results for the residual unloading 
model (Figures 6.4 and 6.5). The 80x80 mesh predicts a crack angle of 64° compared to 60°, and 
the 132x48 mesh predicts diagonal crack initiation at 17.25 mm from the notch tip rather than 
40.5 mm from the notch tip. These results show a closer match to the experimental observations 
of a 70° crack initiating from the notch tip. These results also show improvement in the crack 
angle compared to the value of 49° in the Abaqus simulation in Figure 6.7. Nonetheless, these 
simulations continue to predict cracks that do not originate from the notch tip. They also 
continue to show minute diagonal cracking behind the horizontal crack like in Figure 6.8. 
However, this cracking is less severe because of the unloading condition, which results in the 
improvements in Figure 6.9.  
  

Ironically enough, Nguyen and other researchers had trouble with the crack propagating 
vertically from the notch tip before following a 70° angle [23,14].  Although the overall crack 
propagation formed an angle of about 69°, the initial crack propagation showed a short vertical 
segment along the interface projecting up from the notch tip [23]. The researchers investigated 
this phenomenon by removing the cohesive elements along this vertical edge. The result was 
very similar but without the initial vertical segment in the crack configuration. One might 
suggest using a similar approach for the simulations presented in this thesis by removing the 
cohesive elements along the horizontal edge projected from the notch tip. However, the goal of 
the DG method was to provide a robust technique capable of predicting natural behavior without 
significant user input. With this in mind, and considering the results shown in Figure 6.8, the 
vertical cohesive elements initiating from the notch tip were removed. The hope was to further 
limit the effects of the minute diagonal cracks that seemed to continue to prohibit a 70° crack 
from initiating from the notch tip. The results are shown in Figure 6.10.   

 

 
Figure 6.10  Fracture path for 80x80 mesh without cohesive elements in the vertical edge projecting from the notch 

tip (i.e. no cohesive elements between the blue and green regions). 
 

68°	

7	elements	@	1.25	mm	
=	8.75	mm	
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The motivation behind this simulation also stems from the unique visuals developed 
specifically for this research. In order to better understand the cohesive elements themselves, a 
technique was developed for visualizing the cohesive elements without the bulk elements 
present. This technique provides valuable insight into the stress states of the cohesive elements, 
among other things. It produces wireframe illustrations, as shown in Figure 6.11, that provide a  
means of visualizing the zero-thickness interface elements as thin lines.  Information such as the 
interface stress and separation, as well as the normal and tensile components of these vectors, 
can be visualized on these lines with color contouring. This allows the interface elements to be 
studied independently after a simulation is performed, and it provided valuable insights into the 
possible causes for the unexpected results encountered during this research.  
 
 

 
 (a)  t = 10 µs (b)  t = 13 µs 
 
 

 
 (c)  t = 15 µs (d)  t = 17 µs 
 

Figure 6.11  Stress resultant field (σ! = 𝜎!! + 𝜎!! ) of the DG elements near the notch tip, displayed on the 
wireframe figure for various time increments immediately after the compressive wave reaches the notch tip. 

 
 

Figure 6.11 motivated the removal of the vertical interface elements because it revealed 
how the top left portion of the plate was not being fully engaged. When the vertical edge 
separates, stress cannot flow through it anymore. At 10 µs, a significant stress can be seen in the 
vertical cohesive element. Then at 13 and 15 µs, the stress can be seen to flow into the diagonal 
cohesive element. Finally at around 17 µs, the horizontal element cracks and proceeds to make 
its way across the plate. In order for the crack to propagate off of the horizontal at an incline, 
significant mode-I loading needs to occur on a diagonal or vertical cohesive element.  Around 10 
µs into the simulation, the vertical cohesive element begins to separate.  If stress is trying to flow 
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into the “blue” region of the plate, it has to go around the vertical crack.  So a sufficiently strong 
tension component, which is required for mode-I loading, cannot develop in the vertical or 
diagonal cohesive elements because the stress is flowing around them. By removing the vertical 
cohesive elements projecting from the notch tip, the “blue” region was better able to contribute 
to the development of a mode-I loading. However, the result in Figure 6.10 is only a slight 
improvement. The crack still initiated at 8.75 mm from the notch tip, but the 68° angle is more 
accurate than the 64° crack angle shown in Figure 6.9a.  
   

As mentioned previously, the goal of the DG method was to provide a robust technique 
capable of predicting natural material behavior with minimal user input. The removal of targeted 
cohesive elements constitutes significant user input. An alternative possibility for facilitating 
stress flow into the left portion of the plate was mesh refinement. The hypothesis was that 
smaller elements may help develop mode-I loading on an inclined edge by shortening the 
distance for the stress to flow up and over the previously cracked vertical and diagonal edges. 
Additionally, mesh dependence of the arbitrary fracture pattern was assumed to decrease with 
increased refinement. Recall, the process zone is the area ahead of the crack tip where interface 
separation has occurred and the traction-separation law is operative. It is the region between 
where complete separation and no separation has occurred. Mesh refinement could improve the 
results of the experiment by providing a more accurate representation of this critical region. 

 
To test this supposition, the problem was simulated using two refined meshes: a 

structured cross quadrilateral mesh with refinement around the notch tip, and an unstructured 
mesh with refinement around the notch tip.  The mesh designs and resulting fracture paths are 
shown in Figures 6.12 through 6.14. The structured mesh contains 120,820 elements, bulk and 
cohesive, whereas the unstructured mesh contains 43,295; the refinement in the unstructured 
mesh is more locally prescribed.  Clearly the structured mesh failed to produce the expected 
results, with virtually vertical crack angles originating from a point 12.27 mm from the notch tip. 
However, the unstructured mesh provided the most accurate crack configuration of any of the 
simulations, with a 74° crack angle originating from the notch tip. Zoomed-in images of the 
mesh design around the crack tip in Figure 6.14 show the most significant difference between the 
two designs. Notice how the unstructured mesh does not have cohesive elements extending 
horizontally from the notch tip, therefore eliminating the possibility of horizontal crack 
propagation from the notch tip. Furthermore, the region where cohesive elements are located 
extends to the bottom of the plate, encompassing all material right of the notch tip. 

 
As previously discussed, Nguyen et al. [23] simulated the Kalthoff-Winkler using an 

unstructured mesh with local refinement around the notch tip, but their results showed a crack 
angle of 69° initiating from the notch tip. Their mesh contained elements as small as 0.25 mm, 
which closely matched the size of the refined meshes above. Although their mesh was 
unstructured, they had horizontal and vertical edges projecting out from the notch tip. It is clear 
that cohesive elements were inserted along the vertical face because the researchers removed the 
vertical edge after their crack configuration followed is for a short segment. However, it is 
unclear whether the researchers inserted cohesive elements along the horizontal edge.  
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 (a) (b) 
 

Figure 6.12  Mesh designs with local refinement for (a) a structured mesh and (b) an unstructured mesh. 
 

 

 (a) (b) 
 

Figure 6.13  Fracture path results for (a) the structured mesh with local refinement and (b) the unstructured mesh 
with local refinement. 

 
 

 
 
 
 
 
 
 

 (a) (b) 
 

Figure 6.14  Local refinement around notch tip (zoomed-in) for (a) structured mesh and (b) unstructured mesh. 
 

12.27	mm	

74°	
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The unstructured mesh above illustrates the effect of removing the horizontal edge.  By 
eliminating the possibility for mode-II crack propagation along the horizontal edge, the 
unstructured mesh forced immediate transition to mode-I propagation, sending the crack tip 
along the 74° incline.  Although this particular simulation using the DG method performed well 
compared to experimental and accepted research results, the other simulations employing the DG 
method all shared the delayed mode transition characteristic, predicting significant mode-II 
fracturing before transitioning to the inclined mode-I fracturing. Furthermore, the removal of the 
horizontal interface elements constitutes significant user input, which was to be avoided.  

 
Another possible cause for the discrepancies between the simulations performed in this 

research and the simulations of Zhang [22], in particular, was the fact that linear elements were 
used. Zhang used quadratic T6 elements, where as these simulations used linear T3 elements. 
One reason the refined meshes were simulated was to obtain a more accurate representation of 
the process zone. Similarly, quadratic elements could provide a more accurate representation of 
this critical region as well, perhaps resulting in a crack path that more accurately represents 
experimental results and the results of other computational solutions to the problem. A new DG 
simulation was conducted using quadratic T6 elements on an 80x80 cross-quadrilateral mesh – 
the same setup as Zhang’s simulation but using the DG method instead of the intrinsic cohesive 
zone method. The results are provided in Figure 6.15.  

 
Figure 6.15  Fracture path for 80x80 cross-quadrilateral mesh of quadratic T6 elements. 

 
Clearly the simulation failed to predict a crack initiating from the notch tip, but at 7.5 mm 

from the notch tip this simulation is the closest this research has come to the experimental 
observations. The propagation angle of 62° is reasonably close to the 70° experimental 
observation. The solution suggests that using quadratic elements does indeed provide a more 
accurate representation of the process zone, which according to experimental observations 
should promote mode-I brittle crack growth along the 70° direction.  
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7.  CONCLUSIONS 
 
 

Cohesive zone modeling can be an important tool for helping understand the mechanisms 
behind fracture and debonding. It can provide valuable insight into how and why structures fail.  
While intrinsic and extrinsic cohesive zone methods have proven useful, they come with 
disadvantages that make them particularly difficult to apply in dynamic simulations. Namely, the 
intrinsic methods bear the issue of artificial compliance wherein additional elastic potential 
energy is introduced to the system. Additionally, this method requires the specification of 
additional user-defined numerical tuning parameters like the initial slope on the traction-
separation law. Extrinsic methods can become computationally expensive for large-scale 
problems due to the necessity of dynamically modifying the mesh topology and associated arrays 
when the failure criterion is met. The proposed Discontinuous Galerkin (DG) offers the ability to 
model fracture without the issues associated with traditional cohesive zone methods.  The new 
contribution from this thesis is the application of the DG method to a mixed-mode dynamic 
problem for predicting arbitrary crack propagation – the Kalthoff-Winkler problem.  This thesis 
primarily compared the performance of the proposed DG method to an intrinsic model and a 
hybrid DG/extrinsic model, as well as experimental observations. Many simulations of the KW 
problem were performed using the DG method in this thesis: structured and unstructured meshes 
of different textures and refinement, linear and quadratic elements, implicit and explicit 
integration schemes, and elastic and residual unloading constitutive models. A simulation was 
also conducted in Abaqus using native intrinsic cohesive interface elements.  
 

All but one simulation resulted in a delayed mode transition, predicting significant mode-
II fracturing before transitioning to the inclined mode-I fracturing, which does not agree with the 
experimental results or the results of other researchers’ simulations of the problem. The only 
mesh that predicted a crack originating from the notch tip in this research did so because 
horizontal cohesive elements were not present at the notch tip. The simulations presented in this 
thesis predicted crack configurations that, while predicting the direction of the growth relatively 
accurately, did not accurately predict the location of initiation of the inclined crack.  The focus of 
this thesis was directed to attempting to explain the discrepancies between the results predicted 
by the DG models and other numerical models and experimental data.  Unfortunately, a 
definitive explanation was not determined. However, previous implementations of the DG 
method strongly suggest that it is a viable option for numerical modeling relative to other 
cohesive zone methods. The question still remains whether other modelers, such as Zhang and 
Nguyen, placed their cohesive elements along the horizontal edge emanating from the notch tip 
as was done in this research. The literature review revealed how sensitive the failure mode is to 
material properties, which also brings into question the reliability of experimental data from tests 
performed almost 30 years ago. While more recent experimental data has been reported on the 
shear-banding mode of failure, it appears little has been done experimentally in terms of the 
brittle mode of failure witnessed in the KW experiment.  

 
Another contribution of this thesis was a novel technique for visualizing cohesive 

element data through wireframe figures. The technique produces illustrations for visualizing 
zero-thickness interface elements as thin lines, upon which cohesive element data can be 
conveyed with color contouring. This allows the interface elements to be studied independently 
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after a simulation is performed, and it provided valuable insights into the possible causes for the 
unexpected results encountered during this research. 

 
The research presented in this thesis encourages future work. For example, the issue of 

delayed failure mode transition could be the result of the interpenetration of notch surfaces. In 
every simulation performed for this thesis, the faces of the original horizontal notch overlapped 
each other due to the absence of a finite gap in the numerical model and the presence of a 
negative mode-I stress intensity at the notch tip. In consideration of Lee and Freund’s work [31], 
contact forces could be added to the surfaces on either side of the notch to prevent their 
overlapping. This more realistic model could encourage mode-I crack growth originating from 
the notch tip. Another option could be to prescribe a higher maximum shear stress than the 
tensile stress in order to facilitate mode-I cracking. However, the goal of the DG method remains 
to provide a robust technique capable of predicting natural material behavior with minimal user 
input. 
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