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Abstract

The Drury-Arveson space, initially introduced in the proof of a generalization of von

Neumann’s inequality, has seen a lot of research due to its intrigue as a Hilbert space

of analytic functions. This space has been studied in the context of Besov-Sobolev

spaces, Hilbert spaces with complete Nevanlinna Pick kernels, and Hilbert modules.

More recently, McCarthy and Shalit have studied the connections between the Drury-

Arveson space and Hilbert spaces of Dirichlet series, and Davidson and Cloutâre have

established analogues of classic results of the ball algebra to the multiplier algebra

for the Drury-Arveson Space.

The goal of this dissertation is to contribute to this growing body of research

by studying the Hankel operators on the Drury-Arveson Space. We begin by

establishing basic results regarding the function theoretic properties of the Drury-

Arveson space and general properties of Hankel operators. It is then shown that every

invariant subspace of the d-shift on the Drury-Arveson space is an at most countable

intersection of kernels of Hankel operators. We then prove that if a function and its

reciprocal lie in the Drury-Arveson space, then that function must be a cyclic vector.

In addition, we prove that each multiplier invariant subspace on the vector-valued

Drury-Arveson space is an intersection of kernels of vectorial Hankel operators, and

we characterize a special class of symbols which induce a bounded Hankel operator

in terms of a Carleson measure condition on the symbol.
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Chapter 1

Introduction

1.1 History

One of the most fruitful ideas of mathematical analysis is to take operators acting

on a general Banach or Hilbert space and model them (via unitary equivalence) as

operators on a space whose elements are functions. In this way, one hopes that

questions about operators can be answered by the techniques of real or complex

analysis.

For instance, it is well known that an operator A on a separable space is normal

if and only if it is unitarily equivalent to a bounded multiplication operator Mϕ,

defined by Mϕf = ϕf , on L2(X,µ) for some finite measure space (X,µ). The basic

properties of the operator Mϕ can be determined by studying the properties of the

function ϕ. For instance, Mϕ is bounded if and only if ϕ is essentially-bounded and

the spectrum of Mϕ is precisely the essential-range of ϕ. Furthermore, one can easily

determine equivalent conditions for which Mϕ will be Hermitian, unitary, positive, or

a projection wholly based upon the properties of ϕ. In this way, we can recover many

of the basic facts about normal operators.

One of the major results which utilizes this line of reasoning is the Sz. Nagy

dilation theorem, which implies that every strict contraction on a Hilbert space is

1



unitarily equivalent to the restriction of a backward shift operator (of appropriate

multiplicity) to some invariant subspace. These backward shift operators can then

be modelled as operators on a vector-valued Hardy space of the unit disc (which has

been extensively studied). One of the applications of this theorem is a nice proof of

von Neumann’s inequality, which states that for any contraction T on some Hilbert

space we have that

‖p(T )‖ ≤ sup
z∈D
|p(z)|

for any polynomial p. Furthermore, the Sz. Nagy dilation theorem implies that

many other operators of interest have representations on the Hardy space, and thus

questions about these operators are equivalent to questions regarding functions in the

Hardy space.

In 1978, S. W. Drury generalized von Neumann’s inequality to the unit ball Bd
of Cd. In his paper [13], Drury showed for any fixed d ∈ N, there is an “archetypal”

d-tuple of operators S = (S1, ..., Sd) acting on some Hilbert Space H2
d such that

1. SiSj = SjSi for i, j ∈ {1, ..., d} and

2.
∑d

i=1 ‖Six‖2 ≤ ‖x‖2 for all x ∈ H2
d

with property that if T = (T1, ..., Td) is a d-tuple of operators on any (other) Hilbert

space H with these properties 1 and 2, then

‖Q(T1, ..., Td)‖ ≤ ‖Q(S1, ..., Sd)‖

for all analytic polynomials Q of d-variables. Drury’s proof is inspired by one of the

proofs of the Sz. Nagy dilation theorem mentioned in the previous paragraph. The

space H2
d , on which the tuple S is defined, is known today as the Drury-Arveson

space.

Now, Drury initially introduced the space H2
d as a weighted `2 space of d-tuples

of nonnegative integers. It was William Arveson, twenty years later, who brought the

Drury-Arveson space into a more function theoretic setting (see [4]). Since then a
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substantial amount of research has been done trying to solve the “standard” problems

one would generally ask about any Hilbert space of analytic functions. For instance,

the multipliers of H2
d are characterized by Fabrega and Ortega in [27], the Carleson

measures ofH2
d are characterized by Arcozzi, Rochberg, and Sawyer in [1], and Costea,

Sawyer, and Wick proved the Corona theorem for the multiplier algebra of H2
d in

[12]. However, at this time, there is no characterization of the symbols which induce

bounded Hankel operators on H2
d .

The study of Hankel operators traces back to the 1861 dissertation of Hermann

Hankel, in which he studied n × n matrices (aij)
n
i=1 which have the property that

aij = f(i+ j) for some function f : N→ C. It is well-known for infinite dimensional

matrices of this type when they are finite rank (see [21]), bounded ([26]), and compact

(see [17]). Study of these types of objects gives rise to the theory of Hankel operators

on the Hardy space and provides a good deal of information regarding the function

theory of the Hardy Space. For instance, it is known that a Hankel operator on

the Hardy space is bounded if and only if its associated symbol is of bounded mean

oscillation, which is equivalent to a certain measure theoretic condition on the symbol.

Furthermore, Hankel operators have applications in control theory and vector-valued

Hankel operators were used in Pisier’s example of an operator that is polynomially

bounded but not similar to a contraction.

1.2 Overview

The main goal of this dissertation is to study the space of Hankel symbols X (H2
d),

which consists of those symbols which induce bounded Hankel operators on the Drury-

Arveson space. Although no characterization of X (H2
d) is available at this time,

the theory of Hankel operators on H2
d allows us to prove results regarding invariant

subspaces of the “archetypal” tuple of operators introduced by Drury in his 1978 paper

and cyclic vectors on H2
d . Later in this dissertation, we provide a characterization of

Hankel symbols which lie in a special class of functions.
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Given any Hilbert space H consisting of holomorphic functions on the unit ball

Bd with the property that the polynomials are dense in H, one can define and study

the space of Hankel symbols X (H) for that space. For several well-known spaces,

there is a satisfactory characterization of X (H). For the Hardy Space H2(∂Bd),

Coifman, Rochberg, and Weiss proved in [11] that X (H2(∂Bd)) equals BMOA(Bd),

the functions of bounded mean oscillation on Bd. It also follows from their work that

for the weighted Bergman spaces A2
α(Bd) with α > −1, one has that X (A2

α) is the

Bloch space, which we will denote by B. Finally, for the Dirichlet space D of the unit

disk, a characterization of X (D) was given by Arcozzi, Rochberg, Sawyer, and Wick

in [2]. The Bloch space, Hardy space, and weighted Bergman spaces will be used

frequently throughout this dissertation and more information about these spaces is

provided in Section 2.2.

Now, there is a common element between the characterizations of the Hankel

symbols for the Hardy space, the weighted Bergman spaces, and the Dirichlet space:

they can all be rephrased in terms of a certain measure being a Carleson measure for

the underlying space. In Section 2.4, we give an overview of Carleson measures and

focus on the space CH2
d , which consists of those functions ϕ ∈ H2

d with the property

that |Rmϕ(z)|2(1 − |z|2)2m−ddV (z) is a Carleson measure for some (and hence, for

all) m ∈ N with 2m− d > −1. The next two results (see Theorem 3.2 and Theorem

7.2) provide evidence that C(H2
d) is the correct space to consider when trying to

characterize membership in χ(H2
d).

Theorem 1.1 (Richter, Sunkes [30]). C(H2
d) ⊆ X (H2

d) ⊆ B.

Theorem 1.2 (Sunkes [34]). Fix d ∈ N0 := N ∪ {0}. Let β ∈ Nd+1
0 with β1 = 0

and g ∈ Hol(D) be such that the function given by ϕ(z) = zβg(z1) satisfies ϕ ∈ H2
d+1.

Then ϕ ∈ X (H2
d+1) if and only if ϕ ∈ CH2

d+1.

The first inclusion in Theorem 1.1 follows from an argument involving the

equivalence of certain bilinear forms on H2
d and then several applications of the
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Carleson measure condition. The second inclusion follows from testing the Hankel

condition on the reproducing kernels of H2
d .

The proof of Theorem 1.2 involves showing that ϕ ∈ χ(H2
d+1) is equivalent to some

condition on the function g, and then showing that ϕ ∈ CH2
d+1 is equivalent to that

same condition on g. The proof of the theorem relies heavily on the characterizations

of the Hankel symbols for the Hardy space and weighted Bergman spaces on the unit

disk B1 and also on a decomposition of H2
d into a certain direct sum of these spaces.

Moreover, in Theorem 7.4, we show how to construct all the functions g for which

the equivalent conditions of Theorem 1.2 hold.

Now, to each ϕ ∈ X (H2
d), we associate its Hankel operator Hϕ. It turns out

that kerHϕ is an invariant subspace of the d-shift (Mz1 , ...,Mzd) for H2
d . In Theorem

4.3, we prove the following characterization of Lat(Mz, H
2
d), the collection of all the

invariant subspaces of the d-shift, in terms of the kernels of Hankel operators on H2
d .

Theorem 1.3 (Richter, Sunkes [30]). Let (0) 6= M ∈ Lat(Mz, H
2
d). Then there are

{bn}n≥0 ⊆ X (H2
d) such that

M =
⋂
n≥0

kerHbn .

The functions bn come from the density of finite linear combinations of the

reproducing kernels of H2
d . Using a result of McCullough and Trent (in [24]), one

shows that each bn is a multiplier for H2
d . For a function b ∈ H2

d , we have that b is a

multiplier for H2
d if and only if b is bounded and b ∈ CH2

d (see Theorem 2.3 or [27]).

Thus by Theorem 1.1 above, each multiplier for H2
d must lie in X (H2

d). The argument

in Theorem 1.3 is based on a proof by Luo and Richter in [23]. A vector-valued version

of this theorem is the content of Chapter 5.

A function f ∈ H2
d is said to be cyclic for H2

d if the set of all polynomial multiples

of f is dense in H2
d . For the Hardy space on the unit disk, the cyclic vectors are simply

the outer functions. For the weighted Bergman spaces and the Dirichlet space of the

unit ball, there is no characterization of cyclic vectors; although, for the Dirichlet
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space, there is a conjecture by Brown and Shields (see [7]). For H2
d , we prove the

following in Theorem 4.4.

Theorem 1.4 (Richter, Sunkes [30]). If f,
1

f
∈ H2

d , then f is cyclic in H2
d .

The analogue of this theorem for the Dirichlet space D of B1 was proven in [23]

by means of cut-off functions and an integral formula for the Dirichlet norm of an

outer function proven by Carleson. The proof of Theorem 1.4 is valid in the context

of the Dirichlet space and avoids these technicalities.

Of course, after proving a theorem like this, it is only natural to explore when it is

the case that a function f ∈ H2
d satisfies 1

f
∈ H2

d . To this end, we prove the following

theorem (see Theorem 4.6).

Theorem 1.5 (Richter, Sunkes [30]). If f ∈ H2
d ∩B, and if there is a c > 0 such that

|f(z)| ≥ c for all z ∈ Bd, then 1
f
∈ H2

d and f is cyclic for H2
d .

Here B is the Bloch space mentioned earlier. The Bloch space contains the

multipliers of H2
d , the bounded functions on Bd, and by virture of Theorem 1.1,

those functions in CH2
d . Because this theorem applies to multipliers for H2

d , it also

generalizes what is commonly referred to as the “one-variable Corona theorem” for

H2
d . The proof of Theorem 1.5 involves utilizing the realization that H2

d can be

identified as a Besov-Sobolev space, and then relies on the Bloch condition to estimate

the norms of the summands that appear when taking a higher order derivative of
1

f
.

1.3 Basic Notation

Before we start in earnest, we will introduce fundamental notation that will be used

throughout this dissertation.

For d ∈ N, let Bd =
{
z = (z1, ..., zd) ∈ Cd|

∑d
i=1 |zi|2 < 1

}
and let Hol(Bd) denote

the collection of complex-valued functions f on Bd which are holomorphic, or complex

differentiable, on Bd.
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For a d-tuple of nonnegative integers α = (α1, ..., αd), we will write α! =
∏d

i=1 αi!

and |α| =
∑d

i=1 αi. If we are further given a point z = (z1, ..., zd) ∈ Cd, then we will

write zα =
∏d

i=1 z
αi
i . With this notation in place, for every f ∈ Hol(Bd), we can find

coefficients f̂(α) ∈ C which satisfy

f(z) =
∑
α

f̂(α)zα

where the sum is taken over all d-tuples of nonnegative integers. Moreover, for n ∈ N,

we can write

fn(z) =
∑
|α|=n

f̂(α)zα

and we have

f(z) =
∞∑
n=0

fn(z).

This is called the homogeneous expansion of f .

For two positive quantities A = A(x1, ..., xn) and B = B(x1, ..., xn) which depend

on the variables x1, ..., xn, we will write A . B to mean that there is a constant

C > 0, independent of x1, ..., xn, such that A(x1, ..., xn) ≤ CB(x1, ..., xn) for any

choice of x1, ..., xn. For example, it follows from the convexity of the real-valued map

x 7→ x2 that (x + y)2 ≤ 2(x2 + y2) for all x, y ∈ R. We can (and will) write this as

(x+ y)2 . x2 + y2. In the case that A . B and B . A, we will write A ≈ B.

7



Chapter 2

The Drury-Arveson Space

2.1 Definition

For d ∈ N, the Drury-Arveson space H2
d is the Hilbert space of holomorphic functions

f(z) =
∑

α f̂(α)zα ∈ Hol(Bd) equipped with the norm

‖f‖2
H2
d

=
∑
α

α!

|α|!
|f̂(α)|2 <∞.

Given such an f ∈ H2
d and λ ∈ Bd, an application of the Cauchy-Schwarz inequality

gives

|f(λ)| ≤
∑
α

|f̂(α)||λα|

≤

(∑
α

α!

|α|!
|f̂(α)|2

) 1
2
(∑

α

|α|!
α!
|λα|2

) 1
2

=
‖f‖H2

d

1− |λ|2
.

This implies that the evaluation functional f 7→ f(λ) is bounded, and therefore

the Riesz Representation theorem implies that for every λ ∈ Bd there is a unique

vector kλ ∈ H2
d which satisfies f(λ) = 〈f, kλ〉H2

d
. These vectors kλ are called the

8



reproducing kernels of H2
d , and we say that H2

d is a reproducing kernel Hilbert

space. In fact, given λ ∈ Bd, we have that

kλ(z) =
1

1− 〈z, λ〉
=
∑
α

|α|!
α!

zαλ
α

which can be easily verified by using the definition of the inner product on H2
d . Note:

Although we will talk about other reproducing kernels throughout this dissertation,

we will reserve the notation kλ to mean the reproducing kernel for H2
d .

An alternate norm for H2
d can be given in terms of a Sobolev-type norm. In

particular, given an m ∈ N such that 2m− d > −1, we have that f ∈ H2
d if and only

if ∫
Bd
|Rmf(z)|2(1− |z|2)2m−ddv(z) <∞.

Here dv denotes Lebesgue measure on Bd and Rf =
∑d

i=1 zi
∂f
∂zi

is called the radial

derivative of f . To see this, it is enough to check that this is true for the monomials.

Noting that R(zα) = |α|zα, we have

∫
Bd
|Rm(zα)|2(1− |z|2)2m−ddV (z) = |α|2m

∫
Bd
|zα|2(1− |z|2)2m−ddV (z)

= |α|2m α!Γ(1 + 2m)

Γ(1 + 2m+ |α|)
(2.1)

∼ α!

|α|!
.

(Here we have used Lemma 2.1.1 in the next section.)

2.2 Spaces Related to H2
d

We will frequently return to the fact that H2
d is a reproducing kernel Hilbert space.

We now recall some of the basic properties for general reproducing kernel Hilbert

spaces on Bd (For the purposes of this dissertation, we fix our domain to be the unit

ball Bd, although these spaces can be studied in a more general context).

9



If H ⊆ Hol(Bd) is a reproducing kernel Hilbert space with reproducing kernels lλ,

then the set

S =

{
n∑
i=1

αilλi | α1, ..., αn ∈ C and λ1, ..., λn ∈ Bd

}
is dense inH. In fact, if f is perpendicular to lλ for all λ ∈ Bd, then f(λ) = 〈f, lλ〉 = 0,

so that f is identically equal to the zero function.

Using the reproducing property of the lλ, one can compute a nice expression for

the norm of an arbitrary element in S:

∥∥∥∥∥
n∑
i=1

αilλi

∥∥∥∥∥
2

=
n∑
i=1

n∑
j=1

αiαj〈lλi , lλj〉 =
n∑
i=1

αiαjlλi(λj) (2.2)

This implies that for any choice of λ1, ..., λn ∈ C, that the matrix (lλi(λj))
n
i,j=1 is

positive definite. In this case, we say that the function l : Bd × Bd → C given by

l(z, λ) = lλ(z) is a positive definite function and we write l� 0. Moreover, given

any positive definite function l : Bd × Bd → C, we can define a reproducing kernel

Hilbert space with the function lλ as its reproducing kernels, which will denote by

H(l).

When dealing with reproducing kernels, we will commonly exploit the following

result from [3], which is an excellent survey of the theory of reproducing kernels.

Theorem 2.1 (in [3]). Let l1 and l2 be positive definite functions on Bd. Then l1l2

is positive definite on Bd.

There is a special class of reproducing kernels that we will frequently use, so we will

have a special notation for them. For γ > 0, we will define Hγ to be the reproducing

kernel Hilbert space of functions in Hol(Bd) with reproducing kernel

kγλ(z) =
1

(1− 〈z, λ〉)γ

10



Note that in keeping with our assertion that k1
λ is the reproducing kernel for H2

d , we

have that H2
d = H1. Furthermore, we will write ‖f‖γ for the norm of a function

f ∈ Hγ; in particular, we will write ‖f‖1 = ‖f‖H2
d
.

This scale of spaces contains several well-known spaces. In particular, we have

that Hd is the Hardy Space H2(∂Bd) and

‖f‖2
d = sup

0<r<1

∫
Sn
|f(rζ)|2dσ(ζ)

where Sn = {z = (z1, ..., zd) ∈ Cd |
∑d

i=1 |zi|2 = 1} and dσ is Lebesgue measure on

Sn. For β > −1, we have that Hd+1+β is the weighted Bergman space A2
β(Bd) and

‖f‖2
d+1+β = cβ

∫
Bd
|f(z)|2(1− |z|2)βdv(z).

where

cβ =
Γ(d+ 1 + β)

n!Γ(β + 1)

is a normalization constant so that ‖1‖d+1+β = 1.

We will frequently need to work with the Bergman space norms. To this end, we

have the following two lemmas.

Lemma 2.1.1 (see Lemma 1.11 in [37]). Let α = (α1, ..., αd) be a d-tuple of

nonnegative integers and suppose that η > −1. Then

∫
Bd
|zα|2(1− |z|2)ηdV (z) =

α!Γ(d+ 1 + η)

Γ(d+ 1 + η + |α|)

Lemma 2.1.2. Let f(z) =
∑

α f̂(α)zα ∈ Hol(Bd). For η > −1, we have that

‖f‖2
d+1+η =

∑
α

α!Γ(d+ 1 + η)

Γ(d+ 1 + η + |α|)
|f̂(α)|2

11



We note that

kγλ(z) =
1

(1− 〈z, λ〉)γ
=
∞∑
n=0

an,γ
∑
|α|=n

|α|!
α!

zαλ
α

(2.3)

where

an,γ =
Γ(γ + n)

n!Γ(γ)
.

From this it follows that for a function f(z) =
∑

α f̂(α)zα, we have

‖f‖2
γ =

∞∑
n=0

1

an,γ

∑
|α|=n

α!

|α|!
|f̂(α)|2

In particular, if write f(z) =
∑∞

k=0 fk(z) for the homogeneous expansion for f , then

we have that

‖f‖2
γ =

∞∑
n=0

1

an,γ
‖fn‖2

1 (2.4)

Using this and mimicking Calculation 2.1 gives us the following proposition, which

we will frequently use.

Proposition 1. Let γ > 0 and n ∈ N. Then f ∈ Hγ if and only if Rnf ∈ Hγ+2n.

We will also need to know how the radial derivative R acts with the inner product

〈·, ·〉γ. Let f(z) =
∑

k fk(z), g(z) =
∑

k gk(z) ∈ Hol(Bd) be written with respect to

their homogeneous expansions, and note that Rf(z) =
∑

k kfk(z). Therefore, we

have that

〈Rf, g〉γ = 〈f,Rg〉γ =
∞∑
k=0

k

ck,γ
〈fk, gk〉1 (2.5)

where we have used Equation 2.4.

Another space that will be important for us is the Bloch space B, which is the

Banach space of those functions f ∈ Hol(Bd) with the property that

‖f‖B = sup
z∈Bd
|Rf(z)|(1− |z|2) <∞.

12



The property that we will frequently use regarding B is given by the following

proposition.

Proposition 2 (Theorem 3.5 in [37]). Let f ∈ Hol(Bd). Then the following are

equivalent:

1. f ∈ B

2. There is an m ∈ N such that

sup
z∈Bd
|Rmf(z)|(1− |z|2)m <∞.

3. For all m ∈ N we have that

sup
z∈Bd
|Rmf(z)|(1− |z|2)m <∞.

2.3 Multipliers

For a Hilbert space H ⊆ Hol(Bd), we say that a function b ∈ H is a multiplier of H,

and we write b ∈M(H), if for every f ∈ H, we have that fb ∈ H.

If we assume that H is a reproducing kernel Hilbert space, then to each b ∈

M(H) we can associate a bounded multiplication operator Mb : H → H given by

Mbf = bf that is colloquially called multiplication by b. To see this operator is in

fact bounded, suppose that fn, f, g ∈ H satisfy fn → f and Mbfn → g. Since point

evaluations are bounded in H, for every λ ∈ Bd, we have that fn(λ) → f(λ) and

b(λ)fn(λ) → g(λ). But this implies that b(λ)f(λ) = g(λ) so that bf = g. The claim

now follows by the closed graph theorem. We can therefore define the multiplier

norm of a function b ∈ H2
d as ‖b‖M = ‖Mb‖, where the second norm here denotes

the usual operator norm.

13



If H(l) ⊆ Hol(Bd) is a reproducing kernel Hilbert space and b ∈ M(H(l)), then

we have the relation M∗
b lλ = b(λ)lλ for any λ ∈ Bd. To see this, let g ∈ H(l). Then

〈g,M∗
b lλ〉 = 〈bg, lλ〉

= b(λ)g(λ)

= b(λ)〈g, lλ〉

= 〈g, b(λ)lλ〉

and the claim follows.

Now, because finite linear combinations of reproducing kernels are dense in H(l),

we see that the operator Mb is bounded if and only if

∥∥∥∥∥M∗
b

(
n∑
i=1

αilλi

)∥∥∥∥∥
2

.

∥∥∥∥∥
n∑
i=1

αilλi

∥∥∥∥∥
2

for every choice of α1, ..., αn ∈ C and λ1, ..., λn ∈ Bd. Using the fact that M∗
b lλ =

b(λ)lλ and repeating Calculation 2.2, we see that this is equivalent to

n∑
i=1

αiαjb(λi)b(λj)lλi(λj) .
n∑
i=1

αiαjlλi(λj).

This implies that there is a constant C > 0 such that the function

B(z, λ) = (C − b(z)b(λ))lλ(z)

is positive definite. In fact, with virtually the same calculations, we have the following

useful proposition.

Proposition 3. Let H(l1),H(l2) ⊆ Hol(Bd) be reproducing kernel Hilbert Spaces and

let b ∈ Hol(Bd). Then the formal adjoint of the operator operator Mb : H(l1)→ H(l2)

satisfies

M∗
b l

2
λ = b(λ)l1λ

14



for all λ ∈ Bd. Furthermore, Mb is bounded if and only if there is a constant C > 0

such that the function

B(z, λ) = Cl2λ(z)− b(z)b(λ)l1λ(z)

is positive definite.

Now, let b ∈ M(H(l)). We have shown that for every λ ∈ Bd that b(λ) is an

eigenvalue of Mb : H(l)→ H(l). Therefore, we have that

sup
λ∈Bd
|b(λ)| ≤ ‖Mb‖.

This implies thatM(H(l)) ⊆ H∞(Bd), whereH∞(Bd) is the algebra of those functions

f ∈ Hol(Bd) which satisfy

‖f‖∞ = sup
z∈Bd
|f(z)| <∞.

For the Hardy Space Hd = H2(Bd) and the weighted Bergman spaces Hd+1+α =

A2
α(Bd) with α > −1, it is easy to see that the multipliers of these spaces are

precisely the H∞(Bd) functions (largely because their norms involve the integral of

the function).

Unfortunately, for the Drury-Arveson space H2
d , the situation is not as simple.

In fact, Arveson gave an example of a bounded function which does not lie in H2
d ,

and thus, in order to characterize multipliers for H2
d , another condition is needed.

The characterization of the multipliers of H2
d involves certain measures being what is

referred to as a Carleson measure.

2.4 Carleson Measures

If H ⊆ Hol(Bd) is a Hilbert space, then a positive measure µ on Bd is called a

Carleson measure for H if the inclusion i : H → L2(µ) is bounded. This is

15



equivalent to the existence of a constant C > 0 which satisfies

∫
Bd
|f(z)|2dµ(z) ≤ C2‖f‖2

H

for all f ∈ H. The smallest such C which appears above (which is equal to the norm

of the inclusion i) is called the Carleson measure norm of µ and which we will

denote by ‖µ‖Carleson.

Now, if b ∈ Hol(Bd), m ∈ N, and β > −1, then we see that the measure

|Rmb(z)|2(1−|z|2)βdv(z) is a Carleson measure for Hγ for some γ > 0 if and only if the

multiplication operator MRmb : Hγ → Hd+1+β is bounded. By means of Proposition

3, we can show that the boundedness several of these types of Carleson measures

are equivalent. The proof of this fact was given in [8]; however, we will provide an

alternate proof here based on the theory of reproducing kernel Hilbert spaces. Before

giving this proof, we prove three lemmas which illustrate how the use of positive

definiteness can be useful for proving results about multipliers for the space Hγ with

γ > 0.

Lemma 2.1.3. Let γ, η > 0 and suppose that b ∈ Hol(Bd) is such that the operator

Mb : Hγ → Hη is bounded. Then

sup
z∈Bd
|b(z)|2(1− |z|2)η−γ <∞.

Proof. By Proposition 3, we have that there is a constant C > 0 such that

C

(1− 〈z, λ〉)η
− b(z)b(λ)

(1− 〈z, λ〉)γ
� 0

The result now follows from the resulting inequality by testing this positive

definiteness for z = λ.
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Lemma 2.1.4. Let η > −1 and let β < 1+η. Then for any b ∈ Hol(Bd), the operator

Mb : Hd+1+η−β → Hd+1+η is bounded if and only if

sup
z∈Bd
|b(z)|2(1− |z|2)β <∞.

Proof. Let C be equal to the supremum in the statement of the corollary.

(⇒) If Mb is bounded, then we have that C <∞ by Lemma 2.1.3.

(⇐) Since η > −1, we have that Hd+1+η is equal to the weighted Bergman space

A2
η(Bd). Therefore, we have that

‖fb‖2
d+1+η = cη

∫
Bd
|f(z)b(z)|2(1− |z|2)ηdV (z)

≤ Ccη

∫
Bd
|f(z)|2(1− |z|2)η−βdV (z)

=
Ccη
cη−β
‖f‖2

d+1+η−β.

We note that for the last equality we needed that η − β > −1.

Note that taking β = 0 in the previous corollary yields a proof of the fact that

M(Hd+1+η) = H∞(Bd) for η > −1.

Lemma 2.1.5. Let η, γ > 0 and suppose that Mb : Hγ → Hη is bounded. Then for

any ε > 0, we have that the operator Mb : Hγ+ε → Hη+ε is bounded.

Proof. Let ε > 0. By Proposition 3, we have that there is a constant C > 0 such that

C

(1− 〈z, λ〉)η
− b(z)b(λ)

(1− 〈z, λ〉)γ
� 0.

Then, Theorem 2.1, we have that

C

(1− 〈z, λ〉)η+ε
− b(z)b(λ)

(1− 〈z, λ〉)γ+ε
� 0

since kελ � 0. The result now follows by another application of Proposition 3.
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Theorem 2.2 (Corollary 3.12 in [8]). Let γ > 0. For a function b ∈ Hγ, the following

are equivalent:

1. the operator MRmb : Hγ → Hγ+2m is bounded for some m ∈ N.

2. the operator MRmb : Hγ → Hγ+2m is bounded for all m ∈ N.

Proof. It is clear that 2 implies 1, therefore we need only show that 1 implies 2.

Fix m ∈ N and suppose that MRmb : Hγ → Hγ+2m is bounded. By Lemma 2.1.5,

we have that MRmb : Hγ+2 → Hγ+2(m+1) is bounded. By the product rule, we have

that fRm+1b = R(fRmb)−RfRmb, and therefore

‖fRm+1b‖2
Hγ+2(m+1)

. ‖R(fRmb)‖2
Hγ+2(m+1)

+ ‖RfRmb‖2
Hγ+2(m+1)

. ‖fRmb‖2
Hγ+2m

+ ‖Rf‖2
Hγ+2

. ‖f‖2
γ.

This implies that MRm+1b : Hγ → Hγ+2(m+1) is bounded. In fact, by induction, we

actually have that MRm+kb : Hγ → Hγ+2(m+k) is bounded for all k ∈ N. Therefore it

suffices to show that MRb : Hγ → Hγ+2 is bounded.

Now, choose M ∈ N large so that 2(M −m+ 1) > d− γ. Then we have that

‖fRb‖2
Hγ+2

≈ ‖RM(fRb)‖2
Hγ+2(M+1)

.
M∑
k=0

‖RkfRM−k+1b‖2
Hγ+2(M+1)

It now suffices to prove the appropriate boundedness of the individual terms in the

above summation.

If M −m+ 1 ≥ k, then we have that

‖RkfRM−k+1bn‖2
Hγ+2(M+1)

. ‖Rkf‖2
Hγ+2k

≈ ‖f‖2
Hγ

18



since the multiplication operator MRM−k+1b : Hγ+2k → Hγ+2(M+1) is bounded since

M − k + 1 ≥ m.

Now suppose that k ≥ M −m + 1, which implies that 2k + γ > d. By Lemma

2.1.3, the boundedness of MRmb : Hγ → Hγ+2m implies that

sup
z∈Bd
|Rmb(z)|2(1− |z|2)2m <∞

so that f ∈ B by Proposition 2. Therefore, by the same proposition, we have that

sup
z∈Bd
|Rnb(z)|2(1− |z|2)2n <∞

for all n ∈ N and therefore by taking n = M − k+ 1, η = γ+ 2(M + 1)− (d+ 1), and

β = 2(M − k + 1) in Lemma 2.1.4, we have that the operator MRM−k+1b : Hγ+2k →

Hγ+2(M+1) is bounded (Note: For this we need β < η + 1, which is equivalent to

γ + 2k > d). Finally, we have that

‖RkfRM−k+1bn‖2
Hγ+2(M+1)

. ‖Rkf‖2
Hγ+2k

≈ ‖f‖2
Hγ

and the result follows.

In light of this result, we will define CHγ to be the set of all those functions in

Hγ which satisfy condition 2 of Theorem 2.2. Furthermore, using this theorem, we

can finally prove the characterization of multipliers for H2
d , and more generally, the

multipliers of Hγ for γ > 0.

Theorem 2.3 (Theorem 3.7 in [27]). Let γ > 0. A function b ∈ M(Hγ) if and only

if b ∈ H∞ ∩ CHγ.

Proof. (⇒) Suppose that b ∈ M(Hγ). We have mentioned the necessity of b ∈ H∞

in Section 2.3. If b ∈ M(Hγ), then we have that Mb : Hγ → Hγ is bounded.

By Lemma 2.1.5, we have that Mb : Hγ+2 → Hγ+2 is bounded. Therefore, using
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fRb = R(fb)− (Rf)b, we have that

‖fRb‖γ+2 ≤ ‖R(fb)‖γ+2 + ‖(Rf)b‖γ+2 . ‖fb‖γ + ‖(Rf)‖γ+2 . ‖f‖γ

which shows that MRb : Hγ → Hγ+2 is bounded. Therefore b ∈ CHγ.

(⇐) Suppose that b ∈ H∞ ∩ CHγ. Let m ∈ N be large so that γ + 2m > d. Then

we have that

‖fb‖γ ≈ ‖Rm(fb)‖γ+2m .
m∑
k=0

‖RkfRm−kb‖γ+2m.

Since b ∈ H∞, we have that

‖(Rmf)b‖γ+2m . ‖Rmf‖γ+2m ≈ ‖f‖γ

since Mb : Hγ+2m → Hγ+2m is bounded if and only if b ∈ H∞ by Lemma 2.1.3 (take

β = 0 and η = γ + 2m − (d + 1)). If k < m, then since b ∈ CHγ, we have that

MRm−kb : Hγ → Hγ+2(m−k) is bounded. Therefore, by Lemma 2.1.5, we have that

MRm−kb : Hγ+2k → Hγ+2m is bounded and therefore

‖RkfRm−kb‖γ+2m . ‖Rkf‖γ+2k ≈ ‖f‖γ.

Hence we have that ‖fb‖γ . ‖f‖γ so that b ∈M(Hγ).

We mention there that for γ ≥ d, it is the case that M(Hγ) = H∞, so that the

requirement that the function be in C(Hγ) is not needed in these cases (in fact, it

turns out that H∞ ⊆ CHγ in these cases). That this is true for γ > d can be seen by

taking β = 0 in Lemma 2.1.4. The case when γ = d follows along the same type of

proof as used in Lemma 2.1.4.
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Chapter 3

Hankel Operators

3.1 Definition

Let H ⊆ Hol(Bd) be a Hilbert space such Hol(Bd) is dense in H. We then write

b ∈ X (H) and call b a Hankel symbol of H if there is a constant C > 0 such that

|〈fg, b〉| ≤ C‖f‖‖g‖ (3.1)

holds for all f, g ∈ Hol(Bd). We will write ‖b‖X (H) for the smallest such C that can

appear in the above inequality.

Now, let H be the Hilbert space that equals H as a set but is equipped with the

inner product

〈f, g〉H = 〈g, f〉H.

If b ∈ X (H), then we have that the sesquilinear form given by (f, g) 7→ 〈fg, b〉 extends

to be bounded on H ×H. Therefore, we can find a bounded operator Hb : H → H,

which we will call the Hankel operator with symbol b, which satisfies the relation

〈Hbf, g〉H = 〈fg, b〉H.
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If H = H(l) is a reproducing kernel Hilbert space, then one can easily find several

elements of X (H). In particular if λ ∈ Bd and if f, g ∈ Hol(Bd), then

|〈fg, lλ〉| = |f(λ)||g(λ)| ≤ ‖f‖‖g‖‖lλ‖2.

Therefore lλ ∈ X (H) with ‖lλ‖X (H) ≤ ‖lλ‖2.

If H turns out to be a Banach algebra (this is true for some weighted Dirichlet

spaces on D, for instance), then X (H) = H by the Cauchy-Schwarz inequality and the

standard Banach algebra inequality. However, there are several spaces, the Drury-

Arveson space included, that are not algebras. In order to have a context in which to

talk about products of functions in Hilbert spaces that are not algebras, we will now

introduce the concept of a weakly-factored space.

3.2 Weakly Factored Spaces

Let H ⊆ Hol(Bd) be a Hilbert space. We then define the weakly-factored space

H�H =

{
∞∑
i=1

gihi | gi, hi ∈ H and
∞∑
i=1

‖fi‖‖gi‖

}
.

We can define a norm on H�H by

‖f‖∗ = inf

{∑
i

‖gi‖‖hi‖ | f =
∑
i

gihi where gi, hi ∈ H

}
.

The following is a special case of Theorem 1.3 in [29], which illustrates the

connection bewteen H2
d �H2

d and X (H2
d).

Theorem 3.1. For every b ∈ X (H2
d), define the map Lb : H2

d → C by

Lb(h) = 〈h, b〉.
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Then Lb extends to be bounded on H2
d � H2

d , and furthermore, the map b 7→ Lb is a

conjugate linear isometric isomorphism of X (H2
d) onto (H2

d �H2
d)∗.

3.3 Equivalence of Bilinear Forms

For the Drury-Arveson space H2
d = H1, the inequality 3.1 is equivalent to the

boundedness of several other bilinear forms.

Lemma 3.1.1. Let b ∈ H2
d . Then the following are equivalent:

(a) b ∈ X (H2
d),

(b) there is an integer n ≥ 0 and a C > 0 such that

|〈ϕψ,Rnb〉n+1| ≤ C‖ϕ‖1‖ψ‖1 for all ϕ, ψ ∈ Hol(Bd),

(c) for all integers n ≥ 0 there is a C > 0 such that

|〈ϕψ,Rnb〉n+1| ≤ C‖ϕ‖1‖ψ‖1 for all ϕ, ψ ∈ Hol(Bd).

Proof. It is trivial that (c) implies (a) and that (a) implies (b), hence we only need

to show the implication (b) ⇒ (c). This will follow, if we show that for each integer

n ≥ 0 there is a c > 0 such that∣∣∣∣〈ϕψ,Rnb〉n+1 −
1

n+ 1
〈ϕψ,Rn+1b〉n+2

∣∣∣∣ ≤ c‖ϕ‖1‖ψ‖1‖b‖1. (3.2)

Let f ∈ Hol(Bd), and let b =
∑

k≥0 bk and f =
∑

k≥0 fk be the homogeneous

expansions of b and f . Since b ∈ H1, we have that Rnb ∈ H1+2n for each n ≥ 0, and

thus the series

〈f,Rnb〉n+1 =
∑
k≥0

kn

ak,n+1

〈fk, bk〉1

converges absolutely.
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Since

ak,n+2

ak,n+1

=

(
Γ(n+k+2)
k!Γ(n+2)

)
(

Γ(n+k+1)
k!Γ(n+1)

) = 1 +
k

n+ 1

one easily proves from Equation 2.4 that

〈f,Rnb〉n+1 = 〈f,Rnb〉n+2 +
1

n+ 1
〈f,Rn+1b〉n+2.

Thus ∣∣∣∣〈f,Rnb〉n+1 −
1

n+ 1
〈f,Rn+1b〉n+2

∣∣∣∣ ≤∑
k≥0

kn

ak,n+2

‖fk‖1‖bk‖1

≤ ‖f‖2

(∑
k≥0

ak,2k
2n

a2
k,n+2

‖bk‖2
1

)1/2

≤ c‖f‖2‖b‖2

≤ c‖f‖2‖b‖1

for some c > 0. The second to last inequality followed since for each n we have

ak,n+1 ∼ (k+ 1)n as k →∞ (see e.g. [35], p. 58.) Thus there is a c > 0 such that for

all k ≥ 0 one has
ak,2k

2n

a2k,n+2
≤ c

k+1
.

In [29] (see Theorem 1.4), it was shown that for any reproducing kernel Hilbert

space H(k) with reproducing kernel k one has a contractive inclusion H(k)�H(k) ⊆

H(k2). We apply this with k = k1, the Drury-Arveson kernel, to obtain ‖ϕψ‖2 ≤

‖ϕ‖1‖ψ‖1 for all ϕ, ψ ∈ Hol(Bd). Inequality 3.2 then follows by substituting f = ϕψ

in the earlier estimate.

Theorem 3.2.

M(H2
d) ⊆ C(H2

d) ⊆ X (H2
d) ⊆ B.

Proof. It follows from Theorem 2.3 that M(H2
d) ⊆ C(H2

d).
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Now, from Formula 2.3 we have that

k2
λ(z) =

∞∑
n=0

(n+ 1)
∑
|α|=n

|α|!
α!

zαλ
α

=
∑
α

|α||α|!
α!

zαλ
α

+ kλ(z).

If b ∈ H2
d , then writing b(z) =

∑
α b̂(α)zα, we have that

Rb(λ) =
∑
α

|α|b̂(α)λα =
∑
α

α!

|α|!
b̂(α)
|α||α|!
α!

λα = 〈b, kλ(kλ − 1)〉.

If, additionaly, b ∈ X (H2
d), then we have that

|Rb(λ)| = |〈kλ(kλ − 1), b〉|

≤ ‖b‖X (H2
d)‖kλ‖‖kλ − 1‖

= ‖b‖H(H2
d)‖kλ‖

√
‖kλ‖2 − 1

≤
‖b‖X (H2

d)

1− |λ|2
.

Thus we see that

sup
z∈Bd
|Rb(z)|(1− |λ|2) ≤ ‖b‖X (H2

d)

so that b ∈ B by Proposition 2. Thus X (H2
d) ⊆ B.

It is left to show that C(H2
d) ⊆ X (H2

d). To this end, choose m large enough so

that 2m− d > −1. By Lemma 3.1.1, it suffices to show that

|〈fg,R3mb〉1+3m| . ‖f‖1‖g‖1

and by Formula 2.5, this is equivalent to

|〈R2m(fg), Rmb〉1+3m| . ‖f‖1‖g‖1.
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Furthermore, we have that

〈R2m(fg), Rmb〉1+3m =
2m∑
k=0

 2m

k

 〈RkfR2m−kg,Rmb〉1+3m.

It now suffices to show the boundedness of each of the terms in the sum. By symmetry,

we may also assume that 0 ≤ k ≤ m. Then we have that 2(m + k) − d > −1 and

2(2m− k)− d > −1 and since 1 + 3m > d, we have that

|〈RkfR2m−kg,Rnb〉3m+1| .
∫
Bd
|RkfR2m−kgRmb|(1− |z|2)3m−ddV

.

(∫
Bd
|RkfRmb|2(1− |z|2)2(m+k)−ddV

)1/2

(∫
Bd
|R2m−kg|2(1− |z|2)2(2m−k)−ddV

)1/2

≈ ‖RkfRmb‖2(m+k)+1‖R2m−kg‖2(2m−k)+1

. ‖f‖1‖g‖1,

Here we have used Theorem 2.2 and recalled the equivalent norms from Section 2.1.
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Chapter 4

Characterization of Lat(Mz, H
2
d)

4.1 Motivation

We now turn to the characterization of the invariant subspaces of the d-tuple of

operators Mz = (Mz1 , ...,Mzd) on H2
d . We will write M ∈ Lat(Mz, H

2
d) if M is a

closed subspace of H2
d which satisfies ziM⊆M for all i ∈ {1, ..., d}. Our motivation

is a classical theorem of Beurling that gives a characterization of Lat(Mz, H
2
1 ).

Theorem 4.1 (Beurling). Let (0) 6= M be an invariant subspace for Mz on H2
1 =

H2(D). Then there is a function Θ ∈M which satisfies

1. Θ ∈M	 zM.

2. lim
r→1−

|Θ(reiθ)| = 1 for a.e. eiθ ∈ T.

3. M = ΘH2(D).

The proof of Beurling’s Theorem can be given using the isometric identification

of functions f ∈ H2(D) with their radial limit function

f ∗(eiθ) = lim
r→1−1

f(reiθ)
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(see Chapter 17 of [32]). We note that f ∗ exists for a.e. eiθ ∈ T = {z ∈ C | |z| = 1}

and that the limit exists in a nontangential region about the point eiθ (again, for a.e.

eiθ).

Now, if b ∈ X (H2(D)), then we have that

〈Hb(zf), g〉H2(D) = 〈zfg, b〉H2(D) = 〈Hbf, zg〉H2(D). (4.1)

This implies that if Hbf = 0 then Hb(zf) = 0; that is, we have that kerHb ∈

Lat(Mz, H
2(D)). Using the identification in the previous paragarph, we can use

Beurling’s theorem to show that everyM∈ Lat(Mz, H
2(D)) is actually the kernel of

a Hankel operator.

Proposition 4. Let (0) 6= M be an invariant subspace for Mz on H2
1 = H2(D).

Then there is b ∈ X (H2
1 ) which satisfies M = kerHb.

Proof. Let b = M∗
zΘ, where Θ is the function given to us by Beurling’s Theorem for

M. Then for polynomials f, g ∈ H2(D), we have that

|〈fg, b〉H2(D)| = |〈zfg,Θ〉H2(D)|

≤
∫ 2π

0

|eiθf(eiθ)g(eiθ)Θ(eiθ)|dθ
2π

=

∫ 2π

0

|f(eiθ)g(eiθ)|dθ
2π

≤ ‖f‖H2(D)‖g‖H2(D)

where the last inequality follows by Hölder’s inequality. Thus b ∈ X (H2(D)).

Now, let f ∈M. Then for any n ∈ N0, we have that

〈Hbf, z
n〉H2(D) = 〈znf, b〉H2(D) = 〈zn+1f,Θ〉H2(D) = 0. (4.2)

Therefore M⊆ kerHb.
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Conversely, suppose that f ∈ kerHb ∩M⊥. By the previous calculation, we have

that znf ⊥ Θ for all n ∈ N. Since f ∈ M⊥, we have that f ⊥ znΘ for all n ∈ N0.

By the identification of functions in H2(D) with the radial limit functions in L2(T),

we therefore have that the Fourier coefficients of the function f ∗θ
∗

are all identically

zero. Therefore we have that f ∗θ
∗

= 0 a.e. on T. But since |θ∗| = 1 a.e. on T, we

conclude that f ∗ ≡ 0 on T. Hence f ≡ 0 and the result follows.

The above proof relies on the fact that the Hardy space of the unit disk H2(D)

can be isometrically identified with a closed subspace of L2(T), which allows for one

to use the tools from the theory of Fourier series. Unfortunately for d ≥ 2, this

technique no longer works. In fact, in [5], Arveson proved that for d ≥ 2 there is no

positive measure µ on Cd which satisfies

‖p‖2
H2
d

=

∫
C
|p(z)|2dµ(z)

for every polynomial p. In order to generalize Beurling’s Theorem to H2
d for d ≥ 2, we

will rely on techniques from the theory of complete Nevanlinna Pick kernels, which

are discussed in the next section.

Another difficulty for the case when d ≥ 2 is that there are invariant subspaces for

Mz on H2
d which are not the kernel of a Hankel operator. We now prove a proposition

which gives a characterization of the kernels of Hankel operators and use it to prove

this assertion. As a consequence of this proposition, we see that kernels of Hankel

operators lie in Lat(Mz, H
2
d) (although a proof similar to 4.2 also works as well).

Proposition 5. If b ∈ X (H2
d), then kerHb = [b]⊥∗ , where we have written [b]∗ for

the smallest closed subspace of H2
d that contains b and is invariant under M∗

zi
for

i = 1, ..., d.

Proof. Given an analytic polynomial p, we have that

〈Hbf, p〉H2
d

= 〈pf, b〉H2
d

= 〈f, p(M∗
z )b〉H2

d
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where for a multiindex α = (α1, ..., αd), we define (M∗
z )α =

∏
i=1 M

∗
z
αi
i

. The result

now easily follows by noting that elements of the form p(M∗
z )b are dense in [b]∗.

Now, let d ≥ 2 and let

M =

{
f ∈ H2

d | f(0) =
∂f

∂zi
(0) = 0 for i = 1, ..., d

}

By considering the Taylor series expansion of f about the origin, it is easy to see that

if f ∈ M, then zif ∈ M for i = 1, ..., d and therefore M ∈ Lat(Mz, H
2
d). By the

orthogonality of the monomials in H2
d , we have that

M⊥ =

{
a+

d∑
i=1

bizi | a, b1, ..., bd ∈ C

}

so that dim M⊥ = d + 1. An elementary calculation using the orthogonality of the

monomials in H2
d , shows that M∗

zi

(
a+

∑d
i=1 bizi

)
∈ C, so that for any b ∈ M⊥, we

have that dim [b]∗ ≤ 2. Therefore when d ≥ 2, there is no b ∈ X (H2
d), which satisfies

M = [b]⊥∗ . Hence by Proposition 5, we see that M is not the kernel of a Hankel

operator.

4.2 Characterization of Invariant Subspaces of Mz

for H2
d

Although there are invariant subspaces of Mz on H2
d which are not kernels of Hankel

operators for d ≥ 2, it turns out that every such invariant subspace is an at most

countable intersection of kernels of Hankel operators. In order to find the symbols of

these Hankel operators, we rely on the theory of complete Nevanlinna Pick kernels.
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A reproducing kernel l on Bd is called a complete Nevanlinna Pick (CNP)

kernel if l0(z) = 1 for all z ∈ Bd and

1− 1

lλ(z)
� 0.

Although we are going to focus on one result from the field, the theory of CNP kernels

is a fruitful, well-established area of mathematics, laden with wonderful and useful

results. One notes that for the Drury-Arveson kernel kλ that

1− 1

kλ(z)
= 〈z, λ〉 � 0

so that kλ is a CNP kernel. The following result of McCullough and Trent gives a

characterization of the projections onto multiplier invariant subspaces of reproducing

kernel Hilbert spaces with a CNP kernel.

Theorem 4.2 (from [25]). Let k be a complete Nevanlinna Pick kernel, and letM be a

multiplier invariant subspace of H(k). Then there is a sequence {ϕn} ⊆ M(H(k))∩M

which satisfy

PM =
∑
n

MϕnM
∗
ϕn

where the convergence is in the strong operator topology, and PM denotes the

projection onto M.

The following lemma will be a useful tool in proving that certain symbols induce

bounded Hankel operators.

Lemma 4.2.1. Let M∈ Lat(Mz, H
2
d). Then the function

lλ(z) =
(PMkλ)(z)

kλ(z)

is positive definite and H(l) ⊆M(H2
d). In particular lλ ∈M(H2

d) for all λ ∈ Bd.
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Proof. By Theorem 4.2, there is a sequence {ϕn} ⊆ M(H2
d) ∩M which satisfies

PM =
∑
n

MϕnM
∗
ϕn

Applying this relation to the reproducing kernels kλ, and using that M∗
ϕkλ = ϕ(λ)kλ

we obtain

PMkλ =
∑
n

bn(λ)bnkλ.

Therefore we conclude that the function

lλ(z) =
(PMkλ)(z)

kλ(z)
=
∑
n

bn(λ)bn(z)

is positive definite and therefore we can construct H(l). If {en}n is an orthonormal

basis of H(l), then

lλ =
∑
n

〈lλ, en〉H(l)en =
∑
n

en(λ)en.

Now, for n ∈ N and λ ∈ Bd, set Tnkλ = en(λ)kλ and extend Tn onto the set D of

finite linear combinations of reproducing kernels kλ. Since

∑
n

〈Tnkλ, Tnkz〉 =
∑
n

en(λ)en(z)kλ(z)

= lλ(z)kλ(z)

= (PMkλ)(z)

= 〈PMkλ, kz〉

= 〈PMkλ, PMkz〉
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we conclude for any f ∈ D we have
∑

n ‖Tnf‖2 = ‖PMf‖2. Therefore each Tn extends

to be bounded on all of H(k). Furthermore, for every g ∈ H(k), we have that

(T ∗ng)(λ) = 〈T ∗ng, kλ〉

= en(λ)〈g, kλ〉

= en(λ)g(λ)

= (Meng)(λ)

so that Tn = Men and hence en ∈ M(k). Given an arbitrary 0 6= f ∈ H(l), we can

find an orthonormal basis of H(l) which contains f (with possible renormalization),

and thus the proof is complete.

Theorem 4.3. Let d ∈ N and let (0) 6=M∈ Lat(Mz, H
2
d). Then the exists a sequence

{bn}∞n=1 ⊆ X (H2
d) which satisfies

M =
∞⋂
n=1

ker Hbn .

Proof. Given a countable dense subset {λn}n ⊆ Bd, the set {kλn} is dense in H2
d .

Therefore, we have that

M⊥ =
∨
n

[PM⊥kλn ]∗

and hence

M =
⋂
n

[PM⊥kλn ]⊥∗ .

By Proposition 3.2, if we can show that PM⊥kλ ∈M(H2
d), then we are done. However,

we have that

PM⊥kλ = kλ −
PMkλ
kλ

kλ ∈M(H2
d) ⊆ X (H2

d)

by Lemma 4.2.1.
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The proof of the above theorem does not rely on the norm of H2
d . In fact, one

easily sees how this result can generalize to reproducing kernel Hilbert spaces with a

CNP kernel which satisfy the property that multipliers induce bounded Hankel forms

on the space.

4.3 Cyclic Vectors in H2
d

Let X ⊆ Hol(Bd) be a Banach space such that Mz is bounded. For a function f ∈ X,

let [f ] be the smallest member of Lat(Mz, X) which contains f . If the polynomials

are dense in X, one easily checks that

[f ] = {pf | p is a polynomial}.

We will say that f is cyclic if [f ] = X. Note that the polynomials are dense in the

space X if and only if 1 is cyclic for X.

In order to aid our discussion of cyclic vectors, we will use the weakly-factored

space defined in Section 3.2. Furthermore, we will use the notation

H1
d = H2

d �H2
d .

and for a subspaceM⊆ H2
d , we will write closH1

d
M for the closure ofM in H1

d . Our

first result establishes that cyclicity in H2
d is equivalent to cyclicity in H1

d .

Lemma 4.3.1. Let M∈ Lat(Mz, H
2
d). Then

M = H2
d ∩ closH1

d
M.

Consequently, a function f ∈ H2
d is cyclic in H2

d if and only if it is cyclic in H1
d .

Proof. It is clear that M ⊆ H2
d ∩ closH1

d
M. If f /∈ M, then by Theorem 4.3 there

is a b ∈ X (H2
d) such that M ⊆ kerHb and f /∈ kerHb. Thus there is a multiindex
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α such that 〈Hbf, zα〉H2
d
6= 0, otherwise we would have Hbf = 0. If f ∈ closH1

d
M,

then we futher have that there are fn ∈ M such that fn → f in H1
d . This implies

that zαfn → zαf in H1
d . Hence 0 = 〈Hbfn, zα〉H2

d
→ 〈Hbf, zα〉H2

d
6= 0 by Theorem 3.1.

This contradiction shows that f /∈ closH1
d
M and the result follows.

Now that we have established a connection between the weakly factored space H1
d

and cyclicity, we have a tool that can be used to prove cyclicity results regarding

products of functions in H2
d . The Drury-Arveson space is not an algebra; however,

there are nontrivial ways (i.e. more than just being multipliers) in which a product

of two H2
d functions can again be in H2

d .

For instance, it turns out that H2
d ∩H∞ is an algebra which is contained in H2

d .

If f, g ∈ H2
d ∩H∞, then it is clear that fg ∈ H∞ . Furthermore, if one takes n ∈ N

such that 2n− d > −1, then we have that

R2n(fg) =
2n∑
k=0

2n

k

RkfR2n−kg ∈ H4n+1.

so that fg ∈ H2
d . To verify this, it suffices to show that RkfR2n−k ∈ H4n+1, and by

symmetry, it is enough to show this for 0 ≤ k ≤ n. Since f ∈ H∞, we have that f is

in the Bloch space B and therefore for every k ∈ N, we have that

sup
z∈Bd
|Rkf(z)|(1− |z|2)k <∞.

Thus ‖RkfR2n−kg‖4n+1 . ‖R2n−kg‖2(2n−k)+1 ≈ ‖g‖1. Here we have used that 2(2n−

k)+1 ≥ 2n+1 > d, which implies that all of the norms in the previous inequalities are

actually Bergman norms, so that we may just use the Bloch condition as a pointwise

estimate.

As another example, we have that if f, g ∈ CH2
d , then fg ∈ H2

d . To see this, we

have

‖R(fg)‖3 ≤ ‖gRf‖3 + ‖fRg‖3 . ‖f‖1 + ‖g‖1 <∞
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so that ‖fg‖1 <∞.

Theorem 4.4. Let f, g ∈ H2
d .

(a) If fg ∈ H2
d , then fg ∈ [f ] ∩ [g].

(b) If fg ∈ H2
d and if f is cyclic in H2

d , then [fg] = [g].

(c) If fg ∈ H2
d , then fg is cyclic in H2

d , if and only if both f and g are cyclic in

H2
d .

(d) If f, 1/f ∈ H2
d , then f is cyclic in H2

d .

Proof. (a) Suppose that f, g and fg ∈ H2
d . Since the polynomials are dense in H2

d ,

there is a sequence pn of polynomials such that pn → f in H2
d . Then ‖png − fg‖∗ ≤

‖pn − f‖H2
d
‖g‖H2

d
, hence png → fg in H1

d . Thus

fg ∈ H2
d ∩ closH1

d
[g] = [g].

Similarly fg ∈ [f ].

(b) Now additionally suppose that f is cyclic in H2
d . By (a) we have [fg] ⊆ [g]

and thus it suffices to show that g ∈ [fg]. Since f is cyclic, there is a sequence of

polynomials pn such that pnf → 1 in H2
d . Then as in part (a) of the proof it follows

that pnfg → g in H1
d . Hence g ∈ H2

d ∩ closH1
d
[fg] = [fg], again by Theorem 4.3.1.

(c) If fg is cyclic in H2
d , then by (a) H2

d = [fg] ⊆ [f ] ∩ [g]. Hence both f and

g must be cyclic. Conversely, if both f and g are cyclic, then by (b) we have that

[fg] = [g] = H2
d .

(d) follows from (c) by taking g = 1/f .

4.4 Functions that are bounded below

In view of part (d) of Theorem 4.4, it is a natural question to ask under what

conditions on a function f ∈ H2
d can one guarantee that 1

f
∈ H2

d . If f ∈ M(H2
d)
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and 1
f
∈ H∞, then the Corona theorem for M(H2

d) implies that 1
f
∈ M(H2

d). Along

these lines, we have the following theorem.

Theorem 4.5. Let γ > 0. If f ∈ Hγ ∩ B and 1
f
∈ H∞, then 1

f
∈ Hγ.

The proof of this theorem will rely on the equivalence that f ∈ Hγ if and only

if Rnf ∈ Hγ+2n for some (and hence all) n ∈ N. Therefore will need to work with

Rm
(

1
f

)
for potentially large m, and for this, we will exploit Faa di Bruno’s formula

for the higher order derivatives of a composition.

Let f ∈ Hol(Bd) and m ∈ N. We define Am to be the set of all m-tuples η =

(η1, ..., ηm) which satisfy
∑m

i=1 iηi = m, and we write

Tη(f) =
m∏
i=1

(Rif)ηi .

Then Faa di Bruno’s formula (see [20]) gives

Rm

(
1

f

)
=
∑
η∈Am

m!

η!

(−1)|η||η|!
f |η|+1

m∏
j=1

(
1

j!

)ηj
Tη(f).

Our approach will be to take m large enough so that Hγ+2m is a weighted Bergman

space and estimate the norm of each term in the sum individually. Furthermore, since

the multipliers for the weighted Bergman spaces are those functions which lie in H∞,

to prove Theorem 4.5 it suffices to prove the following lemma.

Lemma 4.5.1. Let γ > 0 and m ∈ N. If f ∈ Hγ ∩ B, then

‖Tη(f)‖γ+2m <∞

for any m-tuple η = (η1, ..., ηm) ∈ Am.

Proof. Fix η = (η1, ..., ηm) ∈ Am. For j ∈ N, let Bj be those |η|-tuples β = (β1, ..., β|η|)

which satisfy |β| = j. Then by writing powers as products of single terms, one sees
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that there is a function g : {1, ..., |η|} → {1, ...,m} which satisfies Tη(f) =
∏|η|

i=1 R
g(i)f .

Note that this implies that
∑|η|

i=1 g(i) =
∑m

i=1 iηi = m.

Now choose j ≥ d|η|
2

, and for each β ∈ Bj choose an index iβ such that βiβ ≥
j
|η| ≥

d/2. This is possible since |β| = j. Then 2(βiβ + g(iβ)) + γ > d. Since f ∈ B, for any

n ∈ N we have that (1 − |z|2)n|Rnf(z)| is bounded in Bd (see Proposition 2), hence

there is a C > 0 such that

(1− |z|2)(j+m)

|η|∏
i=1

|Rβi+g(i)f(z)| ≤ C(1− |z|2)βiβ+g(iβ)|Rβiβ+g(iβ)f(z)|.

Here we also used that
∑|η|

i=1 βi + g(i) = j +m.

Finally, by the Leibniz rule, we have that

‖Tη(f)‖γ+2m ≈ ‖RjTη(f)‖γ+2(m+j)

=

∥∥∥∥∥∥
∑
β∈Bj

j!

β!

|η|∏
i=1

Rβi+g(i)f

∥∥∥∥∥∥
γ+2(m+j)

.
∑
β∈βj

∥∥∥∥∥∥
|η|∏
i=1

Rβi+g(i)f

∥∥∥∥∥∥
γ+2(m+j)

.
∑
β∈βj

∥∥∥Rβtβ+g(tβ)f
∥∥∥
γ+2(βtβ+g(tβ))

and the result follows since f ∈ Hγ.

Combining Theorem 4.4 and Theorem 4.5, we obtain the following result.

Theorem 4.6. If f ∈ H2
d∩B, and if there is c > 0 such that |f(z)| ≥ c for all z ∈ Bd,

then 1
f
∈ H2

d and f is cyclic in H2
d .

As mentioned earlier, we have that in the special case of the previous theorem

where f ∈M(H2
d) and 1/f ∈ H∞, then by the one function case of Corona theorem

for M(H2
d) one has 1/f ∈ M(H2

d). That result was also proved by Fang and Xia in
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[14]. The next theorem establishes the same conclusion in the context of Hγ, γ > 0,

and without assuming that f be bounded. The proof is also significantly shorter than

the one found in [14].

Lemma 4.6.1. If 0 < γ < β, then CHγ ⊆ CHβ.

Proof. Set ε = β − γ > 0 and let b ∈ CHγ. By Theorem 2.2 with n = 1

this implies that MRb : Hγ → Hγ+2 is bounded. By Proposition 3, this is

equivalent to the existence of C > 0 such that Ckγ+2
w (z) − Rb(z)Rb(w)kγw(z) is

positive definite. We multiply this by kεw(z) and apply Theorem 2.1 to obtain that

Ckβ+2
w (z)−Rb(z)Rb(w)kβw(z) is positive definite. This implies that b ∈ CHβ.

Theorem 4.7. If f ∈ CHγ, and if there is a constant c > 0 such that |f(z)| ≥ c for

all z ∈ Bd, then 1
f

is a multiplier for Hγ.

Proof. If f ∈ CHγ, then by Lemma 4.6.1 we have that f ∈ CHγ+n for all n ∈ N0.

Since for large n the space Hγ+n is a weighted Bergman space, the hypothesis implies

that 1/f is a multiplier of Hγ+n+2 for sufficiently large n. Thus the theorem will

follow inductively from the claim: If f ∈ CHγ+n and if 1/f is a multiplier of Hγ+n+2,

then 1/f is a multiplier of Hγ+n.

Let g ∈ Hγ+n. If 1
f
∈ Hγ+n and 1

f
∈M(Hγ+n+2), then

∥∥∥∥ gf
∥∥∥∥
γ+n

≈
∥∥∥∥R( gf

)∥∥∥∥
γ+n+2

≤
∥∥∥∥Rgf

∥∥∥∥
γ+n+2

+

∥∥∥∥gRff 2

∥∥∥∥
γ+n+2

. ‖Rg‖γ+n+2 + ‖gRf‖γ+n+2

. ‖g‖γ+n.

Here the last inequality followed from Theorem 2.3.
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Chapter 5

Vector Valued Invariant Subspaces

In this chapter, we adapt Theorem 4.3 into a vector-valued situation. Most of

the proofs in this chapter are analogous to one variable results from earlier in this

dissertation. We will prove the results here for completeness and to point out the

changes that must be made.

5.1 Definitions

Let H ⊆ Hol(Bd) be a Hilbert space and let E be an arbitrary separable Hilbert space.

We can then construct the space H⊗E in the standard manner, but we will think of

this space as a vector valued space of analytic functions. In particular, if f ∈ H

and x ∈ E , then for a point λ ∈ Bd, we will define point evaluation on an elementary

tensor of H⊗ E by

(f ⊗ x)(λ) = f(λ)x. (5.1)

If {en} is an orthonormal basis for H and {fm} is an orthonormal basis for E , then

{en⊗fm} forms an orthonormal basis forH⊗E . Then, for a general element F ∈ H⊗E ,

we have that

F =
∞∑
n=0

∞∑
m=0

〈F, en ⊗ fm〉en ⊗ fm
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and therefore by Equation 5.1, we have that

F (λ) =
∞∑
n=0

∞∑
m=0

〈F, en ⊗ fm〉en(λ)fm. (5.2)

Now if F ∈ H ⊗ E , then for every x ∈ E , we can define a scalar valued function

Fx ∈ Hol(Bd) by

Fx(λ) = 〈F (λ), x〉.

In fact, by the Cauchy-Schwarz inequality, we have that

‖Fx‖2 =
∞∑
n=0

∣∣∣∣∣
∞∑
m=0

〈F, en ⊗ fm〉〈fm, x〉

∣∣∣∣∣
2

≤
∞∑
n=0

(
∞∑
m=0

|〈F, en ⊗ fm〉|2
)(

∞∑
m=0

|〈fm, x〉|2
)

= ‖F‖2‖x‖2

so that Fx ∈ H.

If {en} and {fm} are orthonormal bases for H and E , respectively, then by

Equation 5.2, we have that

F (λ) =
∞∑
m=0

Ffm(λ)fm

and furthermore that

‖F‖2 =
∞∑
m=0

‖Ffm‖2.

If we further assume thatH is a reproducing kernel space with reproducing kernels

lλ, then H⊗ E is a reproducing kernel Hilbert space with reproducing kernels lλ ⊗ x

(with x ∈ E). If f ∈ H, x, y ∈ E , and λ ∈ Bd, then

〈f ⊗ y, lλ ⊗ x〉 = 〈f, lλ〉〈y, x〉 = 〈f(λ)y, x〉 = (f ⊗ y)x(λ).
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It thus follows that Fx(λ) = 〈F, lλ ⊗ x〉 for arbitrary F ∈ H ⊗ E .

Furthermore, as before, we have the set{
n∑
i=1

αikλi ⊗ xi | αi ∈ C, λi ∈ Bd, xi ∈ E

}

is dense in H⊗E . Again, using the reproducing property of these elements, the norm

of an element in the above set is given by

∥∥∥∥∥
n∑
i=1

αikλi ⊗ xi

∥∥∥∥∥
2

H⊗E

=
n∑
i=1

n∑
j=1

αiαj〈kλi ⊗ xi, kλj ⊗ xj〉H⊗E

=
n∑
i=1

n∑
j=1

αiαjkλi(λj)〈xi, xj〉E .

This says that if we define the function L : Bd×E×Bd×E → C given by L(λ, x, z, y) =

kλ(z)〈x, y〉, then for any choice of λ1, ..., λn ∈ Bd and x1, ..., xn ∈ E , the matrix

(L(λi, xi, λj, xj))
n
i,j=1 is positive definite. Any such function L which satisfies this

property, we will call a positive definite function and we will write L� 0.

5.2 Multipliers on Vector Valued Reproducing

Kernel Hilbert Spaces

Given a sequence of functions B = {bn} ⊆ Hol(Bd), one can study the collective

behavior of how the elements of B act on a reproducing kernel Hilbert spaceH = H(l)

by multiplication. To this end, we will define the column multiplication operator

CMB : H → H⊗ E to be the operator given by

CMBf =
∞∑
n=0

bnf ⊗ en.
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However, we can also define the row multiplication operator RMb : H ⊗ E → H

to be the operator given by

RMb

(∑
n

fn ⊗ en

)
=
∑
n

bnfn.

Both of these operators will be important for this chapter; however, we will focus on

the operator CMB, because the boundedness of CMB will imply the boundedness of

RMB (see Theorem 5.1.1).

One notes that if CMB is bounded, then for each f ∈ H, we have that

∞∑
n=0

‖bnf‖2
H =

∥∥∥∥∥
∞∑
n=0

bnf ⊗ en

∥∥∥∥∥
2

H⊗E

≤ ‖CMb‖‖f‖2
H

so that each bn is a multiplier for H and the operators Mbn are uniformly bounded.

Given a sequence of functions B = {bn} ⊆ Hol(Bd), we will identify B with the

function

B =
∑
n

bn ⊗ en

so that, as in the previous section, we have that

B(λ) =
∑
n

bn(λ)en

and Bx(λ) = 〈B(λ), x〉 for every x ∈ E . Now, if L1 = H(l1),L2 = H(l2) ⊆ Hol(Bd)

are reproducing kernel Hilbert spaces, then for the operator CMB : L1 → L2 ⊗ E
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(defined in the analogous way), we have

〈CM∗
B(l2λ ⊗ x), g〉L2 = 〈l2λ ⊗ x,CMBg〉L2⊗E

=

〈
l2λ ⊗ x,

∑
n

bng ⊗ en

〉
L2⊗E

=
∑
n

〈l2λ, bng〉L2〈x, en〉E

=
∑
n

bn(λ)g(λ)〈x, en〉E

= g(λ)Bx(λ)

= 〈Bx(λ)l1λ, g〉L1 .

Therefore CM∗
B(l2λ ⊗ x) = Bx(λ)l1λ, as in the discussion preceeding Proposition 3.

Furthermore, we have the following:

Proposition 6. Let L1 = H(l1),L2 = H(l2) ⊆ Hol(Bd) be reproducing kernel Hilbert

spaces. Then the operator CMB : L1 → L2 ⊗ E is bounded if and only if there is a

constant C > 0 such that

Bx(λ)By(z)l1λ(z) << Cl2λ(z)〈x, y〉

holds. Furthermore ‖CMB‖2 is equal to the infimum over all possible C’s that satisfy

the above condition.

Proof. By the density of linear combinations of elements of the form l2λ⊗x in L2⊗E ,

we have that CMB is bounded if and only if there is a constant C > 0 such that

∥∥∥∥∥CM∗
B

(
n∑
i=1

αil
2
λ ⊗ xi

)∥∥∥∥∥
2

≤ C

∥∥∥∥∥
n∑
i=1

αil
2
λ ⊗ xi

∥∥∥∥∥
2

(5.3)
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for any choice of α1, ..., αn ∈ C, λ1, ..., λn ∈ Bd, and x1, ..., xn ∈ E . By the discussion

preceding this lemma, we have that

∥∥∥∥∥CM∗
B

(
n∑
i=1

αil
2
λi
⊗ xi

)∥∥∥∥∥
2

=

∥∥∥∥∥
n∑
i=1

αiBxi(λi)l
2
λi

∥∥∥∥∥
2

=
n∑

i,j=1

αiαjBxi(λi)Bxj(λj)lλi(λj).

Furthermore, we have that

∥∥∥∥∥
n∑
i=1

αilλi ⊗ xi

∥∥∥∥∥
2

=
∞∑

i,j=1

αiαjlλi(λj)〈xi, xj〉

and the result now follows by virtue of the inequality 5.3.

Recall the definition of the reproducing kernel Hilbert Space Hγ for γ > 0 given

in Section 2.2. We have the following analog of Lemma 2.1.5.

Proposition 7. Let γ, η > 0 and suppose that CMB : Hγ → Hη ⊗ E is bounded.

Then for any ε > 0, we have that CMB : Hγ+ε → Hη+ε ⊗ E is bounded with

‖CMB‖B(Hγ+ε,Hη+ε⊗E) ≤ ‖CMB‖B(Hγ ,Hη⊗E)

Proof. By Proposition 6, we have that if CMB : Hγ → Hη⊗E is bounded, then there

is a constant C > 0 such that

Bx(λ)By(z)

(1− 〈z, λ〉)γ
<< C

〈x, y〉
(1− 〈z, λ〉)η

. (5.4)

Since 1
(1−〈z,λ〉)ε � 0, Theorem 2.1 implies that

Bx(λ)By(z)

(1− 〈z, λ〉)γ+ε
<< C

〈x, y〉
(1− 〈z, λ〉)η+ε

.

The result follows by another application of Proposition 6.
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For a sequence B = {bn} ⊆ Hol(B) and a positive m, define RmB = {Rmbn}∞n=1.

Then we have the following analog of an implication from Theorem 2.2. We note that

we do not prove a full analog of Theorem 2.2 because we do not have a vector-valued

analog of Proposition 2.

Theorem 5.1. Suppose that there exists and m ∈ N0 such that the operator CMRmB :

Hγ → Hγ+2m ⊗ E is bounded (Here R0 is just the identity operator). Then for all

k ∈ N with k ≥ m, we have that the operator CMRmB : Hγ → Hγ+2k ⊗ E is bounded.

Proof. Fix m ∈ N and suppose that MRmB : Hγ → Hγ+2m ⊗ E is bounded. By

Proposition 7, we have that MRmb : Hγ+2 → Hγ+2(m+1) ⊗ E is bounded. By the

product rule, we have that fRm+1bn = R(fRmbn)−RfRmbn, and therefore

‖CMRm+1Bf‖2
Hγ+2(m+1)⊗E =

∞∑
n=0

‖fRm+1bn‖2
Hγ+2(m+1)

.
∞∑
n=0

‖R(fRmbn)‖2
Hγ+2(m+1)

+
∞∑
n=0

‖RfRmbn‖2
Hγ+2(m+1)

.
∞∑
n=0

‖fRmbn‖2
Hγ+2m

+ ‖Rf‖2
Hγ+2

. ‖f‖2
γ.

This implies that MRm+1b : Hγ → Hγ+2(m+1) ⊗ E is bounded. In fact, by induction,

we actually have that MRm+kb : Hγ → Hγ+2(m+k) ⊗ E is bounded for all k ∈ N. The

result now follows.

For any sequence B = {bn} which satisfies that the operator CMRB : H1 → H3⊗E

is bounded, we will write B ∈ CC(H2
d ⊗ E), because this is a column Carleson

condition. It follows from a proof of Trent, that that the column Carleson condition

implies the analogous row Carleson measure condition. We include the proof here for

completeness.

46



Lemma 5.1.1. (see [36]). Let η > −1 and let H ⊆ Hol(Bd) be a Banach Space.

Then the inequality ∑
n

‖fbn‖2
Hd+1+η

. ‖f‖2

implies the inequality ∥∥∥∥∥∑
n

fnbn

∥∥∥∥∥
2

Hd+1+η

.
∑
n

‖fn‖2.

In particular, we have that the boundedness of CMB : H → Hd+1+η ⊗ E implies the

boundedness of RMB : H⊗ E → Hd+1+η.

Proof. By a clever application of the Cauchy-Schwarz inequality, we have that

∥∥∥∥∥∑
n

fnbn

∥∥∥∥∥
2

Hd+1+η

= cη

∫
Bd

∣∣∣∣∣∑
n

fn(z)bn(z)

∣∣∣∣∣
2

(1− |z|2)ηdV (z)

= cη

∫
Bd

∑
n,m

fn(z)bm(z)fm(z)bn(z)(1− |z|2)ηdV (z)

≤
∫
Bd

(∑
n,m

|fn(z)bm(z)|2
) 1

2
(∑
n,m

|fm(z)bn(z)|2
) 1

2

(1− |z|2)ηdV (z)

=
∑
n

∫
Bd

∑
m

|bm(z)fn(z)|2(1− |z|2)ηdV (z)

.
∑
n

‖fn‖2.

5.3 Vector-Valued Hankel Operators

Given a sequence B = {bn} ⊆ H2
d , we define the column Hankel operator CHB :

H2
d → H2

d ⊗ E by

CHBf =
∑
n

Hbnf ⊗ en
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and the row Hankel operator RHB : H2
d ⊗ E → H2

d by

RHB =

(∑
n

fn ⊗ en

)
=
∑
n

Hbnfn.

Here, for a symbol ϕ ∈ H2
d , the operator Hϕ : H2

d → H2
d is the usual Hankel operator

which satisfies the following inner product relationship:

〈Hbf, g〉H2
d

= 〈fg, b〉H2
d
.

As previously mentioned, the column multiplication operator implies the bound-

edness of the row multiplication operator, but the converse is not true in general (see

[36]). Our first lemma shows that the boundedness of the column Hankel operator

and the row Hankel operator are equivalent, and furthermore, we obtain a vector

valued version of Theorem 3.1.1.

Theorem 5.2. The following are equivalent

1. CHB : H2
d → H2

d ⊗ E is bounded

2. RHB : H2
d ⊗ E → H2

d is bounded

3. There is an m ∈ N such that

∣∣∣∣∣
∞∑
n=0

〈fg,Rmbn〉1+m

∣∣∣∣∣ . ‖f‖
(
∞∑
n=0

‖gn‖2
H1

) 1
2

4. For all m ∈ N, we have that

∣∣∣∣∣
∞∑
n=0

〈fg,Rmbn〉1+m

∣∣∣∣∣ . ‖f‖
(
∞∑
n=0

‖gn‖2
H1

) 1
2
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Proof. We have that〈
f, (CHB)∗

(∑
m

gm ⊗ em

)〉
H2
d

=
∑
m,n

〈Hbnf ⊗ en, gm ⊗ em〉H2
d⊗E

=
∑
n

〈Hbnf, gn〉H2
d

=
∑
n

〈fgn, bn〉H2
d

=

〈∑
n

Hbngn, f

〉
H2
d

=

〈
f,RHB

(∑
n

gn ⊗ en

)〉
H2
d

.

It follows that 1 and 2 are equivalent.

Furthermore, by considering the third equality above, we have also shown here

that CHB (and hence RHB) is bounded if and only if

∣∣∣∣∣
∞∑
n=0

〈fgn, bn〉1

∣∣∣∣∣ . ‖f‖1

(
∞∑
n=0

‖gn‖2
1

) 1
2

.

Therefore 1 implies 3 and 4 implies 1. If we can show that 3 and 4 are equivalent, we

are done.

In the proof of Theorem 3.1.1, it was shown that for ϕ, ψ, b ∈ H2
d there is a

constant c > 0 such that∣∣∣∣〈ϕψ,Rmb〉m+1 −
1

m+ 1
〈ϕψ,Rm+1b〉m+2

∣∣∣∣ ≤ c‖ϕ‖1‖ψ‖1‖b‖1. (5.5)

Therefore, we have that

I :=

∣∣∣∣∣
∞∑
n=0

〈fgn, Rmbn〉n+1 −
1

m+ 1

∞∑
n=0

〈fgn, Rm+1bn〉m+1

∣∣∣∣∣
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satisfies

I ≤ c

∞∑
n=0

‖f‖1‖gn‖1‖bn‖1 ≤ ‖f‖1

(
∞∑
n=0

‖gn‖2
1

) 1
2
(
∞∑
n=0

‖bn‖2
1

) 1
2

As in Theorem 3.1.1, it follows that 3 and 4 are equivalent.

Theorem 5.3. If B ∈ CC(H2
d), then the operator CHB : H2

d ⊗ E → H2
d is bounded.

Proof. Let m ∈ N be large so that 2m + 1 > d. By Theorem 5.2, to show that

boundedness of CHB : H2
d ⊗ E → H2

d, it suffices to show that

∣∣∣∣∣
∞∑
n=0

〈fg,R3mbn〉1+3m

∣∣∣∣∣ . ‖f‖
(
∞∑
n=0

‖gn‖2
1

) 1
2

.

We have that∣∣∣∣∣
∞∑
n=0

〈fg,R3mbn〉1+3m

∣∣∣∣∣ =

∣∣∣∣∣
∞∑
n=0

〈R2m(fg), Rmbn〉1+3m

∣∣∣∣∣
≤

2m∑
k=0

 2m

k

∣∣∣∣∣
∞∑
n=0

〈RkfR2m−kg,Rmbn〉1+3m

∣∣∣∣∣
and it therefore suffices to get the appropriate boundedness on each of the inner

summations.

Now, we note by a combination of Theorem 5.1 and Lemma 7, since B ∈ CC(H2
d),

we have that the operator CMRmB : Hk → H2m+k ⊗ E is bounded for all k,m ∈ N

This, by Proposition 5.1.1, implies that RMRmB : Hk ⊗ E → H2m+k is bounded for

all k,m ∈ N. To this end, let

Ik =

∣∣∣∣∣
∞∑
n=0

〈RkfR2m−kg,Rmbn〉1+3m

∣∣∣∣∣
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If m ≥ k, then 2(2m− k)− d > −1 and 2(m+ k)− d > −1 and therefore we have

Ik .
∞∑
n=0

∫
Bd
|RkfR2m−kgnR

mbn|(1− |z|2)3m−ddV (z)

≤

(
∞∑
n=0

∫
Bd
|RkfRmbn|2(1− |z|2)2(m+k)−ddV (z)

) 1
2

(
∞∑
n=0

∫
Bd
|R2m−kgn|2(1− |z|2)2(2m−k)−ddV (z)

) 1
2

. ‖Rkf‖2k+1

(
∞∑
n=0

‖R2m−kgn‖2
2(2m−k)+1

) 1
2

≈ ‖f‖1

(
∞∑
n=0

‖gn‖2
1

) 1
2

where have used the boundedness of the operator CMRmB : H1+2k → H1+2(m+k).

Now, if k ≥ m, then 2k − d > −1 and

Ik .
∫
Bd
|Rkf |

∣∣∣∣∣
∞∑
n=0

R3m−kgnR
mbn

∣∣∣∣∣ (1− |z|2)2m−ddV (z)

≤
(∫

Bd
|Rkf |2(1− |z|2)2k−ddV (z)

) 1
2

∫
Bd

∣∣∣∣∣
∞∑
n=0

R2m−kgnR
mbn

∣∣∣∣∣
2

(1− |z|2)2(3m−k)−ddV (z)

 1
2

≤ ‖Rkf‖2
1+2k

(
∞∑
n=0

‖R2m−kgn‖2
1+2(2m−k)

) 1
2

≈ ‖f‖1

(
∞∑
n=0

‖gn‖2
1

) 1
2

where have used the boundedness of the operator RMRmB : H1+2(3m−k) ⊗ E →

H1+2(2m−k). The result follows.

51



5.4 Vector-Valued Hankel Forms

Now, if B = {bn} is a sequence such that CHB : H → H ⊗ E is bounded, then

we would like to find a symbol which induces the operator (as in the scalar-valued

situation).

If f is multiplier of H, then we can extend Mf : H → H to the bounded operator

Mf : H⊗ E → H⊗ E given by

Mf

(∑
n

gn ⊗ en

)
=
∑
n

fgn ⊗ en

Then, given an element
∑

n gn ⊗ en ∈ H ⊗ E and a multiplier f , we have that

〈
f

(∑
n

gn ⊗ en

)
,
∑
n

bn ⊗ en

〉
=

〈∑
n

fgn ⊗ en,
∑
n

bn ⊗ en

〉
=

∑
n

〈fgn, bn〉

=
∑
n

〈Hbnf, gn〉

=

〈
CHBf,

∑
n

gn ⊗ en

〉

Thus we see that the associated symbol should be B =
∑

n bn ⊗ en.

For B =
∑∞

n bn⊗en ∈ H⊗E , we will write B ∈ X (H⊗E) if CH{bn} : H → H⊗E

is bounded. Instead of writing CH{bn}, we will simply write CHB. Using the previous

equations, we have that B ∈ X (H⊗ E) if and only if

|〈fg,B〉| . ‖g‖H⊗E‖f‖H

for all mutlipliers f of H and g ∈ H ⊗ E . We note that we generally consider spaces

in which mulitplication by z is bounded and the polynomials are dense, and therefore

we can just verify this inequality for all polynomials f .
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For B ∈ H⊗E , let [B]∗ denote the smallest closed subspace ofH⊗E which contains

B that is invariant under the action of M∗
ϕ : H ⊗ E → H ⊗ E for all scalar-valued

multipliers of H. Then we have the corresponding analog of Proposition 5.

Proposition 8. Let B ∈ X (H⊗ E). Then kerHB = [B]⊥∗ .

Proof. From the paragraph proceeding the definition of X (H⊗ E), we have that

〈(∑
n

gn ⊗ en

)
,M∗

f

(∑
n

bn ⊗ en

)〉
=

〈
CHBf,

∑
n

gn ⊗ en

〉

The result follows by noting that elements of the form M∗
f (
∑

n bn ⊗ en) are dense in

[B]∗.

Example: Suppose now that H = H(l) ⊆ Hol(Bd). Fix x ∈ E and λ ∈ Bd. Let

η = kλ ⊗ x for some λ ∈ D and x ∈ E . Then

|〈ϕg, lλ ⊗ x〉| = |ϕ(λ)gx(λ)| ≤ ‖ϕ‖‖g‖‖lλ‖2‖x‖

so that lλ ⊗ x is Hankel.

5.4.1 The Generalized Result

In this section, we provide the full statement of the result of McCullough and Trent;

however, we first need to introduce the notion of an operator valued multiplier.

Let H ⊆ Hol(Bd) be a Hilbert space. Further, let E and D be separable Hilbert

spaces, and let B(E ,D) denote the bounded linear operators from E into D. If φ :

Bd → B(E ,D) is a map such that Φ : H⊗ E → H⊗D given by

Φ(f)(λ) = φ(λ)f(λ)

is bounded, then we say that φ is an operator-valed multiplier.
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If H = H(l) is a reproducing kernel Hilbert space, then for g ∈ H, x ∈ E and

y ∈ D, we have that

〈g ⊗ x,Φ∗(kλ ⊗ y)〉 = 〈Φ(g ⊗ x), kλ ⊗ y〉

= 〈Φ(g ⊗ x)(λ), y〉

= 〈φ(λ)g(λ)x, y〉

= 〈g(λ)x, φ∗(λ)y〉

= 〈g ⊗ x, kλ ⊗ φ∗(λ)y〉.

Therefore we have that Φ∗(kλ ⊗ y) = φ∗(λ)y ⊗ kλ.

Theorem 5.4 (from [25]). Let l be a complete Nevanlinna Pick kernel, let E be a

separable Hilbert space, and let M ⊆ H(l) ⊗ E be a multiplier invariant subspace.

Then there is an auxiliary Hilbert Space X and an inner multplication operator Φ :

H(l)⊗X → H(l)⊗ E such that M = Φ(H(l)⊗ E) and PM = Φ∗Φ.

Recall that the reproducing kernel of H2
d , which we denoted kλ, is a complete

Nevanlinna pick kernel.

Lemma 5.4.1. If the multiplication operator Φ : H2
d ⊗X → H⊗ E is bounded, then

for h ∈M(H2
d) and x ∈ E, we have that Φ(h⊗ x) ∈ X (H2

d ⊗ E).

Proof. We note that for f ∈ H2
d and y ∈ E that

(Φ(fh⊗ x))y (λ) = 〈Φ(fh⊗ x)(λ), y〉

= 〈f(λ)h(λ)φ(λ)x, y〉

= f(λ)〈h(λ)φ(λ)x, y〉

= f(λ)(Φ(h⊗ x))y(λ).
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Then we have that

∑
n

‖f(Φ(h⊗ x))en‖2 =
∑
n

‖(Φ(fh⊗ x))en‖2

= ‖Φ(fh⊗ x)‖2

. ‖fh‖2‖x‖2

≤ ‖Mh‖2‖x‖2‖f‖2

It follows that the operator CMB : H → H⊗E where B = {(Φ(h⊗x))en} is bounded.

Therefore CHB : H2
d ⊗E → H2

d is bounded by Theorems 5.1 and 5.3 and we conclude

that Φ(h⊗ x) ∈ X (H2
d ⊗ E).

5.5 The Main Result

Theorem 5.5. Let M⊆ H2
d ⊗ E be a multiplier invariant subspace. Then there are

symbols ηn ⊆ H2
d ⊗ E such that Hηn is bounded and

M =
∞⋂
n=0

kerHηn

Proof. Since H2
d has a Nevanlinna-Pick kernel, there is an auxiliary Hilbert space

H2
d and an inner operator-valued multiplier Φ : H ⊗ H2

d → H ⊗ E which satisfies

PM = ΦΦ∗ by Theorem 5.4. For λ ∈ D and x ∈ E , by the discussion at the beginning

of Section 5.4.1, we have that PM(kλ⊗ x) = Φ(kλ⊗φ∗(λ)x). Since kλ is a multiplier,

it follows by Lemma 5.4.1 that PM(kλ ⊗ ϕ∗(λ)x) ∈ X (H2
d ⊗ E). Therefore ηλ,x =

PM⊥(kλ ⊗ x) = kλ ⊗ x− PM(kλ ⊗ x) ∈ X (H2
d ⊗ E). Then we have that

M⊥ =
∨
λ,x

[PM⊥(kλ ⊗ x)]∗
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from which it follows that

M =
⋂
λ,x

[PM⊥(kλ ⊗ x)]⊥∗ =
⋂
λ,x

kerHηλ,x ,

as desired.
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Chapter 6

Mixed Hankel Forms

6.1 Introduction

The purpose of this section is to discuss a generalization of the following formula,

proven by Rochberg and Wu.

Theorem 6.1 (see [31]). Suppose that g is an analytic function on D and let η, σ

and τ be real numbers which satisfy σ, τ > −1, η ≥ 0 and min(σ, τ) + 2 > m. Then

the quantity ∫
D
|g′(z)|2(1− |z|2)ηdA(z)

is comparable to

∫
D

∫
D

|g(z)− g(w)|2

|1− zw|4+σ+τ−η (1− |z|2)σ(1− |w|2)τdA(z)dA(w)

Using this formula, Rochberg and Wu characterize the symbols which induce

bounded (small) Hankel operators on weighted Dirichlet spaces and also provide

results regarding atomic decompositions of such symbols. Using a different technique,

Blasi and Pau in [6] generalized this result to Besov-Sobolev Banach spaces on D.

Recently, Liu, Chacon, and Lou in [22] gave a similar type of formula for the Dirichlet

type spaces D(µ).
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An analog of such a formula for the Drury-Arveson space in higher than two

dimensions was published in [10] and [18]; however, in Fang and Xia’s paper [15]

it was noted that the results of these papers were incorrect. Both papers follow the

technique of proof used in the Rochberg and Wu paper, but unfortunately contain the

same combinatorial error, rendering the results invalid. Upon correcting the mistake,

one finds that the formula of Rochberg and Wu generalizes to the scale containing

the Hardy Space on Bd and the weighted Bergman spaces on Bd. Furthermore, the

generalized formula does not extend to give a formula for the norm of the Drury-

Arveson space.

In this section, we prove a generalization of the Rochberg and Wu formula for

holomorphic functions on Bd. Instead of correcting the combinatorial formula and

following the proof of Rochberg and Wu, we will give an alternate proof based on a

result of [28]. We then prove a result about Hankel forms that will be used in the

next section.

6.2 Preliminaries

We now collect preliminaries required for the remainder of the section. These results

are standard to the field and can be found in [37].

For each point 0 6= a ∈ Bd, we define the function

ϕa(z) =
a− Pa(z)−

√
1− |a|2Qa(z)

1− 〈z, a〉

where Pa is the orthogonal projection from Cn onto the linear multiples of a and

Qa = 1 − Pa. We define ϕ0(z) = −z. These maps are involutive automorphisms of

Bd; that is, they are biholomorphic and satisfy ϕa(ϕa(z)) = z. The following Lemma

provides a change of variable formula involving these automorphisms.
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Lemma 6.1.1 (Proposition 1.13 in [37]). Let α > −1. Then if f ∈ A1
α, we have that

∫
Bd
f ◦ ϕa(z)dvα(z) =

∫
Bd
f(z)

(1− |a|2)d+1+α

|1− 〈z, a〉|2(d+1+α)
dvα(z)

As a corollary to the following theorem, we will obtain estimates for the Hardy

Space norm and Bergman space norms of powers of the functions

kλ(z) =
1

1− 〈z, λ〉
.

Theorem 6.2 (Theorem 1.12 in [37]). Suppose that c is real and t > −1. Then the

integrals

Ic(z) =

∫
Sd

dσ(ζ)

|1− 〈z, ζ〉|d+c

and

Jc,t(z) =

∫
Bd

(1− |w|2)t

|1− 〈z, w〉|d+1+t+c
dv(w)

have the following asymptotic properties.

1. If c < 0, then both Ic and Jc,t are bounded.

2. If c = 0 then

Ic(z) ∼ Jc,t(z) ∼ log
1

1− |z|2

as |z| → 1−

3. If c > 0 then

Ic(z) ∼ Jc,t(z) ∼ (1− |z|2)−c

as |z| → 1−

Lemma 6.2.1. If η satisfies ηp > d, then

‖kηλ‖
p
Hp(Bd) ∼ (1− |λ|2)d−pη

59



and if α > −1 and ηp− (d+ 1 + α) > 0, then

‖kηλ‖
p
A2
α(Bd) ∼ (1− |λ|2)d+1+α−pη

For a function f ∈ Hol(Bd), we define the invariant gradient of f to be

∇̃f(z) = ∇(f ◦ ϕz)(0)

where ϕz : Bd → Bd is the involutive automorphism of Bd which interchanges z and

0 mentioned earlier and ∇ is the standard gradient. The invariant gradient satisfies

the nice property that for any automorphism ϕ of Bd, we have

| ˜∇(f ◦ ϕ)(z)| = |(∇̃f) ◦ ϕ(z)|

Furthermore, we can obtain an equivalent norm for the weighted Bergman spaces

interms of invariant graident.

Lemma 6.2.2 (Theorem 2.16 in [37]). Let α > −1, p > 0, and let f ∈ Hol(Bd).

Then

‖f‖p
Apα
≈
∫
Bd
|∇̃f(z)|p(1− |z|2)αdV (z).

Lemma 6.2.3. Suppose p > 0, α > −1 and m = (m1, ...,md) is a d-tuple of

nonnegative integers. Then there is a constant C > 0 such that

∣∣∣∇̃f(z)
∣∣∣ ≤ C‖f ◦ ϕz − f(z)‖Apα

for all f ∈ Hol(Bd) and all z ∈ Bd.

Proof. By the Möbius invariance of ∇̃, we have that |∇̃f(z)| = |∇̃f ◦ϕz(0)| = |∇̃(f ◦

ϕz)(0)|. Therefore it suffices to prove the result when z = 0. Since f ∈ Hol(Bd), we
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conclude by subharmonicity that∣∣∣∣ ∂f∂zi (0)

∣∣∣∣p ≤ ‖f − f(0)‖p
Apα

and the result follows.

6.3 Proof of the Formula

Our starting point for the generalization is the following lemma, proven recently by

Pau and Zhao. To condense the calculations, for α > −1, we will write dvα(z) =

cα(1 − |z|2)αdv(z), where cα is the normalization constant attached to the norm of

A2
α(Bd).

Lemma 6.2.4 (from [28]). Let 1 < p <∞, α > −1, and d+ 1 + α < b. Then

∫
Bd

|f(z)− f(a)|p

|1− 〈z, a〉|b
dvα(z) .

∫
Bd

|∇̃f(a)|p

|1− 〈z, a〉|b
dvα(z)

for any f ∈ Hol(Bd) and a ∈ Bd.

Theorem 6.3. Let 0 < p < ∞, α, β > −1 and η be real numbers which satisfy and

η < min{α, β}. Then given any f ∈ Hol(Bd), the quantities

Iα,β,η :=

∫
Bd

∫
Bd

|f(z)− f(w)|p

|1− 〈z, w〉|d+1+α+β−η dvα(z)dvβ(w)

and ∫
Bd
|∇̃f(z)|pdvη(z)

are comparable.

Proof. Since η < β, we may apply Lemma 6.2.4 and Fubini’s Theorem to get

Iα,β,η .
∫
Bd
|∇̃f(z)|p

∫
Bd

dvβ(w)

|1− 〈z, w〉|d+1+α+β−η dvα(z)
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Then since η < α, we may apply Proposition 6.2 to obtain

Iα,β,γ .
∫
Bd
|∇̃f(z)|pdvη(z).

Choose σ > −1 so that 2σ > α + β − η − d− 1. By Lemma 6.2.3, we have that

∫
Bd
|∇̃f(z)|pdη(z) .

∫
Bd

∫
Bd
|f ◦ ϕz(w)− f(z)|pdvσ(w)dvη(z)

Applying the change of variables u = ϕz(w) (see Lemma 6.1.1), we obtain

∫
Bd
|∇̃f(z)|pdvη(z) .

∫
Bd

∫
Bd
|f(w)− f(z)|p (1− |w|2)d+1+σ

|1− 〈z, w〉|2(d+1+σ)
dvσ(w)dvη(z)

The integral on the right hand side of the inequality is equal to

cσcη
cαcβ

∫
Bd

∫
Bd

|f(w)− f(z)|p

|1− 〈z, w〉|d+1+α+β−η
(1− |w|2)d+1+2σ−α(1− |z|2)η−β

|1− 〈z, w〉|d+1+2σ−α−β+η
dvα(w)dvβ(z).

Finally, using the estimate

|1− 〈z, w〉| ≥ 1− |〈z, w〉| ≥ 1− |z| ≥ 1

2
(1− |z|2)

and the inequality d+ 1 + 2σ − α− β + η > 0, we conclude that

∫
Bd
|∇̃f(z)|pdvη(z) .

∫
Bd

∫
Bd

|f(w)− f(z)|p

|1− 〈z, w〉|d+1+α+β−η dvα(w)dvβ(z).

as desired.

In view of Lemma 6.2.2, this result gives us another way to write the norm of

a function in a weighted Bergman space A2
α. In [33] it was for shown that for f ∈

Hol(Bd), we have that

‖f‖2
H2(Bd) ≈

∫
Bd

|∇̃f(z)|2

1− |z|2
dv(z).
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Furthermore, the spaces of functions which satisfy

∫
Bd
|∇̃f(z)|pdvα(z) <∞

have been studied in their own right (see for instance [16]).

6.4 Application to Mixed Bergman Hankel forms

We now aim to characterize certain situations in which a function ϕ satisfies the

inequality

|〈fg, ϕ〉A2
ω(Bd)| ≤ ‖f‖A2

α(Bd)‖g‖A2
β(Bd)

for varying ω, α, β. We refer to these as “mixed Hankel forms” because of the varying

spaces involved. Our main tool for this section will be Theorem 6.3, but we will

also make use of the Bergman projections. For α > −1, for a function f ∈ L2((1 −

|z|2)αdV ), we define

(Pαf)(z) = cα

∫
Bd

f(w)

(1− 〈z, w〉)d+1+α
dvα(z) = 〈f, kd+1+α

z 〉A2
α(Bd).

This is the projection from L2((1− |z|2)αdV ) onto A2
α(Bd) (see Chapter 2 of [37]).

Theorem 6.4. Let α, β, η, ω > −1 satisfy the inequalities 2w > α + η and α + β +

η − 2ω > −1. Let ϕ ∈ Hol(Bd). If for all f, g ∈ Hol(Bd), the inequality

|〈fg, ϕ〉A2
ω(Bd)| ≤ ‖f‖A2

α(Bd)‖g‖A2
β(Bd)

holds, then

‖Pω(fϕ)‖A2
η
. ‖f‖A2

α+β+η−2ω
.
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Proof. Since η > −1, we can find an ε > 0 such that d+ 2 + α+ η > 2ε > d+ 1 + α.

Then, by the assumption on ϕ and Lemma 6.2, we have that

|Pω(fϕ)(λ)|2 = |〈ϕ, fkd+1+ω
λ 〉A2

ω(Bd)|2

. ‖kελ‖2
A2
α(Bd)‖fkd+1+ω−ε

λ ‖2
A2
β(Bd)

. (1− |λ|2)d+1+α−2ε‖fkd+1+ω−ε
λ ‖2

A2
β(Bd)

Integrating these inequalities over Bd against the measure dvη(λ), we obtain

∫
Bd
|Pω(fϕ)(λ)|2dvη(λ) .

∫
Bd

∫
Bd

|f(z)|2

|1− 〈z, w〉|2(d+1+ω−ε)dvβ(z)dvd+1+α+η−2ε(λ)

≈
∫
Bd
|f(z)|2

∫
Bd

(1− |λ|2)d+1+α+η−2ε

|1− 〈z, w〉|2(d+1+ω−ε)dv(λ)dvβ(z)

.
∫
Bd
|f(z)|2dvα+β+η−2ω(z).

Here we have used Lemma 6.2 and our use of the Lemma is justified by the inequalities

d+ 1 + α + η − 2ε > −1 and 2ω > α + η.

Theorem 6.5. Let α, β, η, ω > −1 satisfy max{β, η} < 2ω − α and let ϕ ∈ Hol(Bd).

If for all f, g ∈ Hol(Bd), the inequality

|〈fg, ϕ〉A2
ω(Bd)| ≤ ‖f‖A2

α(Bd)‖g‖A2
β(Bd)

holds, then

‖(I − Pω)(fϕ)‖A2
η
.
∫
Bd
|∇̃f(z)|2(1− |z|2)α+β+η−2ωdv(z)

Proof. By the assumption on the parameters, we can find an ε > 0 which satisfies

d+ 1 + α < 2ε < min{d+ 1 + 2ω − β, d+ 2 + α + η}.

64



Then, by the assumption on ϕ and Lemma 6.2, we have that

|(1− Pω)(fϕ)(λ)|2 = |〈ϕ, (f − f(λ))kd+1+ω
λ 〉A2

ω(Bd)|2

. ‖kελ‖2
A2
α(Bd)‖(f − f(λ))kd+1+ω−ε

λ ‖2
A2
β(Bd)

. (1− |λ|2)d+1+α−2ε‖(f − f(λ))kd+1+ω−ε
λ ‖2

A2
β(Bd)

Integrating these inequalities over Bd against the measure dvη(λ), we obtain

∫
Bd
|(I − Pω)(fϕ)(λ)|2dvη(λ) .

∫
Bd

∫
Bd

|f(z)− f(λ)|2

|1− 〈z, w〉|2(d+1+ω−ε)dvβ(z)dvd+1+α+η−2ε(λ)

.
∫
Bd
|∇̃f(z)|2(1− |z|2)α+β+η−2ωdv(z)

Here we have used Theorem 6.3 and our use is justified by the inequalities d + 1 +

α + η − 2ε > −1 and α + β + η − 2ω < min{d+ 1 + α + η − 2ω, β}.

Theorem 6.6. Let α, β, η, ω > −1 satisfy the inequalities max{β, η} < 2ω − α and

α + β + η − 2ω > −1. Let ϕ ∈ Hol(Bd). Then the following are equivalent

1. The inequality

|〈fg, ϕ〉A2
ω(Bd)| . ‖f‖A2

α(Bd)‖g‖A2
β(Bd)

holds for all f, g ∈ Hol(Bd)

2. the measure

|ϕ(z)|2(1− |z|2)ηdv(z)

is a Carleson measure for A2
α+β+η−2ω(Bd).

3. The quantity

sup
z∈Bd

(1− |z|2)2ω−α−β|ϕ(z)|2

is finite.
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Proof. (1 ⇒ 2) By the previous two theorems, we have that

‖fϕ‖A2
η(Bd) ≤ ‖Pω(fϕ)‖A2

η(Bd) + ‖(I − Pω)(fϕ)‖A2
η(Bd) . ‖f‖A2

α+β+η−2ω

(2⇒ 3) If the measure |ϕ(z)|2(1−|z|2)ηdv(z) is a Carleson measure for A2
α+β+η−2ω(Bd),

then the multiplication operator Mϕ : A2
α+β+η−2ω(Bd) → A2

η(Bd) is bounded.

Therefore Lemma 2.1.4, we have

sup
z∈Bd

(1− |z|2)2ω−α−β|ϕ(z)|2 ≤ C

(3 ⇒ 1) If we let C equal the supremum that appears in 3), then we have

|〈fg, ϕ〉A2
ω(Bd)| .

∫
Bd
|f(z)g(z)ϕ(z)|(1− |z|2)ωdv(z)

≤
√
C

∫
Bd
|f(z)g(z)|(1− |z|2)

α+β
2 dv(z)

. ‖f‖A2
α(Bd)‖g‖A2

β(Bd)

which proves the result.

In case when one of the norms is the Hardy space norm (i.e. when α = −1), we

have the following.

Theorem 6.7. Let β, η > −1 and let ϕ ∈ Hol(Bd). Then the following are equivalent

1. The inequality

|〈fg, ϕ〉A2
β+η
2

(Bd)| . ‖f‖H2(Bd)‖g‖A2
β(Bd)

holds for all f, g ∈ Hol(Bd)

2. the measure

|ϕ(z)|2(1− |z|2)ηdv(z)

is a Carleson measure for H2(Bd)
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Proof. Throughout this proof, let ω = β+η
2

.

(⇒) Since

〈fg, ϕ〉A2
w

= 〈g, Pw(fg)〉A2
w

we conclude that the assumed inequality is equivalent to the inequality

‖Pω(fg)‖A2
η
. ‖f‖H2(Bd)

by duality (see Theorem 2.12 in [37]). By choosing α = −1, and β, η, ω as they are

in this proof, one checkts that Theorem 6.5 is still valid, and therefore, we have that

‖(1− Pω)(fϕ)‖A2
η
. ‖f‖H2(Bd).

This direction follows now exactly as the implication 1) implies 2) in Theorem 6.6.

(⇐) We have

|〈fg, ϕ〉A2
ω(Bd)| ≤

∫
Bd

∫
Bd
|f(z)g(z)ϕ(z)|dvω(z)

. ‖fϕ‖A2
η(Bd)‖g‖A2

β(Bd)

. ‖f‖H2(Bd)‖g‖A2
β(Bd)
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Chapter 7

A Characterization of Certain

Hankel Symbols for H2
d

In this chapter, we provide a connection between Carleson measures (introduced in

Section 2.4) and Hankel operators. We characterize when a special type of symbol

lies in X (H2
d) in terms of a Carleson measure condition.

7.1 History

For several well-known spaces of holomorphic functions H ⊆ Hol(Bd), membership

of a function ϕ in X (H) is equivalent to a Carleson measure condition on ϕ. In

particular, we have that b ∈ X (H2(∂Bd)) = BMOA(Bd) (see [11]). It is well known

that membership in BMOA(Bd) is equivalent to the measure |Rb|2(1− |z|2)dVd+1(z)

being a Carleson measure for H2(∂Bd) (see Theorem 5.14 in [37]). For the weighted

Bergman space A2
α(Bd), which for α > −1 is the Hilbert space of functions f ∈

Hol(Bd) which satisfy

‖f‖2
A2(Bd) =

Γ(d+ α + 1)

d!Γ(α + 1)

∫
Bd+1

|f(z)|2(1− |z|2)αdV (z) <∞,
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we similarly have that ϕ ∈ X (A2
α(Bd)) if and only if ϕ is in the Bloch space

B =

{
b ∈ Hol(Bd) | sup

z∈Bd+1

|Rb(z)|(1− |z|2) <∞

}
.

(again, see see [11]). Furthermore, one can show that ϕ ∈ B if and only if |Rϕ|2(1−

|z|2)α+2dV (z) is a Carleson measure for A2
α(Bd). Finally, for the Dirichlet space

D =

{
f ∈ Hol(D) |

∫
D
|f ′(z)|2dA(z) <∞

}

we have that ϕ ∈ X (D) if and only if |ϕ′(z)|2dA(z) is a Carleson measure for D (see

[2]).

It is often the case that proving the boundedness of a Hankel operator under the

assumption that a given measure is a Carleson measure is relatively straightforward

(in fact, in [2] they refer to this as the “easy direction” of their proof). One sees that

being a Carleson measure involves having absolute values inside an integral, while

the definition of X (H) usually involves having absolute values outside of an integral.

Therefore, it is easy to see that this direction is set up for (and frequently uses)

tools like Hölder’s inequality. The reverse implication, however, is generally much

more subtle and requires a very intricate geometric analysis of Carleson measures

and the underlying Hilbert space (see [2], [9], [11]). A geometric characterization of

the Carleson measures for H2
d is proven in [1], but at this time, there is no complete

characterization of X (H2
d) in terms of Carleson measures.

The main result in this chapter takes a certain type of symbol ϕ ∈ H2
d+1 and

reduces both problems of inducing an appropriate Carleson measure and inducing a

bounded Hankel operator into problems on Hilbert spaces of analytic functions on

D = {z ∈ C | |z| < 1}. We then rely on the well-known theory mentioned above to

prove our results.
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7.2 Decomposition of H2
d into Function Spaces of

One Variable

Let f =
∑

n anz
n ∈ Hol(D) and let β = (β1, ..., βd+1) ∈ Nd+1

0 be a (d + 1)-tuple with

β1 = 0. Consider the function g : Bd+1 → C given by gβ(z) = zβf(z1). If |β| = 0,

then we have that

‖gβ‖2
H2
d

=
∞∑
n=0

|an|2 = ‖f‖2
H2(D).

Furthermore, if |β| 6= 0, then we have

‖gβ‖2
H2
d+1

=
β!

|β|!

∞∑
n=0

|an|2
|β|!n!

(|β|+ n)!
=

β!

|β|!
‖f‖A2

|β|−1
(D).

(see Lemma 2.1.2). Letting

Sd+1 = {α = (α1, ..., αd+1) ∈ Nd+1
0 | α1 = 0},

It follows that for every f ∈ H2
d+1, we may write

f =
∑

α∈Sd+1

fαz
α,

where the fα are holomorphic functions which depend only on the variable z1 such

that

‖f‖2
H2
d+1

=
∑

α∈Sd+1

α!

|α|!
‖fα‖2

A2
|α|−1

(D)

When convenient, we will write A2
−1(D) = H2(D), as in the above formula.

Throughout this chapter, when we are given β ∈ Sd+1 and a function f ∈ Hol(D),

we will just write zβf to mean the function gβ discussed in the previous paragraph;

that is, we will think of the function f as a holomorphic function on Bd+1 which only

depends on the variable z1. With this identification, we have that H2(D) embeds
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isometrically into H2
d+1 and for k ∈ N and the weighted Bergman spaces A2

k(D)

embed into H2
d+1 contractively for k ∈ N.

The main theorem of this chapter makes a connection between Carleson measures

and Hankel forms for those functions that can appear as fαz
α for some function in

f ∈ H2
d+1 with respect to this decomposition. By Theorem 3.2, we have that for any

b ∈ H2
d+1 and any m ∈ N such that 2m−(d+1) > −1 that |Rmb|2(1−|z|2)2m−(d+1)dV

being a Carleson measure for H2
d+1 implies that b ∈ X (H2

d+1); therefore, we will focus

on the other implication for these particular symbols.

7.3 Reduction of the Hankel Condition

In this section, we characterize the symbols of the type zβϕ ∈ H2
d+1 that are elements

of X (H2
d+1) in terms of a one-dimensional Carleson measure condition involving the

function ϕ. To motivate this, let ϕ ∈ H2(D) ⊆ H2
d+1. Given arbitrary functions

f =
∑

α∈Sd+1
fαz

α and g =
∑

γ∈Sd+1
gγz

γ ∈ H2
d+1, written with respect to the grading

of H2
d+1, we see by exploiting orthogonality of the monomials in H2

d+1 that

〈fg, ϕ〉H2
d+1

= 〈f0g0, ϕ〉H2(D). (7.1)

By choosing f and g to be scalar-valued functions in H2(D) ⊆ H2
d+1 and using the fact

that this inclusion is isometric, one easily sees that X (H2
d+1) ∩H2(D) ⊆ X (H2(D)).

Furthermore, since ‖f0‖H2(D) ≤ ‖f‖H2
d+1

for any f ∈ H2
d+1, from (2.1) we get

X (H2(D)) ⊆ X (H2
d+1) ∩ H2(D). Therefore, it follows that ϕ ∈ H2(D) ⊆ H2

d+1 is

in X (H2
d+1) if and only if ϕ ∈ BMOA(D). As mentioned earlier, this is equivalent to

the measure |Rϕ(z)|2(1− |z|2)dA(z) being a Carleson measure for H2(D).

The main theorem in this section follows the same type of proof strategy as above;

however, for arbitrary β ∈ Sd+1, we note that (7.1) becomes

〈fg, zβϕ〉H2
d+1

=
∑

α+γ=β

β!

|β|!
〈fαgγ, ϕ〉A2

|β|−1
(D) (7.2)
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so that we must deal with a sum of Hankel forms instead of a single one. Nonetheless,

the appropriate boundedness of this sum is equivalent to the appropriate boundedness

of the summands corresponding to α = 0 or γ = 0, which, in turn, is equivalent to a

one-dimensional Carleson measure condition on the function ϕ.

Theorem 7.1. Let β ∈ Sd+1 with |β| 6= 0, and ϕ ∈ Hol(D) be such that zβϕ ∈ H2
d+1.

Then the following are equivalent

1. zβϕ ∈ X (H2
d+1).

2. There is a constant C > 0 such that for all f, g ∈ Hol(D),

|〈fg, ϕ〉A2
|β|−1

(D)| ≤ C‖f‖A2
s−1(D)‖g‖A2

t−1(D)

holds whenever s, t ∈ N0 with s+ t = |β|.

3. There is a constant C > 0 such that for all f, g ∈ Hol(D),

|〈fg, ϕ〉A2
|β|−1

(D)| ≤ C‖f‖A2
|β|−1

(D)‖g‖H2(D).

4. The measure |ϕ(z)|2(1− |z|2)|β|−1dA(z) is Carleson for H2(D).

Proof. (1)⇒ (3) If zβϕ ∈ X (H2
d+1), then for any f, g ∈ Hol(D),

|〈fg, ϕ〉A2
|β|−1

(D)| =
|β|!
β!
|〈fzβg, zβϕ〉H2

d+1
|

≤ |β|!
β!
‖zβϕ‖X (H2

d+1)‖f‖H2
d+1
‖zβg‖H2

d+1

= ‖zβϕ‖X (H2
d+1)‖f‖H2(D)‖g‖A2

|β|−1
(D)

so that we may choose C = ‖zβϕ‖X (H2
d+1).

(3)⇔ (4). This follows immediately from Theorem 6.7.
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(4) ⇒ (2) If |ϕ(z)|2(1 − |z|2)|β|−1dA(z) is Carleson for H2(D), then the operator

Mb : H2(D) → A2
|β|−1(D) is bounded. It follows by Lemma 2.1.3 (with d = 1, γ =

1, η = |β| − 1) that C := supz∈D |ϕ(z)|(1− |z|2)
|β|
2 <∞. For 0 < t < |β|, we have

|〈fg, ϕ〉A2
|β|−1

(D)| .
∫
D
|f(z)g(z)ϕ(z)|(1− |z|2)|β|−1dA(z)

≤ C

∫
D
|f(z)g(z)|(1− |z|2)

|β|
2
−1dA(z)

≤ C‖f‖A2
t−1(D)‖g‖A2

(|β|−t)−1
(D)

The cases when t = 0 and t = |β| follow since (3) is equivalent to (4).

(2)⇒ (1) If (2) holds, then for any f =
∑

α z
αfα, g =

∑
γ z

γgγ ∈ H2
d+1,

|〈fg, zβϕ〉H2
d+1
| ≤

∑
α+γ=β

|〈zαfαzγgγ, zβϕ〉H2
d+1
|

=
β!

|β|!
∑

α+γ=β

|〈fαgγ, ϕ〉A2
|β|−1

(D)|

≤ Cβ!

|β|!
∑

α+γ=β

‖fα‖A2
|α|−1

(D)‖gγ‖A2
|γ|−1

(D)

≤ Cβ!

|β|!

( ∑
α+γ=β

‖fα‖2
A2
|α|−1

(D)

) 1
2
( ∑
α+γ=β

‖gγ‖2
A2
|γ|−1

(D)

) 1
2

. ‖f‖H2
d+1
‖g‖H2

d+1
,

Thus zβϕ ∈ X (H2
d+1).

We note that (2) can be replaced with

(2
′
) There is a constant C > 0 such that

|〈fg, ϕ〉A2
|β|−1
| ≤ C‖f‖A2

s−1(D)‖g‖A2
t−1(D)

for any nonnegative real numbers s, t which satisfy s+ t = β.
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because (2
′
) clearly implies (3) and the proof of (4) implies (2) is valid for nonnegative

real numbers, since Lemma 2.1.3 is valid for any appropriate real numbers.

Using Theorem 2.2, we can combine the paragraph preceding Theorem 7.1 and

Theorem 7.1 to obtain the following Corollary.

Corollary 7.1.1. Let β ∈ Sd+1 and let ϕ ∈ Hol(D) be such that zβϕ ∈ H2
d+1. Then

zβϕ ∈ X (H2
d+1) if and only if

|Rϕ|2(1− |z|2)|β|+1dA(z)

is a Carleson measure for H2(D).

7.4 Hankel implies Carleson

Now, note that if ϕ ∈ Hol(Bd+1) depends only on the variable z1, then

Rm(zβϕ) =
m∑
k=0

 m

k

 (Rkzβ)(Rm−kϕ)

= zβ
m∑
k=0

 m

k

 |β|k(Rm−kϕ)

= zβ(|β|+R)mϕ

so that Rm(zβϕ) is again zβ multiplied by a function which depends only on the

variable z1. The following lemma allows us to exploit this observation and reduce

certain integrals over Bd+1 into integrals over D.

Lemma 7.1.1. Let f ∈ Hol(D). Then, for any α > −1 and β ∈ Sd+1 we have that

‖zβf‖A2
α(Bd+1) = ‖zβ‖A2

α(Bd+1)‖f‖A2
d+α+|β|(D)
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Proof. Writing f =
∑

n f̂(n)zn, we have by orthogonality and Lemma 2.1.2

‖zβf‖2
A2
α(Bd+1) =

∞∑
n=0

|f̂(n)|2‖zn1 zβ‖2
A2
α(Bd+1)

=
∞∑
n=0

|f̂(n)|2 n!β!Γ(d+ α + 2)

Γ(d+ n+ |β|+ α + 2)

=
β!Γ(d+ α + 2)

Γ(d+ |β|+ α + 2)

∞∑
n=0

|f̂(n)|2 n!Γ(d+ |β|+ α + 2)

Γ(d+ n+ |β|+ α + 2)

= ‖zβ‖2
A2
α(Bd+1)‖f‖2

A2
d+α+|β|(D)

The following lemma regards a Carleson measure that appears in the proof of the

main theorem.

Lemma 7.1.2. Let β ∈ Sd+1 and let ϕ ∈ Hol(D) be such that zβϕ ∈ H2
d+1. If

zβϕ ∈ X (H2
d+1), then |(|β| + R)mϕ|2m+|β|−1dA(z) is a Carleson measure for H2(D)

for all m ∈ N.

Proof. If ϕ ∈ X (H2
d+1), then Corollary 7.1.1 implies that the measure |Rϕ|2(1 −

|z|2)dA(z) is Carleson measure for H2(D). It follows immediately from Theorem 2.2

that the measure |Rmϕ|2(1 − |z|2)2m−1dA(z) is Carleson measure for H2(D) for all

m ∈ N.

If β ∈ Sd+1 with |β| 6= 0, we have that the measure |ϕ|2(1 − |z|2)|β|−1dA(z) is a

Carleson measure for H2(D) by Theorem 7.1. Furthermore, we have that |Rkϕ|2(1−

|z|2)2k+|β|−1dA(z) is a Carleson measure for H2(D) for all k ∈ N0 by Theorem 2.2.
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Thus if f ∈ H2(D), then we have

‖f(|β|+R)mϕ‖A2
2m+|β|−1

(D) ≤
m∑
k=0

 m

k

 |β|m−k‖fRkϕ‖A2
2m+|β|−1

(D)

.
m∑
k=0

 m

k

 |β|m−k‖fRkϕ‖A2
2k+|β|−1

(D)

. ‖f‖H2(D)

where we have used the pointwise inequalty (1 − |z|2)2m+|β|−1 ≤ (1 − |z|2)2k+|β|−1.

Therefore |(|β|+R)mϕ|(1− |z|2)2m+|β|−1dA(z) is Carleson measure for H2(D).

Theorem 7.2. Let β ∈ Sd+1 and ϕ ∈ Hol(D) be such that zβϕ ∈ H2
d+1. Then

zβϕ ∈ X (H2
d+1) if and only if zβϕ ∈ CH2

d+1.

Proof. (⇐) We have already mentioned that this direction, regardless of the type of

symbol, follows from Theorem 3.2.

(⇒) Let m ∈ N be such that 2m − (d + 1) > −1 and suppose that zβϕ ∈

X (H2
d+1). Let f =

∑
α∈Sd+1

zαfα ∈ H2
d+1. Using the orthogonality of monomials in

A2
2m−(d+1)(Bd+1) and the fact that Rm(zβϕ) is zβ times a function which only depends

only z1, we have by Lemma 7.1.1 that

‖fRm(zβϕ)‖2
A2

2m−(d+1)
(Bd) =

∑
α∈Sd+1

‖zα+βfα(|β|+R)mϕ‖2
A2

2m−(d+1)
(Bd)

=
∑

α∈Sd+1

‖zα+β‖A2
2m−(d+1)

(Bd+1)(|β|+R)mϕ‖2
A2

2m+|α|+|β|−1
(D)

.
∑

α∈Sd+1

α!

|α|!
‖fα(|β|+R)mϕ‖2

A2
2m+|α|+|β|−1

(D).

where we have used that

‖zα+β‖A2
2m−(d+1)

(Bd+1) ≤ ‖zα‖A2
2m−(d+1)

(Bd+1) =
α!Γ(2m+ 1)

Γ(2m+ 1 + |α|)
.

α!

|α|!
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For α = 0, we have that

‖f0(|β|+R)mϕ‖A2
2m+|β|−1

(D) . ‖f0‖H2(D)

since |(|β| + R)mϕ|2(1 − |z|2)2m+|β|−1dA(z) is a Carleson measure for H2(D) by

Lemma 7.1.2. Furthermore, for α 6= 0, we use Lemma 2.1.3, which implies that

C := supz∈D |(|β|+R)mϕ(z)|2(1− |z|2)2m+|β| <∞ and thus we have

‖fα(|β|+R)mϕ‖2
A2

2m+|α|+|β|−1
≤ C‖fα‖2

A2
|α|−1

(D)

It now follows that |Rm(zβϕ)|2(1−|z|2)2m−(d+1)dV (z) is a Carleson measure for H2
d+1.

7.5 Concluding Remarks

For a function f ∈ Hol(Bd+1), write f(z) =
∑∞

k=0 fk(z) for the homogeneous

expansion of f . For any real number t > 0, define the fractional derivative of f

of order t to be

Dtf(z) =
∞∑
n=0

(n+ 1)tfk(z).

Note that D0f = f and D1f = f + Rf . The following result of Miroljub Jevtic

provides a characterization of BMOA(Bd+1) in terms of Carleson measures for the

Hardy space H2(Bd+1) which involves these fractional derivatives.

Theorem 7.3 (from [19]). For a function f ∈ Hol(Bd+1), the following are equivalent

1. f ∈ BMOA(Bd+1)

2. There is a t > 0 such that

|Dtf(z)|2(1− |z|2)2t−1dV (z)
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is a Carleson measure for H2(Bd+1).

3. For all t > 0 we have that

|Dtf(z)|2(1− |z|2)2t−1dV (z)

is a Carleson measure for H2(Bd+1).

Using this result, one can obtain a method for constructing functions which satisfy

the equivalent conditions of Theorem 7.2.

Theorem 7.4. Let β ∈ Sd+1 and ϕ ∈ Hol(D) be such that zβϕ ∈ H2
d+1. Then the

following are equivalent

1. zβϕ ∈ X (H2
d+1)

2. zβϕ ∈ CH2
d+1

3. there is a function b ∈ BMOA(D) such that ϕ = D
|β|
2 b.

Proof. Writing ϕ(z) =
∑∞

n=0 ϕ̂(n)zn, one easily sees that the function b(z) =∑∞
n=0(n+ 1)−

|β|
2 ϕ̂(n)zn is holomorphic on D and satisfies D

|β|
2 b = ϕ.

If β = 0, then b = ϕ. Furthermore, Corollary 7.1.1 then implies that ϕ satisifes

(1) and (2) if and only if |Rϕ(z)|2(1 − |z|2)dA(z) is a Carleson measure for H2(D).

However, this is equivalent to ϕ ∈ BMOA(D), as mentioned earlier.

If |β| > 0, then Theorem 7.1 implies that ϕ satisfies (1) or (2) if and only if

|ϕ(z)|2(1− |z|2)|β|−1dA(z) is a Carleson measure for H2(D). Therefore, we have that

|D
|β|
2 b(z)|2(1 − |z|2)|β|−1dA(z) is a Carleson measure for H2(D). By Jevtic’s result,

this is equivalent to b ∈ BMOA(D).

We conclude the paper with a generalization of the main theorem which easily

follows from the results of the previous sections. For i ∈ {1, 2, ..., d+ 1}, define

Sid+1 =
{
α = (α1, ..., αd+1) ∈ Nd+1

0 | αi = 0
}
.
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It is clear that all of the previous results and their proofs remain valid if Sd+1 is

replaced with S id+1 for any i ∈ {1, 2, ..., d+ 1}.

Theorem 7.5. Let N ∈ N be fixed, and let

ϕ =
d+1∑
i=1

∑
β∈Sid+1,|β|≤N

zβϕβ,i ∈ H2
d+1

where each ϕβ,i ∈ Hol(D) is a function of the variable zi. Then the following are

equivalent

1. ϕ ∈ X (H2
d+1)

2. zβϕβ,i ∈ X (H2
d+1) for all β ∈ S id+1 with |β| ≤ N and for all i ∈ {1, ..., d+ 1}.

3. The measure

|Rm(zβϕβ,i)|2(1− |z|2)2m−(d+1)dV (z)

is a Carleson measure for H2
d+1 for all β ∈ S id+1 with |β| ≤ N , any i ∈ {1, ..., d+

1}, and any m ∈ N with 2m− (d+ 1) > −1.

4. ϕ ∈ CH2
d+1.

Proof. (i) ⇒ (ii). For any f, g ∈ Hol(D), we see that if (i) holds, then for any

β ∈ Sid+1, we have

|〈fg, ϕβ,i〉A2
|β|−1
| = |β|!

β!
|〈fgzβ, ϕ〉H2

d+1
| ≤ ‖ϕ‖X (H2

d+1)‖f‖H2(D)‖g‖A2
|β|−1

so that (ii) holds by Theorem 7.1.

(ii)⇒ (iii). This is immediate from Theorem 7.2.

(iii) ⇒ (iv). This follows by the linearity of Rm and the convexity of the real-

valued map x 7→ x2.
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(iv)⇒ (i). This follows by Theorem 3.2.
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