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Abstract

The Drury-Arveson space, initially introduced in the proof of a generalization of von
Neumann’s inequality, has seen a lot of research due to its intrigue as a Hilbert space
of analytic functions. This space has been studied in the context of Besov-Sobolev
spaces, Hilbert spaces with complete Nevanlinna Pick kernels, and Hilbert modules.
More recently, McCarthy and Shalit have studied the connections between the Drury-
Arveson space and Hilbert spaces of Dirichlet series, and Davidson and Cloutére have
established analogues of classic results of the ball algebra to the multiplier algebra
for the Drury-Arveson Space.

The goal of this dissertation is to contribute to this growing body of research
by studying the Hankel operators on the Drury-Arveson Space. We begin by
establishing basic results regarding the function theoretic properties of the Drury-
Arveson space and general properties of Hankel operators. It is then shown that every
invariant subspace of the d-shift on the Drury-Arveson space is an at most countable
intersection of kernels of Hankel operators. We then prove that if a function and its
reciprocal lie in the Drury-Arveson space, then that function must be a cyclic vector.
In addition, we prove that each multiplier invariant subspace on the vector-valued
Drury-Arveson space is an intersection of kernels of vectorial Hankel operators, and
we characterize a special class of symbols which induce a bounded Hankel operator

in terms of a Carleson measure condition on the symbol.
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Chapter 1

Introduction

1.1 History

One of the most fruitful ideas of mathematical analysis is to take operators acting
on a general Banach or Hilbert space and model them (via unitary equivalence) as
operators on a space whose elements are functions. In this way, one hopes that
questions about operators can be answered by the techniques of real or complex
analysis.

For instance, it is well known that an operator A on a separable space is normal
if and only if it is unitarily equivalent to a bounded multiplication operator My,
defined by M,f = ¢f, on L*(X, p) for some finite measure space (X, u). The basic
properties of the operator M, can be determined by studying the properties of the
function ¢. For instance, M., is bounded if and only if ¢ is essentially-bounded and
the spectrum of M, is precisely the essential-range of ¢. Furthermore, one can easily
determine equivalent conditions for which M, will be Hermitian, unitary, positive, or
a projection wholly based upon the properties of ¢. In this way, we can recover many
of the basic facts about normal operators.

One of the major results which utilizes this line of reasoning is the Sz. Nagy

dilation theorem, which implies that every strict contraction on a Hilbert space is



unitarily equivalent to the restriction of a backward shift operator (of appropriate
multiplicity) to some invariant subspace. These backward shift operators can then
be modelled as operators on a vector-valued Hardy space of the unit disc (which has
been extensively studied). One of the applications of this theorem is a nice proof of
von Neumann’s inequality, which states that for any contraction 7" on some Hilbert

space we have that

[P < sup [p(2)]

for any polynomial p. Furthermore, the Sz. Nagy dilation theorem implies that
many other operators of interest have representations on the Hardy space, and thus
questions about these operators are equivalent to questions regarding functions in the
Hardy space.

In 1978, S. W. Drury generalized von Neumann’s inequality to the unit ball By
of C?. In his paper [13], Drury showed for any fixed d € N, there is an “archetypal”
d-tuple of operators S = (S, ..., .S;) acting on some Hilbert Space H3 such that

1. SZS] = SjSl for Z,j < {1, ,d} and
2. Z?=1 |S;x||? < ||z||* for all z € H?

with property that if T = (T, ..., T,) is a d-tuple of operators on any (other) Hilbert
space H with these properties 1 and 2, then

||Q(T17 7Td)|| < ||Q(Sl7 ) Sd)”

for all analytic polynomials () of d-variables. Drury’s proof is inspired by one of the
proofs of the Sz. Nagy dilation theorem mentioned in the previous paragraph. The
space H3, on which the tuple S is defined, is known today as the Drury-Arveson
space.

Now, Drury initially introduced the space H3 as a weighted ¢* space of d-tuples
of nonnegative integers. It was William Arveson, twenty years later, who brought the

Drury-Arveson space into a more function theoretic setting (see [4]). Since then a
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substantial amount of research has been done trying to solve the “standard” problems
one would generally ask about any Hilbert space of analytic functions. For instance,
the multipliers of H3? are characterized by Fabrega and Ortega in [27], the Carleson
measures of H3 are characterized by Arcozzi, Rochberg, and Sawyer in [1], and Costea,
Sawyer, and Wick proved the Corona theorem for the multiplier algebra of H2 in
[12]. However, at this time, there is no characterization of the symbols which induce
bounded Hankel operators on H3.

The study of Hankel operators traces back to the 1861 dissertation of Hermann
Hankel, in which he studied n x n matrices (a;;)I, which have the property that
a;; = f(i+ j) for some function f: N — C. It is well-known for infinite dimensional
matrices of this type when they are finite rank (see [21]), bounded ([26]), and compact
(see [17]). Study of these types of objects gives rise to the theory of Hankel operators
on the Hardy space and provides a good deal of information regarding the function
theory of the Hardy Space. For instance, it is known that a Hankel operator on
the Hardy space is bounded if and only if its associated symbol is of bounded mean
oscillation, which is equivalent to a certain measure theoretic condition on the symbol.
Furthermore, Hankel operators have applications in control theory and vector-valued
Hankel operators were used in Pisier’s example of an operator that is polynomially

bounded but not similar to a contraction.

1.2 Overview

The main goal of this dissertation is to study the space of Hankel symbols X (H?2),
which consists of those symbols which induce bounded Hankel operators on the Drury-
Arveson space. Although no characterization of X (H3) is available at this time,
the theory of Hankel operators on H3 allows us to prove results regarding invariant
subspaces of the “archetypal” tuple of operators introduced by Drury in his 1978 paper
and cyclic vectors on H3. Later in this dissertation, we provide a characterization of

Hankel symbols which lie in a special class of functions.



Given any Hilbert space H consisting of holomorphic functions on the unit ball
B, with the property that the polynomials are dense in H, one can define and study
the space of Hankel symbols X' () for that space. For several well-known spaces,
there is a satisfactory characterization of X(H). For the Hardy Space H?*(0Bg),
Coifman, Rochberg, and Weiss proved in [11] that X(H?(0B,)) equals BMOA(B,),
the functions of bounded mean oscillation on B,. It also follows from their work that
for the weighted Bergman spaces A%(B,) with o > —1, one has that X(A42) is the
Bloch space, which we will denote by B. Finally, for the Dirichlet space D of the unit
disk, a characterization of X (D) was given by Arcozzi, Rochberg, Sawyer, and Wick
in [2]. The Bloch space, Hardy space, and weighted Bergman spaces will be used
frequently throughout this dissertation and more information about these spaces is
provided in Section 2.2.

Now, there is a common element between the characterizations of the Hankel
symbols for the Hardy space, the weighted Bergman spaces, and the Dirichlet space:
they can all be rephrased in terms of a certain measure being a Carleson measure for
the underlying space. In Section 2.4, we give an overview of Carleson measures and
focus on the space CH?, which consists of those functions ¢ € H? with the property
that |[R™p(2)]?(1 — |2|*)*™~9dV (2) is a Carleson measure for some (and hence, for
all) m € N with 2m — d > —1. The next two results (see Theorem 3.2 and Theorem
7.2) provide evidence that C(H3) is the correct space to consider when trying to

characterize membership in y(H?3).
Theorem 1.1 (Richter, Sunkes [30]). C(H3) C X(H3) C B.

Theorem 1.2 (Sunkes [34]). Fiz d € Ny := NU{0}. Let B € NIt with 3, = 0
and g € Hol(D) be such that the function given by p(z) = 2°g(z1) satisfies ¢ € H3, ;.
Then ¢ € X(H7,,) if and only if p € CH ;.

The first inclusion in Theorem 1.1 follows from an argument involving the

equivalence of certain bilinear forms on H? and then several applications of the



Carleson measure condition. The second inclusion follows from testing the Hankel
condition on the reproducing kernels of H3.

The proof of Theorem 1.2 involves showing that ¢ € y(H> 1) is equivalent to some
condition on the function g, and then showing that ¢ € CHJ , is equivalent to that
same condition on g. The proof of the theorem relies heavily on the characterizations
of the Hankel symbols for the Hardy space and weighted Bergman spaces on the unit
disk B; and also on a decomposition of H7 into a certain direct sum of these spaces.
Moreover, in Theorem 7.4, we show how to construct all the functions g for which
the equivalent conditions of Theorem 1.2 hold.

Now, to each ¢ € X(H3), we associate its Hankel operator H,. It turns out
that ker H, is an invariant subspace of the d-shift (M,,, ..., M,,) for H3. In Theorem
4.3, we prove the following characterization of Lat(M,, H3), the collection of all the

invariant subspaces of the d-shift, in terms of the kernels of Hankel operators on H3.

Theorem 1.3 (Richter, Sunkes [30]). Let (0) # M € Lat(M,, H2). Then there are
{by}n>0 C X(H3) such that
M = m ker an.

n>0
The functions b, come from the density of finite linear combinations of the
reproducing kernels of H3. Using a result of McCullough and Trent (in [24]), one
shows that each b, is a multiplier for H2. For a function b € H3, we have that b is a
multiplier for H? if and only if b is bounded and b € CH? (see Theorem 2.3 or [27]).
Thus by Theorem 1.1 above, each multiplier for H? must lie in X (H?). The argument
in Theorem 1.3 is based on a proof by Luo and Richter in [23]. A vector-valued version
of this theorem is the content of Chapter 5.
A function f € H3 is said to be cyclic for H3 if the set of all polynomial multiples
of f is dense in H3. For the Hardy space on the unit disk, the cyclic vectors are simply
the outer functions. For the weighted Bergman spaces and the Dirichlet space of the

unit ball, there is no characterization of cyclic vectors; although, for the Dirichlet



space, there is a conjecture by Brown and Shields (see [7]). For H3, we prove the
following in Theorem 4.4.

1
Theorem 1.4 (Richter, Sunkes [30]). If f, 7 € H3, then f is cyclic in H2.

The analogue of this theorem for the Dirichlet space D of B; was proven in [23]
by means of cut-off functions and an integral formula for the Dirichlet norm of an
outer function proven by Carleson. The proof of Theorem 1.4 is valid in the context
of the Dirichlet space and avoids these technicalities.

Of course, after proving a theorem like this, it is only natural to explore when it is
the case that a function f € Hj satisfies ; € Hj. To this end, we prove the following

theorem (see Theorem 4.6).

Theorem 1.5 (Richter, Sunkes [30]). If f € H3NB, and if there is a ¢ > 0 such that
|f(2)] > ¢ for all z € By, then % € H? and f is cyclic for H3.

Here B is the Bloch space mentioned earlier. The Bloch space contains the
multipliers of HZ, the bounded functions on By, and by virture of Theorem 1.1,
those functions in CH3. Because this theorem applies to multipliers for H3, it also
generalizes what is commonly referred to as the “one-variable Corona theorem” for
H32. The proof of Theorem 1.5 involves utilizing the realization that H? can be
identified as a Besov-Sobolev space, and then relies on the Bloch condition to estimate

1
the norms of the summands that appear when taking a higher order derivative of ?

1.3 Basic Notation

Before we start in earnest, we will introduce fundamental notation that will be used
throughout this dissertation.

For d € N, let By = {z = (21,..,20) € CUY L |z < 1} and let Hol(B,) denote
the collection of complex-valued functions f on B; which are holomorphic, or complex

differentiable, on Bj.



For a d-tuple of nonnegative integers a = (a, ..., ag), we will write a! = ngl !

and |a| = 3%, a;. If we are further given a point z = (z1, ..., zg) € C% then we will

. d o
o 7
write 2% = | |2.:1 Z;

~

coefficients f(a) € C which satisfy

. With this notation in place, for every f € Hol(B,), we can find

f(z) =2 fla)="

where the sum is taken over all d-tuples of nonnegative integers. Moreover, for n € N,

we can write

o) = 3 fla)=

loe|=n
and we have

f(2) =) fal2).

This is called the homogeneous expansion of f.

For two positive quantities A = A(xy, ..., z,) and B = B(z, ..., x,) which depend
on the variables z1,...,z,, we will write A < B to mean that there is a constant
C' > 0, independent of z1,...,z,, such that A(zy,...,z,) < CB(zy,...,z,) for any
choice of x1, ..., x,. For example, it follows from the convexity of the real-valued map
x> 22 that (z + y)? < 2(2% + ¢?) for all 2,y € R. We can (and will) write this as
(r +y)? <22+ % In the case that A < B and B < A, we will write A ~ B.



Chapter 2

The Drury-Arveson Space

2.1 Definition

For d € N, the Drury-Arveson space H3 is the Hilbert space of holomorphic functions

~

f(z) =3, fla)z* € Hol(B,) equipped with the norm
2 _ al = o
Iy = 3 el <

Given such an f € H? and X\ € B, an application of the Cauchy-Schwarz inequality

gives

SO < D@1

al  ~ : al! :
(waﬂaw) (Z%W)
11
T

IN

This implies that the evaluation functional f +— f()) is bounded, and therefore
the Riesz Representation theorem implies that for every A € B, there is a unique

vector ky € H3 which satisfies f(\) = (f, k;,\>H§. These vectors k) are called the



reproducing kernels of H?, and we say that H3 is a reproducing kernel Hilbert

space. In fact, given A € By, we have that

. 1 . |Oé|' axo

which can be easily verified by using the definition of the inner product on HZ. Note:
Although we will talk about other reproducing kernels throughout this dissertation,
we will reserve the notation ky to mean the reproducing kernel for H3.

An alternate norm for H? can be given in terms of a Sobolev-type norm. In
particular, given an m € N such that 2m — d > —1, we have that f € H? if and only
if

[ IR FRR s az) < o
By

Here dv denotes Lebesgue measure on By and Rf = Zj:l zi% is called the radial
derivative of f. To see this, it is enough to check that this is true for the monomials.

Noting that R(z%) = |a|z%, we have

LR EOR = pEmtavie) = faPn [ R - R

a!l'(1+ 2m)
L(1+42m+ |af)

‘ ‘2m

(2.1)

o]l

(Here we have used Lemma 2.1.1 in the next section.)

2.2 Spaces Related to H?

We will frequently return to the fact that H? is a reproducing kernel Hilbert space.
We now recall some of the basic properties for general reproducing kernel Hilbert
spaces on B, (For the purposes of this dissertation, we fix our domain to be the unit

ball B, although these spaces can be studied in a more general context).



If H C Hol(By) is a reproducing kernel Hilbert space with reproducing kernels [,
then the set

S = {Zn: ail&
=1

is dense in H. In fact, if f is perpendicular to [, for all A € By, then f(A) = (f,l\) =0,

at,...,a, € Cand A\, ..., \, € Bd}

so that f is identically equal to the zero function.
Using the reproducing property of the [, one can compute a nice expression for

the norm of an arbitrary element in S:

2 n n n
= Z Z aia_j<l>\i’ l>\j> = Z aia_jl}\i (/\J) (2'2)
i=1

i=1 j=1

n
E ail)\i
i=1

n
3,j=1

This implies that for any choice of Ay, ..., A\, € C, that the matrix (), (};)) is
positive definite. In this case, we say that the function [ : B; x B; — C given by
l(z,\) = I(2) is a positive definite function and we write [ > 0. Moreover, given
any positive definite function [ : B; x B; — C, we can define a reproducing kernel
Hilbert space with the function [, as its reproducing kernels, which will denote by
H(D).

When dealing with reproducing kernels, we will commonly exploit the following

result from [3], which is an excellent survey of the theory of reproducing kernels.

Theorem 2.1 (in [3]). Let I* and I* be positive definite functions on By. Then '

is positive definite on By.

There is a special class of reproducing kernels that we will frequently use, so we will
have a special notation for them. For v > 0, we will define H., to be the reproducing

kernel Hilbert space of functions in Hol(B,;) with reproducing kernel

v 1
R
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Note that in keeping with our assertion that &} is the reproducing kernel for H?, we
have that H3 = H;. Furthermore, we will write ||f|, for the norm of a function
f € H,; in particular, we will write || f|l1 = [|f]| 2.

This scale of spaces contains several well-known spaces. In particular, we have

that H,4 is the Hardy Space H*(0B,) and

1£IG = sup | |f(rQ)[do(C)

o<r<1 Jsn

where S" = {z = (21, ..., 24) € C? | ijl |z;|*> = 1} and do is Lebesgue measure on

S™. For 8 > —1, we have that H, 1.5 is the weighted Bergman space A% (Bg) and

1114145 = %/B [f(2)P(1 = [2[*) du(2).

where
_Td+1+p)
NS

is a normalization constant so that ||1||4414+5 = 1.
We will frequently need to work with the Bergman space norms. To this end, we

have the following two lemmas.

Lemma 2.1.1 (see Lemma 1.11 in [37]). Let a = (aq,...,aq) be a d-tuple of

nonnegative integers and suppose that n > —1. Then

T(d+14+n)
2212(1 = [212)dV (2) = a
[ = 1errave) = g

~

Lemma 2.1.2. Let f(z) =), f(a)z* € Hol(By). Forn > —1, we have that

B all'(d+1+4+1n) -~
100 = ¥ T T o TP

«

11



We note that

K] (2) = TGy Z% . Jaf! oz (2.3)

:n

where
S A G )
YT all(y)

From this it follows that for a function f(z) =", f(oz)za, we have

1115 = Z Z

@7 | al=n

In particular, if write f(z) = >~ fx(z) for the homogeneous expansion for f, then

we have that

=1
112 = > —IIfull? (2.4)
n=0 "7

Using this and mimicking Calculation 2.1 gives us the following proposition, which

we will frequently use.
Proposition 1. Let v > 0 and n € N. Then f € H, if and only if R"f € H,2,.

We will also need to know how the radial derivative R acts with the inner product
(-,-)y- Let f(2) = >, fu(2),9(2) = >, gk(2) € Hol(B,) be written with respect to
their homogeneous expansions, and note that Rf(z) = >, kfi(z). Therefore, we
have that

o

(Rf,9)y = ([, Rg)y Z (frs gr) (2.5)

k=0 k1
where we have used Equation 2.4.
Another space that will be important for us is the Bloch space B, which is the
Banach space of those functions f € Hol(B,) with the property that

1£lls = sup |[Rf()I(1 — |2*) < o0

z€By

12



The property that we will frequently use regarding B is given by the following

proposition.

Proposition 2 (Theorem 3.5 in [37]). Let f € Hol(B;). Then the following are

equivalent:
1. feB

2. There is an m € N such that

sup [R™ f(2)|(1 — |2*)™ < o0.

z€By

3. For all m € N we have that

sup [R™ f(2)|(1 — |2[*)™ < o0.

z€By

2.3 Multipliers

For a Hilbert space H C Hol(B,), we say that a function b € H is a multiplier of #,
and we write b € M(H), if for every f € H, we have that fb € H.

If we assume that H is a reproducing kernel Hilbert space, then to each b €
M(H) we can associate a bounded multiplication operator M, : H — H given by
M,yf = bf that is colloquially called multiplication by b. To see this operator is in
fact bounded, suppose that f,, f,g € H satisty f, — f and M,f,, — ¢g. Since point
evaluations are bounded in H, for every A € B,, we have that f,(A) — f(\) and
b(A) fu(A) — g(X). But this implies that b(\) f(A\) = g(\) so that bf = g. The claim
now follows by the closed graph theorem. We can therefore define the multiplier
norm of a function b € H? as ||b]|;m = ||Mp]], where the second norm here denotes

the usual operator norm.

13



If H(I) C Hol(B,) is a reproducing kernel Hilbert space and b € M(H(l)), then

we have the relation M1, = b(\)l, for any A € B,;. To see this, let g € H(l). Then

<gaMI;kl>\> - <bgal>\>
= b(Ng(N)

and the claim follows.
Now, because finite linear combinations of reproducing kernels are dense in H({),

we see that the operator M, is bounded if and only if

s (5

for every choice of ay,...,a,, € C and Ay, ..., A, € B;. Using the fact that Ml =

b(A)l, and repeating Calculation 2.2, we see that this is equivalent to

2 2
<
~Y

n
E O-/il)\i
i=1

> aiibMa)b(A) (A) S il (Ay).
i=1 i=1

This implies that there is a constant C' > 0 such that the function

B(z,A) = (€ = b(2)b(M)1A(2)

is positive definite. In fact, with virtually the same calculations, we have the following

useful proposition.

Proposition 3. Let H(I'), H(I?) C Hol(By) be reproducing kernel Hilbert Spaces and
let b € Hol(By). Then the formal adjoint of the operator operator My, : H(I') — H(I?)
satisfies

M3 = b(A)I

14



for all A € By. Furthermore, M, is bounded if and only if there is a constant C' > 0
such that the function

B(z,A) = Cl3(2) — b(2)b(M)1A(2)

18 positive definite.

Now, let b € M(H(l)). We have shown that for every A € B, that b(\) is an
eigenvalue of M, : H(l) — H(l). Therefore, we have that

sup [b(A)| < [ M|
AEBy

This implies that M(#H (1)) C H>(B,), where H>°(B,) is the algebra of those functions
f € Hol(B,) which satisfy

| flloo = sup |f(2)| < o0

For the Hardy Space Hy = H?*(B,) and the weighted Bergman spaces Hyy1ia =
A%(By) with @ > —1, it is easy to see that the multipliers of these spaces are
precisely the H*(B,) functions (largely because their norms involve the integral of
the function).

Unfortunately, for the Drury-Arveson space H3, the situation is not as simple.
In fact, Arveson gave an example of a bounded function which does not lie in H3,
and thus, in order to characterize multipliers for H?, another condition is needed.
The characterization of the multipliers of H? involves certain measures being what is

referred to as a Carleson measure.

2.4 Carleson Measures

If H C Hol(By) is a Hilbert space, then a positive measure p on B, is called a

Carleson measure for H if the inclusion i : H — L*(u) is bounded. This is
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equivalent to the existence of a constant C' > 0 which satisfies

i [f(2)Pdu(z) < CPII£13,

for all f € H. The smallest such C' which appears above (which is equal to the norm
of the inclusion ¢) is called the Carleson measure norm of y and which we will
denote by ||| carleson-

Now, if b € Hol(B;), m € N, and > —1, then we see that the measure
|R™b(2)[2(1—|2]*)Pdv(z) is a Carleson measure for H., for some v > 0 if and only if the
multiplication operator Mpmy, : H, — Har145 is bounded. By means of Proposition
3, we can show that the boundedness several of these types of Carleson measures
are equivalent. The proof of this fact was given in [8]; however, we will provide an
alternate proof here based on the theory of reproducing kernel Hilbert spaces. Before
giving this proof, we prove three lemmas which illustrate how the use of positive
definiteness can be useful for proving results about multipliers for the space H., with

v > 0.
Lemma 2.1.3. Let v,n > 0 and suppose that b € Hol(B,) is such that the operator

My : Hy — H,, is bounded. Then

sup [b(2)[*(1 — |2[*)"™" < co.
z€By

Proof. By Proposition 3, we have that there is a constant C' > 0 such that

C b(2)b(\
(1_ <27)\>)77 (1_ <27)‘

The result now follows from the resulting inequality by testing this positive

definiteness for z = \. OJ
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Lemma 2.1.4. Letn > —1 and let < 1+n. Then for any b € Hol(By), the operator
My : Hat149-8 — Hati4y 15 bounded if and only if

sup [0(2)*(1 — [2]*)” < oo
z€By

Proof. Let C' be equal to the supremum in the statement of the corollary.

(=) If M, is bounded, then we have that C' < co by Lemma 2.1.3.

(«) Since n > —1, we have that Hgy14, is equal to the weighted Bergman space
A%(Bg). Therefore, we have that

1folEan = o : [F(2)b(2)[*(1 = |2[*)"dV (2)

< ey | )P~ [2)"7dV(2)
B,
_ O 2
= s
We note that for the last equality we needed that n — § > —1. m

Note that taking 8 = 0 in the previous corollary yields a proof of the fact that
M(Hay14y) = H®(By) for n > —1.

Lemma 2.1.5. Let n,v > 0 and suppose that M, : H, — H, is bounded. Then for

any € > 0, we have that the operator My : Hre — Hype s bounded.

Proof. Let € > 0. By Proposition 3, we have that there is a constant C' > 0 such that

¢ (2)b(\)
1=z (1=(zN

S

Then, Theorem 2.1, we have that

C b(z)b
Y
(1 - <Za )\>)77+€ (1 - <Z7 )‘>)’Y+€
since k§ > 0. The result now follows by another application of Proposition 3. O
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Theorem 2.2 (Corollary 3.12 in [8]). Let v > 0. For a function b € H.,, the following

are equivalent:
1. the operator Mgmy : Hy — Hyyom 15 bounded for some m € N.
2. the operator Mpmy, : H — Hyqom @s bounded for all m € N.
Proof. 1t is clear that 2 implies 1, therefore we need only show that 1 implies 2.
Fix m € N and suppose that Mgmy : H, — H42m is bounded. By Lemma 2.1.5,

we have that Mgmy : Hy12 — Hyq2(m+1) is bounded. By the product rule, we have

that fR™"b = R(fR™b) — RfR™b, and therefore

IFR™ 0I5 o S IRUR™)E, 0 + IRFR™D5 L0
< IR0, + IRFIZ .,

< NFIPR

This implies that Mpm+1, : Hy — Hoq2(m+1) is bounded. In fact, by induction, we
actually have that Mpm+r, : Hy — Hyt2(mtk) is bounded for all & € N. Therefore it
suffices to show that Mg, : H, — H,42 is bounded.

Now, choose M € N large so that 2(M — m + 1) > d — . Then we have that

VFRBE, . = IRM (FROIE o S SCIREFRM S0,
k=0

It now suffices to prove the appropriate boundedness of the individual terms in the
above summation.

If M —m+1 >k, then we have that

IR® fRM ™50, |15, SR e, o = 11,

yH2(M+1)
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since the multiplication operator Mpuy-r+1p @ Hyyor — Hypo(mr41) 18 bounded since
M—-—k+1>m.

Now suppose that & > M — m + 1, which implies that 2k +~ > d. By Lemma
2.1.3, the boundedness of Mgmy : H, — Hyo2m, implies that

sup [R™b(z)[*(1 — [2]*)™" < o0
zE€By

so that f € B by Proposition 2. Therefore, by the same proposition, we have that

sup [R"b(2)[*(1 — |2[*)*" < o0
z€By

for all n € N and therefore by takingn = M —k+1,n=v4+2(M +1) —(d+1), and
f=2(M—k+1)in Lemma 2.1.4, we have that the operator Mpr—k+1, © Hoyyor —
H12(m+1) is bounded (Note: For this we need 8 < 7+ 1, which is equivalent to
v + 2k > d). Finally, we have that

|REFRM = B, S RE IR ~ I,

and the result follows. O]

In light of this result, we will define CH, to be the set of all those functions in
H., which satisfy condition 2 of Theorem 2.2. Furthermore, using this theorem, we
can finally prove the characterization of multipliers for H7, and more generally, the

multipliers of H., for v > 0.

Theorem 2.3 (Theorem 3.7 in [27]). Let v > 0. A function b € M(H.,) if and only
ifbe H® NCH,,.

Proof. (=) Suppose that b € M(H,). We have mentioned the necessity of b € H>
in Section 2.3. If b € M(H,), then we have that M, : H, — #, is bounded.
By Lemma 2.1.5, we have that M, : H 42 — H,42 is bounded. Therefore, using

19



fRb= R(fb) — (Rf)b, we have that

1f ROl 2 < ROyt + 1 (R)Dly12 S (SOl + IR 2 S I F1l

which shows that Mg, : H, — H.12 is bounded. Therefore b € CH,.
(<) Suppose that b € H* NCH,. Let m € N be large so that v+ 2m > d. Then

we have that

1£blly = IR (FO)l e S D IR FR™ 0] s2im
k=0

Since b € H*, we have that

IR F)blly2m S NE™ fllyzm = (11l

since My : Hoyom — Hoyom is bounded if and only if b € H* by Lemma 2.1.3 (take
f=0andn=~vy+2m—(d+1)). If & < m, then since b € CH,, we have that
Mpm—ry, : Hy — Hoyt2(m—k) is bounded. Therefore, by Lemma 2.1.5, we have that

Mpm—rp : Hogor — Hytom is bounded and therefore

IR FR™ 0]y s2m S IR fllasae = [1f]-

Hence we have that || fb[, < ||f]l, so that b € M(H.,). O

We mention there that for v > d, it is the case that M(#H.,) = H>, so that the
requirement that the function be in C(?,) is not needed in these cases (in fact, it
turns out that H> C CH, in these cases). That this is true for v > d can be seen by
taking # = 0 in Lemma 2.1.4. The case when v = d follows along the same type of

proof as used in Lemma 2.1.4.

20



Chapter 3

Hankel Operators

3.1 Definition

Let H C Hol(B,) be a Hilbert space such Hol(B,) is dense in 4. We then write
b e X(H) and call b a Hankel symbol of  if there is a constant C' > 0 such that

[(fg.0 < ClIfllgl (3.1)

holds for all f, g € Hol(B,). We will write [|b]|x() for the smallest such C' that can
appear in the above inequality.
Now, let H be the Hilbert space that equals H as a set but is equipped with the

inner product

<T> §>ﬁ = <ga f>7-[

If b € X(H), then we have that the sesquilinear form given by (f,g) — (fg, b) extends
to be bounded on H x H. Therefore, we can find a bounded operator H, : H — H,

which we will call the Hankel operator with symbol b, which satisfies the relation

(Hof, )z = (f9,0)n-
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If H = H(l) is a reproducing kernel Hilbert space, then one can easily find several

elements of X(H). In particular if A € B, and if f, g € Hol(By), then

(g, b= LF gL < L TgIIE .

Therefore I, € X(H) with ||| xm) < [|LA]]*

If H turns out to be a Banach algebra (this is true for some weighted Dirichlet
spaces on I, for instance), then X' (H) = H by the Cauchy-Schwarz inequality and the
standard Banach algebra inequality. However, there are several spaces, the Drury-
Arveson space included, that are not algebras. In order to have a context in which to
talk about products of functions in Hilbert spaces that are not algebras, we will now

introduce the concept of a weakly-factored space.

3.2 Weakly Factored Spaces

Let H C Hol(B,) be a Hilbert space. We then define the weakly-factored space

HOH = {Zgihi | gi, h; € H and Z ||fz||||gz||} :
i=1 =1

We can define a norm on H ® H by

] = in {Z lgillmall | £ =3 gihs where gi, i € H} |

The following is a special case of Theorem 1.3 in [29], which illustrates the

connection bewteen H3 ® H3 and X (H3).

Theorem 3.1. For every b € X(H?), define the map Ly : H3 — C by

Lb(h) = <h7b>
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Then Ly, extends to be bounded on H ® H?, and furthermore, the map b — Ly is a
conjugate linear isometric isomorphism of X (H3) onto (H2 ® H3)*.
3.3 Equivalence of Bilinear Forms

For the Drury-Arveson space H? = H;, the inequality 3.1 is equivalent to the

boundedness of several other bilinear forms.

Lemma 3.1.1. Let b € H%. Then the following are equivalent:
(a) b€ X(H7),
(b) there is an integer n > 0 and a C' > 0 such that

{0, R"b)ns1] < Cllglhll¥lly for all ¢, € Hol(Ba),

(c) for all integers n > 0 there is a C' > 0 such that

{0, R?b)nia] < Cliglhll¥lly for all 0,1 € Hol(Bq).

Proof. 1t is trivial that (c) implies (a) and that (a) implies (b), hence we only need
to show the implication (b) = (c). This will follow, if we show that for each integer

n > 0 there is a ¢ > 0 such that

< cllellull bl (3.2)

1
(), R™b) g1 — n—+1<¢w’ R™0), 40

Let f € Hol(By), and let b = > ksobk and f = 37, fi be the homogeneous

expansions of b and f. Since b € H;, we have that R"b € H;,9, for each n > 0, and

thus the series

<f7 Rnb)nﬂ = Z <fk,bk>1

a
k>0 kn+1

converges absolutely.
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Since

D(n+k+2)
Ukpy2  \ RT(n42) k
ki1 (F(n+k+1)) o n-+1
’ ET(n+1)

one easily proves from Equation 2.4 that

1
o B D) = A B D)oz 2o (F BT Do

Thus

1
<f’ Rnb>n+1 - n—<f’ Rn+1b>n+2

k:n
<) +2||fk!|1\|bk\|1

+ 1 k>0 ak,n
1/2
ak’2k2n
< I£1l2 (Z ; HMI?)
k>0 k,n+2
< [l fll[[bl2
< c[lfll2[[bllx

for some ¢ > 0. The second to last inequality followed since for each n we have

A1 ~ (K+1)" as k — oo (see e.g. [35], p. 58.) Thus there is a ¢ > 0 such that for
ar, k2n c

all £ > 0 one has aiiﬁ <

In [29] (see Theorem 1.4), it was shown that for any reproducing kernel Hilbert

space H(k) with reproducing kernel &k one has a contractive inclusion H(k) ® H (k) C
H(k?). We apply this with k& = k', the Drury-Arveson kernel, to obtain ||¢v|lz <
ol 1]l20]|1 for all o, € Hol(By). Inequality 3.2 then follows by substituting f = ¢

in the earlier estimate. O

Theorem 3.2.
M(H?) C C(H}) C X(H}) C B.

Proof. Tt follows from Theorem 2.3 that M(H3) C C(H3).
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Now, from Formula 2.3 we have that

- all  ~a alla)! ~a
B(z) =) (n+1) > %z A :Z%z A+ Ea(2).

n=0 |a|=n
If b € H?, then writing b(z) = Za/b\(oz)za, we have that

al —|af|a|!

RO\ = 3 lafb(a) A = 37 2ob() = A = (b ka(ky = 1),

!

« «

If, additionaly, b € X' (H3), then we have that

|Rb(N)| = [(ka(kx —1),D)]
101 2oz 1Rl [Fox — 1]

= [0l llxl[ VI EAlI> — 1

16/ 2y
R P

IN

Thus we see that

sup [R(2)(1 = [A*) < |10l xaz)

2€By
so that b € B by Proposition 2. Thus X(H3) C B.
It is left to show that C(H2) C X(H?). To this end, choose m large enough so
that 2m — d > —1. By Lemma 3.1.1, it suffices to show that

[(fg, B¥"b)113m] S NI 11llglls

and by Formula 2.5, this is equivalent to

[(R*™(f9), R0zl < I f Il N9l
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Furthermore, we have that

2m
2m
(R*™(fg), R"b)143m = E . (R*fR*™*g, R"™b)143m.
k=0

It now suffices to show the boundedness of each of the terms in the sum. By symmetry,
we may also assume that 0 < k < m. Then we have that 2(m + k) —d > —1 and

2(2m — k) —d > —1 and since 1 4 3m > d, we have that

(RE PR g, R)gen| S [ (RPN g R (1 — o)V

By

1/2
5 </ ’kaRmbP(l o |Z’2)2(m+k)ddv>
Bg

1/2

( |RQm—kg|2(1 . |Z|2)2(2m—k)—ddv>
Bg
||kaRmb||2(m+k)+1 ||R2m_kg||2(2mfk)+1

S Ifldgllys

Q

Here we have used Theorem 2.2 and recalled the equivalent norms from Section 2.1.

O
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Chapter 4

Characterization of Lat(M, Hg)

4.1 Motivation

We now turn to the characterization of the invariant subspaces of the d-tuple of
operators M, = (M,,,...,M,,) on H3. We will write M € Lat(M,, H7) if M is a
closed subspace of H} which satisfies z,M C M for all i € {1,...,d}. Our motivation

is a classical theorem of Beurling that gives a characterization of Lat(M,, H?).

Theorem 4.1 (Beurling). Let (0) # M be an invariant subspace for M, on H} =
H?(D). Then there is a function © € M which satisfies

1. e Mo zM.
2. lim |O(re')| =1 for a.e. € € T.
r—1-

3. M= O©H(D).

The proof of Beurling’s Theorem can be given using the isometric identification

of functions f € H*(D) with their radial limit function

f*(ew): lim f(reie)

r—1-1
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(see Chapter 17 of [32]). We note that f* exists for a.e. ¢ € T={z¢€ C||z| = 1}

and that the limit exists in a nontangential region about the point e (again, for a.e.
e').
Now, if b € X(H?*(D)), then we have that

(Hy(=f). oy = (29, D20 = (Hof, 59) gy (4.1)

This implies that if H,f = 0 then Hy(zf) = 0; that is, we have that ker H, €
Lat(M., H*(D)). Using the identification in the previous paragarph, we can use
Beurling’s theorem to show that every M € Lat(M,, H*(D)) is actually the kernel of

a Hankel operator.

Proposition 4. Let (0) # M be an invariant subspace for M, on H? = H*(D).
Then there is b € X(H?) which satisfies M = ker Hy,.

Proof. Let b = MO, where O is the function given to us by Beurling’s Theorem for
M. Then for polynomials f,g € H?(D), we have that

|<f97 >H2(ID>| = |<ngu@>H2(ID))|

< [ e () g(e o ) L2
0

2
2m , 0., dl
= [ il

< N fl ez |9l 2y

where the last inequality follows by Holder’s inequality. Thus b € X (H?(D)).
Now, let f € M. Then for any n € Ny, we have that

(Hof Z") oy = (", 0 2@ )y = (2" f,0) ey = 0. (4.2)

Therefore M C ker Hy,.
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Conversely, suppose that f € ker H, N M*. By the previous calculation, we have
that 2"f L © for all n € N. Since f € M*, we have that f L 2"0 for all n € Nj.
By the identification of functions in H*(D) with the radial limit functions in L*(T),
we therefore have that the Fourier coefficients of the function f 0" are all identically
zero. Therefore we have that f*0° = 0 a.e. on T. But since |0*| =1 a.e. on T, we

conclude that f* =0 on T. Hence f =0 and the result follows. n

The above proof relies on the fact that the Hardy space of the unit disk H?(D)
can be isometrically identified with a closed subspace of L*(T), which allows for one
to use the tools from the theory of Fourier series. Unfortunately for d > 2, this
technique no longer works. In fact, in [5], Arveson proved that for d > 2 there is no

positive measure p on C? which satisfies

ol = [ Ip(e)Panc)

for every polynomial p. In order to generalize Beurling’s Theorem to H3 for d > 2, we
will rely on techniques from the theory of complete Nevanlinna Pick kernels, which
are discussed in the next section.

Another difficulty for the case when d > 2 is that there are invariant subspaces for
M, on H3 which are not the kernel of a Hankel operator. We now prove a proposition
which gives a characterization of the kernels of Hankel operators and use it to prove
this assertion. As a consequence of this proposition, we see that kernels of Hankel

operators lie in Lat(M,, H?) (although a proof similar to 4.2 also works as well).

Proposition 5. If b € X(H?2), then ker H, = [b]}, where we have written [b], for

* 7

the smallest closed subspace of H3 that contains b and is invariant under M for

i=1,..d
Proof. Given an analytic polynomial p, we have that
<Hbfa F>F§ = <pf> b>H§ = <f7p(M;)b>H3
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where for a multiindex a = (ay, ..., aq), we define (M})* = [[,_; M ;. The result

now easily follows by noting that elements of the form p(M})b are dense in [b],. O

Now, let d > 2 and let

af
822‘

M={feH§|f(0): (0):0fori:1,...,d}

By considering the Taylor series expansion of f about the origin, it is easy to see that
if f € M, then z;f € M for i = 1,....d and therefore M € Lat(M,, H?). By the

orthogonality of the monomials in HZ, we have that

d
Mt = {a+ me | a,by,....bg € c}
=1

so that dim M~ = d + 1. An elementary calculation using the orthogonality of the
monomials in HZ, shows that M <a + Zle bm) € C, so that for any b € M+, we
have that dim [b], < 2. Therefore when d > 2, there is no b € X(H3), which satisfies
M = [b]+. Hence by Proposition 5, we see that M is not the kernel of a Hankel

operator.

4.2 Characterization of Invariant Subspaces of M,

for HC%

Although there are invariant subspaces of M, on H? which are not kernels of Hankel
operators for d > 2, it turns out that every such invariant subspace is an at most
countable intersection of kernels of Hankel operators. In order to find the symbols of

these Hankel operators, we rely on the theory of complete Nevanlinna Pick kernels.
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A reproducing kernel [ on By is called a complete Nevanlinna Pick (CNP)

kernel if [y(z) = 1 for all z € B, and

1
1——>0.
Ix(2)

Although we are going to focus on one result from the field, the theory of CNP kernels
is a fruitful, well-established area of mathematics, laden with wonderful and useful

results. One notes that for the Drury-Arveson kernel k) that

) =(z,A) >0

so that k) is a CNP kernel. The following result of McCullough and Trent gives a
characterization of the projections onto multiplier invariant subspaces of reproducing

kernel Hilbert spaces with a CNP kernel.

Theorem 4.2 (from [25]). Let k be a complete Nevanlinna Pick kernel, and let M be a
multiplier invariant subspace of H(k). Then there is a sequence {¢,} € M(H(k))NM
which satisfy

Pm = Z Mg, Mg,

where the convergence is in the strong operator topology, and Pa; denotes the

projection onto M.

The following lemma will be a useful tool in proving that certain symbols induce

bounded Hankel operators.

Lemma 4.2.1. Let M € Lat(M,, H?). Then the function

(Prmky)(2)

l)\<Z) = k/\(z)

is positive definite and H(l) C M(H3). In particular Iy € M(H3) for all A € By.
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Proof. By Theorem 4.2, there is a sequence {¢,} € M(H3?) N M which satisfies

Py =Y M,M;
Applying this relation to the reproducing kernels ky, and using that MZky = p(A)ky

we obtain

Prikn =3 bu(A)bukx.
Therefore we conclude that the function

(e) = ) S G )

is positive definite and therefore we can construct H(l). If {e,}, is an orthonormal

basis of H([), then
= Z(lm en)H()en = Z en(N)en.

n

Now, for n € N and A € By, set T,,kyx = e,(N)ky and extend T,, onto the set D of

finite linear combinations of reproducing kernels k). Since

S (Tukn, Toks) = ) en(Nea(2)ka(2)
= l,\(Z)k)\(Z)
= (Pumkr)(2)
= (Pumk, k2)

= <P./\/lk)\7 PMkz>
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we conclude for any f € D we have > ||T,,f]|* = [|[Pmf||>. Therefore each T,, extends
to be bounded on all of H (k). Furthermore, for every g € H(k), we have that

(Tr9)(A) = (Thg. k)
= en(A)(g, k)
= en(AN)g(N)
= (Me,9)(\)

so that T,, = M,, and hence e, € M(k). Given an arbitrary 0 # f € H(l), we can
find an orthonormal basis of H(!) which contains f (with possible renormalization),

and thus the proof is complete. O

Theorem 4.3. Letd € N and let (0) # M € Lat(M,, H}). Then the exists a sequence
{b,}2, C X(H3) which satisfies

M = m ker Hy, .
n=1
Proof. Given a countable dense subset {\,}, C By, the set {ky,} is dense in H3.

Therefore, we have that

M = \[[Pyiky,).

n

and hence

M = (\[Purkslr.

By Proposition 3.2, if we can show that Py ky € M(H3), then we are done. However,

we have that
Pk

A

by Lemma 4.2.1. O

Pyprky = kx — kx € M(Hg) © X(H;)

33



The proof of the above theorem does not rely on the norm of H3. In fact, one
easily sees how this result can generalize to reproducing kernel Hilbert spaces with a
CNP kernel which satisfy the property that multipliers induce bounded Hankel forms

on the space.

4.3 Cyclic Vectors in H3

Let X C Hol(B,) be a Banach space such that M, is bounded. For a function f € X,
let [f] be the smallest member of Lat(M,, X) which contains f. If the polynomials

are dense in X, one easily checks that

[f] ={pf | pis a polynomial}.

We will say that f is cyclic if [f] = X. Note that the polynomials are dense in the
space X if and only if 1 is cyclic for X.
In order to aid our discussion of cyclic vectors, we will use the weakly-factored

space defined in Section 3.2. Furthermore, we will use the notation
H} = H;® Hj.

and for a subspace M C HJ, we will write closy1 M for the closure of M in H, 4. Our

first result establishes that cyclicity in H3 is equivalent to cyclicity in H}.

Lemma 4.3.1. Let M € Lat(M,, H3). Then
M =Hin closgi M.

Consequently, a function f € H3 is cyclic in H? if and only if it is cyclic in H).

Proof. Tt is clear that M C H2 N closgr M. 1If f ¢ M, then by Theorem 4.3 there
is a b € X(H?) such that M C ker H, and f ¢ ker H,. Thus there is a multiindex
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a such that (H,f, 27>F3 # 0, otherwise we would have Hyf = 0. If f € closji M,
then we futher have that there are f, € M such that f, — f in H}. This implies
that 2*f,, — 2*f in H}. Hence 0 = (Hbfn,z_%Hfg — (Hyf, z_a)H—g # 0 by Theorem 3.1.
This contradiction shows that f ¢ clos Hé./\/l and the result follows. O]

Now that we have established a connection between the weakly factored space H}
and cyclicity, we have a tool that can be used to prove cyclicity results regarding
products of functions in HZ. The Drury-Arveson space is not an algebra; however,
there are nontrivial ways (i.e. more than just being multipliers) in which a product
of two H? functions can again be in H3.

For instance, it turns out that H7 N H*> is an algebra which is contained in H3.
If f,g € H3N H*, then it is clear that fg € H* . Furthermore, if one takes n € N
such that 2n — d > —1, then we have that

2n

2n
R*(fg) = Z R fR*™*g € Hypyr.
k=0 \ K
so that fg € H2. To verify this, it suffices to show that R*fR*~* € H,,,,, and by
symmetry, it is enough to show this for 0 < k < n. Since f € H*, we have that f is

in the Bloch space B and therefore for every k € N, we have that

sup [R" f(2)|(1 — |2*)* < oc.
2€By
Thus ||RF fR* *g|lsns1 S |B* *gla@n—r)+1 = [|g|l1. Here we have used that 2(2n —
k)+1 > 2n+1 > d, which implies that all of the norms in the previous inequalities are
actually Bergman norms, so that we may just use the Bloch condition as a pointwise
estimate.
As another example, we have that if f,g € CH3, then fg € H3. To see this, we

have

IR(f9)lls < llgRflls + I[f Rylls < 1f 1l + [lglly < o0
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so that || fg]/1 < oc.

Theorem 4.4. Let f,g € H3.

(a) If fg € H, then fg € [f]N]g].
(b) If fg € H? and if [ is cyclic in H?, then [fg] = [g].

(c) If fg € H3, then fg is cyclic in H3, if and only if both f and g are cyclic in
H2
3

(d) If f,1/f € H?, then f is cyclic in H3.

Proof. (a) Suppose that f,g and fg € H3. Since the polynomials are dense in H3,
there is a sequence p,, of polynomials such that p, — f in H3. Then ||p,g — fgl|+ <
1Pn = fllmz2llgll a2, hence p,g — fg in Hj. Thus

fg e Hin closylg] = [g].

Similarly fg € [f].

(b) Now additionally suppose that f is cyclic in H3. By (a) we have [fg] C [g]
and thus it suffices to show that g € [fg]. Since f is cyclic, there is a sequence of
polynomials p,, such that p,f — 1 in H3. Then as in part (a) of the proof it follows
that p,fg — g in H). Hence g € H? N closy1[fg] = [fg], again by Theorem 4.3.1.

(c) If fg is cyclic in HZ, then by (a) H3 = [fg] C [f] N [g]. Hence both f and
g must be cyclic. Conversely, if both f and g are cyclic, then by (b) we have that
[f9] = 9] = Hj.

(d) follows from (c) by taking g = 1/f. O

4.4 Functions that are bounded below

In view of part (d) of Theorem 4.4, it is a natural question to ask under what

conditions on a function f € Hj can one guarantee that § € Hy. If f € M(HJ)
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and % € H*, then the Corona theorem for M(H3) implies that % € M(H?). Along

these lines, we have the following theorem.
Theorem 4.5. Let v > 0. If f € H,N B and % € H*>, then % €H,.

The proof of this theorem will rely on the equivalence that f € H, if and only
if R"f € H, 9, for some (and hence all) n € N. Therefore will need to work with
R™ (%) for potentially large m, and for this, we will exploit Faa di Bruno’s formula
for the higher order derivatives of a composition.

Let f € Hol(B;) and m € N. We define A,, to be the set of all m-tuples n =
(M - M) which satisty > in; = m, and we write

T,(f) = H(Rz]c)m
i=1
Then Faa di Bruno’s formula (see [20]) gives
m (! m! (1)t 3 (1)
f (?) N ; ?le[l (F) T, (f)-

Our approach will be to take m large enough so that H,, ., is a weighted Bergman
space and estimate the norm of each term in the sum individually. Furthermore, since
the multipliers for the weighted Bergman spaces are those functions which lie in H*°,

to prove Theorem 4.5 it suffices to prove the following lemma.

Lemma 4.5.1. Let v >0 and m € N. If f € H, N B, then

||Tn(f)||7+2m <0

for any m-tuple n = (N1, ..., NMm) € Ap.

Proof. Fixn = (n,...,0m) € Ap. For j € N, let B; be those |n|-tuples 8 = (531, ..., By|)

which satisfy |3| = j. Then by writing powers as products of single terms, one sees

37



that there is a function g : {1, ..., ||} — {1, ..., m} which satisfies T, (f) = H‘Z":'l RIO .
Note that this implies that 31" g(i) = 327 in; = m.

dlnl

5> and for each 3 € B; choose an index ig such that 3;, > Lo>

Inl =
d/2. This is possible since || = j. Then 2(8;, + g(ig)) +~ > d. Since f € B, for any

Now choose j >

n € N we have that (1 — |2]?)"|R™f(z)] is bounded in B, (see Proposition 2), hence
there is a C' > 0 such that
' In| ' A ‘
(1= [z T IR0 f(2)] < C(1 = |2f?) o0 R0 £ (2)).
i=1
Here we also used that Z'L'l Bi+g(i) =7 +m.
Finally, by the Leibniz rule, we have that

1Ty (D) llyszm = IRIT,(F)llys20m49)
7]

BeB; 7 i=1

y+2(m+5)
I
< Z H RBi+9() f
ol Y H2(mt5)
< H ROs+ots) ¢
,8%:,31' Y+2(Beg+9(ts))
and the result follows since f € H,. m

Combining Theorem 4.4 and Theorem 4.5, we obtain the following result.

Theorem 4.6. If f € H2NB, and if there is ¢ > 0 such that | f(z)| > ¢ for all z € By,

then % € H? and f is cyclic in H3.

As mentioned earlier, we have that in the special case of the previous theorem
where f € M(H32) and 1/f € H*, then by the one function case of Corona theorem
for M(H?) one has 1/f € M(H3). That result was also proved by Fang and Xia in
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[14]. The next theorem establishes the same conclusion in the context of H.,, v > 0,
and without assuming that f be bounded. The proof is also significantly shorter than

the one found in [14].
Lemma 4.6.1. If0 <y < 3, then CH, C CHp.

Proof. Set ¢ = f —~ > 0 and let b € CH,. By Theorem 2.2 with n = 1
this implies that Mg, : H, — H,,, is bounded. By Proposition 3, this is
equivalent to the existence of C' > 0 such that CkJ*?(z) — Rb(z)Rb(w)k),(2) is
positive definite. We multiply this by k5 (z) and apply Theorem 2.1 to obtain that
CkP+2(2) — Rb(2)Rb(w)kf (2) is positive definite. This implies that b € CHg. O

Theorem 4.7. If f € CH.,, and if there is a constant ¢ > 0 such that |f(z)| > ¢ for

all z € By, then % is a multiplier for H.,.

Proof. If f € CH,, then by Lemma 4.6.1 we have that f € CH,4, for all n € Ny.
Since for large n the space H,, is a weighted Bergman space, the hypothesis implies
that 1/f is a multiplier of H, o for sufficiently large n. Thus the theorem will
follow inductively from the claim: If f € CH,4, and if 1/f is a multiplier of H, 4,0,
then 1/f is a multiplier of H.

Let g € Hyypy. If C H%Ln and % 7 € M(H,4n12), then

~ 1)
Y
L |[98S

H 7+n+2 f2 Y+n+2
S NRG|yns2 + 9Bl y4nt2

L

I
f

y+n+2

IA

g1l

Here the last inequality followed from Theorem 2.3. m
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Chapter 5

Vector Valued Invariant Subspaces

In this chapter, we adapt Theorem 4.3 into a vector-valued situation. Most of
the proofs in this chapter are analogous to one variable results from earlier in this
dissertation. We will prove the results here for completeness and to point out the

changes that must be made.

5.1 Definitions

Let H C Hol(B,) be a Hilbert space and let £ be an arbitrary separable Hilbert space.
We can then construct the space H ® £ in the standard manner, but we will think of
this space as a vector valued space of analytic functions. In particular, if f € H
and z € &, then for a point A € B, we will define point evaluation on an elementary

tensor of H ® £ by
(f@z)(A) = f(A)z. (5.1)

If {e,} is an orthonormal basis for H and {f,,} is an orthonormal basis for £, then
{€,® fi } forms an orthonormal basis for HRE. Then, for a general element F' € HKQE,

we have that

F:ZZ F6n®fm €n®fm

n=0 m=0

40



and therefore by Equation 5.1, we have that

=3 > (Fen® fm)en(N) fn- (5.2)

n=0 m=0

Now if FF € H ® &, then for every x € £, we can define a scalar valued function

F, € Hol(B,) by

In fact, by the Cauchy-Schwarz inequality, we have that

. 2

IEN> = >

n=0

> (i (Fren® fm>|2> (fﬁ |<fm,x>|2>

n=0 \m=0 m=0

= |FI*)=)”

Z Foen® fo){fm, 1)
m=0

IN

so that F, € H.
If {e,} and {f,,} are orthonormal bases for H and &, respectively, then by
Equation 5.2, we have that

A=Y Fr N

and furthermore that
IF|I” = Z 1y, I

If we further assume that H is a reproducing kernel space with reproducing kernels
Iy, then H ® & is a reproducing kernel Hilbert space with reproducing kernels [, ® x
(withx € £). If feH, z,y €&, and A € By, then

(feyher)=(f,L)y2) = fNy,2) = (F2y)(N).
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It thus follows that F,.(\) = (F,l\ ® x) for arbitrary F € H® .

Furthermore, as before, we have the set

{Z&Zk})\l(gl’z | Q; GC,)\Z' € By, z; Gg}

i=1

is dense in H ® €. Again, using the reproducing property of these elements, the norm

of an element in the above set is given by

2 n

= Z Z OCZOé]<k/\,L ® Ty, kAj ® f,Ej)H@S

HOE i=1 j=1

= DY audmky, (\) (@i, ;e

i=1 j=1

n
E Ckik’)\i & x;
i=1

This says that if we define the function L : ByxExByxE — C given by L(\, z, z,y) =
kx(z)(z,y), then for any choice of A,....,\, € By and z1,...,z, € &, the matrix
(L(Nis i, Aj, 25));—y is positive definite. Any such function L which satisfies this

property, we will call a positive definite function and we will write L > 0.
5.2 Multipliers on Vector Valued Reproducing

Kernel Hilbert Spaces

Given a sequence of functions B = {b,} C Hol(B,), one can study the collective
behavior of how the elements of B act on a reproducing kernel Hilbert space H = H(()
by multiplication. To this end, we will define the column multiplication operator

CMp :H — H ® E to be the operator given by

CMpf =) buf @en.

n=0
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However, we can also define the row multiplication operator RM, : H® & — H

to be the operator given by

RMb (Z fn ® €n> = anfn

Both of these operators will be important for this chapter; however, we will focus on
the operator C'Mp, because the boundedness of C'Mp will imply the boundedness of
RMpg (see Theorem 5.1.1).

One notes that if C'Mp is bounded, then for each f € H, we have that

2

D Nbnfll = < [|CMI]| £1I3
n=0

D bf@e,
n=0

HRE

so that each b, is a multiplier for H and the operators M, are uniformly bounded.
Given a sequence of functions B = {b,} C Hol(By), we will identify B with the

function
B=> b,®e,

so that, as in the previous section, we have that

B(A) =) ba(Nen

and B,(\) = (B(\),z) for every x € £. Now, if £! = H(I'), £?> = H(I?) C Hol(B,)
are reproducing kernel Hilbert spaces, then for the operator CMp : L' — L?® &
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(defined in the analogous way), we have

(C’Mg(li Rx),g)pz = (l?\ ® x,CMpg) r20e
= <l?\®x,2bng®en>
= Z<l§\7bng>52 <I7€n>€
= S b (e ene

= g(AN)B:(N)

= <B:L‘()‘)l}\7 g>£1-

L2RE

Therefore CM}%(I3 ® ) = B,(A\)I}, as in the discussion preceeding Proposition 3.

Furthermore, we have the following:

Proposition 6. Let L' = H(I), £? = H(I*) C Hol(By) be reproducing kernel Hilbert
spaces. Then the operator CMp : LY — L2 ® & is bounded if and only if there is a
constant C' > 0 such that

Bo(A) By (2)l(2) << Cl3(2)(z,y)

holds. Furthermore ||C' Mp||? is equal to the infimum over all possible C’s that satisfy

the above condition.
Proof. By the density of linear combinations of elements of the form I3 ® z in L2® &,
we have that C'Mp is bounded if and only if there is a constant C' > 0 such that

2

<C

2

=1

(5.3)

1=1
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for any choice of ay,...,a, € C, Ay, ..., A\, € By, and 24, ..., 2, € £. By the discussion

preceding this lemma, we have that

2 2

C M3, (Z aly ® a:)

i=1

=1

,j=1

Furthermore, we have that

2 0o

ij=1

n
E a;ly, @ z;
i=1

and the result now follows by virtue of the inequality 5.3. O

Recall the definition of the reproducing kernel Hilbert Space H, for v > 0 given
in Section 2.2. We have the following analog of Lemma 2.1.5.

Proposition 7. Let v,n > 0 and suppose that CMp : H, — H, ® £ is bounded.
Then for any € > 0, we have that CMp : Hyre — Hpre ® € 1s bounded with

IC Mg, 4 e tnie0e) < |ICMB|lB3e, 1,6

Proof. By Proposition 6, we have that it CMp : H, — H, ® £ is bounded, then there

is a constant C' > 0 such that

B, (M) By(2)

Ty << o vy (5.4)

(1= (2"

Since m > 0, Theorem 2.1 implies that
Bx<>‘)By(z) << O <£L’,y> .
(1= (2, A))7e (1= (2, A))nte
The result follows by another application of Proposition 6. O
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For a sequence B = {b,} C Hol(B) and a positive m, define R™B = {R™b,}>° .
Then we have the following analog of an implication from Theorem 2.2. We note that
we do not prove a full analog of Theorem 2.2 because we do not have a vector-valued

analog of Proposition 2.

Theorem 5.1. Suppose that there exists and m € Ny such that the operator C Mpmp :
Hy = Hoyyom @ E is bounded (Here R° is just the identity operator). Then for all
k€ N with k > m, we have that the operator CMpmp : H — Hypor @ € is bounded.

Proof. Fix m € N and suppose that Mpmp : Hy — Hysom ® € is bounded. By
Proposition 7, we have that Mpmy : Hyyo — Hyqo(ms1) ® € is bounded. By the
product rule, we have that fR™ b, = R(fR™b,) — Rf R™b,, and therefore

o0
HCMR’”“B]E“?{WHWH@S = ZHme+lana[7+2(m+l)

n=0
m 2 m 2
S Z IR(fR b”)||7'lw+2<m+1> + Z IRfR b”||7“w+2(m+1)
n=0 n=0
S D IRl + IR
n=0
< 1B

This implies that Mpm+1p 0 Hy — Hoyjomy1) ® € is bounded. In fact, by induction,
we actually have that Mpmry, : Hy — Hoypomr) @ € is bounded for all k& € N. The

result now follows. O]

For any sequence B = {b,} which satisfies that the operator CMgp : H1 — H3RE
is bounded, we will write B € CC(H? ® &), because this is a column Carleson
condition. It follows from a proof of Trent, that that the column Carleson condition
implies the analogous row Carleson measure condition. We include the proof here for

completeness.
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Lemma 5.1.1. (see [36]). Let n > —1 and let H C Hol(B,) be a Banach Space.
Then the inequality

Dbl S I
n

implies the inequality
2

Shbl SR

In particular, we have that the boundedness of CMp : H — Hir14y @ € implies the
boundedness of RMp : H ® & — Hajp14-

Hav14n

Proof. By a clever application of the Cauchy-Schwarz inequality, we have that

2 2

D fa(2bal2)| (1= [2*)"aV (2)

> fuba

Har14n

1
2

(1= [2*)"dV (=)

IA
N
(]
=
O
<
3
O
T
N——
[N
3
ing
N
O
=
O
T
N———

= 3 [ SR~ EErave)

5.3 Vector-Valued Hankel Operators

Given a sequence B = {b,} C H3, we define the column Hankel operator C'Hp :
H? —» H2®E by
CHBf = Z anf ® €n
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and the row Hankel operator RHp : H2 ® £ — H2 by

RHB - (an X en) - Zanfn~

Here, for a symbol ¢ € H3, the operator H, : H7 — Fﬁ is the usual Hankel operator

which satisfies the following inner product relationship:

<Hbf7 §>H73 = <fg7 b)Hg

As previously mentioned, the column multiplication operator implies the bound-
edness of the row multiplication operator, but the converse is not true in general (see
[36]). Our first lemma shows that the boundedness of the column Hankel operator
and the row Hankel operator are equivalent, and furthermore, we obtain a vector

valued version of Theorem 3.1.1.

Theorem 5.2. The following are equivalent
1. CHp : H? - H2 ® € is bounded
2. RHp : H2® & — H2 is bounded

3. There is an m € N such that

(ST

o0

D (9 R bu) 1

n=0

S 1] (Z ||gn||3¢1>
n=0

4. For all m € N, we have that

SIS

n=0 n=0
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Proof. We have that

< J,(CHp)' (ng®em>> = D (Hyf ®enTn ® em)pzge
H2

m,n

n

= Z<fgn7bn>H3
= <Z angna?>
n H§

= (i (Swoe))

d

d

It follows that 1 and 2 are equivalent.
Furthermore, by considering the third equality above, we have also shown here

that CHp (and hence RHp) is bounded if and only if

=

n=0 n=0

Therefore 1 implies 3 and 4 implies 1. If we can show that 3 and 4 are equivalent, we
are done.
In the proof of Theorem 3.1.1, it was shown that for ¢,¢,b € H32 there is a

constant ¢ > 0 such that

1
‘(W R0} mar = b o, R 0| < clllllly ][]l (5.5)
Therefore, we have that
1= |2 g Ry = g D (T R b
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satisfies

1 1
1< N flhllgalliloalls < 1£1h (Z Hgan) (Z H%Iﬁ)
n=0 n=0 n=0

As in Theorem 3.1.1, it follows that 3 and 4 are equivalent. ]
Theorem 5.3. If B € CC(H?), then the operator CHpg : H2® & — H2 is bounded.

Proof. Let m € N be large so that 2m 4+ 1 > d. By Theorem 5.2, to show that
boundedness of CHp : H3 ® € — H3, it suffices to show that

1
> (9, B bo) 1iam| SIS (Z Hgnllf) :
n=0 n=0
We have that
Z<fg7 Rgmbn>1+3m = Z(RQm(fg>7 Rmbn>1+3m
n=0 n=0
o 2m - k 2m—k m
Z Z<R fR gaR bn>1+3m
k=0 k n=0

and it therefore suffices to get the appropriate boundedness on each of the inner
summations.

Now, we note by a combination of Theorem 5.1 and Lemma 7, since B € CC(H?3),
we have that the operator CMgmp : Hp — Homer ® € is bounded for all k,m € N
This, by Proposition 5.1.1, implies that RMgmp : Hr ® € — Haomir is bounded for
all k,m € N. To this end, let

[e.e]

I, = Z(kaRszkga R™by)143m

n=0
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If m >k, then 2(2m — k) —d > —1 and 2(m + k) —d > —1 and therefore we have

A / REFR™ g, R, (1 — |2P)*m—tdV (2)
_ Bg

N|=

IA

Z ’kaRman(l _ |Z‘2>2(m+k)fddv(z)
n=0 Bq
(Z ’RQm kgn 2(1 o |Z|2)2(2m—k)—ddv(z))
o 2
S IR fllapss (Z HRzmkgan(Qm—k)—i-l)

n=0

[nalh <Z ||gn||?>
n=0

2

Q

where have used the boundedness of the operator CMgmp : Hitor — Hito(m+k)-

Now, if £ > m, then 2k —d > —1 and

n=0

I < / B[S W (1= 2y (z)

=

2

3
< ([ mpa- i)
Bqg
ZR2m kganb (1 _ |Z‘2)2(3m_k)_dd‘/(2)

/IBan

< IR fIR o (Z HR%"“QnIIfH@mk))

n=0
1
[e)e] 2
~ Wl (zugnu%)
n=0

where have used the boundedness of the operator RMpmp @ Hito@m—i) @ & —

D=

Hi2(2m—k)- The result follows.
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5.4 Vector-Valued Hankel Forms

Now, if B = {b,} is a sequence such that CHg : H — H ® £ is bounded, then
we would like to find a symbol which induces the operator (as in the scalar-valued
situation).

If f is multiplier of H, then we can extend M; : H — H to the bounded operator
My H®E—H®E given by

Then, given an element ) g, ®e, € H ® £ and a multiplier f, we have that

<f<29n®en>,2bn®en> = <ngn®en,2bn®€n>
= Z(fgnabn>

n

= > (H,f.50)

n

= <OHBf7 Zg_n® en>

Thus we see that the associated symbol should be B =) b, ® e,,.

For B=)"b,®e, € HRE, we will write B € X(H®E) if CHyy : H = HRE
is bounded. Instead of writing C'Hy,,y, we will simply write C' Hp. Using the previous
equations, we have that B € X(H ® &) if and only if

(9, B)| < llgllaell £l

for all mutlipliers f of H and g € H ® £. We note that we generally consider spaces
in which mulitplication by z is bounded and the polynomials are dense, and therefore

we can just verify this inequality for all polynomials f.
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For B € H®E, let [B]. denote the smallest closed subspace of H®E which contains
B that is invariant under the action of M7 : H® & — H ® &£ for all scalar-valued

multipliers of H. Then we have the corresponding analog of Proposition 5.
Proposition 8. Let B € X(H ® E). Then ker Hg = [B]+.

Proof. From the paragraph proceeding the definition of X'(H ® £), we have that

(o) en ] {ems )

The result follows by noting that elements of the form M7 (3 b, ® e,) are dense in
| B.. O

Example: Suppose now that H = H(l) C Hol(B,). Fix z € £ and A € By. Let

1N =k\®x for some A\ € D and x € £. Then

(g, b @ )] = 10N g=(N)] < llellllgllial* ]

so that [, ® x is Hankel.

5.4.1 The Generalized Result

In this section, we provide the full statement of the result of McCullough and Trent;
however, we first need to introduce the notion of an operator valued multiplier.

Let H C Hol(B;) be a Hilbert space. Further, let £ and D be separable Hilbert
spaces, and let B(€,D) denote the bounded linear operators from & into D. If ¢ :
By — B(E,D) is a map such that ® : H ® & — H ® D given by

is bounded, then we say that ¢ is an operator-valed multiplier.
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If H = H(l) is a reproducing kernel Hilbert space, then for g € H, x € £ and
y € D, we have that

(g@z, 2" (hhoy) = (Pg®),khy)
(P(g @ z)(A), )
= (6(Ng(N)z,y)
(g(N)z, 0" (N)y)
(9 @z, kx® ¢"(N)y).

Therefore we have that ®*(ky ® y) = ¢*(\)y ® k.

Theorem 5.4 (from [25]). Let | be a complete Nevanlinna Pick kernel, let € be a
separable Hilbert space, and let M C H(l) ® € be a multiplier invariant subspace.

Then there is an auxiliary Hilbert Space X and an inner multplication operator ® :

H() @ X — H(l) @ E such that M = O(H(l) ® E) and Py = *P.

Recall that the reproducing kernel of H3, which we denoted ky, is a complete

Nevanlinna pick kernel.

Lemma 5.4.1. If the multiplication operator ® : H? ® X — H ® £ is bounded, then
for h € M(H3) and x € £, we have that ®(h® ) € X(HF® E).

Proof. We note that for f € H? and y € £ that

(@(fh@ ), (A) =

o4



Then we have that

Z 1f(@(h @ @), |I*

ZH (fh@x))e, |12

= ||<1>(fh® z)|*
S P Ed
< 1M 7112

It follows that the operator CMp : H — H®E where B = {(®(h®x))., } is bounded.
Therefore CHp : H®E — FC% is bounded by Theorems 5.1 and 5.3 and we conclude
that d(h®@x) € X(H; ®E). O

5.5 The Main Result

Theorem 5.5. Let M C H3? ® & be a multiplier invariant subspace. Then there are
symbols n, C Hg ® & such that H,, is bounded and

M = ﬁ ker H,,
n=0
Proof. Since H? has a Nevanlinna-Pick kernel, there is an auxiliary Hilbert space
H? and an inner operator-valued multiplier ® : H ® H? — H ® £ which satisfies
Py = ®®* by Theorem 5.4. For A € D and = € &, by the discussion at the beginning
of Section 5.4.1, we have that Py(ky® x) = ®(ky ® ¢*(A)z). Since k) is a multiplier,
it follows by Lemma 5.4.1 that Py (ky ® ¢*(\)z) € X(H3 ® £). Therefore 1), =
Pyi(ky®@x)=ky®x — Py(ky®x) € X(H2 ® E). Then we have that

M= \/[Pags (ky © 1),

A,z

95



from which it follows that
M = ﬂ[PML(k)\ ® )]t = ﬂ ker H,, .,
AT AT

as desired.
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Chapter 6

Mixed Hankel Forms

6.1 Introduction

The purpose of this section is to discuss a generalization of the following formula,

proven by Rochberg and Wu.

Theorem 6.1 (see [31]). Suppose that g is an analytic function on D and let n,o
and T be real numbers which satisfy o,7 > —1, n > 0 and min(o,7) +2 > m. Then

the quantity

/ 19 (P — [2P)dA()

18 comparable to

//|1_Zw|4+g+7|,,(1—|z]2)"(1—|w|2)TdA(z)dA(w)

Using this formula, Rochberg and Wu characterize the symbols which induce
bounded (small) Hankel operators on weighted Dirichlet spaces and also provide
results regarding atomic decompositions of such symbols. Using a different technique,
Blasi and Pau in [6] generalized this result to Besov-Sobolev Banach spaces on D.
Recently, Liu, Chacon, and Lou in [22] gave a similar type of formula for the Dirichlet

type spaces D(pu).
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An analog of such a formula for the Drury-Arveson space in higher than two
dimensions was published in [10] and [18]; however, in Fang and Xia’s paper [15]
it was noted that the results of these papers were incorrect. Both papers follow the
technique of proof used in the Rochberg and Wu paper, but unfortunately contain the
same combinatorial error, rendering the results invalid. Upon correcting the mistake,
one finds that the formula of Rochberg and Wu generalizes to the scale containing
the Hardy Space on B, and the weighted Bergman spaces on B,;. Furthermore, the
generalized formula does not extend to give a formula for the norm of the Drury-
Arveson space.

In this section, we prove a generalization of the Rochberg and Wu formula for
holomorphic functions on By. Instead of correcting the combinatorial formula and
following the proof of Rochberg and Wu, we will give an alternate proof based on a
result of [28]. We then prove a result about Hankel forms that will be used in the

next section.

6.2 Preliminaries

We now collect preliminaries required for the remainder of the section. These results
are standard to the field and can be found in [37].
For each point 0 # a € By, we define the function

a— Pu(z) = VI—[aPQu(2)

1—(z,a)

QOG(Z) =

where P, is the orthogonal projection from C" onto the linear multiples of a and
Q. =1 — P,. We define py(z) = —z. These maps are involutive automorphisms of
Bg; that is, they are biholomorphic and satisfy ¢,(¢.(2)) = z. The following Lemma

provides a change of variable formula involving these automorphisms.
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Lemma 6.1.1 (Proposition 1.13 in [37]). Let a > —1. Then if f € A}, we have that

(o%

(1 _ |a|2)d+1+a
|1 _ (Z, a>|2(d+1+a

fou(2)n(z) = [ 1(2) Sdua (2)

By

As a corollary to the following theorem, we will obtain estimates for the Hardy

Space norm and Bergman space norms of powers of the functions

1

B =TTE

Theorem 6.2 (Theorem 1.12 in [37]). Suppose that c is real and t > —1. Then the

- do ()
Ie(=) = / 1 (s

1—lw 2\t
Jei(2) = /Bd 1 _(<Z’u|}>|z|1+)1+t+cdv(w)

have the following asymptotic properties.

integrals

and

1. If ¢ <0, then both 1. and J.; are bounded.
2. If c=0 then
]C(Z) ~ cht(Z) ~ IOg 1——|Z|2

as |z| — 1~

3. If ¢ > 0 then
Io(2) ~ Jeg(2) ~ (1= |2]*)~

as |z| = 1~

Lemma 6.2.1. If n satisfies np > d, then

||k2||1;1p(13d) ~(1- |)"2)d_pn
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and ifa > —1 and np — (d+ 1+ «) > 0, then
||kZ||Zg(Bd) ~(1- |/\|2)d+1+a_pn
For a function f € Hol(B,), we define the invariant gradient of f to be

Vf(z) = V(fo9.)(0)

where ¢, : B; — B, is the involutive automorphism of B; which interchanges z and
0 mentioned earlier and V is the standard gradient. The invariant gradient satisfies

the nice property that for any automorphism ¢ of B;, we have

V(o)) = (Vf)op(z)

Furthermore, we can obtain an equivalent norm for the weighted Bergman spaces

interms of invariant graident.

Lemma 6.2.2 (Theorem 2.16 in [37]). Let « > —1, p > 0, and let f € Hol(B,).
Then

1115 %/B V)P~ [2*)*dV (2).

Lemma 6.2.3. Suppose p > 0, a > —1 and m = (my,...,my) is a d-tuple of

nonnegative integers. Then there is a constant C' > 0 such that
VI < Clf o - F()lay

for all f € Hol(By) and all z € By.

Proof. By the Mobius invariance of V, we have that |V f(z)| = |V fo¢.(0)] = |V(fo
©.)(0)]. Therefore it suffices to prove the result when z = 0. Since f € Hol(B,), we
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conclude by subharmonicity that

af
a-, (0)

< |f = FO)%e

and the result follows. O

6.3 Proof of the Formula

Our starting point for the generalization is the following lemma, proven recently by
Pau and Zhao. To condense the calculations, for o > —1, we will write dv,(z) =

ca(1 — |2]?)*dv(z), where ¢, is the normalization constant attached to the norm of

A% (Ba).
Lemma 6.2.4 (from [28]). Let 1 <p < oo, a > —1, andd+1+a <b. Then

/() = f)l

B, 1= (za))

[V f(a)]”
va(2) S S <Z’a>|bdva(2)
for any f € Hol(By) and a € By,.

Theorem 6.3. Let 0 < p < o0, a, 8 > —1 and n be real numbers which satisfy and

n < min{a, B}. Then given any f € Hol(By), the quantities

]oe,ﬁ,n — /]Bd s ’1 ‘f(Z) - f(w)’p dva(z)dvg(w)

_ <Z, ’LU> |d+1+a+ﬁ*7l

and

[V f(2)Pdvy(2)

By

are comparable.

Proof. Since n < 8, we may apply Lemma 6.2.4 and Fubini’s Theorem to get

Lsn < [ VG g (w)

d
8, s, |1 — (z,w)|d+1Fath—n Va(2)
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Then since n < «, we may apply Proposition 6.2 to obtain

Lupn S | IVF(2)Pduy(2).

By

Choose 0 > —1 so that 20 > a+ f —n —d— 1. By Lemma 6.2.3, we have that

/B V()P (= / [ 170 0u(w) = S dop () 2)

Applying the change of variables u = ¢, (w) (see Lemma 6.1.1), we obtain

(1 o ’w’2)d+1+0'
)[2(@+1+0) dvg (w)duvy(2)

wrepan s [ 1) - rorgs

The integral on the right hand side of the inequality is equal to

=) 1 € e U il e I P MRS
CaCs JBy JB, |1_ z w>|d+1+a+5 1L = (7 w2 man a 5(2)-

Finally, using the estimate
1 2
1=(zw) 21 =[zw)| 21~z 2 51 -2

and the inequality d + 1 + 20 — a — 4+ n > 0, we conclude that

—fEP
|Vf z)[Pdvy(2) /Bd 8, |1 —(z w>|d+1+a+,8 ndva(UJ)d'Uﬁ(Z).

By
as desired. O

In view of Lemma 6.2.2, this result gives us another way to write the norm of
a function in a weighted Bergman space A2. In [33] it was for shown that for f €

Hol(B,), we have that
|Vf (=)

By |Z|2

111 8, dv(z2).

62



Furthermore, the spaces of functions which satisfy
IV f(2)[Pdva(z) < o0
By

have been studied in their own right (see for instance [16]).

6.4 Application to Mixed Bergman Hankel forms

We now aim to characterize certain situations in which a function ¢ satisfies the
inequality

[(fa:0)azma0] < [fllaz@all9ll a2,

for varying w, a, 8. We refer to these as “mixed Hankel forms” because of the varying
spaces involved. Our main tool for this section will be Theorem 6.3, but we will
also make use of the Bergman projections. For o > —1, for a function f € L?((1 —

|2[2)*dV'), we define

(Puf)(2) = o / f(w)

By (1 - <Z, w>)d+1+advo‘(z> = <f’ kg+1+a>A3(Bd)'

This is the projection from L?((1 — |z|*)*dV) onto A%(B,) (see Chapter 2 of [37]).

Theorem 6.4. Let o, 3,m,w > —1 satisfy the inequalities 2w > o +n and o + 5 +
n—2w > —1. Let ¢ € Hol(By). If for all f,g € Hol(B,), the inequality

|<f9#P>A3(]Bd)| < ||f||Aa(IBd)||g||Ag(Bd)

holds, then
1Po(Fo)llaz S I fllaz

a+p+n—2w )
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Proof. Since n > —1, we can find an € > 0 such that d+24+a+n>2¢ >d+1+a.

Then, by the assumption on ¢ and Lemma 6.2, we have that

|Pw(790) ()\) |2 ‘(@a fk§+1+w>A§,(IBd) ’2

S RS e RS I oy

5 (1 . ’)\|2)d+1+a—25||fk§+1+wfe”124%(ﬁd)

Integrating these inequalities over B, against the measure dv,(\), we obtain

— |f(2)]?
B ‘Pw(fgp)()‘)ﬁdvn()‘) f§ /IB /IB% |1 - <Z w>|2(d+1+w—5) dvﬂ(z)dvd+1+a+n—2e()‘>
d d d ’
B |f(z)|2 ( _ ‘A’Q)d+1+a+?7—26 dv()\)dv (2)
~~ s - |1 — <Z7w>|2(d+1+wfe) B

N . \f(z)\zdva+5+n_2w(z).

Here we have used Lemma 6.2 and our use of the Lemma is justified by the inequalities

d+1+a+n—2>—1and 2w > a+n. O]

Theorem 6.5. Let o, 3,n,w > —1 satisfy maz{B,n} < 2w — « and let ¢ € Hol(B,).
If for all f,g € Hol(By), the inequality

‘<f9790>A§,(]Bd)| < ||fHA§(Bd)||9HA§(Bd)

holds, then

I(1 = Po) (o)l az S/B V()P = |22 du (z)
d
Proof. By the assumption on the parameters, we can find an € > 0 which satisfies

d+1+a<2<min{d+1+2w—p,d+2+ a+n}.
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Then, by the assumption on ¢ and Lemma 6.2, we have that

|<907 (f - f()\»kfﬂwﬂg(m)ﬁ
1Sz g 11 (f — f(A))ki*”“Hi% (B)

5 (1 _ |)\‘2>d+1+01*26“(f . f()\))kg+1+wfeHj24%(Bd)

(1= P)(Fe)(M*

1A\

Integrating these inequalities over B, against the measure dv,(\), we obtain

(= PaFoOWPdn,) 5 [ [ AR du v

T £ ()12 (1 — [2]2)2 B2 1y ( 5
5/Bd\w<>|<l 2P) du(2)

Bqg

Here we have used Theorem 6.3 and our use is justified by the inequalities d + 1 +

a+n—2e>—-land a4+ +n—2w<min{d+ 1+ a+n— 2w, 5} O

Theorem 6.6. Let o, 3,n,w > —1 satisfy the inequalities max{f,n} < 2w — « and
a+B+n—2w>—1. Let p € Hol(By). Then the following are equivalent

1. The inequality
[(f9, 0y a2l S I laz@allgllaz e,
holds for all f,g € Hol(By,)

2. the measure

[(2)[*(1 = [2[*)"dv(2)

is a Carleson measure for A2, 5., 5, (Ba).

3. The quantity

sup (1 — |2[*)*7*|io(2)|”
zE€EBy

is finite.
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Proof. (1 = 2) By the previous two theorems, we have that

Ifellaz@ay < 1Po(Fo)llazen + (1 = Po)(Fo)lazen S 111l

a+pB+n—2w

(2= 3) If the measure |p(2)[*(1—|2|*)"dv(z) is a Carleson measure for A%, 5., 5, (Ba),

then the multiplication operator M, : A2, ;. o, (Bs) — A2(Bg) is bounded.

Therefore Lemma 2.1.4, we have

sup (1 — [2[*)* 7 p(2)]* < C
ZEBd

(3 = 1) If we let C' equal the supremum that appears in 3), then we have

{(fg. )@l < IB%d|,7""(2)9(2)90(2)|(1—IZIQ)"’dv(Z)

< VO [ 191 = |2P) % du(z)
By
N HfHAi(Bd)HgHAg(Bd)
which proves the result. O
In case when one of the norms is the Hardy space norm (i.e. when o« = —1), we

have the following.

Theorem 6.7. Let 5,1 > —1 and let ¢ € Hol(B;). Then the following are equivalent

1. The inequality

[(fg,¢) a2

holds for all f,g € Hol(B,)

2. the measure

[(2)[*(1 = |2[*)"dv(2)

is a Carleson measure for H*(B,)
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Proof. Throughout this proof, let w = @
(=) Since
(fg,9) a2 = (9. Pu(f9)) az

we conclude that the assumed inequality is equivalent to the inequality

HPW<79)HA% N HfHHQ(IBd)

by duality (see Theorem 2.12 in [37]). By choosing o = —1, and 3, n,w as they are

in this proof, one checkts that Theorem 6.5 is still valid, and therefore, we have that

11 = Po)(fo)llaz S If s

This direction follows now exactly as the implication 1) implies 2) in Theorem 6.6.

(<) We have

(F oo azen] < / F()9(2)p(2)|dua (2)
B, J By,
S ||f€0HA3,(Bd)H9HA§(Bd)

S HfHHQ(JBd)HgHAg(Bd)
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Chapter 7

A Characterization of Certain

Hankel Symbols for chi

In this chapter, we provide a connection between Carleson measures (introduced in
Section 2.4) and Hankel operators. We characterize when a special type of symbol

lies in X' (H3) in terms of a Carleson measure condition.

7.1 History

For several well-known spaces of holomorphic functions H C Hol(B,;), membership
of a function ¢ in X(#H) is equivalent to a Carleson measure condition on ¢. In
particular, we have that b € X(H?(0B,)) = BMOA(By) (see [11]). Tt is well known
that membership in BMOA(B,) is equivalent to the measure |Rb|*(1 — |2]?)dVy41(2)
being a Carleson measure for H?(0B,) (see Theorem 5.14 in [37]). For the weighted
Bergman space A?(By), which for a > —1 is the Hilbert space of functions f €
Hol(B,) which satisfy

I(d+a+1 .
110 = ey | RO [Pravee) < o
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we similarly have that p € X(A%(B,)) if and only if ¢ is in the Bloch space

B=1{becHol(By) | sup |Rb(2)|(1—|z]*) <o0p.
ZG]Bd+1
(again, see see [11]). Furthermore, one can show that ¢ € B if and only if |Rip|?(1 —

|2|2)*T2dV (2) is a Carleson measure for A2(B,). Finally, for the Dirichlet space

p={fehom) | [ 17 PG < )

we have that ¢ € X (D) if and only if |¢'(2)|?dA(z) is a Carleson measure for D (see
2]).

It is often the case that proving the boundedness of a Hankel operator under the
assumption that a given measure is a Carleson measure is relatively straightforward
(in fact, in [2] they refer to this as the “easy direction” of their proof). One sees that
being a Carleson measure involves having absolute values inside an integral, while
the definition of X' () usually involves having absolute values outside of an integral.
Therefore, it is easy to see that this direction is set up for (and frequently uses)
tools like Holder’s inequality. The reverse implication, however, is generally much
more subtle and requires a very intricate geometric analysis of Carleson measures
and the underlying Hilbert space (see [2], [9], [11]). A geometric characterization of
the Carleson measures for H7 is proven in [1], but at this time, there is no complete
characterization of X(H?) in terms of Carleson measures.

The main result in this chapter takes a certain type of symbol ¢ € Hj,, and
reduces both problems of inducing an appropriate Carleson measure and inducing a
bounded Hankel operator into problems on Hilbert spaces of analytic functions on
D= {z e C||z| <1}. We then rely on the well-known theory mentioned above to

prove our results.
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7.2 Decomposition of H7 into Function Spaces of
One Variable

Let f =), a,2" € Hol(D) and let 8 = (B4, ..., Bar1) € Nit! be a (d + 1)-tuple with
B; = 0. Consider the function g : Byy; — C given by gs(z) = 2°f(z1). If |3] = 0,

then we have that

oo
gl = S laal® = 1/
n=0

Furthermore, if |3| # 0, then we have

2 Iﬁl _ B

\ﬁl 1

(see Lemma 2.1.2). Letting
‘Sd+1 = {Oé = (ah "'7ad+1) S Ng+1 ’ ap = 0}7

It follows that for every f € H3 1, We may write

«
> fa2®,
a65d+1

where the f, are holomorphic functions which depend only on the variable z; such

that

2 _
s, = 3 Teglllfis o

Q€841
When convenient, we will write A%,(D) = H?(D), as in the above formula.
Throughout this chapter, when we are given § € S;41 and a function f € Hol(D),
we will just write 27 f to mean the function gs discussed in the previous paragraph;
that is, we will think of the function f as a holomorphic function on B,;,; which only

depends on the variable z;. With this identification, we have that H?*(D) embeds
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isometrically into Hj,, and for & € N and the weighted Bergman spaces AZ(D)
embed into H7 , contractively for k € N.

The main theorem of this chapter makes a connection between Carleson measures
and Hankel forms for those functions that can appear as f,z® for some function in
f € Hj., with respect to this decomposition. By Theorem 3.2, we have that for any
b€ HZ , and any m € Nsuch that 2m — (d+1) > —1 that |[R™b|*(1 —|z|?)*m~(@+qV
being a Carleson measure for H3, | implies that b € X(Hj,,); therefore, we will focus

on the other implication for these particular symbols.

7.3 Reduction of the Hankel Condition

In this section, we characterize the symbols of the type 2°¢ € H2 ', that are elements
of X(Hj,,) in terms of a one-dimensional Carleson measure condition involving the
function ¢. To motivate this, let ¢ € H*(D) C Hj,,. Given arbitrary functions
f= ZaeSdH faz® and g = Z%Sdﬂ 9,27 € Hj,,, written with respect to the grading
of Hj,,, we see by exploiting orthogonality of the monomials in H3, that

(fg9,0)mz. = (fogo, ) H2(m)- (7.1)

i1
By choosing f and g to be scalar-valued functions in H?(D) C Hj,, and using the fact
that this inclusion is isometric, one easily sees that X'(H7,,) N H*(D) C X(H?*(D)).
Furthermore, since [[follm2@) < [If[lgz,, for any f € H3 ., from (2.1) we get
X(H*(D)) € X(H3,,) N H*(D). Therefore, it follows that ¢ € H*(D) C Hj , is
in X(Hj, ) if and only if p € BMOA(D). As mentioned earlier, this is equivalent to
the measure |Rp(2)]*(1 — |z|*)dA(z) being a Carleson measure for H?(D).

The main theorem in this section follows the same type of proof strategy as above;

however, for arbitrary 5 € Sy41, we note that (7.1) becomes

|
9.5, = 3 Tilhosy o), o (72)

a+y=4
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so that we must deal with a sum of Hankel forms instead of a single one. Nonetheless,
the appropriate boundedness of this sum is equivalent to the appropriate boundedness
of the summands corresponding to a = 0 or v = 0, which, in turn, is equivalent to a

one-dimensional Carleson measure condition on the function ¢.

Theorem 7.1. Let 3 € Syyq1 with |8 # 0, and ¢ € Hol(D) be such that 2P p € HZ, ;.

Then the following are equivalent
1. 2Pp e X(HL,,).

2. There is a constant C' > 0 such that for all f, g € Hol(D),

‘(fg7 (p>A2

‘5‘,1(D)| <Ol fllaz_, wyllgllaz_, )

t—1

holds whenever s,t € Ny with s +t = |J].

3. There is a constant C > 0 such that for all f, g € Hol(D),

[(fg, ) a2

[Bl— 1

| < Cllfllaz, o llgllzzm)

18— 1

4. The measure |p(2)|>(1 — |2|>)I='d A(2) is Carleson for H*(D).
Proof. (1) = (3) If 2°p € X(H3,,), then for any f, g € Hol(D),

Iﬁl g

(f9,0) a2 (f2%9,2° )2

2z o)

(B

d+1

Iﬁ\
< Sl ellacs, )1 1as

= ||Z 90||X (HZ, )

d+1

Wzl o

so that we may choose C' = ||25<,0||X(H 2 )

(3) < (4). This follows immediately from Theorem 6.7.
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(4) = (2) If |p(2)]2(1 — |2|*)1¥I=1d A(2) is Carleson for H?(ID), then the operator

M, : H*(D) — A% (D) is bounded. It follows by Lemma 2.1.3 (with d = 1,7 =

1,7 =8| — 1) that C := sup,p |p(2)](1 — |2|? ) 2 <00 For0<t< |5, we have

(Fooh, o) < / F@a(2)e(2)](1— |28 1dA(z)
/ F@gEIA — |25 1dA(z)

< O fllaz_ HgHAum -1(D)

IN

The cases when t = 0 and t = | 3] follow since (3) is equivalent to (4).

(2) = (1) If (2) holds, then for any f =37 2%fa,9 = > 279, € Hi .y,

‘(fgaz 90> d+1‘ < Z | faz'yg% >H§+1|

a+’y B
- |ﬁ|‘ 2., Mo o)
aty=
= ‘5“ ;g"fa‘|A|a _a Hg'YHA‘ |- 1(P)
aty=
1 3
2
< | a (Z I fallie, ) (Z |lgvllAa|1<m>>
at+y=h at+y=p
5 ||f||Hd+1||g||Hd+1
Thus 2%y € X(H7.,). .

We note that (2) can be replaced with

(2') There is a constant C' > 0 such that

[(fg:0) a2, | < Cllfllaz_ mllgllaz_, )

[B]—1

for any nonnegative real numbers s,t which satisfy s +¢ = .
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because (2') clearly implies (3) and the proof of (4) implies (2) is valid for nonnegative
real numbers, since Lemma 2.1.3 is valid for any appropriate real numbers.
Using Theorem 2.2, we can combine the paragraph preceding Theorem 7.1 and

Theorem 7.1 to obtain the following Corollary.

Corollary 7.1.1. Let 8 € Sqi1 and let p € Hol(D) be such that z°¢ € HZ,|. Then
P e X(H3.,) if and only if

[Reol*(1 — [2]*) 1 dA(2)

is a Carleson measure for H*(D).

7.4 Hankel implies Carleson

Now, note that if ¢ € Hol(B4;1) depends only on the variable z;, then

R (:Pp) = 3 Z‘ (RE2%) (™)

m m
= >y |BIF(R™ )
=0 \ K

= 2°(|B|+ R)™p

so that R™(z%¢) is again 2 multiplied by a function which depends only on the
variable z;. The following lemma allows us to exploit this observation and reduce

certain integrals over By, into integrals over D.

Lemma 7.1.1. Let f € Hol(D). Then, for any o > —1 and 5 € Sg41 we have that

‘|Zﬁf|’A3(Bd+1) = HZBHz‘li(BdH)HfHAiJraHBI(D)
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~

Proof. Writing f =) f(n)z", we have by orthogonality and Lemma 2.1.2

oo
||Zﬁf||,243(13d+1) = Z|f(”)|2||2?26||,243(3d+1)
n=0

e BT d+a+2)
Zlf(n)’ LF(d+n+ |8+ a+2)

[e.9]

AT+ a+2) Z‘f n'I‘d+|B|+a+2)
L(d+ 8] +a+2) I(d+n+ |+ a+2)

= ||ZB‘|A2(Bd+1 ”f||Ad+ 15 ®@)

]

The following lemma regards a Carleson measure that appears in the proof of the

main theorem.

Lemma 7.1.2. Let 8 € Syq and let ¢ € Hol(D) be such that zPp € HZ, . If
Pp e X(H3,), then |(|B] + R)™p|*™HAI=1dA(2) is a Carleson measure for H?(D)

for all m € N.

Proof. If ¢ € X(H3,,), then Corollary 7.1.1 implies that the measure |Rp[?*(1 —
|2]2)dA(z) is Carleson measure for H?(D). It follows immediately from Theorem 2.2
that the measure |R™|?(1 — |2]?)*" 'dA(z) is Carleson measure for H?*(D) for all
m € N.

If B € Sgy1 with || # 0, we have that the measure |p|?(1 — |2|?)/#I=1dA(2) is a
Carleson measure for H?(D) by Theorem 7.1. Furthermore, we have that |RFp|?(1 —
|2|2)%+181=1d A(2) is a Carleson measure for H2(D) for all & € Ny by Theorem 2.2.
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Thus if f € H*(D), then we have

— m m—k k
TERSCRT RIS o I I V7T

2m—+|8|— I(D)
k=0
m m
S Z |B™" k\|f]‘jbkép||A%Hm (D)
k=0 k
S W fllarm)

where we have used the pointwise inequalty (1 — |z|?)?mHBI=1 < (1 — |z|?)%+18I-1,

Therefore |(|3] + R)™p|(1 — |2|?)?>™*HPlI=1dA(z) is Carleson measure for H2(D). O

Theorem 7.2. Let 8 € Syy1 and ¢ € Hol(D) be such that z2°p € H3 .. Then
Poe X(Hi,) if and only if 2Pp € CHE, .

Proof. (<) We have already mentioned that this direction, regardless of the type of
symbol, follows from Theorem 3.2.

(=) Let m € N be such that 2m — (d + 1) > —1 and suppose that 2°p €
X(H7.,). Let [ = Zaesdﬂ z*f, € Hj,,. Using the orthogonality of monomials in
A3 (s (Bas1) and the fact that R™(2Pp) is 27 times a function which only depends

only z1, we have by Lemma 7.1.1 that

m (B 2 _ a+p m, 12
IR, my = 30 1R8I+ Rl
€S 41
_ a+p
= 2191 Rl
ACod+1
<
S DR T EN(CIR o A
a€$d+1
where we have used that
T2m+1) al
a+f - <
H ||A2m (d+1)(Bd+1 - ”Z ||A2m (d+1)(Bd+1) F(2m+ 1+ |a|) ~ |OZ|'
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For a = 0, we have that

1fo(1B8]+ R)™ ¢l a

2m+|B]—1

o S I foll 2y

since |(|8] + R)™¢|?(1 — |2|?)?>™*+PI=1dA(z) is a Carleson measure for H%(D) by
Lemma 7.1.2. Furthermore, for a # 0, we use Lemma 2.1.3, which implies that

C :=sup,ep | (|8 + R)™p(2)]2(1 — |2]2)?*18l < 00 and thus we have

12 (18] + R)™ 0|32 < COllfalll, | m)

2m+|al+|8-1

It now follows that |R™ (2%¢)[*(1—|z|?)*"~ @DV (z) is a Carleson measure for HZ, ;.

]

7.5 Concluding Remarks

For a function f € Hol(Bgt1), write f(z) = > 5o, fu(z) for the homogeneous
expansion of f. For any real number ¢ > 0, define the fractional derivative of f

of order ¢ to be

[e.e]

D'f(z) = (n+ D fiu(2).

n=0
Note that D°f = f and D'f = f + Rf. The following result of Miroljub Jevtic
provides a characterization of BMOA(Bg;1) in terms of Carleson measures for the

Hardy space H?(B;.;) which involves these fractional derivatives.
Theorem 7.3 (from [19]). For a function f € Hol(By1), the following are equivalent
1. f € BMOA(Bys,)

2. There is at > 0 such that

D' f(2)*(1 = [2*)*dV(2)

7



is a Carleson measure for H*(Byi1).

3. For all t > 0 we have that
D' f(2)P(1 = [2*)* 1aV (2)

is a Carleson measure for H*(Bgy1).

Using this result, one can obtain a method for constructing functions which satisfy

the equivalent conditions of Theorem 7.2.

Theorem 7.4. Let 3 € Sy1 and ¢ € Hol(D) be such that 2°p € H3,,. Then the

following are equivalent
1. 2P e X(H] )

2. 2Pp e CHZ |

3. there is a function b € BMOA(D) such that p = Db

Proof. Writing ¢(z) = Y 0° P(n)z", one easily sees that the function b(z) =
Yo o(n+ 1)_@@(71)2” is holomorphic on I and satisfies D'Z b = ®.

If 8 =0, then b = ¢. Furthermore, Corollary 7.1.1 then implies that ¢ satisifes
(1) and (2) if and only if |Rp(2)[*(1 — |2]*)dA(z) is a Carleson measure for H?(D).
However, this is equivalent to ¢ € BMOA(ID), as mentioned earlier.

If || > 0, then Theorem 7.1 implies that ¢ satisfies (1) or (2) if and only if
lo(2)]2(1 — |2|*)!PI=1d A(z) is a Carleson measure for H?(ID). Therefore, we have that

161

D2 b(2)2(1 — |2>)/#I='dA(2) is a Carleson measure for H?(D). By Jevtic’s result,
this is equivalent to b € BMOA(D). O

We conclude the paper with a generalization of the main theorem which easily

follows from the results of the previous sections. For i € {1,2,...,d + 1}, define

Sﬁl+1 = {O‘ = (ai,...,a441) € Ngﬂ | a; = 0} )
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It is clear that all of the previous results and their proofs remain valid if Sy is

replaced with S}, for any i € {1,2,...,d + 1}.
Theorem 7.5. Let N € N be fixed, and let

d+1

2
Y= Z Z Zﬁ@%’ﬂ' € Hgy,y
i=1 gesi, | IB1<N

where each @g,; € Hol(D) is a function of the variable z;. Then the following are

equivalent
1. pe X(HC%+1)
2. 2Pog, € X(HE,.)) for all B € Siy with |3| < N and for alli € {1,...,d +1}.

3. The measure

[R™ (2 ps.) (1 = |2~ DaV (2)

is a Carleson measure for Hy , for all f € S}, with || < N, anyi € {1,...,d+
1}, and any m € N with 2m — (d + 1) > —1.

4. ¢ €CHj,,.

Proof. (i) = (ii). For any f,g € Hol(DD), we see that if () holds, then for any
g e Sy, , wehave

|
= %wgzﬁ, i

d+1

| < llellaqz, I flla2mllglla

d+1 181-1

|<fgu 90ﬂ7i>A

2
[8]—1

so that (i7) holds by Theorem 7.1.
(14) = (i4i). This is immediate from Theorem 7.2.

(73i) = (iv). This follows by the linearity of R™ and the convexity of the real-

valued map z — 2.
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(tv) = (). This follows by Theorem 3.2.
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