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Abstract

Let D a subset of R™ [R n] be a domain with Lipschitz boundary and 1 < p < oo
[1 less than or equal to p less than infinity]. Suppose for each z in R™ that W (x)
is an m x m [m by m] positive definite matrix which satisfies the matrix A, [A p]
condition. For k = 0,1,2,3,... define the matrix weighted, vector valued, Sobolev

space L} (D, W) [L p k of D,W] with

H? ZZ(D,W) = |a|zgk/D HWl/p(a:) (Da?(x)>

p

dx

[the weighted L p k norm of vector valued f over D to the p power equals the sum
over all alpha with order less than k of the integral over D of the the pth power of
the norm of W to the 1 over p times the alpha order derivative of f] where 7 =
(fi,--+, fm): D — C™ [vector f takes D into C m]|. We then aim to show that for ?
[vector f] in L} (D, W) there exists an extension E (7) [E of vector f] in LY (R", W)
[L p k of R n, W] such that £ (7) = 7 [E of vector f equals vector f] on D and

2 () gy =171

Ly (R™, Ly (D,W)

[the weighted L p k norm of E of vector f on all of R n is less than or equal to a
constant times the weighted L p k norm of f on D] for some constant independent
of ? This theorem generalizes a known result for scalar A, weights. To prove
such a result, we first consider various cases including that of unweighted smooth

and Lipschitz domains. We then proceed to go through some standard results for

vi



scalar A, weights. The scalar A, weighted smooth and Lipschitz domain case is then
addressed. With such intuition in hand, certain facts about matrix weights must be
addressed before we can finally prove both smooth and Lipschitz domain results in

this new context.
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Chapter 1

Introduction

When considering partial differential equations (PDE), it is essential to measure the
size and smoothness of functions by defining norms and considering the associated
spaces of functions with finite norm. One such question is that of extending functions
in one of these function spaces from the domain where they are defined to the whole
space. Such extension theorems are powerful because one can apply certain tools, such
as the Fourier transform, defined on R"”, to the extended functions, and then restrict
back to the domain to obtain corresponding information there. It is not immediately
clear, however, which functions can be extended. The major complication lies in the
function space under consideration.

A primary example of extension theorems occurs in the setting of Sobolev spaces
on domains. Denoted L7 (D), this space consists of all functions with derivatives of
order up to k£ on a domain D such that each derivative is in LP. In such a setting

extension results are known for a variety of domains D.

1.1 History

Extension theorems for Sobolev spaces on smooth domains have been known for a long
time. The method predominantly used to prove such theorems is to first simplify the

domain using a change of coordinates, and use density results to restrict attention to



very smooth functions. Then one defines some sort of integral operator which extends
the function to all of R™, checking that this operator is bounded in the Sobolev norm.

More complicated domains for this extension problem have been considered in
the somewhat recent past. For example, consider a domain whose boundary is not
necessarily smooth, say a Lipschitz domain D. A. P. Calderén showed in 1961 that an
extension operator can be defined on L} (D) with singular integrals for 1 < p < oo (see
[1] for more). E. M. Stein in 1970 constructed a modified extension using integral
operators (see [18], pp. 180-192). Stein’s approach had the added benefit that it
included the endpoints p = 1,00 and his extension operator is independent of the
order of differentiability k.

A further result is that of Peter Jones in 1980 (see [11]). He found a more general
class of domains, called (¢ — ) domains, for which an extension operator will exist.
Such a class is of particular interest in that it is the sharp class of domains for the
unweighted extension problem in R?. What makes his approach more intriguing is
that it does not use an integral operator. Rather, he defined the extension using a
summation of polynomials localized on cubes.

Beyond this, S. K. Chua in his paper of 1992 extended Jones’s result to scalar A,
weighted Sobolev space (see [3] and also [4]). The A, condition for a weight w is a
condition where the weight in question and its reciprocal satisfies a certain averaging
condition. Such a condition is key in that it allows for the use of important estimates
when bounding integral norms. Due to such a condition, Chua was able to extend

functions in the weighted Sobolev space L} (D, w) by following Jones’ approach.

1.2 Further Motivation

Extension theorems have many applications in PDE. For instance, in Evans [7]
Ch.5, p. 268 a k = 1 version of the smooth boundary extension theorem for L7
is proved. Later, on p. 279 this result is used to prove the Gagliardo-Niremberg-

Sobolev inequality which shows that L? embeds into L9 space. The result is first



proven on all of R™ and then the extension is used to get the estimate for a domain.
This style of argument is used again to show that certain Sobolev spaces embed
into Holder continuous space (p.283) and to prove compactness of the embedding of
certain Sobolev spaces into L? spaces (p.286).

Weighted integrals have become a standard technique in recent years. For
instance, consider the work of Fabes, Kenig, and Serapioni in [8]. Here they obtain
local regularity estimates and Poincaré inequalities for an elliptic differential operator
which may not be uniformly elliptic, but whose ellipticity constants are controlled by
an A, weight. In current work of Joshua Isralowitz and Kabe Moen these ideas
are being extended to establish matrix weighted Poincaré/Sobolev inequalities with
applications to degenerate elliptic systems.

Weights have also appeared in numerical analysis work such as that of Nochetto,
Otarola, and Salgado. In [14] they develop a constructive approach to piecewise
polynomial interpolation in Muckenhoupt weighted Sobolev Spaces. They achieve

this result by using the fact that y* € A, for a certain range of «a.

1.3 Overview of the Results

It is the purpose of this thesis to generalize Chua’s result in [3] to the matrix weighted

case when D is a Lipschitz domain.

Theorem 1.1. Let D be a Lipschitz domain, 1 < p < oo, k = 0,1,2,..., and
W e A,. Given 7 € LY(D,W) there exists an extension E (7) e LY (R", W), that
18, there exists E (7) :R™ — R such that E <7> = 7 and

D

|2 (7)]

Ly(D,W)

< Cpi,p,w ‘ ‘?‘

LY (R W)

To understand the problem we will consider several different cases. In this way,

we will gain a much greater sense of the obstacles needed in proving such a result.



Starting with several preliminaries in Chapters 2 and 3, we are able to briefly
build the needed tools to prove the extension theorem. In Chapter 4 the unweighted
smooth domain case is proven in detail. Though this result is well-known, a detailed
proof still serves to give a better foundation for the subject and the further results
that follow. Other unweighted results are expounded upon at the close of the chapter.

In Chapter 5, a brief overview is given for scalar A, weights. By a scalar weight
we mean a non-negative function w : R® — [0, 00] that is locally integrable on R™.
Such a function is called an A, weight if it satisfies an A, condition for corresponding
1 < p < oo. Such a condition comes about in several different contexts. In some
situations, by limiting, we can then further discuss the p = 1 case. These results are
now quite standard. For more, one can read [19], Chapter 5.

Using this knowledge, in Chapter 6 we consider the A, weighted smooth domain
case. However, there is a difference when defining the extension to accommodate A,
weights. Namely, we are required to average over cubes as opposed to the lines used
in the unweighted situation. In the one dimensional setting, it becomes clear as to
how this averaging approach makes use of the A, condition. When moving to higher
dimensions, a result for taking derivatives of vector valued functions is also required.
With these preliminaries in hand we are at last able to both understand and prove
the multidimensional scalar weighted result for smooth domains. It is also interesting
to note that a section of the proof has 3 different methods of proof.

Throughout Chapter 7, much of the previous case is applied as we move toward the
more general Lipschitz domain. The critical extra element here is how to define the
extension so as to accommodate the domain. In light of what was done previously,
we are forced to modify Stein’s approach in [18] so as to gain a method involving
estimates on Whitney cubes. Such a dyadic decomposition is at the heart of the
proof and so such estimates are crucial. With such results in hand, the proof follows
similarly to before.

In Chapter 8, matrix weights are introduced as well as the corresponding A,

condition. The motivation for the matrix A, condition was to find the right conditions
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on a weight W so that the Hilbert transform preserves LP(W). The original
formulation of the matrix A, condition is complicated (see for instance [13], [12],
and [20]), but in [16] Svetlana Roudenko showed that the condition is equivalent to
the following: Let W be a matrix weight on R”, 1 < p < oo, and 1/p+1/p’ = 1. Then

W € A, if and only if W and W—P'/? are locally integrable and for some constant

C >0 y
1/p —l/p P dt )p/p/ d_x ’ A
(/Q (/QIIW el o) ) < A

for all cubes @ C R™. There is also a similar condition for A; weights.
Chapter 9 is dedicated to the matrix weighted smooth domain case. The property
of A, weights that turns out to be key in doing this is the following variable switching

property: For a cube () and a vector valued function 7

m%/@(ﬁ/@”vvl/p Hdt) da;< /HWW’ (t)det

In this way, the A, condition has allowed us to line up the variables, going from
Wi/ (x)?(t) on the left to W1/» (t)?(zﬁ) on the right. This variable switching proce-
dure is required to make certain crucial estimates work in the proofs corresponding
to a matrix weighted case.

In Chapter 10, we finally give the proof of Theorem 1.1. Most of it is a consequence
of Chapters 7 and 8.

As a concluding thought, several open questions as to how the extension problem
can be further investigated are considered in Chapter 11. These include questions

regarding domains, weights, and more general function spaces.



Chapter 2

Definitions and Notation

Throughout we write f € LP(E, ) where 1 < p < 0o to mean

11y = /E (@) Pdu(z) < oo

where (E, ) is a measure space. Furthermore, when f is continuous, we say f €
L*>(E) given that

Il oo () = sup | f ()] < oo.
LA D)

When f is not continuous, we use the convention that ||f|| . = esssup |f].

2.1 Sobolev Space

Let Q C R"™ be a domain, o = (aq, aa, ..., q,) a multiindex. We say f:  — R has
weak derivative, Df, if there exists F' € L, () such that

Fgdr = (— gde .
/Q d (1)'“/QfDad 2.1)

for all g € C°(Q). We then write D*f = F. All derivatives considered will be in the

weak sense while noting that classically differentiable implies weakly differentiable.



Definition 2.1. For 1 <p<oo, k=0,1,2,..., and i a measure define the Sobolev

space

L(Qup) = {f: Q=R | D°f € L (% ) V]a| < k}

which is complete with respect to the norm

1 o = D 1D Flliom-

|la|<k

Namely, a Sobolev space is a set of functions who share a certain measure of

smoothness and finite size.

2.2 Domains

For convenience we will often denote R"™ = {(z,y) | z € R",y € R}.

Definition 2.2. Let Q C R"*! be a bounded, open set and denote O as its boundary.
We say 0 is C* if for each point o € OQ there exists r > 0 and a C* function
v : R™ = R such that QN B,(zo) = U N B,(xq) where each U C R"™ is a half space

given by {x = (2, Xpn11) : Ty > y(2")} or one of its rotations about x.

When considering such a definition, it is common to further “flatten the boundary”
by applying a smooth change of coordinates to each half space U with the result
that v = 0. Once this flattening has been applied, it then suffices to consider each

associated half space as one of the following:

R = {(z,y) | r € R",y < 0}

Ry ={(z,y) | z € R",y > 0}

It is standard practice to refer to a domain based on its boundary and
boundedness. That is, a smooth domain is any domain with smooth boundary. In

more modern times, less smooth domains have become of greater interest.



Definition 2.3. Let ' : R™ — R be a function which satisfies the Lipschitz condition
IT(x) —T(2")| < M|z — 2| (2.2)

for some M > 0 and for all x,2’ € R™. The special Lipschitz domain that T’

determines is given by
D= {(x,y) eR"™ 1y >T(x)}

The smallest M for which (2.2) is satisfied is called the Lipschitz bound for D.

It is apparent from this that any half space is a special Lipschitz domain. In a
similar manner to before we could also define a bounded Lipschitz domain as any
domain whose boundary is locally that of a special Lipschitz domain. However, the

following more general definition allows us to consider unbounded domains.

Definition 2.4. Let D C R"™! be an open set and denote 0D as its boundary.
We say D is a Lipschitz domain if there exists € > 0, an integer N, M > 0, and
Uy, Uy, ..., U,, ... open in R such that

(i) Denoting Uf = {(z,y) € U; : B((z,y),€) C U;}, we have that 0D C |J;2, Uf
(ii) No point in R™! is contained in more than N of the U;’s

(111) For each i = 1,2,... there exists a special Lipschitz domain D; whose bound

does not exceed M such that

UnND=UnND,

Any domain with smooth boundary fits the above definition where the special
Lipschitz domains involved are just half spaces with flattened boundary. When the

domain is also bounded, it is possible to pick a finite number of U;’s. Also, when



working through computations it is useful to keep in mind that ¢, N, M > 0, and the
U;’s given in Definition 2.4 are all dependent on the associated domain D.
As far as standardized notation goes, ) will always denote a smooth domain while

D will always denote a Lipschitz domain.



Chapter 3

Preliminary Results

Let us now examine several key results which we will use throughout when proving
our various extension results. Here, we use the notation C,(A) to mean the continuous

functions with compact support contained in the set A.

3.1 Existence of Derivatives Across a Boundary

The following theorem allows us to more easily check the differentiability of an
extension when the domain is smooth. Namely, it suffices to show that the derivatives

must satisfy a trace property.

Lemma 3.1. Let k = 0,1,2..... If f € C* (Ri“) and g € C* (R™) with the
property that given xq € R™ it follows that D*g(x,y) — D*f(x,0) as y — 0 for all
la| < k, then
flzy) y=0
E(f) =
g(z,y) y <0

has weak derivatives up to order k.

Proof. Since E(f) is clearly differentiable in both C* (R}*") and C* (R™*") it suffices
to show integration by parts on the boundary, which is x = 0. First, consider

differentiation with respect to y.

10



Let ¢ € C° (R™). Choose a ball B! C R""! of radius r > 0 and centered at

(0,0) such that the support of ¢ is contained in B"™'. Then, we have that

Sy dydz = e [, dydx
//BerlﬁRi“ /p /0
= (0 — f(z,0)¢(x,0)) dz — T [y dyde
By »Jo

= — f(z,0)(x,0)dz — //B”“ - [y dyde.

By

Using the trace property it similarly follows that

// g, dydxr = f(z,0)¢(x,0)dx — // gy dydz.
BrtinRrt! Bn Brtlpgnt!

Adding these two equations shows that (2.1) is satisfied and thus yields the
differentiability of the extension in the y component. Also, the argument for the
x derivatives is even simpler due to the boundary terms always being zero. In this
way all first order derivatives of E(f) exist.
Furthermore, assuming we have a derivative of order |a| we can now repeat this
argument in any of the y coordinates involved to gain the conclusion for all the
derivatives of order |a|. Thus the full conclusion follows by induction on the order of
differentiability .

O

It is interesting to note that the above proof does not work for Lipschitz domains.
Due to the smoothness of the domain above, we did not have to worry about
differentiability in x. However, a problem arises in the Lipschitz domain case due
to the jagged nature of the boundary which causes problems when attempting to
verify integration by parts in the z-variables. Namely, the boundary may “wobble”

too much.

11



There is, however, no issue in the Lipschitz domain case as long as we have an
unlimited amount of differentiability for the function defined on the domain. This is

made explicit when we need it later on with Lemma 4.1.

3.2 Density of C* (D) in L¥ (D)

Definition 3.1. Let U C R" be open. A Radon measure p on U is a measure defined

on the Borel sets of U that also has the following properties:
(a) For every compact K C U we have that u(K) < oo.
(b) p is a reqular measure, that is, it has both inner and outer reqularity.

Such a measure p is important in that integration with respect to p gives a

fundamental density result: C, is dense in LP.

Theorem 3.1 ([17],p. 69, Theorem 3.14). Let p be a Radon measure for R™ and
suppose 1 < p < oo. If f € LP(R"™, u), then for every e > 0 there exists g € C,. (R")
such that || f — g||Lrmnu) < €.

To show this classical result, one first considers a set of simple functions. Once
such a collection S is shown to be dense in L?; the result is proved with LP replaced
by S. This classical density allows for a stronger density result for LY. To show this
we must first prove the following well known theorem which will act as a lemma for

our purposes:

Lemma 3.2 (Continuity of Translations in LP-norm). If f € LP (R", u) for 1 <p <

oo where 1 1s a Radon measure on R™, then, ast — 0,

(/ f(z+1t) — f(g;)|pdlu(x))1/p L

Proof. First suppose f € C.(R™) with suppf C B(0,r) for some r > 0. Fix ¢ > 0.

Since f is continuous it follows that f is uniformly continuous on B(0,7). So there

12



exists 0 > 0 such that when || < 0,

p(B(0, 7+ 1))1/r

[f(z+1) = fz)| <

for all z € B(0,r 4+ 1). We may choose 0 < § < 1. Then, if |t| < 0, |f(z + 1) — f(2)]
is supported on B(0,7 + 1). Hence

([ ie+o- f(x)!pdu(aﬁ))l/p <e

Now, let f € L? (R", u) and again fix € > 0. By Theorem 3.1 there exists g € C. (R")
such that ||f — g||zr@n ) < €/3. Because g € C, (R"), the previous case tells us that

there exists d > 0 such that when |t| < 6,

€
lg(@ +8) = g(@)llLr@np < 3

Thus

1/p
([ 140 = r@Pdu) ) <117+ = oo+ Ollsge

+lg(z +1t) — 9(33)HL10(RTL,#)

+ 1lg(@) = F@)] Lo @n )

From this we now gain the density result that is the subject of the section.

loc

Lemma 3.3 (Density of C* in LF). Suppose f € Lj,, (R"*') and that D C R"*!
is a special Lipschitz domain with curve I' and bound M. Let f € L} (D, p) where

1 <p<oo, k=012, .. and p is a o-finite Radon measure. Then there exist

13



{fc}eso where each f. € C* (D) such that

[fe = fllzrpyy — 0

as € — 0.

Proof. Fix € > 0. Consider ¢ € C> (R""!) such that supp¢ C T'_, that is, the

downward opening cone centered at the origin (see (2.2)):
F_={("y) e R""": MP2/| < y|, y <0}

We also choose ¢ such that [, ¢(z)dz = 1. Denote ¢. = e Vg(x/e) for any

e > 0. For x = (2/,y) € D, define

i) = dox fula) = [ o= ) fals)ds
with the trivial extension fy(s) = fls) s€D . Thus clearly f. € C>= (D).
0 s¢D

Furthermore, using the Minkowski Integral Inequality we have that

¢e(s)[D folw — s) — D f(x)]ds

R'n+l

p 1/p
[[D*fe — D fller (D) = (/D du(m))

) (/D P du(x)) 1/p

< [ town ([ 10— - s ane))  aw

(w)[D* fol — eu) — D f(x)]du

]Rn+l

where the last expression makes sense because D®fy(z — €eu) exists for x € D and
u € supp ¢ since we are shifting an element in the domain by an element in an upward

facing cone. More precisely, (z/,y) € D and v = (v/,v) € supp ¢ C I'_ implies that

[z —eu) <|T(2' —eu) —T(z)|+ T(x) < Mled | +y < |ev| +y =y — ev.

14



Therefore D*fy can be replaced with D*f. By passing to the trivial extension of
D f. we can use Lemma 3.2 for D*f to get that

Fw = ( [ 100 = ) = sl du(o:))l/p 50

as € — 0 pointwise for each u. We also know that |¢(u)|Fi(u) < 2||Df||repu|d(u)]
isin L' (R™1). Thus, by the Dominated Convergence Theorem ||D® fe—D® f||1o(p,u) —
0 as € — 0. That is, each term in the sum that defines the Sobolev norm (see Definition
2.1) converges to 0 and thus, since the sum has a finite number of terms, the Sobolev

norm itself must converge to zero. O]

3.3 Constructing Moment Conditions

For future results we would also like to be able to choose a ¢ € C'° with certain

moment conditions.

Lemma 3.4. Given any closed interval I = [a,b] and by, ..., b, € R, there exists

¢ € C°(R) with supp ¢ C I such that

/OO Mo(N)dr=b € R

foralll=0,1,... k.

el/la=t) > g

Proof. Consider f(t) = which is known to be in C'*°(—o00,0).
0 t<a
el/t=t) ¢ < b
Similarly, g(t) = is also in C*°(—o00, 00). Thus their product is as
0 t>b
well, i.e.,
eTH g <t <b
h(t) = € C*(—00,00).
0 t<aort>b
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Also, supp h = [a, b].
Now, for the moment conditions, consider such a ¢ € C°(I) with [ ¢ =1 (here, we

normalize ¢ if necessary). Fix k € N. Then [ 27¢®(z)dx = 0 for all j < k and

/xkqb(k)(x)da: = (—1)kk!/¢(x)dx =g

Define g = igé(k).
Next, denote ay 1 = [ 2" [Lgf)(’“—l)(x)} dz. Define gy = —1-0* Y —ap, 1 g

Ck—1 Ck—1

Then for 7 < k — 1 we have that

/xjgk_l(x)dx =0, /xk_lgk_l(:v)dx =1, and /:r;kgk_l(x)dx =0

In general, given ¢;, gi+1,- -, gr—1, gx With 1 <1 < k such that

/a:jgi(w)dx =0 and /xigi(x)dx =1

for i # j where j €0,1,..., k, we denote a;,_1 = [/ [Cflgb(i’l)(:v)} dz and define

k

1 .
gi—1 = Pl — Z ati—1 Gt-
—1

C .
t t=i

It then follows that we gain the existence of a set of functions {g;},,, where each

gi € C2°(—00,00) with the moment conditions

/xjgi(x)dx =0 and /migi(x)dx =1

for i # j where j € 0,1,...,k. Thus, if we want h € C° with [ z'h(z)dz = b for
0 <[ <k we simply define h = bygg + - - - + brgs. H
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Chapter 4

The Unweighted Case

In our goal of proving Theorem 1.1 we first aim to show the unweighted case. In
doing so we bring attention to the major issues at play. Namely, in each case, there

are six main steps we will follow:

(A) Define the extension E(f) after first localizing the domain (see Definition 2.4)

and assuming that f € C* (see Lemma 3.3).

(B) Show that the extension is weakly differentiable up to the assumed order k& (Here

we use Lemma 3.1).
(C) Show that E(f) is bounded in L”.

(D) Using what was learned in the last step, perform L? estimates on the derivatives

of E(f).

(E) We use density to define the extension for general f and show that the Sobolev

norm estimate is maintained.

(F) We use the definition of the domain to define the general extension by using a

partition of unity argument.

In accordance with these, we will label each extension theorem proof as such.
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These steps have their origin in past results. For instance, the results of E. M.
Stein in [18] follow this program to prove the unweighted Lipschitz domain case. This
proof is summarized at the end of the section as it will be useful in demonstrating

both the scalar and matrix weighted analogues.

4.1 The Smooth Domain Case

Theorem 4.1. Let Q@ C R™™ be a domain with smooth boundary. Given f € L} (Q)
with 1 < p < oo, k =0,1,2,..., there exists an extension E(f) € LY (R"), that is,
there exists E(f)(x,y) : R"™ — R such that E(f)|q = f and

HE Nz @y < Cprall fllzpe) (4.1)

Proof. (A) Before providing an explicit definition for the extension operator, we make
two standard simplifications: First, we can make a C'*° change of coordinates to
“straighten out the boundary” of 2. We accomplish this by covering the boundary
with neighborhoods, straightening each piece, and then using a partition of unity to
“oglue” the pieces back together. Thus we only consider €2 = R’ﬁl.

As a second simplification, we note that by density we can assume that f €
(Ol (@) and then pass through to a limit at the end.

For such f, consider

g(z,y) = / " f e, —M)d(N) dA (4.2)

where ¢ is a continuous function with compact support in (0, co) that satisfies moment

properties:

/OOW(A) d\ = (-1)! (4.3)

0
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for all 0 <[ < k. We then set

(B) For the weak derivatives, notice first that since we assumed f to be smooth it

follows that

0, = / fo (2, —Mp)B(A) dA

for all 0 < 7 <n and

gy = — / £, ) Ad(A) dA

Putting these together we have that any derivative of g of order = (avy, ..., vy, pi1) =

(¢, apq1) will have the form

Dog = (—1)ons /0 D F(, —Ay) A% p(A)dA (4.4)

Namely, ¢ is smooth on the lower half space. Also, we have the trace property that
asy — 0%, g(x,y) — f(z,0) because of (4.3). Similarly, for all |o| < k,

lim D%(x,y) = (—1)“”“/0 D f(x,0) A +1p(N)dA

y—0

= D“f(x,0).

Thus it follows by Lemma 3.1 that E(f) has weak derivatives of all orders up to k.
(C) We next show that the LP norm of g and of all of its derivatives are bounded

by the corresponding LP norms of f and its derivatives. Indeed, using Minkowski’s
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integral inequality we have that

Hmmmwh_</'/ dwm>w
/ (// (z, —Ay)¢ (A)Ipdydx)l/pdx
/ (// dyudx)l/pdx

= [ Bl .

But ¢ has compact support in (0, 00) and thus we have the required bound.

fw —\y)p(N) dA

(D) Similarly, for D*g as given by (4.4), we have that

/‘</;/ lwfx—wn%“w>vw¢g d
/ (/}/ ””fxuk%“w>\—ﬁn)wﬁA

:/ AT GA) AN - (1D F | oy

0

1/p

< Copnl| D |LP(]RT’1)

by again using that ¢ has compact support in (0, 00). Thus g and all of its derivatives
are bounded in the L? norm. That is, given our assumptions on €2 and f, (4.1) is
satisfied.

(E) Consider f € LY (RY™). By Lemma 3.3, there exists {fy} C C* <@> such
that

||fN - fHLi(Rfrl) —0
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as N — oo. By noting that the extension map F is a linear map, it then follows that

for N,M >0

1E(fn) — E(fa)l e @iy = || E(fx — far)ll @y

< Cpseall v = el o neny

(Note that the constant is independent of N, M, and f)
Since fy converges, it is Cauchy (in R™"). Thus E(fx) is also Cauchy (but in R"*1)
and thus, by the completeness of Sobolev space, E(fy) converges. So we can define

E(f) =lim E(fy) in the Sobolev norm, that is,

||E(f) - E(fN)|’L§(Rn+1) —0

as N — oo. In particular, ||E(f) — E(fN)HLi(RiH) — 0 as N — oo. So it follows
that on R"™

E(f) =lmE(fy) = lim fy = f

Thus E(f) is an extension of f. Last of all,

E() e @n+ry = Mm |[E(fn)|] 22 @y
< Um Cp pnll ol @y
= Cp e lim || f | |LZ(]RT‘1)

= p,k,n||f||Lg(R1“)

So the norm inequality is preserved.

(F) As the final step, since we have shown that the result holds on any half space
(just shift the coordinate axes as needed), we can now show the result for our original
smooth domain.

For i = 1,2,..., let U; be the open sets associated with the smooth domain 2 and

Q; be the associated half spaces. Consider \;, Ao, Ay, A_ : R*™* — R all of which
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are smooth with bounded derivatives independent of i (and dependent only on the

parameters of the extension constant C') such that
e supp \; CU; and \; =1 on Uf/Q
e supp )\, C €/2 neighborhood of Q2 and A\ = 1 on Q
e supp A; C € neighborhood of Q2 and A\ = 1 if dist(z,0Q) < €/2
e supp A_ C Q and A_ = 1 if dist(z, 9Q) > €/2

Then set Ay = Xg <)‘—+> and A_ = )\ <

WS ) and note

A
Ap+A
e Since )¢ is supported where Ay + A_ > 1, A, and A_ are also smooth with

bounded derivatives
e AL +A =1o0onQ
e A, +A_ =0 outside the ¢/2 neighborhood of .

With all of this set up, we finally define the extension operator:

i NiEi(Nif)

_ FAS (4.5)
PPV
=1

From this it is apparent that
(a) When z € supp Ay, z € Uf/z for some ¢ and thus > 2 A7 > 1

(b) For each x the sums in (4.5) involve at most N + 1 non-vanishing terms because

of condition (ii) in Definition 2.4
(¢) A_f is well-defined since the support of A_ is contained in €2

(d) The terms E;(\;f) are well-defined since the \;f are given in the half space Q;,
that is, f is defined on 2, thus A;f is supported on U; N Q2 = U; N €); (see (iii)
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in Definition 2.4), and thus F;(\;f) is defined on R"*!. (Hence each \;E;(\;f) is

supported in U;)

(e) Based on the smoothness of the lambda functions and of each E;(\;f), it follows
that E(f) has well-defined derivatives as well.

(f) Since for each i E; (\;f) = Aif on D, it follows that indeed F (f) (z,y) = f(x,y)
for all (z,y) € D

Now based on the quotient rule we we write (4.5) in the form

E(f) =) _HE (\f)+A_f

=1

as a replacement for (10.10). Then

HE(f)HLg(RnH) - Z

D* (i HiE; (\if) + Af>

|| <k i=1 Lp(Rn+1)
00 P 1/p
< Z (/ D* (Z Hi(z)E; (Aif) ($)> d:v)
laj<k \’/R"™ i=1

+ D ID* (A=)l sy

o] <k
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The latter term is clearly bounded by C'|| f| |LZ(Q)‘ Also, by Definition 2.4 (ii), > x, <
i=1
N (also see (b) above). Thus the former is

0o p 1/p
> ( [ 5 ¥ rrwreane dx)
o<k N7 [i=1 pq=a

00 p 1/p
<> ([ (Sw X tmwrsen @) «)

|a|<k i=1 B+y=«

o P 1/p
<) ( - Np/p’z( > ||DPHi(z)DVE; (Aif) (x)”) dx)

|a|<k i=1 \S+y=«a

0o 1/p
<Cua 3| [ 3 X D@D E <x>|\”dx>

la|<k =1 B+y=a

o0 1/P
= MQZ Z Z /Ui|DBHi($)|p||D7E¢ (Aif) (@deﬂ?)

la|<k \i=1 B+y=a

00 1/p
S DIDY / iHD”Ez-(Az-f)(x)H”dx>

lo|<k \i=1 B+y=a

00 1/p

<Gua XX X X [ 1o @irar
lal<k \ i=1 By=a|r|<k P

1/p

AT DIDID IS | AP s

lal<k \ i=1 f+r=a |x|<k e+d=r

< Corollfllzr

via several applications of Holder’s inequality. O]

It is worth further considering the L™ case. While it is possible to extend it (see
[18]), the above procedure will not work. The main reason for this is that the density
assumption no longer holds. Thus any proof of such a case would have to be different

to accommodate for the loss of density.
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It is, however, not too difficult to generalize Theorem 4.1 to vector valued
functions. This is discussed in detail in the weighted context in Chapter 9, but
the basic principle remains the same. Namely, we define each component E(f;) of
E (7) as we did in our scalar valued case. In this way, the vector case is reduced to

a component-wise argument of the scalar case already considered.

4.2 A Summary of the Lipschitz Domain Case

The results thus far considered are well-known by this point. In fact, the domain
can be modified and the above results still hold in essence. For example, consider a
Lipschitz domain as given by Definition 2.4. A. P. Calderon showed in [1] that this
can be done using an extension operator defined using singular integrals, but only
for 1 < p < oo. E. M. Stein was able to repeat this but with an extension operator
similar to the one used above, albeit more complicated. Such an approach had the
added benefit that not only did it cover the endpoints p = 1,00, but it also was
independent of the order of differentiability k.

The procedure which Stein used to show his result was mirrored in our proof for
the smooth case. In pages 180-192 of [18], this six step approach is used to prove the

following:

Theorem 4.2. Let D C R™! be a Lipschitz domain. Given f € LY(D) with1 <p <
o, k= 0,1,2,..., there exists an extension E(f) € Ly (R"™), that is, there exists

E(f)(z,y) : R"™ — R such that E(f)|p = f and

EH ez @1y < Cpnl Iz oy (4.6)

When proving the weak differentiability of this extension, we would like to have a
result similar to Lemma 3.1. It is not clear that such a statement exists, though, given

the problems that would arise in the attempt to obtain the weak differentiability in

25



the z-components. However, this can be amended by assuming that the function f

is perfectly smooth.

Lemma 4.1 ([18], p. 186). Let D C R™! be a special Lipschitz domain with curve
. If
flz,y) (z,y) €D

E(f)(z,y) = _
g(z,y) (z,y) € D*
with f € C (ﬁ), g € C® (ﬁ), and, for any multi-index o , D*f = D%g on

0D = {(x,T(z)) : x € R"}, then E(f) € C> (R™*1).

Of course, when f € C°°, we can treat Lemma 3.1 as a corollary of Lemma 4.1.

The high points of the proof of Theorem 4.2 are as follows:

(A) It is first assumed that D is a special Lipschitz domain and that f € C*(D)

The extension is then defined on D° as

g(z,y) = / T by A () (VA

where §* is a differentiable function that is equivalent to the distance from the
boundary in D°. Here ¢ € C([1,00)) is such that ¥()\) decreases like A=V as

A — oo for all N, along with suitable moment conditions.

(B) After proving that such 6* and ¢ exist, their properties are used to show the weak
differentiability of the extension through the argument used in proving Lemma
4.1. It is worth noting that the computation of a general derivative here requires
both the chain and Leibniz rules. The moment conditions are used extensively

in a Taylor estimate whose remainder must consequently go to zero.

(C) The LP estimate for the extension is obtained by using an involved Minkowski

Integral Inequality and Fubini style estimate.

(D) For the derivatives, L? estimates are obtained using the argument above but first

Taylor’s theorem is applied. We use moment conditions to get rid of all the sum
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terms leaving only the integral form of the remainder. The remainder is then

controlled using a similar argument to before.
(E) As before, density is used to define the more general extension.

(F) As a final step, the same partition of unity argument we used above is employed

to finish off the proof.

For our purposes in the sequel, the above argument will be key but the extension
will require substantial revision as will the method for obtaining the L” estimates.
Namely, when considering weighted L? space an integration on lines no longer suffices.
This is a consequence of the known conditions for weights which are formulated
in terms of cubes, not lines. Because of this, a new method for extending and
performing the LP estimates must be developed. Such a method requires first requires

an understanding about the weights involved.

27



Chapter 5

Scalar A, Weights

While there are various conditions one might want to place on a weight, the most
standard by far is the A, condition. For scalar weights, such a condition leads to
extension results quite naturally. For example, in [3] this condition is used to modify
the proof found in [11] to get the most general extension result thus far known
for the scalar weighted context. However, for our purposes this chapter serves as
a necessary overview for obtaining the scalar weighted case for both smooth and
Lipschitz domains. It is also important for understanding the more complicated topic
of matrix A, weights which will be discussed in Chapter 8.

As far as a reference for this material, the majority of the results from this chapter

come from [19], chapter 5.

5.1 Motivation

Let x € R". Consider the Hardy-Littlewood Maximal Function:
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where @) is a cube and |Q| denotes the Lebesgue measure of the cube. This is useful
for bounding lots of different integral operators, such as the Harmonic Extension
Jor [Pz = y) f(y)| dy < M(f)(2) for all t > 0.

Now if f € LP for 1 < p < oo, then M(f) € L? with

/|M 2)Pde < C, /|f )P

It is then natural to ask for what measures u does the following inequality hold:

[ @i < 6, [ 15 pa (5.1)

A theorem of Hunt-Muckenhoupt-Wheeden says that this will hold if and only
if du = w(x)dr where w is nonnegative and absolutely continuous with respect to

Lebesgue measure, and w is an A, weight (see also [19], p. 198).

5.2 Definition

Definition 5.1. Let 1 < p < oo with i +I% = 1. A weight w > 0 that is locally

integrable is an A, weight, written w € A,, if for some constant A > 0

‘Q|/ (‘Q|/ —p’/p(x)dx)p/p/ <A (5.2)

for all cubes Q). The smallest such A for which this holds is called the A, bound of w,
denoted Ay(w).

For p = 2 this says that the average of the weight times the average of its reciprocal

ﬁ/@w(x |Q\/ r)der < A
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That is, w cannot get too big or too small too much of the time.

As an example, it is easy to see that w(z) = |z|* is an A, weight on R™ if and
only if —n < |a] < n(p — 1). This demonstrates that an A, weight might be zero,
just not too often, and could also be singular as long as it is not too badly behaved.

As far as notation, we denote

for any measurable set E.

5.3 An Averaging Property and Doubling Weights

It is often easier to think about A, weights using one of several equivalent definitions.
Besides (5.1) and the definition provided by (5.2), we also have the following

formulation:

Lemma 5.1 ([19], p. 195). For 1 < p < oo, w € A, if and only if there exists a

constant C' > 0

(o / fe) < O [ ot (53)

for all cubes QQ and nonnegative functions f. Furthermore, the smallest such C' for

which this holds is Ap(w)

Unless working with LP estimates, it is unclear why such conditions should be
ideal for a weight. This leads to a more general property of A, - weights that can be

taken as a condition in itself.

Definition 5.2. A weight w > 0 that is locally integrable is called doubling if there
exists C' such that



for any cube Q (here 2Q) represents the cube with the same center but twice the side

length as Q).

The primary example of a doubling weight is w(z) = |z|* is a doubling weight on
R™ if and only if |a| > —n. Using (5.3) it can be shown that any A, weight must also
be a doubling weight.

5.4 A; Weights

There are two other classifications of weights, that is, A, and A;. Both can be

thought of as limits of A, weights with the first understood from the following useful

property:
If 1 <p <py<oo, then 4, C A,

With this, we say that w € A if and only if w € A, for some 1 < p < oo. That
is, notationally, A, = U1<p<oo A,

Turning to the p = 1 case, we limit p — 1 in (5.2) to gain that w € A; if and only
if for every cube @) there exists A > 0 such that

1
el /Q wu)du < Aw(z) (5.4)
for almost every x € (). Taking the sup over all cubes @), this is equivalent to
(Mw)(z) < A'w(z) (5.5)

for almost every x € Q.
It is then possible to show that w € A; implies that w € A, for all 1 < p < o0.

Combining this with some of our prior results yields a more complete statement for
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containment of weights:
If 1 <p <py<oo, then A, C A,,.

Also, as noted earlier, any of the above weights will be doubling, that is, A, is a
subset of doubling. Such containments, while useful for intuitive understanding, will
be used minimally in the sequel.

However, it is useful to note that we regain a result similar to (5.3), that is, w € A,

if and only if

1 C
i /Q Fz)dz < w0 / f(@)w(z)de (5.6)

for all cubes @ and nonnegative functions f (see [19], p. 197).

5.5 Density of C* (D) in L (D,w)

Definition 5.3. For 1 < p < oo we define the scalar weighted LP norm of f to be

llsce = ( [ 10 Putolae) " (57)

for any E C R™ measurable.

Using this and Definition 2.1 we make a clear and intuitive definition for scalar

weighted Sobolev space.

Definition 5.4. For 1 <p <oo, k=0,1,2,..., and w a scalar weight, the Sobolev
space

LY (D,w)={f:D—R | D*f € L?(D,w) V|a| <k}

which is complete with respect to the norm

HfHLg(D,w) = Z HDafHLP(D,w)~

o<k
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With such a definition, it is a simple matter to reclaim the density of C*° (E) in
LY (D,w). Aslong as w is a doubling weight, the measure induced by w is guaranteed

to be a Radon measure and thus we reclaim the following result:

Corollary 5.1 (Density of C™ in weighted L). Suppose f € Lj,. (R"*') and that
D C R"™ is a special Lipschitz domain with curve I' and bound M. Let f € L} (D, w)
where 1 <p < oo, k=0,1,2,..., and w is a doubling weight. Then there exist { fc}eso

where each f. € C* (5) such that, as e — 0,

Ife = fllzg D) = 0-
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Chapter 6

The Scalar A, Weighted Smooth

Domain Case

With these results we are now able to prove the scalar weighted, smooth domain
version of Theorem 1.1. The extension operator which we will use is given as an
integration over a cube whose size is roughly the same as its distance from the
boundary. Another interesting note is that it is actually possible to give multiple
proofs of the LP bounds using the three different characterizations of A, - weights
when 1 < p < oo (and two proof for the p = 1 case). These will be presented
along with the rest of the argument in the same pattern as that of its unweighted

counterpart, Theorem 4.1.

6.1 Whitney Cubes and the One Dimensional
Result

To aid in understanding, we first consider the one dimensional case where the domain
we start with is R,. This helps to introduce the central issues that come about by
adding in an A, weight. Such issues include a finite interval of integration, doubling

as a means of doing weighted estimates, and, most notably, the pivotal role that the
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A, condition plays in the proof. There is also a final issue of over counting cubes that
is much simpler in the one-dimensional case where cubes are really just intervals.

In all further cases, what follows depends heavily on the concept of Whitney
cube decompositions for the upper and lower half spaces, or, more generally, any

complement of a nonempty closed region contained in R"™.

Lemma 6.1 ([18], p.167). For any closed set F' C R", there ezists a collection of
closed cubes {Q}7, such that int(Qx) Nint(Qe) = O for k # £, U2, = F°, and
dist(F, Qx) =~ side(Qy) where the equivalence constants depend only on n. Such a

construction is often called the Whitney cube decomposition for U = F*°.

To understand (and prove) the existence of such a decomposition, it is helpful to
first consider dyadic intervals. For the positive real line, this consists of the set of
intervals{[2%,27"!] : ¢ € Z} (a similar result clearly holds for the lower half plane).
Using this, we can obtain a dyadic cube decomposition for the upper (and lower)
half planes or the various quadrants of R™. This decomposition works as a Whitney
decomposition since it has the further desired property that the side length of a cube
is the same as its distance from the boundary.

To obtain the construction for a more general domain, we start with the dyadic
decomposition. Then, by removing cubes and dyadically decomposing the cubes
that remain, we obtain a cube decomposition for the domain in question. To better
understand this and for other details on the Whitney cube decomposition the reader

may reference [18], p.167-170.

Theorem 6.1. (1-Dimensional Case) Given f € LY (Ry,w) with 1 < p < oo, k =
0,1,2,..., and w € Ap, there exists an extension E(f) € Ly (R,w), that is, there
exists E(f) : R — R such that E(f)|r, = f and

HEWUDp @y < Copwll Fllzz e, w (6.1)
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It is worth noting that in this sub-case we are extending a domain that is the one
dimensional equivalent of the upper half space. We are thus able to skip part (F) in
the proof since we will no longer require a partition of unity argument to go from the

upper half space to the general smooth domain (see the proof of Theorem 4.1).

Proof. (A) In light of 5.1, we first assume that f € C* (R,). For such f, consider
2
9(y) = / F(=Ay)o(A)dA (6.2)
1/2

where y < 0. Here ¢ € C° (R_) with supp¢ C [%,2} and the following moment

properties:
J¢(N)dA =1 and f/\lqb(/\)d)\ = (1) (6.3)

for 1 <[ < k. We then set

(B) Since we assumed f to be smooth it follows that ¢ is smooth with derivatives

2 alf
oY) = 1/Qa—?ﬂ(—Ay)(—A)l¢(A)dA (6.4)

for 0 <1 < k. Using the moment conditions in (6.3) we then have that %gl(y) — %{(0)
as y — 0 for each 0 < [ < k. That is, g is smooth on the lower half space with the
necessary trace conditions and thus we can use the existence of derivatives across the
boundary (Lemma 3.1) to gain that E(f) is smooth.

(C) There are three different methods for obtaining the L” bound for E(f), each

of which begins in the same way. As seen before in the proof of Theorem 4.1, we

need only bound the norm of g by the norm of f. We can also make the immediate
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pointwise estimate using standard estimates and applying a change of variables from
A to v:
C [~

9| < — |f(v)|dv (6.5)
Y] —(1/2)y

while keeping in mind that here y < 0 (so the expression is well-defined).

The key observation here is that this expression is an average of f over an interval
which is similar in style to a dyadic Whitney interval. In the scalar A, weighted,
smooth domain context there are three different ways to bound it each of which relies
on a different (but equivalent) definition of the A, condition.

(Averaging Method) The averaging property formulation of the A, condition comes
up very naturally in the calculations. Namely, we want to just consider the extension
on a Whitney interval in R, and then sum up the LP norms over all such cubes. To
this end, we will denote W_ = {I,}22__ to be a Whitney decomposition for R_ and
similarly Wy = {J,}

Fix y € I, where I, € W_, that is, let I, = [-297' —24] for ¢ € Z. Then 27 < —y <
291 Thus

r——oco a8 its Ry equivalent.

2171 < —%y < —2y <272

which yields an even larger interval I = [24—1,24%2 4 29 4 2971] whose total length is
2072 429 = 5.2 Hence |y| > 29 = £|I7].
For such y € I, we can then replace (6.5) by

C/

1251 1

l9(y)] < |/ (v)]dv
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Next, we can use the averaging equivalence (5.3) for A, weights to get that

9P <G, (W e >|dv>

Cow
w([;)

@l

for all y € I,. We then calculate the L? norm by summing over all such intervals.
Here we recall that w must also be a doubling weight. By doubling I; just once we
get 21 = [-2771,277%] which contains [, = [-29"!,—29]. Thus, since w must be
doubling, w(I,) < w(2[;) < Cw(I7) for some constant C' > 0 as in Definition 5.2.

Also, note that I is contained in exactly 4 intervals J, € W,. Thus

HgHLPR w) Z y)[Pw(y)dy
I,eWw_
1 p
<CZ;V / (w(m 1) w<v>dv) (4)dy
= wly) v)|Pw(v)dv
~Co 3 i [ 1sepua
<G Y C [ If@)lPu()d
Iew_ Ty
<Cput 3 [ 1))
JgEWL Jq

vl | 11 )

As a final remark, we can use this method to show that the p = 1 case must also hold
because of the analogous averaging condition (5.6).
(Maximal Function Method) This is perhaps the most natural proof to think of

at the start but requires a bit of trickery as far as where the functions are actually

38



defined. Consider the trivial extension of f to all of R:

fly) y>0
0 y<0

fo(ﬂf,y) =

We can then rewrite (6.5) using the maximal function over intervals I C R:

\s—/ ) v
‘3/’ (1/2)y

—2y

@ ) | fo(v)|dv

1
< C sup m/|f0(v)|dv
I

I :yel

= CM(fo)(y)

Using (5.1) we thus have that

0
loltie = [ lotwPdy

—00

g@/|mmwwm

—00

gcy/mmaﬁxwmw

gq@/ [ Foly) P(y)dy
=@@A|ﬂwmew@

bl |1 )

It is worth noting that this proof cannot be used in the case p = 1 due to the fact
that the maximal function is not bounded in L' (for example, see [18], p.5).
(Direct Method) This proof is only difficult in that it requires a slight reformulation

of the A, condition and is thus not as immediately obvious. Namely, for ) C R" a
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cube, we have that

ol (el [wl/%c)w1/P<t>]p’dt>p/p/ dr
— |712|/Q <wp’/p(x))p/p/ (m%l/éw—p’/p(t)dt>p/p/ dz

— IT;|/Qw(g[;)dg; (ﬁ/@w—p’/p(t)dt)p/p/

Ap(w) (6.6)

Next, we proceed as we did in the “Averaging Method” by fixing an interval in the
Whitney decomposition of R_ and doing size estimates. Using that same notation,

we then have that (by using Holder’s inequality on the inside integral)

ol <G 3 [ (u* IR |dv> w(y)dy

I,eW-

= v)|w'/? v
-6 3 /( 7 ) o <y>d> dy
1 wl/p -1/p wl/pv v !
cplq§ewi/lq<| ;|/I; () P ()| f(0)] ()d) dy

p/p’

oy | (e sl ao)™ |

fo)Pw(e)dv)

p/p

— C f]q <‘Il*| f]* wl/p y w*l/p(v)]pldv> dy
- p E
I,eWw_ <|I | f[* d’U)

where for each I, € W_ (in R_) the corresponding I (in R, ) can be doubled to give

that I, C 2I;. This comes into play because of the difficulty in that both averages

in the A, condition must be over the same cube. However, based on what has been
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said this is easily rectified as we can now bound the first integral by

p/v’
2 1/p =1/p(,\1P' *
/21; (‘2[;’ /21; [w P (y)w (v)]P dv dy < CpAp(w)|2_fq|

since the weight is defined everywhere.

For the p =1 case, we notice that by Fubini

21| 1
/ (|]*| |f(v )|dv> w(y)dy < m/lg |f(v)] o7 ” w(y)dydv

< 24;(w) If( )w(v)dv

using (5.4).
In either case, each I is contained in 4 cubes J, € W, (as before, in the ” Averaging

Method“). Therefore we at last have that

loltn < Cr 3 Cowl2ri / F@)Pule)de

—ew_
G S / F0)Pu)
I,ew_ 13
< Cpuid Z v)|Pw(v)do
JeEWL

= Cpullf] |Z£p(R+,w)

(D) Based on the derivatives of g as given in (6.4) we see that

alg 2
a—yl(y)’ S/
Cz

- |y|

- y>\|<—A>|lr¢<A>rdA

}Df )| dv
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for each 0 < [ < k. This is the derivative form of the average expression in (6.5).
Because of this, we can now repeat any of the three arguments in part (C) to bound
the derivatives in L” norm.

(E) It then further follows that we can extend f € LY (R, w) given Corollary 5.1 and

the argument provided in part (E) of the proof of Theorem 4.1. O

6.2 Derivatives of Vector Valued Compositions

For the general dimensional case we will require a formula for taking higher order

derivatives of a generic vector valued composition.

Lemma 6.2. Let F(x) = f(u(x)) where u = (uq,...,u,),x = (21,...,2Zy). Fora a
multi-index and £ a positive integer, consider all length ¢ lists of nonzero multi-indices

which sum to «:

Boe={{B1,....0e} : 1+ + e = where |5;| >0Vj=1,...,(}.

Then

|a|

prr=Y Y Z Z(Hpﬁrun)(DZ§—16ns f). (6.7)

=1 {B1,....00}B ¢ n1=1 np=1

Here e; denotes the ith component unit vector. It is worth noting that because of
the chain rules involved, the derivatives of f in a sense count the number of u,_’s in

any given term.

Proof. We proceed by induction on |af. For |o| =1, D* = o for some 1 <7 < m.

Thus

DF = Xn: D% f D% ;.

J=1
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Here, since |a| = 1, the two outermost sums are absent and thus the product will be
also. The only sum here corresponds to j = n; and thus the theorem holds in such a
case.

Assume that (6.7) holds for some «. Consider a derivative of order || + 1, that is,

o = a+ e; for some 1 < i < m. Then, by product rule,

DY F = D [Z (f[ Dﬁrunr> (DZﬁ:I% f)]
r=1
= Z (zz: D€i+/3runr H D’Btunt> (DZ§:1 €ns f)
r=1

t#r

n

)4
(M) (5 presepra,
1

r= n[+1:1

|ex] n

=5 ¥ ¥ zn: (ﬁpﬁ;um) (Dzﬁjlemﬁ

/=1 Bi+---+ﬁ2:a’ ni=1 ny=1 r=1

o] n

DD D 3 ) o U8 | N ICSE)

(=1 B1++Br=ani=1 ng=1ng41=1 r=1
| n n Y4
-3 T S-Sl ) (5
{=1 B1+-+Bp=a’ n1=1 ne=1 r=1
by noting that we can go from £y +--- + 8, = a to
Bit+Bia+Bite)+ B+ +h=ate=a
in the first sum and from f; +---+ By = a to

Bt + Bt Bri=a+te=ad

where (p,1 = e; in the second sum. So the o’ case holds. O
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6.3 The General Result

We now can prove the general version of Theorem 6.1. Here the biggest transitions
are from intervals to cubes and the additional complications related to the derivatives.

It may also be useful to the reader to first consider the n = 1 case.

Theorem 6.2. Let Q C R™! be a domain with smooth boundary. Given f € L¥(Q,w)
with 1 < p < oo, k=0,1,2,..., and w € A,, there exists an extension E(f) €
LE(R™ Y w), that is, there exists E(f)(z,y) : R™™ — R such that E(f)|q = f and

E e @1y < Copmull fll22 @) (6.8)

Proof. (A) As before we assume that f € C* <R’}f1>, that is, 0 = R" (i.e. I' =0).

For such f, consider

o) = [ [ s e staan (©9)

where z € R" and y < 0. Here p = (1, ..., fin) (S0 x+ py = (x1 4+ 1y, - - -, Tn + tny)
and dp = dpq - --dpy,) and () = ()2 (u2) - - - Y (i,) where both ¢ and each

1 are smooth functions with compact supports within their limits of integration and

the following moment properties:

Jedr =1, [Ne(\)dA = (-1)

(6.10)
S i) dp; =1, [ phap;(pj)dp; = 0

for 1 <l <kand1l<j<n. We then set

(B) Here we must verify trace properties so as to use Lemma 3.1 to gain the
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differentiability of E(f). First off, it is clear that by using (6.10) we have that
9(z,y) — f(z,0) as y — 0.
Now, let o be a multi-index. Since we assumed f to be smooth it follows that by

considering a = (&, a;, 1) we have that

2

gt = [ [ DS o) vman

1/2

For the derivatives in y we must use (6.7). Combining this with the above equation

gives that

(6.11)

where the sum has a finite number of terms and [y + --- + [,41 = @, with each
l; > 0. Hence, there is a single integral term with [; = 0 for all ¢ = 1,...,n so that

lni1 = auy1. Consequently, this particular terms satisfies

/ / (=) Do) f (o 4 py, —Ay)dAdu — D* f(x, 0)

as y — 0 by using (6.10). Otherwise, there exists [; > 0 for some i = 1,...,n and
thus, by using (6.10), all other terms in the sum for (6.11) go to zero as y — 0.

In summary, since f is assumed to be smooth we can calculate the derivatives of ¢
which demonstrates that ¢ is smooth on the lower half space with the necessary trace
conditions. Thus we can use the existence of derivatives across the boundary to gain
the necessary differentiability.

(C) As before, each of the three methods begins in the same way. We can make

the immediate pointwise estimate using standard estimates and applying a change of
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variables from p and A to u and v, respectively:

C Tn—Y T1-y 2y
|y nty a1ty J—(1/2)y

From here we proceed to give the three different methods of proof.
(Averaging Method) Let W_ be the dyadic Whitney decomposition for the lower

half space given by cubes of the form
Q- = [@12% (g1 + 1)29) x -+ X [¢227, (qn + 1)29] x [—27F1, —29]

and further let W, be its upper half space equivalent.
Fix (z,y) € Q- where Q_ € W_. Then there exists ¢ € Z and for each 1 < j < n
there exists ¢; € Z such that 2¢ < —y < 27" and ¢;2¢ < z; < (¢; + 1)2%. Then

q29 =2 < pi4+y <aj—y < 20 + 27 4 27
which represents an interval of total length 27 + 2972 and
—1 1 +2
2177 < —5Y < =2y <29

which represents an interval of total length 2972 — 2¢-1 Adding 297! + 29 to the top
limit then yields a new cube Q* C R7*! with sides of length 5(29). Explicitly,

Q" = [(n29 — 277 129 + 27+ 277 x - x 27 — 297, g, 29 + 27 + 271

% [Qq—1’ 94+2 429 4 2q—1]
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Also, [y > (20)m+1,

For such (z,y) we can then replace (6.12) by

C qn294-294-2911 q129+4294-29+1 2a+2494499-1
|9($ay)|§—/ / / |f(ug, ... Uy, v)|dodu
q q 2

(2q)n+l n29—29+1 120 —2a+1 q—1
510 /

= - | f(u, v)|dudv
Q] J Jo-

Next, we can use the averaging equivalence (5.3) for A, weights to get that

lg(z,y)|” < Cp (@ /Q |f(u,v)\dudv)p

1

S C n,w—/ |f(ua U)|pw(ua U>dUdU

(@) ) J g

for all (z,y) € @_. We then calculate the L” norm by summing over all such cubes.
Here we recall that w is also a doubling weight and that by doubling Q* just once we
can contain ()_. Lastly, note that * is contained in at most 5- 10" cubes @), € W,..
Thus

[T // gz, y)Pw(z, y)dyde

Q_ew_
< Cpnw Z // ( / | f(u,v)|Pw(u, v)dudv) w(z,y)dydx
Q-ew-_
=Chnuw (u, v)dudv
Q-ew-
Chpnw Z C'/ | f(u, v)|Pw(u, v)dudv
Q-ew-
Cpmw -5 - 10" Z // (u, v)[Pw(u, v)dudv

Q+EWL

= Cp7n7w | |f| |ip (R1+17w)

We can further use this method to show that the p = 1 case must also hold because

of the analogous averaging condition (5.6).
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(Maximal Function Method) Consider the trivial extension of f to all of R"*!:

flz,y) y>0
0 y<0

f0($,y) =

We can then rewrite (6.5) using the maximal function over cubes Q C R™"!:

C Tn—Y T1—Y —2y
l9(z,y)| < —n+1/ / / | foltr, - ., un, v)|dv duy - - - du
‘y| Tnty T1+y (1/2)y
4n+1C xn—2y xTr1— Qy —Zy
S e n+1 / / / |f0 Uy evnyUn,V )|d'UdU1 -du,
‘4y’ $n+2’y T1+2y

e ST // [folw, v)ldedv
- CnM(fO)(‘Tay)

Using (5.1) we thus have that

e / 9(z, ) Pdyd
<C’pn/ / M(fo)(x,y)|Pdydx
<C’pn/ / M(fo)(x,y)|Pdydx
Conss [ [ ol )Pute.)dyda
pnw/ / (@, y)|Pw(z, y)dydz

= Op7n7w | ’f| ’Lp (R?fl,w) :

(Direct Method) Recall the rearranged A, condition which was given in (6.6):

0 / (’Q‘ / 1/p g;)w—l/P(t)]P'dt)p/p/dx§Ap(w) (6.13)
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where  C R™™! is a cube. Proceeding as we did in the “Averaging Method,” fix a
cube in a Whitney decomposition of the lower half space. Using that same notation,

we then have that (by using Holder’s inequality on the inside integral)

[T
< CPHQZ@:\, // < |// |f(u,v |dudv> w(z,y)dyde
an;V // < g / |f(u,v)|w1/p(x,y)dudv)pdydx
=Cpn Q;\, //Q ( // VP (2, y)w P (u, v)| f (u, v) |w'/P (u, v)dudv)pdydx
L[ (e, >w—1/p<u,v>]p'dudv)p/p
o T Gy ™

, "
) Tl (@ Sl yyw 2, o)) dudv) ™ dyd
=Chn Y

Q_ew- (‘Q 7 S 1f (w,v)[Pw(u, v)dudv)

where for each @ € W_ (in the lower half space) the corresponding Q* (in the upper
half space) can be doubled to give that )— C 2Q*. This comes into play because of
the difficulty in that both averages in the A, condition must be over the same cube!
However, based on what has been said this is easily rectified as we can now bound

the first integral by

2n+1 , P/P,
Lo L (G [ e e g < €y )2
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since the weight is defined everywhere. Also, each Q* is contained in at most 5 - 10"

cubes @+ € W,. Therefore we at last have that

1
618 evrs ) < Con 3 Condy()2Q) 5 / / 17, 0) P, )

Q-ew-
Cpnw Z VAR // (u, v)|Pw(u, v)dudv
Q-ew_ :
< Cpnwd - 10" Z // (u, v)[Pw(u, v)dudv

Q+eWs

= Cp7n7w | ’f| |ip (R:Lfl,w) :

Here the p = 1 case also follows as it did in one dimension.

(D) To bound D%g, we again consider (6.11):

4(z,) Z/{ // e s (S DP £ (5 4y, —Ag)dAdp
11" 2

where [; > 0 for each 1 < i < n+1 and || = |a|. For each term of this sum, a similar

estimate to (6.12) then follows:

[D%g(z, y)| < Can // |DP f(x + py, —Ay)|dAdp
2

[—1,1]"

|DP fuy, ... up,v)|dvdu; -
|y|”+1 /xn+y /:t:1+y /1/2

We can thus follow the approach of any of the three methods to finish bounding each

term of the sum and hence the entire derivative. Thus g and all of its derivatives
are bounded in the L? norm. That is, given our assumptions on €2 and f, (6.8) is
satisfied.

(E) As in the proof of Theorem 4.1, the details for the density argument, while
omitted, will follow using Corollary 5.1.

(F) As the final step, since we have shown that the result holds on any half space

(just shift the coordinate axes as needed), we can now show the result for our original

20



smooth domain. To do so, we proceed as we did in part (F) of the proof of Theorem
4.1.

Define the extension operator:

> NEi(Af)
E(f)=A{ =s——p+Af (6.14)
2N
i=1
where, for ¢+ = 1,2,..., U; are the open sets associated with the smooth domain 2

and ; are the associated half spaces. Also A, \g, Ap, A_ : R""! — R are all smooth

with bounded derivatives independent of i such that
e supp \; CU; and \; =1 on Uf/2
e supp A, C ¢/2 neighborhood of Q and A\g = 1 on Q
e supp A, C e neighborhood of 992 and A\ =1 if dist(z,09Q) < €/2
e supp A_ C Q and A_ = 1 if dist(x, 02) > ¢/2
and, with A, = )\ (ﬁ) and A_ = )\ (ﬁ)
e A, and A_ are smooth with bounded derivatives
e A, +A =1o0onQ

e A, + A_ =0 outside the ¢/2 neighborhood of €.

Based on the quotient rule we can write (6.14) in the form

E(f) = Z HE; (\f) + A_f.
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Then

P 1/p
||E(f)||Lz(]Rn+17w) < Z (/Rn+1 w(x)dx)

|| <k

D° (Z Hi(z)E; (N f) ($)>

+ 2 1D (Al ot )

<k

The latter term is clearly bounded by C'||f]| p(@uw)- Also, by Definition 2.4 (ii),

> Xo. < N (also see (b) above). Thus the former is
=1

0 p 1/p
> ( / S 3 DPH(@)DVE; (Af) (x) w(:t)dx)
laj<k \"B"™ izl rq=a

00 P 1/p
<y ( / (wa S |DPH(x)DE; (A:f) <x>\) w<x>dx>

la| <k =1 B+y=a

o P 1/p
<y ( / Np/p’z( S |DPH(2)DVE; (A f) <x>\) w(x)dx)

la|<k =1 \p+r=«

00 1/p
<Ca Y ( /R S D@D ) (x)\”w@)dx)

o<k i=1 f+y=a

o0 1/1’
=Chra 3 (Z > /UilDBHi(w)lplD”Ei (Aif) (w)lpw(w)dl’>

la|<k \i=1 B+y=a

00 1/p
<Cpra Y. (Z > / D7, () (a:)lpw(x)dx>

laf<k \i=1 f+y=a

1/p
<GraY (D> D / 1D () <x>pw<x>da:)

o<k \ i=1 B+r=a |s|<k

1/p
< Cuear ) (Z DI mmi@)mf(x)pw(x)dx)

lal<k \ i=1 B+vy=a |s|<h e+o=r

< Cprallfllz@w
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via several applications of Holder’s inequality.
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Chapter 7

The Scalar A, Weighted Lipschitz

Domain Case

The proof of this extension result follows using the method developed in [18]. This
was summarized near the end of Chapter 4. However, significant modification is now
necessary due to the involvement of weights. The most technical of these issues is

handled by the following results.

7.1 Estimates on Whitney Cubes

To define the extension operator, it is necessary to take derivatives of a distance

function. The following lemma aids in this.

Lemma 7.1 ([18], p. 171, 182). Let D C R™"! be a special Lipschitz domain with
curve I' and bound M. Denote §(z,y) = dist ((x,y), D). Then there ezists a function
Az, y) =A ((:c,y),ﬁ) defined in D° such that the following hold:

(a) There exist constants ¢y, co > 0 such that

615(x7y) S A(ﬂf,y) S 625(1',:(/)-
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(b) AeC> (EC) where for some constants B, > 0

|DQA(I7y)| S BOé 5<x7y)1_|a|‘

(¢) There ezists cpy > 0 such that

cnA(z,y) > T(x) —y.

We call such a function A the regularized distance. It is also useful to note that
d(z,y) < I'(z) —y. Namely, this all amounts to saying that A(x,y) =~ d(x,y) ~
I'(z) —y for all (x,y) € D° where the constants for the second equivalence depend on
M. It is useful to note that ¢, depends on n and explicitly ¢y = 5v/1 + M2.

One use of Lemma 3 is to acquire some useful facts when performing estimates

involving Whitney cubes.

Lemma 7.2. Let D C R be a special Lipschitz domain with Lipschitz graph T and
bound M. Define for x € R™ the upper cone with vertez (z,I'(x)) and aperture A > 0:

P4(2) = {(',y)) o = T(x) = Ala’ — o]},

If A> M, then int(I'{(z)) C D for all x € R". Furthermore, the following hold:

(a) For N > 2 and ¢y, cq,cpy be as in Lemma 3, let

/

1 / €1
S — =N d L=2—+1.
Sea/nl Coy Cyv, an ) +

/
€1

Then, for any (z,y) € D,
R(z,y) = [o1 = 4 A, 11 + QAP X[z, — GA, 0 + GAX [y + Ay + LA
is a cube contained in T2M (z,y) where A = A(x,y).

95



(b) For
Q = [a1,by] X -+ X [an, by] X [c,d]

a Whitney cube of D°, we define

Q" = [a1 = GA(Q), b + GAQ)] x -+ x [an — GA(Q), by + AA(Q)]
x [c+ ABA(Q), d + LA(Q)]

where A(Q) = max(, yyeq Alx,y) and A(Q) = ming yeq Az, y).

Then |J R(xz,y) C Q*. Moreover, if {Qr}, is the Whitney decomposition
(zy)eQ
for D°, then there exists sufficiently large N > 2 and a constant Chv > 0 such

that card ({k € N : (2/,y) € Qi}) < Cu for all (2',y') € D.

(c¢) We can further choose N > 2 such that for each Whitney cube Q) of D° we have
that Q* C T2M(z) for all (z,y) € Q.

(d) For each Whitney cube Q of D° there exists a cube Q** D Q U Q* such that

% < Cym for some constant Cy, ar > 0.

Proof. (a) Clearly, R(x,y) is a cube. To see that it is indeed contained in T2V (z),

consider (z',y) € R(x,y). Then via Lemma 3 (c),
v 2y+aA=y+ NeyAZy+NI(x) —y) 2y +2((2) —y) =) + I'(z) -y,

which guarantees that ' — I'(x) > I'(x) — y and hence ¢ > I'(x). Thus we also have

that for each component z’; of '

A < J <F(:U)—y<y’—F(:U)
co/n2M — \/n2M — /n2M — /n2M

|z; — a:9| < A=

So 2M |z — 2| <y’ — I'(z) and hence (2/,y') € [?M(z).
(b) For Q = [a1,b1] X -+ X [an, by] X [c, d] we have that A(Q) < A(z,y) < A(Q) for
all (z,y) € Q. Based on the definition of R(z,y) in part (a) and the definition of Q*
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it then follows that |J R(z,y) C Q*.
(z,y)eQ
Now, let (2/,y') € D. Let Q = [a1,b1] X -+ X [an, by] X [¢,d] be a Whitney cube for

D° with side length | = d — ¢ = bj —a; for j =1,...,n such that (z/,y') € Q*. Let
(z,y) € Q. Then, by Lemma 3,

I~ 6(x,y) =~ T(z) —y =~ Az,y) = A(Q) = A(Q).

Namely, in addition to ¢; and ¢y in Lemma 3, there exists c3,c4 > 0 depending only

on n and M such that
c3l < A(Q) < A, y) < AQ) < cal-
It also follows that for j =1,...,n,

jj — 2| < bj — a; + GAQ)

=1+ ¢A(Q)

S (]_ + C/164)l.

So |x — 2’| < ¢5l where ¢5 = (1 + ¢jeq)v/n.

It also follows that

y —T(a') <d+LAQ) - T(2)
<d-y+y—T(2)+|(2) - T()] + GLAQ)
< I+ Mlx — 2| + dyey LI

S Cﬁl
since y < I'(z). Here ¢ = csM + chey L + 1. Also,

y —T(2) > c+ GAQ) — T(2') > Neseyl — (T'(2') — o).

57



But, using Lemma 3(c),

P(@) —c<|P(@) = T(2)|+ () —y+y—c
< Mesl + ey A(z,y) +1

S C7l

where ¢; = cs M + cqcpr + 1. Soyf — T(a’) > (Neseyr — e7)l.
Choosing N > % (where c74+1 = /nM+5%+cycp+2) then gives that y' —I'(z) > 1.

Hence
' —yl <y = T(@)+|I'(@) - T(@)|+T(z) -y
<y —T(2') + es M1 + cycprl
<cr(y —T(2))
and
v — 2’| < e5(y’ — I(2)).
So
[21 —es(y' = T(2")), 2} + es(y' — T'(2"))] x -+
()€ X[t} — sy = D)),y + sy —T(@)] =S,
X[y —a(y —=T(@)),y +aly —T(2))]
Now let

Q = {Q : Q is a Whitney cube for D° and (2',y') € Q*}.

Then Ugeo @ C S. So

< 18] = 2" eteny — T

e

QeQ
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Also, |Q| = Ly —T(2"))"*! for all Q € Q. Thus
2n+1cgc7(y/ _ n+1 U Q'
QeQ
=X e
QeQ
> card(Q) - min |Q|
1
> card(Q) - (¥ — ()"

Cq

Hence card(Q) < 2"'clcitc;. Therefore the number of Whitney cubes Q with
(', ') contained in @* is bounded independent of (z', /).
(c) For (z,y) € Q and (2,y/) € Q*, with  and Q* as in part (b), we have that

Y -T(@) _ e+ GAQ ~T()

|e/ — x| — csl
Neseyy  T(z) —c
- Cs C5l ’
But
Nz)—c<T(z)—y+y—c<(cgey+ 1)L
So

y —T'(z) - Nesey — cqepy — 1
|2/ — x| — Cs '
Choosing N large such that the above is greater than 2M then gives that N >
ZesMeacy ] where the numerator is explicitly 24/nM + 2+ ey + 1

C3CM

(d) Let @ and Q* be as in (b). Define

" ap+b  d—c+dLAQ) a+b  d—c+GLAQ)
Q = —_ , _|_ X oo
2 2 2 2
" [an—i—bn _d—c+c’2LZ(Q) an+bn+d—c+c’2LZ(Q)]
2 2 ’ 2 2

x [e,d+ LA(Q)] .
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Then Q** is clearly a cube with [¢, d]U [c+ 4A(Q), d+ALA(Q)] C [e,d + GLA(Q)].

Also, for each j = 1,...,n, the conditions
v — a; ;‘bj < b; > aJ’ 2 — a; ;‘bj < bj — a; +2261A(Q)’
and xj_aj—l—bj Sd—C+;,2LZ(Q)7

characterize the xj-coordinate of x for x € @, x € @, and x € Q™, respectively.

Furthermore,
bj —a; <bj—a; +2¢,AQ) =d —c+ (L —1)A(Q) < d—c+ HLA(Q).
Thus Q U Q* C Q**. Moreover, since
ALA(Q) — BA(Q) = (L — DA(Q) = 2¢]A(Q) = 2¢icsl,

it follows that |Q*| > (I + 2c,csl)" . Also |Q™*| < (I + ¢y Legl)™ . So

Q]
Q|

(1 + C/2LC4)TL+1
(1+2¢)c3)n 1

<

[]

It is worth noting that by letting Ny be as in part (b) and N, as in part (c), we
have that Ny — Ny = W Thus, if 2¢y +2v/nM > ¢4, then Ny will suffice for
both estimates and N, will suffice when ¢; > 2¢o + 24/nM. From now on, however,
consider N as the maximum of the N > 0 chosen in parts (b) and (c).

Also, for what follows, it is important to note that

_ _ 1 n .
|Q*| = (I 4+ 2, LAY (1 + (LA — A)) < (c_ + 20’1) (c_ + C'QL) AT (7.1)
3 3
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7.2 The Result

Theorem 7.1. Let D be a Lipschitz domain, 1 <p < oo, k=0,1,2,..., andw € A,.
Given f € Ly(D,W) there exists an extension E (f) € LY(R™, w), that is, there exists
E(f):R" = R such that E(f)|p = f and

1E (Pl zpny < Copo 11l py (7.2)

To demonstrate this result, we must still modify the approach laid out in [18] which
was summarized while proving Theorem 4.2. These further modifications result from
the fact that the original approach was represented as an integral over a line while
the A, condition corresponds to cubes. Thus we define our extension operator as an

integration over a specific region which yields different estimates.

Proof. (A) Assume (as in all cases) that f € C° (D) where D C R"™! is a special
Lipschitz domain with Lipschitz graph I' and bound M.

Now we can explicitly define our extension. Let (x,y) € D°. Consider the function

o) = [ b+ A ) o (73)

withz = (z1,...,20), = (p1, -+ fhn), dpp = dpay -+ - dpg, and Y (1) = 1 (1) -+ - Y (ptn)-
Here the ¢,1; € C* are compactly supported in [1, L] and [—1, 1], respectively, and

satisfy the moment conditions

[oNdr=1,  [Ap(N)dr=0
[ i(p)dp; =1, [ p;(pg)dp; =0
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forall 1 <j<mnand1<I[<k. Also, the constants ¢}, c,, L are chosen as in Lemma

7.2 (a) making g well-defined. We then define

B(f) = fz,y) (I,y)E? 5)

(B) In computing the derivatives, we use (6.7) to get that

|| n+1 n+1

pg=Y % Zz//f[ (D% + ¢ pin, DPA) (Dz§:1€n,sf) o0 i

(=1{B1,...8;}€Bam1=1 ng=1

(7.6)

where p,11 = A and ¢ = ¢} or ¢, as the case may be.
By assuming the smoothness of f, we thus know that ¢ will also be smooth. To gain
the weak differentiability of £ (7) in then follows by Lemma 4.1 that we need only

show that the following trace property is satisfied for all derivatives o up to order k:

D%g(z,y) — D f(x0,y0) as (z,y) — (x0,y0) for any (20, y0) = (o, I'(x0)) (7.7)

Since § ~ A and using (7.4) it follows that (7.7) holds for & = 0. Assume 1 < |a| < k.
Then, in a similar way, each derivative D*g will have a term of the form [[ D*f¢y
which will satisfy (7.7). Explicitly, if 32¢_, e,, = @, then £ = |a|. Thus a = 32*_, 5,
and thus for each r there exists a t such that 3. = e,,. Also, exactly one set of n, will
be such that n, = n;. When this occurs, Dﬁrxm = 1 for all » and thus the leading
term in the product in (7.6) will yield a single term of 1.

So it remains to show that all other terms must go to zero. By fixing «, ¢, 51, . .., (e,

and nq, ...,n, we have that the terms under the integral in (7.6) all have the form

J4
DU f [ D7 fan, + ¢ pn, Al

r=1
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We need only examine the highest order derivatives of u,, A since bounding the lower
order terms follows similarly. Thus, by writing a = (aq, ..., n, any1) = (¢ anyg1),
and, similarly, 8, = ((6,), (B )ny1) for each 1 < r < £, and v = (7', 7,41) it suffices

to consider

L
D' f H C//lnrDﬁrA —C D(’Yla’Yn+1)f MW’)\%H DAA ... DPA (7.8)

r=1

where |y| = ¢ >1and Y*_,(8,); = o for each 1 <4 < n + 1 because of the product

and chain rules involved in calculating (7.6). (See Lemma 6.2) For simplicity, denote
Ro=D""A--- DA

for this combination of regularized distance derivatives. It is important to note here

that by Lemma 7.1 (b)
Ra| < B, oAl gt=lal = g ghi=led (7.9)

which is singular for exponents |y| < |a| — 1 as we approach the boundary.
Since the term D®f occurs only in the lower order terms, we can perform a Taylor

expansion about (u, A) = (0,1):

DVf(x + ciud,y + AA)

_ Z DG_’Yf(xa y+ CéAQ)'(c&A)C l(c/QA)CnH Mg" ()\ _ 1)Cn+1
<I<led =] '
¢+ / 1< ( o Gnt1 ,
+ Z D f (9(27, Y, 1, Ag? (ClA) (CQA) Iug“ (/\ i 1)Cn+1 ]
[¢I=lal—lyI+1 '
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for some 6 on the the line segment between (x,y + c,A) and (z + cjpud,y + cHAA).
Thus integrating (7.8) yields

/ D7 f 17 X R () (N X

/ e Cn
(clA)K \(CQA) +1R, DC_A,_Wf (iL‘,y + C/ZA)

S 2

e L S (ydu [ X (A= 1) g(A)dA

+ O(Ala\—IWIHRa)

since 1 and ¢ are smooth with compact support and f is bounded on the boundary I'.
Due to the moment conditions in (7.4) all of the sum terms are identically zero. The
remainder also goes to zero as (z,y) — (zo,1o) using (7.9) since |A[*NH R, | <
B.,0.

(C) Now that we have the derivatives, we must bound each one in the L” norm. First
let 1 < p < oo and consider bounding ¢ pointwise. Fix (x,y) € D°. Then, by applying
the change of variables u = x + djuA, v = y + AbAA we have that du = (¢]A)"dpu,
dv = ¢, Ad\ and thus

v—y\ dv u—x du
”"'/f” () ex v () wiar

< |A|”+1 //ﬁy | f(u,v)| dvdu

where R(z,y) is the cube defined in Lemma 7.2(a). Let Q = [a1,b1] X -+ X [ay, b,] X

(7.10)

¢, d] be a Whitney cube for D°. Fix (z,y) € Q. Letting | = b; — a; = d — ¢ for all
1 < j < n it follows that | = §*(z,y) =~ A(z,y) =~ A(Q) ~ A(Q). Thus, using (7.1),

l9(z,9)[” < Chmnt <|QL*| //Q* | f(u,v)] dvdu)

where |J R(z,y) C Q" C D is given by Lemma 7.2 (b) and 7.2 (c).
(zy)eQ
By Lemma 7.1 (d), @* can be enlarged to a cube Q** containing ) and whose size is

we have that
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equivalent to that of (*. Thus

//Q (@ // [wé(%y)w_%(% v)}p/ dudv)p/p/ dydz
= // (yQ**’ // (z,y)w p(u U)] ,dudv)p/p/ dydx

< Cpmm Ap(w)| Q™|

by applying the re-imagined A, condition (6.13). Thus, we have a “variable switching

property:”

//Q (\5*1 )] dvdu)pw@,y)dydx
= //Q (@ / /Q b @,y (u,v)] ’f(uaU)’w;(uw)dvdu>pdydx
< J1, Gar /1, i "

1 _1 v’
by )] dode) 1 e i
< CpmAp(w) HfHIZp(Q
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By Lemma 7.1 (b), each point of D is contained in at most C, p < oo regions Q.

Letting {Q;}2, be the Whitney decomposition for D, it then follows that

191, . Zugum o

< cp,n,MZ / / | (IC;*I / * |f<u,v>|dvdu)pw<x,y>dxdy

< CpnMwZ/ | f (u, v)|” w(u, v)dudv

= p,n,M,w;//D xar [f(

< Cp,n,M,w/ | f(u, )" w(u, v)dudv
D

u, v)[” w(u, v)dudv

p,n,M,’wl |f| |I[)/P(D,w)

The variable switching property given above also works when p = 1:

By an application of Fubini’s Theorem (and using the same notation)

sl weye < L g0 (g [ wtorar)
71, g T Jo

where @ is a cube in R"*!. Thus using (5.4)

/Q (ﬁ /Q £ dt) w(e)dz < Coardi(w) 12 g -

So we can bound ¢ in the LP norm for all 1 < p < oo.

(D) Next we aim to bound the derivatives in a like manner. In doing so we can again

assume that our derivative has the form of (7.8), that is,

L
Ra(z,y) /[ | DY i )f (1 + A pA(z, ),y + GAA(z, y)) 0 X (A AN (p)dp
1,1]"J 1

(7.11)
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where 1 < |y| < |a|. This follows since the lower order derivative terms will be
bounded by similar arguments and we have already bounded the v = 0 term.
It is important to note that [Ry| < Bad!~ 1Al ... 51181 = B §=lel Thus, if |y| = |a/,

then |R,| = B,. Hence, we recover a pointwise bound similar to (7.10):

‘Ra [ o -W’WWdAdu'

< Rl // D7 (x4l y + o) | AP [6()] [6(A)] dAdy

1
< Capn, —// D7 f(u,v)| dvdu
n, M ‘A|”+1 Rz) ‘ ( )|

since 1, ¢ € C°. Thus we have an estimate similar to (7.10) with 7 replaced by
D”? and thus we can apply the Whitney cube estimates to finish bounding this
particular derivative.

If |y| < |af, we need a| — |y| powers of A to cancel the powers in the estimate (7.9)
for R,. Since |y| > 1, there exists j € {1,...,n 4+ 1} such that v; > 1. For such j,
we then do a Taylor expansion while employing the integral form of the remainder
which produces the powers of A necessary for bounding R,, as follows:

If j € {1,...,n}, then by expanding about p; = —1 we have that

DVf(- x5+ ey, )

| =|v[—1

A y4 R | l .. ,
= Z ( 1 ) <€I;LJ ) D’y+éjf('7xj _ClA7')
=0 ’

CANLECT

(laf = = 1)! Dl £ (a4 Gud, ) (g — )P du
of = -1 ),

+
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Thus the integration with respect to p; in (7.11) becomes

1
/ DY f(-yxy + gD, ) gy () dpsy
1

o] —[v|-1 (C’A)g 1 .
= Y D f(ay A, '>/ (g + 1) " 5 (1) dpy
-1

¢!
=0

dAYel-hl o
(|§|1_ r)ﬂ—m/ DD ) ) o s

Here the sum term is identically zero using the moment conditions in (7.4) since

v; = 1. Moreover, we can now apply Fubini’s Theorem to get that

Lo puy
/ / Dr+al=hbes f(. ot cuh, ) (g — )= dup o () dsy
1J-1

1 1
:/ D7+(|a|V)ij(-,wj—i—c’luA,-)/ (=) P 4 () A
-1

u

where the inside integral will be bounded by a constant depending only on « since

1, ¢ € C. Therefore, by denoting p' = (p1,- -+, ftj—1, fj+1, -+ » fn), We have that

‘Ra // D’Yf(,’,)uﬂl)\%wlqﬁpd)\d'u‘
L 1
< Connl SR [ [0y )
—11-1J1 J-1
1
/ 1t = wl = g Py () gy d AN dge!
-1
1 L
SCa,n,MBa/ / / |DPf (- m; + cud, )| dA dudy
[~1,1]n1 1

anM B
|A\”+1 // |D? f(u,v)| dvdu

where | 5] = |a| and the next to last inequality follows using (7.9). Thus we again have

an estimate similar to (7.10) with 7 replaced by D57. As a final case, if j =n+1,

then we similarly expand about A = 1 to again gain the above result.
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In a similar manner to the above, all lesser order derivatives will be bounded, i.e.,

1% o (D7 w) < Cokpw (11200 -

Therefore, based on our initial assumptions, the theorem holds.

(E) It then further follows that we can extend any f € L} (D, w) given Corollary 5.1
and the argument provided in the proof of Theorem 4.1.

(F) We can also finally relax the special Lipschitz domain assumption by repeating
the argument given in part (F) of the proof of Theorem 6.2. (Here, one need only

replace each symbol Q with a D) O
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Chapter 8

Matrix A, Weights

As alluded to already, the results thus far are a compilation of known results presented
in a context different from their original sources with new methods of proof considered
in the weighted cases. Though not all of these results can be found explicitly in the
literature, the results themselves are implied by the work of E. M. Stein (see [18] and
[19]), Peter Jones ([11]), and S.K. Chua ([3], [4], and [5]). However, such a treatment
is useful in understanding the matrix weighted case. Namely, we can proceed by
modifying as needed the prior results to gain new insights into the the extension

problem for matrix weights.

8.1 Matrix Weights

Let us begin with some definitions. In the following, we will always use ||A|| for the

operator norm of a matrix A and H?H as the Euclidean norm of a vector valued

function ?

Definition 8.1. Let M be the cone of non-negative positive definite m x m matrices.
A matriz weight on R" is a map W : R" — M such that W (x) is invertible for almost

every x.
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It is known that any positive definite operator (often called just positive or
definite) must also be self-adjoint. This can be seen, for example, using the following

result:

Lemma 8.1 ([6], p. 33). Let M be an operator on a Hilbert space H.
(a) M is self adjoint if and only if (Mx,x), € R for all x € H.

(b) If M is positive definite, then M is self-adjoint.

With this in hand, we also note that self-adjoint operators can be diagonalized
(see [6] p.46). In the case of positive operators, the eigenvalues are all positive scalars
as well. In this way, we can define roots of any positive operator with the resulting

matrix being positive (and thus also self adjoint).

Definition 8.2. Let 1 < p < oo and W be a matriz weight. For a measurable
? = (fi)lgigm R — Rm; let

7 Ew) ( / (Wi 7 (2)

where E C R™ is measurable.

" dt) " (8.1)

It is worth noting here that when m = 1, it follows that
1/p
e = [ oo )

- ([ rerann)”

which agrees with Definition 5.3.
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The intuition behind the above definition is that for p = 2 one would want:

71 = [ 70T 0.7 @)
= / (e @, F o)|at
= [ {wewTo.w o7 o)
= [ [weod ol

So we define the general norm in such a way for all 1 < p < oc.

8.2 The A, Condition

The motivation for the matrix A, condition was to find a way to preserve the Hilbert
transform:
fi H fi
F=|: |»Hf= '

fm H fm,

<

Explicitly, one then wants to define the A, condition such that HH 7‘ S
Lr(W

N7

a bit of a pain (see the work of Nazarov, Treil, and Volberg in [12], [13], and [20]),

: it and only if W € A, for 1 < p < oo. Formulating this directly is

but Svetlana Roudenko showed the following more direct (for our purposes, at least)

equivalence:

Lemma 8.2 ([16], Cor. 3.3). Let W be a matriz weight on R", 1 < p < oo, and
1/p+1/p =1. Then W € A, if and only if W and W="'/? are locally integrable and

72



for some constant A, , >0

p/p 1/p
Vp(z)W=Yp ()| P
<|Q| [, Gar e W) dx) <A (62
for all cubes Q C R™.

We then denote the minimal constant A, ,, as the matrix A, bound for W, A,(W).
When p =1 we say W € A; if W and W™! are locally integrable and there exists
a constant C' > 0 such that for all cubes Q C R",

essSUp /HW (w)||dt < C (8.3)
ueEQR ‘Q|

(see [9] p. 1227). Here the smallest C' is the A; bound, A;(W).

An important example occurs when m = 1. In this case, we have that

rclﬂ/Qw(x)dx (rclﬂ/pr//p(t)dt)p/p
o/ , p/Y
_ ﬁ /Q (w/?(2)) / (ﬁ /Q w /p(t)dt) do

p/p
:IT;I /Q (ITIN /Q |w1/p(x)w_1/p(t)|p/dt> dz

Indeed, we previously used this property of scalar weights in the proofs of Theorems

/

6.1 and 6.2 (also see (6.6) and (6.13)) to gain an associated "variable switching
property.“ Such a property has an important generalization in the matrix case.

Fix z € ) for a cube ) C R™. Then we have the pointwise result that

(ﬁ/@“W”ﬁx)?(t)Hdt}p
< (g1 L1l o7 o] a)
, p/p’ »
< (i [ w2l )™ o [ w7 o] o
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using Holder’s inequality. We then gain the full result by taking the average over @)

in the z variable:

<IQI/(IQI/HW1/p “Wdt)pdm) 8 |@|1/p

To prove an extension theorem we would naturally want to use the matrix

il

Lr(QW)

equivalent of the scalar case. This is indeed a good idea except for one slight issue.
Based on the way the LP norm given in (8.1) is designed it is not immediately apparent
that we can proceed as before. There are, however, two key techniques that prove
useful. The first is that we can use the features of the A, inequality to get what we
want as we did in the scalar case; the key feature is the variable switching property
that we noticed above. The second is to try to put as much as we can into a scalar
setting to avoid issues with vectors and matrices. This is the key theme that moves

one from the scalar case to the vector case. The following lemma is a key step in this.

Lemma 8.3. Let 1 < p < oo. If W € A, (as a matriz weight), then w = ||[W/P||P €

A, (as a scalar weight).

Proof. Suppose W € A, for 1 < p < oo. Then for all cubes ) C R",

p/p'
—'/p
@ J, e <\Q|/w (2)iz)
- 1/p p 1 oy p/Y
|Q|/Q”W @l d$(|Q|/QHW ol dt)
1 1 / . p/v'
B @/Q (@ /Q W2 (@) W e o))~ dt) dz

But

WP ()| |WHe @) |77 = (WP ()W =Y e )W e ()| [P WP )]
< [[WHYP@)W PP WP W ()]
= [[WP ()W 2|

74



since W is invertible almost everywhere.

Thus ||[W/P||P € A,. Furthermore, when p = 1,

o1 oIl < o [ W aow =1 @) du
< AW W ()|

for almost every z € ). In this way (5.4) implies (8.3), that is, ||W]| € A;. O

The expression for w above is also independent of p since w will just be the

eigenvalue of largest magnitude for the matrix W.

8.3 Density of C* (D) in L} (D, W)

Lastly, we need to recover an analogous density result. From the scalar setting it
becomes apparent that we must repeat the arguments of Theorem 3.1 and Lemmas
3.2 and 3.3 (see also Corollary 5.1). In doing so the key tool is the fundamental

measure theoretic result:

Theorem 8.1 (Lusin’s Theorem, [17], p.55). Let pu be a Radon measure on a locally
compact Hausdorff space X. Suppose f is a complex measurable function on X,

|E| < oo, f(x) =0ifx ¢ E, and € > 0. Then there exists a g € C.(X) such that

p{z: flr) #g(@)}) <e

Furthermore, it is possible to find g such that

sup |g(z)| < sup [f(z)].
zeX zeX

Using this result, we can now walk back through the density proofs.

Lemma 8.4 (Density of C* (D) in L} (D,W)). Suppose D C R"*! is a special
Lipschitz domain with Lipschitz graph T’ and bound M. Let ? € LY (D, W) where
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_>
<p<oo, k=012, and W € A, Then there exist {fe} where each

1
e>0
76) € C° (D) such that

77

—0
Li([LVV)

as € — 0.

Proof. We start by modifying the classical proof to regain the density of C,(R™"*1) in
LP(R™L W) (the classical proof can be found in [17] p. 69). Let 7 e LP(R™, W),

Consider the set of functions

S = {?(x) : 3r > 0 such that || (2)|| =0 V|z| > r and sup || (z)|| < oo} :
z€eR™

Define E\;)(x) = X{IIISN}ﬂﬂJﬂx)HSN}?(I)' It then follows by the dominated
convergence theorem that fy(z) — f(x) in LP(R™™ W) as N — oo. Hence S
is dense in LP(R™ ).

Now, let 5 (z) € S. By Lemma 8.3, w = ||[W'/?||? is an A, weight. Thus for all r > 0
w(B,) < co. Let 7 > 0 be such that || (z)|| = 0 for all z ¢ B,. We also know that

sup |s;(z)] < C for some constant C' > 0.

%Eiin? > 0. By Lusin’s Theorem (Theorem 8.1), for each 1 < i < m there exists
gi € C.(R™) such that, setting F; = {z : s;(x) # g;(x)}, we have that

€
w(k;) < m3p/29p(C'p

and

sup |g;(z)| < sup |s;(z)] < C.
rER™ zER™

Then

/ [Wr(2) [ (2) = F ()] de < e
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So C.(R""!) is dense in S and thus dense in LP(R"™! ). By a standard argument

(compare to Lemma 3.2) we see the continuity of translations in LP(R™*! W) for all

7 € C,(R™1):

WP (z) [7@ +1t)— ?(w)] dex) " — 0

(.

as t — 0. Then, using the density of C,(R"™) in L? (R"™ W), we attain such
continuity for all 7 € LP(R™ W),

For the remainder of the proof, we use the notation z = (', z,,11) € R""!. Fix ¢ > 0.
Consider ¢ € C®(R") where supp¢ C I'_, that is, the downward opening cone

centered at the origin:
I ={reR"™: M|2| < |vp1]|, Tuy1 <O} (8.4)

We also choose ¢ such that [, #(z)dz = 1. Denote ¢ = e "¢(x/€) for any € > 0.
Define

L@ =0 Tow) = [ oo =0T
with the trivial extension %(t) = ?(t) el . Then 7: € C™ (E)
0 t¢D

By the Minkowski integral inequality we have that

_>
1D°F, — D° F oo < /

Rn+1

du
LP(D7W)

6w |0 (@ = ew) = DT (@)

where the last expression makes sense because D® fo(x — eu) exists for z € D and
u € supp ¢ since we are shifting an element in the domain by an element in an upward
facing cone.

Therefore D*fy can be replaced with D*f. By passing to the trivial extension of

7



D> f, we can use the continuity of translations for D*f to get that

F(uw) = |[D"fo(w — ew) = D7 (2)

Lp(D,W)
_ < /D [We(e) [D27 (@ = ew) = D F ()

—0

» 1/p
dm)

as € — 0 pointwise for each u. Also

6(w)|Fu(u) < 2/ D° F | oo |6 u)]

which is in L'(R™*!) since the Sobolev norm is finite. By the dominated convergence
theorem we thus get the convergence of each term in the Sobolev norm and thus the

entire norm after summing. m
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Chapter 9

The Matrix A, Weighted Smooth

Domain Case

In light of the work accomplished in Chapter 6 (which covered the scalar weighted
smooth case) and Chapter 8 (which pertained to results for matrix weights), we can
now finally prove the first of two new extension results. Here we consider the smooth
domain case. For the Lipschitz domain case (which is, in effect, a generalization of

the following result), the reader is referred to Chapter 10.

Theorem 9.1 (Smooth Matrix Weighted Extension). Let1 < p < oo, k=10,1,2,...,
W e A, and Q C R™ a domain with smooth boundary. If ? € LY (Q,W), then
there exists an extension F (?) € LY(R™ W), that is, there exists F (?) (x,y) :
R — R such that £ (7) lo = ? and

l2(7)]

: < Cprmw H?‘

(9.1)

LY (RHL W LY (Q,W)

To prove this, we will repeat the arguments of Theorem 6.2 using the vector valued
generalization of the “Direct Method.” Indeed, that is really just the m = 1 case of

this theorem.
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Proof. (A) Assume that 7 e C> (R’}r“). Consider

/ / 2 fz $1+M1y,--'axn+ﬂny’_)‘y)
—1J12 (N AA Py (pa) g -+ P () dptn

- [ T e e s

T (z,y) =

1<i<m

for y < 0. Here ¢ and each v; are smooth functions with compact supports within

their limits of integration and the following moment properties:

fo(N)dA =1, [ Np(N\)dr = (1)
[i(ps)dp; =1, [ @i (pi)dp; =0

for 1 <l <kand1l<j<n. We then set

(B) Considering that both 7 and ?, as well as all of their derivatives, are defined
component wise, let us fix ¢ and omit the index by writing f and g, respectively. It
is clear then that by using (9.2) we have that g(z,y) — f(x,0) as y — 0.

Next, let a be a multi-index. Since we assumed f to be smooth it follows that by

considering a = (&, a;, 1) we have that
2

DYg(z.y) = / D f( + py, — M)\ (1) dp
[-1,1]" J1/2
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For the derivatives in y we must use (6.7). Combining this with the above equation

gives that

9w )=_ / / g (=AY Dl entbobint) f (g 4y, —Ay)dAdp
[—1,1]" 1/2

(9.3)

where the sum has a finite number of terms and Iy + -+ + [,,11 = «,1 with each
[; > 0. Hence, there is a single integral term with [; = 0 for all 4 = 1,...,n so that

lpt1 = auy1. Consequently, this particular terms satisfies

/ / (=X D) £ 4y, —Ag)dAdp — D® f(,0)

as y — 0 by using (9.2). Otherwise, there exists [; > 0 for some i = 1,...,n and
thus, by using (9.2), all other terms in the sum for (9.3) go to zero as y — 0.

In summary, since ? is assumed to be smooth we can calculate the derivatives of
? which demonstrates that ? is smooth on the lower half space with the necessary
trace conditions. Thus we can use the existence of derivatives across the boundary
(Lemma 3.1) to gain the necessary differentiability.

(C) Here we use the matrix analog of the Direct Method used when proving Theorems
6.1 and 6.2. In doing so, the key result is the ”variable switching property “ gained as
a consequence of (8.2) and (8.3). As before, we need only bound the Sobolev norm
of 7 on the lower half space by the Sobolev norm of ? on the upper half space.
Fix y < 0. Then, by applying a change of variables from p and A to v and v,

respectively, we have that
HW? (2, ) (z,y H <an// ‘WP x y)?(u v)

/anry /:01+y /
|Z/|nJrl (1/2)y

dv du

(9.4)

pry udevdu
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Fix (z,y) € Q_ where Q_ € W_. In particular, there exists ¢ € Z and for each
1 < j < n there exists ¢; € Z such that 27 < —y < 297! and ¢;2¢ < z; < (¢; + 1)2%
Then

q29 =2 < pi 4y <ay—y < 20 427 4 2771

which is an interval of length 29 + 2972 and
q—1 1 q+2
2 —§y < =2y <2

which is an interval of length 2472 — 241 Adding 297! 427 to the top limit then yields
a new cube Q* C R™™ of size |Q*] = (5 - 29)"*1. Also, |y|["*! > (29)"*!. Therefore,

for (x,y) € Q— we have that

Wi y)F @)

(et [ e vt )
<n+0//* #(2,y) (UUHdudv)
Com

IN

Q%]
_ ( |// WS (o)W (u, 0) F (u,0) ‘dudv)p
<C ( // Wﬁ(x,y)W7(u,v)H HWHu,v)?(u,v)Hdudv)p
<G (1 [, I o) 71

where the last inequality is a result of Holder’s inequality. We then calculate the L,

norm by summing over all such cubes. First, though, we remark that by doubling Q*
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just once we can contain ()_. That is we can make the estimate

//Q (|c§*| // W (u,0)
i - 1 I p/Y
< (] b ) e

< CpnAp(W)[2Q7

o p/p
dudv) dydx

by using the A, condition. Lastly, note that * is contained in at most 5- 10" cubes
@+ € W,. We then at long last have that

(A
G S // (@%HQ*

Q-_ew-_

< Cpn Y, Coud,(W

=i !Q |

= Cpnw Z 2n+1//
< Cpnw(5-10") Z //

- p,n,wn?ugwam

/

p/p

y)W_%(u, v) ‘p dudv

I

dydx

e

Lp(Q*,W)

(u,v) udeudv

v 7<u,v>

p
’ dudv

(u,v) uvH dudv

83



The variable switching property given above also works when p = 1: By an application

of Fubini’s Theorem

%Tdalﬂwm?@wa
ﬂaQédﬂmmvmew7wpm
:ﬁLWWﬂWﬁ/wwwwww
< (s e ole) (g o7 o]«)

where @ is a cube in R"". Thus, using (8.3),

a Ly L7 @] s < 552 7]

So we can bound ¢ in the LP norm for all 1 < p < cc.

LyQw)

(D) To bound D%g, we again consider (9.3):
D*q (x,y) Z / / oy ’”“D57(x+uy,—ky)dkdu
[~1,1) /2

where [; > 0 for each 1 < i <n+1 and || = |a|. For each term of this sum, a similar

estimate to (9.4) then follows:

WP (,y)D 7<>H

N \3/’"“ /a:n+y /1;1+y /(1/2)y

which is similar to (9.4). Thus we can use Whitney cube estimates to finish bounding

WP (2, ) DP f (& + py, —\y) H dAdy

WYP(z, ) D57 ul,...,un,v)Hdvdu1~--dun

each term of the sum and hence the entire derivative. Thus 7 and all of its derivatives

are bounded in the LP norm. That is, given the smoothness assumptions on 7, (9.1)
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is satisfied.

(E) It then further follows that we can extend any 7 € LP(R W) given Lemma
8.4 and the argument provided in part (E) of the proof of Theorem 4.1.

(F) We now proceed as we did in part (F) of the proofs of Theorems 4.1 and 6.2.

Adjusting notation only moderately, we again consider the extension operator:

ixi&w?)

_ wAS (9.5)

where, for ¢ = 1,2,..., U; are the open sets associated with the smooth domain €2
and ; are the associated special Lipschitz domains. Also \;, Ao, Ap, A_ : R*™ — R

are all smooth with bounded derivatives independent of ¢ such that
e supp \; CU; and \; =1 on Uf/Q
e supp )\, C €/2 neighborhood of Q2 and Ay = 1 on Q
e supp A; C e neighborhood of 9 and A\ = 1 if dist(z,0Q) < €/2
e supp A_ C Q and A_ = 1 if dist(z, 9) > €/2
and, setting A, = Ag <A+Aﬁ> and A_ = X\ <A:‘ﬁ>,
e A, and A_ are smooth with bounded derivatives
e AL +A =1o0onQ
e A, +A_ =0 outside the ¢/2 neighborhood of €.

Based on the quotient rule we can consider

E (?) - 2 H,E; (A?) CAT
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as a replacement for (9.5). Then

G

la|<k

2

la| <k

P 1/p
dx)

W (z) D (i Hy(2)E; (Ai7> (m))
o (a-7)|,

p(RA+LW)

The latter term is clearly bounded by C' H?H . Also, by Definition 2.4 (ii),
LW

> Xy, <N (also see (b) above). Thus the former term is
i=1

> ([

lal<k

Z S DPHi(«)D7E; ()\ ?)

=1 p+y=a

P 1/p
dx)

<> ([ (S S wormers (7)e]) o)

1 BH+y=a

< Z( N3 > ( >, HW ) D Hi(2) D E, <A7) Dpdx)l/p

la|<k B+y=a

<%zoznnwwﬂmmﬂr@”

la|<k =1 f+vy=a

G S (£ 5 [ e riorn () efe)
wmgxgﬂwaﬁum)

la|<k \ i=1 B+y=a |k|<k

SCp,k,QZ Z Z Z/ HW )(:p)’pdx>

< Cpia Y. zzzz/ DX ||[WH @)D F ()| )

lo|<k \ i=1 B+v=a |k|<k e+o=

7]

< Cprow

Ly (W)
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via several applications of Holder’s inequality.
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Chapter 10

The Matrix A, Weighted Lipschitz

Case

With all of the preliminary cases stated, we can now design a fairly straightforward

proof of the penultimate result: Theorem 1.1.

Theorem. Let D be a Lipschitz domain, 1 <p < oo, k=0,1,2,..., and W € A,.
Given ? € LY(D,W) there exists an extension E (?) e LY(R™, W), that is, there

exists <?) :R™ — R such that E (7) lp = ? and
|=(7)

: 10.1
LP(D,W) ( )

< Cprpw ‘ ‘?‘

P (R, W)

The proof of this follows by combining the scalar weighted Lipschitz domain case

presented in Chapter 7 with the component wise arguments given in Chapter 9.

Proof. (A) We first assume that 7 e C™ (ﬁ) where D C R™! is a special Lipschitz
domain with Lipschitz graph I' and bound M.
Now, let us explicitly define our extension. Let (z,y) € D°. Consider the vector

function 7($,y) = (q1(x,y), ..., gm(x,y)) where each component g; of ¢ has the

88



form
L
gilasy) = / /fz-(w+C’1MA(:E,y),y+c’2AA(m,y))aﬁ(A)dW(u)du (10.2)
[-1,1]" J1

for each corresponding component f; of ? with © = (z1,...,2), o = (1, .-, tn),
dp = dpg - - dpt, and () = 1 (p1) - - - Yn(pn). Here the ¢,1; € C*° are compactly

supported in [1, L] and [—1, 1], respectively, and satisfy the moment conditions

[oNdr=1,  [A¢(N)dr=0

(10.3)
J0i()dp; =1, [ phpy(py)dp; =0

forall 1 <j<mnand1<1[<k. Also,the constants ¢}, c,, L are chosen as in Lemma

7.2(a) making g well-defined. We then define
J@y) @yeD
E (7) - - (10.4)
€

(B) Considering (10.2) we fix ¢ and omit the index by writing ¢ and f, respectively,
since all terms are estimated in the same manner. By using Lemma 6.2 we can find the
derivatives of g by differentiating under the integral sign in (10.2) since we assumed

f was smooth. In general, we have that

|| n+1 n+1

pg=Y % Z...Z//ﬁ(m%+C/MmDmA)(Dzﬁ_lensf) o0 di

=1{B1,....00}EBa,y1=1  me=1

(10.5)

where pi,11 = A and ¢ = ¢} or ¢, as the case may be.
By assuming the smoothness of each component f, we know that each component g
will also be smooth. To gain the weak differentiability of F <7> in then follows by

a standard argument (see, for instance, the appendix of [15]) that we need only show
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that the following trace property is satisfied for all derivatives o up to order k:

D%(x,y) — D f(xo,y0) as (z,y) = (w0, yo) for any (zo,y0) = (w0, I'(z0)) (10.6)

Since § ~ A and using (10.3) it follows that (10.6) holds for & = 0. Assume 1 <
la] < k. Then, in a similar way, each derivative D®g will have a term of the form
[[ D* fép which will satisfy (10.6). Explicitly, if 32¢_ e,. = , then £ = |a|. Thus
a = Zle B, and thus for each r there exists a ¢ such that g8, = e,,. Also, exactly
one set of n, will be such that n, = n;. When this occurs, Dﬁ"xnr =1 for all » and
thus the leading term in the product in (10.5) will yield a single term of 1.

So it remains to show that all other terms must go to zero. By fixing «, ¢, 51, ..., B,

and nq,...,ny we have that the terms under the integral in (10.5) all have the form
¢
DY f H D% [x, +  pn, A].
r=1

We need only examine the highest order derivatives of p,, A since bounding the lower
order terms follows similarly. Thus, by writing o = (o, ..., apy1) = (¢ ani1),
and, similarly, 8. = ((8,), (B:)ns1) for each 1 < r < £, and v = (v, y21) we have
that

¢
D f H i, DA = C DO ) u7/A7n+1DBIA . DBEA (10.7)

r=1

where |y| = ¢ > 1 and 32*_,(8,); = o for each 1 < i < n+ 1 because of the product

and chain rules involved in calculating (10.5). (See Lemma 6.2) For simplicity, denote

Ro=D""A-.. DA
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for this combination of regularized distance derivatives. It is important to note here

that by Lemma 7.1 (b)
Ra| < B,o 1ol g 1Bl = g ghi=led (10.8)
which is singular for exponents |y| < |a| — 1 as we approach the boundary.

Since the term D7 f occurs only in the lower order terms, we can perform a Taylor

expansion about (u, A) = (0,1):

DY f(x+ i pd, y + GAA)

S D f(x,y + C’rzAC)‘(CSA)C (chA)ort 1 (A= 1)6n
I¢I<]al=Ivl '
CHy AN ANt
+ Z D f (9($7 Y, U, /\23 (CIA> (02A> Iuc ()\ _ 1)Cn+1 )
I<I=laf=|yI+1 .

for some € on the the line segment between (z,y + cbA) and (z + G pA,y + HAA).
Thus integrating (10.7) yields

[ 7750 R o)

(hA)< I (hA) 1R,

-y q DY f (2, y + hA)
el S gy dp [ X0 (= D g(A)dA

+ O(Ala\*lvlﬂRa)

since 1 and ¢ are smooth with compact support and f is bounded at the boundary.
Due to the moment conditions in (10.3) all of the first sum terms are identically
zero.The remainder also goes to zero as (z,y) — (x,y0) using (10.8) since
|A‘Ia\—lvl+1 IRa| < Bad.

(C) Now that we have the derivatives, we must bound each one in the L? norm.
First let 1 < p < oo and consider bounding ¢ pointwise. Fix (z,y) € D°. Then,

by applying the change of variables u = x + cjuA, v = y + AAA we have that
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du = (¢;A)"du, dv = ,bAdA and thus

e xyH‘way//?“”< A>22¢Cgf)d3n

(10.9)
|A|”Jrl // R(z,y)

where R(z,y) is the cube defined in Lemma 7.2(a). Let @ = [a1,b1] X -+ X [ay, by] X
¢, d] be a Whitney cube for D°. Fix (z,y) € Q. Letting | = b; —a; = d — ¢ for all
1 < j < n it follows that [ = §*(z,y) ~ A(z,y) =~ A(Q) ~ A(Q). Thus, using (7.1),

"< G (17 [ I

where |J R(z,y) C Q" C D is given by Lemma 7.2(b) and 7.2(c).
(zy)eQ
By Lemma 7.2(d), @* can be enlarged to a cube Q** containing () and whose size is

dvdu

’pry (u,v)

we have that

Hng;y (z,y)

p
»(x,y) udevdu)

equivalent to that of (*. Thus

MG /1,

) v p/p
W=r (u,v) ‘ ‘ dudv) dydz

</ (e ]

< G AL(W)[Q™]

o p/p
WP (x,y)W (u,v)H dudv) dydz
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by applying the A, condition (8.2). Thus, we have a “variable switching property:”

I G 1, I

(x y (u,v H dvdu) dydx

gL/Z;<JQ*|/92*)vvpcugovv—i@hv)(vai@%v)7ﬂuwv) dvdu)pdydx
< //Q <|C;_*| //Q }W%(x,y)W_%(u,v) ! dvdu) - dydz
< i |7}, 0,

*

By Lemma 4(b), each point of D is contained in at most C), 5y < oo regions Q.

Letting {Q;}2°, be the Whitney decomposition for D, it then follows that
918 ) = 2 1P

<CP"MZ// <|@ |//
SCPW,M’W;//; W%(u,v) (u,v)H dudv
- waj /| (w,0) 7 ()|
Sﬁmmw[LHWHmw?WW)p

= Cp,n,M,WH?Hip(D,W)

(x y (u,v H dvdu) dxdy

dudov

dudov
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The variable switching property given above also works when p = 1: By an application

of Fubini’s Theorem

ﬁ Qﬁ/QHW(I)?(t)Hdtdx
< ﬁ Qﬁ/QHW(x)W1(t)HHW(t)?(t)Hdtdx
=@ LIvetelg [Imew ol
< (s gy [ Ivew0lla) (g [ w7 o]|)

where @ is a cube in R"™!. Thus using (8.3)

a Ly L7 @] s < 552 7]

So we can bound ¢ in the LP norm for all 1 < p < cc.

LyQw)

(D) Next we aim to bound the derivatives in a like manner. In doing so we can again

assume that our derivative has the form of (10.7), that is,

L
Raly) /[ | / DO f(a 4 (@, ),y + AAA (2, ) ) X (N () du
1.1|™

(10.10)

where 1 < |y| < |a|. This follows since the lower order derivative terms will be
bounded by similar arguments and we have already bounded the v = 0 term.
It is important to note that |Ry| < Bad'~ 1Al ... 517181 = B g=lel. Thus, if || = |a/,

then |R,| = B,. Hence, since the derivatives of ? are given by the derivatives of its
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components f, we recover a pointwise bound similar to (10.9):

HWW z,Y)Ra / / D7 N )ﬂ”“qﬁwd)\duH

S le/w,y)m?(x ey )| [ I ) 1o A

1
S Ca,n,M—//
‘A|n+1 R(z,y)

since 1, ¢ € C°. Thus we have an estimate similar to (10.9) with 7 replaced by

)Wl/p(x, y)DV7(u, v)H dvdu

DV? and thus we can apply the Whitney cube estimates to finish bounding this
particular derivative.

If |7| < |a|, we need || — |y| powers of A to cancel the powers in the estimate (10.8)
for R,. Since |y| > 1, there exists j € {1,...,n+ 1} such that 7; > 1. For such j,
we then do a Taylor expansion while employing the integral form of the remainder
which produces the powers of A necessary for bounding R, as follows:

If j € {1,...,n}, then for each component f of ? by expanding about p; = —1 we
have that

D’Yf(.’ Zj + CIQMjAa )

lal=|v[=1 , , Ay ' ?
_ Z (C1A) (M] + 1) D’Y+€ejf(',xj _ C/1A, )

— 14
dAYel=hl e e
Sy [ D - )

Thus the integration with respect to y; in (10.10) becomes

1
/ DY f(-yxy + gD, ) g 1y () dpsy
1

laf=|y[-1 14 1
A
_ Z %D'}"Fe%f( —dA, )/ (pj + ) ij(ﬂj)dﬂj
e_
(cyA)led=h

(laf = vl =1)!

/ / D'y+ || —|1]) e]f( Ta —|—(31UA )( )|a\ [v[— 1duu"/ywj(luj)d,uj
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Here the sum term is identically zero using the moment conditions in (10.3) since

v; = 1. Moreover, we can now apply Fubini’s Theorem to get that

L ppy
[ D s = ) )
~1J-1

1 1
:/1DW“'al—ﬂeﬂ'f(-,ijrc’luA,-)/ (=) P 4 () A

u

where the inside integral will be bounded by a constant depending only on « since

Y, ¢ € C°. Therefore, by denoting p' = (p1, -+, ftj—1, fbj+1, - - - » in), We have that

HWUP z,9)Ra / / DY f () w+l¢wdAduH

JAS|
< OmM‘NIaI M|R | / /
[~1,1»=1tJ1 J-1

ol g ap
1
1 L
< Ca,n,MBa/ / / HWl/p(:v,y)Dﬁ?(-,xj+c’1uA,-)Hd)\dudpf
[ 11]n 1
anM//
|A|n+1 R(z,y)

where || = |a| and the next to last inequality follows using (10.8). Thus we again

have an estimate similar to (10.9) with 7 replaced by Dﬁ?. As a final case, if

Wl/p(x7 y)Dﬂ7(7 Lj + C/IUAu ) ‘ ‘

Wl/pxyDﬁ?uv

’dvdu

7 =n+ 1, then we similarly expand about A = 1 to again gain the above result.

Thus
|DQ7HLP D¢ W) < C

LP(D,W)

In a similar manner to the above, all lesser order derivatives will be bounded.
Therefore, under the assumption that ? e C>® (b), the theorem holds.

(E) Tt then further follows that we can extend any ? € LY (D, W) given Lemma 8.4
and the argument provided in part (E) of the proof of Theorem 4.1.

(F) We can also finally relax the special Lipschitz domain assumption by repeating
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the argument given in part (F) of the proof of Theorem 7.1. (Here, one need only

replace each symbol Q with a D) O
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Chapter 11

Open Questions

In conclusion, let us consider some open questions which could provide further avenues
for research in the near future. There are three angles of attack worth considering.
The first is to slowly generalize our domain, which would seem standard given
our results for both smooth and Lipschitz domains. The second possible way to
generalize is in terms of the type of weight considered. There is also a third place for

generalization: a more general space than Sobolev, such as Besov space.

11.1 A Domain Question

Perhaps a more obvious option is to try to extend to the case of (¢,0) - domains.
Some alteration would be required, though, because the original extension operator
was defined as a sum of “fitted polynomials” which approximate the function on
disjoint cubes. Still, because it is defined using cubes, there does seem to be hope

that this method will work in the matrix A, case.

11.2 A Weight Question

One natural question is whether the A, restriction placed on the weight W in the

weighted extension theorem can be relaxed. For instance, since any scalar A, weight
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must also be a doubling weight, it is natural to want to relax to doubling. Also,
there is a doubling condition for matrix weights (see [16]). Chua has done significant
research trying to relax to the doubling condition in the scalar weighted case for
extension theorems (see [4]), but the matrix weighted case has been left untouched.

So this would be one avenue to pursue.

11.3 Generalizing the Space

The third and most attractive option for generalization is to work on the extension
problem in the context of different function spaces. A lot of recent work has been
done with defining matrix weighted Besov spaces (see [16] and [9]). Also, unweighted
extension theorems have been proved for both fractional Besov spaces, also called
Slobodeckij spaces (see [2]) and even the function space called BMO (see [10]). All
in all, the extension problem is a rich one with much still unexplored and a host of

applications.
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