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Abstract

We investigate Inverse Mean Curvature Flow (IMCF) of non-compact hypersurfaces in
hyperbolic space. Specifically, we look at bounded graphs over horospheres in H"*! and
show long time existence of the flow as well as asymptotic convergence to horospheres.
Along the way many important interior estimates as well as global estimates are obtained.
In addition, we develop a useful family of cutoff functions for IMCF as well as a non-compact

ODE maximum principle at infinity which are integral tools used throughout the document.
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Chapter 1

Introduction

In this dissertation we will be studying solutions to a geometric evolution equation called
Inverse Mean Curvature Flow (IMCF). Geometric evolution equations have been an exciting
research area in Mathematics for some time now with many important applications to other
areas of mathematics including Topology and Mathematical Physics. We start out this
introduction by giving intuition for what a geometric evolution equation is and why it is
useful and then we move on to define IMCF specifically as well as talk about some of the
work that has already been done on IMCEF.

A geometric evolution equations is a equation, similar to a differential equation or a
partial differential equation, which starts with some hypersurface, ¥, and prescribes a rule
for how it should evolve in some ambient space, say R"™! for definiteness. These equations
are designed to improve the hypersurface, in some way that will be made more concrete

below, in order to smoothly deform ¥ into a hypersurface we know more information about.

Figure 1.1: Example of a manifold evolving under a geometric evolution equation.



These geometric evolution equations are analogous to the heat equation which takes some
initial heat distribution (in a room or thin rod, for instance) combined with a boundary
condition (no heat can escape the room through the walls, or rod through the ends) and
prescribes a rule for how the heat distribution should evolve in time that is consistent with
our intuition of heat transfer (the heat should become uniform, throughout the room or rod,
over time).

In the case of geometric evolution equations we want to think of the geometry (sectional
curvature, principal curvature, mean curvature) of the hypersurface as being analogous to
heat for the heat equation. In this way we expect the geometric evolution equation to cause
the geometry/curvature of the hypersurface to become uniform (often meaning more and
more like a sphere) or at least regularize the geometry of the hypersurface in some way.

Since geometric evolution equations are analogous to nonlinear heat equations (non-
linear parabolic PDEs) we expect the analogy described above to fail at times and cause
singularities. These singularities can cause lots of problems and inspire many interesting
questions that can make this area rich and exciting. For this reason, the first theorem one
would often like to prove is that for a given set of initial hypersurfaces, satisfying some
geometric conditions, the analogy between heat and curvature holds, without singularities.

We will investigate the geometric evolution of hypersurfaces X" through a one parameter

family of embeddings ¢ : ¥ x [0, T) — N"™"! o satisfying inverse mean curvature flow

22(p,t) = pik for (p,t) € £ x [0,T) m

F<p70)220 fOl"pGZ

where H is the mean curvature of 3, := ¢,(X) and v is a consistently chosen normal vector
(we will be more specific later). In this paper we will specifically investigate N = H"*! and
we will require ¥y to be represented as a graph over a plane.

Claus Gerhardt (1990) and John Urbas (1990) were independently able to show that for
mean convex (H > 0) and star-shaped hypersurfaces (See figure 3), the analogy between the

heat equation holds for IMCF, which is more precisely stated in the following theorem.
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Figure 1.2: Ilustration of a “pill” shaped hypersurface evolving under IMCF where its
mean curvature is becoming more uniform over time.

Theorem 1. (Gerhardt (1990); Urbas (1990)) Assume that X" C R™! is a compact,
embedded, mean conver and star-shaped hypersurface and let ¥ be the correspoding solution

to IMCF. Then ¥, is well defined for all time (T = oc0) and the rescaled hypersurfaces >,

Area(Xo)
Area(S™) *

(B(t) = e /™p(t)) smoothly converge to spheres with radius r =

Figure 1.3: Example of a star-shaped and mean convex hypersurface.

Since then there have been extensions of this theorem to Lorentzian manifolds Gerhardt
(2006), hyperbolic space Ding (2010); Gerhardt (2011) as well as to rotationally symmetric
spaces with non-positive radial curvature Scheuer (2013). These theorems also demonstrate
the analogy between the heat equation but also demonstrate the limitations of this analogy
for different ambient spaces.

If one considers general mean convex hypersurfaces in R**! then one expects singularities
to form which we would like to understand better. Since these singularities can be hard to

understand directly for IMCF there has been a great deal of work on weak solutions of IMCF



including viscosity solutions Chow and Gulliver (2001), weak level-set solutions through
approximation by the p-Laplacian Moser (2007) as well as the most famous formulation of
weak variational solutions to IMCF by Huisken and Ilmanen (2001) which were used to prove
the Riemannian Penrose Inequality.

The Riemannian Penrose Inequality in General Relativity was the initial motivation for
the introduction of IMCF by Geroch (1973). Roughly, the Riemannian Penrose inequality
is a consistency statement for black holes which states that the area of the event horizon,
Area(X) := |X|, is a lower bound for the mass of the black hole, m. More precisely the

Riemannian Penrose inequality is stated for asymptotically flat manifolds 3-manifolds M3.

Definition 1. We say that M3 is asymptotically flat if IK C M, compact, s.t. M\ K 1is
diffeomorphic to R3\ B(0,1) and the metric tensor satisfies the following decay conditions

95— Bl < 10 louaal <
g’Lj g = |ZE|7 gz],k ~ |l’|2

Then the Riemannian Penrose inequality, which gives a lower bound for the mass of the
asymptotically flat manifold M in terms of the area of its minimal surface boundary (the

event horizon in this case), is given by

=1
167

The proof idea was to consider the event horizon ¥? of a black hole M? as an initial
hypersuraces for IMCF in the asymptotically flat 3-manifold M?3. Then you consider the

Hawking mass defined as

B2 2
my (X)) = (16m)772 167 H do



So you notice that my(3g) = \/1%'r (Since H = 0 for event horizons in this case) and
then you need to prove that mg(%;) is montone in ¢ and that lim;_,o, mg(X:) = m in order
to complete the proof idea.

Geroch was able to carry out his proof using IMCF in the rotationally symmetric case
but the general case was left open. The problem was understanding the singularities that can
occur under IMCF and his proof idea laid dormant for sometime until Huisken and Ilmanen
were able to develop a variational definition of weak solutions of IMCF that was suitable for
proving the Riemannian Penrose Inequality Huisken and I[lmanen (2001).

The development of IMCF for non-compact hypersurfaces inside Riemannian manifolds
has not seen much consideration compared to the compact case but there are important
and well understood results for non-compact Mean Curvature Flow (MCF) that should be
mentioned. Ecker and Huisken (1989) were able to show convergence to a translating soliton
for graphs over planes, satisfying certain initial growth conditions, in R**! under MCF by
using a maximum principle which follows from Huisken’s monotonicity formula. Later, they
developed further interior estimates for non-compact MCF Ecker and Huisken (1991) as
well as a non-compact maximum principle that works for a fairly general class of evolution
equations with time dependent metrics including Ricci Flow.

The results of Ecker and Huisken were extended by Rasul in his dissertation thesis Rasul
(2010), advised by Ecker, where he was able to relax the initial growth conditions at infinity
and show “slow” convergence to a self-similar solution. Non-compact MCF was further
extended to radial graphs in H"™ by Unterberger (2003), who was able to show long time
existence for locally Lipschitz entire radial graphs (graphs over S C H"*! parameterized
using the upper half space model) and also convergence to a hyperplane S in the upper
half space model of H"*! for entire radial graphs with bounded hyperbolic height.

The non-compact case of IMCF has seen almost no attention besides the specific examples
given by Huisken and Ilmanen (2001) and the recent paper on solitons of IMCF by Drugan
et al. (2015).In both cases the authors give examples of non-compact soliton solutions, which
are solutions which only evolve in time be scaling some initial hypersurface. Besides these

examples of special solutions there has been no work on showing convergence to a prototypical



hypersurface for a class of initial data as has been done for compact IMCF for the sphere.
The present work changes this by studying non-compact IMCF in Hyperbolic space.
Specifically, we look at initial hypersurfaces >y which can be represented as a graph of a
bounded function, y : R® — R with bounded gradient where R™ is the “plane at infinity” in
the upper-half space model of H""!. This hypersurface is then identified with the graph of
y(x), over R" x {0}, and uniformly bounded away from R" x {0}, in the upper half space
model of hyperbolic space (i.e. 0 < yo < y(z) < y; < oo for some constants yo,y; > 0). We
further assume that X satisfies the following geometric bounds 0 < Hy < H(z,0) < H; < oo

and |A|(z,0) < Ay < oo. For such initial hypersurfaces ¥y we are able to show the following

Theorem 2. Let ¥; be a smooth solution of IMCF with initial hypersurface Xg satisfying
the following bounds 0 < Hy < H(x,0) < H; < oo and |A|(z,0) < Ay < co. We further
assume that 3o can be represented as a graph of a bounded function with bounded gradient,
over and uniformly bounded away from R™ x {0} in the upper half space model of hyperbolic
space. Then the IMCF starting at ¥ exists for all time t € [0,00) and asymptoticly converge

to horospheres.

We also obtain interior estimates in parabolic balls Ug for solutions satisfying Theorem
2 which gives us detailed local control of the solution in terms of the initial data.

In chapter 2 we compute many important evolution equations for geometric quantities of
interest. A lot of these evolution equations have also been calculated elsewhere but we put
particular emphasis of the evolution equation for the support function that is defined to be
well suited for studying the evolution of horospheres in hyperbolic space.

In chapter 3 we state and prove an ODE maximum principle at infinity which is the
non-compact maximum principle that we will leverage throughout this document in order
to obtain estimates of important geometric quantities. This theorem can be seen as a non-
compact extension of the ODE maximum principle of Hamilton Hamilton (1986) which is also
described in Mantegazza (2011). As far as we know, this theorem is new and we think that
it is an interesting application of Omori-Yau’s maximum principle at infinity for parabolic

equations which should have applications elsewhere.



In chapter 4 we aim to prove short time existence for solutions of IMCF for a precise set
of initial hypersurfaces, following similar arguments as in Gerhardt (2006). In this chapter
we explicitly demonstrate that IMCF is a fully nonlinear, parabolic PDE by writing down a
PDE, defined on R", which is equivalent to IMCF up to tangential diffeomorphisms. Short
time existence is proved (3) for this new PDE and the ODE relating the PDE and IMCF is
explicitly stated and discussed.

In chapter 5 we extend the short time existence result of chapter 4 to a long time existence
result. In this section we take advantage of the ODE maximum principle of chapter 3 to
obtain upper and lower bounds on the graph function, mean curvature and the second
fundamental form which culminate in a long time existence theorem (11)

In chapter 6 we extend our long time existence result of chapter 5 by studying the
asymptotic behavior of solutions to IMCF. In this section we are able to show that initial
hypersurfaces which satisfy the long time existence theorem will asymptotically converge to
horospheres at a specified rate, demonstrating the analogy between the heat equation and
non-compact solutions of IMCF in hyperbolic space.

In chapter 7 we develop cutoff function which are well suited for the study of IMCF. In
doing this, we prove an important proposition (2) which allows us to find evolution equations
on Y, for extrinsically defined functions on H"*! which ultimately leads to the definition of
cutoff functions for IMCF. Then we use the cutoff functions to derive many local estimates,
in parabolic balls relative to the cutoff functions, for important geometric quanties. This
further demonstrates the relationship between IMCF and the heat equation by explicitly
demonstrating the local control we have over the evolution of hypersurfaces evolving under

IMCF.



Chapter 2

Evolution Equations under IMCF

In this section we will derive important geometric evolution equations that will be used
throughout the document. We begin by specifying the notation we will use for various
geometric quantities where we note that we will use bars to denote geometric quantities
w.r.t H**! superscript 0 to denote quantities w.r.t. d, the flat metric of R™*!, and no bar
or subscript to denote quantities w.r.t. >;, throughout this document.

Our convention for defining the curvature tensor R of the manifold (H"*!, g) is given by

R(X,Y)Z =VxVyZ —VyVxZ - Vixy|Z

where X,Y, Z € T,H"*! for p € H""!. Then for W € T,H""! we have that

R(X,Y,Z,W) = g(R(X,Y)Z,W)

and the Ricci Tensor is defined as

n+1
Re(X,Y)=> R(X . &,&Y)
=1



where {é1, ..., €,41} is an orthonormal frame for T,H"*!. When it comes to extrinsic curvature

quantities of ¥; we define the second fundamental form, A, of ¥; to be

AX,)Y) =g(Vxi,Y)

where X,Y € T,%; for x € ¥; and v is the consistently chosen unit normal vector to ¥; in

H"+!. From this definition we can define the mean curvature

where {ey, ..., e,} is an orthonormal frame for T,%;.

Since we are concerned with studying IMCF inside of H™*! it is convenient to have a
particular model of Hyperbolic space in mind. For this paper it is useful to use the upper
half space model of H"! which is defined on the space R = R" x (0, 00) with coordinates

(1, ..., x,,y) and the following metric

g= % (daf + ... + da} + dy?)

We denote the coordinate basis vectors as 0,,, ..., 0,0y = 0,,,, which leads to the following

Tn+1
notation Ry = R(0s,, Oz, Oy, Oy ) Rij = Rc(0,,, 0y,) and Ay = A(0,,, 0,,). It then follows

that we can find the following expressions for the curvature tensor, Ricci tensor and Scalar

curvature in terms of the flat metric and the y coordinate

- 1
Riju = E <5il5jk - 5z‘k5jl)
_ 1
Rij = —HP(SU
R=—-n(n+1)



One should note that this model is particularly convenient for us since Horospheres
have such a simple parameterization as hyperplanes with constant y coordinate. Since we
are concerned with studying graphs over horospheres this means that we will be able to
express the evolution of the hypersurfaces of interest as a fully nonlinear PDE defined on
{y = yo} = R™, the set which the hypersurface is a graph over.

Note that horospheres in the upper half space model of Hyperbolic space can also be
parameterized as spheres that are tangent to the boundary plane {y = 0}. This is not the
parameterization that we want to consider and fortunately there is an orientation reversing
isometry, given by inversion through a half circle centered on the boundary plane {y =
0}, which sends horospheres parameterized by circles tangent to the boundary plane to
horospheres parameterized by planes. So, without loss of generality, we may assume that we
are considering a horosphere parameterized as a plane with constant y coordinate.

By using well known formulas for conformal metrics we can find the following expression

— 1
Vil = VoY — , (PG00 + (0, )oX = (X, Y)od,) (2.1)

which expresses the covariant derivative w.r.t. H""! in terms of the geometric of R’
Using this, and the convention that we will put a bar over a vector field Z = yZ so that

7 is a unit vector w.r.t. g, we can obtain the following

n+1

divX =) g(Ve X, )
=1
n+1

1
= Z<VgiX - §(<€i75’y>0X + <3y,X>o€i - <61,X>oay,€i>o
i=1

1
=div"’X — (n+ 1);()(, 0y)o

where {ey, ..., e,11} is a orthonormal basis for R"™ w.r.t the flat metric. Then by applying
the equation above to the vector v, the “downward” pointing unit normal vector which is

well defined since ¥; will be a graph over the boundary plane in the upper half space model

10



of H*™!, we obtain the following formula for the mean curvature H where we are using the

fact that H = div(v)

H = —yHo — n{vo, 9y)o = —yHo + n{vo. n)o (2.2)
where n = —0, and 9, is the coordinate unit vector w.r.t ¢.

Note: The “downward” pointing normal is a good choice since Horospheres have mean

curvature H = n with this choice, instead of negative.

Throughout this document we will be using the fact that the hypersurfaces we are
interested in can be expressed as graphs of a function y : R" — R, i.e. parameterized by

F:R" — R so that F(z) = (z,y(x)). From (2.2) we can find an important expression for

] : 04— ~. . .. i,
H in terms of the graph function y(z) where v = Y2, — /T [VOy[2, 51 = ¢ — 44
14+|VOoy|2 v
oy V1+HVOy

and we denote % = 1y; and
Ty

n + ySijyzj
v

H =

We note that g/ = y?§% gives an expression for the inverse induced metric (g;; = ?%(52-3- +yiy;)
of the hypersurface ¥; in terms of the graph parameterization.
Now we can use the formula (2.1) to notice that the vector field 0, satisfies the following

equation in H"H!

_ 1
Vxdy=— X VX (2.3)

and hence if we define 1 := —9, then we have Vxn = %X. The equation (2.3) is important
because it will lead to a tame evolution equation for the support function which we will use

to gain control on almost every other geometric quantity of interest. So if we define the

11



support function w(z) = g(n,v) = y—lv then we can find its evolution equation below where

we will require the following lemma.

Lemma 1. (Evolution equations under smooth IMCF)

9gij _ 2Aij
ot H
g7 _QA”
o0~ H
ov VH
ot H?

Proof. Let {eq, ...,e,} be a normal frame at a point p € 3, then we compute

6 i — v vV
- Oy = Op
<vei§7 €]> + <617 VC]’ E)
_ v = v
<vel <E> ,€]> + <ei7v6]' (E>>
1 - 1 =
= ﬁ<velya €j> + E<€i? Vejy>
A
.
H
Then use as%j = _gik% g% in order to obtain the second expression in the statement of
the Lemma.
ov i v ) 0(,0 ij Y, v
E — J6i<§7€j> = gj€1<’/a Veja> —gJeN/, veg <E>>
1 VH
=V <E) H

]

Now we can compute the evolution of the support function. One will notice that the
evolution equation for w involves the operator #A instead of A which has to do with the

cancelation that occurs between the % terms and the %A terms in the computation below.

12



It turns out that (0, — %A), where we denote 0; = %, is the most natural heat operator

for IMCF and hence will show up in the evolution equation of every geometric quantity of

interest in the rest of this document.

Lemma 2.
, 1 Al?
(1) (0 — ﬁA)w = ‘H—Lw
= 1 B |A2 2 _
(i7) (0 — ﬁA)w 1— g T w71H2]Vw 2

Note: The evolution of the support function above is the same as the evolution of the
support function w(z) = (X, v9)o in Euclidean space where X is the position vector of the
hypersurface 3;. This is because the vector field X satisfies a similar equation to (2.3) in

Euclidean space.

Proof. In order to compute the laplacian of w we will strongly take advantage of the fact

that 7 satisfies equation (2.3). Let {ey,...,e,} be a normal frame for ¥, and compute

Viw = 57(?#7’ D) + 57(777 ?ZD)
€ _

= g(g7 V) + A(nT7 6,’) = A(UT7 ei)

where n? is the projection of 1 onto the tangent space of Y.

Then we can compute the Laplacian of w

Aw = gijViij
= g"Vi(A(n", ¢;))
= g7 [(V;A)(n",e;)) + A(Vin", ;)]

T

Now in order to better understand the term A(V;n",e;) we find

13



1 _ _
;6@ = vzn = VZ(UT + 9(77: D)ﬂ)
=Vin" — Ales,n")v + §(Vin, 0)v + §(n, Viv)v + g(, 7) Vi

=Vin" +g(n,v)V,v

If we rearrange this we find that

1 _
V,;T}T = —€; — wVZD
Yy

and so we can find

u 1

E A(VmT,ei) =—-H— w|A|2
- Yy
=1

By using the Codazzi equation which says that VxA(Y, Z) = Vy A(X,Z)—R(X,Y, Z, )

for X, Y, Z € T, %; and so in coordinates we find

n n

where we are using the fact that Re(v,n7) = g(v,n7) = 0 for H**!.
So now if we put all of this together we find

1
Aw="H ~ wlAP +g(VH,7")

Now if we compute the time derivative of w under IMCF we find

14



ow _,0n . _,  0v

| - B 1

= 7 9(Von,v) + ﬁg(nT, VH)
1 1

RN

(n", VH)
From these two equations the evolution equation for w follows. From the evolution

1

equation for w we can also find the evolution equation for w™" which will help us get a lower

bound on the support function w.

1
H?

1 2

AP 2
~ Aw — _ 2
H? Ju w

(0 — —=A)w ! = —w 29, — [Vwl* = a2l T

|Vw_1|2

O

Now we will compute the rest of the evolution equations that we will use throughout
the whole document. One particular quantity of interest will be u = ﬁ which is used to
leverage the good evolution equation of w in order to kill the bad terms in the evolution
equation of H. This is important because it allows us to obtain a lower bound on H which

is the most important estimate for IMCF.

Lemma 3. (Evolution equations under smooth IMCF in H" ')

, 1 2 A2 n
() (0= g Ay = =g Vil + (? + F) A
y 1 ; 2 , A2 n ) .
(i) (0~ 3 D)A] =~V HVIH + (‘H_’Q i m) P
2 2
(i) (0 — -y = —oVHE _AF n

H3 H H
1 "y 2g(Vw, Vu)  nu

H?2w? o2

Note: The terms # or 55 correspond to the curvature of H L,

15



Proof. In order to compute the evolution equation for A;; we start by computing its time
derivative. Let {ey,...,e,} be a normal frame at a point p € ¥; and denote v as an input to

a tensor with a subscript 0, then we compute

A, _ _
% = _vaff<veiejvy>

= —(Vo.V,e;,V) — Weiej,v%wm
o 1. _

= —<VeiVaife], l/> - EROZJO <Vei€j,V%fV>
- = 0y 1 - 1 -

- _<vejvei_t7y> H 0750 ﬁ<v 7)) >
— 1 - — 1 1 -

= —(V,, (ﬁvely%— vVe, (H)) V) HROzJO

1 1

_ A AT Ryo . Ve, Ve, H 1
H H H? H3

where we commute derivatives using the extrinsic curvature tensor in line 1, use the fact
that [%5;—’, e;] = 0 since they are coordinate vectors in line 2, the definition of %5;—’ in line 3 and
4, and identify and clean up terms in lines 4 and 5.

Then we combine with the well know formula for the laplacian of A;; known as Simons’

equation

AA;; =V, V;H + HAZ-kAg? — Ayl AP + HRoigj — nA;j

which can be derived by using the curvature tensor to commute derivatives, the Codazzi
equation, and the relationship between the ambient derivative and the intrinsic derivative as

follows:

16



AAy; = ¢"V, VA
= g"MV, VA, + 9"V, Ryiio
g" [ViV,Ag + R;lquz + Réiquz + VyRyijo]

= viij + g™ [R;lqujl + Rﬁ?iqul + VquijO + viRquU]

= V,V;H + g"[(Ap AL — ALA) Aj 4 (A A — ALAG) Ay — ApgRoijo + Aij Ropgo)
== VZV]H + HAzkAf — AU|A|2 + HROin — TLAZ']‘

where we use the Codazzi equation in line 2, the intrinsic curvature tensor in line 3 to
permute second derivative of A, the Codazzi equation again in line 4 and the Gauss equations
in line 4 together with the fact that VR = 0 for H"*!. See Huisken (1986) for a version of
Simons’ identity for general Riemannian manifolds.

By combining the equations above we find the following evolution equation for A;;

1 | A|? n
D) Ay = ——v HV/H + o Ay + 5 Ay

(01 - -

The evolution equation for H and Ag is found by considering that H = g7 A;;, AJ = g" Ay,

and using the evolution equation for A;;, g;; and g*.

1 1 .
(0 = 7z A H = (0, — 75 8)(9" Ay)

; 1 gt

= ]@t H )Al]+Al] ot
2 |A? Els
2 \WVHI? + 2L __2_
|V | + H +H H

Al?
H2 |
|V =5 +H
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1

(0, — _H2 A)AT = (0, — —HQA)(gikAjk)

, 1 dg’*

k
=g (0 — FA)AM + Aikw

2 , ] > . n Ay ATE

= —_—— . J —_

Hslev H+ —Ai + H2A 22— i
_ 2 V.HV'H ‘ " Al — 2A ATF
= g VHVIH & (T g ) A= e

Now we find the evolution equation for u

1 1 1 1 |VH| g(Vw,VH) |Vw|?
O = 2B = g, a0 - 7 O A s T e T P
_ 59 g(Vw,Vu)  n
N H?w H3w
where we have used the fact that Vu = —wvlg — 5;”2.
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Chapter 3

Short Time Existence

The goal of this chapter is to prove short time existence to IMCF in Theorem (3) for the case
of non-compact graphs over the plane {y = 0}, satisfying certain conditions which we will
be specific about later. We mostly follow the proof of short time existence given in Gerhardt
(2006) where he shows short time existence in the compact case. We will prove this short
time existence for functions in the following function space which we define through the

following sequence of definitions.

Definition 2. In R" x [0,T) we defined the parabolic distance between p; = (x1,t1) and

p2 = (22, 12) as

p(p1,p2) = |1 — T + [t — t2’1/2

Definition 3. Foru:R" x [0,7) - R, a € (0,1) we define

[u] J2.0 = SUD ‘u(pl) B u(p2)|
/2,00 — o
P1#£D2 p(p1>p2)

julo = sup Ju|
R”x[0,T)

|u|a/2,o¢ - ’u|0 + [u]a/Z,a
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Definition 4. We define C*/*>*(R" x [0,T)) as the set of all functions u so that |us/9. < o0

Also, we define C'F/22+ g5 the set of all funcions u so that

n
[u]1+a/2,2+a = [ut]a/la + Z [uﬂcix]’]a/la < o0
ij=1
and
n
Ul 11a/2,0 = |ufo + |tzlo + [uo + Z Uiz, 0 + [U140/2,240 < 00
ij=1

First we notice that for ¢ : ¥ x [0,7) — H"™ the following flow

oY Loy
) == 3.1
(%) =7 1)
is, up to tangential diffeomorphisms, equivalent to IMCF (See Lemma (5) below ). So the
point of this chapter is to prove short time existence to (3.1) which in turn gives us short

times existence to (1.1) for bounded graphs in Hyperbolic space satisfying bounds mentioned

below.

Now if we write M, as a graph over {y = 0} using a function y : R” x [0,7") — R then

we have the expressions ¢(z,t) = (z,y(z,t)) and v = y(Voy,_L

) .
—\/W . So we notice that

/T + Vo2 Ot

where we have used the notation v := /1 + |V%]|? and the fact that w = §(9,,7) = %

(O -1 dy 1 N Oy  —yv1+ V%P -1 —wy
t H ot H - wH H

I\ o

. 54y, 2
Now if we use the fact that H = WT?“, where we denote % Oy .— y;; and

= Yis ar00; -
recall that 6% = §4 — %, then we find
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oy  —y?

=7 = F(z,y, V%, V'V’ 3.2
Ot = nt i (z,y, V7y y) (3.2)

where F': R” x R x R" x R — R, denoted F(x,u,p;,a;;), is a fully nonlinear operator

and hence (3.2) is a fully nonlinear parabolic PDE.

dar  (nt gy, H?

OF yv? J5H — Y’ su

So if our initial condition yo(x) € A where

A={yeC*R"):0< H, < H(x) < Hy < 00,0 < yp < y(r) <y <ocand v(r) < vy < oo}

and H(x) is the mean curvature of the graph of y(z) then we have that ga—i > f]—‘iékl
0

as symmetric matrices and so the linearized operator is uniformly parabolic for functions

belonging to A.

Now we state and prove short time existence for (3.2) where we will use the notation that

Ur =R" x [0,T) throughout.

Theorem 3. Let F be the operator defined above and let yo € ANC?*T*(R™) where a € (0,1).

Then, for any 0 < B < «, the initial value problem

Yt — F('I7 Y, v0y7 V0v0y> =0

y($70) = yo(l‘>

has a unique solution y € C#’HB(UE), where € depends only on 3 and 1.

Proof. This proof will be given in four steps.
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Step 1: Let g be a solution to the linear parabolic problem

g — Ay = F(x,90, V%0, VOV%0) — Ayp

9(x,0) = yolx)

by standard linear PDE theory Krylov (1987a) we know that this PDE has a solution

24«

y € C?*T*75 (Uy) (for any T > 0) with the following bound (independent of T')

19250 510 < N(n, @) ([[Yoll24a + 1 F'(w0) la + 1 A%0]la)

where we note that ||yoll2+a < C1, |Ayolla < Cs is implied by our assumptions on yq.

The bound on [|F(yo)||s follows from the fact that g, V), VOV € C*(R") combined
with the fact that if u,v € C%(R") then uv € C*(R") and * € C*(R") as long as v > vy > 0,

is bounded away from zero (Also F(yg) = —%)

Now we can choose Ty < T small enough so that for all ¢ € [0, Tp)

g t) € A (3.4)

where this follows from the fact that ||g|| 250 91, < C and hence cannot immediately escape

A by continuity in ¢ of the C?*® norm.

The idea is that we are going to linearize the nonlinear operator (3.2) at the solution

9(-,t) and so (3.4) implies that F' is parabolic at g.

Now it will also be useful to define f(z,t) € C*2(Ug) to be
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== F2,9,9%,V°V’)
from which we see that f(z,0) = 0.

Step 2: In this step we would like to employ the Inverse Function Theorem to the map

OV i=ANCHA5E (Up) = W C CP%2(Up) x C*8(R™) defined by

CI)(y) = (yt - F(ZL‘, Y, voyv VOVOy)7 y(ZL‘, O))
where V' is a neighborhood of § and W is a neighborhood of ®(7) = (f, Yo)-

We notice that ® is continuously differentiable on V' and its derivative, D® evaluated at

y € V, is equal to the following operator

D®(j) : C*5" 5 ¢Fa 5 O

defined for n € C“ﬁ’#(UTo). We have already explicity computed 22 above and noticed
ij

that it was an elliptic operator but we can also calculate 3_5 and 2—5, as follows.

OF —2yy; 20’ 20Ky, - oF| _ 2

- vy (B, b)) o | <D Eeey

Opi " n+ydiyy  (n+ydiy;)? \ v v Op;| ~ H H

OF —v? yv? % —nw? —n OF n

Fulr = Sig S YT i e
uwlon4ydiy; o (n+ydiyg) (n + y6Yy;;) u

So we see that these coefficients do not present a problem as long as g(+,t) € A, which we
confirmed in Step 1, and so the first component of D®(g)[n] is a linear parabolic operator

to which standard existence and uniqueness results for linear PDE applies Krylov (1987a) .
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So by standard linear parabolic theory Krylov (1987a) we have that D®][j] is one-to-one
and onto. Then the inverse function theorem says that there is some p > 0 so that ® is a

C*-diffeomorphism from B,(§) C V onto a neighborhood Z C W of ( F.10).

Step 3: For this step, our goal is to show that the procedure in Step 2 gives us a solution
to (3.2) for a short time. For this we let € > 0 and choose 7. € C*([0,1]) s.t. 0 < n. <1,

e -1
0< FF <2

Y

and define f, = fn.. Then, as we show in Lemma (4) below, f. € C*% (Uy,) with uniformly

bounded norm (in € > 0) and hence, by Ascoli’s theorem we have that f. — fase—0in

Cﬁ’g(UTO) for all 0 < 8 < a.

So for small enough € we have that the pair (f.,yo) € Z and hence by Step 2 there exists

a unique solution y° € B,(y) of the equation

(I)<y€) = (f€7 yO)

which is equivalent to saying that y solves the initial value problem

v — Fla,y", VY, VOV) = f

y(x,0) = yo(x,0)

and from the definition f, = fne for 0 <t < e we have that y¢ solves the original nonlinear

initial value problem (3.3) in U, = R™ x [0, €).
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Then we also know that y(-,t) € A for t € [0,€) for 0 < € < e since y € B,(y) and hence

cannot immediately escape A. This concludes the proof of existence in Theorem (3).

Step 4: It just remains to show that y is the unique solution in the function class

AN CHEE ().

Let yq, 12 € o262 (U.) be two solutions to (3) with the same initial condition. We will
show that vy, y, agree on a small time interval 0 <t < ¢ for § < e where the argument relies
on the fact that yo € C?T®(R") and so the full uniqueness statement follows by iterating the
argument since y; (-, t), yo(-, t) € C*T*(R"™).

If 0 < ¢ is small enough then the convex combination y, = 7y; + (1 — 7)ys € A for all

(t,7) € [0,0] x [0, 1] since A is an open, convex set.

Hence we find

9,
0= a(yl —y2) + F(x,y1, Vy1, VOVu1) — F(x, 2, Vi, VOV )

G, L q
= 51— v2) +/ d—F(:B,yT,VOyTVOVOyT)dT
0 T
0 g .
= &(yl —y2) — a” (y1 — y2)ij + 0" (Y1 — y2)i + c(y1 — o),

where a¥ is uniformly elliptic and b, ¢ bounded and hence 3, = ¥, in [0, d].

We finish this section with the proofs of two technical lemmas used above.

Lemma 4. Let f € C*5(Uy,) satisfying f(-,0) = 0 and let 5. = n.(t) be defined as above,
then

fo = fn. € C*%(Uy,) (3.5)
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with norm bounded independently of 0 < e < 1.

Proof. Since f € C*%(Ug,) and 7, is just a function of time we only need to worry about
the holder semi-norm of f. w.r.t time.

So if we let v = § and consider ty,ty € [0,7p] then we need to show that

|fe(t1) - fs(t2)| < K|t1 - t2|W
for some constant K where we are ignoring the dependence of f on x € R™.

Without loss of generality we may assume that 0 < t; < t5 < Ty and then notice

filt) = fult2) = (F(0) = F(t2)) melta) + (1) (neltr) = me(22) (3.6)

where we notice that we already have the desired result for the first term in this sum
so we just need to investigate the second term. Also, we may assume that ¢t; < 2¢ because

otherwise the second term in (3.6) vanishes. Now we split the argument into three cases

Case 1: t5 < 3e and |t; — o] > 1y
A ty — 1
(1) 1) = mateo)| < e 2 < et < el — o

where c is a holder norm for f and the third inequality holds since this case implies ‘tl;etﬂ <3.

Case 2: t, < 3e and |t; —ta] <ty
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A t] _
f(t1) (ne(tr) — ne(t2))| < C?1|t1 — ta] < 2ct] 7ty — to] < 2ty — 17

where ¢ is a holder norm for f and the last inequality holds since v — 1 < 0.

Case 3: ty >3 =1ty —t; > ¢

~

F(t1) (ne(t) — ne(t2))| < et] < e(e2) < 27|ty — to|”

~

where ¢ is a holder constant for f. m

Now our goal is to relate (1.1) to (3.1) by stating the system of ODEs that needs to be

solved in order to relate the two equations.
Lemma 5. (3.1) is, up to tangential diffeomorphisms, equivalent to (1.1)

Proof. Given a solution y(z,t) of (3.1) we let ¢(x,t) = (Z(x,t),y(Z(x,t),t)) where T :
R™ x [0,7) — R™ and then we can find

dp  (0r 0Oy o 0T\ v Y o
E‘(E’E+<V y’g>)_ﬁ_vH(v y,—1) (3.7)

This implies that the ODE for ¥ is given by

(3.8)
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where we note that this is an ODE since we have already solved (3.1) and hence £V
is a predefined, well controlled function. We can confirm this by substituting the second

equation given by (3.7) which shows us the following

dy o 0T\ Y Y w0 2 Yy
E+<V ’E>_ vH o tor VU T o
Jdy Y 02y YU
= 5= H(1+|Vy|) i

So if we define G(t, z) = -V then Theorem (3) implies that this function is continuous
for a short time and hence we can find short time existence to (3.8) by standard ODE
Theorems. Combining Theorem (3) with the standard short time existence result for (3.8)

we then obtain short time existence to (1.1), as desired. ]
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Chapter 4

ODE Maximum Principle at Infinity

In this chapter we state and prove an ODE maximum principle that works for functions
defined on complete non-compact manifolds and will be used a few times in this document
for important estimates. We also state and prove a non-compact tensor maximum principle
which will be used to obtain estimates for the second fundamental form in Chapter 5 and 6.
Both theorems are extensions of the work of Hamilton (1986) which is described in detail in
Mantegazza (2011).

The idea is to use the Omori-Yau maximum principle at infinity in order to get the
necessary sign properties at a maximum of a bounded function which are crucial to proving
a maximum principle. We state a version of the Omori-Yau maximum principle Cheng and
Yau (1975); Omori (1967); Yau (1975) below but we also note that there are even more
general versions Pigola (2003) which will also be applicable to (5) but we will not need those
versions for our results. In fact, we will just need this theorem under the assumption that
Rc¢ > —Cyg on the manifold M Cheng and Yau (1975); Yau (1975) which is a variation of
the following theorem which is useful when you only need the comparison for the Laplacian
A instead of for the full Hessian V,;V ;.

Since we will state a general version of the ODE maximum principle at infinity (5)
which requires a maximum principle for the Hessian we will state a version of the Maximum
principle at infinity which makes a requirement on sectional curvature and yields a result for

the sign of the Hessian.
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Theorem 4. Pigola (2003) Let (M, (,)) be a complete, non-compact, Riemannian manifold.
If p € M then define r(xz) : M — R to be the distance from x to p and assume that the

sectional curvature of 2-planes containing Vr, K., satisfy the following bound

K, >-C(r*+1)

for some C > 0. Then for every bounded above function u € C*(M) there is a sequence

of points {x,} C M so that

(u(en) > supu =+ G)|Val(za) <5 (@) VValr) < = ()

Now we use this elliptic maximum principle to obtain a parabolic maximum principle

which will be conducive to finding estimates for non-compact manifolds evolving under

IMCF.

Theorem 5. Assume fort € [0,T) that g(t) is a family of Riemannian metrics defined on
the manifold M™ so that the dependence on t is smooth. We also assume that g, is a metric
to which the Omori-Yau maximum principle at infinity applies for each t € [0,T).

Let w: M x [0,T) = R be a smooth function which is bounded for each time t € (0,T),
i.e. |u(z,t)] < C(t), satisfying

(8, — HIVIVI ) u = (X (2, u, Vu,t), VI'u), + F(u)

where | X| < Cy(t), F is a locally Lipschitz function on R and H;; is a symmetric, positive
definite matriz so that |H| < Cjp.

Setting ey (t) = sup,cp u(w,t) we have that the function, usyy) is locally Lipschitz and

hence differentiable at almost every time t € [0,T). At every differentiable time we have that
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AU gy (T .0 ,t , )
Usup (1) = lim u(z, t) where {xx} C R" is any sequence s.t. lim u(xy,t) = sup u(z,t)
dt k—o0 ot k—oc ZER™

If p:[0,T") = R is a mazimal solution of the ODE

then we have that u(x,t) < @(t) for (x,t) € M x [0, min{T,T'}).
Before we can prove this theorem we will need the following lemma.
Lemma 6. Let u : M™ x (0,T) — R be a bounded C* function then ug,, : (0,T) — R,

defined as Ugyy(t) = supyep u(z,t), is a locally Lipschitz function in (0,T). Also, at every
differentiable time t € (0,T) we have that

At gy (T Ou(z,t : . o
Usup (1) = u(@, ) where x € M is a point where u(-,t) attains its max

dt ot
or
At gy (T .0 b , )
Usup (1) = lim (s, t) where {xx} C M is any sequence s.t. lim u(xy,t) = sup u(z,t)
dt k—o00 at k—o0 xeM

Proof. Proof of (6):
Fix at € (0,7) and then choose a § > 0 so that [t — d,¢ + 0] C (0,7). Then choose an
€ so that 0 < € < ¢ and note that since u is bounded and C* on M x (0,7T) we know that

for every x € M, there exists some Lipschitz constant K > 0, depending on ¢ and e, so that

u(z,t+¢€) —u(z,t) < Ke.
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lim u(x},t + €)

Now for each € > 0 we can find a sequence {z{} so that wus,,(t +¢) = ]
—00

and hence

Usup(t + €) = ]}Lngo u(zy, t+¢€) < limsupu(zg,t) + Ke

k—o00

< klim u(z),t) + Ke = ug,(t) + Ke
—00

where the second inequality follows from the fact that wug,,(t) = klim u(z},t). So we have
—00

found that wy,(t + €) — usy,y(t) < Ke. Repeating this argument for —J < e < 0 we conclude

that wus,, is a locally Lipschitz function on (0,7") and hence differentiable at almost every

time ¢.

Note: If u attains its max at some point x € M then we can take the trivial sequence

which is constantly equal to x.

Let t € (0,T) be a time where ug,, is differentiable and let {x)} be a sequence so that

klim u(zg,t) = sup u(z,t). Then by the Mean Value Theorem, for every 0 < € < 0 we can
—roo zeM

choose a si € (t,t + €) so that u(xy,t + €) = u(xy, t) + e% and so

0
Usup(t + €) > limsup u(zg, t + €) = limsup |u(xy, t) + €M
0
= Ugyp(t) + €limsup Ou(r, si)

so then by rearranging we find

USup(t + 6) - usup(t) Z lim sup 6u(xk, Sk)
€ k—o0 ot
A gy (t . Ou(xy, t
and so by letting € — 0 we find that Dy (1) > lim sup Gu(z, )

Now if we repeat this argument for —§ < —e < 0 we will get the following
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Putting this all together we see that

, ou(xp,t)  dugy(t) .. . . O0u(xg,t)

1 < <1 f——=

R TR P TR St T
Ou(xg,t)

which tells us that klim must converge at a differentiable time of wg,,(t) and
— 00

ot

equal its derivative.

Proof. Proof of (5):

By the previous Lemma we know that wu,, () is locally Lipschitz and hence differentiable
almost everywhere in [0, 7). If welet ¢t € [0, T) be a differentiable time and {z} a sequence so
that kh_)rrolo u(zg, t) = :g]\g u(x,t), |Vu(ay, t)] < ¢ and V;Vju(zy, t) < 1g:;, which is guaranteed

by the maximum principle at infinity, then we find

dUsyp ., . Ou
7t (t)= ,}1_{20 E@k’t)
k—o00
< limsup nCo + X + F(u(xg, 1))

< F (tmsupu(en, 1)) = Fluay (0)

k—o0

and so we have that, at a differentiable time ¢

At gy

2 () < F (1)
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At this point we follow the argument from Mantegazza (2011) where we will in more
detail. Now let ¢ : [0,7") — R be as in the statement of the Theorem and for ¢ > 0 let
©e : [0,T¢) — R be the maximal solution of the family of ODEs

Pet) = Flec(t))

©(0) = Usup(0) + €

Now we break the argument into three cases depending on the sign of F'(uy,(0)).

Case 1: F(us,,(0)) > 0 For €1 < €, small enough, we have that ¢, (t) < ¢, (t) (by
ODE comparison) and hence T,, < T,,. So T, is an increasing sequence of times as ¢ — 0
and so T, /' T" as ¢ — 0 and by the upper semi-continuity of the existence time w.r.t. the
initial condition we have that 77 < Tj.

Case 2: F(ug,(0) <0

For €; < €, small enough, we have that ¢, (t) > ¢, (t) (by ODE comparison) and hence
T., > T¢,. So T, is an decreasing sequence of times as ¢ — 0 and so 7, \, 7" as ¢ — 0 and
by the upper semi-continuity of the existence time w.r.t. the initial condition we have that
T <T,.

Case 3: F(ug,(0)) =0

For e small enough we have that F'(u,,(0) +€) > 0 or F(us,,(0) +€) < 0 and then we
are back in Case 1 or Case 2.

So we have shown that 7" < T}, and since F' is Lipschitz on compact sets we can restrict
ourselves to [0, Ts] for Ts < T" where we know that u and ¢, are bounded, for small enough e,
and hence solutions to the above ODE have continuous dependence on the initial conditions
(over compact time intervals). Hence using the fact that the family of functions . is
uniformly Lipschitz for small enough € we find that ¢, — ¢ uniformly on [0, Tj] for any
Ts <T as e — 0.

Now fix € > 0 and for sake of contradiction assume that there is some positive time so

that us,,(t) > ¢(t) and let ¢ > 0 be the infimum of all such times which we know is # 0
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since gy (0) = ¢c(0) — €. S0 Uugyp(t) = pe(t) and hence we can let D (t) = pe(t) — Usup(t).
Then at differentiable times for ug,,(t) in the interval [0,¢) we know that ®.(¢) > 0 and

V(1) = Fpe()) = Flusup(t)) 2 =Celpe(t) = tsup(t)) = —CeDe(t)

where C, is a local Lipschitz constant for F' in the interval {p.(s) : 0 < s < ¢} and this
differential inequality hold for a.e. ¢ € [0, {].

Then by integrating this equation we find that ®.(t) > ®.(0)e %! = ee~%! and so in
particular ®(f) > ee~ > 0 but that contradicts the fact that ® (f) = 0 —<—.

SO Usyup(t) < @c(t) for every t € [0,75) and so if we let € — 0 then we have that
Usup(t) < @(t) for every t € [0,T5). Since 6 > 0 was arbitrary, we have proven the desired
result for [0,77). O

Now we move on to state and prove a non-compact tensor maximum principle which will
be used in Chapter 5 and 6 in order to obtain estimates for the eigenvalues of the second

fundamental form A;;.

Theorem 6. Assume for t € [0,T] that Xy C H"™ is a non-compact solution of IMCF
given as a graph over {y = 0} satisfying the bound on mean curvature 0 < Hy < H(x,t) <
H, < 00, an upper bound on the gradient v(z,t) < vy < oo and an upper bound on the graph
function y(x,t) < y; < oo, in the upper half space model of H'*! fort € [0,T]

Let G be a smooth, bounded, symmetric (1,1) tensor s.t. G satisfies the evolution

inequality

(at - %A) G > (VG X) + B(G)

where X is a bounded vector field, | X| < Xy, and B(G) is a homogeneous polynomial in G
and hence satisfies the null etgenvector condition, i.e. for any vector s.t. GfVi =0 we

have that
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BIV'V; >0

If G(0) > 0 then G(t) > 0 for all t € [0, T] such that the solution exists.

Proof. Our method of proof is to consider a perturbed (1,1) tensor G, defined below, so that
we know that G, can only attain zero eigenvectors at points of >, i.e. not on a sequence
diverging to infinity, and then apply the usual tensor maximum principle to this new tensor
in order to show it must remain positive semi-definite.

We begin by defining the (1,1) tensor Ge g = ¢(ar)G+e(n.+(t—tp))d where 0 < €,n. < 1,
§ is the identity (1,1) tensor, ¢(z) = ¢ = and ap = <R2 — |z|* — ng(nyf + 4y R)(t — t0)>
which is the cutoff function specifically designed for IMCF in H"*!' in Chapter 7. The
evolution equation for ¢(ag) can be found by combining Lemma (8) as well as the proof of
Lemma (12) in Chapter 7. Now we define U = {(x,t) € R" X [ty, o+ 7] : ag(z,t) > 0} and
we notice that 0 < p(ag) < 1 on Ug.

Now if we assume G, g(tg) > 0 (consider t, = 0 the first time around) then we will
show that G, g cannot attain a zero eigenvector at a point (¢,t) € Upg, where 0 < 7 < 1,
by adapting the usual tensor maximum principle to the parabolic neighborhood Ugr. More
specifically, choose (¢,t") € Ug to be a point, where a zero eigenvector of G. p is attained,
t' € [to,to + 7], for the first time. First we will show that this cannot happen in W5 and
then we will show that it also cannot happen on {¢ = 0}.

Let V € T3, be the zero eigenvector of G g and extend V' to a neighborhood B,.(q), by
parallel translation along geodesics emanating from ¢, where we choose r small enough so that
B,(q) x{t'} € Wg. Then we extend V to be constant in time on the set B,.(q) X [to, t'] C Wk.

By this construction we see that

ov

VWiery =0 -

@) =0 5 (Ger)ViVT) ) <0
and we can also calculate at the point (g, t’)
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A((GerfV'Vy) o = A ((Ger)!) ViVl

(g;t")

+20" [(ViGe Y VIV + (Gen)iViIVIV Vi + (Gen)iV ViV V] )

=A ((Ge,R)z> ViVl (g

where we use the fact that V' is a zero eigenvector for G p as well as the properties of the

extension of V noted above.
Putting these properties together we find, by the fact that (G. )]V*V; attains a minimum

for the first time at (g, '), the following inequality

1 i1 /%

Now let’s consider the evolution of G, g at the point (g,t')

(8= 3758) (GurlVW3) gy = (8= 5138 ) o] ViVl

+ 655 VZV; | (g,t")

> — 5V (961 VAV Vil + (VG X) + 0BG} + 6] V'V g
GVl 20xGlo']
S e

V|?
pH?

¢"IVB]>  2CRry'

oy GV e

- <VS07X> -

> (V(pG), X)V V(g + {
+ B(Ger)VVilgw) + €V Ve + (¢B(G) = B(Ger))iV'Vil g
By assumption we know that B(G. g)]VVj|r) > 0 so if we can deal with the gradient

terms and choose our parameters so that the p B(G)—B(G. g) term is strictly less, in absolute

value, than €) then we will be able to obtain a strict sign for this evolution inequality.
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We start by dealing with the gradient terms where we notice that since G¢ gl = 0 we

know that GJViVj|(,+ < 0 and hence

V|? " |\Val*  20r¢'T o
. X) — _ GIViV;
|:(,0H2 <V(p7 > H2 H(])DL 1 J
V|? ¢"IVal* 200 (0)] A
> | B v - 2500 - 25 v

Now if we use the fact that X; is well defined hypersurface expressed as a graph over a
plane (R™) with bounded gradient, v, in W5 then we know that there exists some Dp > 0
so that Dp%0 < g < D%6, in Wg. Hence |Va| < Dg|V%a| < 2Dg|lz| < 2DgrR. We
note that Dgi depends on upper and lower bounds on y and a upper bound on v since
Gij = y_12 (0;j + viyj). We should note that Theorem (7) and Theorem (8) will give use
the desired control in Chapter 5. Now we also use the fact that for compactly supported
functions, Ecker (2004), we know that % < " < " which means we can get rid of this
term by exploiting the —4D%¢"|z|> and so if we choose Cr > 2HFDrRX, + C'DrR* we

can get rid of the gradient terms and rewrite the evolution inequality as

1 - - -
(8- 3758) (GolVV) g 2 V'Vl + (HVB(G) = BV Ve

Now we consider the term ¢ B(G)—B(G. g) where we let K be a locally Lipschitz constant
for B, which will depend on a bound for G. Using the fact that 0 < n(p) < 1 and that B is
a homogeneous polynomial in G we find

(#B(G) = B(Ger))lg = (B(pG) = B(Ger))lg = —K|pG — Gep| = —eK [+ 7]0

Since we required 1., 7 < 1 we notice that K only depends on a bound for G since ¢ <1

and
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pG = Gegrlp = |e(ne + (t —10))8] < e(147) <2

for any point (p,t) € Wgr where we also note that this choice does not depend on R.

‘ 1 _ 1
Then if we choose 1. < ;5= and let 7 = ;= we find that

at the point ¢ € M where the zero eigenvector occurs for G g.

Putting all of this together we find the following inequality at (g,t’)

1 VK
(8- 358 ) (GoalV') 0

which is a contradiction and hence G cannot attain a zero eigenvector on Wx for some
t € [0,7]. We also know that G. g # 0 on the set {o = 0} since G.gr = €(n. + (t — t9))0 > 0
on the set {o =0} and hence G, > 0 on Wg.

Then by letting ¢ — 0 we see that ¢ > 0 on Ug for ¢ € [0, 7] which implies that G > 0
on Ug for t € [0,7]. Lastly, we let R — oo in order to conclude that G > 0 on %, for
t € [to,to + 7]. Then since 7 = & we can repeat this argument finitely many times on the

intervals [0, 7], [, 27], [27,37], etc. until we can conclude that G > 0 on ¥, for ¢t € [0, T7.
0
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Chapter 5

Long Time Existence

Now we look to build upon the short time existence theorem by obtaining some further
estimates that will culminate with a long time existence result Theorem (11). For this
purpose, we let T" be the maximal time of existence for the flow and consider 77 < T so
that we know that the solution of IMCF on the interval [0,7") is well controlled by short
time existence (3). This control of the solution implies that the ODE maximum principle at
infinity applies to X, for t € [0,T”), since by Gauss’s theorem |Rc| < (n+ H|A| + |A]?) <
C(T"), which is vital to the estimates obtained in this section (Rc > —C' is good enough by
Cheng and Yau (1975); Omori (1967); Yau (1975)). The estimates we obtain in this section
will hold on [0,7”) and will be uniform in our choice of 7" which will ultimately lead to the
desired result.

We start out with a concrete example of the evolution of horospheres in H"*! and then

we show that horospheres act as barriers for the flow.

Example: Consider the horosphere y = yq as a graph over R™ x {0}. Then y is just a
function of time and H = n and so we find the ODE

which has the solution y(t) = yoe /™.

40



The following Theorem demonstrates that the above example acts as barriers for the

flow.

Theorem 7. If 0 < iIgfy(x,O) = yo and supy(z,0) < y; and we assume that Xy is a
n ]Rn

hypersurface to which the hypotheses of Theorem (3) apply then we find that

yoe " < y(x,t) < yre "

So horospheres act as barriers for the evolution of bounded graphs over R™.

Proof. Notice that by construction and by Theorem (3) the function y(z,t) is bounded above
and below (for a short time) and hence we can use the result that v, ;(t) = infgn y(z,?) is a
well defined, locally Lipschitz function. Then by the maximum principle at infinity Theorem

(5) there exists a sequence {z;} € R" so that klim y(xp, t) = iﬂgfy(x,t) and
—00 "

1 1
|VOy(zp, t)| < - VOV (2, t) > —%5

and so if we use the expressions for H and w in terms of graphs we find (bearing in mind

that 6 = ¢ — %)

iy, ks,
H:\;ry—ivgj? = H(xk,t)zw = klim H(zy,t) >n
1 — 00
+[Voy Vit &
1 1 1
W=——r—o-— = w(rt) = = lim w(zg,t) =

y(z, )/ 1+ |[VOy(zp, )2 k—00 Yinf(t)

g1+ [VOyP

Now we have the following ODE for y(z,t)




Let t be a point of differentiability of the locally Lipschitz function y;,f(¢). From (5) we

have, for a sequence {x)} such that y(xg,t) = vins(t) as above

,hence

OYins(t) o ~Yins (1)
ot - n

Then by integrating, since v, ¢(t) is absolutely continuous, we find

Ying > yoe /™
which yields the desired estimate.
Using a similar argument for ys,,(t) = supg» y(z,t) we find the upper bound. ]

Our last goal is to extend the short time uniform bounds from Theorem (3) to give us
long time existence. We start by obtaining C'* bounds on y through the support function w

since w™' = yv and we already have a C° bound from Theorem (7).

Theorem 8. If we assume that ¥g is a hypersurface to which the hypotheses of (3) apply
then we find that

w(x,t) < w;u;

(0)e™™ and hence w(x,t) > win(0)e"

~—

Ysup(0

v(x,t) yonr (0)

IN

Vsup(0)

Proof. From the evolution equation for w™' given in Lemma (2)(ii)
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1

1 2
H? wiH?

AP 2
H?2

(9 — a2l T

At = —w2(9, — Vaw|? = [Vw™[?

from which, using |A|*> > H?/n, we can deduce the following differential inequality (at points

of differentiability of wgyy, (5))

1

from which the first estimate follows. Then if we notice that w™ = vy we can find the

second estimate by combining with the estimate for y given in (7). O

Now we get the required bounds on H which will allow us to gain bounds on |A]? through

(10) and which also tell us that the operator F' remains uniformly parabolic.

Theorem 9. If we assume that ¥q is a hypersurface to which the hypotheses of Theorem (3)
apply then we find

coV/n? + Coe2t/n < H(x,t) < /Coe2t/m + n?

where Cy = Hgyup(0)* — n? if Hgp(0) > n and ¢y = ysu:(o)isup(o);{m(o) or

co < H(z,t) <n

where Hyyy(0) < n and co = m'

Proof. We have the evolution equation for H (3)
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1 VH]? |A? n
o sy IV a¢

8 H " H
and by (3) we know that H is bounded above for a short time ¢ and by using the
ODE maximum principle at infinity (5) we obtain the differential inequality at points of

differentiability of H,, ()

dHy, 1
dt s < anup (n2 - Hs2up)

from which it follows by integration that Hy,,(t) < \/Coe=2/" + n? where Cy = Hp(0)2—n?
if Hgup(0) > n and Cy = 0 if Hy,y,(0) < n.

Now to obtain the lower bound on H we consider the evolution equation for u given in
Lemma (3) and by using the ODE maximum principle at infinity Theorem (5) we obtain the

following differential inequality at points of differentiability of ws,,

AUsup Mgy n "
— = > T T 5 T N o1/ Wsuy
dt H? n2 + Cpye=2t/n =P

which implies, by integrating, that u(z,t) < HewpQuap@ ooy Hg,,(0) > n and then by

\/n2e?t/n4Cy

using the definition of u = Hiw and applying (7) we find

I w/n2e2/m + Cy  yvy/n2e?/n + G

> =

T Haup(0)usup(0) Hiup(0)tsup (0)

> Yins (0)e™"" Hing (0)wing (0)v/n2e2/m + Gy yiny (0) Hins (0) V/n2 4 Coe=2t/n
Huy(0) Ysup(0)Vsup(0) Hsup (0)

which completes the lower estimate of H when Hg,,(0) > n .
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When H,,(0) < n we get the simpler differential inequality at points of differentiability

of Ugyp

dusup _ NUsyp N Usup

dt H? — n

which implies, by integrating, that u(x,t) < s,,(0)e~"™ and then by using the definition of
u = - and applying (7) we find

H > w g, (0)e ™™ = yutg,, (0) tet/™ >
" ' Ysup(0)Vsup(0)

which completes the lower estimate of H when H,,,(0) < n.

So we will be able to take H; = max{H,,,(0),n} as an upper bound for H(x,t) and

Ho = O onn(0)

bounds through the second fundamental form.

for a lower bound to apply the following theorem in order to obtain C?

Theorem 10. Let Xy be a hypersurface to which the hypotheses of Theorem (3) apply. Then
consider the tensor M;; = HA;; where {k1, ..., k,} are the eigenvalues of M;; and {\1, ..., A\, }
are the eigenvalues of A;j. Then, assuming that 0 < Hy < H(x,t) < H; < oo on % for

t €[0,7"), we have the following estimates for these eigenvalues

2nt 2nt

nH? e n H? e
Ki S 7 NS e T
0 O+efd 0 0 C+e"s

for allt € [0,T) where C' = go—ﬁ and Cy = Sup Kmax(z,0).
0 reR™

Proof. We consider the evolution inequality for MZJ =H Ag , Ding (2010), which can be

deduced from the equations derived in chapter 2.
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1 : JHYIH 1 : M*My, — 2n
(at — —2A> M < —2u - va’fM;ka —2 L2

o) s T HY HR
@%
2 H
Now if we let w(t) = ”Hi; ¢ 5+ | which is a solution of the ODE _8%5:;, =
0 C+eHﬁ0

2 .
2';;;2“’ (% — /-isup>, the ODE corresponding to the zero order terms in the evolution of M.

Then we define GY = x(t)6! — M? and compute

1 _ V,HVIH 1 : G*Gy 2
S\ e I IS ARy, Wil v €A VN & QD i i e
(at e >Gz_ 2 VIV + 27 - LG

So we see that B} = 2% — 240G satisfies the zero eigenvector condition and hence
1 0

by the non-compact tensor maximum principle Theorem (6) we have that G > 0 and hence
2nt

H2
M < k(t)d which implies that x;(t) < nity %) The bound on \; follows immediately
C+e o
since A\; = % and H > H,.

]

Now we prove long time existence in the following Theorem.

Theorem 11. Let ¥; be a solution of IMCF with initial hypersurface g satisfying the
following bounds 0 < Hy < H(x,0) < Hy < oo and |A|(z,0) < Ay < co. We further assume
that X can be represented as a graph of a bounded function y € C*T*(R™), in the upper half
space model of hyperbolic space, such that y(z) > yo > 0. Then the IMCF starting at ¥

exists for all time t € [0, 00).

Proof. The proof of Theorem (11) is now finished in the exact same way as Huisken and
[Imanen (2008) because we have lower and upper bounds on H(z,t) for all time ¢t € [0,7"),
from Theorem (10), we can use Theorem (9) to give us an upper bound on |A|? for all

t € [0,7"). More specifically from Theorem (9) and (10) we have the following bound
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H2
n?H? e ™o
Ai <

= 3 ) 2nt
0 C+eth

where C = go—lﬁg, H, = max{H,,(0),n} and Hy = %.

This bound is uniform for all 77 < T, the maximal time of existence. Now we can combine
all of the estimates of this chapter to imply that F' is a uniformly parabolic operator which
satisfies the requirements to apply the regularity results of Krylov (1987b) to find that
|U|14a/2,2+a is bounded. For higher order estimates see Gerhardt (1990), Gerhardt (2006),
Krylov (1987b) and Urbas (1990).

Then we can extract a subsequence of times ¢; so that ¥;, — X as i — oo where X1 is a
C?T@ or smooth, respectively, hypersurface with the same uniform bounds on w, H and A.
Then we can apply the short time existence results Theorem (3) with initial condition Xp

and hence continue the flow which contradicts the fact that T" was supposed to be maximal.

]
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Chapter 6
Asymptotic Analysis
We have already shown the following bounds for H

coV/n? + Coe2t/n < H(w,t) < \/Coe=2t/m +n?2

where Cy = Hy,,(0)2 — n? if Hy,p(0) > n and ¢ = ysu:(ig)f; gj&;ﬁgp(o) or

Co SH((L’,t) Sn

_ Yin, (0)H;ny(0)
where Hsup(o) S n and Co = m.

So now we would like to improve the lower bound so that we can show that tlim H(x,t) =
—00

More precisely we will prove the following theorem, using ideas from Brendle et al. (2016).

Theorem 12. For hypersurfaces g satisfying the long time existence theorem for IMCF in
hyperbolic space we find that

H=n+0(te /™) (Uniformly on %)

Proof. To this end we will consider the function z = & = 5 and compute the following

evolution equation
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1 1

(O ﬁA)Z =y (0 — mﬁ)u —uy (0 — ﬁA)y - ﬁg(vw Vy )
2 nu 2
U 2u
2 2 22 n2d (n-2)z 2z
- H2ng(Vw, Vu) + Wg(Vu, Vy) + 2? w2 H?  2H?
2 2 nz? (1 2z 2z
= H2—ng(Vw, V'LL> + ﬁg(VU, Vy) + 27 (H — Z) + m - V22
where we have taken advantage of the fact that (v, d,) = —%. Now we would like to better
understand the gradient terms.
2 _ 59(Vw, V(uy))  g(Vw,Vy)
H2ng(Vw, Vu) =2 e 2u 0

and now we note that

1
g(vwa vy) = VayTw = ;g(agv V) + A(T’Tv 85) = A(nTa ag)
from which we find
2 9(Vw, V(uy)) A9y, 0,) _ g(Vw, V(uy)) o712 | Al
= — < _—
HQng(Vw, Vu) =2 % 2u = 2 % + 2070, | 75

Now if we rearrange the other gradient term we find

2 2 2u z
2 739(Vu, Vy) = szgg(v(uy), Vy) — @g(vy, Vy) = (V(uy), Vy) = 25 |0y"

_H_Qy

where we used the fact that Vy = 4?0 and ¢(Vy, Vy) = 3?0 |>.
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When we put all of this together we find

1 o 9(Vw, V(uy™)) 2 . nz? (1
(O — =—5A)z=2 7 — szg(V(uy ), Vy) +2 3 —z

2 5 | Al v?—1 (v? —1)
—l—m((v—l)F%—z i

_ g(Vw,V(uy_l)) 2 -1 ”_22 1 214 5
- 2 H2'LU H2 g(v( y ),Vy) +2 'U2 n < + H3 (U 1)

where we have used the fact that |9 |* = 1—-[ff]> = 1— % = ”i;l .The maximum principle at

infinity leads to the following differential inequality for zsup(t), at points of differentiability

dZsup N2y (1 —2t/n
i < 2 2 ﬁ — Zsup + Ce /
where we are using the fact that 2 3 is bounded by Theorem (9) and Theorem (10) and the
decay of v? — 1 = |V |? which follows from Lemma (7) below.

This implies by integration that z < %+O(te*2t/”) and since z = & and v = 1+O(te™2/m),

by Lemma 6, we can deduce the statement of the theorem

+ O(te=2t/m)

1
=n+ O(te 2/
% + O(te=2t/n) ( )

v
H=->
z

where we note that we already had the necessary upper bound on H.

]

Lemma 7. For hypersurfaces ¥y satisfying the long time existence theorem (11) for IMCF
in hyperbolic space we find that

U2 —1= |v0y|2 S Oe—Qt/n

Proof. 1f we define ¢ = ygl + ...+ yzn |V%|? and then differentiate the equation 8y =

—1 Sij
48y,
w.r.t y* V), where F = 2> — % we find

=L
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oy L (0y\ -1\ 1 4
or Y (8t>k_y F k_F2yFk

—1 Tij i iyl 4 ! 1k
v F ”

- 89y w4+ 2GR Y, — =
'U2F2 ( YiikYy + ¢k yQ

where notice that v, = y'y;, and we have that G = —Fy,, — v—lzyjkyj + v%yiyjyijyk.

Now if we also notice the following

0905y = 0" (Yragy® + Y¥yrs) = 7 yisnys® + 0y y

where we notice that the difference between this case and the graph over a sphere case is

that we don’t get an extra term from commuting derivatives here.

We can also rewrite 6% Y¥yri in the following way

lm

1 m St m CiJ 7 i 17 <lm 1
0Ty s = 0" Yy = O Yy — TV YUY Ymj = 59 8 ity i — ﬁw’“wk

So that we now obtain the desired evolution equation

a1
ot~ vPF?

~ 1 2

52J 5lmyzly]m>

We can use this and the maximum principle at infinity to derive a differential inequality

for (), at points of differentiability

dwsw _ —2n 1 72t/n
< e < agrmton < 2 (5 = ) vl
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where we have used the bound H? < n? 4+ Coe 2/ and chosen a constant C' > 0. Now by

integrating this differential inequality we find

_ _he—2t/n
wsup < De 2t/n—ne

for some constant D > 0 which implies that 1) = |[Vy|? = O(e=2/"), as desired. O

Now we can show that, for suitable hypersurfaces, the IMCF converges asymptotically

to horospheres.

Proposition 1. For hypersurfaces g satisfying the long time existence theorem for IMCF
in hyperbolic space we find that

|Aij = gy5| < C2e72/m

Proof. We have previously calculated the evolution equation for ]\41‘7 =H Ag

M*My,  2n
L2

1 » VAHVIH 1,
(at — —A) (M)) < -2 = 9 __V*M/V,H — 2=+ i

H? H? H3

and now using Theorem 1 we can adjust this equation as follows

2VZ-HVjH

2 . )
5+ M Cte 5]

where we are using the fact that |M] is bounded by the estimates obtained in Theorem (9)
and Theorem (10).

Then by the non-compact tensor maximum principle Theorem (6) and an argument
similar to that of the proof of Theorem (10) we just need to solve the following differential

inequality for g,,(t), at points of differentiability of gy, (%)
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AR sup < 2K sup

—2t/n
ST (0 )+ O

which implies, if you assume that kg, > n, by integrating that rg,,(t) < n + Ct2e=2/m

and so by Theorem 1 we have that

 Faup(t) < n + Ctle=%/n

Naup (1 =1+ O(t2e 2"
p()_Hsup(t) o+ Ol 2 + O(t?e2™)

By combining this result with the fact that H = n + O(te~?/") implies the statement
of the proposition since it is not possible for any eigenvalue of \;, to be uniformly less
than 1, \; < & < 1 for t € [r,00) for some 7 > 0,50 > 0, H = n + CO(te~2/") and
Aaup(t) = 1+ CO(t2e72/m) |
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Chapter 7

Interior Estimates

In this chapter we are concerned with obtaining interior estimates for the flow which will
demonstrate the analogous behavior of IMCF to the heat equation as well as potentially
help us to obtain a stronger short time existence theorem where we allow the operator to
become degenerate at infinity. This should be compared to the interior estimates obtained
by Ecker and Huisken (1991) in the case of solutions to Mean Curvature Flow (MCF) of
non-compact graphs in R"*! as well as to Unterberger (2003) in the case of solutions to MCF
of non-compact graphs over S™ in H""!. In both cases, the interior estimates were used to
prove short time existence when the initial data is Lipschitz and the operator is allowed to
become degenerate at infinity, i.e. for a sequence z,, € ¥; diverging to infinity H — 0.

In order to be able to prove any local estimates we need to develop well suited cutoff
functions for IMCF and so we develop those tools in this chapter. We will start with
important proposition which will allow us to compute useful evolution equations that will
lead to a definition of cutoff functions which we will use throughout the second half of this
chapter. In Unterberger (2003) extrinsically defined cutoff functions were also used in order
to obtain interior estimates as well as Ecker (2004) but we will notice that the convenient
cancellation that occurs in MCF for extrinsically defined functions does not occur when
calculating evolution equations w.r.t. IMCF for extrinsically defined functions but we can
still use this method to obtain useful cutoff functions.

The main result in this chapter are the interior estimates for w (the support function),

H and A in Theorem (13).
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We consider the Riemannian manifold N™™ parameterized over R’ := {(z1, ..., ,,y) €
R™™ : a <y < b} where a,b € [—00, 00] with the metric § = A(y)?0 which is defined where
A (a,b) — R is defined. We will consider a n dimensional, non-compact hypersurface
Yo C RS,

In line with our previous notation conventions, we will use bars to denote geometric
quantities w.r.t N"*! superscript 0 to denote quantities w.r.t. 6 and no bar or subscript to
denote quantities w.r.t. g, endowed with the metric induced from g.

By using well known formulas for conformal metrics, derived from Levi-Civita’s formula

for the connection, we can find the following expression

/

_ A
VxY = VLY + 5N (X, 0,)0Y + (9, Y)oX — (X,Y)o0,) (7.1)

Using this, and the convention that we will put a bar over a vector field Z = A\71(y)Z so

that Z is a unit vector w.r.t. g, we can obtain the following

divX = g(Ve X, &)
)\/
= <V21-X + X(<6iaay>0X + <8y7X>06i - <€iaX>an76i>O
)\/
= div’ X + (n + 1)X<X’ dy)o

where {ey, ..., .11} is a orthonormal basis for R"*! w.r.t the flat metric. From which we

obtain a useful expression for H by using the fact that H = div(v)

H N H N
H = —TO + nﬁ@maﬁo = _70 - nﬁ<V0,77>0
where n = —0,,, which we will discuss in more detail later.

Note: We are choosing the “downward” pointing normal which is important to keep in

mind.
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Now we can obtain a useful Proposition which will allow us to find many important

evolution equations w.r.t IMCF.

Proposition 2. Let f : U — R where U C R" x R, open, we consider the function

g: X x[0,T) — R defined by g(p,t) = f(p(p,t)) which has the following evolution equation
under IMCF

1 1 N N
(0 — ﬁAZt)g =2 ((ngof, v)o — Af —(n — 2);<V0f, Iy)o — 2X<V0f, V)olv, 8y>0)
2
+ EVSJC

Proof. For any function u and vector field X we have that

div(uX) = u div(X) + X (u)
Vu = A2V

Then we notice that

1 -
8tg = Evﬁf

A¥g = div(Vg) = div(V f -V, fv) = div(Vf) — HV, f
where A® = ¢/V¥*V>t the Laplacian w.r.t. the hypersurface 3.

Note: Here is where we see a big difference between MCF and IMCF. When studying
MCF there is a cancellation between the time derivative term and the first order term in the

Laplacian which simplifies computations. In IMCF these two terms combine and hence give

an extra term to deal with.
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Now we can find the following expression where our goal is to first write all derivatives
as extrinsic derivatives in N™*! and then convert all of those derivatives to derivatives on

R"™*! using the formulas obtained above.

1 2 - 1
(0 — 2 A%)g = =V - mdw(Vf)

(=div(V )+ (V,Vf, 1) )+)\—HVOf

)+ NGV 0o + vV L0)o) + 5 Vo

(V0£,0,) — (VO£ VO + (v, VOA2))o (VO V>0)

H2
= (AT )~ V(A
1 \
= (—A_Qﬁof (n+1)33
UBEIE S (10,00 f + (0, VO o — (1, VO £)ady) o ) + ,\_HVOf
— A;{Q ((VSVOf, VYo — A’ — (n — )i\' (V01 8,)0 — 2>/\\’

/

A
0v70

(VUf,v)o(v, 0,0 ) + )\_Hvof

Note: g depends on ¢ through the embedding function ¢; but if it also independently
depends on t then there will be another term in the evolution equation for g corresponding

to the partial derivative w.r.t this aforementioned dependence on t.

Note: From now on we will be sloppy and just denote g, the function defined on ¥;, and
f, the extrinsically defined function on N, as the same function where the composition with

the embedding function, ¢, is implied.

Now we make the following definition which we will use throughout the rest of the

document.

Definition 5. Let ¥y be a hypersurface satisfying the conditions of Theorem (11) and let 3,
be the corresponding solution of IMCF which is guaranteed to exist for all time t € [0, 00).

Then for T < oo we let
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QR,T = BR(O) X [O,T)

and then we also define

H = inf min(H, H?) > 0

QRr,T

If we consider a function a(z1, ..., ., y,t) depending on R, HE then we can also define

Ur ={(z,t) € Qrr: alp(z,t),t) >0}

Note: We will be interested in « such that Ugp C Q g, so that we can use the fact that
a = 0 on OUR to exclude the possibility that the maximum of a positive function ag can

occur on OUg . We will impose this condition below through the constant Cg.

Lemma 8. If we define a = R? — |z|> — Hlé%(nyg + dyoR + Cr)t for N = H"" where
y(z,0) < yo, Cr > 0 is arbitrary. Then « is a subsolution to the IMCF heat operator on %,
i.e. forte[0,T):

1 2Cg

Proof. If we let |z|*> = 22 + ... + 22 for N = H""! in the upper half space model, then we
find

1 1 5 4y
(0 = 2z D)al* = o (* Q@I = 20) + 4y (e, v)o(v, dy)o) + 7 {z, v)o
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where we have used the following relations as well as Proposition 2 (2)

V0[P =22 VIVz|* =20 A%x]*=2n

where 7 is the projection of v onto R™ x {0}.

1 —1 . 4 2
(0 — mA)a = 75 (y2<2’1/’2 —2n) + 4y(z, v)o(v, 8y)0) — ﬁy@:, V)o — H—é%(nyg + 4yoR + CR)
ony®>  4yR  4yR 2 2C
<2 + J + id (nyg + 4yoR + Cr) < _R

= H? ' H* H HE HE

Note: We purposefully leave C'r > 0 undefined for now because we will choose it later
depending on the estimate we are trying to achieve. We do note that in order to cause
UgrC Qrr we may need to choose Cr large enough to make this true. Since this choice can

be made so that Cr is O(R?) we will not worry about it in the future .

So now we have found good cutoff functions in the sense that they are subsolutions to
the IMCF' heat operator. Now we will use the cutoff functions we just derived in order
to obtain detailed interior estimates for solutions of IMCF. This section ends with the full
collection of local estimates for important geometric quantities in Theorem (13) as well as
the corresponding global estimates as we let R — oo in Corollary (1).

We start by obtaining evolution equations for w™! and aw™! which will lead to our first
local estimate for the lower bound of the support function which is equivalent to a bound of

the derivative of the graph function y since w=! = yw.

Lemma 9. If we let o be a subsolution to the IMCF heat operator defined above we find in
Qrr (See Definition (5) for the definition of HE)

2 (Vw™, V(aw™)) — l(ozw_l) —2—w

1 _
(O = gA)ew™) < =59 " A
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Proof. We have the following evolution of w™! from Lemma (2) (ii) in Qg

1 B 1 2 A2 2 )
(at_ﬁAﬁU = —w Q(Gt_ﬁA)w_ 3H2\Vw|2 g2 t- 71H2‘Vw 1|2
1 _ 1 1 _ g(Va, Vw1
(8t — mA)(Ozw 1) = w 1<8t — mA)O[ —+ Oé(at — mA)'w - 2 78
A2 200 _ g(Va, Vuw1)
< —F(aw h— 1H2]Vw 1\2 2 78
2w -1 -1 |A|2 -1 Cr -1
_—ﬁg(V(aw ),V )—ﬁaw _27-{_52
where we are using the fact that
g (V(aw™), Vo) =aVu P+ w'g(Va, Vu)
and then the last inequality follows from the fact that |[A]* > L H?.
]

Now we will take Lemma (9) and turn it into an estimate for w™' and hence a lower
bound for w. First we make an important definition which will also be used throughout this

chapter.

Definition 6. Let ¥y be a hypersurface and let ¥ be the corresponding solution of IMCF
which exists for all time t € [0,T), T < co. Then for 6 € (0,1) given and t € [0,T] we let

2
Uror = {(z,t) € Qpr :t fired and |3U|2 + W(nyg + 4yoR + Cr)t < GRZ}
0

= {(z,t) € Qrr : t fived and a(p(z,t),t) > (1 — 0)R*}
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Lemma 10. If we assume that o is a hypersurface to which the hypotheses of Theorem
(11) hold on compact subsets, then we find that for all t € [0, T

maxw < (1 —6)"! (max wl) e7t/m

Ur,o,t Ur1,0

Proof. From Lemma (9) we have the following evolution equation

O - M) =~

So then by a Lemma of Hamilton applied in Ui where we have a = 0 on the boundary

and using that |[A|*> > nH? we find

-1 -1
— max(ow < —— max(ow
dt UR,1,t( ) - on UR,1,t( )

and so if we integrate this equation we find

max (aw ™) < max(aw e /"
Ur1,t Ur,1,0

and then using the fact that o > (1 — 0)R? on Ugg, we find

(1 —0)R? max w™* < max w ' R%e /"
Ur,o,t Ur,1,0

which yields the desired result.

So now we have found our first local estimate which will give us a lower bound on the

support function in a parabolic ball which says that ¥; remains a graph in the corresponding
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parabolic ball. In other words, this gives us an interior gradient bound for the solution y(z,t)

1

since w™" = yv In the next section we will obtain a series of local estimates, which require

more work than the straight forward cutoff function techniques used above, culminating in

Theorem (13) and Corollary (1).

Notice that we were able to choose C'r = 0 in the definition of o while obtaining the

1

estimate for w™" which means that this estimate will extend as R — oo easily since Ug will

be non-degenerate as R — oo.

Next our goal is to obtain a lower interior estimate on H which we will obtain through
the function u = wiH since we can leverage the good terms in the evolution equation of w
in order to kill the bad terms in the evolution equation of H in order to obtain a useful

evolution equation for w.

Lemma 11. We have the following evolution inequality for au

1 2 -
(0 = 7B au) < = 50(V (™), View) = —59(Va, V(o))
2u . 2u 2 _ 1 Cr
F VLV Gl Vel — e = e

Proof. From Lemma (8) and the evolution equation for u obtained in Lemma (3) (iv)

O — - A) (o) = u(d, — = A)a+ a(@, — = Ay — 29V VY
H? H? H? H?
Cr g(Vw,Vu) n g(Va,Vu)
< =2 7—[_6% 2 H2w2 —ﬁ(af )—2 H2
Then using the following two relations
1 200 1 2u 1
—p9(V(w™), V(aw)) = —59(V(w™), Vu) = 259(V(w™), Va)
2 2u
_OzHZQ(Va’ V(au)) = _ﬁg(vaa VU) - OéH2|va‘2
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we get the desired inequality.
O

Notice that we have an « in the denominator of the |Va|? term which we know causes
problems so we will try to handle this by looking at n(«) for n : R — R increasing, where

we will impose the condition that n(0) = 0, if we can.

Lemma 12. We have the following evolution inequality for n(a)u (in Qg ), which we will

often write as nu

1 2 _ 2n
(0 = 7)) < ~750(V(w ™). Vo)) = (Vo Vo)
2un’ 1 u|Val? (212 n Cr
+ g(V(w™),Va) + 7B 0 n" | — ﬁ(ﬁu) — 27”7/%—(1)%
Proof. This follows by noting the following formula
1 1 1 g(Va,Vu)
(0 — ﬁA)(UU) = u(0; — mﬁ)n +n(0 — ﬁA)U - 277’7
and from Lemma (8)
1 2Cgrn 1"|Val?
and then following the same steps as in the proof of Lemma (11). O

As noted earlier, when obtaining the interior estimate on w~! we were able to set Cr = 0
in the definition of . For the next few estimates (except for the upper interior estimate
on H) we will not be able to do this and so it will be vital to keep track of how our choice

of Cr depends on various geometric quantities as well as R. We choose to express Cr as a
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combination of constants Cr = Cf' + CR + CER? where Clt, CE, CE don’t depend on R
directly but rather depend on estimates of geometric quantities in Qg 7.

As we obtain the following estimates we will lump various constants into the general
constants Cf, CF, C and keep track of their dependence so that we can consider extending
these estimates as R — oo in Corollary (1) as well as consider proving a stronger short
time existence theorem based on these estimates. In the statement of each estimate and at
the end of each proof we will make sure to explicitly state the dependence of each of the

constants CE, CF, O on various geometric quantities.

Lemma 13. Assume that ¥o is a hypersurface to which the hypothesis of (11) holds in
Br C R"™ then we find that (for allt € [0,T]), 0 € (0,1)

—nt 0 0
it 0 _0
maxu < (max u) e i e(1-0R2 < (max u) e(1-0R2

Ur,,t Ur,1,0 URr,1,0

where H < Hy on Ug. (Recallu = = =%)

Note: CZ% depends on bounds for the cutoff function, C¥ depends on upper and lower

bounds for y, an upper bound on v and an upper bound on |A| in Q7 and CF = 0.

Proof. 1f we consider 1(s) = e~/7%!* and use Lemma (12) we find that in Qg7

12

(O — 3 8)(nu) < ——59(V(w™), V(i) —

9(Va, V(nu))

12
u / — n CR n
g5 (219Nl + (2 =) (V) = 2uf T~ oo

Now if we use the fact that X; is well defined hypersurface expressed as a graph over a
plane (R™) with bounded gradient, v, in Qg then we know that there exists some Dg > 0
so that Dp?0 < g < D36, in Qpy. Hence |Va| < Dr|V%| < 2Dglz| < 2DpR. We
note that Dy depends on upper and lower bounds on y and a upper bound on v since
Gij = yig (0ij + yiy;). We should note that Lemma (10) and Theorem (7) will give use the

desired control.
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[Vl
w2

We also know that |Vw™!| = < DY in Qg p, which is equivalent to having a lower
bound on w Lemma (10) and a bound on |AJ?, which can be seen by choosing a vector v

tangent to >; and calculating

Vow=V.glw.n) = 9(Vor) = Awn”) = |[Vul < |AP

where we have used similar calculation as to Lemma (2).
Lastly, we use the fact that ¥|Voz|2 = % < " < C' for C?, compactly supported

functions Ecker (2004) and so we can rewrite the equation as

1 2 B 2,,7/2
(at - mAﬂnU) < _ﬁg(v@l} 1)7 V(UU)) - UHQQ(VO(,V(T]U»
u / ’ 1" /" / n
+ 7w (ADRDyp R + 2" — ADg|a*n" — 27/ Cr) — — (u)
H] a

So now if we use the fact that 2n” —4D% R?n” = (2—4Dgl|z|?)n” < C"n' since (2—4Dg|z|?)
can be chosen to be negative, for |z| close to R, and then we can choose Cr > 4D DR to

find that

(0= 3 )0m) < ~ 250V, V) — 2L

(Va, V(u)) = 255 ()

where we note that C& = C”, CF = 4DpD’, and CF = 0.
Now if we know that H < H; on Ug and then for § > 0 small define ®s(x,t) = coe?ft —

nu + 6t where ¢y = maxy, , ,nu > 0 then we find on Ug

12

0, — %A)% > (V(w ™), V(nu)) — Vo, V(u)) ~ 1@ + 6

—39 9(
H? nH? i

Now let (29, %) € Uk, for sake of contradiction, be such that ®;(x¢, ty) = ming, ®s5(z,t) <

0 and hence V®;(z0,t9) = 0, AdDs(xg,t9) > 0 and %(mo,tg) = %(mo,to) +0<0
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So by the evolution equation above we find that (9; — gz A)®;(zo, to) > 0 where we are
using the fact that ®s(xg,tg) < 0 = Po(xg,to) + dtg < 0 = —Pg > 6ty > 0 which shows us
that _HL12®0 + 0 > 0, the non-gradient terms in the evolution of ®;.

On the contrary by our deductions at (zg,to) we find that (8, — 7zA)®Ps(wo,t0) < 0
which is a contradiction and so ®; cannot attain a negative minimum on Ug. Hence by
letting 6 — 0 we find that ®, cannot attain a negative minimum on Ugr which implies that
a negative minimum of ®, in Uy can only be attained on the set OUp = U1 U {a = 0}.

We know that the min cannot occur on {a = 0} since ¢ = 0 on this set and we see by
the construction of @, that it cannot attain a negative min on Ug ;  since ¢y = minUR’l,O(nu)

and hence ®g(z,t) > 0 which means that

—nt
max nu < (max nu) et

Ur,t Ur,1,0

Since we know that 0 < a < R? on Ui we know that n(a) < e_ﬁ on Ur and since

S S
a > (1 —6)R? on the set Upy, we know that e (-97% and so we have

1 —_ny
— 59 2
e (-0R? maxu < (max u) e i

_ 1 _—gt 0
e RZ = maxu < | maxu | efli e(-0)R?
Ur,o,t Ur,1,0

Ur,o,t Ur,1,0

and so we find that

—n, 0

2 T 50
maxu < [ maxu | efi < [ maxu | e-0r?
Ur,o,t Ur,1,0 Ur,1,0

—ny
where the second inequality follows since e < 1 for all ¢ € [0, 7] which gives us the desired

2]
result. We also note that as R — oo we see that e(1-0r* — 1.

Now we obtain a upper interior estimate on H in Ug.
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Lemma 14. If we assume that ¥¢ is a hypersurface to which Theorem (11) applies on Br

then we have the interior upper estimate for H fort € [0,T]

max H < (1 — )" max ( n, max H
UR,0,t Ur,1,0

Note: C'r = 0 in the definition of « for this estimate.

Proof. For this we will look at aH which has a nice evolution equation so we can choose

Cr =0 and find in Ug

1 1 1 gVa,VH
\VH*> _g9(Va,VH) n |A?
< —2a H3 -2 H?2 + H?2 o H?2 (OéH)

< -2

g(V(aH),VH) 1 1
ZE n (

< —zg(wagg’vm +na (l + l) (L - i) (aH)

Since we know that H is bounded from below in Ui we can proceed by the ODE maximum
principle for aH in Ug, where we note that @« = 0 on OUg \ Ug1,, to obtain the following

evolution inequality in Ug

d 1 1 1 1
— H) < — 4= - — H
gt pex(a ) < na (H+) (maXUmmH) ) prax(aH)

Now we notice that if <m - ﬁ) >0 <= an>maxy,,,(aH) <= H<n
R,1,0 o
on Ug1 and if <W — ﬁ) <0 <= an <maxy,,(aH) <= H >nonUgip.

This tells us that &4 maxy,, ,(«H) >0 when H < n and 4 maxy,, ,(H) <0 when H > n

which leads to the following inequality

67



max(aH) < max (om, max(aH))

Ur,1,t Ur,1,0

and then using the fact that o > (1 — #)R? on Ugy, we find

(1 — 0)R* max H < max (n, max H) R?

Ur,o,t Ur,1,0

which yields the desired result.

The last local estimate we will obtain is a second order estimate for the graph function
y which we will obtain through bounding A;;. Again we will need to consider Pz-j = w_lAZ
instead of A{ directly because we need to leverage the good evolution equation for w=! in
order to kill the bad terms in the evolution of A’ and obtain a useful evolution equation for
Pz-j . We start by obtaining important evolution equations and then obtain the estimate in

Lemma (16).

Lemma 15. If we define Pij = w_lAf then we will find the following evolution equation

2
wH3

, 2w _ , n _. 2w ,
V:HV'H — mg(Vw LVP) + — P! — —(P?)]

1 .
- J — :
(& HQA)P% H?>'' H

Now if we consider n : R — R and « the cutoff function from Lemma 1 or 2 then we find

the following evolution equation for n(ca)P!
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(0 = g 0P)) = ~a(Tu™ VP!) = —o(Tn. V(1))
- MQ:IgViHVjH + Qf]glafgww—l,vco + ﬁ%ﬂwﬁ %]}j\vaﬁ
- %(npf ) = E—Z(HQPQ)f - —QCZ?BJ
Proof.
| _— 1 12 o
(0, — ﬁA)Pf =w 0, — ﬁA)Af + A0, — ﬁA)w 1 ﬁg(Vw 1 VAY)
= ! (—%VZHV"H + fl—ng + %A{ - %(A?)gﬁ)
— |2—|22w1Af — 21}3—13?]le\2 — %g(Vw 1 VA7)
- —%VZHWH - 2‘]‘;?5 Va2 — %g(V’wl, VA + %pg‘ _ %‘”(PQ){
Now we will use the fact that
20 T P AD) = 20 g Ly, 9.4
to find the following
(00— 3 )P = 2 VI H — 28 g(Vu ! VP)) 4 2 P = 2 (P)]

Note: We are not worried about the V; HV’ H term since at some point in this argument

we are going to look at the maximum eigenvalue of Pz-j in which case this term will be negative.

Now if we let v be the cutoff function from (8) so that (9, — %A)a < —QHL};? then we can
0

compute the following evolution inequality for aPij
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1 , 1 , , 1 2 -
(8, — mA)( P)) < a0 — ﬁA)Pf + P (0, — ﬁﬁ)& - ﬁg(VOé,VPiJ)
20 . 2w _ j 2 j
= _—wHBVZ-HVJH ~ g(Vw™ 1, VP — ﬁg(VOz,VPf)
no ;2w . 2CRP!
P (P !
H2 7 H ( )’L 'HOR

— R 0(Vu™ V(aP))) = ——g(Vu™, V) = S5 Plg(Vu™'Va)
— (Ve V(aP)) = —g(Va, VF) - a—f;ZWaF
from which we find
1 , 2w B A A
(01 = 7z ) (@F]) < —559(Vu ™, V(aP))) = —9(Va, V(aF/))
— %ViHVjH + %Pfg(Vw_l, Va) + 25;]2 |Val?
b apl) = 20 apy - 2

To deal with the o that shows up in the denominator of the |Va|? term we consider, as

before, a function 7 : R — R non-decreasing and compute the following evolution for n(a)Pij

1 ; 2w ; 2 ;
— — N)P)) = == g(Vu, V(nP)) — ——g(Vn, V(n P!
(at H?2 )(77 7,) Hgg(vw 7v<n z)) nHzQ( 1, (7] z)) |
2n j 2wy’ ~1 2P n? o N'P} 2
n 2w 2Cgn' P!
_ PJ =/ 2P2 J i
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Now we are ready to prove an estimate for Pij which will imply an estimate for AZ .

Lemma 16. If we define Pij = w_lAg and we assume that ¥y is a hypersurface to which

Theorem (11) applies on Bg then we find fort € [0,T], 8 € (0,1)

j i N0\ aomr
max P/ < max ( max P/, — | e(-0R
Ur,o,t Ur,1,0 2

where m[ejxfo refers to the maximum eigenvalue of P over the set U and co is a
upper bound on w™'H in Ug, guaranteed by previous estimates. Specifically w'H <
4 <maX w_l) max (n, max H) et

Uri,0 Ur,1,0
Note: CZf depends on a bound for the cutoff function, C* depends on upper and lower

bounds for y, an upper bound on v and an upper bound on |A| in Q7 and CF = 0.

Proof. Now we would like to better understand some terms in the equation given in Lemma

(15) and estimate the bad terms

2

—2wn’ wn’ _
72 |Vw ™|Vl

H2

2wn/
2

g(Vw™, Va) = g(Vw™,Va) <

Now we notice that as before in Lemma (13) we can use the fact that 3; is well defined
hypersurface expressed as a graph over a plane (R") with bounded gradient, v, in Qg
so we know that there exists some Dgr > 0 so that D}}25 <g< D%é, in Qrp. Hence
|Va| < Dg|V°a| < 2Dg|x| < 2DrR. We note that Dg depends on upper and lower bounds
on y and a upper bound on v since g;; = y% (0ij + v:y;). We should note that Lemma (10)
and Theorem (7) will give use the desired control.

Also as in Lemma (13), we know that |[Vw™!| = lZ—Z}' < D} in Qg p, which is equivalent
to having a lower bound on w Lemma (10) and a bound on |AJ?, which can be seen by

choosing a vector v tangent to X; and calculating
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Vow =V,g(v,n) = g(Vor,n') = Av,n") = |[Vwl* <|A]?

where we have used similar calculation as to Lemma (2). Now if we choose 7(s) = e+ then
we can use the same argument as in Lemma (13) to bound the term 2= — |z|?>y” = C"5 and

so we can find

an

_ VO!|2 /2 QCRT]
1 Vo | ( _ //)_
Vol + 7= (5 =" ) ~ G <75 (

2
"R (DpD DR + C" — C)
Ho

20 wDRDYRR + 40" D3 R* — 2Cg1)

where D7 is a upper bound on w (implied by Theorem (7)). Now we can choose Cp >
DrDuDYLR + C” in order to get rid of the bad gradient terms that come from the cutoff
function and hence Cf' = C”, Cf = DrD D}, and C3 =0 .

Now we look to understanding the zero order terms (77PJ ) — (772P2)g . Now if we let

A be the largest eigenvalue of P/ at a point (x,t) € Ug, then we ﬁnd the following

)

2w 1 B 2w 1

at the point (z,t) where ¢y is an upper bound on Hw™!

, as in the statement of the
theorem. So we notice that this term is negative when nA > %ncon and hence decreasing.
We will use this intuition about the zero order terms later but we just take note of it now

and move on to make this argument rigorous.

Now we are ready to give the proof of the lemma. Let ® = €6/ — nP? + §(t — 1) where
C' = max (CO, %n) and (Y is the maximum eigenvalue of 77Pij in the set Ur 10 and 7 > 0 will

be chosen later. The goal is to show that the minimum eigenvalue of C'67 — nP/ is positive.
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For sake of contradiction assume that the minimum eigenvalue over Uy of (IDg is negative.
Then we first consider the case where there is a point (xg,tg) € Ug where (IDg has a zero
eigenvector, call it 3, for the first time with eigenvector v € T,,3;,. Then we use parallel
translation to extend v along radial geodesics emanating from xy € ¥; in a neighborhood
of zy and then extend it to be constant in time for a short amount of time. From this

construction we find the following inequalities

0P (v,v)

ot ’(mo,to) <0 Vq)(v>v)|(w07to) =0 ACI)(U, U>|($07t0) >0

ov
E|(xo,m) =0 V@) =0

We can also compute that

A(D(v,v)) = g"Vi ((V;2)(v,v) +28(V;v,v))
= g7 ((ViV;®)(v,v) + 4(V;®)(Viv,v) + 20(V,;V,v,v) + 20(V,v,V,c))
= (AD)(v,v) +4(VP)(Vv,v) + 20(Av,v) + 20(Vv, Vo)

A((D(Uv U))|(x0,t0) > 2®(Avvv)|(l‘o7to) =0

where we used the fact that v is a zero eigenvector for ® at the point (zg,%y) in the last
equality.

Then we find the following evolution inequality at the point (zo, to)

1 » 2w » n »
(0 — mA)(U(I)gU vj) > n—H(U2P2)§U vj — ﬁ(nva v;) +0 >0

where we notice the inequality since at the point (zo, %), if we let A = Pij v'v;, we find

o o 2 1
=L (PP)iviv; — —= (nPlviv;) + 6 = Fu;/\ (77)\ - 5710077) +0>0
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where the strict inequality follows since 8 =C — Ap+6(tg —7) =0s0 A\n =C +(to — 7)

and now 7 can be chosen so that tyo — 7 < 1 and C' was chosen to be larger than %ncon.

0P (v,v)

By our assumptions though we know that “—=|(;,.) < 0 and A® (v, v)(z,40) > 0 and

hence we find

1
(at - mA)@(U,U) <0

which is a contradiction so if we let § — 0 we see that C97 — nP’ cannot attain a zero
eigenvector in Ui which implies that Cdf — 77Pz-j cannot attain a strictly negative eigenvalue
on Ug.

Now we know that 0617 — 77Pij cannot obtain a strictly negative minimum eigenvalue on
{ae = 0} and we see by construction that C97 — nP/ does not obtain a negative eigenvalue
at time ¢t = 0 since C' was chosen to be less than Cj, the minimum eigenvalue of nPij in the
set Ur1,0. So it doesn’t obtain one anywhere on Uz and hence nP} is bounded from above,
as desired.

More specifically we have that

. . nc
max P/ < C' = max | max nP/, 2y
Ur1,t Ur,1,0 2

Since we know that 0 < a < R? on Ui we know that n(a) < e_é on Ur and since

S S
a > (1 —6)R? on the set Upy, we know that e (-97% and so we have

. . NCy 6 _
max P/ < C' = max <max P!, T) e (1-0)R?

URr,o,t Ur,1,0

which yields the desired result.
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Now we interpret all of the previous lemmas of this chapter in order to see what they say

about important geometric quantities.

Theorem 13. If we assume that ¥ is a hypersurface so that the hypotheses of Theorem
(11) hold on Br and 0 < yo < y(z,t) < y; < oo then we find the following estimates for
g e (0,1)

Yo \Ur1,0

-1
e
H(x,t) > (6 (1*0>R2) % (min H) (max v)
Y1 \Ur,1,0 Ur,1,0

H(z,t) < (1 —60)""max (n max H)

oz, t) < (1— )14 (max U)

Ur,1,0
. 6 yl . n
Al(z,t) < <e(179)R2) “~ max | max Aget/”, —max | n, max H max v
Yo Uri,0 2 UR,1/2,0 Ur,1,0

where all of the estimates are valid on Ugg, and the last inequality means that the largest

eigenvalue of A{ 15 less than the quantity on the right side.

Proof. This Theorem is a culmination of the Lemmas of this chapter and hence follows from

combining and unpacking Lemmas (10) (13) (16) (14) as follows.

In this case w™! = yv and hence (10) tells us that

v< (1—0)1y ™t (max wl) et < (1— 9)’1E (max U> e~t/m

Ur,1,0 Yo \Ur,1,0

and hence we find the first estimate.

Lemma (13) tells us that

w—l

6t/n S H
HlaXUR,LO u

and so if we notice that w < i we find

5



. . -1
min min
H(z,t) > MWroe ¥ ojm Met/” > Y (min H) <min w) > %0 (min H) (maxv)

maxyp, ;o U MaXuy 1 o T URr,1,0 URr,1,0 Y1 \Ur,10 URr,1,0

The third estimate follows directly from (14) and the last estimate follows from combining

(7) with (16). 0

In the next Corollary to (13) we show that all the local estimates obtained in this chapter
which are stated in Theorem (13) are uniformly controlled as R — oo and hence extend to

estimates on all of ;.

Corollary 1. If we assume that ¥y is a hypersurface to which the hypotheses of Theorem
(11) apply then all the estimates of (13) remain true over the set U = Rlim Ur which is

— 00
non-degenerate, i.e. R™ x [0,¢) C U for some ¢ > 0.

o, t) < & (max u)

Yo \ Yo

~1
H(x,t) > % (min H) (maxv)

Y1 \ o o
H(z,t) < max (n, max H)

0
Al < N nax (max Alet/n, " max (n, max H)) (max v)

Yo 2o 2 o 2o

where all of the estimates are valid on U where R™ x [0,00) = U. The last inequality means

that the largest eigenvalue of A{ 15 less than the quantity on the right side.

Proof. As we attempt to extend the estimates we noted in Theorem (13) we first notice that
we do not need to worry CF, CF CI becoming unbounded as R — oo since by Theorem
(13) the quantities that C&, CE, C depend on are uniformly controlled by the initial data
on Ug for each R and we are assuming uniformly controlled initial data. The one issue we
need to resolve is that if C'g grows too quickly then it is possible for U to be degenerate, i.e.

Yo x [0,€) ¢ U for any € > 0, as R — o0.

76



We chose Cr = CE + CER+ CER? precisely for this reason since, as we will show below,

this will guarantee that U cannot be degenerate. In particular we can find the following

characterization of the largest time ¢ that can occur in Ug

2
a>0 = RQ—|x|2—m(ny§+4y0R+CR)t>O
0

g HE (R — o)
2(ny? + 4yoR + CE + CER + CER?)

which for fixed x has a limit as R — oo and tells us that ¢ < oo since Cf = 0 and hence

U is non-degenerate.

7

]
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