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Abstract

The present research develops two methods to improve the convergence and
robustness of CFL agorithm, the triple time method and error-limited time step ramping
method.

A genera formulation of the triple time scheme is developed by introducing three
pseudo time-marching steps to control three preconditionings for artificial dissipation,
nonlinear equation iteration convergence and linear equation iteration convergence
separately. It is proven that the triple time method can be degenerated to the single time
method and the multiple DDLGS iteration method at specia cases.

Stability analysis is used to choose the optimum combination of three
preconditionings from the steady preconditioning, the physical and the unsteady
preconditioning matrices, and show that the system with unsteady preconditioning for
artificial dissipation and linear equation convergence, and physical Jacobian matrix for
the non-preconditioning (UPU) gives dlightly better stability results than the other
systems. The stability results for the ‘UPU’ triple time system are presented. Some
computation results for the linear problem of straight duct flow are given and show a
good match with the stability results.

The CPU time saving and the storage cost of triple time method over the single time
method are analyzed. The analytical results show that the CPU time per inner iteration is
proportional to the square of the number of equations of the system while the CPU time
per outer iteration is proportiona the cube of the number of equations, and the storage of
the triple time costs about four times more than the single time. Some computational
results are presented to support the analytical results. The computational results show that

the triple time method gains a factor between two and three over the single time in CPU



time.

The robustness of the triple time method is tested and compared with the single time
method for the straight duct flow, choked nozzle flow and non-choked nozzle flow. The
results show a good improvement of triple time scheme over the single time scheme in
robustness for all three cases.

Finadly, the error-limited time step ramping method is used to improve the
convergence and robustness. A detailled overview of this method is introduced. Some
analytical and computational results are provided to prove the feasibility of this method
by showing that the implicit error is aways less than or equa to the explicit error. Some
computational results for the straight duct uniform flow show that the error-limited time

step ramping method has improvement in both convergence and robustness.
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Chapter 1
| ntroduction

1.1 The Convergence and Robustness I ssues of CFD

Fluid flow is one of the most common phenomena in the world, but although it has
been studied for several centuries it is not completely understood yet. The most popular
mathematical decription for the fluid flow problem is the Navier-Stokes equatiors.
Analytical solutions for these equatiors are seldom accomplished except for several very
simple problems because of the complexity of the equatiors. Numerical methods must be
used for most problems. Computation Fluid Dynamics (CFD) is the application of
numerica methods to solve the fluid flow conservation equatiors. With the fast
development of computer technology in the last twenty years, CFD technology has
greatly progressed and has been applied to many engineering problems.

All CFD algorithms use some kind of iterative method to solve the partial
differential equations of fluid flow numerically. Iterative methods typically start with an
estimated initial condition and then iterate until some convergence criteria is satisfied. It
is useful to plot the results of this iteration process in a figure like figure 1.1 which show
atypica plot for a case that converges and a typica plot for one that diverges. The solid
line represents a case for which the solution change gets smaller and smaller until
convergence is reached. We can artificially divide the solid line into a “non-linear” part
where the convergence rate is irregular, and, a “linear part” where the convergence rate is
constant. The total number of iterations represented by the solid line, or the speed
(efficiency) of the convergence process is an important issue in CFD. The goa of a

convergence study is to minimize the total number of iterations. The dashed line in figure
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Figure 1.1 A typical converged and diverged convergence for CFD iteration

1.1 represents a diverged case in which the error eventualy becomes unbounded. This
leads to another very important issue in CFD, what steps are necessary to ensure an
iteration converges? In the present thesis we will refer to the boundary between
convergence and nortconvergence as the robustness problem.

Convergence and Robustness are two major aspects of any iteration method and of
CFD. Generally speaking, these two issues depend on the problem, the initial condition
and the iterative method used. Also, the convergence and the robustness are not
independent of each other. During the nonlinear part of the convergence, the non-linear
characteristics of the problem dominate the iteration process and create difficulties in
both convergence and robustness. The convergence and robustness at this region are
mainly related to the initial condition and large changes in the solution at every step.

Given a problem and an initial condition, there is a maximum change of the solution the



iteration can bear. Any scheme that gives a solution change larger than this maximum will
diverge, and vice versa, but on the other hand, to achieve fast convergence requires a
large change of the solution every gep. So these two issues act against each other. Almost
every iterative method trades one for the other. Once the linear part of the convergence
process has been reached, the robustness issue generally no longer exists and the time
step can be chosen large to achieve very fast convergence. A good scheme should be able
to provide the maximum change of the solution that the robustness can bear during the
nontlinear portion of the convergence process and use a very large time step or a Newton

iteration in the linear part of the convergence.

1.2 Review of Conver gence and Robustness | mprovement M ethods

The most well-known and fastest iteration method is Newton's method. Newtoris
method is famous for its fast convergence but notorious for its poor robustness. Its
convergence is highly dependent on the initial condition. If a good initial condition is
given, the iteration can converge very rapidly [20].

In order to improve the robustness of Newton’s method, a relaxation iteration method
is often introduced [20,27]. In the relaxation method, the new vaue is updated by
weighting of the old value and the new value in the Newton's method. The relaxation is
more robust than Newton’s method but converges more slowly because the change of the
solution at every step issmaller.

One of the very important iteration methods is time marching method [20, 27] which
uses a pseudo time to mimic the process of a physica unsteady flow approaching a
steady state, but it is not restricted to steady state and can be also applied to transient
problems. Actualy, the Euler implicit time marching method can be proven to be a

specia kind of Newtoris method where a pseudo time step is introduced to control the



change of the solution every step. When the time step goes to infinity, the time marching
becomes exactly the Newton's method.

Time-accurate time marching method works well in transonic and supersonic flow
since the particle speed is the same order as the sound speed, but problems arise when it
is applied to the incompressible fow and low Mach number compressible flows. For
incompressible flow, the time derivative of the continuity equation is zero because the
density is constant and the system becomes singular indicating that we can not obtain an
update equation from the continuity equation For low Mach number flow, the waves of
the system propagate at very disparate speeds. For implicit scheme, Snce generaly the
CFL of the fastest wave should meet some limit requirement, the CFL of the dowest
wave becomes very small, which will dominate the convergence and make the whole
convergence very sow. In order to solve the above difficulties, the preconditioning
method was devel oped.

The preconditioning method actually is developed by two different philosophies
[13,38,11,39], but the results are similar. The first one accelerates convergence by altering
the pseudo- time derivative to control the eigenvalues. The second one is based on the
small perturbation analysis.

The pioneer work of the first philosophy was done by Chorin, who ntroduced a
properly defined artificial pseudo time derivative in the continuity equation to solve
incompressible viscous flows [13]. He referred to it as ‘artificial compressibility’ instead
of ‘preconditioning’ in that paper. By adding an artificial time derivative, he eliminated
the singularity in the time marching method for the incompressible equation system and
obtained good convergence.

The extension of this concept to the whole equation system and low speed
compressible flow was achieved by Turkel [38], Van Leer [39], Viviand [50] and Briley
[3]. In 1983, Briley, McDonald and Shamroth applied the preconditioning method in



isoenergetic flow and the results shows that the method is effective for a Mach number of
0.05 [3]. Turkd was the first one who apply Chorin’s artificial compressibility to the
whole flow control equation system and all Mach number range [38]. None of the above
preconditioners took into account the stiffness at the sonic point. This work was done by
Van leer and D. Lee who used the characteristic re-scaling to develop the preconditioner
[39]. Their preconditoner removes the stiffness at the sonic point, but the stiffness in the
sonic point is not important in most problems.

The work of developing preconditioning by small perturbation analysis is first done
by Rehm and Baum [33], followed by Guerra and Gustafsson [19] and by Merkle and
Choi [11]. In [19], Guerra and Gustafsson uses the perturbation pressure instead of the
thermodynamic pressure as the primary variable in the continuity equation to solve the
incompressible two dimensional Euler equation, the small perturbation in their work is
proportional to the first power of Mach number. Merkle and Choi further developed this
method by using a small perturbation with an order of Mach number squared [11]. They
also applied the same philosophy to the energy equation and finaly developed a
preconditioning system to be used in al speed flow. This form of preconditioning is

proven to be Mach number independent for Mach number down to 10° [18]. In

transonic and supersonic regiors, the preconditioning system recovers the
norpreconditioned system.

In [42], Venkateswaran shows that Merkle-Choi system, Turkel system and Van Leer
system are very similar. Compared with the Van Leer system, the Merkle-Choi and
Turkel systems are more popular for their smplicity.

Another kind of preconditioning method, block Jacobi preconditioner is generaly
used for multigrid method. The full coarsening multigrid method encounters difficulty in
damping the high frequency modes. Motivated by this problem, Mulder [29] and
Allmaras [1] followed by Pierce and Giles [32] developed a block Jacobi preconditioner



to damp the high frequency modes. This method is used for the highly stretched meshes
by combination with multigrid method, but it can only improve the convergence at high
frequency modes and has nothing to do with the convergence acceleration at low Mach
number.

Most of these preconditioners we have discussed were originally developed by only
considering the inviscid Euler equation. Problems arose when they are applied to the low
speed and low Reynolds number viscous flows. After realizing this problem, Merkle and
Choi improved their preconditioner by including the viscous effect using small
perturbation analysis [12]. The reason underlying this was found by Venkateswaran to be
that the errors of a Navier-Stokes equation are controlled by both the wave propagation
and the diffusion damping [42]. In the low Reynolds number flow, the diffusion error
damping is dominant and the preconditioning should be based on the viscous term instead
of the convection term.

The transient problem is traditionally solved by straight time marching method.
Although most of the time the traditional steady precorditioning works well for unsteady
problems, under some limits, the unsteady effect will cause some problems and need to
be preconditioned. The unsteady preconditioning method is contributed by
Venkateswaran [42]. The extension of Merkle-Choi preconditioning method to more
advanced systens including chemical reaction is addressed by Venkateswaran,
Deshpande, Merkle [45,48], Shuen and Chen [36, 48].

In addition to convergence enhencement, another unexpected advantage of the
preconditioning method is an accuracy improvement. Part of the accuracy of a scheme is
closely related to the artificia dissipation which is generally controlled by the
eigenvalues of the system. In a nonpreconditioned system of low Mach number flow, the
disparity of eigenvalues results in a oversized or (and) undersized artificial dissipation

which will make the solution inaccurate. By balancing all the eigenvalues of the system,



the preconditioning obtains a proper artificial dissipation and makes the solution more
accurate.

The preconditioning technology provides a method to solve flow problems for all
Mach numbers. Otherwise, we have to solve high Mach number flow by time marching
and solve low Mach number flow by some other iterative method, for example, the
SIMPLE method [30,31]. Although the preconditioning method has shown great success
in enhancing the convergence in many low speed flow applications. There are still some
problems to be tackled. The most important disadvantage of the preconditioning method
isits lack of robustness So far, the robustness issue has not been completely understood.
The most popular explanation for this issue is the following four points. First, the
modification of the eigenvalues of the equation system in low Mach number flow leads to
amuch larger time step, which lead to the robustness difficulty; Second, the Merkle-Choi

preconditioner is derived from the small perturbation analysis, during the derivation, we
require the pressure perturbation should be of the order r u?. If the pressure perturbation

does not meet that requirement, the derivation isinvalid and preconditioning breaks down.
Third, the non-orthogonality of the eigenvectors of the preconditioning system could
result in the transient amplification of the errors and consequently lead to the blow up of
the convergence. In [14], Darmofa and Schmid stated that ‘Due to the lack of
eigenvector orthogonality, small perturbations in a linearized evolution problem can be
significantly amplified over short time scales while the long time or asymptotic behavior
of the linearized system is governed by eigenvalues'. In that paper, they also point out
that the Van Leer and Turkel preconditioned systems are highly non-orthogonal for low
Mach numbers. Although they did not mention the Merkle-Choi system, we can expect
the eigenvectors of this system are also not orthogona for his smilarity with the other
two systems. The Block Jacobi preconditioner is the only one who does not suffer from

the non-orthogonality at low Mach number. Fourth, our recent study shows that artificial



dissipation plays a very important role in robustness, even more important than the
preconditioning in the pseudo time derivative, and our research shows that
non-preconditioning in artificial dissipation at the start up of the convergence helps to
improve the robustness in our selected computations.

Some representative problems that have difficulties in robustness are the high Mach
number stagnant point flow, high area ratio nozzle flow with mass flow specified rather
than stagnation pressure and some internal flows involving large pressure perturbation.

In the high area ratio nozzle flow with mass flow specified as one of the boundary
conditions, a good initial condition generaly is not available at the beginning of the
computation, and the conservation of mass will result in a large pressure and velocity
fluctuation. In an internal flow, the pressure perturbation is easier to build up for the
confining wall than in an externa flow where the errors can be convected out of the
boundary. Another factor that causes the large pressure perturbation is involved in
combustion. The huge heat release in a short time results in an extremely high pressure
and temperature perturbatiors.

The preconditioning system encounters difficulties when applied to the stagnant
point flow problem. The stagnant point problem in incompressible flow or low Mach
compressible flow is relatively easy to solve because of the narrow range of Mach
number and small pressure gradient. The only difficulty is the preconditioning at the
stagnant point because of the zero velocity, which can be tackled by using the free stream
velocity to define the preconditioning, but in a relatively high Mach number flow, the
stagnant point problem becomes much more difficult to solve because of the mutiple
Mach number regimes and the high pressure gradient in the vicinity of the stagnant point.
The low Mach number region near the stagnant point forces us to use preconditioning at
that region hut a the same time the preconditioning method suffers from the large

pressure gradient in the vicinity of the stagnant region and results in a convergence



problem.

This problem has received considerable attention in recent years and a lot of work
have been done to try to solve this prolem. Weiss, Maruszewski and Smith [52] use a cut
off value based on the pressure gradient at the vicinity of the stagnant point to sense the
pressure gradient. If the pressure gradient is very large, the preconditioning is switched to
be close to the nonpreconditioning and vice verse. This appears to be a good idea but is
proven to be not general. Darmofal and Siu use a combination of the local preconditioner
with a cut off value based on the pressure perturbation and the point block jacobi
preconditioner to improve the robustness of their multigrid scheme[15]. Their results
show a robustness gain. Based on the results, they believe that the gain is more from the
point block jacobi preconditioner than from the new local preconditioner with pressure
perturbation cut off because of the eigenvector orthogonality of point block jacobi
preconditioner. Darmofa and Schmid modified the Turkel and Van Leer preconditioners
by making their eigenvectors more orthogonal and showed an improvement in robustness
[14]. Darmofal and Van Leer aso improved the Van Leer preconditioner by requiring the
eigenvector orthogonality [16]. Unfortunately, the improvement is limited to the
streamwise direction because of some limitatiors.

Another avenue to get around the robustness issue is proposed by Venkateswaran,
Merkle and Zeng [41, 42, 55], they referred to it as ‘dua time method’ in that notes and is
changed to ‘triple time method’ later. We cdl it ‘triple time method' in this thesis. The
triple time method treats the acuracy, the nonlinear robustness and convergence, the
linear convergence separately by three pseudo times so that we can control these three
issues independently. The preconditioning is used in the artificial dissipation control and
the linear convergence control. The nonlinear robustness and convergence is controlled
by non-preconditioned time marching so that large pressure perturbation can be handled.

In the linear solver level, we can store the decomposition of the LU solver to save CPU



time with the cost of more storage. Significant improvement in robustness and
convergence are observed and published in [42], [55], [46] and [47].

Regarding the convergence issue, one of the most difficult convergence issues for
any Mach number flow in modern CFD is the high Reynolds number flow applications.
In a high Reynolds number flow, most of the region is convection-dominated. Only in a
very thin region the viscous term plays an important role. That thin region is generaly
called the ‘boundary layer’. In the boundary layer, a large velocity gradient exists and a
highly stretched grid is required to resolve the accuracy of the large pressure gradient.
The aspect ratio of the highly stretched grid could be 1000 or even higher. The difficulty
of solving high Reynolds number flow does not lie in the addition of the viscous term in
the equation but the highly stretched grid. Actualy, the addition of the viscous term
makes the equation easier to solve. Because of the highly stretched grid, the satisfaction
of the CFL limit in the long direction results in an extremely small CFL in the short
direction which will dominate the whole convergence.

So far not a lot of work has been done about the high aspect ratio problem. Briley,
Govindan and Mcdonad [4] studied the effect of aspect ratio on the convergence of
various schemes. A systematical study of the high aspect ratio problem is done by Beulow,
Merkle and Venkateswaran [6,7,8]. The conventional opinion is that we should use the
maximum of all the CFLs in different directions for explicit scheme, but in his Ph.D
thesis [8], Beulow found that the minimum one should be used in the two dimensiond
implicit approximate factorization scheme r the Euler equation, which contradicts the
conventional thought that the maximum one also should be used in implicit schemes. In
the Navier- Stokes equatiors, aloca time step should be based on the combination of the
minimum CFL and the maximum VNN [9]. The conclusion becomes grid-dependent
when it is extended to three dimension. For the type of grid that has only one short

dimension, the time step based on the minimum CFL and the maximum VNN still works

10



well, but it does not work for the other types of high grid aspect ratio grids. The
underlying reason can be found by examining the approximate factorization error.
Another remedy to tackle the high aspect ratio problem was suggested to be the
multigrid method. For most iterative methods, the high frequency errors are very easy to
damp while the low frequency errors are very stiff. Therefore, the low frequency errors
become the bottleneck for convergence. To dleviate this prolem, the multigrid method is
designed to remove the high frequency errors in the fine grids and the low frequency
errors in the coarse grids. So, multiple grids are wsed in this method. The solutions and
residuals in different grids are transferred to the next grid level. The accuracy of the final
solution is guaranteed by finishing the iteration on the finest grid. Because its powerful
capability of damping the low frequency errors, it is used for solving the high aspect ratio

problem. Some of the research results can be found in [26, 52].

1.3 A Brief Introduction to the Triple Time Method and the

Error-Limited Time Step Ramping

So far, we have reviewed the history of various robustness and convergence
improvement methods. Although a lot of remedies have been suggested to solve these
problems, they are proven to be problem-dependent and performed well for the problems
they are designed for but generally fail for the other problems. A very promising solution
appears to be to combine the triple time method with error-limited time step ramping
technology.

The triple time scheme was originaly proposed by Venkateswaran and Merkle [42].
This scheme uses three pseudo times to control the accuracy, the robustness and
nonlinear convergence, and linear convergence separately so that we can use different

preconditioning according to different requirements. By solving the nonlinear equation

1



exactly instead of approximately, we can use an infinite CFL at the linear part of the outer
convergence and obtain an exact Newton solver. So no preconditioning is needed in the
nonlinear level because we can use an infinite CFL, but at the non-linear part of the
outer convergence, we can rot use an infinite CFL and have to start with a small CFL and
ramp it to infinity. So at that part the outer convergence will be very slow if it is not
preconditioned. This is especially true in complex problems, but this issue can be
alleviated by using the error-limited ramping technology to optimize the CFL ramping at
the nonlinear part of convergence. The error-limited ramping technology is first
introduced by Edluke (it is not published), who ramps the CFL by allowing the change of

the solution by explicit method to be less than a specific amount.

1.4 The Present Research

In this thesis, we will study the convergence of the triple time scheme by the stability
analysis and use some simple computational cases to test the convergence and robustness
of our scheme. Also, an anlysis for the error-limited CFL ramping method is given and
some computational results are presented.

The code we are going to use is an in-house code called GEMS (general equation and
mesh solver) [24], which is a three dimensional, unstructured, parallel code for arbitrary
fluids. It has been used for turbulent flow, steady and unsteady, combustion, and MHD
applications. The primary linear solvers are Line Gauss Seidel [8] and GMRES [35, 53].

The thesis is organized as follows. In chapter two, we formulate the general triple
time formulation and introduce the Diagonally Dominant Line Gauss Seidel linear solver.
In chapter three, using stability analysis, we optimize the three preconditioners for
artificial dissipation, nortlinear robustness and convergence control, and linear

convergence control. After that, we present the stability analysis result of our triple time
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system. In chapter four, the CPU time and storage for linear iteration and nonlinear
iteration are analytically estimated and compared with the numerical computation. In
chapter five, some robustness and convergence improvement results are presented and
analyzed for selected cases. In chapter six, we discuss the error-limited time step ramping
issue. A theoretica reason for the feasibility of this method is given and some numerical
results of this method are presented. In chapter seven, we summarize some of the results

we obtained and give a direction for future research.
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Chapter 2
Triple Time Formulation

2.1 Introduction

In this chapter, we begin with the general equations of fluid mechanics to
formulate the triple time formulation. The first pseudo time produces the artificial
dissipation by following the standard approximate Riemman Solver. The second pseudo
time is introduced to solve the discretized equation system by an implicit marching
method. The third pseudo time is to solve the linear equation obtained in the second
pseudo time iteratively. Finaly, to solve the triple time equation, the approximate
factorization solver of diagonally dominant line Gauss Siedel (DDLGS) is presented.

2.2 Governing Equation

The unsteady Navier-Stokes equation can be written as the divergence of a four-

dimensional vector:

N:F=0 (2.1)
where, the flux vector F is given by
F=Qe+E- E)i+(F-F)i+(G- Gk (22)

and the divergence operator is
il 1l 1l il

N=—g+—i+—j+—k
It > qy 9z
Q, E, Fand G are the conservative flux vectorsin x, y and z directions respectively. They

are:

14



& r o & ru o e rv o & rw o
g ru - gru2+p: g rw - g ruw -
Q:g rv :E:g ruv i,F:grv2+p:,G:9 rvw : (2.3)
c rw = Cruw = ¢ rvw =  ¢crwi+ps
&rhe - pg & run® ; § rvhe ; § rwh® E

E,., F, and G, arethe viscous flux vectors,

8
o
O
8
o
o)

Xy
t, .
t, +

u'[Xy+vtW+W’[Zy+kTy§ﬂ

1
DO 1O v O O O
§ — —

X
Iu
1

1
DO 1O v O O vO

|

s
s
+
2
+
a
_|

<

@
11
40 O v O O OR
—
|

()

utxz+vtyz+vvtzz+kTZ;

Where t .t ,... aethe nine components of the stress tensor t and are given as
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In this thesis, only the Euler equations are considered. The methods defined extend
directly to the full Navier-Stokes equation.

Equation 2.1 is the most general equation. It is unsteady, viscous and three-
dimensional. It can be simplified to steady, inviscid, two-dimensional or one-dimensional
equations very easly.

As witten, equation 2.1 contains 6 unknowns (p,r ,h°,u, v and w) but only 5
equations. To close this system, we must add two more equations, the state equation and
the enthalpy equation. To enable the equation set to apply to genera fluids including
perfect gases, incompressible liquids, real gases, supercritical fluids and other generic
fluids, we express the equation of state as an arbitrary function of pressure and
temperature
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r= r(p,T)
and choose an analogous relation for enthal py,
h=h(pT)

The stagnation enthalpy, h®, can then be defined as,
h = h+%(u2 +v? +w2)

The equation system is closed by adding these three relations to equation 2.1.
For completeness, we also define the internal energy, e, in terms of the enthalpy,

pressure and density as,

h=e+p/r
and define the total internal energy,

re=rle+(uz+v2+w?)/2]
Straightforward extensions of these equations along with the incorporation of additional
conservation equations allow this system to be applied to multi-component and multi-
phase fluids [25,40,48].

2.3 The Time Marching Method and Selection of the Primary
Dependent Variables

The time marching method is an iterative method that adds a pseudo time to
simulate the physical transition from unsteady to steady state. It uses the pseudo time step
to control the convergence and robustness by analog with the physical time derivative.

We add a pseudo time to equation 2.1, obtain:
Qif-F=0 2.4)
qt
Note that all derivatives are in conservative form in the formulation 2.4. We must use the
conservative form in the physical derivatives to keep accuracy (note that this statement

applies to both physical time and space). But it is not necessary to do that in the pseudo

time derivative since it just serves as a path to the final solution. Whether it is
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conservative or not does not affect the fina solution apart from a possible impact on the
artificial dissipation as is noted below. By choosing any variable set Q, as the primary

dependent variable, we can write the pseudo time derivative in equation 2.4 in the non

conservative form:

IQ 19,
1Q, Tt

In principle, the primary variable Q, in equation 2.5 is arbitrary as long as each of the

+N-F =0 (2.5)

four flux vectors, Q, E, F and G can be expressed as a unique function of the primary
dependent variable. Consequently there are numerous potential choices for the primary
dependent variable. Severa of the most commonly used variables are discussed below.
The first choice is the conservative vector, Q defined in equation 2.3. The shortcoming of
using this conservative variable is that it is not the variable that we are familiar with and

can be easily measured; A second choice is a set containing entropy, for example,

Qs =(p,u,v,w,s)T . Other sets of variables in this family can be obtained by replacing

‘P by ‘r’, ‘T’ or enthapy. A third choice is the “nonconservative’ variable vector,

Q, = (r ,u,v,w, p)" . The fourth choice is the primitive vectors, Q= (p,u,v,w,T)". The

primitive variables appear to be the most appropriate choice because of the following,
1. They apply to both compressible and incompressible flow since al of the components

of Q, vary in both compressible and incompressible flow. Note choosing density as

one of the primary variable precludes the computation of incompressible flow in
which the density is a constant.

2. When pressure and temperature are used as the primary dependent variables, we can
calculate the enthalpy directly rather than iteratively as when his known and T isto
be determined.

3. The primitive variables set alows us to compute directly the variables that are
generally of most interest.
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By choosing Q, =(p, u,v,W,T)T as the primary dependent variable, we can write
equation 2.5 as:

1Q T1Q,
1Q, it

+N-F=0 (2.6a)

For convenience, we can then define the matrix, G,,as

G, = 1. 2.7)

so that equation 2.6a becomes

Tt

G, +N-F=0 (2.6b)

P

Since the pseudo time term, G, has no effect on the final converged solution,

the physical Jacobean, G,, need not be used but can be replaced by another matrix. An

important point to note here, is that the choice of this matrix can affect both the
convergence and the robustness of the iteration. For now, we simply replace the physical

Jacobean G, by some “artificial” matrix C. Then equation 2.6b becomes

G&+N-F:O (2.6c)
[

In summary, it isimportant to emphasize that the sole purpose of the pseudo time
is to obtain the solution to Equation 2.1. Thus, it is appropriate to choose the vector of
primary dependent variables for convenience. Similarly, it is important to choose the
coefficient matrix, C, so that it provides the most efficient convergence. This
construction provides a very flexible ‘iteration’ procedure. We discuss methods for
selecting C in later sections, but first digress to discuss the several functions that a

pseudo time serves.
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2.4 Triple Time Formulation

To solve equation 2.1, We introduce a triple time formulation. The first pseudo
time isintroduced to define the artificial dissipation. A discretized equation is obtained in
this step. The second pseudo time is introduced to solve the discretized equation. The
Euler implicit method is used and the equation is linearized and written in the delta form.
The formulation for this step must be designed to deal with the robustness difficulty of
the highly non-linear part of the convergence process. A third pseudo time is introduced
to solve the linearized delta form equation by another time marching method and should
be chosen to achieve optimum convergence of the linearized equation.

2.4.1 TheFirst Pseudo Time: Defining the Artificial Dissipation

No matter how it is added, all CFD schemes contain artificial dissipation. Some
add artificial dissipation by means of an overt action while some incorporate it inherently
through the discretization. No matter how it is added, artificial dissipation plays a very
important role in CFD and can affect both the rate of convergence and the accuracy of the
final solution. Depending upon the manner in which it is formulated, artificial dissipation
can improve, have no effect or detract from the rate of convergence of a computational
algorithm. Similarly, it can improve the accuracy of the fina solution by eliminating
“wiggles’ and detract from the accuracy by smoothing out steep gradients and shock
features. Consequently, it is very important to keep a proper amount of artificial
dissipation in the scheme. An important characteristic of an artificial dissipation criteria
isthe rate at which it decreases as the grid is refined.

In the present thesis, we obtain the artificia dissipation by a modification of the
standard Godunov/Riemann procedure [20, 27]. The issue regarding the definition the
proper amount of artificial dissipation is presented |ater.

Traditionally, the Godunov/Riemann method uses a physical time as an ad to
define the artificial dissipation. In the present approach, we replace this physical time by

an artificial time. Because we anticipate using other pseudo times, we use the subscript
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‘1’ to denote the presert pseudo time. Consequently, by replacing G by G andt by t,
in equation 2.6¢, we obtain

1,

G g +NxF =0 (2.6d)

1
To solve equation 2.6d numerically, we integrate this equation over a space-time volume
W, obtain:

QG 1%?" dw+ ¢l - Fdw=0 (2.82)

The integrand G 1?" can be converted to a perfect differential by defining a new

1

variable, Qf as,

19, _1q¢
ft, it

where we have taken the coefficient matrix, G , as the Jacobian,

G

_IQr 2.8b
o (2.80)

Using this new variable, Qf, we can now compute the average integral of the pseudo time

derivative over the volume, W, by defining an average value over the control volume,

— 1 s
¢=— qgfdw
N w
The integral of the pseudo time derivative then becomes:

1Q, Qe ‘HQ
dw = gy —<L dW— — i QBW = —L W (2.9)
Qq Tt, Q/ I, { 1 M
The second term, the convective integral, can be converted to a surface integral by using

Green's theorem as shown in the following
@il - FdW= gy - ndS (2.10)

Where n is the unit normal vector of the surface and W is the surface area of volume W

in afour dimensiona space (space-time).
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Substituting equation 2.9 and equation 2.10 into equation 2.8a, gives,

&W+%-nd820

T,
We now divide the surface of the volume into K distinct faces of finite area so that this
eguation becomes:

Q, £ .

—L W+ F.-ndS =0

T, ka:.qu N dS

where subscript ‘K’ is the face label. If every surface k is a planar surface and F, is

constant on surface k or if F, isviewed as an average, we can write the last equation as:
ElIW+;‘§K_ F.-nS =0 (2.11)
T, k=1

This equation is the standard form for any approximate Riemann solver except that we

have extended the space flux to a space-time flux, we have used a pseudo time, and the

primary variables are not in the standard form. Using the standard high resolution

procedures [27, 20], the fluxes can be evaluated by using an approximate Riemann solver

in which the normal flux, Fpy, through the face k is calculated from the numerical flux

vector,

1 1
Fnk ° E(FnL + I:nR)k - E

TF
"l (d 1¢k
ﬂQl‘Jk( Q )

_1[1F, 1Q,| @ose
2/1Q, 14| £1Q, 5

Where F, = F - n and the subscripts ‘L’ and ‘R" on F, and Q, indicate the left and

(2.12)
@u - Q,),

1
= E(FnL + FnR)k

right side of the surface ‘k’ respectively. Note that we must retain the variable, Qf, in

computing this flux since it is the conservative variable that appears in the time derivative.
The second term in the numerical flux in Equation 2.12 is the traditional artificial
dissipation term that is introduced in the approximate Riemann procedure. Accordingly,

we also seethat Qf is the variable with which we define the artificial dissipation.
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Defining the flux Jacobian in the normal direction,

_IF,
Pon = 1Q,
1

p

and using equation 2.8b to replace the pseudo time Jacobian

by its equivalent

matrix, G, we have,

I:nk :%(FnL +F - _|Ap Gl | QpR QpL)k

Using the identity

G).[G AL,

and dropping the subscript n on the flux vector and the Jacobian by assuming that the

fluxes and Jacobians all represent the flux in the normal direction on the given face area,

we get the fina form for the normal flux,

=2 (R - 2@)J67A) Q- @), (213

The last term in equation 2.13 is the artificial dissipation which is related by the pseudo
time, t, and the matrix, G.

Substituting equation 2.13 into equation 2.11, gives,

1%?1 we 8 SR+ F). - 3(@)JG A, (@ - ) i =0 (214

To de-couple the artificial dissipation from the iteration process, we discretizethe t, time

derivative, set Dt, to be infinity, and divide by W in equation 2.14 to obtain the

algebraic flux conservative relation,
18§ el 1 . )
Wl & F Rl S(G[E7A (0 Qu ) i =0 (2159
By pulling all subscripts ‘k’ out of the bracket, we define this algebraic flux conservative

vector as the discretized divergence operator

N, - F=rd o F +Fo)- 36[67A Q- S (2150)

=

11 QJOX

1
W

1
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Substituting 2.15b into equation 2.15a, we obtain a more compact form for equation
2.15aas

N, -F=0 (2.15¢)
Note that this divergence operator is algebraic and no longer differential. In addition, note

that the Jacobian matrices G and A, now appear in the artificial dissipation term.

Accordingly, the matrix q‘q 1Ap‘ should be defined very carefully to ensure both a

proper amount artificial dissipation and that the jump in the flux vector is equa to the
mean Jacobian times the jump in the primary unknown variable. The preconditioning G

developed by Merkle and Choi [11] can ensure the proper amount of artificial dissipation.
These issues will be discussed in detail later.

2.4.2 The Second Pseudo Time: Solving the Non-Linear Equation
To solve the discretized non-linear equation 2.15a, we add a second pseudo time

t , and introduce a corresponding matrix G, to give another time-marching equation.

Q, 1061(

T, Wis82

Note that we allow the new matrix G, to be distinct from the artificial dissipation matrix

+Fa) - 2(G)]G A Q- Qu), @ 0 (219

G if this should prove convenient.
After discretizing by the Euler implicit method, this equation becomes

K . N+l
o)

D%(er Q)+t S (R R - 5@ A, (@ QJ@Z =0

I k=1

(2.17)
Where the superscript ‘'n’ indicates the t , time level.
Next we use the standard linearization procedure to linearize equation 2.17.

According to the Taylor series expansion, we have,
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2F 0 1Q,
1Q, 5 ft,

Fn+1:Fn+§qﬂIt_Fgug+0(thz): F"+ Dt2+0(Dt22)
2

=F"+

®fF O )
where DQ, = Q™ - Q;.

Ignoring the higher order term, the last equation becomes,

dn
Fn+1 :Fn +%ﬂF : DQp
éﬂQp P
Applying the last equation to F, and Fy, since the flux at the left (right) hand side is a
function of the variable at the left (right) side of the face

FL=F (QpL)
and
Fr=Fg (QDR)
we obtain,
(.jn
F,_n+1 = FLn + ?SL : DQpL (2.183)
pL @
and
n+ n %ﬂF on
F 1o F." + R - DQ (218b)
R R éﬂQpR 5 pR

Note that for first order system, the variables at the face, Q, and Q. are equa to the

value at the left and right cells of the face respectively, but for second order system are
computed by the reconstruction procedure (see subsection 2.5) and are functions of the
corresponding variable at all adjacent cells. We define

= T“:L
APL ﬂQpL
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k=

Ar =

Qx
Substituting these two relations into equations 2.18a and b respectively, we obtain
F"™=F"+A."DQ, (2.18¢)
and
F =Fe + AL DQ,x (2.18d)

The artificial dissipation term in equation 2.17 can be linearized in a similar way. Before

Iinearizing it, we expressit in asmpler form by defining

O== |Gl Ap| (2.18¢)

Then the artificia dissipation term becomes

1 )
~(@)Ja " A, (Qur - Quu), =0 - Quu),
The linearization of the artificial dissipation becomes

{O(QPR B QpL )k}n+l

:{O(QpR - QpL) } +Dt 2‘i ﬂ:-[ [O QpR QPL) 12

= {O(QpR - QpL) } + Dt 21 Oﬂ (QpR QpL)kg +Dt 2} (QpR - QpL)k %g

={0(Q, - @, ).} +{oloo - D, ). ) +Dt2|(QpR o). %OZ

Ignoring last term at the right hand side of the last equation, we obtain,

Qe - Quu ), [ =10(Qu - Quu ).} +10(0Q4s - DRy )1
Substituting equation 2.18e into the last equation, gives

N+l ,.N
u

:ié(Q)k\qW\k(QpR-QpL)kg =1 @ea] 0 ng " (al]aa] oo Q.

(2.18f)
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Substituting equations 2.18c, d and f into equation 2.17 and pulling all the subscripts ‘K’

out of the bracket, we obtain,

1G 146 L, 1 0 U

%uz +Wka:.1 2(ApL L TA PR R) Gl|Gl A| L) k&g DQp .19
118

=i G (F +Fo)- 5608 A 0 - 04) skg

Thedot * - " impliestheterm DQ_, should be put in the dot position. For example,

1§ é1

la ”_( pL L ApR R)' _Gl|Gl Ap| DQ

2 82 H ?; n (2.208)
& él 1 -1 y l;l
,}ka:-lg_( o DQp + ApRDQpR)- EGI|GI Ap|(DQpR ) DQpL)akS(%

Note that the quantities, DQ, that appear in this expression are not the unknowns at the

cell center, but rather the reconstructed values at the cell faces (see section 2.5).

To simplify the notation, we define the discretized Jacobian divergence operator as

N, A, 182(Am- A ) q|q Al ELS“ (2.200)

Equation 2.20b is a general expression for the Jacobian divergence. Later on, we will use
different subscripts on the operator N, XA to indicate the application of equation 2.20b
to the specific conditions. The subscripts ‘2" and ‘3" will be used to indicate the second
and the third pseudo times respectively, and the subscripts ‘I’ and ‘11" will be used for the

first and second order discretization respectively.
Substituting equation 2.20b and 2.15b into equation 2.19a and use a subscript ‘2’ as the

operator N, XA to indicate the second pseudo time, we obtain

6G,

_eDt—+(ND><A)uDQ - (N >F) (2.19b)
et

For later convenience, we define the whole operator on the left hand side and the residual

of equation 2.19b as
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é - 0
L =62 +(\, <A, ) 4 (2.200)
u

R, =(N, )" (2.20d)
so that equation 2.19b can be written as the very simple form

L,DQ, =- (2.190)

The Euler implicit formulation in equation 2.19Db, in theory, provides an iterative

path for updating the variable, Q,. Our god is to perform the iteration in an optimum

manner. The convergence rate of a fully implicit time-marching algorithm increases
monotonically as the time step is increased if the initial condition is sufficiently close to
the final solution) and duplicates Newton's method in the limit of an infinite time step.
The deficiercy is that Newton's method is highly efficient near convergence, but is
sengitive to initial conditions and will diverge when the initial condition lies too far from
the solution. Euler-implicit time-marching methods provide a natural path around this
difficulty. A small time step can be used to limit the changes in the solution at the outset
of the computation (the ‘inexact Newton’ problem) and then increase as the solution
nears convergence.

Although equation 2.19b is linear, it is expensive to solve because it is wide
banded for multi-dimensional systems. Conventionally it is solved by some approximate
factorization method, such as ADI, LU, line Gauss Siedel [8,9] or GMRES [35,53].

Approximate factorization methods generally use a first order discretization for

the t , Jacobian divergence operator, (ND ><Ap)2 , which will slow down the convergence

rate for higher order discretization of the right hand side, but will not impact the
resolution of the final solution because equation 2.19b is a delta form and the left hand
side of this equation does not affect the solution as long as the iteration converges.
Conseguently, we obtain an inconsistent discretization system because of the inconsistent
discretization accuracy on the left hand side and the right hand side of equation 2.19b.
The convergence of the approximate factorization is not only slowed down by the

inconsistent discretization, but aso by the CFL limitation. Approximate factorization
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introduces an optimum CFL beyond which the convergence rate slows down. The
optimum CFL forces us to use steady preconditioning in G and G, to ensure al errors
decay in the same order of speed. But the steady preconditioning is much less robust than
thephysical G, G, .

A way to get around these two dilemmas is to solve the linear equation 2.19b

exactly, which is introduced in the next subsection.

2.4.3TheThird Pseudo Time: Solving the Linear Equation
In this subsection, we solve equation 2.19b by introducing a third pseudo time.

We first define the new variable 6,, :Q§+1 and add another pseudo time t , to solve

equation 2.19b for Qp . Upon adding the third pseudo time, we have

it, Ot,

G, Q,- Q)+ (R, %A, ) "(@Q, - QD) =- (R, xF)"

In the limit as Dt ; goes to infinity, the last equation reduces to the desired solution of
eguation 2.19b.
To solve the last equation, we discretize it in pseudo time t ;. Using an Euler

implicit method and writing in delta form, we obtain,

€eG, |, G 24 [

CRC

0Q, =~ (\y )" g% +(f x4, ) g @7 - QD)

el

(e Y ey e’
>

(2.219)
Multiplying equation 2.21aby Dt ,, we obtain

A N n éu3 N i} ~m n
II?p:'DS(ND ><F) B eué C':é+[13(ND ’AJ)ZE (Qp 'Qp)
2 u

O C‘3

: (B 0 -
éﬁ”LD_SGZ?"us(ND pr):a
d 2 @

(2.21b)
where D(Sp = ég‘ﬂ - 6,’)“ and the superscript ‘m’ indicates the t , time level. The term,

GDt,/ D, acts as asink term, which is helpful for the convergence. The subscript ‘3’
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on (N, xA,); indicates the discretized Jacobian divergence, (N, xA,) athe t, time
level. (N, %A ), is traditionally discretized as first order while (N, xA)), can be

discretized as any order of accuracy in an approximate factorization solver.
For later convenience, we define the triple time residua at the right hand side of
equation 2.21aas

R, = (N )"+ g+ (4,207 - Q) (2229

and the left hand side operator as

6 i 0
.= ei + 2L, A, ). (2.22b)
eu 3 2 u

where the subscript ‘3" on the operators, ‘L’ and ‘R’, indicates that it is the operator

corresponding to the third pseudo time. Consequently equation 2.21a can alternately be
written as

L,DQ, =-R, (2.23)

The triple time formulation is not finished until the three CG’s are determined.
Obvioudly the three C’s are very important and not arbitrary. We delay their definition to
the next chapter, and for now, ssimply use them as parameters.

For convenience, we will refer to the convergence of equation 2.21a as the ‘inner’
convergence, as compared with the convergence of equation 2.19b, which we will call the
‘outer’ convergence.

The direct solution of Equation 2.21a is expensive for the same reason as solving
equation 2.19b. Accordingly, we use an approximate factorization method to solve
equation 2.21a. In this thesis, we use the diagonally dominant line Gauss-Sediel (DDLGS)
method [8,9]. Since all Jacobian matrices are at time level ‘n’, equation 2.21a is a
completely linear equation and therefore easier to solve than equation 2.19b. Also, we
can store the LU decomposition of each tri-diagonal solver in the DDLGS method to

minimize CPU time.
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2.5 Green-Gauss Reconstruction

Before introducing the DDLGS approximate factorization method, we discuss the
reconstruction procedure for the higher order scheme. For the first order discretization,
we simply set the variable value at a face equal to the corresponding cell [27], which will
introduce a large error. For a higher order system, we use some reconstruction procedure
to compute the variable value at the face from the variable values at the surrounding cells
[27] and consequently make the scheme more accurate than the first order. The

recontruction methods compute the face value by a Taylor series expansion as

Qp = Qi +(NQp)ij XDF + ---
(2.24)

where Dr is the distance vector from the centroid of the cell ‘i,j’ to the face and the

gradient term (KIQD)ij will be computed by the least square method [27] or GreenGauss

method [27]. For a structured rectangular grid, it can be shown that these two methods
give the same result. Hence, only the Green Gauss method is presented.

Consider an equal-spaced rectangular grid with size Dx in the x-direction and Dy
in the y-direction in figure 2.1a ‘L’ and ‘R’ in this figure are the labels used to identify
the two sides of a face and the numbers, 1, 2, 3 and 4, are the face numbers. The goal of
the Green-Gauss method is to compute the gradient at the cell center ‘i,j’ from the values
of the surrounding cells. Therefore, we construct the Green-Gauss control volume for cell
‘1,J” by connecting the centroids of the surrounding cells as shown in figure 2.1b. The
volume of the Green-Gauss control volume, W, isthen clearly 2DxDy . Note that here we
use a prime to distinguish the control volume of GreenGauss from the control volume of
discretization.

The average gradient of this control volume is,

- 1 « 1 .. & .
NQ,;; :Wq:d\ldeW :m(ppndszkalka NS, (2.259)
we Wwe =
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Figure 2.1a Equal-spaced rectangular grids
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ij-1
Figure 2.1b The Green Gauss control volume for cell ‘i,j’ in figure 2.1a
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In equation 2.25a, we have applied the GreenGauss theorem to transform the volume
integral to the face integral.

Evaluate each face value, Q_, , by the average of the two end points to obtain,

pk ?

o= 1 €Quy; tQpju o)y Qi T Qi (e o
NO. . = = <pi-1,] pi,j+1 (_ i+ DX )+ —=Pui pi+1] - DX )+
QpI,J 2DXD]S 2 ( Dy J) 2 (Dy' J)
o +Q _ - oo+ 0 - ~\U
RTINS ZQ""”(- Dy - D)+ o ZQP”“ [y +Dx )y (2.25b)
a
1 > e
:m[(QpHLj - Qpi-Lj)DyI +(Qpi,j+1 - Qpi,j-l)DXJ]
The distance vectors from the center of cell ‘i)’ to the four faces of the cell are the
following
Dry, =- %T, (2.26a)
2
D, =- % i (2.26b)
Dr,, :%iﬂ (2.260)
2
Dr, = %T (2.264d)

where the numbered subscripts are the face numbers, and ‘L’ and ‘R’ indicate the sides of
the face.

Perform the dot product of the average gradient in equation 2.25b and the distance

vectors to get
(RQ, »or),, =- %(QpHL Qs j) (2.272)
(R, or),,, =- %(me1 - Q1) (2.27b)
(K, »or),, =% Qpivt; - Quir) (2.27¢)
k@, »or),, =%(Qpi,j+l - Qi) (2.270)
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where the subscript ‘1R’ indicates the right side of face 1, and etc.. By the same token,

we can obtain
(NG, »or), = %(Qpi' - Qs (2.289)
(RiQ, »or), =%(Qpi, - Quiz) (2.28b)
(kQ, »or),, =- %(Qw, - Quj) (2.28¢)
(NQ, »or),_ =- %(Qpi, - Qo) (2.28d)

Substituting equation sets 2.27 and 2.28 into equation 2.24 and ignoring the higher order

terms than the gradient, we obtain all face values at the surrounding faces of cell ‘i)’ as

(Qp)lR = pij +(N6p XDF)lR :Qpij - %(Qpi+l’j - Qpi-],j) (229&)
(Qp)4R =Quijx +(|§|6p ><DF)4R =Qpi e " %(me - Qpi,j) (2.29h)

Equation set 2.29 gives a second order accurate system by using the GreenGauss
reconstruction.

2.6 Four-Sweep DDL GS Approximate Factorization

Now, we discuss the DDLGS approximate factorization method. The line Gauss-
Sediel (LGS) approximate factorization method is a popular approximate method for
solving linear equations. There are several variants for this method, such as the
diagonally-dominant line Gauss-Sediel (DDLGS) method, the nondiagonally-dominant
line Gauss-Sediel (LGS) method, the two sweep line Gauss-Sediel method, and the four
sweep line Gauss-Sediel method [8,9], and etc.

In this thesis we use the four sweep DDLGS approximate factorization method to
solve equation 2.21a because of its faster convergence compared with the non
diagonally-dominant line GaussSedie (LGS) method [8]. DDLGS method was
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originaly developed for structured grids, but it can aso be extended to the unstructured
grids [24]. For unstructured grids it is difficult to write down and to be understood.
Therefore, only a rectangular grid is used to illustrate how the DDLGS approximate
factorization method works. The four sweep LGS approximation factorization for
unstructured grid follows that similar way [24]. For simplicity, only the two-sweep
DDLGS with both forward and backward sweeps in the X-direction is derived in detail.
The results for four sweep DDLGS are then given without derivation but their derivation
followsin asimilar way as the two sweep DDLGS.

Consider a two dimensional, steady flow and computational grids as shown in

figure 2.1. We begin by writing the first order expression for the discretized Jacobian

divergence operator, N XA, in terms of the cell values. In the N, XA, expression of

equation 2.20b, N, XA, is expressed in terms of the face vaues. Since for the first order

the “left” and “right” face values equa the corresponding cell values in figure 2.1,

equation 2.20b becomes
{oxa) =->|A, +A.-(Gaia) -clata) )
ALl in-laiga), -alaa) )

_ %% B, 4B, ,- -(Gl|qlB,,|j -G|G'B,| )]

%% B, +B,. - (q|qpr . "Gla'B,, )]

where the subscript ‘I’ on (ND ><Ap)I indicates the first order upwind.

This equation can be ssimplified by putting all terms at the same grid point together. It

becomes

N, _®el 1A e L B 9
(Noxa) = e GlGA - +5-Gla'S) -

+%§(Aﬁﬂ h Gl|qlAp i ) ) %é(ﬁ"l . +q|qlAP|i-1 )
oyl )55 (B ralae) ) @0
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To simplify the notation, we define the coefficients of DQ, at al five grid points as

— 1 -1 1 -1
3, =5-GG'A| - +Eq|el By, - (2:313)
11
i+1, ] :ED ( p|+L] ' G1|G1 Plisg,j ) (231b)
11
Jii1; :-EDX( Asi; - *G|GHA)| y ) (2.31¢)
_11 !
Jiju = 5 Dy( pi,j+1 "~ Gl|Glpr i,j+1.) (2.31d)
11
Jia=5 Dy( pia TGE'B| ) (231¢)
Substituting equation set 2.31 into equation 2.30, gives
(N ><'A‘p)l _‘] +‘]|+L| +‘J J|J+1 Ji,j—l (232&)

For the first order discretization of (ND ><Ap)3, we obtain the Jacobian divergence

operator for the t , time level to be
(ND XAp)3 :(ND ><Ap)| =J;+dg; ittt (2.32b)

Substituting equations 2.32b and 2.22a into equation 2.21a, we can re-write equation
2.2laas

& 0 ~
Dct;s ¥ D(? iy F it H Q=R (2:33)
é s 2

2

And the left hand side operator L, in eguation 2.22b becomes

_G . G
L, = - + = +3 iy it et (2.34)
3 2
To solve equation 2.33, we approximately factor it into the matrices that can be solved

simply. Following the sketch in figure 2.2, we designate al points on the line i=constant

(=1,J) asan ‘x-diagona’ term, D, , that is given by
D, = CIC +J; +J

+

X Ij+1
3 2

+3 (2.35)
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Figure 2.2 Definition of the * X-diagonal’ operator

Note that all termsin D, lie on the line i=constant.

Using equation 2.35, equation 2.33 becomes

(Dx +Jiy +‘Ji-1j)DQp:' R, (2.36)
A simple *approximate factorization’ of the whole Jacobian operator on the left hand side
is
i = Dx(' +D, "3 + DX-lJi-LJ)
:QQ+DJ%HN+DQQM)

Dx +Ji+Li

(2.37)

Where ‘I’ is an identity matrix. This factorization is clearly a good approximation to the

original matrix, L, in equation 2.34, if the quantities, D, 'J,,; and D, "J,,, ;, are small

i1, 0
with respect to the identity matrix (without going into detail we note that these two terms
are small for small enough valuesof Dt , since D, " goesto zero as Dt , goes to zero).

Upon symmetrizing equation 2.37 and substituting into equation 2.36, we have
the approximately factorized version of equation 2.36

(Dx + ‘]i-l,j)D;(l(Dx + ‘]i+1,j )Dép =-R (2.38)

36



Reference to the definition of D, in equation 2.35 shows that each of the three operators
in equation 2.38 is a tri-diagonal operator that can be solved efficiently. Equation 2.38

can be solved by a series of sweeps. If we replace the last two operators in equation 2.38

by the interim vector Dﬁp* as

DD, +3,..,)0Q, =DQ,’ (2.39)
Equation 2.38 becomes
(Dx +J )Dﬁp* =-R, (2.39b)

This is a tri-diagonal linear equation and can easily be solved for Dép* for the first step.

We then introduce a second interim variable, DQ,” as

(D, +3,..,)0Q, =DQ,” (2.390)
and by combining equation 2.39a and equation 2.39c, we have
Di'DQ,” =DQ,” or  DQ,” =D,DQ,’ (2.39d)

~

which shows we can compute DQ,” from the unknown vector DQ,” by a matrix

p
multiply.
Finally, we can solve for Dﬁp from equation 2.39c by a second tri-diagonal matrix.
Equations 2.39c and 2.39d could be combined to be one equation as
(D, +3...,)Q, =D,DQ,’ (2.3%)
From figure 2.3 we can see that starting from the left, we can march across the

entire field solving for DQ,” (and DQ, ) on each iline from i=1 to | using equations

2.39b. Then we can sweep from i=I to 1 to solve for Dép on each kline using equation

2.39¢, thus compl eting one update of the approximate factorization solution.
Upon multiplying out the approximately factored expression in equation 2.38, we

see that the actual equation we are solving is

(Dx ity i, D>-<1‘]i+1,j )DQp =-R; (2.40a)
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Figure 2.3 The forward sweep and backward sweep of two-sweep LGS

Thus, instead of solving the exact equation which is shown in equation 2.33 we are

solving an approximate equation. Using the definition of the operator L, in equation 2.34,
and equation 2.35 we can write equation 2.40a as

(L, +Err,, )DQ, =- R, (2.40D)
where the error of the approximate factorization, Err,, (the subscript ‘2X’ indicates the

error of the two-sweep DDLGS in the X-direction), is

Erry =3,y D)'(lJHlle (2.41)

It is dso useful to re-write the approximately factored version, equations 2.39b
and e in an dternate form. By comparing equations 2.34 and 2.35, we see that the
operator in equation 2.39b can be written as the equivalent expression in term of the exact

operator, L,, minusa‘corrector’ as

Dx+Ji_1]J. =lL,-J

i+1,
Substituting this relationship into equation 2.39b, we obtain

(Ls - Ji+1,j)DQp* =R (2.42a)

Similarly, we can write equation 2.39e as

38



~

(L3 " i )Dép =-Ry- 31,,0Q, (2.42b)
Equations 2.39b and e or equations 2.42a and b, give the identical equations for the two-
sweep DDL GS approximate factorization method. Although the equation set 2.42 appears
to be an arbitrary replacement for the exact operator, the more logical approximate
factorization approach shows that it is factored upon a rational analysis. Equation 2.39b
or 2.42ais the forward sweep in the xdirection and equation 2.39e or equation 2.42b is
the backward sweep in the x-direction.

Investigation of equations 2.33, 2.35 and 2.37 immediately suggests we could do
asimilar two-sweep factorization in the y-direction by defining

D.=2.:% 13543

o, o, T e

(2.43)

i-1j

This ‘diagonal’ operator is clearly a tri-diagonal operator along a j=constant line.

Accordingly we could express equation 2.33 as

(D, + 3,5+ 3,,..)0Q, =-R, (2.44)
and do a similar factorization in the y-direction as we did in equation 2.37.

By combining these two two-sweep operators together we can after substantial
algebra obtain a four-sweep approximate factorization (see appendix B) as

(DX + ‘]i—Lj )Dxl(Dx + ‘]i+Lj )Dl(Dy + ‘]i,j—l)D;/l(Dy + ‘]i,j+l)[ﬁp =- RS (245)

where the new diagonal term, D, is
D=L,+J_,,;D;"J

+J;,.,D,J (2.46)

i+l ] i,j+1

Again, we expand the operator at the left hand side of equation 2.45 and write equation
2.45 as the form of the exact operator plus an error as the following (see appendix B),

(L, +Errg)DQ, =- R, (2.47)
where the subscript ‘4S on the error of the approximate factorization, Err,g, indicates
the four-sweep DDLGS. Err,g is

Erf,s =J; .03, ;,D 1, D;}

x Vit (248)

i,j+l
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Also, this equation can be written in four steps, which correspond to the four sweeps in
the four-sweep DDLGS. The derivation is given in appendix B and not presented here for
complexity and only the results are given in equation set 2.49 and 2.50.

D, +J|1;)|n =-R; (2.493)

(
( I+1,J) ~p* :DxDép*
o,

(2.49b)
Dy +Ji;. 1) ~p** = DD@D** (2.49¢)
(D +‘]| J+1)DQ =D DQS h (2.49d)

Again, we can write equations 2.49a, b, c and d as the equivalent expression in term of

the exact operator, L,, minusa‘corrector’ as

(- 9..,)0Q, =-R, (2.508)
(L,- Ji.L,-)Dép -Ry-J.,,0Q, (2.50b)
Ly~ 9,5u)0Q," =+ Ry- Ji,mDép“ (2500
(L,- Ji,j.lmp =-R-J,,..0Q," (2.50d)

The equation set 2.50a,b, ¢ and d or equation set 2.49 is the four-sweep LGS
approximation method for two dimersions. Equation 2.50a or 2.49a is the forward sweep
in the xdirection; Equation 2.50b or 2.49b is the backward sweep in the x-direction;
Equation 2.50c or 2.49c is the forward sweep in the y-direction; Equation 2.50d or 2.49d
is the backward sweep in the y-direction. Every iteration step includes all four sweeps.
Since every equation in equation set 2.50 or 2.49 is a tri-diagona linear equation, it can
be solved very eadly.

Equation set 2.50 is to remember and code than equation set 2.49. But equation
set 2.49 is very useful for the unstanding.

A similar six-sweep approximate factorization scheme can be written for three
dimensions.
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2.7 Summary and Implementation for the Triple Time Method

For convenience, we summarize the triple time formulation for the four-sweep
DDLGS approximate factorization (rectangular grids) here. The triple time equations are
equation set 2.49 and are repeated here as equation set 2.51.

(D, +3.,, ), =-R, (251a)
(D, +3..,)0Q," =D,DQ, (2.51b)
(b, +3 )8, =b03." o510
(Dy + Ji,m)D@p =D,0Q,” (2.51d)

where D,, D, and D are defined in equations 2.35, 2.43 and 2.46, and are repeated here

as equations 2.52a, b and c respectively

D, = DC;? +Dti+J” + 3t (2.529)
3 2
D, = Dti-l- Dc:z + 3+t (2.52b)
3 2
_G G _ _
D= Dt + Dt tJy t iyt i i +Ji—1,ij1Ji+Lj +Ji,j-1Dlei,i+l
3 2

(2.52c)
To obtain equation 2.52c, we have substituted equation 2.34 into equation 2.46.
Where the Jacobian matrices, Js, in equation set 2.52 are given by equation set 2.31 and
are repeated here as equation set 2.53

1 1 1 1
J, :&q|el Ap|i’j : +5Gl|q Bp|”_ : (2.53a)
RS SRR N (253)
Jig =- %é(Api-l,j ' +Gl|Gl-lAp|i_lJ ) (2.53c)
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11 i
3= Ea(spi,jﬂ -gla's,) ) (25%)
_ 11 ( . )
‘Ji,j-l_-EDy pij-1" Gl|Gl B |IJ 1 (2536)

And the triple time residual is defined in equation 2.22a and is repeated here as equation
2.54

. €G
Ro= (N, )"+ e+ (0 XAP)LJ(Q - Q) (254
e
The flux divergence is given by equation 2.15b and is repeated here as equation 2.55
- n_1&él 1 |~ 0
(ND ) F) :V_szlgz(FL + FR)' EGI‘GI 1Ap‘(QpR - QpL)HkSk (2.55)

and the Jacobian divergence is given by equation 2.20b and is repeated here as equation
2.56

(ND XAp)n \:}V:lgi(ApL L +A PR R Gl|Gl Ap| Hksk (2-56)

The following is the procedure to implement the triple time method, we start from the

solution Q; at the old time step

1. Computevaluesof Q, and Qy at all surrounding faces of each cell from equation set
2.29.

2. Compute the fluxes F, and Fy, and the Jacobian matrices G and Gl'lAp from Q,
and Qy.

3. Cdculatetheresidua in t,, N, xF from equation 2.55.

4. Compute the discretized divergence operator N, xA,, from equation 2.56.

5. Compute the matrix coefficients J s from equation set 2.53 for al cellsusing G and

G 'A, fromstep 2.
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6. Using the last solution 6pm (or the initial condition of épo =Q,") and the
divergence operator from steps 3 and 4, compute the triple time residua R, from
equation 2.54.

7. Compute a new update Dép from the DDLGS systems of equation 2.51 using the
definitions in equations 2.52a and b.

8. Compute the new solution as (Spm” = épm + Dép and repeat steps 6 through 8 until
the Mth step or Dép is less than some specified tolerance.
9. Set Q,"" =Q," to complete the time step.

10. Repeat steps 1 through 9 until the error Q,"" - Q," less than some specified

tolerance or running out of the specified number of iterations to finish the whole
iteration.
11. Obtain the final solution

2.8 The Degeneration of Triple Timeto Single Time

The triple time formulation can be degenerated to the single time method
[18,24,42] and dual time method by appropriate ssmplifications. Thus these more familiar
systems represent subsets of the more general triple time system. In the following, we
will show how the triple time scheme degenerates to the single time and dua time
schemes.

To degenerate the triple time scheme to the single time scheme, we first set
G =G, in the triple time equation 2.51a, b, ¢ and d, so the artificia dissipation is
determined by the time marching procedure, then use only one inner iteration

(Q,' =Q,™), and use the previous outer iteration solution as the initial condition for Q,
~ 0 _ n
(Qp _Qp )l then
DQ, =Q; - Qp =Q;* - Q; =DQ, (257)
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Using the assumption that on = Qpn , the second term on the right side of equation 2.54
vanishes, so that the residual of the third pseudo time R, becomes equa to the second

pseudo timeresidua R, (Seeequation 2.22a), obtain

R, =(N, )" =R, (2:58)
Setting Dt , to infinity in equations 2.52a, b and ¢, and re-defining the ‘x-diagonal’ term

as DX(, the ‘y-diagonal’ term as Dy( and D as D¢, we have

p %= D? L R (2.59)
2
¢_G
D, = o 3y (2.59)
_G . _
D¢= Dt +Jy tdg i i a Tty Dxl‘]i+1,j +‘]i,j-1Dyl‘Ji,j+1 (2.59¢c)

Substituting equation 2.58, 2.59a, b and ¢ into equation set 2.41, and using DQ,", DQ,"

~ %

and Dme to replace D(':)p*, DQ,

instead of triple time, we obtain

" and Dép to indicate that it is for the dua time

@ﬁ 3.9Q, =R, (2.609)
8,5+ 3., 9Q," =p,%Q, (2.60b)
%43, 800, ~D®Q," .
&,+3,,.9Q, =D, D0, (2.60d)

We call equation set 2.60 the single time scheme because the third pseudo time vanishes
and only one pseudo time exists. A variation of the single time method would be to leave
G different from G, so that the preconditioning for the time marching is different from
the artificial dissipation and consequently provide us more freedom to implement the

scheme. This could be considered as a ‘dual’ time.



In summary, the triple time scheme is a general scheme and contains the single
time scheme as a specia case. If we use only one inner iteration, use the previous outer

solution as the initial condition of inner iteration and set Dt ; to be infinity in the triple

time eguation, we get a new single time formulation in which the preconditioning in time
marching is different from the preconditioning in artificial dissipation. If we further set
time marching G, equal to the artificial dissipation G, we obtain the traditional single

time scheme.

2.9 The Degeneration of the Triple Time Method to the Multiple
DDLGS Iteration Method

Besides the triple time method, there are other iteration methods to solve equation
2.19b. One typical way is the multiple DDLGS iteration method [24]. We prove in this
subsection that the multiple DDLGS iteration method is just a special case of the triple
time method.

This time we use equation set 2.50 instead of equation set 2.51 because equation
set 2.50 is more similar to the multiple DDLGS iteration method. We start with the first
sweep of the four-sweep DDL GS approximate solver, equation 2.50a (re-l1abeled as 2.61),

(- 3,)00, =- R, (2.61)

We assume that the Jacobian divergence operator (N o XA, )2 in R, is discretized to be

the first order (see equation 2.32a) so that

~

(ND xAp)z = (ND xAp)| =Jt iy v i a i (2.62)

Letting Dt ; go to infinity in equation 2.34 and re-defining the exact operator L, as L,
for the vanish of the third pseudo time, we obtain

G

2

L,=L,=

+3 gty i t (2.63)

Substituting equation 2.62 into equations 2.54 and applying equation 2.63, we obtain
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N n, & 0 ~m n
R, =(N, *F) +ED%+J” iyt +‘]i,j+1+Ji,j.1“+a(Qp - Q) 260
=R, +L,Q"- Q")

Substituting equations 2.63 and 2.64 into equation 2.61, after arrangement we obtain

(L, 3.:,)PQ, =-R,- LQ- QD) (265)
Equation 2.65 can be re-arranged as
(L,- 90, 00Q, +Qr-Q)=-R - 3., @) - Q) (2.669)

Substituting equations 2.63 and 2.64 into the other three equations of DDLGS, 2.50b, ¢
and d, after arrangement, we obtain

(L,- 3.4, JDQ,” +QT-Q1)=-R,- 3., (D], +Q - Q") (2.66b)

(L.- 9,000, +Qr - Qp)=-R - 3,,.(0Q," +Q7'- Q) (2.660)

(L,- 3,,.)DQ,+QT- Q1)=-R,- 3, . (OQ,™ +Qr- QV) (2.660)
Obviously, we can re-define the intermediate variables as

DQ, =DQ, +Qj' - Q; (2.673)

DQ, =DQ,” +Qj - Q; (2.67b)

b0, =03, +G7 - Q! 2679

After substituting equation set 2.67 into equation set 2.66 and applying

DQ, = ('t)?*l - 6;‘ to equation 2.66d, we obtain

L- J.,,0Q, =-R,- J,.,,(Q,"- Q,") (2.684)
Q) =-R,-3,,,0Q, (2.68b)
L, - Ji,j+l)DQp*** =-R,- ‘]i,j+lDQp** (2.68¢)
L,-3,.)Q, - Q" )=-R,- 3,,..0Q," (2.680)
Equation set 2.68a, b, ¢ and d is the multiple DDLGS iteration method for the non-linear
equation 2.19d, which is similar to the DDLGS approximate factorization method except
we add the previous iteration solution at the right hand side of the equation 2.68a.
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In summary, the multiple LGS iteration method is just a special case of triple time

method, in which Dt , goes to infinity and (ND ><Ap)2 is discretized to be first order.

Results shown later indicate that infinity is not always the most optimum value for Dt ;.
Further, using consistent discretization in the t, and t , operators (as opposed to using an

inconsistent first order operator as in the iterative method) gives a substantia gain in
efficiency asis shown later.

2.10 Boundary Conditions

2.10.1 General Formulation

The solution for any differential equation requires the specification of appropriate
boundary conditions. What the boundary conditions are depends on the specific physical
problem and should be physically redlistic. For example, for the flow of air drawn from a
large plenum into a channel, the flow is designed by specifying the total pressure and
total temperature at the inlet of the channel, but for flow from a choked nozzle, the mass
flow rate and the total temperature must be specified. Triple time boundary conditions are
exactly the same as dual time or single time boundary conditions because the spatial
derivatives in al these three methods are exactly the same.

Boundary conditions can be implemented explicitly or implicitly. The explicit
boundary condition is straightforward and only the implicit one is presented. In this
subsection, we will start with a specific example of a boundary condition procedure to
develop aformulation that can be applied to arbitrary boundary conditions.

Consider the following cells,

g b b+1

Where the symbols ‘g’, ‘b’ and ‘b+1’ indicate the ghost cell, the boundary cell and the
internal cell that is adjacent to the boundary cell. The ghost cell ‘g’ is artificially added

for the convenience of treating the boundary cdll in the same way as internal cells. We
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force the ghost cell center instead of the boundary cell center to satisfy the boundary
condition.

A typical subsonic inlet boundary condition is to specify the total enthalpy, h°,
the entropy, <, and the flow directions, and obtain the remaining boundary variable, the
velocity magnitude from the internal flow field (the boundary cell in this thesis). For an
ideal gas, the total enthalpy and entropy become total pressure and total temperature. The

flow directions are defined with two angles, a (the angle of the projected velocity vector
on the X-Y plane with respect to the X-axis) and b (the angle of the velocity with

respect to the X-Y plane), in a Cartesian coordinate shown in figure 2.4. From figure 2.4,
we can easily express the two angles, a and b , in terms of the three velocity
components, u,v and w, as

a =arctan(v/u) (2.699)

and

b :arctan(w/«/u2 +v2) (2.69D)

To implement the boundary conditions, we define the solution vector of the ghost

cell asthe vector W, given by

Figure 2.4 Direction angles for velocity
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W, =(s,,a,,b U . h (2.70)
where the subcript ‘g’ indicates the ghost cell and the variable, U isthe magnitude of
the velocity of the ghost cell given by

U, = JuZ +vZ +w? (2.70)
We define Q,, asthe primary variable Q, evaluated at the ghost cell,

Qg = (Pg Uy, Vg, Wy, T, )T (2.72)
Clearly, the vector W, isafunction of the primary variable Q, .

We use the symbol W, to represent the specified boundary condition vector as

W, =(S @40, ,0,n%) (2.733)
and the symbol W, to represent the solution from the flow field as

W, =(0,0,0,U, ,0) (2.730)

where the subcripts ‘ref’ in equation 2.73a and ‘b’ in equation 2.73b indicate the

boundary condition coming from the boundary cell and the specified boundary condition

respectively, and the variable, U, is the magnitude of the velocity of the boundary cell
given by

U, =-JuZ +v7 +wf (2.74)
Clearly, the vector W, is afunction of Q,, the primary variable Q_, evaluated at the

boundary cell
Q= (Pb’ub’vb’wb’Tb )T (2.75)

The solution vector of the ghost cell, W, comes from two parts, the boundary

conditions and the velocity magnitude from the adjacent cell of the flow field.
Accordingly, we require
W, =W, +W, (2.769)

Evaluating equation 2.76aimplicitly at the new time level, n+1, gives,
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\/\/]g+l — \/\/:;l + Wt’;+l (276b)

Expanding \/\/'g1+1 and W™ in Taylor series and ignoring the orders higher than Dt gives,

W W
\/\/5+1:v\g+mg[)t:v\/;+ﬂ Q&Dt:v\/;+ﬂ gDQg (2.779)
Tt 1Q, 1Q,
or
W W
W =W +—2 D =W + —2 2.77b
b b4 ETO) DQ, (2.77b)
Now, for steady state computation, W, is independent of time, so we have
Wi =W, (2.77c)
Substituting equations 2.77a, b and ¢ into equation 2.76b, gives
W
W + 2.78

This represents an equation for DQ,, the unknown results in the ghost cell in terms of

DQ, , the unknown results in the boundary cell. Solving equation 2.78 for DQ,, we

obtain,

99 1Tvvb
% éﬂQ 5 1 P 'HQ

Equation 2.79 is an implicit equation for the variables in the ghost cell in terms of the

(W W, - W) (2.79)

variables in the boundary cell. This general form is clearly not limited to the specific inlet
boundary condition we discussed here. Instead, it can be applied to any boundary

condition as long as we adjust the definition of the three vectors, W, , W,, and W, to
that boundary condition. In the following, we will discuss several commonly used types

° and W,

1Q, 1Q,

of boundary conditions and derive the expressions for the two Jacobians,

in equation 2.79.

50



2.10.2 Specify Entropy, Total Enthalpy and Flow Angle at the Inlet
We have discussed this type of boundary condition in subsection 2.10.1. The three
boundary condition vectors, W, , W, and W, , have aready been defined in equations

, we need to relate

w
2.70, 2.73a and b. To caculate these two Jacobians, ‘ﬂQg and W,

g b

the total enthalpy, entropy, flow angles and the magnitude of the velocity to the primitive
variable, Q.

For an ideal gas, the entropy can be computed by

Tg Pg
Ds, =c,In—- RIn— (2.80)

1 1

where R is the universal gas constant, and P, and T, are the some reference pressure and

temperature.
The stagnant enthalpy relation is

1 2
hy =T, + u,) (281)

From equations 2.69a, 2.69b, 2.80 and 2.81, we can easily compute the two

W, __ f000U,0 W, _f(s;8,,0,U,.h5)

Jacobians, = =
ﬂQb 1-[(F)b ’ub’vb’Wb’Tb) 1-[Qg ﬂ(Pg ’ugivg!ngTg)

@® 0 0 0 05

0 0 0 0 O0-
™ _ go 0 0 0 O (2.82)
ﬂQb QO ub V_b % 0+

u, U, U, =
§O 0O 0 0 Oy
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& c.6
Q‘i 0 0 0 _P=
¢ R Tg +
g 0 _ Y Yy 0 0 +
o T :
g _C UW VoW uZ +v - (2.83)
10 ¢ 0 . 9°g } 9''g 0.
" g LSz ez L) 2
¢ 0 Yo Yo Wo o o=
¢ Ug Ug Ug :
8 O Ug Vg Wg Cpg

Equations 2.82 and 2.83 combined with equation 2.79 give the implicit inlet boundary
condition of specifying the entropy, total enthalpy and flow angle for an ideal gas.

2.10.3 Outlet Boundary Condition
At the outlet, we need only one boundary condition for subsonic flow.

Conventionally, we specify the back pressure, B, Consequently, the specified

ack "

boundary condition vector W, is

W, =(P,.,0,0,0,0) (2.84a)
The rest of components of the solution at the ghost cell come from the internal flow field
(the boundary cell). So the vector W, becomes

W, =(O,u,,v,,w,,T,) (2.84b)
Accordingly, the ghost cell boundary condition vector, W, , is

W, = (R, ,ug,v,, W, T,) (2.84¢)
From equations 2.84a, b, ¢ and d, we can easily compue the two Jacobians,

W, — ﬂ(o’ub’vb’Wme) an
1Q, ﬂ(Pb1ub’Vb’Wb’Tb)

ﬂ\Ng — ﬂ(Pg,Ug,Vg ’Wg ’Tg) =
ﬂQg ﬂ(Pg,Ug,Vg,Wg,Tg)

where the symboal, I, isthe unit matrix. The first Jacobian is

d

(2.85)
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o

0% (2.86)

|
O
o
o O O+ O
= O
O O O
o
|

00 1y
Equations 2.85 and 2.86 combined with equation 2.79 give the implicit outlet boundary

condition of specifying the back pressure.

2.10.4 Inviscid Wall Boundary Condition
For inviscid internal flows, we need to use inviscid boundary conditions at the
wall. The inviscid wall boundary condition requires the velocity at the wall be tangential
to the wall geometry. This requirement can be redized by setting the velocity
components of the boundary cell and ghost cell that is normal to the wall equal to each
other but has opposite direction, and setting the velocity components of the boundary cell
and the ghost cdll that is tangential to the wall have the same magnitude and direction.
This relation can be written in an equation as
V, -V, =2V, i, i,
or
v, =V, - 2, i, Ji,
=V, - 2V, >, Ja,

where fi,, is the unit normal vector of the wall pointing to the flow field. The other

(2.87)

variables of the ghost cell are set equal to the values of the adjacent cell of the flow field.

Consequently, boundary condition vector W,; is zero.

Accordingly, we can define the boundary condition vector W, from equation 2.87 as

W, =(R,,u, - 2(u,n, +v,n, +w,n,)n,,v, - 2(u,n, +v,n, +w,n,)n,,
2.88a
W, - 2(ubnx +Vbny +anz)nz’Tb) ( )

where n,,n, and n, are three components of the unit wall normal vector, f,, .
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The ghost cell vector W, is
W, = (R, ,ug,v,,w,,Ty) (2.88b)

Consequently, from equations 2.88a and b, we obtain
ﬂWg - ﬂ(Pg,Ug,Vg ’Wg ’Tg) —

= (2.89)
ﬂQg ﬂ(Pg,Ug,Vg,Wg,Tg)
and
a 0 0 0 0o
go 1-2n -2nn, -2nn, O:
W -
—2=% -2nn, 1-2n) -2nn, OF (2.90)

1Qy go -2n,n, -2nn, 1-2n7 O
0 0 0 1
Equations 2.89 and 2.90 combined with equation 2.79 give the implicit inviscid boundary

condition.

2.10.5 Viscous Wall Boundary Condition

For a viscous internal flow computation, we need to use viscous wall boundary
condition. The viscous wall boundary condition requires the velocity at the wall be zero.
This requirement can be written as

V, +V, =0
or
V, =-V,
Accordingly, we can define the boundary condition vector W, as
W, =(R,,-uy,- Vv, ,- W, T}) (2.919)
Also, define W, as
W, = (R, ,uy, vy, w,,Ty) (2.91b)
Consequently, from equations 2.91a and b, we obtain
™, _ TP, uy, vy, W, T,) -
1, TR, uy,vy,w,,T,)

(2.92)



a4 0 0 0 00
© -1 0 0 o:
™v_¢ 0 -1 0 07 (2.93)
Qs go 0 0 -1 0=
&% 0 0 0 1
Equations 2.92 and 2.93 combined with equation 2.79 give the implicit viscous boundary

condition.

2.11 Conclusion

In this chapter, we use three pseudo time marching methods to develop the triple
time scheme. Green-Gauss reconstruction method is introduced to give second order
accuracy. The DDLGS approximate factorization method is introduced to solve this
scheme approximately. We also show that the triple time scheme degenerates to the
single time schemes and multiple LGS iteration method in special cases. The implicit

boundary conditions are discussed.
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Chapter 3
Stability Analysis

3.1 Introduction

In the triple time equation 2.21a and its approximately factored version in equation
2.51, there are three different G's, G, G, and G;, which correspond to three different
pseudo times. Obvioudly, the selection of these three C’sis not arbitrary and it is very
important to select a proper set to make the algorithm efficient and robust.

In the present formulation, we use the first time coefficient matrix, G, to control the
artificial dissipation. It is well known that a proper artificial dissipation is crucial to any
scheme. Artificial dissipation can impact the accuracy of the final solution, the robustness
of the computation and the convergence rate. An overly large artificial dissipation can
lead to an incorrect solution while a dissipation that is too small will result in a solution
with odd-even splitting. Consequently, it is very important to select a proper G to
insure a suitable artificial dissipation.

We will use the second temporal matrix, G,, to solve the nonlinear portion of the
eqguation. The nonlinear characteristics of the iteration cause robustness to be an
important issue. Accordingly, G, will be chosen to dea with the highly nonlinear
portion of the problem that is crucial during the start up. Our results also show that G,
affects convergence. Since we can choose an infinite time step at the linear portion of the
outer convergence, the effect of G, on convergence shows up only in the initial
non-linear part of the outer convergence.

The third matrix, G, will be used to solve the linear equation. It should be selected
to make the inner convergence as fast as possible.

Stability analysis is very useful to predict the performance of a CFD scheme. In this

chapter, we use stability analysis to choose the three matrices for the three pseudo times
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to try to give optimum convergence. Some computational results of a linear problem are

presented to support our stability results

3.2 ThreeCandidatesof Cs

We will consider three potential forms of the matrix, C, as candidates for G,G,
and G,. The most obvious one is the physical Jacobian matrix of the conservative

variable Q with respect to the primary dependent variable Q,. The three dimensional

form of this Jacobian matrix is

& I, 0O 0 O r 0
g -
o rpu r 0 O r-u =+

e =10 _¢ 0O r 0 rov - (3.19)
S O j
P r,w 0O 0 r-w =+

grpho+rhp-1 ru rv rw rTho+rth
We will call this matrix, G,, the physical matrix since it is the coefficient matrix of the
physical time derivative.
For reference in preconditioning, r , can be written in terms of the sound speed, c,

which, for a generd fluid, is

c? = AL (3.24)
rroh +r (1-rh)
Solving equation 3.2afor r , gives
_1 rT(l' rh )
r,=—- _—F (3.39)

c rh;

The second potential choice is the steady preconditioning matrix, G, which is
developed to dea with the slow convergence problem at low Mach numbers in steady
flow [42]. There are severa different preconditioning matrices developed by different
people [11,38,39,42]. Although in general these are similar in form, we use the one
developed by Merkle and Choi [11,42], which is obtained by replacing the physical
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property, r ,, in G, by an artificial property, r¢ , where the prime indicates it is

artificial and the subscript ‘s indicates steady preconditioning in order to distinguish it
from the unsteady preconditioner that will be discussed later. We define this * steady’

preconditioning matrix as G,. It is given by

& ré 0O 0 O r 0
C r ¢u r 0 O r-u =

QG :g r¢v 0O r 0 rpv = (3.1b)
o r ¢w 0O 0 r ryw =+

gr ¢hy+rh, -1 ru rv rw rTh0+rhT;
where 1 ¢ is obtained by replacing the physical sound speed, ¢ in equation 3.3a by a

steady preconditioned artificial sound speed, c¢,
ro(t-rh,)

1
r¢ = - 3.3b
g:s (Cg:)Z r hT ( )
For inviscid flow [11,42],
c{ =min( u,c) (3.2b)

where ‘U’ isthe velocity magnitude and ‘¢’ is the sound speed defined in equation 3.2a.
The third time derivative matrix is the “unsteady” preconditioning matrix, G,

developed by Venkateswaran [42] for time accurate computation. This matrix takes into
account high frequency unsteady effects during the computation. The unsteady
preconditioning matrix is obtained by using an unsteady sound speed instead of the

physical sound speed in equation 3.3a. The unsteady artificial sound speed, cf is,

c§ = min[max(u,V, ), c] (3.20)
Where V, =1/(pDt ) is the unsteady speed, ‘I is a characteristic length of the problem
and Dt isthe unsteady time scale, which can be the physical time or a pseudo time [42].
We use the symbol c( for the unsteady artificial sound speed to distinguish it from the
physica sound speed, ¢ and the steady artificial sound speed, c{. To define the

unsteady speed in a discretized space, we divide the computational characteristic length
‘I" into N equaly spaced grids so that | = NDx,
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Accordingly, the unsteady property, r ¢, becomes

pu

1 rilt-rny)
r g:u - (C.O{\)Z - r hr . (3-4)
and the unsteady matrix, G, becomes
2 re 0O 0 O r, 0
C r¢u r 0 O r-u *
G = g r v 0O r O rv T (3.5)
C r¢w 0O 0 rww =

gr ¢hy+rh -1 ru rv rw rThO+rhT;
From these definitions, we can see that the magnitudes of the three sound speeds and

thethree r ,’sare ordered according to the following,

cCEc{EcC

roErG Erd
In the limit of small pseudo times step (small Dt ), c{=c and r§, =r . While
for large pseudo times step (large Dt ), c{ =c{ and r§, =r (. For moderate pseudo

time step (moderate Dt ), c{ isbetween c{ and c, r§, isbetween r and r .

The transition of unsteady sound speed c¢ from the physical sound speed to the

steady preconditioning sound speed can be obtained by taking the ratio of the unsteady
sound speed to the physical sound speed. By doing so, we have

%9 _min (maxc(u,Vu), c)_ i émaxa%/l _gl'lj
Cgu
N (36)
_mnémaxj\/l ooDt 5 vlu mnemang M oCFL 513

In equation 3.6, M =u/c is the Mach number, CFL, =uDt /Dx isthe CFL based on

the particle velocity and thetime Dt .
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Equation 3.6 is plotted in figure 3.1 for different Mach numbers (M=0.1,0.5 and 0.7)
and numbers of grids (N=10,100 and 1000). Both the x-axis and the y-axis are in
logarithmic scale. From the figure we can see that the transition of the unsteady artificial
sound speed from the physical sound speed to the steady, artificial sound speed is linear
on the loglog scale with a sope of minus one for every case. As the Mach number
increases, the transition region becomes smaller and disappears as Mach number becomes
equal to or greater than one. As the number of grid points increases, the transition region

moves to higher value of CFL, and the physical speed of sound is used over a larger
and larger CFL, region.
In the following we will limit the definition of the three matrices, G,G, and G, to

these three matrices, G,, G, and G,. Sincethethree matrices, G,, G, and G,, are

10°

10

Cu'/C

10

ol il IR | Lol A |
10° 10" 10° 10" 10° 10°
CFLu

Fig. 3.1 Theratio of preconditioned artificial sound speed and physical sound speed
versus CFL, for M=0.01, 0.1 and 0.7, N=10,100 and 100.
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close to each other at high Mach number, al of the following discussion is for the low
Mach number case. The purpose is to decide which choice is the best for each time level.

We start by choosing an appropriate matrix for G, which is used to control the artificial
dissipation. Our research shows that G, is a very good choice for G because it gives
an accurate solution upon convergence [42,43]. But G, is aso possibly a good choice
because G, =G, a large CFL,’s which is aways true if CFL, is large enough at the

end of the convergence.
Second, to provide robustness during the nortlinear part of the outer convergence,

G, should be chosen to be physical because our experience shows that the robustness
limitof G, is of the order of the static pressure and that of G, is of the order of the
dynamic pressure [42,47]. But G, could also be good because G, =G, at smal CFL,,,

which is always true at the nonlinear part of convergence. Last, G, should be G, to

achieve fast inner convergence. Based on the above analysis, we can limit our selectionto
the following four casesin Table 3.1.
In Table 3.1, for the symbol ‘UPS, the first letter ‘U’ indicates the third matrix G,

equals to the unsteady preconditioning matrix G,. The second letter ‘P indicates the
second matrix G, equals to the physical matrix G, and the third letter ‘S’ indicates the

first matrix G equals to the steady preconditioning matrix G, . By the same token we

Table 3.1 The four potential choices for the three matrices, G,G, ad G,.

cases G G G
UPS G, G, G,
uus G, G, G,
Uuu G, G, G,
UPU G, G, G,
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can define ‘UUS, ‘UUU’ and ‘UPU’.
In the following, we use stability analysis to compare these 4 cases and pick the
most appropriate of the four. Before we do that, we define the symbol, */*/* for the

discretization accuracy of the system that is going to be used very often in this thesis as.
the first star is the order of accuracy of (N XA, ), or the order of accuracy in t 5, hich
is traditionally first order and represented by ‘I’; the second star is the order of accuracy
of (N, xA,), or the order of accuracy in t,; the third star is the order of accuracy of
(N, xF) or the order of accuracy in t,. For example, in a I/Il/Il order system,
(N *A)), is first order, (N, xA), is second order and (N, ) is second order.
Another way to say this is that it is first order in t, and second order in both t, and
t,.

Finally we point out that the order of the symbol for the three choices of matrices is
the same as the order of the discretization accuracy with the first letter indicating the third

pseudo time, the second letter indicating the second pseudo and the third letter indicating

the first pseudo time.
33Inner t, Stability Analysis

Stability analysisis an important tool that gives a good prediction of the convergence
of a scheme. It is aways helpful to do a stability analysis before we go to real
computations.

First, we do the stability analysis for the direct inversion of the triple time equation
The direction inversion procedure is very useful for understanding the stability
characteristics of the approximate factorization of four-sweep line Gauss-Siedel

procedure that will be done next.
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3.3.1 TheDirect Inversion of Inner t, Stability Analysis

3.3.1.1 General Formulation

The direct inversion stability analysis is the stability anaysis for directly solving
equation 2.21a without the use of approximate factorization.

Starting from the triple time equation 2.21a,

éeG G O u Gz _—
gDTs u2ﬁ+(N XA‘))H == (R )" - 6[12 ( xAp) (Qp Q) (2219

we compute the inner stability characteristics of ép . The stability of Qp is independent

- é ~ u .
of terms such as, (N, xF)" and SA-D%Jr (e )ZH Q! that do not contain the
2
variable (Sp, because such terms are constant during the iteration and do not contribute

to eror propagation. These terms can therefore be omitted and the stability form of
equation 2.21a becomes
&G , G 9 i = _ G
+—==+ X N xA
S o r o i 00, = g (o)

et 2

n

Q" 3.7)

C>C c

~

To perform the stability analysis, we define the amplification matrix G
Q=63
and substitute this relation into equation 3.7, cancel out the common factor épm , and use

Fourier transformation to obtain:

ém .. . uﬂ _ , . n

29 80l m 6 )= 5 el ) ]
where F[(ND XA, )3] and F[(ND XA, )2] are the Fourier transformations of (R, XA, )3
and (ND ><Ap)2 respectively. Their expressions are presented |ater.

Solving for G, we get
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=1 189 O L, )Ly 82+ el ) (389
1 3 2@ Ub et 2 u

o

simplified to give

~ 1%% Gb 9 . l;Jnt| éGb ) l;In
G= I-; . +Dt2§+F[(NDXAp)']H>é th_2+F[(NDxAP)|]H

or upon simplifying

-l 1 8 el Y FSS
Ub

“i&o, o

Taking the inverse of this equation, we obtain,

G'= Gz+Dt F[ ]8

and upon multiplying by G,

~

G'= A, ).] (3.8b)

The stability analysis calculates al eigenvalues of the amplification matrix, G, but the

largest eigenvalue decides the convergence rate of the scheme. The amplification factor
matrix, G, is generally computed numerically because of the complexity, but for the one

dimensional case, we can compute G analyticaly, which will give us a good
understanding for the two and three dimensional cases and atool to check the correctness

of our two ard three dimensional numerical results.

3.3.1.2 One Dimensional Analytical Stability Analysis of t, Step with Direct

Inversion

In this subsection, we compute the eigenvalues of one dimensional amplification

matrix G anaytically for direct inversion of the t, time step with first order upwind
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differencing. First, we must obtain the Fourier transformation of the discretized Jacobian
divergence operator. From equation 2.20b, for one dimension, the discretized Jacobian
divergenceis

' n g él U 1

(ND xAp) :é13(ApL L AR R Gl|ci Ap| &m

When applied to the first order upwind in space, this divergence operator becomes

(0, a) =Lalaa) +@a),- @a))

Ignoring the variations in the Jacobian coefficient matrix between grid points, we get the
Fourier transformation of this equation as

v, ) ]-=alatafi- c.)+isga) (3%

where S, and C, are the sine and cosine of the wave number in the x-direction as the
following

S, =dnf ad C, =cosf (3.9b)
f is the wave number in xdirection,and f =2on/N, n=0,1---,N (N is the number
of grids in x-direction).
Upon substituting equation 3.9a for the Fourier transformation of the divergence operator
into equation 3.8b and arrangement, we obtain

Dt

G*'=| +g— ~ [Q'lq|q1Ap|(1- CX)+iSXGa'lAp] (3.10)

To compute the inverse of the amplification factor G "1 we need to know the
matrices, G, 'G, qul|Gl‘1Ap| and G'A . In the following, we compute al these
matrices.

We begin with the one dimensional form of the three C’sin equation 3.1a,b and 3.5,

which can be written in a generic form as

89 M bk 0 M 9
G =¢ I U r r-u = (3.11a)

gr kot rh -1 ru rThO+rhT;
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where subscript k runs from 1 to 3 to represent the 3 different C's.

The determinant of G, can be easily computed to be

det(q)= r [rT(l- rhp)+rhTr ka= rd,
where
d, = rT@- rhp)+rhTr ok

Theinverseof G, is

& 1é 1,4 r-u r.- 0
¢ —ah +r. &h- 2u*% T L=
G dkgr ' Tg 2 &j d, d, +
G =¢ il 1 0 (3.11b)
c r r =
c1 1 zd‘J r pku r pk =
—al-rh_J-r %-—u - —
&d, & ”) & a « i g
The Jacobian matrix A, is
A = 1E _'ﬂ(ru,ru2+p,ruho)
1Q, M(p,u,T)
ge rou r r-u 0
=¢ ru*+l 2ru ru?> s

g(r -hy +I’hp)J r (h0 +u2) (rohy +rhT)u;

Define d =r,{L- rh)+rh.r , for the physical valueof r . Also define the ratio of

‘dand*d,’ tobe
e =d/d,

and the artificial sound speed,
c’ :%

We get
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g Uik r G
qlAp:g T
¢
édiu(r p - rpk)(l' rhp) dir(l_ rhp) u
k k
and
® d o)
L
G;lq:cl 0 1 0%
gd (1 rh, (r " er) 0 1:
2 ;

where the subscriptsj and k run from 1 to 3.

The eigenvalues of the matrix G, 1Ap are
1 1
I, ==u(l+e,)+=s
L =udre) + s,

1 1
I :Eu(l-'-ek)_ Esk

l,=u

where,

S, :\/uz(l- e ) +4c?

It can be easily proventhat |, >0 and |, £0 for u£c.

The right eigenvectors of the matrix qlAp are

ge Sk - u(l' ek) Sk +u(1' ek)
¢ 2s, 2s,
M :g i -
“ g rs, rs,

¢l-rhy s, - U(l' ek) 1-rh, Sk"'u(l' ek) ) 1-rh,

o

Erh 25 rhy

Upon introducing the eigenvalue equation set 3.14, we obtain

67

& B E Y B PR P P e

(3.12)

(3.13)

(3.149)

(3.14b)

(3.14c)

(3.15)



l,-eu 0

88 l,-eu 0

¢ -1 -1, N

¢ 1 1 -
M, =¢ —F/——— - 0o =
‘ ¢ r(ll'lz) r(ll'lz) -

gl-rhp|2-eku 1-rhp|1-eku _1-rhpf

&rhe 1o, rh -1, rhog

The left eigenvectors are obtained from the inverse of the matrix M, as

& - 0
gl r S( +u(1 ek) O =
¢ 2 +
Mk-l :gl r - SK +U(1' ek) 0 :
¢ 2 -
1 0 S h
: TN
or, written in term of the eigenvalues

e
gl r(l,-eu) 0

1
M, —gl r(l,-eu) 0

B0
1-rhp¢

So, the diagonalization of the matrix G 1AIO becomes

(a;él 0 09
M (GA M, =¢0 1, 0+
&0 0 I,

and the matrix |q 1Ap| is defined by multiplying the right eigenvector matrix M, by a
eigenvalue matrix where all eigenvalues are the magnitudes of the eigenvalues of matrix

G 1Ap and then multiplying by the left eigenvector matrix Mk'l as the following

J 0 08
Ga=Mg0 1] 0 My
§0 0 |4y

For supersonic flow, all eigenvalues are greater than or equal to zero, we have
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G*A,|=G*A, . For subsonic flow, 1,1,° 0 and |, £0, weobtain

abl 0 09
Gial=Mo -1, oM
&0 0 .5
Performing this matrix multiplication gives
@ eul,+l,)- 2, e en) 0
g l.-1, i 2I1-I(2 ) -
aa 11,41, [+, -eull , +1 N
|QA"|_8 ri,-1, -1, 07
g@ku(|1+|2)- 2'1'2_ ugl_ rhp ) r(|1+|2)(|1'eku)(| 2 eku)l_ rhp | :
g |1'|2 H rhr |1'|2 rhT 35
Substituting the eigenvalue equation set 3.14, we obtain
5
g i[uzek (e, - 1)+20,f] iru(1+ e )2 07
Sk S -
ul+e,) 17, )l o
—u"(1- 2 0+ 3.16
|G< AP| é rs, Sk[u( ek)+ Ck] _ (3.16)
i al-rh 1 1-rh -
—ue(e 1)+2¢?|- up——= =ru(1+e )c? P s
s, | brh s M rn G

In the last matrix, if we set k =1, we obtain the expression for ‘Gl'lAp‘. In equation
3.13, we can set j=3 and k=1 to obtain qlq. Multiplying these two matrices, gives

G'G|G'A)

& 0
g ¢ shrele-1 ] Srfrre)e 0;
¢ ; : :
*1;1) el o
dl P M0 §l-rh, 1 rhe Tp-Td 2
ds refe,- 9 ch]gl 2 Tui;rhr sl”'(l e T grh 0 Bua

which is the middle term in equation 3.10. In equation 3.13, set j=3 and k=2 to obtain
G, 'G,, which is the first term in equation 3.10. In equation 3.12, set k=3 to obtain
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Q'lAp , Which is the last term in equation 3.10.
Substitute G'G,, G'G|G'A| and G A, intoequation 3.10 to obtain
~ O, - Ot, - .
G'=1+-2G'G +22G"g[g'A|(L- C)+iSG'A)
2

Separate the real and imaginary parts to obtain

Gl‘é‘+ caca+ qq%p. 2G'A

C)C\ c/
Q | =

Writing this in matrix notation gives

5@11 G, O 0
Gl‘g“m C, 0=+
&€y Cp Cup
where
C, =1+ Dt3d2+d l[uee 1+Zc] (1- C)+i&SXue (3.17a)
H Dt,d, d, Dx < ° '
d, 1 Dt Dt
Cp :d_z? u(1+e1)cfa3(1- C,)+i Df S,rc? (3.17b)
c,=2ap. CX)“(1+ @), Dsg 1 (3.170)
Dx rs Dx “r
Dt, 1 Dt , Dt
C,, :1+Dt—z+€[u2(1- e,)+2c2|=2 —2(1- C,)+i=LSu (3.17d)
C, =1+ Dty o (1-C )+|u%s (3.17¢)

2

Since the first two components in the third mlumn are both zeros, the two terms C,,;
and C,, in the third row do not affect the convergence. Also, the expressions of C,;
and C,, are very complex and accordingly are not given.

Theeigenvaluesof G are
D

X
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a_1lg
I 23 = Eg:ll +Cp '\/(Cll - sz) +4C12CZlg

where |, arethe eigenvalues of matrix G.

The eigenvalues of G are the inverse of the eigenvalues of G, which are

-1
Dt Dt
|, =§+ sy ¢ )+iZeg (3.182)
D, Dx Dx X g
Stle i
24 _’:‘Eé 22—\/ C11 sz) +4012C21 (3.18b)

D
C,, =1+—2
22 Dt

2

Substituting into equati on 3.18aand b, we obtain

22 (3.19)
g Dt, g
Dt.d, 6
| = Dtsd_zi (3.19b)
4]
1
(3.19¢)

‘D‘“‘.l?d
+

QII

2

From the eigenvalues equation 3.19a, b, c and d, we can see that the sink term, Dt , /Dt ,

(which is aways positive) provides damping at the zero wave number. Since zero wave

number generaly is the most stiff point over all wave number space, we can expect that

the larger the sink term the faster our scheme will converge. Results given later generally

collaborate this statement.

The maximum of the three eigenvalues in equation set 3.18 are plotted over all wave
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number space in figure 3.2 for the ‘UPU’ (G =G,, G =G, and G =G,) case, which
will be shown later to be the best choice. We use a pressure of 1.0e5 pa, a temperature of
300 Kelvin, a Mach Number of 0.01, a grid number N of 100, and a CFL ; = uDt ,/Dx
of 10 and show results for aseriesof Dt ;/Dt , values.

This plot shows how the sink term Dt , /Dt , helps the damping of our scheme. The
uppermost line (Dt ,/Dt, =0.1) has a very small sink term. It is very similar to the

single time result [27] which has no source term, and is very stiff in the small wave
number region but gives strong damping in the large wave number region. As the sink

term increases, the damping gets stronger and the figure shows that it acts over al wave

numbers. When Dt ,/Dt, =100 or 1000, we get an extremely fast convergence for all

wave numbers including the zero one. The discontinuous ‘spike’ at the Dt,/Dt, =10

line is caused by the switch from one eigenvalue to another.

0.9
0.8
0.7
0.6

0.5

| max

0.4

0.3

0.2

0.1

7o 9% T = T T T T T T Y T A I
-3 -2 -1 0 1 2 3
wave number

Figure 3.2 The maximum eigenvalue of direct inversion of one dimensional
amplification factor for inner iteration (UPU, 1/1/*, M=0.01, N=100 and CFL =10)
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3.32Thelnner t, Stability of the Four-Sweep DDLGS

The inner t, stability analysis of the direct inversion of the one dimensional

problem gives a good understanding of the convergence of the exact solution, but direct
inversion is not practical in multi-dimensions. The linear equation is not solved exactly or
directly but is solved approximately. Although the stability of the approximate solver
shares something in common with that of the direct solver, many differences exist and
sometimes these differences are very large. Consequently, it is necessary to conduct the
stability analysis of the approximate solver. As noted before, we will use the diagona
dominated Line Gauss-Siedel (DDLGYS) approximate factorization method.
Beginning with the four-sweep DDLGS equations 2.50a, b, c and d

(L - 30,)0Q, =-R, (2.50a)

(Ly- 9,1, PQ," =-R;- J,, DA, (2.50b)

(Ly- 3,408, =-R,- 3,03, (2.500)

(L- 9,09, =-R,- 3,,,0Q," (2:500)
We define

mS; — 6*6?’ DQS: — 6**6?’ Dé;** — "G"***ég]’ 6;1_,_1 :("3"631
where G is the amplification factor for the time step from Qp to Q;“” and
G',G",G™ are amplification factors for the intermediate variables.

Substituting all these amplification factors into equations 2.50a, b, ¢ and d, and using

Fourier transformation, after arrangement, we obtain,

& =[F(L)- £, R R) (3369
6" =[FL)- Fb. 1L FR)- FlL, )6 ] (3360
6" =[F(L)- FO L FR)- R, )67 (3350
G=[F(L)- FO.,. L F(R)- F(,.067 (3350

where,
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F(Ls) ==t

3

& L E[m, )] (3.37)
2
is the Fourier transformation of operator L, inequation 2.22b, and

[}, <A )] (339)

F(R,)=

isthe Fourier transformation of operator R, inequation 2.22a.
The Fourier transformation of the residual R, requires the Fourier tansformation of

the discretized divergence operator. Because we will use the first order upwind and

second order upwind to calculate this term, we will give both Fourier transforms here.

The discretized divergence operator for the first order can be computed from

eguation 2.30

Fl, xa,)0] = ﬁQIQAh

where S, and C, are the sine and cosine of the wave number in the x-direction as

q|q B| +|<§A +—VB T (339

defined in equation 3.9b, and S, and C, arethe sine and cosine of the wave number in
the y-direction as
S =9nj ad C, = cosj (3.40)
| is the wave number in the ydirection, and | =2om/M, m=0,1---,M (M is the
number of grids).
For second order discretization, we substitute equation 2.20b into equation 2.20a and
rearrange the right hand side of equation 2.20b, then equation 2.20a becomes

) A A
(fa, )00, _V_Vkl?pwiz\q ‘DQ,N Ciz\ :

DQpR S (341
Q&

where Q, and Q. are computed by equation set 2.29,and A, , A and Gl‘Gl'lAp‘

are computed from Q_ and Q. For stability analysis, ApL,ApR,q‘qlAp‘ are set

equal at every face of the whole computational domain and can be treated as constants.
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Consequently we can ignore the subscripts in the notation. Substituting equation set 2.29
into equation 3.41 to obtain the second order discretization,

PTG e PR R qw[qm mel
+%ﬂf& ”hgﬂﬁp &q Mg, + o2
3ﬂfﬂpﬂ Faﬁ%ﬂh wﬂ.é
Ak i (N v)4LJg+ﬂf4[qi,jﬂ+(m>mi

%

where the subscript ‘11’ on (N XAD)H indicates second order discretization.
By putting al the gradient terms together and all the Qs at the cells together, we can
find that (N XAp)” Q, isequal to the first order expression, (N ><Ap)I Q, (equation 2.30),

plus the gradient terms.
f:4),Q=kA)Q

+GG'Al -GGA| - +GGA| -GGA|,
ik o jf-(wﬁ)fw Mg, 4—% g AJMH) 4—” i NoEss

_B+qas
Xy

Nw)

(3.429)
Substituting the gradient term equation sets 2.27 and 2.28 into equation 3.42a, after
arrangement, we get

(N: Ab)uQP :(N:Ab)| QP

Ao, L g, -

G G *qaAl, ¢

) %‘rgj D('Ab Qi %QPH-J )[A)b(Qlei i j;x i Qe < j:)( . A ;

%? WBp| Qpi’j +% Qpi,j.l' ap/Qpi,m (j}/ Bp| Qpi,j+2 Bp 20y p| Qpi,J-ZE
(3.42b)
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The Fourier transformation of the Jacobian divergence for the second order can be

computed from equation 3.42b as
Fl(RG )0 = Fle )]
189 5, 998 164 <o) Bg ol
28 DX ¢ g)+ 5 & CV)””' 25, 3 )+W%(1 QI)H (3.43)

For the I/1/* (1/1/1 and 1/1/11) systems,

Fl(R A 3] = Fl(N, A )5 = Fl®, A7) (3.449)
where the Fourier transformation of the first order divergence at the right side of equation
3.44ais given in equation 3.39.

For the I/11/11 sytem,
S (AR (VR0 (3.44b)

Pl )= Fl, ) (3.440)
Equation set 3.36, equations 3.37, 3.38 and equation set 3.44 give stability formulation
for the four-sweep DDLGS systems of I/I/1, 1/I/11 and I/11/11 accuracy. Numerical methods

are used to compute the amplification matrix G.

3.3.3 Inner Stability Results

The amplification matrix G in equation 3.36 can not be computed until we choose

dl three Cs. For now, let uschoose G, =G, G =G, and G =G, (wewill prove later
that this is indeed the most appropriate choice). We choose CFL,, =uDt ,/Dx and
Dty /Dt 5 as the two parameters. Note that we use the particle speed, u, rather than the
more common artificial maximum eigenvalue, u+c{ to define the Courant number for
the inner step. At small t, time steps, the scheme is source term dominated and
athough u+c( is large the effect of the convective term is small; at large t, time
steps, the inner t, becomes steady preconditioned and cu' is the same order as u.

Either of u and u+c{ can be used for defining CFL. Consequently, we use
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CFL,, = uDt , /Dx. We should mention that the differences between them are small. By

computing the maximum eigenvalue of matrix G in equation 3.36 numerically over all
wave number space, we can obtain a ‘maximum eigenvalue’ stability plot for the
four-sweep DDLGS approximate factorization. Some representative results are plotted in
figures 3.3, 3.4 and 3.5.

Figures 3.3, 3.4 and 3.5 present the stability map of the inner iteration for the
complete two-dimensional Fourier space for a flow field with a Mach number of 0.01, a
number of grids of 100 in each direction and a flow angle of zero. Since the results are
based on a preconditioned set of equations, Mach number effects have essentialy been
scaled out and do not affect the analysis. The flow angle causes significant local
changes in the stability cortours, but the results shown here are indicative of the
characteristics of the DDLGS agorithm. The results are for a Courant number of 80,

and atime step ratio, Dt/ Dt, Of unity.

Figure 3.3 is for the I/I/*(we use ‘*’ here because N:F disappears in the stability
analysis and the stability results are the same for all orders of accuracy in N:F ) order
system and figures 3.4 and 3.5 are for the I/II/* order system. The only difference
between figure 3.4 and figure 3.5 is that the middle one is plotted in the whole wave
number region and the lower one is for the small wave number region.

In figures 3.3 and 3.4, the maximum eigenvalue at the high x wave number region is
very small over most of the domain but increases sharply in the small wave number
region where it becomes highly unstable, which indicates fast convergence in large wave
number region and slow convergence in the small wave number region. The key
characteristic of these two maps is the strong unstable region in the second and fourth
guadrants that is near the origin of Fourier space. This unstable region is characteristic
of the conditionally stable DDLGS scheme. As the CFL number is reduced, this region of
instability disappears and excellent convergence is observed. The maximum
eigenvalues in figures 3.3 and 3.4 are both 1.47 by accident. Details of the unstable
region in figure 3.4 are shown in figure 3.5.

Although figures 3.3 and 3.4 share the same characteristics as stated above, they do

differ because of the discretization difference. The magjor difference is that the maximum
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Figure 3.3 I/1/* system, the maximum eigenvalue of inner iteration for four-sweep
DDLGS(CFL,, =80, Dt,/Dt, =1 and M=0.01)

3

N

Y wave number

Yo
3
20
/_'—0 1 x

_ci)yllt;]l]lllllIIlIII‘g!llllllllllllllx_l)}llll

X wave number

Figure 3.4 1/11/* system, the maximum eigenvalue of inner iteration for four-sweep

DDLGS(CFL,, =80, Dt,/Dt, =1 and M=0.01)

78



0.5

0.4

0.3

"PIII'IIII'IIII

0.2

0.1

&)
I
2,

S}
[

)

0

Y wave number

-0.1

-0.2

03,

-0.3

-0.4

Q

AL AL NG AL M

-0.5
-0.5 -0.25

X wave number

Figure 3.5 I/11/* system in small wave number region, the maximum eigenvalue of inner
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eigenvalue in figure 3.3 is much less than the one in figure 3.4 in the large wave number
region, which may mislead us to choose the I/1/I1 system instead of the I/11/1I system. But
do not forget, the inner convergence is just part of the convergence of the triple time
system. We will show later that the whole convergence of I/11/11 system is much better
than that of the I/1/11 system.

3.3.4 Comparison of Various Waysto Plot the Results

To provide a global overview of the convergence characteristics of the inner time
step, we summarize the stability characteristics taken from a large number of calculations
like those presented in figure 3.4. To construct these summary figures, we have

computed the stability maps for a wide range of two appropriate parameters chosen from

the three parameters, CFL,,CFL,, and Dt,/Dt ,, for various orders of accuracy. Note

here that the Courant number of the outer t, iteration (CFL,,) is based on the particle
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speed (the smallest eigenvalue at low Mach number) instead of the maximum eigenvalue.
The reason for this is that we do not have a CFL limitation for the outer iteration of our
triple time scheme because of the direct solution. At each condition, we have then
searched the Fourier space (excluding points on the y-axis since the zero wave number in
the xdirection is meaningless) to find the maximum eigenvaue in the entire domain
which is defined to be | ., and plotted this maximum on the summary figures. For
example, the maximum eigenvalue obtained from figure 3.4 is the 1.47 value noted at the
peak of the unstable region. Since the maximum eigenvalue generally controls
convergence, these summary plots should provide insight into the expected convergence
rate.

Another question we should ask is: which two parameters should we choose to plot

the results? Any two of the three parameters, CFL,, , CFL,, and
Dt,/Dt, =CFL,/CFL,, could be chosen as the primary variables. From the results of

one dimensional anaysis, it appears that CFL,; and Dt,/Dt, are the two right
parameters to plot the results (actually they are not as shown later). The
quantity, Dt , /Dt ,, is the sink term and CFL; is the CFL for the inner iteration. For
now, we choose these two quantities.

Figures 3.6, 3.7 and 3.8 show the I/I/* order drect inversion, I/11/* order direct
inversion and I/11/* order DDLGS stability results respectively. In these figures, we use a
square symbol and a triangle symbol to identify the transition region, where the square
symbol and the triangle symbol are the starting point and the ending point of the
transition from the non-preconditioned to the steady preconditioning respectively. This

transition region does not change but only moves toward the higher CFL,; region as the

sink term increases. The xaxis is the logarithmic value of CFL,, and the Y axis is the

largest value of all four eigenvalues of G over the whole wave number Space excluding

the y-axis. Dt,/Dt, is an indicator of the magnitude of the sink term. A series of

Dt , /Dt , is plotted, ranging from 0.01 to 100. For simplicity, let us start with the direct

inversion.
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Figure 3.6 I/1/* order of direct inversion stability results of inner t 5 iterationin

triple-time method (UPU, Mach number = 0.01, Flow angle = 0, Grids of 100x100)
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Figure 3.7 I/11/* order of direct inversion stability results of inner t 5 iteration in

triple-time method (UPU, Mach number = 0.01, Flow angle = O, Grids of 100x100)
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Figure3.8 I/Il/* order of four-sweep DDLGS stability results of inner t 5 iteration in
triple-time method (UPU, Mach number = 0.01, Flow angle = 0, Grids of 100x100).

In figure 3.6, the I/I/* order of direct inversion, the uppermost line is the
Dt ,/Dt, =0.01 case, has the same characteristics as the case where the source term
introduced by the triple time is absent. As in any stability results, the maximum
eigenvalue approaches unity as CFL,, approaches zero, and since we are using a direct
inversion and a consistant differencing (1/1/*) the maximum eigenvalue approaches zero
as CFL,, approaches infinity. When Dt,/Dt, is increased, the sink term becomes
larger causing the maximum eigenvalue to decrease at small and moderate CFL,,’s.

There are bumps at the lines of middle Dt ,/Dt, values (Dt ,/Dt ,=1 and 0.1). They

are caused by the transition of G, from physical preconditioning to steady

preconditioning as can be easily seen from the marked transition region.
Figure 3.7 isI/I1/* order of direct inversion and is quite different from the I/1/* order

figure because of the inconsistent discretization. At the small CFL,; limit, the
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inconsistent I/11/* order results approach the consistent I/1/* order results because the
divergence term, N, XA is negligible at the small CFL,; limit, but at brge CFL,,,
the maximum eigenvalue approaches a finite value instead of zero because of the
inconsistent differencing. Also, the bumps caused by the preconditioning transition still
exist and are much larger than the I/I/* order case. As the sink term (Dt , /Dt ,) increases,
these bumps move toward the large CFL,, direction.

Figure 3.8 shows the corresponding stability characteristics of the DDLGS method
for the inconsistent 1/11/* scheme, which share much in common with the direct inversion

results in figure 3.7. At small CFL,; region, the results are exactly the same as the
corresponding direct inversion case (figure 3.7) because the approximate factorization
eror a this region is smal. As CFL,, increases, the eror introduced by the
approximate factorization gets larger so that at some point the scheme becomes unstable.
At moderate and large CFL, ; region, the instability introduced by the approximate
factorization that was seen in figure 3.4 dominates the high-CFL region to such an extent
that the consistent and inconsistent DDLGS results are very similar, especiadly in the
intermediate CFL regimes that are of interest for practical calculations.

The results for the DDLGS of the I/1/* order system is very similar to the I/11/* system
because of the large approximate factorization error at large CFL,, region. Accordingly,
only results for the inconsistent system are given.

In figures 3.6, 3.7 and 3.8, we used CFL,, and Dt ,/Dt , as the two independent
parameters. These quantities are very useful for visualizing the effect of the sink term
Dt ,/Dt ,, but are not practical because of the following two reasons. First, we expect
that we will have to ramp CFL,, because of the nonlinearity at the beginning of the
convergence process, but we do not have any knowledge of how to ramp Dt,/Dt, in

the triple time method. Second, figure 3.8 shows that the optimum CFL,, changes with

Dt,/Dt, (excluding the very small CFL,, region (CFL, £10°)) and a small value

beyond the optimum one could result in divergence.
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For the first reason mentioned above, CFL,, appears to be a better independent
parameter since we have obtained some heuristic experience of how to ramp it from the
single time method. The other parameter must then be either Dt ,/Dt, or CFL,. In

order to decide which is better, we compare plots of the stability results for the same
approximate factorization case in each of these two cases. The results are shown in
figures 3.9 and 3.10. Figure 3.9 uses CFL,, and CFL,, while figure 3.10 uses CFL,,

and Dt ,/Dt,. The trangition region from physical to steady preconditioning is marked

by two straight lines in term of CFL,,. These two figures, combined with figure 3.8,

show the same data in terms of three different sets of independent parameters.

In figure 39 CFL,, and CFL,, are the two independent parameters. At small CFL,,

region, the damping of the error is very fast and there is no difference between the

different CFL,,’s but these values of CFL,, are clearly not practical for the outer
iteration. As CFL,, increases, the damping gets slower and the difference between

different CFL,,’s becomes bigger. We can see a corner at the beginning of the transition

region caused by the transition from the non-preconditioned to the steady preconditioning.

In the transition region, when CFL,, is large (CFL, 2 10), we can still achieve very

good convergence. The convergence rate increases at the beginning but gets worse

monotonically as CFL,, increases. For smaller \aluesof CFL,,, the convergence rate
gets worse monotonically as CFL,, increases. In the steady preconditioning region, the
damping decreases as CFL,, increases (Dt,/Dt, is becoming smaler), and the
scheme even becomes divergent for CFL,, =30. This is evidence of the well-known

conditiona stability of the DDLGS scheme as shown in figure 3.4. Over the whole
CFL,, region, we find that CFL,, = 20 is close to an optimum choice and has a pretty

good damping for any value of CFL,,. That suggests that we can fix CFL,, when

ramping CFL,,, reducing the two variables to only one.
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In figure 3.10 we use CFL,, and Dt,/Dt , as two parameters. This figure is very
smilar to figure 3.8. For every vaue of the sink term Dt,/Dt,, the maximum
eigenvalue | ., increases as CFL, or CFL, increases a the beginning, then

decreases and finally increases extremely fast to the divergence. Although the sink term

pushes the convergence and the CFL; limit for divergence n the right direction, the
scheme finally diverges no matter how strong the sink term is. Thus, if weramp CFL,,
at the beginning of a computation, we will have to use a different valueof Dt ,/Dt , for
each CFL,,. We can not find a constant Dt ,/Dt , value to make the scheme stable
overdl CFL,, vaue.

Consequently, CFL,, and CFL,, as shown in figure 3.9 appears to be the best set
of independent parameters. In the rest of the thesis, we use CFL,, and CFL,, as the

primary parametersinstead of CFL,, and Dt,/Dt ,,or CFL,, and Dt,/Dt,.

3.3.5 Comparison of the Different Setsof C's

In order to compare the stability characteristics of the four sets of C’s, we do the
inner t, stability analysis according to equation set 3.36 using the method of figure 3.9
to compare the results. The three matrices, G,,G, and G, are different only at low

Mach number and the I/11/* order system is of most interest for its expected fast auter
convergence since the I/11/11 order system, one member of the family of I/11/* order
system provides consistent differencing for the outer time step and the residual.
Consequently, only results for Mach=0.01 and I/11/* system are presented.

Figures 311 through 3.14 are the plots for these four sets of C’s. The results are

plotted in two different ways. One way is the CFL,, versus | ., plot for a series of
CFL,,, the same way plotted in figure 3.9.This is shown as the upper plot in each figure.

The second way for presenting the results is to plot CFL,, versus the number of

iterations for ten orders of inner convergence which is obtained by the formulation
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- 1071094 (l ) (I 1 isthe 1. in the first way). The number of iterations is more

meaningful in application to the real computations and in addition gives a clearer
distinction between small (but very important) changes in the eigenvalue as its eigenvalue

approaches unity. The second way is plotted in the lower plot of each figure. Again, the

x-axis is the logarithmic scale of CFL,, based on velocity u instead of the u+c. One
difference in these plots from figure 9 where CFL,, ranges from 10™° to 10° to give
aclear picture in the very large and very small CFL,, regions, the range of CFL,, here

will be narrowed to a more interesting region from 102 to 10*. The y-axis is again the

maximum value of the maximum eigenvalue of the amplification matrix G over both X
and Y wave number space excluding thevaueat Y axis.

The transition region from physical to steady preconditioning is marked by two
straight lines in terms of CFL,,. At the non-preconditioned region, r¢, =r  and
unsteady preconditioning becomes non-preconditioned, hence both ‘UPS and ‘UUS
become ‘PPS', and both ‘UPU’ and ‘UUU’ become ‘PPP’. At the steady preconditioning

region, r¢, =r{ and unsteady preconditioning becomes steady preconditioning, thus

both *UPS' and ‘UPU’ become *SPS', and both ‘UUS and ‘UUU’ become‘SSS'.
In figure 3.11, the ‘UPS case, at the non-preconditioned region (small CFL,,), the

convergence rate is very dow because of the inconsistent preconditioning (‘UPS

becomes ‘PPS' for small values of CFL,,) and the differences between different values
of CFL,, are too small to be seen from the upper plot but can be observed in the lower

plot. After entering the transition region, the difference between different values of

CFL,, appears, the convergence rate increases very fast for large values of CFL,, and
decreases at the end of the transition region, and gets worse as CFL,, decreases. In the
low CFL,, part of the steady preconditioning region, at the beginning, the number of
iterations increases as  CFL,, increases and then becomes constant as CFL,, becomes
large enough. Again, the CFL,, =30 case diverges for very large values of CFL,.

Also, we can see that the results of the CFL,, = 20 line are almost optimum one over all
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rangesof CFL,,.

Figure 3.14, the ‘UUS' casg, isvery smilar to figure 3.11, the ‘UPS' case.
In figure 3.12, the first plot uses the same data as figure 3.9. Accordingly the analysis
will not be repeated here and can be referred to section 3.3.3. Comparison between

figures 311 and 3.12 shows that, for small values of CFL,, region, the ‘UPU’
converges much faster than ‘UPS because of its consistent preconditioning (‘UPU’
becomes ‘PPP for small values of CFL,,), while for large values of CFL,,, they are
very similar. Again, Figure 3.13, the ‘UUU’ case, is very similar to the ‘UPU’ case in
figure 3.12.

An important point to note for all four figures 3.11 through 3.14 is that in al cases

the value CFL,;=20 is very close to the optimum vaue for al conditions.
Consequently we will use CFL,; = 20 as ‘optimum’.

To compare the four sets of C's, we plot the lines of this optimum CFL,, of
twenty for all four upper plots together in figure 3.15. Again we show | . in the upper
plot and the number of iterations in the lower plot of figure 3.15. From figure 3.15, we
can see that, in the small CFL,, region (non-preconditioned), ‘UPS' is exactly the same

as‘UUS' because both ‘UPS' and ‘UUS' become ‘PPS’, and ‘UPU’ is exactly the same as
‘UUU’" because both ‘UPU’ and ‘UUU’ become ‘PPP. ‘PPP (UPU and UUU) has a
better convergence than ‘PPS (UUS and UPS) because of its consistent preconditioning
matrices. At large CFL,, region (steady preconditioning region), ‘UPS' is exactly same
as ‘UPU’ because both *UPS and ‘UPU’ become ‘SPS', and ‘UUS is exactly the same as
‘UUU’ because both ‘UUS and ‘UUU’ become ‘SSS'. ‘SSS (UUS and UUU) has better
convergence than ‘SPS because of its consistent precondition matrices. At extremely

large CFL,, region (greater than 1000), all four cases become identical. That is due to
the vanishing effect of G, at very small valuesof Dt,/Dt, (large CFL,,).

From both the upper plot and lower plot of figure 3.15, we can see that ‘UUU’ isthe
best except for a smal region a moderate CFL,, values where the convergence is

worse than ‘UUS and ‘UPS'. But the cost is small compared with its large gain from the
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small CFL region. ‘UPU’ requires dightly more terations than ‘UUU’ and is aso a
possible choice. ‘UUS and ‘UPS' are our last choice because of their extremely large
number of iterations at small CFL,,.

It is important to redlize, however, that the inner convergence is not enough to
evauate the total convergence. We have to take into account the outer convergence

besides the inner convergence.
3.4 Outer Stability Analysisfor Direct Inversion

We have discussed the inner stability analysis in the last subsection and found that

‘UUU’ case has the best inner convergence over most CFL,, values. The ‘UPU’ case is

dightly worse than the ‘UUU’. The ‘UPS and ‘UUS methods have very poor
convergence at small values of CFL,,, but are the best in the middle CFL,, between

three and thirty. Since the triple time scheme includes both the inner convergence and the
outer convergence, it is not complete if we only consider the inner convergence. In this
and next subsection, we perform the stability analysis of the outer convergence. The outer
convergence depends on the number of inner iterations. For an infinite number of inner
iterations, the outer convergence becomes the convergence of the direction inversion of
eguation 2.19b, which is the best we can achieve for the outer convergence. In this
subsection, we will discuss the stability analysis of the direct inversion (an infinite
number of inner iterations) of equation 2.19b. The stability analysis for finite number of
inner iterations will be discussed in the next subsection.

The sability analysis for the direct inversion can begin from the outer iteration
equation 2.19b (re-labeled as 3.45)
ED%+(ND XAp)2§ DQ, =- (N, xF)" (3.45)
For the outer iteration, the time level ‘'n’ remains in the stability formulation as it is the

variable we are updating and we must evaluate the discretized divergence of flux

(N, xF)". For stability purposes, we again take the Jacobian, A, as a constant,
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therefore allowing us to express the divergence of the flux as the divergence of the

Jacobian times the primary variable

(NpxF)= (N, xA) ) Q, (3.46)
Here we have used the subscript ‘1’ on the discretized divergence to indicate the t
pseudo time level.
To perform the stability analysis, we define the outer amplification factor G as

Q" =GQ; (3.47)
Substituting equations 3.46 and 3.47 into equation 3.45 and canceling out Q, we obtain

&2 1 ([, xA,) 4 (G- 1)=- (1, xA,), (348)

eth

[t eniy e

From equation 3.48 we can solve for G, and compute the maximum eigenvalue and
number of iterations to converge ten orders of magnitude and plot versus CFL,, in the

same way as we have done for the inner stability analysis.

Since the outer iteration formulation only involves two pseudo times, t, and t,,
and does not depend on the third pseudo time, t,, we use an ‘*’ to indicate the absence

of G or t,. For example, the outer iterations of the ‘UPS’, ‘UUS’, ‘UUU’ and ‘UPU’
cases are expressed as ‘*PS', ‘*US, ‘*UU’, **PU’ respectively. Also, the I/1/1, I/1/I1 and
I/1I/1l order of accuracy of the inner iteration become */I/1, */I/1l and */11/11 order of
accuracy at outer iteration respectively.

For the same reason as for the inner stability analysis, only the results for M=0.01 are
presented. Figure 3.16 shows the outer stability of the direction inversion for the **PU’
case. All three order systems, “*/I/I';*/I/II’ and “*/I1/II’, are shown in the same plot.
From the plot, we can see that the two consistent systems, ‘*/I/I’ and ‘*/I1/II’, are exactly
the same over the entire wave number space. This shows that consistent differencing
gives similar convergence rate no matter what order of accuracy is used. They both show

stiffnessin the small CFL,, region and extremely fast damping at large CFL,,.

The inconsistent “*/I/1I" system is exactly the same as the two consistent systems at
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10*
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0.01, Flow angle= 0.

smal CFL,,, but shows much smaller damping at large CFL,, because the inconsistent

discretization. This suggests a weakness of the inconsistent iterative DDLGS system
discussed in section 2.9.

The results for ‘*PS’, ‘**US and ‘*UU’ are very similar to that of ‘*PU’ and hence
are not presented. Instead, we plot the results of **/I1/II" system for al four setsof Csin
one plot in figure 17.

In figure 17, again the transition region is shown on the plot for reference. The ‘U’

quantity degenerates to the ‘P quantity at smal CFL,, and degenerates to the ‘'S
quantity at large CFL,,. Accordingly, in the non-preconditioned region, both the system

“*PU’ and the system ‘*UU’ are the same as the system “*PP' . Similarly both the system
“*PS and the system ‘*US become the system ‘*PS'. In the steady preconditioning
region, both the system ‘*US’" and the system ‘*UU’ become the system ‘*SS', and the
“*PS and the ‘*PU’ systems become the ‘*PS' system.
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Figure 3.17 Comparison of outer stability with direct inversion between the four sets of
C’s, */lI/11 order (and */1/), Mach number = 0.01, Flow angle = 0.

There is no difference between the four setsof Csat smal CFL,, because they all
approach to unity. In the steady preconditioning region at large CFL,,’s, ‘*PU’ is exactly

the same as ‘*PS and ‘*UU’ are exactly the same as ‘*US because the quantity ‘U’
degenerates to 'S’ at this region. Also, the systems **PU’ and ‘*PS' ave better damping
than the systems ‘*UU’ and ‘*US'. In the transition region, again, ‘*PU’ is exactly the
same as ‘*PS and ‘*UU’ are exactly the same as ‘*US’, which indicates that there is no
difference in convergence between the unsteady preconditioning and steady
preconditioning.

Generaly, we do not have to converge the inner iteration to machine accuracy. We
want to use as few inner iterations as possible to save CPU time provided the outer
convergence is not harmed. So it will be very helpful if we can provide the overal

stability for finite number of inner iterations, which is presented in the next subsection.
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3.5 Outer Stability with Finite Number of Iterations

The triple time scheme contains an inner iteration and an outer iteration. The number
of inner iterations obviously affects the convergence of the outer iteration. In general, the
smaller the number of inner iterations we use, the more outer iterations are needed. Also,
if the number of inner iterations is increased beyond some limit, we can expect that the
inner iteration will no longer affect the outer convergence. Large numbers of inner
iterations are expensive and unnecessary, so there must be an optimum number of inner
and outer iterations that provides the best globa convergence. In this section, we will
address the number of inner iterations by using stability analysis of the outer iteration for
a finite number of inner iterations. The difference between the outer stability analysis
with finite number of iterations and the inner stability analysis is that the inner stability
amplification factor is based on the last inner iteration results while the outer stability
amplification factor is based on the last inner iteration variable. In this subsection, we
derive the formula for the outer stability amplification factor for a given number of inner
iterations. The formulation is as follows.

Starting with the approximately factorized triple time equation 2.47 and substituting
the triple time residual equation 2.22ainto equation 2.47, we obtain
€G,

(L3 + Err4S)D5p =- (ND xF )n - e —
ébt ,

@Qr- Q)+, AN @Qr- Qg (349)
u

where Dép :Cspmﬂ- me. The approximate factorization error Err,., is given by
equation 2.48

Err,s =J,,.,D;!J,,4D ", ,,D;1J

e Ty (2.48)
and the Jacobian coefficients J s are given by equation set 2.53 (or equation set 2.31). For
the combined inner and outer stability analysis, the quantities épm and Q," are
variables that must be retained.

We define the amplification factor of the solution of mi" inner iteration épm with

respect to the solution of the last outer iteration Qp” as G™, where the superscript ‘m’
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on G™ indicates a series of intermediate amplification factors instead of an exponent.
Accordingly we have

Qy =G"Q; (3.50)
Again taking the Jacobian matrices as constants we express (N, xF)" = (ND XA, )1”Qg,
substitute this and equation 3.50 into equation 3.49 and use the Fourier transformation.

Canceling out the common factor, Qg , we obtain

[F(L)+ F(Erm 6™ - 6™ =-F[([, A, )]- iD? +F[N, XAP)Q]E(é'“’- )

(351)
where the Fourier transformation operator F(L,) is given by equation 3.37. The

operator F|(N, A, J'| in equation 3.37 is discretized as first order and accordingly
given by equation 3.39. For I/1/1 system, the operators F|(R, xA, J'| and F|(, <A )]
are both first order and equal to F|(R, xA, J'| in equation 3.39. For I/11/I1 system, the
operators F|(N, xA )| and F|[R, xA, )] ae both second order and equal to
F|(Ri, xA, )" | in equation 3.43. For 1/1/11 order system, the operator F|(R, xA, | is

second order and given by equation 3.43, but F[(ND XA, )ZJ is first order and given by

equation 3.39. The Fourier transformation of the error term is given by taking the Fourier
transformation of equation 2.48. This procedure is straightforward. The results are not

given because it is two messy.

Moving the terms with G™ on the left hand side of equation 3.51 to the right hand

Side, gives,
e =Pl ) L) rrlE )6 g+l L - &)

(3.52)

For generality, write the initial condition as an arbitrary function of the solution Q; at

the previous t, time step.
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QL =vQ (3.534)
where V is a vector function that is independent of Q; . In the present analysis, we have
taken the initial condition of the inner iteration as 62 =Q, so that V is the unit matrix.
Substituting equation 3.53a into 3.50 for m=0 and canceling out Q; , We obtain,

G°=V (3.53b)
Tofind theresultsof G™ for m inner iteration steps, m=0, 1, 2, ..., m, we begin with the
initial condition of the inner iteration where m=0 so that 6‘; =VQ; and G° =V, and

proceed through the first inner iteration to find 6; (for m=0). Substituting G° =V

into equation 3.52 to obtain the first inner iteration relationship

[F(L)+ F(Er G =- Fl[R, A )]+ [F(L.) +FErr4s)1v+.Dt—2+F[ xmg V)
(3.549)

Repest this process for the second inner iteration step, m=1, and using the result for the

first inner iteration step, m=0, we obtain the second inner iteration relationship,

[F(L,)+ F(Err4s)]62 _. F[(ND XAp)l”]+[F(L3)+ F(Err4s)]é i N oA ]% i

(3.54b)
Extending the results to the last inner iteration step when m=M - 1, gives

& el AL 6

(3.54¢)

[F(L)+F(ErnJG" = - FR, 5, )" [F L)+ FlErme ]G + i

The matrix, G , then becomes the outer amplification factor for M inner iterations steps,
ie, G =G,where QI"=Q" and Q)" =GQ}.
One representative result for the complete inner-outer iteration process for the UPU

system is plotted in figure 3.18 for a series of different values of M (number of inner

iterations). As was done before, the results are plotted in two different ways, the

maximum eigenvalue, | versus 1og10(CFL,,) (the upper plot of figure 3.18) and

max
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Figure 3.18 Combined inner-outer stability analysis for various number of inner

iterations; UPU, I/11/I1, Four sweep DDLGS, CFL, ;=20, Mach=0.01 and flow angle of
zero. The upper plotis |, versus CFL,, and the lower plot is number of outer

iterations to converge ten orders magnitude versus CFL,,.
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the number of outer iterations needed to converge DQ, ten orders of magnitude versus
loc 10(CFLu2) (the lower plot of figure 3.18). For the coupled inner-outer outer iteration
case, the maximum eigenvaue is the largest value of the amplification matrix GM (G

over the whole Fourier domain and the number of iterations is the number of outer

iterations needed to reduce DQ, by ten orders of magnitude.
Looking first at thelow CFL,, region of figure 3.18, the number of outer iterations

is too large to be seen no matter how many inner iterations are used because CFL,, is
simply too small. Inspection of the upper plot shows that if we do computations in this
region, we do not have to use many inner iterations. In the transition CFL,, region, one
inner iteration leads to divergence because of the conditional stability of the DDLGS
system and the insufficient inner convergence. After two or three inner iterations, there
are very small differences between the different numbers of inner iterations. Again, the
transition from non-preconditioned to steady preconditioning at the end of the transition
region causes a corner. In the large CFL,, region (steady preconditioning), the larger
the number of inner iterations we use, the faster the convergence is. When the iteration
number is large enough, the results are very similar to the direct inversion stability results
(figure 3.17). Increasing the number of inner iteration does not help the outer
convergence anymore. The results for ‘UPS', ‘UUU’ and ‘UUS' are similar and are not

presented.
To compare the four setsof C's, we plot the results for three, five and ten iterations

for the UPS, UPU, UUU and UUS cases in figures 3.19, 3.20 and 3.21 respectively.
Again the results are plotted in terms of | versus CFL,, (the upper plot of each
figure) and the number of outer iterations to converge ten orders of magnitude versus
CFL,, (the lower plot of each figure).

Figure 3.19 shows the outer convergence comparison of the four systems for the
three inner iterations case. In this figure, as for the direct inversion results shown in

figure 3.17, the ‘UPS’ system is exactly the same as ‘UPU’ and ‘UUS' is exactly the same

as‘UuUU’. Actualy, thereis atiny difference, but we can not see from the plot. Compared
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Figure 3.19 The comparison of outer stability for three inner iterations between the four
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zero. The upper plotis |, versus CFL,, and the lower plot is the number of outer
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Figure 3.21 The comparison of outer stability for ten inner iterations between the four
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with ‘UUU’ and ‘UUS’, ‘UPU’ and ‘UPS’ ae exactly the same at small and large CFL,,
regions but marginaly better at the middle CFL,, region. So from this figure, we can
conclude that there is no difference between ‘UPU’ and ‘UPS'. But we should mention
that ‘UPU’ is much better in inner convergence at small CFL,, region as shown in
figure 3.15, which can not be seen from figure 3.19 because of the stiffness of the outer
convergence at small CFL,, region. For this reason, we use ‘UPU’ instead of ‘UPS' for
thethree Csin our triple time scheme.

Figures 3.20 and 3.21 which show the comparison of the outer convergence of the
four systems for five and ten inner iterations are very similar to figure 3.19 except that
the convergencerate at large CFL,, region is faster.

In computing the inner iteration, there are two obvious choices for determining when
to stop the inner iteration. The first choice is to specify the number of inner iterations (i.e,
one, ten or fifty). An aternative is to continue the inner iteration until it has converged a
certain number of orders of magnitude (say two or four orders). We next present the
results for specifying the order of convergence. We only present the results for the *UPU’
system because of its similarity with other three sets of C’s. The results are shown in
figure 3.22. The upper plot is plotted as | , versus CFL,, and the lower plot is
plotted as number of outer iterations to converge ten orders versus CFL,,.

The results in figure 3.22 show that number of iterations decreases very rapidly from
10,000 to less than 100 as CFL,, increases from one. At small ard moderate CFL,,
region, there is no difference between the one, two and three orders of inner convergence.
Only at the very large CFL,, region, does a difference between the three values of inner

convergence order appear. The outer convergence for two orders of inner convergence is
better than that of the one order of inner convergence. When the inner convergence is
more than two orders, we can only see a small gain in the outer damping at high CFL,
number from the upper plot while the difference is more clear from the lower plot. For an

inner convergence greater than three orders, any further increase in inner convergence

does not improve the outer convergence anymore.
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Figure 3.22 Combined inner/outer stability results for various orders of inner

convergence, I/I1/11, four-sweep DDLGS, CFL,;=20, Mach of 0.01 and flow angle of
zero. The upper plotis |, versus CFL,, and the lower plot is the number of outer

iterations to converge 10 orders versus CFL,,.
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3.6 Inner Iteration Optimization by Stability Analysis

In section 3.5, we have shown that increasing the number of inner iterations
decreases the number of outer iterations. The optimum CPU time, however, will depend
upon the total number of inner plus outer iterations. In the following, we try to optimize
the number of inner iterations by calculating the CPU time for converging ten orders
magnitude for different numbers of inner iterations.

We assume the time for one outer iteration is three times that for one inner iteration
(we will shown in the next chapter how this can be achieved). Consequently, we can
convert the total number of inner and outer iterations to an equivalent number of
iterations and obtain the CPU time for ten orders outer convergence in the overal
solution in terms of the CPU time per iteration. By doing so, we re-plot the number of
outer iterations in figure 3.18 as the equivalent number of inner iterationsin figure 3.23.

Figure 3.23 shows that the equivalent number of inner iteration to obtain ten orders

of magnitude convergence in the outer iteration decreases monotonically with increasing

CFL,, for any fixed number of inner iterations per outer time step. The optimum
number of inner iteration per step changes depending upon the value of CFL,,. Aslong
as CFL,, isless than 30, the optimum number is three, but as CFL,, increases, five
becomes more efficient to about CFL,, equals 100. After that ten inner iterations are
more efficient than three and five. As CFL,, reaches 10*, the 30 inner iterations case

begins to excel over the ten case. The general conclusion is that the optimum number of
inner iteration per step increases slowly with CFL,.

To see how the optimum number of inner iteration varies with CFL,,, we plot the
optimum number of inrer iterations from figure 3.23 versus CFL,,, in figure 3.24. The
scale of the x-axis in figure 3.24 has been extended to 10 from the one in figure 3.23
to show the optimum value at small valuesof CFL,.

From figure 3.24, we can see that the optimum number of inner iteration increases

monotonically with  CFL,, from one to thirty. Inthe CFL,, region which is of most
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interest (1£ CFL,, £100), the optimum inner iteration number is less than 10. In the

small CFL,, region, the optimum number of inner iterations is only one.

3.7 The Effect of the Number of Grids on Stability

The number of grid points has an important effect on stability. For a single time
scheme, the effect is generally attributed to the low wave number region which is
notorious for its convergence stiffness or unstability, as shown in figure 3.4. Generdly
speaking, the finer the grid the more possible we can resolve the highest eigenvalue point
and the stiffer or the more unstable the convergence is. For our triple time scheme,
besides the above factor, the grid number also affects the unsteady preconditioning C as
shown in figure 3.1. Increasing the number of grid points moves the transition region of
unsteady preconditioning C from the physical to the steady region but does not change

the magnitude of that transition region or the magnitude of the eigenvalue.

3.7.1 The Effect of Grid Number on the Inner Stability

First we examine the effect of grid number on the inner stability. There are two

aspects for this issue. The first one is the optimum CFL,, and the second one is the

maximum eigenvalue. We will use the *UPU’ system, ‘1/Il/II" accuracy, a Mach number

of 0.01 and a flow angle of zero in al of the following results.
The effect of the grid number on the optimum CFL,, can be found by repeating
figure 3.12 for a series of grid number N, but that is too much work because we have to

compute all cases for a series values of CFL,,, CFL,, and number of grid points.
Therefore, to reduce the work, instead of computing the results for a series of CFL,
such as in figure 3.12, we only compute one representative value of CFL,, and assume
that the optimum value of CFL, for this representative CFL,, value is the optimum

CFL,, vaue for al CFL,, values. We choose the representative value of CFL,, to be
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infinity because it has the maximum eigenvalue along the optimimum CFL,, line
(CFL,; = 20) and there is an obvious difference between different values of CFL,, a
that point as shown in figure 3.12.

We use this representative value of CFL,, infinity to compute the maximum

eigenvalue of the inner iteration amplification matrix G from equation 3.36 for a series
of CFL,; and search for the optimum (mininum) value. Repeat this procedure for a
series of numbers of grid points, we can obtain the effect of the number of grid points on
the optimum CFL,, and their corresponding maximum eigenvalues. The results are
shown in figures 3.25 and 3.26.

Figure 3.25 shows the effect of number of grid points on the optimum CFL,,, we
can see that the number of grid points has little effect on the optimum CFL,, except at
very small nonpractical number of grid points of ten. In the practical number of grid

points region, the optimum CFL,, increases very slowly with the number of grid points.
50 W
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Figure 3.25 The effect of grid number on the optimum CFL_; intheinner stability.

UPU, I/11/11, Mach number of 0.01, flow angle of zero and CFL,, of infinity.
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Figure 3.26 The effect of grid number on the convergence of inner stability. The upper
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number on number of inner iterations for ten orders convergence; UPU, I/11/11, Mach

number of 0.01, flow angle of zero and CFL,, of infinity.
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Figure 3.26 shows the variation of the convergence rate with the number of grid
points. Again the upper plot is the maximum eigenvalue results while the lower plot is the
number of inner iterations for ten orders of magnitude. The CFL,; value is the optimum

CFL,, in figure 3.25. In this figure the convergence rate increases monotonically with

the grid number as we expect and the maximum eigenvalue is less than unity for any

number of grid points.

3.7.2 The Effect of Grid Number on the Outer Stability

The grid number aso has an influence on outer stability. Using the optimum CFL ,
from figure 3.25, we compute the maximum eigenvalue of the outer stability for various
numbers of inner iterations and a series of grid sizes. Two values of CFL,, are
considered, infinity and ten. The other parameters are the same as subsection 3.7.1. The
results are plotted as the maximum eigenvalue | . versus the grid number in figure
3.27. The upper plot is for an infinite value of CFL,, and the lower plot isfor a CFL,,
vaue of 10.

Infigure 3.27 where CFL,, is equal to infinity, the maximum eigenvalue increases

monotonically with the increase in the number of grids but is less than one for all cases.
The larger the number of inner iterations the faster the convergence of the outer iteration
is. Figure 3.28 wherea CFL,, value of 10 is used follows the same pattern with the first
plot, but the iteration diverges for a large grid number for small number of inner
iterations. The reason for this divergence is the same as what causes the divergence of
one inner iteration case in figure 3.18, which is the conditiona stability of the DDLGS

system and the insufficient inner convergence.
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3.8 Comparison between Computation and Stability

To show the validity of our stability results, we present some computational results.
The code we used is an in-house code called ‘GEMS', whose brief introduction is given
in chapter 5. We use a uniform flow, inviscid flow in a constant area duct as show in
figure 3.29. We use exactly the same conditions as in the stability analysis. We present
results for the *‘UPU’ system, the ‘I/1I/1I" accuracy system, a Mach number of 0.01 and a
flow angle of zero. The grids in the computational domain is equally spaced with a size of

101x101 and an aspect ratio of one.
The total pressure (P°), total temperature (T°) and flow direction (a ) are given as
the inlet boundary condition, and the back pressure ( P, ) iS given as the outlet boundary

condition. Inviscid wall boundary condition is used at the wall boundaries.

Inviscid Wall
Flow
| nlet Outlet
Boundary Boundary
Condition: Condition:
PO’TO’ Pback
a=0

Inviscid Wall

Figure 3.29 Computational grids and boundary conditions for the uniform flow.
Grids: 101x101
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The initial condition is set up by introducing a perturbation at every grid point while
keeping the total pressure and total temperature constant. The perturbation is introduced
in the following way.

First, from the exact solution, we can compute the total pressure, P° and total
temperature, T° from the Mach number and static pressure (back pressure). Then, for a
perturbed static pressure less than the exact static pressure, we perturb the static pressure
as the change from the initial pressure to the pressure of the exact solution, not the
converse. For example, if the initial pressure is 0.01atm and the pressure of the exact
solution is 1latm, this is a hundred times perturbation instead of 0.99 times perturbation.
By doing so, we obtain

P, = P,/(1+eR;) (3.55)

Where P, and P, are the perturbed static pressure and the exact static pressure
respectively, R, isarandom function betweenOand 1, e isa parameter to control the
magnitude of the perturbation. As e goes to infinity, P, goes to zero. Then the
perturbed Mach number, M can be calculated from the total pressure and the

perturbed pressure as

6 ol

_| 2 &P°0v g
M, = g-lAPé -1 (3.56)

§p J

H

and the perturbed static temperature becomes

-1 gt
T, =T,8+3=m 22 (357)
e 2 2

This ensures that the pressure and velocity in the field remain positive.

Equations 3.55, 56 and 57 give the perturbed flow field as the initial condition in our
computation. In the present study, a very small e value of 10°° is used to make the
initial condition close to the exact solution.

Figure 3.30 shows the comparison of the inner convergence between the stability and
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Figure 3.30 Inner iteration comparison between stability analysis and computations of an
uniform flow in a straight duct. UPU, I/11/11, Mach number of 0.01, flow angle of zero,

CFL,, of 20 and grid number of 101 by 101.

the computation. The data used for the stability line of this figure is exactly the same as
the data used for the CFL,, = 20 line of figure 3.12. In this figure, the computational
results follow a similar pattern as the stability results indicating that stability gives a
reasonable prediction of convergence rate. In most of the CFL,, region (except the very
large value of CFL,,’s), we need kss iterations in the computation than in stability
because of the boundary error convection.

Figure 3.31 shows the comparison between the outer stability results and
computations of the same uniform flow in a straight duct. The dashed lines are the
compuational results and the solid lines are the stability results. Again, the stability
results and the computational results are similar. This figure shows that the computation

results converge slower than stability, which iskind of surprising. Also, the ouer
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Figure 3.31 The comparison of the outer stability between stability analysis and
computation for an uniform flow in a straight duct. Y axis. number of outer iterations for
10 orders outer convergence; UPU, I/11/11, Mach number of 0.01, flow angle of zero,
CFL,, of 20 and grid number of 101 by 101.

convergence stops improving after 10 inner iterations instead of 30 inner iterations, as
indicated by the stability. Although the above differences exist, the general characteristics
of both cases are similar.

Figure 3.32 shows the comparison between the dtability analysis and the
computationa results for the effect of the number of grids on inner stability for the same
uniform flow in a straight duct. The computational parameters are exactly the same as the
stability parameters. The grids in both the x and y directions are equally spaced, the
numbers of grids in both directions are equal and the grid aspect ratio is one. The xaxis
of this figure, the grid number, is just the number of grids in the xdimension. The upper

plot is for the optimum CFL,, and the lower plot is for the number of inner iterations
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Figure 3.32 Inner stability comparison between the stability analysis and computation of
an uniform flow in a straight duct. UPU, I/11/11, Mach number of 0.01, flow angle of zero
and grid size of 101 by 101. Upper plot: the optimum CFL,,; Lower plot, the number of

iterations for 10 orders inner convergence, CFL,; isthe optimum CFL , from the

upper plot.
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for ten orders magnitude of convergence for the corresponding optimum CFL,, in the

upper plot. The computation results are only provided for grid number up to 600x600
because of the machine limitation (storage and CPU time issues).
From this figure, we can see that the computational results are again close to the stability
results. In the first plot, the optimum value of CFL_, for the computation is twenty five
and independent of the grid number except for very small grid numbers, which is a little
bit different from the stability results in the small grid number region and is exactly the
same in the high grid number region. In the second plot, the computational results follow
the same trend as the stability results as the number of grids increases. Again, the number
of inner iterations for the computation is less than the number of inner iterations for the
stability because of the convection of error out of the boundary.

In summary, by comparing the inner convergence, the outer convergence, the effect
of grid number on the optimum CFL,, and the number of inner iterations between the
computation results and the stability results, we can see that our stability results gives a

good prediction for the computations.

3.9 Single Time Stability Analysis and Comparison with Triple

Time Scheme

To compare the triple time scheme with the single time scheme, we aso perform a
stability analysis for the single time. From section 2.9, we know that the single time
method is just a specia case of the triple time method in which we use only one inner
iteration, use the previous outer solution as the initial condition of inner iteration, set
Dt, to be infinite and G =G, =G, in the triple time equation. Consequently, the
stability of the triple time scheme can be obtained from the triple time stability
formulation for the first inner iteration (equation 3.54a) by setting Dt , to be infinite and
G =G =G.

As before, we compute the maximum eigenvalue of the amplification factor in
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eguation 3.54a and search over the whole wave number region for the largest value of the

maximum eigenvalue which is defined to be | __ . We then compute the corresponding
number of iterations required for ten orders of convergence versus CFL,, and plot both
this number and the value of |, to obtain figure 3.33.

In figure 3.33, the convergence is very stiff at small values of CFL,,. As CFL,,
increases to a value less than twenty, the convergence rate increases. After that, the
increase of CFL,, leads to an rapid decrease in convergerce rate and the scheme
becomes unstable very rapidly. We can see that the optimum CFL,, is 20 and

corresponding number of iterations for 10 orders convergence is 100.

We compare the optimum convergence of single time method in figure 3.33 with that
of the triple time method in figure 3.23 to give us an idea how much we gain from the
triple time. From figure 3.33, the optimum number of outer iterations is 100, whose CPU

timeis equal to that of 300 inner iterations if one outer iteration takes three times more

12 = =10°
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CFLu2
Figure 3.33 The stability analysis for single time. I/11 order, Mach number of 0.01, flow
angle of zero, grid number of 101x101.
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than an inner iteration. From figure 3.23, we can see that the optimum for triple time is
CFL,, =10000 and the number of inner iteration is 30, in which case the equivalent
number of total inner iterations is 110. Then, from stability theory, the ratio of the
optimum triple time convergence is 2.7 times faster than the optimum single time

convergence.

3.10 Conclusion

In this chapter, we first discussed the genera formulation for the stability analysis.

Then we compared the different ways to plot the results. Our results show that the two

variables, CFL,, and CFL_,;, are the best set of independent parameters to plot the
results because they indicate that a constant value of CFL,, is nearly optimum over the
entirerange of CFL,,. Then we discussed how to pick the best set for G, G, and G

by plotting the stability results by choosing CFL,, and CFL,, as the two independent
variables. We compared the inner stability analysis, outer stability analysis with infinite
iteration steps (direct inversion) and combined inner and outer stability analysis with
limited inner iteration steps. The stability results show that the four systems, ‘UPS,
‘UPU’, 'UUU and ‘UUS give smilar. The system that gives the best overall
convergence is ‘UPU’.

Second, we optimized the inner iteration. The stability results show that the optimum

inner iteration step increases monotonically with CFL,,. Inthe CFL,, regions thet we

are of most interest, the optimum inner iteration number ranges between 3 and 30.

The effect of grid number on the convergence is al'so examined. The grid number has
little effect on the optimum CFL,, but it has a great effect on convergence. As the grid

number increases, the convergence rate decreases very rapidly.
Some computational results are given to show the validity of the stability results. The
computational results show that our stability analysis gives a good prediction of the
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computational performance.

At last, the comparison of the stability results of the triple time and single time
indicates that, the optimum triple time convergence is about 2.7 times faster than the
optimum single time convergence.

Note that al the computational results in this chapter are for a linear problem that is
very close to the solution. Additional potential advantages of the triple time method over

the single time method will be presented in chapter five later.
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Chapter 4
CPU Time and Storage

4.1 Introduction

In the triple time method, we use an inner iteration to solve the non linear equation.
During each inner iteration, we need to solve the tri-diagonal linear equation at every
sweep of the DDLGS approximate factorization method. All elements of the tri-diagonal
matrix in the tri-diagonal linear equation are evaluated at the last outer iteration and do
not change during the inner iteration. Only the residual of the triple time formulation
need to be updated at each inner iteration. Consequently, it is possible to save CPU time
by storing the inverse of some matrices in the solver of the tri-diagonal linear equation.

In this chapter, by going through the tri-diagonal linear equation solver procedure,
we will analyze and approximately estimate what we should store, how much memory we
need to store and how much CPU time we save by storing. We will also present some

computational results to compare with our estimation results.
4.2 CPU Time Estimation

The CPU time per iteration for single time method includes the CPU time for
Jacobian matrix setup, tri-diagonal linear equation solver and other trivia time costs.
Compared with the single time method that has only one iteration, the triple time method
contains two iterations, the inner iteration and the outer iteration. Each outer iteration is
composed of many inner iterations. The first inner iteration in which we have to setup the

matrices and solve the tri-diagonal linear equations is similar to the single time iteration
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except that we store some necessary matrices in the tri-diagonal linear equation solver in
the first inner iteration of triple time but not in the single time iteration. Consequently, the
first inner iteration costs about the same CPU time as one iteration in the single time
method. In the other inner iterations, we only need to update the triple time residual and
solve the tri-diagonal linear equation by back substitution (as will be discussed later)
using the matrices stored in the first inner iteration.

In this thesis, we define the CPU time for solving the tri-diagonal linear equation in
all sweeps of DDLGS in each iteration of the single time method or the first inner
iteration of the triple time method as the non-linear iteration, and the CPU time for all
sweeps of the DDLGS method in the inner iteration (except the first inner iteration) as
linear iteration. Thus, the linear iteration includes updating the triple time residua and
solving the tri-diagonal linear equation by back substitution.

Although the matrix setup before the iteration requires about half of the total iteration
time, its operation count is complex to compute analytically. We do not consider that part
in our thesis and simply treat the non-linear iteration as the CPU time for each iteration of
the single time or the first inner iteration of the triple time.

In this section, by going through the tri-diagona linear equation solver, we will
analyze the relative costs of the linear iteration and the nontlinear iteration in term of the

scalar operation count.

4.2.1 Operation Count for Non-Linear Iteration

We start by estimating the number of operations needed to solve the tri-diagonal
equation that occurs in the non-linear iteration procedure. The equation can be expressed

in the following
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This tri-diagonal equation is solved in two steps. The first step is the elimination of the
lower diagonal, in which we transform the left hand tri-diagonal matrix to an upper
diagonal matrix with all identity matrices on the main diagonal. The procedure is shown
in the following,

Assume we have eliminated the lower diagonal components at the first ‘i’ rows and

the tri-diagonal linear equation becomes,

gé ug 0 0 0 - 0 0gDQ,d 8eR99
¢c0O I Ug o 0 - 0 O0«xDQ,+ ¢RE=
- CNE S S S - S S S
C G ¢+
¢0 - 0 I U¢ 0 - 0<DQ,; +=¢Re=+ (4.2)
go ' 0 |—| D|+1 Ui+l OEDQ.le; ngl:
oA S S S S S T S
90 0 - 0 0 L, DEDQ 5 &R 5

Note that U,,U,,---,U, and R,R,,---,R become U{U{,.--- .Ul and R{ RS, -, RS
because of the transformation. The expressionsfor ULUS,---,Uf and R{RS,---,RC are

presented as equations 4.7 ard 4.8 later.

Now we need to eliminate L, at the ‘i+1" row. In equation 4.2, we multiply the ‘i’

row by thematrix L; at the ‘i+1" row, subtract it from the ‘i+1’ row on both the left and

right sides of this equation and replacing the ‘i+1’ row by the computed row to obtain,
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In this step of eliminating the lower diagonal element, the operations for the left hand
side of the equation are a matrix- matrix multiplication and a matrix-matrix addition, and
the operations for the right hand side of the equation are a matrix- vector multiplication
and a vector-vector addition. So the total operations are the addition of the operations at

the left and right hand side of equation 4.3

IM™ M)+I(M +M)+1M " V)+1LV +V) (4.9
where the symbolss M"M,M +M,M " V,V+V indicate the operations for

matrix-matrix multiplication, matrix-matrix addition, matrix-vector multiplication and
vector-vector addition respectively.
In equation 4.3, multiplying the *i+1’ row by the inverse of the diagonal element at

the‘i+1 row, D,,, - LU, to make the diagonal element at this row to be identity matrix,

we obtain
Se Ut 0 0 O 0 OcraeEIDplg e R¢ 0
01 Ugo o 0 o@Dszfg Ry :
G: o+ i : : *? T 6 5 N
o - 0 1 us 0 o«;DQpl 7:8 R +
80 . 0O 0 |1 (D|+1- I—iUiQ-lui{L [Dpﬁl— g(Dﬂ'LiUiQ-l(Rﬂ' LRQ:
¢ i i : : R« 3 +
000 -0 0 L. DéDQpng% R o
(4.5)
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The operations for this step are
M ‘1)+1(M "M)+1(M V) (4.6)

where M ' indicates the operation for a matrix inversion.

We define the new upper diagonal term in equations 4.2, 4,3 and 4.5 after decomposition

to be
ug=D, U, (4.74)
Ug :(Di+1 . LiUiG)-lUHl’i =12,--,n- 2 (4.70)

and the new residual in equations 4.2, 4,3 and 4.5 after decomposition to be

R¢=D, 'R, (4.83)
R¢, = (Di+l B Liui®_l(Ri+1_ L R(I)’i =12--n-1 (4.80)
Substitute equation 4.7b and 4.8b into equation 4.5 to aobtain,
gé ut¢ 0 0 0 - 0 o%eDQplo getho
¢ I Ug o 0 - O oﬁDszf GRS
gs A *2 DT g T
¢0 - 0 | Ut 0 - o«;DQp. +=¢ Re+ (4.9)
gO -0 0 I U|¢+1 —(;DQDH— gRq:ﬂ:
c: : : ¢ : N
o0 00 0 L, DE%DQpna%Rng

which is the exact same form as equation 4.2 with an additional row transformed from
tri-diagonal to upper diagonal.
Repeating these last two decomposition steps until i=n, then completes the lower

diagonal decomposition. The tri-diagonal equation then becomes
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¢ : o T 6T
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c0 0 | Ut o 0 «¢DQ, +=¢ R¢+ (4.10)
C: : € T 6T
& : £ -
0O 0 O 0 0 I U$€DQ, = CRE
9 o o 0 0 0 | £DQ,5 SRS,

We can easily solve this equation by backward substitution. From the last row, we

immediately obtain DQ,, =R{ . In the row before the last row, we obtan

DQ,..1 =R{,; - UL ,DQ,,. By the same token, we can solve the rest rows to complete the

backward substitution. Consequently, we obtain the solution as
DQpn = Rrg
DQpn—l = Rrg—l -U r(1—lDQpn

DQ, =R(- UDQ,., (4.11)

DQpl = Rl( - U{DQpZ
From equation 4.11, we can see that the operations for the backward substitution are
AM " V)+LV +V) (4.12)

The operations for solving a tri-diagonal equation are then determined by the dimension

of the tri-diagonal matrix, n. To distinguish from the notation of the second pseudo time

level, ‘n’, we will use N, as the dimension of the tri-diagonal matrix. For the present
problem, N, isthe number of grid cellsin the computational domain. Consequently, the

operations for solving one tri-diagonal matrix is obtained by multiplying N_ on the
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summation of equations 4.4, 4.6 and 4.12 as
NJIM ) +2(M” M)+3M " V) +1(M +M) +2V+V)| (4.133)

For a problem with the dimension number of N,,,, we generally need 2N, Sweeps in

the DDLGS approximate solver and accordingly need 2N, sweeps to conpute one

dim

nontlinear iteration. Thus we need to solve 2N, such tri-diagona equations. So the

dim
total operations in one nonlinear iteration are obtained by multiplying equation 4.13a by

2N, as

dim
2Ny N[V ) +2(M 7 M) +3(M " V) +1(M +M) +2(/ +V)] (4.130)

Equation 4.13b is composed of a series of operations, M™*, MM, M" V,

M+M and V +V . Next, we estimate the time for these matrix or vector operationsin
term of the time for scalar operations.

There are many methods to compute the inverse of a matrix. The commonly used are
Gaussian Elimination, Gaussian-Jordan Elimination and Crout’s method [56]. The cost

for solving a matrix inversion by Gaussian Eimination [56] is,

+

L\ _ab 5. 06 o 1 5. 0
(M 1)—QEN;+2N;-ENeq+ +9§N;-EN;-ENeq+ (4.143)
e g e (%]

where N, isthe dimension of the matrix or the number of equations of our system, and

the superscripts *~ ' and ‘+’ indicate the operations for scalar multiplication and addition
respectively. The Gaussian-Jordam Elimination and Crout’s method cost about the same
amount time as Gaussian Elimination [56].

The cost of a matrix-matrix multiplication is
(M"M)=N2|(N.) +(Ng - D] (4.14b)

The cost of a matrix-vector multiplication is
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(M~ V)= N|(Ng ) +(Ng - D7 (4.140)
The cost of a matrix-matrix addition is

(M+M)=(N2) (4.14d)
and the cost of the vector-vector addition is

(v+v)=(Ng) (4.14€)
Substituting equation set 4.14 into equation 4.13b to obtain the operation count for

non-linear iteration as

@47 s ,en2 5y 0,380, 3., 11 gU
2N, N ol Nz +5N2 - 2N 2 +&0N2 - 2Nz =N © (4.15)
dim CEEG eq eq 6 eqﬂ 83 €q 2 eq 6 qua

From equation 4.15, we can see that the operation count for nonlinear iteration is a
polynomial function of the number of equations. As the number of equations increases,
the operation count for nonlinear iteration increases very rapidly. For a large enough
number of equations, the operation count for nonlinear iteration is proportiona to the

cube of the number of equations.

4.2.2 Operation Count for Linear Iteration

The linear iteration requires time for updating the residua and time for solving the
back substitution of the tri-diagonal equation from the stored matrices.
First we compute the operations for ypdating the triple time residual which is given

by the triple time residual equation 2.22a,

R, = ()" + g+ (7,207 - Q) (2222

e-t2
The corresponding Jacobian divergence operator is defined in equation 2.20 and is
repeated here,
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- 1§él

ND ><Ap =Wka:.lg§(ApL "L +A pR R Gl|Gl Ap| ELS( (2-20)

In equation 2.22a, we add a subscript ‘2’ on the Jacobian divergence operator N, A  in

equation 2.20 to indicate that it is for the second pseudo time.

For convenience we group the coefficientsfor - and - as

o, =pa A, +alaa))- +5(a A GlaA ) oy S (4163

By defining
:%(ApL +G|G'A) (4.173)
I =%(APR - q|q1Ap|) (4.17b)

We can re-write equation 4.16a as
No XA, == oad [‘]L L Hge R] Sy (4.16b)

The discretized Jacobian divergence in equation 2.22a, (ND ><Ap)2 can be discretized to

be any order and generally first or second order. The operation cost is different between

first order and second order, and consequently we compute them separately.

For the first order, the Jacobians, A ,A, and |G£1Ap|k at the face are equal to the

pL*
value at the corresponding cells. Therefore, the Jacobian divergence operator N XA,

can be written as the summation of the Jacobians of the control cell ‘i’ and al

surrounding cells. Accordingly, equation 4.16b becomes

K
Np *A, = J; +Q I, (4.18)

k=1
where matrices J, and J, can be expressed in terms of the matrices, J, and J; at

cell ‘i’ and its surrounding cells, and K is the number of surrounding cells of cell ‘I’
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which equals the number of faces of cell ‘i’. For a structured grid like that in figure 2.1,
these Jacobians are obtained from equation set 2.31.
Substituting equation 4.18 into the right hand side of equation 2.22a provides the

residual for the triple time, R31, where the superscript ‘1’ indicates the first order,

R =) -

6~ £ 1= 0
I CHECAIRE- BACHRCHN: (4.19)
k=1 1]

2
From equation 4.19, the operations for updating R31 are,
M )+(@QA+KY(M V)+1I(M +M) +2(K +D)(V +V) (4.20)

Where M~ s isthe CPU time cost of matrix-scaar multiply.

For higher order discretization, the Jacobians, A,AR,|GL‘1Ap|k,D6pR and DQPL in
the operator N, A  of equation 4.16 can not be evaluated at cells and must be

evaluated at the left and right sides of face k in the outer iteration. So equation 4.16b can
not lead to equation 4.18 and have to keep the original form.
We substitute equation 4.16b into the right hand side of equation 2.22a to obtain the

residual for second order, R32, where the superscript ‘2’ indicates second order

R =+ (Ny ) - {2 (@7~ Q)= A0 O0 - Q)+ Q- Q] Sy (42D
I[Iz Wiz k E

From equation 4.21, the operations for updating F\’S2 are,

2K +D(M“ V)+3(K+D(V +V) (4.22)

After computing the number of operations for the residual update, we next estimate
another part of the linear iteration, the time for back substitution in the tri-diagonal

equation. The back substitution is given by equation 4.11, where U(i=22,---,n-1 is
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provided by equation 4.7a and b. The matrices U(i=12,---,n- 1 can be stored because

they do not change during the inner iterations. The right hand side vectors

RGi =1,2,---,n in equation 4.11 are computed by equation 4.8. These vectors can not be

stored because the triple time residuals R.,i=12,---,n are updated at every inner
iteration.  Consequently we  could store the  matrices D,* and
(D,,- LUY " i=12,--,n- 1 inequations 4.7 and 4.8. The last term we need to store is
L.,i=12,---,n- 1, which isaready stored in our traditional single time method.
Having stored all these matrices, we only need to use equation 4.8 and equation 4.11
to solve the tri-diagonal equation in the inner iteration. The operations in equation 4.8 are
2(M”°V)+1V +V) (4.23)
The operationsin equation 4.11 are
AM V) +1LV +V) (4.24)
Adding equations 4.23 and 4.24 together, we get the total operations for back-substitution

of atri-diagona equation as the following,

(M V)+2V+V) (4.25)

For a DDLGS approximate factorization with 2N, Sweeps, we need to solve 2N

dim
tri-diagonal equations. Multiply equation 4.25by 2Ny, obtain,
2N, [3B(M " V) +2(V +V)] (4.26)

The total operations for each inner iteration include the operations of updating the
residual and the operations for back substitution of the DDLGS approximate solver. For
the I/1/* system, it is the sum of equation 4.21 and equation 4.26, which is,
AM™ s)+@A+K)Y(M V) +1(M +M) +2(K+D(V +V) + 2Ndim[3(M “V)+2(V +V)]
=M 9 +(1+ K+6N,, )M  V)+IM +M)+2(1+ K +2N,,, )V +V)

dim
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(4.27)
For the I/11/* system, it is the summation of equation 4.22 and equation 4.26, which is,

[3(M " V) + 2V +V)]
)V +V)

(2K +D(M " V) +3(K +1)(V +V) + 2Ny,

4.28
=(2K+1+6N, )M V) + (3K +3+4N (4.28)

dim dim

The matrix- matrix and matrix- vector operations in equations 4.27 and 4.28 can be written

in terms of scalar operations. For a fluid dynamics system composed of N, equations

the matrix szeis N, ~ N and the vector size is N, . Consequently, by writing the

matrix-matrix and matrix-vector operations in equation 4.27 in terms of the scalar
operations, we get the total operation count for linear iteration for the I/1/* order system is

(NG + 0K g NG+ NN - 4 NG (K2 N )N o
+ON ]

=[2+K +6N, INZ] +[(2+K + BN, INZ +(K - 2N

dim dim
Similarly, from equation 4.28, we obtain the operation count for linear iteration for the
I/11/* order as

@+ 2K + 6N, )|(N2) + Ny (N, - 1) |+ [@K +3+ an N, ]

, (4.308)
INZ | +[+2K + 6N, )NZ +(2+K - 2Ny )N, |

= [(1"' 2K +6Ny, dim

Multiply equations 4.29a and 4.30a by the number of cells, N_ to obtain the operations

of linear iteration for a single linear iteration of the I/1/* system in the whole flow field as

N+ K + 6Ny N2 | +[2+ K +6N, INZ +(K - 2Ny + DN, | ] (4.29b)

and the operation count of linear iteration for the I/11/* system in the whole flow field as

N JL+ 2K + 6Ny, )N ] +](1+ 2K + 6Ny N2 +(K - 2Ny, + 2N |} (4.30D)

dim
For convenience, we put equations 4.15, 4.29b and 4.30b in table 4.1. Note that, to obtain
this table, we have ignored the operations involved in matrix setup and location. Note that

the variable, N, in three-dimensions is one more than the variable, N, a two

dimensions because three-dimensioral problem has one more momentum equation
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Table 4.1 Operation count for non-linear iteration and linear iteration

Operation count

2N N, g%é?N +5NZ ENqu +
@6 6 ]
Non-linear iteration 40 2 " .
N2 -SNZ-=N. 24
€3 2 %76 54

N2+ K +6Ng N2 ] +

Linear iteration (1/1/*
r) 2+ K +6N, N2 +(K - 2Ndim+])Neq]+}

dim
N @+ 2K + 6N, )NZ] +
[+ 2K + 6N NZ +(K - 2Ny, +2)Neq]*}

Linear iteration (1/11/*)

than the two dimensional problem.

From table 4.1, we can see that the operation count of nonlinear iteration is
proportional to the cube of the number of equations while the operation count of linear
iteration is proportional to the square of the number of the equations. This suggests that
we should expect a monotonic increase in the operation count ratio of the nonlinear
iteration to the linear iteration as the number of equations in the fluid dynamics system

increases. Also, we need more operations for the I/I1/* system than the I/1/* system. For a
two-dimensional quadralateral grid with four faces, K=4 and N, =2, table 4.1
simplifiesto table 4.2.

From table 4.2, we can compute the operation count ratio (operation count ratio is

equal to CPU time ratio) of nonlinear iteration to linear iteration of the I/11/* system

approximately as




Table 4.2 Operation count for nonlinear iteration and linear iteration with K=4 and

Ngim =2
2D 3D
17 5, 0 A7 5 Len2 . By O
AN, | #BNZ - 2N, 2 + | BN EELNG +5NZ - 2N 2 +
Non-linear %8? 6 “g é % 6 Yy
iteration g0 s 3., 11 of g0 . 3., 1. U
Ng - SNZ - =N 2 NG - SNZ - N2
£3 9 2= 6, €3 % 279 6 U554
linear iteration , +
N, fasnz ) +snz NG )| | N|eenz ) +(aenz + N )]
(11171%)
linear iteration . . . N
N[21n2 ) +(2INZ + 2N, )] | NNz + 3Nz + 2N )
(1%

Simply canceling out the addition operations because of the coefficients of the
multiplication operator and the coefficients of the addition operator are very close, we
obtain

&l 3 2
46 Ney +5NG, - N

olo;

0
“g %A L2010

== S = (4.31)
63 “ 21 63N,

(2an2)

In equation 4.31, the CPU time ratio of the nonlinear iteration to the linear iteration
isamost linear to the number of equations. As the number of equations increases as for a
complex multiple species system, the saving should increase rapidly. For a four-equation

system, N, =4, from equation 4.31, the CPU time ratio of the nonlinear iteration to

the I/11/11 order linear iteration is approximately 3.07.
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4.3 Storage Requirement

The price of CPU time saving we have to pay is more storage cost. We should know
how much we pay for our benefit. Inthis section, we will estimate the amount of storage

required for the single time and triple time methods, then we compare them.

4.3.1 SingleTime Storage

In a CFD code, matrix storage takes most of the total storage and other storages are
negligible. So in our study, we only consider the matrix storage. The matrix storage
needed in a single time method is the Jacobian coefficients for the left hand side of the

single time equation. For a cell with K faces, we have K+1 Jacobian matrix coefficients

to be stored. The storage of these matrices for an equation system with N, equations is,
(L+K)* Ny (4.32)
2 . .
where N,°, isthe storage of a matrix
If the computational field contains N, cells, the total storage will be

2
L+ K)* N, * N (4.33)

4.3.2 TripleTime Storage

The triple time uses more storage than the single time. The storage increase is
ascribed to two parts. The first part is for the linear solver in which the back substitution
of tri-diagonal matrix is stored. The second part is the storage required for the higher
order Jacobian matrices at the right hand side of the equation where we use consistent
send order differencing rather than the inconsistent first order differencing as in the single

time method.
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In the tri-diagonal equation solver of the first inner iteration of triple time, we need to
store the matrices, U,,i=12-n-1, D,;* ad (D,,- LUJ%i=12-.n-1 in
equation 4.5 during the lower diagonal decomposition procedure. Since we have 2N, ,
sweeps and for every sweep we have to store those matrices. So the total additional
storage for the linear solver is

2Ngm (2N, - DN, * » 4Ny, NN, * (4.34)
So the total storage of 1/I/* triple time scheme is the sum of equations 4.34 and 4.33,
which is,

[+ K) + 4N, |* N.* N2 (4.35)

For the higher order system, in addition to the extra storage in the linear solver, we

also need to store the Jacobi matrices in the residual of triple time, R32. From equation

4.20, the additional storage of these matricesis
2KN_ N’ (4.36)
The total storage cost of I/11/* triple time scheme is the sum of equation 4.35 and 4.36.
[+ 3K) + 4N, ]* N *N,.° (4.37)
For convenience, we summarize the storage requirement of the single time method
(equation 4.33), the I/1/* triple time method (equation 4.35) and the I/1I/* triple time

method (equation 4.37) in table 4.3

To compute the storage ratio of the I/1/* triple time method to the single time method,

R,,, We take the ratio of equation 4.35 to equation 4.33 to obtain,

1+ K)+4N, |*N_2*N .
- [( ) d|m] . eq c =1+ 4Nd|m (438)
1+ K)* Neq * N, 1+K

To compute the storage ratio of 1/11/* tripletimeto singletime, R, , we take the ratio of
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Table 4.3 Storage formulation for single time method and triple time method (K: the

number of faces. N, : the number of equations. N, : the number of cells.)

Method Stor age(wor ds)
Single Time 1+K)* Nqu* N,
Triple Time (1/1/*) [(1+ K)+4Ndim]* Neq2 * N,
Triple Time (I/11/*) [(1+3K)+4Ndim]* Neqz* N,

equation 4.37 to equation 4.33 to abtain,

1+3K)+4N, |*N_2*N -
_lars d.m]Z @ o gy ANan- 2 (4.39)
(1+K)* Ng,“* N, 1+K

2

Note that the storage ratios are independent of the number of cells, N and the number

of equations, N,,. For atwo dimensional, quadrilateral grid, N, =2 and K =4, the

dim
storage ratio of the I/1/* triple time method to the single time method is 2.6 from equation
4.38 and the storage ratio of the I/I1/* triple time method to the single time method is 4.2

from equation 4.39.

4.4 Operation Count and Storage Comparisons between Estimation

and Computation

To check the results from our analysis, we consider exactly the same uniform straight
duct flow introduced in section 3.8 except here we use a grid size of 51x51 instead of
101x101. Both the triple time method and the single time method are considered.

For the triple time method, the UPU, I/11/11 system was computed using the optimum
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CFL,, of twenty which was found from stability analysis. Because the initial condition

is so close to the exact solution we use a CFL,, of infinity. The inner iterations were

converged one half order (we will prove later that this is the optimum order of inner

convergence for these conditions). For the single time method, the inconsistent 1/11

system and the optimum CFL,, of twenty from stability analysis was used.

The comparison between the convergence of the single time method and that of the

triple time method are shown in figure 4.1. In figure 4.1, the total number of iterations for

convergingto 107 for the triple time method is 54 including 18 outer iterations and 36

Residual
(o))

Convergence

8
\

C S Outer Convergence
-9 . \ of Triple Time

y \ L
-10 . *J
_ll:IIII|IIII|IIII|IIII|IIII|II

10 20 30 40 50

Number of Iterations

Figure 4.1 The comparison of convergence between the triple time method and the single

time method for linear problem (uniform straight duct flow, Mach number of 0.01, grid

number of 51x51 and grid aspect ratio of one). Triple time: UPU, I/1l/I1, CFL,, of 20,

CFL,, of infinity and 0.5 order of inner convergence. Single Time: I/I1, CFL,, of 20.
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inner iterations, while the number of iterations for the single time method is aso 54.
Although the total number of iterations for the triple time method is the same as the total
number of iterations for the single time method, the triple time method is faster since the
inner iteration in the triple time method is faster than the iteration in the single time
method. Overal, the CPU time for the triple time case is about half that of the single time
method. Additiona details on the CPU timing are given later.

Now we try to optimize the tolerance for the inner iteration convergence. Although
we have used stability theory to estimate an optimum inner convergence in chapter three
(figure 3.18), we must check the validity of these results by actua computations.

Accordingly, we run a series of calculations in which we vary the tolerance of the inner
iteration convergence for four different values of CFL,, (infinity, 100, 10 and 1). The
case with the minimum CPU time will give the optimum vaue of the order of inner
convergence. The results are summarized in table 4.4 which show the total number of

iterations, the outer number of iterations and the CPU time. The last row, CFL,, of

infinity, one inner iteration, degenerates to the single time method.

For each of the four values of CFL,,, as the order of inner convergence decreases,
the number of outer iteration remains almost constant suggesting that the lowest inner
convergence tolerance (0.5 order of magnitude) is enough for this problem. A value of 0.5
order inner convergence gives the fastest convergence for this uniform straight duct

computation with a small perturbation from the exact solution as the initial condition. The

number of outer iterations and total iterations of the triple time increases as the value
of CFL,, decreases, Also, comparing the optimum CPU time of the triple time method
(0.5 order of inner convergence and infinite value of CFL,,, the row next to the last row)

with that of the single time (the last row), we can see that we save a factor of two.

After choosing the optimum tolerance for the inner convergence, to test the effect of
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Table 4.4 The number of iterations for different orders of inner convergence of a uniform
straight duct flow (Total: total number of iteration; Outer: number of outer iterations;

Inner order: order of inner convergence), 51x51 grids.

CFL,, I nfinity 100 10 1

I nner Total | Outer | CPU | Total | Outer | CPU | Total | Outer | CPU | Total | Outer | CPU
order (s) (s) (s) (s)
-10 277 18 26.8 | 244 | 18 24.0 | 516 | 66 58.4 | 2331 | 331 274.7
-6 267 18 26.2 | 228 18 22.6 | 499 66 57.2 | 2309 | 331 273.8
-4 215 18 216 | 185 |18 19.4 | 453 | 66 55.3 | 2201 | 331 265.9
-2 121 18 14.2 | 113 | 18 13.4 | 363 | 66 45.9 | 1740 | 333 225.7
-1 71 17 9.9 77 17 10.5 | 285 68 40.3 | 1322 | 330 191.6
-0.5 54 18 87 |79 22 119 | 199 (70 33.4 | 880 | 296 146.2
lstep |53 53 17.4

number of equations on the nonlinear time and the linear time, we repeat the case of 0.5

order of inner convergence and infinite value of CFL,, in table 4.4 by arbitrarily adding

more species. The number of species is added in such a way that the numbers of
equations of our system becomes 4, 8, 12, 16, 20, 25, 30, 35 and 40. The results of the
time and the storage ratio are plotted in figure 4.2. Since we simply add more species
with the same property, the convergence for multiple species is exactly the same as the
single species case (figure 4.1). The computationa results for the CPU time and the
storage are plotted in figures 4.3 and 4.4 along with the estimations respectively.

Figure 4.2 shows a comparison between the normalized time of non-linear iteration
and the normalized time of the linear iteration for both the computations and the
estimations. The upper plot is based on a regular scale coordinate and the lower plot is
based on a loglog scale coordinate. The normalization of the CPU time for the
computational results is based on the computational time of the four-equation case, and
the normalization of the time for the estimations is based on the estimated operation

count of the four-equation case. In the lower plot, to illustrate how far the accelerate rate
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Figure 4.2 Time comparison between non-linear iteration and linear iteration for the

computation and the estimation. Upper plot: regular scale; Lower plot: loglog scale.
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of the computational resultsis off our estimated results, we plot aline with a slope of 2 at
the end of the computational results line of the linear iteration (1/11/* accuracy) and aline
with adlope of 3 at the end of the computational results line of the nortlinear iteration.

In this figure, the normalized CPU time increases monotonically with the number of
equations. For the estimation results, on a logarithmic scale, the time of linear iteration is
linearly proportional to the number of equations with a slope of two while the time of
nor-linear iteration is linearly proportional to the number of equations with a slope of
three, suggesting that the CPU time saving of the linear iteration over the nonlinear
iteration is increased with the number of equations. The computational results increases
dower than the estimation results and the acceleration of the computational results is not
constant but increases with the number of equations. This is because our estimation
results do not include the cost of matrix setup and many other costs. As the number of
equations increases, the CPU time beyond our estimation becomes relatively less
important and the CPU time acceleration rate of the computation becomes closer to the
estimation results. For a number of equations of 40, the acceleration rate of the
computational results is very close to the estimated results which have a slope of two for
the linear iteration (1/11/*) and a slope of three for the non-linear iteration as can be seen
from the lower plot.

Figure 4.3 shows the results of time ratio of the non-linear iteration to the linear
iteration, and the time ratio of the single time method to the triple time method. Both
computational results and estimation results are shown for the time ratio of nontlinear
iteration to the linear iteration. The estimation results come from equations 4.31.

From figure 4.3, we can see that for a small number of equations, the computational
results are larger than the estimation in CPU time ratio. That is because the computational

time of nonlinear iteration includes the CPU time for matrices setup which takes
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considerable time for a small number of equations and some other CPU time cost
(looping, searching, and etc.), both of which are not contained in the estimation. As the
number of equations increases, these two parts become less important. For large numbers
of equations, our estimation of time ratio is larger than the computational results.

Surprisingly, although there is alarge increase in the time ratio of non linear iteration
to linear iteration, the CPU time ratio of the single time method to the triple time method
increases very slowly. This is because the ratio of the number of single time iteration to
the number of the outer iterations in the triple time scheme is only three. Therefore the
CPU ratio of the triple time method to the single time method can never be larger than
three.

Our experiences, however, show that for more complex problem or problems with
more grid points, the number of iterations for the single time method increases faster than
the number of outer iterations of the triple time method. Accordingly, the CPU ratio of
the triple time method to the single time method also increases with the complexity and
number of gridsin the problem.

To check the validity of this issue, we consider exactly the same uniform flow case
but use a grid of 401x401 for boththe single time method and the triple time method. The
number of iterations of the single time is increased by a factor of 5.2 from 54 to 281
while the number of outer iterations of the triple time method is increased by a factor of
1.6 from 18 to 29. Consequently, the ratio of the CPU time for the single time method to
that of the triple time method increases from 2 to 2.81.

Figure 4.4 shows the storage comparison between the computation and the
estimation. The estimation results come from equations 4.39. We can see that the storage
ratios for both the computation and the estimation are almost constant and do not change
with the number of equations. The estimation is larger than the computation probably

because the storage of our single code is not optimized and uses more storage than
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necessary.

4.5 Conclusion

In this chapter, we estimate and compare both the CPU time saving and storage cost
of the triple time and single time methods. Our estimation indicates that the linear CPU
time is proportional to the square of the number of equations while the nonlinear CPU
time is proportional to the cube of the number of equations when the number of equations
islarge. Asthe number of equations increase, the ratio of the nortlinear time to the linear
time increases rapidly, but the CPU time ratio of the single time to the triple time
increases very sowly and is limited to a factor of three for the single case computed.

The price to pay for the CPU time saving is more storage. Our estimation indicates
the triple time method requires about four times more storage than the single time scheme
for the I/11/* system. Computational results show an increase of approximately two.
Importantly, both these ratios are independent of the number of equations.

In conclusion, compared with the single time scheme, the triple time scheme saves a
factor between two and three in CPU time and cost 4.2 times more storage for a linear
problem of the uniform straight duct flow. The memory price is getting cheaper and 4.2
times increase in the memory is generally not an issue for most of our computations,
especialy in a cluster. Also, we expect an improvement in the robustness of the triple
time method which will be discussed in the next chapter. Consequently, the triple time

method is feasible and efficient for most of our computations.
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Chapter 5
Robustness Results

5.1 Introduction

So far, we have finished the stability analysis for our triple time scheme. We picked
the best set of C’s and chose the optimum number of inner iterations to achieve the
optimum robustness and convergence. Also, we give an estimation of the CPU time
saving and storage cost for both single time method and triple time method. At the same
time, we presented some computational results for the linear problem to compare our
analysis with the computational results. The results show a good match between the
analysis and computation for problems that are essentiadly linear. In this chapter, we will
discuss the non linear effect on the triple time method.

For a non-linear problem, the convergence process can be divided into two parts, the
nonlinear part and the linear part. The linear part of the convergence for the non-linear
problem is similar to the whole convergence process of the linear problem, which has
been discussed in Chapters Three and Four, and accordingly will not be discussed in this
chapter. The results of the linear problem in Chapters Three and Four show a very fast
convergence. The nontlinear portion is the place where there are most difficulties in CFD
applications. There are two magjor issues regarding the difficulties of the non-linear

portion, the convergence rate and the robustness. These two issues act against each other

and are not completely independent. The robustness requires a small value of CFL,

which will slow down the convergence rate and vice versa.

In this chapter, we will assess the robustness of the triple time for fixed value of

CFL,,. The convergence and robustness improvement of the non-linear part by using an
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error-limited CFL ramping method will be discussed in the next chapter,.

We will start with a very simple case, the uniform straight duct flow, to test the
robustness of our triple time scheme and compare with the traditional single time method.
Then, we will apply our method to the more complex problem, converging-diverging

nozzle flow.

5.2 The Robustness Results

5.2.1 Straight Duct Uniform Flow

One major purpose of designing the triple time scheme is to improve robustness. To
test the robustness of the triple time scheme, we run a straight duct uniform flow case
with a random perturbation over the whole flow field. To incorporate nortlinear effects,
we alow this perturbation to be large. The grids and the boundary conditions are the
same as the uniform flow case in Chapter Three. Three representative Mach numbers,

0.01, 0.1 and 0.5 are tested. We use enough inner iterations to eliminate the effect of inner

iterations so that the only issue is the effect of the outer iteration. The value of CFL,, is

fixed in both single time and triple time cases. An inner iteration CFL ( CFL,,) of 20 and

I/11/11 order system is used in the computation. For reference of later discussion, two
triple time systems, ‘UPU’ and ‘UPS' are considered in this case. The initial condition is

set up in exactly the same way as the initial condition introduced in section 3.8.

A seriesof CFL,,’sand the perturbation parameter e’s are considered in both triple
time and the traditional single time schemes. Given a perturbation magnitude e, the
perturbation in the static pressure will be same for any Mach number flow, but the

perturbation in velocity is much larger in low Mach flow than that in high Mach number

flow. Accordingly, asmall value of e in high Mach number flow is a small perturbation,
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but that in alow Mach number flow is alarge perturbation.
Before discussing the robustness results, we first look at a representative

convergence result of the ‘UPU’ triple time method shown in figure 5.1 for Mach number

of 0.01, e=00001 and CFL,, =10. From this figure, we can clearly see the

nonlinear convergence region and the linear convergence region. In the nonlinear part

of convergence, the convergence rate isirregular and there are some wiggles. In the linear

region, since the problem is linear and we use a constant value of CFL,,, the

convergence rate is constant.

Another representative convergence result we present is the outer convergence of the

case with Mach number of 0.01, e=001 and CFL, =05 (0.5 is the largest

alowable CFL,, value for e =0.01 as shown later) as shown in figure 5.2. The
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Figure 5.1 The outer convergence for the uniform straight duct flow. Mach number of

0.01, e=0.0001, CFL,, =10, UPU, I/I/I.
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Figure 5.2 The outer convergence for the uniform straight duct flow. Mach number of

0.01, e=0.01, CFL, =0.5, UPU, I/lI/I.

dashed line is a hypothetical convergence for the linear part if we use an infinite value of
CFL,,. From this figure, again we can clearly see the non linear convergence region and
the linear convergence region. In the nonlinear part of convergence, the convergence rate

is irregular, there are some wiggles at the beginning of the convergence and then the

convergence is amost constant. In the linear region, since we use a constant value of
CFL,, and avery smdl value of CFL, , = 0.5, we need much more iterations than the
optimum number of iterations (the dashed line). Actually we can achieve the optimum
number of outer iterations at the linear part of convergence by ramping that will be

discussed in the next chapter. The non-linear part of the convergence takes twenty times

more outer iterations than the linear part if the linear part is optimized (the dashed line).
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Consequently, we need to find a way to accelerate the convergence of the nonlinear
portion of the convergence. This issue will be discussed in the next chapter.

Note that there is a corner at the boundary of non linear region and the linear region,
which is seldom seen in a common convergence. This might be caused by the unsteady
preconditioning in the artificia dissipation (the unsteady preconditioning in this case is

very close to the physical preconditioning because the CFL,, is small). Since the

physical preconditioning for low Mach number flow generaly leads to an inaccurate

solution, accordingly, a ramping method that increases CFL,, vaue from small to large

have to be used in the UPU system to provide an accurate final solution. Again, thisissue
will be discussed in the next chapter.

To demonstrate how the generality of the initial condition affects convergence, we
show the results of a sequence of casesin figure 5.3 for the *UPU’ triple time system. All
the cases are indicated by square or delta symbols depending on whether they converge
or diverge. The converged cases are represented by the square symbols and the diverged
cases are represented by the delta symbols. From these sets of successful and
unsuccessful cases we draw a boundary between the converged zone and diverged zone.
The solid line is the boundary of the converged zone and the region at the left side of this
solid line is the converged zone. The dashed line is the boundary of the diverged zone and

the region at the right side of this dashed line is the diverged zone. Between the solid line
and dashed line is an uncertainty zone. For e £10“, the results of using very large value
of CFL,, (10°) is converged but is not shown in figure 5.3. Consequently, the

converged boundary is open at small valuesof e.

In generd, the results in figure 5.3 show that larger initia errors require smaller

valueof CFL,,.
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Figure 5.3 The converged and diverged zones for uniform straight duct flow. Mach

number of 0.01, Triple time, UPU, I/II/1I.

A comparison of the single time method and the triple time method for Mach number
of 0.01 is shown in figure 5.4. To be conservative, in figure 5.4, we pick the solid line in
figure 5.3 instead of the dashed line or some intermediate line as the boundary for the
converged zone. The boundary line of the converged zone for the single time method and
the ‘“UPS' triple time method is obtained in a similar way. Repeat this procedure for Mach
number of 0.1 and 0.5, we obtain figures 5.5 and 5.6.

In figure 5.4 where the Mach number is 0.01, the ‘UPU’ triple time scheme has a

larger convergence range of robustness than the single time scheme both in the e and

CFL,, directions. For small values of CFL,,, the ‘UPU’ triple time scheme is even

stable for a 10% perturbation in static pressure while the single time is only stable for a

0.05% perturbation of static pressure, the same order as the dynamic pressure. At the
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Figure 5.4 Mach number of 0.01, Robustness comparison between the single time and

the triple time for the uniform flow.
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triple time for the uniform flow.
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Figure 5.6 Mach number of 0.5, Robustness comparison between the single time and the

triple time for the uniform flow.

small perturbation region, the ‘UPU’ triple time scheme is stable for infinite CFL,, for
its direct solution of the equation in t, time level and the single time is stable only for

CFL,, less or equal t010 for the approximate factorization.

The *UPS' triple time system is much worse in robustness than the ‘UPU’ system.
Because the only difference between the ‘UPS system and the ‘UPU’ system is the
artificial dissipation, this suggest that artificial dissipation is very important for the
robustness of low Mach number flow.

Results for larger Mach number are shown in figure 5.5 and 5.6. As the Mach
number is increased, the robustness advantage of triple time scheme over the single time

scheme decreases because of the reducing effect of the preconditioning. There are,

however, till gains of triple time over single time in the large CFL,, region. As Mach
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number increases from 0.01 to 0.5, the largest allowable perturbation e of the triple
time method only has a small increment from 0.05 to 1.0 while that of the single time
method has a much larger increment from 0.0005 to 1.0. This is very little difference
between the ‘UPS system and the ‘UPU’ system for Mach number of 0.1 and no
difference for Mach number of 0.5 because of the diminishing effect of preconditioning

on artificial dissipation.

5.2.2 Unchoked Nozzle Flow

As a second case for comparing the robustness of the triple time scheme with that of
the single time scheme, we use the flow through an unchoked nozzle, but only ‘UPU’

triple time method is considered. The nozzle profile is defined by the cubic equation,
y=2(1- a)x- 31- a)x*+1, O0£x£11 (5.1)
where the inlet height of the nozzle is one and a is the throat area. The inlet of this nozzle

is located at X =0 while the throat is located at x =1. A straight section with a length

of 0.1 is added upstream of the converging section. A 61x51 straight grid is used for the

whole computational domain and shown in figure 5.7. We use total pressure (p°), total

temperature (T°), flow direction of zero (a =0) at the inlet and back pressure at the

outlet as the boundary conditions. The values are chosen to make the outlet Mach number
to be 0.1 for al arearatio cases, which guarantees that it is non-choked for all arearatios.
Four different arearatios, 1.0, 0.5, 0.1, 0.05 and 0.01 are tested. For the arearatio of one,
the nozzle becomes a straight duct, which is similar to our previous straight duct case
except the length in this case is twenty percent longer.

The initial condition is set up by introducing the same perturbation as that in the
straight duct flow in Chapter Three on the exact solution of the two dimensional nozzle

flow.
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Figure5.7 Grid (61x51) for the nozzle with throat area of 0.1

For each throat area case, we plot the results in the same way as the uniform flow
case. The results are shown in figure 5.8. The upper plot is for throat areas of 1.0, 0.1 and
0.01, and the lower plot is for throat areas of 0.5 and 0.05. In the upper plot, for throat
area of one, the triple time method is robust for e £1 but triple time method is only

robust for e £0.05. For e £0.01, the triple time method could converge for any values

while the single time method converges only for CFL, £10 because of the

approximate errors. The robustness result is close to that in figure 5.5 except that the
results in figure 5.5 have a larger robustness region in high perturbation region. The
difference exists because the present duct is 20% longer than that in figure 5.5.

The results for the other throat areas are similar to that for throat area of one. As

throat area decreases, the robustness region moves toward the small perturbation region
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because the problem becomes more difficult as the throat area becomes smaller. For
throat area of 0.01, the triple time method fails for all cases while the single time method

has avery small robust region.

5.2.3 Choked Nozzle Flow

Another case for testing the robustness of the triple time scheme is the choked nozzle
flow. By setting a higher total pressure and total temperature in the same nozzle as in the
subsection 5.2.2, we obtain a choked flow. The exit Mach number can be computed from

the area ratio-Mach number relationship of the nozzle. Given a back pressure (1.0e5 Pa)

and temperature (300k), we can compute the total pressure (p°) and total temperature
(T°). p° T°, m (mass flow rate) and M, (exit Mach number) are shown in table

5.1. For a throat area ratio of one, the nozzle becomes a straight duct where a Mach
number of 1.2 is used. Everything else is the same as the unchoked nozzle flow case.

The robustness results are shown in figures 5.9. Again, the upper plot is for throat
areaof 1.0, 0.1 and 0.01, and the lower plot isfor throat area of 0.5 and 0.05. For the case

of throat area of one, the robustness of the triple time and the single time are about the

Table5.1 One-dimensional results of the choked nozzle flow for different throat area’ s

Throat Area p°( 10°) T® m M.
0.5 2.44 387 250.8 1.21
0.1 455 462 85.4 1.65
0.05 7.14 526 62.9 1.94
0.01 35.83 834 50.1 2.98
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same because we use a Mach number of 1.2 and there is no difference between the
preconditioning and non-preconditioning for supersonic flow. The small difference exists

because the triple time scheme solves the nontlinear equation exactly while the single

time scheme solves the nonlinear equation approximately. We can use an infinite CFL,,

in the single time case, which is kind of surprising. As the throat area decreases, the
difference between the single time and the triple time appears and we can see an obvious

improvement in the robustness of triple time scheme. For throat area of 0.5, the gain of

the triple time over the single time is mainly located in the high CFL,, region. For

throat area of 0.1 and 0.01, the triple time method improves the robustness in both the

magnitude of the perturbation and the CFL,, value.

5.3 Conclusion

In this chapter, we compared the robustness of the triple time with that of the single
time by running a uniform straight duct flow case for different Mach numbers and the
nozzle flow for a series of throat areas and Mach numbers. The results of al these cases
show a good improvement of the ‘UPU’ triple time method over the single time method
in robustness. Also, the robustness comparison between the ‘UPS and ‘UPU’ triple time
systems shows that ‘UPU’ system has a better robustness than the ‘UPS system
suggesting the unsteady artificial dissipation has a better robustness than the steady

artificial dissipation.
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Chapter 6

Time Step Ramping
6.1 Introduction

So far, we have discussed the convergence of the linear problem and the robustness
of the non-linear problem for fixed values of CFL . The triple time scheme shows an
increase of a factor between two and three in speed for the convergence of linear
problems and a substantial improvement in the robustness for nonlinear problems. For a
highly non-linear problem, the convergence rate is very slow for fixed CFL (figure 5.2)
because a small value of CFL is required by the robustness of the nonlinear portion of
convergence but used in the whole convergence process. This is very inefficient because
in the linear portion of convergence we could use a very large value of CFL to achieve
fast convergence. Accordingly, for highly nonlinear problems, the fixed CFL method
is not practical and a method that ramps the CFL vaue from small to large should be
used to provide needed robustness as well as fast convergence.

The underlying reason for ramping CFL in the convergence process is to limit the
magnitude of the solution change. Often, this is done by arbitrarily ‘scheduling’ the
increase in CFL as the solution converges. Here we look at a way for choosing the CFL
so we can control the amount of the solution change directly. The reason is that the
solution change limit is less problem-dependent than the CFL scheduling. Therefore, we
can specify a tolerance for the solution change and allow the aode to ramp the CFL in
such a manner that this tolerance is not exceeded. By doing this, we can use a large CFL
in some loca computational regions and a small CFL in some highly nonlinear

computational regions. We call this ramping method the error-limited CFL ramping
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method. Our godl is to understand the characteristics of this automatic CFL ramping
method and its potential effects on robustness. We should mention that the error-limited
CFL ramping is not restricted to the triple time method and can aso be applied to any
implicit method.

In this chapter, first we give a detailed overview of the error-limited CFL ramping
method. Then we compare the solutions of the explicit method and implicit method,
which is very important for the success of the error-limited CFL ramping method. After
that we explain why ramping is more difficult for the ‘UPU’ system than the ‘UPS
system. Finally we present some computational results for the automatic ramping method
in the ‘UPS system for a uniform duct flow and compare with the triple time method

without ramping.

6.2 The Error-Limited CFL Ramping

The purpose of the error-limited CFL ramping method is to choose a value of CFL

that will ensure that the solution change, DQ,, is less than or equal to a specified
tolerance function a of some reference value, Q, . Thus, we wish to find atime step,
Dt,, suchthat DQ,£aQ, . To do this by successively computing a series of implicit

time steps is computationally prohibitive. Consequently, we approximate the procedure

by defining an explicit solution change, DQpeK that corresponds to the change that

would be computed from an explicit computation. In our triple time scheme, the CFL that

isto beramped is CFL,,. Then, the detailed implementation is the following,
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1. Choose an appropriate reference variable Q,, and tolerance a . For example,

use the local vaue of the primary variable as the reference variable and a

constant reference a .

2. Compute time step Dt, from the following equation by forcing the explicit

solution to equal the tolerance for every componert and pick the minimum Dt ,
of all components

DQ,” =-Dt .G (N, F)=aQ,,
where the superscript ‘ex’ on DQpex indicates the explicit solutioncomputed by
the explicit method, the discretized divergence N xF is the residua, and
Q,« IS an appropriate reference value of the solution (i.e,, its current value)

and a is a user specified tolerance. This equation is the same equation as

eguation 6.3b that will be derived and shown in subsection 6.2.1 |ater.
3. Usethetime step Dt, to compute the implicit DQpim (the superscript ‘im’
indicates the implicit solution) and complete the time step computation.

In this procedure, we require the explicit error DQ,* instead of the implicit error
DQpim be equal to the tolerance of the solution change aQ,. . The reason is that the
residud N, xF isaready computed in the implicit solution and the extra computation
for the explicit solution is just a multiplication of the matrix - Dt ,G,™* and the residual

matrix ND xF . This provides a simple overview of the ramping procedure. The

remainder of this chapter discussion adds more details.
The first question that arises is, does ensuring that the explicit error is less than the

tolerance guarantee the implicit error will also be less than the tolerance? In the following,
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we start by giving a detailed analysis to answer this question, and then go on to other

iSsues.

6.2.1 Analytical Comparison between Explicit DQ,* and Implicit DQ,™
In this section we compare the explicit solution, DQ,™, with the implicit solution

DQp””. First, we formulate the explicit method. Adding a pseudo time derivative to

equation 2.15c as we did in chapter 2, we have,

ﬂQp
Iit,

G +N, xF =0 (6.2)

where the discretized flux divergence N, xF isaready defined in equation 2.15b and is

repeated here for convenience.

18§

N, =a (R +Fe)- 5608 A 0n - 0l S (2150

k=1
In equation 2.15b, it is important to note that, if G =G, , then the residua, N, xF ,isa
function of the time step, Dt ,, because the matrix, G,, depends on the time step Dt ,.
The dependence of the residual, N, xF , on the time step, Dt,, will make the

application of the ramping method more difficult for the ‘UPU’ system as will be
discussed in subsection 6.2.2 |ater.

Discretizing equation 6.2 explicitly in time gives

G} & _ (K n
Dt—zDQp =- (N, xF) (6.39)

Solving equation 6.3afor DQ,™, we obtain,

DQ,” =-Dt,G (N, xF)’ (6.3b)
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From equation 6.3b, we can see that DQ,™ depends on Dt,, G, and the residual

~

(ND ><F)”. The explicit solution change, DQpe“, is linearly proportional to Dt , if the
matrices G (which appears in the residua) and G, are independent of Dt ,. If either

of these two matrices is a function of the time step, the dependence is more complicated.
Of the three preconditioning matrices we have defined so far, only G, varies with Dt ,.
To calculate the implicit solution, we use the Euler implicit method to discretize

equation 6.2, linearize the discretized equation and write the linearized equation in delta
form to obtain the equation 2.19b (refer to section 2.4.2)

é N un im ) n
ee—gz +(, XAp)zg DQ," =- (N, xF) (2.19b)
2

It is important to note that the right hand side (the residual) of the implicit discretization
in this equation isidentical to that for the explicit solution in equation 6.3a. Consequently,

as we mentioned earlier in this section, having calculated the residual we only need to

multiply by - Dt ,G™* to compute the explicit solution change as a part of the implicit

step. Solving this implicit equation symbolically for DQp"”, we obtain
\'.eé—Gz +(N xA) ' (e 6.4
éDt D p/aU Y D ( : )
2 u b

For very small values of the time step Dt ,, (ND ><Ap)2 Is small compared with

G
DX 2
and can be neglected. Consequently, equation 6.4 becomes

DQ," »- Dt ,G, *(N, )" for Dt, small
Comparing this equation with equation 6.3b, we obtain
DQ,™ » DQ,” for Dt, small (6.5)
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This relation indicates that, at very smal Dt ,, the explicit solution is approximately

equal to the implicit solution.

For large Dt,, G /Dt, is very smal compared with (ND ><Ap)2 and can be
neglected. Then equation 6.4 becomes
DQ,™ =-{(Ny %A, )" ([, ) forlage D1, (6.6)
which is independent of Dt , so that the DQp"" approaches a constant as Dt , goes to
infinity (By contrast, note that DQp@K goes to infinity as Dt, goes to infinity). Note
that for large Dt,, G is independent of Dt, even for unsteady preconditioning
because G, is independent of Dt, for large Dt,. Comparing this relation with

equation 6.3b which is proportional to Dt , and hence goes to infinity as Dt , goes to
infinity, we conclude,

‘DQP”"‘ <‘[I3pex‘ for large Dt, (6.7)
This relation indicates that, at large Dt ,, the implicit solution is smaller than the explicit

solution.

So, we analytically conclude that, for small Dt, values, the implicit solution is
approximately equal to the explicit solution while for large Dt ,, it is smaller than the

explicit solution This suggests that an explicit solution that is less than the error

tolerance will guarantee that the implicit solution is also less than the error tolerance. For

intermediate values of Dt ,, an approximate analysis is too difficult to conduct, but we

will give some numerical results to prove that this argument is also true for the middle

Dt , region.
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6.2.2 The Effect of the Time Step on the Residual

In this subsection, we discuss the impact of time step ramping on the residual if the
artificial dissipation matrix G is based upon unsteady preconditioning matrix, G,.We
begin with the explicit solution equation 6.3b. Substituting equation 2.15b into equation

6.3b, setting G =G, , we obtain

11§ él

ex - 1 -1 y
DQ,” =-Dt .G V_Vka:.lgE(FL + FR) - EQJ‘GJ Ap‘(QpR } QpL)ﬁk% (6.8)

Since the artificial dissipation matrix G, is afunction of the timestep Dt , in both the
local cells and the surrounding cells, DQpeX has an explicit dependence on the Dt, of
the local control volume as well as an implicit dependence on the Dt,’s of dl the

surrounding faces of the control cell. Consequently, DQ_*

» isacomplicated function of

Dt , and finding an appropriate value of Dt , that will restrict DQpex to be less than
or equa to aQ,4 requires a coupled solution of multiple cells, not just a single cell as
in the case where the G in the artificial dissipation is not dependent on Dt , (as for

example if the steady preconditioning matrix is used for G). We note that, although the
artificial dissipation appears to have a small effect on the residual, our later results show
that it is not true. Generally an iteration procedure needs to be used to solve equation 6.8
for Dt,. Although we have tried some simple iteration methods for obtaining this
coupled time step, they have not worked well and additional effort is necessary to obtain
areliable method.

As an example of how the residual changes with the time step where unsteady

preconditioning is used in the artificial dissipation of the residual, we consider the same
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straight duct uniform flow @ before with a perturbation of e =10 and plot the first
component, T, of the residual vector R=(r,,r,,r,,r,) a one point in the domain as a
function of CFL,,, in figure 6.1. In this figure, in the nonpreconditioning and steady

preconditioning regions of CFL,,, r, are constant because the matrix G, is not

independent of time step in these two regions. The most characteristic feature of this plot

is that the residual (and hence the solution) changes sign as CFL,, is increased. For
small vaues of CFL, where G, is equa to the nonpreconditioned matrix, r, is
negative, indicating that DQ, should be increased to reach convergence. For large
valuesof CFL,, where G, is equal to the steady-preconditioned matrix, the residual is

positive indicating that DQ, should be decreased to reach convergence. At one
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Figure 6.1 The variation of the first component of the residual with CFLu?2
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particular intermediate value of CFL,,, the residual becomes zero indicating that the

solution (at this point) is identically converged. The results for other components are
similar and hence are not shown.

Now, we discuss the difficulties in an iteration for finding a solution for the time step.

First, we look at the plot of one component of DQpe‘, Dg*, versus time step Dt , as

shown in figure 6.2. The two horizontal dotted lines are the positive and negative solution

tolerance (given by aq,) and the two vertical dotted lines are the two transition
demarcations. The symbols, Dt ; and Dt , are time steps for the physical and steady

preconditioning demarcation respectively. Three typical profiles for the function Dg®™,

case 1, case 2 and case 3, are shown together in figure 6.2. These three cases al start

from zero a the origin, decrease linearly upto Dt , increase across zero until Dt ; and

finaly increase linearly to infinity. The difference between these three cases lies only in

whether they cross the -aq, horizontal tolerance line or not. The possible solution

points are marked by stars.

Case 1 does not crossthe -aq,, horizontal tolerance line and has only one solution,
the crossing point with the a g, horizontal tolerance line marked by a star. In this case,
we can start from the initial condition of Dt , and use Newton's iteration to obtain the

solution very essly.
Case 3 crossesthe -aq,, horizontal tolerance line. There are three solutions, one is
positive and two are negative. Clearly, the smallest of these possibilities guarantees the

solution will never exceed the restricting limits and hence is the best choice. This solution

can aso be found very easily.

171



Figure 6.2 The variation of the explicit solution Dg® with time step

Case 2 acrossesthe -aq, horizonta tolerance line at the physical transition point

Dt . In this case, before reaching the final converged solution, the value of Dg* very

possibly will oscillate around the -aq, horizontal tolerance line because of the

dependence of Dg* on the time gep of al surrounding cells. Part of the time it will

correspond to case 1 while the rest of the time will correspond to case 3. Unfortunately,
the solution of case 1 is orders of magnitude larger than the solution of case 3, and will
cause a mgjor disruption during the iterationprocedure. Accordingly, it is difficult to find

a way to get a converged solution. We should mention that those cases for which the

vaue of Dg*™ a Dt is close to the tolerance -aq, could aso fal into this
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category.

Besides the difficulty in case 2, probably the most difficult thing for the convergence
of this equation 6.8 is that we don’t know what category it belongs to until we get the
converged solution Also, because of the coupling problem, the function could change
from one category to another during the iteration process. There are so many grids in the
computational domain that it is difficult to develop an algorithm to dea with these
problems autometically.

We have tried some ssimple Newton iteration methods. For each iteration, we update
all the variables in the computational domain. We can get a converged solution for grid
points of cases 1 and 3, but have difficulties in case 2. The following method might be
useful to find a solution, but we have not tried it. The suggestion is that, instead of
iterating and updating the whole computation simultaneously, iterate one grid point while
keeping the other grid points fixed, after the full convergence of this grid, then go to the
other grid points.

Because of the dependence of residual on the time step and the complexity of finding
an iteration method to solve for the time step of the case with unsteady preconditioning in
artificial dissipation, we switch from the ‘UPU’ system to the ‘UPS system in this
chapter so that steady preconditioning is used for the artificial dissipation. Note that this
represents a magjor limitation on the ‘UPU’ system for flow in low speed regimes. For
transonic and supersonic flow, the preconditioning matrix is always equal to the physica

Jacobian matrix so that thisis not an issue.

6.2.3 The Normalization I ssue

In the ramping procedure, we require that the normalized solution change be equal to
some specified tolerance. Accordingly, the reference variable for the normalization must

be chosen carefully. An improper normalization will lead to a solution that is too small or
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too large. There are some requirements on the normalization variables we pick. First, we
require that the normalization variable set be similar or equal to the primary variable set.
Second, the normalization of some variables should be alowed to change sign while
others must remain positive or negative. Specifically, the velocity component must be
allowed to change sign. If we use the local velocity as the reference velocity and limit the
solution change to be less than or equal to a specified fraction of this local velocity, the
velocity can never change sign. Accordingly, some global velocity or maximum elocity
should be used along with appropriate judgement to determine the proper reference
variable.

Third, the normalization of some other variables such as temperature and pressure
should not be alowed to change sign. For example, both pressure and temperature are
always positive. In a flow with large pressure gradient, if we choose the maximum
pressure as the reference pressure, the pressure could go negative, but choosing the local
pressure as the reference pressure will never allow the pressure to go negative. By the

same token, the local temperature should be chosen as the reference temperature.

Last, since the explicit solution depends on the artificial matrix G,, the
normalization variable set is also dependent on the matrix G,. For high Mach number
flows, there is no difference between the preconditioned G, and the non-preconditioned
G, . While for low Mach number flows, the preconditioned G, and the

non-preconditioned G, are different and hence give quite different solutions.

Accordingly, it might prove useful to use different normalization variables for the

preconditioned G, and non-preconditioned G, in low Mach number flow.

To deduce an appropriate set of reference variables, we sart with the one

dimensional continuity equation
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ﬂ_r+ﬂr_u:0
ft, 9x

Use the static pressure ‘p’ as the primary variable, this equation becomes

ip , Siru_

r o —+——=0

", Tx

Replacing the quantity r , by anartificial term, r ¢ to obtain

rgﬂ_p+M:O

ft, x

Discretize this equation explicitly and solvefor Dp to get

L agrug

Dp =- Dt .
P T 0E X o

For nonpreconditioned case, r{ =r and r /r ¢ is of the order of static pressure.

While for the preconditioned case, r¢»r /M and r/r ¢ is of the order of the

dynamic pressure. This suggests that, in a low Mach number flow, perhaps the dynamic

pressure snould be used as the reference pressureif G, is preconditioned while the static

pressure should be used as the reference pressure if G, is non-preconditioned.

6.2.4 Numerical Comparison between Explicit DQ,* and Implicit DQ,"™
In subsection 6.2.1, we have analytically compared DQ,* with DQp"“, and showed
that DQ,” is approximately equal to DQpim a very small CFL,, and is larger than
DQ,™ at very large CFL,,, but we do not know the behavior at the intermediate CFL,,
region. In this subsection, we show some numerical results for the whole CFL,, region.
We consider the same uniform flow problem as in chapter 5. In addition to the
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perturbation parameter based on the static pressure, e, another perturbation parameter

based on the dynamic pressure, et isalso provided to give a better understanding of the
results. The relationship between e and e¢ can be easily computed as e =gM?ed 2.
A perturbation parameter of e(=0.1 is usad in this case. We compute one outer iteration
by using enough inner iterations to solve the nonlinear equation exactly for the implicit
solution DQpim. We then compute the explicit solution DQ,™ from equation 6.3. The
‘UPS system is used in the computation so that the artificial dissipation does not depend

on the time step in the low Mach number regimes.

First, to eliminate the effect of preconditioning, we consider the flow with Mach

number of 0.7. The reference varisble of Q. =(p,U,U,T) (the quantity, U, is the

magnitude of the velocity) based on the static pressure is used. The results are shown in
figure 6.3. In this figure, all four components of the error are close to each other for both

explicit and implicit solutions because the eigenvalues are of the same order for high

Mach number flow. The explicit solution is linearly proportional to CFL,. The implicit
solution is equal to the explicit solution for small CFL,,, but starts to deviate from the
explicit solution at a CFL,, of about 10 and approaches a constant for large values of
CFL,,. The observations at small and large CFL,, regions agree with our previous
analysis, but also indicate that DQpim < IIgp‘a'M in the intermediate region as well.

Second, we consider the same problem with low speed flow of Mach number of 0.01

without preconditioning in  G,. The same reference variable of Q4 = (p,U,U,T) is

used. The results are shown in figure 6.4. The results in figure 6.4 are very similar to the

results in figure 6.3 except that the implicit solution for the pressure and temperature

componentsin the high CFL,,, region are about four orders of magnitude less than those
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Figure 6.3 The comparison between DQ,* and DQpim for M=0.7, Q,4 =(p,U,U,T),

UPS, I/II/ll, et=01 (e=00343).
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Figure 6.4 The comparison between DQ,* and DQ,™ for M=0.01 and

nonpreconditioned G,, Q.4 =(p,U,U,T), UPS, /111, e(=01(e=7e°).
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of the velocity components. The reason is that the implicit solution of pressure should be
normalized by the dynamic pressure instead of the static pressure in large CFL,, region
and similarly the temperature should be normalized by M *T instead of T. We can not
use the dynamic pressure as the reference pressure. Otherwise, the pressure component

curves move four orders of magnitude up, and for a specified value of a (DQ,/Q,« ).

the time step limited by the pressure (explicit solution) will be much less than the time
steps limited by other components, which is not efficient.

The implicit solution of the temperature and pressure components start to deviate

from the explicit solution at very small CFL,, of about 0.001, which is about four

orders less than the deviation starting points of the velocity components, about
CFL,, =10. Although we expect a two orders difference (linear with the Mach number)
between the deviation starting point of the temperature (or pressure) component and the
velocity components for the disparity of the eigenvalues, four orders (Mach number
sguare) difference is more than our expectation and the reason is not clear yet. Clearly, in
this case, the time step will be only limited by the velocity components and not by the

pressure and temperature components.

Third, we consider the same low Mach number problem with steady preconditioning

in G,. Based on the analysis in subsection 6.2.3, we use the reference variable,

Qua = (1/ 2ru®,u,u ,T) , Where the reference pressure is based on the dynamic pressure.

The Mach number is 0.01 and the results are shown in figure 6.5. Compared with the

non-preconditioned case in figure 6.4, the implicit pressure component at large CFL,,

moves up and is similar to the velocity component because the reference pressure is the

dynamic pressure while the implicit solution of pressure at large CFL,, does not change,
and both the implicit and explicit temperature components at small and middle values of
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Figure 6.5 The comparison between DQ,* and DQ,™ for M=0.01 and

preconditioning G,, Q4 = (1/2rU?,U,U, T), UPS, I/Il/ll, e(=01(e=7"10°).

CFL,, moves four orders of magnitude down indicating that the change in temperature

component will be small no matter what time step is used. The reason for smaller
temperature component is that, for an adiabatic flow, the temperature change is only of
the order of M 2T . Accordingly, for an adiabatic flow, we can also use M °T as the
reference temperature. Here we choose the static temperature T instead of M *T as the
reference temperature so that our system can aso be applied to those problems with heat
addition where the temperature change might be as large as the static temperature.

For the low Mach number flow, the results in figures 6.4 and 6.5 show that, for the

explicit solution, the reference variable based on the static pressure, Q.4 =(p,U,U,T),

should be used in the non-preconditioned G, case while the reference variable based on
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the dynamic pressure, Q4 = (1/ 2ru?,u,u ,T), should be used in the preconditioning

G, case. This confirms that our prediction of the normalization variable in subsection

6.2.3 is appropriate. For high Mach number flow, either dynamic pressure or static
pressure can be used as reference pressure because they are of the same order of
magnitude.

To analyze how the perturbation parameter e( affects the solution, we consider three

perturbations (e(=1, 0.1 and 0.01, or e=7"10°, 7°10° and 7" 10") to check the
influence of the perturbation on DQp"“/Qpref and DQ,*/Q, . The Mach number is

0.0l1and G, isnon-preconditioned. The resultsare presented in figure 6.6. In this figure,

- - ’
Solid:  Implicit
10° - Dashed: Explicit 7 .
, ’
v 7,
’
10° b ’ 7 .
’ 7 7
7 7 2
0 , , ’
10° |- ’ 7\~
s, s
Vs P4

Y— ’ s s
% 102 | s 7 g €=0.1(e=7e-6)
i ’
E €=1.0 (e=7e-5) 4 |

10*

€'=0.01 (e=7e-7)

10°

10°®

10™ | | | | | |

107 10° 10° 10" 10" 10° 10°

CFLu2

Figure 6.6 The effect of perturbation on the solutions of explicit pressure and implicit

pressure. Uniform flow, Mach number of 0.01, I/11/11, non-preconditioned G,, UPS.
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for e(=1 (e=7"10"), theresults for middle ard large valuesof CFL,, divergeand

consequently only the results for small valuesof CFL,, are plotted. We can see that the

perturbation only moves the results up or down and does not change the shape. As the
perturbation increases, the error Dp/ p,, aso increases. Again the implicit solution is
aways less than or equal to the explicit solution. The results for the other three
components are similar and hence are not shown.

The results for the case of preconditioning G, and Mach number of 0.01, and the

case of Mach number of 0.7 are similar to the case of nonpreconditioned G, of 0.01

Mach number. Accordingly, they are not shown.

6.3 Computational Results

Having chosen the reference variable, we run the same straight duct uniform flow in
chapter 5 with the error-limited ramping method. A series of error tolerances a =0.01,
0.1, 0.5, 1, 10 and 100 and perturbation parameters are tested. Also, three Mach numbers,
M=0.5, 0.1 and 0.01, are considered. Since the error-limited ramping method only
changes the outer convergence, only the number of outer iterations is presented.

We first look at the outer convergence for one representative @se, a high Mach

number of 0.5 with an alowable solution change of 50%, a =05. The outer

convergence and the corresponding maximum CFL,,, the minimum CFL,, and the

average CFL,, are shown in one plot, figure 6.7. All three values of CFL,, increase

monotonically (except for some wiggles) with the number of outer iterations as the

residual decreases. Theincreaseof CFL,, isapproximately exponentially linear with
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Figure 6.7 The outer convergenceand CFL,, value of triple time method with

error- limited time step ramping for uniform straight duct flow, Mach number of 0.5,

a =05, e(=57 (e=1), UPS, I/I/Il order.

the number of iterations. Throughout the computation process, the maximum CFL,, is
from two to five order of magnitude larger than the minimum CFL,,. For the first outer
iteration, the mininum CFL,, isonly 0.1 while the maximum one is as large as about 20.
As convergence is approached, the minimum CFL,, is increased to 10" while the

minimum CFL,, isincreased to 10",

The outer convergence takes 31 iterations to converge about ten orders of magnitude

fromoneto 10*°. The convergenceis slow at the beginning because of the nonlinearity
of the problem and the small value of minimum CFL,, which dominates the whole

convergence in spite of the large values of the maximum CFL,, and the average CFL,,.
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After about ten iterations, the nonlinear effectsin the outer convergence diminish and

the solution converges rapidly.

The corresponding outer convergence of the triple time scheme with constant CFL,,

(without any ramping) is shown in figure 6.8 for a Mach number of 0.5. The CFL,,

value here is chosen as one, the largest value for which the initial condition with e(=5.7
(e =1) will converge as shown in figure 5.3. For the constant CFL,, case, the number
of iterations in the nonlinear part is about 500 and that of the linear part is about 1000.
Comparing the convergence of the triple time scheme with error-limited ramping in
figure 6.7 with that of the triple time scheme with fixed CFL,, =1 in figure 6.8, we can

see that the convergence isimproved by nearly afactor of 50. Clearly, time-step ramping

preserves robustness while improving efficiency in this transonic Mach number case.

Residual

- : L L L L l L L L L l L L L L l l
100 500 1000 1500

Number of Iterations

Figure 6.8 The outer convergence of triple time method with constant CFL,, =1 for

uniform straight duct flow, Mach number of 0.5, e(=5.7 (e=1), UPS, I/Il/Il order.
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A second representative case is the low Mach number of 0.01 and a =0.5 whichis

shown in figure 6.9. The results are plotted in the same way as the high Mach number,

0.5, case in figure 6.7. The whole convergence and CFL,, results in figure 6.9 are

similar to the results in the linear part of the high Mach number case in figure 6.7. The
numbers of outer iterations for Mach number of 0.5 are summarized in Table 6.1. The
diverged cases are indicated by the symbol, ‘Div’. The first row in Table 6.1, for
e(=0.057( e =0.01) corresponds to a perturbation that is smal enough that the
convergence process is amost completely linear. Accordingly as a increases, the

number of iterations decreases because larger a allows the use of larger values of

uter Convergence

NN FNERE FREN1 ENNEE FRETE FREEE RN FNERE B
Residual

5 10 15
Number of Iterations

Figure 6.9 The outer convergenceand CFL,, values of triple time method with
error-limited time step ramping for uniform straight duct flow, Mach number of 0.01,
a =05, e(=5.7(e=4e"), UPS, I/lI/Il order.
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Table 6.1 Mach number of 0.5, the number of outer iterations of the triple time method

with the error-limited ramping for uniform straight duct flow, 1/1/I1 order.

a =001 0.1 0.5 1 10 100

e(=0.057| e=0.01 110 32 26 26 24 24
0.57 0.1 109 32 28 27 26 27
2.85 0.5 130 36 30 29 Div Div
5.7 1 185 43 31 30 Div Div
28.5 5 Div Div Div Div Div Div

CFL,,, but the number of iterations does not change &ter a 3 0.5 because increasing

CFL,, does not improve the convergence after some large value. The problem continues

to converge even for a =100. It is reasonable to conclude that the case of
e(=0.057(e=0.01) converges for an infinite value of a or infinite value of CFL,,
which agrees with the results in figure 5.6.

As eC increases, the problem becomes more difficult, and the number of iterations
increases for a fixed value of a . In addition, the maximum value of a for converged
cases decreases dlightly until et gets larger than 5.7 a which point the problem

becomes divergent for all valuesof a .

To understand how the error-limiting parameter a affects the initiad  CFL,, value,

we look at the e(=5.7 (e=1) case and compute the minimum, maximum and average

valuesof CFL,, for every first outer iteration for a =0.01, 0.1, 0.5, 1.0, 10 and 100.
The results are plotted in figure 6.10. For each vertical line, the symbols from the top
to the bottom indicate the maximum, average and minimum values of CFL,
respectively. The maximum alowable value of CFL,, in the fixed CFL,, case can be
obtained from figure 5.6 which shows it is unity. This maximum allowable vaue of

CFL,, of unity is drawn in figure 6.10 as a horizontal line. The converged cases are
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Figure 6.10 Thevariation of CFL,, with the error-limited parameter a .

Mach number of 0.5, e(=5.7(e =1), UPS, I/lI/ll order.

represented by blank square symbols while the diverged cases are represented by filled

triangle symbols.

Figure 6.10 shows that the three CFL,, vaues vary exponentially with the
error-limiting parameter a . For a =0.01, all three CFL,, values are less than the
maximum allowable CFL,,, one. Obviously, this case converges. When a is increased
from 0.1 to 1.0, the maximum CFL,, becomes larger than the constant CFL,, limit
while the minimum CFL,, remains below one. From Table 6.1, these three cases also
converge. As a is increased to 10 and 100, even the minimum CFL,, is larger than

the maximum allowable CFL,,, one. Consequently, these two cases diverge as shown in
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Table 6.1.

The suggestion from this one example is that only the minimum value of CFL,
needs to be less than the constant CFL,, limit and it is the point with the strongest
non-linearity (minimum CFL,,) that dominates the robustness and convergence in the

computational domain. It is not efficient to use the same minimum CFL, inevery point

of the computational domain and throughout the entire computation as we did in Chapter

Five. By using an error-limiter to automatically find an ‘optimum’ CFL,, for each point

of the computational domain in every outer iteration, we dramatically improve the
convergence.

The numbers of outer iterations for Mach number of 0.1 and 0.01 are summarized in
Tables 6.2 and 6.3 respectively in the same way asin Table 6.1.

The results in Table 6.2 only include perturbatiors of more than 100%, and so
represent a very severe test of the ramping method. For a perturbation of order one, the
maximum alowable tolerance, a can be as high as 100. For very large initial
perturbations ( e¢=14.3 and 143), convergence can be obtained by reducing the allowable
change in the solution to a =0.1 and 0.01. Thus the ramping method provides a dramatic
improvement in robustness for these extremely large initial perturbations.

Table 6.3 is for Mach number of 0.01. Again, in this table, we only include
perturbations of more than 100%. For e(=1.43, the iterations converge for a as high
as10. As a increases, the number of iterations decreases first and then is fixed because
the solution change is dready very large for a =0.5 and any further increase of a
does not help the convergence anymore. The resultsfor e(=7.15 and 14.3 are similar to
that for e(=1.43. Surprisingly, even for e(=71.5 and 143, the iteration still converges
if a=01.

In order to compare the convergence and robustness between the triple time method
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Table 6.2 Mach number of 0.1, the number of outer iterations of the triple time method
with the error-limited ramping for uniform straight duct flow, 1/11/I1 order.

el € a =001 0.1 0.5 1 10 100
143 0.01 99 28 24 24 24 24
14.3 0.1 391 59 Div Div Div Div
71.5 0.5 919 Div Div Div Div Div
143 1 1544 Div Div Div Div Div
1430 10 Div Div Div Div Div Div

Table 6.3 Mach number of 0.01, the number of outer iterations of the triple time method
with the error-limited ramping for uniform straight duct flow, 1/11/I1 order.

el e a =0.01 0.1 0.5 1 10 100
143 0.0001 128 25 21 20 20 Div
7.15 0.0005 260 103 24 23 Div Div
14.3 0.001 409 301 27 25 Div Div
71.5 0.005 Div 270 Div Div Div Div
143 0.01 Div 193 Div Div Div Div
1430 0.1 Div Div Div Div Div Div

with ramping and the triple time method without ramping, for each perturbation
parameter e(, we plot the number of outer iteration for these two cases in figures 6.11
and 6.12. The number of outer iterations without ramping is the optimum one from the
computations of the straight duct uniform flow in chapter 5. The number of outer
iterations with ramping is the minimum number for each e¢ from Tables 6.1, 6.2 and 6.3.
The results for Mach numbers of 0.5 are plotted in figure 6.11 while that for Mach
numbers of 0.1 and 0.01 are plotted in figure 6.12. The dashed lines and the triangle
symbols are for the cases without ramping, and the solid lines and the square symbols are
for the cases with ramping.

In figure 6.11 for Mach number of 0.5, both ramping and nont ramping cases
converge for all values of e(. The convergence rate of the ramping case is very close to
that of the nonramping case at small perturbations, but is one hundred times faster than

the non-ramping case for large perturbation of e(=5.7.
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Figure 6.11 The comparison of the number of outer iterations between the triple time
method without error-limited ramping and that with error- limited ramping
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Figure 6.12 The comparison of the number of outer iterations between the triple time
method without error-limited ramping and that with error- limited ramping

for the uniform straight duct flow, Ma=0.1 and 0.5.
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Figure 6.12 is for Mach numbers of 0.1 and 0.01. For Mach number of 0.1, the case
with ramping converges for a perturbation et as high as 143 while the case without
ramping converges only for et up to 14.3. Again for a perturbation of e(=1.43, the
number of outer iterations for the ramping and nonramping cases are very close. For a
large perturbation of e(=14.3, the ramping method converges about five times faster
than the non-ramping method. The case of Mach number equals to 0.01, is similar to the
case of Mach number of 0.1.

In summary, in figures 6.11 and 6.12, the ramping method shows a good
improvement in convergence for large perturbation in high Mach number flow. For low

Mach number flow, the results show improvement in both convergence and robustness.

6.4 Conclusion

In this chapter, we discussed the error-limited time step ramping method. We perform

some analytical analysis about this issue and show that the implicit solution DQpim is

always less than or equal to the explicit solution DQpex, which indicates that we can

control the implicit solution change by controlling the explicit solution change. The
normalization issue is discussed to provide a good normalization for the explicit solution
DQ,” and implicit solution DQp"".

Some computational results for low and high Mach number uniform flows for the
error-limited ramping method are presented and compared with the case without the
error-limited ramping method. For high Mach number flow, he results show a good

improvement in convergence for large perturbatiors. For low Mach number flows, the

results show improvement in both convergence and robustness.
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Chapter 7

Conclusion

7.1 Summary

The work in this thesis is dedicated at assessing the robustness and convergerce of
CFD agorithms. Two concepts are developed to achieve this goal, the triple time scheme
and the error-limited CFL ramping method.

First, we develop the general triple time scheme by introducing three time- marching
steps, each of them are designed for different purposes and relatively independent of
each other. In the first step, we introduce the first time marching to define the artificial
dissipation. In the second step, we introduce the second time marching to solve the
nontlinear discretized equation obtained in the first step. In the third step, we introduce
the third time marching to solve the linear equation obtained in the second step. Then, a
diagonaly dominant line Gauss Sediel approximate factorization method is introduced
to solve the triple time equation.

Second, the preconditioning for the three Jacobian matrices introduced in three time
marching is studied to satisfy their individual requirements by stability analyses. These
three Jacobian matrices are chosen from the physical, the steady preconditioning and the
unsteady preconditioning Jacobian matrices. After some analysis, we obtain four

combinations of the three preconditioning schemes ‘UPS’, ‘UPU’, ‘UUU’ and ‘UUS.

Three levels of stability analysis, the inner t, stability, the outer t, stability with

enough inner iterations (direct inversion), and the outer t, stability with a finite

number of inner iterations, are studied to pick the optimum one from these four systems.

According to the stability analysis, there is no major difference between these four
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systems, but the ‘UPU’ system has a margina advantage over the other three.
Consequently, we use the ‘UPU’ system.
After choosing the preconditioning of the system, we perform the stability analysis

for this system. An optimum value of CFL (CFL,,=20) for the inner convergence is

obtained from the inner stability analysis and the optimum number of inner iterations is
obtained from the outer stability witha finite number of inner iterations. The optimum
number of inner iterations is dependent on the CFL of the outer iteration. Since our
unsteady preconditioning depends on the number of grids, we studied the effect of the

grid number on the triple time scheme. The results show that the grid number has little

effect on the optimum value of CFL for the inner iteration (CFL,,), but slows down the

inner convergence greatly and can even make the outer iteration diverge for a small

number of inner iterationsat CFL,, =10 (figure 3.28). At last, the stability comparison

between the triple time and single time is performed and the results show a factor of
amost 2.7 improvement of the triple time method over the single time method in CPU
time for low Mach number of 0.01. All these stability results agree well with our
computational results for alinear problem of straight duct uniform flow.

Third, since the triple time method requires more storage to save CPU time by
storing the matrix inversion in solving the linear system, an estimation of the CPU time
saving for the linear time and nontlinear time, and the storage cost for the triple time and
the single time are analyzed. The analysis shows that the operation count of the linear
iteration is proportional to the square of the number of equations while the operation
count of the nonlinear iteration is proportional to the aube of the number of equation.
Accordingly, the operation count ratio of the linear iteration to the non-linear iteration is
proportional to the number of equations. For a four equation system, the operation count

of the linear iteration is about 3.5 faster than that of the nonlinear iteration. The storage
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comparison shows that the storage for the triple time method costs about four times more
than that of the single time method.

Fourth, some computational results are presented to support the improvement of the
triple time method over the single time method in convergence and robustness. For a
problemwith very small perturbation, our computational results show that the triple time
method is about two times faster than the single time method. To test the robustness in
the nortlinear convergence portion, we consider two problems with large perturbations
for fixed values of CFL in outer iteration, a straight duct uniform flow and a nozzle flow
whose nonlinearity is controlled by a perturbation parameter. Our results show a good
improvement in robustness in both the magnitude of the perturbation and CFL, but the
convergence is very slow because we use a small CFL in the outer iteration as required
by the nonlinearity of the problem.

At lagt, to improve the convergence for the nontlinear problems, an error-limited
ramping method is introduced. The error-limited ramping method ramps the CFL by
enforcing the change of the local solution computed by an explicit method less than a
specified tolerance. Consequently, we use aloca CFL instead of a globa one. We begin
this study by proving that the implicit solution is always less or equa to the explicit
solution so that the implicit solution is less or equa to the specified tolerance as long as
the explicit solution is less or equa to the specified tolerance. Then we discuss the
normalization issue for the explicit solution. The normalization reference variable (local
or global variable) should be picked very carefully to avoid nonphysica results. Our

analysis shows that, for low Mach number flow, the pressure component should be

normalized by the static pressure if G, is nonpreconditioned while the pressure

component should be normalized by dynamic pressure if G, is deady preconditioned.

Some computational results are presented to show that our analysisis correct.

Our study shows that time step ramping changes the residual during the iteration
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process if unsteady preconditioning is used in the artificial dissipation. This will lead to
difficulties in computing the time step from the explicit solution. These difficulties are
analyzed briefly. So far we have not found a good way to solve for the time step from the
explicit solution. Using steady preconditioning for the artificial dissipation avoids this
difficulty so that the time step is easily found.

Some computatioral results for the ramping method are presented for low and high
Mach number flows in a straight duct. For high Mach number flow, the results show a
good improvement in convergence for large perturbations. For low Mach number flow,

the results show improvement in both convergence and robustness.

7.2 Future Research

The robustness comparison of ‘UPS and ‘UPU’ systems show that ‘UPU’ is better
than ‘UPS suggesting that artificial dissipation is very important to the robustness.
Accordingly, a further systematic study of the effect of artificial dissipation on
robustness is highly desirable.

Regarding the error-limited ramping method, more applications should be run to
check the validity of this method and provide suggestions for how to pick the reference

variable and tolerance value.
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Appendix A

MHD Eigen System for Arbitrary Flow
Direction

This appendix presents the eigen system of three-dimensional, viscous, resistive
magnetohydrodynamic (MHD) plasma model for an arbitrary flow direction. The eigen
system in the Cartesian coordinate for the flow along x, y and z direction has aready

been developed by Powell (references), where (r,Y,u,v,w,B,,B ,B,,P) is chosen to

be the primary variable. The eigen system for an arbitrary flow direction is very desirable
in many computations, especially the unstructured grid computations, but is not available
so far. In this appendix, the eigen system for the arbitrary flow direction is developed on

the base of the Powell’s eigen system. Also, the eigen system developed here uses the

primary variable of (p,Y,u,v,w,T,B,,B ,B,) instead of the primary variable of

1 Exor Hy
(r,Y,uv,w,B,,B,,B,,P).

The three-dimensional, viscous, magnetohydrodynamic (MHD) plasma governing
equations include conservation of mass, species mass fraction, nomentum, energy and
the magnetic induction equation. These conservation equations, complemented by Ohm’s

and Ampere's laws, are the following,

|

W+N>(rv)=0 (A.1)
TY o o

T+N>(rYV)—N><rDNY (A.2)
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frv

F+|§|><(r\7\7+ ph=Nx +J B (A.3)
merh‘)v =- Nog+Nxt ) + I E (A.4)
111—?+N’ E+\7(N><I§):O (A.5)
E=-v B+13+13 B (A.6)
S ne
st s (A7)
m

Where r, p, V(u,v,w),Y, h° eand n are density, pressure, velocity, species mass
fraction, stagnation enthalpy, total energy and number of electrons respectively. The

quantity, |1 is a three by three unit matrix. The vectors, j=(JX,Jy,JZ) and

E:(BX,By,BZ) are the electric current density and the magnetic flux density

respectively, while J~ B represents the Lorentz force and J xE is the electric power
dissipation where E = (EX,Ey, E,) is the electric field. Thetensor, € is the shear stress
and the heat flux vector § is

g=-1NT +rDhNY

where | , D and h are the heat conduction coefficient, the mass diffusivity coefficient
and the enthalpy respectively.

The equations A.1 through A.7 are closed by adding the state equation, enthalpy
relation, the state-dependent electrical conductivity, electron number density and

transport properties as the following:

r=r(pTY), h=h(pT,Y), s=s(pT)Y),
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n=n(p,T,Y), m=n{pTY), k=k(p,T.Y)

The conservative equations A.1 through A.7 can be expressed as a coupled vector

system (references)

’]ﬂ_?mx(ﬁ- F )+ A RQ, =0 (A89)

The conservative time derivative in the last equation can be written in term of the

non-conservative time derivative of the primary variable, then we get

ﬂQp
It

G —2+RAF - F,)+ AR Q, =0 (A.8b)

In equations A.8a and A.8b, the conservative and primary variables, Qand Q, are

er @ &P
€ u a, U
&Y e'u
Q=&v U Q=&
e u U
érhg' pB[] grl]
& v eBH
Where hg = h° #3228 (m, isthe viscosity coefficient) and pg = p+|2—><B
rm m

The Jacobian matrix G, is

é r, ry 0 r; 0 u

g 1y ryY +r 0 r.Y 0 i
=%=g r,v ryw r rov 1o 3 (A.9)

P grph°+rhp-1 roh®+rh, rvt r h®+rh; EBTB

& 0 0 0 0 | 4§

where the superscript ‘T’ of the vector indicates the transpose of that vector (column

vector).

The convection flux vector, F is
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érv :
e a
ervY ) G
- Sww- —BB+p,lY
F=¢ m U (A.10)
¢ 188 Y
ervng - —(78)8
e M a
gvB- BV H
and the viscous flux vector, F, is
¢ 0 )
e u
e o 0
= _@ t U
F = X (A.11)
v = = Ll 5. (e s} gl s0U
&) a- | =[[v 8)+([v ) e ey
e mors a
g p H

'éT

5
2

and the notation, VB isamatrix of dimension three as the following

E&IBX uB, uB,0
VB=¢vB, VB, VB,+
gWBX wB, WwB, ;

The other vector by vector notation can be expanded in a similar way.

The non-conservative Jacobian A,

(the subscript ‘nc’ indicates non-conservative) is

given as
® 000 09
goooo 0+
Apm:igo 000 B: (A.12)
0 0 0 0 VxB=
€ 000 Vmy
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For agenreral direction i = (n n,,n ) equation A.8b becomes

x1 lyr iz

1Q,

p ﬂt _’vn)+ Apnan >Qp :0 (A13)

where the subscript ‘n’ in F,, F,, and A, indicates the direction, fi.

From equation A.10, the convection flux vector, F indirection fi, F, is

g U u

erUY 3

1 N ’

- ‘?ruv-—BnB+pBﬁl,J

F,=F>q g 3 (A.14)

e o 1 -\ U

& Uh - —(v>8)B, G

e ° m G

gJB' Bn\_i H

Where B, = Bxi and the quantity, U is the magnitude of the velocity V.

and from equation A.11, the viscous flux vector, F, indirection i, F, is

c 0 )
s (r DY) i
P :§ 131 il il ;
R [ S _1_ = .35\ sl gUd >
é? & ) g- m { S KPJ: %?)4—(Pd E3) E3] Eakﬁ;>q]§
e P u

and from equation A.12, the non-conservative Jacobi matrix, A, in direction fi,

A __is

pncn
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0000 0 9
1goooo o

Aprcn =Ego 000 Bn (A.15)
0 00 0 (-
0 0 0 0 myi

We write the divergence term, N xF, in equation A.13, as the Jacobian matrix A

multiplies the divergence of the primary variable, equation A.13 becomes

t,

G —2+(A,+ AL RQ, =RixE, (A.169)

where the Jacobian matrix A, is(from equation A.14)

_T
A=
Q
éru r .U rn r.u 0 u
e u
a Uy (ryY+r)J r'Yh r.uy 0 i
~ = - = = ’ Al
g wn rWw rvA-+rUd W @8- Bn-Bg) i (A7)
@ 1. L -
e+ eU  rW+e+p)i-—BE eU —[28U- B, - (B
e m m u
§ 0 0 Bi- Bd 0 ud-w g
Where
e=rhy - pg (need to check)
Multiply equation A.16a by the inverse of matrix G, to obtain,
Q ) - 1
ﬂt” +6, AL +A L RQ =G R F,, (A.16b)

The characteristic of equation A.16b is controlled by the eigen system of the matrix
G, (A + A ):
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Add equations A.15 and A.17 to obtain

é ru rJ rn r-u 0 u
§r Uy (r,y+r)u rYA r Uy 0 o
AL+ A _gr Uv+i 1 Uv rvi+rud r:Uv %(ﬁé- B”cT)H
n ncn é l:l
< N 1 nB 1 ») (]
g(ep +1U eU rvu + (e+ pg)n- EB B eU —(2BU-vVWB )3
& 0 0 Bri- B'd 0 ud  §
We multiply this matrix by G, to obtain
r °h ~ o)
U "H 0 6 2
C D - =
o U 0 0 o =
: f 3 = NB- (Bxid
G '(A.+A )=6— 0 ud 0 * A.18
o (A +AL) &r rm - (A.18)
¢ r@d-rh . N
) rd-rhy), 0 -
C D - B -
&0 0 Bri-(Bxid 0 Ud p

After alot of algebraic operations, the matrix in equation A.18 can be diagonalized as

G, (A +A,)=MLM™

Where

—

MDOO O vO) vO) vO) O O vO) vO) vO VO

o

O OO
S SO%
o o C o

0

0

O—»
B

o
o C oo

U+

o
o
o

o O O
o O O O
o O O O

0 0
0 0
0 0
0 0
U - Bon 0
Jrm,
0 U +c,
0 0
0 0
0 0
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0 0 b
0 0 -
0 o *
0 0 -
0o o -+ (A19
0 0o >
0 0 =+
U+c, 0 =
0 U-cg



0 00 o o v rh rh ¢
¢ D D D D =
¢0 10 0 0 0 0 0 =
M=50 00 WB AEB W -W W W
ri-r r@-rh) r(1-rh) r@-rh)=
¢l oo o 0 (-rhy) rd-rh) r@-rh) r@-rh)-
QrT D D D D -
€0 0 n - rgv B Jrgn B W, M, Mo M. g
E?}p'iz 0 0 Fr 0 9
a -
¢ 0 1 0 0 0 +
¢ 0o o 0 0 i i
g o 0 A B 0 . A’ B -
¢ 2(8>8 - BY) 2(B>B- BY),frm, *
c 0 0 qnq : 0 _ qn ? =
M_l_g 2(B8 - BY) 2(BxB- BY)rm, *
e, W Y _
g G, G, Gy m N
rw, M -
g i 0 ) f 0 f -
¢ G G NI
W, M N
g i 0 r Vg 0 s N
¢ G. G, G,m, -
1 W, M +
(; - 0 _ r s 0 S -
& G, G, G.m, o

(A.20)

(A.21)

Where in these three matrices, a is the sound speed and some of the terms are defined as

& 3 512 O
C?‘S:%ga*zi\/aﬂ_ 4hT[()B><n) ?
M 5
- ¢, .(B%A- B,B) _
Wf,s: : 2 2 +Cf,sn
rrrl)cf,s_ Bn
- rmci(B- Byii)
e B
e 2 BxB- BZa&e rmc2. o
Gf,szzti‘r Iy +BXB X: n} = L
¢ D m  &rmci.- Bl

(A.22)

(A.23)

(A.24)

(A.25)



In equation A.22, the two velocities, C, and C, are the fast and slow magneto-acoustic

Speeds respectively and
izt BB (A.26)
D rm
D=rr h +r (- rhy) (A.27)
The matrices M and M " become singular in the following threecases
1. B isperpendicular to i (B>i=0)
If B isperpendicular to the direction vector, fi, we obtain
Bxi=0 (A.283)
Substitute the equation A.28a into equations A.22 to obtain
2 T B xB
C? =3 2 _ _hT +2
D rm
and
c.=0 (A.28b)
Substituting equation A.28ainto equation A.23, we get
- _c(Bn-BB)
W =———— >—+C; JN=¢C; N (A.28c)
’ r rn)cf,s - Bn ' ’
Substitute equation A.28b into equation A.28c to obtain
W, =c,A=0 (A.28d)

Substituting equation A.28d into equations A.20 and A.21, we can see that the last two
columns of the matrix, M, and the last two rows of the matrix, M * degenerate.

2. B and fi arein the same direction(B,>=BxB)and B! rn])%:rm)a2
If B and fi arein the same direction, we obtain

n

B, =(Bx) = B8 (A.29)
Substituting into equation A.21, we can see that the fourth and fifth rows of matrix
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M~ do not exist.

= . o = = h
3. B and A arein the same direction (B,” = B>8) and BZ:rm)r 1

n

rh
BZ=r T (A.308)
D
Substituting equations A.29 and A.30ainto equation A.22, we obtain
rh
C,=¢C, =C, =— (A.30b)
D
Substituting equation A.29 into equations A.24 and A.23, we obtain
M, = (A.300)
and
V_\./f S = C‘f,sﬁ (A30d)
Substituting equation A.30c into equation A.25, we obtain
h M, XM, 0 2
GfszzfaEr e | Mis fsr-pf L (A.30€)
&b 0m 5 D

Substituting equation A.30a, b, ¢, d, einto equations A.20 and A.21, we see that, in the
matrix M, the sixth column is the same as the eighth column, the seventh column is the
same as the ninth column, and in the matrix M ™!, the fourth and fifth rows of M™*
do not exist, the sixth row is the same as the eighth row, and the seventh row is the
same asthe ninth row of M.

Clearly, further improvement on the elgenvector matrices should be conducted to deal with
the degeneration cases.
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Appendix B
Four-Sweep DDLGS

This appendix derives the four-sweep DDLGS approximate factorization for solving
the triple time equation 2.33 (re-labeled here as B.1).

& 0 ~
S .8 tJy + iy iy T 0, =- Ry (B.1)
th3 Dt , 7]

For convenience, the left hand side operator is defined as L, in equation 2.22b

(re-labeled as B.2)

_G G
L= Dt , +Dt—2+Jii iy Ty Hia i (8.2)

We dart the procedure with the two-sweep DDLGS in xdirection (equation 2.40a)

and repeat this equation here as equation B.3a,
(Dx + ‘]i-l,j + ‘Ji+1,j +‘]i—Lj D>-<1‘]i+1,j )DQp =- R, (B.39)

where D, isdefined in equation 2.35 (re-label as B.4a) as

D = G +i+\]”+\]. +J. (B.49)

X i,j+1 i,j-1
Dt 3 2

Similarly, we can write the two-sweep DDLGS in y-direction as

(Dy tdiatdat Ji,j-lD;/l‘]i,jﬂ)mp =-R, (B.3b)

where Dy isdefined as

D=2+ % g 43, 43, (B.4b)
Dt3 th J ) ]

We define a new term D as the exact operator L, plus the two error terms in equations
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B.3aand b as

D=L;+J;; D>_<l‘]i+1|j +Ji,j-1D)_/lJi,j+l (B.4c)
From equation B.4c, we obtain
L,=D- J,,,D;" i1 - 3, ..D; 1.
3 =p|| S]-l(a ]IE;'lJ ’Jl) yD'llJ(J1 D13, ., (B.4d)
- - -1~ x Yi+gj /)~ ihj-1"y vij+1

Since the last two terms at the right side of equation B.4d are small for small values Dt ,
or Dt ,, agood approximation for the operator L, would be

Ly =Dl - 073,03 )l - 070,053, B5)
Upon symmetrizing equation B.5 and substituting into equation B.1, we have the
approximately factorized version of equation B.1 as

[D- 9.4, 0 D- 3, .D;"3 . |PQ, =- R, (B.6)
Expanding the operator on the left hand side of equation B.6 ard using equation B.4c
gives

L +(9,,4D;%, 10 )0 (0, 1,D;43,.1, PQ, =- R, (B.7)
We can see from equation B.7 that the equations B.6 are an approximation for the exact
)0*(3,,,D;13,., ). Again, this error is smal if

equation with an error, (Ji'j_lDfJi,jﬂ

Dt, or Dt, issmall.

Equation B.6 can be expanded as the following two equations B.8aand b in asimilar

way as we expand equation 2.21e to equations 2.39b and e in chapter two
[D - Jig D>_(1‘Ji+1,j]Dé‘pH =-R (B.839)

p-3,,.0;3,,.,]0Q, =pDQ,” (B.80)

~

where DQ,” isan intermediate variable.

By substituting equation B.4c into equations B.8a and b, we can see that the left side
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operators of equation B.8aand b are exactly the same as the | eft side operator of equation
B.3a and b. Accordingly, equations B.8a and B.8b can be further expanded into two
equations respectively in the exactly the same way as we did for the two-sweep DDLGS

in chapter two. After doing so, we obtain the following four equations

(D,+3,..,)Q, =-R, (B.9%)
(b, +3...,Q," =b,0Q, (B.9b)
b,+3, )03, - DD@pH 59
(Dy +J, J+1) =D,DQ," (B.9d)

Equation set B.9 is the four-step form of the four-sweep DDLGS approximate
factorization and exactly the same as equation set 2.49 in chapter two.

There is another form of the four-sweep DDLGS approximate factorization [9],
which is very beautiful in form and very easy for coding. In the following, we show that
it is equivaent to equation set B.9.

We begin with the Y-direction sweep equation B.8b. We substitute equation B.4c into

equation B.8b and write equation B.8b in a factorized form as
(D, +3,,.)0; (D, +3,,..)0Q, =DDQ,” (B.108)

Solving equation B.8afor DDQ,” and substituting into equation B.10a to obtain

(D, +3,,.)0;'D, +9,,.4)0Q, =-R, +(9,,,D;'3, .. )], (B.10b)
The operator of the last term on the right hand side of equation B.10b can be written as

3, D=0, +3,1 DN - 3 (B.11)
Substituting equation B.11 into equation B.10b, after arrangement, we obtain

(D + ‘]l j- 1)D |_(Dy + Ji,j+l)D6p - ‘]i,j+1[ﬁp**J:_ R3 - Ji,j+1[ﬁp** (812)
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Define the last two terms at the left hand side of equation B.12 as

D;'|D, +3, ,..)0Q, - 3, ..DQ," |=DQ, ™ (B.13)
Then equation B.12 becomes

(Dy + Ji,j-l)Dépm =-R,- J,,.0Q,” (B.14a)
Solving equation B.l14a for DyDép*** and substituting into equation B.13, after
arrangement we obtain

(D, +3,,..)0Q, =- R, - J;,,0Q,” (B.14b)
Equations B.14a and b are the expansion of Y-direction sweep equation B.8b.

The X-direction sweep equation B.8a is already expanded to equations B.9a and b.

We solve equation B.9a for DXDQP* and substitute the solution into equation B.9b to
obtain

(D, +3,.,,)0Q," =-R,- 3,,,0Q, (B.14c)
Finally, using equations B.2, B.4a and B.4b and writing the operator at the left hand side

of equations B.9a, B.14a, b and c in terms of the exact operator L,, we obtain

(L, - .m) =-R, (B.153)
(Ly- 9,1, PQ," =-R;- J,, DA, (B.15b)
(L~ 3,000, = -Rg-Ji,mDép“ (B.150)
(Ly- 9,,.PQ, =-R,- 3, ,DQ,” (B.150)

Equation set B.15 is exactly the same as equation set 2.50 in chapter two. The left side of
the equation looks symmetry to the right side except equation B.15a. The equation set
B.15 seems arbitrary, but from the derivation, we see that it is a good approximation for

our exact equation B.1.
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