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ABSTRACT

Engineering problems are often ill-posed, i.e. cannot be solved by conventional
data-driven methods such as parametric linear and nonlinear regression or neural
networks. A method of regularization that is used for the solution of ill-posed problems
requires an a priori choice of the regularization parameter. Several regularization
parameter selection methods have been proposed in the literature, yet, none is resistant to
model misspecification. Since amost al models are incorrectly or approximately
specified, misspecification resistance is a valuable option for engineering applications.

Each data-driven method is based on a statistical procedure which can perform
well on one data set and can fail on other. Therefore, another useful feature of a data-
driven method is robustness. This dissertation proposes a methodology of developing
misspecificationresistant and robust regularization parameter selection methods through
the use of the information complexity approach.

The original contribution of the dissertation to the field of ill-posed inverse
problems in engineering is a new robust regularization parameter selection method. This
method is misspecificationresistant, i.e. it works consistently when the mode is
misspecified. The method also improves upon the informationbased regularization
parameter selection methods by correcting inadequate penalization of estimation
inaccuracy through the use of the information complexity framework. Such an
improvement makes the proposed regularization parameter selection method robust and
reduces the risk of obtaining grossly underregularized solutions.

A method of misspecification detection is proposed based on the discrepancy
between the proposed regularization parameter selection method and its correctly
specified version. A detected misspecification indicates that the model may be inadequate
for the particular problem and should be revised.

The superior performance of the proposed regularization parameter selection
method is demonstrated by practical examples. Data for the examples are from Carolina
Power & Light's Crystal River Nuclear Power Plant and a TVA fossil power plant. The
results of applying the proposed regularization parameter selection method to the data
demongtrate that the method is robust, i.e. does not produce grossy underregularized
solutions, and performs well when the model is misspecified. This enables one to
implement the proposed regularization parameter selection method in autonomous
diagnostic and monitoring systems.
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CHAPTER 1
INTRODUCTION

This dissertation is about data-driven modeling methods used for diagnostics,
monitoring, and fault detection in industrial applications. The methodology developed in
this dissertation falls into the field of satistical learning from data. The practical
application of the methodology is for the solution of ill-posed inverse problems in
engineering. This work was motivated by the lack of robust and resistant to model
misspecification Regularization Parameter Selection Methods (abbreviated RPSM's) for
the solution of ill-posed problems. This lack has limited the applicability of data-driven
methods in the industry and indicated a necessity for developing robust and
misspecificationresistant RPSM's which are more suitable for autonomous diagnostic
and control systems. In this dissertation we develop a systematic way of constructing
robust and misspecificationresistant RPSM's and demonstrate their superior

performance.

1.1 Motivation

Data-driven modeling is widely used in industrial diagnostics and control. Based
on results of modeling, the personnel make operational and safety-related decisions.
Therefore, a modeling method that leaves the personnel to wonder whether the method
produced a reasonable result or not is of no practical use. The majority of the latest data-
driven methods used in diagnostics and surveillance are so complicated that only very
few people, including the developers and specidists in the area, are aware of al the

crucia conditions and assumptions under which the methods perform reliably or know



the meaning of the parameters to be tuned and their influence on the methods
performance. The users of the methods may have no knowledge of the fundamental
limitations and theory behind the development and have no tools for assessing how
reasonable the produced result is, unless, of course, it is so inappropriate that does not
make common sense.

From the practical point of view, a method should provide the user with a result
that can be taken without further analysis and used in decision-making. Since many
decisions are not only operational but also safety related, they must be conservative. This
means that a method should provide a result that is guaranteed to be either correct or
conservative. There is no statistical method that can guarantee a correct result in an
arbitrary dituation. This is the downside of any dtatistical procedure. A statistical
procedure can perform perfectly on one data set and fail miserably on another data set.
Since data-driven methods employ statistical procedures, one must be very careful in
implementing them.

Despite the downside of statistical procedures, the need for data-driven methods is
beyond argument. They are of great value. In many situations, data-driven methods are
the only option available. Therefore, the main focus in developing a data-driven method
is to make sure that the datistical procedures it employs give either correct or
conservative results. After al, the users may have no knowledge of the smoothing
properties of the learning operator, and may not know that learning from data is possible
only if the underlying relationship is smooth. They only design amodel of an engineering
system and want to use the model to make a correct decision. Users want automatically-
tuned methods that choose the parameters they need, provide safe results, and can be
manually tuned further to maximize economical benefits or to meet some specific goals.

Any data-driven modeling method that is going to be implemented in an industrial

application should be resistant to any kind of violation of the assumptions and should



provide users with a safe result. It is well known that many methods use unreadlistic
assumptions that rarely occur in rea life. Therefore, the main chalenge is to develop
methods that are resistant to violations of the assumptions and provide users with
reasonable results. A "smart" method that gives users no result if the assumptions are
violated and indicates that it does not work under the present conditions is of little value
because the decision that was supposed to be made on the basis of the anticipated result
still needs to be made. Moreover, some, if not al, modeling assumptions are usualy
violated to some degree; and thus smart methods would never work.

Resistance to assumption-violation as a valuable option is well recognized in such
fields as econometrics in which one can rarely claim that a model is correctly specified.
Incorrectly specified models are also common in engineering. After all, a model by
definition gives an approximate description of the data-generating process under
consideration. Since the actual data- generating process is usualy unknown, the model
can be easily misspecified. Misspecification means that the model cannot be tuned to
describe the data-generating process exactly even when the process is known. The
problem is to obtan a method that works properly and provides best possible
approximations under model- misspecification. An example of usua assumptions is a
well-conditioned data set with white Gaussian noise in the response. Not all real data sets
can satisfy this assumption. Therefore, to be practically useful, any method derived under
that assumption, because of the mathematical simplicity of the analysis, must be resistant
to the violation of the assumption.

For example, a linear regression model provides the best (in the least squares
sense) linear approximation to the nonlinear relationship. When the data set is ill-
conditioned, ridge regression with a properly chosen regularization parameter value
should be used to obtain a regularized (stable) solution. If the RPSM we use was derived

assuming correct model specification, will it provide a proper regularization parameter



Physical process

Model
_Input I (parameters) | Qutputy

Direct Problem: Input, Model->Output
Inverse Problem:  Input, Output->Model
Model, Output->Input

Figure 1.1. Direct and inverse problemsin moddling.

value when the model is incorrect? Will we able to get a stable approximation in this
case? These are practical questions that need to be answered. Therefore, a practically
valuable method must behave properly under violation of the assumptions and
consistently provide the best possible approximations when the model is misspecified.

In this dissertation we address the issue of developing a RPSM that is resistant to
assumptiontviolation and that consistently provides reasonable and safe results. This
method is an important part of any autonomous diagnostic and surveillance system that
operates under real conditions and provides results that can be safely used for decision

making.

1.2 Modeling as an |lI-Posed Problem

Many problems solved in applied science and engineering are inverse problems.
An inverse problem consists of finding unknown causes of known consequences. In
contrast, solving a direct problem is finding unknown consequences of known causes. In
terms of mathematical models of physical processes, the inverse problem illustrated in
Figure 1.1 is to determine the model parameters, given the observed input and output.
This problem is also known as the identification problem. The direct problem is to find

the output of the model, given the input and the model parameters.



We name some examples of inverse problems and fields in which inverse

problems are found:

Nuclear transport

Heat and mass transfer

Fluid and solid mechanics

Acoustics

Electromagnetism

Geophysics

Vibrations and structural dynamics

Inverse design

Optimum experimental design

System identification

Sensor validation

Restoration or deconvolution of signalsin signal processing

Signal deconvolution

Evaluation of derivatives of anoisy signal

Property estimation

Imaging

Image deblurring in astronomy

Computed tomography

Tomography and inverse scattering

Statistical learning from data

Artificia intelligence techniques

Backward prior specification in Bayesian inference

Retrospective reasoning in history

Evolution theories.



Many inverse problems are ill-posed. Hadamard (1902) first introduced the notion

of well- and ill-posed problems. A problem is well-posed if the following conditions are

satisfied:
1 A solution of the problem exists;
2. The solution is unique;

3. The solution is stable.

If a problem is ill-posed, its solution has no practical use. For example, solution
(model parameter) instability implies that any insignificant change in the input and
output, due to noise or possible outliers, would result in a completely different solution
that produces significantly dfferent predictions. This is a situation which no engineer
would like to see, especialy when crucial decisions based on the model output are to be
made. In engineering applications, the data may not contain the information required to
solve the problem. We usually assume that a solution exists because we use only
approximate models of physical processes, although the true solution may not be among
the approximate ones under consideration. Moreover, model parameters may not have a
physical interpretation at al, i.e. they may be unobservable.

Inverse problems may violate all the above conditions. Usually the solution is not
stable. If a direct problem is smoothing, its corresponding inverse problem is roughening
and, as aresult, has a highly unstable solution. The roughening mapping tends to amplify
noise in the observed output and produces very unstable solutions. This effect is most
pronounced when the output is known only approximately due to noise corruption,

modeling error, or discretization error.



1.3 A Method of Regularization

[ll-posed problems can be solved by using a Method of Regularization
(abbreviated MOR). MOR is a method of finding approximate solutions to ill-posed
problems, which are stable under small perturbations of the data. Basically, instead of
solving an ill-posed problem we solve a set of well-posed problems that approximate the
origina ill-posed problem. Though ill-posed problems were encountered by Hadamard as
early as 1902, a systematic way of solving them was not developed until 1963 when
Tikhonov introduced the method of regularization. The method provides approximate
solutions to ill-posed problems which are stable under small perturbations of the data.
Getting stable solutions is extremely important in engineering applications because stable
solutions provide a reliable source of information for decisionmaking. Stability also
corresponds to the repeatability of the results, which is an important requirement for the
result to be scientifically valid.

Ill-posed problems can be continuous and discrete. In the continuous case the
solution of the problem is a continuous function of some variables. We are most
interested in cases, when the solution is discrete, because the estimation of parameters of
parametric models fals into this case, and data are usually collected and stored in the
digitized form and are processed with numerical methods on computers. In the discrete
case, we estimate a finite number of parameters from a finite amount of data (or
observations).

Many discrete ill-posed problems can be reduced to the solution of asimple linear
eguation

Y = Xb+e, (1.2)
where Y is an n” 1 vector of noisy output signals of a system or process under

consideration called the response, X isan n° m matrix representing n observations or



measurements of m independent variables called the predictors, b is a vector of m
parameters called the regression coefficients, and e is an unknown noise vector that
represents the measurement error, the modeling error, and the true stochastic noise.

The problem (1.1) is ill-posed when the matrix of second moments of X is
singular or near singular. It becomes singular or near singular because of the inclusion of
linearly related variables as in the case of prediction from correlated sensor values. As a
result, the estimate X' X /n of the matrix of second moments becomes ill-conditioned,
or has a very large condition number. The main implication is a highly unstable least
sguares solution which becomes very sensitive to particular noise realizations in the
observed response. The Ordinary Least Squares (abbreviated OLS) solution is given by

bois = (XTX) P XTY. (12)

Because X' X is ill-conditioned, its inverse drastically amplifies the noise
component in the response and makes the solution hypersensitive to particular
realizations of that noise component. In applications, we desire the opposite. We want a
solution be insensitive to noise in the response, because the noise is a noninformative
component that contributes nothing to the problem solution. Any influence of noise on
the solution is highly undesirable.

We can also write the OLS solution in terms of a Singular VValue Decomposition
(abbreviated SVD) of matrix X given by

X =U diag(s VT, (1.3)
where U isan n” m column-orthogonal matrix, V isan m" m orthogona matrix, and

< isan m-vector of positive or zero elements called the singular values, as

A &l o0 ar.
by =Vdiage—3U'Y=g —V, . (1.4)

It is usualy true that the last few components are noise components in the data. These

noise components, multiplied by r. /s, contribute to the solution. Even if the cross-



correlation r, =u'Y between the i -th noise component and the response is fairly small,
a very smal singular value makes the noise component contribute noticeably to the
solution, making the solution unstable and hyper sensitive to the noise component in the
data.
The method of regularization suggests using a regularization operator R(Y,| ) to
obtain aregularized solution
b =R(Y,1), (15)
where | is the regularization parameter, which determines the proper degree of
regularization depending on the amount of noise in the response. An important property
of that operator is that it gives the exact solution of (1.1) when the amount of noise in the
response goes to zero. The form of the regularization operator depends on the specifics of
the particular problem. It is usualy chosen so that the corresponding regularized
solutions are physically plausible. For problem (1.1), a regularization operator that
produces solutions with small variance is reasonable because it is the large variance of
the OL S solution that makes it useless and very sensitive to the noise component.
The most common choice of the regularization operator for problem (1.1) is
RY,1)e (XX +1 20T W) *XTY (16)
which, for W° 1, produces the well-known ridge regression (Hoerl, 1970) coefficients.
This regularized solution is also known as a minimum energy solution (Hansen, 1998)
because large values of the regression coefficients are being penalized. Notice that the
introduction of | ?W"W causes matrix XX +1 2W"W become well-conditioned. As a
result, the regularized solution has smaller variance and becomes much more stable to the
noise component in the response.

In terms of the SVD of X, the regularized solution is written as
S

a:vmmgii—%ﬂvzg rv. (L7)
SI2_'_|2b i=:|.si2+|2




The value of | which is larger than the singular values corresponding to the noise
components prevents these noise components from contributing o the solution because
the correlation coefficients are no longer divided by very small singular values as in the
OLS case.

W in (1.6) is usualy caled a penalty operator because it is used to penalize
undesirable properties of the solution. We also note that making the regularization
parameter a function of the noise level in the response, which becomes zero when the
noise level goes to zero, would guarantee that the regularization operator would give the
exact solution to the problem (1.1) when the noise level is zero.

There are other useful choices of the penalty operator. If it is a matrix that
approximates the first derivative operator, the regularized solution is a maximum flatness
solution (Hansen, 1998). If it approximates the second derivative operator, the
regularized solution is a smooth solution. Since the method of regularization was
developed to solve operator equations in which the desired solution is a smooth function,
it originally used the second derivative operator as the penaty operator to produce
smooth regularized solutions.

The only obstacle to applying these methods is the selection of a proper
regularization parameter value. As mentioned already, setting it to zero produces an OLS
solution which is unstable, and setting it nonzero produces a regularized solution which
has smaller amplitude, greater flatness, or smoothness depending on the penalty operator.
The regularization parameter must be a function of the true noise level to guarantee the
convergence property of the regularization method. Since the true noise level is amost
always unknown in real applications, selection of a proper value of the regularization
operator is a very important and challenging problem in itself.

A number of methods for choosing an optimal regularization parameter are

proposed in the literature. However, none of them has the desirable properties needed in
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engineering practice. They perform poorly with colored noise and in the important case
of model misspecification. From this standpoint, the search for new, more powerful
regularization parameter selection methods that are data-driven and misspecification

resistant is well justified from both theoretical and practical points of view.

1.4 Originality of the Proposed Work

The main original contribution of the proposed work is a new information
complexity-based RPSM and a new method for detection of possible model
misspecification. The information complexity-based RPSM is used for the solution of ill-
posed inverse engineering problems. The misspecification detection method is based on a
discrepancy between two versions of the proposed RPSM: one is misspecification
resistant and the other is not.

Unlike the existing methods, the proposed RPSM works consistently for
misspecified models, i.e. it is misspecificationresistant, and reduces the risk of obtaining
grossly underregularized solutions, i.e. reduces variability of the chosen regularization
parameter. Misspecificationresistance makes solutions that use the proposed RPSM
robust to modeling errors while the reduced variability of the chosen regularization
parameter makes the system robust to peculiarities in the noise components of the
response. None of the existing methods combines both of these features. As a result, the
existing RPSM's can perform well only in certain situations when the crucia assumptions
under which the methods were derived are satisfied. The proposed RPSM s resistant to
violation of the assumptions and performs well in the very important case of a small
number of observations. Misspecificationresistance and robustness are of great value in

building reliable autonomous diagnostic and monitoring systems.
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The superior performance of the proposed RPSM is demonstrated using various
examples starting from building an inferertial system for venturi meter drift detection,
through building a sensor validation system and solving integral equations to image

restoration and prior distribution specification in Bayesian inference.

1.5 Dissertation Organization

The rest of the dissertation is organized as follows. CHAPTER 2 is a literature
survey of current methods for choosing the regularization parameter value. CHAPTER 3
describes the information approach in the context of maximum penalized likelihood
estimation, which is used for the solution of ill-posed problems in the stochastic setting. It
also presents a new extension of the information approach in the context of penalized
estimation and develops a new RPSM which is misspecificationresistant and more
robust in real world applications than informationbased RPSM's because of an extra
penalization of estimation inaccuracy. CHAPTER 4 contains a number of examples that
cover a wide spectrum of practical applications from sensor validation using data from a
nuclear power plant to image restoration and learning from data. In the last chapter we

draw conclusions and mark possible future work and further improvements.
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There are two major
deterministic and stochastic. The stochastic approach exploits the statistical nature of the
noise component in the response whereas the deterministic approach completely ignores
it. In either approach there are methods that require different types of input information
for producing a proper value of the regularization parameter for a particular problem.
Figure 2.1 demonstrates a possible classification of the RPSM's. The "Heuristic" and

"Error Free" methods do not require an estimate of the noise level in the response; the

others do.
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Figure 2.1. Regularization parameter selection method classification.



2.1 Deterministic RPSM's

A priori RPSM's require, as their name implies, a priori information about the true
solution and the true noise level in the response. Since neither is available in practical
applications, especially when parameters have no physical interpretation at al, these
methods are of little interest for practical implementations. They are important from the
theoretical point of view because they establish optimal convergence rates. A particular
regularization method is convergent when the error between the regularized solution
obtained using this method and the true solution goes to zero as the noise in the response
goes to zero. The convergence rates are useful in the theoretica anaysis of the
regularization methods and in comparing different RPSM's. RPSM's with faster
convergence would provide more accurate solutions for a given noise level and, thus, are

preferable.

2.1.1Apriori RPSM's

When the noise level, denoted as d, is known and, for some mn>0,
b:(XT X)mw, where |w|£u,i.e. b has a source representation, the regularization
method is of optimal order with the following a priori RPSM (Engle, 2000),

2

agl germ

I .
eu g

2.1)

This result is for the deterministic setting. The source representation can be seen as a
condition on the decay rate of the correlation coefficients r . between Y and u, . For
problem (1.1) to have a regularized solution, the correlation coefficients r ; arranged in
decreasing order of the singular values must decay faster then the singular values of
XTX /n. For larger m, this condition becomes more severe. Namely, the correlation

coefficients must decay faster than the singular values raised to the 2+ 4 power. If this
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is fulfilled for larger n, the convergence of the regularized solution to the true one will
be faster.

For most real-world applications neither m nor u is known, and, as a result, it is
impossible to construct an a priori RPSM of optimal order. Therefore, a number of a

posteriori RPSM's that depend onthe data have been proposed.

2.1.2 A posteriori RPSM's

The a posteriori RPSM that is most widely used is Morozov's (1984) Discrepancy
Principle (abbreviated MDP). The regularization parameter value is chosen as a solution
of the following equation

|Xo - Y||£d. (2.2)

The regularization parameter | is chosen such that the corresponding residua
(Ieft hand side of (2.2)) is less than or equal to the a priori specified bound (right hand
side) for the noise level in the response. Since a smaller | corresponds to less stable
solutions, the | for which the residual equals the specified noise level is chosen. There is
no reason to expect a residua less than the noise level. In modeling from data, a residual
less then the noise level in the response corresponds to overfitting, which is a term for
learning noise in the training data. The regularization method with | chosen according to
the discrepancy principle (2.2) is convergent and of optimal order (Morozov 1984; Engle,
2000).

To apply MDP, we must have a priori knowledge about the noise level in the
response. Since the noise level is usually unknown, we use an estimate of the noise level.
Unfortunately, MDP is very sensitive to an underestimation of the noise level. This limits
its gpplication to cases in which the noise level can be estimated with high fidelity
(Hansen, 1998). An improved a posteriori method (Engle, 2000; Raus, 1984) outperforms

MDP in that it is of optimal order for awider range of n than MDP.
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A posteriori RPSM's require the noise level to be either known or reliably
estimated. Such a noise level can be hard to obtain. An aternative approach to
regularization parameter selection uses noiselevel-free RPSM's. Noise-level-free
RPSM's are aso referred to as heuristic RPSM's. Heuristic RPSM's provide a
regularization parameter value without knowledge of the noise level. However, due to the
result of Bakushinskii (1984), a noise-level-free RPSM cannot provide a convergent
regularization method. Therefore, heuristic RPSM's are nonconvergent. Despite that, in
practical applications, heuristic RPSM's may demonstrate very good performance in

reconstructing the solution of ill-posed problems (e.g. Hanke, 1993).

2.1.3 The L-curve method

The most widdly-used heuristic method is the L-curve method (Hansen, 1998). In
this method, the residual norm is plotted versus the regularized solution norm and the
regularization parameter value corresponding to the corner of the L-shape curve is
chosen. The corner occurs where the curve has its maximum curvature. The L-curve
method has been shown to be nonconvergent (Vogel, 1996; Leonov, 1997). For some
problems, it is extremely difficult to locate the corner; for others, the L-curve may have

severa corners. The L-curve method can be aso used in the stochastic setting.

2.2 Stochastic RPSM's

In a stochastic setting, a distributional model of the noise component e in the
response is specified. Usually, white Gaussian noise is assumed, i.e. the noise component
has a multivariate normal distribution denoted as e ~ N, (O,S 2 n), where e is arandom
noise n-vector whose components are independent and normally distributed with zero

mean and common variance s *. |, denotes the n" n identity matrix. A RPSM is
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obtained so that it minimizes the mean predictive error estimated from the data
Therefore, all RPSM's in the stochastic setting use an estimator of the mean predictive
error and select the regularization parameter value that minimizes the corresponding

estimator.

2.2.1 Generalized Cross Validation

Probably the most widely used noise-level-free RPSM is Generalized Cross
Validation (abbreviated GCV) (Wahba, 1990). According to this method, the

regularization parameter is chosen such that it minimizes the GCV function given by
|Xo - Y|? /n
(trace(l - H, )/n)?’

where H, = X(XTX +1 I)'lxT is called the hat or projection matrix. GCV does not

Gev(l )= (2.3)

require prior knowledge of the noise level and works with the white Gaussian noise
model for the noise component. GCV occasionally fails, presumably due to the presence
of correlated noise (Wahba, 1990). GCV can aso produce grossly underregularized
solutions (Wahba, 1993).

2.2.2 Mallows CL method

Other widely used RPSM's are Malows (1973) CL and the Unbiased Risk
Estimator (abbreviated URE) (Eubank, 1988), which issimilar to CL. CL is derived as an
estimator of the mean predictive error, in which the noise level is treated as a nuisance
parameter and components e; of the noise vector are assumed to be normally distributed

with zero mean and common variance s >. CL is given by

X0, - Y a5 °

CL(l ):| - trace(H, )- s 2. (2.4)

n

CL can be considered as an information criterion as shown in Section 3.3.

17



CL must be accompanied by either an a priori noise level as in the deterministic
setting or by a reliable estimate of the noise level. CL is very sensitive to an
underestimation of the noise level and may fail to provide a regularization parameter
value corresponding to an admissible regularized solution. CL was derived for the white

Gaussian noise case and, hence, may not work reliably if that assumption is violated.

2.2.3 Information Criteria

GCV and CL methods are defined for uncorrelated Gaussian noise case and
cannot be easily extended to more redlistic cases. In rea applications, the distribution of
noise can be nonGaussian with nonzero values of skewness (be asymmetric) and excess
(be narrower or wider than Gaussian). Data can contain outliers and can be generated by
a mixture of distributions. The level or variance of the noise may not be stationary but
can vary. The noise may aso be correlated. Findly, the statistical model of the noise can
be misspecified, and the results obtained without taking this fact into account can be
invalid. None of the above methods can be generalized to any of these conditions.

To be able to deal with noise and mode- misspecification and to construct
misspecificationresistant RPSM's, we should consider the information approach which
became widely-used in statistical model selection due to the works of Akaike (1973),
Takeuchi (1976), Bozdogan (1987-2001), Murata (1994), and others. Unfortunately,
information-based criteria such as the Regularization Information Criterion (abbreviated
RIC) proposed by Shibata (1989) and the Information Criterion for Penalized models
(abbreviated 1CP) proposed by Konishi and Kitagawa (1996) have not been widely used
as RPSM's for the solution of ill-posed problems. The RPSM's derived using the
information approach are described in CHAPTER 3.

The main advantage of the information approach is that it accounts for possible

functional and distributional misspecifications of the models in a very natural way. While
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misspecification may not be an issue when solving integral equations, it plays a crucia
role in engineering applications based on black-box and data-driven techniques where the
very notion of a true mode is arguable and usually not discussed though the existence of
one is silently assumed. A similar situation arises with econometric models in which, in
contrast to engineering, misspecificationdetection and misspecification resistant
estimation have been extensively used. For a detailed treatment of misspecification in
modeling and further references on misspecification testing we refer to the works of
White (1981-1994). In these situations, methods that are consistent under possible
misspecifications are valuable because they automatically guard against the unrealistic
assumption of correct model specification.

Criteriasuch as CL, RIC, and ICP evaluate the generalization (or prediction) error
using the training error and an additional term. This additional term penalizes the
inaccuracy of parameter estimation and can be interpreted as the effective number of
parameters of correctly specified models (for CL) or incorrectly specified models (for
RIC and ICP).

With alimited number of observations, penalization of the number of parameters
alone becomes inadequate. This additional term cannot be computed exactly because of
the dependence on the unknown true distribution and should be estimated from the same
data set. As a result, the selected regularization parameter value is often underestimated
and produces grossly underregularized or inadmissible solutions. An additional
penalization of the parameter estimation inaccuracy, taking into account the
interdependencies between the parameter estimates as in the Information Complexity
RPSM (abbreviated ICOMPRPS) proposed in Urmanov and et. a. (2002) can drastically
reduce the risk of regularization parameter value underestimation and make such a choice
more suitable for black-box modeling. Such an "overestimation", or more precisely

correction, of the inadequate penalization of inaccuracy is beneficia for engineering
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applications in which the regularization parameter value should be chosen automatically
during mode building, and there is no means for assessing the proper amount of
regularization.

In CHAPTER 3, a systematic way of deriving information-based RPSM's, which
are misspecificationresistant, is presented. The problem of obtaining grossy
underregularized solutions because of large variability of the chosen regularization
parameter is discussed. A method of reducing the risk of obtaining grosdy
underregularized solutions, using information complexity-based RPSM's is proposed. A

method of misspecification detection is proposed.
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CHAPTER 3
REGULARIZATION PARAMETER SELECTION:
AN INFORMATION APPROACH

3.1 Introduction

We introduce the information approach to regularization parameter selection in
the linear case, though the approach is not limited to this case and is very general.
Consider linear models of the form

Y, = Xb+u;, i =1.n, (3.2)
where Y; is a dependent variable (or response), X; is an independent m-vector variable
(or predictors), b isan unknown m-vector of regression coefficients or parameters to be
estimated from observed data, and u;'s are random (noise) variables with the following
properties

E(u)=0, El2)=s2, ad E(Xu)=0. (3.2)

There are two potential problems with such model specifications: (3.1)-(3.2). If
the true relationship m(x)° E{Y, | X; = x} between Y; and X;, aso referred to as the
true model, is not linear, or some relevant predictors are missing, we have functional
misspecification. In this case the error term u; © m(X;)- X;'b+e; includes both the error
of approximation, m(X;)- X;'b, and the true stochastic error e, . This means that  X;
and u; are no longer independent. For example, the usual covariance matrix of the ridge

regression coefficientsis obtain as
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S=Cov6I )
= Cov{(XT X +n )'1xTy)

=(XTX +nl [ X TCov(yy" )X(XTX +nl ) &9
=s 2(XTX +nl )'leX(XTX +nl )'1

and can be estimated as
S=s (XX +nl J'X"X(XTX +nl . (3.4)

It becomes inconsistent for misspecified models (White 1980). This inconsistency may
make RPSM's such as Malows CL and URE, which implicitly use this covariance
matrix estimator, inconsistent as well. In the maximum likelihood or Ordinary Least
Squares (abbreviated OLS) framework, one can use an improved covariance matrix
estimator, which is consistent under functional misspecification (White, 1980). In the
ridge regression framework, a modified covariance matrix estimator can also be used to
cope with possible functional misspecifications.

The second problem is that the distributional assumption on the stochastic error
(usually normality with zero mean and constant variance) is not fulfilled. Luckily, this
type of model misspecification does not affect estimation of the regression coefficients
b. However, the covariance matrix estimator again becomes inconsistent. This may
destroy the performance of a RPSM that uses the estimator (3.4). In the OL S framework,
one can use an estimator which is consistent under distributional misspecifications, as in
White (1982), and in the ridge framework we can aso use a modified estimator that
accounts for possible distributional misspecifications.

Perhaps a third and more serious problem with model (3.1-3.2) is the assumption
of independent observations or uncorrelated noise. If the true noise happens to be
correlated, a RPSM that uses the uncorrelated noise assumption will most probably fail to

select a plausible value of the regularization parameter. To cope with correlated noise,
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one can consider an autoregressive noise model and work out an information criterion in
asimilar manner.
To solve the problem (3.1) for the regression coefficients b, we assume that we
have n observations (X;,Y;) and rewrite the model in a matrix form
Y =Xb+u, (35
where Y isan n” 1 vector, X isan n° m matrix, and u isan n” 1 vector of random
errors in the response. The OLS solution minimizes the Sum of Squared Residuals
(abbreviated SSR)
SR g'{ (¥ - x7of =[v - xo2® min (36)
i=1
and is given by
bos = (XTX) ' XTY. 3.7)
When the data matrix X is ill-conditioned (due to collinear predictor variables),
the OLS solution is unstable (or statistically insignificant) and has no practical use. To
obtain a stable solution, one can proceed with using a Method Of Regularization
(abbreviated MOR). The common choice is Tikhonov (1963) regularization, which uses
universal prior information of smoothness to obtain plausble solutions. In particular, a
penalty term is added to the sum of squared residuals that assesses the physica
plausibility of solutions. The resulting regularized solution is given as a solution of the

minimization problem

[Xb- YJ? +1 bl° ® min (39
which is minimized for

b = (xTx +1 WTW)leY, (3.9
where W is a pendty operator (matrix), and | is the regularization parameter that

controls the amount of penalty. When W= 1,,, minimum energy solutions are preferred

(Hansen, 1998). These solutions correspond to the well known ridge regression (Hoerl,
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1970) solution. When matrix W is an approximation to the second derivative operator,
smooth solutions are obtained. The regularized solution (3.9) is biased. This means that
the expected value of the regularized regression coefficients is not equal to the true value
of the regression coefficients if such value exists. When regression coefficients have no
physical interpretation and the main goal is to predict future observations, the bias cannot
be considered as a drawback as long as it results in improved prediction accuracy.
Though biased, the regularized solution (3.9) for a suitably chosen | is useful and
reduces the mean estimation error by significantly reducing the variance of the
regularized solution as compared to the OL S solution (Hoerl, 1970).

As aready mentioned, the proper choice of the regularization parameter value is
critical for obtaining a useful regularized solution, and many different RPSM's have been
proposed. The rest of the chapter is dedicated to describing an information approach that
can naturaly account for possible model misspecification. RPSM's based on that
approach are shown to be robust against such misspecifications. In addition, we argue
that for a limited number of observations, a dlight "overestimation” of the regularization
parameter value is beneficial from the practical point of view, and that a RPSM derived
in the information complexity framework provides such a refinement.

The information approach uses the Maximum Penalized Likelihood (abbreviated
MPL) estimation framework and properties of the MPL Estimators (abbreviated MPLE).
Therefore, we briefly review the maximum penalized likelihood method in the context of
ridge regression. For a more in depth description of the maximum penalized likelihood
method, see Good and Gaskins (1971), Silverman (1985), Green (1987) and for

asymptotic analysis of the MPL method, see Cox (1990).
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3.2 Maximum Penalized Likelihood Method

It is well known that the only way to overcome a lack of information is to bring
some. When the amount of information contained in an observed data set is not sufficient
for obtaining a useful solution additional information must be brought from outside the
observed data. This is naturally implemented in the Bayesian approach by combining
prior information with data to make an inference. An aternative approach is to use a
penalized likelihood that also exploits prior information but in a narrower way than the
Bayesian approach. Specifically, maximum penalized likelihood estimation corresponds
to a maximum a posteriori procedure in Bayesian anaysis (Leonard, 1978).

When solving an ill-conditioned problem as in (3.1) we often obtain inadmissible
results by using the Maximum Likelihood (abbreviated ML) method because of
violations of the assumptions under which the ML method is valid. In the ill-conditioned
case, the collinearity makes the solution underdetermined, and additional information
must be used to further constrain the solution. This additional constraint is in the form of
a penaization operator. The use of the penalization operator reduces undesirable
properties of the solution. The idea of using smoothness as additional information,
proposed by Tikhonov (1963), is a good example of prior information that works
successfully in numerous engineering and scientific problems.

We will now consider a more general model than (3.1). Assume that there exists
an unknown true joint cumulative distribution function (abbreviated c.d.f.) of X, which
isarandom m-vector, and Y;, which is a random variable dependent on X,

G(X;,¥;) with density gy v (x.y). (3.10)

The problem of modeling an observed data set D = {(X;,Y; )}, is comprised of

specifying a parametric family of approximating distributions called the model
F(X;,¥:b) with dersity fy v (x y;ib)= fx (x)fy x. (v | xb) (3.12)
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and estimating the parameter vector b from the observed dataset D .

The model (3.11) is said to be correctly specified if there exists b, such that
F(X;,%;by) = G(X;.Y,); otherwise, the model is said to be misspecified. Several forms
of misspecification are possible. Functional misspecification occurs when the conditional
mean of Y, is misspecified, i.e. m(x)° E(Y |X;=x)t x'b for any bl R™,
Distributional misspecification occurs when the true distribution (3.10) does not belong
to the specified family of approximating distributions (3.11). A detail discussion of
misspecification in statistical modeling can be found in White (1994).

To estimate b from the observed data D, the maximum likelihood method is
used. For a given sample of n independent identically distributed (abbreviated i.i.d.)
observations, the likelihood is defined as

LoIb)e O, f(%:.¥:b). (312)

The likelihood represents the joint probability of the observations, regarded as a function
of an unknown parameter. The log likelihood function of an observation is defined as

LL(X;.¥; [b)e log f(¥; | X;:b). (313)

The log likelihood function is given by log f(X;,Y)=log f(X;)+log f (Y, | X;;b).

However, since the first term does not depend on b, it will not affect the estimation of b.

Therefore, in the following we refer to (3.13) as the log likelihood function of an

observation. The log likelihood is defined as

LL(D [b)® logL(D|b)= § . LL(X;.¥; |b). (3.14)

The value of b that maximizes the log likelihood (3.14) is called the Maximum
Likelihood Estimator (abbreviated MLE) of b and denoted as b. The use of the
maximum likelihood estimation method was first suggested by Fisher (1921) and has

become one of the most extensively-used tools in statistical analysis.
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However, when the maximum likelihood method is applied to ill-posed problems,
it does not produce a valuable result. The ML method can be modified, for example by
introducing a penalty and "converting” it into a maximum penalized likelihood method.
The penalized log likelihood function of an observation is defined as

PLL(X;,Y; 1) = LL(X;,Y; | b)- 1 p(o), (3.15)
where p(b) is a penalty, and | is the regularization parameter as in (3.8). In the
statistical literature, the penalized likelihood nethod was first proposed by Good and
Gaskins (1971). Different penalties are discussed in Green (1987). In particular, consider
the quadratic penalty in the form

plo) © 25 (W) Wb =L |, (3.16)
where W is a penalty operator (an (m’ m) matrix) with W= 1, corresponding to ridge
regression. Given a sample of n observations (X;,Y;), the Maximum Penalized
Likelihood Estimator (abbreviated MPLE) of b is obtained as a solution of the following
problem:

R n

h = argmaxié PLL(X;,Y; | b)

b Nixy
- (3.17)
1o
=agmax-Q (log £ (¥; | X;:b)- I p(b))
i=1
When we specify a normal distribution for the dependent variable
1 e 1 T.RO
Y | X; ~N{X{b,s ?)= expe- —=(V - x'b/ = 3.18
i | X (I )\/58 pgzsz(l I)ﬂ ( )

and a quadratic penalty of form (3.16), the maximum penalized likelihood estimator

(3.17) is exactly aridge estimator (in matrix notation) (Hoerl, 1970):

-1
b = (xTx +n |m) XTY . (3.19)
Two results concerning the asymptotic properties of the MPLE defined in (3.17)
are stated below without proof and will be used later for deriving misspecification

resistant RPSM's. These results can be proved following the same steps as in White
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(1981). For more information on asymptotic properties of penalized likelihood estimators
in the case of correctly-specified model, see Cox (1990) and Knight (1998), and on
asymptotic properties of maximum likelihood estimators under model misspecification,
see White (1980).

A

R1 b isaconsistent estimator of b which is the unique solution of
Ew 2l -PLLW,Z [0} = 0. (3.20)
1 1o b

A

R2 With a large enough n, b is approximately normally distributed,
«/ﬁ(li - q*)~ Nm(O,J'llJ'l),wherematrices J and | aredefined as

12

oo’

Jo- EWZ1| PLL(\N,Z |Q*)Z and
1

© Bzt PLLW.Z | )% PLLW,Z m*)g. (321)
i Tb '
W and Z are random variables that have the same joint distribution as X; and Y; and
are independent from X; and Y;. E in (3.20) and (3.21) stands for the expectation
operator with expectation is taken with respect to the true joint distribution of W and Z .
In the maximum likelihood case, when | =0, the matrices (3.21) are called Fisher
information matrices in the Hessian (outer product) and inner product form respectively.
In the maximum likelihood case, these matrices are equa (J =1) when the modd is
correctly specified, and they are different (J* |) when the mode is misspecified
(White, 1980). This propety is extensively used for misspecification detection of
econometric models.
In the Gaussian case with quadratic penalty (3.16), (3.20) is minimized for
o = [Enfw T} 11,) B (02} = (B T T 322)
which is the limiting value of the MPLE ﬁ asn® ¥ . b isthesolution of
szi 1}"—b LL(w,Z |b)§ =0 (3.23)
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or the limiting value of the maximum likelihood estimator. In the case of correct model
specification b’ =h, (White, 1980). When the matrix E\NWNT} of second moments of
W is near singular, its estimator X' X/n will be ill-conditioned and, as a result, the
maximum likelihood estimator given by
b=(x"x)"xTy (3.24)
will have avery large variance and no practical value.
Since matrices J and | depend on the unknown true distribution (3.10) they are
not computable and should be estimated in practice. Estimation is done by substituting

the empirical distribution in (3.21). This results in the following estimators for the

matrices
- 14 9° -
J=-— PLL\X;,Y and 3.25
S8 P 6) (329)
~ 13 1 A 1 A
_1 Ly VB ) 3.26
=285 PLLUG Y 16 )Ll v 16 (326

These matrices are used to estimate the asymptotic covariance matrix of the MPLE Li as
8, )=3i3. (3.27)
In analogy with the ML case, this covariance matrix estimator can be shown to be
consistent under model misspecification.

In the following section, an information approach is developed for evaluating
different competing models whose parameters are estimated by the described maximum
penalized likelihood method. The information criterion can also be used to choose the
regularization parameter value that minimizes this criterion. Optimal selection of
penalized models can be performed in two steps. For each competing model the

regularization parameter that minimizes the information criterion is chosen and then the

minimized values of the criterion are compared to select the best model. The chosen
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model is the one that is closest to the true one in the sense of minimum of the Kullback-

Leibler (1951) distance, which will be discussed in the next section.

3.3 Information Approach to Regularization Parameter Selection

When the parameters of a specified model f (X;,Y;;b) are estimated by the MPL
method, each particular choice of the penalty operator and regularization parameter yields
some approximating density f| ° f (X Y, q ) The closeness of this approximating
density f; to the unknown true density g(X;,Y;), assuming such exists, can be evaluated
by the Kullback-Leibler (1951) (abbreviated KL) information (or distance) that measures

the divergence between the densities

kL(f 10)° Bwzf1og- 28 = & 3ou— B2 2Jowicwy . vtz (328
P g 9 0w zh

The regularization parameter can be selected to minimize the mean KL distance.
The mean KL distance is the KL distance averaged over all possible data sets ( D) which

can be used to obtain the approximating density ﬂ
| kL =arg m'n{EDKL(f, ;g)}. (3.29)

|

Such a choice guarantees that, on the average, the corresponding approximating density

will be closest among those considered in the sense of the minimum KL distance. We can

decompose the mean KL distance into a "systematic error” and a "random error”:

- i u
EDKL(fI ;g) Eyi Ewz log— J
t f b
| £ f
=E, [ E,, log-2 - v (3.30)
ff f b
f* N f*fj
=E,, log—2 +E,, log— +ED¥EW2|09A—'y
f 1:| T fl b
SystematicError RandomError
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where f* © fM,Z;b*)md b’ isasolution of
Ewzl - LLW,Z |b) =0
19b

or the limiting value of the ML estimator; f; © f W, Zz:b ) and by isasolution of

11 1]
i—PLLW,Z |b)Jy=0
E\N,Z%ﬂb ( | )%

or the limiting value of the MPL estimator.

The systematic error, which can be also termed as the bias, consists of two terms.
The first term represents the error of modeling and vanishes when the model is correctly
specified. The second term represents the error due to using a penalization and vanishes
when the maximum likelihood method of estimation is used. The random error, also
called the variance, arises due to inaccuracy of the model's parameter estimation because
of a limited number of observations. When the model is correctly specified and the ML
method is used, only the variance term contributes to the mean KL distance. However, as
we know, the variance in a case of ill-conditioned data sets can be very large and make
the approximating density useless. Although penalization introduces a bias, it aso
drastically reduces the variarce, allowing for a tradeoff which may reduce the mean KL
distance. This means that, on the average, with a properly chosen regularization
parameter the penalized model can be closer to the true mode.

From the definition of the KL distance, it can be seen that, since ED{E\N,Z log g}
does not depend on the model ﬂ , minimization of the mean KL distance is equivalent to
maximization of the Mean Expected Log Likelihood (abbreviated MELL) which is
defined as

MELL(I ) ° Ep{Ewz log |, (3.31)
where, as before, W and Z have the same joint distribution as X; and Y; and are
independent of them. That is why the mean expected log likelihood is extensively used in

statistical model selection as a powerful tool for evaluating the model performance and
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for choosing one model from the competing models. In a pioneering work, Akaike (1973)
introduced the MELL as a model selection method and justified the use of ML for
parameter estimation.

In the Gaussian case (when Z |W is normally distributed) and with a correctly
specified model, maximization of the mean expected log likelihood is equivaent to
minimization of the Mean Predictive Error (abbreviated MPE). As with MPE, the mean
expected log likelihood is not computable because of the unknown true distribution but it
can be estimated by plugging the empirical distribution into (3.31). By this means, the so-
called Average Log Likelihood (abbreviated ALL) is obtained:

ALL(ti ):%é{ |ogf6(i | Xi:h ) (3.32)

i=1

Despite the fact that ALL(b)® ELL(b) as n® ¥, due to the law of large
numbers, the ALL, evaluated at MPLE fq , IS a biased estimator of the MELL of the
MPL modd i.e EDALL(fq )1 MELL(l ). This bias should be corrected when we use
MELL as a RPSM. In the next section, one of the methods for bias correction is
presented. This method is usually used for deriving information model selection criteria
as in Akake (1973), Sakamoto (1986), Bozdogan (1987-2001), Konishi (1996), and
Shibata (1989).

3.3.1 Maximum mean expected log likelihood parameter choice

An information-based RPSM is given as the maximization of the mean expected

log likelihood (3.31) of maximum penalized likelihood models

|'weL = argmax{MELL( )}. (3.33)
|

As aready mentioned, the MELL is not computable and can be estimated by the ALL
(3.32). The ALL, evaluated at the MPLE, is a biased estimator of MELL. To quantify the
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bias of ALL in estimating the MELL we first define the Expected Penalized Log
Likelihood (abbreviated EPLL) as

EPLL(b)° By ,PLL(W,Z |Db) (3.34)
and expand it in a Taylor series at 6 around q*, which is the limiting value of the

MPLE b asn® ¥
EPLL(B| )» EPLL(br )+l% EPLL(bu* XgT (5| - by )
I

¥ 2
26 0 ) T epeior i - o) (3.35)
2 1 Tofb’
* 1 ~ * T ~ *
= EPLL(b| )' E(b - b| ) J(b| - b| )
where
12 .
Jo - = EPLL(h )
bTb
Next, we expand the Average Penadized Log Likelihood (abbreviated APLL)
defined as

n
APLL(p)° %é_ LL(X;,Y [b)- I p(b) (3.36)
i=1
inaTaylor seriesat by around h

APLL(b; )» APLL[, )+}%APLL(6| )gT b -5 )
|
+%(b|* b )T:i;:ﬂb";; apLL(p )g(bf B ) (3.37)

» APLL(G, )- %(bf -5 ) b -5 )

We used the fact that

%APLL(& )=0

and that, by the law of large numbers, as N ® ¥
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1. 1‘[2 * p i 1'[2 * i
i APLL v ® | EPLL \/ »
f oTb” b )E f bTb" b )Z

and,sinceh ® b asn® ¥ dueto (R.1), we have
1. .”2 R U 1 ﬂ2 . y
' APLLG f® | EPLL( ).
F fotb” i )é | ot b )Z
Using EpEPLL(y )= Ep APLL(B ) and combining (3.35) and (3.37) we obtain
~ ~ i * ~ \T * ~ VI
EDEPLL(Q )» EDAPLL(Q ) ED%l (q - b ) J(h - )g (3.38)

and since
EpEPLL{ )= EpELL( )- 1 Eppl

A

) and EpAPLLIY )= EpALL(f )- 1E5p(h )

we have
EDELL(t} )» EDALL(A ) ED%(Q* t} q H M
(3.39)

» EDALL(A ) race(J )

3|I—‘

where we use the asymptotic normality of the maximum penalized likelihood estimator

(R.2), and the trace result from Appendix A.1

1/ * ~ T * ~ ] 1 _
Eo}l(h - h) J(h - b )g=ﬁtrace(w 1). (3.40)
Therefore, an unbiased estimator of the mean expected log likelihood is defined
as
TMELL(A )° ALL(“ ) —trac 13 '1), (3.41)
where
~ 14 1 ~\ 1 -
| == —PLL(X;,Y | —PLL|X;,Y, (3.42)
S8 g PtLb 18 o)
and
J:-—é i PLL(X-Y|6) (3.43)
n i_lﬂ ﬂ [

and the corresponding RPSM is



A N ~ 1 A~ e
| MELL = ag maxi AU—(h ) Htrac 1J 1)%. (3.44)
Lo

A number of RPSM's can follow from this. When the model is Gaussian ard
correctly specified, and X is fixed, the well-known Mallows (1973) CL method is
obtained:

160

? +ZSthrace§XTX(XTX +nl |m) % (3.45)

IACL = arglm'n%%HY - Xti

When the model is Gaussian and s 2 is treated as a nuisance parameter and J and

| are estimated as

1

S?_

~ n o] n
J=- a XX+l T and | =——§ rdaixi X! (3.46)

i=1 7} ns "z

B

Shibata's (1989) Regularization Information Criterion (abbreviated RIC) is obtained and

the corresponding RPSM is

2 2. 0 g2
-y LSZ'H“y, (3.47)
N i4s b

lARIC = arg|m'n£%HY - Xti

where H = X(XTX +nl Im)_le and ryg; =¥ - X/'b.

When ti Isan M-estimator (Huber, 1981), Konishi and Kitagawa (1996) propose
an information criterion for choosing the regularization parameter which is similar to RIC
(3.47).

We also suggest a RPSM that uses Bozdogan's (1996) informational complexity
framework to account for interdependencies between parameter estimates when
evaluating the bias of ALL in estimating the MELL. The resulting method, by means of a
more severe penalization of the inaccuracy of estimation, produces slightly overestimated
regularization parameter values as compared to that given by CL or RIC. Overestimation,
however, is in a safe direction and is shown to be beneficial in situations with a limited
number of observations. We give a brief description of the informational complexity

RPSM in Section 3.4.

35



Despite its simplicity, the Gaussian correctly-specified case is very important,
especially for the numerical solution of integral equations with a method of
regularization, because X is fixed and there is no functiona misspecification. In the

Gaussian correctly-specified case, the information RPSM (3.44) becomes similar to CL.

3.3.2 Gaussian, correctly specified case

The MELL RPSM (3.44) reduces to Mallows (1973) CL under the following
conditions. the approximating distribution (model) belongs to the Gaussian family, i.e.

W ~ Nip(m A) and Z [W ~ N(mfw).s 2) (3.48)
and the model is correctly specified, meaning that there exists by, referred to as the true
regression coefficients (or the true solution), such that

fW.z:ky) = gw.2), (3.49)
where g(W,Z) is the actual (true) data generating distribution, and when s 2 the
conditiona variance of the output (or noise variance), is treated as a nuisance parameter.

In particular, correct specification implies that

E,w{z - Wb’ }= 0 and EZ,W}(Z - WTb*)(z - wa*)Tg =s 2, (3.50)
|
The log likelihood in this case is
l0g f (Z [W;b) = log———exp® —2_(z- WTb] (z- wTb)2
V2ps® € > (3.51)
1 1 T T
= - Z-W'b) (z- Wb
ol ol -w
Its derivatives with respect to b are
%log f(z |w;b) =izw(z - WTb) and (3.52)
S
%Iog f(z |W:b) = Siz z-wbwT (3.53)
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2
1
ﬂb‘l]ﬂbT log f(z |W;b) = - S—Z\N\NT . (3.54)

Using the quadratic penalty (3.16), matrix J becomes

J=- ﬂgﬂ; Eu2flog 17 - 1 pley )}

- E, :lsiz\NWT +1 p‘(h* )p‘ﬁ )rg (3.55)
- L efow} 1ol ok ] |
iz(Ew{VVW berg)

and can be estimated as

2 g T O 1 T
J= g—a X X +11,7=— (x X +nl | ) (3.56)
S n.

Matrix | becomes

=) Lo 1o )T o - ok

_ )l +{ [B +{ 11 +{]
=By 7l log ' —log £ 8- By 5 —log f; U, log f
XA U SN T U S F TR

_1 T S S AR RS (3.57)
's_zEW{WW }+S_4EW{V\NV (b - b Xb - Iq)vvw j
Si4EW{WWT}(b* ] h* Xb* ] h*)TEW{N\NT}
and, for alarge n, it can be estimated as

~ 181 1 7
l=—=a XX{ =—5X"X. (3.58)
ns .5 ns

The trace term becomes

. 1a
trace{l J- ) traceg—x X xns (XTX +nl Im) 9
éns

_ T T 16
—tracegk X(X X+nl Im) p (3.59)
= trace(H)

1
where the hat matrix is defined as H °© X(XTX +nl Im) XT.
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The RPSM becomes
I'veLL = &g mnIiié 6( XTb| ) %trace(H)g (3.60)

or

- 11
| MELL = argminj
1N

2
+Ttrace(H)_z. (3.61)

This is exactly CL. Therefore, CL can be viewed as an information RPSM when the

model is correctly specified and is Gaussian with fixed X .

3.3.3 Gaussian, misspecified case

Dropping the assumption of correct model specification and using the Gaussian

approximating distribution as in the previous case, a similar expression for J is obtained

J =Si2(EW{vva}+| |m) (3.62)

and estimated as
. 1@ ¢ 0 1
J=—Co A XX +11,7= XTX +nl | 3.63
S1 8 X = STy (369)
Matrix 1 becomes
_ [l 1 1 1
|-Evvzl—|09f| —|09f|% Evvzl—|09 |%sz|—|09f|%
1 fib Tb b’ (3.64)

:%EW,Z}W(Z- Wb )szg

and is estimated as
1

s“n

~ ~\2
| X (Yi - X b) X (3.65)

~ Qyos

1

The RPSM becomes

~ ¥ 1 ~ 112 2 ~n
very = argmin| + 3 racdi 1)2 (3.66)
| 1 n n
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This RPSM uses the Gaussian model but does not assume that the conditional mean is
correctly specified. That means the choice of the regularization parameter value remains
consistent even if a functional misspecification is present, i.e.  when

m(x)° E{Y; | X; =x} * x"b for any parameter bi R™.

3.3.4 Didtributional misspecification

As mentioned aready, distributional misspecification does not affect the
estimation of the location parameter b. However, whenever an estimate of the covariance
matrix of the MLE or MPLE is needed, an estimator that is consistent under distributional
misspecification must be used because the usual covariance matrix estimators (3.3) are
not consistent under distributional misspecification. To account for possible distributional
misspecifications, the estimation of s 2 treated so far as a nuisance parameter, must be
considered. This allows one to account for a nonzero skewness and kurtosis in the

response variable Z |W.

3.4 Information Complexity RPSM

With a limited number of observations, the inaccuracy pendization in (3.44)
becomes inadequate and further refinement is needed. Starting from (3.44) and using
Bozdogan's (1996) refinement argument, we obtain an Information Complexity
Regularization Parameter Selection method (abbreviated ICOMPRPS) that behaves
favorably for alimited number of observations.

Notice that the term trace(IJ'l) in (3.44) can be interpreted as the effective
number of parameters of a possibly misspecified model. ICOMPRPS also penalizes the

interdependency between the parameter estimates. ICOMPRPS imposes a more severe
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penalization of estimation inaccuracy caused by the fact that the data-generating
distribution is unknown.
For the MPLE method, the ICOMPRPS has the form (Urmanov and &t. a., 2002)
ICOMPRPS(l )° ALl_(BI ) %trace(fj 1). %cl(j'l) (3.67)

and the corresponding RPSM is

A

|\ compres = & Imax% ALL(I:A)I ) %trace(fj'l)- %Cl (j'l)g, (3.68)

where C; is the maximal covariance complexity index proposed by Emden (1971) to
measure the degree of interdependency between parameter estimates. C, is a function of
a covariance matrix and is computed as in (3.69) using the eigenvalues of the covariance
matrix. Notice that the more ill-conditioned the data matrix X , the more dependent the
parameter estimates become; therefore, the covariance complexity can be used to
quantify ill-conditioning.

Under the assumption that the vector of parameter estimates 6| IS approximately

normally distributed, the maximal covariance complexity reduces to
1

~ m n. _ 18 _ & gn
G(3 1):§'°9ﬁ_a’Where”a:ﬁa“i'”g:9 njZ.ad (369
g j=1 gj=1 7]

?; aretheeigenvaluesof J 1.
In the Gaussian case, ICOMPRPS for Correctly specified Models (abbreviated
| COMPRPS-CM) becomes

. 2 ~
ICOMPRPSCM (| ):%HY- X6 |+ 2‘; (irace(H )+, (32)) (3.70)
and the corresponding RPSM is
~ 11 ~ 2 287 ~\U
conmrosen =agmini |y - x4 [+ trace() + (3 ))E (3.71)

where

J=x"X+n 1, ad H=X(XTX+nl1 ) X"
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3.5 Minimum Mean Predictive Error RPSM

There is a strong bond between the RPSM's based on maximizing the mean
expected log likelihood and minimizing the mean predictive error. Namely, if the
parametric family of approximating distributions (the model) is Gaussian,

£ (¥ | X;:b)° N{xTb,s 2), 3.72)
then maximizing the MELL is equivalent to minimizing the MPE. This fact allows us to
write an MPE analog of the information criterion (3.41). Indeed, using the Gaussian
model, the ALL can be written as the sum of the training error (abbreviated TE) and a

constant term

Qo
8
X
=<
o
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>
N —
Il
S|
n
==Y

S|

I e
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where the training error is defined

> a _8

S|

(3.74)
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The expected log likelihood for the Gaussian model is
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ELL{B, )=Ew log fW.Z b, )

e 1 ~ 20U
_EWZ|IogJ_S g?(z-wal)%
:Iog\/%s _ 2512 EWZ%(Z-WTQ )Zg
1 1 , (3.75)
“log - 3 Bwa{z- nw)?)
7 B o) W, ] (i) wTh,
1 1 1 ~
:IOg_\/ESZ-E- 2SZPE(b| )
where the predictive error is defined as
PE(fq )0 EWJI‘L(mQ/v) w' q -W'h )g (3.76)

Plugging these representations into (3.41) an MPE analog of the information RPSM is

obtained. The mean predictive error is approximated as
2

E,PE(R )» EoTE( )+ ZSTtrac 31)- 52, (3.77)
Therefore, an unbiased estimator of the MPE is given by
Tupe(l )° TE(ﬁ )+ 28thrac fj'l)- s? (3.78)
and the corresponding RPSM is
I MPE = argmn%TE(A )+ 2Sthrac fj'l)- S 211 (3.79)

Therefore, when the Gaussian modd is used, the MELL and MPE have the same
minimizer. When the mode! is correctly specified, trace(fj'l) =trace{H), and the CL

method follows

cL(l)=T ( )+—2trace(H) (3.80)

with the corresponding RPSM:

42



X __— 5
oL = argrrin}'_TE( )+ ZSTtrace(H ) S ZP (3.81)
o

3.6 Variability of Chosen Parameter

In the previous sections we chose the regularization parameter to maximize the
MELL or minimize the MPE. It is important to realize that such a regularization
parameter value maximizes the estimate of the MELL, not the MELL itself. As a resullt,
for a given data set there is no guarantee that the chosen regularization parameter value
will produce an admissible solution for the problem. A chosen regularization parameter
value is an estimate of the 'true’ parameter value that maximizes the MELL. The
variability of that estimate may be large and diminish its usefulness. If the variability is
too large, it questions any use of such a method for a practical application in which the
true solution is unknown. In this case, there is no way to evaluate the validity of the
regularized solution corresponding to the chosen regularization parameter value.

A big problem with RPSM's is underestimation. The chosen parameter value is
often too small, presumably due to inadequate penalization of estimation inaccuracy for
small data sets when correcting the bias of ALL in estimation of the MELL, and the
corresponding solution is not 'smooth’ enough and is ill unstable. This makes it
reasonable to consider other RPSM's that can provide estimates with smaller variance.

It seems a gain in precision can come only at the expense of introducing a bias.
This is not a problem as long as the method remains convergent though it can lose its
optimality in some sense. Besides, as with any regularized solution, the probability that a
regularization parameter chosen with some RPSM will hit in a certain vicinity of the 'true
regularization parameter value may be larger with a RPSM that produces a biased

regularization parameter estimate. In light of underestimation, abias in a safe direction of
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lager values can help reduce the risk of obtaining an underregularized solution. This is
particularly importart when the solution has no physical interpretation as in many data
driven black-box techniques and it would be extremely difficult to assess a proper degree
of regularization.

A valuable advantage of ICOMPRPS as a RPSM s the additional penalty that
significantly reduces the risk of obtaining grossly underregularization solutions. q(j' 1)
is a monotonically decreasing function of the regularization parameter | . In addition, it
decreases faster than trace(fj' 1), so for small values of | , the correction is significant,
while for larger | , the correction is negligible. This is reasonable, since for small vaues
of | , the corresponding regularized solution is close to the OLS solution which has large
variance, and penalization of that inaccuracy with only the trace term is inadequate. With
decreasing | , the effective number of parameters approaches the number of estimated
parameters in the model or, equivalently, the number of observations per effective
parameter is reduced so that the asymptotic results used in the derivations of the RPSM's
become less applicable. That is why for ill-conditioned problems with limited number of
observations, a much stronger penalization of estimation inaccuracy is beneficia in many
respects. The following example demonstrates such an extra penalization of estimation
inaccuracy.

Figure 3.1 shows the effect of introducing C; on the choice of the regularization
parameter value. Since for fixed X, the trace term shown in Figure 3.1 does not depend
on a particular realization of the noise vector in the response variable, it does not
contribute to the variability of the regularization parameter estimate | . The only
contribution comes from the sum of squared residuals term shown in Figure 3.2. C;
corrects the trace part only for small values of | and reduces the variability of the chosen
regularization parameter, reducing the chance of selecting smaller values as shown in

Figure 3.3 and Figure 3.4.
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For 10 redlizations of the noise component in the response, CL shown in Figure
3.3 and ICOMPRPS shown in Figure 3.4 were computed as functions of the
regularization parameter. The crosses mark the regularization parameter values at which
the minimum of CL and ICOMPRPS occurs for each noise realization. For CL, the
chosen values are spread from zero to 10" 2. For ICOMPRPS, al 10 chosen values are
concentrated around 10°2. This demonstrates the much lower variability of the
ICOMPRPS-chosen regularization parameter value compared with that chosen by CL.
The lower variability drastically reduces the risk of underregularization, though some

optimal properties of such methods as CL may not be shared.

3.7 Regularization Parameter Selection For Misspecified Models

In this section we show that the choice of the regularization parameter using CL
or ICOMPRPS-CM becomes inconsistent whenever the model is misspecified while the
choice using misspecificationresistant methods such as RIC and ICOMPRPS remains
consistent and produces the closest approximating model.

Given the simple data-generating process

Yo =%+ X e (382)
we assume that x is measured with 3 redundant sensors with some measurement errors
S0 that the data set

X = {(Xlt’ Xot s X3t X12t ,th, ngt )}le’ (3.83)

where X3, X,,%; are noisy copies of X, isill-conditioned due to highly collinear variables.
A dample reason for keeping al the redundant variables in the data set is to increase
robustness or to make more reliable predictions when one or more sensors fails.

Due to the presence of collinearity, the OLS solution is highly oscillatory and will

not produce stable predictions on future observations, especialy in situations when the
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collinearity pattern changes due to a failing sensor. To avoid such instability and
hypersensitivity, regularization (ridge regression) is used to obtain "low-energy"
regression coefficients that produce very stable predictions. As usual, to obtain a good
regularized solution (regression coefficients) a proper regularization parameter value
must be chosen.

Two cases of choosing the regularization parameter value for correctly and
incorrectly specified models using CL, ICOMPRPS-CM, RIC, and ICOMPRPS are
examined. The two competing models are:

Yi =apX taoXy tasgkg +hy, (3.84)

Vi =% +8 X +ag% + 0 + b + b +ey. (3.85)

Model (3.84) is misspecified while model (3.85) is correctly specified. The misspecified

model (referred to as linear) lacks quadratic terms and can only give a linear

approximation to the true relationship. The error term of this model includes the true

stochastic noise and the modeling error as well. The correct model (referred to as

guadratic) has no functional misspecification and can suffer only from the collinearity.
The error term of this model includes only the random error in the response.

If least squares is used to solve for the coefficients for both models and these OLS
solutions are used to produce predictions on future observations, very unstable results are
obtained as expected. Figure 3.5 demonstrates the OLS predictions by the misspecified
model. Figure 3.6 demonstrates the OL S predictions by the correct model. The generated
data set is mildly ill-conditioned with a condition number of 10*. In Figure 3.5, the OLS
predictions for the training data (the dash-dot line) are quite good and give a fairly good
linear approximation to the true quadratic relationship (the solid line). However,
predictions for new, unseen data (the noisy dashed line) are very unstable as a result of

highly oscillatory solutions.
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The OL S regression coefficient estimates for both models are given below.

Linear 609 283 -884

Quadratic 87 -507 420 79 16.6 -23.6.

In Figure 3.6, the OLS predictions (the dash-dot line) of the correct model are very good
for the train data; however, for the new data, predictions (the dashed line) are still very
noisy. Regardless of correct specification, the OLS predictions are not stable and are of
little practical value.

To improve the situation and get more stable predictions we use ridge regression
and select the regularization parameter value using Mallows CL, ICOMPRPS-CM, RIC,
and ICOMPRPS. The behavior of these RPSM’s for the misspecified model is shown in
Figure 3.7. For the misspecified model, CL and RIC are very different and have different
minimizers. ICOMPRPS-CM and ICOMPRPS are different as well. For the correct
model, CL and RIC, shown in Figure 3.8, are amost identical and have the same
minimizer. ICOMPRPS-CM and ICOMPRPS are aso identical for the correct mode.

Since CL and ICOMPRPS-CM are not misspecificationresistant, their choice of
the regularization parameter is no longer valid for the misspecified model. For the correct
model, CL and RIC are ailmost identical. This fact could be used for detection of possible
model misspecification. Basically, an identical behavior of CL and RIC can indicate that
the model (the functional relationship between the predictors and the response) is correct;
otherwise, the model might be misspecified. For example, some relevant variables might
be missing. The ICOMPRPS-CM and ICOMPRPS pair can be used for misspecification
detection as well.

As a noise level, we use an estimated noise variance (S ;& =3.4) from the
response which is much less than the OLS estimate (S 2, =132) using the linear model,

because the OL S estimate with linear model aso includes the modeling error.
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Tablel. Smulation resultsfor the misspecified modd.

RPSM CL RIC ICOMPRPS-CM ICOMPRPS
Chosen | 0.002 2.4 0.002 4.4
575 2.8 575 2.8
Solution 273 2.8 273 2.8
-840 2.8 -840 2.8
Prediction MSE 227 111 227 111
Table2. Simulation resultsfor the correct modd.
RPSM CL RIC ICOMPRPS-CM ICOMPRPS
Chosen | 0.25 0.25 13 13
Solution 04 0.4 0.21 0.21
-0.2 -0.2 0.21 0.21
05 0.5 0.21 0.21
2.6 2.6 0.35 0.35
-3.8 -3.8 0.35 0.35
1.6 1.6 0.35 0.35
Prediction MSE 0.29 0.29 0.16 0.16
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Since RIC and ICOMPRPS were derived under possible model misspecification,
they can detect the discrepancy between the supplied noise level and the one estimated
using the current model (which is done implicitly in RIC and ICOMPRPS), and use this
discrepancy to their advantage.

As a result of mode misspecification, in this particular example, CL and
ICOMPRPS-CM consistently failled to choose a reasonable regularization parameter
value while RIC and ICOMPRPS performed well and delivered the regularization
parameter values that produce good linear approximations (the dashed line in Figure 3.9)
to the true relationship. The predictions corresponding to the values chosen by CL (the
dashtdot line) and ICOMPRPS-CM are amost as bad as OLS predictions. The
regularization parameter values chosen by the RPSM’s, the corresponding regularized
regression coefficients, and the mean square error on the test data for the misspecified
model are shown in Table 1.

For the correct model, al the methods give regularization parameter values,
which correspond to stable predictions shown in Figure 3.10 that are almost identical to
the true relationship. The regularization parameter values chosen by the RPSM’s, the
corresponding regularized regression coefficients, and the mean square error on the test
data for the correct model are shown in Table 2.

This result, though on artificial data, demonstrates the superior performance of the
information-based RPSM's, which are much more reliable than CL and perform well in
more redlistic situations in which models are rarely correctly specified. Also, in many
engineering applications correctly-specified models are extremely unusual; therefore,
misspecificationresistant RPSM's are of great value. They consistently deliver proper
regularization parameter values regardless of misspecification and produce good fits

when the model is correct or good approximations when the model is not correct.
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CHAPTER 4
PRACTICAL APPLICATIONS

We present severa examples of practical applications using the proposed
| COMPRPS method and comparing it against CL and other RPSM's. The examples are

1. Venturi Meter Drift Prediction

2. Sensor Validation System

3 Statistical Learning from Data (Radial Basis Function Neural Network)

4, Numerical Solution of an Integral Equation

5 Image Reconstruction

6 Specification of Prior Distribution in Bayesian Inference.

The first example is a construction of an inferential system for venturi meter drift
prediction. The data are from Carolina Power & Light's Crysta River Nuclear Power
Plant. Because the data set is composed of correlated sensor measurements, the OLS
solution is very unstable. Regularization is required to build a reliable inferential system
that uses measurements of other sensors to infer the value of the venturi meter. A linear
regression model used in this example may be misspecified due to missing variables or
possible nonlinear relationships between sensors.

The second example is a construction of a sensor validation system.
Measurements of 83 sensors from a TVA fossil power plant are available. The sensors
represent different plant variables. The problem is to build an inferential model that uses
82 sensors as predictors to infer the value of the remaining sensor and see if the predicted
values are significantly different from the actua measured values. The main problem in

building such a mode is the hypersensitivity of the solution to noise in the data because
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of ill-conditioning. As a result, if one of the sensors fails, the inference about the sensor
being monitored becomes invalid. Regularization is required to obtain a stable solution. A
proper value of the regularization parameter must be found.

The third example is statistical learning from data. Building a parametric or non
parametric model is an inverse problem. In many sSituations, it is aso an ill-posed
problem. This example demonstrates a use of nonparametric technique such as a radial
basis function neural network, which will be described, to fit an unknown underlying
relationship using only the observed data. The OLS solution, the network's weights, in
this case is inadmissible because, due to the nature of the technique, the OLS solution
only minimizes the SSR and overfits the data. As a result, the solution is highly unstable
and produces useless predictions. On the other hand, regularization produces very stable
solutions which, for a suitably chosen regularization parameter value, are very close to
the true relationship.

The fourth example is the numerical solution of an integral equation that arises in
many practical applications such as image restoration, hest-transfer calculations, and
others. The RPSM's are tested for different noise levels in the response and for the case of
noise level underestimation. The ICOMPRPS choice method is shown to be superior in
the case of noise level underestimation. The example also demonstrates that CL becomes
inconsistent when the model is misspecified while the ICOMPRPS method produces
regularization parameter values corresponding to admissible solutions.

The fifth example is a test image-deblurring problem provided by Dr. Vogel of
Montana State University. The OLS image reconstruction does not produce anything
even remotely resembling the original image. Regularization produces admissible
solutions which can be recognized visualy as similar to the original image.

The sixth example is the specification of prior distribution in Bayesian inference.

One of the maor components of Bayesian analysis is the prior distribution of the
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parameters which, combined with the likelihood, is used to produce the posterior
distribution of the parameters and then the predictive distribution of the output. In some
applications, parameters are unobservable and have no physical interpretation. In this
case, it is difficult to assign, a priori, any prior distribution to the parameters and justify
that choice. However, the output is observable and information about it is available prior
to modeling. This information can be used for assigning the prior distribution to the

unobserved parameters by solving an inverse ill-posed problem.

4.1 Venturi Meter Drift Prediction

The majority of Pressurized Water Reactors (abbreviated PWR) utilize venturi
meters to measure feedwater flow rate, which is used to estimate reactor thermal power.
However, venturi meters are susceptible to measurement-drift due to corrosion products
building up near the meter's orifice. This fouling increases the measured pressure drop
across the meter, which in turn results in an over-estimation of the flow rate.
Consequently, reactor thermal power is also overestimated. To stay within regulatory
limits, reactor operators have to derate their plants or justify a compensating process. On
average, the amount of derating varies from insignificant to 3% of full power. For
example, aderating of 2% in an 800 MWe unit will cost the utility ~$20,000 per day.

To overcome this problem, an inferential sensing system has been developed at
the University of Tennessee to infer the true Feedwater Flow Rate (abbreviated FFR)
(Upadhyaya, 1994; Gribok, 2001). Twenty-four (24) plant variables have been selected as
predictor variables based on engineering judgment and their high correlation with
feedwater flow rate, and a linear regression model has been chosen as a predictive tool.
The predicted value of feedwater flow rate is not affected by fouling because the linear

regression model is built on the data corresponding to the initial operation time period
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before fouling starts. The difference between the predicted value and the actual
measurement defines a drift due to fouling.

The data set contains 24 plant variables highly correlated with FFR. The
description of the variablesis given in Appendix A.2. Before modeling, the data shown in
Figure 4.1 were preprocessed (median filtered, centered and range-scaled). The first 601
data points represent 12 days of operation starting with a new fuel cycle; the first 8640
data points represent 6 months of operation. FFR is shown in Figure 4.2. The first 601
data points are used to build an inferential model. Although fouling can occur as soon as
on the 3" day of operation, these 12-day measurements are assumed to be free of fouling.

After an inferential model was build using Procedure 1, the model was used to
predict (infer) future values of FFR and compare them with actually measured ones. At
some point, the predicted FFR begins to deviate from the measured FFR, indicating the
beginning of fouling. The difference between the predicted and measured FFR, averaged
over arange of 100 data points to eliminate the random component and pick up only the
systematic deviation, defines the drift value. The reported drift is estimated in the range
8601-8700; which is about 6 months into the fuel cycle.

Without using any regularization, the solution is very unstable and produces drift
values ranging from negative as shown in Figure 4.3 to positive as shown in Figure 4.4,
and no drift as shown in Figure 4.5. Such unstable drift predictions are obtained because
the data matrix is composed of measurements of correlated sensorsis ill-conditioned, and
the resulting OLS predictions are hyper sensitive to the number of training points and to
the filter window width. Using a regularization method, stable feedwater flow rate
estimation can be achieved, which is stable with respect to the number of training points

and filter window width.
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Figure4.2. FFR filtered measurements.
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Figure 4.3. Drift prediction by the OL S method. (Negative drift of 31 klb/hr).
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Figure 4.4. Drift prediction by the OL S method (Positive drift of 69 klb/hr).
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Figure 4.5. Drift prediction by the OL S method (Zero drift).

In Figure 4.6, estimated probability densities are $iown for the unstable and
stabilized feedwater flow rate estimation. The densities are obtained using the bootstrap
method in which we resample N times a certain number of observations from the same
data set, obtain N drift values, and estimate the drift's probability density using these N
values. The standard deviation of the OLS (unstable) drift prediction is 20 times standard
deviation of the ridge (stabilized using ridge regression) drift prediction. The ridge
prediction is extremely stable, however it seems biased from the OLS prediction.
However, according to the ridge theorem (Hoerl, 1970), the prediction error using ridge
regression coefficients with a suitably chosen ridge parameter is less than the prediction
error using OLS regression coefficients This means that the ridge drift prediction lies
closer to the true drift than OL S drift prediction.

Although the drift prediction has been stabilized, there is still some uncertainty
involved regarding the proper variable subset to be used for predictiors. Different
variable subsets used as predictors can produce different regularized drift values. Each
variable subset should be evaluated by some criterion that estimates the prediction error.

The subset with the lowest value of the criterion is chosen to be the best in the sense of
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Figure 4.6. Unstable and stabilized predictions of the venturi meter drift.
having minimum prediction error or minimum prediction risk. Since the considered
criteria such as CL, RIC, and ICOMPRPS compare MPL models, i.e. stabilized models,
the value of the ridge parameter should be chosen for each subset individually by using
one of the available ridge parameter selection methods.

It is not unusual to encounter a situation in which several models are equally good
according to a chosen model selection criterion. For example, several models can have
approximately the same estimated prediction risk. If we are interested in selecting the
best prediction model we cannot prefer one model to the others. In this situation one can
use model averaging procedures. A most common averaging procedure is Bayesian
model averaging (Leamer, 1978) in which each moddl's prediction is weighted according
to its posterior distribution. A naive approach one can entertain when using non-Bayesian
model selection is to weight them according to the criterion value. However, since we
have to average models with approximately the same prediction risk (abbreviated PR)
value, which can be computed as the mean predictive error, we give them the same

weight and take the average prediction over all models as our final prediction of the drift:
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Pt =54 Pi- (4.1)
Since thereis some uncertainty s, associated with each individual prediction, the

uncertainty in the fina prediction will be

o m 2

St =m LS (4.2)

The model (variable subset) selection procedure employed here is summarized as
follows:

Procedure 1

= For each number of predictor variablesj=1...24

0 For each subset of j variables
» Find the optimal value of the ridge parameter | ,
= Assign the corresponding estimated PR value to that subset,
= Update the best (with lowest PR) model of j variables.

o End

0 Save the best model with j variables

= End.

= Choose the best model (with lowest PR) as the best predictive model.

= |If several models have approximately the same PR, perform averaging.

In performing model selection with this technique, no information is used other
than that extracted from the available data by variouws statistical methods. This approach
is oriented to a Situation in which there is no method to obtain additional information
about the process under consideration. It is possible that a successful inferential system
may be built using additional information about the specific operating environment.

The potential predictor variables must be preselected based on their physica
relevance to FFR and on other factors, as partialy is done in the following example; it

might be necessary to consider a compensating effect of the control system on the plant
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variables and take that into account. If such information is available, it can be
successfully incorporated into the inferential system by means of Bayesian approaches.
For example, if it is known from historical operation that the venturi meter drift liesin the
range 1-3%, this can be used to dispose of the models that predict drift outside that range.

A prior distribution of the parameters could aso be specified to incorporate other
available information into the estimation. One can argue that since the parameters are
usually unobservable, it would be difficult to justify any choice of the prior distribution.
However, the information about the possible drift range can be transferred to the prior
distribution of parameters by using the backward prior specification method proposed by
Gribok et. al. (2002). This could also reduce uncertainty in the predictions.

After applying Procedure 1 to model-building, we obtain the following results
summarized in Table 3. In the table, [ ] shows variables excluded from the subset, and ()
shows a different variable chosen by CL. The drift uncertainty shown in the table
accounts only for the uncertainty due to inaccurate estimation of parameters.

Each subset in the j-th row represents the best subset of j variables. All possible
subsets of j variables form a model group; inside each group ICOMPRPS and CL vary
significantly. For example, for 3-variable subsets ICOMPRPS varies from 6226.6 to
6204.0, making subset selection inside the group meaningful (or significant). We found
that the best models from al 24 groups have approximately the same vaue of
ICOMPRPS equal to 6204 and CL equal to 6200. The exceptions are the two extremes,
1- and 24-variable subsets, which have significantly different ICOMPRPS and CL values.
The one- variable case should be disregarded because the predicted drift value is negative,

which isimpossible.



Table3. Variable subsets evaluation results.

Best subsetsof j variables ICOMP CL a Drift +/-
RPS 3s

1 |21 6201.9 62019 | 0.01 | -3.4+/-06
2 |1521 6204.1 6199.8 | 0.14 | 20.9+-0.9
3 |11521 6204.0 | 6199.5 | 0.14 | 21.0+-09
4 114(12)1521 6204.1 61996 | 0.17 | 11.7+/-12
5 [13(7)41521 6204.1 61996 | 017 | 121+/-12
6 | 13471521 6204.2 6199.7 | 0.17 | 126+/-12
7 1134571521 6204.2 6199.7 | 0.17 | 155+-15
8 13457101521 6204.3 6199.8 | 0.18 | 14.4+/-12
9 [13(22)45710121521 62043 | 6199.8 | 0.18 | 13.2+/-12
10 | 13(13)4579(22) 10121521 6204.4 | 6199.9 | 0.18 | 119+-12
11 | 13(22)45791012131521 6204.4 | 6199.9 | 0.18 | 10.8+-12
12 | 13(22)4579101112131521 62045 | 6199.9 | 0.18 | 9.6+-15
13 1 13(8)457910111213152122 6204.6 | 6200.0 | 0.22 | 6.1+-12
14 | 13(17)4578910111213152122 6204.6 | 6200.0 | 0.22 | 54+-12
15 113457891011121315172122 6204.7 6200.1 | 0.22 57+-1.2
16 | 13456(20)7891011121315172122 6204.7 6200.2 | 0.22 | 6.2+-12
17 [ 134578910111213151718(6) 1921 6204.8 6200.2 | 0.24 | 17.4+/-15
18 [ 134578910111213151718(6) 192021 22 6204.8 6200.3 | 0.24 | 17.3+/-15
19 | [2616 18 23] 6204.9 6200.4 | 0.29 | 31.8+-1.2
20 | [21617 18] 6204.9 6200.4 | 0.32 | 28.3+-12
21 | [216 18] 6205.0 | 62005 | 0.32 | 28.3+-12
22 | [216] 6205.2 6200.7 | 0.32 | 32.8+-15
23 | [2] 6205.6 | 6201.1 | 0.35 | 35.8+/-15
24 | All 6206.7 6202.1 | 0.35 | 39.9+-15
Average excluding subsets 1 and 24 16.8 +/- 0.3
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The negative drift value demonstrates that it is useful b incorporate available
information in the inference either in the form of constrains or in the form of prior
distributions, to automatically remove meaningless models from consideration.
Approximately equal values of the criteria mean that all 22 models ae equally good in
prediction: they have the same estimated prediction error or prediction risk. One possible
explanation is that the effective number of parameters (variables) for all 24 models is
about 1, meaning that all models essentially contain the @me amount of information
extracted from the corresponding input variables. This means that they all have equal
performance and should be averaged.

After averaging, the resulting predicted drift value is 16.8 +/- 0.3 klb/hr. Notice
that we obtain a stable and unique drift estimation, which is robust to the number of
variables used in the model and the particular noise realization in the data. Such drift
estimation corresponds to the predicted FFR values of 5369.5 klb/hr whereas the
measured FFR is 5386.3. Notice that the detected drift value is less than the accuracy of
the measurement instrument (the venturi meter), which is about 3%. This additional
accuracy is possible because before modeling, the random component in FFR is partialy
filtered out with a median filter. The systematic component (the drift) is not affected by

median filtering and is still present in the data.

4.2 Sensor Validation

A sensor validation system usually employs an inferential model that uses
measurements of correlated sensors to predict the value of the sensor being monitored. To
take into account all available information, it is necessary to include all available sensors
that are correlated with the one being predicted. This results in an ill-conditioned data

matrix of predictors, due to the inclusion of correlated predictors. A linear regression
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model is usually used. The OL S solution (or the OLS regression coefficients) in this case
may be unstable and statistically insignificant. Predictions using the OLS solution are
also unstable and unreliable. If one of the sensors fails, the entire system is destroyed and
wrong results are produced that could lead to wrong conclusions. Regularization in the
form of ridge regression produces more stable solutions and improves the reliability of
the sensor validation system.

The data set contains measurements of 83 sensors from a Fossil Power Plant. The
sensors represent various plant variables and must be monitored to detect sensor failures.
To simplify the problem, we consider monitoring of only 1 sensor, namely sensor number
1, and use the other 82 sensors as predictors in a linear regresson model whose
coefficients are estimated using the ridge estimator. Figure 4.7 shows all 82 sensors.

Sensor number 53 which failed at about the 3300'" measurement is shown in
Figure 4.8. The @ndition number of the data matrix is 547920. The problem is ill-
conditioned, and regularization is required to obtain a stable solution. The singular values
of the data matrix are plotted in Figure 4.9. The singular value spectrum decays
gradualy. Therefore, it is difficult to decide on a cut-off number of principal components
to be retained in the model. Instead, ridge regression is used, in which all the components
are retained, but with different filter factors. For ridge regression, the proper value of the
regularization parameter must be selected. The ridge parameter is chosen using four
different estimators of the mean predictive error. Namely, CL, RIC, ICOMPRPS, and
ICOMPRPS-CM are used. The noise variance of 0.1 used in the RPSM's was roughly
estimated as the variance of sensor measurements during a short period of time.

In Figure 4.10, the values of the CL, RIC, and ICOMPRPS are plotted versus the

regularization parameter value.

68



3
10 T T T T T T T T 3
2
10
%]
[&]
=
©
> 1
510
=
()]
=
n
10°
10'1 I 1 I 1 I 1 I 1
0 10 20 30 40 50 60 70 80
Singular value number
Figure4.9. Singular values of the data matrix.
2000 d :
-—- CL
L Q  Minof CL i
1800 RIC
©  Minof RIC
1600 | = ICOMPRPS A
) O Min of ICOMPRPS
= ——- ICOMPRPS-CM
>1400F 1 o Min of ICOMPRPS-CM iy
S
$ 1200 T
S h‘\:::::?\\\ g
1000 SEmao 7 .
800F = .
600»1 . . ...””0 . . ..””.1 . . 2
10 10 10 10

Regularization parameter, |

Figure 4.10. Regularization parameter selection.

69



Table4. Resultsof regularization parameter selection using different methods.

Method Regularization parameter, |
CL 0.6951
RIC 1.1288
ICOMPRPS 2.9764
|ICOMPRPS-CM 2.9764

The values of the regularization parameter that correspond to the minimum of the
criteria are chosen as proper regularization parameter values. These values are shown in
Table 4. The ICOMPRPS-chosen value indicates that about the first 50 components were
passed and the rest were dumped. RIC and CL passed many more components than 50.
The corresponding solutions in Figure 4.11 show that the OLS solution is highly
oscillatory. For such solutions, unstable predictions are expected. The CL and RIC
solutions also have fairy large values, so predictions using these solutions are expected to
be unstable as well.

The sensor value to be monitored is shown in Figure 4.12. In Figure 4.13,
predictions using the OLS solution are shown. As expected, predictions using the OLS
solution are unstable and become irrelevant at the point where one of the sensors used as
a predictor failed. This occurred because OLS does not use the available information
optimally; instead, it overuses and underuses certain inputs. The failure of the 53rd sensor
resulted in an invaid inference about the sensor being monitored. The prediction
inaccuracy increased following the failing 53 sensor. This happened because of large
OL S regression coefficients that make predictions sensitive to minor changes of the input
variables. Once the collinearity pattern was destroyed (one of the sensors went bad)
predictions became irrelevant. If we had not known that the 53 sensor had failed we

would have drawn awrong conclusion that the sensor being monitored had failed.
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Figure 4.13. Prediction of sensor #1 using the OL S solution.
This was obvioudly not the case and shows the danger of using unstable solutions and
ignoring the ill-posed nature of this problem.

Using a regularization parameter chosen by CL and RIC, predictions shown in
Figure 4.14 and Figure 4.15 are obtained. In Figure 4.14, predictions for CL are shown.
As with the OLS solution, the regularized solution corresponding to the CL-chosen
parameter is not stable enough and as a result, the predictions are invalid once the 53
sensor fails. This is another example in which CL produces a solution that is too
optimistic or underregularized.

In Figure 4.15, predictions for RIC are shown. Despite the fact that RIC chose a
larger value of the regularization parameter than CL, that vaue is still not enough to
prevent failure of the predictive modeling when one of the sensors fails. The dight
difference between CL and RIC indicate that the model might be misspecified. More
likely, some relevant variables might be missing. Since in the case of sensor validation,
the very notion of the true model does not exist, the difference simply indicates that there
is probably not enough information in the sensors used as predictors to predict the sensor

being monitored.
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Figure 4.15. Prediction of sensor #1 using the parameter chosen by RIC.
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Predictions made using the regularized solution corresponding to the
| COMPRPS-chosen parameter value are shown in Figure 4.16. The predictions in this
case are much more stable and are not destroyed by the failed sensor. The regularization
parameter chosen by ICOMPRPS is large enough to produce a regularized solution that is
stable to at least one failing sensor. This is possible due to the extra penalization of the
estimation inaccuracy. In many engineering applications, as in this example, it is
beneficial to be more conservative because otherwise the solution is useless and cannot

be used for building areliable sensor validation system.

4.3 Statistical Learning from Data

A simple example of fitting a number of noisy observations demonstrates how
difficult the solution of simple inverse problems can be. The true relationship between X
adY is

Y = X +0.39n(2pX). (4.3)

In Figure 4.18, data points generated from the true relationship (4.3) and
corrupted by noise are shown. The goal is to use these noisy observations to find (learn)
the true relationship or best approximation to it.

A Radial Basis Function (abbreviated RBF) neural network is used to fit the data.

The RBF network computes its output according to the relationship
frer (X)=Q Wi (X), (4.4)

i=1
where the transfer function of the hidden units is given by

a (x):% 2+ (X- o). (45)
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Dependent variable, Y

Independent variable, X

Figure4.18. Thetrueredationship (the solid line) and observed noisy data (the cr osses).

When the network has n hidden nodes with the centers ¢, egual to the input data
points X,, an optima set of the weights w, can be found by minimizing the sum of

sguare residuals given by

SRer =8 (- free (%) (48)
The weights that minimize (4.6) are called the OL S solution and are given by

Wo s =AY, 4.7

where A is asquare matrix composed of a, (Xj ) i, ] =1..n. The relationship produced

by the RBF network with the OLS weights (4.7) is called the OLS fit and is shown in

Figure 4.19. Since the number of weights equals the number of the data points, the OLS

fit achieves a zero SSR. The OLS fit is very oscillatory and passes through each data
point, i.e. the RBF network learned the noise component in the data.

It is obvious that the OLS fit is of no practical use because it is very different

from the true relationship. Predictions based on the OL S fit are meaningless.
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Dependent variable, Y

Dependent variable, Y

Figure 4.20. Thetruereationship (the solid line) and the regularized fit (the dash-dot line)
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The reason for such poor performance is ill-conditioning of matrix A. The
method of regularization in the form of ridge regression can be used to solve this
problem. The regularized solution is obtained as

w, =(A+11,)7Y. (4.8)

The regularized fit to the data using the regularization parameter | that

minimizes the GCV function (2.3) is shown in Figure 4.20. The regularized fit is close to

the true relationship. It is useful and can be successfully used for predictions.

4.4 Numerical Solution of an Integral Equation

In this example we apply the RPSM's to select the regularization parameter value

for solution of the Fredholm integral equation of the first kind in the discretized form
b

KOO 1,(5)= & wK(st) (). 49

a i=1
In particular, the one-dimensional image restoration model studied by Shaw
(1972) is considered from Hansen's (1994) Regularization Tools Matlab toolbox. This
problem is severely ill-conditioned (the condition number is 10'° for n = 64) and is
known to have a regularized solution for the penalty operator W= 1,,. The true solution
and regularized solutions corresponding to regularization parameters chosen by different
methods using the exact noise level as an noise level estimate are shown in Figure 4.21.
The regularized solutions corresponding to the different methods are amost
identical, which is the result of selecting almost the same regularization parameter value
by all the methods. For the true noise level, the mean square error between the true and

regularized solutions is summarized in Table 5.
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2.5 U C r T 3 T

1 ' ¢ L : ¢ :
0 10 20 30 40 50 60 70

i
Figure4.22. Solutionsfor the underestimated noise level.
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Table5. Mean squareerror for thetruenoiselevel.

RPSM Mean square error
MDP 0.0033
CL 0.0028
|ICOMPRPS 0.0026
RIC 0.0029

Table6. Mean squareerror for the underestimated noise level.

RPSM Mean square error
MDP 1.127088e+024
CL 0.0703

| COMPRPS 0.0036

RIC 0.0771

The regularized solutions corresponding to regularization parameters chosen by
the methods using the noise level artificially underestimated by 50% are shown in Figure
422. CL and RIC choose small regularization parameter values that produce
undersmoothed solutions. MDP, with noise level underestimation, produces an
unreasonable solution. The ICOMPRPS-based choice is more robust to an
underestimated noise level and produces a good solution. For the underestimated true
noise level, the mean sguare error between the true and regularized solutions is
summarized in Table 6. Underestimation of the noise level is not unusual in engineering
applications, where it is commonly estimated with a fairly large uncertainty.

If the regularization parameter selection is repeated with different noise
realizations in the response, the sampling density of the chosen regularization parameter
value can be estimated for different methods and the parameter variability can be
compared. Figure 4.23 shows the sampling distribution of the chosen parameters, which

were obtained using the true noise value.
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Note that CL and RIC behave almost identically. This is reasonable because there
is no functional misspecification in this example and accounting for possible
misspecification has not resulted in any improvement. Despite the fact that most of the
chosen vaues lie around 0.008, some very small vaues chosen for some noise
realizations produce grossy underregularized solutions. This effect is more pronounced
when the noise level is underestimated as shown in Figure 4.24.

The number of small values are much larger, and, as a result, the probability of
getting grossly underregularized solutions increases drastically. The ICOMPRPS method
does not fail; the chosen values are still concentrated around 0.01. However, when the
noise level is underestimated even more, ICOMPRPS eventually fails. As discussed
above, such behavior is due to the introduction of an additional term that results in the
decreased variability of the regularization parameter.

Noise underestimation makes MDP and CL useless, whereas ICOMPRPS does a
good job. This may serve as an illustration that the bias estimated solely by the number of
parameters is grossly underestimated in situations with a small number of observations
and should be refined. ICOMPRPS suggests one possible refinement by accounting for

interdependencies between the parameter estimates.

4.5 Image Reconstruction

An original image, registered by a measuring device, is convolved with the point-
spread function of the measuring device. As a result, the registered image is a blurred
version of the original. Notice that convolution is a smoothing process. When the inverse
problem is solved, i.e. when the original image is reconstructed from its blurred version,
deconvolution is used. Deconvolution is a roughening process and the solution

(reconstructed original image) is unstable and must be regularized.
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Figure4.25. Original image.

The Matlab code for this example was provided by Dr. Curt Vogel of Montana
State University in a personal communication.

The original image is shown in Figure 4.25. The process of registering the image
is modeled by its convolution with a point-spread function. The blurred image registered
by the deviceis shown in Figure 4.26.

If the ill-posedness of the problem is ignored, and the image is reconstructed by
using standard deconvolution, the reconstructed image, shown in Figure 4.27, has nothing
in common with the original image and has no practical value.

If regularization is applied, the reconstructed images are similar to the original
one. The reconstructed image for a small regularization parameter is shown in Figure
4.28; for the ICOMPRPS regularization parameter in Figure 4.29; for the optimal
regularization parameter in Figure 4.30; and for alarge regularization parameter in Figure
4.31. We see that the value of the regularization parameter plays an important role in the

solution of the inverse problem; thus it is a necessity to be able to choose it properly.

83



20

40

60

80

100

120

20 40 60 80 100 120

Figure 4.26. Observed blurred image.
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Figure 4.27. Reconstructed image without using any regularization (I =1e-20).
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Figure 4.28. Reconstructed image with atoo small regularization parameter value
(1 =1.3e-6).
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Figure 4.29. Reconstructed image with the regularization parameter value chosen by
I COMPRPS (I =0.000136).
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Figure 4.30. Reconstructed image with the optimal regularization parameter value
(1 =0.000179).
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Figure 4.31. Reconstructed image with atoo large regularization parameter value
(1 =0.032).
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In Figure 4.32 the results of several RPSM's are plotted. ICOMPRPS, derived in
the information complexity framework, outperforms CL and GCV. ICOMPRPS chooses
the value 0.0004, which is closer to the optima value of 0.0007 than those chosen by
GCV and CL. Figure 4.33 demonstrates how the complexity measure (C1) refines the
bias estimation, imposing a more severe penaization of the estimation inaccuracy by

means of a penalization of interdependencies among parameter estimates.

4.6 Specification of Prior Distribution in Bayesian Inference

In Bayesian analysis, we start with assigning a prior distribution p(q) to the
parameters q of a model. Given a data set X , we build the likelihood L(X |q) and
calculate the posterior distribution p (q | X) of the parameters. The posterior distribution
of the parameters in the proportioral form is defined as

p@lX)u L(Xla)p(a). (4.10)
Using the posterior distribution we can build the predictive distribution of the new data
st Y given the old data X which was used for parameter estimation The predictive
distribution is defined as
p(Y I X)u ¢L(Y la)p (@ IX)da, (4.12)
which is used to make an inference about future observations of Y .

When there is no prior information, a common method is to use a non-informative
prior to performing the analysis. This produces a tool to analyze the uncertainty in the
predictions. However, it does not solve the problem. For example, performing a
regression analysis of an ill-posed problem using a noninformative prior produces OLS
coefficients which are useless. To be able to obtain a useful solution, an informative prior

must be used which can help penalize undesirable properties of the solution.
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If some information about the output is available, such as arange of its values, its
sign, or a rough approximation to the predictive density, this information can be used to
solve the above integral equation with the approximately known left hand side py for the
prior

Py 1 ¢L(VIa)p,da (4.12)

This is a typical ill-posed inverse problem, which is also severely ill-conditioned
in a discretized form.

This approach can be demonstrated using a coin example. The goa is to infer the
value of the parameter that describes the probability of getting the head when tossing a
coin. We observe a sequence of heads and tails. In order to build a predictive distribution
of the fraction of heads in the sequence, it is necessary to assign a prior distribution to the
parameter, which in this particular case is known to be binomial. Since the parameter is
unobservable (because we don't know whether the coin is fair), we try to use some
information about the observed output (the fraction of heads in the sequence) in the form
of arough predictive density. Thisis used in the left hand side of the integral equation to
solve for the prior. The OLS solution (prior density of the parameter) is shown in Figure
4.34. The OLS solution is very oscillatory. It is not a proper probability density because
of the negative values and is useless.

However, the regularized solutions shown in Figure 4.35 are very similar to the
true probability density of the parameter (the solid line). The regularized solutions are not
proper density functions because of the negative vaues in their tals. This can be
corrected by using a different smoothing operator to produce only positive solutions. The
regularized prior distribution of the parameter is obtained using only prior information
about the observable output and the universal smoothness prior in regularization. This
prior can be used to obtain the posterior distribution of the parameter and then, using the

observed sequence, the predictive distribution of the outpui.
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Figure 4.35. Regularized solution.
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Figure 4.37. Variability of the regularization parameter value chosen by different RPSM's.
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We now compare several RPSM's. A typical behavior of the RPSM's is shown in
Figure 4.36. Since there is no model misspecification in this example, CL and RIC
methods behave almost identically. However, both CL and RIC produce dlightly
underregularized solutions.

The estimated sample densities of the regularization parameter chosen by
different RPSM's is shown in Figure 4.37. The ICOMPRPS method produces a much
more stable parameter estimate than CL and RIC. Due to the inadequate estimation
inaccuracy penalization, CL and RIC very often choose smaler values of the
regularization parameter. The corresponding solutions are undersmoothed and useless.
ICOMPRPS always chooses parameter values that correspond to useful solutions.
ICOMPRPS drastically reduces the risk of obtaining grossly underregularized solutions.
The described approach for the prior specification may have a very wide range of
applications varying from regresson anaysis to Bayesian regularization of neural

networks.
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CHAPTER S5
CONCLUSION AND SUGGESTIONSFOR FUTURE WORK

Many engineering problems are ill-posed. The failure to redlize this fact can lead
to unsuccessful attempts to build a data-driven method which is reliable and stable. An
ill-posed problem is not solvable by conventiona methods because the assumptions
under which the methods were derived are violated. For example, it isimpossible to build
a stable sensor validation system using the OL S method. The OL S solution in the case of
highly collinear predictorsis extremely unstable and hypersensitive to small perturbations
and particular realizations of the noise component. This is exactly the opposite property a
data-driven method should possess to be of a practical value.

Specia techniques, such as regularization methods, must be employed to obtain
stable solutions. The resulting regularized solution may be considered to be a solution of
awell-posed problem that approximates the given ill-posed problem. Using a method of
regularization alone does not automatically guarantee a good solution. Even if the
penalization operator is properly chosen according to the physical interpretation of the
solution (if such is possible), a proper regularization parameter must still be determined.
The proper choice of the parameter is a difficult problem because it requires prior
information about the sought solution and knowledge about the noise level in the
response. In almost all practical situations, such information is unavailable.

Several different RPSM's have been proposed in the literature. Yet none is
misspecificationresistant. They assume that the specified model is correct and do not
guarantee reliable solutions when the model is misspecified. For many applications, it is

extremely difficult to find a basis for arguing that the model is correct. Most probably the
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model will be misspecified. Misspecification can be functional, in which the functional
relationship between the predictors and the response is not correct or some relevant
variables are missing. Misspecification can also be distributional, in which the
distributional model of the data is not correct. For example, instead of a normal
distribution, the noise can have a skewed distribution and/or a distribution with heavy
tails. There a'so may be outliers present in the data. Each of these is usual and is present
in real data sets.

In the dissertation we propose a misspecificationresistant RPSM that not only
behaves consistently under possible model misspecification, but also has a significantly
smaller risk of producing grossly underregularized solutions. Common rules such as CL
or RIC, because of their statistical nature, can perform well on one chta set and fail
miserably on another. Stable, reliable methods are needed in autonomous applications.
The ICOMPRPS method, due to the extra penalization of estimation inaccuracy,
significantly reduces the risk of obtaining grossly underregularized solutions. This
method can be reliably implemented in autonomous diagnostic and monitoring systems.

The ICOMPRPS method combines two powerful theoretical approaches. One is
the information approach to regularization parameter selection and the other is the
information complexity approach. The information approach enables one to build an
estimator of the mean expected log likelihood, which is consistent under model
misspecification. This approach involves asymptotics, i.e. the results are guaranteed when
the number of data points goes to infinity. For actua problems, this is impossible to
fulfill. Small sample properties of the information methods require investigation.
ICOMPRPS, by means of also using the information complexity approach, is able to
compensate for the inadequate penalization of estimation inaccuracy in the information
methods for a limited number of observations. This extra penalization is more severe for

smaller data sets and for more ill-conditioned problems. As a result, the proposed RPSM
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can hardle possible model misspecification and significantly reduces the risk of obtaining
grossly underregularized solutions. Both of these properties are of exceptional value for
engineering applications.

The superior performance of the ICOMPRPS method was demonstrated by
several practical applications including a sensor validation system, an inferential drift
prediction system and other examples.

The topic of the dissertation and presented material have been peer-reviewed and
published in several conference and journa papers. These papers are attached in
Appendix A.3. The new method presented is an important contribution to the field of ill-

posed inverse problems in engineering.

5.1 Future Work and Further Improvement

Future work may include an extension of the information complexity approach to
other modeling paradigms such as support vector machines, which also use regularization
and require regularization parameter selection.

Further improvements may include the generalization of the ICOMPRPS method
to the correlated (colored) noise case. Although this case is very important, many existing

RPSM's fail when the noise is colored.
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A.l
The Trace Result

Consider a random m-vector b normally distributed as +/nb~ N(0,S). The
expected value of (b7 Ab) is given by

E(bT Ab) = %trace(AS).

Indeed, the expected value can be calculated using the properties of the expectation

operator as
& &y G 035*3100
(T )_ ¢ ¢ .
El" Ab)=E¢lb, -+ by)¢ : : _g
g 8aml ammﬂgbmﬁg
&y m o
Eéa blb a|1+a be a-|2 +é. bmbi a,m:
i=l i=1 i=1 [}
23 188 1
=a a axEbb)==a a axs « =—trace(AS)
k=1i=1 n k=1i=1 n

This proofs the resullt.
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A2

Plant Variables for Example 1

Table7. 24 plant variables used as predictorsto evaluate feedwater flow rate.

Var. Num. | Description Range Units
1 FWP speed 0-7500 rpm
2 ‘A" OTSG efic high level 0-100 percent
3 Feedwater pump A speed 0-7500 rpm
4 Linear power CH NI-6 0-125 percent
5 Heater 3A inlet cond temp 40-300 degf
6 Heater 3B outlet cond temp. 40-350 degf
7 Dearator inlet cond temp 40-350 degf
8 Heater 6A inlet FW temp 40-500 degf
9 FWP A discharge temp 40-500 degf
10 FWP A suction temp 40-500 degf
11 Heater 5B outlet FW temp 40-500 degf
12 Steam gen B inlet FW temp 40-600 degf
13 Heater 6B outlet FW temp 40-600 degf
14 Steam gen A level (op) 0-100 percent
15 Steam gen A level (full) 40-640 inches
16 Steam gen A level (start up) 0-250 inches
17 Steam gen B inlet FW temp 0-500 degf
18 Steam gen B level (start up) 0-250 inches
19 Steam gen A inlet FW temp 40-600 degf

20 Steam gen B inlet FW temp 40-600 degf
21 Reheater A cold reheat press. 0-200 psig
22 Reheater D cold reheat press. 0-200 psig
23 Reheater C cold reheat press. 0-200 psig
24 No. 2A extr LP turb pressure 0-20 psia
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