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Abstract

In 1991 V. Sverak [11] gave an example of afunction that was invariant and
guasiconvex but not polyconvex. We have generalized this example to awide class of
functions that meet certain élipticity and growth conditions. Quasiconvexity is one
necessary and sufficient condition for the existence of solutions to the minimization
problemin éliptic P.D.E. theory. Invariance is frequently a requirement of the stored

energy function in Calculus of Variation approaches to elasticity problems.



Chapter

VI

Table of Contents

LNt OUCTION ... e e e e e e,

Background ...........ocooiiiiiiii e

EXAMPIES ... s

List Of REFEI @NCES ... o e,



Chapter |

I ntroduction

In this thesis a class of functions which are continuous, subject to certain growth
and dllipticity conditions, and quasiconvex are shown not to be polyconvex. The study of
convex anaysis concerns itself with four types of convexity: convex functions,
polyconvex functions, quasiconvex functions, and rank-one convex functions. The easiest
way to visualize the relationships between these types of convexity isthe analogy of
nested sets where convex functions is the smallest, most stringent, set and rank-one
convex functionsisthe largest, least stringent, set. The “proper subset” relationship of
these convexity conditions has been a source of study for some years. In applications,
guasiconvexity is very difficult to determine whereas polyconvexity is easier to show and
the two concepts are near each other. V. Sverak [11] gave a new example of afunction
that is quasiconvex but not polyconvex in 1991. Other examples have been given in the
past, but his new example was suggestive of an entire class of such functions. We
construct awide class of functions that are quasiconvex but not polyconvex. Sverak’s
exampleisaspecia case of our examples.

Quasiconvexity is a necessary and sufficient condition (along with others) to
ensure the existence of solutions to the minimization problem in elliptic P.D.E. theory.
Techniques of variational calculus have long been utilized in elasticity problems and the

stored energy function, our f , isoften required to be objective, i.e., frame indifferent or

Galilean invariant, and isotropic, i.e., rotationally invariant (see Dacorogna [5]).



In Chapter Il we give background information such as definitions, notation, and a
lemma needed in the proof of Theorem 1. Chapter |11 states and proves a needed
preliminary theorem, Theorem 1, guaranteeing specific growth and quasi convexity
conditions on our class of functions. In Chapter 1V we have the primary emphasis of this
thesis, Theorem 2. This theorem deals with the nonpolyconvexity of a class of
guasiconvex functions subject to subquadratic growth and elipticity conditions. Chapter
V presents Theorem 3 that addresses the invariance of functionsin our class of
guasiconvex functions. Finally, in Chapter V1 we give four examples of functionsin this
class of functions we have constructed. Three of the four examples meet the criteria of all
three of our theorems, but Example 2 is convex and therefore polyconvex and does not
meet the criteriafor Theorem 2. This alleged failure highlights the difficulty in

constructing nontrivial examples of functionsin this class satisfying all three theorems.



Chapter |1

Background

In thisthesis, R"isthe set of positive real numbersand M ™" isthe space of all

nxn real matrices, n>1, and | D| isany norm on this space. The 4-tensor, C , isalinear

n
transformation M™" - M ™" and is of the general form C[X]ij :ZC‘“" Xig»
k,1=1

Cyw OR, forall XOM™ . For QOR", @OC”(Q) withvaluesin R", we denote

0 0
M) - Ay n
Jp(x)=| o ,sothatC[Dgo(x)]ij=quk,g—j‘(x).
0 0 k,l=1
Wi - iy

For this work we will be considering functions f : M™" — R having various
convexity properties. These are seen in physical theories such as e asticity, phase

transition and many other applications that are considered the minimization of energy

functionals, J. f (Og(x))dx. Thefunction f representsa potential energy function and

Q

@ isthe deformation variable. There exist many theorems discussing this type of

function, f , and all require some kind of convexity and associated conditions, e.g.,

growth and coercivity estimates (see Dacorogna [5]).



Definitions and Notation

n
C isstrongly dlipticif and only if Z Ciwabah >0 OabIR"\{(}
e

(Note thisis a strengthened Legendre-Hadamard condition; the L egendre-Hadamard

condition has > in place of >.) (see Gelfand-Fomin [7], Wan [12], Morrey [9]).

Let K OR". K isaconvex set if, for any two points x, yOK and t0[0,1] the
point z=tx+(1-t)y isalsoin K.

Let K OR". Theconvex hull of K, co(K):= the smallest convex set that
contains K ={tx+(1-t)y| x,yOK, t0[0,1]} .

A functiong:R" - R isconvex if and only if, for all x,ydR" and for al
t0[0,4], g(tx+(1-t)y)<tg(x)+(1-t)g(y).

For the following several definitions, let f:M™ _ R andlet Q bethe open
unit ball in R".

Thefunction f isrank-one convex if and only if, for every ACOM ™ and for al

a,bOR" themapping t > f (A+tadb), tOR isconvex. Here, adb isthe element of

M ™" with components (a b)ij =ab,,i.e, alb=ab'; thisisthe general rank one

nxn matrix (provided either a or b isnonzero).

Thefunction f isquasiconvex if and only if, for every AOM™" and for every

p0C; (Q), J.f (A)dst' f (A+DOg(x))dx istrue.

Q Q



Thefunction f ispolyconvex if and only if, for every AOM ™", there existsa
convex function g mapping R™ — R, suchthat f (A) =g(T (A)) where

T:M™ - R™ and T isdefined by T(A):=(A, adj,A, ..., adj,A). Here, adj A isthe

adjugate matrix of all sxs minors of thematrix AOM ™", 2<s<n,and 7, =) 0,

where o, = (2)(3 i [S'(HLLS)']Z |

Thefunction f isconvex as defined above but with M ™" replacing R".
The above definitions of convexity can be found in Dacorogna[5] and Ball [4].
It can be proven (see Dacorogna[5]) that f convex = f polyconvex =
f quasiconvex = f rank-one convex. It can also be shown that in the definition of
quasiconvex, Q may be replaced with any bounded open setin R" and the resulting

definition of quasiconvexity is equivalent to the one given above.

Next, we relate rank-one convexity to strong ellipticity as follows.

0°f (A)

Assuming f OC?, definead-tensor C: M™" - M™" by Gy =———
OA;0A,

.Again, it can

be proven that if C isstrongly eliptic for all AODM ™", then f isrank-one convex.

Conversdly, if f isrank-one convex, then C satisfies the Legendre-Hadamard condition

forall AODM™",



Let f:M™ L R, f>0,andlet Q betheopen unit balin R".

The convex envelope or convexification of f is Cf = sup{g <fl|gis convex} ,
i.e, Cf (x):sup{g( )lg< f onQ, g convex on Q}, xOQ; Cf :M™" L R isconvex.
The function Cf isthelargest convex function below f ,and f isconvex if and only if
f=Cf.

The quasiconvex envelope or quasiconvexification of f is
Qf :=sup{g < f | gisquasiconvex} ; Qf :M™" _ R isthelargest quasiconvex function

below f,and f isquasiconvex if andonly if f =Qf . It can be shown that
Qf (A):=inf ﬁ".f(A+D¢7(x))dX| AOM™, 90Cy” (Q) (2.1)
Q

and Cf <Qf < f (seeDacorogna[5]); aso, if f >c, aconstant,on M™" then Cf >c¢
on M™". Here, |Q| isthevolumeof Q.

We will need the following result from linear elliptic theory. Let Q O R" bean
open and bounded set and 1< p<oo.

n
Let C:M™ - M™ bead-tensor, C[X], :quxkl, Cyo OR, for all
k=1

n

. . 0°q,
XOM™" We define, f OC®(Q), ] = W ———(x), xOR",
e define, for p0C”(Q), divC| Dg(x) ] ,-,kEJ:lC”kI xox (x), x

i=12,..,n.



Asusual, we define, LP (Q):= the class of all measurable functions ¢/: Q - R"
Yo
such that |¢|” isintegrable with the corresponding norm, ||(,1/||p = j P dx}  <oo.
Q

We also define WP (Q) 1:{41/ OLP(Q)| OwOLP (Q)} with its norm,

”w”\l\/l'p(Q) ::{||z//||fp(g) +||Dz//||fp(Q)}%. The space WP (Q) is aBanach space.

Define Wolp(Q)::{z// OW*P(Q)| ¢ =0o0n aQ} ; Wy-P (Q) isaclosed subspace
of WP (Q) and is therefore a Banach space with the same norm.

We define W™9(Q), (i+1 :1) , to be the dual spaceto W,"?(Q) , i.e,

P q

W™9(Q):=W,"?(Q)’ (= space of bounded linear functionals on W;-? (Q)), with the

corresponding norm ||¢/||W_1,q(Q) = sup( )Ku,w)‘ where (u,¢) = Iu(x)w(x) dx.
UM P(Q
()1 0

If ¢ OL°(Q), then Dy OW™%(Q) and dso |04, 1(q) <[] () (se& Adams
[1]). In particular,

[dive[Od], - @ S Iclogd),, @ (2.2)

If we supposethat C isstrongly eliptic, then it can be easily shown that the

partial differential operator divC[O¢] isdliptic. To do this, we have that



n

2
divC[qu(x)]i = Z Cix (;?(I—gf((x) xOR". If we replace 0% with &; where
j k=1 j j

&=(&, &, ..., &) OR"\{0}, wearrive at the matrix M OM ™", where

n n
\Y :ZCW{J{' . But M ispositive definite, i.e., ZMikm/]k >0 forall
=1 ik=1
n=(m, o ..., n,) OR"\{0},i.e, n"Mn>0 forall 7#0,since C isstrongly

éliptic. Then M isnonsingular. Thus, divC[Dw(x)] isdliptic (see Agmon, Douglis,

Nirenberg [3] or Morrey [9]). Then we have the following result.

Morrey’sL emma

Let Q OR" beopen and bounded, 1< p<o, and let C beastrongly eliptic 4-

tensor. Then [ ¢>0 such that c|gfu(q) < HdiVC[D(D]‘M_Lq(Q) 0 o0V (Q),

1+1:1.|n particular,
P q
c||§4|W1,p(Q) = HC[Dw]HLp(Q) (23)
0 p0OW,"P(Q).
Pr oof

The Lemmais essentially in Agmon, Douglis, Nirenberg [2] or Morrey [9] (see
aso Simpson [10]).

In Agmon, Douglis, Nirenberg [2] see Theorem 15.1 page 707. We will write the

n
operator in “integral form” Lg=divC[O¢] :Za%fj where f, :C[D¢]ij . In that
j=0



paper, | =1, m=n, ® = any bounded open set containing Q such that ED’D, and

i1 = Q. Then the theorem in Agmon, Douglis, Nirenberg [2] states that

n p n
Zj dx < constantj[Z‘fﬁ‘pﬂﬂp]dx
U p=1

=l g D

99
axy

for al OW"P (D). Thisyields

Cl”ﬂlwlvp(g) = HC[D¢]HLP(9) +||¢4|Lp(©) (2.4)
for al @OW"P (53) . To prove (2.3) from (2.4), assume for a contradiction, that (2.3)

fails. Then, there exists a sequence, { ? } Tzl OW,"P(Q), such that quj

LW(Q) =1foral j

and HC[D(ﬂJHLp ~ 0as j - «.By Rdlich compactness WP (Q) - L°(Q) isa

(Q)
compact imbedding (see Adams[1]). So there exists a subsequence, { ) } , that converges
strongly in L (Q). Wewill relabel ¢ as ¢ Let ¢ — @ strongly in L?(Q). From

(2.4) we have

C.Luwj ~% LNLP(Q) SHC[ij]—C[D@] (@) +H¢7j ‘@HLP(Q)
<[00 ]|, 1108 *la -4

Then, { g} isCauchy in W"P(Q). S0 ¢ — @ in W,"? (Q) where p0W,"?(Q) . Thus,

() (by Triangle Inequality).

C[O¢| =0 ae in Q. Therefore, divC[Og] =0 ae. in Q (weak solution). By lliptic

regularity theory (see Morrey [9]), ¢OC” (E_Z) )



We now provethat @=0 in Q. First extend ¢ to beidentically 0on R"\Q, so

pOW*? (R”) . The Fourier Transform of @ is

&7(5) = B 1)n/2 J' e_i(x'g)w( x)dx, x,é OR". Then, the Fourier Transform of Og is
T
Rn
Op(¢) = 1 I e I0g(x)dx=ip(&)0&  (by integration by parts) . Then,
(277)"/ ? o

clod, =Y Cu ‘Z—f:o yields c[é(g)mf} =0 ae for EOR". Further,
k,1=1

(q}(f)DE)-C[(;(f)D{} =0,0r Y Cudt (€)@ (£)& =0 ae for FO0R". By the

ijki=1

strong ellipticity hypothesisfor C, ¢A)(£) =0 ae. for F0R". Thus, by Fourier Transform

Theory, =0 ae.in R". But H@ LNLP(Q) =1 = ||q4|wl,p(9) =1. Since, =0, we have the

desired contradiction and, therefore, (2.3) holds.
Alternatively, in Morrey [9], see Theorem 6.4.4 page 246. There, v =N =n,

ty=2,5,=0, m =1, p;, =1,and h=h, =-1. Let B denote any open ball containing
Qandlet uOW,""(B). Also, aff =C,,, for [a]=|B|=1, &ff =0 for |a|=0 or

|B8/=0; 7 :C[Du]ja for || =1, 7 =0 for |a|=0. Thisis asolution to the wesk

N n
formulation J'ZZ D, [ZZaf’fD'Buk - fj”] dx=0 O vOW;"P(B) (see

B j=1 lajst k=1 |Bl<1

10



equation (6.4.1) on page 242 Morrey [9]). Then, by the theorem cited, we get the estimate
sy < 1oy * o)
<[ loe) *lologe |

Then thisyields (2.4) again when identifying ® with B. Therefore, as before, (2.3)

follows. m

11



Chapter 111

Theorem 1

Purpose
We wish to construct a class of quasiconvex functionson M 22 which are not
polyconvex. In order to achieve this we need the preliminary Theorem 1, ensuring certain

specific conditions on this class of functions. First we look at a class of functions
f :M™" _ R which are bounded above and below in a particular way. Then we look at
f ’squasiconvexification, Qf .

Theorem 1

Let 1< p<o and f:M™" R, be continuous, such that
C[X]|” = f(X) < +cy|X|P OXOM™" where ¢,c, DR and C isastrongly
alliptic 4-tensor. Let L={x IM™" |C[x]=0} and K ={Xx OM™"| £ (x)=0};
let Q OR" be the open unit ball. Then the quasiconvexification of f, Qf , satisfies

0<Qf (X) forany X OM ™M\ K.

Pr oof

Notethat K [ L. Using therelationship, Cf <Qf (see Dacorognal[5]) we first

show Qf ispositiveon M™"\ L. To do this, it suffices to demonstrate that ‘C[X]‘p is

convex to get 0<|C[X]|” <Cf (X)<Qf (X) OXOM™ML.

12



To show |C[X]|” isconvex, let X,YOIM ™", t0[0,1]. Then,

cltx +(@-t)Y]" =ftc[x]+@-t)c[Y]"’
elX] el b =tandt, =(1-)

= [tl‘c [ X]‘ +1, ‘C [Y]U ’ , by the Triangle Inequality (31)

{H% (H%‘C[X]U”z% (tz%’ ‘C[Y]‘ﬂp p,g>1st. %+é =1.

Holder’ s Inequality states

ab +ab, s(aiq +a2q)% (blp +b2p)%’, wherep,q>1st. %+%:1. If we let

a :tl%, b, :tl%’\c[x]\, a, :tz%, and b, :tz%\C[Y]\, then
tl%' (tl%’ \c[x]\jnz% (tz%’ \c[v]\]s (t, +t,) 70 (tl\c[x]\" +t2‘C[Y]‘p)%. (3.2)
Using (3.2) in (3.1) we have

ofox -] = 8w o et

< _(t1+t2)%1 (tl\c[x]\p +t2\C[Y]\p)%’r

p

=@mWMW%WWW

p

|l amer)

=tlc[x]" +(@-t)[c[Y]]".
13



Therefore ‘C [tX +(1—t)Y]‘p St‘C[X]‘p +(1—t)‘C[Y]‘ID which gives us that ‘C[X]‘p is
convex 0 X OM™". Thus, OXOM™ \L, 0<Qf (X) istrue.
It now remains to be shown that 0<Qf (X) O X OL\K. Suppose, for a

contradiction, that Qf (A) =0 for some ADL\K. By (2.1) 0 asequence

@ 0C,”(Q) suchthat llm| |J‘ A+D(0( ))dx 0. We know that

OXOM™M\ K |c[X]" <Cf (X)<Qf (X)< f(X). Then,

lim— 1 ‘C[A+ O, (x)

]-»oo| |.

| E—

dx<I|mﬂJ- A+D¢JJ( ))dx 0 which implies

Jl|arr;|0|1| ‘C[A+ Og, (X):| " ax=0.

Recall, since AOL, C[A+D¢)J J C[A]+C[D¢)J( )]:C[ij(x)].

Therefore, llm ﬂc Dw dx =0. By Morrey’s Lemma (see Chapter 11),

lim”qoj L/vl’p(g) =0. Thereis asubsequence of ¢ 's which wewill relabel as ¢ itself
] o

suchthat ¢ — 0 ae in Q (seeHewitt and Stromberg [8, Theorem 13.11]).

Now we use Fatou’s Lemma, which states, |et { gn} be a sequence of nonnegative

integrable functions over Q and let g( )—Ilmlnf g then J‘g dx<I|m|an‘gJ dx

14



(see Friedman [6]). Now, if g; = f (A+0g), then oﬂc[w&\p

<f(A+0g)
implies 0< g;. Also, f(A+Dg)<q+c|A+Og|" scl+03(|A|p+‘D¢7j‘p) for some

constant, ¢; >0 implies g; isintegrableover Q and f continuousimplies

lim f(A+D¢zj): f(A+lim qujj: f (A) ae inQ,whichimplies g=f (A).
J;.OO J;.OO

By Fatou’'s Lemma, we have

[ Q) i-=

Iiminfﬁjf(A+qu)dx2i [ lim 1 (A+Dg)dx
Q

o
Q
.

By our hypothesis, 0= limﬁj‘ f (A+ D@)dx, sowe have 0= f (A). However,
Q

]

0=|C[A]" < f(A) = 0< f(A). Thus, 0< f (A)<0,sothat f(A)=0 and AOK
which is the desired contradiction. Thus, Qf (X)>0 O X OL\K. We conclude Qf >0

on M™™\K.m

15



Chapter 1V

Theorem 2

Purpose

Now that we have established the needed preliminary theorem for quasiconvex
functionson M ™" and for 1< p <, we will address the issue of the polyconvexity of
Qf on M?? but with 1< p<2.

Theorem 2

Let 1< p<2, f:M?? o R becontinuousand satisfy

P p 2%x2 + .
C[X]|" = f(X) s +|X|" OXDOM>? where ¢,,c, DR and C isastrongly
elliptic 4-tensor. Assume K :{X OM22| (X):O} is nonconvex. Then the

guasiconvexification of f, Qf ,isquasiconvex but not polyconvex.

Pr oof

Qf isquasiconvex by definition. Suppose, for a contradiction, that Qf is
polyconvex. Since Qf < f , then Qf has sub-quadratic growth at o, i.e,,
Qf (X) ¢ +6,|X|” OXOM?2. Itisknown that every polyconvex functionin M *?
with subquadratic growth at oo isconvex (see Sverak [11] or Simpson [10]). Next,
0<Qf < f implies Qf =0 on K. Therefore, Qf =0 on co(K) = convex hull of K .
But K isnonconvex, so there are pointsin co(K) that arenot in K. We now have a

contradiction to Theorem 1, and therefore, the desired contradiction, i.e., Qf isnot

polyconvex. m

16



Chapter V

Theorem 3

Purpose

We will now discuss the invariance of this class of quasiconvex, but
nonpolyconvex functions. This class of functions isimportant to applicationsinvolving
elasticity of materials, phase transitions, and other applications. Since polyconvexity
implies quasiconvexity and polyconvexity is easier to verify and the gap between the two

isslight, our construction of this class of functions that are quasiconvex but not

polyconvex is mathematically important. Recall, O(Z) isthe set of orthogona 2x 2
matrices, R, such that det R=+1 and SO(2) isthe set of orthogonal 2x2 matrices, R",

such that det R" = +1where R denotes a proper rotation.

Theorem 3

Let 1< p<2, f:M?? 5 R becontinuous and satisfy
C[X]" = f(X)<c+c,|X|” OXOM?>2 where ¢,c, DR* and C isastrongly
eliptic 4-tensor. Assume f isinvariant with respectto O(2), i.e, f(RXRT): f(X)
X OM?2 and DROO(2), and assume K ={X OM 22| £ (x) =0} is nonconvex.
Then the quasiconvexification of f, Qf , isinvariant with respect to O(2) and

quasi convex but not polyconvex. Similarly, suppose f (R*X) =f(X) OXOM?? and

17



OR"0390(2), and assume K :{X OM2<2| f (X) :0} is nonconvex. Then the

quasiconvexification of f, Qf , isinvariant with respect to SO(2) and quasiconvex but

not polyconvex.

Pr oof

We suppose Q [ R? isthe unit ball and f (RXRT) = f (X) OXOM?? and
0 ROO(2). Recall, O(2) isthe set of orthogonal 2x 2 matrices, R, such that

det R=+1. We show that Qf isinvariant, i.e, Qf (RXRT)=Qf (X). Fix ROO(2) and
fix X OM??. Wehave Qf (RXR") =inf {ﬁjf(RXRWDw(X))dM ¢7DC0°°(Q)}.
Q

Notethat, f (RXR" +0¢(x)) = f (R(X +RO@(x)R)R") = f (X + R'Og(x)R), by the
invariance of f . Thisimplies
Qf (RXRT) =inf {|—£12|jf(X+RTD¢(x) R) dx | anCO“’(Q)} (5.1)
Q

We make a change of variablein thelast integral and let x = Rx. This transformation

does not affect Q. Then,

OX| .~
dx = |—|dx
= |det RldX %: 62 a: =R
X
:|J_rid>~<:d>~< i @

18



and equation (5.1) becomes
Qf (RXRT) =inf {ﬁj f (X +R'Og(RX)R)dx| ¢Dco°°(§2)}. We now let
Q

w(X)=Rg(RX), x0Q, ¢ 0C,”(Q). Next, weshow Oy (X) = R'U¢(RX) R where [

isthe matrix of partial derivatives with respect to x. In fact,

=S
R'O¢(RX)R] .

1

=~

1
—

We now have Qf (RXRT):inf {ﬁj f (X+ﬁ¢/()~<))d>~(| wDCOW(Q)}:Qf (X).

Thus, Qf isinvariant as desired. Then we have, by Theorem 2, Qf is

guasiconvex, invariant but not polyconvex.

Now, suppose f (R*X)=f(X) OXOM??2 and O R* 0SO(2). We again
recall, SO(2) =the set of orthogonal 2x 2 matrices, R", such that det R" = +1where R"
denotes a proper rotation. We show that Qf isinvariant, i.e., Qf (R+X) =Qf (X). Fix

ROS0O(2) and fix X OM*?. Wethen have
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Qf (R*X) =inf {%j f(R*X +0g(x))dx| ¢DCO°°(Q)} . Note that,

2z

f (R*X +qu(x)): f (R+ X +(R+)T Dq)(x))): f X +(R+)T Dgo(x)) as before. We

now let ¢/(x) = (R') ¢(x), then Dy (x) =0 (R")" ¢(x)) = (R")' Dip(x). This el

Qf (R*X) =inf {ﬁj £ (X +D0w(x))dx| t//DCO“’(Q)}
=Qf (X).

Thus, Qf isinvariant with respect to SO(2) and is quasiconvex but not

polyconvex. m

In the theory of hyperelastic materials the total stored energy, IW (Ou)dx, isto
Q

be minimized. Here, u: Q - R" isthe deformation of the material and is assumed locally
invertible, detOu(x) >0 O x0Q . The stored energy function W is assumed to be
objective, i.e, W(QF)=W(F) 0QOSO(n) andforal FORY"(= thesetof nxn
matrices with det > 0). Often W isrequired to be isotropic, i.e., W(QFQT) =W (F)

O F,Q asabove. Here, f =W and we do not restrict to R'7™" but the notions of

guasiconvexity, polyconvexity and rank-one convexity still apply. Thus Theorem 3
provides examples of objective and isotropic quasiconvex functions that are not

polyconvex.
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Chapter VI

Examples
Construction of non-trivial examples of functions satisfying the hypotheses in the
previous theoremsis anon-trivial exercise. Welet Q O R? bethe unit ball, 1< p<o for

the hypothesesin Theorem 1 and 1< p < 2 for the hypotheses in theorems 2 and 3,
f:M?*2 LR, f becontinuousand satisfy [C[X]|" < f (X) < +c[X|” OXOM*?

where ¢;,c, OR" and C isastrongly eliptic 4-tensor in al of the following examples.

Example 1

One exampleof f (X) thatisin our class of functionsis Sverak’s [11] example

where C isthe Lamétensor, C[X] :,u(X +XT)+)l(trX)I , 4 and A areLamé
constants with the bulk modulus, ,u:%: —-A.ltisknownthat C isdlipticif and only if

(>0 and 24+ A >0. This problem occurs in linear elasticity and C|[ X] representsthe
stress on amaterial and Og(x) isthe deformation gradient. This gives

1

c[X] :%(x #XT) = (X)) :l(xﬂ_xﬂ %2t

j. In hisexample, f :M*? _ R,
2\ X F Xy Xy =Xy

1< p<2, Lisa2-dimensiona affine subset of M #* which does not contain any rank-

onedirection, i.e,, rank(A-B) = 2 for any 2 distinct A, BOL,and K O L isaclosed

set. In hiswork, | O isthe Euclidean norm and f(X):(dist(X,K))p,where

dist(X,K)=inf |X -Y|. Hischoice of f satisfiesthe hypotheses of our theorems as

YOK
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follows: In Theorem 1, f (X) =(dist(X,K))" isclearly continuous. He lets

s -t
LOZ{(t SJ, s,tDR} which implies dist(X,K)=dist(X,L,). It can be easily

shown that dist (X, L,) = |C[X] :%\/(xn—xzz)2 +(x5+%,)" . Notice L, corresponds

to our L:{x OM™"|C[X] :o} . This then establishes the left inequality in the

hypothesisfor f in the statement of Theorem 1. Sverak does not state an upper bound on
f , however itiseasily shownthat his f satisfies our upper bound. Fix any X, K and
any X OM??; then dist(X,K)<|X —x0|s|x|+|xo|s2%(|x|p+|x0|”)%’ by Triangle

Inequality and Holder’s Inequality. Therefore,

p

f(X)=(dist(X,K))’ s(z% (|x|p +|xo|p)%’]
=27 (X" <[

=277 X, |” + 27 X[
if welet ¢ =2°*|X,|” and ¢, = 2", we obtain the desired full inequality,

C[X]” < f(X)< ¢ +c,|X|", orin Sverak sterms,

p

(dist(x,Lo))ps(dist(x,K))ps(z%(|x|p+|xo|p)%’] . Asin Sverak, if K is

invariant, then f and Qf are also. Thus the hypotheses for our theorems are satisfied

and Sverak’ s results follow from our Theorems 1, 2, and 3.
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Example 2

Another exampleis f ( ‘C[X]‘ where C[X] = ,u(X+XT)+/1(trX)I the
general Lamétensor, 1< p<o, >0, 2u+A>0. Here,
L={xom™|c[x]=0} = k ={xTM™" | (x)=0} . Theorem 1 then follows

easily asin Example 1. But L =K isconvex and thus Theorem 2 does not apply.

However, we can show the invariance of f with respect to 0(2). C[X] isinvariant

with respectto O(2), i.e

C[RXR' | = | RXR" +(RXR" )+/1(tr(RXRT))I

U
u(R(X+X7)R)+A(R(rX)RT)1
R

(RXRT +RXTRT)+/1(tr(RXRT))I
((x+x7)+2(trx) 1) R

=RC[X]R
But ‘C[X]‘p is convex (see proof of Theorem 1), which impliesthat f (X) isconvex.

Example 3

In this examplewelet C[X] :,u(X + X7 —(trx)l), L =L, asin Example 1,
KOL, K closed, nonconvex, and f (X)=g(d) where d =dist(X,K), g is
continuous and satisfies ¢,d” < g(d)<c +c,d”, ¢,c,,c,;OR", 1< p<2. Wefurther
assumethat g(0)=0; then K isasin Theorem 1. To show this choice of f satisfiesthe

hypotheses of Theorem 1, we need ‘C[X]‘p <c,d’. Asin Example 1,

23



p
c[x]’ =(\/§u\/(xﬂ—x22)2+(x12+x21)2) . The above inequality is true if
,u:%(cg)%’ or ¢, =(\/§,u)p.Thegrovvth estimate, f (X)<c +c,|X|*,isasin

Example 1 and Theorems 1, 2, and 3 apply. Notethat f isinvariant if K isinvariant.

Example 4

Herewelet g :[0,oo) - R, be continuous, invariant, and satisfy
¢y’ <g(y)<q+cy® OyO[0,o) where ¢,c,,¢,OR", 1< p<oo for Theorem 1
hypotheses and 1< p <2 for Theorems 2 and 3. Also, g(0)=0. Let K O L,, K closed
and nonconvex with L, and C asin Example 1. We give two versions of f (X)

Version A and Version B.

Version A

Wewrite M*? =L,[0N where N isa2-dimensiona subspace of M*? and
P:M?? . N isthe projection operator along L, thus Ker P=L,.Let h:M?*? _, R be
continuous, h=0 on M>?, K =h™(0), and ¢, |P[X]|<h(X)<¢ +c|X|, OXOM>?

where c,,¢;,¢;OR". Let f(X)=g(h(X)) OXOM>,

Now we verify the hypotheses of Theorem 1: by Holder's Inequality,
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=G +6o[X[", G =6+CG, G =oG,
Thus the upper bound on f issatisfied. Now,
f(X):g(h(x))zcg(h(x))p203(04‘P[X]Dp2011‘c[x]‘p by utilizing the following
facts:
i) [C[Y]|<c,|Y| OYOM??,
i) C[X]=C[P[X]] OXxOM?>* OXOM?>?,

- +
Property i) follows from C [Y] = l(yll Yoo Yo tYa

j and property ii) follows from
2\ Y2t Ya Y~ Yu

writing X DM *? intheform X =(1 = P)[X]+P[X], so (1 =P)[X]OL,. Therefore,

c[x]=c[(1 -P)[x]+P[x]]=c[(1 -P)[X]]+c[P[X]]=C[P[X]]
Notethat f*(0)=K =h™(0) isnonconvex, therefore Theorem 2 applies. Similarly,

Theorem 3 appliesif K isinvariant, and therefore f isaso invariant. We also note that

h(X)=dist(X,K) satisfiesall of the above hypotheses on h and then Sverak’s example

isaspecial case of Version A where g(y)=y".
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Version B

Let h:M?? _ R becontinuous, h=0 on M*?, K =h™(0), and
cudist(X,K)sh(X)<c +c|X|, OXOM?? where c,,c,c, OR". Let
f(X):g(h(X)) 0 X OM 22, Verification of the upper bound on f isthe sameasin

Version A. For the lower bound we have
f(x)=g(h(X))zc(h(x))"

2 ¢, (c,dist (X K))°

=6,(cy)" (dist(X,K))"

2, (dist(X, L))", whereg, =¢(c,)’

=g, [C[X]|".

From this the three Theorems apply.
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