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Abstract

Two-dimensional laminar flow over a circular cylinder was investigated in this
work. Three cases were considered in which the cylinder was either stationary, in constant
rotation, or in periodic rotation. The purpose of this work was to investigate the effects of a
rotating cylinder for lift enhancement, drag reduction, and the suppression of vortex
shedding. The governing coupled nonlinear Navier-Stokes equations were solved using a
finite difference discretization and Newton’s method. In this way, three flow solvers were
developed for this research: a steady solver, an unsteady time-accurate solver, and an
unsteady harmonic balance solver. The force coefficients were of prime interest in this
study. Favorable results were obtained using rotation as an active control for the flow over
the cylinder. The cylinder in constant rotation resulted in lift enhancement, drag reduction
and vortex suppression for increasing rotational speeds. Lift enhancement and drag
reduction were also noted for a rotationally oscillating cylinder. The trade-offs for these
goals were discussed. Lastly, a finite difference sensitivity analysis was performed for a
rotationally oscillating cylinder with the harmonic balance solver. The mean drag
coefficient was taken as the objective function, and the Strouhal number was the
investigated design variable. The goal was to use the sensitivity analysis to determine a
forcing frequency, which minimized the mean drag coefficient. Two iterative techniques
were investigated, but neither converged to a minimum drag coefficient with the harmonic
balance solver. It was determined that a minimum drag coefficient occurs near the
boundary between the lock-on and non lock-on regions or in the non lock-on region, where

the harmonic balance solver does not converge.
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Chapter 1: Introduction

The flow around a bluff body is a common occurrence in the fields of science and
engineering. Examples of such external flows include the flow past airplanes, automobiles
and submarines or the wind flowing past buildings, bridges and wind turbines!. Vortex
shedding occurs in the near wake behind a bluff body for flow past a critical Reynolds
number and persists over a wide range of Reynolds numbers. As the Reynolds number
increases, the vortices become more complex and turbulent?. The fluctuating forces
associated with vortex shedding can cause structural vibrations and acoustic noise or
resonance, which in some cases can lead to structural failure or enhanced mixing in the
wake3. Thus, control of the vortex shedding is important for practical engineering
applications. Many efforts have been made for controlling the wake behind a bluff body.
Such works include passive and active controls including splitter plates, suboptimal
blowing and suction, linear oscillations, and rotary oscillations*. In this work, rotation will
be used as an active control for unsteady flow.

Flow past a circular cylinder has widely been accepted as the fundamental problem
for understanding vortex dynamics and controlling vortex shedding in the bluff body wake.
An understanding of the necessary strategies to control flows past rotating bluff bodies
could be applied to many areas such as lift enhancement, drag reduction, and noise and
vibration control>. In general, three flow regimes exist for the flow over a circular cylinder:
the steady laminar regime, the unsteady laminar two-dimensional vortex shedding regime,
and the unsteady regime where three-dimensional vortex structures are observed. The
boundaries of these regions are well-known for the flow over a stationary cylinder.
However, they are a function of the forcing parameters for rotating cylinders®. In the past,
many investigators have studied the effect of rotation on a circular cylinder for both
constant and periodic angular velocities. Much of the focus has been directed towards three
main goals: suppression of vortex shedding, lift enhancement, and drag reduction. Ingham
and Tang’, and Badr, Dennis and Young® investigated the steady flow over a circular

cylinder in constant rotation for low Reynolds numbers. They concluded that rotation will
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delay and even prevent boundary layer separation. Steady flow solutions are not physical
for higher Reynolds numbers as they cannot capture the unsteadiness of the flow field.
Thus, unsteady flow over a rotating cylinder has been the focus of many research efforts.
Badr et al.8 studied the flow over a cylinder in constant rotation for Reynolds numbers of
60, 100, and 200. In these cases, the flow did not tend to a steady state, rather a periodic
vortex shedding pattern developed. Kang et al.3 studied fully developed vortex shedding for
various Reynolds numbers. They determined a critical rotation rate beyond which vortex
shedding is suppressed. Additionally, they showed favorable results concerning the goals of
lift enhancement and drag reduction. According to their study, increasing rotation rates
result in an increase of the mean lift coefficient and a decrease in the average drag
coefficient. Mittal and Kumar® considered the flow past a spinning cylinder for a Reynolds
number of 200. They investigated higher rotation rates than the critical value beyond
which vortex shedding is suppressed. They found a small range of higher rotation rates for
which stronger flow instabilities are experienced. After this small range, the flow becomes
steady and vortex shedding ceases again. Mittal and Kumar® also saw successful lift
enhancement and drag reduction. Very large lift coefficients were obtained for high
rotation rates, while the mean drag coefficient was reduced beneath the stationary value
for all investigated rotational speeds.

Rotary oscillation has also been considered as a route for flow control. Tanedal?
investigated the flow past a rotationally oscillating cylinder for a wide range of Reynolds
numbers and forcing frequencies using flow visualization. The results showed complete
vortex suppression for very high forcing frequencies. Tokumaru and Dimotakis!! used flow
visualization and wake profile measurements to examine the efficacy of forced rotary
oscillations at a Reynolds number of 1.5x104, for the purpose of controlling the unsteady
wake. They estimated a drag reduction by a factor of six beneath the stationary value.
Shiels and Leonard!? performed numerical simulations to investigate the experimental
drag reduction seen by Tokumaru and Dimotakis!!. Significant drag reduction was
observed in this study, but it was determined that the mechanism for reduced drag was

only effective at higher Reynolds numbers. Cheng et al.13 performed numerical simulations



of flow past a rotationally oscillating cylinder for a Reynolds number of 200. They saw drag
reduction beneath the stationary value for a wide range of frequencies in the non lock-on
region. Baek and Sung!# scrutinized the temporal behavior of vortex formation over a wide
range of the forcing parameters. A lift enhancement was noted for various rotation speeds;
it was determined that the maximum lift coefficient occurs at lower forcing frequencies for
higher rotation rates. In another work, Choi et al.# studied the effects of rotary oscillation
on the unsteady laminar flow past a cylinder. They investigated the flow field for various
forcing frequencies and rotation rates to determine the boundary between the lock-on and
non lock-on regions. They saw the greatest drag reduction near this boundary, and the
amount of drag reduction was determined to be strongly Reynolds number dependent.
While there is a large body of work concerning the flow over a rotating cylinder,
most of the previous works have used time-accurate methods for their solutions. The
unsteady flow over a rotationally oscillating cylinder is temporally periodic when the
vortex shedding frequency “locks-on” to the forcing frequency of oscillation. For such time-
periodic problems the use of a harmonic balance method offers an efficient alternative to
the time-accurate methods for the solution of the unsteady flow field. In the past, time-
linearized and nonlinear time-accurate methods were used to model unsteady flows. The
drawbacks of these methods resulted in a blend of time and frequency domain
techniques!®. Hall et al.16 developed a harmonic balance method for temporally periodic
flows. In this mixed time and frequency domain technique, one makes use of the temporal
periodicity of the flow in order to solve the flow field at certain snapshots in time. These
snapshots are represented by a number of sub-time levels that are equally spaced over one
period. Rather than marching the solution from one physical time step to the next, all sub-
time levels are computed simultaneously over a single period. The sub-time levels are
coupled to each other through a pseudo-spectral operator, which is used to approximate
the time derivative in the governing equations. There are many advantages associated with
the harmonic balance method?!’. By using a pseudo-spectral operator, the problem can be
treated as mathematically steady, and convergence acceleration techniques can be applied.

Furthermore, a key advantage to the harmonic balance method is its reduced



computational cost. The computational cost of the harmonic balance approach was shown
to scale nearly linearly with the number of sub-time levels used in the solution1517.18,
Two-dimensional laminar flow over a circular cylinder is investigated in this work.
Three cases are considered in which the cylinder is either stationary, in constant rotation,
or under periodic rotation. An unsteady time-accurate solver and an unsteady harmonic
balance solver were developed to determine the effect of rotation on the lift enhancement,
drag reduction, and suppression of vortex shedding. Lastly, a finite difference sensitivity
analysis is performed for the rotationally oscillating cylinder with the goal of determining a

value of the forcing frequency that reduces the mean drag coefficient.



Chapter 2: A Cylinder in Cross-Flow

2.1 Governing Equations

The flow around a circular cylinder was considered in this work. Three cases were
analyzed in which the cylinder was either stationary, in steady rotation, or in unsteady
rotation. The flow geometry is shown in Figure 1.

This fundamental problem is governed by the two-dimensional, incompressible,
unsteady laminar Navier-Stokes equations, which can be written in the vorticity-

streamfunction form given as

VY = —w (10

99 4wV = Ly2
L TU Va)—ReV w (2)

where w is the vorticity, 1 is the streamfunction, Re is the Reynolds number, and u is the
local velocity vector. These equations can be conveniently expressed in polar coordinates

such that

oW 1o =—w 3

or? + r or r2 9002 ( )

dw w 10w 1 [0%w 10w 1 92w

90 4 4, 22 4y, 200 = L[Ee 100 | 107w 4

ar T Ur g, TUe 50 = 1g [arz ror | r2a62 (4)
10y oy

Ur =757 Y6 = ~ % (5)

where urand ug are the polar velocities.
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Figure 1: Flow geometry and polar coordinate system for a cylinder in cross-flow.

2.2 Coordinate Transformation

Following Ingham and Tang’, a new dependent variable fis defined such that

Yy=rf+y=rf+rsinb (6)

which simplifies the specification of the boundary conditions.
The governing streamfunction equation can be modified with this new dependent
variable by taking the appropriate partial derivatives. The first order partial derivatives

are expressed by

W _ 9 - — of |

P —ar(rf+rsm9) =f+r_-+sinf (7)
W _ 0 i -
09—ag(rf+rsm9)—r69+rc059 (8)



The second order derivatives are found in the same fashion to be

0y _ o 0

arz 261" +r6r2 (9)
%% _ L
502 = 202 rsinf (10)

By substitution, the streamfunction equation becomes
2
TT+3—T+;f+————a) (11)

In previous works, difficulties arose in the determination of the boundary condition
at large distances’. Although many methods of approximating the far-field boundary
condition had been proposed, it was not clear which approach was the most appropriate. A
new technique was developed to avoid numerical errors by obtaining exact boundary
conditions at infinity’. New independent variables, n and & were introduced and were used
to transform the original independent variables (6 and r) from the physical domain
(1sr<oo, 0=0<2m) to a computational domain (0<n<1, 0<é<1). The initial physical domain is
shown in Figure 2. In this domain, the radius is defined by the range 1<r<oo, where the
surface of the cylinder is located at r=1 and the far-field condition is at r=co. Similarly, the
angle ranges from 0<0<2m.

The new independent variables are taken to be
1

(12)
1

The physical domain is transformed into a finite rectangular region’. The computational
grid is mapped from the surface of the cylinder to the far-field. As can be seen in Figure 3,
the far-field is mapped to n=0 while the cylinder surface corresponds to n=1 whereas the

periodic cuts are placed at £&=0 and é=1. This mapping is beneficial as it allows the far-field



boundary condition to be placed at infinity (n=0). Additionally, the rectangular
computational domain allows the governing equations to be discretized on a uniform grid
using a finite difference scheme.

The new independent variables are used to complete the transformation of the

governing equations. The use of the chain rule gives that

or _oron_ 1o
ar  ondr  riam (13)
of _0r9% _ 19 (14)

960 9Ed0  2m o¢

The higher order partial derivatives can be found in the same fashion, and substitution of

these derivatives yields the following transformed Navier-Stokes equations

39% _ _20f , m 9%f

9w 2 (19f 9w _ M (g 0F | S

o (Zn PT: + cos(an)) on  m (f n ™ + sm(an)) T (16)
_ L( 40?0 | 300 ’7_262_“’)
" Re an? an  4m? 9é2

As can be seen, the resulting governing equations are coupled, and the vorticity equation
] : . . - e
has an unsteady term (a—(j). The solution of these equations is traditionally simplified by

lagging the nonlinear terms in the vorticity equation by a time step. This approach results
in an explicit solution of the governing equations, which simplifies the time integration.
However, when the nonlinear terms are lagged by a time step, the governing equations
become uncoupled, and a very small time step is needed for an acceptable solution.

Therefore, the coupled system is solved using an implicit approach in this work.
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Figure 3: Resulting computational domain from coordinate transformation.
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Chapter 3: Numerical Methods

3.1 Steady Cylinder

The transformed governing equations for the flow over a circular cylinder were
presented in Section 2.2. As mentioned earlier, the vorticity equation (see Eq. (16))
includes an unsteady term, which is neglected for steady flow. This simplifies the
discussion of the discretization and linearization of the governing equations. Thus, the
steady flow over a cylinder will be considered for the development of the numerical

method.

3.1.1 Discretization

The discretization of the governing equations was the initial step completed in the
numerical method. The governing equations for flow over a circular cylinder are shown as
Eq. (15) and (16). The steady process is resolved by the exclusion of the unsteady term in
Eq. (16). The transformed equations were discretized on a uniform computational grid
such as one shown in Figure 4.

The domain is defined by

= Ag-(1—1),i=1:N
El,] E ( ) . (17)
My =0 (-1, j=1M
where N and M are the maximum number of points in the £ and n directions, respectively.

The spacings are determined according to the following relations



€&— AT —>]
Lj+1
T »
An
‘L i-1,j i,j i+1,]
[ ] [ ] [ ]
ij-1
[ J
n
§

Figure 4: Uniform computational grid (An=Ag).

A pointer system was adapted to simplify the discretization. The pointer system is

shown in Figure 5. In this system, each (ij) point from Fig. 4 is represented as k, and the

surrounding points are given by

ky =k+1
k,=k+N
ky=k—1
ky=k—N

12

(19)
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Figure 5: Pointer system for the computational domain.

The discretization was performed using second order central differences for the
partial derivatives. The finite difference approximations for the derivatives are determined
from a Taylor series approach. Hoffman1® goes into great detail about this method.
Consider a computational domain D(§) as shown in Figure 6. The domain is discretized
with equally spaced points in the & direction using the adopted pointer system. The partial
derivatives of the streamfunction and vorticity with respect to ¢ can be derived from the
Taylor series for a function of a single variable!®. The finite difference approximations for

the derivatives can be determined with linear combinations of the Taylor series for

13



appropriate points. The finite difference approximation for the second derivative of the

streamfunction (f) with respect to £ was found in the following manner.

Consider the computational domain in Fig. 6. Point k is chosen as the base point, and

the Taylor series for fx; and fiz are written as follows

aZf Afz
fio = fi+ 3¢ AE+35 %
aZf Afz
fia = fi =3¢ AE+35| %

Adding Eq. (23) and (24) gives

fr1 + fis = 2fxk

_or

%f| A L 9N AT
ag3l, 3 + +asnk nl
ST iio 4 -\ 3
ag3l, 3 + +asnk nl
2’f 2 4
oz, AE= + 0(AE7)

(20)

(21)

(22)

Solving for the second derivative yields the second order central difference approximation

*f _ fra=2fktfk3

652 k ASZ

+0(48%)

(23)

Figure 6: Computational domain D(¢) with equally spaced points using the adopted pointer

system.
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The remaining derivatives in Eq. (16) and (17) can be found in a similar fashion. The

resulting discretized governing equations are determined to be

Fr2—2fk+f fr2—f Nk fka=2fk+f
13; k2 An]; k4_7712c k;AﬂM rﬂ’é%""]kfk:_wk (24)

=0 (570 + cos(2mgy) ) e — 2 (fi — i BTl 4 sinang) ) e (25)

2
= i( 4 W2 —2WE+ Wy +n3 Wk2—Wka Nk wk1—2wk+wk3)
Re \''k An? LYY 42 A2

where wy, wk1, Wk, -.-, fi, fk1, fx2, ... are the dependent variables defined on the
computational nodes. It should be noted that Eq. (24) and (25) are valid for the interior
grid points. Boundary conditions must be applied to the boundary grid points. These
conditions will be discussed in Section 3.1.3.

For convenience, let these equations be expressed as

S(f,w) =0
V(f,w) =0

(26)
where S and V represent the streamfunction and vorticity equations in Eq. (24) and (25),
respectively. Additionally, fand w represent the vectors of the dependent variables at all
nodes of the computational domain. As one can see in Eq. (25), the discrete vorticity
equation is nonlinear due to the products of dependent variables that appear through the
expansion of the terms. The system of nonlinear equations given by Eq. (26) can be solved

using Newton’s method.
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3.1.2 Newton’s Method

Newton’s method is a well-known iterative technique used for the solution of
nonlinear equations. The method can be extended to systems of nonlinear equations??.
Fornberg?0 discusses the advantages of using Newton’s method for the steady cylinder. The
convergence is quadratic and is guaranteed to occur for approximations “sufficiently close”
to an isolated solution. The quadratic convergence eliminates the possibility of physical
instabilities being carried over through the iterations. However, a linear system must be
solved for each iteration, and this results in increased computational cost?0.

The equations in the governing nonlinear system (Eq. (26)) are linearized using a
small perturbation assumption; the result is a linear system composed of the Jacobian
matrix, the known right-hand sides, and the unknown changes in the functions of interest.
For the steady solver, the linear system is iterated on until the changes in the transformed
streamfunction and vorticity are within the given tolerance.

The linearization is performed using the following perturbation assumption

W=+ 6f

27
wptt = w} + Swy, (27)
Eq. (27) was substituted into Eq. (24) to give the linearized streamfunction
36 k226 k+6 ks 26 k2=6fka | Mk 8fk1—28fk+6fks
ny Le=2heolie g ol y e Sla B Netla 4y, 5fy + Swy (28)
_ 3 feam 2+ 2 fra—fra _ Mk fra=2fi +1y:
- _T’k 2 Anz * k ;An + - m . Afz 2 - r’kfkn - wz

The vorticity equation was linearized in the same fashion. The resulting unknowns from
the linearization are the changes in the dependent variables (6 f,  fx1, ==+, S Wy, S W1, ***),
and the resulting known values are the streamfunction and vorticity from the previous
iteration (f", fz1, ==, Wy, Wiy, -++)- If the unknown terms are collected, the linearized

governing equations become

16



(e )t (o s (o s (o 09

3 fia—2f% +fia

+(nk+ )5fk4+50)k— Nk

INE
fies =T Nk fra=2f% + /e
Izc k;AnkA _ ﬁ k1 Asz k3 __ nkfkn _ w}T{L
2 n n 4
Nie Wi ~Wies _ Nk Wiy~ @Pky i(’l_k )]
( 2w 2A& ) fk ( 4mAE  2An )5fk1 toet [Re An? +47t2A§2 5wk (30)

fia=Tra |
[ 4nA$(f" Me ™5 mm +sm(27t€k)) 2A$2Re]5wk1

_en n_.n
— Z_,I;(fkn — M fk;Arj;ktl- + sin(ZnEk)) Dl =@k le ( 1 fis—fus + cos(2mE, )) Wip—Wka

2A¢ 2w 2A¢& 2An
n n n n n 2 n n n
i( 4 Wiy =20 + Wiy 3 Wpa~ Wy | Mk wkl_zwk+wk3)
Re \''k An? k' 2aq 412 A&2

Using the convenient form represented by Eq. (26), the discrete linearized governing

equations can be represented as a system of linear equations given as

s os
of odw| [Af]1_T[-S

w o lawl =5V, (31)
of ow

where Af and Aw are the changes of the streamfunction and vorticity that are used to

update the solution such that

fn+1 — fn + Af (32)

" = 0" + Aw

Note that the coefficient matrix in Eq. (31) is the Jacobian arising from Newton’s method
and that the unknowns in the linear system are the changes in the streamfunction and
vorticity. The solution of the linear system in Eq. (31) results in a very large, sparse matrix.

[terative methods are generally preferred for this type of system because they do not
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require that the Jacobian matrix be built and stored. However, basic iterative methods
require diagonal dominance for guaranteed convergence, and the sparse system resulting
from Eq. (31) is not diagonally dominant. Therefore, for simplicity, the linear system was
solved using a direct method in this work. The use of direct methods requires the storage of

the very large Jacobian matrix, which significantly increases the computational cost.

3.1.3 Boundary Conditions and Force Coefficients

The numerical solution of flow over a circular cylinder is dependent on the
boundary conditions chosen’.20.21, Fornberg?® recognized the “extreme sensitivity of the
final solution to small errors in these conditions.” Many previous investigators elected to
use the Oseen approximation for boundary conditions at large distances from the cylinders.
Fornberg?! showed that even for a symmetrical flow, the Oseen boundary condition can
only be expected to be accurate at very small Reynolds numbers. Because of the
dependency on the boundary conditions, a new numerical technique was developed to
avoid the problems with satisfying the boundary conditions at large distances’. This
technique required the coordinate transformation discussed in Section 2.2. The boundary
conditions are applied in the computational domain defined by (& 7). Conditions for the
streamfunction and vorticity are applied at the surface of the cylinder and at the far-field,
n=1 and n=0, respectively. Additionally, there are periodic boundary conditions at the cut

in the physical grid (é=0, é&=1), which must be taken into consideration.

Streamfunction Boundary Conditions

There are two conditions on the cylinder surface (n=1) for the streamfunction.

Y=0 (33)
aw _

ar —Ug = —Uppt (34)

18



Eq. (33) represents the assumption that the streamfunction is zero on the surface, and Eq.
(34) is a no-slip condition in which the rotational component of the velocity matches the
rotational speed of the cylinder.

Inserting the transformation variables given by Eq. (12) into Eq. (6) yields

l/) _ f+sir:7(2nf) (35)

or

f = ¥n - sin(2mg) (36)

Substituting the first surface condition into Eq. (36) yields the transformed streamfunction

at the surface

f(,1) = —sin(2m$) (37)

The no-slip condition can be transformed to the new variables in the following manner.
First, the partial derivative of the streamfunction with respect to the radial direction can be

determined by substituting Eq. (12) and (13) into Eq. (7), which yields
W=f—m Z—f) + sin(2n§) (38)
The transformed no-slip condition is then determined to be
Upor = Ug = — (f -7 Z—z + sin(2nf)) (39)
Noting that n=1 at the surface and rearranging Eq. (39) gives

troe = =(f(5, D)+ sin@m) + 5 (40)
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Making use of the transformed streamfunction surface condition, the rotation speed

becomes

5}
Uror =5 (41)
‘r’:

This fact will be revisited in the determination of the surface vorticity condition.
The condition for the streamfunction at the far-field can be determined in a similar

way’. Revisiting Eq. (6) and rearranging for the transformed streamfunction gives

f=r2=n@-y) (42)

T

At infinity (n=0), the condition for the transformed streamfunction at the far-field becomes

f&0) =0 (43)

This approach matches the boundary conditions mentioned in viscous flow literature?.

Vorticity Boundary Conditions

It has been suggested that the choice of a boundary condition for the vorticity is not
as sensitive as the condition for the streamfunction’. Filon?2 showed that the vorticity at
large distances from the cylinder was approximately zero. This results in a far-field

boundary condition for the vorticity such that
w(§,0) =0 (44)
[t is equally necessary to specify the vorticity at the surface of the cylinder. Consider

the transformed streamfunction given by Eq. (15) at the cylinder surface (n=1)
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2%f
on?

Lo 1y __
. a,7|n=1+4n2652 L HED =@ (45)

Using the surface streamfunction condition given by Eq. (37), the second order partial

derivative with respect to £ is determined to be

2
YT = 472 sin(2mé) (46)
2821, _q

Substituting this derivative into Eq. (45) along with algebraic simplifications yields

2%f
on?

A =—wED (47)

n=1  9Mly=1

The second derivative in Eq. (45) was approximated using second order one-sided finite
differences. The finite difference equations can be determined using the Taylor series

approach once again. Consider the computational domain shown in Figure 7. The base

pointis fo or (1), and the Taylor series can be written for the other points as follows

. of 10%f 5, 19%f
f1—fo—£|OA77+gﬁ An® ——-——3

0 6013

An® + 0(an*) (48)

0

0%f

af 8a3f
fo=fo— 25| mn+237 o

An? —-

0 60n3

An® + 0(An*) (49)

0

An appropriate linear combination of Eq. (48) and (49) is used to eliminate the third

derivative term. This process yields the following relation

5} 92
8fi —fo = 7fo— 63| An+ 277 An?+0(An*) (50)
0 0

Thus, the second order partial derivative is approximated by
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9%f _ _7fED-8F(E1-An)+f(§1-24n) | 3 Of 2
67]2 n=1 - ZAT]Z + An a.r] n=1 + O(AT’ ) (51)

where the values of the streamfunction are determined from the previous iteration.
It should be noted that Eq. (51) is a function of the no-slip condition represented by

Eq. (41) in the previous section. Substitution of the no-slip condition yields

9%f _ _7fED-8F(§1-An)+f(§,1-2An) | 3uroe 2
ol 77 + et + 0(an?) (52)

Lastly, the vorticity on the surface of the cylinder is determined by substituting Eq. (52)
into Eq. (47).

7f(§,1)-8f(§,1-An)+f(§,1-2A7) 3
(1) = T L (&= 1) o (53)

Eq. (53) can be used to approximate the surface vorticity for both steady or unsteady

rotation in which the rotational speed is given. For a stationary cylinder, the rotational

velocity is zero, and the equation is simplified.

22



aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa

fo | (61)
An
v 4
f, | (§1-An)
L 4
f, | (61-24n)
n
§

Figure 7: Discrete domain for the surface vorticity condition.

Periodic Boundary Conditions

Periodic cuts (=0, é=1) result from the coordinate transformation between the
physical and the computational domain (See Fig. 4 and Fig. 5). The nodes at these &-
locations are essentially the same points. If the computational domain was wrapped
around the cylinder, these are the locations where the grid would make contact with itself.
Because of this process, periodic boundary conditions must also be applied. The periodic

conditions are as follows
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f@O0,n) =f(1,n) (54)

w(0,n) = w(1,7) (55)

The equations for these conditions are found in the same manner as the discrete
governing equations (Eq. (24) and (25)). Consider the computational domain shown in
Figure 8. Let k be the point of interest on the periodic cut. The surrounding points are once
again defined in the pointer system discussed in Section 3.1.1. However, there is a different
treatment of the point to the west of k as it is on the boundary of the computational
domain. The periodic conditions show that the point of interest at é=0 equals the point at
the same n-location at é=1. Therefore, the west point is taken from the identical point at
&=1. This results in a different set of equations for the pointer system than was previously

given for the interior nodes:

ky=k+1
k,=k+N
ky =k +N—2 (56)

k4 = k — N
The same process is completed for the other periodic cut, as shown in Figure 9. The
locations of the neighboring points can be determined using

k,=k+N

Ky = k-1 (57)

k4 == k - N

The streamfunction and vorticity at the periodic cuts can then be determined using the
discrete governing equations given by Eq. (24) and (25).
[t should be noted that the boundary conditions at the periodic cuts must be

linearized in the same fashion as the discrete governing equations in order to have the
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same variables for solution. A discussion of this linearization process can be re-visited in

Section 3.1.2.

Force Coefficients

The force coefficients are determined using a formulation from previous works’.

The lift and drag coefficients are defined respectively as

L D

CL == ) CD == (5 8)

- pUgor - pUgor

where L and D are the lift and drag forces per unit cylinder length. Each force coefficient

consists of components due to friction forces and the pressure, which can be written as
CL=Cir +Cpp, Cp = Cpr + Cpp (59)

Integration of the forces over the cylinder yields
2 r2m . 2 2w
Cor = _Efo wly=1 sin(f) db, Cir = _Efo wly=1 cos(8) db (60)
1,2 1,2 .
Cop = =5 J; "Ply=1 cos(8)d8,  Cpp =1 "Pl,=1 sin(8) do (61)

where P is the non-dimensional pressure of the cylinder”’. The following relationship exists

on the cylinder surface®

op 4 dw
% = —EE n1 (62)
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The friction components given in Eq. (60) can be evaluated directly, while the pressure
components are evaluated with integration by parts’.8. With integration by parts, the

pressure components in Eq. (61) become

2 r2mow . 2
Efo E n=1 sin(6) b, Cir = _Efo only=1

21w 0w

cos(6) do (63)

Cpop =

The derivative of the vorticity at the surface seen in Eq. (63) was approximated using the

following third-order accurate backward difference

w 1 w(i,j)-18 w(i,j—1)+9 w(i,j—2)-2 w(i,j—3)

3
i e +0(a7*) (64)

The force coefficients were calculated for each iteration, and the integrals seen in Eq. (60)

and (63) were evaluated using the Trapezoidal rule.
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Figure 8: Discrete domain for the periodic boundary condition at £=0.
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3.2 Unsteady Cylinder

3.2.1 Time-Accurate Method

The linearized governing equations and boundary conditions for steady flow over a
circular cylinder were discussed in great detail in Section 3.1. Now consider the unsteady
flow over a cylinder in cross-flow. The governing equations can be written in the

convenient form seen in Eq. (26)

224 V(w,f) =0 (65)
S(w,f) =0

where the unsteadiness in the flow field is represented by the time derivative in the

vorticity equation. The governing equations are integrated in time using a second-order

backward difference approximation, which results in an implicit scheme. The finite

difference approximation can once again be determined using the Taylor series approach.

The Taylor series can be written for two points in the backwards direction such that

W™ = Ml — At + %Z—‘;’Atz 12 “’At3 +0(AtY (66)
2
o™t =t — 2200 42220 462 - 2T pgt 4 0(4t*) (67)

An appropriate linear combination of Eq. (66) and (67) is used to eliminate the second

derivative term. This process yields the following relation

—4o™ + M1 = —_3Mmt1 4 2 At + 0(4t3) (68)
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Thus, the time derivative is approximated by the following second order backward

difference approximation

9o _ 30T 4 0(42) (69)

at 2At

The resulting scheme is not self-starting, and a first order backward difference is used in

the first iteration. The semi-discrete governing equations are given as

3wMt 4+ ™"

1
m+1l fFgm+1\ —
e + V(o™ M) =0

S(wm+1,fm+1) =0

(70)

where (m+1) indicates the solution at the next physical time step. The solution is simplified
by linearizing the implicit terms in Eq. (70). This is accomplished with the use of a Taylor

series expansion about the previous time level for the implicit terms such that

V(wm+1,fm+1) ~ V(wm,fm) + 2_(‘; - (wm+1 _ wm) + ‘;_‘;| (fm+1 _ fm)
m
(71)
S(wm+1'fm+1) ~ S(wm'fm) + (;3_:)| (wm+1 _ wm) + Z_:| ( m+1 _fm)
m m
m+1 _ m+1 __ m
Aw = w w (72)

Afm+1 — fm+1 _fm

By substituting Eq. (71) into (70) and with some rearranging of the time derivative term,

the semi-discrete governing equations for the unsteady flow around a cylinder become

3 ov

m+1 __ 1 m m fm ov m+1 m+1 _
PYTEALL) PYTEALL + V(o™ f )+awmAw +afmAf =0 73
m f£m oS m+1 s m+1 —
S(o™, f )+awmAw +af|mAf 0
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Eq. (73) can be represented as a system of linear equations such that

s os S
of dw Af l 3 l

= 74
aov 3 I+6_V [Aw m+1 —V+EAwm ( )

ﬁ 24t Jw

Eq. (74) is very similar to its steady counterpart seen in Eq. (31), and the system is solved
in the same fashion. It should also be noted that the boundary conditions derived in Section

3.1.3 are still valid for the unsteady case and are applied in the same manner.

3.2.2 Harmonic Balance Method

The ability to efficiently predict unsteady flow fields improves the fundamental
understanding of the complex flow physics coupled with a reduction in development and
design time!8. In the past, time-linearized and nonlinear time-accurate methods were used
to model such unsteady flows?>. The time-linearized method assumes that the unsteady
disturbances in the flow field are harmonic in time at a certain frequency and that they are
small when compared to the mean flow. These assumptions lead to linearized governing
equations about a mean operating condition, which can be solved efficiently. However, this
method lacks the ability to model the nonlinear effect that may be profound for certain
unsteady flow problems. Nonlinear time-accurate methods are traditionally considered for
the solution of unsteady flow fields. As opposed to the time-linearized methods, the time-
accurate approaches do not make any assumptions concerning the size of the unsteady
disturbances. Thus, the time-accurate solvers have the ability to dynamically model the
nonlinear effects in the flow field. Unfortunately, time-accurate methods are generally very
computationally expensive; they can be multiple orders of magnitude more expensive than
the frequency domain techniques?>. The drawbacks of these methods resulted in a blend of
the time and frequency domain techniques. Hall et al.1¢ developed a harmonic balance

method for temporally periodic flows. In this mixed time and frequency domain technique,
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one makes use of the temporal periodicity of the flow in order to solve the flow field at
certain snapshots in time. These snapshots are represented by a number of sub-time levels
that are equally spaced over one period. In this case, the dependent variables are the
conservation variables of the flow field. Rather than marching the solution from one
physical time step to the next, all sub-time levels are computed simultaneously over a
single period. The sub-time levels are only coupled to each other through a pseudo-spectral
operator, which is used to approximate the time derivatives. There are many advantages
with the harmonic balance techniquel”. By approximating the time derivatives, the
problem can be treated as mathematically steady, and convergence acceleration techniques
can be applied. Harmonic balance codes are well-suited for adjoint sensitivity analysis
which can help with efficient design optimization!’. Lastly, a key advantage of the harmonic
balance method is its reduced computational cost. The computational cost of the harmonic
balance approach was shown to scale nearly linearly with the number of sub-time levels
used in the solution!>17.18,

The harmonic balance method has been applied to many unsteady aerodynamics
problems!’. Previous investigators have studied problems such as multistage
turbomachinery analysis!®> and unsteady flows about helicopter rotors in forward-flight23,
to name a few. Future applications could include the analysis and design of micro air
vehicles, such as micro rotorcraft or micro flappers, since the unsteady flow about these
vehicles is temporally periodic. The method would not be limited to low-speed flows as it

could be applied for the analysis and design of hypersonic vehicles as well.

Harmonic Balance Application

Once again consider the unsteady flow over a circular cylinder, which is governed by

the following set of equations

22+ V(w,f) =0
S(w,f) =0

(75)
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Clearly, the governing equations are coupled, and an unsteady term exists for the vorticity.
The governing equations are traditionally integrated using time-accurate time-domain
techniques?*. However, if the unsteady flow field is periodic in time with a frequency f; the
flow variables can be represented as a Fourier series with spatially varying coefficients!”.

With this consideration, the vorticity may be expressed as

w (& nt) =4, n) + Zﬁﬁl[An(E,n) COS(nffti) + B, (&,n) Sin(nffti)]i i=1:2Ny+1 (76)

where Ay, Ay, and B, are the Fourier coefficients for the vorticity, i is the sub-time level, and
Ny is the number of harmonics. The streamfunction can be represented in a similar fashion.
Therefore, the vorticity and the streamfunction can be computed and stored at 2Ny+1
equally spaced sub-time levels over a single period. Eq. (76) indicates that the Fourier
coefficients and the sub-time level solutions are related through a pair of discrete

transformations given by’

o [ ) G
©2 ||t cos(frta) o osin(ft) ol (77)
' : : : .|| B
Byl L cos(frtans1) sin(frton-+1) ]
P = r
w* =E® (78)
o = Ew*

Once the flow variables are represented as a Fourier series, the governing equations can be

written at all sub-time levels such that

79
’ (", f)=0 72)
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Thus, the governing equations at all sub-time levels seen in Eq. (79) have 2Ny+1 equations
that are coupled only by the time derivative term. This unsteady term is approximated by a

pseudo-spectral operator, D, given by

dw* «
Pyl Dw (80)
where
0E~1
D= o E (81)

Eq. (80) is known as the source term for the harmonic balance method. Substitution of the
source term into the governing equations (Eq. (79)) yields the mathematically steady

harmonic balance equations for the unsteady cylinder in cross-flow

Dw* + V*(w*, f) =0
S = o (62)

Harmonic Balance Stability

Previous investigators2>2¢ have studied the effect of the source term discretization
on the stability of the harmonic balance solution. Woodgate and Barakos?2> discuss the
differences between an explicit and implicit discretization of the source term. For an
explicit source term, the solutions at each time level are only coupled by the residual of the
discretized system. This occurs because an explicit source term only uses values based on a
previous iteration. An explicit treatment of the source term has less computational
requirements. However, this discretization limits the timestep, which can result in stability
issues. An implicit source term couples the solutions at each sub-time level, while reducing
the stability issues. The drawback for this treatment is the increased computational cost
incurred?s. Thomas et al.2¢ determined that an explicit treatment of the source term allows
the harmonic balance method to be applied to implicit flow solvers with few modifications

to the implicit code. However, as discussed previously, this explicit treatment results in
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unstable schemes. Thomas et al.2® present a preconditioning technique, which stabilizes the
harmonic balance equations with an explicit source term. This preconditioning method
results in an unconditionally stable source term and presents a favorable alternative to the
use of an implicit source term. Stability is achieved without the massive additional cost and
complexity introduced with an implicit treatment of the source term. Thus, the harmonic
balance equations seen in Eq. (82) were stabilized using the preconditioning technique

developed by Thomas et al. The details of the technique can be found in Ref. [26].

3.3 Sensitivity Analysis

The goal of sensitivity analysis is to determine the sensitivity of a chosen objective
function with respect to design variables?4. Sensitivity information is particularly useful in
computational fluid dynamics (CFD) as it can be used for design optimization, mesh
adaptation and flow control?’. The finite difference method and the adjoint method are two
well-known sensitivity analysis techniques. One advantage of the harmonic balance
technique is that the resulting CFD code is well-suited for adjoint sensitivity analysis, which
can lead to efficient design optimization!’. Unfortunately, due to time constraints, the
adjoint method was not applied in this present work. Instead, a finite difference sensitivity
analysis was conducted with the harmonic balance solver for a periodically oscillating
cylinder. The finite difference approach is popular due to its simple implementation?8, but
it is generally accompanied with higher computational costs than adjoint methods?® when
the number of design variables is large.

In this work, the mean coefficient of drag is chosen as the objective function, and the
Strouhal number is the investigated design variable. Two iterative methods are
implemented with the goal of using finite difference sensitivity analysis to determine a
value of the Strouhal number, which minimizes the mean drag coefficient. The first is the

following Newton’s method
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Cq

Stpew = Stg — Rc_é’ (83)

where R is a relaxation variable. Second order central difference approximations were used
to approximate the derivatives in Eq. (83). These finite difference approximations are

shown below

0Cq _ Cq(Stg+e)—C4(Stg—e)

C = —
d dStgq 2€ 84
"_ BZCd — Cd(Std+e)—ZCd(Std)+Cd(5td—e) ( )
d asts €2

where € is a small perturbation applied to the Strouhal number for the harmonic balance
solution.
The second iterative method used for the sensitivity analysis is the steepest descent

approach given by

Stnew = Sty — RC} (85)

This method is very similar to Newton’s method (see Eq. (83)) except that the second
derivative is not used to calculate the next value of the Strouhal number.

The general process for an optimization problem based on the finite difference
sensitivity analysis is shown in Figure 10. The Strouhal number and rotational speed (£2)
are the chosen input parameters for the harmonic balance solver. The Strouhal number is
taken as the design variable, and the mean drag coefficient is the variable of interest from
the harmonic balance solution. An initial harmonic balance solution is obtained from the
chosen input parameters. The design variable is then perturbed by a small amount in both
the forward and backward directions, and new harmonic balance solutions are obtained
with these perturbed Strouhal numbers. The mean drag coefficients from the three
solutions are then used to determine a new Strouhal number via Eq. (83) or Eq. (85). The

process should be continued until the drag coefficient is minimized (C; =~ 0). Note that Eq.
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(83) and Eq. (85) can converge on a local maximum, where the first derivative of the drag

coefficient is also zero.
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Figure 10: Finite difference sensitivity analysis process for a rotationally oscillating
cylinder.
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Chapter 4: Results

4.1 Steady Cylinder

4.1.1 Stationary Cylinder

In general, three flow regimes can be defined for flow over a stationary cylinder: the
steady laminar regime (Re<47), the unsteady laminar two-dimensional vortex shedding
regime (47<Re<200), and the unsteady three-dimensional vortex shedding regime
(Re>200)°. At low Reynolds numbers in the steady laminar regime, the wake behind the
cylinder has a steady circulation region with two symmetric vortices attached to the
cylinder, whose size increases with increasing Reynolds number. Flow instabilities due to a
large fluctuating pressure causes vortex shedding to occur in the wake behind the cylinder
in the unsteady laminar regime. As the Reynolds number increases beyond the unsteady
laminar regime, the flow behind the cylinder becomes three-dimensional and turbulent,
with complex vortex shedding patterns3. To correctly determine the flow field, an unsteady
flow solver should be used when Re=47. While the steady cylinder problem is not physical
for higher Reynolds numbers, it provides a good initial solution for the unsteady solvers
developed. Thus, the higher Reynolds numbers have been investigated using the steady
solver. The stationary cylinder was investigated for multiple Reynolds numbers using a
181x181 grid, and the streamlines and vorticity contours for three of those cases are
presented in Figures 11, 12 and 13. The figures show the characteristics expected from the
steady laminar regime. Each figure has two symmetric vortices attached to the cylinder,
and the size of these vortices grows as the Reynolds number increases. Figure 13 is not a
physical solution. A Reynolds number of 100 falls within the unsteady laminar regime, and
a steady solver is incapable of capturing the unsteady nature of the flow field. However,
this solution is important as it is used as a baseline solution for the unsteady solver

developed in this work.
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Figure 11: Steady flow over a stationary cylinder for Re=20. Top to bottom: streamlines,
vorticity contours.
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Figure 12: Steady flow over a stationary cylinder for Re=40. Top to bottom: streamlines,
vorticity contours.
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Figure 13: Non-physical solution of steady flow over a stationary cylinder for Re=100. Top
to bottom: streamlines, vorticity contours.

4.1.2 Constant Rotation

Ingham and Tang’ conducted a numerical investigation of steady flow past a
rotating cylinder. Their results were used in the validation of the steady solver. The
parameters for the steady cylinder in constant rotation are the Reynolds number and the

rotational parameter a

Re = (86)

a=— (87)



where r is the radius of the cylinder, Us is the free stream velocity, 8 is the angular velocity
and v is the kinematic viscosity. Ingham and Tang” show a cylinder in steady rotation for
Re=20 with a variety of rotational parameters and contour levels for a 41x41
computational grid. For comparison, multiple cases were run in the steady solver using the
same parameters and contour levels. However, the chosen mesh of 181x181 for the steady
solver was much finer than the literature.

A comparison of the lift and drag coefficients are presented in Table 1. The results
match the previous work” qualitatively. An increase in the rotation rate yields higher lift
coefficients and slightly lower drag coefficients. Quantitatively, the results are close with
the highest percent difference equal to approximately 13%. The coefficients of lift are in
fair agreement, as the max percent difference is less than 5%. The drag coefficients are in
even better agreement with the exception of the higher rotation rates—especially that of
a=2. This increase in error for higher rotation rates is consistent with previous works?’. The
steady solver developed in this work consistently predicts higher lift coefficients than
Ingham and Tang?, while predicting smaller drag coefficients. These discrepancies led to an
investigation of the numerical methods used to determine the lift and drag coefficients. The
current solver uses Trapezoidal integration to calculate the force coefficients, while Ingham
and Tang’ use Simpson’s rule. A simple change to the numerical integration in the current
solver made no difference in the resulting coefficients of lift and drag. To determine
whether round-off errors could be the explanation for the differences, the current solver
was run with single precision variables instead of the normal double precision process.
This made no difference in the resulting lift and drag coefficients. This led to further
investigation of previous works. Badr et al.8 also conducted a study of steady flow past a
rotating cylinder for low Reynolds numbers. Comparison of the lift and drag coefficients to
these previous works is shown in Figures 14 and 15, respectively. The steady solver gives
lift coefficients that are bounded by the previous work. While C; is slightly higher than that
of Ingham and Tang’, it is slightly lower than Badr et al. The drag coefficient results are in
good agreement with the previous works, with slight differences for the higher rotation

rates. The drag coefficients are lower than the previous works?”?8 for the higher rotation
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rates. This is shown clearly in Fig. 14 and Fig. 15. The inconsistencies in the results can be
attributed to the difference in the computational grid. The previous works used a much
coarser mesh (41x41) than the present work (181x181). Ingham? even suggests that
previous works “severely underestimate” the lift coefficient due to their use of a coarse
mesh, though this does not explain the discrepancy between their results and Badr et al.8
To investigate this effect, the steady solver was run for a mesh size of 41x41. The results
are shown in Table 2. The coarser mesh yields lift coefficients that are closer to the
previous results’, especially for the higher rotation rates. However, the coarser mesh also
gives larger differences for the drag coefficient with the exception of the higher rotation
rates. Stojkovic et al.® note that previous works could be in error for the higher rotation
rates. Large gradients occur in the flow field for higher rotation rates, and these cannot be
accurately detected for a coarse grid®. The current results are based on a finer mesh, which
yields better resolution than that of the previous works.

While there are discrepancies between the predicted lift and drag coefficients, the
flow pattern around the cylinder nearly matches those of Ingham and Tang’. The
comparison of the streamlines are shown in Figure 16. Ingham and Tang” noticed the same
phenomenon. Their coefficients of lift and drag varied from previous works at the time, but
their flow patterns were “graphically indistinguishable”’. Stojkovic et al.® noticed this result
as well. They note that “there is a large scatter among the different authors concerning the
predicted drag and lift coefficient” for steady laminar flow®. They also suspect that these

variations are due to the coarse mesh sizes used by the previous authors.
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Table 1: Comparison of coefficients in steady rotation to previous works?’. Re=20. 181x181

grid.
(04 CL CL Ref.[7] CL % Diff. Cp () Ref.[7] Cp % Diff.
0.1 0.265 0.254 4.331 1.995 1.995 0.000
0.2 0.531 0.514 3.307 1.990 1.992 0.100
0.4 1.065 1.024 4.004 1.970 1.979 0.455
0.5 1.333 1.283 3.897 1.955 1.973 0.912
1 2.709 2.617 3.515 1.832 1.925 4.831
2 5.783 5.719 1.119 1.406 1.627 13.583
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Figure 14: Lift coefficient as a function of the rotation rate for steady flow with constant
rotation. Re=20.
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Figure 15: Drag coefficient as a function of the rotation rate for steady flow with constant

2.5

2 O3
1.5
1
0.5
0

0 0.2

rotation. Re=20.

0.4 0.6

-

0.8 1

1.2

= <= Steady Solver

<. Ingham & Tang

Badr, et. al.

Table 2: Effect of coarser mesh on steady solver compared to previous works’. Re=20.

41x41 grid.

(04 CL CL Ref.[7] CL % Diff. Cp () Ref.[7] Cp % Diff.
0.1 0.265 0.254 4.331 2.049 1.995 2.707

0.2 0.529 0.514 2.918 2.042 1.992 2.530

0.4 1.016 1.024 0.781 2.016 1.979 1.860

0.5 1.316 1.283 2.572 1.997 1.973 1.216

1 2.639 2.617 0.841 1.865 1.925 3.117

2 5.693 5.719 0.455 1.450 1.627 10.879
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Figure 16: Validation of steady solver for the cylinder in steady rotation. Re=20. Left:
Previous results (see Ref.[7]). Right: Steady solver results. From top to bottom the
rotational parameter is a=0.1, 0.5, 2.
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Previous works have also determined a linear relationship between the coefficient
of lift and the rotation rate for low rotational speeds®’. Stojkovic et al.® found that the
coefficient of lift is a linear function of the rotational parameter for a<2. However at higher
rotational speeds, an increasing lift coefficient results from an increasing Reynolds
number®. This relationship has been investigated using results from the current steady
solver. Figure 17 shows the lift coefficient as a function of the rotation rate (0<a<2). A
linear trendline was added to the plot along with the coefficient of determination (R?). The
R? value is used to determine how well a line fits the data?°. The coefficient of
determination ranges from 0 to 1. A R? close to 0 indicates that the line does not fit the data
well; whereas a coefficient of determination close to 1 shows that the linear fit is good. The
R? for the lift coefficient as a function of a<2 is 0.999, which agrees with the results of
previous works. The fit is even closer when the rotation range is 0sa<1, and it is slightly

worse when the range includes higher rotation rates (a<3).

2.5

Figure 17: Linear relationship between the lift coefficient and the rotation rate for steady
flow with constant rotation. R? indicates the fit of the trendline. Re=20.
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4.2 Unsteady Cylinder

4.2.1 Time-Accurate Results

The time-accurate solver was validated for two different classifications: constant
rotation and oscillatory periodic rotation. The results of the cylinder in constant rotation

are visited first.

Constant Rotation

There have been many investigations of flow past a cylinder rotating with a constant
angular velocity?36:89:30, Similar to the steady flow in constant rotation, this flow is
dependent on two non-dimensional parameters—the Reynolds number and the rotational
speed. The Reynolds number is still defined by Eq. (86), and the rotational speed is defined
as

6d

0=2 (88)

2Uc

where 0 is the angular velocity of the cylinder, d is the diameter, and U is the free-stream
velocity.

The unsteady time-accurate solver was validated for multiple Reynolds numbers by
comparing the results to those of previous investigators®830. These investigators studied
low Reynolds number cases at low rotation speeds. For these rotation rates, the flow
develops a periodic vortex shedding pattern also known as the Karman vortex street30. The
lift coefficient eventually reaches a periodic state, which is shown Figure 18. The temporal
variation of the lift coefficient agrees with previous works8. However, the solver has lower
peaks than those of Badr et al.8 Their work has higher initial peaks around ¢t=8 for all
rotation rates. The temporal variation of both the lift and drag coefficients were

investigated for Re=100 and 2=1. This is shown in Figure 19. Once again, the initial peaks
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are lower with the current results, and the coefficients seem to be slightly lower than the
previous work. Ingham and Tang” mention this result in their work as well. They note that
the lift coefficients estimated by Badr et al.8 are a little higher than those obtained by all of
the previous investigators30. Previous works have espoused the importance of the
conditions imposed at large distances3?. The far-field boundary conditions discussed in
Section 3.1.3 were implemented in all the flow solvers in this work. The differences
between the current results as those of Badr et al.8 could likely be due to the difference in
the condition set at infinity. While the solvers from this work use the condition discussed
by Ingham and Tang’, Badr et al.® used the asymptotic Oseen solution for their far-field
condition. As with the steady solver, there is once again a discrepancy in the grid size. The
current results are determined from a much finer mesh than the previous works; the cases

shown in Fig. 18 and Fig. 19 were run with a 181x181 mesh.

—0=1.0

= = 0=04
0=0.2

=== 0=0.05

Figure 18: Temporal variation of the lift coefficient for unsteady flow with constant
rotation. Re=60. Left: Fig. 13, Ref. [8]. Right: Current work.
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Figure 19: Temporal variation of the lift and drag coefficients for unsteady flow with
constant rotation. Re=100. Q=1. Left: Fig. 15, Ref. [8]. Right: Current work.

For further comparison, the average value of the lift coefficient was investigated for
Re=60. The average lift coefficient was calculated over a complete periodic cycle and was
compared to the previous work of Badr et al.8 Despite the discrepancies between the peak
values in the temporal variations, the mean lift coefficients are in great agreement with the
previous works. Figure 20 shows the variation of the mean lift coefficient with the
rotational speed. Ingham and Tang” have slightly lower values for the average lift
coefficient. However, this result is consistent with those from the steady solver. The
difference will once again be attributed to the coarse grid size used in the previous works.
All results are in qualitative agreement with concern to the relationship between the mean
lift coefficient and the rotational speed. For low rotation rates, the average lift coefficient is
a linear function of the rotational speed?3. This relationship is shown in Figure 20. A linear
trendline can be added to the results to determine the coefficient of determination for the
data. The trendline yields a coefficient of determination of R2=0.999, which confirms that a

linear trend is a good fit.
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Figure 20: Variation of the mean lift coefficient with rotational speed for unsteady flow
with constant rotation. Re=60.

As discussed previously, the flow over a cylinder for higher Reynolds numbers
develops a vortex shedding pattern. Many previous investigators have studied the problem
of unsteady flow past a constantly rotating cylinder38630, Earlier investigations considered
low rotation rates and showed that the lift coefficient eventually reaches a periodic state
due to the vortex shedding®30. This effect can be seen clearly in Fig. 18 and Fig. 19. Kang et
al.3 and Stojkovic et al.® looked at higher rotation rates. They determined that the vortex
shedding occurs up to a critical rotation rate. Past this critical rotation rate, the vortex
shedding is suppressed. The flow field, and subsequently the lift coefficient, tend to a
steady state3°. The temporal variation of the lift coefficient was investigated for Re=100
and Re=200, which can be seen in Figures 21 and 22, respectively. Kang et al.3 determined a
critical rotation rate of approximately =2 for which the vortex suppression occurs. The
present work agrees with this result as seen in Fig. 21. At )=2, the lift coefficient goes to a
steady state, which indicates vortex suppression. The solutions of the flow field for 2=2 and
0=1 are shown in Figures 23 and 24, respectively. Mittal and Kumar® investigated the flow

for Re=200. The results for the temporal lift coefficient of the present work are shown in
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Fig. 22. The lift coefficients are in excellent agreement with the previous work with the
exception of the higher rotational speeds. The results are slightly different for 2=4.6, 4.7,
and 5.0. The most notable difference is with £2=5.0. Mittal and Kumar® found this lift
coefficient to be steady past approximately 150 s. As can be seen in Fig. 22, the coefficient
of lift continues to vary past this time, and still has not reached a steady value at 250 s. Fig.
22 also indicates vortex suppression for 2.07<0<4.2, as the lift coefficients tend towards a
steady state. The suppressed flow field, which looks almost like potential flow, can be seen
in Figure 25. Vortex suppression is not achieved for a rotation rate less than 2.07. This is
shown in Figure 26. While the vortex shedding occurs, a pair of vortices sheds alternately
from the cylinder surface. Figure 26 shows a counterclockwise rotating vortex shedding
from the lower surface. Over a shedding cycle, clockwise vortices are shed from the upper

surface. The vorticity solutions in Fig. 25 and Fig. 26 agree well with the previous works®.
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Figure 21: Temporal variation of the lift coefficient for unsteady flow with constant

rotation. Re=100.
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Figure 22: Temporal variation of the lift coefficient for unsteady flow with constant

rotation. Re=200.
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Figure 23: Vortex suppression for Re=100. Time-accurate solution for unsteady flow with a
rotation rate of (2=2. From top to bottom: streamlines, vorticity, temporal lift coefficient.
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Figure 24: Time-accurate solution for Re=100 flow with a rotation rate of (2=1. From top to
bottom: streamlines, vorticity, temporal lift coefficient.
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Figure 25: Vortex suppression for Re=200. Time-accurate solution for unsteady flow with a
rotation rate of (2=3. From top to bottom: streamlines, vorticity, temporal lift coefficient.
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Figure 26: Time-accurate solution for Re=200 flow with a rotation rate of 2=1. From top to
bottom: streamlines, vorticity, temporal lift coefficient.
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Behaviors of the lift and drag forces can be represented more clearly in the form of a
phase diagram by plotting the lift coefficient as a function of the drag coefficient3. Figure 27
shows the phase diagram for Re=100. A closed loop indicates that the flow becomes fully
periodic, and a singular point shows that the flow has tended to a steady state3. It is clear in
Fig. 27 that the lift coefficient increases and the drag coefficient decreases with an increase
in the rotation speed for 0<2. This result is consistent with previous works3. For higher
rotation rates in Fig. 27, the phase diagram resolves to singular points, and the lift
coefficient continues on an increasing trend as the rotation rates increase. A second order
polynomial can be fitted to the singular points in Fig. 27, which indicates that the drag
coefficient varies quadratically with the lift coefficient for 2<(2<4. The magnitudes of the lift
and drag coefficients do not exactly match those of Kang et al.3 Although they are close, the
size of the loops is not as large as those of previous works. This is an indication that the
amplitudes of fluctuation are larger for Kang et al.3 Figure 28 shows the phase diagrams of
the lift and drag coefficients for Re=200. The phase diagrams can be predicted by viewing
the temporal lift coefficients in Fig. 21 and Fig. 22. If the lift coefficient is fully periodic by
the final time for a given rotational speed, then the phase diagram will be closed. If the lift
coefficient has become steady by the final time in Fig. 21 and Fig. 22, the phase diagram will
result in a singular point for that rotation rate. Figures 27 and 28 are consistent with this
reasoning. The results for Re=200 are in good agreement with those reported by Mittal and
Kumar?, with the exception of the higher rotation speeds. The phase diagrams of these
rotation speeds do not match the previous work because of the differences between the lift
coefficients. The current solver does not yield a steady lift coefficient for £2=5.0, so the

phase diagram does not resolve to a single point.
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Figure 27: Phase diagram of the lift and drag coefficients for unsteady flow with various
constant rotation rates. Re=100.

61



28
) 4—3\
24 -
22 —0=0.5
O
—()=1.5
18
+ X 1=2.07
“ 16 O Q=25
¢ 0=3.0
14 s
A (=3.25
12 A
® =35
10 @ + 0=4.0
0O Q=42
8 =]
—()=4.4
6
x ——(0=4.6
4 ( ) 0=4.7
2
O T T T T T T 1
-2 -1.5 -1 -0.5 0 0.5 1 1.5

Figure 28: Phase diagram of the lift and drag coefficients for unsteady flow with various
constant rotation rates. Re=200.
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In addition to vortex suppression, lift enhancement and drag reduction are key goals
for the flow over a rotating cylinder. Researchers have studied the lift enhancement gained
from rotation for many years. It has long been known that the rotation generates a lifting
force perpendicular to the flow direction3!. This phenomenon is known as the Magnus
effect. Due to the Magnus effect, relatively large lift coefficients can be found using high
rotation rates®. In 1925, Prandtl3? argued that the maximum circulation about a rotating
cylinder was equal to the circulation at which the upstream and downstream stagnation
points merge on the bottom of the cylinder. He stated that after this point the total
circulation would be fixed at infinity32:33. Based on these arguments, Goldstein34 suggested
that the maximum lift coefficient generated by a rotating cylinder was limited to 4.
Glauert3> proposed a solution to the rotating cylinder in uniform flow. The solution of the
flow in the boundary layer was determined using a power series, and an expression for the
circulation of the cylinder was obtained. Glauert’s theory did not support Prandtl’s
predicted circulation limit, rather it indicated that the circulation would increase
indefinitely with an increase in the rotational speed3>. However, their assumed model for
the flow was only valid for rotational speeds at which there was no flow separation®.
Tokumaru and Dimotakis33 also investigated the mean lift coefficient for a rotating
cylinder. Their results showed that it was possible to exceed the theoretical limit; the
highest rotation rate investigated led to a lift coefficient roughly 20% higher than 4m. Mittal
and Kumar® investigated the flow over a circular cylinder for Re=200. They obtained large
values of the lift coefficient for high rotation rates®. The results from the present study
agree with these investigators. The mean lift coefficient for Re=100 and Re=200 flow are
shown in Figure 29. It is clear from this figure that the lift coefficient exceeds 4m for higher
rotation rates. This figure also reveals the general lift enhancement from the Magnus effect.
The lift coefficient increases from the stationary value for any rotation rate investigated in
the present work. The mean coefficients of lift follow the results of Kang et al.3, who found
that the lift coefficient varied linearly for 2<2. Stojkovic et al.® investigated the effects of
higher rotation rates on the flow over a rotating cylinder. They found that the linear

relationship between the rotation speed and the lift coefficient does not hold for higher
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rotation rates. Additionally, they saw that an increasing Reynolds number leads to an
increasing lift coefficient for these higher rotational speeds®. The present work agrees with
these results as well. Figure 29 shows the linear relationship between the mean lift
coefficient and the rotation rate for (2<2. Past this point, the coefficient of lift no longer
follows the linear trend. Additionally, higher lift coefficients are obtained for Re=200 at the
higher rotational speeds. The circular cylinder in constant rotation also experiences drag
reduction. Figure 30 presents the mean drag coefficient for Re=100 and Re=200. The curves
qualitatively match those of previous works3?. Figure 30 indicates a drag reduction below
the stationary value for all investigated rotation rates for the higher Reynolds number.
However, for higher rotation speeds with Re=100, the drag coefficient increases beyond
that of the stationary cylinder. Fig. 29 and Fig. 30 reveal a relationship between the goals of
drag reduction and lift enhancement for a cylinder in constant rotation. There are no
apparent trade-offs for the higher Reynolds number case. For all of the rotation rates
investigated, drag reduction and lift enhancement occur concurrently for Re=200 flow. On
the other hand, there seems to be a trade-off for Re=100 past a particular rotation rate. Lift
enhancement and drag reduction occur simultaneously for 2<2. However, there is an
increase in the mean drag coefficient for 1>2, while the lift coefficient continues to
increase. Thus, there is a trade-off for these higher rotation rates. It is possible to achieve a
lift enhancement for 2>2, but this positive effect is combatted by a sharp increase in the

drag coefficient.
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Figure 29: Effect of the rotational speed on the mean lift coefficient for a cylinder in
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Figure 30: Effect of the rotational speed on the mean drag coefficient for a cylinder in

constant rotation.
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Previous works have also investigated the Strouhal number for unsteady flow with
constant rotational speeds. The Strouhal number (St) can be used as a measure of the
vortex shedding frequency®. The current work resulted in St~0.14 and =0.16, respectively,
for Re=60 and 100, which is consistent with other works38. Figure 31 shows the variation
of the Strouhal number with the rotational speed. The results for Re=100 match those of
Kang et al.3 They suggest that the rotation of a cylinder does not significantly affect the
Strouhal number in the range beneath a critical rotational speed, (2;. Their results showed
that the Strouhal number stays nearly constant at low rotation speeds and decreases
slightly as 2 approaches (2;. This is consistent with Badr et al.8, who assumed that the
Strouhal number is independent of the rotation speed. The trend for Re=60 for the time-
accurate solver does not match the previous results. Instead of staying nearly constant then
decreasing, the Strouhal number increases slightly with the rotation speed and then levels
off to a constant. Regardless of the trend, the magnitude of Strouhal numbers are still close

to those of earlier works338.
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Figure 31: Variation of the Strouhal number with rotational speed.
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The rotational speed has an effect on the distribution of the surface vorticity as well
as the force coefficients. Figures 32 and 33 show the surface vorticity distribution with
various rotation speeds for Re=60 and Re=100, respectively. As can be seen in Fig. 32 and
Fig. 33, the surface vorticity is equal at 8=0° and 8=360°. The periodic boundary condition
discussed in Section 3.1.3 forces this condition. In addition to this, the peak values of the
vorticity on the lower (180°<6<360°) surface increases with increasing rotation speed for
both Reynolds numbers, but no such defined trend is seen for the upper surface
(0°<60<180°). Figures 32 and 33 also show that the peak values for the upper surface are
higher than those on the lower surface. Note that previous works have also reached the
same conclusions. Tang and Ingham3? present the same figures for steady flow over a
constantly rotating cylinder. The results from the time-accurate solver are in great
agreement for Re=60. However, there are a few discrepancies for the Re=100 case. The
trend is off near the periodic cut, especially for 2=0.1. These results were taken after
t=100s. It is likely that a longer amount of time was needed to develop the correct trend for
the higher Reynolds number. The difference is likely not attributed to the variation of the
mesh sizes. Previous works3? have shown that the results for the surface vorticity
distribution are nearly mesh independent for (2<1. Kang et al.3 presented the mean
vorticities around the cylinder surface for various rotational speeds. Current results follow
their trend, but the magnitudes disagree greatly. This is probably due to the fact that Kang
et al.3 used a different relation to calculate the surface vorticity than the boundary
condition used in this study (see Section 3.1.3). Additionally, Fig. 32 and Fig. 33 only
represent the surface vorticity at t=100s rather than the mean surface vorticity for the
entire process. Fig. 32 and Fig. 33 show a negative and positive peak values at at 6x2130°
and 0x230°, respectively. Additionally, a comparison between the figures reveals a higher
surface vorticity for increasing Reynolds numbers. These trends are consistent with

previous works3.
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Figure 32: Effect of rotation speed on the surface vorticity distribution at t=100s. Re=60.
Left: Fig. 5, Ref. [30]. Right: Current work.
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Figure 33: Effect of rotation speed on the surface vorticity distribution at t=100s. Re=100.
Left: Fig. 6, Ref. [30]. Right: Current work.
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The effect of the rotation speed on the surface vorticity distribution for Re=200 is
shown in Figure 34. The general trend is similar to that for the lower Reynolds numbers
(see Fig. 32 and Fig. 33). The magnitude of the peak value for the upper surface is greater
than that of the lower surface. The peak positive value occurs in roughly the same location
for all the rotation rates investigated. In contrast, the peak negative value varies with the
rotational speed. These results are generally in good agreement with previous works®. The
biggest discrepancies come from the lower rotation speeds, especially for 2=0.5. The
surface vorticity for this rotation speed should be lower than that of a stationary cylinder at
the periodic cuts (6=0°=360°). For 2=1.5, the surface vorticity appears to level off until
approximately 50°; it should gradually increase here instead. Lastly, the peak values vary
slightly from the previous works. The differences are likely attributed to the time step
selected for the plot. The previous works plotted the surface vorticity for steady-state
solutions, whereas Figure 34 is the surface vorticity at the final time from the solver.
Taking into account that the lower rotation rates are fully periodic by 250 s, it is likely that
an average surface distribution over a complete period would have yielded even better

results for these speeds.
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Figure 34: Effect of rotation speed on the surface vorticity distribution at t=250s. Re=200.
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Periodic Rotation

Flow past a rotationally oscillating cylinder has grasped interest in the literature
where the focus was to control the vortex shedding in the bluff body wake. Among the
many control methods mentioned in Ch.1, rotary oscillation “may effectively modify the
wake structure under some resonant circumstances built from the interactions between
the rotary oscillation and natural vortex shedding”4. The flow around a rotationally
oscillating cylinder is controlled by two forcing parameters: the maximum rotational speed
and the forcing oscillation frequency. These are given in Eq. (89) below.

_ Omaxd

- 2u
- (89)
Std == ff_d

Uco

In this work, the cylinder is forced into oscillatory rotation according to the following

relation
Uyt (t) = N sin(2mSt,t) (90)

The flow behind the rotationally oscillating cylinder can be categorized into two regions
depending on its rotational speed and forcing frequency. These two categories are known
as the lock-on and non lock-on regions. The flow is in the lock-on region if the vortex
shedding matches the forcing frequency; if this does not occur, the flow is non lock-on*.
Choi, et al.# performed an in depth investigation of the effect of these parameters on the
two regions. Their work can be reviewed in Ref. [4]. The flow regimes determined by Choi
et al.* were used as a guide for the many periodic rotation cases considered in this work.
However, there were some discrepancies, and the lock-on and non lock-on regions for the
rotationally oscillating cylinder according to the present solvers are shown in Figure 35.
This flow regime was determined using both the time-accurate and the harmonic balance

solvers. As seen in Figure 35, the non lock-on regime for the present work occurred for
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slightly lower Strouhal numbers. The few discrepancies can likely be attributed to
differences in mesh size and applied boundary conditions. Once again, the flow is
considered to be in the lock-on region if the vortex-shedding frequency matches up with
the forcing frequency during the simulation. If the frequencies do not match, then the flow
is considered to be in the non lock-on region. This can be determined by inspection of the
temporal lift coefficient. If the lift coefficient is periodic with only one frequency, then the
flow is lock-on. If there is clearly more than one frequency displayed in the temporal lift
coefficient, then the flow is non lock-on. This is clear in Figures 36 and 37, where Fig. 36
shows a lock-on case and Fig. 37 presents a non lock-on case. The flow region can also be
determined with the use of a Fast Fourier Transform (FFT) on the temporal lift coefficient.
As one can see in Figures 38 and 39, this transformation reveals the frequencies in the lift
coefficient. Figure 38 shows the FFT for the lock-on case presented in Fig. 36. There is only
one spike in the frequency, which indicates that the shedding frequency has matched the
forcing frequency of the cylinder (Stq). In contrast, the FFT for the non lock-on case (see
Fig. 37) is shown in Figure 39. The transform reveals two peaks in the lift coefficient for
this non lock-on case. As the frequencies have not locked-on, one peak matches the forcing

frequency (Stq); the other reveals the vortex shedding frequency.
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Figure 35: Present results for the flow regime of a rotationally oscillating cylinder. The
dashed line represents the delineation between the lock-on and non lock-on regions from
previous works#.
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Figure 36: Time-accurate solution for a rotationally oscillating cylinder in the lock-on
region. Re=100, 2=1.5, 5t4=0.2. From top to bottom: streamlines, vorticity, temporal lift
coefficient.
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Figure 37: Time-accurate solution for a rotationally oscillating cylinder in the non lock-on
region. Re=100, 2=1.5, 5t4=0.6. From top to bottom: streamlines, vorticity, temporal lift

coefficient.
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Figure 38: Fast Fourier Transform of the temporal lift coefficient in the lock-on region.
Re=100, 2=1.5, 5t4=0.2.
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Figure 39: Fast Fourier Transform of the temporal lift coefficient in the non lock-on region.
Re=100, 2=1.5, 5t4=0.6.

4.2.2 Harmonic Balance Method

As discussed in Section 3.2.2, the harmonic balance method is especially useful for
temporally periodic flows. Rather than marching through a specified amount of time steps,
the harmonic balance method involves the solution of the flow field at sub-time levels. The
temporal periodicity of the flow is hence used to gather snapshots of the flow at different
sub-time levels over a single period. The harmonic balance method as described in Section

3.2.2 only converges when there is one fundamental frequency in the problem. Because of
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this constraint, the harmonic balance solver was only used to consider rotationally
oscillating cylinders in the lock-on region as prescribed by Fig. 35. Thus, the forcing
parameters and applied periodic rotation are the same as those discussed in Section 4.2.1
(see Eqg. (89) and Eq. (90)). The results from the harmonic balance solver can be directly
compared to lock-on solutions from the time-accurate solver in Section 4.2.1. Figures 40,
41, and 42 show the streamlines, vorticity contours, and force coefficients of a harmonic
balance solution, respectively. The figures show seven sub-time levels, which are equally
spaced over one oscillation period. The discrete points in Fig. 42 represent the harmonic
balance solution for the force coefficients for each sub-time level, while the line is an
interpolated curve between the sub-time levels. Equation 76 is used for this interpolation
(see Section 3.2.2). The same periodic case for the time-accurate solver was shown in
Figure 36. The lift coefficients from the harmonic balance solution are compared to the
time-accurate solver in Figure 43. This figure shows that the solutions from the two solvers
are in good agreement. However, the computational cost varies greatly between the time-
accurate solver and the harmonic balance approach. Previous investigators determined
that the harmonic balance method scaled computational cost nearly linearly with the
number of sub-time levels used in the solution!>17.18, If inner iterations are used to drive
down the residual in the time-accurate solver, then the code becomes very computationally
expensive. The runtimes for this solver are overnight versus three hours for the harmonic

balance method.
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Figure 40: Streamlines of the harmonic balance solution in the lock-on region for 7 sub-
time levels. Re=100, 2=1.5, St;=0.2.
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Figure 41: Vorticity contours of the harmonic balance solution in the lock-on region for 7
sub-time levels. Re=100, 2=1.5, St;z=0.2.
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Figure 42: Force coefficients of the harmonic balance solution in the lock-on region for 7
sub-time levels. Left: Lift coefficient. Right: Drag coefficient. Re=100, 2=1.5, St4=0.2.
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Figure 43: The coefficient of lift from the harmonic balance solver (‘0’) compared to the
temporal lift coefficient from the time-accurate solution (‘-). Re=100, 2=1.5, St4=0.2.
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Many previous investigators have studied the effects of periodic rotation on the
force coefficients of the cylinder. Protas and Wesfried3¢ investigated the mean drag
coefficient as a function of the Strouhal number for Re=150. They did not see a drag
reduction beneath that of the uncontrolled flow, and thus posed the theoretical question of
whether this feat was possible. When looking at previous works, it becomes clear that drag
reduction beneath the stationary value is possible and has been observed in the
past*11.1213.37 Choi et al.# found that the drag forces reach a local minimum near the
boundary between the lock-on and non lock-on regions. Cheng et al.13 saw a drag reduction
below that of the stationary cylinder for a flow of Re=200. Tokumaru and Dimotakis!!
performed experiments to investigate the effects of forced rotary oscillations for flow at a
Reynolds number of 15,000. They saw a decrease in the drag coefficient by a factor of 6
compared to the unforced case. Shiels and Leonard!? performed computational simulations
to verify previous experimental results. They suggested that a forced oscillatory control is
most efficient at higher Reynolds numbers. A slight drag reduction beneath the stationary
value was achieved in this work even though lower Reynolds numbers were used. The
harmonic balance solver was validated against the experimental results of Thiria, Goujon-
Durand, and Wesfried37, who showed a drag reduction beneath the stationary value for
Re=150. Thiria et al.3” used two non-dimensional forcing parameters: the forcing amplitude
(A) and the frequency ratio fi/fo. The natural frequency of vortex shedding (fo) was given as
0.98 Hz for Re=150. The Strouhal number and rotational speed are the two parameters
used in the harmonic balance solver. The forcing frequency was determined with a specific
ratio, and the corresponding Strouhal number was determined using Eq. (89). The
maximum rotational speed (£2) was chosen to match the forcing amplitude (4) in the

previous work. In these cases, the rotation of the cylinder was imposed by

Upor = L cos(2mSt t) (91)

Figure 44 shows the normalized mean drag coefficients for various frequency ratios plotted

with the results of Thiria et al.37, where Cpo is the mean drag coefficient of the stationary
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cylinder. For the most part, the drag ratios match the experimental results. The largest
discrepancies occur at fz/fp=0.8, 5.0. In these instances, the computational results do not fall
within the error bars set by Thiria et al.3” [t is possible that the harmonic balance solver
does not completely resolve the complexity of the flow field at these ratios. Despite the
discrepancies in the results, it is clear that drag reduction is accomplished for Re=150. For
frequency ratios greater than 2, the coefficient of drag is reduced beneath that of the
stationary value. It should also be noted that, in contrast to the experimental results, the
harmonic balance solver does not find a local minimum around f;/fp=3.5. This fact will be
re-visited in Section 4.3.2. The vorticity contours from the harmonic balance solver can be
compared to the flow visualizations of Thiria et al.3” Figures 45 and 46 show this
comparison for fi/fo=1.5 for two harmonic balance sub-time levels near the half-period. In
both cases, the vortices are being shed alternatively off the cylinder. Figures 47 and 48
show the flow visualizations for a higher frequency ratio. Figure 47 shows the vorticity
contour for the first harmonic balance sub-time level, while Fig. 48 shows a sub-time level
near the half-period. The vorticity contours are very graphically similar to the experimental

results at this frequency ratio.
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Figure 44: Validation of harmonic balance solver with experimental results of Thiria et al.3”
Re=150. 0=2.
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Figure 45: Comparison of unsteady flow field for Re=150. 2=2, fi/fo=1.5. Left: Experimental
results3’ at t=T/2. Right: Harmonic balance solver at t=4T/7.

0 5 10 15
Figure 46: Comparison of unsteady flow field for Re=150. 2=2, fi/fo=1.5. Left: Experimental
results3’ at t=T/2. Right: Harmonic balance solver at t=3T/7.
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Figure 47: Comparison of unsteady flow field for Re=150. 2=2, fi/fo=3.0. Left: Experimental
results3’ at t=T/6. Right: Harmonic balance solver at t=T/7.
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Figure 48: Comparison of unsteady flow field for Re=150. 2=2, fi/fo=3.0. Left: Experimental
results3’ at t=T/2. Right: Harmonic balance solver at t=4T/7.
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The relationship between the mean drag coefficient and the Strouhal number was
investigated for Re=100 at various rotational speeds. During this investigation, a sweep of
the forcing frequencies (Stq) was performed for chosen rotational speeds (£2). Because
these runs were performed using the harmonic balance method, only frequencies from the
lock-on region were considered (see Fig. 35). The Strouhal number was normalized with
the natural vortex shedding frequency (Sto) for Re=100 flow, while the mean coefficient of
drag was normalized with the stationary value determined from the harmonic balance
solver. In this stationary case, the rotational speed was set to zero and the Strouhal number
was set to the natural vortex shedding frequency. The cylinder was rotated for the first 20
iterations to trigger the vortex shedding. Once the cylinder was stationary, the vortices
locked on to the natural vortex shedding frequency, and the stationary mean drag
coefficient was determined from the harmonic balance solution. These drag coefficient
results are shown in Figure 49. Only a slight drag reduction beneath the stationary value

was observed for Re=100 at the higher rotation rates.
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Figure 49: Effect of the forcing frequency on the mean drag coefficient in the lock-on region
for Re=100.
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Previous works analyzed the relationship between the mean drag coefficient and
the forcing frequency for a cylinder in rotary oscillation*13. Choi et al.* saw a maximum in
the mean drag coefficient near Sts~Stp and a sharp decrease in the force coefficient with an
increasing forcing frequency. The results in Figure 49 agree with this trend. The maximum
value occurs in the vicinity of Stq/Sty=1 for the lower rotation rates. Fig. 49 also shows that
the maximum occurs at lower forcing frequencies for higher rotation rates. As the
rotational speed increases, the maximum value not only increases in magnitude but also
occurs closer to the lower boundary of the lock-on region. Past the peak drag coefficient,
there is a sharp decrease with increasing forcing frequencies towards the upper boundary
of the lock-on region. These trends in Fig. 49 agree with the previous works*13. Choi et al.#
also observed a local minimum in the mean drag coefficient near the boundary between the
lock-on and non lock-on regions. Past this local minimum, they observed a gradual increase
in the force coefficient with increasing forcing frequencies in the non lock-on region. This
effect was investigated in the present work with the time-accurate solver. The harmonic
balance solver was used to investigate the mean drag coefficient in the lock-on region. Once
the upper boundary of the region was reached, the time-accurate solver was used to
investigate the mean drag coefficient in the non lock-on region. Figure 50 shows the
relationship between the mean drag coefficient and the forcing frequency across the lock-
on region boundary. For this rotational speed, the minimum occurs in the non lock-on
region. The drag coefficient gradually increases with increasing forcing frequencies past

the local minimum.
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Figure 50: Effect of the forcing frequency on the mean drag coefficient across the lock-on
region boundary. Re=100, 2=2.0.

Previous investigators have discussed the distribution of the lift coefficient
amplitude, for various rotation rates'438. Baek and Sung!# investigated the flow over a
rotationally oscillating cylinder of Re=110, while Lu38 examined the flow for Re=300. Both
works found that the maximum lift coefficient for a cylinder in periodic rotation was
greater than that of the stationary case. Lu38 found that the peak lift coefficient corresponds
approximately to the natural shedding frequency. However, Baek and Sung!#4 saw that the
maximum lift coefficient occurred at slightly lower frequencies as the rotational speed was
increased. Figure 51 shows the distribution of the maximum lift coefficient in the lock-on
region for various rotational speeds. The previous works only investigated the maximum
lift coefficient for lower Strouhal numbers. The harmonic balance results qualitatively
match the previous works for the lower frequencies. The results agree with the work of
Baek and Sung'# as the peak values occur at lower Strouhal numbers for increasing

rotational speeds. Additionally, the maximum lift coefficients increase as the rotation rate
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is increased. The harmonic balance results indicate a sharp decrease in the maximum lift
coefficient near Sty/Sto=1. Following this sharp decrease, the peak coefficient tends
towards the stationary value as the Strouhal number increases. The peak coefficient gets
closer to the stationary maximum lift for higher rotation rates. In all cases, Fig. 51 indicates
a clear lift enhancement over the stationary value for lower forcing frequencies.

Figures 49 and 51 reveal a trade-off when considering the goals of lift enhancement
and drag reduction for a rotationally oscillating cylinder. If the ultimate goal is lift
enhancement, then drag reduction beneath the stationary value will not be achieved.
According to Figure 51, the best frequencies to achieve lift enhancement would be those
below Stq/Sto=1. However, drag reduction beneath the stationary value does not occur
below this frequency ratio (see Fig. 49). The opposite is true for the goal of drag reduction.
The drag reduction is greatest at the boundary between the lock-on and non lock-on

regions. Unfortunately, this is also where the lift enhancement is the lowest.

-==0=0
——(=1.2
Q=15

== (1=2.0

0 0.5 1 15 2 2.5 3
St,/St,

Figure 51: Distribution of the maximum lift coefficient in the lock-on region for Re=100.
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4.3 Sensitivity Analysis

A finite difference sensitivity analysis was conducted with the harmonic balance
solver for a periodically oscillating cylinder in this work. The mean coefficient of drag was
chosen as the objective function, and the Strouhal number was the investigated design
variable. The goal was to use finite difference sensitivity analysis to determine a value of
the Strouhal number, which resulted in a reduced mean drag coefficient. The sensitivity
analysis was performed with two iterative techniques: Newton’s method and the Steepest
Descent approach. The general process for the sensitivity analysis was discussed in Section
3.3. For both of these iterative techniques, an initial Strouhal number was chosen, and the
drag coefficients and the sensitivity information were determined through a harmonic
balance solution. The iterative solution should continue until the drag coefficient is
minimized. However, neither approach converged to a minimum drag coefficient with the

harmonic balance solver.

4.3.1 Newton’s Method

Tables 3 and 4 show the results of the sensitivity analysis using Newton’s method.
For each case analyzed, the drag coefficient continued to decrease for increasing forcing
frequencies until the Strouhal number was in the non lock-on region. As discussed in
Section 4.2.2, the harmonic balance solver cannot converge for a flow field with multiple
frequencies. Thus, the sensitivity analysis was approaching a minimum. However, it
eventually led to a Strouhal number in the non lock-on region at which point the harmonic
balance solver diverges. The relationship between the mean drag coefficient and the
Strouhal number was investigated for Re=100 at various rotational speeds in Section 4.2.2.
During the investigation, a sweep of the Strouhal numbers was performed for chosen
rotational speeds. Figures 52 and 53 show the Newton’s method sensitivity results
imposed on the sweeps for the two rotational rates considered. Figures 52 and 53 also

show the relationship between the mean drag coefficient and the forcing frequency across
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the boundary of the lock-on and non lock-on regions as seen in Section 4.2.1. It was
determined that a minimum drag coefficient occurs near the boundary between these
regions or in the non lock-on region. The hope was that the sensitivity analysis would
converge to a minimum near the boundary but not make the jump into the non lock-on
region. Relaxation was used to try to attain this. However, the results show that the non
lock-on region was reached for both cases investigated. Although the Newton’s method
implementation was not converging to the minimum mean drag coefficient, the accuracy of
the analysis was checked visually by imposing the calculated slope onto the sweeps
performed in Section 4.2.2. Figure 54 shows the slope from the first iteration of the
sensitivity analysis imposed on the sweep of the mean drag coefficient for 2=1.2. This
visual investigation shows agreement between the sensitivity analysis and the sweep

information.

Table 3: Sensitivity analysis using Newton’s method with relaxation. Input parameters:
0=1.2, 5t;=0.2, R=0.4.

i] st Co(i) Ch (i) ch i) Sta(i+1)

1] 0.2000000 | 1.4066794 | -5.8254735 | -9128708.9 | 0.1999997
2 [ 0.1999997 | 1.4062244 | -5.8255056 | 125.740209 | 0.2185316
3] 0.2185316 | 1.3387919 | -2.8308257 | 57.8213166 | 0.2381148
4] 02381148 | 1.2914174 | -2.0789944 | 30.7721514 | 0.2651392
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Table 4: Sensitivity analysis using Newton’s method with relaxation. Input parameters:

0=3.0, §t4=0.5, R=0.4.

i Std(i) CD(i) C]S (1) C]')' (1) Stq (i+ 1)
1 0.5000000 1.2217191 2.6025389 605965.71 0.4999982
2 0.4999982 1.2217913 2.6962855 -833828.27 0.4999995
3 0.4999995 1.2217905 2.6257032 -820994.65 0.5000008
4 0.5000008 1.2217819 -1.0735970 72485.06 0.5000067
5 0.5000067 1.2217777 -1.0882703 75426.62 0.5000125
6 0.5000125 1.2217736 -0.7111327 5.8167559 0.5489149
7 0.5489149 1.1868311 -0.6433922 3.3617930 0.6254683
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Figure 52: Comparison of Newton’s method sensitivity analysis to frequency sweep.
Re=100, 0=1.2.
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Figure 53: Comparison of Newton’s method sensitivity analysis to frequency sweep.
Re=100, 2=3.0.
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Figure 54: Slope from the first Newton’s method iteration imposed on a sweep of mean
drag coefficients in the lock-on region for 2=1.2. (See Table 3).
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4.3.2 Steepest Descent Approach

Tables 5 and 6 show the results of the sensitivity analysis using the Steepest Descent
approach. Note the smaller relaxation values used for this approach as compared to those
used in Section 4.3.1. The relaxation factor is necessary for this technique, and the solution
is very sensitive to the selection of this value. A smaller relaxation factor will slow down
the convergence, but a large relaxation factor will cause the solution to diverge. Tables 5
and 6 reveal the same trend as those in Section 4.3.1. Once again, the mean drag coefficient
decreases with increasing Strouhal number, and there is a jump into the non lock-on region
where the harmonic balance solution does not converge. This jump occurs very quickly for
the lower rotation rate seen in Table 5. Table 6 shows that it takes many more iterations
before the jump occurs for the higher rotation rate. Figures 55 and 56 show the Steepest
Descent optimization results imposed on the sweeps for the two rotational rates
considered. The jump into the non lock-on region is shown clearly in these figures.

The harmonic balance solver was validated using the experimental results of Thiria
et al.37 (See Section 4.2.2). These results are re-visited for a sensitivity analysis with the
steepest descent approach. The Strouhal number was still used as the design variable, and
the frequency ratios were determined using Eq. (89). Two sensitivity analysis runs were
performed with different input frequency ratios. The first run took approximately three
days to perform 8 iterations, while the second run took approximately half the time to
perform 4 iterations. Figure 57 shows these results imposed on the experimental results of
Thiria et al.37 Fig. 57 reveals the accuracy of the sensitivity analysis. However, it was noted
in Section 4.2.2 that the harmonic balance solver did not result in a local minimum near
f#/fo=3.5. The mean drag coefficient continued to decrease for higher frequency ratios (see

Fig. 44). This is consistent with the sensitivity results for Re=100.
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Table 5: Sensitivity analysis using Steepest Descent with relaxation. Input parameters:

0=1.2, 5t4=0.2, R=0.01.

i Sta(i) Co(i) Ch (i) Sta(i+1)

1| 0.2000000 | 1.4066794 | 1.1798754 | 0.1882012
2 | 0.1882012 | 1.4908582 | -4.3371748 | 0.2315729
3] 02315729 | 13061828 | -2.2398071 | 0.2539710

Table 6: Sensitivity analysis using Steepest Descent with relaxation. Input parameters:

0=3.0, §t4=0.5, R=0.01.

i Sta(i) Co(i) 5 (i) Sta(i+1)

1] 05000000 | 1.229717 | 0.5262837 | 0.4947371
2 | 04947371 | 1.2349264 | -0.9113841 | 0.5038510
3| 0.5038510 | 1.2268018 | -0.8639971 | 0.5124909
4] 0.5124909 | 1.2199779 | -0.8082558 | 0.5205735
5| 0.5205735 | 1.2138357 | -0.7688445 | 0.5282619
6 | 0.5282619 | 1.2082243 | -0.7355727 | 0.5356177
7 | 0.5356177 | 1.2030528 | -0.7064294 | 0.5426820
8 | 0.5426820 | 1.1982559 | -0.6802085 | 0.5494840
9| 0.5494840 | 1.1938244 | -0.6563166 | 0.5560472
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Figure 55: Comparison of Steepest Descent sensitivity analysis to frequency sweep.
Re=100, N=1.2.
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Figure 56: Comparison of Steepest Descent sensitivity analysis to frequency sweep.
Re=100, 2=3.0.
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Figure 57: Comparison of Steepest Descent sensitivity analysis to the experimental results
of Thiria et al.37 Re=150. 2=2.

The results from both iterative techniques reveal a limitation for sensitivity analysis
using the harmonic balance solver. The drag coefficient values decrease with each
successive iteration, but after some time the harmonic balance method is no longer useful.
The harmonic balance solver is obviously limited to the lock-on region. On the other hand,
it runs significantly faster than the time-accurate solver when it is valid. This sensitivity
analysis took anywhere from overnight to multiple days, depending on the mesh size.

Whereas a time-accurate solution would take at least a week as compared to a couple days.
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Chapter 5: Conclusion

The flow over a circular cylinder was considered in this work. Both steady and
unsteady flow were analyzed in which the cylinder was either stationary, in constant
rotation or in periodic rotation. Three flow solvers were developed in this study including a
steady solver, an unsteady time-accurate solver, and an unsteady harmonic balance solver.
In all cases, the physical domain was transformed to a computational domain such that far-
field conditions could be directly applied to the boundary. The transformed Navier-Stokes
equations were solved using an implicit method, which lead to a nonlinear, coupled system
of discrete governing equations. This nonlinear system was solved using Newton’s method.

Even though steady solutions are not physical for Re=47, their results provided good
initial solutions for the unsteady flow solvers. Thus, the steady flow over a stationary
cylinder was analyzed for higher Reynolds numbers. The solution of the steady cylinder
revealed results that were consistent with the expectations of a stationary cylinder in
steady flow. For each case investigated, two symmetric vortices were attached to the
cylinder. The vortices grew in size as the Reynolds number was increased. The steady flow
over a cylinder in constant rotation was also considered. This work revealed a linear
relationship between the lift coefficient and the rotational parameter for low rotation rates.

The majority of this work was focused on the unsteady flow over a circular cylinder.
Here, rotation was used as an active control for the unsteady flow with the goals of
achieving lift enhancement, drag reduction, and the suppression of vortex shedding. The
time-accurate solver was first used to investigate the flow over a cylinder in constant
rotation. The temporal lift coefficient was investigated for multiple Reynolds numbers with
a wide range of rotation rates. This force coefficient eventually became fully periodic for
rotation rates beneath a critical value due to vortex shedding. The flow field arrived at a
steady state for moderate rotation rates, and eventually returned to a periodic state for
much higher rotation speeds. These results revealed a desirable characteristic for the flow
over a cylinder in constant rotation. When the temporal lift coefficient reached a steady

state, the vortex shedding was completely suppressed. This confirms that rotation can be
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successfully used as an active control for the unsteady flow over a cylinder. Relatively large
mean lift coefficients were also achieved for a cylinder in constant rotation via the Magnus
effect. The present work saw an increase in the mean lift coefficient for increasing
rotational speeds. Investigation of the mean drag coefficient revealed a drag reduction
beneath the stationary value for all rotation rates considered for Re=200. However, the
mean drag coefficient decreased with increasing rotation speeds up to a critical rotation
rate for a Reynolds number of 100. Past this point, the mean drag coefficient increased
beyond that of the stationary cylinder. This revealed a relationship between the goals of
drag reduction and lift enhancement. There were no apparent trade-offs for the higher
Reynolds number; in that case, the lift enhancement and drag reduction occurred
concurrently for all rotation rates investigated. However, there was a trade-off for Re=100
past the critical rotation rate. Drag reduction and lift enhancement occurred
simultaneously for rotation rates below the critical value. Past this value, both force
coefficients increased with increasing rotational speeds. It is possible to achieve lift
enhancement for rotation rates past the critical value, but this positive effect will be
opposed by an increase in the drag coefficient.

The flow over a rotationally oscillating cylinder was also studied in this work. This
temporally periodic flow was analyzed using both the time-accurate and the harmonic
balance solver. The flow regime for a periodically rotating cylinder can be characterized
into two regions: the lock-on region and the non lock-on region. The flow is considered to
be in the lock-on region if the vortex-shedding frequency matches the imposed forcing
frequency. If the frequencies do not align, then the flow is determined to be non-lock on.
The two unsteady solvers were used to determine the flow regime for the rotationally
oscillating cylinder, which slightly differed from previous works. A Fast Fourier Transform
was performed on the temporal lift coefficient to reveal the frequencies of the flow field.
The transform of a lock-on case resulted in only one frequency peak, while the non lock-on
case revealed two distinct peaks. These two peaks corresponded to the vortex shedding
frequency and the forcing frequency, which have not locked-on to each other. The

harmonic balance method used in this work only converges for temporally periodic flows
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with one fundamental frequency. Therefore, the harmonic balance solver was used to
investigate rotationally oscillating cylinders in the lock-on region. The mean drag and lift
coefficients were investigated with the objective of finding drag reduction and lift
enhancement beyond that of the stationary value. Drag reduction was achieved for Re=150.
While only a slight drag reduction was recorded for Re=100 for certain rotation rates. The
minimum mean drag coefficient occurred either near the boundary of the lock-on region or
in the non lock-on region. This limited the capabilities of determining a minimum average
drag coefficient with the use of the harmonic balance solver. The distribution of the
maximum lift coefficient was also considered. The results revealed an increase in the
maximum lift coefficient with an increase in the rotation rate. As the forcing frequency was
increased, a sharp decrease was noted near the natural vortex shedding frequency; the
maximum lift coefficient continued to decrease past this point. This investigation into the
force coefficients revealed a clear trade-off for the lift enhancement and drag reduction for
a rotationally oscillating cylinder. The best frequencies for lift enhancement were those
beneath the natural vortex shedding frequency. However, drag reduction beneath the
stationary value was not observed for those frequencies. On the other hand, the drag
reduction was greatest at the boundary between the lock-on and non lock-on regions,
which corresponds with the lowest maximum lift coefficient.

Lastly, a finite difference sensitivity analysis was performed for the periodic case
using the harmonic balance solver. In this work, the drag coefficient was chosen as the
objective function, and the Strouhal number was the designated design variable. The goal
was to use the sensitivity analysis to determine a value of the Strouhal number that yielded
a minimum mean drag coefficient. The sensitivity analysis was performed with two
iterative methods, but neither method converged to a minimum drag coefficient with the
harmonic balance solver. While the sensitivity analysis was approaching a minimum, it
eventually lead to a Strouhal number in the non lock-on region at which point the harmonic
balance solver was no longer useful. The limitations were clear for the harmonic balance

solver. However, it ran significantly faster than the time-accurate solver when it was valid.
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A similar sensitivity analysis with the time-accurate solver may have minimized the drag

coefficient, but it would have taken a notably longer time to do so.
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