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Abstract

Currently strongly coupled systems present the greatest challenge to theoretical
physics. For years conventional methods of approach have failed to describe these
systems analytically. In recent years it has been shown that there is a duality between
weakly coupled and strongly coupled systems, the Gauge Theory/Gravity Duality.
In this dissertation I will discuss how the AdS/CFT is used to describe strongly
coupled condensed matter systems as well as present the work done by the author

and collaborators.
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Chapter 1

Introduction

1.1 Introduction

The AdS*/CFT' correspondence, which was discovered in the late 90’s, was initially
used to describe strongly coupled systems in Heavy Ion physics. Recently it has been
shown that we can also use this correspondence to describe condensed matter systems
as well. In this thesis proposal I will review what the AdS/CFT is and its history. I
will give a very brief overview of the history and theory of Superconductivity. I will
show some of the major results when this correspondence is used to describe a system
that superconducts. Finally I will discuss my work so far, as well as a future program

of research.

*AdS stands for Anti de Sitter space. In the vacuum Einstein’s equations are R, — %ng +
Agu, = 0 where R, and R are the Ricci Tensor and Scalar, respectively, g, is the metric, and A
is the cosmological constant that defines the global structure of the space. If it is zero the space is
flat, if it is positive the space is de Sitter space(a Lorentzian sphere), and if it is negative the space
is Anti de Sitter(a Lorentzian hyperbolic space).

TA conformal field theory is a theory that is invariant under conformal transformations, e.g.
rotations and dilations. As a result the theory is scale invariant and ((g) = E g—g = 0, where g is
the coupling constant of the theory.



1.1.1 AdS/CFT

In recent years much research has been done in the area of gauge theory /string theory
duality, where the string theory is a weakly coupled theory and the gauge theory that
it is dual to is strongly coupled. The most successful of these is the AdS/CFT duality.

Some examples are
o type IIB on AdSs x S3 x T*
e M-theory on AdS, x S7
e type IIB on AdSs x S°
e M-theory on AdS; x S*

These theories are all dual to a superconformal field theory in 2,3,4, and 6
dimensions, respectively. The equivalence between a gravitational theory in the bulk
and a gauge theory in the boundary requires that both theories have exactly the
same symmetries. If the space is empty then it is at zero temperature and so is the
boundary CFT. If we wish to explore the thermodynamic properties of the boundary
CFT then we must introduce thermodynamics in the bulk. It’s long been known that
black holes have temperature and entropy, so if we place a black hole in the bulk we
introduce temperature into the system. The temperature of the black hole is then
the temperature of the dual field theory. The duality is made holographic since the

partition functions of each theory are equivalent(1)

Zads = ZcFr (1.1)

This means that all of the information of the black hole becomes translated at the
boundary. The AdS/CFT dictionary (2)(3) tells us how fields in the bulk translate
to observables in the CFT.



Table 1.1: A few examples of the AdS/CFT Dictionary

Bulk CFT

Scalar Field-¢» | An observable- (O)
Gauge Field-A, | A current -J,
Metric-g,,, Stress Tensor-T),

In this manner all of the physics in one system is included in the other system(this
works both ways, while most research is currently directed at describing strongly

correlated CFT’s, this could also be used to make predictions about quantum gravity).

1.1.2 History

In 1993 't Hooft laid the ground work for gauge/gravity dualities(4) along with
Susskind in 1994(5). While these papers concerned a 3 dimensional space that is
entirely described by a 2 dimensional space, the idea of the world existing as a
Hologram took a foot hold in the string theory community. The first gauge/string
duality was proposed by Banks, Fischler, Shenker and Susskind, who showed that M-
theory was dual to N = oo supersymmetric matrix quantum mechanics(6). In 1997
it was shown by Maldacena(7) that the large N limit of certain field theories was dual
to a quantum theory of gravity. In particular he was able to show that N' =4 SU(N)
Super Yang-Mills in 4 dimensions was dual to AdSs x S°. In the case of N' = 4 Super
Yang-Mills the supergroup is SU(2,2|4)*, which is the same supergroup that describes
type IIB string theory, and thus these 2 theories are dual to each other. Witten was
then able to make this correspondence more precise(3), and showed how correlators

in the dual CF'T arose from the Gravity Action. In the large N limit the theory in the

bulk is classical, and the higher order corrections to the CFT, %, %, ..., correspond
to quantum corrections and require quantum corrections to the theory in the bulk.

Because of this we can use classical gravity in bulk to do our calculations.

A superalgebra SU(m|n) contains the subalgebra SU(m)xSU(n)xU(1). If n=m U(1) decouples.



So far this duality has found applications in Heavy Ion Collisions resulting in
quark gluon plasmas, and in strongly correlated condensed matter systems, mainly

superconductivity, though there have been other applications.

1.1.3 Heavy Ion Collisions

For the last several decades scientists have tried to create a state of matter thought
to occur in the earliest stages of our universe, the Quark Gluon Plasma. In the last
decade though scientists at the Relativistically Heavy Ion Collider at Brookhaven
claim to have created a QGP (they are the first so far and we are still waiting on
independent confirmation from the LHC). Standard attempts to describe the QGP
using QCD have failed because the QGP forms at a temperature where the quarks
are still strongly correlated and is deep within the non-perturbative regime of QCD.
Since it is a strongly coupled system AdS/CFT is used to investigate the system. In
2001 Policastro, Son, and Starinets(8) showed that the duality between type IIB and
SYM could be used to calculate the shear viscosity of a strongly coupled fluid which
is applied in the context of quark gluon plasmas. You will note that SYM and QCD
are in fact two different theories and realistically we would want to have a theory that
was dual to QCD. People have been working on this, but currently this program has
not born much fruit(9; 10). There are good reasons though to use SYM to describe
the QGP. In this regime QCD and SYM have several features in common that make
SYM an attractive model to describe QGP(11). One of the more interesting results
to come from this study is that there is a lower bound on the ratio of viscosity to

entropy density of a strongly coupled fluid(12)

> (1.2)

w |3

1
4m
It has been shown that the QGP seen at RHIC does not violate(and actually comes

very close to) this bound(13).

For further reading a few reviews are (14; 11; 15)
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1.1.4 AdS/CFT and Condensed Matter

Starting in 2007 the AdS/CFT was applied to quantum critical transport(16)
showing that the AdS/CFT could be useful in exploring transport properties in
2+1 dimensional systems. This led to a few papers exploring the Hall effect(17)
and the application to the Nernst effect(18; 19; 20). In 2008 Gubser showed that
with a charged scalar field could you could break gauge invariance of a black hole,
suggesting that it could superconduct(22). Following up on this Hartnoll, Herzog,
and Horowitz(23) showed that in the absence of backreaction that this model did
in fact have a second order phase transition and were able to demonstrate that the
model was able to support AC current that were qualitatively like those found in
superconductors, and that the DC conductivity was infinite. Then depending on
which boundary condition you chose,defining the theory that lives on the boundary,
the absence of backreaction caused the theory to have two different behaviors as
T — 0. In the probe limit as T — 0 one of the theories has a divergent energy gap.
It was later shown that this was fixed when backreaction was allowed and the full

Einstein equations were solved(24).



While these papers were able to go to low temperatures, in both cases the
numerics broke down, in most cases at Tlc ~ .1 and the ground state was inaccessible.
Two papers appeared at roughly the same time in which the problems were fixed
numerically(25; 26) and later on the ground state of the probe limit was investigated
analytically by us(27). With the ground state accessible, exploration of the Fermi
surface has begun(29).

After it was discovered that these systems could in fact superconduct the next
question was what kind of superconductor were they? In the BCS theory of weakly
coupled superconductors, 2F, = 3.54T, at T=0. It is well known that strongly coupled
superconductors have a much larger value of E,. (30) showed that this was in fact the
case with holographic superconductors. Another question was: what happens when a
magnetic field is applied? Most high T, superconductors (all of the cuprates-the most
studied class of strongly coupled superconductors) are type-II superconductors. It
was shown (24; 32; 33) that holographic superconductors were in fact type-II. These
studies were done with a 2+1 holographic superconductor, and the problem has not

been looked at in 341 dimensions(34). So far the program has been very promising.

1.2 Superconductivity

1.2.1 Weak Coupling

Conventional superconductors were discovered at the turn of the 20" century. These
consisted of mainly type-I superconductors, where below the critical temperature the
superconducting state can be completely destroyed by an applied magnetic field. In
1950, Ginzburg and Landau proposed the GL-theory of superconductivity, and in
1952 Abrikosov showed that another type of superconductor can exist, one in which
there is a mixed state that occurs between a lower critical magnetic field and an upper
magnetic field. These are known as type-1I superconductors. While Landau’s theory

explained a lot about superconductivity, it was not a quantum theory and did not



explain the mechanism which causes the phase transition (in fact it doesn’t care, GL
theory is still used today to describe strongly correlated superconductors as well).
In 1954 Leon Cooper had the initial insight that allowed the problem to be solved

microscopically (46). He said that given the Hamiltonian of two electrons

h
H= =0 (V4 V3) +V(r,r) (1.3)

we can approximate the potential as a constant and no matter how small that
constant is there is always at least one bound state and the electrons form (Cooper)
pairs. This assumes the electrons have energy no more than Er + hwp, where wp
is the Debye frequency which defines the maximum frequency at which a lattice
can vibrate (and therefore the maximum speed with which phonons can propagate).
Since the transition temperature is directly proportional to the Debye energy, there

is a maximum theoretical limit on T, for weakly coupled superconductors.

1.2.2 Strong Coupling

In the 1980’s it was discovered that superconductors existed with 7.’s higher than the
theoretical maximum predicted by BCS theory. Because of this (and other factors)
the binding mechanism is thought to be different in these materials. The cuprates,
the most well studied of these HT¢ superconductors, is effectively a 241 dimensional
system. For more than 2 decades it has withstood efforts to create a model that
explains the binding mechanism and the normal state of the system which isn’t a

Fermi liquid(36).

1.2.3 Ginzburg-Landau Theory

In the Ginzburg-Landau Theory of Superconductivity(37) the initial assumption is
that there is some complex order parameter which minimizes the free energy of the

system. We care not how the order parameter arose, just that it was due to a second



order phase transition. Following from the Landau theory of second order phase

transitions we can write down the free energy density of the system.
1 o ]2 2 4
f =t 5 (V= 20D +alyl + Byl (14)

We include terms up to the fourth order and the first spatial derivative’. f, is the
free energy density of the normal state. Varying f with respect to i) we get

1 >|2
(26w|2+0z+—‘V—i2qA‘ )wzo (1.5)
4m
Note there is a surface term that gives a boundary condition. % gives the current

jo 4 (w* (v . zzq,af) w) (1.6)

2m

These are the celebrated Ginzburg-Landau equations.

If we consider a spatially homogeneous system with a very weak magnetic field,
then Vi)=0 and eqn.(1.5) has the solution |¢)|* = —%- Note that the trivial solution,
1 = 0 must be approached as T' — T, and therefore « is a function of T'— T.. We
can derive the London equation

2¢° o =

VxVxB=VB=cVxj=dr— (1.7)
m 3

and therefore the penetration depth is

o (8%)% (13)

§A few motivations for chosing a free energy density of this form are the free energy must be real
and cannot depend on the phase of 1)




Note that at T, the penetration depth diverges and magnetic lines fully penetrate the

sample. The correlation length of the bound electrons is given by

€r) = (ﬁ) (19)

We can derive the Ginzburg Landau parameter from this. It is the ratio of these two

0 m (Bm 3
n—g—?<ﬁ) (1.10)
1

This parameter defines what type of superconductor is described. For k < 7 it is

numbers.

type-1, and for kK > % it is type-I1. k is independent of the temperature.
It was shown by Gor’kov in 1959 (38) that G-L theory can be derived from BCS
theory.

1.2.4 Thesis Outline
Outline of Chapter 2

In this chapter we will begin by introducing the problem that we are interested
studying and build the frame work needed to study the problem using the AdS/CFT
correspondence. We will span the parameter space and show that an instability
arises in our system that leads to a second order phase transition. We will first look
at the probe limit in an isotropic space, and will later allow our matter field to be
anisotropic corresponding to a charge density wave. We will then look at the extremal
limit of Reisnner-Nordstrom AdS where isotropic fields are allowed to back react on

the geometry.

Outline of Chapter 3

We will begin by looking just below T, to learn about the transition from the normal
state to the superconducting state. Then, we will look at the system in the low

temperature limit. We wish to study two particular regimes of our system. In both

9



regimes numerical results are not adequate to describe these systems, and we use
analytical tools to derive new results. Specifically, we are interested in determining
when the backreaction from our matter fields on the geometry can no longer be
ignored. We will then look at what happens when the charge of the scalar, which is

thought to be analagous to a Cooper pair, vanishes.

Outline of Chapter 4

Using the results from Chapter 3, we will apply an electromagnetic perturbation
to the system. This will allow us to study the linear response of the system and

determine its transport properties.

Outline of Chapter 5

Finally we will conclude with a summary and outlook for future work.

10



Chapter 2

Phase Transitions

Let us consider the system given by the action

R+dd—1)/2 1

S = /dd“\/—g { 16rC — ZFWF’“’ — (0, —igA )V — m?|W?|  (2.1)

where F' = dA, [ is the AdS radius, which we can set to one, and G is the gravitational
constant.

We shall work with the metric ansatz

1 dz2
—F(2)e XD + di? +

ds? =

=5 (2.2)

where z € (0, 1] with z=0 corresponding to the AdS boundary, and z has been scaled
such that z=1 corresponds to the black hole horizon, f(1) = 0. Z € R¢"!. For now

let us concentrate on isotropic electric and scalar fields

A=d(2)dt, U=0(z) (2.3)

11



The equations of motion that follow from this action are given by

@”+{X5/—d;3}®’—2§?2® — 0
—%x’ + 207 ¢ 726]2?22@26)( = 0
£@/2+%2®/26X_%f;/+d(d2— 1)fz—21+m;z\gz+q2\lf22?2ex _ 0 (24)

The d=3 and 4 cases of are particular interest because they correspond to in plane
(cuprates and pnictides) and bulk superconductivty, respectively.

Near the boundary (z — 0) we must recover the AdS metric, therefore we have
x—0, f—1 (2.5)
Integrating the equations of motion for the scalar and electric potential leads to
U~ U A pay— pt? (2.6)

where ) are two integration constants corresponding to two expectation values of
conformal dimension AL, u is the chemical potential and p is the charge density. A

is related to the mass of the scalar field

2
and
(On,) = V20U (2.8)

Where the normalization factor of v/2 is choosen to conform to existing literature. For
m? < —% (Breitenlohner-Freedman (BF) bound (42)), AL have an imaginary part

and the system is unstable. For —% <m? < —% + 1, both modes are normalizable.

12



While a linear combination of these modes is allowed by the field equations, it turns
out that any such combination is unstable (47). However, if the horizon has negative
curvature, such linear combinations lead to stable configurations in certain cases (39).
Thus, the system is labeled uniquely by the dimension A = A;. For m? > —% + 1,
only the mode of scaling dimension A, is normalizable. It follows that A = A_ > %

(unitarity bound)(40). At the horion we require that
P(1)=0 (2.9)

This is a gauge choice is made so that A = ®dt is regular at the horizon (22).
Finally we demand regularity of ¥ as z — 1. This can be achieved by applying

Eq. (2.9) to the scalar equation of motion giving

f(W'(1) = m*P(1) (2.10)

This leaves us with a one paramater family of solutions. We find it convient to
allow that parameter to be

P (2.11)

Where T is given by the Hawking temperature of the black hole

(f(z)e—x(z)ﬂ)’

T = — 2.12
g (2.12)
z=1
If instead of an isotropic ansatz we choose
U=U(z,z) A= A(z,z)dt (2.13)

13



we have the following equations of motion

202 2A
A// _ A ax —

—— —— =20 2.14
T r2h (2.14)

n2 A2 om? or\l
v —— =¥ - —— |V -— =0 2.15
* (h z) * (riiﬂ z2h) * r2h ’ (2.15)

2.1 Probe Limit:q — o0

In the probe limit the matter fields decouple from gravity, ie they no longer effect the

geometry and we can work in a fixed background. Expanding in large q we have

\y:%[%+%+.__]
o= s ]
f:f0+%+
X:X0+%+--- (2.16)

It is convenient to write

W) = —bAP(), b= (qON)A

NG (2.17)
In the probe limit* we have
fo=1—2% xo=0 (2.18)
and the equations of motion become
—Fé’+% L_dzd —1—24 F5+%Fo—ﬁ®gﬂ)zo
o ¢ R S 62?2_2(;1) F2dy=0  (2.19)

*When talking about the probe limit we will often drop the subscript ”0”

14



For T' > T. a solution to these equations exist, ' =0, ® = \(1 — 2¢72) with )\ being
an integration constant. As we approach 7T, we can treat F as a perturbation and we

can find A by solving the eigenvalue problem given by

1 d 2 .,d—2 1— d—2)\2
— R+ { —1—2A]Fg+1 Ry =)

21— 2 —zd (1 —24)2

Fy (2.20)

With this redefinition our bondary conditions become F'(0) = 1 and F’(0) = 0 for all

A. \? minimizes the expression

_ [dz 22A-dH {(1 — 2O F(2)? + Azzd_2F0(z)2}

A2 - (2.21)
[ dz z28-d+1 (l_lz_dde)QFo(Z)2
We can obtain an estimate of the eigenvalue by using the trial function
Fo=F,=1—az"! (2.22)

This obeys our boundary conditions, F,(0) = 1, F/(0) = 0 and F is regular at
the horizon. From figure 2.1 we see that the trial function provides a very good
approximation for solution obtained from direct numeric integration. Of interest is
that the limit, A — Agp = ¢ is well defined and we are able to saturate the BF

2
bound.

2.1.1 Anisotropy

If instead of a homogenous system we consider one in which the charge density is no
longer constant, but instead being sourced by a modulated charge density wave we
are able to study the effects of inhomogeneity in our system. This modulation is done
as an outside perturbation. This differs from the case of charge density waves studied

in AdS/CFT (60), for which a mechanism exists that allows for SDW to exist from
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Figure 2.1: The critical temperature 7, vs the scaling dimension A for d = 3 (left
panel) and d = 4 (right panel). Data points represent exact values; solid line is
obtained by minimizing (2.21) with the trial function (2.22).

first principles. We shall pick as our ansatz

n>0
OAN0) LA
U= < j% i_A ZF(")(Z) cos nQx (2.23)
+ n>0

(2.24)

with

> =1, (2.25)

n>0
And with each mode subject to our previous boundary conditions.

For our analysis, we will only concetrate on 2 Fourier modes, then 6) = §
andd(® = 1 — §. This way § controls the amount of in homogeniety in the system,
with 6 = 0 corresponding to the homogenous case. Above T, the order parameter
vanishs, but the modulation is still present, therefore we can use the solutions to the
field equation
v n? Q? o B

S (2.26)

o
r2h

to provide solutions for ¥ using either a variational method or perturbation theory.
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Variational Method
The equation of motion for the scalar field can be written as

/

f 202 F(n)” + (hZZA—2>/F(n) + [(h . 1)A2 . nQQizQ} »28—4 p(n)

2

S —|(1- 52 AOPF®) _ §(1 — §)A® AW (Fn=D) 4 pntD)
52 2
+ ZA<1> (F=2 4 2F™ 4 pOt2)) 1 (2.27)

where . (Q.) is the chemical potential (wavenumber) in units of the horizon radius

at the critical point,

:uc:lu ) QC:Q

Tye Tye

(2.28)
Looking at the n = 0 equation, the eigenvalue p. minimizes the expression

Ji dz 2227 {R22(FO)? — (h — 1)A? (F0)?}

[} dz 252 FO{(1 - §)2A0? FO — 25(1 — §) AO AW FO) 4 & A0 (F(0) +( F(2>>)}'
2.29

e =

Since at large @, it is expected (and numerical study confirms) that F(© > F() p®)

the above expression reduces to

[ dz 22274 {2 (FO)? — (h — 1)A% (F©)?)
il dz 222 (FO)2{(1 - §)2A0° 4 £ A0
[ dz 2227 {h2(FOY? — (h — 1)A? (F©)?}

Jy d= 257 (1= )2 A0 (PO 4 FERD ok

2A—T1
Qe

)

(2.30)

Q

In the absence of a homogeneous term in the chemical potential (6 = 1), Eq. (2.30)

becomes

22A

b tea—n 9 /Old“““* {n2(FO — (- 1)A (P} (2.31)

17



Using the trial function F© =1 — a2?, we obtain

) 228 <2A2—3A+62 A?

_ A 2A—1
Fe=1oa—1) \2par1) © _A+1O‘+E>QC ' (2:32)

The minimum is attained at

A%Z(2A +1)
— 2.
T AT (2AT_3A16) (2:33)
which results in the estimate
2A—1 2
© I'(2A—-1) (A+1)%2(2A2-3A+6) ¢

Recall that for the above derivation to be valid, we needed Q. = 1 (i.e., Q = T.).

~

Therefore, p. 2 1. Since

~

Qe =4

2
(&
He

(2.35)

Q
W

it follows that for A > %, Q/p < 1, suggesting that there is a critical value of () above
which there is no phase transition. This sudden drop in the critical temperature has
been observed in the numerical studies, see Fig. 2.2.

For A < %, we deduce the estimate of the critical temperature,

T, 3 [ 2A71A 2MTHOA 6 (B Q\ T 2.3
o 4r |[D(2A —1) (A +1)2(2A% — 3A +6) [ ‘ '
For A =1, we have p? = 1.7 Q. and
T. 0.14

Thus the critical temperature has a power law behavior in the large @ limit. Of
course, this is only an estimate of T.. Nevertheless, the exponent of () is confirmed
by the perturbative method to be discussed later, which yields not only the exponent

but also the multiplicative coefficient accurately in the case 6 = 1. We shall also

18
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Figure 2.2: Critical temperature 7, for 6 = 1 and A = 2 obtained numerically. For
A > 3/2, there is a critical modulation Q*, at which 7T, discontinuously drops to zero.
Here, Q* = 0.288 . The lower branch in ) < Q* regime is unstable.

compare this with the numerical results to assess the accuracy of the results of the
variational method.
In the presence of a homogeneous term in the chemical potential (6 # 1), Eq.

(2.30) becomes

o _ Jodz?HR2(FOP — (- A (RO
e T T T (1 g2 (1— 22 (FO)?

CJo a2 {RP(ED) — (b= 1)A (FOPFTRA-1) & (2.38)

[fol dz 2572 (1 0)2 (1 — 2)? (F(o))z] ’ 28 QT

where we have approximated the second integral in the denominator by evaluating
the integrand near the horizon. We note that the subleading term is not exponentially
suppressed as suggested, based on numerical calculations (58), but is a power law in
@. This is to be contrasted with the 1/log @) behavior seen in the weak coupling BCS

calculation (59).
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Since the second term in the last line is subleading, we can find the eigenvalue .

by first minimizing the leading term using a trial function
FO =1 — a2 (2.39)

For A =1, the minimum is attained at o ~ 0.24, which yields

1.27 0.94 52
— — : 2.40
The critical temperature is
T. 07862
£ 021(1—-6)+ 0.07807 (2.41)
1 Q/n

We note that in obtaining the last line of Eq. (2.38), we have assumed that the
first term of the denominator is much greater than the second one. Obviously, this
assumption is not always valid. In particular, it is easy to see that the limit 6 — 1

does not commute with the large () limit.

Perturbation Theory

To gain more insight, let us solve the equation of motion for F© by treating the
electrostatic potential as a perturbation to a leading order solution, which is nothing
but that of a scalar field on an AdS Schwarzschild black hole without any background
U(1) gauge field

oo2(A -1 A?
RO 4 (ﬁ N %) O _BZp0 g (2.42)

Here, FO(O) is the leading term of the solution. Strictly speaking, this perturbation
is valid only when 6 ~ 1, however, as we shall see in a bit, the result is a good

approximation even when ¢ is far away from unity.
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The solution that satisfies the correct boundary conditions at z = 0 is

A A 2A
V=R (2, 5528 2.4
0 21(3,373,2 ) ( 3)

where o F) is the Gauss hypergeometric function. There is another solution, which

corresponds to the solution with the correct boundary conditions for A — 3 — A

B =570, (3;A,3_3A; 2<3;A);23). (2.44)

Using perturbation theory, we obtain the next leading order solution, which is given

by

2 z / z /
O\ _ Mg ) dz =0 A Lo 20 dz' 0 A Lo
Fi7(z) = 3_9A (Fo (2) /0 228 Fy 3 o = Fy (=) /0 EESIN Fy 7 Fy

3 _IUC2A <F0(0)(Z) a(z) — FO(O)(Z) a(z)) ) (2.45)

where
52 AW?
5

Alz) = (1 —6)2 A© ¢ (2.46)

As both FO(O) and FO(O) diverge logarithmically at the horizon, we obtain the

following singularity for the full solution

FOZ-1) = F2% 1)+ F% > 1) +---

_ r) 1 wam] DY) ke
~ log(l—z){FQ(?’%) {Hs—m} [ (E3) 32 (2.47)
where
T2A —1) &2
a(l) = (1 _5)2 a(()O) ( 92A ) QgA—l’
. . 162
a(l) ~ (1-0)2a" + o7 (2.48)
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with

1 2
d 1—
o0 = / 2 F(O)( z) RO

0 22 2A h ’
1 2
_ dz =~ (1—2)
0 0 0
a” = /ZHAFO“ - Y. (2.49)
0

In obtaining Eq. (2.48), we have approximated the subleading integrals by evaluating
the integrand near the boundary z = 0.

Requiring regularity at the horizon, we obtain

1 1 2
2 —2A\T

E

N[

2(3—
5 << >) e

(
P(2 5 ) o) =8 ()t ) rea-y
2 (%5 28) 12 (38) 2283 -2A) QA

(2.50)

A
3
A

°°|l> Sl

I'(

where we have dropped the term proportional to 1/Q? on the last line. Both terms
in Eq. (2.50) are small, but to connect this result with the result from variational
method Egs. (2.40) and (2.36), we make two different approximations in which one
is a lot larger than the other.

When the first term is significantly larger than the second one, for A = 1, we have

, L19 0914
fe = 0=02  (1-61Q.

(2.51)

which agrees well with Eq. (2.40). We would like to emphasize that this agreement
is valid even when ¢ is far away from unity.

When the second term is significantly larger than the first, we have

, L) (52) 223 -24) @
TR () TR 7 25



For A =1, § = 1, we then have p? = 1.55 Q. and

T, 0.15
_ 0o 2.53
pooQ/u (2.53)

which agrees with the previous result obtained by variational method Eq. (2.37).
We would like to note that for § = 1 and A > 3/2, Eq. 2.52 does not have any
solutions. This is related to the fact that for 6 = 1 and A > 3/2, there is a critical
@* such that T.(Q > Q*) = 0, as we have mentioned earlier.
Let us also comment on the A = 1/2 unitarity limit, which is singular. To

approach it, we introduce a cutoff A in @-space. From Eq. (2.50), we have

)
1 _ 1 — (%) ( ) F(QA — ]') 62 (Q1—2A o A1—2A) (2 54)
2@ Bh) T(R) T () 256 2A) @
If A > 1/2, we can safely take the limit A — oo, in which A'=?24 — 0 and j.(A) has
a finite limit. This is not so for the case of A = 1/2. Taking the limit A — 1/2, we

have

1 1 } CI2(3) D(3) o2 A (2.55)

hm — = log —

{MC(Q) 2N TRy @) 4 T
which shows that the limit A — oo is not well defined and that for A = 1/2, the
chemical potential is no longer a physical quantity. A well defined physical quantity

would be

¢ Lo reres s
M05G [12@) TR ()1

Lastly, let us compare the critical temperatures obtained by the variational and
perturbative methods with the numerical result. This is depicted in Fig. 2.3. The
agreement between the results obtained by analytical methods and the numerical
results for ). = 3 is remarkable. We also show the critical temperature as a function

~

of @/ u for different values of ¢ in Fig. 2.4.

23



=15
S Yls

0.4 0.1
o.12[ [
I 0.17}
0.10[
[ 0.16]-
008 [
I 015
006 I
L L L
5 10 15
QC

Figure 2.3: The critical temperature as a function of @), for A = 1. The black lines
are obtained by numerical analysis and the dashed red lines, which are closer to the
numerical results, are obtained by perturbative method.
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Figure 2.4: The critical temperature as a function of @/ for A = 1. The black solid
lines, dashed red lines and the dashed blue lines are obtained by numerical analysis,
perturbative method and variational method, respectively.
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2.2 The Limit of Neutral Scalar Hair:q — 0

The other limit of interest is ¢ — 0. In the probe limit, we found that a variational
method produced extremely accurate results when it came to finding the critical
temperatures. For values of ¢ >> 0 numerical integration allows for accurate results.
However, as ¢ — q. this is no longer the case and we must leverage analytical methods.
In the following we outline two different analytical methods. The first is most accurate
for larger values of A. The second method seems to be accurate for all values of A.

In this limit one naively expects T, — 0. Since the q is thought to be analgagous
to the charge of a Cooper pair (24), one would expect if the charge vanishes that you
no longer have something analogous to a cooper pair. In initial studies it was shown,
via numerics, that T, ~ 0 when ¢ = 0. However, the numerics weren’t enough to
determine whether it was zero or not. Restricting our discussion to d=3, we consider
a more general action

R+6/L* 1 _ .,
5— /d4 l 16é TR E 1D —moP |, (257)

where D, = 0, —iqgA,. We consider a complex scalar field

¢ = %zpeiq@. (2.58)

where 1 and 6 are real. The action then becomes

1 1
=3 / diz/—g {R 6= SFME,, = 000" + 09,0 — A,)° - m%p?}
(2.59)

This action is invariant under the local U(1) transformations

A, — A+ 0w, —0+w (2.60)
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We can fix the gauge by setting # = 0. This action is more general than our previous
one, because we are allowed to continue ¢? to negative values. This doesn’t change
the bounary conditions.

The Hawking temperature is

T___ T o (2.61)
P Amy/—2(0)

As before, below T, the equations of motion admit non-vanishing solutions for
the scalar field and y. Above T, the system has a well known solution, a Reisnner-

Nordstrom black hole given by

fl)=1—(1+ %2)23 + 'Ozzz‘*, (2) = p(1 — 2) (2.62)

whose Hawking temperature is given by

T 1 P
; 47r\/ﬁ(3 ) (2.63)

2.2.1 The Critical Temperature

To find the critical temperature we will solve the equation of motion of ¥ in the RN

background.

" f/ 2 / q2(1>2 m2 o
\If+[?—;}\lf+[f2 _W}‘I’—O (2.64)

We know from numerics, see (24), that the regime that we are interested in, ¢ — 0 is

near extremality

P_3 T=0 (2.65)
The near horizon solution to Eq.(2.64) behaves as

1 ’ 3+ 2m?
U~ (1— 2)%, 5i:—§i% q* — +4m

(2.66)
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This near horizon behaviour is due to the AdS; x R? geometery near the horizon of

our black hole. In this limit the BF bound is given by

2o 3+ 2m?

¢ >— (2.67)

as long as q and m satisfy this relationship there are potential instabilities that can

lead to condensation of W.

m?=-2

Let us concentrate on a particular value of m? for now, the results are qualitatively
similar to what is found other values of m? but are simplified considerably. Let us

consider a critical temperature near extremality

2

p ey — = :i
;=3 T=Th=_ (2.68)

where ¢ < 1.
To find T, and therefore € we need to solve the system in 2 regimes, near and
far horizon regimes. In the far field limit, the background is approximated by the

extremal background, and solutions are

Ve -2\
()
X F (—5_ + 2\/2(], —5_ — i—q; —20_:22] 1=z ) +cc (2.69)
3 V3 z— 2

where zg, 2 are the 2 non real roots of f(z). The multiplicative constant C is complex,

Z— 20 Z— 20

VU, — C z (z—zo)

we can fix its phase, but |C| will remain arbitrary since the field equation is llinear in

v,
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To find the near horizon solution on must excercise care. We begin by making the
coordinate transformation

e=1-2¢ (2.70)

The horizon is at ¢ = 0.
The metric becomes

a¢?

1
d82 - —€2C(1 + C)dt2 + m

-5 +di® + ... (2.71)

where we only consider terms that are linear in €. The Hawking temperature is

obviously unchanged by this transformation. The electrostatic potential reads

@:%@r... (2.72)

we can expand the field equation near the horizon in €, throwing away second order

terms and higher

" p 1 ¢
CA+ OV + (2¢+1)¥ +3 {1+q2m} v (2.73)

where here primes denotes differentation with respect to (. The acceptable solution

near the horizon (the other is not regualr) is

Uyoon(C) = A(L+ OYUV3R(—5,, —%, 5 —%; 1 =) (2.74)

This is a real solution (Im(W¥,,., = 0)) and can be shown using the identity
Fla, psye) = (1=a) ™ F(y — o,y = Bi7;2) (2.75)

Now that we posses a full solution set we need to fix the integration constants. Our
bondary conditions are found by matching the soutions at an arbitrary point (it turns

out that it doesn’t matter where, as long as its near the horizon), W;,,(z — 0) ~ 22,
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Figure 2.5: The critical temperature T, as a function of ¢ found by a numerical
solution (dashed) and an analytic one based on hypergeometric functions (solid) for
A =1 (left panel) and A = 2 (right panel). T, — 0 as ¢* — —1.

and that W,,...(¢ = 0) is regular. This will give us a solution that is unique up to an
arbitrary normilization since the U satisfies a linear equation of motion.
To match the solutions we should expand W,,.q, in the limit that ¢ — oo and W4,

in the limit that z — 1. We have

g ~ C(1 — 29)°- < ZO) (1—2)" +cec.. (2.76)
1— 20
and
I'(—1—-20_
\Dnear ~ A ( iq ) iq <6+ + c.c., (277)
[(—0- = F)0(=0-+ %)
Using (2.70), we deduce the relation
2v/2—i

¢= Ar<_5_i<%>}ffi .y (§) 0w (1 - ZO) T e

Finally by choosing either A, or A_ we can uniquely determine € as a function of ¢?
As you can see from figure (2.5), as expected T, goes to zero as ¢ — g.. One thing

to note is that the small € approximation breaks down when A — Ay = %.
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The Variational Method: A better result

For other values of A there does exist closed form analytical solutions in the form
of Heun functions. However these prove to be too unwieldy and we have to employ
different methods to find solutions.

With this in mind we shall analyze this limit using a variational method. To that
end Hartnoll et al.(24) attempted this type of analysis and were able to obtain good
results for A = 1, but due to their choice of trial function were unable to find a good
solution for A = 2. We have greatly improved upon this, and have found a trial
function which works for all allowed values of A.

As before we start by rewriting W

U= 7 AF(z) (2.79)

We will treat ¢* as the eigen value and for a given p we have
¢ == (2.80)

where

2 1_2)2

)
N = / dz 2272 [fF,Q + Az(A + A%(l —2) — pzz)FZ] . D= p2/ dz Z2A—2( ; 2
(2.81)
We will work with a trial function of the form
Fryo1- 0 (2.82)
a8 — (Z_ _ Z)ﬁ .

It turns out that for any value of A and « that [ is always % for the values of q
and m satisfying our instablity conditions, so we end up with a one parameter family

of solutions.
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The critical point ¢* can be found by considering the extremal case (p*> = 12).

Substituting the trial function 2.82 into 2.81, we obtain

N = —3_2A2<3_A)a21n(z_—1)+no(a)+(’)(\/z_—1)>

D = —2a°In(z_ — 1)+ do(a) +O(/2_ —1). (2.83)

The functions ng(a) and dy(«) can be found explicitly, but will not be needed for our
purposes.
In the extremal limit z_ — 1, we obtain from Eq. 2.80,

, 3-2A(3-A) 1

and therefore ¢*, which is given by (2.84) in the limit 2 — 1, is in agreement with
expectations from geometrical considerations at the horizon (Eq. (2.67)).

The above conclusion is valid as long as @ # 0. In general, setting o = 0, one
obtains a value of the ratio (2.80) which is higher than the minimum, validating the
above conclusion. However, for sufficiently small A, the value of the ratio (2.80) at
a = 0 is lower than the value (2.84). In this case, the minimum is attained at o = 0.

We deduce the critical point (in the limit z_ — 1),

2 no(O) %ZO
_ — 3AA—1)(2A — 1 .
Te = 4(0) (A=1) )%%F@A “LL2A D)

(2.85)

The two possible critical coupling constants ¢> are plotted in figure 2.6 as functions

of the scaling dimension A. The two critical lines meet at Ay which solves

3—2A(3 — A) >
= —30o(Ag — 1)(2A0 — 1 B
4 0(Ao — 1)(240 )%iF(QAo—lalﬂAO?i) 28
Numerically,
Ao~ 0.64 . (2.87)
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For A > Ay, the critical point is given by (2.67), whereas for A < Ay, it is given by
(2.85). We have instability in the shaded region of figure 2.6 (above the minimum of
the two critical lines for each A). Notice that even in the range A < Ay, we have
q? < 0, with ¢> = 0 at the unitarity bound A = 0.5. Therefore Reissner-Nordstrém
black holes are unstable against neutral hair down to the unitarity bound, contrary
to what one would expect by geometrical considerations at the horizon. This result
is confirmed by a numerical calculation of the critical temperature as a function of ¢?

for various values of A (figure 2.7).

o

0.04+

0.02-

065 0.70

0.55

-0.02 -

Figure 2.6: The critical coupling constant ¢* vs. A (boundary of the shaded region).

The above results show conclusively that we have instability for all ¢*> > ¢

Indeed, for a given ¢* > ¢2, define the action

S=N-¢D, (2.88)

with A and D given in 2.81. The action S is extremized (65 = 0) by the solutions

of the wave equation (2.64). It becomes negative for trial functions corresponding to

32



eigenvalues (coupling constants) ¢* < ¢, since
S=(F-¢)D<0. (2.89)

This shows that we have instability above the critical point (¢? > ¢*). By the same
argument, below the critical point (¢* < ¢?), we have S > 0, since ¢*> > ¢* > ¢* for
all trial functions, therefore no instability against scalar hair.

We obtain analytic expressions for the critical temperature as a function of ¢* for
given A by using (2.12). These expressions are compared with numerical data in figure
2.8. We obtain excellent agreement (the curves are almost indistinguishable) both
near and away from the critical point, as shown in figure 2.8. The variational method
is superior to the numerical solution as we approach the critical point (7, — 0),

because the latter becomes unstable there.

0.15

0.10

7 \77777 L L L L

—-0.010 —-0.008 —0.006 —-0.004 —-0.002

Figure 2.7: The critical temperature vs. the coupling constant ¢? for A =
0.634,0.578,0.525,0.501 (curves become steeper as A decreases).
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Figure 2.8: The critical temperature 7, found by a variational method (dashed)
compared to numerical results (solid), for A = 1 (left panel) and A = 2 (right panel).
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Chapter 3

Superconducting Phase

We are interested in what happens to the system as in the superconducting phase.
For Tl >> () numerics produce results with few errors, however as Tl — 0 numerical
errors grow large enough that the results can’t be trusted. We will be using analytical
techniques to explore the system in the probe limit, with anisotropy, and in the

extremal limit with back reaction. We will then compare our results to numerics.

3.1 Immediately below T,

Near T, the order parameter is small, so we can expand the electric potential ® in it,

let
O 2
o = A(l—zd_2)+< 2A> x(2) (3.1)
. d—3 ~ 372 m
V=T = PR ) where B(:) = i (32)
n:lz
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Figure 3.1: The parameter 7 that determines the condensate near the critical
temperature vs. the dimension of the condensate A (eq. (3.6)).

With x(1) = x/(1) = 0, to find the temperature we need to find p = py+ @pg from

eqn (2.6), to this end we can rewrite our equation as

(2172X) = AP (2) F2(2) (3-3)
X = zd_3/ dz A\2CA7 1D (2) F2(2) (3.4)

It follows then that
p2 = / dz A\zBA7 1D (2) F2(2) (3.5)

therefore the condensate near the critical temperature is

(Oa) = AT (1 - %) , 7= \% (%)A (3.6)

Using the trial functions (2.22), for A = 1 d = 3, we obtain from (3.5), C ~ 0.54 and
v =~ 11.4 to be compared with the exact v = 9.3 (23). Similarly, for A =2 d = 3, we
find C ~ 0.07 and v ~ 133 to be compared with the exact v = 144 (23). In fig. 3.1 we
plot the analytic prediction (3.6) for the parameter v as a function of the dimension

of the condensate A with d = 3. Notice that v diverges as A — 3.
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3.2 The Limit T"— 0

3.2.1 Probe Limit

In the probe limit we seek solutions to (2.19) for all values of Tl The energy gaps
exhibit three different types of behavior depending on the conformal dimension of the
condensate. For A, the matter fields do not significantly backreact on the geometry,
for A_ backreaction does effect the system and care should be taken. Finally for
App, numerics suggest that E, remains finite as 7' — 0, but instead of approaching
a constant value, it increases linearly.

In our orginal paper (27) we concentrated on d = 3 and were able to find
approximate solutions that provided very good results when compared to numerics.

In (28) we generalized our solutions to d dimensions using an iterative method.

Approximation

We will be concentrating on d = 3, we will generalize to other dimensions later with
using an iterative method. As T' — 0, we expect a simple scaling, ¥ = U(bz), & =
®(bz) where b — oco. Then scaling z — z/b and letting b — oo, the field equations
(2.19) simplify, since the dominant contribution comes from the neighborhood of the
boundary (z = 0). Thus at low temperature we obtain the simplified system of

equations

2(1 — A d2
L 20-4)

ol F'—=F =0
z ry
2
@/1_<02AA> F22’2(A_1)(I) = 0 (37)
Ty

where we restored the original coordinate z (before scaling).
This system of coupled non-linear equations is to be solved subject to the boundary

condition at the horizon

3F'(1) + A*F(1) =0 (3.8)
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as well as those at the boundary, F'(0) = 1 and F'(0) = 0.
For A = A_ < 3/2, numerical results indicate that F' — 1 as T" — 0. Using this
the solution to the field equation (3.7) for & is

(Oa)

= A
Ars

O(2) = AryvzK o (b227) , b° (3.9)

1
2A
The other solution is rejected because it is large at the horizon, contradicting the
boundary condition (2.9). Notice that at the horizon ®(1) ~ e, which is an
exponentially small error in the 7" — 0 (b — o0o) limit.

From the behavior of ® (eq. (3.9)) near the boundary (z = 0), using (2.6), we

deduce .
(=L
Loy Cas) 4 (3.10)
T ARV
The field equation (3.7) for F' becomes
2(1-A
—F" + 2= 8) APbz(K 1 (b22%))*F =0 (3.11)
z
Using perturbation theory, we obtain the solution
F(z) =1— A% / dz 2?07 / d2" (K (b42"7))? (3.12)
0 0

Applying the boundary condition (2.6) at the horizon, we obtain

A2p2(2-4) !

= — xd/ /2(1—A)/x de" 2" (K 1A\ 2
3bF(b) + A2FA(D) Falz) /0 v . ' )

A2

(x

o
Bl

(3.13)
For large b, the denominator scales like b*~22, showing that A ~ v/b. Then eq. (3.10)
implies p/r2 ~ b*2. Since (Oa) ~ (r4b)> (see eq. (4.46)), it follows that

1/A —-1/3
% ~ b/t~ <Z) (3.14)

[
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showing that the condensate diverges as (Op) ~ T~2/3 for A in the range 1/2 < A <
3/2 signaling the breakdown of the probe-limit approximation at low temperatures.

Turning to the case A = A, > 3/2, notice that as we switch from A = A_ to
A = A, the boundary conditions at z = 0 change, but not at the horizon. Thus,
for a given m, the electrostatic potential ® has the same asymptotic behavior for
both A, and A_. In terms of the scalar field, this implies F' ~ 1 near the boundary
(z =0), but away from the boundary

F(2) ~ (b—z)g_m (3.15)

asymptotically (z 2 1/b, where b > 1 is to be determined). Then in the asymptotic
regime, eq. (3.7) for ® has solution (cf. eq. (3.9))

2A-3
D(z) = Ar+\/§K;(b3—AZ3—A) ’ pA — (Oa)a

- 1
2(3—A) (3 _ A)T‘_lA_ (3 6)

Notice that a singularity appears to develop at A = 3 indicating the onset of a
quantum phase transition.

Near the boundary, we deduce the estimate for the ratio p/r,

1
o _ w)
i oMt

Ab (3.17)

However, this is not a good estimate. In fact, it diverges at A = 5/2. We shall improve
on this estimate by better accounting for the behavior of F' near the boundary (where
eq. (3.15) ought to be replaced by F' ~ 1).

The field equation (3.7) for F' is

2(1— A)

—F'"+ FI— A%b2(K_ . (bP2252)2F =0 (3.18)

2(3-A)
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Unlike with A < 3/2, in this case the term involving the electrostatic potential ®

cannot be treated as a perturbation. By rescaling z — z/b, eq. (3.18) becomes

WD ok o (FMPF=0, A=

z 2(3—A)

A
B -
* b

(3.19)
With
A~b (3.20)

Eq. (3.19) is independent of temperature and provides a good approximation to F
and the corresponding eigenvalue Aat T =0. Tt ought to be solved in the interval
(0, 00) subject to the boundary conditions F(0) = 1, F'(0) =0, FF — 0 as z — o0
(see eq. (3.15)). These conditions determine the eigenvalue A.

To estimate fl, note that

A2 _ fOOO dz Zz(A—l)[F/(Z)]2
[ dz 2227 K1 (2378)F(2)]?

2(3-A)

(3.21)

The eigenfunction F'(z) minimizes this expression. We may substitute the trial

function

Fu(z) = (%)m_g tanh (§>2A_3 (3.22)

which obeys the correct boundary conditions. It interpolates smoothly between a
constant value (/' = 1) near the boundary and the power behavior (3.15) away from
the boundary. The parameter « is fixed by minimizing the ratio (3.21). Similar
functions have been considered before (56; 57) but without a determination of the
parameter «. In fig. 3.2 we compare the analytic estimate of the eigenvalue A using
the trial functions (3.22) with exact numerical results. The agreement between the
two is excellent. Notice that the limit A — 3 is singular. A — 0 in this limit. Also,
the parameter « labeling the trial function that minimizes (3.21), which is plotted in

fig. 3.9 as a function of the dimension A, diverges as A — 3.
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Figure 3.2: The eigenvalue A defined in (3.19) as a function of A [solid line]
compared with the estimate (3.21) [dashed line].

For A = 2 the minimum is obtained for o &~ 0.8 which yields A &~ 1.92. In this
case, A can be found exactly because eq. (3.19) can be solved analytically. We find
explicitly

F@):%%P@( gA>Jb<¢§Agﬁ>—Jb< gﬁ>yb< gﬁa€ﬂ (3.23)

which obeys the correct boundary conditions at z = 0. Demanding F' — 0 as z — o0

then yields

%( EA):O (3.24)

showing that

- A 2

~

where & is the first root of the Bessel function Jy. Numerically, A = 1.91, in good
agreement with our earlier estimate.
Restoring b,
o7

F(z) = QbZYo(fo)Jo(foﬁ’_bz) (3.26)
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Figure 3.3: The parameter o that determines the approximation (3.22) to the scalar

field as a function of A.
F

so F(z) =1+ O(2?%), as desired. Away from the boundary (z = 1/b),

mYo(é0)
F(z2) ~ 3.27
() ~ TS (3.27)
which upon comparison with (3.15) yields
a= WY(;(&]) ~ 0.8 (3.28)

in excellent agreement with our earlier estimate.
To calculate the condensate at T" = 0, we need a better estimate of the ratio
(3.17). To this end, we shall solve eq. (3.7) for ® perturbatively using (3.16) with

A = 2 as our zeroth-order solution. We obtain

T o} o’ a
D(2) = /= bzl T G202 L TR ] — o —e2b/
(2) \/gAm e [ + 5 5 e + 5 (—a, 1; a; —e )

2
« 2bz/aF 1— 1.2 —q: — 2bz/a 3.29
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We deduce the ratio

VP ) B o a? Y a? a
Ewb\/g[l—ﬂ . d=a+ +7w< )——¢(——)

sin To

a=7Yp(&0)/2
(3.30)

improving the zeroth-order result \/p/ry ~ /& b (egs. (3.17) with A = 2 and (3.25)).
Numerically, = 0.58 and the condensate at T" = 0 is

149
VACO N B (3.31)
T, " 0118vag

in good agreement with the exact result (Oy)1/2 = 8.37T...
To generalize to arbitrary A > 3/2, substitute the approximation to the function

F,(2) (eq. (3.22)),

1 , 2<«
F.(2) ~ (3.32)
(a/2)*273 | 2>«

into the field equation for the electrostatic potential ® and solve it to find a better

approximation for ® than (3.16). After rescaling, z — z/b, for z > o we obtain

D =P (2) = Abu\/sziA) (572) (3.33)
whereas for z < o,
3—A A 3—A A

providing the estimate for p improving on (3.17),

B, br, ( 3-A )A

3.35
[(1+4 5%) \2Aa2473 (3:35)

p=-

The coefficients B are found by matching the two expressions at z = a. For A = 2 we
obtain By ~ —1.73bry, B_ &~ 1.96br, therefore p ~ 1.43b*r% and /(0,) /T, ~ 7.9,

as before. Fig. 3.4 shows the dependence of the condensate on the dimension A. Our
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analytic estimate is in good agreement with the exact numerical value for most of the
range of A. It becomes increasingly unreliable as A — 3. This is expected from our

estimate of the electrostatic potential (3.34) which is singular in the limit A — 3.

1.6 18 20 22 24 26

Figure 3.4: The condensate at zero temperature as a function of A. The solid line
is our anaytic estimate whereas the dashed line is the exact numerical result.

Iterative Solution

Another analytical method that we can use to solve our system is iteration. We find

solutions in d dimensions, but only consider the A_ theory. We will solve

i L[ _d ey AT ey B e p)
—4p +;[1_2d_1_2A:|F0 _'_]_—ZdFO — m[@o ]FO
A n d—3:m p2A 52(A-1) oo A (n
Py - TR - S [RUPETY = 0 (3.36)
Where
b= (qOx)Y? (3.37)
Motivated by numerics we shall start with
F%) =1, oY% =0 (3.38)
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Figure 3.5: This figure is taken from (25). They have used A as the dimension of the
operator that condenses(I have used A) The left and right figures are qualitatively
similar. The BF bound is saturated for A = 3/2 and 2 for d=3 and 4 respectively. In
(25) they claim that at the BF bound the condensate increases linearly as Tl — 0.

We defined
Do) = pbo(z) . do(0) = 1 (3.39)

where 1 is the chemical potential. We need to fix the integration constants for F as

2
10
05\

—~—

L L L L L, L L L L L, L L L L Ly,
00 0.2 04 06 08 10 0.0 0.2 04 06 08 10 0.0 0.2 04 0.6 08 10

Figure 3.6: The field F' for A = 1.2 (left panel), 1.4 (middle panel), 1.5 (right panel)
and d = 3. Solid curves are first-order analytic expression (3.44), and dashed curves
are exact numerical results (almost indistinguishable) at T'/T,. = 0.1.

well the eigenvalue p. We can do this by imposing the boundary conditions at the
horizon, F™(0) = 1 and that F™ ~ 242" terms are absent, and impose that F(™)

be regular at the horizon. At nth order the solution to the scalar equation of motion
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Figure 3.7: The field F for A = 1.6 (left panel), 1.8 (middle panel), 2 (right panel)
and d = 4. Solid curves are first-order analytic expression (3.44), and dashed curves
are exact numerical results (almost indistinguishable) at T'/T, =~ 0.2.

is given by
/
(Z/)2A+1_df2(zl) [(I)(()n-i-l) (Z/)]2FO”) (Z/):|

~Fa()s / Z T T RORIT IR (340)

A A 2A 24724 A A 2A
==, = = = )2 (R R —) P—
fl(z) <d7d7 d7z> ) f2(z) d —2A ( d7 ’ 72)
(3.41)
where we have used the boundary conditions at z=0. We can use the third boundary

condition at z=1 to fix the chemical potential.

For n=0 we find that

Hl a2 2)A K, - 2)A B
W) - o |5 (5 )zu(gg))”((bi) IS
(3.42)

This satisfies the boundary condition (2.9)Notice that the second Bessel function

has an exponentially small coefficient, O(~ e—sz/A)

, and can be neglected at low
temperatures.

The charge density is found by using (2.6) to be

Po _ I
pd—2 (20)2

(3.43)
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For the scalar field we obtain eq. (3.40) with n =0,

Fo(l)(z) _ ~7:1(Z) [1 i ,U2 /OZ L(ZI)ZA_H_CJ}—Q(Z/)[Ci)(()l)(z/)]z

1— ()
~Re [ (R ()

(3.44)

satisfying the correct boundary conditions at z = 0. At the horizon (z = 1), we have

a logarithmic singularity which is found using

L) re2-22)
Filz)x ——%In(l—2) , Fz)~— d In(1 — 2)
FQ(%) (d—2A)T2%(1 — %)
Near the horizon, we deduce
L(%2) re2-2)
FO )~ — /) 205) — d 200 | In(1 —
where
bodz 2A+1-d H(1) 2 ~
ai—/o T d? E(z)[@o (z)] , 1=1,2
Demanding regularity at the horizon, we need
r(2) r2-2)
1 2 o d 2 =0
Fz(%)( +/J“a2) (d_2A)F21_%)M a’l
which fixes the chemical potential p,
1 2 - %)W(%)
— = a; — as
p(d=28)TCH (1= )
as advertised.
Explicitly,
L 1 (@d=2ra —u)+ L VTAZTIT (LD %)Jr
PR QAR () T T R (d— 22 ()22 T(BR)

47

(3.45)

(3.46)
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(3.48)

(3.49)
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Evidently, for A < g, as < ap for b < 1, therefore

(d—2A)2A)*T (V)T (2)T%(1 - 5)

2 2A+2—d
12~ Ch , C=
(d=2)L(1 = »)[(2 = 22)T2(3)

(3.51)

H2) F2) F2)
10 10
05\\\ 08\
T \\\
0.6 06 ==
\ \\

04t 04f —

02t 02

L L L L Ly L L L L L, L L L L Loy
00 02 04 06 08 10 0.0 02 04 06 08 10 0.0 02 04 06 08 10

Figure 3.8: The field F' for A = 1.2 (left panel), 1.4 (middle panel), 1.5 (right panel)
and d = 3. Solid curves are first-order analytic expression (3.44), and dashed curves
are exact numerical results (almost indistinguishable) at 7'/T. ~ 0.1.
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Figure 3.9: The field F for A = 1.6 (left panel), 1.8 (middle panel), 2 (right panel)
and d = 4. Solid curves are first-order analytic expression (3.44), and dashed curves
are exact numerical results (almost indistinguishable) at T'/T, =~ 0.2.

Before we consider the next iterative order, we note that at finite temperature,
the first-order expression (3.44) is in excellent agreement with numerical results even
at T/T, ~ 0.1, which is the lowest temperature at which a numerical solution is
available. This is shown in figs. 3.8 and 3.9 in which the corresponding curves are
almost indistinguishable, implying that the next iterative order introduces negligible
corrections to the first-order expression (3.44) for temperatures 7'/7, < 0.1.

We can repeat the above steps for the next iterative order to calculate FO(2) and
<i>(()2). The resulting functions are very close to the their first-order counterparts,
showing that the iteration converges rather rapidly. In fact, the second order

quantities are subleading in 1/b. This is the case for all values of the scaling dimension
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A< %l. In fig. 3.10, we show the difference between first and second iterative order

FO(Z)

Fo(l)

Figure 3.10: The second order correction to the scalar field F' for d = 3, A = 1.4
at b =20 (T'/T,. ~ 0.1) (solid line) and b = 200 (7'/T, ~ 0.01) (dashed line).

@)
for d = 3, A = 1.4 (all other values of A are similar). The error, 1 — %, is less
0

than 5% in the entire interval [0,1]. As the temperature decreases from 7'/T,. ~ 0.1
to T'/T. ~ 0.01, the error decreases to less than 0.01. To demonstrate that the error
is subleading in 1/b, in fig. 3.11 we plot it at the mid-point (z = 3) as well as the
horizon (z = 1) (at z = 0 the error vanishes by design). Evidently, it goes to zero as
1/b, showing that the second iterative order introduces subleading corrections at low

temperature.

For the charge density we deduce from (3.43)

po ~ bETA (3.52)
Using
qOa)/2 — 1 r -4
WO ppy . L™ (3.53)
we finally obtain for the energy gap
d/2—A
<qu>1/A T\ ~d/21a-1
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Figure 3.11: The second order correction to the scalar field F for d = 3, A = 1.4
as a function of temperature at the mid-point, z = %, (left panel) and the horizon,
z = 1, (right panel). The horizontal axis corresponds to the temperature range
0.01 < Tlc < 0.1 with T" decreasing to the right.

Figure 3.12: The parameter v in the low temperature expression (3.54) for the
condensate vs A. Curve on left (right) is for d = 3 (d = 4).

showing that the condensate diverges at low tempartures (to be precise, in the regime
1 < b < ¢Y?). The exponent depends on the dimensions of the operator and
spacetime. The expression for the exponent in (3.54) corrects an earlier analytic
result (27). The constant of proportionality v can be found analytically. It is plotted
in fig. 3.12 vs A. As A approaches the BF bound, v — 0, showing that the power
law behavior changes, as we discuss next.

Indeed, at the end point (BF bound), A = %l, we need to exercise care. Letting

A =42 — ¢ we obtain from (3.49) and (3.50),

1 d—2)['(2
1_ - () L1 (3.55)
p? o POl — %) 2eb272¢  2eb?
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and taking the limit ¢ — 0, we deduce at the BF bound

wo d?0-DT(1 - 2)
B (d—2)T(2)[nb+ B+ o(t0)] (3.36)

where (3, is a constant that depends on the dimension and is easily computed (e.g.,
for d = 3, #3 = 1.75).

Higher-order corrections are computed as before by considering the next iterative
order. This introduces corrections that are subleading as b — oo. Already
at T'/T. ~ 0.1, our first-order analytic results are almost indistinguishable from
numerical results (see right panels of figs. 3.8 and 3.9), the discrepancy being ~ 1%.
Below that temperature, numerical results are not available. Nevertheless the error
can be estimated by calculating the correction at the second iterative order, as before.
One finds that the error tends to zero as b — oo in the entire interval [0, 1].

For the charge density, we have
po ~ b4 (Inb)~1/2 (3.57)

therefore the energy gap behaves as

1/A T @D
E, = % ~ (IND) 7T T ~ (m T) (3.58)

showing that the condensate diverges at the BF bound, albeit very mildly. This mild
divergence was missed in earlier numerical studies (30).

The BF bound can also be approached from above. However, the calculation
becomes considerably more invloved, because for A > d/2, as T — 0, we have Fj ~ 1
near the boundary (z = 0), but asymptotically (z > 1/b), Fy ~ 29722 which does

not have a smooth limit as 7" — 0. Therefore, we cannot apply perturbation theory
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and a different approach is called for (27). For example, one can approximate Fy by

1 , 2<«
(3.59)

, 2>

and find « by a variational method. We shall not dwell on this further here.

Having understood the probe limit, we now turn to the first-order corections in
a 1/¢? expansion. For A < d/2, it is necessary to include these corrections in order
to obtain a physical system at low temperatures, because in the ¢ — oo limit the
condensate diverges as T"— 0 (egs. (3.54) and (3.58)).

At first order, we obtain for the functions determining the metric,

/ d _ (bz)2A 2 AQ Z2¢(2) F2 QA F F/ 2 F/2 Z4 @/2
Zf1_f1 = 74(d—1) m” + f0+m 0+ Zf000+zf00+W 0
b 2A 2(1)2
zx, = (dz_) : KAQ + ngo) Fy + 202 Fy ) + z2F0’2} (3.60)

They can be solved at low temperature using our zeroth-order results above. We

obtain
A A
= (b)) [2— 24— 2 4 = (b2)* + ...
fl(Z) 4(d_1>(z> |: < < ]+ Y Xl(Z) 2(d—1>(z> _'_
(3.61)
For the temperature, we deduce the first-order expression
d A2 b2A
T 1t o+ ... (3.62)

T Ar 2d(d—1) q

showing that the temperature receives a positive correction away from the probe limit.
Moreover, it is now clear when the probe limit fails. Indeed, for the expansion in 1/¢?
to be valid, we ought to have

b< gl (3.63)

justifying our earlier definition of the low energy regime (1 <b < ¢Y/4).
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For a given ¢, (3.63) places a lower bound on the temperature. While zero
temperature is unattainable for finite ¢, the temperature can be made arbitrarily
low by choosing a sufficiently large ¢. It follows that, even though the probe limit
(¢ — o0) is not a physical system at zero temperature, its properties are a good
approximation to corresponding properties of physical systems (of finite charge ¢ and
(low) temperature). The approximation becomes better with increasing ¢ as the 1/¢?

corrections become smaller.

3.2.2 Anisotropy

Higher Modes

Before we begin discussion of the anisotropic system at low temperatures, we first
need to establish that higher order modes don’t contribute significantly. Using the
perturbative method, we can also study the behavior of the subleading term of the
condensate for 1/2 < A < 3/2. For § # 1, the n = 1 mode does not vanish and at

sub-leading order, it is given by

O oo [0V p25(1=6) [F d -1 ADAD
Fl - FO <OA>(0) 3—2A 5 FO FO

25 (L=5) [F g A® AW
F(l) He / F(l)
¥ 3—2A z

where Fo(l) and Fo(l) obey
0, (h A2 8ZF0(1)) — (2024 Q2) 222 Y =, (3.65)

with the boundary conditions F"(z = 0) = 1 and F\" ~ z3-22. With u? given by
Eq. (2.50), the boundary value

FO(z=0)= (3.66)
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is fully determined by demanding regularity at the horizon. To determine this, let us

introduce the tortoise coordinate, defined as

z dZ/
. = (3-2A -
r ( )/0 1282
3—2A 3—2A
= 2 B <z3; 3 ,0) , (3.67)

where B (x;a,b) is the incomplete Euler beta function. We note that near the

3—-2A

boundary r.(z — 0) = z . In this tortoise coordinate, the equation of motion

for FO(I) and ﬁ’o(l) can be rewritten in the Schrodinger form
—0,.F" +VEY =, (3.68)

with the “potential” V given by

2 2
gc +2ZAA)2 j, A1)

Q. 2 4a-y 3
(3 — QA) r 7 exp ( N m) : (3.69)

Rescaling the tortoise coordinate 7, = Q3722 r,, at large Q., we have

vV o=

Q

1 2 4A-1)
- f%F()(l)+< ) 72 FY =, (3.70)

whose solutions are given in terms of modified Bessel functions

1 ™ 9% N
Fo( )= 328\ . n(3 2A) Ve I2A 24-3 (T: ZA) ’ (3.71)
I ( 2 ) Sin

and

20 _ D (52) oo

—L
o’ = s Vi I an 20 (f:ZA) (3.72)
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These solutions satisfy the boundary conditions Fo(l)(r* =0)=1and Fo(l)(r* =0) =
7 but they diverge at the horizon. Their ratio at large (). is then given by

lim F()Elz — r (%) I (3_22A) 23—2A sin <W(3_2A
T —00 F m

>) Q23 (3.73)

Substituting this into Eq. (3.64) and demanding the full solution to the n = 1 mode

be regular at the horizon, we obtain

(1) _ 5-2A 3—2A _
ety - o) - LT (o) | £ [0 ()]
(3.74)

The leading order coefficient is plotted in Fig. 3.13. As this vanishes for A = 1 and
p2(A = 1) is finite, the leading order is O(u?/Q?).

(O Q?
(Oa) @ 225(1 = 3)

02+

1.0 12 14

02+

/4 7
M Q2

Figure 3.13: The ratio 2 i(o) (i) S @ function A.
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Similarly, we obtain

(00)® 52 DE22)T(322)T2A 1) . frpoany 1] 12 .
(0a)O ~ 4(3 - 2A) ST sin (%6522 — | 5 [”4@”‘
(3.75)

The dependence of this ratio on A is depicted in Fig. 3.14. Again, we see that for
A =1, the bracketed quantity vanishes and the ratio is of order O(u?/Q?).

(0OA) Q2
(On)@ 3202

003+

0.02 b

0.01 |

| l‘.2 T 1‘.4 | A
-0.01 -
-002-
Figure 3.14: The ratio %% as a function A.
It is easy to see that for § # 1, when A # 1
(Ox)O o2/ ) '
where [n] denotes the largest integer < n, and
O, 2[n/2] Tc[n/2}
CARY Wt s (3.77)
(00 Q302
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for A = 1. For § = 1, the odd modes vanish while the result for the even modes stays

the same. This result confirms that at large ), higher modes are negligible.

Below the Critical Temperature

Below the critical temperature, ¥ # 0 and we have to include its contribution toward
the electrostatic potential. From Eqs. 2.14 and 2.23, and by neglecting the higher

modes, we have

2 )2 O N2 2(a-1)
A (nﬁz 4 1a) o~ F(°>2> A0 =, (3.78)
T T
Rescaling z = % z, we have

<OA>(O)2 F2(A-1)
Q24

O2AM —p? AW — A (3.79)

where we have dropped terms of order 1/Q3.
A=1
The A =1 case is a particularly easy one to solve and the solution is given by

2
4 sinh M (1—2)

(3.80)

. 2024(0,)(0)?
sinh Y2t ) 7 Q:< L)

Substituting this into the equation of motion for the scalar field and demanding

regularity at the horizon, we have

oG gy
e (1) —a(1) , (3.81)

where a(1) and @(1) are defined in Eq. (2.45), but now with A®™ (n = 0,1) given by
(3.80).
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For 0 = 1, we obtain

re _ () !
K 3) Q? + (0;)(0)?
Multiplying by p?, and solving for the condensate, we obtain
T2
(0N =Q <T) ~1, (3.83)

showing that in the absence of a homogeneous term in the chemical potential, the
condensate is proportional to the wavenumber ().

Including a homogeneous term (§ # 1) changes this behavior. The case when the
temperature is not too far away from the critical value, such that the expectation
value of the condensate is small, will be treated when we study the case of general A,

but here let us assume that the condensate is large (low temperature regime). Then

re 1P |0=02 52 , (3.84)
3T (F) | 2000y for 10,07

Multiplying by 2, we obtain for § # 1 and (0;)©® < Q,

T 1 52 1
T—3—1.54<<01>(0)+2(1_5)26+...) . (3.85)
Therefore,
T2
(0O = 6.4-% +0(1/Q) . (3.86)

For Q < (01)©] we similarly obtain at leading order

(00 =g4— — 2 "¢ (3.87)
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Near 7T,

Let us now consider the case of general A. For n = 0, the solution that satisfies the
boundary conditions is given in terms of the modified Bessel function of the second

kind

(0) 25 52852 0) A
40 _ (Oa) l2 ? Nl (M) . (3.88)
TR RSN AN

For n > 0, let us first consider a temperature not too far away below 7., such that
(Oa)® is small and the right hand side of Eq. (3.79) can be treated as perturbation.

The solution is then expanded as

A A(()") + Ag") e (3.89)
where
inh "9 (1 —
Ag") _ sinh 7% (1 z)’
sinh 29
T4
. O )02 _— sinh Z—Qz’ . 1 sinh Z—Q(Z’/ —2)
A = g ([ s A - [ e A
P25 T Q 0o (#)20) . (2)2072)

ZZA—l e—an/mr <OA>(O)2
= SATT wg BT (3.90)

s

For small (OA)®, the zero mode of the electrostatic potential can also be expanded

as
2A —1)2°21 — (20 4 1)228 + 22 (O5)0)

A9 =1 »— (
(2A —1)2A (2A+1) r2a

(3.91)

It is easy to see that by substituting A = 1 into the above equations, we recover the
result of Eq. (3.80) in this regime.
Substituting this into the equation of motion for the scalar and demanding

regularity at the horizon, we obtain Eq. (3.81), but now with

inh? < - —2Qz/r 2
! sinh H(l —2) B Z2A-1 =202/ (0),)(0) (3.92)
2 sinh? % 2(2A — 1) Q 7’_2|_A_1 ' ’
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for 6 = 1. We deduce

ER R G o NS Fea_p - DUA=2) 1 (040"
2 o F(%) F2( A) 22A(3 — 2A) Q221 2A —1 228-1 ()27

(3.93)

Mulitplying by p?, after some algebra, we obtain the condensate

2A—1 _ 3—2A
(0a)? = \/(m_lr)(ii _FQ()M 2 QA\/I— (%) S (399)

showing that for 0 = 1, in the large () limit,

(OA)/? o Q. (3.95)

Similarly, in the case § # 1, we have

2(3-4) 2(3—A)
o F2(%)P< 3 )a(O)_&(m (1—5)2+F2(%)F 3 ) ra—-1) 42
o PER) (5 0 T ) 320 TR () 2R3 -28) @t
2(3—A)
L (E6) s >a<°>—a<°> (1—0)° 020 0 o6)
TE) 2(E8) " " J@A-3)ARA-D(2A+1) 28 7

where a(()o) and d(()o) are given by Eqs. 2.49, and

a(o) . 1 dZ F(O) (2A — 1)Z2A — (2A + 1)22A_1 -+ 2 F(O)
N 24+2z+1 0
1 2A 2A—1
~(0) o dZ =(0) (QA — 1)2 — (QA + 1)2’ + 2 (0)
i = /0 B BT FO. (3.97)

Mulitplying the above by u?, we get for the condensate

(0A) O =~ TA\/@ ll +0 (#)} : (3.98)

60



where

2(3—A) 1/2
3 ) o

(3.99)

- () |

F(2(3—5A)) 0 -~

e
3

The expectation value of the condensate for § = 1 and A = 1 obtained analytically

is compared to the numerical results in Fig. 3.15.

05 06 07 08 09 10 05 06 0.7 08 09 10

Sl

Figure 3.15: The expectation value of the condensate for 6 = 1 and A = 1 for
Q. = 6, 33 and 55. The solid black lines and the dashed blue lines depict the
numerical and analytical results, respectively.

We can also obtain the higher modes of the condensate using a similar calculation
as the one in Section 3.2.2, but with the electrostatic potential given in Egs. 3.91 and
3.90. The results are

(00 5(1-96) PEF2)TEFA)TRA-TD) oo | 42 r
TN ol i —— sin (45 >@{”O<é)]’

(3.100)
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2

(0a)® ¢ I rEs)rea-y o €2) 1w [1+O (%)} '

“ilo
(3.101)
As before, for A = 1, the O(p?/Q?) terms vanish, and the n = 1, 2 modes are

(0A)O ~ 4(3—2A) 7 2281

suppressed by a factor of an order O(u?T/Q?3) compared to the n = 0 mode. For

0 = 1, the odd modes for the condensate vanish.

3.23 T K1,

Lastly, let us consider a low temperature where the right hand side of Eq. (3.79) is a
lot larger than unity. We then have

(0)2x 925 (0) ,A
aw Z(OaTE 2 g (M) yC) (3.102)
I (55) 72 Az = ArE

Substituting this into the equation of motion for the scalar and demanding regularity

at the horizon, we again obtain Eq. (3.81), but with

2
A = (1 — 25+ ﬁ) A©?

2
2 (0) & o2a=1 ©) A
= (1o0s e 30 Oa)TR 2T 2 g ({07 g g
2 F2(i) A Ty A Arg

Furthermore, since % < ﬁ < 1 is not an integer, we can express the modified Bessel

function in terms of exponential and hypergeometric functions. The integral a(1)

then becomes

362\ 1 dr 1 202Dt 11 1 2(00)©
) o= (1-20+22) [ B " AaF RO p (2o 1o L AEA E
a(1) ( 5+2)/0z2—mh6 P g TR T AT AR
352 I (2220 A N
~ (1—25+—) 2A_1A1_A ( T+(0)) )
2 ) 9% A s \Oa)
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where we have approximated the integral by evaluating the integrand at z = 0.

Similarly, we find a(1) to be of order ((OA)(O))_2/ A, which is negligible compared to

a(1). Therefore,

p 3-2A T

2A—1
7 1—%+%P%%I(£rﬁrwéi>< 2 )
: =\

Multiplying by u?, for § = 1, we obtain the condensate

3—2A

1
2A—1
TC 2A—1
(T) Q )

, is proportional to Q.

()

[<0A>(0)}1/A: <2Aﬁ)l_lm
reAa-1)

showing again that the gap, (Ox)Y4

For 6 # 1, similarly, we obtain the condensate at low temperature,

3—2A

(021" =2 2.(7) " [0 (G )|

where

where a(()o) and d(()o) are again defined in Eqs. (2.49).

(3.105)

(3.106)

(3.107)

(3.108)

We do not have a comparative plot for low temperature regime due to the fact

that the numerical solution to the non-linear field equations become increasingly

cumbersome as the temperature approaches zero.

By requiring regularity of the higher modes of the scalar field at the horizon, we

can obtain the information concerning the higher modes of the condensate, as was
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done in Section 3.2.2. The results are

2—A

0(l—9)A 2 2 -2
(0a)) = 3(_ 2A> T (Z) w2 [(0A) O] 75 (3.109)
2A
and
2 AT (2 -2
(0a)® = B5_28) .2 r (Z) 12 [(0A) O] 4. (3.110)
2A
It is easy to see that
O ® 2[n/2)
ioiim) = O( [(0a)] 2 ), (3.111)

where [n] denotes the largest integer < n, but with the odd modes vanishing for 6 = 1.

3.24 Asq—0

In this limit, our solution at T, is near the extremal solution. Due to this we expect
that a perturbative solution should converge rapidly, since the order parameter is

small near the transition we can expand in it

U = (OaA)Pg+ (O, + ...
D = By+ (Oa)’P; + ...
X = Xo+{(0a)?x1+...
9 = 90+ (0a)’n+... (3.112)

the charge density is found from the electric potential from a similar expansion
p=—2(0)=po+(Oa)’p + ... (3.113)
The temperature of the hairy black hole (2.12) is expanded as

LN ENTONT SRR (3.114)

N

Nl
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around the critical temperature, where

gi(1) 1 p1

= — —x1(1 — . 3.115
g Fpult 20 (3.115)
At zeroth order, we have
_ _ _ Po Po 4
Oy =po(1—2), xo=0, go=1-— 1+4 z—l—zz , (3.116)

and W, obeys the wave equation in the background (3.116) and has already been
calculated,

Ty = EZAF( 2), (3.117)

where I is normalized by F(0) = 1. We can find corrections at first order to the
fields

W, 9 97 (1— ,)2 2))2
w) = [ |2y +qpo—go(z> ()] (3.118)
Dy (2) / dZ®\(2), ®1(2) = —p1 + pop(2) (3.119)
gi(z) = 2 [—%(1— )+g(z)] (3.120)

Where

o0 = [ @[S+ ot (co S+ 2 ] e

7:) = (55 + L) w3 + B w07 + La(s) — 2600) G122)

Therefore at the horizon,

gi(1) = By + Zowz) + 220 (3.123)
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We are left with an unknown paramter, p; which we can find from looking at the first

order corrections to the scalar field equation,

! 2 2(1)2 2
U+ [% - ;} )+ {% - z?—g} ¥y =-H1 ¥, (3.124)
0 0 0
where
! { 2 2¢°P b, — 1P
Hl\lj _ |i& - gl.go o Xl:| \If/ |i7n2 921 - q 0(90 31 g1 0):| \I/() (3125)
g0 9o 2 22 gy 90

If we take the inner product of the field equation with W we are left wtih the condition

/0 ggo(z)\lfo(z)Hlllfo(z) =0, (3.126)

which is linear in p; and it can easily be seen that

1 dz ([( 3G — 3990 _ 71] Wl + [m2zg 4 2q2p8(1—2)(go;o—z3(1—2)g)] \I,g)

0 z2

g0 95
L= 1dz 3—4z 23(1—=2 m22(1—z 2(1—2)2(290+p223(1—2
m0%<[%>_%goq%%+[2;>_u u%%< wm@

(3.127)
This provides us with everything we need to make an approximation of the energy
gap below the critical temperature. The leading order behavior of the condensate
below T is given by
1 T

(Oa) = T 1—-— (3.128)

and thus at 7' = 0 the first order approximation of the energy gap is

<OA>1/A B 1
T. _%ZMM>

(3.129)

In figure 3.16 we compare our our first order analytical results with ¢ = 0 to

numerical solutions to the full set of field equations (2.4). The solution we find with
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Figure 3.16: The energy gap for ¢*> = 0, and A = 1, 1.5, 1.7 (left to right). The thin
line is our first-order analytic result, the thick one is from numerics.
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Figure 3.17: Left panel: energy gap vs temperature for A = 1.5 ¢*> = 0.38 (lower
curve), ¢*> = 0 (middle curve), and ¢*> = —.125 (upper curve). Right panel: energy

gap vs ¢ at temperature T = .957, (asymptote at ¢> = —0.375).

our approximation is in very good agreement with numerics. In figure 4.1, we plot

0.1

0.2

the gap as a function of ¢? and show that it diverges as ¢*> — ¢2 (i.e., T. — 0).
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Chapter 4

Transport

Since we are interested in superconductivity, we need to study the transport properties
of the system to get a more complete picture of what we are working with. To this end

we shall look at the linear response of the system to an electromagnetic perturbation

0A, ~ 6gp, ~ " (4.1)
The field equations are
/ =\’ w2e§ 2\112 =X P X 2
(Amge ) + —2¢"—ez A, = —Dde2 (z o —I—Qng) ,
g z
290 + 2(®'Ap +g;,) = 0, (4.2)

From this we can calculate the optical conductivity, given by the retarded 2 point

Green’s function

—iG%

w

(4.3)

o(w) =

In general we can calculate other Green’s functions related to thermal conductivity
and second sound, we will not consider them here. From the near boundary behavior

of A, we have

Ay = AQ 424D (4.4)
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Where A, is the solution of (4.2) with ingoing boundary conditions at the horizon.
As discussed before, these leading terms tell us about the physics in the CET. In this

case
A = A, AD = (], (4.5)
(LAY

Where we have used the fact that A, has a simple time dependence. It is useful to
rewrite eqn (4.2) in Schrédinger form
d*A,

*

where z, is a “tortoise” coordinate defined by

Ze = /Z O(ZZ/)eX(Z/)/2 , (4.8)
o 9(&

with z, = 0 at z = 0, and the potential is given by

2 2
V=g <2q2—26_x + 22 ) : (4.9)
z

With this change of coordinate performed, it is useful to think about this problem
in terms of incident waves. The conductivity can be rewritten in terms of reflection

coefficients (see (25))
1-R
1+R ( )
where R is the reflection of incident wave with energy w off of the potential V. If
w < v/ Ve our system is able to form ”cooper pairs” and the system superconducts,

if the incident wave is of sufficiently high energy then our system doesn’t see the

potential, and no superconductivity is present.
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4.1 Probe Limit

In the probe limit the potential is very simple

V = 2f0? (4.11)

And since the form of f(z) is simple, we can find r, explicitly

dr 1 (1—2)3 ., V3z
. = = 1 —2V3t — 4.12
: f(r)  6ry [n 1—23 V3tan 242 (+12)

where the integration constant is fixed so that at the boundary r, = 0
To find solutions we shall replace V with its mean value (V') in a self consistent
manner. This allows us to solve the problem for the whole frequency spectrum.

Applying the proper boundary conditions, the solution is
A= etV (4.13)

From which we can readily attain the conductivity

o=1/1- % (4.14)

The mean value of the potential is found from

[ dr VA

V)= 4.15
V=T A o
For A < 3/2, in the low temperature limit the potential simplies to
2
V ~ <2((9 AA_>1) 2A-D(1 = 23 (4.16)
Lt

where we used F(z) ~ 1. Moreover, since r, — 0, the main contribution to the

integrals in (4.15) is from the vicinity of the boundary where r, ~ —z/r,. We deduce
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the leading contribution

2 [ dz 22 AV A(—2/ry)|? ) _ 2(1—
<V>%;§<9f—>n b df°"|A(—|z/E~+)\é e (ISR =]
’ ’ (4.17)

which determines (V') implicitly as a function of w. We obtain the low-temperature

high-frequency (w 2> (Oa)Y?) conductivity

['(2A — 1)(OA)2(—2i)2(0-4)
o(w) = \/1 — A (4.18)
whereas for low frequencies, we have
2(1-A) 1 211/A
o) = %1 _ [ZIOTEA -~ 1)(0a)] (419
w

In particular for A = 1 eq. (4.17) can be solved for all frequencies and the expression

(4.18) for the conductivity, which coincides with (4.19), is valid in the entire spectrum,

(4.20)

This expression is in excellent agreement with numerical results even down to low
frequencies (w < (O1)).

For A > 3/2, the potential can be approximated by

2A-3
Voa (3 — A% (1 — 2%)(b2)** ) tanh? <%Z) (4.21)

where b is given in (3.16). This expression can be used, as before, to find an estimate

for (V). In particular, for A = 2, we obtain

R N 1 N
V=1+2a V—@2+2a2(V—w2)[¢(% V—dﬂ)—¢<—+% V—dﬂ)}
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where

9 (V) ~2 w?
Oa ¥ T (O (4.23)
At high frequencies, this implies
0,)2
o(w) ~ /1 + < jS (4.24)

showing that ¢ > 1 for w 2 /(Os), whereas as w — 0, V & 0.65, and the low-
frequency conductivity is
(0,)

o(w) ~ O.7iT (4.25)

We shall improve on this estimate later by using a more accurate analytic technique
which is better suited for low frequencies. We shall also obtain an exponentially small
real part of the conductivity which survives in the limit w — 0.

At intermediate frequencies, we may expand around V = &% = 1. We obtain

(4.26)

for w/\/(O02) = /a =~ 0.9. We may also use perturbation theory to go beyond the

leading order. Treating 0V = V—(O,)a as a perturbation, we obtain the wavefunction

2 2 2
A= 6—2’«/0.12—((92)04 T 1+ Oé_ _ Oé m 622'\/0.)2—((92)01 L a—F (ﬁ’ 11+ /6, _6—2\/<Oz>/o¢ T*)
20 sinpnw 20
2
B o 6_2V<02>/a T <1 +3,1,2+ 5 _e—2w/<(92>/oz r*) (427)
2(1+0)
where
w2
=1 4.28

We deduce the conductivity

TR UL <S2>a3 (4.29)
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Figure 4.1: The real and imaginary parts of the conductivity at low temperatures
for A = 2.

improving on the leading order expression (4.26). The conductivity resulting from
our analytic procedure (both real and imaginary parts) is plotted in fig. 4.1 for the
entire spectrum.

At low frequencies, the above expressions do not properly account for the boundary

condition at the horizon. To this end, define
A= (1—2) WG (2) (4.30)

where G is regular at the horizon (z = 1). The wave equation (4.7) reads

’ 6W? iw (24 2)(4+ 2+ 2% w?
—3(1— 3 " 2_2 1 2 E / (1 22— — - —
3(1—2%)G"+(92°—2(1+2+2 )T+)g+ = (1+ Z)r+ E T g
(4.31)

At the horizon we may expand G in a Taylor series. We deduce the boundary condition

g/(l) 4 [ 2\112(1) _ w :| g(1> —0 (432)

3—2iw/ry  3ry
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At low temperature, for A = 1, we have ¥ ~ \</(21 z. We may rescale z — z/b, where

b= (O01)/ry and then let b — oco. We obtain the approximate solution

wz

A — <C+6+(01>2 z/?“+ +C_€_<Ol>2 z/T’+) 6_3r+ (433)

which is valid for low frequencies (w < (O1)). We deduce the conductivity

(4.34)

The ratio ¢y /c_ is found by applying the boundary condition (4.32). We obtain

cy  a—3 ,,  2(2a*— 3) gy W (O1)
T Tet2ay 2P Y/ —4+0 = 4.35
C_ CL+36 + a(a+3) T++ ( ) ’ “ Ty ( )
We deduce the low frequency expansion
=——"1-2 ‘- e — 4+ 0 4.36
ow) w a+3° a(a—|—3) r++ () (4.36)
in agreement with the leading order result (4.20). The DC conductivity is
Ro(0) ~ve 20 = B/ A, = 3<201> ~ 0.48(0,) (4.37)
s
For A =2, at low temperatures eq. (4.31) reads
2i b
_agr 2w [35% 2% 8%] G =0 (4.38)
Ty o ry

whose general solution is given in terms of Legendre functions,

iwo

1 — tanh %Z oo bz N h bz
g(Z) ~ m C+P( 1417102 ) tal’lhg +c_ P( 1411402 ) tan

(4.39)
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We deduce the conductivity

A/(O,) 0.47 —0.66*
~ 4.40
o)~ T 08— 080 (4.40)

The ratio ¢y /c_ is found from the boundary condition at the horizon (4.32). At z ~ 1

we have tanh % ~ 1, so we may approximate
o

n bz 2:|:a/2 > Fa/2

We obtain

iw

G(1) ~ {7” & ety = ) e‘b} e o+

1—a) I'l+«
Cy (b — ;T“’) c_ (b + 327“’> ”
"M |——— L et N T o=b] o7ar 4.42
g ri—a) © e A (442)
Applying the boundary condition (4.32), we obtain
ct (1 —a) diw
— = — |1+ —+... 4.43
c_ ‘ ['(1+a) * br o (4.43)

showing that at low frequencies,

So(w) =~ 0.55@'% , Ro(w)~e P =BT A~ 37”37(?02) ~ 0.431/(0,)
to be compared with our earlier estimate (4.25) of the imaginary part which was
obtained via a different, less accurate, analytic method. The real part is exponentially
small and was not detected earlier.

The above method can also be applied to other values of the dimension A if one
replaces the potential by its self-consistent average (V). Then by solving the wave

equation using perturbation theory, we obtain the real part of the conductivity in
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the limit w — 0 and therefore the gap A, (Ro(0) ~ e 29/T) for all values of the

dimension A.

4.1.1 BF Bound

Next, we calculate the low temperature conductivity at the BF bound. For explicit
analytic results, we concentrate on two cases, d = 3 and d = 4. We shall obtain the

conductivity o as a function of the rescaled frequency

w w
= = 4.4
w 2 PONEE (4.45)

The function o(w) has a well-defined limit as ¢ — oo (probe limit) down to low
temperatures (in the regime (1 < b < ¢/4)) at which the condensate (O4) is large.
The conductivity of physical systems can be obtained as a 1/¢* expansion with the

conductivity in the probe limit serving as the zeroth order term in the expansion.

Three dimensions

Using (4.7) with d = 3, the wave equation reads

d dA N w?
P {(1 — z?’)E} - {bmz2A 2F(2) — T A=0 (4.46)

To account for the boundary condition at the horizon, set

A= (1—2)"wBem@2/8 A(2) (4.47)
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where we included a factor e=*#/® for convenience, so that only A(z) will contribute

to the conductivity. The wave equation becomes

—3(1 = 2°)A" + 292 = 2(1 + 2 + 2%)iw] A’

+ [3b2AZ2A—2F2(Z)

3+2:4+2%)(3+ 2422+ 2°
S 3(Z1)+<z+zz2)z Z)WQ}AZO 48

—(1 422 + 32%)iw —

Regularity of the wavefunction A at the horizon (z = 1) implies the boundary
condition

4w?

(3 — 2iw) A'(1) + (bzAFz(l) — 2iw — ?) A1) =0 (4.49)

At low temperatures, b > 1, it is convenient to rescale z — z/b. The wave equation
can be solved as a series expansion in 1/¢%. For A < 3, Fy(z) has a smooth limit
(albeit unphysical) as b — oo. After rescaling and letting b — 0o, we obtain the wave

equation

— A+ [P0 A=0 (4.50)

where we used F'(z/b) — F(0) =1, as b — co. For 1 < A < 2, there are two linearly

independent solutions, A., distinguished by their asymptotic behavior,
Ar ~ et s 250 (4.51)
The general solution can be written as a linear combination,
A=ctA +c A (4.52)
Applying the boundary condition (4.49), we deduce
P T2

; (4.53)
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so at very low temperatures,

ie, A—0asz— 0.

For A = %, we obtain the exact explicit limit solution
A(z) = A_(2) = Ai(bz — &%) (4.55)

whereas A, (z) = Bi(bz — &%), with arbitrary normalization, where we restored the
scaling parameter b.
In this (unphysical) limit, the quasinormal frequencies have moved to the real axis

yielding an infinite set of normal frequencies which are solutions of
Ai(—0*) =0 (4.56)

Thus we obtain an infinite tower of real frequencies given by the zeroes of the Airy
function.

We deduce the limit conductivity (as ¢,b — o0)
o(w) = —,7) (4.57)

The real frequencies that solve (4.56) are the poles of the conductivity. Notice that
Ro = 0, except at the poles of So where Ro diverges as a d-function.

This expression is unphysical, as we have already explained (the probe limit breaks
down in the limit b — o0), but it is useful for computational purposes. We shall
use it as a starting point to calculate the conductivity of a physical system at low
temperatures.

At low temperatures, we can calculate the first-order correction analytically by
considering the b — oo wave equation (4.50) as the zeroth-order equation. Then for

the first-order correction d.A to the potential at low temperatures, we obtain from
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(4.48),
S /A P ) e — | (4.58)

where

2 [92 —2(1+ 2 + 2%)iw] dilz

+ 3b2(2F1(2) + 2°) — (14 22 + 32%)iw
N 22(1 =152 — 1222 — 102%)
3(14 2+ 22)

Ha

(4.59)

The first-order potential leads to quasinormal modes which are zeroes of A + d.A.
Thus the real frequencies (4.56) of the (unphysical) b — oo limit get shifted at low

temperatures away from the real axis. We obtain & — @ + dw, where

(A2 1
5 = 3212(,(__“’@2) /0 : ig Ai(bz — &) Ai(bz — &?) (4.60)
This first-order expression is valid for low frequencies. As we heat up the system,
most modes disappear and we are left with a finite number of quasinormal modes.
Their number decreases as we increase the temperature. Conversely, as we cool down
the system, (4.60) becomes increasingly accurate for an increasing number of modes.
These modes shift toward the real axis (dw — 0) as we lower the temperature. In the
low temperature regime (1 < b < ¢'/2), the large ¢ is, the more spikes one obtains
for o(w).

This shifting of quasinormal modes can be seen in plots of the conductivity. As the
mode frequency approaches the real axis, the corresponding spike in the plot of the
imaginary part of the conductivity becomes more pronounced. To demonstrate this,
we calculated the conductivity using the first-order approximation (3.44) to the scalar
field. In figure 4.2, we show the imaginary part of the conductivity at temperature
T/T. ~ .1 and compare with the exact numerical solution. The agreement is very
good even at such high temperature at which only one quasinormal mode is left.

Unfortunately, this is the low temperature limit attained by numerical analysis as
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Figure 4.2: The imaginary part of the conductivity in d = 3 using the expression
(3.44) for the scalar field (dotted line) compared with the exact numerical solution
(solid line) at - =~ .1
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Figure 4.3: The imaginary part of the conductivity vs. frequency in d = 3 using the
expression (3.44) for F' at Tl ~ .05 (left), .04 (right). As the temperature decreases,
poles move toward the real axis.

numerical instabilities prohibit one from lowering the temperature further. Using our
analytic results, we see in figure 4.3 the emergence of an increasing number of poles
as we lower the temperature to 7'/T,. ~ .06 and .04. Finally in figure 4.4 we compare
the lower temperature (7'/7, ~ .01) result with the b — oo limit analytic expression

(4.57), thus demonstrating convergence.
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Figure 4.4: Comparison of the imaginary part of the conductivity in d = 3 using
the expression (3.44) for F at Tlc ~ .01 (dotted line) and the b — oo limit (4.57) (solid
line).

For A > 3/2, the potential is

V = 02222872(1 — ) F(b2) (4.61)

b22-8) for

with F' given approximately by (3.59). It attains a maximum of order
A < 2. Therefore, at zero temperature it has infinite height. However, the width
becomes infinitely narrow leading to a finite tower of poles for the conductivity
(quasinormal modes). In the zero temperature limit, the number of modes increases
as one approaches the BF bound and decreases away from it. For A > 2, the height

of the potential becomes finite at zero temperature. It turns out that the potential

is too narrow to possess bound states, so no poles exist for A > 2.

Four dimensions

The d = 4 case is similar. Working as in the d = 3 case, in the (unphysical) b — oo

limit, the wave equation for A =2 (at the BF bound) in the probe limit reduces to

A" — %A’ — ' — WA =0 (4.62)
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whose acceptable solution can be written in terms of a Whittaker function,

A=W,

4

(b?2%) (4.63)

SIS

(The other solution diverges as z — o0.) At the boundary (z — 0), it has a
logarithmic divergence which we need to subtract before we can calculate QNMs
and the conductivity (30). The conductivity is then given by

2 A iw

o(w) = oA + 5 (4.64)

where

~2
A(z) = Ao+ AP2? = A B2 In(B2?) + .. (4.65)

with an arbitrarily chosen cutoff.

Using the expansion for small arguments,

2 b2 22
2,2y =« _ ~2 . 2 2 A2 =
(4.66)
we deduce the limit conductivity as q,b — oo,
. 1 . 1 9
o(w) = o T 2y — 5T P(l—w*/4) (4.67)

We have a pole at w = 0, as expected and an infinite tower of real poles determined

by the poles of the digamma function. The poles have real frequencies

@:«;")’;/szﬁ, n=01,2,... (4.68)

These poles are unphysical, but are good approximations to the quasinormal modes
at low temperatures, in the physical regime (1 < b < ¢'/2). As we increase the
temperature, these modes move away from the real axis. At any given temperature

we have a finite number of such modes. As we lower the temperature, their
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Figure 4.5: The imaginary part of the conductivity in d = 4 using the expression
(3.44) for the scalar field (dotted line) compared with the exact numerical solution
(solid line) at Tl ~ .17

number increases and the quasinormal modes approach the poles (4.68) on the real
axis. To demonstrate this, we have calculated the conductivity using the first-order
approximation (3.44) to the scalar field. In figure 4.5 we compare with numerical
results at temperature 7/T. ~ .17 and find good agreement. As we go to lower
temperature, numerical instabilities arise and it is no longer possible to compare our
analytic results with their numerical counterparts. We find convergence to the b — oo
limit (4.67), but much slower than in d = 3. In figure 4.6 we show the imaginary part
of the conductivity at 7'/7T,. ~ 0.1 and 0.04. As we lower the temperature, the number
of poles increases and the poles shift to the right on the real axis approaching the
limit values (4.68) which correspond to the b — oo limit of the conductivity shown

in figure 4.7.
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Figure 4.6: The imaginary part of the conductivity wvs. frequency in d = 4 using the
expression (3.44) for F at Tlc ~ .1 (left), .04 (right).
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Figure 4.7: The imaginary part of the conductivity in the (unphysical) limit b — oo
ind=4 (4.67).
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4.2 asq—10

As ¢ — 0 mean field calculations fail and we are left to find R in a perturbative

manner. To find R, write the wave equation in integral form as
Aue) = e = [T G AV EDAD (4.6
0
where the Green function satisfies

— 02 G2, 7)) — WGz, 2L) = 6(2 — 2L) . (4.70)

*

Explicitly,

G(z,2) = QL [G(z; — 2, )T gz, — sz)e_w(z’,*_z*)] : (4.71)
w

The reflection coefficient is then
R = —/ dz,.G(0, z)V (z0) Az (24) (4.72)
0
and can be calculated perturbatively,

R=-— /OO dz*G(O,z*)V(z*)ei“’z*+/oo dz.G(0,2,)V(2) /00 dzLG (2, 2V ()5 +. .. .
' ' ' (4.73)
The numerical results are chown in figure 4.8. The analytic results at second order are
compared with the numerical solution in figure 4.9. As expected, we have agreement
at high w. As we go to higher perturbative orders, the agreement extends to a wider
range of frequencies.
We can look at the potential to determine the behavior of the conductivity near
the critical line (2.67). We shall concentrate on the case ¢> = 0, in which the system

simplifies considerably. Our discussion can be extended to other values of the coupling
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Figure 4.8: Real and imaginary parts of the conductivity.
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Figure 4.9: Comparison of analytic and numerical results on the real and imaginary
parts of the conductivity (left and right panel, respectively).

constant in a straightforward, albeit tedious, manner, but no new physical insight is
gained.

Regardless of the value of A, the potential reaches a universal shape and never
becomes large enough for spikes to form at or near the BF bound, as seen previously
in the probe limit (30; 25; 28). The potential is plotted in figure 4.10 below the
critical temperature. After scaling V' by the charge density o and z — z,/0, the
curves at various temperatures T' < T, are almost indistinguishable. Detail near the
horizon (right panel of figure 4.10) shows the effect of lowering the temperature: the
potential approaches zero faster at the horizon resulting in a longer tail. Consequently,
the conductivity also approaches a universal shape (figure 4.8) below the critical

temperature.
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Chapter 5

Conclusion

In this work we have focused on producing analytical calculations of a holographic
superconductor. The system was first suggested by Gubser in 2008(22) and a model
was introduced soon after by (23). Since then there has has been an amazing effort
to explore the physics of these systems.

In my first paper we were able to show a few derive several properties of
holographic superconductors analytically. Using appropriate trial functions, we were
able to show that for all allowed values of A, for d = 3, that a second order phase
transistion occurs regardless of whether we pick A_ or A,. We were then able to
find approximate solutions to the equations of motion in the limit that 7" — 0. We
then utilized these solutions to show the low temperature behavior did depend on
the choice of A. For A, the probe limit is well behaved, while for A_ the energy
gap diverges. We were then able to use our solutions to the field equations to study
the transport properites. Using mean field, methods we were able to calculate the
conducitivity. The results obtained were in good agreement with numerics. We were
then able to show that the energy gap, w,, is what you would expect if our gap was
caused by charged quasiparticles and was in very good agreement with (23).

We then decided to see if there was anything special about A = Agp as T — 0

and what, if any, effect would looking at higher dimensions have. What we found
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was that as T'— 0 Agp did in fact diverge, contrary to what was thought in earlier
papers based on numerics. Futhermore we found that it diverged differently than A_.
We were also able to see that qualitatively the theories were the same for d = 3 and
d=4.

Continuing to work in the probe limit, we added anisotropy into the system. Using
analytical methods, we were able to fully model the behaviour of the phase transition
in these systems. Immediately one sees that the critical temperature depends on
the amount of anisotropy in the system and the modulation that is introduced. We
were able to show that there is a critical value of the modulation Q*, at which T,
discontinuously goes to zero. After demonstrating that the higher order modes do
not contribute significantly to the solution, we found analytical soutions that agree
very well with numerics.

Moving away from the probe limit, we investigated the near extremal limit of
Reissner-Nordstrom AdS black holes. In this limit the system becomes a lot more
simple and we are able to offer a fully analytical treatment. We were able to show
analytically that for m? = —2 and ¢ = 0 that there was a small but finite value of 7T},
for Ay. We were able to generalize this to fully explore ¢? using an approximation.
We were then able to fully explore (¢%,m?) by employing trial functions and we were
able to see some interesting behavior. Most notably that for A_ ¢? is no longer given
by the near horizon AdS x R? geometry like it is for A, . Instead we found that a
transition occurs all the way down to the unitarity bound for ¢? = 0.

Below T,, we were able to find perturbative solutions to the field equations. We
used them to show the energy gap diverges as ¢> — 0 and conductivity, as a function of
frequency, has a univeral shape, when properly normalized. In the extremal limit, we
found that the transport properties had no strong dependence on charge, as opposed

to the probe limit where w, ~ (qO)Y/~.
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Further Work

Using the AdS/CFEFT Correspondence to explore superconductivity, and condensed
matter in general, is still in it’s infancy. There are many things that the research
presented here left unanswered. While we have been able to explore the BF bound, the
unitarity bound and the limit m — 0 have been largely unstudied. As demonstrated
in Chapter 2, the unitarity bound doesn’t behave as one would expect based on simple
geometric arguements as ¢ — 0. The limit m — 0 was talked about in Chapter 3.
In this limit our approximation breaks down. Further work has not been done on
this, but it has been suggested that this may be due to the onset of a quantum phase
transition.

In general there is much to be done. The biggest challenge is to find the CFT
that the bulk theory is dual to. Our theory acts like superconducitivity, but we
have still don’t know if that is what it is. The AdS/CFT is based upon the large
N limit of a gauge theory. In the case of AdS; and the study of QGPs it is
obvious what N corresponds to, the color charge. However with electrodynamics
and condensed matter the story isn’t so clear cut. Currently work is being done on
studying holographic (non) Fermi surfaces (for recent papers and review see (61; 62)).
This, and work like it, will help us fully understand both sides of the AdS/CFT
correspondence, so that eventually we will be able to make a direct link between a

gravitational system and a condensed matter system.
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Appendix A
Operators and the AdS/CFT

Correspondence

In the introduction I stated that at the heart of the AdS/CFT correspondence was

the fact that the partition function of the two theories are identical

Zsas = Zopr (1)

Consider the definition of a stress energy tensor from General Relativity

oS
T, = 2
124 69;”/ ( )

We are interested in our fields near the boundary, so we expand g near the

boundary

g=90 t9u+... (3)

and then we perturb g

Joyww — 9O0)uv + 69(0)/u/ (4)

This perturbation changes the CFT action
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55 = [ oy gage, T (5)

By imposing (1) we get that

Zaaslgo) — 90 + 690)] = <exp (z / ddx,/g(o>6g(o>wTW)> (6)

CFT

In other words if you perturb a field in AdS, it will source a relavent operator in

the CFT. For example a gauge field sources a current because

0S
— 7
0Ao)u )

JH
and a scalar field sources an expectation value because

58

<0>—5750
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Appendix B

Hawking Temperature

In the text we define the Hawking Temperature without giving much of an
explaination. Given a metric of the form
dr?

ds* = —f(r)dt* + — + dz* + dy* where f(r=1,) =0 (9)
f(r)

this means that we have a black hole at » = rj,. Since we are interested in looking
at thermodynamics we perform a Wick rotation to euclidanize our action. As a

reminder, a partition function

Z =Tre 1 = / do / Dde~5E] (10)

where Sg is our euclidanized action. Given a relativistic action, one simply

performs a Wick rotation

t=—ir (11)

Which gives eqn (9) a positive signature. By definition 7 is periodic, and from
field theory we know (§ ~ 7 ~ % While eqn (9) is in a curved space, even after the
Wick rotation, the idea is still valid. The signature of the metric is the important

part. We can perform a coordinate transformation
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d
(1,7) — (0, p) defined by pdd = \/fdr and dp = S (12)
VF
Our metric then becomes
ds? = p*df? + dR* x R? = 5% x R? (13)

This metric contains a bolt singularity (63), and it can be removed by using the

fact that 7 is periodic, one arrives at

d(VT)

2 = — Tli_g,lh \/?ATT
S N ) (14)
T 4m
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