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Abstract

In this dissertation, we examine the Lévy measures of non-negative infinitely divisible
processes. For a non-negative infinitely divisible process with no drift, Lévy measure is
the single most important factor characterizing the process. Understanding the structure of
Lévy measure can give more insight about the behavior of the process. However, it is not
always easy to describe the Lévy measure of an infinitely divisible process. The descriptions
of Lévy measures of squared Bessel processes proposed by Pitman and Yor are examples. It
requires deep knowledge from the Ray-Knight theorems and It6 excursion laws to interpret
these descriptions. We use isomorphism identities as the main tool to describe the Lévy
measure of a non-negative infinitely divisible process. The isomorphism identities that we
are interested in connect every non-negative infinitely divisible process to the family of its
random translations. It turns out that the Lévy measure of a non-negative infinitely divisible
process can be written in term of the laws of its random translations. More precisely, we
manage to write the Lévy measure as a series of other Lévy measures which are written in
term of the law of random translations. The special technique that we develop to ensure
the condition distribution of a non-negative infinitely divisible process being consistently
well defined enables us to find the laws corresponds to the component Lévy measures in the

series.
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Chapter 1

Introduction

The concept of infinitely divisibility was introduced in 1929 by Bruno de Finetti, and was first
studied systematically by the pioneers in this area: Kolmogorov, Lévy and Khintchine. It was
Khintchine [14] who gave the first formal definition of an infinitely divisible distribution. It
reads: A distribution of a random variable which for any positive integer n can be represented
as a sum of n identically distributed independent random wvariables is called an infinitely
diwvsible distribution. Infinitely divisible distribution has fundamental relation with the
Central Limit Theorem (CLT) which is one of the most important theorems in statistical
mathematics and probability theory. The classical version of the CLT states that under
certain conditions, the sum of a large number of independent identically distributed random
variables with finite non-zero variances approaches normal distribution, regardless the actual
distribution of variables. The power of the classical version of the CLT is that we can apply
probabilistic and statistical methods working for normal distribution to many other types of
distributions. Can the limit distributions in CLT go beyond the normal distribution? If yes,
what are they? The generalized CLT states that under certain conditions, the family of all
possible limit distributions of the sum of a large number of random variables is exactly the

family of infinitely divisible distributions .

Infinitely divisible distributions are also important because of theirs strong connection

with Lévy processes which concern many aspects of modern probability theory and its



applications. A Lévy process is a stochastic process {X;,t > 0} defined on probability
space (€2, F,P) having the following properties:

a. Ifty <ty <...<t, then Xy, X}, — Xy, ..., X, — X, , are independent.
b. If s,t > 0, then X;,; — X} is equal in distribution to Xj.
c. With probability 1, £ — X; is right continuous with left limit.

Recall that Brownian motion can be thought of as a stochastic process with independent
and stationary increments, whose sample paths are continuous almost surely and its law at
any fixed time ¢ > 0 is the zero mean normal distribution with variance ¢t. If we replace
the normal distribution at fixed time ¢ in the definition of Brownian motion by an infinitely
divisible distribution, we get a Lévy process. For a Lévy process X, the law of X, at time
t = 1 is infinitely divisible and it is unique for X. The collection of all infinitely divisible

distributions is in one-to-one correspondence with the collection of all Lévy processes.

Infinitely divisible distributions play an important role in probability theory and have
numerous applications. It is worthy to study its structure thoroughly. A formal definition

of an infinitely divisible distribution in R¢ is given as following:

Definition 1.1 (Infinitely Divisible Distribution) A random vector X in R? is said
to be infinitely divisible (ID) if for all n € N, there exist independent identically distributed

(i.i.d.) random vectors Y1m, .. Y™ in R? such that

XLytn 4 4y, (1.1)

LLd77

where “=" means equality in distribution.

The concept of infinitely divisibility can be equivalently defined in term of probability

measures and characteristic functions as follows:



e A probability measure p in R? is infinitely divisible if for every n € N there exists a
probability measure j,, on R? such that p can be expressed as the n-th convolution

power of fi,,.

e A characteristic function ¢ is infinitely divisible if and only if for every n € N there

exists a characteristic function ¢,, such that ¢ = (¢,,)".

Example 1.2 Using characteristics functions, it is easy to verify that normal, compound
Poisson, geometric, exponential and gamma distributions are infinitely divisible.
Any distribution (not constant) with bounded range is not infinitely divisible. For instance,

binomial and uniform distribution are not ID.

The following theorem gives a representation of characteristic functions of all infinitely
divisible distributions. It is called the Lévy - Khintchine Formula or the Lévy - Khintchine

representation|2].

Theorem 1.3 (Lévy - Khintchine Formula). Let X be an infinitely divisible vector in
Re. There exists an unique triplet (3,v,b) consisting of a symmetric non-negative definite
d x d matriz ¥, a o-finite measure v on R satisfying v({0}) = 0 and [, 1A |jz|*vdz < oo,

and a vector b € R? such that for every u € RY

E(exp(ifu, X)) = exp{—%(u, S + (b, u)

+ / (@) — 1= iu,z)x(2))vda) (12)

where x(x) : RT — R is the cut-off function. Conversely, given a triplet (3,v,b) as above,

there exists an infinitely divisible distribution X € RY satisfying the equation (1.2).

The distribution of X is uniquely determined by the triplet (3,r,b) which is called the
generating triplet or Lévy triplet of X . The measure v is called the Lévy measure and
¥ is called the Gaussian coefficient of X . We often write X ~ ID(X,v,b). We observe
that 1D (X, 0,0) is a centered Gaussian distribution with covariance matrix 3 and I D(0, v, b)



is a Poissonian type distribution.

Definition 1.4.(Infinitely Divisible process) A stochastic process {X;}ier over some

arbitrary set T is infinitely divisible (ID) if for any ty,...,t, € T the random vector

(Xiyy ooy X))

has an infinitely divisible distribution on R™, n > 1.

Example 1.5

A Gaussian processes (; is infinite divisible since for n € N, and any ti,...,t, € T,
(Gty, ..., Gy,) is a Gaussian vector which has infinitely divisible distribution. A Poisson
process N; of parameter A is infinitely divisible since for n € N, and any ty,...,t, € T,
(Nyy, ..., Ny,) has infinitely divisible distribution. In fact, it is easy to verify that all Lévy

processes are infinitely divisible.

If the set T" from Definition 1.4 is finite, the stochastic process { X; }+er is just a random vector
and its representation is given by the Lévy Khintchine formula in Theorem 1.3. When 7T is an
uncountable general index set, it is difficult to define Lévy measure for an infinitely divisible
process over set T'. There are two ways to approach this problem. The first way is proposed
by Lee [18] and Maruyama|22]. They defined Lévy measure on the o—ring generated by
cylindrical subsets of RT \ {0}. This approach leads to substantial conceptual and technical
difficulty. Rosinski [28] suggested the second way to look at Lévy measure on the canonical
path space (RT, BT), on which the laws of stochastic processes over T are defined. Recall
that RT = {z;x : T — R} and BT denote the cylindrical o-algebra of RT. More details of

this approach are discussed in Chapter 2. In this dissertation, we follow the second way.

The Lévy triplet (3,v,b), which characterizes the distribution of an infinitely divisible
process {X;}ier, has the following properties: the Gaussian coefficient 3 is a non-negative

definite function on T x T, the Lévy measure v is a measure on (RT, BT), and drift term



b is a function in R”. Therefore, for every infinitely divisible process {X;}scr, there exists
mutually independent Gaussian process G = (Gy)ier and a Poissonian infinitely divisible
process Y = (Y;)ier such that

X2G+Y

where the centered Gaussian process G is characterized by a covariance function ¥ and the
Poisson infinitely divisible process Y is characterized by a Lévy measure v and the drift

function b.

For a non-negative infinitely divisible process with no drift, the Gaussian part > and the
drift part b equal 0, so that Lévy measure is the single most important factor characterizing
the process. Understanding the structure of a Lévy measure can give more insight about
the behavior of the process. Given a non- negative infinitely divisible process, one might ask
what is its Lévy measure? The answer is not always easy. Even for well known processes,
the description of theirs Lévy measures can get really complicated. We look at an example
of the process which is the square of one-dimensional Brownian motion starting from 0. By
the observation of Shiga and Watanabe[30], this process is infinitely divisible. To describe
the Lévy measure of this process, one needs deep knowledge of the Ray-Knight theorems
and Ito excursion theory. In fact, this process is the squared Bessel process starting from 0
with dimension 1 which a member of the family called squared Bessel processes that we will

examine carefully.

We recall that for d > 0, a d-dimensional squared Bessel process starting from z is defined

as the unique strong solution of the stochastic differential equation:

t
X, =2+ 2/ VX, dB, + dt, (1.3)
0

where B is one dimensional standard Brownian motion. When the dimension d is an integer,

we can think about a d-dimensional squared Bessel process starting at x as the square of

* =

the distance from the origin of d-dimensional Brownian motion starts at by where |by x.

These processes play an important role in financial mathematics because of their strong



relation to financial models. Publications related to Bessel processes are numerous. We refer

to papers by Shiga-Watanabe[30], Pitman-Yor[23] and the monograph of Revuz-Yor[25].

One of the most important properties of Squared Bessel processes is the additivity property
which was observed by Shiga and Watanabe[30]. Following from this property, Squared
Bessel processes are infinitely divisible. Denote the Lévy measure of a squared Bessel process
with dimension d starting from x by v(%®). By additivity property of squared Bessel processes,

we have:

P0) — g (L0) 4 4 (01 (1.4)

Hence, we only need to describe (1) and v(®Y. Pitman and Yor [23] have used Ray-Knight
and excursion theorems as the main tools to approach this problem. Recall that local time
of a process at  up to time ¢ is the accumulated time that process has spent around =z
up to time ¢. Ray-Knight theorems describe the law of local time process of a Brownian
motion at certain stopping time. Using the second Ray-Knight theorem, one can show that
v is the image of the Ité6 measure n, of positive excursions by the application which
associates to an excursion u of its local times: uw — L (u),t > 0. Using a variant of the
first Ray-Knight theorem, the Lévy measure of a squared Bessel process starting from 0 with

dimension 1 can be expressed in term of positive It6 measure and Lebesgue measure by the

application:(u, ) — LZ%(u),t > 0.

We will describe the Lévy measure of a general non-negative infinitely divisible process
using isomorphism identities as the main tool. The isomorphism identities that we are
interested in are based on random translations. The very first form of these identities
was introduced by E.B.Dynkin[6]. In an effort to explain heuristic methods in quantum
field theory of K. Symanzik [31], Dynkin established the celebrated Dynkin’s Isomorphism
Theorem which relates the cumulative local times process of a Markov process to the squares
of its associated Gaussian process which occur to be infinitely divisible. In an abstract form,
Dynkin’s Isomorphism says that the total accumulated local time of the Markov process is

an admissible translation of one half of the squared associated Gaussian process. Dynkin’s



isomorphism can be considered as a special case of more general isomorphism identities,
described as follows. Let {Y} },cr be a non-negative process. For every a such that E(Y,) > 0,
Y, is infinitely divisible if and only if there exists a non-negative process (Zg(ca),a: € FE)

independent of Y such that:

Yo

Y 4 Z@ has the law of Y under E(E(Y 7 ). (1.5)

This isomorphism connects every non-negative infinitely divisible process Y to a family of
non-negative processes Z® which can be viewed as random translations of Y. More details of
the isomorphism (1.5) and its applications are discussed in Eisenbaum paper[8] and Rosiriski

paper[28] . We only focus on the use of (1.5) to find the Lévy measure of Y in a series form.

We develop a special technique to ensure the condition distribution of a non-negative
infinitely divisible process being consistently well defined which will be used in our description
of a Lévy measure. Let Y = (Y,,,...,Y,, ) be a non-negative random variable in R", and
let conditional distribution of (Y|Y,, = 0) be defined as the weak limit uq of probability

measure ji; given by

1
wB) = gy [ R BeBE, k21
Ee ™1 Jycp

provided such limit exists. It turns out that if Y = (Y, ..., Y., ) is a non-negative infinitely
divisible random variable with Lévy measure v and zero drift, then the weak limit of {py}
exists and the limit distribution g is infinitely divisible with zero drift and Lévy measure
vy =1y, —ojv.

We can write the Lévy measure of a non-negative infinitely divisible vector (Yy,,...,Ys,) as

a series:
n

v(dy) =) 7:(dy) (1.6)

=1

where 7; has the following form:

E(Y;,)
Yi

7i(dy) = =01, (4).2(259) (dy) (L.7)



here A; = {y € R" : y, = OVk < ¢ and y; > 0}. Using the conditioning given above, we

identify the law corresponding to the component Lévy measures ;.

It follows from [8] and [28] that to describe the Lévy measure v of a non-negative infinitely
divisible process Y it is critical to obtain the law of the family of random translations Z(®.
We look at a family of infinitely divisible permanental processes whose random translations
have special form. Recall that a permanental process is a positive gamma process whose
finite dimensional Laplace transforms are given by a negative power of a determinant. A
permanental process is infinitely divisible if and only if it is associated to a Markov process.
More details about permanental processes are discussed in Chapter 3. It can be shown
that random translations of an infinitely divisible permanental process relate to the local
time processes of the Markov process that it is associated with. The example of squared
Bessel process starting from 0 with dimension 1 is just a special case of infinitely divisible
permanental processes.We can look at the squared Bessel process starting from 0 with
dimension 1 as the associated permanental process of a transient Markov process X. By
the Dynkin’s Isomorphism, a random translation Z(® of squared Bessel process starting
from 0 with dimension 1 is just the total accumulated local times process of X conditioned

to start at a and be killed at its last visits to a.

This dissertation is organized in the following way. In Chapter 2, we give a detailed study
of Lévy measures on path spaces. In Chapter 3, we present an overview of permanental
processes and squared Bessel processes. The definition, general properties of permanental
processes and squared Bessel processes are discussed in this chapter. Chapter 4 is devoted
to examine the description of Lévy measures of squared Bessel processes using Ray-Knight
theorems and excursion laws. In Chapter 5, we look at the isomorphism identities based
on random translations whose special case is Dynkin’s Isomorphism. Chapter 6 is devoted

describe Lévy measures of non-negative infinitely divisible processes in general.



Chapter 2

Lévy measures on path spaces

This Chapter is devoted to study Lévy measures on path spaces. We will show the existence
and uniqueness of Lévy measures for every Poissonian infinitely divisible processes. Lévy
Khinchine representation for an infinitely divisible process is also discussed. Our standard

reference for this Chapter is [28].

2.1 Definitions and preliminaries

There are two natural ways to define Lévy measures for infinitely divisible processes over any
set T'. The first one is proposed by Lee and Maruyama [18][22]. It defines a Lévy measure
on o—ring generated by cylindrical subsets of RT\{0} . The second way is proposed by
Rosiriski [28] which considers a Lévy measure on the canonical path space (RT,BT), on
which the laws of stochastic processes over T" are defined . When 7' is uncountable, the first
approach can lead to substantial conceptual and technical difficulties. For that reason, we
prefer the second one. We look at Lévy measures as “laws” of processes defined on possibly
infinite measure spaces. Here we are using the development from Rosinski paper[28]. Recall
that RT = {z;z : T — R} and BT will denote the cylindrical (product) o— algebra of R”.
The law of a stochastic process X = (X;);er is a probability measure p on (RT, BT) given
by
p(A) = P{w: (Xy(w))ier € A}, A€ B,



and we write .Z(X) = p.

Definition 2.1 (Lévy measure) A measure v on (RT, BT) is said to be a Lévy measure if

the following two conditions hold
Cl. for everyt € T [or(la(t)]* A1)v(dz) < oo,

C2. for every A € BT v(A) = v,(A\Or), where v, is the inner measure.

The first condition can be found in the Lévy Khinchine formula. It is needed for the integral
to be well-defined. While the first condition is just a technical one, the second condition
ensures “v does not charge the origin”. If T is countable, then 07 € BT, so that condition (2)
is equivalent to v(0r) = 0 which is the usual condition for the uniqueness of v in the Lévy
Khinchine representation. If T is uncountable, v(0r) is undefined since 07 ¢ B”. However,
condition (2) still makes sense and it can be shown that there is a unique measure for any

infinitely divisible process satisfying this definition.

Remark 2.2 There exists a countable set Ty C 1" such that
v{z € R" : 2, = 0} = 0. (2.1)
Condition (2) is satisfied because for any A € BT
v(A) > v, (A\Or) > v(A\{z : x5, = 0}) = v(A).

Let T := {I C T :0 < Card(I) < oo} be the family of all finite nonempty subsets of the
index set T, and T, := {J C T : J is nonempty countable} be the family of all countable

nonempty subsets of the index set T.

The next lemma introduces some equivalent conditions to condition (2) which are applicable

in concrete situations.

10



Lemma 2.3 Let v be a measure on (RT, BT). The the following conditions are equivalent to

condition (2):

a. for every Ty € Tc there exists Ty € TC such that Ty C T and

v{z € R" :op, =0} = v{z € R 1 g, = 0,21, # 0};

b. for every Ty € T, with v{z € RT : xg, = 0} > 0 there is t ¢ Ty such that

v{z € RY t 2y =0,2(t) # 0} > 0;

c. either v{x € RT : zq, = 0} = 0 is satisfied for some Ty € T, or there is t ¢ Ty such
that v{z € RT : xq, = 0,2(t) # 0} > 0 is satisfied.

Condition (a) was originally introduced in the lecture notes by Rosiniski work[27].

2.2 Lévy Khintchine Representation

Infinitely divisible random variables are characterized by the Lévy - Khintchine Theorem.

Theorem 2.4 (Lévy - Khintchine). Let X be an infinitely divisible vector in R%. There
exists a unique triplet (X,v,b) consisting of a symmetric non-negative definite d x d matrix
5, a o-finite measure v on R? satisfying v(0) = 0 and [z, 1 A ||z|*vde < oo, and a vector

b € R? such that for every u € R?

E(exp(i{u, X))) = exp{—%(u, Yu) 4+ 1(b, w) +/ (e ™ — 1 —i(u, z)x(z))vdz}  (2.2)

R4

where x(x) : R? — R is the cut-off function. Conversely, given a triplet (3,v,b) as above,

there exists an infinitely divisible distribution X € RY satisfying the equation above.

Different authors might use a slightly different expressions for the Lévy - Khintchine formula

depending on how they use the cut-off function. The cut-off function y : R — R is a

11



bounded measurable function such that y(z) = 1+ o(|z|) as z — 0 and x(z) = O(|z|™!)
as |z| = oo. The most common forms have been used as the cut-off function are 1 1)|z|,
(1V]z])~" and (1 + |z|*)~'. Such a change in the choice of cut-off function only affect

parameter b. We will use the cut-off function x(z) = 1 1)|#| unless we specify otherwise.

The distribution of X is uniquely determined by the triplet (3,r,b) which is called the
generating triplet or Lévy triplet of X. The measure v is the Lévy measure and ¥ is
called the Gaussian coefficient of X . We often write X ~ ID(X,v,b). We observe that
ID(X%,0,0) is a centered Gaussian distribution with covariance matrix ¥, ID(3,0,b) is a
Gaussian distribution with mean b and covariance matrix ¥; and ID(0,r,0) is a compound

Poisson distribution.

Let X = (X})ier be an infinitely divisible process, so that for every non-empty finite subset
of T, I € T, the random vector X7 is infinitely divisible in R’. By theorem 2.4, there exists

a unique Lévy triplet (X, v, by) satisfies (2.2).
From the uniqueness of the triplet (X;, v, by), the following consistency conditions hold: for
every I,J € T with I C J

1. X restricted to I x I equals Xy,

2. by restricted to I equals by,

3. vyomy; = vy on By,

where 777 : R7 — R! is the natural projection from R’ onto R!. By the Kolmogorov
Extension Theorem, there exists mutually independent centered Gaussian process G =

(Gy)ter and a Poissonian infinitely divisible process Y = (Y;)ier such that

Xia 4y

12



For every I € T', Gy ~ N(0,%;), and

E(exp(i<u,Yz>))=exp{i<bz7U>+/ (€@ — 1 —i(u,y)x(v))vidy}, uweR' (23

RI

The covariance function ¥ of G restricted to I € T is ¥ 7 and there exists b : T' — R which

restricted to I equals b;.

Definition 2.5 A family {v; : I € T} of finite dimensional Lévy measures is consistent if il

satisfies condition (3) of the consistency conditions above.

Remark 2.6 A consisted family of finite dimensional Lévy measures is not necessarily a

projective system of measures.

Theorem 2.7(Rosinski,[28]) Let Y = (Y})ier be a Poissonian infinitely divisible process as
in (2.3). Then there exist unique Lévy measure v on (RT,BT) and a shift function b € RT

such that for every I € T and u € R!

E(exp(i{u, 7)) = exp{i(br, u) + / (e v — 1 —iu, yr)x(yr)) vdy}. (2.4)

RT

Therefore, for any consistent system of Lévy measures {v; : I € T} there exists a unique

Lévy measure v on (RT, BT) such that
vomt=v; on Bl IeT. (2.5)
Furthermore, v is the smallest among all measures p such that por;' =vr on B I ¢€ T.

Proof The proof of this theorem can be found in [28] under the proof of Therorem 2.8.

This theorem shows the existence and uniqueness of Lévy measures for every Poissonian
infinitely divisible processes. It enables us to write the representation for an infinitely

divisible process.

13



Corollary 2.8 (Lévy Khintchine representation) Let X = (X;)er be an infinitely
divisible process. Then there exist a unique triplet (X,v,b) consisting of a non-negative
definite function ¥ on T x T, a Lévy measure v on (RT,BT) and a function b € RT such

that for every I € T and u € R?
E(exp(i(u, X1)))

= exp{—%(u,Zm) +i(by,u) + /}RT(@“”’“”> — 1 —i(u,zr)x(xr))vda}, (2.6)

where Xy is the restriction of ¥ to I x I. (3,v,b) is called the generating triplet of X.
Conversely, given a generating triplet (X,v,b) as above, there exists an infinitely divisible

process X = (Xy)er satisfying (2.6).

It is useful to think about Lévy measures on path spaces as“laws” of processes defined on

possibly infinite measure spaces. The following concept was introduced in [28]

Definition 2.9 (Representations of Lévy measures) Let {v; : I € T} be a consistent
family of finite dimensional Lévy measures, which extends uniquely to a Lévy measure v by
Theorem 2.7. A collection of measurable functions V- = (V,)ier defined on a measure space

(S,8,n) is said to be a representation of v if for every I € T
n{V; € B} = v(B), for every B € B..

A representation V. is called exact if noV =" = v or, equivalently, if noV =" satisfies condition

2 in the definition of Lévy measure. Here V is viewed as a function from S into RT given

by V(s)() = Vi)(s)-

The difference between representations and exact representations of Lévy measures is a

technical one, as we can see in the following Lemma.
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Lemma 2.10 Any representation of a Lévy measure, defined on a o-finite measure space,

can be modified to an exact representation by restricting it to a smaller domain.

Remark 2.11 The process V(z) = z(t),z € RT,t € T is an exact representation of v on
(S,8,n) = (RT, BT, v). However, such representation is too general. It does not give much of
information about the Lévy measure. Therefore, we are seeking more specific representations

on richer structures, such as Borel spaces.

Example 2.12 (Lévy processes) Let Y = (Y;);>0 be a Poissonian Lévy process determined

by Ee®¥t = ¢tK(W) wwhere K is the cumulant function given by

K(u) = /R(eiux — 1 —du[[z]]) p(dx) + iuc.

For every I = {t,...,t,} with 0 <t; < ... < t,, and a = (ay, ...,a,) € R,

Eexpiz apY:, = exp { Z K(uk)Atk},

k=1 k=1
where At =t — tp_1, up = Z?:k a;, and ty = 0. Therefore, the Lévy measure v; of X7 is

given by
vi(B) = Z/ 1g(vxg)p(dv)At,, B e B"
k=1 7R

where z;, € R, 2, = (0,...,0,1,...,1), k = 1,...,n. The first (k — 1) elements of x; are 0,
the remaining are 1. Define V' = (V});er on the half plan Ry x R equipped with a measure
A ® p given by

Vi(r,v) = Lispv,  (r,v) € Ry xR

15



where A denotes the Lebesgue measure. Then V is a representation of the Lévy measure v

of Y. Let I be a finite set of indices , for any B € B? we have

A@p)VreB :/R/OOO 15(Vi(r,v))drp(dv)

n th
— Z/ 1B(1{t127“}v7 ey ]-ter)dTp(d/U)
R k=1 1

(7.

:/RZ13(0,...,O,v,...,v)p(dv)Atk = v/(B)

k=1

For Ty = N, we have
A®@p){(r,v) : Lz = 0¥n € N} = 0.

Thus, V is an exact representation of v.

Example 2.13(General Compound Poisson Processes) Let V' = {V;};er be a stochastic
process and let ¢ be a Poisson random variable with mean 6. Let {V™}, .y be a sequence

of independent copies of V' and independent of (. Then,

is a Poissonian infinitely divisible process such that for every I € T,acRl,

Eexpz’ZatY} = exp{E(e'XreraVt _ 1)} = exp{/ (e=%v> — 1)(dy)}.
RI

tel

V = {V, her is a representation the Lévy measure v of Y on (X, F, 0P).
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Chapter 3

Permanental processes and Squared

Bessel processes

In this Chapter, we focus on permanental processes which serve as generalization of the
squared centered Gaussian processes. We are going to explore the definition of permanental
processes, the connections between a permanental process and the local times of a Markov
process and the characterization of an infinitely divisible permanental process. We also
introduce the squared Bessel processes and their important properties. The standard

references for this Chapter are [10][21][17].

3.1 Definition and Existence of Permanental Processes

A permanental process with parameter space E is a positive Gamma process whose finite

dimensional Laplace transforms are given by a negative power of a determinant[10].
Definition 3.1(Permanental Process) A real-valued positive process (Y, x € E) is a

permanental process if for every (aq, g, ..,0q) in R and every (w1, s, ...,x,) in E", its

finite-dimensional Laplace transforms satisfy

1 n
E(exp{—5 Y ai¥e}) = |1 +aU["/%, (3.1)
=1
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where I is the n X n-identity matriz, « is the diagonal matriz diag(a;))l <i <n and
U = (u(zs,2;))1<ij<n, B s a fived positive number and for an n x n matriz A, |A| is
the determinant of A.

Process (Y,) is called permanental process with kernel (U(x,y),x,y € E) and index (3.

Let (¢,)zcr be a centered Gaussian process with covariance U = (u(z;, z;))1<i,j<n, then the

finite dimensional Laplace transforms of the process (¢2),cg is given by:
1 n
E(exp{—=) ;> V) = I +aU|""2
Thus (¢2).ep is a permanental process with index 8 = 2 and symmetric positive kernel U.

Remark 3.2 : The right hand side of (3.1) is not unique with respect to matrix U. If P is

a diagonal matrix with non-zero entries, then
I +aU|=|[+aP 'UP| = I +aP 'UTP|.

In general, the right hand side of (3.1) might not be a Laplace transform. The natural
question is in which conditions in term of U = (u(wx;, z;))1<ij<n and [ that (3.1) makes
sense, or that the right hand side of (3.1) is a Laplace transform. Vere-Jones [32] has
answered the question by establishing the necessary and sufficient condition on U for the

existence of Y. They are based on the following definition.

Definition 3.3 For any n x n matriz M :

detsM = > g ﬁ M (i),
1

S 1=

where S, is the symmetric group of order n and v(o) is the number of cycles of o. For
every multi-index k = (ki, ks, ...,k,), M(k) denotes the derived |k| x |k|-matriz (where
|k| = k1 4+ ko + ... + ky, ) obtained from M by selecting the first row and column ky times, the

18



second ko times,..., the n'* k, times. For 8 >0, a matriz M is said to be B-positive definite
if for all possible derived matrices M (k), detg(M(k)) > 0
Note that det_1M = |M| the determinant of M, and det,(M) = Perm(M).

The next proposition is Proposition 4.5 in [32].
Proposition 3.4 A permanental vector (Y,,,1 < i < n) corresponding to U =
(u(z4, 25))1<ij<n and index B exists if and only if for every r > 0:

o |[+7G| >0,

o set Q. =U(I +rU)7Y, then Q. (k) is B-positive definite for every k in N™.

It is impossible to very the proposition 3.3 except in a very special case when U is the

potential density of a transient Markov process that we are going to discuss in section 3.2.

3.2 Permanental processes associated to Markov pro-
cesses

Let (X;) be a transient Markov process on a nice measure space (E, ), where £ is the Borel
sets of E, with a-potential density u®(z,y). See appendix A.2 for more details of Markov

transition semigroup and potential densities.

Theorem 3.5 (Eisenbaum and Kaspi,[10]) For every § > 0, there exists a positive process

(Yz,x € E) such that for every (ou, o, ..., 0p,) in R} and every (z1, 2o, ..., z,) in E"
Iy ~1/8
E(exp{_iiz;aini}) = |I + aU|

where I is the n x n-identity matriz, o« is the diagonal matriz diag(ce;))l <i<n and

U = (u(zs,25))1<ij<n-
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This theorem says that for every 5 > 0, there exists a permanental process with index g and

with kernel is the 0-potential density function of X.

Proof of Theorem 3.5: see [10], theorem 3.1 for the proof.

The proof of this theorem use the fact that U~! is an M-matrix, then all the real eigenvalues
of U~! are positive. In addition, the matrix @, = U(I +rU)™! is a resolvent matrix hence all
its entries are non-negative. It follows that (), is S-positive definite for all 5 > 0. Therefore,

the theorem follows Proposition 3.4.

When § = 2, for every fixed x € F, Y, has the law of squared centered Gaussian variable
with a variance equal to u(x,z). If moreover the O-potential function is symmetric, Y is
the square of a centered Gaussian process with a covariance equal to u(x,y),z,y € E. This
process has been noted and studied by many authors [5][7][21]. This Gaussian process is

referred as “Gaussian process associated” to X.

Definition 3.6 In the general case, we call the process Y the permanental process with index

[ associated to X.

The existence of an associated permanental process with index 3 for every g > 0 implies the

property of infinite divisibility of these process.

Let (LY,z € E,t > 0) be local time process of X; and (u(x,y),(x,y) € E x E) be its 0-
potential density function (or Green function) so that it satisfies u(z,y) = E,(LY%). Let a

be an element of E such that u(a,a) > 0. We define the probability P* as follows:

u(Xy, a)

B, =
|»Ft u(a/’ a)

P4z,

Under P?, the process X starts at a and is killed at its last visit to a. Expectation with
respect to P is denoted by E°.
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Let Y,,x € E be the permanental process with index 2 associated to the Markov process X,
defined on a probability space unrelated with X. The following theorem relates the law of

Y and the law of L%, under P* .

Theorem 3.7 (Eisenbaum and Kaspi,[10]) For every a € E such that u(a,a) > 0, for every

functional F on the space of measurable functions from E to R, we have

Yo

EE*(F (L%, + lyx; z€E)) = E(u(a ”

2

1
F(§Y;c,x €b)). (3.2)
Proof of Theorem 3.7 see [10], Theorem 3.3 for details of the proof.

Now, let X be a recurrent Markov process with a state space E. For a € E, define
T, =inf{t > 0: X, =a} and 7, = inf{t > 0: Lf > r}. Let Sy be an exponential time with
parameter 6, independent of X. Then X killed at 7, and X killed at 7g, are both transient
Markov processes. We denote by ¢ and v their respective associated permanental processes

with index 2. We have the following identity for the process (L7 ,x € E)[11].

Corollary 3.8 Let X be a recurrent Markov process. For a € E and every functional F' on

measurable function from E to R, we have
1 1
EE*(F(LE + §¢m;m €E)) = E(F(ig/}x;x € B =)
Besides, we have :(¢;x € E|th, = 0) = (¢p;2 € E)

Proof of Corollary 3.8:see [10], Corollary 3.6 for details of the proof.
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3.3 Characterization of the infinitely divisible perma-
nental processes

The natural question is when a permanental process has the property of infinite divisibility?
From the previous section, we know that a permanental process associated to a Markov
process is infinitely divisible. But, is that the only case? This section is devoted to answer
these questions. And the answer is: a permanental process is infinitely divisible if and only

if it is associated to a Markov process.

If a permanental process with index 5 > 0 is infinitely divisible then the permanental process
with the same kernel and index 2 is also infinitely divisible. Hence, on this section we will

consider the case § = 2.
Definition 3.9 A n x n matriz A is an M —matriz if and only if
® AZ] SOfO?"Z#]

o A is non-singular and A=1 > 0(i.e. Ai_jl >0 for every i, j).

Lemma 3.10 Let (G;;,1 < 1,5 < n) be a real non-singular n x n matriz. There exists a
positive infinitely divisible random vector (Y1,Ys, ..., Yy) such that for every (ay, as, ..., ) €
R,

RS ~1/2
E(exp{—3 ;am» = | +aG| (3.3)
if and only if , there exists a signature matriz S such that SG=1S is an M —matriz.
If U satisfies (3.3), the its real eigenvalues must be positive.
Proof of Lemma 3.10 see [10], Lemma 4.2 for the proof.

Theorem 3.11 (Eisenbaum and Kaspi,[10])Let (G;;,1 < i,j < n) be a real non-singular

n x n matriz. There exists a positive infinitely divisible random vector (Y1,Ya, ..., Yy,) such
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that (8.3) is satisfied, if and only if

G0, ) = d(t)u(i, 7)d(7) (3.4)

for every (i,7), where d is a function on {1,2,...,n} and u is the Green function of a Markov

process.
See [10], Theorem 4.3 for the proof.

The property (3.4) is equivalent to the following property[9]

G(i,j) = d™*(i)u(i, j)d(j) (3.5)

where d is a function on {1,2,...,n} and wu is the Green function of a Markov process. Note
that |I + aG| = |I + aU|. It is saying that Y is a infinitely divisible permanental vector

associated to a Markov process.

Theorem 3.12 (Eisenbaum and Kaspi,[10])Let (k(z,y),z,y € E) be a jointly continuous
function on E x E such that k(xz,x) > 0 for every x € E. There exists a positive infinitely

divisible process (Y, x € E) such that for every (aq, ag, ..., a,) in E™,
RS ~1/2
E(exp{— ;amb = I +aK| (3.6)

where K = <k<xi~xj))1§i,j§n
if and only iof
k(w,y) = d(x)g(xz, y)d(y) (3.7)

where d is a positive function and g the Green function of a Markov process.

See [10], Theorem 4.4 for the proof.

23



Corollary 3.13 Let (k(z,y),x,y € E) be a jointly continuous function on E X E such that
k(x,x) > 0 for every x € E. Let (Y, x € E) be a process such that for every (aq, ag, ..., o)

in R and every (xq, s, ..., x,) in E",
1 ¢ ~1/2
E(exp{—§ ;1 a;Yi}) = |1 + aK| (3.8)

where K = (k(2;.75))1<i j<n

Then Y,,x € E is infinitely divisible iof and only if it is associated to a Markov process.

3.4 Squared Bessel Processes

Definition 3.14 (Squared Bessel Process) For any real number 6 > 0 and x > 0 the
square of §-dimensional Bessel processes started at x, X = {X;}+>¢ is defined as the unique

solution to the SDE
t
X;=x+ 2/ v/ X dW + 0t (3.9)
0

where W is one dimensional standard Brownian motion. We will denote X as BESQ’(x).

When the dimension 6 is an integer, BESQ°(z) is the square of the distance from the origin
of -dimensional Brownian motion starts at By where |By|*> = x. Let B be that Brownian

motion. By the Ito’s formula, we have
|B,)? = | Bo|* + 2(2/ BWaBW) + 6t (3.10)
i=1 70
For § > 1, | By is almost surely positive for positive ¢, we can consider the process:
ﬁt = / _ngl)
2 ), T

which is a one dimensional Brownian motion since < f3, 5 >;= t. Hence, the equation (3.10)

can be written in the form of (3.16) by taking X; = |B|?.
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The squared Bessel processes become interesting due to the important observation of Shiga

and Watanabe [30].

Theorem 3.15(Shiga and Watanabe [30]) Let X and X' be independent stochastic processes
with X a BESQ®(x) and X' a BESQ? (1'), 6,68’ > 0. Then X + X' is a BESQ*™ (x + ).

Proof: We provide the proof for its simplicity and beauty. The original proof can be found

in [25], chapter 11, theorem 1.2.

Proof. X satisfies (3.16) while X’ satisfies

t
X =2+ 2/ VXLAW! + 8"t
0

where W' is an one dimensional Brownian motion independent of W. The sum Y; = X; + X/

satisfies

t
Yi=x+2'+ 2/ (VX dWs + / XLdW)) + 6t + 't (3.11)
0

Set

5 /t VAW, + /XLdW!
"o VY, '

Then S; is a one dimensional Brownian motion since < 3,3 >;= t. The integral in (3.18)

becomes fot VY.dB, and Y; is a BESQ*™ (z + /). O

Corollary 3.16(Shiga and Watanabe[30]) Squared Bessel Processes are infinitely divisible

Let X; be a BESQ?. For every n € N, there exist i.i.d processes Y;(j) which are BESQ‘;//Z,
j=1,..nsuch that X2Y® + ..+ Y™,

Proposition 3.17 If X is a BESQ‘(Sx), then for any ¢ > 0, the process ¢ 1 X is a BESQ?QC/C).

Remarks 3.18

e For § > 3, the process BESQ? is transient.
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For § < 2, the process BESQ? is recurrent.
For § > 2, the set {0} is polar which means P(T < oo) = 0 where Ty = inf{s : X, = 0}.
For § < 1, the set {0} is reached a.s.

For § = 0, {0} is an absorbing point.
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Chapter 4

Lévy measures of Squared Bessel

Processes

This Chapter is devoted to examine the description of Lévy measures of squared Bessel

processes using Ray-Knight theorems and excursion laws.

4.1 Ray-Knight Theorems

There are two Ray-Knight theorems. They describe the relationship of Brownian’s local
times and other independent Brownian motions. The first Ray-Knight theorem is related to
Ty = inf{t : W, = 0} where W, is a Brownian motion. It describes the relationship of the
Brownian local times {L7,,r € R, } and two independent Brownian motions. This theorem
was provided independently by Ray[24] and Knight[16]. There are many versions of the First
Ray-Knight theorem. We now introduce the version used by Marcus and Rosen which can

be found in Theorem 2.6.3 page 52 of [21].

Let B; B; be two independent standard Brownian motions. Then, the process {B? + B? :

t € R,} and is a two dimensional squared Bessel process.

27



Definition 4.1 (Terminal times) A stopping time T is called a terminal time if for every
t
T'>t=T=t+To06, a.s, (4.1)

Set
ur(z,y) = E*(LY), (4.2)
It is obvious that Ty-the first time that a Brownian motion hits 0 is a terminal time. In the

next step, we want to evaluate ug, (x,y) for the Brownian motion.

Lemma 4.2 Let {L?, (z,t) € R x R} be the local times of Brownian motion and let ug,

be given by (2.3). Then

Proof of Lemma 4.2 See [21], page 42 for the proof.

Lemma 4.3 Let T be a terminal time with potential density (A.2)ur(x,y) as defined above.
Let ¥ be the matriz with elements ¥, ; = ur(z;,x;),4,j = 1,2,...,n. Let A be the matriz with

elements {A};; = Nidij. For all My, ..., \, sufficiently small and 1 <1 <n,

- N\ det(I —BA)
£ ( AiL%) _ g T 2 44
o ; ) = det(I = SA) (44)
where
Sij =%y — Sy, Gi=1..,n, (4.5)

These equation also hold when T is replace by Ta(\), for any CAF, A = {A;,t € R}, and

E* s replaced by E.
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Proof of Lemma 4.3 See page 49 [21] for the proof.

Theorem 4.4(First Ray-Knight Theorem) Let x > 0. Then under P* x Py p
{Lh, + (B2, + B2 )5, :r € Ry} ={B>+ B2 :r € R, }, (4.6)

Equivalently, under P®, Ly between 0 and x has the law of a second dimensional squared
Bessel process Y = {Y, : 0 < r < z} with Yy = 0, and then proceeds from x as a 0 — th
dimensional squared Bessel process Z = {Z, : v <r < oo} with Z, =Y,, where Z also has

the property that, conditioned on Y, it is independent of Y .
Proof of Theorem 4.4 See page 52 of [21] for the proof.

Remark 4.5 There are several important variants of the First Ray-Knight Theorem, among

which is the following

{LZ (|B] 4+ L%);r > 0} has the law of second order squared Bessel process starting at
0.

The second Ray-Knight Theorem is related 7(¢) = inf{s : L? > ¢} the right continuous
inverse of the local time at 0 of a standard Brownian motion. Heuristically, it is the amount
of time it takes for the local time at 0 equal to t. The second Ray-Knight Theorem describes
the behavior of the Brownian motion local time Lf(t);L‘ZO in term of squares of standard
Brownian motion and Brownian motion starting from V/t. We use the version of the second
Ray-Knight theorem proposed by Marcus and Rosen which can be found in Theorem 2.7.1
of [21].

Lemma 4.6 Let W be a Brownian motion (0, F,F;, P*) and let {LY, (y,t) € R' o R, }

be the local time of W. Let X\ be an exponential random variable with mean 1/a which is
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independent of (0, F, Fy, P*). Then

uT()\) (ZE, y) = Ei(‘[’z(,\)) = UTO (I’, y) + ]_/O{ (47)

where Py := P* x P;.
Proof of Lemma 4.6 See page 47 of [21] for the proof.

Theorem 4.7 (Second Ray-Knight Theorem) Lett > 0. The under the measure P°x Pp,
{L7w + Bl 2 0} = {(B, + V1)* 2 > 0}, (4.8)

on C(Ry) where {B,;x > 0} is a real-valued Brownian motion starting at 0, independent
of the original Brownian motion (that is, the Brownian motion with local time L:(t)).
Equivalently, under P°, {L:(t);r > 0} has the law of a 0 — th order squared Bessel process

starting at t.
Proof of Theorem 4.7 See page 53,54 and 55 of [21] for the proof.

The first and second Ray-Knight theorems are stated in terms of Bessel processes because

this is how they often appear in the literature[25].

4.2 Excursion Laws

4.2.1 Poisson Point Processes

In order to define Poisson Point Processes, we first need to introduce the notion of Poisson

random measures.

Definition 4.8 (Poisson random measures) Let (F, &, 1) be a measurable space with u

a o-finite measure. A Poisson random measure (PRM) with intensity measure p is a family
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of random variables M = {M(A), A € £} defined on some probability space (2, F, P) such
that

e If B € £ is such that u(B) < oo, then M(B) ~Poisson(u(B)), i.e. P(M(B) = k) =

BB cop{—u(B)}, for k=0,12...

If u(B) = oo, then M(B) = oo a.s.

e Let {B;} be a sequence of pairwise disjoint sets of £, {M(B;)} forms a sequence of

independent random variables such that

Z M(B;) = M(U B)) a.s.

Properties of Poisson random measures

e Superposition property: Let {y,} be a sequence of o—finite measures, and {M ™}
are independent PRMs with intensity measures {p,}. If p =3 -, pi, is also a o—finite
measure, then M =3 _, M®™ is a PRM with intensity measure .

e Splitting property: Let M be a PRM on (F, &) with intensity p and {B,,} a sequence
of pairwise disjoint sets of &£, then the restrictions {M|p, } are independent PRMs with
intensity {u(. N B,)}-

e Image property: Let [ : (E,€) — (G,G) be a measurable function, u a o—finite
measure on (£, &) and v the image measure of p by f. If M is a PRM on (F, ) with
intensity u, and v is also o—finite, and if we define M o f~1(C) = M(f~(C)) for
C €G. Then M o f~!is a PRM with intensity measure ~.

One can construct Poisson measures as follows [29]. First, suppose u(E) < oo and define

the probability measure p(B) = % for measurable set B in €. Let {{,} be a sequence of
iid random elements on (E, &) with law p(.) = %, and N be a Poisson random variable
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with parameter p(E) which is independent of {&,}. Then the random measure

N
M = Z 5&
=1

where 0, stands for the Dirac point mass at x € FE, is a Poisson measure with intensity v.

The random measure M is a counting measure for any B € £
M(B) = card{i < N : ¢ € B}

When p is o—finite, we can construct a Poisson random measure using the splitting

property and superposition property.

The following formula connects the expectation of a function of Poisson random measure to

the integral involving its intensity measure which can be found in [15].

Proposition 4.9 (Campbell’s formula) Let f : E — Ry be a measurable function and

M a Poisson random measure with intensity measure . Let’s us define

(M, f) = [E £ ()M (dz) (4.9)

then
B(exp(~(M.1)}) = exp{= [ (1= /(o)) (410)

Let M be a Poisson random measure on [0,00) X E with intensity measure A X p, where A

is the Lebesgue measure on [0,00) and p is a o finite measure on F

Lemma 4.10 Almost surely, for all t > 0,

M{t} xE)=0 or 1 (4.11)
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If M({t} x E) =1 there exists one and only one point A; € E such that

M |@yxe= S0y

If M({t} x E) =0 then we define A, = J where 0 is an isolated additional point.

Definition 4.11 (Poisson Point Process) The process defined by A = (At > 0) is a

Poisson point process with characteristic measure .

Exponential Formula Let f be a measurable function on F U d with f(9) = 0 and

/ 11— @ |p(dr) < oo
E

We have for every ¢t > 0

B(ep—{ 3 F(A6))) = expi- | t [ (=@ )utanasy @2

0<s<t

Proof Exponential formula comes directly from the Campbell’s formula.

Lemma 4.12 Let B € & such that 0 < u(B) < oo. The first entrance time of A into B,
Tp = inf{t > 0: A, € B} is a stopping time. Moreover,Tg has an exponential distribution

with parameter u(B). And the random variable Az, is independent of Ts and has the law
w0 B)/u(B).

4.2.2 Excursions

In this subsection, we would like to investigate the distribution of the intervals of time during
which a Markov process makes an excursion away from a given point. Here we follow the
construction from the work of Bertoin[2]. We will work with the Skorokhod space of cadlag

(right continuous and left limit)paths. Let an isolated point 0 be the cemetery point and
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¢ = inf{t : w(t) = 9} be the life time of a strong Markov process X;. We consider a set of
paths which are right continuous on [0, 00), have left limit on (0, c0) and stay at the cemetery

point after life time.

' = D([0,00), £ U{d}).

Let £ = {t : X; = 0} be the zero set of X. Since X is right continuous, if ¢, € £ and t,, | ¢
then t € L. It means every point of cl(£)\L is isolated from the right. Since cl(L£)° is open,
it is a countable union of disjoint open intervals. It follows that £¢ is a countable union of
disjoint open intervals of the form (u,v) or [u,v). Every of such interval is associated with

an excursion of X.

The excursion interval (g, d) is an open interval which is maximal between open intervals on
which X; # 0. The left end point of the excursion interval g € cl(L), the right end point
d € c(L)U{oo}, and | = d — g is the length of the excursion interval.

The excursion of X away from 0 is the piece of path of the type (Xy4, : 0 <t < d—g)
corresponding to each excursion interval (g,d). For each h > 0, denote by U" the set of
excursions with length [ > h and by U = U,~oU" the space of excursions. The number of

excursions in U” is denoted as &,.

Now put h = inf{h > 0;k, =0 a.s}. For any h € (O,fb), we have k;, > 1 a.s., and we
may define n;, as the distribution of the first excursion in U”. It means ny, is the probability
measure on U” corresponding to the law of the process {Xy )40 < ¢ < I3(h)} under P.
Here gi(h),l1(h) are the left end point and the right end point, respectively, of the first

excursion interval with length [ > h.

The next result shows how n; can be combined in to a single measure n on U, so call the

excursion law of X[13]. Let n(.|A) = n(. N A)/n(A) whenever 0 < n(A4) < co.
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Lemma 4.13 (Excursion Law, It6) There exist a measure n on U such that n(U") €
(0,00) and ny, = n(.|U") for every h € (0, k). Furthermore n. is unique up to a normalization,

and it is bounded iff the recurrence time is a.s. positive.
Proof of Lemma 4.13 The proof can be found at page 435 of [13].

In order to define the excursion process, we need to introduce the inverse local time.
The inverse Local time The local time L of a Markov process has its right-continuous
inverse

7(t) =inf{s >0:L%>1t}, t>0

and its left-continuous inverse
Tt7)=inf{s >0:LY>t}, t>0

Remark 4.14
e For every t > 0,7(t) and 7(¢~) are stopping times.
e The process 7(t) is increasing, right-continuous and adapted to the filtration (Fy)).

e We have a.s for all t > 0,
7(LY) = inf{s > t : X, = 0}

and

T((LY)™) =sup{s < t: X, =0}

In the next step, we will introduce the excursion process of X. Let Uy = U U {9} where
J is a cemetery point. The excursion process e = {e; : t > 0} of X takes the values on Uy is

defined as:

=) Ky 0S5 <a () =) i () <7(0) (4.13)

0 otherwise.
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The following theorem describes the excursion process due to Ito [12].

Theorem 4.15 (Itd)

e [0 is recurrent, the excursion process e; is a Poisson point process with characteristic

measure n.

o [f 0 is transient, then e = (e;,0 < t < L(o0)) is a Poisson point process with
characteristic measure n, stopped at the first point in U, the space of excursions

with infinite length.

Proof of Ito theorem: See [2], page 118 for the proof.
Proposition 4.16 If f is a B(R;) ® U measurable such that

/Oo/lf(s,u)]n(du)ds < oo and f>0
0

then

E(ea:p{— Z f(s,es)}> = exp{— /090/ (1 —e*f(s’“)>n(du)ds} (4.14)

0<s<z

Proof This Proposition comes directly from the exponential formula.
The Excursion process of Brownian Motion

Let W be the Wiener space, P be the Wiener measure and F be the Borel o— field. For
w e W, we set:
R(w) = inf{t > 0 : w(t) = 0}.

The space U is the set of these functions w such that 0 < R(w) < oo and w(t) = 0 for
every t > R(w). A point 0 is cemetery as usual. An excursion of Brownian motion either

lies above or below the time axis, and we will call U, and U_ as corresponding subsets of
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U. The restrictions of the Ito measure n on U, and U_ are n, and n_, respectively.

Starting for a Brownian motion B, we can define the excursion process of B. Conversely, if

the excursion process is known, we may recover B.

Proposition 4.17 We have

7(t)(w) =) Rles(w)) (1) (w) =) Rles(w))

and

Proof. The first two formulas are consequences of the fact that 7(t) = > _,(7(s) — 7(s7)).
For the third one, we observe that if 7(s7) <t < 7(s) for some s, then by the definition of

the excursion process
es(u) = Byjr(s—y for 0<u<7(s)—7(s7)

or

By =es(t —7(s7))

4.3 Representation of Lévy measures of squared Bessel
Processes

Denote the Lévy measure of a squared Bessel process with dimension d starting from z by

v(4?) By additivity property of squared Bessel processes observed by Shiga and Watanabe,
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we have:

Hence, it is sufficient to describe only Lévy measures of BESQ?(1) and BESQ'(0). The
description of these Lévy measures on C' (R ) are found in Pitman and Yor[23], Mansuy and

Yor [19].

Representation of Lévy measure of BESQ"(1)

Let Uy be the positive excursion space of Brownian motion and n, be the Ito measure on

U.. The Lévy measure v of BESQ"(x)

v=(r®ng)oS (4.16)
where Sy(u) = L (u), u € U,.
Then Lévy measure of BESQ"(1) has the form: vV = (n,) oS! .

Proof

Proof. By the second Ray-Knight Theorem: (L. (B),t > 0) = BESQY in law. Let Y; be

the square of a zero dimensional Bessel process starting from .

We have - -
Liz(B):/O 6,(B,)dr = Z/ 6,(B,)dr
ren 0<s<z / Ts— ‘ (4.17)
= > /0 8, (es(r))dr.
Then, _
B(exp(— [ vipta}) E(esol= [ 2, (B)plan))
’ ’ (4.18)

w(ent- 3 [ [ atetriroa)

0<s<z
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Where p is a o —finite measure on R. For examples, p(dt) = f(¢t)dt or p(dt) = D" | Nidy, (dt).
Let F(s,e5) = [J° R(e“‘ ) 8u(es(r))drp(dt), then

fo fo r))drp(dt) = foo LtR(u)(u)p(dt)

Apply the proposition 4.16, we have :

E ((exp(- /O " Yip(at)}) =E(exp{- Z/ / st ))drp(dt)})

0<s<z

:exp{ - /0 /U 1 - exp(—/o L%(u)(u)p(dt)))n(du)ds}
:exp{ — [E/ (1 — e Jo” Lﬁz(u)(“)ﬂ(dt)>n(du)}

U
:exp{ — x/ (1 —e o LtR(u)(”)p(dt)>n+(du)}

Since L%(u) =0whent>0andueU._.

(4.19)

Therefore, BESQ®(z) is an infinitely divisible process with the triplet (0,7, 0) and
v ::(JT'H%J 0‘9_17

where Sy(u) = Lf_(u), u € Uy.

Or, we can say that the representation of Lévy measure v is Si(u) = LY (u) on the

measure space (Uy, U,z - ny). ]

It is easy to see that the Lévy measure of BESQ(1) has the form: vV = (n )o S~ .

Representation of Lévy measure of BESQ!(0)
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Let Uy be the positive excursion space of Brownian motion and n, be the Ito0 measure on

U,. The Lévy measure v of BESQ?*(0) has the form.:
v=02 \®ny) oV
where Vi(s,u) = L'2%(u), u € Uy.
Then Lévy measure of BESQ'(0) has the form: (19 = (A®@n,)o VL

Proof

Proof. By the variance of the First Ray-Knight Theorem: L{_(|B| + L°) = BESQ3 in law.

Let Y; be the square of a two dimensional Bessel process starting from 0.

We have:

= > / 6:(|B,| + LO)dr

0<s<o0

¥ /R(es o))+ s

0<s<oco

L' (1B] + L9 —/0 5,(|B,| + L0)dr
(4.20)

Let G(s,e5) = [° R(es de(les(r)| + s)drp(dt),

then G(s,u) = [~ fo 5t (Ju(r)| + s)drp(dt) = [;° LE(Z)(|u|)p(dt).

B(exp- [ iptan)) =E(exol- [ L4081+ L)ptdn))
_E exp{ Z / /R(es O (|u(r)| + S)drp(dt)})

0<s<z

:E(exp{— Z G(s, es)}>

:exp{—/ooo/U(l—eXp(— /OOOLg—(;)<|u|)p(dt)))n(du)ds}

(4.21)
— exp / / 7 L (v )p(dt)))n+(du)ds
Ut
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_ / / (1 el 57 By C0lD )_(duyas
0 U_

= exp { — 2/ / (1 — el Lj*?ft)(“)p(dt)))mr(du)ds} (4.22)
o Juy

Therefore, BESQ?(0) is an infinitely divisible process with the triplet (0, ,0) and
v=02A\®@ny)oV

where Vi(s,u) = Li_%(u), u € Uy.

Or, we can say that the representation of Lévy measure v is Vi(s,u) = L. *(u) on the

measure space (Ry @ U, BQU,2\ @ ny). O

It is easy to see that the Lévy measure of BESQ'(0) has the form: v = (A®@n,)oV 1.
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Chapter 5

Isomorphism Identities

In this Chapter, we investigate isomorphism identities based on random translations. The
very first form of these identities is the celebrated Dynkin’s Isomorphism. We first provide the

preliminaries of the h— transforms which plays an important role in isomorphism identities.

5.1 The h-Transforms

The h-Transforms

The “h-transforms” is an important class of transformations of Markov processes. It is also
known as “h-path processes” or “superharmonic transforms”. J.D.Doob [4]was the first one
introduced the “h-transforms” in his study of the boundary limits of Brownian motion. An
intuitive interpretation of the “h-transforms” are: they have to do with conditioning the

process on its behavior at its lifetime.

We are going to look at a motivating example which is found at page 178 of [1]. Let D
be a domain in R? and let X, be a Brownian motion killed on exiting the domain. We would
like to give a precise meaning to the intuitive notion of Brownian motion conditioned to exit
the domain at a certain point. Let h be a positive harmonic function in D (i.e., h is C? in
D, and Ah = 0 there) and suppose that h is 0 everywhere on the boundary of D except at

one point z. By the Markov property at time ¢, we have:
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P (Xt € dy7 XTDZZ)

P*(X, € dy|X,,—.) =

P (X,m0)
| PA(X, € dy)PY(X,, = 2)
=T B(X,) 5-1)

where 7p = inf{t > 0: X; € D}.

If p?(z,dy) represents the probability that Brownian motion started at z and killed on

leaving D is in dy at time ¢, we then have the probability for Brownian motion conditioned

to exit D at z having the form as %p?(x, dy).

As before, let Ey be a locally compact metric space E with an isolated “cemetery point”
0 adjoined. Let {X;,t € T} be a strong Markov process the state space Ey and transition
semigroup (P;). A function h is invariant with respect to X if P,h(z) = h(z) for all ¢t and z.
If h is invariant, then by the Markov property we have

E* (h<Xt) |fs) =E” (h(Xt—s o 95|~F5)) = ]EXSh(Xt—s>
= P,_h(X,) = h(X,). (5.2)

We observe that for each z, h(X;) is a martingale with respect to P*. Conversely, if h(X;)

is a martingale with respect to P* for all x,

Ph(z) = E°h(X,) = h(z) (5.3)

by the definition of martingale, and so A is invariant.

Remark 5.1: The invariant functions with respect to a Brownian motion killed on leaving

a domain are the harmonic function.

Let h be a non-negative invariant function for a strong Markov process X; with transition

probabilities {p:(z,y)} and transition semigroup (FP;), and let E, = {z : 0 < h(z) < oo}.
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Here we follow the construction of the h-transforms of Chung and Walsh in [3].

Definition 5.2

h(y) .
mabi(x,y), ifze By
iz, y) =4 " (5.4)
0, ifre E— E),
Remark 5.3:
1. We have
o 29 (2, ) f (y)dmly), if z € By,
Pl'f(z) = / P, y) fy)dm(y) = { 77"
g 0, ifx e B —E,
1 .
=Pi(fh)(z), ifzeE, 1g (z
= =228 p 1) (5.5)
0, ifrec E— B,

where we make the convention that 0.0o =0

2. We have p}(z, E — Ej,) = 0 for all z and ¢ > 0.
If x € E — Ej, this is true by (5.4).

If © € Ey, P;h(z) = h(x) < 00, s0

1

(e {h = oc)) = 47 /{ k() <

h(x)

Ph(x) = 1.

But the integral can only be 0 or oo, hence pf(z, {h = co}) = 0. Thus,

1

p)(z,E— Ey) = py(z,h =0) = ) /{h:O} pi(, y)h(y)dm(y) = 0.

Proposition 5.4 (P!") is a Markov semigroup on E.
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Proof: see [3], proposition 11.5 page 322 for the proof.

Let A € F;, then the probability measure corresponds to (P) is

h(X+)

P/ (A) = / Mpt(x,)(t(w))dw = E*( ;A) (5.9)

h(x)

Let M; = Zg;%, then because of the invariance property of function h, M; is a non-negative

continuous martingale with My = 1, as long as h(x) > 0. We also observe that P*/" gives

more mass to paths where h(X;) is big and less where it is small.

Take some functional F' which depends only on the path up to time ¢, we have:

h(Xy(w)) 1

E*/MF) = | F(w)P""(d :/F P*(dw) = —E"(Fh(X 1
(F) = | Fpaw) = [ Pl () = s (FAY) 610
The h-transform for a strong Markov process X when h(x) = %

Let X = (QF, F, X, 0,P%) be a strong symmetric Markov process with transition
semigroup {F; : t > 0} and continuous 0-potential density u(z,y). Let 0 be a fixed element

in F and assume that

h(z) =P*(ThH < o00) = >0 (5.11)

forall x € E.

We are going to construct the process X conditioned to hit 0 and die at its last exist from 0
which turns out to be the h-transform of X. This construction follows the work of Marcus

and Rosen which can be found in 3.9 of [21]. Let
L = sup{s|X; =0} (5.12)
with sup () = 0, and

¢ == inf{t > 0|X, = 8}. (5.13)
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¢ is the "death time” of X.

We assume that  is the space of right continuous Ey-valued functions {w(t),t € [0,00)}
such that w(t) = 0 for all t > ((w). Furthermore, we assume that £(w) < oo for all w € Q

and that £(w) is a left limit point of zeros of w(t) on {L£(w) > 0}.

We define the killing operator k. : Q +— Q as

w(s), if s < L(w
belw)(s) = A (5.14)

0, if s > L(w).

Let Qp, = k-(2). We then have
Qp ={w e QIC(w) = L(w)}. (5.15)

Note that {£ > 0} = {1y < oo} and, more generally, {£ > s} = 0,{Ty < oo}. For any
f S B(Ea)v
f(Xa) ok = f(he(X (1)) = f(Xi)Licr + f(0) iz, (5.16)

which implies that f(X;) o k. is F measurable. Thus, for any a < b, we have k' ({a <
f(Xy) <b}) = (f(Xy) o ke) Ma,b] € F. Since the set of the form {a < f(X;) < b} generate
FO. it follows that k:Zl c FO s F.

We can define the probability measure {P*;z € E} on (Q4, F°) by setting

P*(A) = ﬁpf(k;(fl) Nn{L£>0}) Aer (5.17)
Then, we have
Bo(F) = ——E*(F o kel gg) (5.18)

h(z)
for any positive F* measurable function F. (5.17) is just the special case of (5.18) in the

case F =1, with A € F°.
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Consider E*(F) for F = f1(X4,)...fa(X;,) with t; < ... < t,, where f; € B(S), i = 1,....n

and recall our convention that functions on E are extended to Ejy by setting f;(0) = 0. Thus
F (0] k£ = F]l{[,>tn} = F]l{£>0} O Qtn (519)

Following from (5.18),(5.19) and the Markov property for X that

_ B 1 "
1 x Xty
1 xr

Using the abbreviation F,,_1 = f1(Xy,)... fu—1(Xy,_,) in (5.20) we have

E* (F) =$Ex<m<xtn>>

1 x
_@E (Fn1 fo(Xe, ) (X))
1, X 5.21
h(f)]E (Fp EXon £ (X e DXt 1) (5:21)
=) B Erth (X B (Xt )

B (F B { (X1, ))).

Using (5.21) for the first equality and (5.22) for the second, for any ¢,_; < t,, and f,, € B(E)

we have

E*(fn(Xt,) |~7:En,1) —=EXtn (fu(Xt—tn_1))

= EY1 (f( Xyt )P Xt 1)) (5.22)

=——-7DP, _ h(X .
h(thfl) tn tn—lf ( tn—l)

Using (5.22), we can verify the following lemma.

Lemma 5.5 X = (,, F°, F0, X,, 0,,P%) is a right continuous simple Markov process with
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transition semigroup {Pl;t > 0}.

It turns out that process X which is X conditioned to hit 0 and die at its last exit from 0 is

the h-transform of X with h(z) = Z%gi‘ The probability measure P is P*/",

Let U® be the a-potential of X. Then, for any f € B(E)

U f(x) = / " e PP f ()

1 - —at
1
h(z)
1

~h(z)

(5.23)

Uo‘fh(:);)
/ u® (2, y)h(y) £ (y)dm (y)

Then X has a-potential density ﬁua(x, y)h(y). Tt is easy to see that a-potential densities
of X is continuous on E x F for each . The problem we have here is that a-potential of X is
not symmetric which means that X is not strongly symmetric with respect to the reference
measure m. In the next step, we are going to change the reference measure in order to have

symmetric a-potential densities.

LetF" F" denote the standard augmentation of F°, F? under {P*/";x € E} and let
X = (Q, F*, FP' Xy, 0, P*/"). We define the measure 7 as m(dy) := h?(y)dm(y). Then, X
is a strong Markov process and has a-potential densities

u®(z,y)

u(z,y) = h@)h(y) (5.24)

with respect to the m(dy). It is obvious that the potential density 4 is symmetric with

respect to m.

In fact, X and X are the same Markov process. They simply have different a-potentials

with respect to different reference measures. They are both called the h-transform of X. X
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has a local time L = {LY, (y,t) € E x R,} that satisfies
E””/h(/oo e~ dLY) = i (z,y). (5.25)
0
We know that LY := g(y)L! is also a local time of X at y, as long as g(y) > 0 and
]Ex/h(/oo e “'dL}) = g(y)a*(z,y). (5.26)
0

Let g(y) = h*(y) > 0. Then

LY = h*(y)LY  VteR, (5.27)
and
B ( /0 e dL}) = h*(y)u*(z,y) = %ua(af,y)h(y) (5.28)

which is the a—potential density of X.

Remark 5.6 The role of the killing operator in the definition of probability measure P*/*
on (Q,, F°) justifies our interpretation of X as the paths of X conditioned to hit 0 and die

on their last exit from 0. For this reason P*/" is often written as P*°.

5.2 The Dynkin Isomorphism Theorems

In this section, we are going to explore the relationship between a strong symmetric Markov
process and its associated mean zero Gaussian process G (the Gaussian process with
covariance is the O-potential of X'). This relationship is described in several isomorphism

theorems that relate the Markov local times and squares of G.

One of them is the isomorphism theorem due to E. B. Dynkin[6]. It relates local times of
the h-transform of X to the squares of G. Interestingly, Dynkin Isomorphism theorem has
its roots in mathematical physics. It is built from an effort to explain heuristic methods in

quantum field theory of K. Symanzik[31].
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There are many different ways to prove the Dynkin Isomorphism. We find the combinatoric
one is beautiful since it only use combinatorial arguments and calculation of moments.
The combinatorial approach is also used to prove other isomorphisms such as Eisenbaum
Isomorphism and Generalized Second Ray-Knight Theorem. In this section we provide the

proof, both for its intrinsic interest and because understanding them may be fruitful.

We discuss several basic Gaussian moment formulas|21] which serve as the main ingredients
in combinatorial proof. In the following formulas G = {G,,x € E} is a centered Gaussian

process with covariance function C.

Formula 1

E([[G-)=>_ ] Ci. aw) (5.29)

i=1 PERR (il,ig)Gp

where R, is the set of pairing p of the indices [1,n|, and the product runs over all pairs in p.

Proof: See [26], page 6 for the original proof.
Case 1: n is odd. Then R, is empty. Formula (5.1) is true since the left hand side is zero

by symmetry.

Case 2: n is even.
The characteristic function of Gaussian vector (G, ..., Gy, ) where 1, ...,x, € E has the

form:

Eexp (i Z 2jGa,) = exp (— Z 2j2,C (x5, w1) /2). (5.30)

J,k=1

We take the derivative of (5.2) with respect to z; and then set z; = 0 to obtain:

E(Gml exp(iszij)) = sz(;’ a:l,xk eXp Z 2;2,C x],mk)/Q) (5.31)
= k=2

J,k=2
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We then take the derivative of (6.13) with respect to 2z and then set z5 = 0 to obtain:

n

~E (G, Gy exp(i Y %Gl)))

J=3

— szC(xl,xk szC $2,.1'k eXp Z z;21,C zj,xk)/Z)
k=3 k=3

7,k=3

n

—C (w1, 22) exp (— Z 22,0 (x5, 21) /2). (5.32)

J,k=3

By continuing this process with zs, ..., z,,, we obtain the left hand side
E(Gy,Ga,..Ga,)

and the right hand side

Z H C(xim xiz)

PERn (i1,i2)EpP

which prove formula 1.

Formula 2

E( H )= > J[2 ey, (5.33)

AU.UA;=[1,n] I=1
where the sum is over all (unordered) partition Ay U ..U A; of [1,n] and, if we have A; =
{li,1o, ... L4, } the the cycle function cy(A;) is defined as

Z C(xlﬁ(l) ) mlﬂ(2))“'0(xl7r(‘Al|) 2y Ll )’ (5'34)

©
WGP‘AH

where P denotes the set of permutation of [1,k] on the circle. Note that (1,2,3), (3,1,2)

and (2,3,1) are considered to be the same permutation ™ € PS.

Proof: See [26], page 6 for the original proof.
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We are going to use the first formula to explore E(HLI GwiGm; ) Eventually, we will set
x; = x; to get the left hand side of (5.34). We consider the paring of 2n indices {x;}?_, U
{x;}7_,. First, let consider x;. If 2, is paired with ], we set A4, = {1} in which case
cy(A;) = C(zy,2)) and eventually equals to C(xy, ;). This set A; = {1} is giving a factor
2411 ey(A)).

Let DM be the pair contains ;. If 2, is paired with either x; or x; with i # 1, set 7(1) =i
and define (Y1), 2-1)) to be (z;, ;) if 21 is paired with x;, but (z;,2;) if z; is paired with
z;. Tt follows that D) = {z1, 9z} Next, let D® be the pair contains Zey. I 2zq) is
paired with either x; or x;, set m(2) = j and define (yr(2), 2r(2)) to be (a:j,x;) if zr1) is
paired with z;, but (SL’;, x;) if 2p1) is paired with x; D@ = {2zq1), Yr(2)}- We continue this
process to get DU, ..., DU until we get to D!V, the pair contains z,g) and z7. We set

Ay ={1,7(1),...,7(1)}. The set of pairs {DW), ..., DUFDY is giving a factor

> C(@1,9x(1))C(2r(1), Yn(2))---Cl(2r () 1) (5.35)

where the sum is over all permutations of {m(1),...,7(l)} and over all ways of assigning
(), x;r(l.)) to (Yr(i)s Zr(s))- There are 2! ways to make these assignments. Set Yr(i) = Zr(s) =

Tr), (5.35) can be written as

2l Z C’(wl, xﬂ-(l))C(xﬂ(l), xﬂ-(g))...C(.CEﬂ(l), a:l).

Observe that by adding 1 to a permutation 7 of {w(1),...,7(l)} we get a permutation of A;
on circle and 2411~ = 2!, Tt follows that the set A; = {1,7(1),..., (1)} is giving a factor

24N " a1, (1)) C(@r(1), Tr2)) - Oy, 1) = 241 ey (Ay).

O]
WEP‘AH

Continue with some x;, where k & A; we will get (5.5). O
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It is useful to write formula 2 as the following form:

(5.36)

l\DIH

EqﬁG;/z) - Y e

AU UA;j=[1,n] I=1

Formula 3

BGG[G/2) = X alda X H% (5.37)

Ag[l,n} A1U...UA]'=[1,7L}\

where the sum is over all (unordered) partitions A; U ... U A; = [1,n]\A and if A =
{l1,1s, ...l ja} then the chain function ch(A;a,b) is defined as

h(A;a,b) Z C(xq, (1) C(x lﬂ(l),xlﬂ@))...C(xlﬂ(l),xb) (5.38)

TEP| 4

where Py, denotes the set of permutations of [1, k.
Proof: See [26], page 7 for the original proof.

To see this we use the previous procedure but start with the pair contains a and end with the
pair contain b. We have the set of pairs {DW, ..., DUV} with | < n where DU = {a, Yr(1) )
D® = {z 1), Yn(2)} ... and DUY = {2 ). b}.

Let A(D) = {x(1),...,7(1)} and D = {DW, ..., DUV} D is a pairing of the 2] + 2 elements
{zi}iccm), {2;}iccm), a and b. Let B(D) = {1,2,...,n}/C(D) and F = {FW ... Fl=D} is
a pairing of the set of 2(n — 1) indices consisting of {x;}icp) and {z;}icp(p). Using the first

formulas, we have

E(GaGbHGzti;/z):%n > > C(F")..C(FI™)

AUB={1,...,n}  parings Of{xi}ieBU{I;}ieB
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X Y O, y))C (za1): Y()--C (s Y- C (i b) (5.39)

where the last sum is over all permutation (mw(1),...,7(]A|)) of A, and over all ways to
assigning (%(z‘),x;(i)) to (Yr(i), 2x(i)). There are 241 ways to make these assignments. If we

set y; = 2; = x; = x;, the last sum in (6.21) is

2|A| Z O CL JZW .TW 1),Jf7r( )) C(l‘ﬂ(i),£W(i+1))...O(ZEW(|C|),b) (540)

7TG'P|A‘

where the sum is over all permutation 7 of A.

Using the first formula, we have

> C(F)..C(FP) = E(] ] Gu.G, (5.41)

. !
parings of{z; };e pU{z, }icB 1€B

Therefore, setting z; = 2 in (5.39) and using (5.40) and (5.41), we have

E(G.G, f[ G2,/2)

=1

G2
= Z E(HTl) Z C(a,:L‘ﬂ-(l))0<mﬂ-(1),:L‘,T(g))...O(ZE,T(i),wﬂ-(i_i_l))...C(%ﬂ-qAD,b)

AUB={1,...,n} i€EB TEP) 4

Using (5.36) and (5.37) we have (5.38). O

Theorem 5.7 (Dynkin Isomorphism Theorem) Let X be a strong symmetric Markov
process with continuous 0-potential density u(x,y). Let 0 denote a fized element of E.

Assume that
u(z,0)

h(z) =P*(Th < o00) = w(0,0)

>0 (5.42)

for all x € E. Let X denote the h-transform of X as described in section 2 and let L =
{LY:(y,t) € E x Ry} denote the local time of X , normalized so that

E=(LY) = u(@, y)hly) (5.43)



Let G = {G,;y € E} denote the mean zero Gaussian process with covariance u(z,y). Then,

for any countable subset D € E,

GGy

— 1 law
LY, +-G2ye D,POxP ~G*yeD,———
{L% + 5C5 X Bo} LGy o

Pg} (5.44)

Equivalently, for all x,x,...,z, in E and bounded measurable function F' on R, for all n,

G.Go 1,

Here we use the notation F(f(x;)) := F(f(x1)...f(x,)).

|
E"Eq(F(LE + 5Gfﬁi)) =Eq{

Proof of Dynkin Isomorphism Theorem The combinatorial proof is given both for its
intrinsic interest and because understanding them may be fruitful. The proof can be found

in section 8.3 of [21].

Proof. We first show that

n

E"Ee (] [(Z% + %Gii)) EG{ H (5.46)

i=1 z:l

for any x1,...,x, € F, not necessarily distinct.

Using formula 3 (5.9), we have:

G?
= > E(I[5Y) X O wmm)C(@nu), ) Clune, 2nin) - Clangc), 0)
BuC={1,...,n} i€EB 7T€’P|0|
G2
= D Ea(JI51) Do ule wm)ul@nqy, 2a@)- - (@i, 2nin) - u(wx(c), 0)

BuC={1,...,n} i€EB TEP|c|

(5.47)
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The left hand side of (5.46) is

n

e ns([[Ln+ i) = Y Eo([[ 0B ([[12)  (ag)

i=1 BUC={1,...n} i€B ieC

In order to prove (5.46), we need to prove:

u(0, ) B ([T L2) = D wl@, 2r@)u(@n(ry: Tn(@) - Tn(i)s Ta(ien))---u(Tr(cp, 0)  (5.49)

1eC TE€P|c

From Section 2, we have X is a strong symmetric Markov process with respect to the reference

measure mdy = h*(y)dm(y) and has 0-potential density

u(z,y) = % (5.50)
From (5.38), X has a local time L = {L?, (y,t) € E x R, } that satisfies
E™°(LY) = u(x,y). (5.51)
From Lemma 4.4 and (4.8), we have
EO(TIL%) = Y i@, 2e)i(zaq), Te(@)--il@n(ci-1) Tn(c)) (5.52)

ieC TEP|c|
Using (6.50) and (6.60), we have

L”‘” uxww(l Ty, Tr2)  W(Tr(io)-1), Tr(c))
h(x) 1) M@y (Tr(2) " R(ro)-1)) M (Zx ()

]ELD,O (
i TE€P|c|

Which is equivalent to

- h(xx(c))
EO(JIL%) = ) = 2oul@, 22)u(Taq), Te@)-w(Ex(ci-1), Ta(c))
cC TI'G'P|C‘ h(x)

1
= u )“(Jﬁ,xwu))U(%(l)afl/‘m))‘-‘U(Iw(lci—l)vffw(l(Jl))“(xw(IC\)?0)'
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Then (5.49) is proved which establishes (5.46).

Now, let x1, ..., z, be fixed and let p; and py be the measures on R defined by

/F(.)dul =E""Eq(F(LL + %Gil, o Lo+ %Gin)) (5.53)
and
B G.Go 1 _, 1,

for all bounded measurable functions F' on R}. The measure pu; is determined by its

characteristic function

n

- 1
Pr(A1s s An) = EPPEq ((exp(i Z (L3 + §Gi))) (5.55)

=1

For Ay, ..., A\, fixed, (A1, ..., A\,) is determined by the distribution of the real valued random
variable £ = > | (L% + %Gi) The measure p; is uniquely determined by the moments
of £ or, equivalently, by the terms in the left-hand side of (5.46).

Let

G.G S~
Pa( Ay An) = Eg( xo> exp (i Y NG2)). (5.56)
’ i=1

u(0

By (5.46) and the above argument , we have @;(A1, ..., \n) = @2(A1, ..., A,). Hence pg = o
and (5.45) is proved. O

Theorem 3.7 which relates the local time process of a transient Markov process and its
associated permanental process can be viewed as the Dynkin Isomorphism for permanental

processes.
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5.3 Isomorphism Identities

Inspired by Dynkin Isomorphism, Rosinski [28] has established some general identities for

infinitely divisible processes using their random translations.

Theorem 5.8(Rosinski[28] ) Let (Xi,t € T) be an infinitely divisible process having a
o—finite Lévy measure v. Let (Z;,t € T) be a process independent of X such that the
law of Z, L(Z)is absolutely continuous with respect to v. Then L (X + Z) is absolutely
continuous with respect to £ (X). Hence, there exists a measurable functional g : R¥ — R,

such that for any measurable functional F : RT — R

EF((Xi + Zi)ier) = B{F ((Xo)ier); 9(X)} (5.57)
(5.57) can also be viewed as

X + Z has the law of X under E(g(X),.).

Remark 5.9:

e From (5.57), we have the law of (X +Z) and of X are isometric with respect to different
probability measures. This is why the results of this kind are named ”Isomorphism

theorems” or ”Isomorphism identities”.

e The processes Z can be viewed as random translation of X.

Identity (5.57) can be applied in two different ways. One can obtain the properties of Z
through the properties of X via isomorphism (5.57). Follow this direction, Marcus and
Rosen obtained many results for local times of Markov processes using Dynkin isomorphism
theorem [20][21]. The other way to apply this isomorphism is to derive information about

X from Z. This direction is much more difficult.
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We would like to know more about function g in (5.57). Unfortunately, it is not always

specified. Below, we give another more explicit form of g.

Proposition 5.10. Let Y = (Yi)ier be a Poissonian infinitely divisible process with Lévy
measure v and a shift function b. Let N be a Poisson random measure on (RT, BT) having

intensity measure v. Then the process Y = (ffteT) given by

i = / y(OIN () — x(y(O)(dy)} +b(o) (5.58)

has the same distribution as Y. Y will be called a canonical spectral representation of Y.

Theorem 5.11(Rosinski [28] ) Let X = (X;)ier be an infinitely divisible process given by
X=G+Y

where G = (Gy)ier is a centered Gaussian process independent of a Poissonian process

Y = (Y))ier having a o-finite measure v and given by its canonical spectral representation

Vo= [ a0 @) = xlo)wldn)} + 4

where N is a Poisson random measure with intensity v. Let Z = (Z;)ier be an arbitrary

process independent of N.

(a) Suppose that £ (Z) << v and let q := %}EZ) be the Randon-Nikodym derivative of &

with respect to v. Then for any measurable functional F : RT — R

EF((Xt + Zt)teT) = E{F<(Xt)teT)§ N(q)} (5.59)

where
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Conversely, for any F' as above,
E{F((Xt)teT); N(q) >0} = ]EF((Xt + Zt)ier(N(q) + Q(Z))_1)~ (5.60)

Therefore, if v{z : q(x) > 0} = 0o, then L (X + Z) and X" are equivalent.

(b) Suppose that L(Z) << v+0dy, and let q := ddg(Z)

Tordoy) be the Randon-Nikodym derivative

of Z with respect to v+ &g,.. Then for any measurable functional F : RT — R

EF (X + Z)er) = B{F((X,)ier): N(g) + q(0r)} (5.61)

Conversely, for any F' as above,

E{F((Xo)ier); N(q) +4q(0r) > 0} = EF ((X; + Zo)ier(N(q) +9(Z) + (07 Wve(2)) 7).

(5.62)
where U is any set such that Op € U € BT and v(U) = 0. Therefore, £(X + Z) and
2 are equivalent if ¢(Or) > 0 or v{z : q(z) > 0} = o0

Proof The proof of theorem 5.8 and 5.11 can be found in Section 6 of [28].

Eisenbaum|8] has established a lemma that enlarge even more point of view on the

Isomorphism Identities.

Lemma 5.12: Let (Y,,z € E) be a positive process. Then, Y is infinitely divisible if and
only if for every a such that E(Y,) > 0, there exists a process (Zg(ga),x € E) independent of

Y such that
Y, )
E(Y.)"™

Y + Z9 has the law of Y under E( (5.63)

Proof of Lemma 5.12 Since this lemma gives an isomorphism that plays an important
role in our description of the Lévy measure of a non-negative infinitely divisible process, we

will provide the full proof for completeness. See [8], lemma 3.1 for the original proof.
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Proof. If Y is infinitely divisible then for every z = (x4, ...,x,) € E", there exists v, a Lévy

measure of R™ such that [y, (1A |y|)v.(dy) < co and for every o = (v, ..., ov,) in RY
+

E(G_ Sy O‘iYM) _ eXp{— (1 — e~ 2in1 O‘iyi)yx(dy)} (564)

n
R+

Differentiate both sides of (5.64) with respect to «;, we have:
E(}/;cie_ i aini) = exp{— (1—e" i i)y (dy)} / yie” > Wiy (dy)

n

n
R +

i il aiYe) E(e™ PIHIRY-T) 3 Yi = i d
‘ ) = E(e ) [ g )

n
+

it follows that there exists a process Z®) independent of Y such that:

Y,,
E(Y,)

K3

Y 4 Z@) has the law of Y under E(

Note that the law of vector (Z87, ..., Z&) is sy Ve (dy).

Conversely, assume that for every a, there exists a process Z(@ satisfying (5.63). By
computing the law of ¥ under E(Y,Y},.), applying the above formula twice, we see that

for every couple (a,b) of E, we must have:

E(Y,)E(Z,"F(Z\")) = E(Y,)E(Z" F(Z®)) (5.65)

Z'9 under E(E(}@)Zéa), ) has the same law as Z® under E(E(Y;)ZY, ).
To lighten the writing, we set 1 = a. We have

0 =50 ;) Ya,
O (o™ Ximr @i¥ay) @
8&1 — "o .
: = —E(e T a2 \E(Y,,
E(efzizlaiy%) ( ) ( )
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and hence

E(e_ i1 aiYa; )

(a)
n 1-— _OCIZIl n a
= Bl SR _gexp (— BV B B d)  (566)
z1
We now use (5.66) and an induction argument to end our proof. For n = 1 it
follows immediately from (5.64) that E(e=**1) = exp(— [; (1 — e~ ¥ ), (dy;)) where

vy (dyy) = 11)19(25,31 e dyy).

Assume now that the law of (Y, Yz,,..., Yz, ,) is given by

n—

E(e~ Si5 0¥} = oxp{— (1 — e~ S @iy, (dy)}

n—1
R+

with v, (dy) = (;zl)IP(Z(a € dy).

By (5.66) va(dy) = [g, Ede)p(zlm) e ay, 28 e dy,) for every z, distinct from

Yn

L1, X2y ey Tn—1-

Using (5.66), we obtain:

E(e Z?zlaiYmi) = exp{— (1—e Xiz ¥ Yy (dy)}
R}

n n E(Y,
xexp{— [ (e Zi=2%¥ _ ¢~ Zi:l)o”yi)MIP’(Z:E,“) € dyidys...dy,)}

R7 hn
—— E (¢, .
=exp{— | (1 —e =¥y, (dy) (Z)l 1)IP’(Z§ ) € dyidy,..dy,)}.
R}

[]

Dynkin’s isomorphism theorem is just a special case of (5.63) when the positive infinitely
divisible process is the squared of Gaussian process which is associated to a transient Markov
process. Lemma 5.12 connects every infinitely divisible process (¢,,x € E) to a family of

its random translation Z\¥, z € E.
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Chapter 6

Lévy measures of non-negative

Infinitely Divisible processes

In this Chapter we will explore the general expression of Lévy measures of nonnegative
infinitely divisible processes using an Isomorphism Theorem based on random translations.
We also look at the special case of infinitely divisible permanental processes whose random

translations have a very special form.

6.1 Conditional Distribution

The concept of conditional distribution will be used in our description of Lévy measures of
non-negative infinitely divisible processes, hence we first need to clarify what do we mean by
the conditional distribution (Y'|Y,, = 0) given that Y, is a non-negative stochastic process.

We begin with conditional probability of events.

Definition 6.1 Given (Q, F,PP), for sets A,B € F, such that P(B) > 0, the conditional
probability of A given that B has occurred is defined as

P(BNA)

PIAIB) = 55
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We need to generalize the definition so as to be able to handle the conditioning by random

variables. Let X be a random variable on (2, F,P), and let A € F. If B € B is such that
P(X € B) > 0, then as above, the conditional probability of A given X € B, is defined by

P(A, X € B)

PAIX € B) = 5

Following by these definition, if P(Y,, = 0) > 0, we have no trouble define the condition
distribution (Y'Y, = 0). It has the law Z(Y|Y,, = 0)(dy) = P(Y € dy|Y,, = 0). We now
have to deal with the case P(Y,, = 0) = 0 or even cases when .Z(Y;,) does not have an atom

at 0.

Let Y = (Y,,,...,Y,,) be a random vector in R’}. Since the conditional distribution of
(Y|Yx; = 0) is defined only .Z(Y,, )-a.s, its value can be set arbitrarily when P(Y,, = 0) = 0.
To assign such value consistently, including cases when Z(Y,,) does not have an atom at 0,

we propose the following definition.

Definition 6.2 Let Y = (Y,,,...,Ys,) be a non-negative random vector. The conditional

distribution of Y|Y,, = 0 is defined as the weak limit po of probability measures p, given by

1

ue(B) = g =r

/ e MudP, BeB[RY), k>1 (6.1)
YeB

provided such limit exists.

If P(Y,, = 0) > 0, the limit distribution g exists and for every B € B, puy(B) =
limy oo p(B) = P(Y € BJ|Y,, = 0), where the right hand side is defined in the usual
way. We would like to show that the conditional distribution of Y'|Y,, = 0 is well defined for

any infinitely divisible random variable in R’

Proposition 6.3 Let Y = (Y,,,..., Y., ) be a non-negative infinitely divisible random vector
with Lévy measure v and zero drift. Then the conditional distribution of (Y|Y,, = 0)

is infinitely divisible with zero drift and Lévy measure vy given by v (dyy,...,dy,) =
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1{1}1:0} (y)y(dylv [ERE) dyn)
Moreover, the conditional distribution of (Y'Y, = ... =Y, = 0) is infinitely divisible with

zero and Lévy measure 1y, — —y,—oy(y)v(dyi, ..., dyy).

Proof of Proposition 6.3

Proof. Recall that pg is the weak limit of probability measures p if

/ e Z?:l aiyi/ﬁk<dy) — e ZZ‘L:1 aiyi/ubo(dy).
R

n n
+ RY

Using the definition 6.2, we have:

—kY,
n . xn . e 1
/ e~ Zi:l azyzuk (dy) — / e Zizl CLzYzi ]E kY, ]P)(Y € dy)
R7 R% € '
E e—(k-l—al)Yxl 62?:2 ainl Ee_(k—"_al)yﬁl 62?:2 aini
= Fe P - Ee o

exp{ [g, (- (e ez aivi — 1)u(dyy..dy,)}
B exp{fRi (e—k’y1 - 1)V(dy1a ) dyn)}

—exp{ [ e M (eXi=29Y — 1) u(dy;...dy,)}.

R}

Take k to infinity, we have:

/ e Xi= 9y (dy) — exp{ [ (e” Z=1 Y — 1)1y, _oyv(dy, ..., dy,)}
R

n n
+ R%

the existence of this limit shows that pg exists, and it if the law of and infinitely divisible

vector in R% with Lévy measure 1gy, —oyv(dyi, ..., dyn). O

6.2 Lévy measures of non-negative infinitely divisible
processes

Denote by M(E,R,) the set of measurable paths from F in to R;. When FE is a separable

metric space w.r.t some metric d, a real valued process (Y (z),z € FE) is stochastically
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continuous is for every € > 0 and every a in F

lim P(|Y (z) — Y(a)] > €) =0

r—a

as x approaches to a with respect to the metric d.

In the lemma below, we express a Lévy measure of the non-negative infinitely divisible
process as a series of others Lévy measures which can be written in term of the laws of
admissible random translations. We begin with the case of random vectors. The first part

of this lemma is just the Lemma 4.6 of [28].
Lemma 6.4 Let Y = (Y,,,....Ys,) be a non-negative vector with m; = E(Y,,) € (0,00).
Then, the following are equivalent

(i) Y is infinitely divisible .

(ii) For every i < n, there ewists a vector of non-negative random wvariables Z*) =

(Zéfi), . Zg(fff)) independent of Y such that

Y,
Y + Z@) has the law of Y under E(==, ). (6.4)

7

Moreover, if (ii) holds, Y has Lévy measure v of the form:

where v; has the form:

bi(dy) = 14, (y)=.2(Z00) (dy) (6.6)

%

and A; ={y € R" : y1 =0,..,y;1 = 0,y; > 0} are disjoint. The drift of Y is given as :

c= (mP(Z;! =0),... m,P(Z;" =0)). (6.7)
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Furthermore, if Y has zero drift v; is the Lévy measure of the non-negative infinitely divisible

1,..,4)

process V( satisfying

Yy ==Y,  =0)=Y|Yy =.=Y,, =Y, =0)+ VI (6.8)

Proof of the Lemma

Proof. We follow with some necessary modifications, arguments from [28], Lemma 4.6.
Assume that Y is infinitely divisible, then for every x = (21, ...,z,) € E™ and and for every

a = (o, ...,ay) in R?, the Laplace transform of Y has the form:

d(ay, ..., o) = E(e™ Zim19Ye) — exp{ — Z Q;c; — /R (1 — e~ 2% p(dy)} (6.9)

n
+

where ¢; > 0. We have

0 S
a0l an) = —dlen oanlent [ pe T @) 610
o, Ri
Set a; = ... = o, = 0, we have m; = E(Y,,) = ¢; + fRn yiv(dy). Let Z@) be a vector
+

independent of Y whose distribution is given by:

, Ci i
L(2%)) = Zio,0)(dy) + Lov(dy)

K3 ml

Using (6.10), we have
E{exp{— z”: ;Y. }; E} = E{exp{— z”: a; (Y, + ZE0)
— it m; — J J Tj ’

It follows that there exists a process Z®) independent of Y such that:

Y,

Y 4 Z@) has the law of ¥ under E(E(YZ) ,)-
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Now assume that for every i < n, there exists a vector of non-negative random variables
Z@) = (foi), ...,Zéﬁi)) independent of Y satisfies 6.4, we will prove that Y is infinitely
divisible with Lévy measure and drift given by (6.6) and 6.7. By computing the law of
Y under E(Y,,Y;,,.), applying (6.4) twice we get for any bounded measurable functional
F:R*"—Randi,j<n

mE(F(Z"0)Z2) = m;B(F(Z%)) Z33). (6.11)

Taking F(y) = 1(y,—0) in (6.11) we get:

This implies that for every ¢,7 < n,
(zi) (zi)
{277 > 0 {2 > Otas. (6.12)

Applying (6.11) to F(y) = yl-_ll(yi>0)yj_11(y].>0), and taking into account (6.12) we obtain:

m;E(F(Z")1 ()™ = mE(F(Z9)1 ZF)h, (6.13)

(25750 {zifﬂ">o}( zj

For n =1, from (6.4) we get

E(e™Y) = mEe Y +%) = mEe Y Ee 7,

which yields

d
T logE(e™Y) = —mEe %,

Therefore

() = oxp - [ (Lo A0}
0

or

E(e™") = exp{—amP(Z = 0) — m/ooo<1 — e )ys0y  L(Z2)(dy)},
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which show our claim.

We proceed by induction. Assuming (ii), suppose that (i) and (6.5), (6.6), (6.7) hold for n—1.
Since Y := Yi4y, 4, 4y and 200 = Zg’l) w1y Satisfy (i) for n — 1 in the place of n, by the
induction hypothesis Y is infinitely divisible with the Laplace transform

n—1
dlag, ..., an_1) = exp{— Z ;¢ — / (1—e o, YD (dy)},
i=1 R

n—1
+

where
c= (mﬂP’(ijll = 0), ceey mn_llP)(Zx"*l = 0))

Tn—1

and

n—1
v(dy) = Z 1{y1:---:yk_1:0,yk>0}mkyk:—1$(z(mk))(dy)'
k=1

Let ¢(ov,...,an) = Eexp{—> ., a;Y;}. Proceeding as before, we get

6 n
log ¢(av, ..., ) = my,Eexp{— Z a2y}

oo, —

Hence
Py, ..., an) = dlon, ..., A1) exp{—m,E(e” T ey / e~ % ds)}. (6.14)
0

Notice that Z;Ef") = 0 a.s on the set Zg(f") = 0 by (6.12). Therefore, the exponent of the last

n

term on the right hand side of (6.14) can be written as:

— @*lai iﬂcn) — ;x”) Zn)\—
~maB{and gy e L= L ) (20771

n—1

n

_ L (an) e -

= — ey = mp Y B BRI — e e o g0y (Z50) )
k=1
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(zk)

which, after applying (6.13) and noticing that the term Z;E;:’“) > 0 can be replace by Zz,*’ > 0

gives us

n
_yn=l g (ag) —azr) ]
= —Q,C, — E mk]E{e Yoy il (1 — e Xan >1{Z(xk)* _7@) Z(xk)>0}(Zz(72k)) }
wp T T Az T Sy
k=1

- -l oy =30 i - x
= T Ontn T Z Mk /Rn (6 e lyl)1{y1=-~~=yk71=07yk>0}yk IX(Z( k))(dy)
k=1 +

= —QpC, + /
R

Substituting the above into (6.14) show that Y is infinitely divisible and has the Lévy measure
and drift term as in (6.5)(6.6) and 6.7.

(1= S ey - [ (- e hemy(y),

n n
+ RY

Now, we need to show that 7;(dy) = 1{y1:m:yi71:0,yi>0}%Z(Z(xi))(dy) is the Lévy measure

of a random vector satisfy (6.8).

Claim:
o0 (1)V(dy) = Loo) <y ) 2(29)(ay). (6.15)

2

Proof of the Claim: We have
Z (Z(“))(dy) = = 5(0 0)(dy> - v(dy).
m; m;

or

T; Ci Yi
L0 () Z(Z) (dy) = 1{yi>o}(y)g5(o,..,0)(dy) + 1{yi>0}(y)EV(dy).

It is easy to see that the first term on the right hand side is zero which yields the claim.
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Applying (6.15) for i = 1, we have

71 (dy) = 1y, 50y (y)%f (Z")(dy) = Ly, 501 (y)v(dy).

It follows that

UV = 1{y1=0}y + Dl-
From proposition 6.3, 1¢,,_ov is the Lévy measure of (Y|Y,, = 0). Let V! be the random
vector with Lévy measure 7y, then

Y = (Y|Y,, =0) + VW,

We can write 7; as

~ my; 2 m; -
vi(dy) = 1{y1:-~~:yi71:0’yi>0}(y)_'X(Z( 1))(dy) = 1{y1=-~~=yz‘71=0}(y)l{yi>0}?(y)g(z( Z))<dy)'

(2 K3

Applying (6.15) , we get

Vi = Ly ==y, =0y Liy,> 03V

It follows that

L= =y =03V = Ly = =y =0} L=}V + Vs

Equivalently, 7; is the Lévy measure of the random vector V(19 satisfy:

(Y|Yy, =0,..,Y,, , =0)=(Y|Yy, =0,..,Y,, , =0,Y, =0)+ Vi

The following result complements Proposition 4.7 in [28].

Theorem 6.5 Let (Y,,z € E) be non-negative process with m, = EY, < oo for every
x € E. Then, Y is infinitely divisible if and only if for every a such that E(Y,) > 0, there
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exists a process (Zé“),x € E) independent of Y such that

Y,
Y + Z9 has the law of Y under (=%, .).

Uz

If in addition Y is separable in probability with a separant Ey = {x; : i € N} then the Lévy

measure v of Y is of the form

where v; has the form:

Ty

where A; = {y e RF 1 y; = 0,..,y;_1 = 0,9; > 0}, the the drift is given by
¢ = (maP(ZW = 0))pep.

Furthermore, if Y has zero drift ,v; is the Lévy measure of the non-negative infinitely divisible

i)

process V10 satisfying:

(Y|Yy, =0,.,Y,, , =0)=(Y|Yy, =0,.,Y,,_, =0,Y, =0)+ Vi

We observe that the family of random translations play a very important role in the
description of Lévy measure of a non-negative infinitely divisible process. We now look at
the case of infinitely divisible permanental processes whose random translations have a very

special form .

We consider a transient Markov process X with state space F, admitting O-potential densities
(u(x,y),(z,y) € E x E) w.r.t. a o- finite reference measure m and a local time process
(L7, x € E,t > 0) which is normalized to satisfy E, (LY ) = u(z,y). We define the probability

P? as follows:
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Under P, the process X starts at a and is killed at its last visit to a. In fact, P is the

u(x,a)
u(a,a)

probability measure of the h— transform of X; when h(x) = . Expectation with respect

to P* is denoted by E°.

We have shown in Chapter 3 that for any 5 > 0 there exists an infinitely divisible permanental
process with kernel u(z,y) index . It can be also shown that a permanental process is
infinitely divisible if and only if it admits for kernel the 0—potential densities of a transient

Markov process.

Let (Y, € E) be the permanental process with index 2 associated to the Markov process

X. Theorem 3.7 says that for every a € E such that u(a,a) > 0, we have

1 1 3Ya
=Y + L%has the law of =Y under E(=2-—,.)
2 ) B(LY.)

where Lgé) is the local times process of X conditioned to start at a and killed at its last visit

to a. The random translations family of the infinitely divisible process %Y is {Lgé)}.

In Chapter 4, we describe the Lévy measure of the squared Bessel process starting from 0
with dimension 1 using Ray-Knight theorem and excursion laws. Here we look at the Lévy
measure of the squared Bessel process starting from 0 with dimension 1 from a different

angle: the laws of its random translations family.

When X is a Brownian motion starting from a > 0 and dying at the first time of hitting 0,

then 0- potential function has the form:

It implies that the associated Gaussian process of X is v/2B, and the associated permanental

process with index 2 is 2B2%. Let Y, be the associated permanental process with index 2,
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then %Yx is B2 which is the squared Bessel process starting from 0 with dimension 1.

We have the admissible transition process Z® is just the local time process of process X

conditioned to start at a¢ and killed at its last visit to a.

For x > a, the process 74 is just L7, of a Brownian motion under P®. By the first Ray

-Knight theorem, we have:
e When z = a: 2\ = B? + B2 which has an exponential law with parameter 5-.

e When = > a: Zé“’ is a 0 dimensional squared Bessel process starting from an

1

exponential law with parameter 5-.
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A Some Basic Definitions

A.1 Markov Process

Definition(Markov Process) The Markov process (X, P*) is a stochastic process
X :[0,00) xQ2— E

and a family of probability measures {P* : x € E'} on ), F satisfying the following:
1. For each t, X; 1s F; measurable.
2. For each t and each Borel subset A of E, the map v — P*(X; € A) is Borel measurable.

3. For 0 < s,t, each Borel subset A of E and each x € E we have

P*(Xyys € A|F,) = PX(X, € A).

Remark

e Condition 3 is called the Markov property. The general version of the Markov property
1s

E*(Y 0 6,|F,) = E*(Y) P"—a.s

where Y is bounded and measurable with respect to F., and {6} is the shift operator

by s > 0.

e The strong Markov property has the form
E*(Y o 07| Fr) = BX7(Y) P"—a.s

where T is a finite stopping time.
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A.2 Transition probability, Potential density

Definittion Markov transition function The collection {P(.,.),0 < ¢t < oo} is a
homogeneous Markov transition function (or semigroup) on (E,€&) iff VO < s,t < oo we

have
a) Vo € E: A — P,(x, A) is a probability measure on &,
b) VA€ & x — Pz, A) is E-measurable;
c) Ve E.lVAe &

Ps-i—t(x?A) = / Ps(xvdy)Pt(y7A) (1)

E

When all the measures P;(z,.) have densities with respect to one given reference measure,

pe(z,y) is transition density and is defined as P;(z,dy) = P*(X; € dy).

For a measurable function f, we have
Pi@) = [ SR = [ Fnte i (2)
For o > 0, the a-potential of X is defined by
Ue (2, C) = By /O et (X, )dE) = /0 T etp (e )it CeE. (3)
When applied to bounded measurable functions

U (x) = [E U, dy) £ (9)

it becomes an invertible operator whose inverse is given by al — A, where [ is the identity
operator and A is the infinitesimal generator of the semigroup (F;). When all the measures
U*(z,.) have densities with respect to one given reference measure, u®(z,y) is the potential

densities.

ut(x,y) = /e_o‘tpt(:v,y)dt. (4)
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The O-potential is denoted shortly as u(zx,y).

A.3 Continuous Additive Functional

Definition 5.2 (Continuous Additive functional) Let X; be a Markov process on
(Q,F,F;). A family A = A;t > 0 of random variables on (€2, F, F;) is called a continuous
additive functional(CAF) of X; if

1. t = A, is almost surely continuous and nondecreasing, with Ay = 0 and A, = A, for

all t > (. Here ( is referred as the ”death time” of X.
2. A; is F; measurable.

3. Apps = A+ Ag00; for all s;t € Ry a.s.

A.4 Local time

Definition 5.3 (Local time) The local time of the process X; is denoted as {L}; (t,y) €
R; x S} and is defined by
L} = lim fey(X;)dr, (.5)

where f., is an approximate J-function at y. That is f., is an non negative function
supported in B(y,e) with [ f.,(z)dz = 1. It is easy to see that L§ = 0, L} is almost

surely continuous and non-decreasing in ¢, and has the additive property
L}, ,=L{+ LYo, (.6)

The following formulas describe the relation of the local time, transition density and a-

potential density of a process X;

E*(LY) = / P, y)ds = u(z, y), (7)

u“(z,y) = Ex(/ooo e~ dLY), (.8)
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u(z,y) = E* (e )u(y,y), (.9)

where T}, = inf{s : X; = y}.

A.5 Gaussian Random Variable, Gaussian Vector, Gaussian Pro-

cess

Gaussian random variable

A real valued random variable X is called a Gaussian random variable if it has

characteristic function of the form:

o2 \?

2

Eexp(iAX) = exp (im\ — ) (.10)

where m and o are some real numbers. Taking the first derivative of (.10) with respect

to A and the setting A = 0, we have

E(X) = m. (.11)

Similarly with the second derivative of (.10), we get:

Var(X) = o®. (.12)
Gaussian Vector
A random vector X = (X, Xs,...,X,,) € R" is a Gaussian random vector if (y, X) is a

Gaussian random variable for each y € R™. It means the characteristic function of X having

the form:

Var((y, X))

Ox (1) ZE exp(i(y, X)) = exp (iE((y, X)) — ) (.13)

for each y € R". Let m = (my, ma, ..., m,). Setting
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EX; =m; and E(X; —m;)(Xy —my) = Cjk. (-14)

Then, (.13) becomes

yCy'
)

5 (.15)

Ox(y) = exp (imy' —

where C' = {C}}7,—, is a symmetric n x n matrix with real components. m is called
the mean vector, or the mean, and C'is called the covariance matrix of X. The mean vector

and the covariance matrix of a Gaussian vector determine its distribution.

We can always eliminate the mean vector by subtracting m from X. In this chapter, we will
focus on Gaussian vectors with the mean vector E(X) = m = 0. The characteristic function

of those Gaussian vector has the form

bx(0) = Eexpli(y. X)) = exp ( — L0 = exp (- LTy, (.16)

Here, the entries of of the n x n matrix C' = {C};}7,_, are

Since E(y, X)? = (y,Cy), C is positive definite. It follows that the covariance matrix of
a R* Gaussian vector is a symmetric positive definite n x n matrix. In the next step, we
are going to show that conversely, any symmetric positive definite n X n matrix B is the

covariance matrix of some Gaussian random vector in R”.

Claim: If B is a real symmetric positive definite n x n matrix, then there exists a symmetric
matrix A such that B = A2,
Proof of the claim:
Since B is real symmetric, there exists an orthogonal matrix P and a diagonal matrix D
such that

B=PDP”
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where the diagonal entries of D are eigenvalues of B and the column vectors of P are the
eigenvectors of eigenvalues of B.

Since B is positive definite, all of its eigenvalues are non-negative. We can define matrix
D% as a matrix with entries Dilf = /D ;.

Let A= PD'Y2PT then B = A2. O

Let X be a vector whose components are independent standard normal random variables.
The covariance of X is the identity matrix /. We define a Gaussian random vector Z by

7/ = AX. The characteristic function of Z has the form

Eexp(i(y, Z)) = Eexp(i(A'y, X)) = exp ( — (A'y, [A'y)/2) = exp (— (y, ATA'y)/2).

Since A is symmetric, ATA* = A2 = B. It follows that Z is a Gaussian vector with covariance

matrix B.
Gaussian Processes

If S is a general set, a stochastic process G = {G,,z € S} is called a Gaussian process

on S if for any n and any xy,...,z, € S, (Gy,, ..., Gz,) is a Gaussian vector. The function

C(z,y) =E(G,,Gy), =z,ye€S (.18)

on S x S is the covariance function of GG. By the Kolmogorov’s extension theorem, there is
a correspondence between Gaussian processes and symmetric positive definite functions on

S xS.

Example : Let S = R, and let C(s,t) = s At = [1pq(x)Llpy(z)dz. We have

Z C(si, 85)Yiy; = / (Zyil[o7si}(;p))2d$. >0 (.19)

1,j=1
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It follows that C(s,t) is positive definite. Then there exists a Gaussian process B = { B, s €

R} with covariance function C. In fact, B is a Brownian motion in RY.
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