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Chapter 1

Introduction

Mathematical modeling is an important tool for decision making in a diverse array of scientific
and engineering fields, as well as manufacturing, economic forecasting, public policy, and
many others. The solution of a mathematical model can be viewed as a mapping from input
data—e.g., coefficients, forcing terms, initial and boundary conditions, domain geometry—
to an output of interest. In practice, the input data may be affected by a large amount
of uncertainty due to intrinsic variability or the difficulty in accurately characterizing the
physical system. In order to correctly predict the behavior of the system, it is especially
pertinent to understand and propagate the effect of the input uncertainty to the output of
the simulation, i.e., to the solution of the mathematical model. Such uncertainties can be
included in the mathematical model by adopting a probabilistic setting. Given statistical
information about the input variables, the goal then is to understand statistics of the solution,
e.g. mean and variance, or statistics of some functional of the solutions, e.g. outflow across
a boundary. This is called the forward uncertainty quantification (UQ) problem, and these
desired outputs are known as quantities of interest (Qol).

One of the important models of forward uncertainty quantification is partial differential
equations (PDEs) with random input data. Assuming the random input may be parameter-
ized by some finite dimensional random vector, y € R, the goal in this setting is to find

the solution u, which for almost every y satisfies the problem

Z(a(y))[u] = f(y) in D, (1.1)



the convergence, O(M~'/?) where M is the number of samples, is in general very slow.
Especially in the case the stochastic space is only of moderate dimension and the solution
of the PDE or a functional of interest is smooth with respect to the random parameters,
better convergence rates can be achieved using more sophisticated methods. Other ensemble-
based methods, including quasi-MC and importance sampling (see [69, 53, 88] and the
references therein), have been devised to increase convergence rates, e.g., proportional to
M~ log(M)™™) however, the function r(N) > 0 increases with dimension N. Moreover,
since both MC and quasi-MC are quadrature techniques for Qols, neither have the ability
to simultaneously provide an approximation to the solution map y — u(y), required by a
large class of applications.

In the last decade, two global polynomial approaches have been proposed that often
feature fast convergence rates: intrusive stochastic Galerkin (SG) methods, based on pre-
defined orthogonal polynomials [41, 99], or best M-term and quasi-optimal approaches [18,
23, 94, 6]; and non-intrusive stochastic collocation (SC) methods, based on (sparse) global
Lagrange interpolating polynomials [2, 71, 70], orthogonal polynomial basis expansion [29],
or even local hierarchical basis functions [47, 64]. These methods converge rapidly when the
PDE solution u(y) is highly regular with respect to y, a property evident in a wide class of
high-dimensional applications.

Stochastic Galerkin methods based on global polynomials [41, 99] seek an approximation
to the solution map wu(y) through projection into a given multidimensional polynomial
space. The drawback to this method is that this projection is done simultaneously with
the Galerkin projection of the physical problem, leading to large linear systems which
couple the physical and random degrees of freedom. Though they feature spectral rates
of convergence, the computational effort required to solve the Stochastic Galerkin systems
is generally only feasible in for simpler problems (1.1). The work [27] shows that in terms
of computational work versus error, Galerkin methods in general fall behind non-intrusive
interpolation methods in all but the simplest cases.

Stochastic collocation (SC) methods [2, 71, 70] are similar to MC methods in the sense
that they involve only the independent solution of a sequence of deterministic PDEs at

given sample points in the stochastic space. However, rather than approximating Qols



through random sample averages, SC methods attempt to reconstruct the coefficients to a
(global) polynomial approximation to the function u(y) only through these point values. This
reconstruction is commonly based on (sparse) Lagrange interpolation [2, 71, 70], discrete L?
projections [65, 66], or compressed sensing [19, 79, 80, 34]. For problems where the solution
is a smooth function of the random input variables and the dimension of the stochastic space
is moderate, SC methods based on global polynomials have been shown to converge much
faster than MC methods [2, 71, 70].

With this motivation in mind, this work considers the problem of efficient approximation
of multi-dimensional functions and integrals by global polynomial methods. Our contri-
butions to this effort may be divided into roughly two main avenues of thought: Part I
looks at how to exploit the structure of fully discrete stochastic collocation solutions to
drastically—and provably—reduce the computational complexity of solving random PDEs,
and thus mitigate the curse of dimensionality. In Part II, we explore the problem of choosing
“good” points for both multidimensional interpolation and interpolatory quadrature. Here
we take a step back from the random PDE setting, and consider just the problem of
multidimensional approximation, noting that the analysis easily applies to collocation
methods for solving random PDEs in the interpolation case, and in the quadrature case the
analogy is to quadrature approximation of multidimensional integral Qols. “Good points”
in the interpolation setting means that the points have a Lebesgue constant that grows
at a reasonable rate, and hence can be used to construct an accurate approximation with
few samples. In this respect, we prove that the Leja sequence is a promising point set for
interpolation. In the quadrature setting, we show that we can improve the convergence
rates for multidimensional quadratures by using conformal mappings to transform classical

interpolatory quadrature rules.

1.1 Complexity of Stochastic Collocation Methods

As described above, this work focuses on methods of multidimensional interpolation. In our
case, the dependence of the solution u of the random PDE (1.1) on the multidimensional

parameter y € RY is approximated via a global polynomial interpolation scheme based on



evaluations of u. We can justify the choice of global polynomials in the situation where
the parameter dependence of u is very smooth, as is the case in the parametric PDEs
considered in this work. Note the the regularity requirements could be relaxed when the
constructions use local polynomial bases such as wavelets, splines, etc; see [47, 38]. A typical

multidimensional polynomial interpolant used in this work can be written
M
uy) = Iulul(y) = Y ¢;¥,(y), (1.2)
j=1

where the {U;}}., are a global polynomial basis, and the M coefficients {c;}}L, are
determined by the evaluation of u at certain sample points, i.e., {u(y;)};Z,. Here we note
that in the case of random PDEs, the “evaluations” {u(yj)}j]vil, and hence the coefficients
{cj}j]‘il, are actually functions from the solution space of the deterministic problem, e.g.,
u(y) € HY(D) for almost every y. Moreover, as solutions to PDEs, in practice these sample
evaluations are only computed approximately, and depending on the underlying model, may

be quite expensive to approximate.

1.1.1 Multilevel Methods for Stochastic Problems

In Chapter 4, we introduce a multilevel stochastic collocation (MLSC) approach for reducing
the computational cost incurred by standard, i.e., single level, SC methods. Drawing
inspiration from multigrid solvers for linear equations, the main idea behind multilevel
methods is to utilize a hierarchical sequence of spatial approximations to the underlying
PDE model that are then combined with a related sequence of stochastic discretizations,
i.e., the interpolant (1.2) for several different values of M, in such a way as to minimize
computational cost.

Starting with the pioneering works [52] in the field of integral equations and [42] in the
field of computational finance, the multilevel approach has been successfully applied to many
applications of MC methods; see, e.g., [5, 15, 26, 44, 43, 54, 67]. The MLSC method proposed
in this chapter is similar to the construction found in [8], where the authors propose to adapt

the resolution of the spatial and stochastic discretizations to reduce the total degrees of



freedom. In contrast, our construction provides the flexibility of optimizing the interpolation
operators used at each level of discretization to minimize computational cost. Our method is
also similar to the multilevel quadrature approximations of moments of the solution studied
in [50, 51], which consider quasi-MC, polynomial chaos and collocation schemes. However,
our focus is on the analysis of the computational complexity of the multilevel interpolation
algorithms which also includes results for functionals of the solution. In particular, we prove
new interpolation error bounds on functionals of the solution that are needed for the analysis
of the MLSC methods.

Our major contribution to the area of multilevel methods, described in Chapter 4, is
to provide a rigorous convergence and computational cost analysis of the novel multilevel
stochastic collocation method in the case of elliptic equations, demonstrating its advantages
compared to standard single-level stochastic collocation approximations (1.2), as well as
multilevel MC methods. We also provide numerical results which corroborate the theory,

and discuss practical implementation issues.

1.1.2 Acceleration of Stochastic Collocation Methods

The dominant cost in applying any non-intrusive approach such as (1.2) lies in the solution
of the underlying linear/nonlinear PDEs (1.1) for a large set of values of y. In practice,
solutions to the deterministic PDEs are often computed using iterative solvers, e.g., conjugate
gradient (CG) methods for symmetric positive-definite linear systems, generalized minimal
residual method (GMRES) for non-symmetric linear systems [81], and fixed-point iteration
methods [78] for nonlinear PDEs. Several methods for improving the performance of iterative
solvers have been proposed, especially subspace and preconditioner methods for iterative
Krylov solvers. A strategy utilizing shared search directions for solving a collection of linear
systems based on the CG method is proposed in [13]. In [74], a technique called Krylov
recycling was introduced to solve sets of linear systems sequentially, based on ideas adapted
from restarted and truncated GMRES (see [83] and the references therein). We refer to
[56, 40, 77, 30, 45] for applications of improved Krylov solvers and preconditioners in SG

approximation.



On the other hand, for a general iterative method, improved initial approximations can
also significantly reduce the number of iterations required to reach a prescribed accuracy.
A sequential orthogonal expansion is utilized in [40, 75|, such that a low resolution solution
provides an initial guess for the solution of the system with an enriched basis. However, at
each step, all the expansion coefficients must be explicitly recomputed, resulting in increased
costs. In [45], an extension of a mean-based preconditioner is applied to each linear system
in the SC approach, wherein the solution of the j-th system is given as the initial vector for
the (j + 1)-th system. This approach, as well as the Krylov recycling method, imposes a full
ordering of the linear systems that appear in the SC approximation, rather than the loose
“level-by-level” ordering we adopt.

In Chapter 5, we propose to accelerate, i.e., to improve the computational efficiency,
of non-intrusive approximations, focusing on SC approaches that construct a sequence of
multi-dimensional Lagrange interpolants in a hierarchical sequence of polynomial spaces. As
opposed to the multilevel methods described above, which reduce the overall computational
burden by taking advantage of a hierarchical spatial approximation, our approach exploits
the structure of the SC interpolant to accelerate the solution of the underlying ensemble
of deterministic solutions. Specifically, we predict the solution of the parametrized PDE at
each collocation point using a previously assembled lower fidelity interpolant constructed
on a subset of the high fidelity collocation grid. We then use this prediction to provide
deterministic (linear/nonlinear) iterative solvers with initial approximations which continue
to improve as the algorithm progresses through the levels of the interpolant. As a particular
application, we pose this acceleration technique in the context of hierarchical SC methods
that employ sparse tensor products of globally defined Lagrange polynomials [71, 70], on
nested one-dimensional Clenshaw-Curtis abscissas. However, the same idea can be extended
to other non-intrusive collocation approaches including orthogonal polynomials [99], as well
as piecewise wavelet polynomials expansions [11, 47].

The major result of Chapter 5 is to prove that this accelerated collocation algorithm
provides a reduction in computational complexity versus methods employing a naive iterative

solver approach. We also apply a similar technique to provide good preconditioners at



In addition, by introducing an appropriate weight function w : R — [0, 1], we may also
define the Leja sequence for weighted interpolation on the real line. Given a point xg, for

n > 1 we recursively define:

Y, = arg max {w(y) 1:[ ly — y]|} . (1.4)

yeR

As above, any maximizer is suitable, so we are not worried about the ambiguity in this
definition. We make specific assumptions on the class of weight functions in §6.2, but mention
that this class includes the commonly encountered Gaussian density, w(y) = eV’

The works [37, 68] show that a contracted version of the weighted Leja sequence (1.4)
is asymptotically Fekete. Specifically, this means that we first multiply the weighted Leja

sequence by a contraction factor, i.e.,

1/a

yn,j =n y]? ] = 07 -, N, (15)

for some appropriate real number @ = a(w) > 1, depending on the weight w. Then the
discrete point-mass measures p, giving weight 1/(n + 1) to each of the first n + 1 contracted

Leja points, i.e.,
1 n
n = Ofy. 1, 1.6
M n+ 1 ]ZO {yn,]} ( )

converge weak®, as n — 00, to an equilibrium measure on a compact subset of R. In other
words, the Leja points asymptotically distribute similar to Fekete points, which are known
to be a “good” set of points for interpolation (see §6.2.1 for a precise, potential theoretic
explanation).

In fact, the asymptotically Fekete property is a necessary (but not sufficient) property
for a set of points to have a subexponentially growing Lebesgue constant, and motivates our
study of the weighted Leja sequence for Lagrange interpolation. Our contribution, given in
Chapter 6, is to show that for a general class of weight functions w, the Lebesgue constant
for Lagrange interpolation on the weighted Leja sequence (1.4) grows subexponentially in

n. This result mirrors the best known results for the standard Leja points, and gives some



theoretical justification for the use of weighted Leja points for interpolation in unbounded

domains.

1.2.2 Sparse Quadrature Rules with Conformal Mappings

Standard interpolatory quadrature methods, such as Gauss—Legendre and Clenshaw—Curtis,
tend to have points which cluster near the endpoints of the domain. As seen in the well-known
interpolation example of Runge, this can mitigate the spurious effects of the growth of the
polynomial basis functions at the boundary. However, this clustering can be problematic and
inefficient in some situations. Gauss—Legendre and Clenshaw—Curtis grids, with n quadrature

n

points on [—1, 1], are spaced asymptotically as [60]. Hence these clustered grids may
T4/ 1—y2

have a factor of /2 fewer points near the middle of the domain, compared with a uniform
grid. This may have unintended negative effects in certain situations, and the issue is
compounded when considering integrals over high-dimensional domains.

For numerical integration of an analytic function in one dimension, the convergence of
quadrature approximations based on orthogonal polynomial interpolants depends crucially
on the size of the region of analyticity, which we denote by ¥. More specifically, they depend

on p, the parameter yielding the largest Bernstein ellipse, which is defined as
1
Ep::{ze(C:an;Sp}, (1.7)

contained in region of analyticity ¥ [96]. This gives some intuition as to why the most stable
quadrature rules place more nodes toward the boundary of the domain [—1,1]; since the
boundary of E, is close to {£1}, the analyticity requirement is weaker near the endpoints
of the domain. More specifically, to be analytic in £, the radius of the Taylor series of f
at {1} is only required to be p — 1/p, while the radius of the Taylor series centered at 0 is
required to be at least p + 1/p.

On the other hand, the appearance of the Bernstein ellipse in the analysis is not
tied fundamentally to the integrand, but only to the choice of polynomials as basis
functions [49]. Thus, we may consider other types of quadrature rules which still take

advantage of the analyticity of the integrand. Using non-polynomial functions as a basis
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for the rule may improve the convergence rate of the approximation. Much research has
gone into investigating ways to find the optimal quadrature rule for a function analytic
in ¥, and to overcome the aforementioned “mw/2-effect”, including end-point correction
methods [1, 63, 57], non-polynomial based approximation [9, 7, 16, 84, 98], and the
transformation methods [31, 46, 49, 58, 59, 76, 85] which map a given set of quadrature points
to a less clustered set. In this chapter, we consider the transformation approach, based on
the concept of conformal mappings in the complex plane. Many such transformations have
been considered in the literature, but we consider here the transformations from [49], which
offer the following benefits: (1) practical and implementable maps; and (2) simple concepts
leading to theorems which may precisely quantify their benefits in mitigating the effect of
the endpoint clustering.

Our contribution to this line of research, given in Chapter 7, is to implement and analyze
the application of the transformed rules to sparse grid quadratures in the high-dimensional
setting. For high-dimensional integration over the cube [—1,1]%, the endpoint clustering
means that a simple tensor product quadrature rule may use (7/2)¢ too many points. On
the other hand, we show that for sparse Smolyak quadrature rules based on tensorization of
transformed one-dimensional quadrature, this effect may be mitigated to some degree. We
provide an analysis of the sparse grid mapped method to show that the improvement in the

convergence rate to a d-dimensional integral is (7/2)Y¢@  where £(d)~ > d.
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Example 2.1. (Linear elliptic problem). Find v : D x I' — R such that g-a.e.

-V (a(x,y)Vu(:c,y)) = f(xay) in D xT,
u(z,y) =0 on 0D x T,

(2.2)

where the well-posedness of (2.2) is guaranteed in L2(I'; Hj(D)) with a(z,y) uniformly
elliptic, i.e., for g-a.e. y € I,

amin < ||a(z, Y)||Le(p) < max With dmin, Gmax € (0, 00), (2.3)

and f(z,y) square integrable, ie., [, [, f*(z,y)do(y)dz < 4oco. We note that well-
posedness can also be established in a stochastic sense; c.f. [14]. We also remark that the
uniform ellipticity can be relaxed in certain situations, e.g., in groundwater flow problems

where I' is an unbounded domain [2, 15, 93].

Example 2.2. (Nonlinear elliptic problem). For k € N, find v : D x I' — R such that g-a.e.

-V (CL(.I, y)Vu(x, y)) + u(m,y)|u(m, y)‘k = f(l’, y) in D,
u(z,y) =0 on 0D.

(2.4)

The well-posedness of (2.4) is guaranteed in L2 (I'; W(D)) with a, f as in Example 2.1 and
W(D) = HY(D)n L2 (D) [71].

2.1.1 Spatial Approximation

In what follows, we treat the solution to (2.1) as a parameterized function u(z,y) of the
N-dimensional random variables y € I'. Moreover, since the solution u can be viewed as a
mapping u : I' — W(D), for convenience we may omit the dependence on x € D and write
u(y) to emphasize the dependence of u on y. This leads to a general weak formulation [48]

of the PDE in (2.1),

/D< Z Sy(u(y);y) Tl,(v)> dx = /Df(y)vd:c, Vv € W(D), g-a.e. inT. (2.5)

veA1UA2
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Here T,,,v € A1 U A, are linear operators independent of y, while the operators S, are given
to be linear for v € Ay, and nonlinear for v € A;. Thus, the stochastic parameterized
boundary-value problem (2.1) has been converted into a deterministic parametric problem
(2.5).

Let {:}M be a finite element (FE) basis of the space W, (D) € W (D). A general SC

approach requires an approximate solution (-, y) € Wj(D)

My,
un(r,yr;) = ZCL,j,z‘ pi(x), J=1,...,Mp. (2.6)
i=1
at a set of points {yij}inLl C I. The vector ¢ ; := (crj1,---,CrLjnm,)  solves

Mp,
ZCL,j,i/ > S8, (piiyry) Tuler) da (2.7)
i=1 D

vEA

= fD f(yL,j)gOi’ - ZVEAQ SI/ <sz\i}i CL.ji Pis yL,j> TI/(SOZ’) dma i = 17 RN Mh7

for j =1,..., My, with S, and T, defined as above. Note that for wuy, (2.7) is equivalent
to (2.5) with the nonlinear operators subtracted on the right hand side. When Ay = (), the
PDE is linear, and a standard FE discretization leads to a linear system of equations. We
consider only the linear form in Chapter 4, while in Chapter 5, we consider both linear and
nonlinear equations. Because each chapter relies on specific assumptions about the spatial

discretization used, we delay discussion of convergence rates to the individual chapters.
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Chapter 3

Sparse Grid Interpolation

The algorithms described later in Part I will apply to a broad class of multidimensional
approximation methods. Recall that we have defined a general polynomial interpolant
in (1.2). In this chapter, however, we discuss a specific version of such an interpolant, namely
sparse grid collocation based on globally defined Lagrange polynomials. This interpolant will
satisfy the specific assumptions we make for general interpolation algorithms in the following
chapters. Furthermore, we will analyze in detail the application of the multilevel and

acceleration methods of Chapters 4 and 5, respectively, to global sparse grid interpolation.

3.1 Sparse Grid Construction

The construction of the interpolant in the N-dimensional space I' = HTJLV:1 I',, is based
on sequences of one-dimensional Lagrange interpolation operators {Z"“} ey + CO(T,) —
Ppay-1(I'), where Pp(T',,) denotes the space of polynomials of degree p on I',,. In particular,
for each n = 1,..., N, let [ € N, denote the one-dimensional level of approximation and
let {yg)] fﬁ)l C I',, denote a sequence of one-dimensional interpolation points in I',,. Here,

p(l) : Ny — Ny is such that p(1) = 1 and p(I) < p(Il + 1) for [ = 2,3,..., so that p(l) strictly

increases with [ and defines the total number of collocation points at level [. For a univariate
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function v € C°(T,,), we define %" by

p()
LOWN) = 30 () euyvn) ol =12, @1

=1

where go(l) € Pyoy-1(I'n), j = 1,...,p(l), are Lagrange fundamental polynomials of degree

n7j

p(l) — 1, which are completely determined by the property (p(l) (yfjb =0,

n’j

Using the convention that %47 © = 0, we introduce the difference operator given by

APG = qrl) _ gp=1), (3.2)

n

For the multivariate case, we let I = (I1,...,lxy) € NV denote a multi-index and L € N,
denote the total level of the sparse grid approximation. We also let g(1) : Nﬂ\: — N, be a
strictly increasing function, defining a mapping between the multi-index I and the sparse grid
level L. Now, from (3.2), the L-th level generalized sparse-grid approzimation of v € C°(T)
is given by

API[y] (y) = Z (Ap(ll) R ® AP(lN)) [v](y)

g(H<L

_ Z Z (_1)|i| (%p(zrn) R - ® @/p(lzvfm)) [v](y),

g(D<Lie{0,1}N

(3.3)

where i = (i1,...,iyx) is a multi-index with i, € {0, 1}, |[i| =41 + -+ +in.

This approximation lives in the tensor product polynomial space PAI;Q given by

leA%g},

mwa+1»§L}.

N
Pprs = span {H yln

n=1

where the multi-index set is defined as follows

ADY = {1 e NV

Here p'(1) = (p'(l1),...,p'(Ix)), and p'(l) := min{w € N, : p(w) > I} is the left inverse

of p (see [3, 48]). The approximation (3.3) requires the independent evaluation of v on a
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deterministic set of distinct collocation points given by

we= U I by
L—N+1<g())<L 1<n<N
having cardinality M. Some examples of functions p(l) and ¢(I) and the corresponding
polynomial approximation spaces are given in Table 3.1. In the last example in the table
o = (o,...,ay) € RY is a vector of weights reflecting the anisotropy of the system,
i.e., the relative importance of each dimension [70]; we then define oy, = . :IrlunN Q.

The corresponding anisotropic versions of the other approximations and corresponding

polynomial subspaces can be analogously constructed.

Table 3.1: The functions p: Ny — N, and g : Nf — N and the corresponding multiindex
subspaces.

Multiindex Space p(l) g(l)

Tensor product p(l) =1 12}%%\/”” —1)
Total degree p(l) =1 SN (1, —1)
Hyperbolic cross p(l) =1 1, = 1)
Sparse Smolyak p()=2"14+1,1>1 SN (1, —1)

Anisotropic Sparse Smolyak  p(I)=2"1+1,1>1 SN @ (], —1) ac RY

n=1 amin

For Smolyak multiindex spaces, the most popular choice of points are the sparse grids
based on the one-dimensional Clenshaw-Curtis abscissas [21] which are the extrema of

Chebyshev polynomials, including the end-point extrema. For level [, and in the particular

case I',, = [—1,1] and p(I) > 1, the resulting points are given by
! m(j—1) :
L= — — 7 f =1,...,p(D). A4
Yn.j COS(p(l)_1> orj=1,...,p() (3.4)

20



In particular, in the Sparse Smolyak construction from Table 3.1, the choice

N
p(1)=1,p(l)=2""+1for I>1, and g(1) => (I, — 1). (3.5)

n=1
results in a mested family of one-dimensional abscissas, i.e., {yfw. }fﬁ { 1P 1). Here,

the sparse grids are also nested, i.e.,
My C ML

This corresponds to the most widely used sparse-grid approximation, as first described in
[86]. This is the typical choice we will make in the following chapters, however much of the
analysis does not depend strongly on this choice of m and g, and we could use other functions,
e.g., anisotropic approximations. We remark also that other nested families of sparse grids

can be constructed from, e.g., the Leja points [25], Gauss-Patterson [95], Newton-Cotes, etc.

Remark 3.1. In general, the growth rate p(l) can be chosen as any increasing function
on N. However, for non-nested point families, such as standard Gaussian abscissas, the
approzimation (3.3) is no longer guaranteed to be an interpolant, but the analysis of the

approzimation error remains similar to the analysis presented here (see [71] for more details).

3.2 Lagrange Interpolating Formulation

When the multidimensional point sets are nested, the approximation A7?[v] is a Lagrange
interpolating polynomial [71], and thus (3.3) can be rewritten as a linear combination of

Lagrange basis functions,

S

AL [v)(y) v(YLi)Vi,(y)

yL,J Z Z ‘ | H w,l;;(j"

leJ(L,j5) ie{0,1}V

<.
I
—

(3.6)

qu:

<.
Il
—

Yy i (y)
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where the index set J (L, j) is defined by

J(L,j) = {leNf

N
g(l) < Land y;; € ®19p(l"_i") with i € {0, 1}N} :
n=1
I I

and W) = {yn,17 e 7yn,p(ln)} c Lo

For a given L and j, this represents the subset of multi-indices corresponding to the
tensor-product operators P~ @ ... @ 2/PUn=iv) in (3.3) with the supporting point yr, ;.

. . . N ln—in . .

Then for each 1 € J(L,j) and i € {0,1}", the function [],_, V7 (W) with kn(j) €
{1,...,p(l, —in)},n = 1,..., N, represents the unique Lagrange basis function for the
operator P1=1) . ..@ % PIN=iN) corresponding to y;, ;. Therefore, the functions {¥;, ; }jj\iﬁ
are given by a linear combination of tensorized Lagrange polynomials satisfying the “delta
property”, i.e., W i (yr ;) = 05 for 4,5 =1,..., M. We require an interpolant of this form

for our analysis in Chapter 5; see (5.1).

3.3 Convergence of Sparse Grid Collocation

In this section, we examine the convergence of the sparse grid interpolation methods
described above. We will give two lemmas, the first regarding convergence in terms of
the number of points, My, and the second in terms of the sparse grid level L.

We first need some understanding of the regularity of the solution u : I' — H}(D) to the
parameterized elliptic PDE described in Example 2.1. As such, we require the additional

assumption on the regularity of the coefficient a:

Assumption A2. Assume that a : T' — L*(D) has a holomorphic complex continuation

a*: CN — L®(D).

Next, we use assumption A2 to show that the approximate PDE solutions uy, are analytic

in a region ¥(p) C CV. For p = (p1,...,pn) € (1,00)", this region will have the form

S(p)= ] Stwpn)cc”, (37)

1<n<N
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where X(n; p,) denotes the region bounded by the Bernstein ellipse,

1

X (n; pp) = {5 (zn+2,") t 20 € C, |2, = pn}.

The set X(p) C CV is the product of ellipses in the complex plane, with foci z, = 41, which
are the endpoints of the domain I',,,n = 1,..., N. Such ellipses are common in proving
convergence results for global interpolation schemes. Chapter 7 contains a more thorough
examination of these ellipses in global polynomial approximations.

The following result on the analyticity of the solution u is proved in [23, Theorem 1.2]

and [94, Lemma 3.3 and Theorem 2.5].

Lemma 3.1.1. (Analyticity of the PDE solution u) Under the assumption A2, there exists
p = (p1,...,pn) € (1,00)" such that the complex extension of u to the polyellipse ¥(p),
u* : X(p) = Hy(D) is well-defined and analytic in an open region containing 3(p).

In §4.4, we will also show that Assumption A2 leads to analyticity of certain functionals
of the solution. Note that with less regularity in the solution, we might use local basis
functions such as wavelets or splines to construct the interpolant [47, 64].

For a function v which admits an analytic extension in a polyellipse, convergence with
respect to the total number of collocation points for the tensor product, sparse isotropic,
and anisotropic Smolyak approximations (see Table 3.1), using both Clenshaw—Curtis and

Gaussian nodes, was analyzed in [2, 71, 70]. We restate the result here.

Theorem 3.2. Let W denote a general Banach space and let v € C°(T; W) admit an analytic
extension in the complex polyellipse X(p). Then, with r = minj<,<x pn, there exist constants

C(N) and u(r, N), depending on N, such that
v — AL 2wy < C(N) MMM ¢ (o),
where My, is the number of points used by Ay and

C(v) = max) lv(2)]lw- (3.8)

zeX(p
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Lemma 3.4.1. Let u satisfy Assumption A2. For L € N, the interpolation error u— A?[u]

of the sparse grid SC method using Clenshaw-Curtis abscissas can be bounded as
_rN2L/N
lu — A%Q[U]HLOO(F;H(}(D)) < Coee™ ™M,

where, for a constant 0 < § < 1, the rate r = (1 — 0) miny<,<y log p,, and the constant

Cs. > 0 depends on N, u, and 9.
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Chapter 4

Multilevel Stochastic Collocation

Methods

Some content of the following chapter first appeared (see [92]) in the SIAM/ASA Journal
of Uncertainty Quantification in 2015, published by the Society for Industrial and Applied
Mathematics (SIAM) and the American Statistical Association (ASA). Copyright by SIAM
and ASA. Unauthorized reproduction is prohibited. The author completed this work in
collaboration with Maxz Gunzburger, Aretha Teckentrup, and Clayton G. Webster. Some
notation has been slightly edited to maintain consistency with other chapters in this

manuscript, and much of the introductory material has been altered

In this chapter, we analyze a multilevel version of the stochastic collocation method
that, as is the case for multilevel Monte Carlo (MLMC) methods, uses hierarchies of spatial
approximations to reduce the overall computational complexity. In addition, our proposed
approach utilizes, for approximation in stochastic space, a sequence of multi-dimensional
interpolants of increasing fidelity which can then be used for approximating statistics of
the solution as well as for building high-order surrogates featuring faster convergence rates.
A rigorous convergence and computational cost analysis of the new multilevel stochastic
collocation method is provided in the case of elliptic equations, demonstrating its advantages
compared to standard single-level stochastic collocation approximations as well as MLMC

methods.
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The outline of the chapter is as follows. In §4.1, we introduce some further assumptions on
the parametrization of the random inputs that are used to transform the original stochastic
problem into a deterministic parametric version, and necessary assumptions about the
regularity of the solution of the PDE, which are in addition to the assumptions made
in Chapter 2. A description of the spatial and stochastic approximations as well as the
formulation of the MLSC method follows in §4.2. In §4.3, we provide a general convergence
and complexity analysis for the MLSC method. As an example of a specific single level
SC approach satisfying our interpolation assumptions, in §4.4 we analyze the ML method
using generalized sparse grid stochastic collocation approach based on global Lagrange
interpolation introduced in §3.1. In §4.5, we provide numerical results that illustrate
the theoretical results and complexity estimates and also explore issues related to the

implementation of the MLSC method.

4.1 Further Assumptions

In this chapter, we will work only in basic setting of a linear random PDE (2.2), which
was introduced in Example 2.1. In addition to Assumption Al, we make the following
assumptions on a. We note that some of what is stated in the following has already been

assumed in §2.1, but we restate it here to make the setting more precise.

Assumption A3. (Boundedness) The image '), := y,(2) of y, is bounded for all n €
{1,...,N} and, with T = Hivﬂ I',,, the random variables y have a joint probability density
function o(y) = [1_, 8(yn) € L®(T), where (-) : [~1,1] = R denotes the one-dimensional
PDF corresponding to the probability space of the random fields. Without loss of generality,

we assume that T = [—1,1]".

Assumption A4. (Existence and uniqueness) The coefficient a(x,y) is uniformly bounded

and coercive, i.e., there erists amin > 0 and apmq, < 00 such that for o-almost every y,

Amin S CL(X, y) S Amax VX S b
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and f € H YD) is independent of y, so that the problem (2.2) admits a unique solution
w e L3(T; Hy(D)) with realizations in Hy(D), i.e., u(-,y) € Hy(D) o-almost everywhere.

Assumption A3 can be weakened to include the case of unbounded random variables
such as Gaussian variables. See [2] for an analysis of the interpolation error and note that,
with only minor modifications, the multilevel stochastic collocation method introduced in
this chapter also applies to unbounded random variables. We also consider the problem of
interpolation on unbounded domains in Chapter 6. Furthermore, Assumption A4 can be
weakened to include coefficients a that are not uniformly coercive; see [15, 93]. Finally, we
remark that the multilevel stochastic collocation method proposed in this chapter is not
specific to the model problem given in Example 2.1; it can be applied also to higher-order

PDEs and other types of boundary conditions.

4.2 Hierarchical multilevel stochastic collocation meth-
ods

We begin by recalling that standard stochastic collocation (SC) methods generally build an
approximation of the solution w by evaluating a spatial approximation u(-,y) € V, at a
given set of points {y,,}_, in T, where V;, C H}(D) is a finite-dimensional subspace. In
other words, we compute {u(-,¥m)}¥_,. Then, given a basis {U,,(y)}"_, for the space
Pu = Span{\I/m(y)}n]\f:1 C L%(T'), we use those samples to construct the fully discrete

approximation given by the interpolant

M
S (%) = Tu[un) (%, 9) = D cn(x) Ui (), (4.1)

where the coefficients c¢,,,(x) are fully determined by the semi-discrete solutions at the
collocation points, wup(x,y,,) for m = 1,..., M. 1In (4.1), we label the standard SC
approximation by ‘SL’ to indicate that that approximation is constructed using a single set of
points {y,,}»_, in stochastic space, in contrast to the multilevel approximations considered

below that use a hierarchy of point sets; thus, in this chapter we refer to (4.1) as a single
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level approximation. A wide range of choices for the interpolation points {y,, }}¥_, and basis

M
m=1

functions {¥,,(y) are possible. A particular example of the approximation (4.1), namely
global Lagrange interpolation on generalized sparse grids, was given in Chapter 3, and will
be analyzed in §4.4

Convergence of the SC approximation (4.1) is often assessed in the natural L2(T'; Hy(D))-
norm, and the goal is to determine a bound on the error ||u — Zs[up]|| 13 (r.m1(py)- To obtain
a good approximation with SC methods, it is necessary in general to use accurate spatial
approximations u;, and a large number M of collocation points. To determine the coefficients
¢m(x) of the interpolant (4.1), the method requires the computation of u(-,y,,) for m =
1,..., M so that, in practice, the cost can grow quickly with increasing N. Therefore,

to reduce the overall cost, we consider a multilevel version of SC methods that combines

different levels of fidelity of both the spatial and parameter approximations.

4.2.1 Hierarchical spatial approximations

For spatial approximation, we use a hierarchical family of finite element discretizations [10,
20]. As discussed in [50], the formulation of the multilevel method does not depend on the
specific spatial discretization scheme used and the results readily hold for other choices. For

k € Ny, define a hierarchy of nested finite element spaces
Vie CViy C-++ CVp, C--- C Hy(D),

where each Vj,, consists of continuous, piecewise polynomial functions on a shape regular
triangulation pp, of D having maximum mesh spacing parameter hj. Note that & merely
serves to index the given spaces; the approximation properties of the space V}, is governed
by hy. For simplicity, we assume that the triangulations {pp, }ren, are generated by iterative
uniform subdivisions of the initial triangulation py; this implies that h; = 7 *hy for some

n € N, n > 1 and that indeed the corresponding finite element spaces are nested.

Remark 4.1. For simplicity, we have assumed that the finite element family of spaces is
nested, and in fact, are constructed by a series of uniform subdivisions of a parent mesh with

mesh size hg. Neither of these assumptions are necessary for our algorithms or conclusions

29



to hold, provided n; < hy/hri1 < 12 for some 0 < 1 < ny < 00 and all k € Ny; in such

cases, the finite element spaces are not necessarily nested.

We also let up, (-,y) denote the Galerkin projection of u(-,y) onto V3, , i.e., up, € Vi,
denotes the finite element approximation. Note that wp, (-,y) is still a function on the
stochastic parameter space I'. We assume the following approximation property of the finite

element spaces {V4, }ren,:

Assumption A5. There exist positive constants a and Cs, independent of hy, such that for
all k € Ny,

lw = wn || 2202 (y) < Cs -

In general, the rate a depends on the (spatial) regularity of u, which in turn depends
on the regularity of a and f as well as on the geometry of the domain D. For example, if
a, f, and D are sufficiently regular so that v € L3(I'; H*(D)), Assumption A5 holds with
a =1 and C, dependent only on a and ||u|| r2(r;m2(p))- For additional examples and detailed

analyses of finite element errors, see [93].

4.2.2 Stochastic interpolation

For stochastic approximation, we use interpolation over I'; where we assume u € C°(T'; H} (D).
The specific choice of interpolation scheme is not crucial at this juncture. We begin by letting
{Zn1, }1-, denote a sequence of interpolation operators Zy, : C°(I') — L2(I') using M}, points.

We assume the following:

Assumption AG6. There exist positive constants Cr,C¢, and 8, and a Banach space
AT; Hy(D)) € L2(T; Hy(D)) containing the finite element approzimations {un, }ren, such
that for allv € A(T'; HY(D)) and all k € Ny

HU — IMkUHLE,(F;Hé(D)) < Cf U(Mk) C(U),
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for some decreasing sequence {0 }ren,, with o = o(My), and operator ¢ : A(T; HY (D)) — R

that admaits the estimates
C(U’hk) < OC hg and C(uhk-H - uhk) < CC hf—i—l‘

Remark 4.2. As in the previous section, k is merely an index; we use the same index for
the hierarchies of spatial and stochastic approximations because, in the multilevel SC method

we introduce below, these two hierarchies are closely connected.

Remark 4.3. o, determines the approximation properties of the interpolant. Moreover,
we allow non-unique interpolation operators in the sequence, i.e., it is possible that, for any

k=0,...,00, Mpy1 = My, and therefore Ly, ., = Ty

k

and opr1 = og. Thus, although the
spatial approximation improves with increasing k, i.e., hgy 1 < hy, we allow for the parameter

space approximation for the index k + 1 remaining the same as that for k.

In §4.4, Assumption A6 is shown to hold, with o, = M, ", for global Lagrange
interpolation using generalized sparse grids. The bounds on the function ¢ in Assumption A6
are shown to be the key to balancing spatial and stochastic discretizations through the
multilevel formulation. Crucially, we make use of the fact that the interpolation error is
proportional to the size of the function being interpolated, measured in an appropriate
norm. In the case of the model problem (2.2), this norm is usually related to the (spatial)
H}(D)-norm. The bounds in Assumption A6 then arise from the fact that for any k& € Ny,
[uny |2 (py is bounded by a constant, independent of k, whereas [Jus, — un,_, ||z (py decays
with h',f for some S > 0. We usually have § = «, where « is as in Assumption A5. Note that
we have chosen to scale the bound on ((up,) by hg to simplify calculations. Because hg is a

constant, this does not affect the nature of the assumption.

4.2.3 Formulation of the multilevel method

As in the previous sections, denote by {up, }ren, and {Zag }ren, sequences of spatial

approximations and interpolation operators in parameter space, respectively. Then, for any
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K € N, the formulation of the multilevel method begins with the simple telescoping identity

Uhy = Z(uhk — Upy_, ), (4.2)

where, for simplicity, we set u;,_, := 0.
It follows from Assumption A6 that as k& — oo, less accurate interpolation operators are
needed in order to estimate wup, — up,_, to achieve a required accuracy. We therefore define

our multilevel interpolation approximation as

K
ML SL SL
u(l( ) = ZIMK—k[uhk - uhk—l] = Z (u&K),k,hk - UEWK),k,hk,1> : (43)
k=0 k=0

K
Rather than simply interpolating uy,,. , this approximation uses different levels of interpolation
on each difference uy, — wup, , of finite element approximations. To preserve convergence,
the estimator uses the most accurate interpolation operator Z,;, on the coarsest spatial
approximation up, and the least accurate interpolation operator Z,;, on the finest spatial
approximation wup, — up,_,. Note that in (4.3) a single index k is used to select appropriate

spatial and stochastic approximations and thus these approximations are indeed closely

related.

4.3 Analysis of the multilevel approximation

This section is devoted to proving the convergence of the multilevel approximation defined
in §4.2.3 and analyzing its computational complexity. We first prove, in §4.3.1, a general
error bound, whereas in Sections 4.3.2 and 4.3.3 we prove a bound on the computational

complexity in the particular case of an algebraic decay of the interpolation errors.

4.3.1 Convergence analysis

We consider the convergence of the multilevel approximation ugﬁ) to the true solution w in

the natural norm || - {| 20, (0))-
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as required. It follows that with o4 as in (4.5)

ML «
[|u — u% )||L3(F;H5(D)) < 20 hig.

4.3.2 Cost analysis

We now proceed to analyze the computational cost of the MLSC method. We consider the
e-cost of the estimator, denoted here by CML which is the computational cost required to
achieve a desired accuracy €. In order to quantify this cost, we use the convergence rates of
the spatial discretization error and, for the stochastic interpolation error, the rates given by
assumptions A5 and A6. In particular, we will assume that A6 holds with o = M, " for

some 1 > 0.

Remark 4.4. The choice oy = M. " best reflects approzimations based on SC methods
that employ sparse grids. In particular, as mentioned in §4.2.2, algebraic decay holds for
the generalized sparse grid interpolation operators considered in Chapter 3; see Theorem 3.2.

For other possible choices in the context of quadrature, see [50)].

In general, the MLSC method involves solving, for each k, the deterministic PDE for
each of the My sample points from I'; in fact, according to (4.3), two solves are needed, one
for each of two spatial grid levels. Thus, we also require a bound on the cost, which we

denote by Cj, of computing u,, — up,_, at a sample point. We assume:

Assumption A7. There exist positive constants v and C., independent of hy, such that
Cy < C.h,” for all k € Ny.

If an optimal linear solver is used to solve the finite element equations for u, , this assumption
holds with v ~ d (see, e.g., [10]), where d is the spatial dimension. Note that the constant
C, will in general depend on the refinement ratio n described in §4.2.1.

We quantify the total computational cost of the MLSC approximation (4.3) using the

metric

K
CMY) =" My Cy. (4.6)

k=0
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We now have the following result for the e-cost of the MLSC method required to achieve an
accuracy ||u — u(IE/IL) HLg(F;H(}(D)) < e. In the analysis, we define the relations a < b and a <~ b
to indicate that a < Cb (resp. a = Cb) for some constant C' independent the mesh width h,

the number of interpolation points M and the accuracy .

Theorem 4.5. Suppose assumptions A5-A7 hold with o, = M, ", and assume that o >

min(f, uy). Then, for any ¢ < exp|[—1], there exists an integer K, and a sequence { My},

such that
ML
[|u — Ug{ )HLf,(F;HOI(D)) <e

and

§

S if B> py

OIS Qe loge" o if B = iy (4.7)
ke_i_wzf if B< .

Proof. As in (4.4), we consider separately the two error contributions (I) and (I7). To
achieve the desired accuracy, it is sufficient to bound both error contributions by 5. Without
loss of generality, for the remainder of this proof we assume hg = 1. If this is not the case,

we simply need to rescale the constants Cs, C¢, and C..

First, we choose K large enough so that (/) < 5. By Assumption A5, it is sufficient

=

to require Cshg < 5. Because the hierarchy of meshes {h;}ren, is obtained by uniform

refinement, hy, = n*hg = n~*, and we have

o . 1 2C,
b < (5" i K= [alogn( ‘ )] (48)

This fixes the total number of levels K.
In order to obtain the multilevel estimator with the smallest computational cost, we
now determine the {Mj;}< , so that the computational cost (4.6) is minimized, subject to

the requirement (/1) < 5. Treating the M} as continuous variables, we use the Lagrange
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The Assumptions F1-F4 are essentially the same as the Assumptions A5—A7 of Theorem
4.5, with perhaps different values for the constants Cs, Cr, C¢, and C.. Certainly, bounded
linear functionals have this inheritance property. In §4.4, we give some examples of nonlinear

functionals that also have this property.

4.4 Multilevel approximation using generalized sparse
grid interpolants

In this section, we use a specific example of a single level SC method that will be used to
construct the interpolation operators in our MLSC approach. As such, recall the definition of

the multi-dimensional (including sparse grid) interpolation from Chapter 3, which is defined
in (3.3).
N
A0 = Y QAL
g()<L n=1
For the specific MLSC method in this section, the general interpolation operators introduced
in §4.2.2 are chosen as Ty, = A7? with My := My, . However, we have already noted in
Remark 4.6 that an arbitrary number of points will not in general have an associated sparse
grid, and in practice a rounding strategy has to be applied to choose the interpolation
operator on each level. For examples of rounding strategies, see the numerical examples in
84.5. Note that although in theory this rounding may change the computational complexity
of the MLSC estimators, our numerical investigations confirm that the complexities proved

in Theorem 4.5 are a good fit in practice.

Remark 4.9. Note that the sparse grid construction also contains a second notion of levels.
The levels in the sparse grid case should not be confused with the levels used previously in
the multilevel algorithm. For the latter, ‘levels’ refer to members of hierarchies of spatial and
stochastic approximations, both of which were indexed by k. In this section, ‘levels’ refer to
a sequence, indexed by I, of stochastic polynomial spaces and corresponding point sets used

to construct a specific sparse grid interpolant. The result of this construction, i.e., of using
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the levels indexed by [, is the interpolants used in the previous sections that were indexed by

k.

The goal of the section is to verify the the assumptions of our multilevel collocation
scheme for the generalized global sparse grid operator Zy;, = Aﬁ’f . The convergence of the
global sparse grid operators applied to the the approximate solutions uy, , and the functionals
¥ (up, ), depends on some analytic regularity of the PDE with respect to the parameterization.

Recalling assumption A2 and the definition of the Bernstein polyellipse (3.7), we have
used Lemma 3.1.1 to show that the approximate PDE solutions uy, are analytic in the region
Y(p) C CN, for p= (p1,...,pn) € (1,00)". We have seen in Theorem 3.2 that under these
assumptions, there exist constants C'(NV) and u(r, N), depending on N and r = minj<,<n pn,
such that

lo = Tuollsamoy < CON) M (),

where

() = max () lngco)

We thus verify the convergence assumptions A6 and those given in F2 and F3 by showing
that the bounds on the interpolation error above apply to the approximate solutions wy,
and the functionals 1 (uy, ), for k € Ny, Define the Banach space A(T'; H} (D)) consisting
of all functions v € C°(T'; Hy(D)) such that v admits an analytic extension in the region
Y(p). It follows from Lemma 3.1.1 that, under appropriate assumptions on a, we have u €
A(T; H3(D)). Because the dependence on y is unchanged in the approximate solution wy, , it
also follows that up, € A(T'; H}(D)) for all k& € Ny, and hence also up, —up, , € A(T; Hy (D))
for all k£ € N.

Similar to Assumption A5, it follows from standard finite element theory [10, 20] that with
¢ as in (3.8), ((un, ) can be bounded by a constant independent of k, whereas ((up, — up, ;)
can be bounded by a constant multiple of hf for some a > 0. In general, the constants
appearing in these estimates will depend on norms of a and f as well as on the mesh
refinement parameter 7. We can hence conclude that with Zp, = A77, Assumption A6

is satisfied for the interpolation schemes considered in Theorem 3.2. Therefore, for the
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numerical examples presented in §4.5, we utilize the sparse grid stochastic collocation as the
interpolation scheme.

Now we verify the analyticity assumption in Theorem 3.2 also for the functionals ¥ (u).
Because Lemma 3.1.1 already gives an analyticity result for u, we use the following result,
which can be found in [97], about the composition of two functions on general normed vector

spaces.

Theorem 4.10. Let Xy, X5, and X3 denote normed vector spaces and let 6 : X1 — X5 and
v: Xo — X3 be given. Suppose that 0 is analytic on X, v is analytic on Xy and 6(X;) C Xs.

Then the composition v o6 : X1 — X3 is analytic on X;.

Hence, if we can show that 1 is an analytic function of u, we can conclude that 1 (u) is
analytic on X(p). To this end, we need the notion of analyticity for functions defined on
general normed vector spaces, which we will now briefly recall.

Given normed vector spaces X; and X5 and an infinitely Frechet differentiable function
0 : X1 — X5, we can define a Taylor series expansion of # at the point £ in the following way

[12]:

o0

Toela) = 3 5 P0(E) = €7 (119

=0
where z,& € X, the notation (z — £)? denoting the j-tuple (z — &,...,x — &) and d?6(&)
denoting the j-linear operator corresponding to the j-th Frechet differential D76(€). The
function € is then said to be analytic in a set Z C X if, for every z € Z, Ty ,(z) = 6(z) for
all x in a neighbourhood N,(z) = {z € Z : ||z — z||x, < r}, for some r > 0. The following

result now immediately follows from Theorem 4.10.

Lemma 4.10.1. Let the assumptions of Lemma 5.1.1 be satisfied. Suppose 1, viewed as a
mapping from H}(D) to R, is analytic in the set ¥(u) C HY(D), and u(z;z) € X(u) for all
z € X(p). Then, 1) o u, viewed as a mapping from T' to R, admits an analytic extension to

the set X(p).

Together with Theorem 3.2, now with W = R, it then follows from Lemma 4.10.1
that assumptions F2 and F3 in Proposition 4.8 are satisfied for the interpolation schemes

considered in this section, provided the functional v is an analytic function of u. Note that
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Example 4.13. (Spatial L?>-norm) Consider the functional ¢ (v) = [, v?dz = ||v||%2(D). For
any v € H}(D), the differentials of ¢ are

5 2 2 5 52 2
dip(v)(wy) = lim Jp(v+own)” = Jpv = lim Jp v + Jp 'un = 2/ vwy,
550 d 50 ) D
2 ) —2
d21/1(v)(w1,w2) _ (15111(1) fD(v + w2>(;1)1 fD vwy _ 2/ watwy,
- D

dp(v) =0 Vj>2,

which implies that 1 is analytic on the entire space H(D). For the functional ¥ (v) =
|v]|22(py, we use Theorem 4.10 and the analyticity of the square root function on (0, 00) to
conclude that v is analytic on any subset ¥(u) C H}(D) not containing 0.

The analysis in this example can easily be extended to the functionals |[v|[g1(p) and

HvH?{é(D)-

4.5 Numerical Examples

The aim of this section is to demonstrate numerically the significant reductions in
computational cost possible with the use of the MLSC approach. As an example, consider

the following boundary value problem on either D = (0,1) or D = (0,1)%

-V - (a(y,x)Vu(y,x)) =1 forxeD
u(y,x) =0  forx € dD.

(4.20)

The coeflicient a takes the form

a(y,x) = 0.5+ exp

> \/A_nbn(X)yn] : (4.21)

where {y, }nen is a sequence of independent, uniformly distributed random variables on [-1,1]
and {\, }nen and {b, },en are the eigenvalues and eigenfunctions of the covariance operator

with kernel function C'(z, ') = exp[—||x—x'||1]. Explicit expressions for {\, }nen and {b, }nen
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are computable [41]. In the case D = (0,1), we have

AP — and bP(x) = A, (sin(w,x) + wy, cos(w,x)) for all n € N,

w2 41

where {w, }nen are the (real) solutions of the transcendental equation

tan(w) 2w
an(w) =
w? —1
and the constant A, is chosen so that ||b,|/z20,1) = 1. In two spatial dimensions, with

D = (0,1)?, the eigenpairs can be expressed as
2D _ 1D y1D 9D _ 71D 71D
A, =N A and b, =00 by

for some i,,j, € N. In both one and two spatial dimensions, the eigenvalues )\, decay
quadratically with respect to n [14].
Let a*(z,x) = 0.5 +exp |30, \/)\nbn(x)zn} be the complex extension of a. Given a

multiindex v € NY', it is easy to see that the mixed partial derivatives of a* satisfy

oa al
0ya*(z,x) :== (z,x) =a(z,x H
n=1

Oz ...0"Nzy

Thus, given z € CV, the power series

N
a*(2',x) = Z Hz — zn)"
veNy n=1
converges for all 2 € CV such that |2/ —2,| < m,n =1,..., N, and thus a(z, x)

satisfies Assumption A2.

For spatial discretization, we use continuous, piecewise-linear finite elements on uniform
triangulations of D, starting with a mesh width of A = 1/2. As interpolation operators,
we choose the (isotropic) sparse grid interpolation operator (4.4), using p and g given by
the classic Smolyak approximation in Table 3.1, based on Clenshaw-Curtis abscissas; see

Chapter 3.
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Chapter 5

Accelerating Stochastic Collocation

Methods

Some content of this chapter first appeared in the paper [36], in the SIAM/ASA Journal of
Uncertainty Quantification, published by the Society for Industrial and Applied Mathematics
(SIAM) and the American Statistical Association (ASA). Copyright by SIAM and ASA.
Unauthorized reproduction is prohibited. The work was accomplished in collaboration with
Diego Galindo, Clayton Webster, and Guannan Zhang. It has been slightly edited to maintain
consistency with other chapters in this manuscript, and much of the introductory material

has been moved to Chapters 1.

In this chapter, we propose another general acceleration technique for decreasing the
computational complexity of stochastic collocation methods to solve PDEs with random
input data. Specifically, we predict the solution of the parametrized PDE at each collocation
point using a previously assembled lower fidelity interpolant, and use this prediction to
provide deterministic (linear/nonlinear) iterative solvers with initial approximations which
continue to improve as the algorithm progresses through the levels of the interpolant. With
nested collocation points, these coarse predictions can be assembled as a sub-step in the
construction of the high-fidelity interpolant. As a concrete example, we develop our approach
in the context of stochastic collocation approaches employing sparse tensor products of

globally defined Lagrange polynomials on nested one-dimensional Clenshaw-Curtis abscissas,
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providing a rigorous computational complexity analysis of the resulting fully discrete sparse
grid stochastic collocation approximation, with and without acceleration, and demonstrating
the effectiveness of our proposed algorithm.

We begin in §5.1 by recalling the class of parameterized PDEs under consideration, as
well as the construction of the fully discrete solution. In §5.2 we give our acceleration
technique in the context of general SC methods for the approximation of both linear and
nonlinear stochastic parameterized elliptic PDEs using iterative solvers. In §5.3, we provide
a rigorous computational complexity analysis of our approach, in the specific context of the
sparse grid SC approximations defined in §3.1. Finally, in §5.4 we provide several numerical
examples, including both moderately large-dimensional linear and nonlinear parametrized

PDEs, illustrating the theoretical results and the improved efficiency of this technique.

5.1 Fully-discrete collocation approximation

Recall the stochastic parameterized boundary value problem from (2.1), given in weak form
by (2.5). The acceleration technique proposed in §5.2 and the sparse-grid SC method
discussed in §5.3 will be based on spatial approximation of the solution given by (2.6).

For L € N, let Z}, be a general interpolation operator that utilizes M}, collocation points,
denoted Hy, = {yr;} ]Ag Moreover, assume that we have a family of interpolation operators
{Z1}Len, , which approximates the solution uy(x, -) in the polynomial spaces P;(I') C ... C
PL(l) € Pra(T) € ... C L3(T), of increasing fidelity, defined on sets of sample points
Hy C I'. Assume further that the fully discrete solution uy, ;, € V(D) ® Pr(I') has Lagrange

interpolating form

unn(z,y) = Ipfw)(z,y) = (Z CL,j,z%(fC)) Uri(y), (5.1)

j=1 \i=1

where {U, ; }]AiLl is a basis for P (I"). The approximation (5.1) can be constructed by solving
for up(x,yr ;) independently at each sample point y;, ; € Hy. In §5.3, we construct a specific

example of an interpolation scheme satisfying (5.1), namely global sparse grid collocation.
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5.2 Accelerating stochastic collocation methods

We next introduce our acceleration scheme for both linear and nonlinear elliptic PDEs. For
each L € N, , the bulk of the computational cost in constructing (5.1) goes into solving
the My, systems of equations (2.7) corresponding to yr;, j = 1,..., M. In this chapter,
we consider iterative solvers for the system in (2.7), and propose an acceleration scheme to
reduce the total number of iterations necessary to solve the collection of systems over the set
of sample parameters. We remark that here the word ‘acceleration” does not indicate that
the convergence properties of the iterative solver are improved, but rather that the overall
computational work required by the SC method is reduced.

Denoting by wj, the output of the selected iterative solver for the system (2.7), for y, ; €

Hy, the semi-discrete solution wy(x,yy, ;) is approximated by

x, yL,] E CL.ji 901 ~ uh ) yL,] E cL,],z 901

where we define €, ; = (¢ j1,...,Cnjm,) - Therefore the final SC approximation is given

by a perturbation of (5.1), i.e

up,z(z,y) == Z (Z CLji 901(90)) Uri(y). (5.2)

j=1 \i=1

To start the iterative solver for the system (2.7), it is common to use a zero initial guess,
denoted by c(o) (0,...,0)". However, we can better predict the solution at level L using
lower level approximations: Assume that we first obtain wy, ;1 (z, y) by collocating solutions
to (2.7) over Hy—1. Then at level L, for each new point y, ; € Hy \ Hr—1, the initial guess

c(LO’)j can be given by interpolating the solutions from level L — 1, i.e.,

0 ._ (= ~ TS
Cr; = (uh,L_1($17’yL,j)a ce 7uh,L—1(xMh7yL,j)> - Z CL—l,j"I/L—Lj’(yL,j)- (5'3)

J'=1

For a convergent interpolation scheme, we expect the necessary number of iterations to

compute ¢z, ; to become smaller as the level L increases to an overall maximum level, denoted
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the improved efficiency of the proposed acceleration technique when applied to iterative linear
solvers. Note that the analysis in §5.3.1 and §5.3.2 are conducted in the setting of using
Clenshaw-Curtis sparse grid, thus we assume the independence of all the random variables
{Yn,n =1,..., N} in this section.
In what follows, we use the sparse grid operators described in §3.1. Specifically, we define
the operator Z, := A7, where we make the specific choices
N
p(1)=1,pl)=2""+1for I>1, and g() => (I, — 1). (5.10)
n=1
For the remainder of the chapter, we will also assume that Z; uses the Clenshaw-Curtis
sparse grid based on (3.4). Our analysis does not depend strongly on this choice of p and ¢,
and we could use other functions, e.g., anisotropic approximations. With p, g fixed, we then
write H = H77.
Finally, to construct the fully-discrete approximation in the space V4(D) ® Ppes(I') we
apply the Lagrange interpolating form of operator Z[-], given by (3.6), to uy(z,y) in (2.6)

to obtain:

My [/ My,
up,(z,y) = Lplup)(z,y) = Z (Z CL,j,iSOi(x)> U i(y). (5.11)
j=1 \i=1

Due to the delta property of the basis function ¥, ;(y), the interpolation matrix for Zp[uy] is
a diagonal matrix, and thus the coefficient vectors ¢; ; = (cr 1, ..., crjm,) forj=1,..., My,

can be computed by independently solving M, systems of type (2.7).

5.3.1 Error estimates for fixed L

In what follows, we focus on the linear elliptic problem described in Examples 2.1 and 5.2, and
present a detailed convergence and complexity analysis of a fully discrete SC approximation,
denoted wy, 1, for any fixed level, 1 < L < Ly.x. This analysis provides the basis for analyzing
the computational complexity of our acceleration method constructed over the sequence of
levels 1 < L < L. As specified above we consider only the isotropic Smolyak version of

SC interpolant given by (3.3), defined on Clenshaw-Curtis abscissas. However, our analysis
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can be extended without any essential difficulty to anisotropic SC methods and some more
complicated underlying PDEs.

The differential operator corresponding to the parameterized elliptic PDE (2.2) admits
a weak form that is a symmetric, uniformly coercive and continuous bilinear operator on
H}(D); i.e., there exist a, 3 > 0, depending on Gy, and ayax but independent of y, such

that for every v,w € H(D),

2
[ voTude| < alily ol md Bk, < [ divi .

In this case, the bilinear form induces a norm, |[v|* = [ 5 a(y)|Vv|? dz, which for functions
v(z) = M cigi(x) € Vi(D), with ¢ = (c1,...,c,), coincides with the discrete norm

||| ay), where the matrix A(y) is defined in (5.4). Thus we have

Continuity: |[[c[ 4, = [V < J&HUHH&(D), and, (5.12a)

Ellipticity:  v/B o]l gy 0y < o]l = llell oy (5.12b)

In order to investigate the complexity of w1, L € N, we first need to derive sufficient
conditions for the error [lu — @ rllrz to achieve a tolerance of ¢ > 0, where L) :=

LZ(F; H}(D)). Using the triangle inequality, the total error can be split into three parts, i.e.,

[ =l pp < [lu = unlzz + [lun = unpll oz + [lunp — ]| 2- (5.13)
—_—— ——— ——_— ——

el [} €3

The contributions of e; and ey correspond to the FE and SC errors, respectively, and have
been previously examined [71]. The error ez contributed by the linear solver is often omitted
from the analysis in the literature, and in practice can be controlled by setting a tight
tolerance on the iterative solver. However, the analysis presented here is focused on providing
cost estimates for the iterative solver and requires careful consideration of this term. First,

we recall error estimates for e; and eq, given from [71].

Lemma 5.4.1. Let T, be a uniform finite element mesh over D C R d = 1,2,3, with M, =
O(1/h%) grid points. For the elliptic PDE in Ezample 2.1, when u(x,y) € L2(T; Hy(D) N
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Thus, from the ellipticity condition in (5.12b),

es < Op max |un(Yry) = @n(yrs)ll o)

1 ~
<(Cr—= max |ep; — CLJ’HA( )
VB i=1...Mp 7 , -

where 7 is defined to be the tolerance of the linear solver. Note that the expression u;, — uy,
is only defined at collocation points. The solver error for each fixed y; ; € Hy is controlled
by the CG convergence estimate (5.6). We now provide an upper bound of the Lebesgue

constant C, in the following lemma.

Lemma 5.4.2. The Lebesque constant for the isotropic sparse-grid interpolation operator

Z.[] (3.6), using the Clenshaw-Curtis rule on T = [[_, T\ = [=1,1]" is bounded by
CrL < [(L+1)(L+2)]Y, (5.16)

where L, N are the interpolation level and dimension of the parameter space, respectively.

Proof. For n = 1,..., N, define )\;, to be the Lebesgue constant of the one-dimensional
operator % P»)_ For Lagrange interpolants based on Clenshaw-Curtis abscissas, we have
that A, < 2log(p(l,) —1)+1 for I, > 2 [28]. Combining this with the growth rate m given
by (5.10), it is easy to obtain that \;, <2, —1 for [, > 2.

For v € C°(T,,), the difference operator APU») for [,, = 1 satisfies

1 _ 1
HAp( )[U]HLOO(Fn) _ Hag/p( )[U]HLOO(Fn) <)\ yr?gg% [v(yn)]-
For [,, > 2, the triangle inequality yields

”Ap(ln — Hq/p(ln)[v] — gyp(n—1

)[U]HLOO(I‘n) )[U]“Lw(Fn)

< (A, + A, —1) max [v(y,)].
yn€VIn
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Finally, for v € C°(T"), we bound the norm of the interpolant Zp,[v] by

HIL[U]HLOO(F) = Z Ap(ll) R R Ap(lN)[U]
L= (T)

<2V ) HZ max [v(yL,)l

g()<Ln=1

L+1 \ N
<N (Zz) _max_ |(yL,j)|

= [(L+D(L+2)]" max [o(ye)l,

Jj=L1,...Mp,

which gives the desired estimate. [l

5.3.2 Complexity analysis

Now we analyze the cost of constructing wp ..., Lmax € N4, with the prescribed accuracy
e. Here we assume € > 0 is sufficiently small, and study the asymptotic growth of the total
costs (5.8) for the construction of uy, ... by the accelerated algorithm described in §5.2. For
comparison, we will also analyze the cost (5.7) associated with the standard SC method,
where iterative solvers for the sequence of solutions to the linear systems (5.5) are seeded
with the zero vector as an initial guess. According to the error estimates discussed in §5.3.1,

a sufficient condition to ensure |[u — p,z,,,[/z2 < € is that

H61HL2 < C’femh < g (517&)

leallzz < lleallz < Cioe™™2™ < g (5.17b)
T 15

H€3HL§ S ”63”[@0 S (Lmax + 2>2Nﬁ S 5 (5170)

In §5.2 we defined K, and K,. as the total number of solver iterations used by the
standard and accelerated SC methods, respectively, to solve (5.5) at each sample point.
Now let Kyeo(e) and Kyec(€) represent the minimum values of Ko, and K., respectively,

needed to satisfy the inequalities (5.17). Here we aim to estimate upper bounds of K e (€)
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and K,..(g). Note that, for fixed dimension N, level L., and mesh size h, the total number
of iterations is determined by the inequality (5.17c). Thus, the estimation of K,,(e) and
Kacc(€) has two steps: (i) Given N and ¢, estimate the maximum possible h to satisfy (5.17a)
and the minimum Ly, that achieves (5.17b); (ii) Substitute the obtained values into (5.17c)
to estimate upper bounds on K,e(¢) and K,..(¢) according to the CG error estimate (5.6).

For (i), we have the following lemma, that follows immediately from Lemmas 5.4.1 and 3.4.1.

Lemma 5.4.3. Given the assumptions of Lemmas 5.4.1 and 3.4.1, the error bounds (5.17a)

and (5.17b) can be achieved by choosing the mesh size h and the level Ly, according to

he) = (3 Cffem)l/s and Lo() = LO]; ; log (%m <3S)ﬂ | (5.18)

For convenience, we treat the integer quantities Kyero(€), Kacc(€), and Liax(g) as positive

real numbers in the rest of this section. Now, based on the estimate in Lemma 5.4.2 for the
Lebesgue constant C,__, we state the following lemma related to the choice of an appropriate

tolerance 7(¢) to satisfy the error bounds (5.17c).

Lemma 5.4.4. Let € > 0. Given the assumptions of Lemmas 5.4.1 and 3.4.1, a sufficient

condition to ensure e3 < /3 is that

VBe

") = o) T 2P

(5.19)
Moreover, it holds

1
W(L + 2N 7(e) € Coe ™Y for L=0,..., Linax(e) — 1,

where Lyax(€) is the minimum level given in (5.18).

Proof. (5.19) is an immediate result of (5.17c). For L =0, ..., Ly.x(e) — 1, we have

1 2N
ﬁ(L +2)"V 7 (e)

(Linax(£) + 22V 7(e) < & < Oy @ TN2Imx@ 0N i omri2t Y

<L €
= \/B 3 )

which completes the proof. O]
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Using the selected h := h(€), Lmax = Lmax(¢), and 7 := 7(¢), we now estimate the
upper bounds on the number of CG iterations needed to solve a linear system at a point

YLmarj € HLima- To proceed, define

._ L ._ _
Kpero 1= max ELparj, and k. := max kp; for L=1,..., Lyax,
YLmax.j €HLmax YL jCAML

where kg ; is the number of CG iterations required to achieve ||cr ; — c(LJL,’J)HAL’j < 7(e),

which, in general, depends on the choice of initial vector. Note that, in the case c(LO’)j =

(0,...,0)7, there is no improvement in the iteration count as the level L increases, so kjero

L Lmax

does not depend on L. Now we give the following estimates on k,eo and {ky,. }7™5.

Lemma 5.4.5. Under the conditions of Lemmas 5.4.1 and 5.4.1, for any Yr,...; € Himwes
if the CG method with zero initial vector is used to solve (5.5) to tolerance T > 0, then kyero

can be bounded by

2V llunll e, -
Fyero < log ( . CHRWO) )/ og (ﬁf 1) . (5.20)

Here E = sup,cr £(y), with (y) the condition number of the matriz A(y) corresponding to
(2.7). Alternatively, if the initial vector is given by the acceleration method as in (5.3), then,
for L=1,..., Lyax, kX

acc

4 - —rN2(L-1)/N = 1
ki <log ( VoG e log <\\;§+ 1) : (5.21)
T K —

can be bounded by

Proof. Let yr; be an arbitrary point in Hy,1 < L < L. Given an initial guess C(L?)]-,

the minimum number of CG iterations needed to achieve tolerance 7 > 0 can be obtained

immediately from (5.6), that is,

(0)
2ller s — e, . JELa+1
kr; = {log ( oz - LJHAL”) /log (—LJ — 1) } (5.22)
,/liL,]

where Ay ; = A(yr;) is the FE system matrix corresponding to parameter yy, ;, and Kz ; =

x(yr,;) is the condition number of A, ; (See Example 5.2). In the case that c(LO’)j =(0,...,0)T,
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total number of iterations for the standard and accelerated schemes can be bounded as

Lde

Kzero(g) S MLtnax kzerm and Kacc Z A]\4L ace*

This leads to the following estimates.

Theorem 5.6. Given Assumption A2, and the conditions of Lemmas 5.4.1 and 3.4.1, for
e > 0, the minimum total number of CG iterations Kyexo(€) to achieve |[u — tUp 1,12 <,

using zero initial vectors is bounded by

30\ 1" 1 30, \1V!
Kzero(g) S Cl |:10g ( c >:| |:C2 + o g2 IOg lOg ( - >‘|
1

(5.24)
_— {log (C ) + Cy + 2N log log {— log <305C)] } ,
1 VE+1 N €
oz (Vi)

where K is as defined in Lemma 5.4.5, and the constants C1, Csy, C3 and C4 are defined by

e \V/ 2V 1 1
C’1=< ) <—) , Co=1+ log( )
log 2 riN log 2 rN (5.25)

- N
\/;H“h“L ;113 (D) o (1 g2>

Proof. To achieve the prescribed error, we balance the three error sources that contribute to

X

the total error (5.13). To control e; and ey, set h = h(e) and Lyax = Lmax(€) according to
Lemma 5.4.3. For the solver error e3, we choose the solver tolerance 7 = 7(¢) according to

Lemma 5.4.4. As above, the total number of iterations K, (g) can be bounded by

Kzero(g) S MLmax kzero- (526>
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From Lemma 5.4.4 and 5.4.5, we have

2y/a ||Uh||Loo(F;H5(D)) VE+1
kpero < log log
T VE—1

6 P Lmax 22N —
gbg(ﬁuuhiu i o+ ) /bg(gj) 521

< {log <%) 4Oy + 2N loglog (%log (3SSC))}/log (*\gfl)

In addition, following [71, Lemma 3.9], we bound the number of interpolation points:

L
iy N—-1+1L
M < oL 5.28
ez (VY (5.28)
L=1
< 2L 1 N—-1
<3 ( T 1) o
L N-1
< N_12Lmdx+1 1 max 5.29
<e ( ty 1 (5.29)

N N-1
1
< 2eN1 {log <3CSC) } {Cg + log log (BCSC) } :
€ log 2 €

where in the last line we have used (5.18) to replace L. Substituting (5.27) and (5.28)
into (5.26) concludes the proof. O

Theorem 5.7. Given Assumption A2, and the conditions of Lemmas 5./.1 and 3.4.1, for
e > 0, the minimum total number of CG iterations Kac(€), to achieve ||u — Up 1. |2 <€,
e

in Algorithm 1, is bounded by

30\ 1V 1 30\ 1V
Kao(e) < Cy {log ( 8 )] [C’g + Tog 2 loglog( - )]

1 1 3Csc 1 3Cs
ﬁ{05+2<2 —l)log( 5 >+2N10g10g L—Nlog< . )}},
log

o (5.30)

X

3

where & = sup,cr(k(y)), C1 and Cy are defined as in (5.25), and Cs is defined by

Cs = 2N log <%) + log (4\/g) :
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Combining the last two inequalities, along with (5.28), we get

Lmax Nil
Koele) < V1 <1+ . 1) Phmas

1

X ———  log (4\/§) + 2N log (Lmax + 2) +2rN (21/N _ 1) 9Lmax/N
log (@) 3

VE-1

Substituting (5.18) for L., concludes the proof. O

In the case of the accelerated SC method, an interpolant Z;_;[uy], defined by (3.6) and
(5.2), must be evaluated for each of the AM collocation points in AH . Each interpolant
evaluation costs 2M;_; — 1 operations, i.e., additions and multiplications, and must be
evaluated for each of the M), components of the FE coefficient vector. Then the interpolation
cost on each level is M, AM(2M}_1 — 1) for L =1,..., Linax(e). Now we give an estimate

of the total interpolation cost Ciy(¢) for our algorithm to achieve the prescribed accuracy e.

Theorem 5.8. Given Assumption A2 and the conditions of Lemma 5.4.1, for sufficiently
small € > 0, the total cost of interpolation when using the sparse grid interpolation method

in (5.3) is bounded by

30 2N | 30 2N-1)
Cint(e) < M,Cs (log ( . )) {02 + log 2 log log ( . )} ,

where Cy are defined as in Theorem 5.6, and Cy = 64e~2 (e/rN)?N.

Proof. The total interpolation cost is bounded by

Lmax(a)
Cine(e) < 2My, Y AMpM;_,
L=2
Lmax(a) L
N-—-1+1L N—-1+1
L l
<o 3 (M ) (Y1)
L=2 =1
2
(") e
Lmax 2(N-1)
S 16Mhe2(N71)4Lmax(€) <1 + N (i)) . (531)
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Substituting the definition of L.y (¢) from Lemma 5.4.3 into (5.31) concludes the proof. [

Based on Theorems 5.6, 5.7 and 5.8, we finally discuss the savings of the accelerated SC
method proposed in §5.2. By comparing the estimates of Ke0(g) and K,e.(g), we see that
the acceleration technique reduces log(Cs/¢) in (5.24) to 2 (2 — 1) log (3Cs /) in (5.30).
On the other hand, when taking into account the cost of interpolation Cy,;, we must consider
the cost Ci, of performing each iteration.

In the case of CG solvers, Ci,, is the cost of one matrix-vector multiplication, and will
be determined by the size of the unknown vector, M), and the sparsity of the mass matrix
A(y). Thus Cite is proportional to the size of the finite element vector, i.e., Cijer = Cp My,
where C'p depends on the dimension d of the physical domain and choice of finite element
basis. For example, without the use of a preconditioner, we can assume that the condition
numbers of the matrices A(y), for y € T', satisfy & := sup,cr k(y) < (C,./h)?, where the
constant C,, > 0 is independent of y € I" [4]. Then we can specify the contribution of the
condition number in Theorems 5.6 and 5.7; using log(z) > (x — 1)/x and Lemmas 5.4.1 and

5.4.3, we estimate

— 1/s
1 < \/E+1 S C,{ (30f6m> '

log <—§j> -2 €

Now as ¢ — 0, the asymptotic iterative solver costs, C,ero = CpMp K, are of the order
M, (%)1/S {log (%)}NJr1 {loglog (%)}N_l, while in the accelerated case, the estimate for
CpMy K., is of the same order with respect to €, but with an improvement from the
factor (21/ N 1) in the constant. For the accelerated method, the additional interpolation
costs Ciy are of order M), {log (%) }2N {log log (%)}Q(N_l), which is negligible compared to
the iterative solver complexity. It is clear that, asymptotically, the accelerated method leads
to a net reduction in computational cost. We remark that for many adaptive interpolation
methods, the addition of new points already involves evaluation of the current (coarse)

interpolant. In this case, the cost of interpolation can be ignored, and the accelerated

method should be used.
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5.4 Numerical examples

The goal of this section is to demonstrate the reduction in computational cost of SC
methods using the proposed acceleration technique. In Example 5.1, we first use the
accelerated SC method to solve a stochastic parameterized elliptic PDE with one spatial
dimension, and compute the overall cost and iteration savings gained by acceleration.
Example 5.2 considers a similar problem and looks at the number of CG iterations versus
the collocation error, also demonstrating the effect of varying parameter dimension N on the
convergence of the individual systems. In addition, as described in Remark 5.4, we extend our
acceleration technique to interpolated preconditioners, which also exhibit the improvements
of the method. Finally, Example 5.3 applies the accelerated method to iterative solvers for
nonlinear parametrized PDEs.

The analysis in section 5.3.1 had two components: (i) estimates for the reduction in total
solver iterations using acceleration, and (ii) interpolation costs. The interpolation costs can
be computed exactly for the non-adaptive methods we consider, and in Example 5.1, we
balance all error contributions and examine the total cost, including both solver iterations
and interpolation construction. In Examples 5.2 and 5.3 we focus only on the number of

iterations of the CG solver.

Example 5.1

We consider the following elliptic stochastic parameterized PDE

—V - (a(z,y)Vu(z,y)) = 10 in D xT,

(5.32)
u(z,y) = 0 ondD xT,
where D = [0,1], ¥y = (y1,%2,¥3,94) |, T = [=1,1],n = 1,...,4, and a is given by:
log (a (z,y) — 1) = e /8 (y, cos mx + yo sin w2 + Y3 cos 27z + yy sin 27z) . (5.33)
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Chapter 6

Lebesgue Constants for Leja

Sequences on Unbounded Domains

The following content has been submitted for publication, and is available in [55]. The author

acknowledges colloboration from Guannan Zhang on this project.

The Lebesgue constant for a countable set of nodes provides a measure of how well the
interpolant of a function at the given points compares to best polynomial approximation
of the function. We are especially interested in how this constant grows with the number
of interpolation nodes, i.e., the corresponding degree of the interpolating polynomial, in an
unbounded domain. Due to a simple recursive formulation, the Leja points show promise as a
foundation for multi-dimensional approximation methods such as sparse grid collocation [68].
As such, in this chapter we analyze the Lebesgue constant for a sequence of weighted
Leja points on the real axis. Leveraging results from weighted potential theory [82], and
orthogonal polynomials with exponential weights [61], we show that the Lebesgue constant
for the weighted Leja points grows subexponentially with the number of interpolation nodes.

The rest of the chapter is organized as follows. In §6.1, we introduce the concept of
weighted Lagrange interpolation of a function on the real line, and in Theorem 6.1 state our
main result that describes the growth of the Lebesgue constant for weighted Leja points. To
prove our new theorem, we use results from potential theory, which we introduce in §6.2.

Specifically, we exploit the relationship between discrete potentials and polynomials with
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Theorem 6.1. Let o > 1 and assume w : R — [0,1] is a weight function of the following

form

w(z) =exp(—Q(x)), with Q(z)=|z|*, z€R. (6.6)

Then the Lebesgque constant for the weighted Leja sequence (1.4), defined on R, grows

subexponentially with respect to the number of interpolation points n , i.e.,

n 1/n
y » | w@ M@ —ay) |1\
lim (L,)”" = lim | sup # =L
n—oo0 n=oo |\ aer | = |w(an) Hg;g(% — ;)

The rest of this chapter is devoted to the proof of Theorem 6.1. Similar to the case
of unweighted Leja points [90, 91|, in §6.2, we explore the connection between polynomials
and weighted potentials, and show how classical weighted potential theory can be used to
understand the asymptotic behavior (with respect to n) of an n'* degree polynomial with
roots at the contracted Leja points. While these techniques give us most of the result, the
final part of the proof requires an explicit estimate on the spacing of the weighted Leja
nodes, which is developed in §6.3. Finally, in §6.4, we combine the spacing result and

weighted potential theory to complete the proof of Theorem 6.1.

6.2 Weighted Potential Theory

In this section, we state some necesary definitions and results from weighted potential theory,
which will be the main tools we use to prove Theorem 6.1. For more details, we refer the
interested reader to [82]. The class of weights used in this chapter, defined in (6.6), are a
subset of the well-studied Freud weights [61]. From (6.6), note first that we may extend @

to be a function on C, and that w has the following properties:
1. The extended weight function w : C — [0, 1] is continuous in C.

2. The set 3 := {zx € R | w(z) > 0} has positive capacity, i.e.,

cap(Xg) = sup{cap(K) : K C ¥y, K compact} > 0,
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where

cap(K) = exp (inf {/K /Klog o — | du(2)du(t) - p e M(K)}) |

3. The limit |z|w(z) — 0 as |z| — o0, z € R.

In the language of weighted potential theory, these properties imply that w is admissible.
Furthermore, we also define the Mhaskar-Rhamanov-Saff number a,, = a,(w), as the

unique solution to the equation (see [82, Corollary IV.1.13]):

1 2Q (o)
n = ;/an \/ﬁdﬂf (67)

This number a,, has a few special properties which we use in the following analysis. First,
the weighted sup-norm of an n'* degree polynomial on R is realized on the compact set

[—ap, a,], i.e., for all p, € Py,

Iprwlloe = sup [pn(2)|w(z), (6.8)

‘Ilgan

and |p,(z)|w(z) < ||pawl|e for |x| > a, [82]. Second, from [61, p. 27|, a, — oo at
approximately the rate n'/®, i.e.,

(y ~ e (6.9)

Here, and in what follows, for two sequences a,, b,, we write a,, ~ b, if and only if there
exist constants C, Cy > 0, independent of n, such that C; < = < C.

Let M(R) be the collection of all positive unit Borel measures p with Supp(u) C R. For
uwe€ M(R) and z,t € R, define the weighted energy integral

— //1og(|a; — tlw(z)w(t)) ™ du(z)du(t)

f s

du x)dpu(t +2/Qd,u
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We also define the logarithmic potential by

B(p) — 1
UH(x) .—/logmdu(t). (6.10)

The goal of weighted potential theory is to find and analyze the measure p € M(R) that
minimizes the weighted energy integral [,(x). The following theorem may be found in
general form in [82, Theorem 1.1.3], and is presented here for the specific case (6.6) of a

continuous, admissible weight w on R.

Theorem 6.2. Let w be a continuous, admissible weight function on R C C, and define
Vi o= inf {I,(p) | p € M(R)}. (6.11)

Then we have the following properties:
e The quantity V., is finite.

o There exists a unique measure p., € M(R) such that

Ly () = Vi,

and the equilibrium measure ., has finite logarithmic energy, i.e.,
—00 < //log duw( Ydp(z) = /U““’(LE) dity () < 00.
o Let F,, be the modified Robin constant for w, given by

F, =V, — /Qduw. (6.12)

The logarithmic potential UM is continuous for z € C and, moreover, for every x €
Supp(pw) C R,
Ute(x) + Q(z) = F. (6.13)
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Proof. The first two statements are quoted directly from, and proved in, [82, Theorem I.1.3].
To prove the third statement, we note that C \ R has exactly two connected components,
namely {Im(z) > 0} and {Im(z) < 0}, and that of course every point in Supp(pu,) C
{Im(z) = 0} is a boundary point for both of these sets. Thus, by [82, Theorem 1.5.1], U+»
is continuous on Supp(u,,). Hence, from [82, Theorem 1.4.4], U+ is continuous on all of C,

and (6.13) holds for every x € Supp(p,) C R. O

6.2.1 Weighted Fekete Points

In this section we describe the connection between Leja points and the weighted equilibrium
measure fi,,. Forn > 0, let 7T, denote a general set of points in R with cardinality |7,| = n+1,
and let w be an admissible weight on R. We say a set of n + 1 points is (weighted-)Fekete if

it maximizes the quantity:

2
(n+1)(n+2)
F, = argmax H |t — s|lw(t)w(s) : (6.14)
ITal=nt1 | ¢ seTn
t#£s

It is known that the Lebesgue constant for a set of Fekete points F,, satisfies

<n+ 1.

Furthermore, we also know that for a sequence of Fekete point sets, {F, }n>1,

2
FD (D)
lim | T 1t = sho(tw(s) = exp(—Va),
t,sEFn
t#s

where V,,, as defined in (6.11), is the weighted logarithmic capacity for R with respect to w.
For interpolation schemes, we are also interested in arrays of points with similar asymptotic

properties to Fekete points in the limit as n — oo, since this is a necessary condition for a
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6.3 Spacing of the weighted Leja points

The goal of this section is to state and prove a result regarding the spacing of the contracted

Leja sequence. This will be crucial to the final step in the proof of Theorem 6.1.

Theorem 6.4. Let w and o > 1 be as in (6.6), and let n € N, with 0 < i,j7 < n. Then,
for some constant C' > 0, independent of n, the contracted Leja sequence (1.5) satisfies the
spacing property

Clan; — xn | >n"" (6.23)

To prove Theorem 6.4, the main spacing result for the contracted Leja sequence, we
use a weighted version of the classical Markov-Bernstein inequalities, which relate norms of
polynomials to norms of their derivatives. First, for a,, and @ as defined in (6.7) and (6.6),

respectively, define the function

|t — (lgnHt + &2n|
n\/(’t + an| = anGa) (|t — an| + anCn)’

on(t) = (6.24)

where

(o = (om)fz/3 .

Remark 6.5. The function ¢, plays the same role as the function

1
Ou(t) = Yy

for the Markov-Bernstein inequalities for unweighted polynomials on [—1,1].

Proof of Theorem 6.4. Let ¢ be as in (6.24). The main fact we need for this proof is a
Bernstein-type inequality for weighted polynomials, which can be found, for instance, in [61,
Theorem 10.1]: for any polynomial p,, of degree n > 1, there exists some C, independent of

p, and n, such that

|(pn(t)w(t))'] <

C
Sl 1ER (625)
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From [61, Theorem 5.4(b)], we estimate that

1
©n(t)

Sup
te[*anyan}

‘ ~Val.
Qp
Hence, for any polynomial p, of degree n, and t € R,
n
|(Pa()w (D)) < C—Iptw]|oo- (6.26)

In particular, this holds for the polynomial P, defined by

n—1

P(t) = [t —=y). (6.27)

J=0

Given 0 < j < n, by the mean value theorem, there exists a point ¢ between z; and x,, such

that

| Pu()w(x;) — Pu(wn)w(z,)|

’xn_xj|

= [(Ba(Dw(t))'] -

Notice that for 0 < j < n, P,(z;) = 0 by definition. Then from (6.26),

P, (z,)w(x, Cn
Prlanyuwlen)l o E0p ()],
|z, — ] ay,

which implies

Clay, — x| > fn,
n

1/a

Using the fact a, ~ n'/“ from (6.9), we get

Olzn — x| > =2 ~ pt/ot, (6.28)
n

Let n > 1, and j < n, such that z,;, z,, > 0. Then using (6.28), along with (1.5), we

calculate

—l/anl/a—l — —1.

Clan, — Tnj| = C’n_l/a|a:n —zj| >n n
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According to the argument above, the integral can be rewritten as the path integral from

—1 to 1, with the path parameterized by the map g, i.e.,

[ swae= [ satndas

Applying our original quadrature rule to the latter integral,

[ 5ags) s = Yo' (@) flglen) = Gl (7.4)

we obtain a new quadrature rule with transformed weights {¢;}7_, and points {Z;}}_,.

Equation (7.4) provides the motivation for the choice of the specific conformal mapping
g. Specifically, the Taylor series for f, centered at points = € [—1, 1] which are close to the
boundary, may have a radius which extends beyond the largest Bernstein ellipse in which
f is analytic. We may then hope to find a g such that a Bernstein ellipse is conformally
mapped onto the whole region where f is analytic, where classical convergence theory yields
the convergence rate for f o g. In addition to (7.3), it is especially advantageous to have g
map [—1, 1] onto itself, i.e.,

g([—l,l]) = [_171]' (7'5)

In this case, the transformed weights and points remain real-valued, and we avoid evaluations
of f with complex inputs.

We now turn our attention to several specific conformal mappings which satisfy the
conditions (7.3), along with the extra condition (7.5). For more details on the derivation
of the maps, see [49]. The first mapping we consider applies to functions which admit an
analytic extension at every point on real line; in other words, functions which have only
complex singularities. In this case, the natural transformations to consider are ones that
conformally map a Bernstein ellipse (3.7) to a strip about the real line. Specifically, we
define a map which takes the Bernstein ellipse with shape parameter p to the complex strip

with half-width %(p — 1), as shown in Figure 7.1. First, given a value for p, we define the
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parameter
m't=2%" p‘“j‘%)z/ (1 +2)° p‘4j2> ,
j=1 j=1

and K = K(m) to the be the elliptic parameter corresponding to m; see [32]. Now we define
the mapping
2K

msin~!(2)|m

g1(z) = tanh™* <m1/4sn (

)) / tanh (m1/4) (7.6)

We’ll refer to this map as the “strip map” in the following.
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Figure 7.1: The mapping (7.6) takes the Bernstein ellipse F; 4 (left) to a strip of half-width
2(1.4 — 1) /7 ~ .255.

According to (7.4), we also need to know the derivative of g;, given by

2Km'Y*  cn(w|m)dn(w|m)
1(2) = tanh (m'/*) . 7.7
9(2) /1 — 22 (1 — ml/an(w|m))/ anh (%) (7.7)
with w = 2K sin"'(z)/7. For our applications, we also require the values of g} at the

endpoints of the interval, which are given by
gL (£1) = 4K>m!/4 (1 +m!2) [ tanh (m'/*)

Another way to change the endpoint clustering, and transform the quadrature rule under
a conformal map, is to use an appropriately normalized truncation of the power series for
sin~'(2). The map 2 sin~'(z) perfectly eliminates the clustering of the Gauss—Legendre and
Clenshaw—Curtis points, but since it has singularities at £1, it is useless for our purposes.

On the other hand, by considering a truncation of the power series

ZT(k+1/2) 22k+1
- k; T(1/2) (2k+ k!’
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