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CHAPTER I
INTRODUCTION

A torus 1is the topological product of two circles, while a solid
torus 1s the topological product of a clrcle and a disk, Two solid tori B,
and Bz 1in the three=sphere s3 s with By interior to By , are sald to
be concentric if and only if the closure of By = Bz (the set of points in
By but not in By) is homeomorphic to the topological product of a torus
and a closed interval, Two torl in S3 are concentric if and only if they
are respectively the boundaries of two concentric solid tori,

If the polyhedral solid torus Bz 1is interior to the polyhedral solid
torus By , then the order of By with respect to Bz 1is defined to be the
minimal number of points of intersection of a center 1line of Bg: with a
meridianal disk of By (see Definitions 2.5 and 2.7). The two solid tori
By and B, 1in 83 are said to be equivalently knotted if and only if
there exists an orientation-preserving semilinear homeomorphism of s3 onto
itself_carrying a center 1line of By onto a center 1line of Bz.. The princia
pal objective of Chapter II is to characterige pairs of concentric polyhe=-
dral solid torl in §° ”by proving that two polyhedral solid torl B3 and
Bz 5, with Bz (C Int By (the interior of a set S is denoted by Int S),
are concentric if and only if they are equivalently lknotted and the order
of By with respect to Bz 1is unity.

This characterization of concentricity is used in Chapter III to
determine conditions under which a sequence {?%X:, of polyhedral solid

torl has the property that there exlsts an integer N such that By and

By are concentric whenever 1 > ] = N . It is proved, for instance,
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that the sequence has this properéy if Bo = FE\Bn and Bpyy C Int By
for n=1; 25 4.0 o et

In Chapter IV is proved the principal theorem of this thesis, to the
effect that the three-sphere does not contain an uncountable collection of
mutually disjoint tori, no two of which are concentric. Results of
Whyburn [13]® on non-separated cuttings of connected spaces are applied to
show that, if ;27 is an uncountable collection of mutually disjoint tori in

@

53 s then there i3 a sequence {?ni} of elements of é? and a sequence

o

a0
{?n-}o of solid tori such that Tp 1s the boundary of Bp and such that

By = f‘Q\Bn with Bpyy C IntBp for n=1, 2, .o » A theorem of

Bing ?3% is then employed to find a homeomorphism f of 83 oqto itself
which carries each of the solid tori Bp onto a polyhedral set. An appli-
cation of the theorem quoted in the previous paragraph then ylelds the de=
sired conclusion,

In Chapter V a generalization of the relation of concentricity is in=-
vestigated. Two polyhedral solid tori By and Bz are said to be equiva=
lentiy situated if and only if there is a polyhedral solid torus B which
is interior to both By and Bz and is concentric with each., If B3y 1is in-
terior to Bz , then the torl B, and B, are equivalently situated if and only

(-]

if they are concentric., It is proved that, if {?n}' is a sequence of

1
polyhedral solid tori converging homeomorphically to the polyhedral solid
torus B , there is an integer N such that B, and B are equivalently

situated for n = N . Tt is also proved that, if B! and B" are two

*Numbers in square brackets refer to numbers in the bibliography at
the end of this paper.
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concentric polyhedral solid tori, and if Bs and Bz are two polyhedral solid
tori, each containing B! i1n its interlor and each interior to B*, then
there exists a semilinear homeomorphism f of 83 onto itself carrying By onto
Bz and such that f is the identity on Bf U (s3 - B"),

In Chapter VI some concepts involving concentric torl are used to
obtaln a new characterization of tame simple closed curves in 83 (a simple
closed curve in S3 is tame if 1t can be carried onto a polygonal knot by a
homeomorphism of SB)° The simple closed curve J 1s sald to have the con-
central enclosure property if and only if there is a decreasing sequence of
concentric polyhedral solid tori intersecting in J. It is shown that a simple
closed curve 1s tame if and only if it has the concentral enclosure property

and pierces a disk at each point (see Definition 6.6).



CHAPTER II
PATRS OF CONCENTRIC TORI

Definition 2.1, A torus is the topological product of two circles,

Definition 2.2, A sclid torus is the topological product of a circle
and a disk,

Definition 2,3, Two solid tord By and Bz with Bz (C Int By
are concentric if and only if C1(By = Bz) (the closure of a set S 1is
denoted by Cl S) is the topological product of a torus and a closed inter-
val,

Definition 2,4, Two tori T3 and T; in s> are concentric if and
only if there exist two concentric solid tori B3y and Bz 1in 83 such
that Ty = Bd By and T, = Bd B (the boundary of a set S 1is denoted by
Bd S).

Use will be made of some elementary results from the homolqu theory of

polyhedral complexes, as discussed in Chapter 3 of the book Lehrbuch der Topo-

logie, by Seifert and Threlfall (12], In this thesis r ~r s or r s will
be written according as the ¢ycles r and s are or are not homologous.,

The first step towards the determination of a set of conditions, under
which two polyhedral solid tori will be concentric, is provided by the follow-
ing modifigation of the concentric toral theorem of Harrold, Griffith, and

Posey [10].

Theorem 2.1, Suppose that By and Bz are polyhedral solid tori

in 83 with boundaries Ty and T, respectively such that

(a) B C Int By,

(b) There is a polyhedral annular ring G in C1(By = Bz) such




that ¢ || Ty is a simple closed curve =3 for 1 =1, 2,

(c) There is a pair of disjoint polyhedral disks D® and pP

such that D? =p% N By and DE = Db (| By are disks with boundaries

b
ri and r? respectively. Furthermore the Il-cycles r? s Ty 5 8y satls-

fy ri‘ 2 T rE ~ 83 om Ty and none is nullhomologous on Ti ,

i=1, 2, Finally s; meets rg and r? each in a single point,

1=1, 2,

(d) D?_ﬂ G and D?ﬂ Gy;1=1, 2, are arcs spanning

Bd G (each has exactly one endpoint on each Q_J_E‘_ the two components 9_1: Bd G).

Then By and By are concentric,

Proof. The statement of Theorem 2.1 differs from the statement of
the concentric toral theovrem only in that Harrold, Griffith, and Posey as-
sumed G to be a disk rather than an annular ring, Since, however, this
disk was used mereiy to obtain an annular ring with the properties described
above, the proof of the concentric toral the¢orem applies here without es~
sential alterations,

Definition 2,5, Suppose that 6 1is a semilinear mapping of a right
prism P onto the solid torus B such that, if corresponding points of
the two bases of P are identifiedy, the mapping then induced by
6 1s a homeomorphism., Let e be the boundary of the lower base of P ,
Then o (.e) 1s a simple closed curve on Bd B which is nullhomologous
in B but not in Bd B . Those simple closed curves on Bd B which are
homologous to & {e) are called meridians of B, It is easily seen
that the meridians of B are the only paths on Bd B which bound in B
but not in Bd B [11, p. 147]« A polyhedral disk D , such that

Int D C Int B and such that Bd D is a meridian of B , is called a



meridianal disk of B ,

Definition 2.6. Suppose that K 1is a polyhedral 3-cell in 83 .
By a chord of K 1s meant an oriented polygonal arc u whose endpoints
lie on Bd K but which is otherwise contained in the interior of K .
Let the endpoints of u be jolned by an arc w on Bd K . The chord
u 1is said to be an unknotted chord of XK if and only if u U w 1is an
unknotted simple closed curwe (bounds a disk in S3)° It may be seen
that the knot type of u U w 1is independent of the choice of
w (C Bd K [11, p, 155].

Definition 2,7. Suppose that B 1is a polyhedral solid torus in
s3 ., Let B be separated by two disjoint meridianal disks Dy and Dy
into two 3=cells K1 and K, . Choose two points x & Int D3 and
y & Int D . Let a3 and a; be unknotted chords of K; and K;
respectively joining the points x and y , a3 directed from x to ¥
and a; from y to x . The oriented simple closed curve a3 () ag 1is

called an oriented center line of the solid torus B , If the orienta=-

tion of a = a; U ap 1s disregarded, then a is called simply a center

line of B ., It is easily seen that any fwo center lines a and a!' of

B are equivalent in the sense that there exists a semlilinear mapping of
s3 onto itself, the identity on s3 -B, carrylng a onto a' [11,
p. 15817,

Definition 2.8, A solid torus B in S3 1is unknotted if and only

if each of its center lines is unknotted.

Theorem 2.2, Suppose that By and Bz are two polyhedral solid

tort in 53 , with B Iknotted and interior to By . Suppose further that

there exist two polyhedral annular rings Ry and Rz in Cl (By - Bg)
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with Rp unknotted (itz boundary compenents being unknotted curves) such

that

(a) Ri M Bd By # ¢4 and Ry [1Bd By = ry are simple closed curves

not nullhomclogeus on Bd Bs, with rs - sy and with ry (] sy being a

single point for 1= 1, 2,

(t) Ri() Ra is an arc spanning Bd Ri ,

Then By and Bz zre concentris,

Proofs An unknotted simple closed curve on the boundary Bd B of a
knotted polyhedral soiid terus B 1is either nullhomologous on Bd B or is
a meridian of B [11,; p. 16k]. It therefore follows from the hypotheses
that r> 1s a meridian of Bz , and hence bounds a polyhedral disk Dg
whose interior is interior to Bz ., Define D% = Ry, U Da , and rename
ry = r? s 1 =1, 2 . Then D* 1is a meridianal disk of By whose intersec-
tion with By 1s a meridianal disk of B; ,

If P

is a meridianal disk of By sufficiently near to p* but
disjoint with p* s then p° M Bd B3 = r? s 1 =1, 2 5, will be simple
closed curves not nullhomologous on Bd B; and not homologous to 83 , and
intersecting 33 in a single point. The hypotheses of Theorem 2.1 are then

satisfied, so that it follows that By and Bz are concentric,

Definition 2.9, By a longitude curve of the polyhedral solid torus

B is meant a curve cn Bd B which i1s not nullhomologous in B and which
crosses some meridian of B at exactly one point. A meridian curve and a
longitude curve of B together.generate the l-dimensional homology group
of BdB,

Definition 2.10. Suppose that B 1s a polyhedral solid torus in SB.

By a latitude curve of B 1s meant a simple closed curve on Bd B which is
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not nullhomelogous in B tatb which is nullhemologous in Cl(S3 - B)., Any
two latitude curves of B are homolcgeus on Bd B [11, p. 161].

Theorem 2.3, Suppose that By and Bz are two polyhedral solid

ot

tori in S>3 with boundaries Ty and Tz respectively and with

R

B (C Int By . If there exist twe polyhedral annular rings Ry and Rz in

Cl(By = Bz) 5 with Ry bounded by two longitude curves on Ty and Tz res-

pectively, with Rz bounded by two meridian curves on Ti1 and T, respec-

tively, and with Rq rj Rz being an arg spamning Bd Ry , then By and B:

are concentriz,

Proofs Define 83 ~Ry (| T4 and r; =Ry (] Ty for 1=1,2,

s

By hypothesis r: is a meridian 6f Bz and hence bounds a meridianal disk
D: of B2 , Ten D® =R, {UJ Di is a meridianal disk of By whose inter-
section with Bz 1is a meridianal disk of B, It follows from the hypothe-
ses that 83 7~ 0, r?-nﬁ' 0, 88 ¥ rg eon Ty for 1i=1, 2,

If Db is a meridianal disk of By sufficiently close to D? but

disjoint with D% , then DE = DP {] B 1is a meridianal disk of B , and
o N Ty = r? is a simple closed curve not nullhomelogous on T4 and not
homologous t¢ 33 on Ty , and intersecting s4 in a single point for
i1 =1, 2. Then pb {1 Ra will be an arc spanning Bd Ry y just as does
D% (| Ry
— Theorem 2,1 now applies directly to imply that By and Bz are con=-
centric,

Definition 2,11, Suppose that B 1is a pclyhedral solid torus with

k a polygonal simple closed curve interior to B . The order of B with

respect to k 1is defined to be the minimal number of points of intersection
of a meridianal disk of B with the curve k (for all meridianal disks of

B); and is denoted by O(B, k) .
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Definition 2,12, If By and Bz are polyhedral solid tori with

Bz C Int By , the order of By with respect to Bz 1is defined to be

the order of Bj with respect to a center line of Bz , and is denoted
by ((Bis Bz) . This definition of (D(Bi, Bz) is independent of the
choice of center line of Bz [11, p., 172].

Definition 2,13, Two oriented polygonal simple closed curves in

s3  are said to be equivalent if and only if there 1s an orientation-
preserving semilinear homeomorphism of s3 onto 83 carrying one onto
the other. The equivalence classes of simple closed polygons which are
defined by this relaticn are called knots,

Definition 2,1k, Two polyhedral solid tori By and Bz in 83

are sald to be equivalently knotted if and only if amy two center lines

Cy of By and ©Cz of Bz ¢an be so oriented as to be equivalent,

Definition 2,15, Let ky and ks be two knots in s . Let S

be a polyhedral 2-gphere in CE s and denote by €3 and Cz the clo=-
sures of the two components of S-3 - S , Choose a polygonal arc w on
S with endpoints x and y . Then choose chords u; (from x to ¥)
and up, (from y to x) of €, and (Cp respectively, each with end=-
points x and y , such that uy; (U w (oriented as u;) 1is a represen-
tative of the knot ki3 and wuz (J w (oriented as ugz) is a representa=-
tive of ks . The knot represented by the oriented polygon u; U ups 1is
then defined to be the product kikz of the knots ki and ks

This product of knots is associative and commutative. The knot re-
presented by a plane circle plays the role of an identitys if one factor
of a product of two knots is unknotted, then the product is equal to the

other factor, and conversely, However; no knot other than this unique
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identity has an inverse with rsapect to this multiplication--the identity
knot cannot be expresssd as a knot praduct containing non-identity fac-

tors [11, p. 1567,

with B C Int B* . Then B and B" are concentric if and only if they

are equivalently knotted with Q(B", B) = 1,

Proof of Sufficlency: The construction here employed is quite simi=-

lar to that used by Schubert in proving the weaker result that, if B and
B are equivalently knotted with ((B¥, B) » 1 , then there is a semi-
linear homeomcrphism of S* cnto itself carrying B* onto B and leaving
fixed points outside an arbitrary neighborhood of C1(B¥ = B) [11; p. 1781,
Let T=BdBand TW =Bd B", Since B* 1is of crder 1 with respect

* which intersects B 1in a

to B , there is a merldianal disk D* of B
meridianal disk D [1l, p. 174J. Let E® be a second meridianal disk of
B* disjoint with D* but sufficiently near D* that E¥ intersects B
in a2 meridianal disk E , Then D* and B will separate B¥ into two
3-cells  C3* and C2® ; with C4* bounded by the union of the two disks
D* and E" with an annular ring G4* (C T* for 1 =1, 2, Simlarly D
and E will separate B into twe 3-cells €z (C Ci° and Gz C Co*,
with C; bounded by the union of the two disks D and E with an annular
ring Gy C_ T for 1=1, 2,

Now let a bte a center line of the solid torus B , with
a= aq U ap , where a; and 35y are unknotted chords of the 3=cells C3
and Cp respectively. Since ((B¥, B) = 1 by hypothesis, it follows from
a theorem of Schubert [11, p. 171] that‘either a 1s a center line of B*

or a 1is the product of a knot, different from the identity, with the knot
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representad by a senter line of B* o Bezause a 1is a center line of B,
it helongs to the szame knot as any c¢enter line of B* 9 Since B and B*
are by hypothesis equivalently konotted. It thenm follows from the remarks
following Definitienm 2.0% that a must bte a center line of B* o« Therefore
a; and ap are unknctted chords of C1® and Cg® respectively [11, p. 1611,

Tt follows finally that Uy = CL{C.¥ = C;) and Up = C1(C.™ - C2) are
unknotted sciid torl uwn each of whizh 4= 3d D and e = Bd E are latitude
curves [11, p, 16L]. Then % - Bd D" and e* = Bd EY are also latitude
curves on Uy and U, because d and 4% bound the annular ring
R=Cl(D® =D) on Bdi Ua{1BiU. , while e and e* bound the annular

ring S = CL(E® - E) on Bd U M

L]

Bl Uz o

New let my be a meridian curve ¢f Uy which intersects each of the
curves d a* s e, s in exaztly one point; and let M; be a meridianal
disk of Uy bounded by m: . Let my be a meridian curve of Uz which
intersects each of the latituds curves 4 , g* 9 € e* in exactly one point
and such that my {} R me [} R and my {1} S=me (| S . That such a
meridian of Uy @an be found follows from the elementary observation that,
if the boundary T of a sclid torus U 1is separated into two annular rings
Ay and Az by two latitude surves ny and nz 5 and if a 1is an arc in
A9 with one endpoint on n3 and the other on ngy ; then there is an are
b in A joinming the endpoints of a 1in such a way that a U b is a
meridian curve of U (this {s evident from an examination of the fundamental
polyegon of a torus), Then let My be a meridianal disk of Uz bounded by
my ,

Finally define Ry = C1{D¥ - D) and Ry =My |J My . Tt is clear

that Ry 1is an annular ring with boundary components d and d* which are
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meridian curves of B and B° respestively, If L (my () T)
U (me M T and L7 (mg N ™) 1) (mp () T%) , then clearly £
and 42* arve longltude curves on T and ™ respectively (since
mg (1 d=m () 4 and m 4 »m (N1 d* are single points) which
together form the Gwourdary of Rz , Sinzs alse Ry 1is the union of the
two disks My and M; intersecting in a pair of arcs common to their
boundariez, it follewz that Rz 15 an amular ring,

Since the annular rings Rq and Ry are both contained in
ol U »CLB* = B) , and sine R- (] Ry is the arc Mz () R
r M;f~@ R spanning the boundaries of Rg and Rz , it follows from

Theorem 2.3 that B¥ and B are concantrice,

Proof cof Necessitys Suvpose now that B and B* are concentric,

Then CL(B* - B) wan bte regarded as the topological product of T and the
closed unit interval [0, 1] with T x ‘@% @« T and T X {}} = ™,
Since B and B"™ are pclyhedral, it may be assumed that if X C T 1is
polyhedral, then K x [0, 1] 1is polyhedral,

Let my; and my; be two meridian curves on T bounding disjoint
meridianal disks D and Dy respectively of B . Define Ry to be the
annular ring ms % [0, 1] for L =1, 2, Then D:*«p; U Ry and
Dg* = Dy U Rz are disks whose interiors are contained in Int B* and
whose boundaries are the simple ¢losed curves mm* mmy X {ﬁ} and
#

me” = my X {ﬁ} regpestively an 1™ ., Since the projection mapping

p x {p} —> p {1} ; belng a hcmeomorphism carrying the torus T
onto the torus T* , marries ammenzllhomologous curves on T onto non-null=-
homologous curves on ™ , 1% follows that me™ and mp® are not nullhomo-
logous on ™, Consequently D-#* and ‘Dg* are disjoint meridianal disks

of B® intersescting B in the meridianal disks Dy and Dg respectively,
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Hence Dy and D, separate B into two closed 3=-cells K; and
Kz respectively, while Dl* and Dz* separate B® into two closed 3-
cells Kl* and Kz* respectively, Let the subscripts be chosen in
such a manner that K, C K1* and Kz C:-Ka* .
Now let u be a center line of B which intersects the 3=-cells
K1 and Kz in the unknopted chords u3; and up respectively. Then u,
and uz are chords of K1* and Ké* respectively, and to show that u
is also a cenﬁerline of B* , 1t suffices to show that uy; and uz are un-
knotted in Ky® and K.® respectively (see Definition 2.7).
| But since Cl(Ki* - Ki) is the solid torus Gy x [0, 1] , where
Gy and Gz are tye pwo annular rings into which m3; and m; separate
T , it follows [11l, p. 167] that u; generates the same knot in K; and
Ki* for 1 =1, 2, Thus u; and up are unknotted chords of Kl* and
Kz* respectively, so that u 1s a center line of BY o« But the fact that
B and B* share the common center line u implies i1mmediately that B
and B® are equivalently knotted with O(B®, B) = 1 . This completes the
proof of Theorem 2.k,

Iemma 2,1, Suppose that B and B* are polyhedral solid tori in

s3> with B CIntB*, Ten O(B* B) = 1 if and only if there is a

polyhedral annular ring R in c1(B* - B) bounded by two meridian curves

m and m" on B and B* respectively.

Proof: Suppose that ()(B*, B) = 1 . Then there is a meridianal disk
D* of B* such that D=D"() B 1s a meridianal disk of B ., Thus
R = C1(D® - D) 4is an amular ring in C1(B* = B) bounded by two meridian

curves on B and B* respectively.
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To prove the converse, assume the existence of the annular ring R ,
Let k be a center line of B , and let D be a meridianal disk of B
which intersects k 1in a single point and whose boundary is m ., Then,
since the meridianal disk D* =D U R of B® intersects the center line
k of B 1n a single point, it follows from Definition 2,12 that O(B*, B)
1s either O or 1. If O(B*, B) = 0 , then the algebralc intersection
number of D* with k (to obtain the algebraic intersection number of a
polyhedral disk with a polygonal line in general position, associate with
each of the points of intersection the number +1 or <=1 according to the
sense of piercing, and compute the sum of the numbers thus defined) must be
0 [11, p. 170], so that D* must intersect k in an even number of
points. This contradiction proves that O(B*, B) = 1,

Lemma 2,2, Suppose that B and B* are polyhedral solid tori in

s3 with B C Int B®, If there is a polyhedral annular ring R in

C1(8* - B) bounded by two longitude curves on B and B* respectively,

then B and B* are equivalently knotted.

Proof: This follows immediately from the fact that the two boundary
curves of an annular ring in s3 are equivalent and the fact that a center
line and a longitude curve of a polyhedral solid torus are equivalent,

Theorem 2,5, Let B and B* be two polyhedral solid tori in 83

with B C Int B¥ ., Consider the following conditions:
(a) O@* B) =1,

(b) There is a polyhedral annular ring R in C1(B* - B) bounded

by two meridian curves on B and B* respectively,

(c) B and B* are equivalently knotted.,
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(d) There is a polyhedral annular ring R in C1l(p* - B) bounded

by two longitude curves on B and B* respectively.

If either of the first two conditions holds simultaneously with elther

of the last two conditions, then B and B* are concentric,

Proof: By Lemma 2,1, (b) implies (a). By Lemma 2.2, {d) implies (c).

But, by Theorem 2.k, (a) and (c) suffice to imply that B and B* are con-
centric,

Corollary 2.1, Suppose that B and B* are unknotted polyhedral

solid tori in 3 with B (C Int B¥ , If there is a polyhedral annular

ring R in C1(B* - B) bounded by two meridian curves on B and B* res-

pectively, then B and B* are concentric.

Proof: Lemma 2,1 implies that O(B*, B) =1, But B and B¥ are

equivalently knotted, both being unknotted. Theorem 2.l then shows that B

and B* are concentric,

Corollary 2.2, Suppose that B and B¥ are knotted polvhedral

solid torl in g3 s B interior to B* » which are equivalently knotted,

If there is a polyhedral annular ring R in C1(8* - B) whose boundary com-

ponents m and m* are unknotted non-nullhomologous simple closed curves

ég Bd B and Bd B* respectively, then B and B* are concentric,

Proof: Corollary 2.2 1is an iﬁprovement of Theorem 2.2, and the proof
1s similar, Since an unknotted simple closed curve on the boundary of a
knottedrsolid torus is either nullhomologous or is a meridian curve [11,
p. 1641, it follows that m 1s a meridian curve of B , and m* is a
meridian curve of B® . Lemma 2,1 then applies to show that O(B%, B) = 1,
Since B and B* are equivalently knotted by hypothesis, Theorem 2.l im-

plies that B and B* are concentric,
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Corollary 2.3, Suppose that B and B* are two unknotted solid
polyhedral torl with B (C Int B¥ , If € =c1(S3 - B) and
c* = c1(s3 - B") , then OC(B", B) =1 if and only if Ofc, ¢ =1,

Proof: Tt is clear that € and C* are indeed solid tori
[11, p. 149 with ¢® C Intc. If O@B* B) =1 then B* and B are
concentric by Theorem 2,4, Since C1(B* -B) =cl(c -C* , C and C*
are also concentric. Hence (O(C, C*) =1 by Theorem 2.,4s Similarly
O(c, c*) =1 implies O(B*, B) =1,



CHAPTER III
SEQVENCES OF CONCENTRIC TORI

Definition 3.,1. A simple closed curve k interior to the polyhedral

solid torus B 1is contained non-trivially by B 1if and only if

O(s, ,k) > 0, It can be seen that B contains k non=trivially if and
only if no 3-cell in B contains k in its interior [11, p. 1T1]. If B
and B¥ are two polyhedral solid tori with. B (C Int B¥ , then B* con-

tains B non-trivially if and only if B* contains each center line of B

non=trivially,

Lemma 3.1, Suppose that B and B* are polyhedral solid tori with

B C Int B* » and let k be a polygonal simple closed curve interior to B,

Then B® contains k non-trivially if and only if B¥ contains B non-

trivially and B contains k non-trivially,

Proof: This lemma follows immediately from the fact that O(B*, k)

is the product of O(B*, B) and O(B, k) [11, p. 1751,

Lemma 3,2, Suppose that B and B* are polyhedral solid tori, with

B C Int B*¥ , each containing the polygonal simple closed curve k non=

trivially. Then O(B%, x¥) > OB, k) .

Proofs Since B* contains k non=trivially, Lemma 3.1 gives

OB* B) = 1. But O(B*, k) is the product of (O(B¥, B) and (B, k).
Thus O(B*, ¥) = OB, k) .
' (oo

Lemma 3,3, Suppose that {Bn} , 1s a sequence of polyhedral solid tori

such that By, C Int By for n 2 1, with each B containing the poly-

gonal curve k 1in its interlor, Then elther every Bn contains k trivially

or there exists an integer M such that m > n i M implies that

O(Bn, Bm) =1,
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Proof: Supposing that not every Bp contains k +trivially, choose
an integer N such that O(By, k) > 0 . Since By C Int By for
n 2 N,n = N implies that O(By, k) > O by Lemma 3.1, It then

follows from Lemma 3,2 that
OB, k) = OBp k) > 0

(v o)
for m > n Z N . Thus {O(Bn,k)}n=N is a non-increasing sequence of

positive integers. It follows that there exists an integer M such that
O(Bys k) = O(By,k) > ©

for m > n = M., But O(Bpk) = O(BnsBm) ° O(Bpyk) since
B,C Int By if m > n ., Division gives

Olons B =S¥ =1

=

for m>nA2M.

Theorem 3.1, Suppose that {BnF:_ 1s a sequence of equivalently

knotted polyhedral solid torl with Bpsy (C Int B, for n =2 1, and with

every Bp contalning the polygonal closed curve k in its interlor. Then

elther every Bn contains k trivially or there exists an integer N such

that myn Z N 1implies that B, and Bp are concentric.

Proof: Assumlng that not every Bp contalns k +trivially, Lemma 3.3
gives the existence of an integer N such that O(Bp, Bm) = 1 for

m >n = N, Since By, (C IntBy for m > n, and since by hypothesis
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the solid tori are equivalently knotted, Theorem 2,L applies to show that
B. and B, are concentric for m > n Z N,

m

(-]
Lemma 3.4, Suppose that {Bn}1 1s a sequence of polyhedral solid

tori such that Bpyl C By for n = 1. Let k be a polygonal closed

curve such that /\By =k . Then all but a finite mumber of the solid tort

Bn, contain k non=trivially,

Proof: Let B be a polyhedral solid torus with k as a center

line (the existence of such a torus is given in [11, p. 177]). Thus in par=-
ticular B 1s a polyhedral solid torus containing k non=trivially in its
interior,
P @

Now r%"Jl(s3 -Bp) =83 - Qan =83 -k §3 -1IntB so that
{83 - Bn}bl is an increasing sequence of open sets covering the compact set
83 - Int B . Hence there is an integer N such that S3 - Int B C 53 = Bp
for n Z N, Then By C IntB.for n 2 N . It then follows from
Lemma 3.1 that Bpn contains k non=trivially If n 2 N . This can also
be seen by noticing that if some Bp, m > N , contalned k +trivially,
then k would be contained in the interior of some 3=cell C with
C 7C Bn (C Int B, which contradicts tﬁe fact that B contains k non-
trivially (see Definition 3.1)., Thus all but a finite number of the By

contain k non=trivlially,

@
Theorem 3,2, Suppose that {Bn}:. is a sequence of equivalently

=

knotted polyhedral solid tori with Bp4y C Int Bn for n Z 1, and with

;:\’.Bn being a polygonal closed curve k . Then there exists an integer N

such that Bm and Bp are concentric for m > n z N,

Proof: According to Lemma 3.L, all but a finite number of the Bn

contain k non-trivially. The existence of the integer N required by the



theorem is then implied by Theorem 3.1,

o .
Lemma 3,5, Suppose that {Bn}:. is a sequence of polyhedral solid

(-4
a B, being a poly-

tori with Bpyy C Int Bp for n 2 1, and with [.1

gonal closed curve k which is interior to each torus B, . Then there

exists an integer N such that (O(Bp, k) =1 for n = N,

Proof: As in the proof of Lemma 3,4 choose a polyhedral solid
torus B having k as center 1line. Then (O(B, k) = 1 . Choose an in-

teger N sufficiently large that B, (C Int B for n Z N, Then

O(Bs Bn) O(Bnsk) = O(B,k) = 1

for n =2 N, Since O(B, B,) and O(Bp, k) are by definition non=

negative integers, this implies that (O(B, Bp) = OBy k) =1 for n = N .

Co
Theorem 3.3, Suppose that {Bn}:L is a sequence of polyhedral solid

torl, with B4, C IntB, for n = 1, and with ﬁBn being a polygonal

closed curve k which is interior to each Bp . Then there exists an inte-

ger N such that By end B, are concentric if my n = N.

Proof: Since the hypotheses of Lemma 3.5 are satisfied,
C)(Bn, k) =1 for n sufficiently large. There is therefore no loss in
generality in assuming that O(Bp, k) =1 for all n . It then follows by
a theorem of Schubert [11, p. 171] that, for each n , the knot E; repre=
sented by awpenter line of the solid torus B, 1is a factor of the knot k
represented by the polygonal closed curve k , if k and by are appro-
priately orienteds In particular, an arbitrary flxed orientation of k
having been assigned, each b, 1s oriented positively with respect to k ,

that is, so that k 1s homologous in Bp +to a positive multiple of bp
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the generator of the 1l-dimensional homology group of B, . Since
O(Bps k) =1, it then follows [11, p. 171] that k¥ ~ b, in B, . If
m > n, it follows that b, 1is positively oriented with respect to bp ,
since X ~ by in By and k ~ by in By (C Bpy 80 that "bp ~v by .,
in B, . Thus for each n ‘the knot Kk can be represented as & dmnot pto~
duct of the form
k=b, =

where B; is represented by a center line of Bj »

Now, according to Lemma 3.3, there is no loss in assuming also that
O(Bps Bp) = 1 for all values of m and n such that m > n . Conse-
quently the same theorem of Schubert implies that, if m > n, b_n is a
knot factor of b_m . Hence to each pair of integers m and n with

T i—
m > n there corresponds a knot ¥, such that
b, = B Ym

It follows that {pé;: is a séquence of knots, each of which is a knot fac-
tor both of 1ts successor in the sequence and of the knot k.

If k 1is unknotted, then the relation k = bn Xn implies that each
of the solid torl Bp 1is unknotted, since the identity knot cannot be ex=
pressed as a non=-trivial knot product [1l, p. 156]. If k 1is knotted, then
X has a unique factorization into finitely many prime knots [11, p. 232],
By a prime knot is meant a knot which cannot be represented as the product
of two knots, neither of which is the identity. It follows that there does
not exist an infinite sequence of factors of the knot X , each of which is
a proper factor of its successor in the sequence. There must therefore

exist an integer N such that my n = N implies Fn = t’-r-n so that the
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solid tori By and B, are equivalently knotted for myn 2 N ,
Theorem 3.1 now applies to show that B, and Bp are concentric .

for m and n sufficiently large.,
Theorem 3.4, If {Bn}a: is a sequence of polyhedral solid tori with

©
Bp#4a & Bn for n = 1, such that @Bn is a polygonal closed curve

k interior to each B, , then, for n sufficiently large, the center line

by, of Bp 1is equivalent to k , to within orlentation,

Proofs Let B be a solid torus having k as a center line, so that
OB, k) =1 . Since Int B 1is then a neighborhood of k , it follows as
in the proof of Lemma 3.4 that there exists an integer N such that

C IntB for n = N . Then, since O(B, k) = O(B, Bn) * O(Bps k)

=

Bn

=1, and since O(B, B;) and (O(Bp, k) are non=negative integers, it
follows that QO(B, By) = O(Bns k) = 1,

Since k 1s thus a polygonal closed curve interior to Bp with
O(Bny k) =1 for n = N, it follows that the knot b, represented by
b, is a ’knot factor of the knot k represented by k [11, p. 171], if X
and bp are so oriented that k ~ by in B, ., Hence there exists, for

each n = N , a knot X, such that

==

k= b, x,
On the other hand, since (B, bp) = 1 , and since k 1is the center line
of B, it follows simllarly that there is a knot ¥, such that

bn = k yn

Substitution gives

F-F %%
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It follows that X, ¥ 1s the identity knot [11, p. 156], Since the iden=-
tity knot cannot be expressed as a non=trivial product, it follows that E;
and Yy, are each the identity knot, Hence by =X for n Z N, so that
all but finitely many of the center lines b, are equivalent to k , to
within orientation,

Corollary 3.1. A properly decreasing sequence of unknotted (knotted)

polyhedral solid tori, each contained in the interior of its predecessor,

cannot intersect in a knotted (unknotted) polygonal closed curve.

Proofs This is an immediate consequence of Theorem 3.k,

Lemma 3,6, If B 1is a polyhedral solid torus in s3 s then there

exist two polyhedral solld tori By and Bz such that

(a) By CInt B,
® B C IntBr,
(C) O(Bz, B) = O(B, Bl) = 1 »

(@) B, Bys Bz are equivalently knotted.

252225 ‘ Let b be a center line of the solid torus B , and let k
be a polygonal closed curve in s3 equivalent to b ., Since, given any
curve k , there is in each neighborhood of k a polyhedral solid torus
having k as a center line"[ll, pPe 177], choose a polyhedral solid torus “
C2 with k as center line. Then let C be a polyhedral solid torus coo-
tained in Int €z with k as a center line, and let Ci be a polyhedral
solid torus contained in Int C with k as center line.

Since B and € are polyhedral solid tori having equivalent center
lines b and k respectively, there is a semilinear homeomorphism f of
s3  onto itself which maps € onto B and k onto b [11, p. 180), If

By = £(Cy) for 1 =1, 2, thenclearly By (C Int B and B C Int Bz .
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Since B, By, and B, share the common center line b (center lines
are preserved under semilinear maps of solid tori) it follows immediately
that they are equivalently knotted with (O(Bz, B) = O(B, By) =1 .,

Lemma 3.7. Suppose that {?é}:? is a sequence of polyhedral solid

tori, with Bp4q (C Int Bp for n = 1, such that each B, contains

the_polyhedral solid torus B . Then elther every B, contains B

trivially or there exists an integer M such that O(Bns Bm) = 1 if

m >n = N.

Proofs 1If not every Bp contains B trivially, then there is an
integer N such that Bp contains the center line k of B non=trivially,
The existence of the required integer M 1s then implied by Lemma 3,3,

a0 .
Lemma 3.8, Suppose that {Bn}l is a sequence of equivalently knot-

ted polyhedral solid tori, with B.,, C Int By for n = 1, such that

each Bp contains the polyhedral solid torus B . If at least one of the

tori {ﬁ#}:’ contains B non-trivially, then there exists an integer N

such that By and Bp are concentric for my n =2 N .

- Proof: If not every B, contalns B +trivially, then not every Bp
contains a center line k of B trivially. The existence of the required

integer N therefore follows from Theorem 3.1,

Lemma 3.9. Suppose that {ﬁérn is a decreasing sequence of poly=-
== . =2 25

hedral solid tori intersecting in the polyhedral solid torus B interior
to each By . Then there is an integer N such that O(Bp, B) = 1 if
n = N.

Proof: By Lemma 3.6, choose a polyhedral solid torus B* containing
B in its interior and such that O(B®, B) = 1 . Since {s° - BéF: is
an increasing sequence of open sets covering the compact set s3 - Int B* »
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there is an integer N such that 53 - Int B# C s3 - B, or By CInt B*

for n Z N. Since B C IntB, for every n , it follows that

=_

O(s*, B) = O(B*, By) * O(Bns B)

for n > N , Hence, since O(*, B) = 1, and since O(B®, Bn) and

O(Bny, B) are non-negative integers, it follows that O(Bp, B) = 1 for

nZ_N;

Lemma 3.10., Suppose that {Bn}c: is a sequence of polyhedral solid

torl, with Bpsy (C Int By for n = 1, such that f\an is a poly-

hedral solid torus B ., Then there exists an integer N such that By

g_{i_t_:l_ B are equivalently knotted for n Z N,

Proof: By Lemma 3,6 there is a polyhedral solid torus B* con-
talning B in its interlor such that B and B* are equivalently knotted
with O(B*, B) =1 . Then by Lemma 3.9 there is an integer N such that

Bp C Int B* with O(By, B) =1 for n 2 N . The relation
O(s*, B) = O(8*, Bn) * O(Bn, B)

implies that O(B‘", By) = 1 alsoforn =2 N,

et k be a cent:er line of B . Since B and B* are equivalently
knotted with O(B®, B) = 1, the proof of Theorem 2,4 shows that k 1is
also a center line of .B* . Let k¥ be the knot represented by k , and
for each n = N denote by '5; the knot represented by a center line by,
of the soiid torus Bp , with k and b, so oriented that k ~ bp in
Bp » Since k 1is interior to Bp and since O(Bp, k) - = O(Byy B) = 1
for n > N, it follows from [11, p. 17L] that t6 each n 2 N there

corresponds a knot X; such that
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k-E;;,n-e

On the other hand, since b, 1is interior to the solid torus B* with
O™, by) = O(B*, Bp) =1 for n = N, it follows similarly that to

each n Z N there corresponds a knot ﬁ such that
Er_l = T(' y'n °

But these two relations imply as in the proof of Theorem 3.L that the knots
K and 'E; are the same, Consequently the solid tori B, and B are

equivalently knotted whenever n = N .

Theorem 3.5, Suppose that {Bn}f 1s a sequence of polyhedral solid

tori, with B,, C IntBp for esch n = 1, such that ﬁBn is a
——— — - B L — n-

polyhedral solid torus B ., Then there exists an integer N such that for

myn Z N the solid torl By and Bp are concentric with each other and

with B °

Proofs By Lemma 3,9 there is an integer Ni such that O(Bpy B) = 1
if n Z Ny . By Lemma 3,10 there is an integer Nz such that the solid
torl B, and B are equivalently knotted if n 2 N; . If N = max(N3, Np)
it then follows from Theorem 2.L that B, and B are concentric if
n =Z N.

Now suppose that m > n 2 N . Since both B, and B, are
equivalently knotted with B , it is clear that By and Bp are equivalent-
ly knotted, Since QO(Bn, B))= O(Bpy B) = 1 , it follows from the product

relation

O(By, B) = O(Bpy B * O(Bmy B)

that O(Bn, Bp) = 1 . Hence another application of Theorem 2,li suffices

to show that B, and Bp are concentricif m > n Z N,
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Lemma 3,11. Suppose that {Bn}c: is an increasing sequence of poly-

hedral solid tori, with Bp (C Int Bpy, for n 2 1, such that

©Bn = Tnt B, with B belng a polyhedral solid torus. Then there exists
n=1 -

an integer N such that O(B, Bp) =1 for n 2 N,

7 Proof: There exists by Lemma 3.6 a polyhedral solid torus B*¥ such
that B* C Int B with O(B, B®) = 1 . Since {Int Bn}°: is an in-
creasing sequence of open sets covéring the compact set B¥ , it follows
that there is an integer N such that B* C Int By for n = N, Theny

=

since Bp C IntB,
Ot¢s, B* = O(B, By) * O(Bps BY)

for n 2 N. Since O(B, B*) = 1, and since O(B, By) and O(Bp, B¥)

are non-negative integers, it follows that O(B, Bp) = 1 for n = N .

=

- 2]
Lemma 3,12, Suppose that {_Bn} , 1s an increasing sequence of poly-

hedral solid tori, with By, (C Int B4y for n Z 1, such that

b .
r&é{Bn-- Int B, with B being a polyhedral solid torus. Then there exists

an integer N such that B and B are equivalently knotted if n Z N .

Proof: There is by Lemma 3.6 a polyhedral solid torus B* interior

to B such that B and B* are equivalently knotted with ((B,,B¥) =1 .,
Then by :.the proof of Lemma 3,11 there is an integer N such that

B* (C Int By with O(Bny B*) =1 for n Z N . The relation
O(B, B = O(B,8,) + OlBn, BY
then implies that O(B*, Byp) =1 for n = N,
Let k be a center line of B ., Since B and B* are equivalently
knotted with O(B, B¥*) = 1, the proof of Theorem 2,4 shows that k is also

a center line of B* , Let k be the knot represented by k , and for each
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n 2 N denote by b the knot represented by a center line b, of the
solld torus Bpy with k and bp so orlented that k ~ bp in Bp &
Since k 1is interior to By and since O(Bp, k) = O(Bp, BY) = 1 for
each n Z N, it follows from [11, P. 171] that to each n Z N there

corresponds a knot X, such that
k= by .

On the other hand, since bp 1s interlor to the solid torus B with
‘O(B, bn) = O(By By) =1 for n = N, it follows similarly that to each

n=>N there corresponds a knot Jn such that
bp=k¥n.

But these two relations imply as in the proof of Theorem 3.4 that the knots
k and 5; are the same. Consequently the solid tori B, and B are
equivalently knotted for n = N,

‘Theorem 3.6, If {Bn}: is an increasing sequence of polyhedral

solid tori, with Bp C 1Int Bn+1 £O£ n Z 1, such that %;{LBn = Int B,

with B being a polyhedral solid torus, then there exists an integer N

such that if my n Z N then the solid torl Bpm and Bpn are concentric

with each other and with B ,

Proofs There is by Lemma 3.1l an integer N; such that
Q(B, Bn)‘ =1 1f n Z N1 . By i.emma 3,12 there 18 an integer Nz such
that Bn ”and B are equivalently knotted if n Z Na‘ . Thué, if
N = max(Ni, Nz) , 1t follows from Theorem 2,4 that B and By are concen=-
tric for n ;"”N o If m > nZ N, B, is by the same token concen-y

tric with B and it then follows as in the proof of Theorem 3.5 that Bp
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and By are concentric,

Corollary 3.2. Let B be a polyhedral solid torus and consider

oo ®© .
two sequences {Bn}l and {Cm}l of polyhedral solid tori with
() Bn C Int Bpyy for n Z 1 and UBnnrntB,
(6) CpyyC Int Cp for m = 1 and ﬁcmﬂa.

Then there exists an integer N such that if my n Z N then B, and

C, are concentric with each other and with B .

Proof: By Theorem 3.6 there is an integer Ny such that B and
Bn are concentric if n Z Ni . By Theorem 3.5 there is an integer N;
such that B and Cp are concentric if m Z Nz . Thus B 1is concen=-
tric with both B, and C, if my n Z N = max(Ni, N2) , and it may be

shown as in the proof of Theorem 3.5 that By and Cp are concentric,



CHAPTER IV

UNCOUN TABLE COLLECTIONS OF

CONCENTRIC TORI

The object of this chapter is to show that the 3-sphere S5 does
not contain an uncountable collection of mutually disjoint torli, no two of
tfhich are Vconcentric. It will be shown in particular that, if J& is an
uncountable collection of palrwlse exclusive tori in S3 ’ ,& contains an
uncountable subcollection ' , each pair of whose members are concentric,
This will be accomplished by showing that uncountably many elements of &
are 1limits from both sides (in an appropriate sense) of elements of g& .
The resﬁlts of Chapter ITT will then imply the exlstence of concentric torl
in Sg o« These results will be obtalned first under the assumption that
the tori in 99 are polyhedral. This polyhedrality assumption will then be
removed by application of Bing's theorem [3] on the deformation of locally

tame sets onto polyhedral ones,

Theorem 4,1, There does not exist an uncountable collection g_f_

mutually disjoint polyhedral tori in S3 , mo two of which are concentric.

Proof: TLet ,\&' be an uncountable collection of mutually disjoint
polyhedral torl in s3 o It will be shown that & contains a pair of con=-
centric tori,

Suppose that & 1s indexed by a set [\ , so that ﬁ =
{Ta ta j\_} .+ Since the closure of at least one of the two domains in
s3’ complementary to a polyhedral torus 1s a polyhedral solid torus 1],
there corresponds to each a & /\ a polyhedral solid torus B, such that

Ta" BdBa.
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Now there exists a pair of points a and b in 83 such that the
collection »' of those tori in % which separate a and b 1in s3
is uncountable [13]., It follows that at least one of the sets
@5A? a & By and TGZ;&'} and {(a & /\tb & By and Ta&&'}
is uncountable. Assume it 1s the former, and denote by &™ the collection
{l‘a A ¢t ack Ba} . Thus &™ is an uncountable subcollectlon of 9@’,
each element of which separates a and b in s3 s and such that T, & vl
implies a & Int By . Therefore " can be given a linear order by de-
fining T, < Ty 1if and only if B C Int Bg [8, p. 15L]. Hence "
;s an uncountablg subcollection of )&/ such that, if T, and TB are any
two torl in A7 , either By C Int Bg or Bg C Int By . It therefore
may be assumed without loss that the original collection ;{? has this property.

Now Whyburn [13] has shown that every uncountable non-separated collec-
tion ,ﬁ?’of cuttings of a connected separable metric space M contains an
uncountable subcollection >&* such that to each element T of »¥* and
each point p of M - T there corresponds an element T' of % which
separates T and p in M.

Thus let T ‘be an element of the subcollection ;§7* of & given
by Whyburn's theorem and denote by B the corresponding solid torus bounded
by T ”(according to the correspondence defined above), It will next be
shown that there is a sequence {¢ﬁ¥: of tori in G* such that the corres-
ponding solid tori {ﬁayr intersect in B . A sequence {?AYZ of solid
tori with boundaries in &* 5 and such that g;icn = Int B could be de=-
fined similarly,

There 1s in every nelghborhood of a polyhedral solid torus B in 53
a polyhedral solid torus C such that B C Int C [11, p. 181], It follows
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that a sequence {b&?: of solid tori can be chosen with Cp4y C Int C,
for n Z 1 and such that B = g:LCn .

Now let p & Bd Ci1 be an arbitrary point of the boundary of the

solid torus €1 » There is then a torus Tp of the collection é?*
which separates p and T in 53 , Denote by Dp the corresponding
solid torus bounded by Tp . By the order assumption on .g? s elther
Dp C Int B or B C IntDy. Butif Dy C IntB, T, =BdDp could
not separate p and T 1n s3 s because p £ 83 - B ., It must therefore
be concluded that B ( Int Dp so that p g s3 - Dp .

Thus to each point p of Bd Cy there corresponds a solid torus

Dp » whose boundary T, 1is an element of o7 , such that B C Int Dp

while p & 3 =D

b * The collection

{SB - Dp}p g Bd C3

is consequently an open cover of the compact set Bd Ci and hence contains
a finmite subcover {83 - Di}:-:. » Since the boundary T4 of each solid
torus Di is an element of & s and since N is ordered by interior ine
clusion, there is among the solid torl Dis; ...y Dx one, say Dj s such
that Dy C_IntDy 1f 19 3,1 = 1 £ k. Since

X
Bd G C i_k{(s3 -Dy)

it follows that Bd C1 C s> - Dy o Therefore Dy 1is a solid torus, whose
boundary is an element of A , such that B C Int Dy and Dy C Int Ca .
Now define Ba = Dy .

The definition of the sequence ‘{Bn}: is continued‘by induction, Sup=-

pose that the solid tori Bi, ¢..; Bp s with boundaries in P4 » have been
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defined in such a way that

B CIntB for 1=1, ..., n3}
Bi4a C Int By for 1=1, ,.., n =13
Bf C IntC for i=1, ..., n,
Now let p be an arbitrary point of Bd By (J Bd Cpey . There

exists as‘above a solid torus D whose boundary Tp 1s an element of

p 3’
& , such that B (" Int Dp while p g g3 - Dp . The collection

s - b, |
p g BdBn L./Ban.,.l

is consequently an open cover of the compact set Bd Bn 'J Bd Cp+y s so
that; using the linear order in G as above, a solid torus Dy 1is found,
whose boundary is an element of & s such that B 1is interlor to Dy
while Dk is interior to both B, and Cp4y . Setting Bpey = Dk , the
solid tori Bj, Bzy os.s Bp+a have now been defined in such a way that

B CIntB for 1=1, ,..,n+13

Bjyg C IntBy for 1 =1, ..o n3

BiCIntCi for 1 =1, ,u0pn+13
and with the torl Ty =Bd By for 1 =1, ..., n + 1 being elements of & .
The sequence {Bn}a: of solid polyhedral torl with boundaries {Tn}d: in

is thus defined in such a way that B (_ Int B, , Bpsy (C Int By , and
B CIntC, for each n = 1 . Therefore
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[~}

so that B = Ql o

Theorem 3,5 therefore applies to give an integer N such that, for
m > n 2 N, the solid tori Byp and Bp are concentric, But the
boundaries of the solid tori Bp and Bp are tori in ;e& . This com=~.
pletes the proof that S3 does not contain an uncountable collection of
mutually disjoint polyhedral torl; no two of which are concentric,

Looking ahead to the problem of removing the polyhedrality hypothesis
in Teorem L,1l, it might be well to note the steps in the proof at which this
hypothesis was used. First, it was used in asserting that, if T & & »
at least one of the components of 83 -~ T has a closure which is a solid
torus. Insofar as this is concerned, it would suffice to assume merely that
the elements of G are tamely imbedded in S3 . Second, the assumption
that the tori in c& were polyhedral was used in finding a decreasing se-
quence {cn}O: of solid tori intersecting in a solid torus B bounded by a
specified torus in & . Here also the assumption that the tori in ng are
tame would suffice., Third, this polyhedrality assumption was used in apply-
ing Theorem 3.5. Since Bing [5] has shown that s3  does not contain un-
countably many mutually disjoint wild closed surfaces, there is no loss in
generality in assuming that each torus in & is tamely imbedded in s3 o
But there still remains the problem of obtaining an extension of Theorem 3,5
for which no polyhedrality assumption is necessary.

Definition L.1l. A compact subset K of 83 1is said to be tame in
s3 if and only if there exists a homeomorphism of s3 onto itself which

carries K onto a polyhedron,

Lemma 4,1, Suppose that K 1s a compact tame subset of s3 . Then,

given € > 0, there exists a homeomorphism f of 83 onto itself
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which

(a) carries K onto a polyhedron,

(b) moves each point a distance less than € ,

(c) is the identity on S> = S(K, €) , where S(K, €) denotes the

set of all points whose distance from K 1s less than ¢ .

mg Lemmg L.l is a special case of Theorem 9 of [3], which states
that, if K 1s a locally tame closed subset of a triangulated 3-manifold
M with boundary (possibly vacuous), and if C 1is a closed subset of M
such that K 1is locally polyhedral at each point of K N c ,with ¢ a
positive continuous function on M = € , then there exists a homeomorphism
f of M onto itself such that x = f(x) if x &€ ¢, f(K) is a polyhe~-
dron and P(x,f(x)) < #(x) if x & M~C (,° denotes the metric in M),
In applying this theorem take M =S , C = 8% - S(K, &) , and $(x) = €
on S(K,€) . The homeomorphism f then given by Bing's theorem is clearly

a homeomorphism Qf s3 onto itself satisfying the requirements of the lemma,

Theorem L.2. Suppose that {Bn}w 1s a sequence of tame solid tori in
AT——— 1 e Suas — -

s3 with Bpser & Int By for n Z 1, such that Qan = K 1is elther a

tame simple closed curve or a tame solid torus. Then there exists an inte-

ger N such that the solid tord By and Bp are concentric if m > n =N,

Proof: Let g be a homeomorphism of S3 onto 1itself which carries
K onto a polygonal simple closed curve or a polyhedral solid torus, according
as K 1s atame simple closed curve or solid torus respectively,

For each n 2 1, denote by Tn the tame torus bounding the solid

torus Bp , and define
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€, = min {i—,%,ﬂ[g(Tn), g(Tpn-y) 1s %/[g('rn), g('rn,,,)n]}

If U, = S(g(Tn)s €n) for each n = 1, then clearly Up (1 Un =
(the empty set is denoted by (] ) whenever m ¥ n .

For each n > 1, let fpn be a homeomorphism of s3 onto itself
which

(a) carries g(Tn) onto a polyhedron,

(b) moves each point a distance less than & ,

(c) 1is the identity on S3 - Uy .
The existénce of such homeomorphisms is given by Lemma L.l. Then define a
mapping £ on 83 by

o
x if x £ 83 - HUn

£® =\r (0 1f x & 1

@
Since the identity is 1 -1 on s3 - 1Un s> and since fj, 1s a homeomor-

phism of Up ontp itself, it is clear that f is a 1 = 1 mapping of s3
onto itself, It is also clear that f 1s continuous at each point of

S3 - g(K) , since f agrees with the identity in some neighborhood of each
point of 83 = g(x) - 5;201 Uy » and with fn, in some neighborhood of a
point of Up , while fp matches with the identity in a continuous manner
at each point of Bd U, .

To show that f 1s a homeomorphism of s3 onto itself, it therefore
suffices to show that f 1s continuous at each point of g(K) , because S3
is compact and Hausdorff, Since f 1s the identity on the closed set g(K)
1t hence suffices to show that if {?g}:’ is a sequence of points of

83 - g(K) converging to a point x of Bd g(K) , then the sequence
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- J [
{f(xk)}l converges to x , Since f(xk) = xx if x ¢ S3 - n&):LUn s 1t
may be assumed without loss that each point x. of the sequence lles in

one of the sets Up , say Unk s 8o that

2 (1 £(nd) = plae Inlxy)) < €y

for each k g 1, Tt is clear that limny = @ . For otherwise, if
there were an integer N such that nz‘sz for infinitely many values
of k , then infinitely many points of the sequence {xk}: would lie in
S3 - g(BN) s which would contradict the fact that {xk}:o converges to

x & g(K) , since g‘(BN) contains g(K) in its interior. It follows that

limPlxy, f(xn)) £ lUm €y

K iy o0 k—»ea
‘:':.' Um _1
k —>o Bk
Um Plxy, £lx)) = 0
k-

Consequently lim f(x)) = im x = x = £(x) so that f 1is continuous at

k—>c0 Kk—>= |
X . Therefore f 1s a homeomorphism of $3  onto itself,

If h=fg, then h 1is a homeomorphism of s3 onto itself carrying

K and each of the solid torli B, onto a polyhedron. Then {h(Bn)}ﬂ: is a
sequence of polyhedral solid tori such that h(Bp+a) C Int h(By) for
n = 1, and with ﬁzh (Bp) = h(K) = g{K) being either a polygonal closed
curve or a polyhedral solid torus. It then follows from Theorems 3,3 and
3.5 that there exists an integer N such that h(By) and h(B,) are con=-
centric for m > n 2 N, But C1(Bp = Bp) = C1 h"2[h(B,) - h(By)]
= p~t Cl[h(Bn)_ - h(Bn)] so that B, and B, are concentric for

m>nXZN,
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Example 4.1, The conclusion of Theorem L,2 does not necessarily
hold if K 1is a Eilg simple closed curve. For instance suppose that K
is a simple clqsed curve in which an infinite sequence of "trefoil knots™
have been tied, in such a manner that they converge to a single point, as

in the figure below. This curve is virtually equivalent to that obtained

Gﬂﬁﬁ

by joining the endpoints of the wild arc described in Example 1.4 of [6].

It is apparent that K can be represented as the intersection of a de=-
creasing sequence {?éyf of polyhedral solid tori, with the center line
of Bp Dbeing equivalent to the knot product of n trefoils, It follows
from Theorem 2,4 that no twovof these solid tori are concentric, since no
two are equivalently knotted.

Lemma 4.2, Suppose that By, Bz, By are tame solid tori in S

with By C Int Bz and B C Int B3 , Then By and B3 are concen-

tric if and only if Bz 1is concentric with both By and B3 .

Proof: It clearly involves no loss in generality to assume that
Bis; Bas B3 are polyhedral, since they can be carried onto polyhedra by a
homeomorphism of 83 onto 1tself,

If Bz 1s concentric wiéh both By and B3 , then Bi, Bz, B3

are equivalently knotted with (O(B3, Bz) = O(Bps Bi) = 1 by Theorem 2,kL,
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Then

O(B3s B1) = O(B3s k)
O(B3s Bz) ° O(Bzs k)
O(B3s Bz) ° O(Bzs Bi1)

=1

by [11, Do 175], It then follows from Theorem 2.l that By and By are
concentric,

Conversely suppose that By and B3 are concentric., It follows
from Theorem 2.}y that By and B3 are equivalently knotted with
Of(B3s Ba) =1 . Since O(B3, By) = O(B3, Bz) o O(Bzs B1) , it follows
that O(B3; Bz) = O(Bzs B1) =1 . It can be shown as in the proof of
Lemma 3.IQ that Biy Bzy B3 are equivalently knotted, so that Theorem 2.1
applles to show that Bz 1s concentric with both Bi and B3 .

It is now possible to prove in complete generality the theorem on
uncountable collections of torl in 83 ,

Theorem 4.3, Suppose that &/ is an uncountable collection of

mutually disjoint tori in the 3-sphere S3 . Then s contains an un-

countable subcollection £9* such that anmy Egg tori 15 Qy* are concen=-

tric,

Proof:s Since S3 does not contain uncountably many mutually disa

joint wild closed 2-manifolds [5], it may be assumed that each torus in
éy is tame, - Thus there corrgsponds to each torus Ta & & a solid torus
By such that T =Bd By [1l]. It may also be assumed as in the proof of
Theorem 4,1 that, given T, and TB in & s elther B, C Int Bg or
Bg C Int By . It-is then shown by the method used in the proof of

& ©0
Theorem 4,1 that contains a sequence {iﬁ}o of torl such that
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Bpsr1 C Int By for n = 1, and such that B, = ﬁ:XBn . Theorem L,2
therefore applies to find an integer N such that T and T, are con=-
centric for m > n = N , Consequently 53 does not contain an un=
countable collection of mutually disjoint tori, no two of which are con-
centric,

Now define ‘Ta. ~ Tﬁ if and only if either Ty ™ Tg or T4 and
TB are concentric, As a consequence of the assumption that & 1is linearly
ordered by interior inclusion as above, Lemma L,2 implies that this relation
is an equlvalence relation in ¥4 o« There 1s thereby induced a decomposi-
tion of & into mutually disjoint equivalence classes, such that two tori
in ;%’ are elements of the same equivalence class if and only if they are
concentric. An applicatlon of the Axlom of Cholce gives a collection IB*
contalning exactly one element of each equivalence class., Since no two
tori in ) are concentric, it follows that 34- must be countable. Since
the union of a countable number of sets is countable, one of the equivalence
classes must be uncountable. Denote by _g&* this uncountable class, Then
&* 1s an uncountable subcollection of & such that any two tori in &*

are concentric,



CHAPTER V
EQUIVALENTLY SITUATED TORI

In this chapter there 1s considered a relationship between poly-
hedral solid tori in S3 which is a natural generalization of the rela-
tionship of concentricity,

Definition 5.1, Two polyhedral solid tori By and Bp in s3

are sald to be equivalently situated if and only if there exists a third

polyhedral solid torus B which is interior to both By and Bz and is
concentric with each,

Theorem 5,1, Two polyhedral solid tori B3 Eﬂgk Bz in S3, one 12-

terior to the other are equlvalently situated if and only if they are con=

centric,

7 23222? To prove the necessity, suppose that By and Bz are
equivalently situated with disjoint boundaries, Then,’by Definition 5,1,
there exists a polyhedral solid torus B which i1s interior to both By
and Bz and which is concentric with both., Then any center line of B 1is
also a center line of both By and B (see the proof of Theorem 2,k).,
Now, from the assumptions, 1t follows that elther By (C Int By or
Bz C Int By . Suppose the former inclusion holds. Theorem 2,4 then im=
plies that B, By, and Bz are equivalently knotted with (B3, B)

= O(Bzy; B) = 1 , But then

O(Bzs By) = %%%%if‘%% =1

so Theorem 2,4 applies to show that By and Bz are concentrie,

To prove the sufficiency; suppose that Bi and Bz are concentric
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with By € Int B . Lemma 3,6 then gives a polyhedral solid torus B
which is interior to and concentric with By . Lemma L.2 then implies
that B 1is also concentric with Bz , Consequently By and By are
equivalently situated.

Lemma 5.1, If B and B* are concentric polyhedral solid tori,

and if B; and By are two polyhedral solid tori, each containing B in

its interior and each contained in the interior of B* , then By and B,

are equivalently situated,

Proofs From Lemma 4.2 it follows that By and B are both con=

centrié with B ., Therefore By and Bz are equivalently situated.
Definition 5.2 Sﬁppose that {Bn}az is a sequence of homeomorphic

(-
compact sets in 53 , Tt is said that the sequence {Bn}1 converges

homeomorphically to By 1f and only if there exists a sequence {én}n:
of positive numbers, converging to zero, and a sequence {hn}q:‘ of homeo=
morphisms, with h, carrying B, onto By in such a way that

pPlx, hp(x)) = €, for every x & By , where P is the standard metric

for 83 0

- . m .
Theorem 5,2, Suppose that {‘Bn}1 is a sequence of polyhedral solid

tori in 83 converging homeomorphically to the polyhedral solid torus B ,

L e

Then there exists an integer N such that B, and B are equivalently

N\

situate,d for n N .

 Proof's By Lemma 3.6 choose two polyhedral solid tori B' and B™ ,
each of which is concentric with B ;, with B! Interior to B and B
interior to B" . It follows from the proof of Theorem 2.4 that each center

line k of B! 1is also a common center line of B and B"™ , Define
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ay = min {,O(Bd B, Bd B'), A(Bd B, Bd B“‘)}

Then choose a fixed interior polnt p?' of B' ; a fixed point p" of

S3 = B¥ , and define
o =mn {a;,‘ﬁ (pts BdB*)gfi(p", Bd B")} .

(%
Now let g_hn}:. be a sequence of homeomorphisms; hp taking Bp onto B

with
max [x; hp(x)] & €
X EBn /o > n

where {en}“’ 1s a sequence of positive numbers converging to zero. Choose
b

an integer N such that €, < a if n & ¥,

If n = N and y € Bd By , it then follows that

==

Llys BAB) & Ply, hy(y))

o—
—

< 6nh< a

P(ys BdB) < ay .

Therefore Bd B, 1s exterior to B' and interior to B™ , Either
Bt C Int B, or Bp Csdap, Suppose the latter inclusion holds.
Since p*! € B' (C B ; there must exist a polnt q & Bp such that

hp(q) = p' . But this implies that

P (as hp(q)) = Plq, p')
/O(P': Bd B?)

a

(a5 by(q)) > €,

w

itv
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which is a contradicticn. Tt follows that B! C Int B, . It may be
shown similarly that Bp ¢(C Int B® .,

Thus B' 1is interior to both B and B, and both B and B, are
interior to B®, n =Z N, Since B' and B"™ are concentric, this im=

plies bty Lemma 5,1l that B and Bp are equivalently situated if n

v

N.

Lemma 5,2, The two polyhedral solid tori B; and Bz in 53 are

equivalently situated if and only if they have a common center line k .

Proofs To prove the necessityy, suppose that By and Bz are equi-

valently situated. Then there is a polyhedral solid torus B interior to
both By and By and concentric with bothe If k 1s any center line of
B , it may be seen as in the proof of Theorem 2,4 that k is a common cen-
ter line of By and Bz ,

Convefsely, suppose that k 1s a common center line of By and Bz,
Then choose a solid torus B interior to both By and Bz and having k
as a center line. It is then clear that By and Bz are both concentrie
with B ,; and are therefore equivalently situated.

Theorem 5.3, The two polyhedral solid tori By and Bz in s3

are equivalently situated if and only if they are equivalently knotted and

B, has a center line b, interior to By with (O(Bi, b2) =1,

Proof: Suppose that By and Bz are equivalently situated. Then
by Lemma 5.2 they share a common center line so that the conclusion of the
theorem is immediate.

Conversely, suppose that By and Bz are equivalently knotted and
that Bz has a center line bs interior to Bz with (B, b2) =1,
Then chocse a polyhedral solid torus B interior to both By and Bz and

having M as a center line. Since B and Bz have a common:center line
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withk B (C Int B, s 1t is clear that B and B are equivalently
knctted with (O(Bay B) = 1 . Therefore B and B, are concentric,
Since Bsg and Bz are equivalently knotted and B and Bz have a com-
mon center line, i1t follows that By and B are equivalently knotted,
But (O(Byy B) = O(Bys; bp) = 1 . Hence By and B are concentric, It
follows that By and Bz are equivalently situated.

Throughout the remainder of this chapter any two polyhedral solid
tori Bi1 and By considered together will be assumed to have boundaries
Ty and Tz respectively which are in relative general position, so that
= () Ta cﬁnsists of a finite number of mutually disjoint simple closed
polygons [9], This assumption involves no loss of generality, since in
any case such a situation can bs obtalned by a semilinear deformation on

Ty which 15 the identity outside an arbitrary preassigned neighborhood
of Ta £ T2 [9].

Lemma 5,3, Suppose that By and Bz are equivalently situated

polyhedral solid torl with boundaries Ti and T, respectively. If m

is a component of Ti (1 Tz which is a meridian on Ty , then m is not

nulllhomologous an Ta o

Proofs Suppose to the contrary that m 1s nullhomologous on Tz ,
and 1let D be the disk en T, which is bounded by m . Then each com=-
ponent, of D N T: 1s also nullhomologous on Tg‘, and each such com=
penent, being disjeint with the meridian m of Ty , is either a meridian
on Tz or ig nullhomolasgous on T3 ., Since there is only a finite number
of these components of D (| Ty , there must be at least one such component
s {(possibly m itself) which is a meridian on Ty , but which is such that

each component of D () Ty , lying in the disk € on D bounded by s ,
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is nullhomologous on Ty . If Ti rQ‘ Int ¢ = DO s then C 1s a meri-
dian disk of B3y and hence intersects every center line of B . Since
C is a subdisk of D and D 1lies on Tz , it follows 1n this case that
every center 1line of By intersects T; o

Suppose; on the other hand; that Ty f} Int ¢ of O] , and let X
be a center line of By . Then let a be a component of T, M Int C
which contains no other such component in its interior (on C). Denote
by X the subdisk of C bounded by a and by Y the subdisk of Ty
bounded by a . Then define €' = (C - X) U v s and deform C' semi=-
linearly away from T3 1n a sufficiently small neighborhood of Y that
no new intersections with k are introduced. The disk C®* thus obtained
is bounded by s and intersects T3 1in exactly those components, other
than a ; in which C 1intersected T3 . After a finlte number of steps of
this kind there is obtained a disk C€* which is bounded by s 4 whose in-
tericr does not intersect T3 ; and which intersects k 1in only those points
in which C intersected k . Since C" 1is then a meridian disk of By
it must intersect k 1in at least one point. Hence C intersects k in at
least one point, But C 1is a disk on T , so it follows that k and T
intersect in at least one point,

Thu; it follows in either case that T. intersects every center
line of B3 ., But this contradicts the fact that, by Lemma 5;25 By and B;
have a common center line. Consequently m could not have been null-
homologous cn Ty

Corollary 5.1, Suppose that By and Bz are knotted equivalently

situated polyhedral solid tori with boundaries Ti and Tz respectively,

.ﬁﬂi let m be a comgonént of T3 (1T . Then m is a meridian curve of
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By if and only if it is a meridian curve of Bz .

Eﬁﬁiﬁg Suppose that m dis a meridian curve on B3 . Since m is
then an wunknotted simple «¢lesed curve on the boundary T ‘of the knotted
solid torus B, , it follows that m must be either nullhomologous on T2
or a meridian curve of Bp [11, p. 164], Lemma 5,3 then implies that m
is a meridian curve on Bz ., Similarly, if m is a meridian curve on B; ,

it must also be a meridian curve of By .

Lemma S.4, Let By and Bz be two equivalently situated polyhedral

solid tori which are both interiecr to and concentric with the polyhedral

solld torus B ., If n is a component of Bd By ﬂ Bd B which 1s a lati-

tude curve on Bd By , then n 1is not nullhomologous on Bd Bz .

s

Proofs Since, by Lemma 5,2, Bi and Bz have a common center line,

either both are knotted or both are unknotted, If By and Bg are knotted
solid tori, then n 1s a knotted simple'closed curve, since a latitude curve
of a polyhedral solid torus is equivalent to its center line [11, p. 160].
But a curve which is nullhomologous on a torus must necessarily be unknotted.
Therefore n ¢3nnot be nullhomologous on Bd By .

Suppose, on the other hand, that By and Bz are unknotted. Then
of course B 1s also unknotted, Define C = Cl(S3 -B) and Cy = Cl(S3 - By)
for 1 =1, 2. Then C, Cy, and Cz are unknotted pélyhedral solid tori
[11, p. 164] with C interior .0 both Cy and Cz and concentric with
each, Thus C: and C; are equivalently situated. 8Since n 1s a latitude
curve on Bi , it is non=nullhomologous on Bd By and bounds a disk D whose
interior lies in S° = By = Int C;3 . It follows.that n 1s a meridian curve
on Cy . Lemma 5,3 then implies that n cannot be nullhomologous on

Bd B = Bd Cz .
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Lemma S.5, Suppose that By and Bz are two equivalently situated

poiyhedral solid tori which are interior to and concentric with the poly-

hedral solid torus B . If s 1is a component of Bd By (| Bd By which

is nuilhomelegous on Bd By ; then = ‘ii also nullhomologous on Bd Bz .

s

Proofs let D be a dizk on Bd By bounded by s , and suppose
first that Int D M B4 By = O » Then s 1s elther a meridian curve on
Bd Bz ; a latitude curve on ’Bd Bz s or is nullhomologous in Bd Bz ., Butb
if & were a meridian curve cn Bd Bzy Lemma 5,3 would imply that s 1is
not nulihomolcegous on Bd B4 , while if & were a latitude curve on Bd Bz s
Lerms 5,k would imply that s is not nullhomologous in Bd By . The curve
5 must therefore; in this casey, be nullhomologous on Bd Bz .

If, on the cther hand, Int D [1Bd By ¥ [J , denote by riy coes 1y
the components of Int D N Bd B2 » Each of these components must be null=
homelogous on' Bd By s so denote by Dy the subdisk of D bounded by ry
for 1 & 1 = k , Sinze the number of these components is finite, there
mugt be a2t least one, say ry s such that Int Dj (] Bd Bg = 0 . The
argument of the preceding paragraph then shows that ry is also nullhomolo~-
gous on Bd Bz . Hence denote by Cj the disk on Bd Bz which is bounded
by Ts ., Then define D' = (0 -Dy) U Cy 5 and deform D' semllinearly
away from Bd Bz in a neighborhocd of CJ to obtain a disk D" bounded by
% and having only k = 1 components of intersection with Bd Bz (in its in=
terior), After k steps of this kind a disk D* 1is obtained which is
bounded by s and whose Interiocr does not intersect Bd By . The argument
of the preceding paragraph then applies to show that s 1s nullhomologous

on Bd Bz

Lemma 5.6, Suppose that By and By are two equivalently situated
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polyhedral solid torl with boundaries T, and T, respectively. Let B!

and B® be two concentric polyhedral solid tori, with B' dnterior to both

Bs a_n__gi= B2 5 and with B® containing both B, and Bz 1n its interior,

Then there exists a semilinear homeomorphism h of s3 onto itself, which

is the identity on B UJ (s3 - B™) , such that no component of h(Ti) M Te

is nullhomologous on either h(T3) or Tz .

Proof: Let ri, .'.,, ry be the components of Tj ﬂ T2 » each of

which is nullhomologous on either Ty or Tz , By Lemma 5.5 each of these
components is nullhomblogous on both Ty and Tz . Hence denote by C4 and
D3 the disks on Ty and Tz respectively bounded by ry , 1 =15 ,0.5 k &

Since the number of nullhomologous components of intersection of T,
and Tz 1s finite, there must exist a component ry such that the disk Dj
on Tz contains no nullhomologous component of T; n T2 1in its interior,
Then the two disks Cy and Dj intersect only in their common boundary, so
that Cj U Dj‘ is a polyhedral 2=sphere. Since CJU Dj C Int B®™ , one
of the components of s3 - (Cj U Dj) must be interior to B®™ denote by A
this open 3=cell bounded by Cy U Dy . Since Cj U Dy C 83 -p s clear=
1y either Bt C A or A (- s3 - Bt o But B' C A C Int B® implies that
O(B™ B*) = 0 [11, p. 173], and by Theorem 2,k this contradicts the fact
that, by hypothesis, B! and B"™ are concentric. It follows that
A Cint (B™ -B') ,

Now define

M=8 U cus3 -3m Uculr - cy) .

Since Int Dj N Ty = a s 1t is clear that M intersects the 2=sphere

Cj U Dj only in the simple closed polygon Ty, and that M M A =0 .
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A theorem of Graueb (7, Satz 12] then implies the exlstence of a semilinear
homeomorphism f of S3 onto itself which is the identity on M and which
carries Cy onto Dy , so that £(Ty) = (T2 = C5) U Dy, Now let U be
a neighborhood of Dj contained in B% - B! and let g be a semilinear
homeomorphism of s3 onto itself which deforms f{T1) away from Tp in U
and which 1s the identity outside U . If hy; = gf , then hy 1s a semilinear
homeomorphism of s3 onto itself which is the identity on B! U (s> - B®)
and which is such that the nullhomologous components of hi(Ty) ﬂ T, are
exactly the nullhomologous components of Ty [ Tz , except for those which
are contained in Cy [ Tz . Consequently hi(Ti) (\ Tz has fewer null-
homologous components than does Ty N Tz o

By a finite sequence of such semlllnear homeomorphisms of 83 onto
itself, each the identity on B' U (83 - B") , all of the nullhomologous com=
ponents of Ty .[) T, are finally eliminated,

Theorem 5.4, Suppose that By and B, are two equivalently situated

polyhedral solid tori in s3, Let B' and B™ be two concentric polyhedral

solld tori, with B' interior to both B, and Bz, and with B® containing

both By and Bg in its interlor. Then there exlists a semilinear homeo=

morphism h of S3  onto itself carrylng Bz onto By and such that h 1is

the identitygg B U (s3-B) .

E_z:__o_g}_‘: According to Lemma 5.6, it may be assumed that no component of
Ty M Tz » where Ty = 3d By and T = Bd Bz , is nullhomologous on either
Ty or T, If Ta () Tz = [J , then Theorem 5.1 implies that By and B;
are concentric, It then follows from Theorem 2.4 that By and Bz are
equi:valently knotted and that ‘O(Bz, ‘Bl) =1, Conse;;uently there exists

(11, p. 178] a semilinear homeomorphism h of s3 onto itself carrying B,
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onto Bis and which is the identity outside a prescribed neighborhood of
C1(B: - B,) .

Suppose on the other hand that T, fﬁ T, # a s and let
S15 ...y Sk be the components of T, N Tz . Since each of these com=-
ponents 1s non-nullhomologous on both Ty and Tz each pair of such com=-
ponents separates both Ty and Tz into a palr of annular rings. Enumerate
the collection of all such annular rings on T3 1in a finite sequence
R1y ocey Ry . The number of these annular rings being finite, there must be
at least one, say Rj , whose interior does not contain a component of
Ty N T2 . Then denote by Sj' and Sj"' the closures of the two annular
rings into which Tz 1s separated by Bd Ry o Since Sj' rT Rj
= 54" N Ry = Bd Ry = Bd S4' = Bd S4* , it follows (11, p. 165] that
the tori S4'U Ry and S4m U Ry bound solid tori A4' and Ay" res-
pectively interior to B™, It is immediate that Int Aj' M Int Aj" -0 o
Since clearly By (C Ay U Ay™ and B! C Int Bz by hypothesis, and
since B! is a connected set intersecting neither Bd Aj' nor Bd Aj" ’
it follows that either Aj‘ or AJ“’ contains B' in its interior., If
B' C Int Aj' define Sy = Sj" s and if B' (C Int Aj" then define
Sj = Sj' o Thus is defined an annular ring Sy on Tz with Bd Sj = Bd Rj
and with Rj J Sj bounding a polyhedral solid torus Aj which is in-
terior to B™ - B! ,

Now define

M=8t U ci(s3 -3m (U cL(T: - 54)

Since Tg rw Int Rj - s 1t is clear that M intersects the torus

Rj U Sj only in the palr of simple closed curves Bd Rj = Bd SJ s and
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that M does not intersect Int Ay . There is therefore [11, p. 165] a
semilinear homeomorphism f of S3 onto itself which is the identity on
M and which carries S5 onto Rj , so that £(T) = (Tz - Sj) U Ry o
Now let“‘U be a neighborhood of Rj contained in B" = B* and let g
be a semilinear homeomorphism of s3 onto itself which deforms £(T2)
away from T3 1inside U and which is the identity outside U, If
hqy = gf 4 then hy 1s a semilinear homeomorphism of S3 onto itself
which is the identity on B' \J (S3 - B") and which is such that hy(T,)
intersects Ti1 1n precisely those components of Ty N Tz which are
contained in T, = Sj . Thus h3(T.) intersects Ty 1in fewer components
than did T2 . By a finite sequence of such semilinear homeomorphisms of
s3 onto itself, each the identity on B* (U (53 - B") , all of the com-
ponents of intersection of Ty and T, are consequently eliminated. Thus
is obtained a semilinear homeomorphism ¢ of s3 onto itself, the identity
on B' U (S3 - BW , such that #(T,) M Ty = 3 . It then follows
from Theorem 5.1 that the polyhedral solid tori By and g(B;) are con-
centric and hence that there exists a semilinear homeomorphism % of 33
onto itself which is the identity on B! U (S = B®) and which carries
#(Bz) onto By .

If f%nally h=§¥d, then h is evidently the mapping required by

the Theorem,



CHAPTER VI
TAME CURVES IN THE THREE~SPHERE

The purpose of thls chapter 1s to obtaln a new characterization of
tame simple closed curves in s3 s using certain concepts involving con=
centric torl together with the characterization of Harrold, Griffith, and
Posey [10].

Definition 6,1, The set X in s3 1s said to be locally polyhedral

at p & s3 1if and only if there is some closed neighborhood N of p in

s3 whose intersection with X 1s empty or is a finite polyhedron. The set

X 1is called locally polyhedral modulo Y (mod Y) 1if and only if it is
locally polyhedral at each point of s3 - Y.
Definition 6.2, The simple closed curve J 1in 83 is saild to be

locally peripherally unknotted if and only if, to each &€ > O and to each

x & J , there corresponds a topological 2-sphere K such that
(a) K C S(x, é) ’
(b) K 1is locally polyhedral mod J ,
(¢) x & Intk,
(d) K (1 J consists of exactly two points,
Definition 6.3. The simple closed curve J in s3 1is said to be

locally unknotted if and only if, to each point x ¢ J , there corresponds

a disk G such that
{(a) G is locally polyhedral mod J ,
() ¢ MNJ is an arc,

(c) G (1 J 4is the closure of a neighborhood of x relative to J .
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Definition 6.4, The simple closed curve J 1in s3 1is said to

have the enclosure property if and only if, to each € > O , there corres=-

ponds a polyhedral torus which is contained in S(J, €) and which contains
J 1in its interior.
Definition 6.5, The simple closed curve J in 83 1s sald to have

the concentral enclosure property 1f and only if there exlsts a decreasing

sequence of mutually concentric polyhedral solid tori intersecting in J .

Some use will be made in this chapter of the following elementary por-
tions of the theory of linking numbers as get forth in Chapter II of the
book Topologie by Alexandroff anq.Hopf [2]. The 1inking number of two cycles
zy and zz is denoted by V(zy, z2) = YJ(z;, z1) «» If 23 and zp are
disjoint simple closed curves in 83 ; and 24 is‘the boundary of a disk D
such that D and 2z are in relative general position, then |2/(z,, z,)l
must be zero if D ,[1 2= and must be 1 if D [ 2z is a point,

In the latter case it will be sald that 231 and 22 }E&E each other,
‘Definition 6;6. The simple closed curve J 1s sald to pierce a
disk at the point x & J 1if and only if there exlsts a disk D' such that
(a) D 1is locally polyhedral mod J ,
® DN J=x, _
(c) BdD links J . -

As ié well nown, the examples of Fox and Artin [6] show that the
propertieg of local peripheral unknottedness and local unknottedness are in=-
dependent. The concentral enclosure property clearly implies the enclosure
property, and Harrold [9] has shown that local peripheral unknottedness also
implies the enclosure property. quever, example L.l shows that neither of

these implications can be reversed,
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Theorem 6.1, If J 1is a locally peripherally unknotted simple

closed curve in S3 » then J plerces a disk at each point of a countable

) -]
dense subset {?ﬂ} of J o
. =

Proofs The proof of this theorem is implicit in the proof of
Lemma 5.2 of [10],

An arc A in 53 is said to have the enclosure property if and
only if, glven € > 0, there exists a polyhedral 2-sphere K which con-
tains A in its interior and which is contained in the € =neighborhood of
A, It is easily seen that 83 ~ A 1s homeomorphic to the complement of a
standard segment, that is, is an open 3-cell, if and only if A has the
enclosure property. The following theorem indicates that the concentral en-
closure property plays somewhat the same role for simple closed curves as
does the enclosure property for arcs,

Theorem 6.2, If the simple closed curve J 13 83 has the concen=

tral enclosure property, then there is a polygonal knot K in 83 such

that 83 -J and 83 -k are homeomorphic,

Proof: Let {B%F: be a sequence of concentric polyhedral solid
tori intersecting in J¢. Define U, = C1(s3 - Bi) and U, = C1(Bp~, = Bp)
for n= 2, 3, «co o« Then let K be a polygonal knot of the same knot
type as the tori Bp , and let {P#}Tﬁ be a sequence of concentric poly-
hed;al soliq torl intersecting in K , each having K as a center line

[11,0. 177]. Define Vi = C1(S3 - €1) and V, = C1(C,_, - C) for

n-1
n=2, 3, vee o

Since Schubert [11, p. 180] has shown that, given any two equiva=-
lently knotted polyhedral solid torl B and C in S3 , there is a seml=

linear homeomorphism of s3 onto itself carrying B onto C , it follows .
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that there exists a semilinear homeomorphism g carrying U; onto Vy .
i

Suppose now that the domain of g has been extended so as to carry r\1‘=J1Un
i

homeomorphically onto %len . Then, since By and By,, are concentric

and C; and €y,, are concentric, Uj4; and Vj,; are both homeomorphic

to the topological product of a torus and an interval, It follows that g

1+
can be further extended so as to carry UlUn homeomorphically onto
1+1 n=

wlvn » Continuing by induction, g 1is extended homeomorphically so that

finally - -
g\ Ur) = U

n=1 / n=1

oo | ®
But r&{Un =83 -7 and #’len =383 -k s S0 that g 1s a homeomorphism
of 83 - J onto S3~- K.

Lemma 6.1, Suppose that J is a simple closed curve H s3 having

the concentral enclosure property and let ‘{Bn}j be a sequence of polyhedral
solid tori such that
(2) Bn+a C Int B, for n=1, 2, ...
() (B =J.

n=1

Then there is an integer N such that By and By are concentric if
1> 35 20N,

Proofe Sinece J has the concentral enclosure property, there is a
(-4
decreasing sequence {Cn} of concentric polyhedral solid torl such that

ao 1
‘ oo
r(:lcn = J . Since {83 - B,}I is an increasing sequence of open sets cover=-

A

ing the compact set S3 = 1Int Cy , there is an integer N such that

s3 — 1IntC CS3-BN;. Then B;CIntC;, for n 2 N. Now let

1 and J be integers such that 1 > J 2 N . Since {53 - Cn}t is an
increasing sequence of open sets covering the compact set s3 - Int By »

there is an integer M such that Cy ( Int By » Then By and By are
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two polyhedral solid tori, each containing CM in its interior and each
contalined in the interior of Cy . Since Ci and Gy are concentric, it
follows from Lemma 5.1 that By and Bj are equivalently situated,

Since (a) implies that Bd By [1 Bd By ={J , Theorem 5.1 shows that By
and By are concentric.

Lemma 6,2, Suppc;se that J is a simple closed curve in 83 having

the concentral enclosure property and which pierces a disk at each point of

8o
‘a countable dense subset. Then there is a sequence {Di}l of disks and a

. ) .o
sequence {Bi} of concentric polyhedral solid torl such that for
o
1=1, 2, ..., ‘
(é}) Dy N g= a; , a point,

’ )
(v) {ai}:'. is a dense subset of J ,

(¢) D;j is locally polyhedral mod J ,

(d) BADy lnks 7,

() Dy C SCaq, /1),

() Dy ﬂD&-D ir 143,
(g ¢ CIntBy,

'Cy)ﬂ B Cs@,14) N Int By

(1) Bd Dy 1is a meridian curve on Bd Bi ,

(1 D3N Bd Bj 1_s§_meridian curve on By for J = 1, and
py N Bapy =0 1ir 3< 1.
“Probfs The proof of this lemma follows closely the proofs of Lemmas

5.2 and 5,3 of [10] . The proof of the former applies without alteration to
- )
yield a sequence {Dj_}l of disks satisfying conditions (a) through (f),
Now make the inductive assumption that the disks Diy ..., Dp have

been properly altered and the solid tori By, ...y Bp.y chosen (not neces=
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sarily concentrie) in such a way that conditions (g) through (j) are satis-
fied for these sets. On each of the disks Dy 5 1 = 1, .ee5 n, choose a
fixed subdisk Df having aj as an interior point and lying entirely in
S(J, 1/2n) . For each 1 let 3] demote ,O(J, D3 - D{) and then de=
fine

-

61'1 = min [/OCJ’ Bd Bn_l)’/a(t}, Bd Dn), Bi, csoy 2/11’ 1/2!1].

Since J has the concentral enclosure property, there is a polyhedral solid
torus B, containing J in its interlor and such that Bj - s(J, €n).

It is then immediate that Bp satisfies conditions (g) and (h)., Also

BdD, C (83 -By) M IntB_,

n

since itvmay be assumed that Dp C Int Bp-y (taking a subdisk if necessary).
The inductive hypothesis together with Dy C Int Bpoy implies that (1) |
holds for 1 <« n and that (3) is satisﬂed for j < n and all

1 =1, 2 +.e5 n . Therefore only the sets Dy M Bd By for 1 £ 1 € n
need be considered in order to prove that the choice of Bp can be made as
required,

It will be convenient to suppose that a disk D, has been chosen such
that D, N J isa single point &ag, Bd Do 1links J , Do 1s locally poly-
hedralmod J , Dy () Dy =0 for 1 =1, 2, ... . It is clear that no
simple closed curve on any Dy 1 > O, can 1link Bd D, , and it may be
assumed that Bd D, C s3. Bo - It 1s clear that each meridian curve of
a By, links J ., For if M were a meridianal disk of By not intersecting
J then, since M @) 01(53 = Bp) 1is simply connected, it would follow that
Bd Do doesunot link J . On the other hand, each latitude curve of Bp
links Bd Do , since Bd D, links the curve J ( Int By . It follows that
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every non-nullhomologous simple closed curve on Bd By must link either
J or Bd Dy .

For any fixed 1 , 1 £ 1 £ n, Bd Dy is a curve in SB-Bn
and Dy () Bd By 1is the union of a finite collection Tjys Tigs eees r{ni
oi‘v mutually disjoint simple closed curves. Since every simple closed
curve on Bd B, must link either J , Bd Dy , or neither, the curves r;_j
are divided into two types.

Type 1: rij links neither J nor Bd Dg »

Type 2 r{;j links J but not Bd Dy .

Tt may now)bevshown by the argument on Page 20 of [10] that all of
the componentsAof Type 1 and all but a single component r3i, of Type 2
can be eliminated by a deformation of Bp which is §uch that the new solid
torus By obtained satisfies conditions (g) and (h)., Since ry, links J
it is clear that ry, cannot be nullhomologous on Bd By . Since ry,
bounds a disk whose interior lies in 1Int By , it follows that ryp 1s a
meridian curve on Bp .

This process is repeated for i =1, 2, 3, ...y n 1in turn, so that
as a consequence (J) is satisfied for j=n ad 1 &€ n. If D is
replaced by Dn () ”Bn , then (1) will hold with i = n ., Fnally it may
be assumed that Di C Int B, for 1 > n, so that (J) is satisfied
for J=n and 211 1,

"Thus a sequence {Di}: of disks and a sequence {Bj}j of polyhedral
solid tori are found satisfying conditions (a) through (j). It remains only
to be seen that o‘tgemsolid tori {Bi}: may be taken concentric. It follows
from (h) that Q,Bi = J, Slnce J has the concentral enclosure property

it foilows from Lemma 6.1 that there exists an integer N such that By and
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By are concentric if 1, J 2 N . The desired sequences {Di}z. and

{Bi}w are then obtained from those above by deleting the first N ele=-
0,

ments of each sequence.

Lemma 6.3, Suppose that J 1s a simple closed curve in s3

which has the concentral enclosure property and which plerces a disk at

each point of a countable dense subset. Then J 1is locally peripherally

unknotted.,

Proof:s Given an arbitrary point x € J, it suffices to find a

sequence {Kn}c’: of 2=-spheres such that for each n 2 1
(a) x & Int Ky ,
(b)' J ﬂ Kn, 1s a pair of points,
(_c)‘ Kn 1is locally polyhedral mod J ,
(a) km; C Intk,,

(e)- ﬁCI(In? Kp) = x .

[- - L -]
Let {Dn}l and {Bn}:. be the sequences of disks and concentric

solid tori respectively given by Lemma 6.2, Choose two subsequences

(-4 ©o [-~4
D and of h that umdng that ubarc
{nj}i-l {Pmi}i-:, {Dn}:L suc at (ass g that a s
of J containing x as an interior point has been given a linear order)

a0
{ani} converges to x monotonely from the left and {zm!}” converges

1 1
to x monotonely from the right. Denote by Ay that subare of J which

Jjoins apny and amy and which has x as an interior point. Then clearly
[ -

If k3 = max(ny, my) then, by condition (j) of Lemma 6,2, By,
intersects Dp, and Dp, in meridianal disks of Byx, . Then denote by
Rk, the one of the two annular rings, into which Dp, U Dy, separates

Bd Bk; s such that the 2=-sphere
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Ky = (Dny, ) Bxy) U Oy (By,) U By,

contains x in its interior. Clearly K, satisfies (a), (b), and (c)
for n=1,

If K1y cees K;» and Ryys soes Rkj have been similarly defined
with the 2-spheres K;i satisfying conditions (a) through (d), let

kj+1 be a fixed integer such that

kj"'l > m&X(Hj*l, mj+1, K1y osoos kj)

and denote by Rkj+1 the one of the two annular rings, into which

ij+1 U Dnj+1 separates Bd Bkj+1 s such that the 2=sphere

Kyeg ™ (Dnj-x-:. N Bkj-v-:l.) U (ijﬂ. N Bk;}%:.) U Rkj+1

contains x 1in 1ts interior, ,
oo
In this manner is defined by induction a sequence {?5}1 of 2=
spheres satisfying conditions (a) through (d) with J 1 c1(Int Kj) = Ay

and C1(Int Ky) C Bkj . Then

x € ﬁcn(rnt k) C (\Bkj

J= J=2

so that
(ﬁ\Cl(Int KJ) - (—\[J M c1(Int Kj)]
ja1 ) j’l
- ('\
J‘lAj

ﬁcmnt Ky) = x
=
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Hence (e) also holds., Since x was an arbitrary point of J , it
follows that J 1is locally peripherally unknotted,

Lemma 6.L. Suppose that J 1is a simple closed curve in s> which

has the concentral enclosure property and which pierces a disk at each

point of a countable dense subset. Then J is locally unknotted.

Proof:s It will be shown that J 1is locally unknotted by defining

an annular ring G which has J as one component of its boundary and
which is locally polyhedral modulo J . Let {ééyj be the given countable
dense subset of J and let {péyz and {?ﬁ}: be the sequences of disks
and concentric solid tori respectively given by Lemma 6,2,

A dyadic system of notation will be convenient. Let a{0) = a,
and a(l) = a, . Let H and K be the two subarcs of J from a; to
az . Lef an3 be‘the first element of a3y a), ..{} on H and let
an), be the first on K , Set a(0, 0) = a(0) = an, » a(l, 0) = a(l) = an, 4
a(0, 1) = 2ns » a(l, 1) = an), « The set an,, ap,, angs an), divides J
into four subargs. Continuing in the obvious manner, at the nth stage
o points alai1s eees an) » ag =0 or 1, have been selected from
{al, ag,r...} « Each aj occurs first at a unique stage. As before
set a(a1s ee.s Gpegs O) = alays ... apeq) . The disk Dp which meets
J at ap = a(a1y sees ap) 1is denoted by D(ay, ... ap) .

Let m; Dbe the least positive integer such that the solid torus
Bpm, meets both D(0) and D(1) . Let my be the least integer greater
than my; such that Bmz meets each D(a1, az), a3y =0, 1 . In general
let My be theﬂleast integer greater than Myey such that Bmp meets

each of the disks D(a1y eees ap) saj =0 or 1., A new sequence
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{cp}:=1 of concentric polyhedral solid torl intersecting in J 1is ob-
tained by defining Cp = Bmp o The torus Bd C, then meets each of the
disks D(a1s eeey Gn) 1n a meridian curve. The disk Cp N D(a1s eees ay)
will be denoted by Dplais e..» ‘an) .

befine U, = C1(C, - Cp4y) « Since Cp and Cpsy are concentric,
Un 1s the topological product of a torus and an interval. Clearly Un
is a'epar'ated.into' f'ccmponénts by thetunbonibf thedisks' D(aay eees an) »
ay =.0,.1 Denote by Q(ai1y eees ap) the component determined by
D(a1s +ess Gn) and D(P1, «.es Pn) » where (aes oves ap) and (B1s «ves Pp)
are consecutive n-tuples, with n-tuples ordered by (a1, ..., ap)
< (Prs ¢+ Bn) ifandonlyif aj=By,J < 1, and a3 < By for
1< n. The boundary of Qaay ...» an) then consists of the four

annular rings

T(a:,, seey Gn) = Un n D(Cl, veey an)
(T(B]_, coey Bn) = Un r] D(ﬂl) coey Bn)
Rn (01, X% Gn) 'C Bd Cn

Rn+1(01, 'YX?) Gn) C Bd Cn.,,1

Since C, and Cp4y; are concentrie, they have a common center line k
which intersects each of the meridianal disks D(ai1, ..ss ap) and

D(B1s ++os Pn) 1n a single point. If k' is the subarc of k which is
interior to each of the two 2-spheres D(a) U D(B) U Rp(a) and

(@) - T(@)] U [D(p) - T(p)] U Rn+a(a) » then clearly k' is an un=
¥notted chord of each of 'thesé spheres, so that Q (a1, ..es ap) 18 an une

knotted solid torus on which the simple closed polygons
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rp(a1s «oes an) = Dlazy o..y ap) M Bd Cp
rn(B1s ++es Pn) = D(Bys «ves Bn) (1 Bd Cy
Tn+s(@1s +e05 an) = D(aa, ..0s ap) (| Bd Cp+a

rn+1(51, coey Bn) - D(ﬁli soey Bn) ﬂ Bd Cn"’l

are latitude curves.,
The annular ring G wlll be defined as
00
G=JdU UGy
n=1
where Gp 1s an annular ring in Up intersecting each T(G1y eees an)

in an are, with Bd G, consisting of two simple closed curves, one on

Bd C, and the other on Bd Cpsy s Such that Gp (| Bd Cpuq = Gpey
M Bdcper o

‘ The set Ui 1s separated by D(0) and D(1) into the two solid
polyhedral tori Q(0) and Q(1) . Let 8;(0) and s;(1) be polygonal
arcs spanning R3(0) and Ri(1l) respectively, with common endpoints on
r1(0) and ry(1) ,‘so that §1(O) U s1(1) 1is a longltude curve on
Bdwci‘. Let f(&;) a3 =0, 1 ,ﬂbe a polygonal arc spanning. T(zy) and
having an endpoint in_common with  sy(a1) . Thep‘join the endpoints of
t(0) and t(1l) by polygonal arcs 82(0) and sz(1) on Rp(0) and
R;(i) respectively, each intersecting each of the meridian curves
rzfai, az) in a single point, and such that 81(a1) U s2(az) U t(0)
LJm't(lj ';s a meridian curve on Qlaj) 5 a1 = 0y, 1 « Let A(ay), a1 = O,
1, be 8 polyhedral meridianal disk bounded by s3(a1) U sz2(az) U t(0)
U t(1) . Then Gy = A(0) U A(l) 1is a polyhedral annular ring in U,
whose boundary consists of the curves s,(0) U s1(1l) on Bd Cy and

s2(0) U s2(1) on BdCs &
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Suppose that the amﬁg%ar rings Giy eees Gn.i ha;rilnow been de=-
fined in such a way that HG:’L is an annular ring in i_L-J1Ui with boun-
dary curves s1(0) U s.(1) on Bd Gy and Ugn(a1, cees Qpmy) ON
Bd Cph , such that the longitude curve USn(G.]_, coey an—i) intersects
each annular ring Rntal, eees Gn) in an arc spl@iy «eey an) spanning
1ts boundary. Define 2% polygonal arcs t(ay, eeep an) » a3 =0, 1,
with t(aq, ooy an) spamning the annular ring T(a1y ese o:n) and having
one endpoint on Usn(al, ceey Qne1) o

To define .a.meridianal disk A(ay, «.sy ap) of the solid torus
Qla1y eeey an) , join the endpoints of tla1y, eees ap) U snlaz, eees an)
U t(B1s +.es By) by a polygonal arc Sps+i(@1s .eey an) , such that
tla) U t(B) U spl) U spsa(a) 1s a meridian curve on Q(ais ee.» ap)
and Sps1(ays eeey ap) “ intersects ‘each of the meridian curves
rp+1(a1s eees anp1) 1n a single point. Then let A(ays eees Gp) be a
polyhedral meridianal disk of Q(a1s «ssy @) with t(a) U t(p) U sp(a)

U sn+1(a) as its boundary. The annular ring G, 1is now defined by

Gn = U A(al, cosey an)
G.i”O,l }

It will now be proved that the set

X
c=g9 U Ug,

n=1

is indeed an annular ring having J as one component of its boundary and
vhich is locally polyhedral modulo J . Denote by G' the annular ring in

the xy-plane bounded by the circles r =1 and r = 2. Denote by J!
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the cirele r=1 and by C,' the circle r =1 + 1/n s D=1, 2, 4e0 ¢
Denote by GOp' , the annular ring bounded by €' and G;...; o Let g
bs & hemeomorphism of J onto J' and denote by a'(axs ..oy ap) the
image under g of a(ags .0.5 Gp), and denote by L'(aay cses @) the
74dial line in the xy=plane determil:xed by the

A (1)

point a'(a1s seep @p) ¢ Finally denote by. A'(aas ses» Gn) the sector
of 0Opt determined ﬁy L'(aap cees an) and L'(Biy eoes Pn) » vhere
(B3¢ a;,g Bp) 1s the n~tuple immediately succeeding (223 o005 apn) .
See the figure above.

Let g, be a homeomorphism of G onto Ca' ocarrying A(aa)
onto A'{es) @1 =0y 1, Im genergl, let gn be a homeomorphism of
Gy, onto Gt which carrfes A(a1s +..; an) onto A*(a1y e.e5 o) and
aérees with 0 gn-1 @ Gy N Gypy « This gl.vu:a homeomorphism g of
ua J onte GO = J' defined by g(x) = gn(x) 1f x & G, ., Then ¢
is ciearly a 1 =1 map of @ .onto .g' and is 'continuous at each iﬁoint
of 0-J , Itremains tobe seen that g 4is also contimuous at each
point of J .

For each point p & J and each integer n let Dp(p) denote
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UD(am.p ecop Gy) 1f p lies on no disk D(azs eoes ap) » but let
Dp(p) denote [UD(a1s eoes an) I\ D(B1s coes By) 1f p £ D(B1s eees Pn) o
Then define v(p) to be the component of (Int Cp) = Dp(p) which contains
p . Simlarly for each point p' & J' and each integer n let L,'(p')
denote UL'(a1s eces ay) 1f p 1lies onno line L'(ays seep Gp) » but let
T,'(p') denote [UL'(azs eeos an)] = L'(B1s eoos Bn) 1if
p' & T'(Brs soes Pn) » If B,' 1s the set of points inside Cp' but not
inside J! s denote by Vp!' (p') that component of Bp' = Lp' (p') which
contains p' , It is readily seen that p = @Vn(p) and p! = nfivn' (pt) &

" Now let ‘{pn}io be a sequence of polnts of G = J converging fo |
P & J . Then to any nelghborhood N of p' = g(p) in G' there corres=-
ponds an index n such that V,'(p!) C.N ., Since p#—;p s 1% follows
that all but a finite number of the points {Pn} lie in [V, ()]
N (G=J) . Since g 1s a homeomorphism on G = J , 1t follows that all
but a fin%ﬁe mmber of the points glpn) 1lie in V,'(p') C N . Conse-
quently g 1s continuous at the point p & J .

Thus g 1is a 1 =1 continuous map of the set G onto the annular
ring G' . But G 1s clearly closed and hence compact, For obwviously any
any limit point of G=J notin G ~J must lie in élcn = J , so that
Cl(G~=J) C G. Ten G=CL{G=J) lJ J, so that G 1is the union of
two closed sets and 1s hence 1tself c¢losed. It follows that g 1s a homeo=
morphism of G onto Gt , A

Thus J 1is a component of the boundary of the annular ring G,
which i1s locally polyhedral mod J , It follows immediately that J 1is

locally unknotted,

Theorem 6.3, The simple closad curve J in S is tame if and only
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if J has the concentral enclosure property and pierces a disk at every

point,
Proof of Sufficiency: If J has the concentral enclosure property -

and plerces a disk at every point, then, by Lemmas 6,3 and 6,4, J 1is
locally peripherally unknotted and locally unknotted. It follows from
Theorem VII of [10] that J 1is tame,

~ Proof of Necessity: If J 1s tame then there is a homeomorphism
£ of 83 onto itself such that K = £(J) 1is a polygonal closed curve,
Given x &€ J 4 K clearly plerces a disk D at f{x) . Then J
plerces the disk f*(p) at x ., By the poiyhedral surface approximation
Thgorém (4], 1t may be assumed that £~ i(ﬁ) is locally polyhedral
modulo J , ) |

‘There 1is a sequence {Cn}: of concentric polyhedral solid tori

such that ﬁ_on =X [11, pa 1771, If By = £73(Cy) for n=1, 2, euep
then 'V{Bn}: 1s a sequence of concentric tame solid torl such that
ﬁBn = J ., By the proof of Thecrem l.2, there is a homeomorphism g of
83 onto itself which leaves J fixed and carries each Bn onto a poly~
hedral solid %torus, Consequently J has the concentral enclosure property,

Corollary 6.1, The simgie closed curve J 1in s3 is tame 1f and

only 1f J is locally peripherslly unknotted and has the concentral enclo-

sure properity,

Proof: If J 1is tame, then J 1s locally peripherally unknotted
by Theorem VIT of [10] and has the concentral encloswre property by
Theorem 6,3,
Conversely, 1f J 1s locally peripherally unknotted, then J pilerces

a disk &t each point of a countable dense swbset by Theorem 6.1, By



Lemma 6,4, J is then locally unknotted, It follows that J is
tame [10].
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