
University of Tennessee, Knoxville University of Tennessee, Knoxville 

TRACE: Tennessee Research and Creative TRACE: Tennessee Research and Creative 

Exchange Exchange 

Doctoral Dissertations Graduate School 

12-1960 

Electromagnetic Production of Pion Pairs Electromagnetic Production of Pion Pairs 

Clayton D. Zerby 
University of Tennessee - Knoxville 

Follow this and additional works at: https://trace.tennessee.edu/utk_graddiss 

 Part of the Physics Commons 

Recommended Citation Recommended Citation 
Zerby, Clayton D., "Electromagnetic Production of Pion Pairs. " PhD diss., University of Tennessee, 1960. 
https://trace.tennessee.edu/utk_graddiss/2975 

This Dissertation is brought to you for free and open access by the Graduate School at TRACE: Tennessee 
Research and Creative Exchange. It has been accepted for inclusion in Doctoral Dissertations by an authorized 
administrator of TRACE: Tennessee Research and Creative Exchange. For more information, please contact 
trace@utk.edu. 

https://trace.tennessee.edu/
https://trace.tennessee.edu/
https://trace.tennessee.edu/utk_graddiss
https://trace.tennessee.edu/utk-grad
https://trace.tennessee.edu/utk_graddiss?utm_source=trace.tennessee.edu%2Futk_graddiss%2F2975&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/193?utm_source=trace.tennessee.edu%2Futk_graddiss%2F2975&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:trace@utk.edu


To the Graduate Council: 

I am submitting herewith a dissertation written by Clayton D. Zerby entitled "Electromagnetic 

Production of Pion Pairs." I have examined the final electronic copy of this dissertation for form 

and content and recommend that it be accepted in partial fulfillment of the requirements for the 

degree of Doctor of Philosophy, with a major in Physics. 

R. W. Present, Major Professor 

We have read this dissertation and recommend its acceptance: 

Edward G. Haris, John W. Feuherger, D. L. King, T. A. Welton 

Accepted for the Council: 

Carolyn R. Hodges 

Vice Provost and Dean of the Graduate School 

(Original signatures are on file with official student records.) 



ii 

October 21, 1960 

To the Graduate Council: 

I am submitting herewith a thesis written by Clayton D. Zerby 
entitled ''Electromagnetic Production of Pion Pairs. " I recommend that 
it be accepted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy, with a major in Physics. 

We have read this thesis and 
recommend its acceptance: 

Acting 

Major Professor 

Accepted for the Council: 



ELECTROMAGNETIC PRODUCTION OF. PION PAIRS 

A Dissertation 

Presented to 

the Graduate Council of 

The University of Tennessee 

In Partial Fulfillment 

of the Requirements for the Degree 

Doctor of Philosophy 

by 

Clayton D .  Zerby 

December, 1960 



:J.ii 

ACKNGIIEDGMENTS 

The author is deeply indebted to Dr . T. A. Welton, who suggested 

this problem and under whose guidance it was carried out . The many 

stimulating discussions with him which were possible only by a generous 

allocation of his time contributed markedly to every phase of this work. 

The author is also grateful to the administration of the Oak Ridge 

National Laboratory, who made their facilities available in the comple­

tion of the work, and is particularly appreciative of the consideration 

of the Director of the Neutron Physics Division, Mr. E. P. Blizard, for 

arranging the work schedule so that this problem could be considered and 

carried to completion. 

479948 



TABLE OF C C!f.I.'ENTS 

CHAPTER 

I .  INTR<DUCTI ON . . . 

History of Problem 

Objectives of the Study • • 

Organization of the Report 

. . . . . 

Notations and Units 

II . GENERAL CONSIDERATIONS 

The Charge Distribution 

. . . . 

The Heavy-Nucleus Approximation 

III .  THE OPTICAL P<Jl'ENTIAL AND ITS IITRCD�TION 

INTO THE FIElD EQUATIONS 

Justification of the Optical Model 

Introduction of the Complex Optical Potential 

. . . . 

. . . 

. . . 

. . 

. . . 

into the Fie�d Equations • • • • 0 0 • 

IV. F<EM OF THE FINAL-STATE FUNCTI<:m . . . . . . . 

V. DEVELOPMENT OF THE PAIR PR<DUC'l'ION CR<BS SECTION 

IN Al«HJLAR MOMEN'lUM STA'IES . . . . . 

vr. METHODS OF SOLtJ!'I ON . . . . . . . . 

General Description of Con�ents . . . . 

Racah and ClebsCh-Gordon Coefficients 

Methods for (l)taining the Function F (t1�t.3L) 

Spberical Bessel functions 0 . . . 

The Coulomb potential • 0 

. • 

. • . 

. . 

. . 

. . 

. , . 

. . 

PAGE 

1 

2 

5 

6 

7 

8 

8 

12 

14 

14 

17 

27 

34 
48 

48 

49 

51 

51 

52 



v 

CHAPTER PAGE 

Removing the singularity in the radial differential 

equation 

Solution of the radial differential equation 

Determination of the normalizing constant and complex 

ph.ase shift • • • • • • • • • • • • • • • • • • :. • 58 
Performing the integration in F(Jj_ .t2f3L) . • • • • 62 

The General Plan of the Calculation . . . 

VII. RESULTS . . . . . . . . . . . . . . . • • 0 • • 

VIII. 

Calculations With the Coulomb Potential 

The Born approximation .. . 
Comparison of Born approximation and calculations 

with exact waves 

Calculations with a Mod.ified Coulomb and N;uclear 

Potential . . . . . . . . . • 

SUMMARY . . • . . . . 
BIBLIOGRAPHY . . . . . . . . . . . . . 

APPENDIX A . . . . . • . . . . • 

APPENDIX B . . . . . . . . 
APPENDIX C . . • . . 

71 

76 

83 

88 

. 93 

se 
. . . 100 



LIST OF TABLES 

TAB IE 

I .  The Pion Pair Production Cross Section in units 

of aR2 = 7.762 x lo
-33 

cm
2 

for Lead, Including 

the Coulomb and Qptical Potential . . . . . . . . . . . . 

PAGE 

80 



LIST OF FIGURES 

FIGURE 

1 .  Values of the ,Real Part of a Square-Wel� Op�ical Potential 

PAGE 

as Determined from Pion-Nucleus Scattering Data 18 

2 .  Values of the· Imaginary Part of a Square-Well Optical Potential 

as Determined from Pion-Nucleus Scattering Data 

3 . Comparison of the Born Approximation Pion Pair Production Cross . 

Section at a Photon Energy of 310 Mev for a Point-Charge 

and Distributed-Charge Lead Nucleus . . . . . . . . . . . . . 

4 .  Comparison of the Born Approximation and Exact Wave Pion Pair 

Production Cross Section for Lead at a Photon Energy of 

19 

10 

290 Mev . The Nuclear Potential Was Neglected • • • • • 72 

5 .  Comparison of the Born Approximation and Exact Wave Pion Pair 

Production Cross Section for Lead at a Photon Energy of 

300 Mev . The Nuclear Potential Was Neglected . • • • • • 13 

6 .  Comparison of the Born Approximation and Exact Wave Pion Pair 

Production Cross Section for Lead at a Photon Energy of 

.310 Mev. The lluclear Potential Was Neglected • • • • • • • 74 

1· Ratio of. Exact Wave to Born Approximation Differential Cross 

Section as a Function of Z for �oton Energy of 290 Mev 75 

8 .  Ratio of Exact Wave to Born Approximation Pion Pa.ir Production 

Cross Section for Lead as a Function of Energy. The Nuclear 

Potential Was Negl�cted • • • • • • • • • • • • • • • • • 77 

9 .  The Differential Pion Pair Production Cross Section for Lead 

Including the Coitlomb and Nuclear Optical Potential ':· 
(P = -16 ft1ev, V = -5 Mev ) • • • • • • • • • • • • • • • • 79 



FIGURE 

10 . The Pion Pair Production Cross Section for Lead Including 

the Coulomb and Nuclear Optical Potential (P = -16 Mev, 

V = -5 Mev ) as a Function of Photon Energy . . . . . . . . 

viii 

PAGE 

82 



CHAPTER I 

INTRCDUCTI ON 

1 The Pauli-Weissk�t theory of the electromagnetic production of 

pion pairs has been a subject of interest in various co�ections for many 

years . Recently new interest has been stimulated in the theory because 

pion pair production is a possible means of investigating the �-� inter-
. . 2 action . This approach, which was originally suggested by Pomeranchuk, 

is particularly valid in view of the increase in the cr9ss section, when 

the strong pion-nucleus interaction is included, over that obtained by 

the original theory. The purpose of �his work was to study the Pauli-

Weisskopf theory with the objective of including the strong pion-nucleus 

interaction and devel�ing an accurate method of obtaining the cross 

section for pair production in the experimentally attainable energy 

region . T.he �-• interaction was neglected in this work since there is 

insufficient information available at the present time to adequately 

treat this interaction . 

lw. Paull and v. Weisskopf, Helv . Phys . Acta I' 709 (1934). 
2 Iu. Ia . Pomeranchuk., Doklady Acad . Nauk s. s. s. R .  96, 265 and 

481 (1954}; English translation:  Proceedings of the Cern Syiposium 
1956 (Service d ' Information, Cern, 1956), vol . II, p .  167 . 
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I .  HISTORY OF PROBLEM 

Shortly after Bethe and Heitler3 derived the cross-section formula 

for the electromagnetic production of electron pairs in 1934, Pauli and 
1 Weisskopf evolved a similar expression, starting with a complex scalar 

field and using the method s of second quantization, for the production 

of charged pairs of Bose particles . 

The Pauli-Weisskopf theory is particularly interesting since it 

was the first method of treating a problem where the equations of motion 

are given by the Klein-Gordon equation . This equation had been a subject 

of much dispute and little use before the Pauli-Weisskopf theory appeare� 

because the probability density obtained in the same manner as in non-

relativistic quantum mechanics led to a quantity which was not positive-

definite . 

As in the Bethe-Heitler derivation, Pauli and Weisskopf had 

assumed that the pair production took place in the presence of an 

infinitely heavy charged-nucleus and had considered the Coulomb inter-

action as part of the perturbation . This meant that the Fourier 

coefficients of the field satisfied the Klein-Gordon equation without 

the Coulomb potential and therefore could be expanded in a series of 

plane waves . This method of quantization was not a necessary condition, 
4 as was demonstrated 'by.Snyder and Weinberg, who showed that the 

Hamiltonian could be brought to diagonal form by a unitary transformation 

when an electrostatic field is present . From this it can be shown that 

3H. Bethe and W .  Hei tler, Proc . Roy. Soc . (London} Al46, 8 3 ( 1934 ). 
4 H .  Snyder and J. Weinberg, Phys . Rev . 57, 307 (1940 ) .  



the second-order perturbation theory used by Pauli and Weisskopf could 

be relaxed to a first-order process where the perturbation was the 

interaction between the canplex scalar fie�d and the electromagnetic 

field .  In this case the Fourier coefficients could be expanded in a 

series of exact waves . 

Although the interest in the Pauli-Weisskopf theory as a tool to 

help investigate nuclear forces had been extensive, it was not until the 

discovery of the � mesons in 1947 by Lattes, OcChialin�, and Powe115 

6 and the subsequent determination of their properties that the theory 

was known to apply to physical particles . The spin zero of the 1t mesons 

and their appearance in positive- and negative-charged states with 

approximately the same rest mass clearly indicated that the theory was 

directly applicable and appropriate to use for the determination of the 

cross section for the electromagnetic production of charged pion pairs . 

An essential element of the Pauli-Weisskopf theory of pair pro-

duction was the presence of the Coulomb field, which provided a means of 

interaction between the meson field and the nucleus to trans�it linear 

momentum to the nucleus, thereby enabling energy and momentum in the 

pair productioQ process to be conserved .7 However, the Coulomb field 

is not the only method of interaction since the!e exists a strong, 

nonelectromagnetic interaction between the meson field and the nucleon 

5Iattee, Occhialini, and Powell, Nature 160, 453, 486 
.. 

(1947 ) .  
6 H. A .  Bethe and F. de Hoffmann, tesons and Fields (Row, Peterson 

and Company, Evanston, 1955), vol . II, sec . 27 aDd 28. 
7It is assumed that the nucleus is infinitely heavy, so that no 

energy is trapsmitted to the nucleus. 

3 



field. 8 
Landau and Pomeranchuk were the first to introduce the strong 

interaction into the theory of meson bremsstrahlung in a semiphenomeno-

logical way by means of an optical model for the nucleus • Using the 

2 
same approach, Pomeranchuk later introduced the optical model into the 

theory for meson pair production . In both cases the nucleus was assumed 

to be '�lack" to mesons with a cross-sectional area equal to the total 

inelastic cross section for incident mesons . In this manner Pomeranchuk 

arrived at the patr production cross section which would leave the 

nucleus in an unexcited state . 

9 10 Vdovin, using the optical model of Fernbach, Serber, and Taylor, 

extended Pomeranchuk's work to include the strong pion-nucleon inter-

action in the form of a gray nucleus . Both Pomeranchuk and Vdovin 

neglected the Coulomb field in their derivations a�d used a high-

energy approximation . 

The inclusion of the strong interaction in the theory is an 

important feature s ince the cross section for pair production is very 

small, considering only the modified Coulomb potential from a finite 

nucleus which is necessary in this theory; the strong interaction makes 

the pair production much larger and therefore is of considerable interest 

since pair production is a possible means of investigating the �-� 

interaction . 

8 . 
L. D • Ianda u and Iu. Ia . Pomeranchuk., Zhur. Ek.sptl . i Teort • Fi z • 

� 505 (1953); English translation: Proceedings of )the Cern Symposium 
1956 (Service d'Information, Cern, 1956), voi. II, p .  159 . 

9Yu. A .  Vdovin, DOklady Akad . Nauk. S .  S .  S .  R. 105, 947 (1955 ). 

10Fernbach1 Serber, and Tayl�r 1 Phys • Rev . J.2., 1352 ( 1949) • 



II . OBJECTIVES OF THE STUDY 

The optical model of Fernbach, Serber, and . Taylor used by Vdovin 

is based on the hypothesis that a complex optical potential can be 

introduced into the equations of motion for the pions . The potential 

was not explicitly introduced by Vdovin and this is a necessary step 

for further, more exact, calculations of the cross section . Since it 

is desirable ultimately to calculate the cross section as accurately as 

5 

possible, one objective of this work was to investigate the introduction 

of such a potential into the field theoretical equations and to show 

that it leads, in a consistent manner, to the absorption and scattering 

of the pions after they are produced . .The absorptive part of the 

potential is intended to include, in a phenometnological way, all 

inelastic events that leave the nucleus in an excited state . It acts 

to remove the pions that have been produced within the nucleus which, 

in effect, reduces the cross section, in addition to facilitating the 

momentum transfer to the nucleus . 

A second objective was to find a practical �thod of calculating· 

the matrix elements that arise in the formulation of the pair production 

cross section .  Matrix elements of this type, which involve integrals 

where the integrand is a product of only continuum wave functions or 
I 

their derivatives, arise in many cases and are particularly difficult 

to calculate . An accurate method of treating this problem with a 

minimum amount of work would find many applications not only for 

calculating matrix elements but also in other fields--for example, to 

obtain the Fourier transforms of slowly converging oscillating functions . 
I 



Since Pomeranchuk2 and Vdovin9 neglected the Coulomb interaction 

in their work and used a high-energy approximation which effectively 

placed their results in an energy range above that now attainable, an 

additional objective of this study was to investigate the effects of 

the distributed nuclear charge and the complex optical potential on the 

total and differential cross section in the experimentally attainable 

energy region just above threshold . 

III . ORGANIZATION OF THE REPORT 

Some of the general features of pion pair production, such as 

con�ideration of a nucleus with a charge distribution and justification 

of the heavy-nucleus approximation, are discussed in Chapter II . 

Chapter III presents the justification of the use of the optical model 

in the pair production and shows that the complex optical potential can 

indeed be introduced into the field equations in a consistent mannero 

6 

In Chapter IV it is shown that the use of the complex optical potential 

leads to an ambiguity of the �orm of the final-state wave functions in 

the matrix elements and that this ambiguity can be resolved o '!he final 

set of equations far the wave functions is then e�nded into angular 

momentum states in Chapter V, and the matrix element is shown to be 

reducible in a convenient manner for final numerical calculations . The 

methods deYised for evaluating the various factors appearing in the 

matrix element are given in Chapter VI; the results of some calculations 

for lead showing the effects of the modified Coulomb potential and 

nuclear optical potential on the cross section are presented in 

Chapter VII • 



IV. NOTATIONS AND UNITS 

In most of t�?-is work the "�tural units" i'i = c = 1 are used, and, 

when the ordinary units are used, they are so specified . In most cases 

the notation is in a familiar form and needs no further clarificationo 

An exception to this perhaps is �he notation used . in Chapter III, where 

7 

. . 11 the notation and conventions used by Schweber et al . in their book have 

been carefully adhered to . The arguments of functions are omitted alto-

gether when there is little likelihood of misunderstanding; in some· cases 

the arguments are included in the first step of a derivation and omitted 

subsequently in order to simplify the notation. The major problem of 

duplication of symbols could not be avoided . Where duplications appear, 

the sym�ols are redefined . 
-6 In general, m without a subscript represents the pion mass, ( - me 

e2 e2 
the Compton wave length, a = -!lc the fine structure constant, R = -- = aiw 

mc2 
the classical pion radius, and the electronic charge e was taken as a 

positive quantity. In those sections where� = c = 1, p is the mass of 

the pian, � is an energy, and k and q are momenta . 

llschweber, Bethe, and de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, 1955), vol . f. 



CHAPTER II 

GENERAL CONSIDERATIONS 

Before going on to a systematic development of the cross section 

for the electromagnetic production of pion pairs which includes the 

strang interaction in the form of an optical potential, it is necessary 

to review some of the assumptions and general features of' the theory. 

It is particularly �rtant to discuss the necessity of including a 

nucleus with a charge distribution and also to review the heavy-nucleus 

assumption. 

I .  THE CHARGE DISTRIBUTION 

The electromagnetic production of' pion pairs differs from the 

production of electron pairs in one important way not previously 

indicated:  Because the mass of the pion is so much greater than that 

of' the electrons (approximately 273 electron rest mass units ), the 

production of the mesons takes place predominantly inside the nuc�eus. 

This can be demonstrated by investigating the second-order perturbation 

theory of Pauli and Weisakopf1 and assuming for the moment that the 
2 nucleus is a point charge . In the matrix element for the Coulomb 

potential in the second-order perturbation theory an integral of the form 

JW. Pauli � V. Weisskopf, Helv . Phys . Acta ']_, 109 (1934 ) . 
2!he following analysis parallels the methods presented in the 

book by W .  Heitler, Quantum Theory of' Radiation (OXford University Press, 
London, 1954 ), 3rd ed . ,  p .  248. 



� 
occurs, where k is the momentum transferred to the nucleus o The main 

· n 

contribution to this integral comes from a radius 

9 

(2 .2 ) . 

s ince for distances greater than r0 the exponential function oscillates 
-1 rapidly for small changes in r , and for distances less than r 0 the 

volume element d3r is smallo The radius r 0 can therefore be interpreted 

as the mean radius at which production takes place . The maximum. value 

of r0 is obtained when kn has its minimum value which· can easily be 

determined from the requirements of conservation of energy and linear 

momenttUD consistent with the heavy-nucleus approximationo For fixed 

magnitudes of �T the momentum of the incident photon, and�·+ and k:_ , 
+ -the momentum of the � and � mesons, respectively, we must have 

where the minimum magnitude of k from this expression occurs when n 

(2 •. 3 ) 

Allowing k + and k_ to be variable but consistent with the conservation of 

J 2 2 
energy 1JJ = tv + � , where k + = � · - u , we obtain the minimum value 

7 + - - ± r 

of Eq . {2 . 4 )  when 61+ = w _ = 1/2 4J7 = 6J and k + = k _ = k, which gives 

k (min ) = q - 2k = 2(� - k )  n 7 
p.

2 
= 2 �+ k • 



Using k {min) for k in Eq. (2.2 ) we find that n n 

where " is the meson Compton wavelength (1 . 4  x lo-13 em ) . Fo� photon 

energies just above thz·eshold, I.U '?t p. and k ':t 0; therefore the main 

contribution to pair production takes place less than 1 pion C�ton 

wavelength from the center of the nucleus, which is well Within the 

bounds of the nucleus . 

Because the pair production may take place primarily inside the 

nucleus, it is necessary to consider the finite extent of the nuclear 

10 

charge distribution . The results of the analysis of electron scattering 

experiments from nuclei provide a convenient function to use in the form 

of the distribution function 

, 

which is reasonably close to the actual charge distribution for medium­

heavy and heavy nuclei . 3 The constant Po is for normalization, and the 

constants for the best fit to the experimental data are a = 0.546 x 10al3 

em and � = 1 .07 A1/3 x lo-13 em. 

Although the use of the charge distribution will lead to some 

complications from a numerical standpoint, several advantages are 

realized which outweigh the disadvantage . It was first pointed out by 

Schiff et al . 4 that when a modified Coulomb potential is sufficiently 

3R .  Hofstadter, Revs . let>d. Phys . g§_, 214 (1956 ) . 
4schiff, Snyder, and Weinberg, Phys. Rev .  57, 315 (1940 ). 



broad in a region where its magnit�e is greater than the rest mass 

energy of the pion, the wave equation leads to complex eigenvalues for 

certain states ;  in fact, the Hamiltonian With the modified Coulomb 

potential present could not be brought to diagonal formo For the dis-

tributed charge nucleus this problem is avoided, as can be seen if a 

uniform charge distribution which approximates the distribution given 

in Eq. ( 2 . 7 )  is examined . In this case the maximum value of the 

potential well occurs at r = 0 and has the value 

11 

3Ze2 
v(o) = 28 , (2 .8 )  

0 

where Ra is the nuclear radius and will be taken as approximately 

u_l/3, with t.. the pion Compton wavelength. Then 
2 !t9l 

= 
3/2(Ze /Ro) 3 zat. � 3 za 

p p = 2 R0 = 2 Al/3 < l ' 

where q is the fine structure constant and we see that too deep a 

Coulomb potential is never realized . 

. Another problem avoided by the charge distribution is the one 

that occurs in the Klein-Gordon radial equations . The radial differ-

ential equations with a point charge are of the form 

(2 . 10 )  

where P (r ) goes to infinity as 1/r as r approaches zero; therefore, for 

small r, we keep only the second term in the square brackets of Eq. (2ol� 
s+l and seek solutions of the form Ar , which leads to 

I 

l+l J 2 2 s = - 2 - 2 (2L + 1) - 4(ra) (2 .11)  



The choice of solutions from Eq . (2 .11) is based on the boundary con-

dition that �(0 ) = 0 which is obtained for£ > 0 by taking the upper 

sign. However, for ! = 0 and za > 1/2, s is complex and the choice of 

solutions has to be made on other grounds .5 In any event the complex 

power of r leads to complications when solving the radial equation, a 

problem that can be avoided with the use of the distributed charge and 

12 

noting that the modified Coulomb potential from a charge distribution 

is finite at the origin so that at small r the v2 term corresponding to 

('lD./r )2 in the differential equation can be dropped. The result s = .t 
is the desired solution . 

n. THE HEAVY-NUClEUS APPROXIMATION 

1 In the Pauli-Weisskopf theory the assumption that the nucleus 

is infinitely heavy means among other things that the cross section is 

calculated in the center-of-mass frame of reference . In a physical 

situation there is some interest concerning what corrections should be 

made, if any, to transform from the laboratory to the center-of -mass 

frame • �tting 6]0 be the energy of the incident photon in the labora­
c tory :frame, U>0 the energy of the photon in the �enter-of-mass :frame, 

c a.n:l M the rest mass of the nucleus, the transformation from t£J0 to tt>0 
is given by 

c ( 2Qo )-l/2 
&>o = �o 1 

+ M (2 . 12 )  

5L .  I. SChiff, Quantum Mechanics {McGraw-Hill Book Company, Inc., 
New York, 1955), 2nd ed ., P• 322. 



Therefore, for moderately heavy to very heavy nuclei there is little 
c difference between to 0 and tO 0 until very high photon energies are 

reached . In the region near threshold for lead the correction is 

13 

approximately 0 .2'f, and can be neglected . 1bis means that the threshold 

energy can be taken as twice the rest mass energy of the pions . Since 

the pions have a rest mass equal to 273.27 electron rest mass units, 

the threshold is at 279 .17 Mev . 

The assumption that the nucleus takes up no energy also warrants 

a b-rief review here especially since the momentum transferred to the 

nucleus is greater in the case of pion pair production than in electron 

pair production. In a manner similar to that shown in Section I of this 

chapter the maximum linear momentum transferred to the nucleus consistent 

with negligible energy transfer is found to be 

, (2 . 13 ) 

where p'is the mass of the pion and �O is the energy of the 
.
photon . 

The maximum kinetic energy transfer to the nucleus is then approximately 

- c�o+ 2 J4tJ� - J12y 
�(max) = - - , (2.14) 

2M 

where M is the mass of the nucleus . For lead and a photon energy of 

290 Mev a maximum kinetic energy of 0 . 35 Mev is transferred to the 

nucleus, which is a small percentage of the total energy available, 

being only 3-� of the kine.tic energy transmitted to the pions . At 

higher photon ener�es these percentages decrease and the heavy nucleus 

approximation seems to hold very well. 



CHAPTER III 

THE OPTICAL Par.ENTIAL AND ITS INTRODUCTION 

INTO THE FIELD EQUATIONS 

l . 
In the latter part of this chapter it is shown that an optical 

potential can be introduced into the field equations in a consistent 

manner; however, before entering into that discussion, it is appropriate 

to review the optical model to establish its acceptability as a phenom-

enological means of introdu.cing the scattering and absorption of pions 

by a complex nucleus . 

I .  Jt.BTIFICATION OF THE OPTICAL MCDEL 

The "optical" model of the nucleus seems to have gained its name 
1 from the model of Fernbach, Serber, and Taylor, in which they treated 

the nucleus as a continuous medium with a complex index of refraction. 

The model was so designated because of the similarity of the treatment 

to the familiar methods in optics where an incident wave can be coherently 

scattered and attenuated by a �dium with a complex index of refraction. 

Actually, the model of Fernbach, Serber, and Tay�or is based on the 

hypothesis that a complex interaction potential can be introduced into 

the wave equation which depends only on the coordinates of the incident 

particle relative to the nucleus as a whole . Only by means of a 

potential of this type is one led to the concept that a complex index of 

refraction will apply to the nucleus . For this reason it is customary 

lrernbacll, Serber, and Taylor, Phys • Rev . 1.2_, 1352 ( 1949) . 



15 

to refer to the complex potential for the nucleus as an optical 

potential and to refer to the inclusion of the potential in the wave 

equation as using an optical model . 
2 Bethe was the first to show the significance of a complex optical 

potential same years before the model of Fernbach, Serber, and Taylor 

appeared . He showed that the complex potential would introduce the 

coherent scattering of an incident particle and that the imaginary part 

of the potential was responsible for its absorption. The function of 

the imaginary part of the potential as a means of introducing absorption 

is very effectively demonstrated when the continuity equation is 

derived from the SChrOdinger wave equation as was done by MOtt and 
3 

Massey. 

The optical model is not without some justification from a 
4 microscopic point of view . In one series of papers treating the 

multiple scattering of particles by complex nuclei, the multiple-

scattering formalism which leaves the nucleus in an unexcited state 

was shown to ultimately lead to an optical potential . Although the 

optical potential as derived by this method is not necessarily propor­

tional to the density of nucleons, Frank, Gammel, and Watson5 showed 

2H. A. Bethe, Ph� . Rev .  21., 1125 (1940 ) • 

.. 3N. F .  Mott and H .  s. W .  Massey, The Theory of Atomic Collisions 
(Oxford University Press, London, 1940), 2nd ed., P• 12. 

. .4K. M.  Watson, Phys . Rev. 89 575 (1953 ); N .  c. Francis a� 
K. M. Watson, Phys . Rev . � 291 ff953) ; G .  Takeda and K .  M. Watson, 
Phys. Rev . 2]_, 1336 (1955}; K. M .  Watson, Phys. Rev . 105, 1398 (1957 ) • 

5
Frank, GaDJnel, and Watson, Phys. Rev . 101, 891 (1956 ) • 



e�licitly that in the limit of large nuclei the proportionality is 

obtained. 

The optical potential and the optical model ot Fernbach, Serber, 

and Taylor have been useful tools for analyzing scattering datao Many 

workers have presented their analysis of meson-nucleus scattering in 

terms of these models and obtained reasonably good fits to the experi-
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mental data . In most cases the potential was assumed to be proportional 
6 to the nucleon density; however, in one case analyses were made with 

the more complicated Kisslinger potential7 based on Watson's multiple­

scattering theory.8 

One of the most significant results of the analysis of pion-

nucleus scattering relating to this work is that the real part of the 

optical potential is attractive and of the same magnitude for both n:­

+ and Jt mesons. Also, inclusion of a COJDP.licated well shape and the 

more complicated Kisslinger potential to obtain the correct back· 

s cattering from light nuclei is not necessary for heavy nuclei suCh as 

lead, which �s used in this work . The �ssumption that· the potential 

is proportional to the nucleon density is very good tor lead; in fact, 

only a square-well potential need be used since the nucleon density is 

almost uniform over much of the nuclear volume. An additional 

6RetereBCes to the original papers on the scattering of mesons 
from nuclei containing analyses in terms of a nuclear optical potential 
proportional to the nucleon density are included in a paper by Go Saphir, 
Phys. Rev . 104, 535 (1956 ) .  

7L .  S .  Klsslinger, Phys . Rev .  � 761 (1955 )o 
8 Baker, Rainwater, and Williams, Phys . Rev . 112, 1763 (1958 ) .. 
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justificat�on for use of the square-well approximation for the nuclear 

optical potential in this work is that the experimental data have an 

uncertainty which does not warrant the use of a more detailed potential . 

Values for the real and imaginary part of a square-well optical 

potentia� which leads to a best fit of the low-energy experimental pion-

nucleus scattering data are given in Figures 1 and 2 .  The dashed curve 

reflects the analysis of Stork, 9 who compared the low-energy data and the 

high-energy data to determine which points were the most reliable • Al-

though there are no data below an incident energy of 33 Mev to include in 
,.. 

Figures 1 and 21 it is reasonable to assume that the curves are flat in 

this region . This assumption is based on the calculations of Frank, 

Galmnel, and Watson, 5 who obtained the potentials from the formulas 

relating the optical potential to the multiple-scattering theory and 

included the effects of the nucleon motion in the nucleus . 

II . ,INTRODUCTION OF THE COMPlEX OPTICAL PCY!'ENTIAL 

I�O. THE FIElD EQUATIONS 

Once the use of an optical potential was justified as a tool for 

describing the coherent scattering and absorption of the pion pairs after 

production occurs, the problem remaining was how to introduce dissipation 

into the Pauli-Weisskopf theory which is normally nondissipative. Dissi-

pation as used here is meant to refer to the absorption of particles by a 

means such as the complex potential . In the analysis of pion-nucleus 

scattering this problem did not arise because of the nature of the 

process and because most of the analyses were done with a quasi-SchrOdinger 

9n. H. stork, Phys . Rev . 93, 868 (1954) . 
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Figure 1 .  Values of the Real Part of a Square-Well Optical Potential 

as Determined from Pion-Nucleus Scattering Data. 

00. H. Stork, Phys. Rev. 93, 868 (1954). 

bA. M. Sapiro, Phys. Rev. 84, 1063 (1951) and H. A. Bet he and 
R. R. Wil son, Phys. Rev. 83, 690(1950. 

cPevsner et .Q!., Phys. Rev. 100, 1419 (1955). 

dByfield, Kessler, and Lederman , Phys. Rev. 86, 17(1952). 
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Figure 2. Values of the Imaginary Part of a Square-Well Optical 

Potential as Determined from Pion-Nucleus Scattering Data. 

0 D. H. S t o rk, Phys. Rev. 93, 868 l1954). 

b A.M. Sapiro, Phys. Rev. 84, 1063l1951) and H. A. Bethe and 

R. R. Wilson, Phys. Rev. 83, 690 l1951). 

cPevsner et _91, Phys. Rev. 100, 1419 l1955). 

dByfield, Kessler, and Lederman, Phys. Rev. 86, 17l1952). 

eG. Saphir, Phys. Rev. 104, 535l1956). 
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+ -
wave equation for � or � mesons, where the potential was nominally the 

time component of a four-vector . In pair production, however, great care 

must be taken to assure that the optical potentials enter the field 

equations in the proper way to obtain dissipation {absorption )  of both 
+ -

� and � mesons since they enter the theory in a symmetric way. · In 

addition, scattering experiments are essentially nonrelativistic, 

whereas pair production is a relativistic phenomenon; therefore it is 

essential that the relativistic aspects of the problem be maintained 

throughout this study. 

For purposes of discussing the proper form of the complex· optical 

potential in the field equations, it is necessary to introduce two real 

world scalar potentials, p and p1, and a complex time component of a 

four-vector v0• At first, to display the co-variance of the equations, 

the potential V will be represented as a four-vector, and the space com-

ponents will be s�t to zero at the end . With the potentials present in 

the equations, the variation of the action for the complex scalar field 

and electromagnetic field can be written as 

bi = 8/�d4x +]<Q'b� + Q*bt/) d4x = 0 , 

where the Lagrangian density£, must be a real function and is given 

along with the field components Q and Q* by 

(3.1) 

;£ = _ ! bAu oAP 
_ [(p + P)2 _ p2] f� + (l - ieA .l �(�. + ieAJ1\ � , 2 � OxV 1 (}xJl P.J Xp. ) 

Q = [(l - ieA \ v*Jl + v* (� - ieAP) - v*v*P. + 2;1(p + P) P1]rf 
�xP �) P x� � 

(3.2) 
I 

, 



Q,* = rJ(l + ieA \ vJl + V (oi- + ieA11) - V y!l - 21()1 + P ) P1l ¢ . � <\xJl Jl) )l x}l p J 
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This form of the variation of the action is patterned after the equation 

that appears ·�.in classical mechanics when nonconservative forces are 
10 present and will lead to a nonconservation of particles and charge. 

Certain terms · in Eq. (3.,) and (3.4) can logically be included in the 

Lagrangian density and Will lead to the same results given below. 

However, for purposes of simplicity, because of the convenient notation, 

these terms are retained in the expressions for Q,�nd Q,*. 

Performing the variation indicated in Eq . (3. 1) leads to the 

following equations of motion: 

' (3.5) 

' 

c�.1> 

It should be noted that Eq. (3.7) gives the correct definition 

for the current four-vector as 

' 

1� . Goldstein, Classical Mechanics (Addison-Wesley Publishing 
Company, Inc . ,  Cambridge, l953), P• 38. 
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whiCh, in the present case, is 

J = -ie [(�- ieA f) �- �* (� + ieA �'] J1 oxP )1 -) �x}l }l ) 
(3 . 9 )  

This expression will be  useful later. 

Equation (3 . 5) should be examined at this point to determine the 

way that the potentials appear in the equations of motion. To this . end, 

Eqs . ( 3 . 2 ), ( 3.3 ) ,  and (3.4 )  are used in Eq. (3.5 ) to obtain 

(l + ieA)l - yJl) (l + ieA - V) ¢ + ()I+ P + iP }2 ¢ = 0 
-op ·) oxP )1 J1 1 

. 
..�(3 . 10) 

The complex conjugate of Eq . ( 3 . 10 )  is obtained from Eq. ( 3.6 ). 

Tb simplify the discussion that follows, the space components of 

the electromagnetic potential and of the potential V will be set to zero. 

In addition, the Fourier transform pf ¢(�, t ) With respect to time will 

be taken as 

, (3.11) 

so that Eq . ( 3 . 10) leads to the following equation to be satisfied by 

the Fourier coefficients 

In order to explicitly show the equations of motion which apply 

to the '1C
-

and '1(+ mesons, ·the frequency 4)' will be redefined so that 

� = �· for �· :> 0 and tJ = - tJ' for t.J' < 0, which results in an always 
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positive frequency � and the two equations 

' 

Equations ( 3 . 13 ) and ( 3 . 14 )  apply to the motion of the �- and �+ mesons, 

respectively . 

Examination of Eqs. ( 3.13)  and ( 3.14 )  shows that the imaginary 

part of v0 does not introduce a complex factor into the equations and 

therefore cannot represent absorption . It can be treated as the real 

part of the optical potential, however, although it enters the equations 

with opposite sign and will be an attractive potential to one of the pair 

of pions and will be repulsive to the other . In contrast to this, the 

potential P can also represent the real part of the optical potential 

and appear in both equations with the same sign.  Since the experiments 

indicate that the real part of the optical potential should have the same 
+ -sign and approximately the same magnitude for both � and � , it can be 

assumed that the imaginary part of v0 is very much smaller than P. For 

simplicity, the imaginary part of v0 will be set to zero, and v0 will be 

considered a real quantity in the subsequent development. This leaves P 

to represent the real part of the optical potential and also leaves the 

task of determining whether v0 or P1 should represent the imaginary part. 

Tb proceed, it will be noticed that the Lagrangian density given 

in Eq. ( 3 . 2 )  is invariant to the transformation 

' 



24 

where l is a real infinites,imal constant. 'nlerefore, under this trans-

formation, we must have that 

By using the expression for the Lagrangian density given in Eq. (3o2), 

the following expression is obtained from Eq . (3.16) : 

' 

which can, with the use of equations of motion given in Eqs. (3.5), (3.6), 

and ( 3 .7), be written as 

The variation of ¢ necessary in Eq. (3.18) can be obtained from 

Eq. (3.15) as 

' 

The variation of A� is, of course, zero under the transformation . Using 

these expressions in Eq . (3.18), 
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. * .. 0 ( 0� �cf *) -ie (Q� - Q � ) = -ie --- � � - � � 
-axP Jl � 

, ( 3 .21 )  

)1 

after multiplying through by ej). .  Substituting Eq . ( 3 . 2 )  for ;t in 

Eq . ( 3 . 21)  yields 

-ie (Q¢ - Q*
r/) = �)1 { -ie [(� - ieA!lf) ¢ - rf(� + ieAil¢)]} , ( 3 .22 ) 

where the quantity in the braces will be recognized, on comparison with 

Eq . ( 3 . 9 ), as the current four-vector . Hence, for the continuity 

equation, 

, ( 3 . 23)  

which will clearly indicate the roll of the potentials when the expres-

sions for Q and Q* are introduced . Before doing this, however, the 

space components of the potential V will again be set to zero;·. so that 

when Eqs . ( 3 . 3 )  and ( 3 . 4 ) are substituted into Eq. ( 3 . 23 ), 

2V0rie [(�- ieA,) ¢- ,.(� + 1eA0¢)]} + 4� <11 + P) P1¢¢* 

= Oj}l = V·! + 2e u · · ot ()xr 
, ( 3.24 ) 

where the time and space components of the current four-vector have been 

separated to show the familiar form of the continuity equationo Here, 

the time component of the currect four-vector, the charge density, is 

represented by p. 



Comparison of the expression in the braces in Eq. ( 3 .24 )  with 

Eq .  ( 3 . 9 )  will show that it is in fact the charge density P· Hence, 

Eq . ( 3 . 24 )  can be written as 
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�·! -
2Vrf - 4e(p + P) P1�cjl'r + � = 0 ( 3 .25 ) . 

This form of the continuity equation clearly indicates that P1 must be 

set equal to zero since it introduces an absorptive term which is not 

proportional to the charge density, leaving 

�·J:'-2Vrf+�=O , ( 3.26 ) 

which, it is interesting to note, is exactly the same form of continuity 

equation derived from the SchrOdinger equation when a complex optical 
u potential is present . 

The result of this analysis is that when a real potential v0 and 

potential P are retained, it is possible to get the proper absorption 

and scattering of the pions; the potential P determines the scattering 

and the .Potential v0 determines the amount of absorption when it is a 

negative quantity. 

lls. ·F. Mbtt and H .  s. w. Massey, The Theory of Atomic Collisions 
(Oxford University Press, Lo�on, 1949), 2nd ed . ,  p .  12. 



CHAPTER IV 

FORM OF THE FINAL-STATE FUNCTIONS 

The matrix element for the electromagnetic production of Charged 

pion pairs given by the equation 

(4.1) 

arises from a first-order perturbation-theory treatment where the pertur-
1 bation is the interaction between the meson and electromagnetic fieldso 

2 
It is assumed here, as it was by Vdovin, that this matrix element 

prevails when the imaginary part of the optical potential is introduced 

into the theory. The functions � and '\ that appear in Eq. (4.1) lt_ + 
satisfy the equations 

[ 2 2 2 ] 
< (A) k + eA0 + i v o > + v - < )1 + p > v'k = 

o 
+ + 

, (4.2) 

, 

2 2 2 3 wher.e 4)k = k + p and Ulk is always positive. The optical potential 

is explicitly shown in these two equations . 

lw. �uli and V. Weisskopf, Helv. Phys . Acta. ']_, 109 ( 1934) o In 
Appendix A it is shown that the matrix element of Eq. (4.1) with the 
correct forms of the final state wave functions reduces to the one given 
by the second-order perturbation-theory treatment of Pauli and Weisskopf. 

2 Yu. A. Vdovin, Doklady Akad. Nauk S. S. S. R .  105, 947 (1955)o 

3Tbe subscript on the wave numbers in Eqso (4.1), (4.2), and (4o3) 
indicate their association with •+ or .- mesons. 
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The proper form of the solution required of Eqs . (4 . 2 ) and (4 . 3 ) 

depends on the asymp�otic form of the final-state functions required in 

the matrix element and is the subject of this chapter. 

It has been well established for some years that the final-state 

continuum functions appearing in a matrix element should have the 

asymptotic form of a plane wave plus a spherically converging wave . The 
4 

derivation of this fact has been given by Mbtt and Massey and discussed 

5 6 
in some detail by Breit and Bethe. Landau and Lifshitz have also 

presented an interesting derivation bearing'on this subject . In these 

derivations, waves having the asymptotic form of a plane wave plus a 

spherically converging wave, 

.� � -ikr - lK•r e 
'f'k IV e · + f(8)  

r , (4 .4 ) 

and waves with the asymptotic form of a plane wave plus a spherically 

diverging wave, 

i �k -.. ikr + ·r e 
'Vlt � e + g{8) -

r
- � 

are related by the equation7 

- +* 
'l't = 'V_Jt 

4 N. F. Mott and H .  S .  Mlssey, The Theory of Atomic Collisions 
{Oxford Univeristy Press, London, 1949), 2nd ed . ,  PP• lll and 353 .  

5
G. Breit 

·
and H .  A .  Bethe, Phys . Rev . ,21 888 (1954 ) . 

6 
L .  D .  Landau and E .  M. Lifshitz, Quantum Mechanics (Addison-

Wesley Publishing Company, Inc . ,  Reading, 1958), p .  42; . 

1 Ibid . ,  p .  422 . 

(4 . 5 ) 

(4.6 ) 
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This occurs because of the assumption that the radial part of 'Y'2 and 

the phase shift were real. Therefore, either 'Vi or 'V:; could be used 

as the final-state functional form since they are indistinguishable. In 

the case here, however, t�e complex coefficients occurring in the wave 

equation lead to complex radial functions and phase shifts so that 

Eq . (4 .6) does not hold, and a closer examination of the form of the 

final state wave function is therefore required . 

In the following the wave equation for the 1C- meson, given by 

Eq . (4 . 2), will be examined explicitlyj and the first objective wi� be 

to obtain the form of 'Vy and 'Vi for that equation. No generality 

will be lost if we assume for the moment that A0 is zero . 

After making the substitution 

'\7
2 'Y 

= 
! ?hr 11/) 

_ i1_ '¥ r � r2 

i:n Eq. (4.2), where £ is the angular momentum operator, on� obtains 

(4 .8) 

Equation (4.8) can be separated in the spherical coordinate system 

if �O and P are only functions of r. This is the case in the problem 

here and therefore enables the expansion 

' (4.9) 

/\' 
where A/,m 

are constants, the functions �r) are the spherical harmonics, 

and k is assumed to lie along the z axis . The :factor 1/� was intro ... 

duced into Eq . (4.9) to obtain the proper normalization. Substitution of 



Eq . (4 .9 ) into E�. (4 .8 )  leads · to �he following equation, which must be 

satisfied by the function XL ( r ) : 

(4 . 10)  

If v0 and P go to zero faster than 1/r as r approaches infinity and, in 

addition, if JC
L (r )/r is required to be finite everywhere, then the 

asymptotic form of X t ( r ) is 

(4 .11) 

where 11t is the complex phase shift . Assuming that 'V}t is independent 

of the azimuthal angle, we have, from Eq . (4 . 9 ), 

� "-' ) A p (p) sin (kr - l/2.l1C + 114) , k. T t l kr J2"'k_ 

where }l is the �osine of the polar angle . 

(4 . 12 )  

The constants that �ppear _in Eq . (4 . 12 )  can be determined so as  to 

obtain �i or � if we first subtract t�e asymptotic form of the 
� . 

Rayleigh expansion for a plane wave given by 

from the expression given in Eq . (4 . 12 )  to obtain . 

(4 . 13) 
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t -i11t By choosing At = (2l + l )i e in Eq . (4 . 14 ), the coefficient of the 

diverging spherical wave is set to zero and the converging spherical wave 

is retained so that 'Vt will have the form 'Vi as defined in Eq . (4 .4 ) • 

.t +i77p, 
If At had been taken as (2£ + l)i e , then 'Vtr would have had the 

form 'Yi· From Eq . (4 .14 )  we see that 

and 

w- f (21. + l )  1£p£ (Jl) [ i (kr-l/2i7t ) -2i7J.t -i (kr-1/21• ) ] 
l lt "' e - e e , 

2ikr J2u>k · · 

(4 . 15 )  

. + To obtain 'V.:.t from Eq. (4 .16 )  it is only necessary to make the 
J, transformation p. -+  -)1 and to note that Pt(•}l) = (-1) P,t(}l) so that 

i 
+ � (2£ + l ) (-i )  pt. (p) [

e
2177L i (kr-1/2i1C) -i (kr-l/241C )] 

'f -1.-v L 
e - e 

t �ikr � 2 Gc)k 
(4 .17 )  

The decision as to which of the two alternative forms of the 

final-state function is the correct one can be made only by examining 

their complex. conjugates, since this is the way they would appear in 
+* the matrix element . 'lherefore, we should not examine 'Vi and 'r-t, but 

* . . 

rather r.: and f+� · Equation (4 .17 )  already gives the asymptotic K -A . 
* � -* 

form of '1"_1, and the asymptotic form of 1 lt can easily be obtained 

from Eq. (4 .15 ) :  
f, 

-* ' (2t + 1) ( -1 ) It (p) 
f� � L � 2ikr �2cok 

[ 21 � i (kr-1/2i1C ) -i (kr:.l/2l1C >] e e - e • 

(4 .18 ) 
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Equations (4.17 ) and (4.18 )  differ only in the way the phase shift 

enters the expressions . The phase shift appears in the: asymptotic form 

of v:'i' while its complex conjugate appears in the asymptotic form of 

w-* lf . In both expressions there is a linear combination of ingoing and 

outgoing spherical waves; the one required will be the expression in 

whi.ch the square modulus of the amplitude of the outgoing wave is less 

than that of the ingoing wave . This condition causes the matrix element 

to be reduced in value and is consistent with the physical condition that 

the pions be abs.c;>rbed by the nucleus . '!he decision will therefore depend 

on the sign of the imaginary part of the phase shift . 

In Eq. (4 . 10 )  the complex part of the operator acting on ?(
L(r } 

is positive since v0 is a negative quantity. This leads to a phase 

shift whiCh has a positive imaginary part and indicates that 

, (4 . 19) 

whereas 

( 4 . 20) 

Therefore, it is  clear that � is the desired form of the final-state 

function for 7C- mesons . A similar analysis shows that '¥� is the proper 

+ form for the 7C mesons . 

In the development of the two equations of motion from the Pauli-

Weisskopf theory the sign of the electronic. charge, e, determines which 

+ 
equation of motion is associated with the 7C meson and which is associ-

ated with the 7C -
meson . There is no a priori method of choos ing the 

sign since the equations are completely symmetric to the simultaneous 

+ - - + transformation e � -e, 7C -+- " , and lt � lt • Since the subsequent 
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derivation of the matrix element for pair production maintains this 

symmetry, we have an additional check on our final �ve form by testing 

�he s�taneous transformation, and indeed the choice of final wave 

forms meets the requirements . 



CHAP'JER V 

DEVELOPMENT OF THE PAIR PR<DUCTION CROOS SECTION 

IN ANGULAR MCMENTUM STATES 

In the following the wave functions in the matrix element will be 

expanded into angular momentum states and the cross section for pair 

production reduced in this formalism . This is done as a convenient 

means of obtaining an accurate value for the cross sedtion in the energy 

region just above threshold where few angular momentum states are ex-

pected to contribute . 

In Chapter IV it was shown that the matrix element for the elec-

tromagnetic production of Charged pion pairs was given by the equation 

(5 .1 ) 

This equati on was obtained with the use of the soleno.idal gauge, which 

1 
is maintained throughout this development . 

Equation ( 5 .1) can be simplified by means of the _relation 

( 5 . 2) 

� particular singularities at the origin arise from the use of 
the solenoidal gauge in the case of pion pair production as they do in 
the internal conversion, because (1) the radial meson wave functions are 
not as singular as the electron wave functions even in the case of a 
point charge, and ( 2) the standing wave radial functions of the electro­
magnetic field arising from the plane wave expansion do not have singu­
larities in contrast to the outgoing (Hankel) radial waves necessary for 
a description of internal conversion . The problems connected with the 
solenoidal gauge in electric multipole conversion are thoroughly dis­
cussed by M. E. Rose, Multipole Fields (John Wiley and Sons, Inc,.·, New 
York, 1955 ), P• 59 ·  

. 



3 5  
where the first term on the right i s  zero because o f  the use of the 

solenoidal gauge. Substituting Eq. ( 5 . 2) into Eq . (5 . 1) gives 

( 5 . 3) 

Th� second integral on the right of Eq. ( 5 . 3) can be transformed to a 

surface integral over an infinite sphere: 

��q�:r:v_) d
3
x = �� j (�'fi:'t_1;_) � r

2
dr ' ( 5.4 ) 

w�ich has the value zero since the product Aq "fi* �t goes as l/r
3 

as 
+ -

r approaches infinity. Tnerefore, the expression for the matrix element 

is 

where 

and 

= � 

1.
3 177� 

= 
41t(-i ) e 3 

k r � 
+ v .&+ 

( 5 . 5 ) 

( 5 .6) 

( 5 .7 ) 



Equations ( 5 .6 )  and ( 5 . 7 )  express the wave functions for the �- and tt+ 

":') wave functions with an arbitrary direction of K with respect to the axis 

of quantization. The last term on the ri�ht of these two equations was 
2 obtained by using the addition theorem for the Legendre polynomials . 

The radial functions � and -l..£3 in Eqs . ( 5 .6 )  and ( 5 .  7) are 

obtained from the differential equations 

, 

and 

f d2 [ 2 _ 2 2 2 2 _ L,_( 1.�2 + l ) ] 
_ l dr2 + k + + � + eAO - 2pP - VQ - P + e Ao - -

( 5 .8 ) 

- 2iv0�
+ 

- eA0j4., 
= o , ( 5 .9 )  

with the boundary condition that at r = 0 they have the value zero . In 

Eqs . ( 5 .8 )  and ( � .9 )  the function A0 represents the Coulom� field of the 

nucleus and so XJ.. and --x; must have the asymptotic forms 
1 3 

'X� .-v sin �-r - � �>r -��� log 2k_r + 7J_e� ( 5 .10 )  

and 

, 

where a is the fine structure constant . 

2 . 
·M. B .  Roee1 lleMDttrY !beor�of Angular Manentum (John Wiley 

and Sons, Inc . ,  New York, 1957), P • • 



In Eq. ( 5 . 5) there is no loss of generality--in fact, there is 

considerable simplification if circularly polarized incident photons 

directed along the axis of quantization are used in the derivation . 

With these conditions and the Rayleigh expansion for a plane wave, the 

following equation
3 

is obtained: 
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? A 4Jt � · Le. .. J../2 ( (" 
Acr = -p � L i (212 + � J�;, qr ) YL 0 r ) 

p 42�q �2 2 2' 
' ( 5 . 12 ) 

wh�re the factor l/� is required for proper normalization. In 

1\ 
Eq . ( 5 . 12 ) � is a spherical basis vector, and p = +1 corresponds to 

p . 
left circular polarization and p ·= -l corresponds to right circular 

polarization . 

For unpolarized incident photons the differential cross section 

for meson pair production is given by 

' 

Where the density Of states, (:)1 is given in ordinary units by 

P a1 P eE · dn d n dE � ·  + - ·  - + - -

p = ( 2�c )6 

3Ibid . ,  P• 136 . 

( 5 . 13) 

( 5 .14 ) 

( 5 . 15 ) 



In order to obtain a workable expression for Eq . ( 5 .15 ), it is necessary 

to reduce the expression for the matrix element given in Eq. ( 5 . 5 ) . 

When Eqs . ( 5 . 6 ), ( 5 .7 ), and ( 5 .12)  are substituted into Eq. (5 . 5 ), a 

term of the form 

4 appears . '!his can be evaluated by using the �dient formula: 

��(r ) Y.l, m (�) = I ( -1 )  C(tlL; OO )  X 
L -

( 5 . 16 )  

X {dRt) + � [l( L + 1)  + 2 - L(L  + l,)] 
R£r>} T.tlm , ( 5 . 17) 

where T_tim is an irredue-ible tensor of rank ,L, and C(£1L; OO ) is a 

Clebsch-Gordon coefficient . 5 The term given in E_q. ( 5 . 16 )  then becomes 
X. 

9 tl 
r 

4 Ibid. ,  P.• 124 .  

X 

(5 .18) 

5T.ne notation used here for the Clebsch-Gordon coefficients is  
that of M. E .  Rose, Element& Theo of ular Momentum (John Wiley 
and Sons, Inc . ,  New York, 1957 • ibe notatior:-. C jl.j2j ; m1�) is abbrev­
iated to C( J1J2j ; m1� )  when no explicit sum over m is required and with 
the understanding that m = m1· + � for non-zero results . The connection 
between this notation and that of E .  u. Condon and G. H .  Shortley, 
Theory ·or Atomic 

{r
ctra (CIIIIIbridge University Press, Cambridge, 1935 )  is 

C(jlj2j ; ml�tD) � Jljill�I Jlj2jm )  • 



and the matrix element becomes 

M = -21ep(4•)3 X 
k-k-+ . f&>q� 'k . . 

'V - + 
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( 5 .19) 

where the sum is over all possible values of 11, £2, t3, L, m1, and m3 • 

The functions I and J introduced into Eq . ( 5 .19 )  are defined as follows : 

i i:J. +£, i ( 1/.i +� ) 
r(.e1.e2f,t) = i 

2
(-i ) (� + 1)1/2 c(l11L; OO) e · 

1 X 
(5 .20) 

( 5 .21) 

The integrand in the expression for J can be put in a better form for 
6 evaluation of the integral by substituting the following expression 

T = I c(:c.t4_; m1 - m2, m2 ) YL, _ (�) ( 
lliml � ml m2 m2 

and noting that7 

, 

( 5 .22 ) 

(5 .23) 

6 . 
· M. E .  Boae, Elementa� ibeort of Angular Momentum (John Wiiey · 
and Sons, Inc . ,- New fork, 19 ) , p . 06 . 

1 Ibid. , p .  104 .  



whe�e �(-m21
p) is the Kronecker 0 symbol . Hence, Eq . ( 5 . 2�) becomes 

J = ( -l)P C (Llt1;m1 + p, -p ) /;.; (� ) Yt,_ 0W) YL (�) d Q • 'J l Y m3 2" , ml +p 
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( 5.24 ) 
8 The integral in this equation can now be evaluated to give 

(5 . 25 )  

where C(�t
3
;m1 + p, o, m

3
) was replaced by C(Ll2�;m1 + p, O )  S(m3,m1 + p )  

since m
3 

must be equal to m1 + p for non-zero results . The expression 

for. J now has the convenient form 

[ (2L + 1) (2£2 + 1)]1/2 
J = (-l)P 4.{223 + l) C(Lll1;m1 + p, -p ) C (L��;m1 + p, O )  

( 5 .26 )  

Inserting Eq . (5 . 26 )  into the expression for the matrix element given by 

Eq. ( 5 . 19) and performing the sum over m3 yields 

M = 
-2iep ( -l)p (4• )5/2 \ (y* (£ ) y � ) I (t t L_L) X 
k_k+ /&iq� '1t . Ll"tl, ml - �,ml+p + 1 l 2 --, 

8 

� - + 

Ibid . ,  p .  62 . 

X c (LJ.i'1;•1 + p, -p ) c (Lt2�;m1 + p, o)J , (5 .27 ) 
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where the new function 11 is related to I given in Eq. ( 5 . 20 )  by [(2L + 1) (2£2 + l )t/2 

r1 = {2.t, + !) ] C(L,Y3; oo )  I ( 5  • .  28 )  

give 

The term in the parentheses in Eq. ( 5 . 15 )  can now be evaluated to 

X C (LR2 �;m1 + p, O )  C(L '�; mi + p, -p )  C (L '.t2�.m1 + p, o )} , 

( 5 . 29 )  

where the sum is over tae values +1 and -1 for p,  all possible values 

of £
1, L2, �, L, m1, and the corresponding primed quantities . 

Before Eq. ( 5 .29 )  is sUbstituted into Eq. ( 5 . 15 ), we shall first 

change to a dimensionless variable 
�k 

- p 
V = � - 2ji 

in Eq . ( 5 . 15 ), which results in 

d6'" = R2 [ 8 (1 - 3) 
k k aX2 + -

S dv dO dO l + -

( 5 . 30 )  

, ( 5 . 31 )  

where the quantity in the brackets is  dimensionless and, in ordinary 
2 2 units, R is the classical radius of the meson, R = e /me ; a is the fine 

structure constant, a = e2 /'ftc; and -l is the meson Compton wavelength, 



2 ( = nc/mc • The function S in Eq. ( 5 . 31) is given by 
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X � m (k_ ) Yt ,  m '{k  ) Yt. m +-n�+ ) Y� m •+-n(k+
) ' ( 5 . 32 ) 

11 1 11 1 -
3' 1 r --,, 1 r 

whe�e the sum is over the same values as indicated for Eq . ( 5 . 29) . 

For the purposes of the present problem we want to integrate S 

� � over all possible directions of k and lt ; hence, we want to obtain the + -

solution of 

(5 . 33) 

The integrals over products of spherical harmonics appearing in this 

equation are easily evaluated because of their orthogonal property, 

given by 

Therefore after integration the product of the four Kronecker delta 

symbols, b{4_1 li) b(m1,mi) �( ',, P3> b(mi + p,m1 + p ), remains, which 

:Penni ts the sums over .£i, &; and mi to be performed in Eq . ( 5 . 3 3), 

yielding 



The sum over m1 and p is included in V, which is given by 

V(LL•t2.l2i:J.:9 = � c(LJ.t1;m1 + p, -p ) c(�£,;m1 + p, O ) X 

P=.±l 

X C(L 'l4j_;m1 + p, -p ) C(L 't2i;;m1 + p, O ) , 

and the summation in Eq. ( 5 . 35 )  retains the sum over all possible values 

of L, L ' , £1, £2, £2, and .t
3• Equation ( 5 . 36 )  can be simplified to a 

considerable extent by the recoupling of the angular momentum . Noting 

certain properties of the quantum numbers will facilitate this reduction . 

The coefficients C (L . .t2..t,; oo) and c (411L; OO )  appearing in the function 

r1 (£1i.�L) require L + L2 + ..t3 
and £1 + 1 + L to be even for non-zero 

results, and, similarly, from �<¥2-t,L ' ), L '  + .£� + � and t;_ + 1 + L '  

must be even. These conditions. lead to the fact that (�1 + 1 + �) + 

(� + 1 + L ' ) and thel'efore L + � ·  must be even and that (L + t2 + £3
) + 

(L '  + L2 + t
3

) and therefore £2 + t2 must be even . 

The details of the recoupling procedure shown in Appendix C lead 

to the �xpresaion 

2 (� + 1) (2� . + 1) 
V(LL 'Y2�',) = 3 (24 + 1)(2L + 1) &(L, L ' )  6 (t2' l2 )  + 

where W is a Racah coefficient . 

( 5 - 37 ) 



An additional simplification can be obtained by examining the 
* product I1I1 that appears in Eq . ( 5 . 35 ) . In that factor it is found 

that * * 
�+.t £ +t i (71t +7J.l;) -i (7}£ +7J.t ) 

I1l� cC ( -i ) 3 ( i ) 
1 3 e 1 e 1 3 
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So, if the real and imaginary parts of the phase shift are separated by 

letting 

( 5 . 39 )  

then, from Eq . ( 5 . 38 ), 

, ( 5 .40 )  

and there i s  no need to  obtain the real part of the phase shift . 9 With 

this development in mind it is best to redefine K as 

, ( 5 .41 )  

where G is  obtained from I1 given in Eq . ( 5 .28)  after the appropriate 

factors are dropped: 

9From Bqs . ( 5 .8 )  . - ( 5 .11) we see that &� > 0 and 6� < 0; so both 

factors appearing on the right of Eq . ( 5 . 40 )  are less than unity. 



The expression for K can be reduced still further if it is ob­

serVed that V is real and the equation is written with the sum over t1 
and t3 suppressed . For clarity it is best to represent the pair 
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(£2, L) with the single index i and the pair (l2, L ' )  with the single 

index J .  Examination of V shows that it is syDJDetric to the interchange 

of i and J ;  therefore, after first interchanging summation indices, 

K = L Lv(i, J )  G(i ) G*(J ) 
i J 

= 2:, Lv(J, i )  G(J ) G*(i ) . 

j i 

The last term in Eq . (5 .44 )  leads to 

K = 2::, I:,v(i, J )  Gll' (i ) G(J ) 
1 J I 

( 5 .44 )  

(5 . 45 )  

by using the symmetry property of V; therefore, K = K*, as it must be . 

Therefore, 

, ( 5 .46 )  

where � indicates the real part is to be taken. The entire function 

V(i, J ) le [G(i ) G*(J )] is now observed to be syrraetric to the interchange 



of i and j • This observation leads to a reduction in the number of 

terms in the sum . 

where 

Still suppressing the sum over � and t3, 
I 

and using the symmetry property of z, 

, 

, 
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(5 .47 )  

Equation ( 5 . 49 ) can b e  compressed b y  introducing the function Q(t2t2LL' ) 

defined by 

Equation (5 .�1) now becomes 

:: 2 

= 2 

if £2 = � and L '  = L , 

i:f " ' = £ and L ' / L � 2  2 ' ' 

i:f l2_ > 4 , 
= 0 · otherwise • 

(5 . 50 )  

, ( 5 . 51) 

where the sum is over all possible values o:f all the indicated quantum 

numbers . 



Although the sum in Eq. ( 5 . 51 )  is still formidable, there is a 

great reduction in the allowed values of the quantum numbers because of 

the Clebsch-Gordon and Racah coefficients that appear in the terms . If 

.£1 and '; are considered to be unrestricted, than L and L '  can only have 

the values L1 � 1; and �2 and 12 must satisfy the triangle conditions 

for the addition of angular momentum represented by T(L, t2, �)' and 

T(L ', l2, l,), along with the condition that L + -t2 + t3, L '  + l� + t3, 

and J2 + L2 are even . With the: restriction on the quantum numbers in 

mind, the only term in the sum of terms remaining which is zero is for 

1.1 = �3 == 0 .  In this case the only allowed value 'of L, L '', 4 and t2 is 

1, and examination of that term in the sum shows it to be zero . '!his 

simply reflects the conservation of angular momentum where the incident 

photon which has unit angular momentum cannot lead to two pions with 

vanishing angular momentum . 
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CHAPTER VI 

METH(])S OF SOLUTION 

In order to obtain valuee from the differential cross-section 

formula for the electromagnetic production of pion pairs given by 

dv , 

methods of calculation for the various terms had to be devised o Of 

particular difficulty and interest was the met�od of evaluating the 

integral that appears in the function F(£1 t2£,L), which is desc�ibed 

below i� "Section III-F . This method and the other methods of obtaining 

the factors appearing in the function K are described in this �apter .  

I .  GENERAL DESCRIPTION OF CONTENTS 

The function K given by Eq. ( 5 . 51) is a sum of products of three 

other functions of which the first, Q(t�2LL' )  given in Eqo (5 . 50 ), is 

trivia�; the second, V(LL •t2t2_ )  given in Eq . ( 5 . 37), is �ot difficult 

once the Racah and Clebsch-Gordon coefficients are obtained; and the 

third, G(J1£243L) given in Eq . ( 5 .42 ), presents the most difficultyo 

The method of obtaini:ng the Clebsch-Gordon and Racah coefficients 

Will be presented first . This essentially describes the method of 

obtaining V(LL•t2.t2 ) and two coefficients appearing in. G(L1tAL), 
leaving the more detailed methods of obtaining F(L1L2t3L) which also 

appears �n G(£1 £2Lf) to the remainder of the chapter o 



II . RACAH AND CI.EBSCH-GORDON COEFFICIENTS 

Although tables of the Clebsch-Gordon1 and Racah2' '  coefficients 

are available, they do not . contain values of the coefficients for all 

values of the indices anticipated in this problem . This left the task 

of either hand-calculating the coefficients for the remaining values of 

the coefficients not included in the tables and tapulating all of them 

or calculating them from first principles on the computing machine as 

they were needed . The latter course of action was taken . 

Following the methods suggested by Simon, 1 the equation for the 
4 Clebsch-Gordon coefficients given by Racah, 

) ( -l )K �(jl+ml) : (Jl-ml ) : (j2-fm2 ) ; ( j2-�) : (j-HD) : ( j-m ) : (2j+l)  
X� K! (J1+J2-J -K) l, (J1-m1-K) l (J2�-K)l (J-J2-+m1+K)l (J-J1-m2iK)l  ' 

where 

= 
[ (jl+j2 -j ) ! (jl

-j2+j ) ! (-jl+j2+J ) l ] 112 

( jl +j2+j+1) 1 

1 . 

(6 .2 ) 

, (6 . ; ) 

A .  Simon, BUmerical Tables of the Clebsch-Gordon Coefficients, 
USAEC Report ORNL-1718, Oak Ridge National Laboratory (1954 ) .  

2L. C .  Biedenharn, Tables of the Racah Coefficients 1 USAEC Report 
ORI'L-1096, � Ridge National lAboratory (1952 ) .  

'simon, Vander Sluis, and Biedenharn, Tables of the Racah Coeffi­
cients, USAEC Report ORNL-1679, C8k Ridge National Laboratory (1954 ) .  · 

4a.  Racah, Phys . Rev .  §g, 4;B (1�2) ;  Phys • .  Rev . §2, ?151 (1943) . 
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was solved for each coefficient . The summation index K can take on all 

integral values such that no factorial term becomes negative in the 

denominator . This is consistent with the factorial of negative integers 

having the value of infinity. 'lbe values of the arguments in Eq. (6 . 2 )  

can be  integral or half-odd integral values subject to the conditions 

of the vector addition of augular momentum which leads to 

and 

jl + j2 + j 

jl + j2 - j 

jl - J2 + j 

-jl + j2 + J 

l mll � jl , 

1�1 � j2 , 

1m}1 � j 3 ' 

which in turn leads to 

= a positive integer or zero, (6 .4) 

(6 . 5) 

= a positive integer or zero . (6 .6 )  

The equation solved for the Racah coefficients was the one used by 
2 4 Biedenharn and deduced by Racah: 

W (abcd; ef ) = 6(abc ) 6( cde ) �(acf ) 6(bdf ) X 

(6 .7) 
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where the A factors are defined in Eq. (6 . 3) .  Each set of triads appear­

ing in each A factor must .satisfy the ·conditions given in Eq. (6 . 4 ), and 

the summation index K in Eq. {6 .7 ) is restricted the same as in Eq. {6 . 2 ). 

Equations (6 . 2 )  and (6 . 7)  are not difficult nor �ime-consuming to 

solve on a camputi� maChine if the values of all the factorials antic-

ipated i� these equations are kept as constant� to be used as needed . 

A .  Spherical Bessel Functions 

One of the functions appearing in the integrand of the integral 

in F(£1t2.t,L) is the spherical Bessel Fw;lction .  

from the recursion relationS 
It can be obtained 

{ ) {2L + 1) ( n ) 
{p) j£+1 p ::: p jl'f - j.t-1 , 

with the starting conditions that 

and 

(p) - !.!!£ Jo P 

_ cosp 
p 

I 
• 

{6 .8 ) 

(6 .9 )  

{6 . 10 )  

However, when £ becomes large, j..t (p ) becomes a monotonically decreasing 

function of t ,  and each succeeding value of J_t {p ) from the recursion 

·� -L. .I .  Schiff., Quantum Mechanic! (McGraw-Hill Book �ompany, Inc . ,  
New York, 1955 ), 2nd ed .,  P •  78. 



relation is the difference between two larger values . This means that 

the number of significant figures deteriorates rapidly. The value of J, 
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for which this condition arises decreases as p decreases, and therefore 

if j t (p ) is to be obtained for all t up to a fixed maximum valu.e and for 

all p, a different method from that given in Eq. (6 .8 ) must be used for 

the smaller values of p·  

The method appearing to be  the most usefUl for. small f wa� · that 

of inverting the recursion relation so that 

(6 . 11 )  

·and starting the . process with L = m, where m i s  a large value . �e 

starting condi tiona are that jm+l (p ) =: 0 and tha� jm (p) equals some 

small value; the recursion relation is used to obtain J0(p ) . The value 

of j0(p ) obtained in this way is compared with Eq . (6 . 9 )  to obtai� a 

normalizing constant to be applied to all jt (p) in the sequence . 

The value of p at which the change is made from Eq . (6 . 11 )  to 

Eq . (6 .8 ) depends on the number of significant figures carried and the 

number of significant figures required in the answer and is not fixed . 

B .  �e Coulomb Potential 

Before the differential equations can be solved for the radial 

functions, the Coulomb potential from the distributed nuclear charge has 

to be obtained . The charge density of the nucleus was discussed in 

Chapter II and is represented by the equation· 

Po p (r ) = (¥ - P) l + exp  a ·  

I (6 . 12 )  
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where the values of the constants a and � for best fit to the experi­

mental d�ta are a = 0 . 546 x lo-13 em and � = 1.07 Al/3 x lo-13 em . The 

constant p0 is chosen so that 

(6 . 13) 

and the nuclear Charge Z is expressed separately. 

The potential is obtained from the spherically symmetric charge 

density by the equation 

Ao(r ) 4JtJ: 2 }. n(r ' )  r •2 dr '  = - p ( r ' ) r ' dr ' + 4rt' ,--_ , -Ze r 0 r r '  

which can also be expressed by 

This function is best defined in terms of the new functions 

F (x ) =[ u
n 

du 
n 0 1 + e

u (6 .16 ) 

The dependence of the potential on the functions F can be obtained by n 

changing variables in Eq. (6 .15 )  to u = (r '  - f3)/a, which gives 

A��) = 411foa (� {� [F2 (r � �) - F2 (-�)J + ax� [F1 (r � �) - F1 E �)] + 
+ �

2 [Fo (r � �) - Fo f �)]} + (6 .17 ) 

+ {a [F1(oo ) - FJ. (r � �] + � (r0(oo ) - F0 e � �)l}) , 
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where 

F0(oo ) = loge 2 , 
2 F 1 ( oo )  = u jl2 , (6 . 18 )  

F2 (oo )- = 3/2 (1 .202056903) 

In the same -w,ay the constant Po is  found to be 

p�
1 = 411(Xf a2[F2(oo ) - F2 (- � )j + �h (co ) - F� (- � )] + 

+ fl2 [F0(oo ) - F0 (- � )J} . (6 . 19)  

Although the functions F0 (x )1 F1(x ), and F2(x } have to be tabu­

iat�d for use, . the advantage of this formalism is that A0(r)  can be 

obtained for any value of A which appears in the constant � from the 

same set of tables . 

C .  Removing the Singularity in the Radial Differential Equation 

The solutions of the two radial equations ( 5 .8 )  and ( 5 . 9) are 

essentially the same; therefore the discussion will be restricted to 

considering only Eq. ( 5 .8 ), which is repeated here .for convenience 

Vi thout subscripts : 

{ d2 r. 2 _ _2 2 2 2 lc£ + 1>] JN 
dr2 + 

Lk 
- 26:eA - 2p.P - v- - P + e A -

r2 - 2iV(A> + eAJJ�o- = 0. 

(6 . 20 )  

Before the solution of Eq. (6 .20 )  can be effected, it is necessary 

to examine carefully the various terms that appear . The quantities 

k1 l,J ,  e, Jl1 and t are constants and V and P, representing the square-

well nuclear optical potential, are constant for r less than the nuclear 
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6 radius and zero for r greater than the nuclear radius . The Coulomb 

potential A resulting from distributed nuclear Charge is a slowly 

varying function in the region of small r, hav� a finite value and a 

slope or zero at r = 0 . 1 For large r, of course, the Coulomb potential 

goes as 1/r .  

To obtain starting conditions for the solution of Eq . (6 . 20 ) ,  the 

equation will be examined at small values of r .  TP.eret:<?re, we �onsider 

the solution of the equation 

, 

where the bound(lry condition requ�res X to be zero at r = 0 .  By 

(6 . 21 )  

-v s+l letting � = Br and substituting it into Eq . (6 .21),  it is found that 

this solution can only hold for s = ..e. Hence, for small r 

and 

, 

d X. = B(.l + l )rt 
dr 

(6 .22 )  

(6 .23 )  

Equations (6 .22 )  and (6 .23 ) present a problem in that for L > 0 

they are both zero at r = 0 and are not adequate to start a numerical 

solution from the origin . Another nmne_rical difficulty is the singu� . . . · ·. · ­

larity 1(£ + l )/r2 for L > 0 .  These difficulties can be removed, however, 

6 T.be nuclear radius for purposes of defining the square-well 
optical potential was taken at 1 . 4  Al/3 x lo-13 em . 

1 These observations can be substantiated by examining the Coulomb 
potential resulting from a uniform Charge density . 



by making the transformation 

1 (6 . 24 )  

(6 . 25 )  

so that the differential equation becomes {d2
, . 2(i + 1) d [ 2 2 2 2 21 J dr2 + r dr + � - 241eA - 2JlP - V - P + e A j - 21V(4>+ eAJ 9 = q 

where, for small r, 

e = B 

dB = O dr 

(6 . 26 )  

(6 . 27 )  

(6 .28 ) 

In practice, the differential eqUation for B is solved numerically until 

some convenient value of r is reached; then the transformation back to 

�e fun9tion 1( is made, and one continues With the solution of its 

differential equation. 

D .  Solution � the Radial Diffe�ntial Equation 

The Hunge-Kutta method of integrating the radial differential 
8 equations, and in particular the version given by Gill, has many ad-

vantages for the present problem. With this method it is possible to 

obtain values of the derivatives of the radial functions necessary in 

�e integrand in the function F(L1t2t3L) and the starting conditions are 

particularly simple since only the initial values of the radial function 

8 S • Gill, Proc . Cambridge Phil .  Soc·. 4 71 96 ( 1951) • 
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and its derivative are needed . 

In general, the Runge-Kutta method is a means of solving any 

number of coupled first-order differential equations, and it is a fourth-

order process which has a truncation error in one step of the order of 
.5 h , where h is the interval width . 

To show how Eq . (6 .26 )  can be put in the form of coupled first-

order equations we consider the simplified notation of the second-order 

equation 

d2
9 d9 [ � 

dr2 + R(r) dr + P{r ) + iQ(r� 9 = 0 

and note that 9 is a complex function . By making the substitution 

(6 .29) 

(6 . 30 ) 

the rea+ and imaginary parts of Eq . (6 .29) can be separated to give 

and 

2 d 91 d91 � + R - + P9 - Q9 = 0 
dr dr 1 2 (6 . 31a ) 

(6 . 3lb ) 

Each of these equations can now be reduced to first-order equations by 

the substitution 
yl = 91 ' 

d91 y2 = dr" ' 

(6 . 32a ) 

(6 . 32b ) 

(6 . 32c )  



(6_ . 32d) 

so that Eqs. (6 . 3la } . and (6 . 3lb) become the set of four coupled equations :  

dy 
1 

- - Y.  = 0 d.r 2 , 

(6 . 33c) 

(6". 3_3d) 

Hence, eaCh solution of Eq. (6 . 26) involves the solution of four coupled 

fir�t-order equations, which is also true of Eq. (6.20). 

To start the integraticn from r = 0, the conditions given in 

Eq . (6 .27) and (6 .28) are used: 

yl
(o) = D , (6. 34a) 

y�(O ) = 0 , (6. 34b ) 

y3(0 ) = D , (6. 314-c) 

Y4(o ) = 0 , (6. 34d ) 

where D is an arbitrary real constant . 

E. Determination of � Normalizing Constant and Complex Phase Shift 

The function resulting from the integration of the radial differ-

ential equation is not normalized properly as a result of the arbitrary 
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constant used in the starting conditions . This means that a numerically 

determined radial function will differ from the required asymptotic 

forms given in Eqs . ( 5 . 10 )  or ( 5 . 11 )  by a complex constant which must be 

determined . Tb obtain the constant without integrating to very large 

values of r, the radial differential equation is written as 

2 "X:' + p ( r } 'X = 0 (6 . 35 ) 

for r greater than the nuclear radius, p2 is real, . 'and for r ( .suffic-
2 iently large, p is positive as well as real . In the latter case the 

W .K.B . approximation ¢ for the solution to Eq. (6 . 35 )  is 

where K(r }  is a function approximated by p(r), � is the complex phase 

shift, and the asymptotic form of X and ¢ is given by 

X = ¢ ,-v  sin [ G(r } + �J (6 . 37 ) 

In Eq. (6 . 37 ), the function G(r } has the form appearing in Eq. ( 5 . 10 )  or 

(5 . 11) . 

The approxi•tion X �  ¢ in Eq . ( 6 .  36)  can be achieved to a higher 

degree of accuracy for intermediate values of r if a better approximation 

than p(r )  for the function K(r ) is used . The better approximation for 

K(r ) qan be obtained by noting that ¢ satisfies the differential 

equation [ 2 K" 3 (K ' )2 J ¢" + A + 2K - 4 K ¢ = 0 

and that for ¢ to be also a solution ·to Eq. (6 . 35 ), 

2 _ _2 K" 3 (K ')2 
P = r + 2K - 4 K (6 . 39 )  
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Now, if p is slowly varying with respect to r, the iteration 

, (6 .40 }  

With the starting condition that KQ = p, will converge very rapidly. In 

fact, it is satisfactory to carry the iteration only one step, which 

results in 

, (6 .41)  

and therefore making � a very good approximation to  X . 

For intermediate values of r the functions e and e •  resulting 

from the integration of Eq . (6 . 35 )  diffe� from X and ft.,' respectively 

by a complex constant, A, which can be determined from Eq . (6 . 36 )  by 

first setting 

(6 . 42a ) 

and then obtaining 

9 '  = A(kK}1/2 cos0dr + ;; - � �· 9 (6 .42b )  

From these tw9 equations we can write 

(6 . 43a )  

, (6 .43b )  

where the complex phase shift is written as TJ = ex + i�. By summing the 

squares of Eqs . (6 .43a) and (6 . 43b ), 

' (6 .44 )  
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which leads to 

(6 .45 )  

and finally to 

� 
N2

� 
A = �� + i jN� v -2----! ' (6 . 46 ) 

which gives the normalizing constant . 

The imaginary part of the complex phase shift can now be easily 
-i& 

.. 
obtained in the form of e , �hich is the form required in F (L1t.,zt3L), 

by using Eqs . (6 .43a )  and (6 .43b ) to write 

B - iC = A [sin (fidr + a + i&) - i cos (Jmr + a + ifl)J = 

B* + iCit = A* [ sin (Jxdr + a - if>) + i cos (Jmr + a - ib)] = 

. = (Jl + !2 ) -i (J2 - Il) 

By multiplying these two equations together, 

which gives the desired term as 
�-----------------

( 2 2 
-S Jl + I2 ) + (J2 - Il) 

e = 
I A 12 . 

where I A I 2 is given in Eq. (6 .45 ) . 

' 

(6 .4?Q ) 

' 

(6 .48 ) 

(6 .49)  

In practice, the solutions to  the radial differential equations 

were terminated when the value of A obtained from Eq. (6 .46 )  converged 

to a constant value, indicating that the approximation for 'X. given in 



Eq . (6 . 36 )  wa� sufficiently accurate . 

F .  Performing � Integration in F(l 1!.e_�� 

'nle integral in the function F (.t1 i2�L) is of' considerable 

interest from the standpoint of obtaining the matrix elements for pro-
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ceases involving only continuum wave functions . From a numerical point 

of' view little has been done to develop methods of' obtaining the infinite 

integrals of slowly converging oscillating functions, and little has been 

published on this sUbject . 

The problem is to find an integral of the form 

T = l
.
imit [ f(x }  dx = limit I (r )  

r . .,.. oo 0 r-+ oo (6 . 50 )  

where f (x }  i s  a slow�y converging function which oscillates about zero, 

by solving �or I (r )  and deducing its limiting value . Since f (x }  oscil­

lates about zero and converges to zero, the function I (r }  for large r 

will oscillate about some mean value and converge to that val�e . The 

first approach then is to integrate to some value r for which the magni­

tude of the oscillations of I (r )  is �mall compared with the mean value . 

However, i:il the present problem this value was prohib itively large . This 

means that for economy, �he asymptotic value of the integral must be 

determined in the range where the oscillations of I (r )  are a significant 

fraction of the mean value . Coupled with the fact that I (r )  may not be 

very regular in its oscillations about the asymptotic value, this value 

is very difficult to derive with any degree of accuracy. Additional 

methods of smoothing out the oscillations by taking the average value of 



I (r )  as shown by Titchmarsh9 still result in an oscillating function 

IrrJ which converges to a limit in a not too regular way . Therefore, 

still another method must be devised . 

The method devised for solving the int_egrals was to put a con­
-ax vergence factor in the integrand of the form e • Then, for selected 

values of a, the integral 

T(a, r )  =lr e -ax f (x )  dx 
. 0 

will converge .quite . rapidly to the value of the integral 

T(a) = .r. e -ax f(x ) dx 

(6 . 51) 

Tb find the value of T(O ), which is the required value, the value 

of th� integral T(ai ) is found at n + 1 values of ai, i = 1, 2, • • •  , n + 1, 

and extrapolated to a c= a ,  the method of extrapolation depending on the 

function T(a) . A convenient method of e�trapolation is to fit an Bth­

order polynomial to the values T(ai ) and solve for a =  0 .  This can be 
10 done with the aid of the Lagrange formula 

where the constants A i are given by 

A = 

ili-1 aj n+l 
1 J.= (ai - aJ j Jitl 

(6 . 52b ) 

9 F .  c .  !1tChmarsh, Introduction to the T.beor of Fourier Inte rals 
(OXford University Press, London, 19 , 2nd ed . ,  P• 2 • 

10w.  E .  Milne, Numerical Calculus (Princeton University Press, 
Princeton, 1949 ), p .  83. 
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The convenienc� �f Eqs . (6 . 52 )  is made very clear when the ai are equally 
-a1x 

spaced and we let y = e , where a1 is the smallest value of ai . In 

this case, it is found that 

(6 . 53) 

The sacrifice of calculating the exponential and polynomial in the 

weighting factor of Eq . (6 . 53) at each step of the integration is more 

than compensated for by the rapid convergence of the integral and the 

resulting time saved in computing f{x ) . An even greater advantage is 

that T(a) is usually a slowly varying function: · of a and may b� monotonic, 

which means that it can easily be extrapolated to zero, and such was not 

the case in the original problem . The slowly v�rying nature of T(a ) can 

be observed from the following two examples :  

and 
J: 

-ax sinx dx = tan -1 1 
e -- - , X a 

;: 
-ax sinx dx = 1 e 2 a + 1 

IV. THE GENERAL PLAN OF THE CAlCUlATION 

(6 . 55 )  

Because of the duplication of functions that appear in the terms 

of the sum in the function K given in Eq . (5 . 51 ), the most economical 

method of solution was to carry forward the integration of the differ-

entia! equations for all the required radial functions one step at a 

time . At the end of each step the values for the functions and the 

values of the spherical Bessel functions at that step were distributed 



into the integrations appearing in all the functions F(1�2t3L), and 

these integrations were carried forward one step . Returning . to the 

radial equations, the step-by-step process was continued �til the 

functions F(t1£2t3L) converged and all the normalizing constants and 

phase shifts for the radial equations were obtained . The functions 

F(�1£�,t) were then renormalized and multiplied by the exponential of 

the phase shifts, and the final sum in the function K was performed . 

The value of K obtained in this way was then used in the cross-section 

formula Eq. (6 . 1) . 

The actual calculation was complicated by the complex na:ture of 

the functions • In order to obtain each radial equation four coupled 

first-order differential equations had to be integrated, and in order to 

find each integral in the functions F ( t1 t2 i,L) a real and imaginary 

integral had to be obtained . These camp�ications were intensified by 

the necessity for economy and space limitations in the computer which 

made it mandatory that no extra integrals be found even though the 

allowed values of £1, L2, £3, and L did not index in a regular way. The 

solution to the indexing problem was found in a special routine which 

controlled storage and the distribution of the wave functions among the 

integrals in the process of integration . In effect, it acted as a 

speedometer which would produce only allowed combinations of the quantum 

numpers in a given sequence that covered all possibilities . 

In the sum in the function K the two quantum numbers £1 and �, 
were allowed to be unrestricted and all other quantum numbers were then 

restricted by the Clebsch-Gordon coefficients and the Racah coefficients . 

In order to cut off the sums at maximum values of £1 and £3 for the 
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cases where the optical potential was present, it was assumed that pro-

duction of pions takes place mainly within the bounds of the potential . 

Under these circumstances, the maximum value of these numbers ghould be 

such that the first maximum of th� corresponding radial equations lies 

just outside the bounds of the potential . This means that 

and 

2 2 )1/2 
2 z a  - 2pP - v2 - P + �  

ro 
(6 . 54 )  

(6 . 55 )  

where r0 is the radius of the nuc�ear potential (1 .4  Al/3 x lo-13 em ) . 

This turned out to be a very effective means for choosing the maximum 

values . The same method also worked for those cases where the nuclear 

potential was neglected but the modified Coulomb potential was retained; 

however, the �adius, r0, in this case was approximately two and one half 

times that indicated above . 

As an example, consider a case where · ·the incident photon energy 

was 310 Mev, the excess kinetic energy was equally distributed between 

the pair of pions, the nucleus wa� lead, and the nuclear potential was 

included . The maximum values of l 1 and .t3 were then chosen to be 

5 and 31 respectively, based on Eqs . (6 . 54 )  and (6 . 55 ), and the calcu-

lation involved the integration of forty first-order differential equa-

tions and the evaluation of 192 integrals . The running time on the 

IBM-7o4 was 20 minutes per case . 



CHAPTER VII 

RESULTS 

Calculations of the differential cross section for the electromag-

netic production of pion pairs were performed, with exact wave functions 

used to determine the effects of the distributed nuclear charge and the 

nuclear optical potential . The equations were first solved with the 

optical potential neglected and the results compared w�th the Born 

approximation, and, finally, both the modified Coulomb and nuclear poten-

tial were included in the computation.  The results of these calculations 

and the cauparisons are presented in . this chapter .  

I .  CALCUlATIONS WITH THE COOLCJ.m POTENTIAL 

' 1 
A .  � � Approximation 

In Chapter I attention was called to the fact that if the Hamil-

tonian included a Coulomb potential which is sufficiently broad and with 

magnitude greater than the rest mass of the pion it could not be brought 

to diagonal form and led to complex eigenvalues . This is not the case 

when the Coulomb potential is included in the perturbation--the resulting 

Hamiltonian can be diagonali zed, and leads to the Born approximation . 

Then the resulting cross -section formula can be investigated without 

concern about the magnitude of the Coulomb potential . 'Ibis point is 

made because there is some interest in investigating the effect on the 

value of the cross section as one goes from a point Charge nucleus to a 

1In this section the equations will be given in ordinary units, 
where P is the momentum and E is the energy. 
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distributed charge . That the point charge is not a good approximation 

for the nuclear charge in the case of pair produ�tion of pions, since the 

production occurs predominantly inside the nucleus, is clearly indicated 

by this comparison .  

Tb investigate the chan� in the cross section as one goes from a 

poin� charge nucleus to a distributed char�, we shall consider the Born 

2 approximation differential cross section given by �auli and Weisskopf : 

lte4 J � (p.) J 2 P+P- sinB_ sinB+ dB_ dB+ d¢ dE_ 
dcr = 

!!.5 cl' (21C)4 (W ) , 
0 

(7 .1 )  

where Eo is  the energy of the incident photon, B and ¢ are the polar and 

azimuthal angles with respect to. the incident direction of the photon, and 

w = 

E2P2sin2e E�+ 2_sin2B_ 2E E P P sinB sinB cos¢ - + + + - + - + -
(E -cP cosB )2 

+ 
� -cP cosB )2 + (E+-cP+cos9+)(E

_
-cP_cos9

_
) 

+ + + - - -

f (p )  is the Fourier transform of the Coulomb potential given by 

r ip ·t 3 i(p ) =� A(x )  e d x 

• (7 . 2 ) 

(7 . 3 ) 

To maintain conservation of energy and linear momentum consistent with 

the heavy nucleus assumption, 

E0 = E+ + E (7 . 4a )  

and 

' (7 .4b )  

�quation (7 . 1) has been corrected by a factor of 1/2 missing in 
the equation given by w .  Pauli and v. Weisskopf, Helv . Phys . Acta r, 109 
(19;4 ) .  



where flit is the momentum transmitted to the nucleus and P is the momentmn 

of the photon . 

For a point charge Eq.  {7 . 3 ) gives 

� (p) 4JteZ = - � , 
p 

in which case Eq. (7 .1 )  can be integrated over all angles . After a 

tedious calculation, it is found that 

(7 . 5 )  

(7 .6a )  

where a is the fine structure constant, R i s  the classical meson radius, 

and 

L = log e 

2 4 P cP c + E E + m c + - + -
2 4 -P cP c + E E + m c + - + -

P cP c + E E + - + -
2 4 + m c 

(7 .6b )  

For the case of a distributed charge with density �(x ), Eq . (7 . 3 ) 

can be shown to lead to 

' (7 . 7 )  

and Eq . (7 . 1 ) has to be integrated numerically. 

Equation (7 .1 )  was solved for lead (z = 82 ), with the distributed 
� 

charge density given in Eq . (2 . 7 )  used, and compared with a point charge 

lead nucleus . This comparison is given in Figure 3 at a photon energy 

of 310 Mev . The two curves have similar s¥pes, but the point-charge 

cross section is a factor of approximately 5 x 103 to 104 larger than 

that for the dis trubuted charge . This large factor persists in the range 

of photon energies investigated in this calculation (280 to 310 Mev ) .  
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F i gu re 3 .  Comparison of the Bo rn A p p ro x'imatio n Pion Pa i r  
Production Cro s s  Sect ion at a P hoton E ner gy of 3 1 0 Mev for 

a Po i nt - Char ge and D i str i buted-Char ge Lead Nucleus . 



B .  Comparison of � Approximation and Calculations � Exact Waves 

71 

A comparison of the calculation of the pion pair producti on cross 

section using exact waves with the Born approximation solution for a 

distributed charge nucleus is: presented in Figures 4, 51 am 6 .  At the 
·. 

photon energies of 290, 3001 and 310 Mev a striking difference in the 

spectral shapes between the Born approximation and exact wave calculation 

will be noticed . The enhancement of the cross section for higher energy 

1r + mesons is well known and occurs because of the repulsive Coulomb 

. . 3 
potential . 

The difference between the Born approximation and exact wave 

calculations can be expected in the cases just cited because the condi-

tiona for the Born approximation to hold are certainly not obtained : 

P_cfE_ 
(( l (7 .8 ) 

2 2 
In fact, for lead, where z = 82, 10 = 310 Mev, and (E_ - Me )/ (E0 - 2mc ) = 
0 .  5, then 'll:iE/Pc = 1 . 4 .  It is of sane interest then to examine the 

spectral shape of the exact wave cross section to see how it approaches 

that of the Born approximation as z -+  o .  Figure 7 shows the ratio of the 

differential cross section for the exact wave solution to that of the 

Born approximation as a function of Z for v = 0 . 5· and 0 .1  at photon 

energy 290 Mev . In this comparison the value of A, which determines the 

3A discussion of this point is given for electron pair production 
by H .  Heitler, �e 'uantum 'l'heory of Radiation (OXford University Press, 
London, 1954), 3rd ed., p .  259 . 
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F i gure 4 .  Compariso n of the Bor n A p pro x imatio n arid E x act Wave 

Pion Pair Prod uction Cross Section for Lead at a Photon 

E ner gy of 290 Mev . The Nuclear Potential Was Neglected . 
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Figure 5 .  C omp arison of the Bor n Appro x imation and E xact Wave 

Pion Pair Productio n C ro ss Section for Lead at a P hoton 

E nergy of 300 Mev .  T h e  Nuclear Potent ia l  Was Neglected . 
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Figure 6 .  Comp arison of the Bor n  A p p ro x imation and E xact Wave 
Pion Pair Pro duct io n Cross Section fo r Lead at a P hoto n 

E nergy of 3 1 0 Mev . T he Nuclear Potential Was Neglected . · 
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extent of the Charge distribution, was kept constant; so the numbers 

refer to fictitious nuclei for Z <  82 . Referring back to Figure 4 and 

2 
assuming that a Z factor has been removed from the ordinate to make 

the Born approximation independent of charge, as Z decreases the exact 

wave curve increases steadily relative to the Born approximation, main-

taining its s�pe until Z = 20; for small v it starts to de crease, while 

for large v it continues to increase until Z = 0 where the curve has 

assumed the Born approximation shape . 

The ratio of the total pair production cross section obtained by 

exact waves and distributed Charge to that obtained by Born approximation 

can be determined after integrating the curves shown in Fisures 4, 5, 

and 6 .  '!his ratio is shown in Figure 8 .  The most interesting fact to 

be observed from these data is that the ratio is less than 1 as the 

photon energy increases above threshold, reaChing and crossing the value 

1 at approximat�ly 317 Mev . This is the opposite · behavior from that 

obtained in electron pair production with a point charge where the ratio 

is greater than 1 just above threshold and decreases and finally crosses 

4 the value 1 as the photon energy increases . 

II . CALCULATIONS WITH A MODIFIED COULOMB AND NUClEAR PO!'ENTIAL 

In order to select the nuclear optical potential parameters for 

the present calculation from the data shown in Figures 1 and 2, it is 

necessary to briefly review the way that the data were obtained . 

4
A discussion of this point for ele ctron pair production is given 

by I .  E .  Dayton, Phys . Rev . � 544 (1953) .  
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F i g u re 8 .  Ra t i o of E x act Wa ve to Bor n A p p rox i m a t i on P i o n  Pa i r  
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In the analysis of the pion scattering data from complex nuclei 

it has been customary to introduce both the real and imagfnary part of 

the optical potential as a time component of a four-vector . In contrast 

to this, in Chapter III, it was shown that only the imaginary part of 

the optical potential should be a time component of a four-vector, the 

real part being a world scalar . In effect this means that the data pre­

sented in Fi�s 1 and 2 were obtained by using a radial differential 

equation where the factor -2 tcJk 
(P + iV ) rather than -2pP - 2i4Jk V (which 

was in Eqs . ( 5 .8 )  and ( 5 .9 )) appeared in the operator . This means that 

the real part of the potential in Figure 1 should be corre cted by a 

facto� Wk/)l in order to make it app�icable to this calculation . The 

imaginary part of .the potential need not be corrected . 

In the calculations to be described, incident photon energies up 

to 310 Mev were considered, and therefore since threshold is at approxi-

ma.tely 279 Mev, the optical potential in the range 0 - 30 Mev pion 

kinetic energy was required . From the data given in Figures 1 and 2 and 

from the assumption that the potential curves are flat in the lower 

energy region as discussed in Chapter II the values of -16 Mev for the 

real part of the potential and -5 .Mev for the imaginary part of the 

potential were selected . 

The differential cross sections obtained from the present calcu-

lation including both the Coulomb potential from the distributed charge 

in the nucleus and the nuclear optical potential are presented in 

Figure 9 and in Table I .  These data still show the effects of the strong 

Coulomb potential, although the cross section has been cons iderably 
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TABIE I 

THE PION PAIR PRODUCTION CROOS SECTION IN UNITS OF a.R2 
= 7 .  762 x 10- 33 ct4� 

FCll lEAD, INCLUDING THE COULQ.fB AND OPI'ICAL PO!'ENTIAL 

E 2 
- me 

v = 2 E - 2mc 0 

0 . 001 

0 . 125 

0 . 250 

0 . 375 

0 . 500 

0 .625 

0 . 750 

0 .875 

0 .95 

(P = -16 lf.ev, V = - 5 Mev ) 

Cross section at photon energy of 

290 Mev 300 Mev 310 Mev 

Differential Cross Section, dt:J/dv 
a.R2 

6 -1 1 .0  X 10 

7 .66 X 10-2 

4 . 59 X 10 -2 

1 . 99 X 10 -2 

5 . 57 X 10-3 

7 .92 X 10 -4 

2 . 73 X 10-5 

2 .49 X 10 -
2 

8 . 31 X 10 -1 

7 . 91 X 10-l 

7 . 21 X 10-l 

5 .79 X 10 -1 

4 .00 X 10 -1 

1 . 41 X 10 -1 

1 . 27 X 10 -2 

4 .91 X 10-5 

Total Cross Section, 

3 .81 X 10 -1 

2 . 16 

2 o 38  

2 .47 

2 .17 

1 . 63 

9 .89 X 10-l 

2 . 53 X 10 -1 

2 . 68  X 10- 3 

2 . 66 X 10 -
7 

� 

aR2 

1 . 38  



increased from the corresponding cases without the �tical potentia�. 

The data at photon energy 310 Mev sh� a hump which can be accounted for 

on the bas�s that within the nuclear �ell the effective momentum of the 

pions is increased whereas the effects of the Coulomb potential are 

reduced and therefore the spectrum would be expected to tend toward the 

symmetric shape given by the Born approximation . Figure 10 and Table I 

present the integration of the differential cross section as a function 

of the incident photon energy indicating a sharp increase in the cross 

section about 15 Mev above threshold . 
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CHAPTER VIII 

SUMMARY 

1 The Pauli-Weisskopt theory of the electromagnetic production of 

pion pairs has been investigated with the objective of including in it 

the strong pion-nucleus interaction which ultimately leads to an enhance-

ment of the cross section . This was accomplished by the semiphenomenolog-

ical method of including the interaction into the rigorous theory in the 

form of an optical model, a method first suggested by landau and 

Pomeranchuk .2 

In Chapter III it was shown that the optical model in the form of 

a complex optical potential could be explicitly introduced into the field 

equations in a · consistent manner which leads to the absorption and 

scattering of the pions from the nucleus . The consistency of the theory 

is maintained only in the case where the real part of the potential is 

a world scalar and the imaginary part a time component of a four-vector . 

Absorption of mesons in the nucleus as introduced into the theory 

by the imaginary part of the optical potential includes all inelastic 

events as well as true absorption which leads to an excited state of the 

nucleus . The real part of the potential, on the contrary, introduces the 

coherent scattering of the mesons from the nucleus as a whole . The 

resulting cross section with these potentials therefore represents the 

l\1. Pauli and v. Weisskopf, Helv . Phys . Acta 1' 709 (1934 ) . 
2 L. D .  Landau and I .  I .  Pomeranchuk, Zhur . Ek.sptl . i Teort . Fiz .  

� 505 (1953) ;  English translation: Proceedings of the Cern SY!P9sium 
1956 (Service d ' Information; Cern, 1956), vol . II, p .  159 · 

- . 



pion pair production cross section where the nucleus is left in its 

ground state • 

8� 

When the optical potential is present, the final-state wave forms 

for the pion wave functions appearing in the matrix element are not fixed 

by existing theory. Therefore a choice between two possible forms had 

to be made . It was possible to make the selection unambiguously, however, 

as was shown in Chapter IV. '!he resulting matrix element was then ex­

pressed in angular momentum states for ease of solution, and methods of 

solution were devised for the various terms . These last two steps are 

shown in Chapters V and VI . Of particular interest in Chapter VI is the 

method devised for finding certain infinite integrals that appear in the 

mat.rix element, where the integrand is a product of continuum wave 

functions or their derivatives . This problem was resolved by the intro­

duction of a weighting factor in the integrand which made the integral 

converge quite rapidly . 

Since the production of pion pairs occurs predominantly inside 

the nucleus, it was necessary to consider the modified Coulomb potential 

resulting from a finite nucleus with a distributed charge density . The 

form of the charge density used was that obtained from electron scat­

tering experiments . The complication of the distributed charge has its 

compensation in that now the ambiguity occurring in the equations of 

motion for .£ = 0 is avoided, as are the complex eigenvalues that could 

arise if the Coulomb potential is sufficiently broad and has too lar� 

a magnitude . 

The results of the calculations for photon energies just above 

threshold shown in Chapter VII indicate a considerable change in the 



spectral shape of the differential cross section when exact waves are 

used as compared with the Born approximation results . The enhancement 
+ -

of the cross section for n mesons with energy greater than the n meson 

is very evident and can be attributed to the repulsive Coulomb potential 
+ for the n mesons . Although the cross section is markedly reduced as 

one goes from a point Charge to a distributed charge for the nucleus, 

the loss is regained when the strong pion-nucleus interaction is included 

in the form of the optical potential . This increase in the cross section 

is significant, putting the values in an experimentally determinable 

region especially for photon energies above 295 Mev . 

It was pointed out in Chapter I that the n-n interaction was 

neglected in this calculation . This was done because at the present 

time there is insufficient information available for an adequate treat-

ment of the interaction . 

In the present state of affairs, it is difficult to speculate as 

to the effect of the n-n interaction on the spectral distribution of the 

pion pairs, or, for that matter, on the cross section for the production 

process . Only a few qualitative statements can be made . 

First, it should be pointed out that at gamma-ray energies just 

above threshold such as those considered in this paper, the maximum 

center-of-mass energy of the pion pair is relatively low (approximately 

2 .  2 p.) . This is well below the start of the propcs ed resonance i.n the 

isotopic spin t = 1 state of the n-� system which is located at an energy 

of approximately 4 P · '' 4 It would also be below the t = 0 resonance 

\r .  R .  Frazer and J. R .  Fulco, Phys . Rev . U!tters g, 365 (1959 ) .  

4P . Curruthers and H .  A .  Be the, Phys • Rev . U!tters �� 5 36 ( 1960 ) • 



4 
suggested by Curruthers and Bethe which, if the resonance actually 

exists, would be located at a� approximate energy of 2 . 5 P ·  For these 

reasons, serious fluctuations from the cross section as calculated in 

this paper should ·not be expected . 
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4 
It was pointed out by Currutbers and Bethe that the t = 0 inter-

action might be expected to dominate at the lower center-of�mass energies 

of the lt-� system . �odberg
5 has reported some impulse appro�imation 

- + - . 
calculations of the lt + p � �  + lt + n reaction which seem to sub-

stantiate this . In the lower energy range he assumed the dominance of 

the t = 0 interaction and obtained reasonable agreement with the experi-

6 
mental results of Perkins et al . Assuming t�t the t = 0 interaction 

is dominant at low center-of-mass energies of the lt-� system and noting 

+ -
that the � -� pair is a mixture to t = 0, 11 and 2, the interaction 

might well affect the results presented in this paper and be observable 

by comparisC?n w1 th experimental data . 

Although the present calculations maintained at least 1� numerical 

accuracy, a much larger error no doubt occurred because o£ ·the uncertainty 

in the optical potential parameters selected from the spread of experi-

mental data . A systematic study of the effect of changing the values 

of the potential parameters and shape would give an indication of how 

sensitive the present results are to these factors . However, an improve-

ment in the analysis of the experimental data and more values from the 

5L. S .  Rodberg, Phys . Rev . Letters b 58 (1959 ) .  
6 
Perkins � al . ,  Phys • Rev . Letters L' 56 ( 1959 ) . 
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low-energy pion-nucleus scattering experiments would ultimately be 

necessary to improve the v�lues of the potential parameters and lead to 

a more accurately calculated pion pair production cross section . An 

improved analysis of the s cattering data would result if the radial 

equations of the form given in Eqs . ( 5 .8 )  and ( 5 . 9 ), which inclUdes the 

effects of the modified Coulomb potential, were used . 
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APPENDIX A 

REDUCTION OF THE FIRST-ORDER PERTURBATION THEORY MATRIX EIEMENT 

WITH EXACT WAVES TO THAT OBTAINED WITH SECOND-ORDER 

PERTURBATION THEORY WITH PIANE WAVES 

It will be shown here that the matrix element 

�iven in Eq . ( 5 . 5�  obtained from a first-order perturbation theory 

treatment of the interaction between the meson and electromagnetic 

field using exact waves reduces to the results obtained by Pauli and 

(A . l ) 

Weisskopf in a second-order �rturbatian theory treat�nt using plane 

waves if the Born approximation is made . In order to simplify the 

derivation and make it directly comparable with the results of Pauli 

. and Weisskopf, the nuclear optical potential will be set to zero in the 

differential equations for the wave functions • Then, trom Eqs • ( 4 . 2 ) 

where 

__2 2 w -* 2 2 ) \II-* '\V-* (- \7 - k ) 1 }t = ( -�
+ 

eA0 - e A0 T t :: V + T k 
. , + + + + 

2 2 2 
C&)k = k + )1 

(A .  3 ) 

(A . 4 ) 
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The waves in Eqs . (A .2 )  and (A . ; )  have the following asymptotic forms 

ikr 
r:v ,.., � + f (e )  _e -

r F{ , (A . 5 )  

-* * eikr 

'l'k � �k + g (e )  --

where the notations 

+ + r��
+ 

-ik ·r �* - e r - -J�-

, (A . 6 )  

(A .7 ) 

(A .8 ) 

have been used . Equation (A . 2 )  can now be written in operator form as 

v r
+ 

r+
� = �: + - -ll 

-K K H - k2 - i� 0 -
, (A . 9 )  

where H0 = - �' E is a real infinitesimal constant which a�roaches 
* 

zero,  an.d �It
_ 

is the solution to the homogeneous equation.  To get a 

more explicit form for Eq. (A . 9) ,  it can be written as 

and 

+ -+ * j<o(? - ?t ) v _ (zt t ) r:t_ (!t t )  d3r I 

r 1{ (r ) = c;"l (1') + 2 , - - - H {r ) - k - i �  0 -
(A . lO )  

(A .ll)  

where the waves are assumed to be quantized in a box of unit volume . 
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Using Eq . (A . ll )  in Eq . (A . lO ), 

(A . l2 ) 

where 

( . \vf- ) }* + 

3 �� V _ T -k-

= f6t V _ 'f' -t
-

d r 

Similarly, the expression 

can be obtained . 

For the potential lr 
x� = r� v � ' 

where unrationalized units are used and ·· e is a unit vector in the q 

(A . l3 )  

(A . l4 )  

(A . l5 )  

direction of polarization . This wave is transverse, so that � ·�  = 0 .  q 
Inserting Eqs . (A . l2 ), (A . l4 ), and (A . l6 )  into Eq . (A . l )  yields 

J i (q-lr+-it_ ) .t: 3 
M = -2e � � ·it) e . d r + q J&uq f.t)k-"\. + 

i (q-t++t) ·t( � ) 3 

+ 2e .p;; fi:,c� ·K> � 
e =fits v_ -t-_ 

d r 

J . Y q J&Jq "''t+ t.>k (tt>; - t.>;_ - u) 
(A . l6 )  

- 2e {iWfi ;; i:• 

second­
+ order 

term . 



In Eq . (A . l6 )  the second-order te� contains a factor V+V- and 
2 therefore is of order e , but it is dropped subsequently, since only 

terms of order e are retained . The first term on the right of Eq. (A . +6 )  

can also be dropped because it leads to the Dirac delta function 

&(q - t - t ), which will give no contribution because the theory + -

requires that c..lq = t.U+ + GJ_ and both conditions cannot ,be satisfied . 

Before substituting the values of V + and V _ in the remaining 

terms of Eq. (A . l6 )  the terms of order e2 are dropped, and the Fourier 

transform is introduced: 

, (A . l7 )  

where 

' (A .J..8 } 

so that 

(A . l9)  

and 

(A . 20 )  

Now, the Born approximation 

(A .21)  

(A .22 )  
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is introduced and Eqs . {A . l9)  and (A .20 )  are used to obtain 

and 

= t.lk e I:. &(p + 1t + It_ ) �(p) 

p J �G\t_ 

(A . 23) 

(A .24 )  

Equati<?n (A . l6 )  now becanes in the Born approximation 

(A .25 )  

_ � � (�q·t_ ) 41k+ S('O: + t •  - Ti_ ) '0@ + � ·  + k+)] 
' 

It '  r Jrwq'irf\_ (&J! , - G)�J 
where c is set equal to zero . The sums in Eq . (A .25 ) can now be per­

formed, and the condition e ·� = 0 used to obtain 

M = 2e2 � �(G)2 ��q�lr) ) F.k- + (tv2 (�:}) )J�+ } �(p ) v 2&Jq k � -q + k It -� -- + + -

with 

:;tt ... 
..,. � 1' = q - k  - It  - + ' 

' 

(A .26 )  

(A .27 )  

which i s  the form of the matrix element from the Pauli-Weisskopf theory. 



APPENDIX B 

A LIST OF SOME USEFUL RElATIONS BETWEEN CLEBSCH-GORDON 

AND RACAH COEFFICIENTS 

For the purposes of reference, a few equations involving the 

Clebsch-Gordon and Racah coefficients are reproduced in this Appendix.  
1 These equations are contained in the book by Rose, along with others 

that are of considerable interest but not explicitly referr�d to in 

this work. 

Four useful symmetry relations of the Clebsch-Gordon coefficients 
2 are 

1 

j
2-HD2 ( 2j3 + 1)1/2 

= (-l ) 2j + 1 . 1  

M. B .  Rose, Elementa;, Theory of Angular Momentum 
and Sons, Inc . ,  New fork, iF). 

2 Ibid . ,  P •  38 • 

' (B . l ) 

(B . 2 ) 

(John Wiley 



and two equations relating the Racah and Clebsch-Gordon coefficients 

are
3 

2:: [{2e + 1) (2f + 1)] 112 W {abcd; ef ) C (bdf; t3S ) C{afc;a, t3  + & )  
f 

= C {abe ;Qt3) C {edc ;a  + 13, o )  

K2e + 1 ) (2f + 1)] 11� w(abcd; ef ) C{afc;a, t3 + & )  

= � C(abe; � ) C(edc;a  + �� & )  C(bdf; � )  

, 

3Ibid . ,  p .  110 . A typographical error in the first Clebsch­
Gordon coefficient on the right of Eq . (B .6 ) was corrected before 
reproducing the equation here . 
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(B . 5 )  

(B .6 )  



APPENDIX C 

REDUCTION OF THE FUNCTION V(LL •12L2l1';) 
BY ANGUlAR MOMENTUM REC OOPLING 

In this appendix are given the details for recoupling of the 

angular momentum used to perform the sum indicated in Eq . ( 5 .  36)  and 

leading to the final expression for V(LL 'I2l2i1L3 ) .  
The expression to be reduced is 

v(u.•t,;;_RJ!-3> = � C(IJ.�;m1 + p, -p )  c(��;m1 + p, o ) X 
l 

P=:tl 

X C (L •lL1;m1 + p, -p )  C (L 'l213; m1 + p, O ) , (C .l) 

and the task is to obtain an expression where the quantum number p 

appears in only one coefficient . 

T.he two coefficients in Eq. (C .l )  which contain � are considered 

first . To put these coefficients in the proper form for recoupling of 

the angular momentum, we use the symmetry relations given in Eqs . (B . � )  

and (B .l) in that order to obtain 

-p+I1-L • (2i1 + 1 ) l/2 
C(L 'l�;m1 + p, -p )  = C (l11L ' ; m1p ) ( -l )  2L' + 1 , 

so that the product of the two coefficients becomes 

(C . 2 )  
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Equation {B . 5 )  has been used to obtain the last form for the product 

given in Eq . ( c . 3) . 

After substituting Eq . (C . 3) into Eq. (C . 1 ) and gathering the 

three coefficients containing m1, we consider the sum 

(c . 4 )  

where the symmetry relations {B . 2 )  have been used on the first coefficien� 

and (B . 3 ) on the second and third coefficients . Because of the arrange­

ment of the quantum numbers in the coefficients on the right of Eq . (c . 4 )  

Eq . (B .6 ) can now be used to  obtain 

(C . 5 )  

Gathering terms, V now becomes 

' I -\ [(2� + 1)2 (2r +
. 

l) (at, + 1)2]1/2 -p+/1-L '+r 
V(LL £�2il£3) -L.r (2'2 + 1) ' ( -1 ) X 

P=±1 

and the primary objective of obtaining an expression with the quantum 

number p in one coefficient has been aChieved . 
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To proceed, use is made of the fact that 1,2 + £2_, L + L '  and 

L '  + l1 + 1 must be even in the expression for K given in Eq . ( 5 . 35 ) .  

This was established in the section following Eq . ( 5 .36 ) .  With L2 + .l2 
even and since r + £2 + L2_ must be even in the coefficient C (r.l�; 00) 
appearing in Eq . (c .6 )  for non-zero results, the quantum number r must 

now be even . This condition and the condition that r must satisfy a 

restricted triangle condition in the coefficient C(llr; -p, p )  in Eq. (c .6 ) 

leaves r with only two possible values, 0 and 2 .  

ror r = o, 

and for r = 2 

so that 

� C (ll0; -p1 p )  = -�3 P=.±l v :> 

� C(l12; -p1 p ) = J1r 
P=.:tl 

' 

, 

The coeffi�ients in the first term on the right of Eq .  (C .9 )  can be 

evaluated to give 

C(04-t2; 00 ) = b�,t2 , 

· . .  �L L., . . 
= .. I 

(3(2L '+1)] l/2 
' 

(C .8 ) 
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' 

where use is made of the condi tiona that £2 .+ £2, L + L 1 and L 1 + �l + 1 

are even . 

The value of the second term on the right or Eq . (c . 9 ) Will be 

unaltered by using the S)'DIIIetry relation (B .4,) on the Clebsch-Gordon 

coefficient . Using this relation, the final expression for V becomes 

2 (2ll+l) (2l3+1) 
V(LL 'I.J22l-3 ) = J (2f2+1)(2Ltl) bL, L '  

b
t2,£.2 + 

+ (2L1+1) (2'-,+l ) ( -l/2 � c ( £2�2; 00) w(IJ.L 'l;.t12 )  X 

which is the form used for Eq . (5  . 37 ) . 

(C . lO ) 
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