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CHAPTER I
INTRODUCTION

It 18 well known that many of the results in classieal
linear algebra have an unequivocal extension to the more
general situation when the scalars are drawn from an arbitrsry
division ring K. There are, however, three distinct theories
of determinants for matrices over & division ring. One of
these, originated by Study, ™applies only to very particulsr
non-conmutative fields and to matrices of special type®
(Dieudonné) and will not concern us here. The remasining two,
one due to Ore end the other due to Dieudonné, reflect
together, if not separately, the basic properties of the
classicel determinant. The diversity is, as we will see,
due to the fact that the ordinary determinants for square
matrices play different roles; first, in connection with
ideals in the matrix ring and then, if & matrix be non-
singular, in connection with the group of invertible matrices,

The elegant Dieudonn® theory deals with a homomorphism
of the matrix group into the commutative guotient group of
cosets of K modulo its commutator subgroup. When K 1is
commutative, the images of non-singuler matrices under the
homomorphism become simply the values of the ordinary
determinant. 4 refinement of the usual methods of row or

column expansion of a determinant is the main apparatus of
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this theory; it fails, however, to assign a determinantal
value to singular matrices unless a zero is somewhat
artificlally adjoined to the class of determinantal values.
of non-singular matrices.

The Ore determinant, on the other hand, maps the
matrix ring into a class of two elements, essentially the
ideals in K, with singular mstrices corresponding to the
sero 1deal and non-singular matrices to K. Although it fails
to assign the classical determinant to & matrix over a
commutative field K, it does maintain preeisely some other
standerd properties,

We wil) examine possible extensions of the definitions
of these two determinants to apply to a class of rings more
general than matrix rings, namely, the complete rank rings,
Such a ring 1s, emong other things, irreducible, regulsar and
complete in the topology of a certain metric associated with
it.

In Chapter II we will give von Neumenn's definition
of a complete rank ring and state results of éonstant later
application which are derived from the work of von Neumsnn
and Ehrlich. We will also estsblish some basiec lemmas not
explicitly ststed in their work, which we will use in the
sequel.

The succeeding chapter examines the technigque of the

Dieudonnd determinant a= applied to elements in a continuous
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ring, that is, a complete rank ring whose rank function has
as its range the unit interval. In this case a trivial
determinant emerges but a substantial characterizsation of the
group of invertible ring elements has been found as an
immediate consequence of the author's results.

Chapter IV analyses the cone&pt of the daterminant due
to Ore. We are sble to obteln a slight generalization of
Ore's result for matrices over & division ring and obtain sas
well an analogous result for continuous rings., We will indicsate
how the definition of determinant for matrices over a division
ring can be extended to & limited class of matrices with
polynomial elements, will define & characteristic egustion
for s A-matrix snd will show, for a few cases, that a sgquare
matrix, with elements in an arbitrary division ring, satisfies
its characteristic equation.

Je von Neumann published in & paper "Continuous rings
end their arithmetics™ (see Bibliography) a“soquence of results
on the algebraicity over the center of the ring for an
arbitrary element of a complete rank ring., These results
"ean be used to build up a theory of proper (eigen-) values
and of elementary divisors in the ring”™ (von FNeumann). The
proofs of the theorems, however, have hot been published
heretofore and we give them in Chapter V. Surprisingly, in
view of what heppens for matrix rings over a commutative

field there is no spparent connection between the results of
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Chepters IV and V for matrix rings over a general division
ring. Perhaps the difference lies in the fact that in Chapter
IV we essentially view the matrices in relation to none
unilateral equations, a more natural, but more difficult,
viewpoint than the unilatersal one of Chapter V. We do not
pursue the elementary divisor theory in the present work but
do obtain & complete picture of the algebraicity to be
expected for an arbitrary element of the ring.



CHAPTER II
COMPLETE RANK RINGS

The literature dealing with the general properties of
complete rank rings consists primarily of five papers snd a
three volume publication by J. von Keumann, two publications
by G. Ehrlich and three papers by K. D. Fryer and I. Halperin.

Materigl drawn from some of these sources will be
used continusally in the remainder of this work and we will
give an informal account of the pertinent material, listing
relevant publications forthwith so ss to have avallable the
suitable abbreviations indicated below.

Publications by J. von Neumann

Papers in the Proceedingzs of the Nationgl Academy of Sciences

®"Continuous geometry,” 22:92-100, 1936 ("C. G.");
%On regular rings,” 22:707-13, 1936 ("R. R.");
*slgebralec theory of continuous geometries,” 23:
19«22, 1937 ("A. T.");
"Continuous rings snd their arithmeties,” 23:341-9,
V 1937 ("C. R. 4A.");
Continuous Geometry Vol. II. (Planographed lecture notes,
Ann Arbor: Edwards Brothers, 1937) ("N II™).

& paper by G. Ehrlich in The Tr(ns;ctiona of the

American Mathematical Society
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®Characterization of a continuous geometry within the
unit group,” 83, 2:397-416,
1956 (™E").
& psper by K, D. Pryer and I. Halperin in fcts
Scientisrun Mathematicarus
"rhe von Neumsnn coordinatization theorem for complee
mented modulsr Iattices,™ 17,
3-4:203-49, 1956 ("F, E™).
Although we are principally in a c¢ertain class of rings,
nauely, the complete rank rings, and these can be defined
without reference to the geometrical context in which they
srise, it sppears more natural to approach the subject by
way of the lattice of principal right ideals in the general

such ring; moreover, we will use the properties of the lattices.

Axioms of Continuous Geometry [C, G.,94«b]

We consider a class L consisting of at least two
distinct elements, the elements being denoted by.ct &, ... ;
there is defined among the elexents of L a relation £ with
the following properties

1. Under the relation, L is a complete, complemented,
modular lattice. (Axioms I, II, IV, V),

2. L 18 irreducible, that is, the sole elements in
L with unique complements are 0=/\(L), 1=U(L), or
equivalently, L is no direct sum., (Axiom VI).

3. Wo introduce a special limit notion in L as follows:
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Let {L be some infinite aleph and S a seguence of.a € L where
o« runs over all ordinals «£< (1l . Define
If <A< L implies /a‘gmﬂ , then
iig Ma) = 3
g M) = V()
If x<A <L ). 1implies A, 2 Oy o then
Ux*(a) = N (3).
lim®*(.2 ) 18 otherwise not defined.
ol &
Lattice join and meet are continuous in L, in other
words,
If X< B8« 1implies Oy 2, Oy s then
= ¥
Uw(o, v ) = (Unn )t .
Ir X<p8<q 1@110:/0:&5_.,015 s then
| 1im#( .o = (Un*a )~ T,
o(-)-ﬂ.( i nt) (oc-m. CRle
(&xiom III).
The axioms I=-VI are invariant under dutiizntion,

that is, under reversal of partial order, with subseguent

interchanges of lattice join and meet and of 0 and 1.

Dimension Funetion [C. G., 96-9)

| It is possible to define uniguely a numerical
dimension function D on the elements of L by the following
conditions
A) D(®) 1s defined for all.or € L, its values being real
numbers in the unit interveal.
B) D(0) = 0, D(1) = 1.
¢) D(-.vvt) + D(-an &) = D(w) + D(F).
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Von Neumann proves that the range D of D 1s one of
D,.= {0,:‘;‘,,.,3;,, ceey 1} for some integer n and the set of all
real numbers 2 0, £ 1 (D.). Moreover, if D = D, then L is
the lattice of subspaces of an irreducible projective
geometry whose ordinary projective dimension is n~1, If

D =D , the lattice is referred to as = continuous geometry.

Regulsr rings [R. R,, 708-12; F, H, 208].

An element e of a ring’R 1s sald to be idempotent 1if
e* = e, Then also, le-e is idempotent.

& noneempty set(® of elements &, b, ... is called &
semiegroup if an associative multiplication is defined in& .,
S 12 called a regular semi-group and the multiplication is
called reguler multiplication if for each a €@ , aba= &
for at least one be G . (B 1s regular if and only if for
each a there exists an idempotent e € G and an element beS
such that ea = a, ab = e (if aba = &, then choose e = ab),
Also, O 1s regular if and only 1f for each & there exists
an idempotent e such that ae = &, ba= e, for some beS.

We infer that G 1is regular if and only if each left
coset (‘)8 conteins a and is identical with (a)g for some
1dempotent e € G and if end only if each right coset (a),
contains a and is identical with (e), for some idempotent
ec O.

A& ringK, with multiplication associative by definl-
tion, 18 called a reguler ring if its multiplication is



regular, that is, for each a, aba =< & for some beR ;
egquivalently, one of the two conditions

there exists an idempotent e €% such that (e:k = (")t
for each ae’R

there exists an ldempotent e € X such that ()= (a),
for esch ac’R
holds., These definitions and properties do not depend on
the exiatence of a unit infyi; however, we assume as of now,
that /X 1s a regular ring with unit. Of course, the cosets
(a), , (a), are simply the principal left snd right ideals
generated by a imkK.

We denote by.&mz(Amf) the Ieft (right) annihilator
of the right (left) ideal o in'K . If e*= e and -O={(a).-
((e},1, then o= (o)[f,:: (1.”«6 (= (Q}Z = (1l-e). ). If
B%Q denotes the class of all principal right ideals &nd E?L
the class of all principal left i1deals of the regular ring
%2 and 1f, in addition, we impose the condition that X, 1=
irreducible, that 1s, its center 1s a fleld, LR, R.,
Theorem S ] then

Ry, and I@% are complemented, modular and irreducible
lattices and

R, end I?€ are anti-isomorphic under the mappings

R
£ +
mER%%mEB% and N & L%—wm € R,

The Coordinatization Theorem Ll II, F, H]

The lattices I as defined by von Neumann's exioms
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are isomorphic to the lattice of principal right ideals of
an irreducible regular ringR ; and also to the principal
left ideal lattice of a suitable irreducible regular ring,
Moreover, )R 1s unigquely determined up to isomorphism by the
lattice when D =D , snd when D =D, for n Z 3, provided L is
not a non-Desarguesian projective plane.

If L 18 & projective geometry of ordinary dimension
n-l, thenX , called a discrete ring, is the matrix ring
M,(K) of order n over a division ring X, If D=1D_, R 1=

deseribed as & continuous ring.

The Geometrisation Theorem ]c. R, K., 35& El

Suppose that J°% 1s a regular ring with unit and that
it 18 irreducible, that 1s, itz center iz & field.,

R 18 a rank ring if a numericel function R(a) can
be defined for all a € R which possesses the properties
(1) Always 0< R(a)2 1
(2) R(&) = 0 if and only if a =0
(3) R(1) =1
(4) R(ab) £ R(e), R(ab)Z R(Db)
(5) Por = e, f*=f, of = 0 = fe we have R{e + f) = R(e)
+ R(r).

These reguirements themselves imply
(6) R(a)= 1 if and only if a~' exists in R
(7) R(a) = R(b) 1f and only if a = ubv where u™', v’ exist
in R
(8) R(a+ b) £ R(a) + R(b)
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We can then infer that R(a=b), called the rank-distance,

is a metric 1nJRa, that is,
(1) R(a=b)= O for a=1»
>0 for azb
(11} R(a~b) = R(bes)
(111) R(a-c)< R(a-b}-+ R(besc)
snd moreover, sddition and multipliication in )R satisfy
conditions
(1v) R((a + b)e{c + d)) = R({a=c) + R(b-d)
(v) R{abecd)}< R{a-c) + R(b-4).

& ring 'R satisfying (1)=(5) and the subseguent
conditions (6)«(8) and (1)=(v) 1s termed & complete rank ring
if it 1s complete in the topology of the mk-distance. Ir
the range of the rank function is the set {0,% ,%, ;.., 1}
for some integer n, then X, 1s a diserete ring; and if the
range of R is the unit interval, then !X is a continuous ring.

The two classes of complete rank rings are indeed the
only ones possible [C. R. &., 345). If R 1s & complete rank
ring, then the principal right ideal lattice R& (and the
principal left idesal lattice I‘!R) fulfil the Axioms JT-VI;
conversely, if the principal right ideal lattice of a regular
and irreducible ring }X satisfies the Axioms I~VI, then /R
is a complete rank ring.

The relation between rank and dimension function 1s



as might be anticipated; namely, for any ac ‘R
R(a) = D((a).) = D((a)e | 8

Preliminary Lemmas

In the remainder of this chapter we will discuss and
in some cases derive some rather more special results for
complete rank rings JR and their aszociated principal right
{and left) ideal lattices. We will also introduce some
groups in X which will be basic in the next chapter.
Throughout this and the next chapter & will denote a complete
rank ring. Unless otherwise indicated, we will assume also
that R does not have characteristic two; and if the discrete

case applies, then n> 2.

The Rank-Distance Topology

We recall that if X 1s a discrete ring, then it 1is
egquivalent to the ring of all nxn matrices over & division
ring, for some integer n; in this case the range of R 1is
the set {0,%,%, «co, 1} and & fundamental sequence 1s
constant after a finite number of terms,

In the general case, 1f {a , a,, ...} 18 & sequence
in 'R, then the existence of & limit a ¢ )X, that 1s, an aeR
such that

}ég R(a -&) = 0
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is eguivalent to

Iilﬁ(lnl)::o
L,j>o0

2.1 Lemma. Continuity of Multiplication. Let {aé },

{bj} (1, =1, 2, ...) be seguences in JR converging to
&, b respectively. Then }_}g &, b, = ab.
Proof: R(aib‘; -ab) £ R(a;~a) + R(b «b) by (v}
—> 0 as i -500.
2,2, Lemma, Let o, ¢ )} be a sequence of idempotents
converging to e. Then e is idempotent.
Proof: By Lemma 2.1, 6% = (%—%’%’L )(1‘;:‘1_.::0 o )= gig o e

m T o=
1}:}):0 e e

2.3. Definition. We denote by & the group of non-
singular (invertible) ring elements, that is, acCc )
if and only if R(a) = 1.

2.y, Lemma, Let 3 be & subgroup of ¢ ., Then the
closure of (3 in the rsnk-distance topology is also a sub-
groupre

Proof; Let {t,;; t,e @ , 1=1, 2, ... } be a
convergent aequoncc. Then lim R(t, -t ) =0 implies

;j""w
33%,’3,0““ t] ) = })}g”R{_t (tj-'t(_ 11
:%}_x)nm(ti_-tJ. ) by (7)
= Oo

Hence 1lim t~' exists inR .

oo

By the continuity of multiplication (lim t, )(lim t7')
=1 so that lim t, € ¢ snd 1ts inverse in & 1s }m ¢

L0
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Moreover, as S is a group, 1im t;' belongs to the closure
or G.
Let {t;}, {u) (1, § =1, 2, ...) be sequences in &
converging in the rank-distance topology. Then
(m ¢ )(1im o) = Mz ¢ u,
1s &lso in the closure of G ,

Elements of Clsss 2
2.5. Definition, t € 1s of class 2 (written

henceforth as t € €'} if t = 1 + r where r# 0, r2= 0,
2,6, Lemms, The inverse of t ¢ C* with t = 1 + r
is l-r, also of clgss 2,
Proof: {1+ r)(ler) = l-r®* = 1 and (-r)(-r) = r*= 0.
W are justified, then in spesaking of the gi'oup
generated by the clsss 2 elements. Beesuse of Lemms 2.}
we have
2.7, Lemma, The closure AT of the gvo'up' generated
by the elsments of class 2 is a group.
2,8. Lemms, Let t€ €, s€C ., Then sta' € C°,
Proof: Let t = 1+ r, r*%= 0; then sts™ = 1 + srs”
and (srs”')(srs~') =sr2s’ = o0, |
2.9. GCorollary, Let t€ €*, s€ (¢ . Then st = t, s
for some t, € CZ,
Proof: Let sts '= t,;s Then st = t s where t, € c’.
2.10. Corollary., Let t € Qﬂ 8€ Cf; e Then st = t, b4
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for some t, c §+.
t+ -~/ Q?“
Proof: et t € R , 8¢ . Then sts™’ € o For,
if t = Z‘I.})% t: where {té; i=1, 2, ... } is a sequence in the

group generated by the class 2 elements and which converges

in‘" , then sts™/ = :(1})1; t;)s™’

+ (D) R -
to R since t.= t; t(f’ «eey where t(b) € ¢*, implies st 8™’

— - g~/ ,
= lim (st, 87 ) which belongs

= (stU,-_’ s ")(attf) 8"')e.. 18 & product of class 2 elements,
by Lemma 2.8.

The eguation sts /= tst, in Qf, implies st = t, s,

2.11l, Definition, We write u = s for non-singular
u, 8 € )} when u = ts for some t eRT.

2.12, Corollary. The relation = is an equivalence
relation,

Proof: Clesrly u =u as u = l.,u and 1 e.@fc R.

K180 u = ts with t € R implies s = t~u and t~e R
by Lenma 2,7, that is, u= s implies s < u,

Finslly, u = t;s, s = t,v with ¢t , tzeﬁ’f imply
u=¢ttvoruls, s=v imply u=v,

2.13. lLemma (Givens), t ¢ €™ if and only if there

exists u € & such that utu™ = t*,

Proof: This result is proved in [E, 405].

The Subrings :R“L e’= e
Let e (e # @) be an idempotent in" . Then the

subring %(e) consisting of all quantities exe, x:€% , 1s
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again a regular ring with unit e. More strongly, R (e) 1is
a complete rank ring whose lattice of principal right ideals
satisfies the Axioms I-YI. This lattice is isomorphic to
the lattice interval [(0}_, (e).]. [N II, 6],

With slight modifications, then, equations (1)-(8)
and (1)=(v} spply to the ring NR(e)}, e # 0. £lso, we may
normalize the rank R(exe) for arbitrary exe € X(e) to
obtain a renk function R¥* such that R*(exs) = R(exe)/R(e);
R#*, defined for a1l members of 5 (e), then satisfies the
conditions (1)=-(8) and (1)=(v) precisely.

2,14, Lenms, Let (l-e}t(l-e) belong to the closure
of the group generated by the elements of class 2 of J(l-e).
Then e %-(l-e)t(loo)e.ﬁé* .

Proof: If (le-e)t(le-e) = les + (lee)r(l-e), with
((1=e)r(1lea))* = 0, then o + (1-a)t(lee)} =1 + (l-e)r(l-e)
ectc R,

dgain if (l-e)t(l-e) 18 a finite product of class 2
elements in K(1-e), that 1is,

(1~e)t(1-e) = ((1-s) + (1-e)r, (1«e))((1=e) + (1l=e)r, (1~e))...,
then |
e+(l-e)t{1l-8)=(e+(1l~e)+(1-¢)r, (1-e))(e+(1l-e)+(1-0)r, (1-¢))...
=(1+(1~e)r, (1~¢))(1+(1~e)r (1-e))...

Now let § (l-e)t (1-e); 1 = 1, 2, ...} be & sequence
of finite products of class 2 elements in %2 (1-e) converging
to (1-e)t(l-e) in the topology of rank-distance in 33 (l-e)
(using the rank function R¥* with R#(l-e) = 1, R*{0)=0).
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We have
1im R((e + (1-e)t (l-e))=(e + (1l-e)t; (1-e)))
b8
=1im R((l-e)t. (l-e)=(lwe)t.(l-e))
4.’} oo (2 4
= 1im R(1l-e)R*((1-e)t (1-e)~(1=e)t; (1-e))
L.J—-)oo
=00
Hence { e + (l-e)t (l-e); 1 =1, 2, ...} forms a
converging seguence of finlte products of class 2 elements
in )%, In general, the closure of the group generated by the
class 2 elements in R(l-e) consists of quantities (l-e)t(lee)
such that e + (l-e)t(l-e)e.Q'f .
2.15. .L.‘.’ﬂ!:. Let a€ R, (")ré (e).,.) e“= o E& .
Then (a), = (f), where f = efe and f*= f. [N II, Lemmas
15.5’ 15.7].
2.16. Lemma. Let e, f be idempotents in JR such that
R(e) = R(f). Then there exists t € & such that tet™ = f

[E‘, Lemma 9]0

Mgtrix Bases

2.17. Lemma, If @, 5 ©,5 ecey ©, &TO independent
idempotents in JR,, that is,

o8 = 0, L #
=e, 1=

then (e, ) v (o, ) vecou(e ). = (o + e + ..ot ).

[¥ 1I, Temme 3.1].

2.18, Lemma., The principal right ideals .0,
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(1=1, 2, «.., n) are independent if and only if there exist
n independent idempotents e,, ©,, ..., €, € R such that
a, = (8. )e K80 -, v, v ...v.0 = (1), 1f and only
1f e, + &, + <o + o, = 1.[N II, Lemma 3.2].
2.19. Definition, The prineipal right ideals .o,

(=1, 2, «vep, n) in R,, form a homogeneous basis if the.n,

are independent, D{-2) is the same for all i and
B, Y U, = (1)..
2¢20. Lemma. .r; € R% form a homogeneous basis 1if
and only if there exist s EIR (1, =1, 2, «esy n) such
that .oy, = (s, )7_, and the s, are matrix units; that is,
8, 8s4 = Big ir J =k
=0 if J #k
and the s;; are ldempotents of the same rank and with sum
one [ N II, Lemma 3.6].
2.21. Lemms, Let e , e, be independent idempotents
and R(e,) = R‘(ez). Then there exist s, s, , such that

©,8, = 8,6, = 8, o?_sz,.-.: 8,6, =8,,, 6,8, = 0=18,069,

°z_’:z. - 0= 5,,0, .

Proof: In the complete rank ring JR(e, + e,) the
principal right ideals generated by e,, e, form a homogeneous
basis; by Lemma 2.20 there exlst s, = e,, 8,, = e,,,

8, 8, in Rle, + e,)< R such that (e, ). = (e, )

(eu)y_.. (e,)py ¢, =90, , 0, = 0,,6, 06 =20 =e_e, ,

eyt 0., = © + 8,5, 0, 8,;,= 8,0, =58, €282 = B8y 9,

=8 0,8, =0=8_8e,6,6®e

" 21 0= s, ®

2282 = 22 ¢
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But e, + e,, = ¢ + e, and e, e, = o, imply e,k e,

g thene, = o Similarly

= O and further as e, e, = o )"

! [

e, and the result follows,



CRAPTER III
GROUPS IN A COMPLETE RANK RING

The Dieudonné Theory [1]
Let M(K) be the multiplicative group of non-singular

nxn matrices A, B, ... with elements in & division ring K,
If K* 18 the multiplicative group of K and C is the commutator
subgroup of K*, let § be the homomorphism K*—>X*/C. The
Dieudonné determinant A, (4A) is defined inductively as follows:

If &4 = (N\), a 1X1 matrix, write A, (A) = 6(A\).

If A=(%y) in X} (X) has §, & non-gero element of
the first column, suppose 4; is obtalned by adding -3;.’ (f", )-/
o(1=th row of A) to the J-th row (all j # 1). We define

Als) = @U-1)"F,, ) A (&)
where A: is obtained by deleting the first column and i-th
row from A .,

In the case where K is commutative C is a one element
group and the Dieudonné determinant obviously coincides with
the ordinary determinant. In the general case, the Dieudonné
original paper [1, 33] implies that although the determinamtal
values will be in the quotient group K*/C rather then in K,
the coset obtalned 1s independent of the partiecular non-zero
element f‘;, chosen in the first column and subsequent similar
alternatives in Af ete.

The addition of & left multiple of & row of the matrix
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A to another row is, of course, the egquivalent of left
multiplying A by a transvection, that is, a matrix of the
form I 4+ uv where u is a column vector and v a row vector
and vu = 0, The subgroup B, of H:SK), generated by the
transvections, 1s the commutator subgroup C, of H:jK) except
for the cases (i) n = 2, X =GF(2) and (11) n= 1. Writing

B, = C and omitting the exceptional case (1) we can obtain

!
[1, Theorem 1] that K*/C, M (K)/C,, M,(K)/B,, (n=1, 2, ...)
are isomorphic. Indeed, with no exceptions, M:KK)/B“,is
isomorphic to K'/C.

This suggests that the cosets M:(K)/Qw will serve
Just as well for determinantal values as the cosets in K*
noting, of course, that by the definition, we are restricting
ourselves to non-singular matrices only and can expect
complete parallelism with the classical theory for theorems
involving the multiplication of determinants only, The best
results obtsined [Givens, 5] in wesakening the stipulations
involve the adjunction of a zero to the coset determinantal
values, that 1is, say A“_(x) =0 €K if X€ M_(K) has no
inverse; we can then show that if X, Y, Z are matrices,
singular or not, of the same order and with identical
elements except in the i-th row (or column) where they have

row (or column) vectors w,, u,, 4 + u respectively, then

2
Alz) € AX)+ ALY)

where the right hand side (a union of cosets) is the class
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of all sums of an element of A (X) and one of A (Y). We
will later use as our determinantal values the cosets in

M(K); there will be, under these circumatances, no results

obtained for determinants which are not purely multiplicative,

The SubgroupQ*
In the remainder  of this chapter )2 denotes a fixed

complete rank ring, of charseteristic not 2.

3.1. Lemma. ILet e be any idempotent of rank } and
let 8 be non-singular and ctherwise srhitrary in R . Then
for some te ‘R ,

82 e + (lee)t(l-e)

Proof: The existence of idempotents of rank % 1is
assured in continuous rings, that is, when the range of R
is the unit interval. In the discrete case the result has
no meaning if the order of the msatrices 1is odd.

Now suppose that the principal left ideal ((loe)se){
=(g, )e where g = eg,e, g, = g,(Lemma 2,16). By the Peirce
decomposition, 8 18 the sum of the gquantities in the

blocks of
8,88, g's(e’gl)
es(1l-e)
(e~g, )8g, (e-g,)a(e-g,)
(1-0)sg (1-e)s(e-g,) (1~e)2(l-e)



23
where & matrix notation is used for clarity and to permit
the comparison of later processes with stendard matrix ones;
we will simply egquate such a partitioned array to the sum of
its members. We have

g,= 7,(1-e)se = y (1lve)seg, = y, (1-e)sg,
for some y, € R 8o that

{1+ g,(g,-8,8,)7,(2-0)}s

r Sy
g, g, s(e-g,) g, s%(1ee)
| (e=g, )sg, (e-g,)a(e~g ) (e=g, )2 (1-¢)
(l-e)ag‘ 0 {l-0)s(lee) J

for some s®*c R since

g, 88, + (g,=g 88, )y (l-e)sg, = g 8g, + g -8 88, = 8,
and

(1oc»)t(e-g‘) = (lee)s0~(1l=e}sg, = (l-o)aog,—(l—&)ag, = 0.
Moreover, as (l-e)g, = 0 = g, (lee) the first factor on the
left side is of class 2 as are l-(l-e)sg,, l-(e-g, )sg,,
l-g, s(e-g,) snd l-g, s¥#(l-e), Multiplying on the left by
(1=(1-e)sg,) (1~(eeg)sg, ) and on the right by ((1l-g, )s(e-g,))
o{1-g, a*(1=e)) gives
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8, 0 0
68 0 (e-g, )8 (e~g,) (e-g, )8, (I~e) ..
0 (1-e)s, (e-g,) (1-e}s, (1l-e)

+t
for some s,€ R, and some t, € R by Corollary 2.10,
Define g .. » 8,4 s tpy forn=1, 2, ... as follows:
‘ — 2
Let ((1-e)s, (e-g, -...=g,)), = (8, ), where g’ = g .,
and (e-g,-...-gn)gn”(e-g:-...-gn) = 8,, » We have,
similarly to the above, the existence of & t, . € Q'i’ and

an s, €R such that t,, s

5 -
. 0 0
= g“g
0 "H(0eg, meeevg, )00, (08 =i0og, ) (08 =...=8,)8 (1-e)
0 (1-e)s,,, (e=g, ~cc.=g, ., ) (1-e)s, ., (1=e)
- -

::8,,,“ e
Now g,, ++¢s 8, are independent idempotents and so
*.)—_R\(gl-'}‘ eee + Sn)=H(8,)+ 0‘00""3(8“’)
"
s‘g R( (l-e )37,._(9'3, o0 0"8,'“)’
so that lim R((1-e)s, (e=g,~c.e=g,) = 0 and in turn

(3.1) 1im (1-e)s (0-g, ~..c=g )= C.
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4+ eee + 8 )

In addition, }%rgwR(s ety

"y

s%gaﬁ(s“*,)+ ceet+ Rig )
=0.
Hence ,,?:%‘.,‘i, (g,.,. eoe + gﬂ_) = g, 8ay, exists in K ; also by
Lermas 2.1, 2.2 we have g = ege and g is 1dempotent.
In order to prove that lim t exists in R end so
belongs to RT we note that
)

)3, (1-0))t,8

(3.2) (1-(1-e)s. g, )(1-(e-g =cce=g )8 8
0(1 +g

N4

T (g‘ﬂ'ﬂ "S,,H ‘n 8n+l

e(leg 8 (e=g,=~...g  ))(1-g,  s¥(le))
= tyys |
where s ¢ )R and y,,, 18 defined by the condition
Byt = Yoy, (1=€)8, 6. The last two factors on the left side
of (3.2) may be transferred after a similarity trensformation
to the left of t,8, by Corollary 2.9, giving
Q1+ ¢ (s,

where (ﬁ(gnﬁ ) 18 an expression involving no more than

))t,s =t 8

25 «1l = 31 terms, each containing 8,y 88 8 faetor and so
of renk £ R(g,,, ). Hence t, =t,= @ (g,,, )t, and
R(t,,, -t,)< R§ (g, ) & NR(g,,,),
R(t, =ta) £ Z Rbuy ~tnyi) [enapter 11, (111)]
¢ 31ZR(g,,,)
—> 0 as n, p-~y 0o,
We conclude that

,\1}2(1-8,,...-8%)8,"(1-8,-...-—gn) = }g(tnsb(g' 4 eee + gh’))



exists inJ% . It equals (l-g)t(leg) for some t R ,
Moreover, (l-e)t(e-g) = 0 by (3.1). Then

- o

0 0
(3.3) 8= 0 (e=glt(e-g) (e=g)t(lwe)
0 0 (1=e)t(l-e)

-

.

where R{(e-g)t(e-g)< % and, since the right member has an
inverse inR , R((e~g)t(e=g)) = R(e=g) and a0 (e=g)t(e=-g)
has an inverse in the subring R (e-g).
By Lemma 2.21, if (lee)h(lee) = h is an idempotent
of rank equal to R(e~g), then e-g, h define quantities
x, y € R such that
xh = (e-g)x = x
hy = y(e=g) = ¥y
Xy = e-g, yx = h,
We have that 1 +x, X + y € €* since x*= xh(e-g)x = 0,
v*= y(e=g)hy =0 and so (1 + x)(1l-y)(1 + x)
= (1 + xey=xy)}(1 + x)
=1+ X+ X+ X ayeyX=XyeXYX
= 1 4+ 2xeyoh~{o=g)=x
= le(e=g)=h + x=y
beleongs to QT. Multiplying the right member of (3.3) by
(1 + x)(1=y) (2 + x) gives



g 0 0
(3.4) s ) 0 (e~g)t#*(lee)
0 ~y(e=g)t(e=g) (1=e)t#(1l=e)

for some ti#*e R since
(l=(e=g)=h + x-y)g = g-hg + xg=yg
= g=xhg=y(e=g)g
=8 (g = ege)
snd (le(e=g)=h + x=y)(e-g)t(e~g)
==h(e=g)t(e=g} + x(e=g)t(e=g)=y(e=g)t(e=g)
==y(e=g)t(e-g).
Since R(-y(e=g)t(e~g)) = R(e-g), then
(-y(e-g)t(e-g)), = (e=g),
and 80 eeg = -zy(e=g)t(e«g) for some zec R .
Multiplication of the right member of (3.4) on the
left by the eclass 2 element l-(e-g)z(l-e) gives

o

0 0

®
R

o=g (e=g)t(1-e)
0 ~y(e=g)t(e-g) (1=e)t¥(lee)

with t? € R since



28

(1-(e-g)x(1l-e))(~y(e=g)t(e=g))

=«y(e=g)t(e=g) + (e=g)z(l-e)y(e-g)t(e-g)

= =y(e=g)t(e=g) + zy(e~g)t(e-g)

= wy(e=g)t(e=g) + e-g.
Multiplication on the left by 1 + (l-e)y(e-g)t(e-g) and on
the right by 1-(e-g)tf'(1-e), both of class 2, gives, for
some t' € R that

0 0
8 3] e=-g 0
0 0 (l-e)t’ (1-e)

In other words

£ g+ e=g + (lee)t’ (1ee) = o + (l-e)t’ (1-e),

3.2, Lemma, In a continuous ring R, let e*= e,
R(e)< 1 and s be non-singular. Then, for some t &R ,

82 e + (lee)t(lee).

Proof: If R(e) < %, a similar proof to that of
Lemma 3,1 ylelds the result,

We may suppose then, that

-

1 :
T 27°4 Rle)< ¥ 2

o=y (= /

for py 1l.
Lot ¢ = ee 0 be an 1dempotent of rank 4. Then, by

I@m 301

t s =e + (lee)s, (1-e,)



for some t, € AT ana s, e Re If p >2, we 1ot
e, = (e-e, )o,(e~e,) be an idempotent of rank %; then e,
has normalized rank } in the continuocus ring 3%(1-0,) and
(1-e,)s (l-e,) is non-singular in this ring. Hence there
exists t, in the group LT of R(1-s,) such that
t,(lee,)s, (1-0,) = o, + (l-e,-ez)sm(loe,-el)
where s, € R (l~e, Jc . Then |
(e, + t,.)(e, + (1-e,)a,(1-e,))==e,-r e, + (loe‘-el)az(l-o,-ez);
moreover, o, + t, € 7 by Lemma 2,1k,
Proceeding in & similar fashion we have eventually
for some 8,., &and independent ldempotents e, = ee e
(1=1, 2, ovep p=1) with R(e;) = 27°
(3.5) 8= o + 0+ .cote,, + (loe, ~0, . 00, )8, (l-e o,
-...~ep,,).
Application of the first statement of the proof to the

idempotent e-e ~8, ...~ in the subring R (l-e ~e,~...-e, )

Pt
gives
tP(l.Q'.O,_‘-Oo"OP_’ )BP.., (1-0’-91-...-0,,__, )
=e=e, ~€,=cce=0,, + (l-e)s (1-e)
where tp ER (lee, ~e,~cce=8,_ )y ©, + ©, + coo + 0, + tpeﬁ\’r
and BP&R e
Multiplying the right side of (3.5) by e + e -+ ...

+eo,, + t

b p gives
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$Ze, + e, +ecote, +tp(les e -..0me, )8, (1=e, -e,,-...oe/,_,)
=6, + 0+t +Om0 w0, = .., +(l-e)s, (1=e)
=e + (lee)s,(l1=e).
3.3. Theorem (Amemiys)., In a continuous ring \/@7; ¢ .
Proof: Let f, , f., ... be 1dempotents such that

-—t

R(f;)=2"and f,,, = £,f,, £ (1=1, 2, ...). Write
e; = 1-f; . By Lemma 3.2, if s €E , there exist t; ¢ &7 and
u,€R (1 =1, 2, «.¢) such that

t.;s=e; + (l-e, )u;(1~e; ).
Then R(t,,; -t;) = R((t,,; =t;)s) < R(e.,; =e.)+R((1~e;
o(l=e; . )) + R((1-e; )u (1ee;))

— 0 as 1, j—ooo .

+ Ju, +/

Hence lim t, exists, (lim t )s ='1 and s = (1im ¢, )Y e AT .
¢ 300 e el 22 v
3.4, Definition. We denote by R' the closure of the

commutator subgroup of .

3.5. Theorem, In a continuous ring A =ART,

Proof: By Lemma 2.13 the arbitrary t € C~ satisfies
t* = utu™' for some u € & , that is,
(3.6) t = utu~’t~,
Therefore RTC}@ .

By Lemma 3.1, if 8, 8, € & and e 1s an idempotent
such thet R{e) = &, then a,=bd, & =Dbd, where b , b?_e.@'f
and

d = e + (les)d,(1~e)

="
fl

e + (l-e)d, (1-0),



31
The commutator a a,a;'a’ has the form bd,d,d;'d;’ with

b e AT by Corollary 2.10. It 1s sufficlent to show that
4,d,a7'd' € AT and we need only show that 4, 4 = ¥’d,d b
where B’, v¥¢ RT. Write (1-e)d, (1-e) = , (1l-e)d,(1-e)=p,
Now e, l=-e define & matrix basis S with 8, = o,
8, = l-e, 8,== es, = 8,,/l-e), 5, = (l-e)s, = s, e by
Lemms 2,21s Then
(1 +8,)(1-s,,)(1+8,,)=(1+8,,-8, =)(1+s,)
=1+8,+ 8, =8, =(l-e)ue-s,,
=8,, =83
and (s, -8 ,,) = (8,,=3,,)(8, =8, } = =0=(1-0) = -1
both belong to RT.
Noticing that A , m have inverses A, /u."‘r , say,
respectively, in JX{(l=e) we obtain

0
a4 = (;I.+ LY I A (1=e)) o A/‘

KL

L
= (1-(1we)A s, €) s
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o 5 p

-A S 0

e 8
= (Ltes,, A7 (1-8)) o
-A 8, 0
0 s
(3.7) = bt
-A s, 0

Multiplying the last quantity on the left by -(s, «s,, )

gives
r M
. s_As, 0
d, , = 0
_ K
[ B,.A 8,y 0
o~ (s,,~8,,) (Corollary 2,10)
0 M
-
0 s, A
-ps, 0
- | J

This has a form similar to that of (3.7) but with A »

interchanged. A4s the relation = is an equivalence relation,
the steps leading to (3.7) can be reversed to replace the
last quantity by
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3.6. Theorem. In & continuous ring R =& .

Proof: Theorems 3.3, 3.5.

3.7. Remark. When JX 1s & matrix ring over a division
ring (d1screte ring), R , A are respectively the commutstor
subgroup and the group generated by the elements of class 2,
for in the discrete case a seguence convergent in the
rank-distance metric is constant after & finite number of
terms. Provided the order of the matrices exceeds two, as
we assume, (3,6) holds [Ehrlich, 2, Theorem 2.12}, and again
ft‘*cf@ ;5 also -Q+ contains the group genergted by the
transvections, that 1s, by the matrices of the form I, + uv
where u is a colurmmn vector, v & row vector and vu = 0,
Moreover, with the exceptions mentioned before, the group
generated by the transvections equals the commutator group,
With our exceptions, then, Theorem 3.4 holds for discrete
rings,

However, Theorem 3.6 does not hold in s discrete
ring; the fact that it does hold for continuwous rings
prevents us from obtaining non-trivial determinantsl values,
as cosets of & modulo R, for members of & .

The identification of & and R! for discrete rings

has apparently been unnoticed previously. Using it, we are
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able to obtaln generalizations of some well known results
in qeterminants; the restrictions on characteristic and order
apply end the determinants are Dieudonné determinants,
reducing to ordinary determinants if the relevant division
ring 1s coomutative. We note again that the following
Sections 3.8-3.13 apply non-trivially only when A denotes
the Dieudonné determinent of & non-singular square matrix
over a division ring.

3.8 Theorem. Let ¢ be non<singular and e eny
idempotent in KX . Then
A(les + 60 €)A(c) = A (e + (1-0)c(1-e)).
Proof: A(l-e + ec™'e)A(c)
=A{(1 + ec™! (1-0))(1=0 + ec " e)} A(e)
=A{1-e + ec™'e + oc ™' (1-0)} A(0)
=A{(1-e)e + oc™ c}
=A{(1-e)c + o}
=0{(1=(1-0)ce)((1-e)ce+ (1-e)c(l-0)+ o)}
=Al(1-e)ce + (1-e)e(l-e) + e=(1-e)ce)
=Me + (1=e)c(1l-e)}.
3.9« Theorem.(The Laplsce development; compsere
Dieudonné 1, 37). Let e*= e, x€ R . If R(exe) = R(e),

then A (x) = A(exe + (1l-e))A (e + (l=0)x(1l-0)=-(1lwe)xe,oye

«0x(l=0)) where eye is the inverse of exe in R (e),.
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Proof: A(x) = A {(1l-(1l~e)xe.eye)x}
=A (exe + ex(l-e) + (l-e)xe + (lea)x(lee)=(l-e)xe,eye.oxn
=(lee }xe.0y0,0X(lue))
=A(exe + ex(l-g) + (l-e)x(l-e)=(l=e)xe.oyo.ax(1l-e))
= Al(exe + ex(lee) + (lee)x(l-e)-(l-e)xe.oye.0x(l-e))
e(l-eye.sx(1-e))
=N(exe + ex(lee) + (l-e)x(lee)=-(l-e)xe.oye.ox(l-e)
-exe,0ye.0x(1l-e))
=A(exe + (les)x(l-s)e(lwe)xs.eye.0x(l=e))
=Mexe + (l-e)) A(e + (lee)x(lwe)=(lee)xe.oye.ex(1l=g)),

3.10., Theorem (Cramer's Rule), Let ax = b be

setisfied by a, b, X€ R . Then A(be + &(lwe))
=A(aYA(exe + (l=s)) for any idempotent ec i .
Proof: ax = b implies axe = be and so
A(be +&(l=s)) = A (axe + m{1l-e))
= A (a)A(xe + (1-e))
= A (8)A[{exe + (1-e)xe + (1-e))(1=(1-e)}xe)}
=A(8) A(exe + (les)).
3.11, Hemark. The fact that Theorem 3.8 includes
Cramer's Rule can be seen as follows.
The matrix equation Ax = b with & = (a.LJ ), an nxn
matrix and @ = {X,, «eey X}, b={b, c.0s b}, the

components being in a division ring K, can be expressed
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x x b, b,
[
[ ]
L J

(ﬁ‘./-) :oooo =| seece

S
where each vector is replsced by a ring element with identi-
cal columms,

Taking e = d18g(0,0ye00515...) with 1 in the i-th

place, Theorem 3.8 gives

a, b, ‘i-ﬁ,l
A e e00 o o XX =A(A)A{diag(1’|oo,xi’l’ooo)}
&, bn-aiﬂ.w

If C is the commutator subgroup of K%, the isomorphism of
M:(K)/’C,\, and K*/C implies the preceding equation holds when
we interpret A as the Dieudonné determinant (K non-commutae
tive) or as the ordinary determinant (K commutative).

3.12. Remark, The matrix equation y4 = b with
A = (a‘-j ), an nxn matrix, and y= (¥,, «ces ¥,)»
b = (b,, «ssp, b ) and subsequent treatment by the Dieudonné
determinant to give a generaligation of Cramert!s Rule can
be further generalized in a similer fashion to;'I'heorem 3.10.
We have

3.13. Theorem, Let ya = b be satisfied by &, b, ¥y
in the complete rank ring X . Then

Aleb + (1-e)a)} = A (&) O\(eye + (1=e)),
Proof: ya = b implies eya = eb and



3
Aledb + (1-e)a) = Aley + (1-2))A(a)
= Ala) Aleye + ey(l=e) t+ (l-e))
= Ma)O{(1-e3(1-0)) (eye + 63 (1-¢) + (1=e)}
= Ole) Aleye + (1e)).



CHAPTER IV
THE ORE DETERMINANT

The early paraegresphs of this chapter consist of a
rephrasging of the Ore theory of determinants, originally
discussed in relation to the solution of simultaneous
equations, Although the language of vector spaces could
no doubt be introduced, there s&ppears no direct advantage
in doing so and, as we shall see, the theory t%ends more
toward the ring theoretic viewpoint of matrix algebra
rather than the vector space interpretations.

ho1l, Definitien. 4An integral domain S is said to

have the common right multiple property if, for any two
non-gero elements &, b € S, there exist m # O,b n#01in 8
such that an = bm,

Among the rings satisfying Definition L.l are the
division rings. Moreover, a ring with the common right
multiple property can be imbedded in a right guotient
(division) ring consisting of all formal guantities ab™!,
b £ 0 in 8, with the identification of ab™, a,b;’ if and
only if bm, = b m implies am, = a n. In addition, if the
formal quantities ab™' with a, b # O belonging to an
integral domain S form a division ring, then S has the
common right multiple property. However, this does not

preclude an integral domain without the common (right)
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multiple property being a subring of a division ring

[Ritt, 8] » although there do exist non-commutative integral
domains that cannot be imbedded in division rings.
e2. Definition, Let & = (&) be a 2x2 matrix with

elements in an integral domsin S with the common multiple

property. Then suppose &,,, L., are such that
s &, +1a,4k, =0
and
A, # Oy, A, Ovwhena,# 0, a,,# 0
A, #0, A,,= Owhen a, = 0, a,,+ 0
A,= 0, A, # Owhena, #0,a8_,=0
A,,=0,A, =0Owhena, = 0, a,,= 0.
We define the right-hand determinant |All of A to be

(4.1) a, A, + a4, .

By a different choice of Lzz, A, we obtain different
determinants; introducing the quotient division ring K, the
different expressions (h.l) can each be obtained from a
given one by right-hand multiplication by an element k # O
in K. A right-hand determinant 1s therefore either zero or
non-zero in K; the determinant, in other words, maps the
matrix ring into the right ideals (0)., (1). in K.

ho3. Definition., Suppose A,,, &, are such that

4 /
£ .8 + A, 8, =0

aend
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A,# O, A/, # Owhen a,,# 0, a,, # O
Al,#0, A, =Owhena, =0, a5 0
A,fz=0, A # Owhen a,, # 0, a,, = 0

a

2;_ =0, L,;=0Ihenalz= O, a,, = 0.

We define the left-hand determinant | Alof A to be
Al a, + AL a,,.

Again, a left-hand determinant is either zero or
non-zero in K; the determinant msps the matrix ring into
the left ideals (0)3 s (1), in K.

For the general nXn matrix A = (a,‘.J. ), with elements
in K snd n > 1, we can define the right-hand and left-hand
determinants similarly as follows,

h.h. Definition., Write e, = di&g(0,0,...,l;O,...)

with 1 in the i-th place. In the case where ((1—0,)Ag
hae normeliszed dimensiony , let {A,, A,, .ee, 4,} Do a
non-zero vector occurring a&s & column of a matrix of
((loe,)A);. The Ore right-hand determinant/4ll is defined as
8,k + &, K + eoo +a, 4.
If D((1l-e, )A); >4 , we define Al = 0.
4.5, Definition, If (A(l-e,)) has dimension ¥ ,

let (Lf, A;_, coos L:) be a non-zero vector occurring in a
row of & matrix of (A(l-e, ))f. The Ore left-hand determin-
ant ||Alis defined as

Ala, + Ala, + eeo+ K.8,.

If D(A(l~e, ))f >4 , we define [|&]=0.
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In the nxn case &lso, the right-hand and left-hand
determinants are either szero or non-zero. Any different
possible choice of the 4, A,, ¢.., (A, A/, ...) will produce
a right- (left-) hand determinant which is a right (left)
multiple of a given one by some non=-zero element in K.

The principal result of Ore is to the effect that
& matrix is non-singular if and only if its right or its
left determinant is non-zero. We will generalize this result
in what follows; the result is stated and proved by non-
inductive methods for more general cases, including that when
the ring elements are drawn from a complete rank ring.

ho.6. Lemma. Let a be non-singular in a complete
rank ring 'R and let ee¢ R , e* = e, R(e)> 0. If ((l-e)m);
=(g)+, then ag = 01374 0.

Proof: We have (l-e)ag = O whence ag = eag or
g = a~'eag. That is, eag = O implies g= O or ((l-o)a);
=(0).. Hence R({l-e)a) = R(1l-e) = 1, a contradiction.

L.7. Corollary, Let A be a non-singular nxn matriz
over a division ring K. Then|k|| # 0.

Proof: Put e = e . Then (g), consists of all matrices
whose columns right annihilate the last n-~l rows of A and g
is of rank 3 . Bj the Lemma the row vector e,4ig 1s not zero
and any non-zero element in e, 6 kg 18 a value of|All, by
Definition 3.).

4,8, Lesma. In a discrete ring R (matrices of order n)
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lot > = o, (g), = ((1-e)a),, 8>= g R(g) = R(e)=4 and
ag = eag # 0. Then & is non-singular.

Proof: By Lemma 2,16 there exists t € & such that
g = tet™' . Then leg = t(l-e)t™ . 4lso (l-e)ag = O and hence
(l1-e)ate = 0. That is,
at = eate + eat(l-e) + (l-e)at(l-e)
by the Feirce decomposition.
Since eag #+ 0 and R(e)=% ,
R{eate) = R{eatet™) = R(eag)=L% .
Let ese be the inverse of eate in /R (e). Noting that l-ese
.eat(l-e) 18 of class 2 and so has an inverse in . , we have
that
R(a) = R(at(l-ese.eat(l-e))
= R(eate + eat(l-e) + (l-e)at(l-e)-eat(l-e))
=R(eate + (l-e)at(l-e)).
The result follows 1f R((l-e)at(l-e)) =1l=-%, To show
this we note that
(1-g), = (&)} = ((10)a)’ = ((1-e)u),
and 80 (l-e)a(l-g) = (lee)a. But this shows that (l-e)at
o(lee)t”
R((1=e)at(l-e)) = R((l-e)at) = R((lee)a) = 1=i,

! = (l1ee)a or (lw=e)at(l-e) = (1-e)st. Hence

We remove the reguirement that the generator g of
((l-o)a)g be idempotent in the next Corollary.

4.9 Corollary, In a discrete ring Rlet e* = e,
(p), = ((1-8)a)y, R(p) = R(e) =% , ap = esp # 0. Then
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a 18 nonesingulare.

Proof: Let (g), = (p),. where g*= g. Then p = gu
for some u € X . The condition eap # O implies eagu # 0,
hence eag # 0. The Lemma can now be applied.

l+10, Lemma, Let e be an idempotent in the discrete
ring {R." with R(e)r—'% . If D((l-c)o.); >4 , then a 1s

singullr.\

Proof: D((1l-e)a), >;L implies R((1l-e)a) < 1~ and
if a 1s non-singuler, then R((1l-e)a) = R(lee) = 1=l , a
contradiction.

ke11. Corollary. Let A = (a;j) be an nxn matrix over

a division ring K and{All# O. Then A 1s non-singular.
Proof: If|All# 0, in the terminology of Definition
4.y we have that ((1l-e , )A); has dimension L and the
conditions of Lemma 4.10 do not apply.
ks OZ|&ll=a, &, + 8,4, + oo + 8 A, where
{&,, &,
of a matrix of ((l-e,)A)Z, then e, Ag # 0 if (g), = ((lee, )A);.

» eecey An}*is a non-zero vector occurring in & column

The rank of e, Ag is -4 . By Corollary 4.9, 4 is non-singular.
k.12, Theorem, In a complete rank ring X let e # O
be idempotent and (g),. = ((l-e)a);.
(1) If R(g) = R(e) = R(eag), then & is noﬁ-aingular.
(11) Irf R(g) = R(e) > R(eag), then a is singular,
(111) Ir R(g) > R(®), then a 18 singular,
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Proof: We adapt the proofs of Lemmas 4.8, L.10 to
this more general situation,

(1), (11). Suppose first that g 1s idempotent. Let
t ¢ # have the property that g = tet™' . We have agsin

(1-e)a(l=g) = (l-e}a
and so

(l=s)at(l-e) = (l-e)ut.
Hence R((l-e)at(l-e) = R((lee)at) = R((l~e)a). But, by the
definition of g, R((l-e)a) = R(leg) = 1l=R(g) and =0 by the
assumption R(g) = R(e), .

R((1-e)at(l=e)) = 1-R(e) = R(l-e].

Let (lee)v(lee) be the inverse of (l-e)at(l-e) in
K(lws)s The guantity l-eat(lee).(lee)v(l-e) 18 of class 2,
is thus nonesingular and

(leeat(lee),(1~e)v(i=e))at
= (lesat(lee), (1=we)v(1l-0)) (eate+ oat(lee) + (lee)at(l=e))
=eate + (l-e)at(l-e).
We conclude that
R(a) = R(at) = R(eate) + 1l-R{e) = R(eag) + 1l=R(e).
If g 1s not idempotent, let (g). = (h), where h" = h,
Then g = hg, h = gw for some we 'R . Hence
R(eah) 2 R(eshg) = R(eag) 2 R(eagw) = R(eah),
or R(eag) = R(eah)., Because of the first portion of the
proof
R(a) = R(eah) + 1~R(e)
and the result then follows.



Ls

(111). R(g) > R(e) implies R((1l-e)a) < 1=R(e); if a
is nonesingular, then R((l-e)s) = R(l-e) = 1l=R(e), =&
contradiction.

4«13, Corollary, Let & be an arbitrary member of &
comple te: rank ring R , 076 O an idempotent in K and (g),
='((1-o)t2;. Then a necessary and sufficient condition that
a be non-singular is that

R(e) = R(g) = R(eag).
There are anslogues of the results 4,6-4 .16 corresponding to
the Ore left-hand determinant.  The principal results are

.14, Theorem, The nxn matrix A with elements in
a diviaiop ring is non-singular if and only if || Al #0.

lo.15. Corollary, ||Al# 0 if and only 1if|A[| # O.

&l = 0 1f and omly 1f)all = 0.

.16, Theorem, In a complete rank ring /R let e + 0
be idempotent and '(h)e = (a(l-o))f.

(1) If R(h) = R(e) = R(hae), then & is non-singular.
(11) If R(h) = R(e) > R(hae), then & is singular.
(111) If R(h) > R(e), then & is singular.

Lemma 4.8, Corollary 4.9 and the corresponding results
for left-hand determinants show that the particular n-l rows
in the case of the right-hand determinant and n-1 columns in
the case of the left-hand determinant chosen to determine &
vector to multiply into the remaining row or column in order

to obtainl|ill, ||Al1is immaterial. Moreover, the matrices
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effecting elementary operstions are non-singular; hence we
can interchange ross or columns of a given square matrix A,
left multiply a row or right multiply a column of A by a
nonegero quantity of K and add & left multiple of one row of
A& to another etc. and obtaln & new matrix whose right-hand
and left~hand determinants are zero or non-zero according to
the value with A,

With a certain qualification, also, the Ore determin-
ants have the property of splitting a row or column. We
have the trivial

.17. Corollary, In a complete rank ring, if
a=ea + ea, + (l-e)a and (g),. = ((1-9);2;, then esg = ea g
+ea g. In particular, if A = (a ), witha, = 8" + ai®
(a; » v, e € Kfori, =1, 2, ..., n) and the same
non-zero {A,, A,y eees A}, & column in a matrix of ((l-e, )A);
is used in all determinants, then|Al 1s the sum of the
right-hand determinante of

D) 7] (23 (23

(a‘ az e o o)\ 8., ‘2 e o o
az, . e o o azl . e o o
. » . .

4,13. Among the basic results of classical linear

algebra which have so far had no extension to the case of
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matrices over an arbitrary division ring is the Cayley-
Hamilton Theorem. This states that the matrix equation
IANI_-A|I,.= O is satisfied by the nxn matrix A, where the
elements of A belong to a commutative field. We will be able
to obtain fragmentary results in the direction of a possible
extension. The determinant used will be the Ore determinant,
eand the results will be, in the main, purely formal, princil-
pally because there are apparently few known properties of
the "polynomial™ ring involved.

Let K[A] be the ring (with unity 1 € K) generated by
the division ring K and the symbol A . No law for the
commutation of A with the quantities of K is assumed, except
that A may be taken to commute with the quantities in the

center of K.

Let A = ( ) with a;; € K. Then
& 8
’\'au -a,,
/\I—A = e The varlious Ore determinants of
-8 A -a,,

A I-A include in the ceses
(1) a,# 0, a,F 0
(4o2) (A -a, )az, (A-a,, )-a,,
(4e3) (A-a,,)a)/(A-a, )-a,,.
The expression (4.2) is obtained as a formal right-hand

de terminant as
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-a, .Va;l'(h -a,. ) + (A - )el=0
and as a left~hand determinant as
1e(A-a,) +(Aea, )as (-a, )= 0,
The expression (l4.3) 1s obtained as a right-hand determinant
by interchanging the roles of the rows and as a left~hand

determinant by interchanging the roles of the columns,

Moreover, both {}4.2) and (4.3) when equated to zero

form matrix equations

(4.4) (A~-a,I)e;, (A -a,I)-a, I=0
(4.5) (A =& ,I)a;, (Mg, I)-a_,I= 0
which are satisfied by A = A. For

(A‘& m I)‘;;' (&"zzI)"‘ I&.I

-1, -
0 a, a  (a, -a, ) a,d' &, ) 2, 0
" s, s,-a, 1 0 0 =

2
&, 0 a 0
0 L 0o &,

and (‘P&zzx)a;; (&"& ”I)..‘&f I

(a" -a, &, ) ( 0 1 ) (a,_, 0 )
= - -1
82 0 S %2 2, (e, ) ° =

= 0,
We are justified then, it seems, in calling (4.2),
(4,3) the characteristic functions of &, particularly as
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(4ot), (4.5) become, when K is commutative and } 1is assumed
to commute with the members of K, the matrix version of the
ordinary characteristic equation,
(11) a, = 0, a, + O.
(A -a, )a;, (1-a,).
This expression is agaln a formal right-hand and left-hand
determinant. The matrix equation
(L-a,I)a;/(A-a,,I)=0
is satisfied by A = A for

‘ 0 0 ) ( 2, {a,=-a,,) O ) o
‘l an-a” 1 0

2

(111) a,,# 0, a, = Q.
(A-a,)a, (A=a,).
This is a formal right-hand and left-hand determinant and
the matrix equation
(A-a,,I)a;/{A-a,I) =0
is satisfied by A = A,
(iv) a2, =0, a, = 0.
(Aen, A -a,,)
(A *au)(/l"l " )e
In this case,
(Aea,I)(Aea,I)=0
(A=a,,I)(A =a, I)=0
are satisfied by A= 4.
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In all cases, equations in A are obtalnable from
det( A I-&) = O, which in the commutative case are identical
with the characteristic eguations., Also, obviously, the.
elements of A need not have originally been drawn from a
division ring; the following result holds under the weaker
condition that K can be imbedded in a division ring.

.19, Theorem, Let A be a 2x2 matrix with elements
in a division ring K. Then there exists a formal Ore deter-
minant of A I-A in K[A] such that A satisfies the matrix
egquation obtained by equating the determinant to zero (and
replacement of scalar quantities by corresponding scalar
matrices).

.20, The procedures of the previous sections do
not go quite so smoothly for general 3X3 matrices A. For
example, to find in this situation a column vector which
annihilates under matrix (right) multiplication two rows
of A I-A we must, i1t seems, use formal inverses of the
quantities of K[A] ., We will examine effectively all cases,
however, and will find positive results in almost all, As
the Ore determinant does not depend essentially on whether
we examine the righte- or left-hand determinant and, as 1t
is often immaterial what two rows (columns) of A I-A we find
an annihilating column {row) vector for, we can reduce the
number of particular matrices to be examined.

he2l. 1In this paragraph we will use formal inverses
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of guantities in E[A] and no attempt is made to justify this
procedure rigorously. It is apparently a problem of some
difficulty to determine in what measure K [A] can be imbedded
in a division ring. Because of the unique importasnce of the
Cayley-Hamilton Theorem in classical linear slgebrs, due to
its initiation of the deeper results of that theory, the
author feels that the present extemsions, although fragmentary,
are not without value.

Let & = (aij ) be a 3X3 matrix with elements in a
division ring K, and suppose that a,; # 0, a, ¥ 0. We will
show by computation that the matrix product

~a, A-a -a,

(h.é) ( ) 22

-8y

A 3) [-(A"..n) '—3‘3(& -a,,) "‘32}*' [-(A""n) a;;‘?-l + 8‘3']
i - - -
% 20\ [(A-a,) o A=x )-g,,] [A-s,)a a, + s,

is (Z) . An Ore determinant of AIeA 18 then
(4e7)  Aes, -a, [(A‘ =833 da, { A""zz)""a]"[(k &35 Jas; ey, + "31]
-.‘15[()\-&32 )ag;_ (A -, )-a,‘;]'l [(7\ -uzz)a;_aa, + a,,|e
On squating to zero, (L4.7) simplifies to the ordinary
chsracteristic equation if X is commutative and A 1is assumed
to commute with the members of K,
Returning to (4.6), the first element in the matrix
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product 1s
-2, + [(A-au )'Tl [(7\'-&3; )‘-2‘3 (A-e,, )"33]-'[()\"‘33 Jaz aat ‘31]
-(2; ) ((A-e,; )a]; (Nen;, )ea 2] (Aes )0l e, + 8]
=-ay, + [(eng Jag; may, Qeny 7|7 Omaydage,
+1Ama,, )aj a , (Any, )™ “a,
B (£ VO PO POURS PR 3 I PR Pl
- [(A-a,, Ya3; Qeay, )a;{ -1]-"2:
=ca, +[1-a,, -y )" 8y, (Aeny, '] ey,
+{(h-ay,dag -a,, (-0, )] " ay,
- [(7\"335 )‘;; -&,, A-a,, )-‘]“' B
- [(Aca,, )a;! (Aea, dag; -1]"a,,
= (-1 +{1en,, Oma ) oy, eny, )}
+{1=(Aenyy Yol Amay, 10T},
= [-1 + (Awa,, )a_;;_{(h'ln )ag, ~a,, (Aeay )ﬂ'} "
+a,; (A-ay, ) {8y, (A=a 33 )7 ~(A-a )‘;;}-'] Y
—[-1 +{may, Ja3! =ay, (eny, )7 (onyy ezt =ay (Aea )Y} ]
= 0.
The other element of the matrix product (ly.6) is
-8y, -(a,;')" [(l-a._,, )&;; (A-a;)-e;, ]~| [M"SB Jazsay,+ a3l]
+{eay, 1717 [ Oeaga st Qe deng 17 (e, a5 g 4 0, )
= -a, «-[(,\,---8.33 )az, (A-a,, )a;; -1]" A-a,, lazss,,
- [(A-us, )az} (A-a ,;)e; -1]"'a,,
+[Aea,; )ap -8, (A-a,3 )] (Aeay,da]) e,

+‘.(A""zz ).';':. ~8.3 m"ss )-'J N 821
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- - -n-t
‘['1'9‘32 Aea,, )" {O\"‘ss Jas -8, (A-a ;) }
- - -4
tA-a;, )az, ‘L(A“‘as Ja -8, (A-a;;) }J 831
- - -t -\t
=[-1 +{_(?\-a33 )az, ~a,, A-a,;) ‘}{()\-&33 )a,, s, (A-a,,) } _] 8,
=0,
If we make the further assumption that elther a, or
&,, but not both are zero, say a8, = 0, we obtain on
equating (L4.7) to zero the expression
(A~a, )a; (A-a;)ay; (A=, )-a 8,5 (A-a,)
-1
~(A-a)a;; e, =a, = O.
The corresponding matrix equation
-1 i~y -1
(408) (A -a, I)a}/ (A=, T)a7; (Aea,I)-a ;8 (X =a, I)
-f —
-(A -a,;1)a; 8, -2, I=0
is satisfled by

a, 0 a,
A=A = &, 8, 85
a3l ajz a33

with 5.,3 #* 0 a,, 76 0 (we may drop the condition that 323# 0).
For, the left side of (4.8) becomes

&, ~8a, 0 L 8, -&,, 0 a,
-l

LFY 0 8,3 &, & 8, "8; &,

& 85, 8378 &, 8;, 0



0 0 8 0 0 Bis
- -1 '
o8, |\ & By &, 83 =823 8 8, % <&y 823
FY) 8 8. 8y ay 82 8.9y
8y -8 O %
-1
- ‘ZI 0 a23 a}l ‘3’ -‘2' I
a,, 8, 83;-8%,
( «f )a“‘ 0 a .'"‘
‘“ 22 32 /3 32-
8 «‘ -[
= azl &3, 0 &23 ‘31
-l -!
a, 8 1 (ag "azz)‘sz
‘3’ &31
} ~1 —! "
. (‘22_‘33 ).‘13 a, + &,38,, a3 (112-333 )‘43 (azz'a u )+ ‘23 83 "5‘1
-1 !
83, 83 8y, 8;, %3 (ay, -8y )
8, =83 T 858y

3 -1 -
82' + (332 ”“33 ).’03 .'23+ &23 ala (8.33 .a“

-1
ajz+ a,,8, a,,
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-1
(a, "zz)‘gz &; t 8, 0
) -1 ~!
- | a838;, + &, 8;8; a8, (a,,=2, ) + 8.

aa+aa

-1
13 83 2 %3 &,;8,38; + &

3 T &3 “31 3
.'23.'13 8,3 + 853 ‘3;‘3,

‘23" (s €337 H) +(.' -8, )‘32. u T 8y

= 0, safter some further computation,

We obviously will be a&ble to obtain corresponding
matrix equations directly from the Ore determinant of AI-A
and satisfied by the 3x3 matrix A = (a‘J ) when one & = 0,
1#£J and 8;4 # 0, 8, Folk#1, k£J, %], TF1)e

The other types of possible &, apart from the case

where no off-diagonal element is zero, have typical

representatives
a, 0 0 a, 0 a,
(1) a, 8, 8, (11) 8, 8 8,
a,, 8, e, 8, 0 a;;
a, 0 o
(111) &, a, 8,
a,, 0 a; .
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Case (1). The A\ -matrix is

A~a, 0 0
-‘21 A‘-‘zz -azs
~a3 -83, A-a;;

Among the column vectors giving a matrix product of zero on
multiplication on the right of the first two rows of A I-A
1s {0, A-e  , a,,(Aea,;)(A=a, )}, provided a,,# 0. 4An
Ore determinant 1s

[-a,, + (A-a,;)a (A - )] ( A-a, ).
The corresponding matrix equation 1is

[¢ A-a,, I)a;;()\-anl)-ahl](h -a, I)=o0.
When A 1is replaced by A, the equation is satisfied because
the left side will be, after a little computation,

(a, -a,, )a], (a,, -a,,)-a,, 0o 0
‘Zl‘;;(‘“ -a,,) + (‘22."‘“ )‘2—.3‘ a,t 8, o 0
8, a;; (a, -a,,) + ana;,' a,, 0 O°
0 0 0
| %20 8-, 8.3 = 0.
oF %32 B33 ~%u

If a,, = 0, the matrix becomes of type (1i1).
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Case (i1).
A-a,, 0 -a,5
Al-A = -a,, R‘"zz 8,3
=83 0 A-s,,

This case is equivalent to (1), if we find a left-hand
determinant by means of a row vector multiplying into the
last two columns of A I-A to give a zero product; if a,; # O,
a left-hand determinant 1is

(A-a,) [(A-a,,)a(A-a, )-as].
Also, (A-auI)[(loa wI)ag (A~a, I)eay I]

&, ~8,, 0 a,;
= LFY 0 823
a,, 0 a,-a,,
0 0
* (‘22'333 )aI—S‘ a, T ay ‘1—3' LY} (azz'aas )al-;;l (a,,-a, )-a;
0 0

0
-) -
8, + (a,,-a, )a, a,+ a,a 8,

0

= 0.
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Case (1i1),
A-a, 0 0
Al-k = -8, A-s,, -.,, | .
-8, 0 A-a,

As in Case (1), if azaf 0, we obtain the matrix equation
(A-a,;I)a (A&, ,I)(A-a,I) = 0. By the discussion of
(1), A= & satisfies this. If a,, = O, the matrix product
of the first two rows and the column vector {0, 0, {A-s&,,)
(A-a, )}, in this order 1s zero and an Ore determinant 1is
(A -8, )(A-a,)(A-a, )e
The corresponding matrix equation 1is
(A-a,I)(A~a,,I)(A=a,I)= 0
which is satisfied by A = A.
We notice that in all cases, including the general
one, the expression obtsined for an Ore determinant of
A I-A beecomes, on equating to zero, the characteristic
equation 1f K is commutative,
L.,22, Theorem. Let &4 = (au-) be a 3X3 matrix over
a division ring K, If some a, (1 # J) is zero, then there:
exists a matrix eguation equivalent to the ordinary
charaeteristic equation if K is commutative and satisfied
by A. The matrix equation i1s obteined by equating some

formal Ore determinant of A I~& to zero,
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We note finally that a characteristic function as
above, using the Ore determinant, is apparently a more
successful concept than the “characteristic determinant®

defined similarly using the Dieudonné determinant Ll, 39].



CHAPTER V
ALGEBRAICITY IN COMPLETE RANK RINGS

In this chapter we give proofs of statements (13)-(20)

of C. R. A. leading to a clear-cut picture of the algebraicity
over the center of an arbitrary element of a complete rank
ring ‘K. Let Z be the center of 53 and P be the set of all
polynomials

p(x) = ¥ + a,x"" + eeot 8. (a;€ Z,1=1, 2, ..., )
We are interested in how small R(p(a)) can be made; the
p(x) € P such that R(p(a)) < 1 we call a-singular.

5.1. Definition. We denote by T the set of all

a-singular polynomials from P that are irreducible with
respect to the coefficient domain Z,

S5e2. Theorem, T is enumerable.

Proof: Suppose {p,(x); 1 € I} are the distinct
a-singular monic polynomials which are irreducible with
respect to Z.,

We will first establish that {(p‘-_(a));; 1€ 1I}]; for
this 1t will be sufficient to prove {(p¢(a)u;: 1eI}L
for every finite subset I°<: I [yon Neumann, 10, Theorem 2.3].
Clearly this holds for sets I, of cardinality one. Assume
the result for all sets I, of cardinality n. Let
{g;; m=1,2, oo, 0 +1} be a subset of I. Then the

distinct, monic and irreducible p, (x) (m=1, 2, eeep, n+ 1)

wm,
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are relatively prime in pairs and there exist polynomials
g(x), h(x) with coefficlients in Z such that

1= g(:x)p«w (x) + h(x)pb,' (x)p“z (x)s.epy, (x)
whence

1= g(a)p«nﬂ (a) + h(a)p, (a)p, (&)...py (a).

Therefore

(1), = (g, (a))p v (py (a)p,, (a)...7,,(2)),

2(p,_ (a)), v(p,, (8))yn (p (8))yn eenlpy (a)),]
since the polynomials p, (a), with coefficients in Z, commute,
Obviously egquality holds and so

(0), = () = (o, ()0 n [(p,, (W0 (p, () u eeovtp, (o)

[N II, Lemma 2.3]
that is, {(pocm(a));; m=1, 2, e, n+1}L .

The cardinality of { (pi(a));; 1€ I} 1s therefore at
most N, [heda, 6, 119, Anmerkung 2.2]; and since the
independence shows that distinet p, (x) (1 ¢ I) yield distinct
(Pa(l))z: we have the result.

5.3. Theorem, Leto be the g.l.b. of all R(p(a)),
p(x) € P. Let.o1 ( «') be the intersection of all
(p(a)),.((p(a))y). Then there exists a unique idempotent
e ¢ ‘R such that

(), =, (o), =00
and R(e) = D(4) = D(.n') =L o
Proof: Obviously D‘(ﬁfe),(p(a),_)éo( o
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If there 1s no a-singular polynomial, then oz = (1)_,

o = (l)e and 1 1s the unique idempotent with this property.
An arbitrary p(x)e P with R(p(a))< 1 can be factored
uniquely, apart from the order of the factors, into irredu-
¢cible factors; that 1is

p(x) = p, (x)p,(x)eeep, (x)p,, (x)es.ep, (x)
where the p,(x) (1 =1, 2, ..., n) are irreducible and the
p;(x) (1 =1, 2, ¢ssy 8% n) are a-singular, the remaining
factors not being a-singular. Then

(p(w)). = (p, (a)p,(a)e..p (0)).
so that the cardinality of the distinct (p(a)), 1s no greater
than :; N:: N, . Hence the distinct (p(a)),. can be
enumerated thus: {(pﬁja))*; m=1, 2, eesfs

Write p, (x)p, (x).sep, (x) = p"(x). Then p"(x) € P.

We have[”f (p..(a)), 2 (p"(a)), where the (p™(a)), form a

i
descending chain in the lattice and

D(\(pla)), ) = DI (pfa))) 2 DIN(P™)),) 2t
so D(0l)=o , Similarly D(-o2')=o .

Now (p'(a)), = (p*(a)), 2 ... . We will first
consider the case, as far as the existence of a sultable
idempotent e is concerned, when this sequence of lattice
elements terminates; that 1s, when for some positive integer
n, (p*(a)), = (p™"™(a)), (s =1, 2, ...). This case will
be covered by the more general proof later but because of

the speclal interest we will give the brief proof possible
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here. If (p™(a)), = (p™™(a)), for some positive integer
n and for all s =1, 2, ..., then
o= (p"(a))..
Let (p™(a)), = (f),, £*= f. Ten R(f) = R(p™(a)) = R(p™(a))
and
,m’=+/e) (pla)), = (p"(a).)e = (p"nM(&.))‘eo (s=1, 2, ..0)
Also fp™(a) = p“(a) so
(™(a)f), 2 (p™(a)fp™(a)),= ([p™a)]*), 2.0t = (p™(a)),.
But (p™(a)), 2 (p™(a)f), so equality holds and there exists
x € ‘R such that
p*(a)fx = p™(a).

Then e = f -+ fx(1l=f) has the property that -2 =(e)_,
n’ = (e),« For the idempotent e generates (f), =.c» and
(f + £x(1f)), contains

p (a)f + p™(a)rx(1-r) = p™(a)f + p™(a)(1l-f) = p"(a).
As R(e) = R(p™(a)), we have o' = (p“(a))z = (ol&.

The unigqueness of e follows here, with the same
reasoning spplied in the general case, because if (e) = (g),,
(°)£ = (g)f, g*= g, then eg = g, eg = e and o = g.

If 'R 18 a discrete ring, that is, a matrix ring over
a division ring, and thus satisfying the descending chain
condition for right ideals, we do have -@ = (p™(a)). for
some positive integer n and consequently the result.

Simple proofs of later theorems for X, a discrete ring, can

also be given,
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Returning now to the general case, let#fl(p(a))_r
=m°f:\‘(Pm(a))+ = (f), with £*= £, Then
f=p™a)u,, (u_,eR,m=1, 2, ...)
and hence
£ = rp(au,,
or (fp™(a)), = (f),. But obviously (f),. 2 (fp™(a)), so
(r), = (ep™(a)). m=1, 2, ...)e
We thus have o = R(f) = R(fp " (a)). (m =1, 2, ece)e
By the definition of f,
(tx; xe R} ={v; v=p'(a)v, = p*(a)vy,= ... for
some v,, V,, «.. € R} and 80
{pfm(a)fx; x € 'R,} =={u: u=p(a)v where v = p‘(a)v‘
=p*(a)v, = «.. for some V, s Vys ece € R .
That 18, u belongs to the right side if and only if u
belongs to 1E\l(p"‘(a)p"‘(a))T Z (f)+; but obviously R(f)
Z R(p™(a)r) so
(p™(a)f), = (). (m =1, 2, «..).
Hence for eachm =1, 2, ... fp (a)f = p™a)f has
an inverse fq _f, say, in R(f).
s1so {p,, (a)...p . (a)fx; x&e R} ={u; u=p,, (1)
e+ePpsn(a)v where v = p/(a)v, = p*(&)v, = ... for some
V, » V35 eee ER (m, n =1, 2, «..).
Hence u belongs to the right side if and only if u

belongs to [)(p,,,, (a) (a)p°(a)), 2 (£).; so, as

...pWH-‘I\,

before, we have (f) = (pﬁf‘(a)...pmm(a)t)* and
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tp,. (8)ecepnia(a)f= p ., (8)ccep,, (a)f has an inverse of
£q.. L, say, in‘R(f).

Then fp™*™(a)f = rp,(a)...p (a)p . (a)ccop . (a)f
= fp, (a)...m, (s)fp,,, (a)...cp,, (a)f
= rp,(a)e..p, (a)r.fp,  (a)..cp , (a)f

m¥n

and so fq, f = fq/ f.fq f = fq f.fq, f, the inverses in
’ﬁ(r) commuting as the corresponding factors commute,
We examine the idempotents f + fq fp™(a)(1l-f)
(m=1, 2, «es)s For each m,
(£ + £q,fp™(a)(1-1)),. = (f),.=?Q (p(a)),
end (f + fqnfpm(a)(l-f))t contsins
rp™(a)f + fp~(a)f.fq, fp"(a)(1-1)
=fp (a)f + rp"(a)(1l=f)
= fp"(a).
Since R(f + fqupm(a)(lof)) = R(f) = R(fp™(a)), then
(£ + rqmrpm(a)(l-t))e = (fpm(a))l < (pm(&))gé (p™™ (a)),
§...§_(p'(&))e. (m=1, 2, vce)o
Moreover, the seguence of i1dempotents f + fanp"‘(a)(l-r)
approaches & limit as m > ¢ since
R({f + rqup“(a)(l-f)} -{r+ fq,ﬁnrp”'”“(a)(l-f‘)})
= R(fq fp™(a)(1-f)-£q,,, rp™" " (a) (1-£))
=R(fq, f{f-fq,. fp (a)e..p,,, (2)}p"(2)(1-£))
=R(fq,f{f~fq. fp.., (a)c..p, ., (a)f
-£q,.,. fp, ., (8)..op, . (a)(1-£)} pP™(2) (1-£))
=R(fq r{f-f-rq . fp, ., (a)...p . (&)(1-£)} p™(a) (2-1))
£R((1-r)p™(a)(1-f) —> 0 when m —>00 since
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((1-r)p™(a)(1-r)), contains (1-£)p"(a)(1-f)p_, (a)(1=r)
= (1= ){p™" (a)ep™(2)fp,,,, (2)} (1)
=(1=f){p™"' (a)erp™(a)fp_ (a)}(1-1)
= (1=£)p™" (a)(1=r).
Hence {((l-f)p“'(‘)(l-f))*z m=1, 2, ...} form a descending

™M+

chain in the lattice and (p"(a)). = (fp™(a) + (1=£)p™(a)(1er))_
= (fp™(a)),. v ((1=f)p™(a)(1-r)),. since (1=f)p™(a)f
= (l=f)fp™(a)f = 0 and (fp™(a) + (1-£)p™(a)(1-r))..
contains fp™(a)f and so fp™(a) as (fp™(a)), = (£),
= (fp™(a)f),; consequently (fp™{a) + (lof)p”‘(a)(l-r)),_
contains fp™(a) + (l=f)p™(a)(1l-r)-fp™(a) = (1-r)p™(a)(1-r).
The inclusion in the opposite direction 1s obvious.
Then (p™(a)), = (£)_ v ({1-f)p™(a)(1-f)), and
(), = N ™)), =N [(£), v ((1-£)p™(a) (1-1)), ]
= (£), o[ ((a-£)p™(a) (1-1)), ]
[Ax1om III].
That is, (r)rgm/j ((1-fr)p™(a)(l=r)),. As the principal
right 1deals aro_disjoint, apart from 0, we must have
D ((1-1)p™(a)(1-1)), = (0), and so lim R((1-£)p™(a)(1-r))= O.
We conclude with the observations necessary to show
that ir lnm (f + £q,fp"(a)(1-£)) = e, then e satisfies the
reguirements of the theorem. For e 18 l1dempotent, being the
limit of a sequence of idempotents; also e has the form
f + £x(1-f) for some x€ 33 by the continuity of multipli-

cation since, as we have shown, lim (fqup"‘(a)(l-f)) exists
m-=)oed
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and it equals r(}qi_;lw(fqmrp""(a)(l-f)))(l-r) whence (o),
= (£ + rx(1-r)), = (f).,.=pg (p(a)), . To show that (e)g
:PQ (p(a) )»Z we note first that if a principal left ideal
in ¥ contains a convergent sequence, it contains the limit
of the sequence., For, let (3){3 (g2= g) contain the
convergent sequence u, (1 =1, 2, ...)¢ Then u; = u,g
implies by the continuity of multiplication that %:—l& u,
= (}}g u;)g or .liﬂ u € (g)g. As we showed above

(P""(a))e 2 (rp"'""(a))e = (£ + fq fp”‘*"(a)(l-r))£

(m, n=1, 2, ...)

m+n

so for each m =1, 2, ... (pm(a))z contains
(=]

e = lim (£ + fqtrpt(a)(l-f)). Hencepﬂ(p(a))f———no‘ (p“(a))j
Zz (e)‘ + But as the dimensions are squal, equality holds,
Self. Theorem., Let T={ q.,(x); 1 =1, 2, ... and
q.(x) € P and 1s irreducible and a-singular}. Define
ol 4'7;‘- ,471,"- (1=1, 2, ...) similarly to thewx , .An’
of Theorem 5.3 but restricting p(x) to the (q‘-_(x))t
(t =1, 2, ¢ee)e Then there exists a unique idempotent
°; € R such that (e;). =00, , (e£)4=/05:.
Also R(e;) =D(.0r, ) =D(-»)) = o;
Proof: The proof follows much the same lines as that
of Theorem 5,3 and we will include only a summary of it.
Let q, (x) be an irreducible a-singular polynomial.
Write (q;(a)) = q°. Clearly D({(a%),) = «, = D(/3(q®),)

since (q° )y, fOrm a descending chain.
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Now letz)(qt)f = (£)_ with £f*= f. Then f = q u,
and (f), = (fq™)_or o« = R(f) =R(£q").

(u,e R y,n=1, 2, ...)
w R p Yl «
Also q Gdgl}q L_:Aé)(q ), = (£), and £q"f = q™f; as in
Theorem 5.3 we have R(q™f) = R(f) so that fq"f has an
inverse in R(f)., In particular thers exists a ring element
u = fuf such that
fuf.fqf = fqf.fuf = f
and since (qf)™ = q"f, the inverse of fq"f in R(f) is
(fur)"= ru"r,

Then (f + fu £q™(1-f)),. = (f), and (f + rd“rq“(l-r)lz
= (rqf)e. The idempotents f + fu™fq (l-f) form a sequence
converging in the rank metric since

R(fu™rq™(l-f)-fu™ " fq™ " (1-1))

=R(fu"f (f-fu™rq™)a"(1-r))
=R(fu™f(f-ru™fq"r-furq” (1=£))q"(1=~1))
=R(fu"Tu"fq" (1=£)q" (1=r))

<€ R((1-£)q™(1-f))>0 as m, n —>o0, as before.

The remainder of the proof is similar to that for
Theorem 5.3. We have e. = lim (f + rfu"fq™(1-f)).

m>e0

We note the following results to be used in later
theorems.

(1) (l-e.)q", = 0 = e, q™(1-0,). m=1, 2, ...)

For e.q”e. = q™e, holds, as the above equality

(-]
£q"f = q"'f requires only that f*= f, (f) = [_\ (q™), and e,
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has these properties. Similarly e,q"e, = e q" since (e, )l
-4 n
-7 @,

(11) e,q"e, = gq7e; = e;q9™ (l-g;)q" = q (l-e.) as
q™ commutes with e; and eonsequently with l-e; . Moreover
e;qQ"e; has an inverse in <(e ),

(111) 1lim (1-e¢, }q"{1l-e ) = O,

My 00
This holds when e;

3

is repleced by an idempotent f, a
[~
genersator of “Q(q" )_» 80 holds for £ = e .

5.5. Theorem, (i) Let g =lec, f, = lee.. Then

R(f{:):—'ﬂ; *
(11) efc = f,e = 0, f;f; = 0 (14 J) and
n o
e+ 1limZf = 1; o+ Z A= 1 and the rings Rie), X(f;)

(1 =1, 2, .es) are mutually orthogonal.

Proof: (1) R(f;) = R(lee,) = 1=R(e.) = lec/; =0

(11) (e.), = A ((q,(a))), 2 (] (p(a)), = (e), s0
e =e.e. Similarly we have (e;), 2 (e)£ and e = ee;, . Then

ef, = e(l-e;) =0, f. e = (1l-e;)e = 0.

Now let q,(x), qj(x) be distinct members of T and

let e,, e, be defined ae in Theorem 5.4. Then
1 =g, (x)(q ()" + v, (x)(q;(x))" (n=1, 2, ...)

for some polynomials u,(x), v,(x) with coefficients in Z;
that is,

1 =u,(a)la (@) + v,(a)(g;(a))".
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Hence
1-o, = u(8)(q, (£))" (1=e; ) + v, (2)(q, (&))" (1=e,)
=u,(a)(e; +(1=e;))(q (&))" (1=e; )+ v.(&)(q; (8))7(1-e, )
=u,(a)(1ee;)(q (a))" (1e,) + v, (a)q, (&) (1me,)
[Theorem 5.k, (1)]
and (1l-e;)(1-e;) = (1-e;)u (a)(1~e;)(q;(a))"(1~e;)
+(1-e;)(q;(a)) v, (a)(1~e,)
-,-:(l-eJ.)un(a)(lne,;)(qi_(a))”(l-e,; )
+(1-¢;)(q ()" (1-¢; IV, (a) (1-e).
As R((1-e;)u _(a)(1-e;)(q (a))" (1=e,)) £ R((1-e,)
.(q,(a))"(1-e,)) > 0 a8 n—roo by Theorem S.i (111) and
similarly R((l-ej)(qJ-(a))”(l-eJ-)v,,(a)(l-eb))—> 0 as n->0 ,
we have, taking the limit,

£ £, = (l-e;)(1-e;) = 0, (1 #1J)
Then f‘{fJ = 0= 1‘;1 f& (1 + J) implies
l-e;_-ej + edeJ. = lee; -6, + o.e

or e; 6, = o0, ., Moreover e e; 1is ldempotent and (e, e ).

= (o;), ~ (e;), (e,;ej )‘g = (e;)p N (eJ- )4. For, obviously
(e;0;), < (e;). A (e;), and x € (e;), ~ (e;). implies
X =eX =¢e;X=6.0X0rXx € (e,;oJ- ), Similarly for left
1deals. We have (e.e;). = (e ). ~ (e;), =7>\((q,-_(a))m).,.
o0 n n m=1

ng((qj(a)) ). 80 o8, =(q;(a))w, (w,€R,n=1,2, ...).
That 1s,

q;(a)e e, =q,(a)la;(a))"w, =(q;(a)) q (a)w,

(n =."1, 2, oco)
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and (q;(a)e e ), ,‘-_z\‘((qj(a))n),, = (e;).. Also (q.(a)ee ).
= (e;q.(a)e;). = (e ). 50 (q (a)e;e; ) < (e ). n (ej ), = (e;e;),
and hence edef—qd(a)edej =q(a)e e,

¥sing left ideals we have similarly e‘-ejqd(a)eiej

=e;e;q.(a) and so q;(a)e;ed- = e‘.eJ.q‘._(a). Now
e;q,(a) =e,e,q.(a) +(e;-e.0;)q.(a)
=e.0;q;(a) +e;(1-0;)q;(a)
=e; ejqi(a) + e,(1-¢;)q; (a)e, +eJ-(1-e¢)q;_(a)(1-eJ.)
=e;_eJq,-,(a) + ¢;(1-e;)q (a)(1~e )e;
+ e, (l-e.)q;(a)(1-e;)(1-e;)
[ Theorem 5.4 (11)]
=e‘-ejq,-’(a) + e;(1l-e;)q;(a)(1-e;)e;
since (1l-e; )(1l-e;) =ff =0.
Also
q;(a)e; =q (a)e e +q.(a)(e;-e e )
=°e°jqa(‘) +eJq;_(a)(1-e'_-)eJ + (1-e;)q a(a)(l-e,;)ej
=e.e;q(a) +e,(1-e;)q (a)(1-e;)e,.

Wo conclude e;q;(a) = q;(a)e, (1, § =1, 2, ...)
and conseguently e;(qj(a))m':- (QJ(a))me; (m=1, 2, ees)e
Now

pa) = (a, () " (q., () *.u.(q; ()
for some %, b ...,tin, t‘;:’:im’ cesy t,;n-.;. 1l, 2, «eo, BO
(p™8)), Z((a;, (a)) " (q; (&)= c.ilq (a))ne o oeve i),

:(e‘:'aia '..eéw)‘l“
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since the e, and the (q (a) ) commute and (qJ.(a))t".oJ. has an
inverse in R(QJ). Hence

(p™a)),. 2 (e, ) . nle; ) neeenle ).
Consequently (e)_ /\(e ), bdut (e), éfj(e,-_)f, since
e =e,6 80
(o), = (\(s,), 0
Obviously ﬁ(e ), = ,.;:\,“'e?-“'en)r and !j(e.b)e

[
f_\ &, 0000,), = (e),5 also, 1f g, =e,e,...0,, (n=1, 2, ...),

we have g g = g8,.,.=8, if m < n so that the segquence of
idempotents g , 8,5 e+ CONVErges in the rank metrie
[Maedn, 6, 155]. Moreover, 1if lim g = }‘gmw(e,ez_...en) =g,
g* =g and (g). = (e),, (g), = (e), [Maeda, 1oc. cit.].
the uniqueness established in Theorem 5.3 we have g — e.
That 1s, e = lim (e ,e,...0,).

Conslider now the sequence h, = l-g'fé (n =1, 2, ¢se)e
These are idempotent and hh , = h _h_ =h,. . 4gain

n
lim h exists and so does lim 2 £, = 1-1im h . We write
o n->am i=) N30 N

un e =z 5

We prove l-e e, ...e, = (l-e, ) + (1-e,) + ...+ (1-e,).
The result is obviously true for n =1, Assuming for n, we
have

(l-e,) +(1l-0,) + ... + (l-e, ) + (l-enﬂ)
L. [(l-e ) +(1<0,) 4 oo + (1ee ) + (1l=e.,, )]
+(1-e“+,)[(l-e|) 4+(1-e)) + eee + (1-e,) + (1-e,,)]

= e‘l\'H [l-eiez...e“] + (l'en+|)
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=e,,6 ~0,6, ...0,0, .  + l-o
= 1"0' € 0000, 0
Hence l-e,e,...0, =92 f,. Taking limits we have 1-%})1& €8, .00

e=1

:ﬁ: f: or E f.,= l-e. That is, e +f f;. =1.
= =2 L=t
By the orthogonality of the idempotents e, I, , f,, «e.>
Dle+f, + £, 4+ eec+ f ). =Rle+f + £+ oo+ £,)
=R(e) + R(f,) + ... + R(f,) and so
w 3
1 =D(o+_2’_‘r‘- )7~ = D{1im®(e + f, + oo +£).)
=
= 1lim R(Q +f' + eee + f“)
nyoo
[c. a. (18)(v)]
=1J;i£o(ﬁ(e) + R(f,) + ... + R(£f,))
; =lm (L + ften +A0)
or d "'Zﬂ‘_?‘—'lo

Fiimlly of, = f,0 =0, t‘-tj =0 (1¥#J) 1imply
u € Rie), v e%(f;), wE R(fj) (1 ?éj) mean uv = 0 = va,
VW = 0 = wv,

S5e6. Theorem. e and all f; commute with every x
which commutes with s, hence in particular with a; for every
such x there exists & unigque decomposition

Xz X+ X,_p = xe+z X,. where x, € Ree),
X,_. € R(1-e), X, € R (£;) mdgx& =

Proof: Since x commutes with a, it commutes with

im ixﬁ_.

1
n-» oo ey

t
each (q;(a)) (1, t =1, 2, ...). Also e; and consequently
t
lee,; commute with (q;(a)) by Theorem S.h (i1).
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Then (l-e‘-)xe,;.e‘-(q‘.(a))teé = (l-e‘-)x(qi(a))te‘.
= (1-0,)(q,(a)) x0; = (1-¢, ) (q () (1-e ). (1-e,)xe,
(t =1, 2, «c.)e Lot e u_e, be the inverse of e, (qi(a))"—“e‘-
in %(e‘_). Then
(1-e; )xe;, = (l-e,;)(q‘-(a))t(l-e‘-).(l-e‘;)xe,_-.et-ute‘. .
Taking the 1imit as t —-c0 we have
(1-e;)xe, = O, {Theorem 5.4 (111)]
Similarly e ,x(1l-e;) = O so
x=e;xe; + (l-e;)x(1l-e;)
commutes with l-e; = f. . That 1s, x commutes withglf,; and
in turn with l-g:f‘. = e,
As xe = ox we have ex(l=e) = 0 = (l-e)xe and
x =exe + (l-e)x(l=e); the uniqueness of this decomposition
is obvious,
The idempotents e, f,, £,5 eoes L0 l-e-iéf,, are
independent and hence
X = exe +°§_f xf, + (1~e-£r )x(l-e-Zf ).
LE, Lemma 12, 400
Now R((l—e-“Z'f )x(1-e- Zf )) € R(l-e-ff ) >0 as n->co,
Hence lim (Zf xf,) = x-exe-11m ((l-e-g't‘; )x(l-e-az_'f,))
exists. le write this limit as Zxﬁ )
The decomposition is unique for, not considering the
obviously unique exe, suppose we had
JLim (ér‘- xf;) = lim (Zr x’'t; ).

MNP0 = ¢

Tl'.len, for any J = 1’ 2' eve
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Troxt + £.xf + ln (F£ xf,)
S

- e s 4 Um (e,

Pre-multiplying by rj and using the continulity of multipli-
cation together with f.f, = 0 (1 # J) we have

£ xf; = fJ-x’fJ- (J =1, 2, eee)e

5.7 Theorem. For every p(x)é€& P the p(a.), when
formed in X(e), has an inverse in X(e).

Proof: Now (p(a)). is one of an enumerable set,
{(p,(a)).; m=1, 2, ...} say, whether p(a) is singular or
not, so (p(a))_ 2 (p—"(a))f for some m =1, 2, ..., defining
p™(x) slong the lines of the corresponding quantity of
Theorem 5.2, Hence p™(a) = p(a)u (u € 9R) and ep™(a)
= ep(a)u. That is, (ep(a)),. = (ep™a)), = (°)r’ Clearly,
equality holds, Since e commutes with a and thus with p(a),
we have R(ep(a)e) = R(e) and ep(a)e has an inverse in RK(e).
But ir

l+ see a. (lal’ XXX ane Z)

p(x) = x™+ ax™"
then ep(a)e = (ese)™ + g, (eae)” " + ... + a 00
5.8, Theorem, Form p(a,__ ) in )R(lee). Then
R(p(a,_,)) can be made arbitrarily small by a suitable
selection of p.
Proof: We have shown in Theorem 5.3 that
1lim R((l-e)p™(a)(1-e)) = O,
m— co

But, as a commutes with ¢ and thus with l-e, we have

(l=e)p™(a)(1-e) = p"(a,_e);‘ hence the result.
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5.9. Theorem. Form (qi(ag_))t (t=1, 2, «os)
in %(f‘_ )o Then
¢
Proof: We have shown in Theorem 5.l that
z
1im R((1-e; )(q;(a)) (1-e;)) = 0
t-»00
or 1im R(f;(q,(a)) £, ) = O so, since £, commutes with a and
>0

thus f‘-_a"fl_. = (f,af; )° (s =1, 2, «.s), We have the result,
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