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SUMr.lARY 

Because of the complex behavior of a cylindrical neat source-

sink under intermittent op�rating conditions, analysis by analytical 

means is ver,y difficult. Therefore an electrical analogy computer con-

sisting of a distributed resietance capacitance model was designed and 

built. It was shown analytically that the behavior of this computer 

model was the same as that of the heat system. That the model was a 

true analog y is verified by the fact that data obtained from this model 

could be used to check certain heat flow problems previously solved by 

analytical means. Da�a were obtained for a cylindrical heat so urce in 
. 

an infinite medium. These data were used to check the analytical 

solution presented by A. Gemant. 

A generator was designed and built which could be used to solve 

' 
two dimensional he·at flow problems involving intermittent operation. 

Its theory of operation was set forth and th e circuit diagram present-

ed. With such equipment one may obtain mwerical· answers to many two 

dimensional problems. 



INTRODUCTION 

Some• ninety-eight years ago Lord Kelvin first called attention 

to the fact that refrigeration systems are reversible, and t hat they 

possess unusual and interesting characteristics when operated as a heat-

ing system. Interest in the heat pump remained dormant until sane 

twenty-six years ago, when the development of the domestic electric re­

frigerator and low electric rates began to make engineers think of elec-

trio heating and summer cooling as sanething more than a dream. 

The use of the heat pump is, however, greatly restricted because 

ot the available heat sources. Most city water supplies are at a high 

en�ugh temperature in winter to be usable as a heat source, but the cost 

of water will usually exceed the power s�ving. The use of the heat of 

fusion of water by freezing ice presents the problem of disposing of 
• 

tons of ice per day per home in very cold weather. Well water, where 

available, has been used successfully, but availability in the United 

States is very limited. Therefore this fum,ishes only a local solution 

to the problem. Thus it is generally reco gnized that success of the 

heat pump depends upon the discovery of a satisfactory heat source. 

The earth has a large storage capacity, which remains at a rela-

tively constant temperature, and is conveniently located. It has long 

been regarded as a possible source of heat, but lack of data on the 

characteristics of the earth has been a serious problem. Attempts at 

mathematical determination of such data lead to second order partial 

differential equations whose solutions are often complicated, and due 

to long duration of the transients, complete solutions of the equations 

are necessary. 



VII 

Equations for the prediction of transient heat flow and temper-

ature distribution in an infinite medium have been solved for the fol-

lowing cases, among others: 

(a) An infinite line·source with.a constant rate of 

heat emission.1 

(b) An infinite cylindrical source at constant tem-· 
2 .perature. 

(c) An infinite flat plate at constant temperature.) 

These are cases �here special boundar,y conditions permit solutions and 

the general two or three dimensional heat flow problem has not yet been 

solved. 

Because of the mathematical difficulty involved, methods other 

than analytical were sought for obtaining the desired data. One method 

is to set up the heat system and measure these quantities directly. 

However the method is costly and .much time is required to obtain the 

infonnation. 

Another method consists of obtaining the desired information by 

analogy. Electrical measurements can be made rapidly, accurately, and 

11. R. Ingersoll and � • .  J. Plass, "Theory of Ground Pipe Heat 
Source for the Heat Pump", Heating, Piping, � Air Conditioning, 
20:119-122, July, 1948. 

2A. Gemant 1 "Transient Tempe�atures Around Heating Pipes 
Maintained at Constant Tem})eratures", Journal of ApPlied Physics, 
17:1076-81, December, 1946. 

3B. F. Raber, C. F. Boaster, and F. V. Hutchins on, "The 
Heat Pump • • •  How to Analyze Earth as a Heat Source", Heating, Piping, 
and Air Conditioning, 20:82-86, March, 1948. 
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at relative� low cost. Therefore, when possible, the use of an alec-

trical model is warranted. In recent publications a number of inves-

tigations have presented analyses of the electrical analogy of heat 

flow. However in these cases, lumped parameter circuits were used.4 

Consequently, exact analogies were not realized, nor do lumped circuits 

lend themselves to determination of design data, such as the most econ-

omical pipe size, pipe spacing, and pipe arrangement. 

This paper presents the mathematical proof. that a distributed re-

sistance capacitance system is described by the s�e differential equa­

tion as a two dimensional heat system, and describes a generator for use 

in obtaining data 9n heat �ump operation. While the theory associated 

with the condenser was to be developed in this paper, actual construc­

tion of a suitable condenser was to be done by Sisson$ in a companion 

thesis. Data were to be obtained using the condenser constructed by 

Sisson as an experimental verification of the theory developed in this 

paper. Such a· syste� is capable o.f yielding numerical results with 

sufficient accuracy for normal engineering applications, and will in 

fact yield results as accurate as the associated equipment permits 

measurements to be made. The idea and basic model were suggested to the 

author by Professor P. C. Cromwell, of the Electrical Engineering Depart-

ment of.the University of Tennessee. 

4victor Paschkis and H. c. Baker, "A Method for Determining Un­
steady-state Heat Transfer by Means of an Electrical Analogy", Trans­
actions American Society of Mechanical Engineers, 64:105, l942.-----

5Austin Ray Sisson, "Calculations for Intermittent Operation of 
a Heat Pump by Means of an Electrical Analogy Computer", Unpublished 
Master's Thesis, University of.Tennessee, 1950. 



PARr I 

PROOF RESISTANCE CAPACITANCE SYSTEM EQUIVALENT TO HEAT SYSTEM 

Consider the M�e11 Electromagnetic equation: 

(1-1) . 

By taking the divergence of both sides, we get: 

'V·V)(H = 

But the divergence of the curl is ide�tically zero 

V·'VxH:: o 

so that: 

(1-2) 

Partial derivatives of a continuous function may be taken in any 

order. Therefore we may write Eq(l-2) as: 

+ I _L_(v· D) 
'1'f7" dt-

Poisson's equation states that: 

( l-2a) 

(1-3) 

' I  



2 . 

Substituting Eq (l-3 ) in Eq( l-2} we get: 

- 0 

or: • 

c:rV·£ = (1-4) 

This is known in the literature as the equation of current continuity. 

Let us now apply this equation to the proposed physical system. 

Let 

High Resistance Layer 

Dielectric 

High Conductivity Layer 

Fig. 1. Section of proposed model. 

� • volume conductivity of resistance layer. 

C (JC, y, �J = volume capacitance of a s�ction of high resistance 

layer to high conductivity layer. 

charge density in h�gh resistance layer. 
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The total charge in a differential volume of the resistance layer 

is given by the .following equati·on: 

(1-5) 

The capacitance o.f' the s ame volume is: 

(1-6) 

and in any condenser: 

(1-7) 

Substituting (l-5) and (1-6) in (l-7) we get: 

f J.1( dy d� ::. c d1( d)' J� v ( 1-8) 

Where: V = Voltage from differential volume of high resis­

tance layer to high conductivity layer. 

But dx dy dz represents the same continuous volume in both cases, so 

that Eq(l-8) becomes: 

r = c. v 



or 

(1-9) 

Take the time derivative of both sides of Eq(l�9). Noting that onlyfO 
and. V are functions of time, we get: 

but Eq(l-4) states: 

Substitution of (l-10) in (1-4) yields: 

(j\J·£ = -eli 
Jt 

(1-10) 

(1-4) 

(1-ll) 

Let us consider the electric field intensity E. It can h ave a 

value only when there is a voltage gradient.at the point considered. 

E - - oq yt (1-12) 

lr; = -VV, where V is a point function. It is obvioUB that V is 
a point function under the conditions outlined in this work. This may 
be easily demonstrated by the fact that the voltage between a point in 
the highly- resistive layer and the high conductivity layer is the same 
regardless of the location of the volt meter leads. 
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In the model, it is proposed to connect a potential of several 

volts between the resistive layer and metal plate. A potential d iffer-

ence exists between the resistive layer and the high condu�tivity l�er. 

Current will now outward through t he resistive layer from the probe con­

tact, causing a definite voltage gradient. This gradient will be large 

compared to any gradients that may otherwise exist and we may substitute 

(1-12) forE in (l-11). 

cr'V· (-vVJ = - c JV Jt 
or 

But 

therefore 

or 

(j V'· 'V v = ciY. Jt 

is commonly written as V 2 \0 

,JV 
Jt 
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But note that when .rr 7 c - G'\ we have 

(1-13) 

which is identical to the heat flow equation in form. 

Where f : temperature 

T 

o( 

= 

= 

time 

_L 
col. 

i< 
d 
c 

(1-14) 

= thermal diffusivity 

= thermal conductivity of material 

= density of material 

= specific heat of material 
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PART II 

DERIVATION OF SCALE FACTORS 

+ -= Temperature in degrees Fahrenheit 

T = Time in hours in heat system 

Q( • Thermal d�fusivity constant determined by 

earth under investigation 

V ,.. Electromotive force in volts 

t = Time in seconds in electrical system 

i = Constant determined by model construction 

( 2-1) 

(2-2) 

Eq(2-l) and Eq(2-2) have the same form, so that a solution of one 

must be.a solution to the second . Eq(2-l) is dimensionally consistent 

in degrees fahrenheit, hours, and feet, while Eq(2-2) is consistent in 

volts, seconds, and centimeters. Therefore one degree corresponds to 

one volt, one foot to one centimeter, and one hour to one second. 

Since we wish to construct a scale model, let us introduce scale 

factors, p, a, al1d T 

1</> I degrees - f' I VJ volts (2-3) 

lXI feet • 4.1 xt centimeters (2-4) 

I Tl hours • , It I seconds ( 2-:5) 



8 

and 

c( square feet == f (f � "r) Cil square centimeters ( 2-6) 
hours secondS 

Consider ll and introduce the change Of variable 
JT . 

li =·u 
. dT .1 t 

But by Eq(2-5) 

T = ,t 

so 

�T - 1 - -

.>-t 
and 

d; - ..L.g_J_ - -

Jr · 1" t}t 

Similarly from Eq(2-3) 

(2-7) 

(2-8) 

(2-9) 

. (2-10) 
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Substitute Eq(2-10) in Eq(2-9) and Eq(2-9) becomes: 

� = _p_iY 
o>r r Jt 

'\ 1 ..L Let us now consider � 
� X I. 

but X = a. )( 

' a -
� = 0 
�X .a. 

• Eq(2-13) becomes 

but 
• 

( 2-11) 

(2-12) 

and introduce the change of variable 

( 2-13) 

+ 0 
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Therefore Eq( 2-1.3) becomes 

(2-14) 

Similarly 

( 2-15) 

and 

(2-16) 

Substituting Eq(2-12), Eq(2-l4), Eq(2-15), and Eq(2-16) in 

. Eq( 2-1), we have the following: 

. (2-17) 

• (2-18) 

By similarity of Eq(2-18) and Eq( 2-2) it is seen that 
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or • 

( 2-19) 

Note: � is fixed.by construction of the model. 

D( is fixed by the nature of the heat conductor under 

investigation. 

Thus one has three means of adjusting the equivalent size and equivalent 

time of operation of the model. 

1. The scale facto� (a) may be changed. 

2. The time factor ( "Y') may be changed. 

3. Both (a) and ( 'Y) may be changed. 



PART III 

DERIVATION OF FACTOR RELATING CURRENT TO B. T. U. 

Consider the volume: 

Pipe 

Heat Conducting 
Medium 

fig. 2. Elemental Section Around Source 

Definitions and Conventions& 

k = Heat conductivity 

CT = Electrical conductivity 

A� = Temperature difference through A r 

.A V = Voltage difference thro}lgh A r 

as before (X = <A-R) 
A + :: f' A V as before 



J:i_ 
T -

HEAT 

A= 2rr,. f. 

Substitute for r and A f 

Q - :. 

,-

Q ZTT �AV kp -- . 
T! Ar 

ELECTRICAL 

I . 

A.= zrrF! 

?-= 

_, -+t - = err 

Substituting for. z tr t- AV 
A'P we get 

G -- -
Tl - -

but 

and 

= BTU/hr/tt. of pipe 

7 
• ·current in amperes 

l3 



while ...L. = cr. <rl 
�o = Total"electrical conductivity of the resistive layer 

of the model measured between a strip one centi-

meter wide and one centimeter long of any depth. 

Therefore : 

FrU/hr/tt. pipe = � I 
cr. 

I = Total current flowing into model pipe 

Since the literature commonly presents this information in the form of 
• . 

the dimens�onless group let us also express 

in current flow. 

but 

Substitute for 

and 

I 

Q = �I <r. 

_L : R a; 
- and divide both sides by h £l T . 

--

cr. 

-- k r r a 
kbT 

If the model is initially at zero voltage at t = 0 

AV=V 

g J<AT 



Therefore we get: 

0 · - = 

k.AT 
RI 

"' 

15 

Eq(J-1) 



PART IV 

ELECTRICAL MODEL OF PIPE BURIED IN THE EARTH 

Developed by A. R. Sisson1 

The model condenser used in this work was constructed by using a 

30" squa� polished brass plate as a base. A sheet of plastic approx-

imately 0.002" thick was cemented to the brass plate as a dielectric. 

India ink proved to be the best resistive medium, and since the ink 

would not adhere to the· plastic 1 Ji sheet of cellophane was· cemented to 

the plastic to serv.e as a holder for the ink. The cellophane could not 

be used as the dielectric alone because its resistance was too low. The 

ink was spread by placing the plate on a whirling machine and pouring 

ink on the cellophane. The evaporator was simulated by a circular disc 

of alwninum cemented with India ink to the ink coating. 

India Ink in Cellophane 

0.002" Plastic Dielectric 

Brass Plate 

Fig. 3. Cross Section of Model 

lsisson, ££· cit. 

.. 



It was desired to simulate a homogeneous earth so that several 

tests were conducted to determine that _j_ RC. was uniform. 2 

1. An alternating current voltage was applied to the alumim.nn 

disc in the center of the condenser. The voltage was mea-

sured at equal radius for points around the disc. These 

proved to be the same for equal radii. 

2. It was feared that the condenser might possess circular 

17 

symmetry due to process of applying ink, yet not be uniform. 

For this rea�n, a second test was made by applying a D. c. 

voltage between two edges of the model. The voltage drop 

for equal distance was measured and found to be equal. 

3. In order to prove that inductance was negligible,
,

the con­

denser was considered as a flat transmission line. An A. C. 

voltage was applied and phase shift between voltage and. cur­

rent was measured at X - 0 and found to be 45, which proved 

that inductance was negligible. 

4.. Voltage drop along the flat transmission line was measured. 

When plotted on semilog paper, this was a straight line and 

0( was calculated from the slope of the plotted line 

and found to be 10,080 3quare centimeters per second. 

5. R was determined from a relation between E & I at X = 0 

and found to be 0. 5 x 106 ohms. 

\¥hile the various tests indicated that 
I 

R 
C. was uniform through-

out the high resistance layer, it has been found that the resistance was 

2sisson, 2£• cit. 
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not uniform. It had the characteristics of a decrease in resistance 

with an increase in current as 'shown in Fig. 4. However, note that 

the change in resistance was emall over the current range eight micro­

amperes per inch to eighty microamperes per inch. In ·a typical case, 

the current flowing into the condenser after the initial peak was one 

hundred and sixty microamperes, With the five;-eighths prob e contact:., the 

cUITent was eighty microamperes per inch at the contact, The current de­

creased with an increase in distance from the probe contact, but one 

must move to a point at least six and one-half inches from the probe 

contact before the current drops to eight microamperes per inch. Phen­

omena this far from the probe contact had little or no effect on the 

current because of the short interval of operation. Therefore the non­

linear resistance introduced an experimental error of the type that 

was recognized and did not prohibit the use of the condenser. This 

effect was noted in the test data and the influence on test data is 

discussed later in this paper. The cause of this phenomenom was never­

detennined. 
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PART V 

GENERATOR 

In the preceding work, it has been shown that a distributed resis­

tance capacitance system is described by the same differential equations 

as a two dimensional heat system, and could therefore be used to s olve . 
certain heat flaw problems' provided that use was made of corresponding 

electrical and heat flow quantities. It was shown in particular
. 
that 

voltage and temperature were corresponding 9uantities, so that any gen­

erator intended for use with an electrical model should be capable of 

generating a voltage with the same magnitude-time function as temperature 

in the heat system. Since the ultimate aim of this work was to present a 

method for solving heat pump problems by analogy, a generator w� designed 

and constructed for that purpose. This paper however, will not present 

such data.l Let us therefore investigate the temperature variations of a 

pipe enclosed in a medium and used. as a source of heat for the heat pump. 

Flaw 

Compressor 

Condenser ��� Heat to 
Fan D-B� ---11 ...... House 

Expansion Valve 

Earth Heat to Evaporator 

Fig. 5. Basic Heat Pump 

lsisson, £2• cit. 
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Fig. 5 shows a simplified schematic diagram for a direct expansion 

heat pump. When this system is operating as a source of heat, the com-

pressor draws refrigerant gas from the evaporator and discharges it to 

the condenser at high enough pressure and temperature to condense and 

transfer its heat to the outgoing air stream. The liquid refrigerant 

having lost considerable heat to the air stream, is allowed to pass 

through the expansion valv� into the evaporator, where the pressure and 

temperature are such as to allow the refrigerant to boil and extract 

from the heat source, its heat of vaporization. This of necessity re-

quires that the refrigerant be at a lower temperature than the heat soo.rce. 

The gaseous refrigerant passes.from evaporator into the compressor where 

the cycle is'repeated. 

When the heat pump is first set into operation, this circulation 

of refrigerant conti nues until enough heat has been extracted fran t�he 

heat source to raise the temperature of the heated space to some preset 

level. The compressor is shut off; the refrigerant no longer circulates; 

no heat is extracted from the medium, and the evaporator temperature is 

allowed to approach that of the surrounding medium. As soon as more heat 

is required, the refrigerant is again circulated, sharply lowering eva-

porator temperature and extracting heat. This cycle continues for the 

whole of the heating season or operating interval, during which the eva-
- . 

porator is held at a very low temperature, or else approaching the medium 

temperature in a transient manner. 

In order to facilitate experimental work and generator construe-

tion, it was decided to idealize the system to some extent. For 
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clearness, the operating conditions are enumerated as follows : 

1. The refrigerant leaves the expansion valve at the same temper­

ature T2 for each and every� period. 

2. The evaporator temperature drops sharply to temperature T2 

when refrigerant is circulated. 

3. The � period is constant and the 2f! period is constant over 

the full operating interval. 

With the operating conditions as listed, one may readily sketch 

the temperature vs time of a particular foot of evaporator pipe. 

l 
0� 

Time· 

/ 
I 

.. 

Temperature at Pipe 

' 
....... ..... 

Temperature a Short Distance 
From the Pipe 

I 

/ 
I 

I 
\ 

' ...... 

Fig. 6. Evaporator Temperature 

This solid curve is the applied temperature variation while the 

dotted lines show the probable effect of transient change in the earth 

temperature on the evaporator temperature. The basic principle of the 

generator is therefore simple. It must generate a voltage whose time var­

iation is the same as the solid curve of Fig.6 • There are however, 
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several complicating factors, as followsa 

1. During the � period, it must act as a low impedance gener­

ator. This is necessary since the pipe is in direct contact 
. 

with the earth and will act as a low impedance heat sink. 

2. ·During the off cycle, it must act as an infinite impedance 

generator or else it will allow the model to discharge through 

the generator. This would not represent the off period in the 

heat pump during which the medium cannot regain the heat lost. 

J. It was decided to view the various voltage and current patterns 

on a cathode r�y oscilloscope. This necessitated the use of 

repeated cycles of the operating interval with the correspond­

ing _requirement that the model be discharged and restored to 

its original WlCharged state after each operating interval. 

This generator is realized through the use of a combination of 

multivibrators, whose outputs were either mixed or superimposed one upon 

the other to give .the desired wave form, while a special output circuit 

was used to 'give the correct output impedance. 

The operation of the generator begins with the tube Vl, which is 

a normally free running multivi.brator2, with a frequency of 10 to 15 cycles 

per second. Multivibrators, due to the nature of their operation, are in-

herently unstable, so that a line frequency synchronizing signal was intro­

duced by conne cting the cathodes of v1 to 6.3 volts. This synchronization 

used in conjunction with the positive grid return, combines to form a very 

2F. E. Terman, "Radio Engineers Handbook", Page 512, McGraw-Hill 
Book Company, New York, London, 1943. 
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stable generator, eliminating jitter due to random cycli�. The square 

wave output from V1 is differentiated by network A,4 giving a synchron­

izing pulse with sharp rise time. This pulse is amplified by V2b, and 

used to initiate the sweep of the oscilloscope, also' to synchronize the 

external square wave generator so that it begins a positive pulse just as 

the sweep begins. The grid of V2a is connected to the grid of V1b, so 

that the same pulse is applied to both tubes. The output of the cathode 

follower V2a is fed to tubes V3 and V5. 

V3 is a slave multivibrator that generates one square pulse of 

controllable length for each positive pulse applied to its grid. This 

square wave is also differentiated and amplified by V'4· However, the 

output section of V4 is biased such that ·it eliminates the pulse formed 

by the leading edge of the square pulse. Since the length of the square 

wave generated by V3 is controllable, one may control the time at which 

the pulse occurs. This gives a delayed synchronizing pulse that can be 

used to start the sweep at any time during the operating interval. Thus 

one may examine phenomena, after a ·period of operation, on a large scale. 

V5 is also a one shot multivibrator and is used to generate a gate 

pulse. This gating pulse is used to turn V6 on ani off at a rapid rate, 

by controlling the bias, much as a switch is turned on and off rapidly. 

The external square wave generator is cathode coupled to V6• When the 

gating pulse is applied to V6 grid, the bias is raised to the cut off 

JTennan, .2£• �· 
4F. E. Tennan, "Radio Engineering", Page 599, McGraw-Hill Book 

Company, New York, London, 1947. 
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level so that the square waves are passed and amplified by V6• Conver­

sely, when the gating pulse is not present, tube V6 bias is below cut off 

and the tube is inoperative. 

In this manner, we achieve two important requirements. The fre- · 

quency of the external square wave generator can be adjusted so that the 

length of each positive 1/2 cycle corresponds to the on-time in the heat 

pump sys:tem, while the length of the gating pulse is made equal to the 

OP.Srating interval. These on-pulses are amplified by the video amplifier 

V7, and fed to the output system through the low impedance cathode fol­

lower vaa. v9 acts as a double clamp circuit and limiter so that posi­

tive pulses of the same amplitude only are fed to V10a. The diode v10a 

acts as a unilateral device. It offers a low impedance to the positive 

on-pulses yet offers a wry high impedance to current flow 1n the oppo­

site direction.5 Note how effectively this simulates heat pump oper-

ation. During the on-period, the refrigerant is circulated and heat is 

extrac.ted fran the medium by lowering evaporator temperature the same as 

current flows into the model with each positive on-pulse. When the off-

period arrives, the voltage at the plate of v10a is at a positive value, 

due to charging of the model. This charge will flow outward from the 

electrical contac t as current, similar to �eat flow in the heat system. 

The voltage in model V : % will be raised slight� by each increment 

of charge left by each pul:Je1 in the same Wa3" as temperature is di!placedi 

Srhe output impedance of the model is approximately equal to the 
plate resistance of Vloa·in series with the output impedance of Vaa. 
Tests show this to be below 1,000 ohms while the input impedance of. the 
model is about 50,000 ohms to the initiallY applied pulse. 



26 

sllghtly each on-period as shown in Fig. 6." Due to this charge, the 

cathode of v10a will be posit ive, and the unilateral action of v10a pre­

vents the model from discharging. Likewise, the heat medium cannot re­

g&in heat during. off periods when no refrigerant is circulated. 

N"Bb is a discharge tube required as a direct result of condition 

.3, listed on Page 20. Many discharge circuits were considered, however 

the circuit shown was by far the most simple and satisfactory. 

When the gating pulse is applied to V6a, a seoond pulse of suffic­

ient negative value to drive the grid below out off is applied to the 

grid of Vab • •  Since the tube is cut off it will be a very high impedance 

connected across the outp�t and will not affect the operation. When the 

gating pulse stops, a positive pulse is applied to Vab, raising the grid 

well above cut off. A low tmpedance6 is now connected direc�ly across 

the model allowing it to discharge and prepare for the next operating 

interval. 

6 Plate resistance of 6SN7 with positive grid is .5000 ohms or lower. 
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PART VI 

EXPERIMENTAL PROCEDURE 

Once a theory had been formulated, immediate work was started 

to determine a method or verifying it with experimental evidence. 

Consideration or analytically solved problems indicated that few works 

could be used for this purpose. The line source or Ingersoll and Plass 

could not be duplicated physically, while any work with an infinite 

flat plate would rapidly disintegrate to a one dimensional problem. 

Thus Gemant1s work for an infinite pipe in an infi�te m�dium appeared 

to be the most promising. 
1 

Gemant has shown that the heat flow from an infinitely long 

cylinder in an infinite medium held at a constant temperature, is given 

by the following equation: 

-.lrhere .OT --

Q --

k = 

Jo, No 
--

J
l, N

l = 

ex --

r = 

rp --

1 
Gemant, �. E1l· 

Temperature 

Heat flow 

- JoC, r,-) N, r,.,) 
. I. 

4- No(!?') 

Thermal conductivity 

�· 

Bessel function of 1st and 2nd kind order 0 

Bessel function of 1st and 2nd lrlnd order 1 

Thermal diffusivity of meditun 

Distance from center line or cylinder 

Radius of cylinder 

(6-1) 
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t = Time 

f' = A variable of integration 

_Q_ -.� T 
Gemant t s graph of ...- vs. ==--.. prepared by numerical I<�· r, 

integration of Eq(6-l) is represented by the solid line in Fig. 12. A 

model of the cylindrical source can be easily constructed and current 

flow can be measured and converted to heat flow. 

Previous experimenters have found the earth to possess consider-

able heat capacity and resistance to heat flow. These combine to cause 
. 

a relatively small section of medium to act as an infinite earth for 

thousands of hours. Thus a small.model such as previously described can 

be used to simulate an infinite medium for many hours, while the method 
-

in which a- i- was defined as cro in all derivations produces a 

model that extends to :t 0'0 in the � plane. After careful consider­

ation of these facts, it was decided to attempt to.check Gemant's work 

as experimental verification of the theory set forth in this paper. 

The model condenser, generator, square wave generator, and oscil-

los cope, were assembled and connected as shown by Fig. 9, and operated 

as follows: 

The external square wave generator was disconnected and the bias 

of v6 adjusted, so that the gating pulse was amplified and appeared as 

the output pulse. It had a duration of 0.066 second and simulated con-

tinuous operation, for that interval in the electrical system, which 

was converted to an equivalent value of « X in heat systems. 
r L r 

The gain of the oscilloscope was adjusted so that the voltage 
I 

wave pattern could be viewed on the scre en. A camera was placed on a 

stand in front of the screen and the film exposed once. The signal from 



the model was disconnected and a sine wave generator was connected to 

the oscilloscope. Care was exercised not to change the gain setting 

on the oscilloscope. The film was again exposed. The voltage magni-

32 

tude and frequency of the sine wave generator were then recorded. The 
I 

sine wave generator was disconnected and a straight line appeared on 

the screen. The film was exposed for a third time to give a base line 

for the picture. By this procedure, the time-magnitude function of 

the current flow into the model was recorded along with a sine wave 

calibrating voltage and time �cale. 

Values of vertical deflection cfv and horizontal deflection 

�H were taken from Fig. 10 and Fig. 11, and tabulated in Table I 

and Table II respectively. These were converted to values of « t 
Q �-

and �T and plotted with the theorectical work of Gemant. 

This is shown in Fig. 12. 



Data: 

• 

Fig. 10. a VS .-'L Taken from . '""kA..,.. �,.'"' 
Oscilloscope with a High Speed Sweep. 

Sine Wave Voltage • 0.035 RMS Volts 

Sine Wave Frequency • 2370 Cycles per Second 
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Jh 
TABLE I 

VALUES OF a 
"kAT AND 

�T -
1":-, 

TAKEN FROM FIG. 10 

Vertical Q Ho-rizontal �T 
Deflection - Deflection -

Inches kt:.T Inches \"' s. ' 

1.175 ).29 0.2 8.36 

0.95 2.77 0.5 20.9 

0.90 2.52 1.0 41.8 

0.80 2.24 2.0 83.6 



Fig. 11. Q_ otT 1(A"T vs l'p a- Taken fran 

Oscilloscope With a Low Speed Sweep. 

Sine Wave Voltage • 0.11 RMS Volts 

Sine Wave Frequenqy • 550 Cycles Per Second 
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Vertical 
Deflection 

Inches 

1.075 

0. 95 

0.84 

o. 77 

0.71 

0. 68 

VALUES OF 

TABLE II 

G 
k�T AND 

�T - L "' 
TAKEN FROM FIG. 11 

Q Horizontal 

kAT Deflection 
Inches 

2. 55 0. 1 

2.25 . 0.2 

1.99 0. 5. 

1. 82 1.0 

1. 68 2. 0 

1.61 2. 5 
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.(T 
r .... r 

29.6 

59.2 

148 

296 

592 

740 
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Gemant ' s  graph or a 
r. ... , 

vs . prepared ' by 

numerical integration of Eq{ 6-l) is represented by the solid line in 

Fig. 12 , and gives the heat flow from an infinitely long cylinder in 

an infinite medium as a function of time . 

In the tests presented in Fig . 10 and Fig . 11 , it was attempted • 

to simulate these conditions in the model. Fig. 10 and Fig. ll were 

used to obtain the data in Table I and Table II and these data were 

plotted on Fig. 12 and are indicated by the test points on Fig.  12 . 

The test data agrees with Gemant 1 s data within an experimental error 

of 4. 5% maximum and generally the error is less than 3 %. There is , 

however, one important point that should be noted. 

The condenser non-linear resistance is involved in the factor 

converting current to heat flow as follows : 

R l  
v 

Eq( J-1) 

This causes the experimental points to be less than theoretical values 

for low values of � T and to be greater as 4. beccmes 
YJ �  n 

larger and current dec�eases causing the resistance to kcrease . This 

effeot · is quite noticeable and is consist ent with known facta . 

It will also be noted that data from Fig. 10 and Fig. 11 over­

lap. These data should exactly match at the points where they overlap, 

but they do not match, and indicate an error of 2 . 4% between the two 

tests . 

Since two calibrating instruments and four readings are involved 
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in every point located on the curve , it is expected that this error 

was caused by inability to read the instruments more closely. 



PART VII 

CONCLUSION 

A method for s olving two dimensional heat flow problema has been 

presented, and the theory involved was derived by analatical means . 

Gemant 1 s work with an infinitely long cylinder in an infinite medium 

was checked experimentally, using a model co�tructed by Sisson . The 

data are presented in Fig .  12 , and show very g ood agreement between 

experimental data and Gemant 1 s data. 

Using the distributed resistance capacitance model h�at pump data 

such as pipe size , pipe spacing, and shape factor can be determined accur-

ately enough for normal engineering practice. These data are of extreme 

importance in the desig� of heat pumps , and the lack of data has been a 

large factor in retarding growth of heat pump installations . Much work 

is required along this line, and it is believed that this model pres ents 

a practical method for obtaining t�ese data. 
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APPENDIX 

Sf�LE CALCULATIONS 

G1ven : 1 R = 500, 000 ohms 

� = 10 ,080 

! Solve for -&T for slow speed sweep 

Data : Sine wave volt age = 0. 11 

Sine wave frequency = 550 CPS 

but 

and 

R l 
v 

I = Deflection voltage ( E) 
r 

E = Inches Deflection ( Peak to Peak Sine Wave Volt age ) 
Peak to Peak Deflection of Sine Wave 

' Therefore substituting 

Q 
I(.OT 

= 500,000 

44.5 
( �·) ( O .U(2)( 2 )  

1 . 3 8  1070 

Q • 2�37 dv 
k AT 

B Solve for ofT for slow speed sweep 
� 'l-r 

Dat a :  0( = 10 , 080 

f II 550 CPS 

rr • 5/16" 

J - 0( t 
�: ,_  r L 

1' . p 
lsisson, .2£· cit . 

Eq(J-1) 



o< T  
= -

r. """ f 
but 

� .{.  = 

rr ... 

therefore 

oC t  = -
r, �  r 

l!il- =  
r. �  f 

10,080 
t 

( 5/16) 2 

Deflection along Axis ( � ) 
Length of Cycle f 

10,080 ( dH ) 1 
( 5/16) 2 0.633 550 

296 � 

, 

44 


	Electrical Analogue Computer for the Heat Pump
	Recommended Citation

	tmp.1416939641.pdf.NxGzD

