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CORRECTIONS

The nuclide considered in this thesis should be Fm256

100
instead of 101Mv256' The reference cited on page 94 states
that the spontaneous-fission half-life of Fm256 is defi-

100

256 35 thought to decay by /6"

nitely 3% hr and that |, Mv
emission (to loorm256). The value of x for looFm256 (when
calculated with the constants used on page 96) is 0.814.

In the calculation of the Gamow integral (page 100 ff)

a factor of 4J2 was omitted. This omission causes an error
in the calculated half-life. If the gorrectly calculated
half-1ife is 10Y sec and the incorrectly calculated one is
10V sec, the relationship u = J2( w + 20.5) - 20.5 re-
lates the two half-lives.

The two errors change the comparison of calculated and
experimental half-lives. The latter error, for example, changes
the 101°8-sec half-life in Table V to 101! sec. The change
of nuclides will increase the activation energy Ep slightly;
for 100Fm256 Ep 1s probably between L.8 and 5.3 Mev. This
increase in Ep will increase the half-1ife calculated by the
method adopted in Chapter VI. When both of these errors are
removed, the best value obtained for the spontaneous-fission

helf-life of .  Fm256 1s 10%® sec. (The table on the following

100
page replaces Table V when the two corrections are made.)

Williem Douglas Foland
Knoxville, June 25, 1958



TABLE V (CORRECTED)

CONSTANTS OF THE BARRIER AND oPONTANEOUS~FISSION HALF-LIFE
WHEN Ef DETERMINES x

% | tom
(Mev) | used x (22 )pax a T"z [ n (a':) ] z'lz [ m (4:.3)]
L.8 az 0.840 | 0.68 0.90 1077 sec Y e
4.8 ag 0.8L45 0.72 0.93 G s W Tegwo
5.3 ag 0.836 0.69 0.91 109'5 sec 1010'2 sec
5.3 ag 0.8L40 0.73 0.94 160 gwa IR et
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CHAPTER I
DEVELOPMENT OF THE MODEL

Many theoretical studies of charged liquid drops have
been made. There are two reasons for such studies: (1) Under
certaln conditions a charged 1iquid drop can be in a dynamical
state which 1s unstable (either classically, quantum-mechan-
ically, or both). (2) The 1iquid drop is an example of a
system of particles held together by saturatedl forces. These
two characteristics of the charged liquid drop have led--both
separately and jointly--to the liquid-drop model of the atomic

nucleus.,

Developments Prior to the Discovery of the Neutron

Lord Rayleigh2 made the first study of the small de-
formations of a charged liquid drop in 1882, He was consid-
ering a charged conducting drop (which might be of mercury)

1p saturated force can arise in two ways, both of which
can be most concisely expressed in mathematical terms: (1)
The potentlal energy of interaction between any two particles
approaches +®@ when thelr separation apgroaches elther some
small finite value or zero. (These are "hard-core" particles.)
(2) The potential energy of interaction contains an exchange
operator which changes the sign of the potential energy of
interaction for anti-symmetric and not for symmetric states,
When two particles have small average separations, their sym-
metry property determines whether they attract or repel one
another. Saturation 1s manifested by the total binding energy
and the volume of the system being both directly proportional
to the number of constituent particles.

27. W. S. Rayleigh, Phil. Mag. 1l, 18} (1882).



2
which he found to be dynamically unstable against small de-
formations when the ratio of electrostatic to surface energy
of the undistorted drop became as great as two. For a
oharged, conducting, spherical drop with charge & and radius
Ro s the électrostatic energy is E;= E’- ‘?‘/ﬁ ;' its surface
energy can be written as E”r— ¢1R-0 where O 1s the energy
per unit area. The Rayleigh condition for instability is
thus E:/E: z 2 ,

Rayleigh used the Lagrangian formulation of mechanics
for considering the small deformations of the drop. With
spherical coordinates for the drop he assumed distortions
such that the distance from the center of the drop to a point

on the surface 1s : ;

nltad) = 2 e, P (e

ns o "y "

integral
where the Pn 's are the Legendre polynomials. The drop
thus has axial symmetry: there is no dependence on the

azimuthal angle ¢ . For the kinetic energy of the drop he

obtained
- >
T = 2l f R> Y (zn*+n) ! (%%*

o
where f ls the mass density (which is uniform and constant).
The potential energy can be difgided: into two parts: a surface
part ( Vs Y and an electrostatic part ( VE ) with V= Vs * Vg .
For |/ Rayleigh obtained o ’ (h=0)(nt2) =
yleigh , V, = am J- 3 Guooinrs)

* Zn 7 Qv
and for V ! Q" n-/ z
8 Ve = T 1rs 2 y s L



The Lagrangian L = T -V 1is separable 4 Au :
and the equation 5’—{_ ;b%)~ ?ffi\ =z 0 gives the equation
for uncoupled coordinates

k8
XY —) ¥ - = d
i + AP G0 - Fp]an =

The system behaves like a collection of uncoupled oscillators
whenever the coefficient of @&, in the differential equation
is positive.3
Rayleigh's study of the charged, liquid drop was
motivated principally by the first of the two reasons noted
above. The second important study of charged liquid drops
was motivated by the second of the two reasons. This study
was begun by Gmnow,""'6 in 1929. He was considering the similar-
ity of the 1liquid drop to the atomic nucleus. From the avail-
able nuclear data Gamow had concluded that O particles retain
their identity inside the nucleus; this implies saturated
forces between particles with resultant surface tension. The
macrophysical analogue is the liquid drop. Gamow extended

his considerations to include charge. The important change

introduced by the charge occurs for the potential: for an

| 3Part of this formulation is found in the work already
cited. The remainder is in

J. W. S. Rayleigh, Theory of Sound (New York: Dover
Publications, 1945), Vol. II, pp. 37I-L.

MG. Gamow, Proc. Roy. Soc. (London) A, 123, 386 (1929).
5Ibid. 126, 632 (1930).

6G. Gamow, Physik. Zeitschr. 30, 717 (1929).



uncharged drop one has a potential well on a desert; for a

charged one, he has a well on a hill (see Figure 1).

Vin) | (uncharged) Vi

P i
’// n

Figure 1. Potential for uncharged and charged liquid

(charged)

drops. ( v(n) 1is potential, a function of position. It 1is

the potential for a molecule being added to the drop.)

Using his quantum-mechanical solution for barrier penetration,7
he was able to give a qualitative explanation of & -decay

based on this analogy of the charged 1liquid drop.

The Weizsgcker Semi-Empirical Formula

Studies of charged liquid drops have become numerous
due to the liquid-drop model of the atomic nucleus. These
studles are usually based on Weizsgcker's'semi-empirical for-
mula for nuclear binding energies published in 1935.8 This

formula expresses the binding energy (B) of a nucleus with

7G. Gamow, Zeits. f. Phys. 51, 204 (1928).
80. F. von Weizsacker, Zeits. f. Phys. 96, 431 (1935).



A nucleons and % protons as

= 2 I X
Pt (1 p(y]- A% -3 22

in which & , /3 5 ¥ and 2, are parameters and € 1s the
magnitude of the charge on the electron. (A/=A-Z' is the
number of neutrons.) The parameters are adjusted to fit
empirical data. It was known that the density of nuclear
matter was nearly constant from one nucleus to another. This
leads to interpretation of the first term as a volume energy,
of the Azl, term as a surface energy, and of the /\_‘/’ term
as electrostatic energy of a spherical body with radius leA?b
and with a uniformly distributed volume charge of magnitude
e

The Weizs;cker formula gives the binding energy for
the ground state of the nucleus. If the nucleus is distorted
from the spherical shape assumed for the ground state, the
binding energy is changed. The new binding energy cannot be
learned through use of the formula alone. The formula can,
however, suggest how one might obtain the new binding energy.
To gain maximum information from the formula--with the aim of
extending this information--one must consider the various
quantities appearing in the formula. The x A part' of the
volume energy is the contribution of the charge-independent,
short-range, nuclear force for A nucleons--all saturated.
There are now two corrections to this: (1) The — 7T All'g
corrects for those nucleons lying in or quite near the surface

of the nucleus; they cannot have completely saturated forces.



(2) The symmetry energy term--the second part of the volume
energy--is a qualitative expression of the Pauli exclusion
principle and the exchange character of the forces. A cor-
rection of this form is necessary because both the kinetic
energy and the potential energy of the nucleus increase with
the (q?kj;)L term.9 This 1is understandable only in terms of
quantum mechanics. The nucleus can have at most four nucleons
in a given energy level--spin difference allows two like
nucleons in a single level. When a level has its quota of one
kind of nucleons, other nucleons of the same kind must be pro-
moted to higher energy levels. The effect 1s associated with
both the Paulil principle and the exchange operator used to
represent the potential. The increased energy reduces the
binding of the nucleus. The electrostatic term in the binding
energy 1is purely classical--the mutual repulsion of the %
protons. Weizsgcker recognized some of the similarity between
a liquid drop and the nuclear model expressed by his formula;
the extension of the information contained in the formula,
however was achieved only after the discovery of neutron-
induced fission. This extension came through the study of

the liquid-drop model.

9J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear
Physics (New York: John Wiley and Sons, 1952), Chapter V1.



The Completion of the Model Following the

Discovery of Nuclear Fission

The discovery by Fermi and his co-workers of the crea-
tion of new isotopes by nuclear reactions in which a neutron
combined with a stable nucleus led him to suggest that it
might be possible to create nuclel beyond uranium--i.e., with
atomic numbers greater than ninety-two.lo Experiments in which
uranium was bombarded with thermal neutrons did lead to the
discovery of transuranic nuclei; they also led to the discovery
of neutron-induced fission.

Shortly after the discovery of fission Meitner and
Frisch11 suggested that the fission phenomenon might be quali-
tatively explained through use of the analogy between the
nucleus and the charged liquid drop. They emphasized the
competition between the .surface tension and the electrostatic
repulsion--the former tending to hold the drop together, the
latter tending to cause it to fly apart. They therefore sug-
gested that for uranium the electrostatic repulsion should be
almost large enough to cancel the surface tension--the nucleus
should have only slight stability in this sense. If one could
cause the nucleus to vibrate in a mode corresponding to the
collective vibrations of a charged drop, he could cause the

nucleus to divide provided the amplitude of vibration became

105, Permi, Nature 133, 898 (193l).
115, Meitner and O. R. Frisch, Nature 143, 239 (1939).
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large enough to enable the electrostatic repulsion to over-
come the surface tension. In order to cause the vibration,
one would have to supply energy to the nucleus. The energy
could be supplied by the neutron: when it enters the nucleus,
a new nucleus--a "compound nucleus"--is formed; and the binding
energy of the neutron becomes kinetic energy of the compound
ﬁucleus. One has, therefore, a qualitative picture of fission.
Meitner and Frisch further suggested that the neutron-
induced fission could be looked upon as a purely classical
phenomenon. They gave two arguments supporting their sugges-
tion: (1) It would seem that the distortions necessary to
produce fission must be large-amplitude distortions. This
would mean that the zero-point distortions demanded by quantum
mechanics must be negligible. (2) Practically all of the
fissions are caused by large-amplitude distortions. The
probability-per-unit-time that a large-amplitude distortion
produce fission via quantum-mechanical "tunnel effects" must
be quite small because of the large mass and barrier involved.
The barrier to be penetrated can be represented by a
simple picture. In Figure 2 V (%) is the potential energy
of distortion--the work one must do on the nucleus to produce
a given distortion--and & 1is a parameter which defines a
given distortion. E;_ is the minimum work one must do on the

nucleus to cause it to divide.



V(o)

Figure 2. The barrier to fission.

Bohr immediately recognized that the proposal of
Meitﬁer and Frisch was promising.12 He emphasized the com-
petition among modes of decay possible for the compound
nucleus formed when the neutron enters a stable nucleus. The
compound nucleus has excess energy which it must lose. It
can lose this energy through radiation, emission of particles,
or fission.13

The analogies proposed by Meitner and Frisch and by
Bohr completed the outline for the liquid-drop model of the
nucleus. The details of the model and its applicability

were first studied by Bohr and Wheaele:r'l)+ who determined some

12N. Bohr, Nature 143, 330 (1939).

13The liquid drop contains, in addition to the analogue
of fission, an analogue of the emission of particles from the
compound nucleus in a nuclear reaction: thermal energy becomes
concentrated in some molecule of the drop which, as a result,
evaporates. This analogue was not considered by Meitner and
Frisch.

1kN. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939).
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of the quantitative predictions of the model and checked these
predictions against known experimental data.

Bohr had suggested that the model contains an explan-
ation of the stablility of heavy nuclei with respect to spon-
taneous fission. To examine this aspect of the model, he and
Wheeler considered the energy released by fission processes
for a number of heavier nucleli. These fission processes were
conceptual binary fissions in which the original nucleus divided
into two identical nuclei. (Whenever 24+ particles were
to be divided, one daughtér nucleus got A , the other &+ /
particles.) They estimated that such fissions release energy
whenever the original nucleus contains around one hundred or
more nucleons. The amount of energy released grows rapidly
with the number of nucleons: they estimated that such a
fission for 28N161 requires the addition of 11 Mev, for

Sn117 releases 10 Mev, and for 92U239 releases 200 Mev.

0
ihey then investigated the liquid-drop model and found that
it provided an explanation for the stability of the nuclei.

The model says that the heavy nuclel are stable because
in a small deformation the surface energy increases more rapiidly
than the electrostatic energy decreases; before fission can
occur, distortions of the drop must become large enough to
reverse this behavior. To examine the explanation, Bohr and
Wheeler described the model quantitatively. They assumed:

(1) The 1liquid is incompressible since nuclear matter has

constant demsity. (2) The initial state corresponds to a



1d

spherical shape. (3) The charge distribution is uniform;

the total charge 1is Ze. ()4.) The surface tension 1s the same
for all nuclei; it 1s a constant. The center of the drop was
chosen as the origin for sphericai coordinates. Distortions
of the drop were then assumed to be such that the distance

from the origin to any point on the surface becomes

A@) = R[1+a, +a, B, () 4 a, B (cov¥) + ]

where 1} is the colatitude, R is the original radius, the
&, 's characterize the distortion, and f;(coa. 3) is the Legendre
polynomial of degree =W .

Upon calculating the change in the energy (surface plus
electrostatic) produced by small distortions, they learned
that the drop, or the nucleus, first becomes unstable for the
RL distortions. (These produce "dumbbell" shapes.) The
spherical drop is unstable with respect to any small distor-
tion of the Fi type when the ratio of electrostatic energy
to sufface energy 1s greater than two.15 For a nucleus this
ratio 1is %*?tg-/}n' R;-D where O 1s the surface tension.
with R =M, AY3(from the assumption of incompressibility) and
with ®”, and O from experimental mass-defect data, they

obtained the ratio for 1238

(electrostatic energy) _ £:
(surface energy) T Foe

157his 1s the same as the Rayleigh criterion (p. 2).
Note, however, that this electrostatic energy 1is due to a
volume charge whereas the Rayleigh electrostatic energy is
due to a surface charge.
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The ratio E:/E; is an important quantity. Since it occurs
so frequently, it is used to define a quantity X as
X= 2" E:/EO. (The zero superscript is the conventional
ground-state notation. The subscript "c¢" on the electrostatic
energy is frequently used; it comes from the words "Coulomb
energy.") From this value one sees that uranium is below the
point where instability sets in. One can furthermore conclude
that all nuclei below uranium will be below the point where
instability sets in: the ratio of the two energies grows as
z‘/R‘,"or* e'L/A g

The fact that the model does not predict instability
for nuclei known to be stable is, of course, no severe test
of the model. Bohr and Wheeler extended their calculations
of the change in energy produced by distortions in order to
be able to consider large-amplitude distortions. They wanted
to calculate the minimum energy one must give the nucleus in
order to cause distortions so large that the nucleus takes on
a critical shape--a shape for which the space-rate of decrease
of electrostatic energy becomes larger than the space-rate of
increase of surface energy. For this shape the nucleus 1is
unstable; it has enough energy for fission. (The critical
shape for the conditions under which Figure 2 1is applicable
occurs for &' such that V(a')= Ea-‘ --this 1s the "top of the
hill.")

The energy necessary for the critical distortion is

denoted by E}--the minimum energy necessary for fission.
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They wrote for this energy

5;: = dral AB.0 fx) (= £° - f )

where f(x) is some unknown function of the X defined on the
previous page. They found f(x) for values of X near unity--
the instability 1limit for P,_ deformations
_ %28 (,_,\3 _ 1n3 _x W v
Fo) = Jp G-x)% - M3CE (i-x)F 4
and near zero (very small charges)

< 0,260 - 2.2¢5 X,
f0x) & They then

connected the two regions with a plausible curve. As uranium
is near X =) , they could achieve a rough prediction of E:-F
for uranium from their curve. Instead of doing this, they
took E_{, from estimates based on experimental data in order
better to determine X for uranium. They conclude that Ef =
6 Mev and x= o074 for U239.16

The classical treatment assumed in the liquid-drop
model was justified by Bohr and Wheeler for the F,_ dis-
tortions. They found the time average of the square of the
amplitudes for the zero-point oscillations: <Q: 72",'.
For 0.'_ they have a frequency of oscillation, Wy for

which they calculate ;,_’- t@,_ = ~ 0.+ Mev. Then they havel7

16‘I‘his value of X 1s smaller than the one given in the
previous case. This value allows the & used in the other case
to be retalned and increases 4, by five per cent. Bohr and
Wheeler considered this agreement a satisfying check on 9 and
,"o

17As Rayleigh showed (see page 3), the different modes
of motion are independent for small amplitudes where they be-
have like simple harmonic oscillators. The time average of



(Q';_>z ~J _5_.-—:?-—— = -‘—-.’.’.5—!- = IS

s [
2 e LI O, O, 94 Mew
IO
where <a:>{ refers to the large-amplitudes which lead to
fission. The large ratio justifies the use of classical

methods for this mode.18

The magnitude of the contribution
of quantum-mechanical "tunnel effect" was also estimated--the
effect had been assumed negligible. Their calculation was
for a very crude barrier, so their estimate of the spontaneous-
fission half-1ife has 1little value. It did indicate the - °
validity of this classical treatment of fission.

A number of other aspects of fission were considered
by Bohr and Wheeler. Among them are the cross-sections for
various events: capture of the neutron by the nucleus; decay
of the compound nucleus by radiation, neutron emission, and
fission; and capture of other particles and of photons by the
nucleus and the subsequent decay of the resulting compound
nucleus. Their results are generall& good; but the treatment
does not further the development of the liquid-drop model, and
it will not be considered in this thesis.

Experimental data showed that uranium fission was pre-

the square of the amplitude of a simple harmonic oscillator
is proportional to its energy.

18There are two steps that require justification for
the liquid-drop model. Replacing quantum mechanics by classical
mechanics is the step considered here. The other step is
replacing the many-body problem by the problem of the con-
tinuous medium.
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ponderantly asymmetric.( For the large-amplitude distortions
which can lead to fission Bohr and Wheeler had considered
only £, and fi deformations and their couplingl9 which
combination must lead to symmetric fission; i.e., division
into two nuclides of equal size. They suggested that asym-
metry might arise after the nucleus passed through the critical
shape, The state of the nucleus is represented by a point
in the hyperspace of the a, 's; the critical shape corresponds
to a saddle point on the poteﬁtialiénergy surface in this
hyperspace. Their suggestion was that the nucleus point
might take some path to fission othei:éhan the path of
steepest ascent to and descent fraal%h; saddle point.

The large-amplitude distof%ioﬁé;were studied in more
detall by Present and Knipp.zo Tﬁéir'éstimateg of the
quantum excitation enefgies--for fhe'distortions represented
by the 0., 's--indicated that one}néedrconsider distortions
through a“ and none higher. Their calculation of the
potential energy of distortion--the potential-energy surface--
shoved‘strong coupling between even and odd harmonics, If

AE 1s the potential energy of distortion,
AE = E° F (x3a,) |

where F (x;a,) 1s a multiple-power series in the &, 's

O g

19Small-am.plitude distortions can be treated as un-
coupled (see page 3), but large-amplitpde distortions cannot,

20
R. D. Present and J. K. Knipp, Phys. Rev. 751
and 1188 (1940). . 2L
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with coefficients linear in X --which has 1its previous defini-
tion. The F(x; 4,) of Present and Knipp extends beyond the
comparable one of Bohr and Wheeler,21 and should provide a
stronger test of the model.

The odd-even coupling of Q, and 4, was considered
for two values of X: X= 0.85 , corresponding to the first
value obtained by Bohr and Wheeler for uranium, and X= 0.7,
corresponding to the value they thought more nearly correcte.
In order to be consistent in retaining small quantities,
Present and Knipp assumed that a; < a:/z. (This assumption
was justified in the result obtained.) For x= & &§ they
found a saddle point at &, =4.65, 4,425 with E;= 6 Mev;
for X=0/75 3 Q.= 0. 66 , qQ,=030 and £

f
the value of E{— is acceptable; for X=0,7 it is not. The

= 13 Mev. (For X= 0,85

application is to uranium.) Present and Knipp tentatively
concluded that the 4.2, coupling would lead to asymmetric
fission with a mass ratio of 2:3 for the resulting nuclei.,

The 0.65 is a large value for d.l; the power series

converges slowly for such large values. Present, Reines,

21W1th the exception of 4:-0.4. ~and dzfl:, the multiple-
power ser;.es of Present and Knipp includes all Q:ll'@: 4-/3 such
that ID?_/ZJ:.’*"; with 2 é/" €% and o4 ’/?‘- < 5. The comparable
series of Bohr and Wheeler contains 4, and Q+ only, and the

inequality has £8 instead of < /2 ,
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and Knippzaz extended the F(X; Q.,) to include powers to 4: o
The convergence remained unsatisfactory, however, for the
saddle point of uranium. The difficulty was due to the large
values of &, at the saddle points. (The /4 distortion
produces the dumbbell shape which represents pretty well the
critical shape.) To avoid the expansion in terms of the large
a4, , Present, Reines, and Knipp chose specific values of @3
and performed expansions in p6wérs of Q4 e In this wﬁy they
obtained ah expansion which 1s valid for X > 48¢. An
extrapolation to AX==0”T,gave a satisfactory activation
energy, E} » for uranium. By including 4, , and 43 in
the calculations, they determined the odd-even coupling for
the large values of X . They conélgded that the critical
shape was symmetrical for X > 9,4/ ; the odd-even coupling
did not account for asymmetric fiésiqn as it had seemed to do
in the earlier paper of Present and Enipp.

Present, Reines, and Knipp also attempted to calculate
the spontaneous-fission lifetime fﬁr v235, (The method used
was the one which %s used in this;thesis. For details see
Chapter IfI.) The predicted lifeﬁime was shorter than the
experimental one., | }

The difficulty of obtaininébbiééise predictions for
uranium from the liquid-drop model“is;gllustrated by the
problem arising in the paper of.Present, Reines, and Knipp:

,,// e iame S — —

o . - P,

'ﬂ* i = s

22 D, Present, F. Reines; and J. K. Knipp, Ph R
. ° . ° ys. OVe
70, 557 (19&6). [ ’ g
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the calculations necessary for the potential energy of dis-
tortion ére quite easy when one 1is interested in small dis-
tortions; when one considers the Iéfgé distortions which
produce fission, however, these calculations become quite
laborious. When the convergence 1is as slow as Present, Reines,
and Knipp indicate, the calculations become prohibitivé. With
the help of an electronic computer Frankel and Metropolisa3
attacked, and were able to solve, the problem of these calcula-
tions--not only for uranium, but for other examples also.
They indicate that their numerical calculations should be
accurate to within a per cent or so for a number of saddle
points; a half-life for spontaneous fission was given for
uranium only.

The model used by Frankel and Metropolis 1s the same
as the model already considered. The distortions they con-
sidered for most of their work include only even harmonics
through P/o o They dild consider /D, and /73 for the
investigation of asymmetric fission; for all other work no
odd harmonics were considered.

In Table I are given coefficlients for saddle-point
shapes for five nuclel as determined by Frankel and Metropolis.zu
From the table it 1s immediately ﬁpparént that power-series

methods are impossible for small values of X and become good

i 23s. Frankel and N. Metropolls, Phys. Rev. 72, 91k 3/
1947).

ZhThey also give drawings of the saddle-point profiles
for these five nuclel,
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SADDLE POINT SHAPES FOR FIVE WCIEIa

a L .. EI_—_: =—=ﬁ==f-=—-
0.9 | 0.23 |0.019[-0.0016] ---- | ----

81| 47| .083|- .006 |-0,006| ----

o7 -55 1. |- .01 |- .01 | -=--

<Th «70 | .193|- .008 |~ .020|-0.0025

65 | 2.4 [1.15 |- 11 |- .22 [+ .03

83ourcet S. Frankel and N. Metropolis,

loc. git. Table I.
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for large values of.X . One can also see that the higher
harmonics contribute decreasingly less and less to the de-

and f:. describe

formations for the critical shapes; &

the critical shape pretty well for the larger values of X,

Frankel and Metropolis conclude that X= 265 1s near
the (lower) limit of the X -region for which the saddle-point
shapes of the nucleus can be described through the Legendre
polynomials: the saddle-point shapes for X< ~0.65 demand a
multiple-valued function K (01‘9') rather than the single-
valued ones possible throﬁgh the Legendre polynomials. (Far
X0, for example, the critical shape approaches two spheres
in contact,)

The activation energy, E,g' ’ was calculated by Frankel
and Metropolis for nuclei near uranium. (Their paper presents
these values graphically.) For 6238Athey obtalned 6;97 Mev,
(X= 074 and E:= 538 Mev were aséumed.)

The paper of Frankel and ggtr?golis is particularly
interesting in that they calculate the half-life -for spontaneous
fission for two values of X . The calculation they performed
1s based on a "Gamow penetration factor™ to be considered in
some detall in Chapter III. This factor is intimately connected
with the kinetic energy of the nhcieué, and their method of
solution can be easily pictured through use of the kinetic

!

energy.
The nucleus was assumed to be distorted so that
hlwnd) = R [1+ 4, B (cnd)+ OCe})]
(This edﬁation has the same meaning as it has on page 1l.) It
was also assumed that a velocity potential exists. They

obtained for the velocity fileld
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daz T (a% P »)
o P (s 7 ).

The kinetic energy of the nucleus was then written as
+
Te g ()
in which 7/ was named the "effective mass." The "mass" 272¢
was found to be
M o= 03 M(1+2)+ O(a))
with M the total mass of the nucleus, One can picture the
"mass" 7 penetrating the potential barrier with both 7/ and
the barrier height depending on A4, . (See page 39.,)

Frankel and Metropolis conclude that the Gamow penetra-
tion factor 1s well represented by 6-'= /0-2355‘ with E;,in
Meve For 'X =074 and 015 they obtalned the respective life=-
times lO%? and 1017 years. (In addition to X and f;o from
above, they assumed #,= /. #7x 'D-mcm.)

Both the activation energy and the lifetime for spon=-
taneous fission were good values for uranium (experimental
half-1ife for U238 15 ~ 1016 years). Bothmust be regarded
as successes of the liquid-drop model. The model failled,
however, to predict preferentiall} asjmmetric fission. Frankel
and Metropolis did not study this aspect of the model as
thoroughly as they did the other two aspects. They added small
amounts of F; and /; "d'eformat:i:.ons to symmetric expansions
to try to determine whether the deformation energy increases

or decreases with lncreasing asymmetrye. Their results seem

to them to suggest strongly that the liquid-drop model does
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not lead to preferentially asymmefric fission.

There have been a number of studies of the liquid-drop
model other than the ones considered in the preceding pages.
Of these studies many work with the model already considered
and follow the procedures already described.25 An unpublished
thesis by Beynamzé considers small asjmmetric deformations of
a charged liquid'arop for which the distance from the center
of the drop to thé surface is a function of both the azimuthal
and colatitude angleé. Considered from the viewpoint of the
distortion energies, these more general distortions seem less
likely to lead to fission than do the Bohr and Wheeler distor-
tionst the increase 1in surface eﬁeiéy would be greater for
the more distorted surfaces, and thé £éduct1on in electrostatic
energy would not be great enough to compensate for the increase,
The asymmetric distortions might be more likely to occur, but
they would seem less likely to lead to fission.

The Liquid-Drop Model as ﬁﬁ Extension

of Weizsgcker'SfFormnla

Upon reflection one can see how the liquid-drop model -
is interpreted by the semi-empiriahl'formula of WGizsgcker

25For a review of the fission calculations see: R. D;
Present, Nucleonics 3, 25 (1948); for 'simple but detailed
treatment of small deformations see: M. S. Plesset, Am. Je.

Phys. 9, 1 (1941).

26E. M. Beynam, "Small, Asymmetric Deformations of a
Charged Drop" (Unpublished Master's thesis, Department of Physics,

The University of Tenndssee) khbxville, June. 1949). i

%,
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and how 1t 1s an extension of thiS formula to states othef
than the ground states of nuclpi.”'TheJmass and charge densities
of the drop are assumed to be‘uniforﬁfanq constant--the cor-
respondingudensities for the npcleﬁs afe, respectively, the
numter densities of nucleons #nd ﬁfotdns. Constant and uniform
density of nuti;ons for any distortion or division demands con-
servation of the volume energy denoted by « A --the main con-
tribution to the binding. energy, arising from the purely nuclear
force. The added assumption of constant and uniform density of
protons requires constant and uniform density of un-paired
particles, ihich; in turn, demands cbnéérvation of the energy
denoted by A /9 (A-(-—z-?-')z --the pairing, or symmetry energy.
The only.. mugyshmmmaaihl&mmmmm And.
electrostatic energibs--precisely thaose conaidered by the
liquid-drdp model,



CHAPTER II

THE PROBLEM CONSIDERED IN THIS THESIS

This thesis will dénsider in some detail the calcula=-
tion of some of the quantities considered by the papers reviewed
in Chapter I. The objective of the thesis is the prediction of
spontaneous=-fission half-lives for nuclei with high atomic

numbers,

Justification for the Thesis

The Rayleigh criterioﬁ for instability of a charged
conducting drop (page 2) 1s also the criterion for instability
of the drop assumed in the liquid:drop’mbdél (page 1l). As
the charge of the drop increases, it abproaches‘instability.
Nuclei, considered in the 1light of this criferion, are expected
to become less stable as their charge increases, This condi-
tion 1s expressed by the formula for the activation energy as

given by Bohr and Wheeler

e A = £ 00t 3 (e ]
4

for large values of X (see page Jj):lf

The high-energy accelerators built during the past decade
have made possible the creation of a number of nuclei with high
atomic numbers--the possible atomic numbers extend now through
2 = 102, Many of these nuclel decay via spontaneous fission.

It is these hjigh-Z nuclel which should provide a good test of
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the liquid-drop model; their values of X are nearer unity
than the X -values of previously known nuclel, and the power
series employed in liquid-drop calculations are expected to
converge rapldly enough to give good results with a few terms
from these serles, The predictions made by the liquid-drop
model for one of these high-2 nuclides will be considered in
this thesis,

The effective mass,jnf, used by Frankel and Metropolis
in their calculations of the spontaneous-fission half-1ife of
uranium 1s incorrect.l This effective mass will be calculated
in this thesis, and the series for 1t will be extended beyond
the linear term obtained by Frankel and Metropolis. The error
in the predicted spontaneous-fission half-life introduced by
this erfor in the effective mass will be evaluated for the
nuclide considered in this thesis;

A problem which 1s interesting, both physicglly and
mathematically, arises in the calculation of the change in
electrostatic energy produced by the distortion of the charged
liquid drop. This problem has no€ been mentioned in any of
the published papers. A contribution to the electrostatic
energy .of distortioﬁ can be easily overlooked in the formula-
tion of the proplem. The evaluation of this particular con-
tribution showaythat it 1s pctuall& null for a number of the

lower powers in the multiple-power series expansion. In none

1the author was told of the exlstence of this error by
R. D. Present,
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of the published papers which calculate the electrostatic
energy of distortion would an error be introduced by the omié-
sion of this particular contribution. The assumption, made
4by the author, that this contribution has been overlooked 1is
based on the fact that it has not been mentioned, and the cal-
culqtioﬁ itself is not trivial.2 The calculation of this
quantity will be made in this thesis, and a number of terms
in its power series expansion will be shown to be zero. (The
entire geries has not been shown to be zero, so the quantity
is not kno;n to be 1dent1cally zero--or to be non-zero.)

Assumptions Gharacteriz;ng~thAlodel Used

A number of assumptions asito the nature of the entire
phenomenon of spontaneous fission have been made in this thesis.

For some aspects of the problem assumptions are absolutely .
necessary; for othérs, assumptions are made because theéy sim~-
plify the problem, The assumptiohs_will not be divided‘into
the two catagories for consideration--some will obviously
belong in the one or the other catégory; others are border=-

line cases. Ekas o /

"

. 2There 1s one exception to this statement., The con-
tribution was overlooked by Present, Reines, and Knipp in one
form of an unpublished calculation., The calculatlon was per-
formed by them in another, independent way for which the con-
tribution does not explicitly occur. Since the result of the
second method agreed with that of the first, the omission of
the particular contribution was not discovered. Only the result
of the calculations was published; the result is correct. (The
author learned of this contributlion to the energy and of this
instance of its omission in talks with R. D, Present.)
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The Liquid Drop

The change in potential energy produced by a deforma-
tion of the drop 1s due to the changes of surface and electro-
static energies, The surface energy of the drop 1is proportional
to the surface area for any condition of the drop--or, the
surface tension, 0 s 1s a constant. The densities of mass
and charge are uniform (no spatial variation) and constant (no
tempofal variation). The values of 52 and “#, are taken from
the Weizsgcker formula. No expliclt assumption about nuclear

forces 1s involvede.

WKB Approximation

The Schrgdinger wave equatioﬁ’hés to be used for one
aspéct only of this thesis: for the calculation of the
probability-per-unit-time of a spontaneous fission, The first-
order WKB approximation to the wave function is assumed to be
a satisfactory solution to the wave equation for barrier-
penetration problems.3 (An intrinsic part of this WKB
approximgtion is the use of the classical action function.)

_ If is expected that thiévassumption is quite satis-
factory for spontaneous fission; the assumption has been made

in theoretical studies of l=>4--dec¢a.§ and has led to good results,

3For the WKB method applied to a many-body system see
W. Pauli, "Kapitel 2, Die allgemeinen Prinzipien der Wellen-
mechanik," Handbuch der Physik Vol. 24/1 (2nd. ed.; Berlin:
Springer, 1933), Pe IEB'TT¥-_—
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Shape of the Drop

The shape of the drop, on 1ts way to fission, is
assumed to be satisfactorily represented by the }7,_ deforma-
£1 onlt ‘

h(eon$) = Ro[1+ 8 + 2, B (e )]

This means that the potential energy of d'eformation is a
function of &, onl;._ ‘

This assumptio;-would seem to be qualitatively justi=
fied on the basis of the importance of the /3_ deformation:
using a E_ deformation only, one can approximate the
critical shape fairly well for the larger values of X (see
Tablé I, page 19); instability of the drop occurs first for °

the /i deformation (see page 11), .

The Kinetic Energy

The velocity fleld, N F which describes the flow of
the fluid inside the drop, is assumed to be irrotatioﬁal:
? x ¥ =0 ¢ This means that a velocity potential, ¢ s exlsts
such that ¢ is a function of position, of 4, , and é& H

¢=¢("//“;Qz.)ér_).- B

The irrotational V' minimizes the classical ,kinetic
energy andmf‘ore, the effective»mé.ss,” s which enters
the penetration factor, énd, consequently, decreases the

half-life for spontane‘oue fission. The assumption that ¢

l"See page 1ll.
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depends on a,z and not on the other &, agrees with the

shape assumed above,

Ad justment of the Potential Energy Barrier

"For the calculation of the half-life for spontaneous
fission the potential energy of distortion is assumed to be
fairly well represented for large A by a function of the
single distortion-amplitude, 4, . If AE 1is the potential
energy of distortion, then AE becomes a function of %, ,
denoted by AF (az) . 1

As 4E 13 the barrier to fission, the error introduced
through use of the 4£{4.) must be evaluated., There are
three reasons for making an adjustment of this A4 £(4.) bar-
rier,

(1) The maximum of the A4F (41) barrier is larger than the
maximum of the saddle-path barrier for which 44 is a
function of all the distortion-amplitudes; 1i.e., 4€ (a,) ,
(See Table I.,) The saddle-path barrier represented by
AE(4.) should be the correct barrier to fission; the
discrepancy therefore suggests th'at one should lower the
4 £ (4,) Dbarrier to make it agree with the 4dE (dn)
barrier, ‘

(2) The maximum of the d4E (4.) barrier should be equal to
the activation energy E.,C of the nucleus; the theoretical
value 1s found to be lower than the empirical estimates
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for Z~ /00 5 The 4E(4n) varrier should therefore
be raised. (This is a circumstance which should improve
-predictions based on the AE(“:f barrier, as this bar-
rier is higher than the A& (4n) barrier.)

(3) The height and width of both the AE (%.) ana 4£(422)
barriers vary with X , and the spontaneous-fission half-
life 1s therefore very sensitive to the value of X, As
X 18 somewhat uncertain for a given nuclide because of
uncertainties in ¥ and /%, 5 one has some difficulty in
making predictions of half-livese.

Two methods of adjusting the potential energy barrier
to compensate for the three difficulties considered have been
investigated: (1) The value of X 1is chosen to give agree-
ment between. the meximum of 4€ (:) and the exp’er\ime‘nt«al.vuyatludé
of E*- o+ (2) The potential energy of distortion AE[42) is
taken through the a:%th term to give a power series dehﬁted
by AEJL (a,,) ;3 then an additive term is introduced to make

AE(4) = AE,(a) + w aRH!
The value of K 1s fixed by making the maximum of this 4& (2a)

equal to the experimental value of E; .

5Estimates to be congggered}l.n Chapter VI place the
activation energy of ;,Mv (the nucleus treated in that
chapter) between L7 %in% 5.0 Meve. The prediction of Frankel
and Metropolis (Phys. Rev. 72, 914 (1947).) places this energy
between 1.5 and 2.5 Mev,

6’l"or the nuclide considered ¥In this thesis this value
is actually predicted by an extrapolation of experimental
values for neighboring nuclides.

~
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The first of these two methods of agjustment should
be satisfactory if the adjusted value of X differs only
slightly from the value one would otherwise predict for the
nuclide. The evaluation of the error caused by using the
second method of adjustment 1s difficult. One would expect
a small error when ¥ ‘Q,_k-H 1s small compared with’ AEk["*)
throughout the range of Qz_ for the spontaneous-fission pro-
cess, The criterion for the validity of the first method of
ad Justment 1i1s met for the nuclide’considered in Chapter VI;
the criterion for the second 1s not. Thus the method of
variation of X was used for adjusting the potential energy

barrier.

‘Symmetry of Fission

We assume that the fission process 1is symmetrical or
nearly symmetrical in the_&nggiii?ééaéeé, or that asymmetry
sets in only after the barrier 1snbéﬁétratéd. The assumption
1s made in order to permit considering only those distortions
represented by‘combinations of even Legendre polynomials.7
The asymmetry appears to be unimportant for calculating 5}
and the litetimes.8

I

Trhe potential energy of distortion is treated as a
function of a4, only for the spontaneous-fission calculationj;
it is not so restricted thronghout other parts of the thesis.

8R. D. Present, Nucleonics 3, 25 (1948).
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Outline of the. Remainder of the Thesis

The remainder of the thesis will consider the aspects
of fission discussed in the first section of this chapter.
Chapter III will consider‘the Gamow penetration factor for the
many-body problem of the nucleus. The problem will be con-
sidered as a particle prbblem, startiﬁg with the Schrgdinger
equation for the systeme. The form of the Gamow penetration
factor which applies to .many particles will be changed into
the form one must have for a continuum--for a liquid drope.
Chapter IV will formulate the electrostatic energy calculation
for the deformed drop and solve for one contribution to this
energy--the contribution which was discussed in the first
section of this chapter and which can easily be overlooked in
formulating the problem. Chapter V will consider the hydro-
dynamics of the 1liquid drop: the kineéic energy will be cal-
culated, and thédeff;ctive mass,hﬁ ,¢i111,be found., Chapter
VI will apply the accumulated results ?o a particular nucleus--
10111256. The spontaneous-fission half-l1ife for this nucleus
will be evaluated., Chapter VII will eéaluato the entirﬁ pPro-
cess as gonsidered in the light of the results achieved in
Chapter VI,



CHAPTER III
THE GAMOW PENETRATIbN FACTOR -

The kinetic energy of the nucleus does not occur in
the expression for the half-1life for spontaneous-fission if
the nucleus is treated as a collection of parti;les. If the
nucleus is treated as a charged 1liquid drop, hbﬁever, the
kinetic energy does occur. It occurs in the Gamow penetration
factor. In this chapter the Gamow penetration factor will be
obtained. The kinetic energy will arise in a natural way; it
will lead to the definition of the effective mﬁss. Both of
these quantities will be obtained in Chgpter Ve

The Simplest Example of the Gamow Factor

Consider the Gamow factor which arises for the simplest
problem possible: a single particle of mass # moves in a
space of a single dimension with a:potentigl energy V(x),
Let the energy eigenvalue be E, Furthermore, let Vix) ve
greater than E when X< X<X --this”1s a classically for-
bidden region of "neggtive kindtic energy." Quantum-mech-
anically there is a non-zero probability that the particrel
will pass thrbugh the barrier. The probability that the
particles passes through the barrier upon reaching 1£ is

called the transparency of the barrier and is given by thef
-2 [Xa
Gamow factor e '{£ dx \,zm[va;-f),
?
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This expression for the transparency can be obtained via the

WKB approximation method. One can assume a wave function

Y= pix)e” % A tx) - and use the SchrOdinger wave
equation to get approximate firnc'tions &) and 4A®x) .

When one leaves this simplest of problems and considers
the many-body problem of the nucleus, the Gamow factor 1s hard
to obtain,

&

The WKB Solution of the l(gnnyody Wave Equatibn

The time-independent wave equation fér the nucleus 1is

Fit V¥ +U¥= EY

A=/ 2'7”
where U 1s the potential energy--;é function of all the
position coordinates of the A ps:u'ticl'es-- E 1s the total
energy eigenvalue, and m/ is tfxe mass of the‘/th particle.
One can now assume a wave function ‘énalogoug to the one
assumed for the one-dimensional case above. It 1s, however,

'eas:l.er to use the more straightforward assumption of

P= e¥5 i (_i_)s + (3PS +
. A e%S{Ms}-
F - kT [EGI 55 ¢ pys]
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is the resulting form of the wave equation, Using now the

approximation s
Sgso'*%.ts, » one has

(59)°= (fa+57s

or

A
> _\2 - > 2
E,'—’Zf(?"s")’ﬁz?%g".zs’ tE’eSaJ =
to linear terms in t o This 1s the first WKB approximation.
(By including no terms in ‘A. » one gets the zero approxima-
tion.)

The WKB method assumes that t can be treated as an -
expansion parameter--as a small one, in fact, so that increasing
powers of t give higher and higher orders of approximations.
By equating "coefficients of Zon on the left and right of

the last equation, one obtains
A e o < 3
1 - 2 o
Tw, B S) = E- r
B ) = U il e (R)

and /
z -
ﬁ—[z 5'+"7¢5;]-0 rar (%) .
The first of these two equations 1s the Hamilton-Jacobi

differential equation for the characteristic action function
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of classical mechanics, The secgn¢ of the two can be

rewritten as

/ — ‘-'P 2 Zs
S A lis s« gt o

by multiplying by the factor e_zS,' .

When all the 7@( are equal, this last equation cén be

written for this hyperspace asl e 2SS -

-

where vz is a hypergradient defined by

- A y 3 : A 3 A 3
= e P e
V/. ™ %: /:. 35 ¥ S_z; * ez.'l sz. > + a; Y2
and 4 A 5— A :
eij. ekt = gik jl « The e;J- are unit vectors, and

the Sij are the Kronecker deltas, The subscripts on the

X, Y , and 2 refer to the particular particles.

A solution to the last differential equation above is
2 5 dr F? b

e " S, A where K, 1s a constant
vector--in the hyperspace, The ‘7 9 and ha’ are parallel,

s, [ %, | g

e = S st % 15200

VA

. A WKB-type solution to the
differential equation? is thus

lThe assumption of equality of mass for all nucleons
is generally made for the liquld-drop model,

2'rhe boundary conditions of wave mechanics are continuity
of ¥ and of all of its first partial derivatives. These con~
ditions are never met by WKB wave functions at the classical
turning points--where e% 1s infinite,
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The Hamilton-Jacobl differential equation for the

£

characteristic function can be written

- 2
(VAS,,) = 2m [E‘U) (A1l 7?‘ = m )
So S
e’ o ’.,,E U , and S; , alone remains, to be

found,

The solution for S, 1is conveniently written in a

°
special form. This form assumes a parameteéization of all
the Cgrtesian coordinates for the particles: )(‘. = X‘:("f); where
o/ 1s a common physical parameter, defining in some way the
path of the system in the hyperspace, and the xz can be any
g g , or 2 for any of the particles by fixing the sub-
seript ( X, , X, , and X; refer to X, y and 2 for

particle 1, etc.)s With this parameterization 90 becomes)-I»

S « sz(Eu \/ JX) d o

3This solution for S, 1s not a general solution of
the differential equation for S, . This expression for
corresponds to the usual, one-dimensional, WKB-approximation
function. The explicit expression for §, 1s not used in any
way In either. the penetration factor or the lifetime calcula-
tions, both of which depend only on the formula for S o« If
a more general expression for S, were used thpoughout the
remainder of this heuristic derivation, the results for the
penetration fdctor would still be in no way modified,

uThe Mg are not necessarily equal for the validity
of this function,
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which 1s called Jacobi's function.S

The WKB first approximation to the wave function,
f: e%‘s-:. e%[so“’.‘és,]

then becomes v 3A |
[ ei’% f’z(&'-u)‘ Z, mb. (5%\"-)1 0/&
Y e L 0] W

The * signs in the exponent allow for either sign for the

solution for meeting thegdemands of a particular problem.

The function E:‘U is positive in classically allowed regions
and negative in forbidden regions. The exponentials in the
wave function ére therefore imaginary in allowed regions and
real in forbidden regions., This means that the wave function
i1s oscillatory in allowed regions only; in forbidden ;egions
it 1s a function of exponentiél growth or decay.

For the case of the barrier-penetration problem the
indefinite integral in the exponent of the wave function is
replaced by a definite integral: either the upper or lower
1imit is fixed as one turning point of the barrier; the other
1imit is made the variable limit ¢,

Penetration of the Barrier

The barrier which 1s to be penetrated in the spontaneous
fission process can be expressed’as a function of ®: a par-

ticular value of this parameter determines a particular point

SHerbert Goldstein, Classical Mechanics (Cambridge:
Addison-Wesley Press, Inc., 19517, pp.228-§§.
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in the hyperspace; U 1s assumed to be a point function and
U-E 1s thus a function of o .

In the neighborhood of the range of o for which VU-F
is a barrier, there are three regions to consider. These
regions are indicated in Figure 3. Région I 1s determined by
ol & o,, reglon II by ¥, < o £% , and region III by ¥, & 4.
Region II 1s the classically forbidden region. The other two
are classically allowed regions.

For the three different regions the wave functions také

different forms. The form for any one region is a linear com-

7

u-F

il { III

//} |
] (
Region s Region l\\\\ Region
¥ |
|
i .
X

Figure 3. The barrier to be penetrated.

bination of two terms which differ only in the sign of the
integral in the exponent. (See the general form above.)

With $(«) defined as
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Fix)= |2[e-vl

the wave functions for the three regions can bb written as

¥ - ’—#\/‘Eu[A €+%f i, a eff ﬁwa]

+L [ fdw L4 ] flz) d
. £ + B ‘f{ ]

szf/"?

L
"
+ C €

[ +.—-.( £(«)dx -1 {*&(d}dd}
2

fm_=\;;7
where the subscript on a given ]? indicates the region in
which it 1is wvalid. ,

The wave functions are to be applied to the barrier-
penetration problems For this purpose it 1s essential that
one have the interpretation of the wave functions. The inter-
pretations of the functions for regions I and III will be
given first. These are easily seen and are unambiguous. The
interpretation of the solution in region II will be achieved
indirectly in considering the physics of the penetration of
the barrier,

In region I 4, i1s the amplitude of a wave traveling
in the direction of decreasing &, and Az is the amplitude
of a wave traveling in the direction of increasing &. 1In
region III (% is the amplitude of a wave traveling in the

direction of increasing X, and cz is the amplitude of a
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wave.tfaveling in the direction of decreasing & . The meaning
of ﬁhe wave function in region II 1s most easily seen by con-
sidering an actual penetration of the barrier.

Figure la shows the barrier of Figure 3 with 1its three
regions and the turning points &« , and &, . In Figure kb
the wave functions are drawn for the three r;gions for the
case of penetration of the barrier from left to right
(increasing « ). These functions are qualitative only and

are based on the physical nature of penetration.
- E

(a) I II

(b) ?

Figure L. Barrier penetration from left to right.

The large-amplitude wave 1n region I means that the wave 1s
incident from the left; the small-amplitude wave in région
IITI means that there is a small but non-zero probability that

the wave penetrates the barrier.
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For fogions I and III the interpi'gtaﬁions of the approximate
wave-functions show that these wave functions can be chosen
so that they correspond to this ﬁenéﬁration phenomendn‘: in
region III there i1s a transmitted wave‘only; thus Cz= 6, and
Q, #+ 0 . In region I there is an incident wave--so Az# O -a
and a reflected wave-- A,*a. The proper choice, then, of
)4, ’ Az » and C., will make the approximate wave functions
correspond to this phenomenon--except, of course, for values

of & near the turning boints.
Pigure 4b shows that gp: can be the wave function
inside region II only 1if ’3,I<<.IB,_1: the exponential

decrease of IPI with increasing & occurs only for

8, g‘&"ﬁf ftu) dot

If one changes the limit ¢, on the integrals in
’fzr » replacing it with ¢, , he can write

\ 99 fa)d e
Z - +u-s[86"' M ek .!;f&)d:]

In the case of the single-particle}“6'ne-dimensional, barrier-

penetration problem, Kramers' cohnect:_Lon formula can be used
to connect the proper solutit;n fL‘ to the '_‘Em, transmitted
wave, For this case the magnitude of 3,/ is twice that of
Bz, -- f!., being written in the form indicated above,®

¢
Assuming that the magnitudes of 3,’ and 8,_ are roughly the

6'. Pauli, "Kapitel 2, Die allgemeinen Prinzipien der
Wellenmechanik," Handbuch der Physik Vol. 24/1 (2nd. ed.;
Berlin: Springer, 1933), P. 17T¥
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same for the case being considered heré, one can use 3,’
5 ‘

and gz, to solve this penetration problem, Rewriting the

last form for f’ﬂ- by changing limits, one obtains '

?, ¢

b i [reeos 4
o

i (5’,: KL 1) g KL, M)J“]

This identifies 5B, and &8, as

o
B, = 8’ e_"#£, e
&

g = B'e gL oo
z (]

which shows that | B, | >> | Bl .
Since IB‘I >»> | 8],

[Y0F g lusw, _ 8/ +8
[m 'f[l' ]utﬁ,

where both forms of fn have been used, each use being

obvious, and where 8, has been neglectc;i. The relationships
between B, and B/ and B8, and B, yield

_[‘{JV..E -}zz]gw, ¥ . é‘.Eq'-f(ot)de
————— o ’ L[]
[Yod %], |

If one assumes that




1lim L
ol &, v £

Hu-E
| s, YU-E ,
then gn’((“’*‘) 2 L e_%'{""‘-f@)dq
¥y (x> )

is the probability of penetration of the barrier. For this

event, then, the probability of penetration of the barrier is
¥,
2 T
e-. k/;' ;(‘)du

or written explicitly

R (I T

This 1s the desired Gamow penetration factor for the spon-

taneous fission process.

The Gamow Factor for a Continuum

To change the Gamow factor obtained for the case of
particles to the one needed for the case of a continuous
medium, one must change the factor (dx ) to the
equivalent continuum expression. Before changing to the
continuum expression, change the %%i to dX.- ' (
Define now a function

I m.é-(ii'-?)

' =y ¢
where f(ll /l- ) is the Dirac delta function. Then

[ pRI- @) dxr Z MW
&« * i=/

v
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which 1s precisely the expfession to'be changed. Now the

change to the continuum is immedlate: exchange f(’?) for
the mass density of the continuum g, (T) « The summation
for particles 1s thus replaced by an integral for the con-

tinuous medium:
3A AR = L P

iz;I ™ %{‘) becomes %3-[';: ffffb\(,") U'(/z) d"&'].
The bracket 1s recognizable as T --the kinetic energy of the
continuous medium,

The importance of the kinetic energy 1s now made clear,
Full analogy with the single-particle Gamow factor 1s obtained
by defining M= % and noting that T= —;— N x* e The
quantity #( 1s a mass; it 1s the effective mass defined by

Frankel and Metropolis. The quantity X 1s a speed. The

resulting form of the Gamow factor

-z _[:‘ d sz'(l)-'-f)

€

for the continuous medium 1is compiéfely analogous to the
single-particle; one-dimensional case considered at the
beginning of this chapter. The sequence of values through
which o( ranges defines the path (in the hyperspace) taken
by the point representing the system as the system undergoes
spontaneous fission. The sequence of. shapes leading to
spontaneous fission 1s described by the values of the
parameters along the saddle-point path over the energy sur-
face.(see Figure 5). The penetration factor 1s greatest for

this saddle-point path, since U-£ has 1ts least value,
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(J'\l!lj

///// " AR B I 2

Figure 5. A contour map showing a simple saddle-point
path (a schematic figure).

The penetration factor 1s also greatest when the effective
mass 7! has its least value, i.e.,, for an irrotational motion

of the fluid (see page 80).



CHAPTER IV
ELECTROSTATIC ENERGY OF THE DEFORMED DROP

The calculation of the electrostatic energy of the
deformed drop 1s a laborious problem when there are large
deformations. In calculating this contribution to the potentiai
energy of deformation, one finds it convenient to express it

as the sum of two contributions.

Formulation of the Two-Part Problem

The electrostatic energy of the deformed drop can be

written as - E i
E = BigE, + 65,

where E:' 1s the electrostatic energy of the spherical drop
and E:' and 552 are changes in the electrostatic energy pro-
duced by the distortion. It was stated on page 25 that a
particular contribution to the electrostatic energy of dis-
tortion can easily be overlooked; this contribution 1is S‘f;.
Since only the ¢?£é term will be of particular interest in
this thesis, write £, = £+ § £ 1incorporating both £c
and E(_’/ in E(: %

:The shape of the drop i1s determined by the equation of
its surface, For this calculation, the equation of the sur-
face can be fairly general. Spherical coordinates are usedj

the origin of coordinates is fixed at the éénter of the undis-
torted drop. It 1s assumed that any ray radiating from the
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center of the drop cuts the.surfaee only once, The equation

for the surface 1s
Ru) - R,[/+ Z:-o e,, () /?‘(,a)] =0

ot

where

(1) AR (k) 1is the distance from the center of the drop to a
point on the surface--the point is fixed by fixing the
values of ¢ and/‘ o This distance 1s thus independent
of ¢ . (/“ - cou P)

(2) R, is the radius of the drop when it is spherical in
shape.

(3) The 4, (*) are distortion parameters; the size of any
given one may vary with tinm.'t. only.

(L) fzkgn) is the Legendre polynomial of degree 1 :

ARy i%n (ure0) !
(5) The upper limit on the index n is finite,
The absence of dependence on ¢ means that the drop i1s a figure
of revolution, The absence of odd ™ means that the drop 1is
symmetric with respect to the equatorial plane:
Rip)= R (x).

The charge density of the drop 1s assumed to be uniform,
(See Chapter II.) Denote charge density by fa (R")

The total electrostatic self-energy of the volume charge
is

= b f s [ s
n

n

A/ '
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where A&, is the separation of the points A and A7 and
the volumes 2 and £1” coincide. Denoting the electrostatic
potential by V , one has

21« [ PR IT’
Vg JL'/" - s » and he can write

E. = é‘&fz”‘" V(F)dT | The evaluation of V(X) win

now be considered.

The restrictions on the surface of the drop allow 1t
to have the profile exhibited in Figure 6., (The restrictions
demand that it be a figure of revolution.) There are two
regions denoted in the figure: the shaded area 1is region I;
it represents the largest sphere:one could locate with its

center at the origin and which lies wholly within the drop.

A

plane of
symmetry

axis of symmetry

Figure 6. A profile of the drop (a figure of revolution).
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Let the radius of this sphere be l: o« The unshaded area
represents region II; it 1s the remainder of the drop.
The two reglons of the drop suggest two regions for
considering V//‘l’) e In region I one has a valid expression

for V(7) in the expression

v )= i [ i #’JJ’[” r’de
g o

! 4 473
T v R (con )
"'fef d?'fﬂ—:"*‘}u"’/ n! = dr’
0 o n Ta‘t"—-
(& 3

where 4, demands evaluation with k7?1’ and /f,:‘ demands
evaluation with X 4/'-’. In region II the limits of inte-
gration become a problem. When A »b , there are some values
of 2’ for which the elemental volume ring 2ma’ M#’d:’ “n'c’
may be elither inside of the drop or outside of 1t, depending

on the value of 1}/ o Thls means that one must form a number

of integrals over the 19" range so that the volume integration
covers only the volume of the drop. (It is not profitable to
change the order of integration: the 1limits on the two r’
integrations must remain as they are in VI (%) above in order
that the IZ’—FL”I—/ expansions can be used,) When the dis-
tortions are small--i.e., when there are small ripples on a
spherical surface--the error caused by ignoring these limit
problems should be small. So for region II one could use for

V(h’) the expression which is valid in region I plus a cor-

rection
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where AV (Z) 1s expected to be small, The AV(ZT) must de
determined,

There is in AV /7?) a correction for each of the two
intégrals appearing in VI e Figure 7 will help to show how
each of these arises and how the corresponding corrgction 1is

to be formulateds The area bounded by the curve representing

Figure 7. Quadrant I of Figure 6 (modified).

/

the profile and the arc of radius 2 and lying between ’;'
and 19,,’ becomes on revolution an annular reg.ion" lying outside
the drop. When VI i1s used in region ]fI, each of the two
integrals composing VI produces an error for this volume,
For the integral in which ﬂ,z occurs the ~7 integration 1is
from ¢ to 4. This covers the volume being discussed; it is
not a part of the drop. To corréct for this one must subtract
the quantity o {’(a.) A Ah»’ ¢ /
{ d?'f MI",J“’"/ /L’ﬂd/!
A R (¢ea?’) e T

For the second integral, the one in which /l,:' oceurs, the

ny integration 1is from A to Rkn.ﬁﬂ This also covers
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(with a negative dh./) the volume being discussed, The error

this integral introduces must be subtracted, It is

T f'lt’(ﬁ) 4 g R(Coz‘l" ) J
i3 d P BasE
Jpz. ,’{lf) 4 e

The contribution to AV(I?) due to the volume being con-

sidered 1is :
a2 # Gl i

[ '), m&a/v"/ 4 dn’
-fi‘ o /‘) (m+’) ﬂ,z_

Lt Rlen?) >,
g 9’ IR R r’ da
£l #fm J age’

This will be denoted by [AV (%) ] 4 o+ The quantity may differ

from zero as /'l': ¥ /42 .« Both 39;" and 19,_/ depend on 4 ;
this dependence is denoted by writing 19,'/(/:/ and %" /4)
The R(cﬂ-y} i1s the same function as the /fﬂt) which defines
the surface (page )e

There may be a number of these regions requiring cor-;

rection, Thus

AV(R) = 2 [Av//?)]

regions
Formulating A4 V(/A) for one particular value of %A 1is
/
not, in general, sufficient, The angles F for which these
4 #) =
reglons occur are angles 43 such that R (e~ /)“’". As A&
’
takes on different values, the number of solutions 13' may
differ; the number of terms in the summation AVIR) may
thus depend on # . (If X in Figure 5 were slightly larger,
& $'e
only one ¥  would exist for the range 0o £ € /2 ; three
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exist for the value of A chosen.) The problem of obtaining
AV(R) 1s thus quite difficult for the general surface thus
far accepted. For actual treatment of AV(’?) two further
restrictions on the surface are made: (1) Only those sur-
faces are permitted for which R (ez *)=x £ 4 ox has one
solution in region II when J% He T , (2) R(m0)>2(m"7
For the surface thus restricted only one term occurs for the
sum AV(A) above, and AV(R) = [AVM') ] opgly. This problem
can be solved as the greatest difficulties hayeé been

removed.,

Using the expressions obtained for the potential, we
can now write the electrostatic energy in a new form. Let 12,

be the volume of region I and {2, that of region II.
E‘ - ffz[_{: v, () d +:{{VIW) + AV IF)} dr]
=%f§[f VIl/i')JT ¥ f AV(/‘:")a/'r]
n,+n, £,

The definitions of E; and § £, have now evolved:
! ap
Efzi i (¥)de (o =0a,+40,)

1h ] avim)dr.

(These definitions are general and will give the correct Ec.

1These restrictions are consistent with the case where
only the &, distortion occurs provided a,>90 . The shape
of the drop 1s, however, not restricted to the shapes possible
with a, alone; the other &, can be non-zero.
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when AV(X) 1s treated for the more general surface. The
summation will not give, however, a single expression for
AV//'?); and one will have to subdivide further the drop into
(%)
regions of validity of the different Avir arising.)
The quantity SEC i1s now to be calculated. Some
changes in AV,['-".) simplify this calculation.

avie) = B LU an s [ e (- L),
4 R(end) e

The demands on the surface allow only one such integral for
AVv(#) , The symmetry condition gives 1},' as 7T‘-19,/.

Figure 8 1llustrates this relationship between 1’," and v‘i’

for the ~s'i-'mplest of shapes of the drop. The relationship

Figure 8. Intersection of a sphere of radius A (A7 ))
? / / / ;
with the drop at H= -J,' and 4 = 1% .
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between these two angles simplifies the integration, The

= /
expansions for ("n.J, and (~#,) are

(- 4 II
(Alz)" = jzao fﬁ /3(/"*-7)
= 4
® \-/ _ , 3 ) Y
(x) = IZ e ACRd

where Y 1is the angle between vectors Z and “id o Explicitly,
_then,

/
{4 fM’l W0 T S P
Av (& ain r’ dn < [——7* -.L]P(m)!
Jo i Rl e T
w T
! 2 2
L 4’4}] IR o 1T ah P
jaz lto ‘{: R[M}/} A,I‘l*’ /'-7;-; ‘of ? € )

T
P dp! hlenT)= 2T Plen$) £ (cn3’) |, the ¢/
o
integration 1s immediate, The appearance of the cosines makes

Vs
it convenient to use /(.-—M'b” and /" = Cn‘t‘ e With these

changes ?
4
N /
where /u,’= Cn."} e After minor rearrangement the equation be-
comes )
Ao A
AVE) = 21f, & Pé«)fJ PQ‘)//‘N/RA' o %77,] :
et

R

Note now two things about the expression for AV (7:’-):
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(1) /k; /=/(,’(/¢J) A (/(S is the cosine of an angle
lying between 9 and 7/z .) (2) The integral

; is a function of A and /4’ and is
[, ]

Rix')
even with respect to exchanging /A' for -/“’. (See the
function R(k), page 48.) These two facts allow the elimina-

tion of all odd values of /( above ¢

»
L‘o’ dpt Byp) Reu (W) =
One can thus write "
/‘o ?
AVIR) = 479% f_ P(‘" o ’P(;d)/ 4"44[ Sz, - ]
R é =
For J\Ec_, one has

§E.= ‘éﬁ,-i_zf dvdr = 1py [0y fd,‘f Ledn AV (np

Rk
oo §FE = 7rfé f fl’ a*dn AV(I!,/.»).

=7
The AV[II,/‘) is an even fu_nctiorf' of S . The -explicit
dependence is obvicusly even. The implicit dependence occurs
in ?!/4) which 1s an even function of/u e« One can, therefore
i
write f } R(/-.)
g‘E‘zzvﬁs /«.f /zldﬂ_ AV/A,/«.)

/

- 2,2 & y ’l
_Kﬂf? v ‘£=}«,f Atdn | %[a'a/h P(/)P{“/[ 2+ ”141),

= 2 4
o ﬂ-b o Ry" n
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Now exchange the order of integration for 4 and /a.’. Note:
(1) i 1s the value of 4’ for which Z¢’)=4, (This
was previously expressed in /?(1}/}':/2 o) (2) K¢e’) 1s a
monotonically non-decreasing function of /u’ for ae./a’ ed,
(Only one value of /a; was allowed to occur on this range.
See the two restrictions on page 53.)

By considerj‘.n'g Figure 9, one sees that through the ex-

A s R(/‘")

/7 e Ru)

r=b
/,_I

plp
Figure 9. The I«-—/ﬂ-" area of integration (shaded).

' RS u! RGe)
change desired the integral [ d"f d'/».' becomes fd/tf dr .
A=b A'=0 As g"l)

( /«Q is, remember, a function of 4 ,) The change of order

of integration has now chan'ged the expression for d Ec to

A2 , 4+
st 1K Lo ] s [:,w:z—/lfww.

Rge?) R/a')
By defining a function , ,/t’j as
¢ i Vo /+
(2 st ') E PyyPor)lal_ _ 42 °7%
/‘ /‘} j‘:so 2 e l/‘) —-—-7—'/!’ s -
gt s

one can write
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Rew) A
§E Mﬁff‘f/‘f dﬂf dn’ G (2, g0 p)
R ‘R
The function G(";/‘, h,/t') is convenient for the s;olution of
the problem.

The quantity JEC will be a multiple-power series in
the @, 's. The method of evaluation of & £, -will be the
following: the expression obtained above will be differentiated
a nuyiber of times with respect to the &, . Then all 4, will
be made zero. The coefficient of the chosen term--determined
by the differentiation--i1s then obtainable from the remaining
expression. It will be seen in Chapter V that &, 1is a
function of the other 0-,'s. (The &, 1s chosen to keep
the volume of the drop conétant.) This dependence will not
be used initially in E. . The 4, powers will be allowed
to appear; they can be then removed at will with 4,= aoqu’.f)
From the last explicit form for S'E; o B the pre'&;ic;t(.tys b;éo,
one sees immediately that 85; contains third or highbr
powers from the power series, coefficients of all a; a:k and
0_; terms vanish: the ranges of integration for 4 and »r’
are each of first order in the 4,’s, and the integrand 1s a
difference of terms such that 1t must be of first orcidr alsos

It 1s convenient to use 'eo as the unit of l‘ang‘th; this
unit will be adopted. The expression for Rpu) becomes

R(/‘)-/-l'z a“nP(/"‘)
» Wt

It is important that N be a finite number. (This restriction
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is not a strong restriction; the other restrictions (page..
L8) 1imit the surface of the drop tremendously, but this
restriction alone allows any continuous surface meeting the
symmetry restrictions to be approximated to any desired
degree.,) The many restrictions on the surface of the drop
will leave a falrly general surface. Tﬁis drop 1s the one
for which d £, will be obtained.

The differentiations to be performed can lead to con-
fusion with symbols. The confusion can be reduced by two
devices: |

(1) To denote an arbitrary 4, , use the notation
aﬁi ¢ This becomes, then, aé 5 a,; , etc.; and for
four or more arbitrary a, 's, the second subscript 1s easier
than different single subscripts for each one. (The ¢, , 5

¢
l

2 3 soe subscripts are still as arbitrary as Qk 5

Q/‘ 9 oo )
(2)‘1 To denote any #-fold differentiation, use the

symbol -%SZTTR o This shall include any arbitrary choice of
s 3 2
possible O.;.  's. (For example: i Solus ST S ;2_7;— H
; e 04,94 g
/ 2 /

L)

',)3

——z » etc.; are included in the single notatlon ;2j__ .)
24;' oy € 4,)’
(If one or more of the subscripts {f do noé appear in the

answer, the answer 1s the same for all of the possiple choices

1

of these 2z, )
J



A Sample Calculation

The process used for finding the general term in the
? f‘, series is easier to follow if one has considered a
specific exaﬁple. Consider the simplest, non=-trivial case:
the a: term in 3 &

Differentiate the. Sfc/,f]r‘zf;' one time with respect

to a4, 2
i) 3 SR i
[f /{f I Gloprip) B [ i &topip)] 347‘}
ZRG) o A #'e RO)

By interchanging 4 and K¢u') 1in the second part of
this intergrand, and then interchanging the names of 4 and

#' , one changes the integral to
Ry
3 (B L9 oo ey r P i} $52).

(Note that G(ﬂ,ﬂ,ﬂ,/‘f) is an odd function with respect to
interchange of A and r’,) Now 3R[) P(/‘) 3 8o

AN o R},

Define, now the indefinite integral of

fdhlg(nl/t,h,‘/(’) 1 &b j(ﬂ,ﬂ,n;/c:} « Then

variable A in the integral.is.replaced by R(«) . This
notation 1s adopted in order to show the differentiation’ that

has been performed.
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Er :,ﬁ};% /»oﬁ}»{[(}(nw,/,zw,;‘) (/?(Rw,,,g )] F x)
{4(k5808) - 9 801, R, )] Pgu')}.

By differentiating two more times, one gets

Jfo) LJ/J/‘ {[J(RW/‘;@‘),/«_)

ba" e 202
= 215[;29.,»,/:, R(//)}/‘/)] P9“)
+ [ :71;—3 (K,(“')/,“;Kf/t),/a' )
—B/L R?;;R[’,’.E /}
Z: o 9),0) | Ryw)}

As Ry‘) --and Ry(') --depend linearly on 4, ,

ZaRpmtpp)= [5et CrRop)] - B

k= RY)
AL M) B
A =R( M)
s [Z8, (oo //")] Ti" )

a3 Yo R = [24 w’ffﬁ//‘)] Az

s r/z%—'( " )/.)]/mR(,a) 'E{”‘)g(f‘Q

= Ro)

+ [£2(Rmrup)] iy B
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2 3
where /;_ [:() is [fj(x)] --not an assoclated Legendre poly-
nomial,
3
The 4, term in 85/3ﬂ:"ﬁ; is obtained upon setting
all 4, equal to zero. This means that the results of the
above differentiations are to be used with Riu =7 = Ry,
2
Those differentiations for which only %;a.% occurs arise

from differentiating the integrand of
/.E(M
Ry I GIRE, 2o 1) - B(p)

k)
or of ‘{:: . d

When R{#) and R{x') both become one, these terms become

G (Rg), p %y p) = B OF)

zero; the range of integration becomes zero. One need not

consider these terms., For all other terms one can change

from fa/?{’g,'?') and 5%7(%;’%/) to %7‘@ and g_@l

respectively.
3
Let N3 be the coefficient of &, in the expansion
of SEc/Rﬂ'f;' o Taking account of the points developed in the

previous two paragraphs, one can write
s
3!”;: 4#!%’{[’2 3&{,/‘ //‘) p!.o‘)
+ 36’(/‘/'/‘) P(/“)
-2 5"{@/56#’)' RY) RY)
(’//‘/’/‘) (/“)) 3%

(continued equation)

£ ~
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(continued equation)

& DG(//‘);/‘) AR
+ XE O php)  BEp)
on’
-2 %S (A ',/")' ’;1(/“9
36 () B0 ] RV

Now [ 2&(x, /..’,x/‘,)] : 1 (ZI-M)P(,“) P{/‘: = [ (";/‘/ )/‘)
L & he/

M R'e)
3N, z (21*')/*54% GRS N [~ B
ivin ~2BWBK) +R(x) ] B¢

?

SO

+ (284 BYt) - B4
2B+ B ) | BN }

Z (24+) [ jn'/«Pga)P(;‘){gg.)dP;»P(»)HP;#)?J/‘) P(/"&.

ZUW

Then

) | a
3.’4" = g&fzzﬂ)[d/‘fd/"f(’) fﬂ‘y ,[Eé‘}_eo")}.?.

o

The evaluation of A, 1s not difficult. A more
general cubic term will be considered below, so Aé need
not be evaluated,

The steps of this sample calculation may help clarify

the general calculations now to be considered.



The General Calculations

Réturn now to the general calculations which were
interrupted for the sample calculation. Perform now the

r
first general differentiation of SE /&r’f 8

2 JE‘ C’fbf c/n- 4{'*//'7 //")
)

)4: 811‘]’2) 34' fd/‘f RQ‘

R
Sictsty 4(»»»»9] o ),

1 R_l/'-) M= g{‘,} L'
4] %{w {oh Gl Iﬂ),—-@—Jn oo Rly 229

Upon interchanging %4 and R (4') in G'(R,/‘,RV"),/‘) in the
second term on the integrand and then interchanging the names
of ® and A’ in the resulting term, one finds that the

above expression becomes

Row .
j—.‘_r_.ﬁ.é.g’d’dl ' ¢ 1Y, R ‘ \, R(WH
se (grg)= L9 ngj' [atrpsi) s *GAApRr) ST

The functional form of R(x) 1s given on page 58. Using

this form, one can change the above expression to

b—bd-_;l ;ﬂfﬁ) f J f;‘ f ane [ Gﬁ/‘;h i, p) {7 (u) + G@Hh"f,“{)‘ 7 (,u’)].

One sees that the coefficients of all linear terms in the
expansion for fEc are zero: to obtain these coefficlents,
one makes both R(#) and R(4') equal to one; this makes the
limits on the n’ integration equal. (See also page 58.)

Let g(k)/‘""'s/") be an indefinite integral of



65
fJ/c’@( ,u,/‘-’) (This was also done in the sample calou=
lation.) One can rewrite Mt( n”f‘)

2 ‘5) Jf {[3(R¢),;«,RW,/«) g{k(,u)}*,m/‘ P)]’c’;‘/‘)

7‘: Frp; f

+[j (R}“ Iy Ry p) - j (R‘“’))/‘ , Ry ')JE(/"’}.

Differentiate this expression W additional times (allowing

different 1'»! in the manner discussed on page 59);

N+l FE. 5
(da )" (Fﬁ?:)

[ %] [(aa) Glapop ) - ey YR RO | B o

[(“) j(”{* ”ﬁw") @4) (e, /‘,Rf“"/‘g]P;m}

When this differentiation has been performed and the awr‘.
are all made' zero, the resulting expression is proportional
to the coefficient of the general n+/ =power term., .The
particular term evaluated dépends on the choice of‘ Q,a, in
the differentiation. Let the coefficient of the term

Q‘; *, Q"s 14 "af»w = SE}'/M?; be M’(‘I’ Rt = i"*') d
and omit the explicit dependence noted in the parenthesis,
Define K by3

3This is not a trivial quantity. The general N +/ =
power term includes at s QY Qg &, ay , etce Kk thus
depends on the choice of the is The range of values on «
is from 1 to (n+/)! , and ¥ must be determined for each parts-
icular choice,
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+!
K -‘— ——2":‘-' an a. LR d[

()4‘-)““ . N T

and Mn-u as K Nm»; e Then

’ » n . " =
g [ ,‘/»J; e {[(—3;,3('&94, pRIL) - C:’%:S" j(R%/‘»RV‘ 1) A

* Ly Jo1107)~ o § B3 )Ry

R g =
le"):l

For the differentiations, now

Z%‘Ebnj(awfl"kf" p)= ;(’) Y 34' 4? T‘r" eg‘)

=S+ n!

A : '
2 alnippl- 53 G R TN T B

()"

where ; :
(';) is the binomial coefficient; 7T 1s the standard

product notation; and %’ sums all possible, non-repeating:
permutations of 1indices ; and ilt o Some care must be

excercised in forming the «, summation: (1) The summation
must be performed before the actual cholce of the 0-‘-_} is

made; the permutations are made with the ©ie G0 A4 eto,
3

and not with Q‘ y» dye 2, » etcs (2) A permutation must
give a term that has not occurred. Interchanging indices
among elther the u or/a.' polynomials does not produce new
terms for the summation: @l (p) % w Z(/'J 1s the same as

P (/t) P (/‘ (/c.) » and of the two only one can occur in
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the summation,
Note now that no term with -,%. (77 can contribute;
these terms are due to differentiations fJ& Z—_ , and .when

Re) = | = E{A’) , the term becomes r ./ 1 )“

= A~ .
! n.
All Z_o summations can be replaced, then,by % sum-
= 4 =)

mations., This allows 3—/-‘-,@ to be replaced by %"_:_"_, & iy, n) )
in which the appropriate functional dependence of « and 4’
are entered. After i’:erforming the differentiations, one sets
bofh 4 and n’ equal to { ,

Form now the integrands for NM,, after removing the

terms with gi.ﬁ --the A =0 terms:

z ()i 32 J(RmnRpp): Pw D)

kS . ne+l :
-3 35 2 e R A
e % P R ()
SE s g(kmm»} PWZ T BT B
hs‘” My
5 ol ) TT (4
b L B B Y ) EPET SR .

: = s 'Y

For dll of these cases ,?__‘_3 = 3/ é e« Note now what
h" h'

eath differentiation asks: k-5 s-1 asks about the

. %\.17‘ é"f ) 6

vabiations of & in the A and 2’ directions; when R(x) or

R//") replaces 4 and/or r! » the position of evaluation of

these derivatives 1s given. .The evaluationsrof.these deriva-

fives are made at the four corners of the square. indicated in
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the ~,4’ -plane in Figure 10, After the evaluations are
made, then, the E}#) and R(ux') are set equal to one--a move
to the point X, say, in the figure. Thus to evaluate any of

R
x
n= Riu)
K= RA)
A /
R'=ROI  a'=Rp)

Figure 10. Polnts for the evaluation of derivatives,

the derivatives, one uses
a'\‘l" 35-/ G A )
+ j
[3""—‘ ! (/‘ ’/‘, set s=f=n’
Only one derivative (this general one) need be calculated
for the four sumse.

Perform now the differentiation

'al‘i "'—SJ: G(h))‘w )/“')

IA%3 u?
G{n/t, Mu) S AR ATA 4 Z R )Pﬁu)[.ﬁ—-r, Ir;)

W

A"l '1-() = (e = ;e M~ m -
o A ¢ (+-z)2(2 - (Atm=1) -



69

v il A when < > )(+z.

o
gf ’Lﬂ“- = [1'”-)! e when ¢ = A+z
ﬂ_f

..gi'___z)‘{___ h""'"’f when ¢ < f+2,
(L+-%)!

When (z 1s differentiated four or more times--or when n> § ==

the two terms preceding the summation contribute nothing.

Consider first, then, the case of m =2 5§ @

a,\_ ?,_; G = Z (he)! ,l+2. -(n-9) 1 /] - [j g-z)
IS et £ 1 ns- Lamg ?’[m ol .(___-(fi)'?
T Ruw b9 fel o il
+z££ _>,s-3 HR+2-s+1)¢ —l) (IH-S 2) ¢ I)]
suin (4—2)’

Make now two changes: (1) Set the £ and #’ equal to one.
(2) Let the factorials of negative numbers that may occur

in the denominators (none occur in numerators) be infinite.

(This makes [ (-+) !_]_l= 9 ,.,) Then

.3:;‘ __i_. L1, 2 PO‘) o)l [ 1y (Lo5-3) ,“"s(,&u-f-z)‘]
i - Mzﬁ" zr‘:::?ﬁ I/ ~enT)

Pactoring (-')s_"
/
A SIZP £ 1-z+(s-/)] 4 (ot LAt %) }
-1 W) —-‘—’%—{ ] {-1) %——L—-L[ e (517!
Note that the summation can be extended to include

without adding anything: the £1+z;-‘ factor makes
! (£-2

((:).’J *a,
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Thus
_:;s 35! G( Wt "‘) ) g Z P;a)l’;/t') )] [l z+($-'3]’ 4+ >[-1+(n-5)] }
Y i o 209« (-2l [L+2- (n-5)]! [4+2-(s-0]!

A check shows that the extended sum is valid for all M2/ ;
extending the sum does nothing for those” n2 5§ ; but it
makes the differentiation valid for all .,

The actual computation of the differentiation for
specific M and S 1s made easier by the chosen method of
writing the above expression: 1f one exchanges w—-S and
Sk in the differentiation, he exchanges the first and
last terms in the brace--the (=" causes sign exchanges
for odd . The computation of factorials is made easy. for

negative factorials in the denominator by cancelling as many
p 3
-3)!
this is zero by virtue of the ("3).' o One can, however, get

factors as possible., Suppose some quantity arises H
the same result by taking for this fraction the product of
all consecutive integers between -3 and & : (—z) (-I)(o')(l)'

()(3)(4)5)(c)(1)e Any time a negative factorial occurs in the
denominator, a zero will occur in this product.

Go now to explicit formation of some of the M—.H., .

{4 f ol s %:%';., Glyp 'w‘)-{ ¢}
{ (:_)[nﬁ ; //‘) 3 M'P(/‘)]

SH n+
-F Z AR

(continued equation)
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(continued equation)

+Bp) = T

h- S-H

//Jﬁ” R}

J=* Th-S+z I{

2° 3° i
3,; aio (/'/“/5/‘)— &0)*3()#‘):' .

lli

ﬁ1z = O . All quadratic terms are zero., (This was pre-

viously shown in a far easier way--page 58.)

= 2o Z PR - 28
W,
bk
e (9l T etgug-f , Y
f,wa\«

3
{7-[_77';0‘) T"P(/t)] €¢)Z@w?¢9+e¢')22ﬁ‘9?o~;

3
-[7 2 p-m Pt/u)]w“"(r)f"vo”(f') PWZ”‘/‘)’"/"}

J"\‘f jsl

! B
M = -/; ia.]/‘%l’t (zjﬂ)fg“)g(/d) ’71' [@9" _f%:)]
=0 J—I J
Tosn

The evaluation of this quantity will be considered

below,

R 325:‘ Z. 2(2dw) (,A)P,(;‘)—-BZG W e
4 iusu o™ 2 dp’dn




T2

My= Ii‘,‘fﬂ;{/‘,’}—_ 2 (244 AR '}- { A }

o 7 s
{3[71'1394 f,gw] - I,?,wg’ RZEATRALE
+Ru)Z B PR WE G

-[ﬁ,h’l,w-r%ﬂ t B 7—”7?' £

BT 72w

o= LT 2 lifGYf V]

=0

Bt
{ [ 7 - Feule Z o -Rok7 oo 7 £ 4]
N { 2P " e

(The second form of this brace is chosen because it emphasizes
the equivalence of the iJ- o) The i/ is a permutation dif-
ferent from the X ¢ for &’ one permutes the indices on the
functions in the first factorj the z} ’ 1:2_ » {3 o and 5"
appear in this factor. This permutation allows four negative
% o) P‘.;(/a') fz’(/,'l g(/t') and four positive }Z(/‘) @Jﬂl?g@))i%)
to occurs, The & permutation would have allowed only one of

each,
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The evaluation of /"I+ will be considered below,

ne 4 %Z_C; : E All(ebn) Pl P) = - %}%
W
3 - T ~the)t-Det) B2 )
\.an/ ﬁ,w
’ 3
R L ) = 2,
W
/
M= Ll LR

{(4 CHe- I)[J‘, ? o - J% )

p[/‘, 2 7r Pqu)P(/.) + PO‘)% 7T P{/J)P (#)

°(+J=
3 3 £
+PGy L T Py rrp(' z '
ﬂf‘)%,,-l‘;f) /‘) Pé‘) ‘0‘)/{7:4-/{9‘)
5
'ﬁ ZP TP
,4»)«4 (9 1 7pd) + B ) ZP@)J 2w
¥ _PG)E 7 P
‘l"f/“) °‘+3]:l’:;'9u) EI?‘)& }Zz ‘;9“)}

Ut
5 3 %
2T )T F
Con g RenE w0 i LB
2Pg)m 4
WP L) RET R AN ]
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(The incorporation of terms in the first integral is in accord

with the form of ;tg - adopted above,)

s
M= Ll E, atito) o) (£ £ )]

Twin

+ fdu f"y'i 2@PpIRG) -{ /]

) 0

5
P E T PRm R+ Pus 7 PG T R (a)
STPERI SRV S AAT A

g 5
> (w2 B ™ P - P '
+EI9~)°’4, ‘zwba %(,a) ‘/9.)"%4.2(/*)4'7:3{;9‘)3

The evaluation of /‘1; will be consldered below,

3

- 2% - 316 - tG - 340 . MG
xt ) 3;33,‘1 > Jn."&l' ) Jné/u _Z;;T-;-

|

All four are zeroe.

/‘1(’ = o
7_!'_—'3_—,-(’ 32:53" = . (-I)'ba{i-ui (zl+')'/£l+,) (j«zj(j_d [l)&‘/ E (/‘;) |
/nv o £' £ /z: (3151)/5L4”>(1¥464¢)/74‘)/7( ﬁ) {’g(:}
Wi
{i-miud [ AR Pw|

4 g
R WE T RWLG) +RWE TR IR W

(contihied equation)



(continued equation)

+Ryy Z T Ry P - P T Ryu)T R
‘/t % j:Z“’/‘}"“ 'En/‘ ‘;“ v J=!.‘J(/‘)}€‘Lfk(/‘)

+P )ZTrP .
‘lyux‘az‘(/"/m‘ﬂ v/ w g

¥ a,w Z;‘Zlf (») -F(,.)E rrP(,) }

“% g2 Yy

o p "
< Jopf 90 Z, 60 G g )aessit T [0 -E )]

wwA

The evaluation of this quantity will be considered

shortly.

Consider briefly larger values of n ,

n=" 2¢¢

m———

>
"

I

ne? o 2= F 2 Gl Bly) (bath) ()£ ()

ﬁJ

fC)= -6 5 f()=-4 : s f@)=-2; f(3)=0
F(W=2 ; £6)=+ ; #o)=¢

: i:-i Gk = €0 e (LeDR B AN 40 [200) +3 P
Wi

Z@):«;(q): 3¢ J(')°3("=/8 s 9(:): J(g): A
3(3)‘ g4 =0
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n+!
The term 7T [P (/¢) /3 (/4’)] can be found, perhaps, for
L.
Nn=2am as it was for n= ¢, ¢, and 2, The modifications

such as the ?(/b) cause other terms to appear. For n= 2m +/

the terms in the »tth powers do not appear: 3" 2 (;’20
anm anlh *

ntt
Thus the Ir’ [P‘ () -F (/")] does not appear--or only by adding
)2 A J

and subtracting the missing term will it appear.h»
It would be satisfying to find a closed, simple expres-

sion for the general M The usefulness of the higher

h+( °
orders 1is, however, questionable: in the power series, which
is the object of these calculations, one does not take a large
number of terms. (This point will be again briefly considered
below.) For this study we shall be content with the terms
obtained as explicit functions.

The evaluation of the ¢M"*( obtained is straight#orva~ ¢

forward. In Appendix I there are established three

l"'It:might ‘be noted that in those Lcases where no com-
plications of the j(f) form occur the % 7T [P w - P 9‘,)] form

is assured. The change of signs occurring and the permuta-

tions assure all terms except the ”*! and .3’ R ¢ .

These are also assured: ;Zf, P W Jas o

Take the (_‘)5" multiplier from the g""s G (page 69 ), and
Y T ﬂll’

put it in the summation { " 7r Pz gl

5 L ns ( ) ( )[ & :-a oy 9‘)] The resulting
=) is just a muI‘L&tiplier

for the b e N

or e brace ow _ Z:“(_,)s(?) - (I_,)n e

and hence 3 , .s/u) _ -
'E,(I) (’) =1 o The complete form is thus assured.
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i

lemmas® which show the My.) to be zero for n=2 to & .l
Lemma 1 shows M, , M, , and the second part of Ms; to de
zero; Lemma 2 shows the first part of Ms to be zero; and
Lemma 3 shows M, to be zero, Thus
M,‘+'=0 for n=2 to 6.
Now 8'5‘/577‘!; was to be a power series in the a,
coefficientss M,  =© for n%6 says that the leading

term-=-the one of lowest power--of the power series fop

‘Ec/gﬂ‘f; is of eighth or higher power:

Sk =
T T LT Ak k) db e ol

has now a subsidiary condition

N 6
32‘.1 hl : 6.

From above E, = £  + 8 E, . The result of the cale-
culations for 5'5(_ shows that EJ is correct for all terms
below the eighth power in the &, 's, (This statement is
tbue. if the surfaces are such that 4 V (&) consists of a
single term only as discussed on page 53,)

As a non-zero term in J£. has not been found, the
value of M,“, for 27 would be interesting, It might be
that {E(_ is actually zero for the drop which has been con-

sldereds Evaluation of these quantities seems to be very hard.

5anh lemma has a restriction on its validity. The
appllcability of the lemmas to these AM,,, 1s assured by
the restriction on R (x) expressed on page 58; this is the
only reason for the particular restriction.

6The definition of this N 1is contained in the restric-
tion on page 8.



CHAPTER V
A HYDRODYNAMICAL CALCULATION

In this chapter the kinetic . energy will be calculated.
The steps necessary for the calculation will be kept as
general as possible until calculational details demand the
treatment of a particular case, The drop and i1ts distortion
will be characterized. Then the boundary conditions for a
free liq&id surface will be derived. This boundary condition
1s the constraint relating the shape of the drop to the
velocity field in the interior. This equation of constraint
will then be used to determine the velocity field. Once the
velocity field 1is obtained, the determination of the kinetic
energy 1s a straightforward calcul;tioh. This calculation

will then be performed.

The Drop and Its Distortion

The drop to be treated is incompressible, The mathe-

mafical statement of incompressibility 1is

clf - - >
_—. =y -V + =0.
7% P
Combining the equation of continuity

— T d a

v.(pUr) + =0

S A

and the equation of incompressibility, one finds

—p

Vo? ":—0.

The drop 1s assumed to have rotational symmetry about
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N

the z-axis and reflection symmetry in the x, y-plane, If

s o e

the surrace of the drop 1s given in spherical coordinates
by: S, fp,t‘J O,then 5= S(ﬂ# ?)= 5("7’*’6 where ..
A, + s and ¢ are spherical coordinates.: (The surface used
in Chapter IV had this symmetry, but the expansion' in Leg"eundre
polynomials contained a finito number of terms,)

This surface will shortly be restricted to a very

limited surface; some preliminary calculations can be daqne

with this general surface,

&

The Boundary Condition

Thore is a poi-fectly general boundary condition for a
free surface of"a'f‘]:ﬁid: the surface is defined by the moving
fluid. This statement must be expressod mathomatioally. In
terms of Carteéioh coordinates we define the moving surface
with the equation F‘(k,q, g;¢) =0 . C}Onsidor a poirit P 1in
the surface at time % 3-let the surface move ror an interval
of time 4 ¥ during which interval P moves to a new position
R & (Mathematically time produces a'mppix;g which carr-d'.ess :
P into @ ; phy's'ically a volume element at 7 moves in time
41 %o the point ®@.) Evaluate ¥ at Q by a Taylor eipansion

_about the point. P : '

F(q,¢+4¢) = F(P#)+ ;,{’(XQ-~,>+ (:;Q )+ >F £(%-3)

+J't'- F a4t o+ higher-order terma. »
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Now F(@)= F(p)= o o Divide the remaining equation

by A¢: .
_)__, ax _Z_F 4 IF 42 _éf = 8 =
i T{? tx st gt h%gher order terms =o.

In the 1limit as At >o

oV P, = F

2 where v is defined by
the 1imit process and 1s recognizable as the velocity
evaluated for a fluid element located at the point P at
time T . So the boundary condition 1is ’

T -VF = -2F ‘
: S - (on the surface),

The equation is perfectly general., .

A Simplifying Demand and Its Justification

It 1s assumed that the velocity field within the drop

1s irrotational, If V 1is the velocity field,
Vo= Tln,d3¢) = Ffb (n,33 t)

where the spatiél"dependence‘ of both ¥ and & egrees with
the surface assumed ‘above--il.e’;.,, no ¢ dependences

A theorem of Kelvin states that a fluid system with an
irrotational velocity field has less kinetic enefgy than it would
have with any vé_locity field that is not irrotational.lf‘.“When_
one assumes an irrotational v@l,'.béity flield, then, "he has
minimum kinetic energy of the drope. It was seen ét the end

131r Horace Lamb, Hydrodypamics (6th ed.; New York:
Dover Publications, 1932), ppe L4[-Oe ) '
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of Chapter III that the kinetic energy 1s proportiocnal to t_he
effective mass defined there, This effective mass ocours in.
the Gamow penetration factor, A minimum effective mass gives
& maximum penetration probability and a minimum half-life for
spontaneous fission. Those 'mo‘tions of the nucleus whioch cop=~
respond to greater effective masses will have longer half-lives.
and will make negligible contributions to the experimentally
determined half-life, It is flor this reason that an irrota=
tional velocity field is assumed,

Incompressibility demanded that the divergence of the
velocity field be zero. This means that ¢ is a harmonio

function: prp =0,

Eyaluatiéh of the Kinetic Energy

The solufion demanded above for ﬁ was ¢ (n,¥; Z‘) ’
and as ¢ 1s a harménic function
= 5, 4.0 2" B )
where = «n? and X5, 1s the Legendre polynomial of order
n o The é,‘ are parameters. (The other solution for ¢
behaves like A" A (x) and diverges at 1;;0 origin,):
The equation for the surface S (r,4;t)=0 will be

S (x> %)= e P,[/’-f- 2 a,lt) }?‘(j‘.)] = o,

kzo
. wWin _ ,
Note that only .even Legendre polynomials arise; this meets
the demand that JS(r,9;2)= S (4, 7-4 t) . (Equafing

to zero merely preserves the form of F(/'t’) t) of the general

9
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case,)
The general boundary condition now relates the X, 's
to the b, 's by ) |
?45-35 = ‘g—f: (surface)
Before developing this equation any‘further, allow the unit
of length to be R, --this 1s, note, the radius of the undis-

torted drop. Form now the boundary-condition equation,

Vi~ BTk v - 4 (p)E I bW

VS = & 48 (pyiat = o, 4R

i il o

—_— = p 2R .

ot 3&“_“ o - (d.= 4 a.2).)

Here A and 6 are unit vectors in the sphorical-'coordinate

0 2 m A P
space, Denote by ﬁ,m(ﬁ) the function ("/“)" 'i:m n(/“) .
‘(The standard no‘tation is th; as powers of functions arise,,
it 1s less ambiguous to save the superscript for powers and
to use the M a;s a second subscript,) In forming the equation,.
one must replace all 4 by the surface value. Denote the
value of 4 at the surface by R(x) . By virtue of the sym=-

metry of 5/1:,-3,‘1.‘) s R =1+ ;Z:__o d,, B (u) « Then one has

nb R wP -2 Z a i E :
nza., ; 99w j-o nsy L R ‘“) /l, . v j%o QI 5 '
i

It 1s possible to eliminate all odd powers of » 1in
[
the above equation. V- and $ are mutually orthogonal
functions, The ¢ =component of rd y Vs , must be an odd

-
function with respe¢t to replacing /A by -/4- since U must



be éonsistent with the surface of the drop., In order that
Vv, be an odd function, f‘ must be an even function; hence
@ cannot have the odd Legendre polynomials in 1its expan=

8ion. Thus for the drop and the distortions considered

é" b RY G R - Z_O:A_; R.e, R" AR W1 5 dg 7

relates the b, 's and the 4, 's,

‘The genqrall surface used.thus far 1s very hard to
freat; a particular shx;,face will now be used: allow S(a,s’; t)
to be h=-(/4¢ +2, R ) . This 1s the simplest, non-trivial
surface satisfying the demands on the Surfado. This sur-
face 1s not unrealistig: an indication of the relative
importance of the /i » P+ s and P(‘ can be obtained from’
the values of '4,; ) 44, and &, for the saddle point of
the barrier to fission. Interpolation of the data in Table
I gives for X =a83 (the x of interest in the thesis) the
saddle point values: 4 = 0,38 y Ay=0:04¢5, and qQ, = ~%00f6,
One would thus expect /7 and 7 to make small contributions
to the velocity field for the nucleus with X= &8z ,

Treat now the particular case, With the relationships

PP = 3 (nedntd) P n () (n-1)
2 (@ner)antd) +(zn-/)(zn+3) E‘ e Z.h')l(:.mu)

P = 3n(ns) [_ (un) P
‘/ Er' 2n+l | znes e (,,..,)(;m;) P ¥ 'z% ’:-:J
the boundary condition can be written as
> né‘ R"'?u)[qt, 1 we)(ne2) {(,-.m, + e)u-3 4L P
?;;" - T T fanei)(ne) “"’" (an-1)(2n+3)

2 (w-t)(n+d P

e Q. P
2 TGt kP, |= Q +2 My
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The problem of relating the 5, 's to the o, is to be solved
be treating it as a p‘erturbation»pi'oblem in which the per-
turbation is @, . The orders of pertuz?bation will be defined
by the powers of Q, retained: when 4-: is the highest
power of 4, retained, the order of the perturbation is the

kth, The condition of incompressibility gives 'a constraint

. ‘ Ry ' L3
4;}3" = fi{fwh: =?.7t_{‘d/~{ atda = f—;-’.[, Rl e ;

and L' Rpm) d/:. =1 determines 2, as a function of @, ,
(This is also treated as a power series--assuming %, to be

smaller than ong,) From the equation one gets

. .
- - Q + 3-' a + - : l t _ + -u:)
ds Pt odly Aol b o] -

It is cbnveniént, before performing the algebra
requirqd in the solutlion, to change two expressions whibh
occur: (1) The various orders of perturbation give various

expressions for the ‘b Change this to denot.e the value

k °
of b_ attained in the kB approximation by *5"_ . (2)

The quantity R"™ " (&) 1s cltitrh;éy. It is
R¥ 2= (114,40, R)
- : n-4
= (144" L - (142)" %, B 4 L (n-3)(n-3) (1) a:/f_'l-h

This is made a simpler oxpression by defining quantities

(u)
I’.e ~ such that

RU= N+ 69B%R + Lo-mn-np B e
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where the subscript is the lowest power 6f a, oc;"eurring in
the particular B e (The J.+Q 1s a function of 4, )
Any desired appoximation of the /S 's 1s attainable,

Go now to the various orders of approximation. The
linear independence of the & allows the equating of co=
efficients of F,L on the left-hand side of the boundary-
condition equ:atioh to those on the right-hand side,

Zero Order: ( a,_'=o)

. 11 -3 --Q
From P, coefficients: 2 bg'go oY }

From f, coefficients (n=4¢ ): n°h /3(“)

= )

First Order: ( a.: =2 ) © .
e ;) @ : P
From P coefficfents: 2 é_P {-"‘ 4-}4 @, = ?-d"'d"

('I‘his merely reproduces the °A, coefficients.)
- Fpom P coefficients:

1 .
/ (l) , [
z é_/&, {,"37’5 4'_} + 4 1‘4{powers of a,_s o
Since. °/>$-=o : ,éf"’ a, and ‘b, 2, ~ 4, or zero

in this order. (The tilda ~ will mean "of order.") So .
]
LT i
2 Az. {' 7 Q?-} I
id o & L' 4
L:. z (H. A ")

From P4 coefficients:

2 "51[{35"{4 9 34}]++ b B

e
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%34 % i
a’z;—; A,_+ 4;-—"

‘h - =27 a Y
. 2%
/

Now 62, does not contribute to P-,,, coefficients for
nZzé. The '6+ has a multiplier of &, in the FE_ coef-
ficlents except for <~ ¢ , So for M Z6 the equation for
the coefficients is . ,An «{ = 0 | The result for the

first order 1is

lé.—; Q.z_[—é_'. ;{.—742_]
/ ° e

by = SR el

/

‘nao (’1,}_6)

Second Order: ( QBL‘-‘ °o )

It 1s convenient to rewrite the equation.

[a T o) (ne2) +4(1+a, fn-r/g‘g-s)é;
;m nF o 1(1n+;)(zu+3) “" ( )+ Zn-l)(zn-f-?) E"

2 (u-Dnr2) 4, P, ‘7_]

(zn-l)(zn-ﬂ)
+n b ofy2 N/’ a .9 (n+i)(n+3) b
ALY E s foray+ ({Tff)((’; :)”4),

-5_71 (m-1)(n42) A,
(2n=))(zn+1) E"z]

swby AR} = dotdn f
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(One needs AR R.) which is available' above.) From

the E, coefficients:

then, merely a check on ’67. .

From P coafficients:

g o P(z)[[~ 4 + %_(:’201]4- 4% [IBM(}-'———- *1/5(4)(50,%%)]?-
26/"“”7,5’ ._)+ 414(74)~
Let "L = 'b + é d.:' q_z . The ¥, is to be

determined.

[Sr 81 2D]0- £4-54) + HanfEh Wl 40 4

This ylelds ¥, = ’;g_,_ .

From P+ coefficients:

LA SRR N 7”“1)“?"’[;.,7]} 4
ST AR R A0S

2 I . > 9 y
Let 64_= bq_ + 25 ?;. Qz. with Xf to be deter-

mined. The equation yields 7 = $59
¥ 5.9%./]

(4



From ;Z co‘efficier;ts: ’

( g T
R L RN SR VAR A

9-h
zA; I zL*a T30 n) ‘4'(2-3 /l) 4’-[ (:1 f,‘)]
256 & ?;:’_79 4'» a,::

From the coefficients for R, with " > 8:
The MN=2 does not contribute, so no

the eqhation for the coefficients, The N”=4 occurs with

1>1_ tl:: (for =& only).

This is of order 2, . Then
by oy

: : : 3
occurs for n=8 ; again this is of order @

z .
The resulting equation is »n zéh_= © for n=8,

The end result for the second order is

2157_= !5(,_'[-—-4- Lo 4 S%q ]

247 Z

F7t

e NETR [ o is‘?_ Q" ]
T e 9'7 3

e o 4 i 5 2

be 3 a"[ %:Z % ]

16;‘_ = for ( n > 8)0

The third- and fourth-order approximations can be
determined; there 1s a tremendous amount of éimple algebra

in the work, so only the result will be given, Each order

adds a new term--in the pattern suggested by the grouping

a8

o .
Q, occurs in
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of the second-order result, The fourth-order result 1is

+£-“ [z Vim0 + It 2 7y + 206 86T 4
5'7l 2 2.3’73',I *——.17-———"" ]
2 5"07 0]' I3
i $C i[ g 454 = $:7-153991 , ¢
= e, - 2 T L2t~ a, . .,, 18. 8,/3(, 801
v 15'7 ” T 5;73",,’3 |sm———-—--L-—-""-?‘_ ”3’3 Q
% = &,_[ 590> - 9-37 Q + 7,230,7%9953 4‘:
e 7] |7 7.”7. 5: 73.”,/3 .17
¢ P | ~4°12) 4% 4 80,954 Qtl-J
é L[ ' 3 = BEa.%9
M 5] 47
;. ST 3417+ 19
+6 = 0 for N 212

The purpose of the determination of the An.. 's has
been determining V in order to calculate T --the i:inetic
energy. As 5 = V¢ =T 2 b.\, 't P /,u.) s the approxi-
mation to \r »- in the power-lsgi:ie)s of 4, , has been obtained
through the ’ 4-1 term., The evaluation of 7 1s now possible
through the Q.f_ term ( 7 1s obviously going to be a pbwer
series in &, ): qu;lte apart from possible cancellation of
'terms d;.le to the orthogonality of the P,,_ » no power of 2,
less than the fifth can have been dropped by the fourth-order
obtained,

In order to evaluate f , it 1s assumed that the mass.
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density- f is uniform. (Incompressibility has préviously
been assumed.) Uniformity demands ‘l;f = 0 o This assump-

tion allows the change

L Wpetde 2 45 ) vy de

It 1s convenlent to keep the _5 's (in the velocity)
until the integrations are performed. With them

. L p //f{[i n 6n"F(/,.)]+u/c)[i bn"JaﬂJ}Jz

Nn=2

= 'i.f{ d.?.f d/o 9“,,, dn { the brace abovo}

= Z'H’f j;,%i antJ,._ - nlé‘ée’l—n-*l‘ze_ ‘A}&QMJ

+ X Z hb M g ]

: .
T< 2np z {nﬂ o"'/‘! da A" f’(,)/’(,u)

/ R,w
thoyld [T 0 2 e g0}
Now with the fourth-order 5.‘_'8 one gets a fourth-
order T by stopping both summations at tfen. (Keep the
notation T ; one could denote the approximation by +T »

conforming with the above notation for the bn '8,.)

/0 (0
5 - by ['d, grtA
T= 2 f ’Ez;g’ :‘;f ‘:,1 /‘ R W 2w
+ 6.4 f RH[(,‘) ff,,(/‘u,(ﬂ}-

Kd-zf {
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Some of the larger values of n and X do not contpibute.

et/ :
The R ¢4 introduces terms like Qf P,_%.‘ The value
] ,
of ¢ necessary to make ;fo de Pz,% fhy P_Q_ non~-zero causes

the whole contribution to be of fifth or higher order. (A
similar result occurs for the other 1ntegral.)~ All terms
through fourth order are contained in the follmihg expressiont -
S5 s ke
461]' 5 s 322 .:3‘k4.4-
T=2rp] $4.4 [+ smg)s B 4 r00aT R 1 1 AR+ )RR
| . ths
: 6 3
+.§ 48-2f [7(,+4) a,F 421 (148)'¢P) 435 2} ]f;_ cﬁu
Iz
+ bQ zj [36(;«,)4,? ] P

* 'g bebp [ [(:+a\+9(:+4.) 4. + 3¢ SR P £ dn

+ 3t b [ RRR I 4 3¢ by (R
h ST ™
+ be [ [isaYos(malle, f:m(m)’t:& AT A AR
b R g BB (a3 2715, B e
’ i»,f‘-zf [ecrey at P:Jf:,.”f:,. 4
+ (’;}1 f [6+e)+ ?(/4-4)4 R436a, :JE,&)‘ e
+ !:é‘-z/ (1 48) B, %, 4 + b«é‘foiz, A,

LN
—~—

The result of performing the integrations (aee Appendix
II) and replacing 4, by 4,( ¢, ) is - |
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2
+b:.66 %Qt 7 4% n

25 La,
1"—?&54‘4[/* 7 et I % ] + = %% é.}

The introduction of the values obtained for 4‘,, gives the
following result:
e 2 . o2
2T = zvf a, [o,za + 0.257143 @~ o, /o] 388 ¢,

3 4
~0.279045a, —o0.074399 4, }

The effective mass 724 was defined in Chapter III
q
2 ¢
through 2T =72 & “. The A, 1s in the present case the

o used in Chapter III. Thus
: %
7’l=3"’/‘{/+ Fa - 054¢9 fo 2o
lo ~ 2

3 4
-/395225 & - 2/7/975 4,_}

where £ has been eliminated through its definition: if MM

is the mass and (L the volume of the drop, p= M/n_ e For a
nucleus with A nuocleons, each of mass M , f= o MA/ﬂ’ x

! LT 3
(The first two coefficients in 7?7 are exact as written.)

As was stated in Chapter II, the vglue of i obtained

by Frankel and Metropolis is incorrect. They use the same
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definitiod of 74 as 1s used here, so their error in T

is exhibited by their value of m , ?hey givoz

= 3{# {/+ez+ O[Q:)}L

This value of 7’1 can be obtained by using the zero-order
b, 's above., Neglecting the higher powers of &, will
introduce small errors if 4, remains quite small, The'
error in the linear term should not be negligible, The
question of the effect of using the incorrect 72 will be
considered in Chapter VI.'

2 B N .
S. Frankel and N. Metropolis, Phys. Rev. 72, 91l
(1947). : =



CHAPTER VI

SPONTANEO¥S FISSION OF 101¥v256

The predictions of fission activation energies and.
lifetimes based on series approximations usihg the liquid-drop
model are expected to become increasingly better--and e#sier
to obtain--as the atomic number of the nucleus, against which
the predictions are checked, becomes greater. (See page Zh.)
This chapter wi}l consider the half-life for spontaneous fis-
sion of 4, Mv256,

The creation of the nucleus with atomic number 101 was
reported by Ghiorso et gl,l in 1955. They sﬁggested for 1t
the name Mendelevium and the symbol Mv. The mass number was
not definitely determined, but i1t was thought to be 256, The
spontanteous-fission half-life was measured; it was about
three and one-half hours.

The liguid-drop model will prediect the activation energy

E} (see page 29) as well as the half-life for spontaneous
fission. To find these predictions one needs the potential
energy of distortion for the liquid drop. There are two com-
tributions to this potential energy--one a sﬁrface, the other
an electrostatic contribution. Neither contribution 1s

determined in thié'ghesis; both have been determined in other

studies, and the results of one of these studies will be used

1, Ghiorso, B. G. Harvey, G. R. Choppin, S, G. Thompson,
and G, T, Seaborg, Phys. Rev., 98, 1518 (1955).
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here, The calculations are straightforward for both con-
tributions. The electrostatic contribution was formulated

in Chapter IV; the surface contribution will now be formulated,
and then the results of the calculations will be quoted for both.

The surface energy £, 1s proportional to the surface

3
area: : ,
ES = O- ﬁf dS
' where O 1s the surface-energy

density. The part of the surface “energy due to dlstortion is

) k3 1/ p .
cE%= 0.[[ds - 0-4rr* A7 . .
Es E‘ o // 1 F where E; is identifimble

=
on the right. (The 4-7F"°‘O 1s the J of the Weizsacker
formula,) The dS 1is easily found, and

IIJ 'I-A% j( z ' [ JR " ’/"
S< 2mA, -Id/.,K(;«)-[I* (l' ){—R'g; ]
where . . .
Rip) = 4 + h}_‘_ q, Fi(w) 1s defined in Chapter IV,
<o '

The two contributions to the potential energy of dis-

tortions for the case of &,=0 for n=x o, 2 are2

' o T 3 4- &

Es-Ego" Eg 0.4'&‘— 0.038/0 a, 0,211/ a, +a,d¢3f¢:.,
6

+ 0053162, - o0,08883 4: + d,004357 af

+ o0 ]

. 2 ¢

~0,0424:1 q ‘
v’ z

+ )

©
£ &

]

* 400517 ¢ 4, + 0002780 ez‘

2!,1. D, Present and J. K. Knipp, Unpublished calculations.,
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With 2x = E_:/E:, this approximation to the potential energy

of distortion 4E’ becomes
AE’_ Eo L @
=& d,{d.f(:-x) 20, o.?8/o(l+v<)a,_- (o,2171 ~ a,znf-x)a,_
~ ¢
+(0.o?3§+0.o 3206%) 42 # (005314~ & 0848 2x) @,

+(-»o, 08683 +0.011588x)af+ (o,oo+3!7+ o,abfscox) e‘;},
This 4 & 1s;1d$nt1riab;e with the U in theé Gamow factor of
Chapter III, ‘he maximum of 46”7 1g tlie activation energy
£, 3 Be" 3 |
The A"”ﬂ'z) above should be the t?lo.rrier to flssion.
It is going to be a highbr barrier than the AE(4») saddle-
path barrier (sen Chhpter II).* To check this statement, one
needs conplete sbeoification of AF [4:) and values for the
maxima of both AE,(AL) and AE(kn) « The AE[“:) is deter-
minéd by fime the values of E and X« When X (of the
Weizsacker formula) is 16 Mev and X for U239 1s. 0.7k
(X cc Z /A ),)4' Es and X for Mv256 are, respectively,
650 Mev and 0.83 . o

With the Fs .and X fixed, as above 1ndicated,’ror

3Actnally zaro-pointfanergies should be taken into
account, The difference bétween the zero-point emnergy for
very small distol tidne and that for the large-amplitude
distortions is. assumad to be small enough to be negligible,
(See page 12.)

!"‘!'h se ;luﬁp pf Y and X are from R. D. Present,
Nucleonics ’1,
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¥v256, the maximum of AE,@:.) 18 6.l Hév}-tﬁis should be
the activation energy, E; , for this nuciide. This value
1s much larger than the maximum of A E(%y,) predicted by
Reines> whose results would give 2.2 Mev (fdr,*= 0.83 and
Eg? = 650 Mev.) Another compafison'of the two maxima 1s
possible: extrapolation of the results of Frankel and
Metropolis6 places E} for Hv256 between 1,5 and 2,5
Mev. The discx]epancy between the maximum of AE’(QL) and .
these maxima for Af(dn) becomes only slightly smaller by
omitting the &f th term from 155?29: the resulting maximum
is 5.9 Mev.

An evaluation of thesé -activetion-energy predictions
must depend on experimental verification. ThQNAc%}vation
energy of uv256 15 not known; determinations of the activas
tion energies of other nuclides have, hpwever, been mﬁde,
and extrapolatidn of these results can Se used to esfimﬁte
the activation energy of Mbnde;eﬁium. According to the data
assembled by Hill and Wheeler,7 the activation enenmgy of
lendelevium; 54 (M¢) , should be b.?:lev; according to
the data of Seaborg,8< E; (m v) I 4.8 iﬁv; and actording
SPrederick Reines, "Nuclear Fissién aha the Liquid-

Drop Model of the Nucleus™" (Unpublished.Ph.'p. thesis, Depart-
ment of Physics, New York University, Decembésr 19&3),‘Figure 9.

bg, Frankel and N. Metropolis, Phys. Rev, 72, 91l (1947).
7D, L. Efll and J. A, Wheeler, Phys. Rev. 89, 1102 (1953).
8g., T. Seaborg, Phys. Rev. §§, 1“29 (1952),
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to Wheeler's formulae,9 E (M*-") misht be L. 7. . 9, or 5.0
Mev, These results might rix 5_} 5 then, betveen 4.7 and
5.0 Mev, As the predictions of these experimental data lie
midway between the predictions of AE (‘-») ana 4E “(az),
neither of the two functions gives satisfactory values of 3 .

Because of the extreme eensitivity of the half-life to
the height and width of th.e barrier, the lv256 barrier to fis-
sioff must have almost the correct height and ahape if the half-
life for spontaneous fission:is to be even nearly correct,
The barrierv represented by AE/(A;) cannot hope to meet this
requirement uﬁleqe 1ts height is adjusted. Two methods of
adjusting the b\ai;rier have been considered: A _
(1) Adjust AE,’(&,) by taking from this'power’ series in &,

the terms in powers of &, 1less than or equal to d*‘ »

R+ : -
and add to this a term K 2, H : '

AE(4;) = AE/"(‘{;-) + K 4,_‘&*" R ‘

Now fix « Dby demgndirxg that the meximum of this 4F(3z)
-'be eqp.al fo the vehlur, of 54 as ‘predictec r::om experl-
‘mental results. ‘ 1 ' ' _

(2) Take X to bp an adjpstable parameter, and choose 1t to

/
make the maximum of A4A£¢%:) equal to the predicted value

_ of E* ° : - |
The first method was unsabisfactory. PFor 5< k€ 8 the

93..A. Wheeler, "Nuclear Fission and Nuclear Stability,"

in W. Pauli (ed,), Niels Bohr and the Development of thsice 0
(New Yoris . lcﬁraw-ﬂlﬁ Tnc., 13955), Ps 175,

-

£
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required values of K are too larg;, 1.;., the correction is
comparable to the AE,,: (4—3-) for a part of the range of values
taken on by 4, 1in the birrier-anetrétion process, The bar-
rier would be distorted by such corrections; its shape could
not correspond to the physiéal phenomenon. (The calculations
made with this method are summgrized in Appendix III.) The
second method of adjusting the barrier proved satisfactory.
Calculations were made for X= 0.82, 0,83, and 0.845. These
three values covered the range of X -values.needed, and inter-
polations between calculations were used to get thé desired
predictions. ‘

The prediction of the spontaneous-fission half-1ife
requires the use of the Gamow factor of Chapter III. This
requires the identification of, and the determination of values
for, quantities occurring in this factor. The U-E 1in the
Gamow fact.or is equal to the AE'(‘!:.) just discussed--with
the adjustment of X 4 The 7{ of the Gamow factor 1s taken
from Chapter Vo The %, and &, --the 1imlts on the integrkl
in the Gamow factor--remain to be fixéd. ‘The trgnSformation
from nucleon coordinates to deformation parhmetérs of a eon=-
tinuous medium, yade at the-end of Chapter III, shows that
for the continuous medium « has the dimehsion of 'length,
In thP present f?mn o. becomes XK, &, , whete R, 1; the
radius of the undistorted drop representing the Hendelev;um
nucleus--it is the unit of length used in th§ breviohs chap=-

\

ters. The &, becomes R,Q,F Rs7e = 0 3 the &, becomes
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K, QZ=R00- where Q. 1is the second zero of AE’(&,_) e The
value of K, 1s fixed by letting R, =, A'/3 and choosing
v, asl0 1,30 x 10713cm., The Gahow factor is now com=-
pletely determined,

The Gamow factor does not completely determine the half-
life for spontaneous fission. It is the probability of pene--
tration of the barrier each time the system moves in the
direction of fhe barrier. For small 4, the system behaves

like an harmonic oscillator with amplitude @ and with a

N
characteristic fr"equency w-;/zﬂ' PR v < & 1s the Gamow pene-
tration factor, then the probability-per-unit-time of
spontaneous fission is ((d,_/,_;r) & » and the half-life for

spontaneous fission 1s (j«, 7.)-'(277’/&,‘) G o ¢« The expression

for W, given by Bohr and Wheelerll is

{
e e ales (4-&Lﬂ}‘£
£ { IMArY g

(All the symbols have already been defined.) For Nv256 this

is equal to 1l.27 x 1021 sec'l. Thus the expression for the
half-11ife 1s
-/

J 33
o iy x 10

-/
Adc

The evaluation of the half-l1ife requires the evaluation
of the Gamow integral for which the integrand 1s Jm 4E __the

-
square root of a polynomial., The AE 15 4,, times a poly-

0'll'he value comes from R, D, Present, loc. cit.

lly, Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939).
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nomial in 4, h‘(. begins with a constant term, So

Jmae = 4, {m (een})

As ML 1s known omly through the 4: term,12 the function

A€ far 13 used through the dr term only--or, 4F 1s

used in the integral through the 4: term; the higher terms

are dropped.l3 The resulting problem of infegration is solved

by "extractinf the square root"--in this sense: the polynomial

Filen ). > }Z'O % a,“t ' is found for which C f("-z)]z
1s :0qual %o 77 {4 &/a :) through the d.t term, Then ‘

M bE/a:  1s replaced by # (a¢) which 1s integrable,:

. The process of calculation of the half-life for spon-
taneous fis;ion-, the Z,/l » has now been fixed, Two variations
have been made in the process described: '

(1) Calculations made with the effective mass M. which in-
¢ludes the Q: term (see Chapter V) have been repeated
after dropping the d: term, These two sets of c‘,a‘l'»-
culations have been distinguished by using labels 77‘((4:)
to indicate $he former M ana A [42) to indicate the
Alatter.'

(2) Calculations made with the AE,(‘lz) from above have been

repeated after dropbing the G.f th term, and, in some

laThe calculation of additional terms 1s algebraically
very laborious,

13Tho higher terms have been used in evaluating the
upper limit of the Gamow integral,
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cases;, again repeated after dropping the Q: th term,
Tables II;, III, and IV give the results of the calcula-
tions for X=  0.82, 0.83, and 0.845. In these tables the

column headed "last term used" glves a quantity which when

multiplied by E: is the last term used in the power series
’
for 4E7(a,), The (4&)mauy 1s the maximum value of 45 '(q,),

and faz%uax 1s the value of 4, for which this occurs.

The 2 1s the non-zero root of 4f’(¢:) =0 , 7, 1s the

Y,
half-1life, and the 7%« (af) and 7%’(4;) have :Le meaning
given the§ above,

By comparing corresponding entries from the three
tables; one can see theftremendous influence produced in the
predicted half-1ife by a small change in X .

Table V contains the results of interpolating the re-
sults of Tables II, III; and IV--in the process of adjusting
the X -value to make E{; take on a chosen value (see the
discussion above). With the exception of the first and'tﬁird
columns in Table V, all quantities in Table V appear in the
preceding three tables., The first column gives the value of

£

to 5.0 Mev embraces the predicted values.) The third column

accepted for the adjustment process. (The range of L.T7

gives the value of X n?cessary for making the maximum of

AE '(2:) equal to the correspondiné Eg of the first column.
Some of the calqulations presented in Tables II, III,

and IV have been repeated after replacing 7L by the incorréct

Frankel-Metropolis expression for £ . (The results of these

calculations are presented in tabular form in Appendix III.).



TABLE II

CONSTANTS OF THE BARRIER AND SPONTANEOUS-FISSION HALF-LIFE
WHEN x= 0,82

Lastt;s'i‘;rm (A8, x (22) pax a T 75 [ m [Q;.")]

-0.,016392 ag - (No zero occurs short of &,= 1.00.)

-0.079328 &} | 7.1 Mev | 0.72 | 0.94 | 1049 sec (1 day) | 10°°> sec (4 days)

P

740.00891—6' s;g 7.g Mev 0.7-6V 0.98 107‘8 sec (2 yrs) 108'7 sec (16 yrs)

€0t



TABLE III

CONSTANTS OF THE BARRIER AND SPONTANEQUS-FISSION HALF-LIFE
.WHEN x = 0.83

Used UEmax | (@), | o 7, [ ()] 7, [mea2)]
-0.0172} ag - (No zero occurs short of a,= 1.00.)
-0.07921 aZ 5,9 Mev | 0.71 | 0.92 1023 sec (3% min) | 102°9 sec (13 min)

+0.008972 a3 | 6 mev | 0.75 | 0.97 | 105°7 seo (é.days) 10%5 56 LU0 dagal
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TABLE IV

CONSTANTS OF THE BARRIER AND SPONTANEOUS-FISSION HALF-LIFE
WEEN x= 0,845

Last Te
» ﬂUsedrm (AE)ma.x (a, nax * T‘/z [772 (QD] T’/ [m (st)]
: 2

-0.01851 ag - (No zero occurs short of 4,= 1.00.)

-0.0790}4 a; Loy Mev | 0.68 | 0.89 | 1071+5 sec 1070-8 gec

+0.009055 ag 4.7 Mev | 0.72 | 0.93 | 1027 sec (5 sec) | 10%*7 sec (1 min)

~ o~ ~ ~
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TABLE V see tnata af frant o Dnser“mn
preced, ne Tab lo. F Cartants

CONSTANTS OF THE BARRIER AND SPONTANEOUS-FISSION HALF-LIFE

Last
Term
Used

WHEN. & 5 DETERMINES X

T%- . [m (¢2.+)]

Tl/z_ Lm [a,?)]

10708 sec (1/10 sec)

1001 gec (1 sec)

>

10°°7 sec (5 sec)

1017 sec (50 sec)

109°0 gec {1 sec)

100:6 sec (4 sec)

sec (1 min)

10246 gec (é% min)

90T
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The change produsced in the predicbed half-11ife by the change
from 771(43 to M (M) 1s roughly equal 'to the change pro-
duced by changing from n(@t) o 2%643). There 1s always
an increase in half-11ife; the Frankel-Metropolis 7 gives a
half-11ife five to eight times as great as that given by the
m (a.f).
The tables show a number of significant points:
(1) Small changes in x can prodhce remarkably "large changes
in the predictedAaétivation energy and in the predicted
~half=-1l1fe.,
(2) The values of ( 4t))u~p are very large, (Compare these |
(32 )may WAth the saddle-polnt 4, 1in Table I.)
(3) The values of O are quite large for a power-series
devéiopment.lh (For example: (0.9)8 1s 0s43.)
(4) Replacing 7’1(4:) by 77’1[42) increases the predicted
half-1life by as much as a factor of ten.

&
(5) Neglecting the aj

th term in AE'/(_‘z) shortens the pre=-
dicted half-life considerably; the changed prediction
1s about one-fiftieth of the original prediction for the

X =values of interest,
The evaluation of the results presented in this chapter
will be attempted in Chapter VII,

“a

lhThe coefficients in the>power series have not been
shown to decrease in order to assure convergence, Conver=
gence of the series depends on the decreasing size of higher

powers of the variable at >



CHAPTER VII
EVALUATION OF RESULTS AND CONCLUSIONS

The problem of compariﬁg the predictions of the liquid-
drop model with empirical resulfs for Iv256--or any nucleus,
for that matter--1is subject to some uncertainty, A rigorous
calculation would rgquire the evaluation of the contributions
of the many types of distortions (represented by the a,'s)
and Justification of the oﬁission of all but a small finite
number of these distortions. Solution of the general problem
would seem to require some sort of.olectronic computer, When
the X =-value for the nuclide 1s near one, however, few of the

Q, distortions should be required, and one would think that
the power-series expansions would converge rapidly. The results
of the calculations which were given in Chapter VI allow a
comparison of oxpéfimental evidence with predictions based on
such simplified calculations, '

Consider First the convergence of the power-series for
the potential onrrgy of deformation, When one has few terms
in this series, it will converge rapidly if the values of 4,
required remain emall. This does not occur. The values of
a. (see Chapter YI}'are quite large for series methods, These
large values of a4, in the penetration process make one skep~-
tical of the AFf (2,) convergence, (The slow convergence with
large 4, 1s somewhat ameliorated in the evaluation of the

9
half-1ife: 1in the integration 45 integrates as -# 4 , and
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the coefficlent caused by integration helps the convergence, )

The adjustment of the barrier through the choice of X
seems to be essential, The >< » 1tself, for any given nuclide,
is somewhat uncertain, It is inversely proportional to the
7 h,, both of which are some‘wha‘t uncertain, Values of ‘&,
may be found to vary from ~ 1,2 to ~ 1,5 (in units of 10-13cm),
and values of ¥ used by various authors range from ~ 1 to _
~ 18 Mev, The product of the two, 7'!, s 18 not so variable;
values range from 20.7 to 2l1.7 (in units corresponding to
thé separate units), The\change produced in X when it 'was
modified to adjust the barrier was small in comparison with
uncertainty in X resulting from uncertainty in ¥ n, o1
From this viewpoint, then, the adjustment is satisfactory.
The adjustment is satisfactory from a second viewpoint: the
change of X leaves the barrier a true liquid-drop potentiale-
energy barrier--the change of the potential energy of dis-
tortion with 4,_ repregents an actual physical phenomenon,

(This was not the case with the other method of adjusting
the barrier as it distorted the barrier considerably for

11t one considers Eg%ues of ¥, that correspond to
various X values for Mv s he finds for x =0, 83 ;

Yhe © 20% , for Xwo 845 ¢t Ya,= 20«4 , gnd for

Xz 0.77 i fAe, = 22.3 o (Units for va. are .

Mev x (10-13cm).) The value of x, X= o.77 , is roughly
the value needed to cause the saddle-path maximum of Reines!
A E (a,) to become L.7 to 5.0 Mev, ;

Frederick Reines, "Nuclear Fission and the Liquid=~
Drop Model of the Nucleus™ (Unpublished Ph, D, thesis,
Department of Physics, New York University, Dedember 1943),
Fig. 9. |
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larger values of 4, ,)

It should be noted that a single parameter is used in
- adjusting the barrier; the adjustment 'changés the helght to
meet a fixed value, and other charige; in<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>