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Abstract

Commuting squares arise as algebraic-combinatorial invariants in Jones’ theory of
subfactors. They can also be used to construct subfactors via iterating the basic construction,
and a lot of the known examples of subfactors are obtained this way. In this thesis, we
use deformation techniques to investigate the structure of the moduli space of commuting
squares, and of a larger class of generalized commuting squares.

In the first part of the thesis, we consider generalizations of commuting squares,
called twisted commuting squares, obtained by having the commuting square orthogonality
condition hold with respect to the inner product given by a faithful state on a finite
dimensional matrix algebra. We present various examples of twisted commuting squares,
most of which are computationally easy to work with, and we prove an isolation result. We
also give an application to the theory of associative deformations of the matrix multiplication.

In the second part of the thesis, we investigate commuting squares arising from finite
groups. We define the undephased defect d(G) and the dephased defect d(G) for a finite group
G, which generalize the existing notions of defect for Fourier matrices. The undephased and
dephased defects give upper bounds on the number of independent directions in which the
commuting square associated to G can be deformed by any (possibly isomorphic) commuting
squares, respectively by non-isomorphic commuting squares. We find a canonical basis of
independent directions in which the commuting square associated to G can be deformed,
and we explicitly construct parametric families of commuting squares in each of the d(G)
directions of this basis. In particular, we obtain parametric families of complex Hadamard

matrices stemming from the Fourier matrix of non-prime dimension.
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Chapter 1

Summary of Main Results

In this dissertation we study commuting squares of finite dimensional von Neuman

algebras; i.e. squares of inclusions of finite dimensional matrix algebras:

P, C P
¢=1 U U,
Q1 C Qo

with a faithful trace 7 on Fy such that the vector space P_1 © @) _; is orthogonal to Qo © @ _;
with respect to the inner product defined by 7 on F,. Note that all of our traces are assumed

to be normalized, i.e. 7(1) = 1.

Commuting squares were introduced by Popa in [28], as invariants in Jones’ theory of
subfactors ([15], [13]). They encode the generalized symmetries of the subfactor and in a lot
of situations are complete invariants ([28], [29]). In particular, any finite group G or order

n can be encoded in a commuting square:

C M,(C)
Cc=|U u T
C c C[d]



where D = 1°(G) is the algebra of n x n diagonal matrices, and C[G] denotes the group
algebra of GG. It can be shown that two group commuting squares are isomorphic if and only
if the corresponding groups are isomorphic. The subfactor associated to € by iterating
Jones’ basic construction is a cross product subfactor. Moreover, if GG is abelian, then &g is
a spin model commuting square, and the associated subfactor is a Hadamard subfactor in

the sense of [20].

In [19], Nicoara initiated a study of the deformations of a commuting square, in the class
of commuting squares. It was shown that if a commuting square satisfies a certain span
condition, then it is isolated among all non-isomorphic commuting squares. In the case of
Cq, the span condition asks that V' be equal to M, (C), where V is the subspace of M, (C)

given by :

V =span{du — ud : d € D,u € C[G]} + C[G] + C[G] + D.

When the span condition fails, the dimension d’(G) of V+ = M, © V can be interpreted
as an upper bound for the number of independent directions in which €4 can be deformed

by non-isomorphic commuting squares. We define the following;:

Definition 1.0.1. The undephased defect of a finite group G is

d(G) = n* — dim¢([D, C[G])).

The dephased defect of G is

d'(G) = n* — dime([D, C[G]] + C[G] + C[G]' + D).

We calculate the dephased and undephased defects of G. Let ¢l(G) denote the class
number of G; i.e. ¢l(G) is the number of distinct conjugacy classes of G. We prove the

following two theorems:



Theorem 1.1.

G
1) =2, m|~d<|g>'

Theorem 1.2. The dephased and the undephased defects of a finite group G are related as

follows:

d(G) = ZC; OldG(L) —3n41+d(G).

We also show that d(G) is the best possible bound in the following sense: there exists a

basis for [D, C[G]]*+, such that for every a in the basis there is an analytic family of commuting

squares containing €4 and of direction a.

Theorem 1.3. There is a basis for {a : a L [D,C[G]]} such that for every a in the basis
there is an analytic family of commuting squares containing € and of direction a. More

precisely, for each a in the basis and t € R, if U, = e**, then

D c M,(C)
&=1u U T
C < ULCIGIU;

18 @ commuting square.

However, we show that it is not true in general that every (hermitian of unit length)
a € [D,C[G]]* is a direction of convergence. We also investigate what other conditions such
a should satisfy. In the case of G = 7Z,,, we prove that the ‘second order conditions’, in the

sense of Nicoara ([21]), don’t change the number of directions.

Theorem 1.4. Let G =7, and a L [D,C[G]], then there exits b € M, such that
e b+b*=ua
e 7(b[p, q]) = 7(pqa®) — T(paga) for all p € D and q € C|G].

We also introduce a generalization of commuting squares which we call twisted commuting

squares. We discuss some analogous results for them.



Chapter 2

Preliminaries

In this chapter, we cover preliminary results. We start with the span condition.

2.1 Span condition preliminaries

We now recall some definitions and results due to Nicoara (see [19]) about commuting
squares that will aid in answering the question “when is a Hadamard matrix isolated?” In

[5], Christensen gives the following definition:

Definition 2.1.1. Let A be a finite dimensional von Neumann algebra with identity I and
normalized trace T. Denote by S(A) the set of all x-subalgebras of A containing I. For By,
By € S(A) and 6 > 0 we say B is §-contained in By if for every v € By with ||z|| =1 there
evists y € By such that ||z —yl|2 < § (where ||z||y = /T(x*x)). If By is 6-contained in By

and By is 0-contained in By, we write ||By — Ba||2,a < 0.

Remark 2.1.2. Arguments from [5] show that there exists a continuous increasing function
f :]0,00) = [0,00), f(0) = 0 such that if 0 is small and ||By — Ba|la.a < 0 then By =
Ad(U)(By) = UBLU* for some unitary U € A, ||U — I||]2 < f(9).

Definition 2.1.3. We say that the commuting square of matriz algebras



1s isolated if there exists & > 0 such that if

ﬁ_l c F
aﬁ: U U, 7
@71 C éo

s a commuting square and ¢ : Py — Py is a trace-invariant x-isomorphism satisfying

lo(P-1) — 15—1||2,ﬁ0 <4, |lp(Q@-1) — @—1“2,}30 <4, |lp(Qo) — @0||2,ﬁ0 <9

then C is 1somorphic to €.

For algebras B C A, we will use the notation

B'NnA={a€ A:ab=ba,Vbe B}.

Lemma 2.0.1. Let

P, C F
C=1| U U, T
Q-1 C Qo

be a commuting square of finite dimensional von Neumann algebras, with trace 7. Then &€
is isolated if and only if there exists € > 0 such that if U € Q_, N Py is a unitary with
|U = 1Il|2 <€, and



P, C =)
cU)=1| U U, T
Q-1 C UQoU~

is a commuting square, then €(U) is isomorphic to €.

Now, to get a condition for isolation the idea is that if the commuting square € is not
isolated then there exists unitaries U,, converging to I such that U, # I and &€(U,,) are non-
isomorphic commuting squares, then we may write out the commuting square condition for
each n and take the “derivative” of this relationship along some “direction of convergence”
of U,. By a direction of convergence, we mean the following: let U, = exp(ih,) € Py for
some nonzero hermitians h, € Py converging to 0. By the compactness of the unit ball
(in the finite dimensional algebra F), we may assume, after passing to a subsequence, that

Hh 1= hekh, ||h|| = 1. We will refer to h as a direction of convergence of (U, )p.

[Un 1]
Al

U L s b implies that [t =11|

Finally, note that : — ||h]] = 1 and consequently

U, — I
h=lm —
w500 1|[Un — 1||

Note the inclusion of 1 in the definition of A ensures that A is hermitian.

2.1.1 Span condition

For subalgebras A and B of an algebra C, let

[A, B] = span{ab — ba : a € A,b € B}.

Definition 2.1.4. We say that the commuting square

P, C F
cU)=1 U U, 7
Q-1 C Qo



satisfies the span condition if:

[P_1, Qo] + (Q_1 N P_1) +(Q1NQo) + (P N Ry) + (Qy N ) = Py

Note that in general dim[P_;, Qo] < dim(FPy) — dim(Q , NP, +Q , NQy+ P, N Py +
Q, N Py), so the span condition simply asks for the dimension of the commutator [P_;, Q]

to be maximal.

Theorem 2.1.5. (Nicoara 2007) If the commuting square of finite dimensional von Neumann

algebras
P, C PF
¢ = U U, T
Q-1 C Qo

satisfies the span condition of 2.1.4, then € is isolated.

2.2 Hadamard matrices

One of the simplest examples of commuting squares is:

D < M,(C)
cU)=|uU U, 7
C c UDU*

where D is the algebra of diagonal matrixes, U = F, = —= (), i, with e = e ([27)).

Note that UDU* is precisely the algebra of circulant permutation matrices.

We call F), the standard biunitary of order n. More generally, one can ask for which U
is €(U) a commuting square. The commuting square condition asks that D and UDU* be
orthogonal modulo their intersection C. For 0 <i <n —1, let d; = e;; where {e; ; }o<ij<n—1

are the standard matrix units of M,(C). Then for each i and j, we have



1 1 ,
0=7((di = ~DUGU") = (diUd;U") = ~7(d;) = == = .

Thus, U is a unitary having all entries of the same absolute value \/Lﬁ Such a matrix is called
a biunitary matriz. If we renormalize U so that all entries of U are unimodular, then we say
U is a (complex) Hadamard matriz. Note that we will interchangeably use H is a complex

Hadamard matrix if HH* = nl, and all entries of H are unimodular.

Two Hadamard matrices, H; and H,, are equivalent if there exists unitary diagonal

matrices D¢, Do and permutation matrices P;, P, such that

H2 - PlDlHQDQPQ.

It is easy to see that Hy and H, are equivalent if and only if €(H;) and €(H;) are isomorphic
as commuting squares, i.e. conjugate by a unitary from M, (C). Note that the operations
allowed in this definition are precisely the operations one can do to Hs in order to maintain
the orthogonality of D and H;DH; modulo C. Furthermore, it is clear that any Hadamard
matrix is equivalent to a Hadamard matrix with the first row and first column consisting of

1s.

Definition 2.2.1. A complex Hadamard matriz is called dephased if the entries of its first

row and column are all equal to 1:

Hy;,=H,;=1 fori=1,...,n

)

For every n composite, one may construct infinitely many non-equivalent Hadamard
matrices by certain modifications of the elements of the Fourier matrix. For example, if

n=4



11 -1 -1
UA) =
1 -1 A —A
1 -1 —A A

where |A\| = 1 is a one-parameter family of Hadamard matrices.

Now we apply Theorem 2.1.5 to commuting squares given by Hadamard matrices. Since
the algebras D and UDU* are abelian and orthogonal modulo their intersection CI the span

condition becomes:

dim([D,UDU*)) =n* - 2n+1= (n—1)%
Thus, we have the following:

Proposition 2.2.2. IfU € M, (C) is a biunitary matriz such that the dimension of the vector
space [D, UDU*| is n? —2n + 1, then U is isolated among all biunitaries (up to equivalence).

Note that intuitively, the quantity (n—1)?—dim[D, UDU*| measures how many parametric
families should pass through U (1 for each possible direction of convergence). Furthermore,
the theorem is only one implication. It is currently unknown whether the span condition is

both necessary and sufficient.

Independently, Tadej and Zyczkowski ([33]) found an equivalent way to decide when a

Hadamard matrix was isolated.

Definition 2.2.3. The defect d(H) of an nxn complex Hadamard matriz H is the dimension

of the solution space of the real linear system with respect to a matriz variable R € R™ :



RL]‘:O jE{Q,...,’I’L}

RZ’J:O i€{2,...,n}

Z Hi Hip(Rig — Rjx) =0 1< jk<n.
=1

Using the defect, we may formulate a condition that ensures isolation:
Lemma 2.0.2. A dephased complex Hadamard matriz H is isolated if d(H) = 0.

Next, we will give a little background for how the idea of the defect came about. Let U,
denote the unitary group of matrices of order n. Let C,, denote the set of complex Hadamard

matrices and note that

C,, = My (T) N v,

is a real algebraic manifold. Tadej and Zyczkowski compute the “enveloping tangent space”

at a complex Hadamard matrix H € M,, given by:

TyCy = TyMy(T) N Tayv/nU,.

In [1], Banica gives a strict algebraic interpretation in our setting of the results of Tadej
and Zyczkowski. Let M/ (C) € M,(C) be the set of matrices which have 1s on the first row
and column. Let D,, = C, "M/ (C). Then D, is simply the submanifold of C,, consisting of

dephased matrices. We get the following theorem by using some basic differential geometry:

Theorem 2.2.4. We have a canonical identification

THCn = {A € MH<R) : Z Hi,kﬁj,k(Ai,k — Aj,k) = O}
k

and Ty D,, consists of the matrices A € TyC, having 0 on the first row and column.

10



It is a fact that for a Hadamard matrix H and if U = \/LEH , the defect and the span

condition are related by

d(H) = (n —1)* — dim[D, UDU"].

In the following sections, we give an overview of some of the known results related to

Hadamard matrices.

2.2.1 Real Hadamard matrices

Hadamard matrices were first introduced in 1867 by Sylvester in [32]. Originally, all
entries were required to be +1; i.e. a real Hadamard matriz. Unlike complex Hadamard
matrices, real Hadamard matrices can only exist when n = 1, 2 or is a multiple of 4. Indeed,
for n > 2, suppose H is a normalized Hadamard matrix (all entries in the first row are 1).
Consider the first three rows of H. Since H is normalized, each column of the first three

rows must have one of the following four forms:

1 1 1 1
1 ) 1 ) _1 ) _1
1 -1 1 -1

Let the numbers of columns of such forms be denoted by z, y, z, and w. Since the rows

are orthogonal, x, y, z, and w satisfy

r+y+z+tw=1
r+y—z—w=0
rT—y+z—w=0

rT—y—z+w=0

which has only one solution, x = y = z = w = 4. Thus, n is a multiple of 4.

Conjecture 2.2.5. (Hadamard) For n = 4k, there exists a real Hadamard matriz.

11



It has been verified that the conjecture holds for every multiple of 4 up to 664. In fact,
668, 716 and 892 are the only multiples up to 1000 for which there is no known Hadamard
matrix. The real Hadamard matrices play an important role in statistics (mainly in designs

of experiments). Let S be a set of s symbols or levels. We recall the following definition:

Definition 2.2.6. An N X k array A with entries from S is said to be an orthogonal array
with s levels, strength t (for 0 <t < k), and index X\ if every N X t subarray of A contains

each t-tuple based on S exactly A times as a row.

Note that the term levels is frequently used because these arrays arise in designs
of experiments where the symbols typically indicate the levels or settings of the factors
(variables) whose effects on the response variable are of interest in the experiment. It is a
fact that A\ is determined by the other parameters since A\ = g Therefore, we notate such
an orthogonal array by OA(N,k,s,t) . It is easy to see that OA(4\, 4\ — 1,2,2) exists if
and only if there is a Hadamard matrix of order 4. There are several constructions yielding
various orders of real Hadamard matrices (see Chapter 14 of [10]). In [10], constructions

producing the following orders where p is an odd prime are described:
o 2

e p"+1=0 (mod 4)

h(p" + 1), h the order of a Hadamard matrix

h(h — 1), h a product of numbers of the form 2" and p" +1 =0 (mod 4)

e h(h+ 3) with h and h + 4 as above

hiho(p" 4+ 1)p" where h; and hy are orders of Hadamard matrices

hihos(s + 3) with hy, hy as above and s, s + 4 of the form p" + 1

q(q+2)+ 1, g and g + 2 of the form p".

Most of these constructions use constructions due to Paley. In [25], we get:

12



Theorem 2.2.7. Let p be a prime, p = 3 (mod 4), and consider the matriz () € M,(R)
defined by:

(
1 if 1 — 7 is a quadratic residue mod p
Qij =94 —1 ifi—j is a quadratic non-residue mod p
0 ifi=j
(
Then
1 1,
Hyp = T
-1, Q+1,

where 1, denotes the p x 1 row matriz of 1s and I, is the p X p identity matriz is a Hadamard

matriz of order p+ 1.

Recall, a # 0 is a quadratic mod p if there exists z such that a = z*(mod p). Note that Q
is a conference matriz. Furthermore, if p =1 (mod 4), we still can get a Hadamard matrix

using the same @) as above. Indeed, by letting

0 1,
T

L, Q
we get that

S+ [p+1 S— [p+1

Hapyiny =
S—Iy —S—1I4

is a Hadamard matrix of order 2(p + 1).

2.2.1.1 Application

Real Hadamard matrices are useful in the theory of codes. To each real Hadamard matrix,

we may associate a code. We recall some standard definitions from coding theory.

13



Definition 2.2.8. Let A be an alphabet. A code over A is a subset C' of A™ for some positive
integer n. We say that n is the length of the code. The elements of C' are called codewords.
We say that |C| is the size of the code. The distance of a code is the minimum Hamming
distance between any two distinct codewords, i.e., the minimum number of positions at which

two distinct codewords differ.

Definition 2.2.9. If C' is a code of length n, size M and minimum distance d then C' is
said to be a (n, M,d)-code.

Definition 2.2.10. A binary code is a code over {0,1}.

Definition 2.2.11. Let H, be a real Hadamard matriz. A Hadamard code of length n,
denoted Had,, is the binary code derived from H, by replacing all —1 values with 0 in H,

and then taking all the rows of H,, and their complements as codewords.

Note that since any two rows of H differ in exactly % positions, the minimum distance

of the code is 3.
Proposition 2.2.12. Let H,, be a Hadamard matriz. Then, the Hadamard code Had,, derived
from H, is a binary (n,2n, 3)-code.

To decode a code, we have to unravel it. Let ¢t = | (2 —1)/2] = 2* be its error-correcting
capacity. Given a vector y of length n, y € {0,1}", let g be the result of replacing 0 with
—1in y. First compute §7 H,, then take the maximum absolute value as a codeword; if it is

positive, the codeword came from H,, and if it is negative, the codeword came from —H,,.

The code (32, 64, 16) was used between 1969 and 1972 by the Mariner spacecraft to
transmit images of Mars with 6-bit datawords, which represented 64 grayscale values. Note

that with this code, errors of up to 7 bits per word can be corrected using this scheme.

2.2.2 Complex Hadamard matrices

A natural question one asks is “how many Hadamard matrices exist (up to equivalence)

for each n?” While all Hadamard matrices of orders up to 5 are classified with n = 5 done in a

14



paper by Haageruup ([9]), it seems very hard to describe Hadamard matrices of higher orders,
such a classification not being known even for n = 6. For n composite, some constructions
of parametric families of Hadamard matrices whose entries are linear functions (also called
affine families, see [33]) are presented in papers by Dita and Matolesi and Szoll6si ([6],[17]).
There is however no general procedure of constructing such families with non-affine entries,
or for n prime. A catalogue of most known complex Hadamard matrices of small order (up

to order 16) can be found in [33].

We will show the classification for n = 3 and 4. For n = 5, the solution is already non-
trivial and the computations already require a few lemmas. We recall the following lemmas

about algebraic manipulations of complex numbers.

Lemma 2.0.3. Ifz,y,z € C such that |z| = |y| = |2| =1 and x + y + 2z = 0, then x = ze

and y = ze* where € € {3 + %37% — %5}
Proof. Conjugating x + y + z = 0 we obtain % + % + % = 0. Solving and eliminating z, we

1
y+z

get = i + % or equivalently (‘g)Q + 2+ 1= 0. Thus, y = ez with € as above. Since
l+e+e2=0,0=—-y—2=—2(1+¢) =z

It is now easy to see that up to equivalence there is only one Hadamard matrix of order 3.
Indeed, if H is a Hadamard matrix of order 3 we may normalize it (i.e. put it into dephased

form) and assume

1 1 1
H = 1 1 X9
I vy1 v

Applying the lemma, we have z; = € and y; = € with € with € as defined in the lemma.
The orthogonality of the 2nd and 3rd columns gives x5 = €% and y; = e. Thus, all order 3

Hadamard matrices are equivalent to Fj.
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Lemma 2.0.4. Ifx,y,z,t € C such that |z| = |y| = |z| = |t| =1 and x+y+ 2+t =0, then

x € {-y,—z —t}.

Proof. A routine calculation shows

(z+y)(x+2)(x+t)=2*(x+y+2z+1t) +ayz + zyt + w2t + yzt
=xyz + xyt + x2t + yzt

=2yzt(T+y+zZ+1t) =0.

We use this lemma to classify the Hadamard matrices of order 4. After normalizing so
that the first row and column are 1s, the lemma says each row and column of H must contain
at least one —1. In fact, we must have a column which has two —1s. If this is the case, then

H is equivalent to a matrix of the form:

1 1 1 1
1 1 -1 -1
1 -1 X =X
1 -1 =X A

where |[A\| = 1. Suppose that H doesn’t have two —1s in a column. Then H is equivalent to

— =
-

[S—

= —
-

8

—_
I
8
I
—_
8

1 o —x -1

The orthogonality of the 2nd and 3rd columns gives 0 =1 —Z +x — |z|*> = x — T. Thus,
r = %1 and hence H does indeed contain a column with two —1s. Therefore, H is equivalent

to:
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—_
—_
—_
—_

11 -1 -1
1 -1 X =
1 -1 =X A

for some |A| = 1. Hence, we have a 1—D orbit of Hadamard matrices when n = 4.

As n gets bigger, the problem of classifying all equivalence classes gets much more difficult.
The difficulty lies in trying to extend these lemmas to higher orders so that we may reduce the
number of parameters in the dephased form. In 1996, Haagerup ([9]) showed that for n = 5,
all Hadamard matrices are equivalent to F;. The calculations already rely on roughly 12
pages of algebraic manipulations and lemmas. In fact, many of the computations ultimately

rely on the following lemma and some careful analysis of what the entries must be:

Lemma 2.0.5. Let |u| = |v| =|s| = |t| = 1. Then

(u+v)(5+1)(us +vt) € R.

Proof. The idea is simply to expand the quantity in the lemma and regroup using the basic

fact that 2 +Z € R for all z € C. Indeed,

(u+v)(5+ t)(us + vt) = (us + vt + ut + v3) (us + vt)

= 2+ (uvst + uvst) + (v + uv) + (5t + st) .

For n = 6, a complete classification is unknown; however, Beauchamp and Nicoara ([2])
have classified all self-adjoint Hadamard matrices. They obtain the following one-parameter

non affine family:
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where 6 € |—m, — arccos (#gﬂ U [arccos (’1;\/?:> ,7Ti| and the variables z, vy, z, and t

are given by:

y = exp(if)
1+ 2y —y?
y(—1+42y +y?)
L2y V2V 2+ 29 4y
1+ 2y —y?
142y 492 —V2/1+2y+ 22 + o
- —14 2y + y? '

t

A search for a symmetric analogue of the above matrices yields the following classification

of symmetric matrices found by Matolcsi and Szoll6si in [18]:

=
=
—
—
8
~—
—_ —_ —_ —_ —_ —_

where
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22— o1 _(x2—2x—1)\/16—]x2—2x—1\2

“= 4 i 4]x? —2x — 1]
, 22— 9 — 1 .<X2—2X—1)\/16—’X2—2X—1|2
= —1i
4 4]x%2 —2x — 1]
pa1 | 4Dl
=— i
4 A1+ 1
el (4 ny16- e
=— —1i
4 41x2+1|
:L.2_|_2x_1+'(X2+2X—1)\/16—|X2+2X—1|2
= i
‘ 1 AP+ 2x — 1
; 224 9r 1 .(X2+2X—1)\/16—|X2+2X—1|2
= —1
4 41x2 +2x — 1|

and x # =i is any unimodular number.

The next example is perhaps the most well-known example of order 6. It is of Butson-type.

Definition 2.2.13. We say that a compler Hadamard matric H of order n is of Butson-
type, if H is composed from the q—th roots of unity for some q. This class of matrices is

denoted by BH (n,q).

The following example was found by Butson in [4] and is in BH(6, 3):
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where w is a primitive third root of unity. The reason this matrix is so well-known is that

Tao ([34]) used it to disprove Fuglede’s conjecture:

Conjecture 2.2.14. A domain 2 admits a spectrum if and only if it is possible to tile R"
by a family of translates {t +Q : t € A} of Q (ignoring sets of measure 0).

We recall that A C R™ is a spectrum of € if {\/ﬁe%ix'5 }eea is an orthonormal basis of L?(2).
In [8], Fuglede proved this conjecture (also known as the spectral set conjecture) under the

additional assumption that the tiling set or the spectrum are lattice subsets of R".

2.2.2.1 Isolation results

It turns out that the span condition is satisfied for Séo); so, it is isolated. Randomly
chosen members, U, of the other families of Hadamard matrices above all have (n — 1) —
dim[D, UDU*|] = 4. Hence, all of them, except for the single isolated point Séo), maght
be part of a larger four-parameter family. Furthermore, numerical experiments done by
Skinner, Newell, and Sanchez seem to confirm the presence of a four-parameter family in a
neighborhood of the Fourier matrix, Fg ([31]). Thus, we have the following conjecture, which

is widely believed to be true:

Conjecture 2.2.15. There is a four-parameter family of complex Hadamard matrices of

order 6 containing the Fourier matriz or order 6, Fg.

In fact, recently, in a PhD thesis by Szollsi ([18]), more evidence has come to light. He
constructs a family of order 6 matrices that has four parameters; however, the construction
is not explicit. Furthermore, it is unclear if the Fourier matrix is included in this four
parameter family. Recently, Dita in [7] has come up with another construction that yields
four-parameter families; however, “the peculiarity of all of them is that they are long matrices
which can be stored and viewed only in an electronic format”. Thus, the question still

remains.
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Naturally, we should ask the question about whether F), is isolated as it is a well-known
matrix with many applications throughout mathematics. With the span condition, one can

get a simple proof (see [19]) of the following result due to Petrescu ([26]):
Theorem 2.2.16. F}, is isolated if and only if n is prime.

We will give some background and interesting results that arose in thinking about this

problem.

Problem 2.2.17. (S. Popa, 1981) For p prime, is F, the only Hadamard matriz of order

p? (Up to equivalence of course)

It took almost a decade to answer this question. In 1990-1992, de la Harpe-Jones and
Munemassa-Watatani constructed another example of a Hadamard matrix for every prime

p > 5, obtained as a circulant matrix with 1st row

(Il To ... Tp-1 ZL‘p>

with entries x1 = 1, z; = a or 8 for i > 1, depending on whether 7 is or is not a quadratic

residue mod p (for some complex numbers |o| = |B| = 1).

A related problem is due to Enflo:

Problem 2.2.18. (Enflo, 1983) Is it true that for p prime there ezists a unique x : Z, — T

such that x, & are both unimodular where & is the Fourier transform of Z,?

Bjorck solved this problem for p > 7 using the same example that de la Harpe-Jones and
Munemassa-Watatani came up with above. It turns out that classifying circulant Hadamard

matrices is equivalent to Bjorck’s problem of classifying cyclic n-roots ([3]).

Consequently, the problem shifted to answering whether or not the number of Hadamard
matrices of prime order was finite. Haagerup proved that for every n prime there are finitely

many circulant Hadamard matrices. It would seem that the number of Hadamard matrices
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of prime order is finite; however, in 1994, Petrescu constructed examples of one-parameter

families of inequivalent Hadamard matrices for n =

examples found for n = 7 is:

A wt Wb WP

where || =1 and w is a primitive 6-th root of unity.

2.2.2.2 Banica’s results

7, 13, 19, 31, and 79. One of the

wow 1
wow 1
w w1
w w1
wt Wb 1
Wwhowt 1

1

In this section, we give some motivation to the ideas that led to Chapter 3. In [1], Banica

gives the following definitions:

Definition 2.2.19. Associated to a complex Hadamard matriz H € M, (C) are:

e the dephased defect d'(H) = dim(TyD,,)

e the undephased defect d(H) = dim(TyC,,)

where C,, is the set of complex Hadamard matrices in M, (C) (which is a real algebraic

manifold) and D,, denotes the set of dephased complex Hadamard matrices which is a real

algebraic submanifold of C,.

Observe that d'(H) is precisely the defect introduced by Tadej and Zyczkowski in [33].

It is easy to see that d(H) and d'(H) are related by:

Proposition 2.2.20. d'(H) = d(H) — 2n + 1.
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In [33], the (dephased) defect of the Fourier matrix is calculated as:

n—1
1—N+2>,2 ged(n,l) for n odd
, _ =
R
1—3+42> 72, ged(n,l)  for n even.

Note that to a finite abelian group, we may associate a “generalized Fourier matrix”.

More precisely, suppose G = Z,,, X ... X Zy, is a finite abelian group, then

Foe=F,®...F,.

In [1], Banica shows that the defect of Fg is simply

i) = 3 o

geG
In Chapter 3, we will generalize the notion of the defect associated to a finite abelian
group to any finite group. In particular, we will obtain a simpler proof to the formula given

above.

2.2.2.3 Application

In this section, we will give an application related to Hadamard matrices. From quantum

information theory, we have the following definition:

Definition 2.2.21. Two orthonormal bases of C", By and By are called mutually unbiased
if for every e € By and f € By we have |{e, )| = \/Lﬁ A collection of orthonormal bases

{Bi}1<i<m are called (pairwise) mutually unbiased if B; and B; are mutually unbiased for
i .
Mutually unbiased bases are referred to as MUBs. Clearly, we may identify each B;

with a unitary matrix B; of order n, whose rows are simply the basis vectors in B;. It is

easy to see that by fixing By = I, every other B; is a complex Hadamard matrix (up to a
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scaling factor). Therefore, understanding MUBs requires understanding complex Hadamard

matrices and vice-versa.

A natural question one asks is:
Problem 2.2.22. Decide the maximal number of MUBs in C" for any n.

It is easy to see that if {7, \/LHHQ, . \%Hm} is a collection of MUBs, then \/iﬁHiH; are

complex Hadamard matrices for every 2 < ¢ < j < m. Note the similarity to maximal
abelian subalgebras (MASAs). In M, (C), it is easy to see that the only MASAs are UD, U*
where D,, denotes the diagonal matrices in M,(C) and U is a Hadamard matrix. Thus, a
collection of MUBs also gives rise to a collection of orthogonal MASAs. Therefore, we have

the following:

Proposition 2.2.23. There are at most n+1 MUBs in C" and at most 5 + 1 real MUBs
m R™.

The upper bound of n + 1 is achieved for prime powers. In [11], we have the following:

Theorem 2.2.24. For every prime power n = p* there is a complete set of MUBSs consisting

of p* + 1 bases in C".

For n composite, the task remains elusive and does not have an obvious answer either
numerically or algebraically. It is easy to find a lower bound using the tensor product of

matrices (which preserves Hadamard matrices).

Proposition 2.2.25. Suppose there are my and my MUBS in C™ and C™2, respectively.

Then there ezists at least min{my, mo} MUBs in C™"2.

Using the theorem above and noting the smallest prime divisor can be 2, we have the

following;:

Corollary 2.2.26. For every n > 1, there is a triplet of MUBs in C™.
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Our interest in Hadamard matrices, mainly in obtaining one-parameter families of non-
equivalent Hadamard matrices, comes from the possibility of constructing subfactors from
the corresponding commuting squares (see for instance [14]). However, it is hard to decide

if such subfactors are non-isomorphic, or to compute their principal graphs.

2.3 Subfactors from commuting squares

2.3.1 Preliminaries

In this section we review some concepts and results of subfactor theory. The references

we use are [12], [28], [29], [30].

Definition 2.3.1. A von Neumann algebra is a x-subalgebra, M, of B(H) such that the

identity operator is in M and

M=

Let M' ={T € B(H) : TM = MT}. We have the following algebraic characterization

of von Neumann algebras:

Theorem 2.3.2. (von Neumann’s bicommutant theorem) M is a von Neumann algebra if

and only if M = M".

Definition 2.3.3. We say a von Neumann algebra M is a factor if it has trivial center, i.e.

MnM =C. A wvon Neumann algebra N is a subfactor of M if N is a factor and N C M.

Recall, we say M is finite if every isometry v € M is a unitary. We have the following

classification of factors:
e if M has minimal projections, we say it is of type I.

— If M is finite, then it is of type I,, for some positive integer n and in which case

M = B(H) = M,(C).
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— If M is infinite, then it is of type I. In this case, M = B(H) with dim H = co.
e If M has no minimal projections, then we have the following:
— if M is finite, we say it is of type II;.

— if M is infinite, we have the following dichotomy:

« if M is seminfinite, we say it is of type II.,. Here, M = N ® B(H) where N
is a type II; factor.

x if M is purely infinite, we say it is of type III.

We restrict ourselves to the case of M being a von Neumann algebra with a faithful

normal trace 7. A faithful normal trace 7 is a functional satisfying

e 7 is a positive linear functional with 7(1) =1
e 7 is faithful, i.e. for all x € M, 7(z*z) = 0 implies z = 0

e 7 is normal, i.e. 7 is weakly continuous on (M);, the unit ball of M with respect to

the uniform norm || - ||«

e T is a trace, i.e. for all x, y € M, 7(zy) = 7(yz).

Let N C M be an inclusion of von Neumann algebras with a faithful normal tracial state
7. We will denote by ||z||ls = /7(z*z) the Hilbert norm given by 7 on M, and denote
by L*(M,7) the completion of M in this norm. Elements z € M will be denoted & when

regarded as vectors in L?(M, 7).
M acts on L?(M, 1) by left and right multiplication, which we will denote as L(x), R(z) €

B(L*(M, 7)) for x € M. We identify M with L(M) C B(L*(M,1)). Let Jy(&) = * be the
canonical conjugation. Then Jy L(x)Jy = R(x*) and hence, Jy L(M)J,, = R(M).
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2.3.2 Jones’ Basic Construction

Let N € M C B(L*(M,7)) be an inclusion of von Neumann algebras. Let ex €
B(L?*(M,T)) denote the orthogonal projection of L*(M,7) onto the subspace L?(N, 7). So,

—

for . € M en(Z) = En(z) where Ey is the unique 7-preserving conditional expectation from

M onto N. We have

(a) eyzey = En(x)en, for all x € M

(b) N={z € M :[z,en] =0} where [x,ey] = zey — ey

(c) yey =0 with y € N implies y = 0

(d) JMQN = eNJM‘

Let M; = (M, ey) be the von Neumann algebra generated by M, ey in B(L*(M,1)). We
will also denote M; by (M, N). Let TNy be the unique semifinite faithful normal trace
on M, such that Tro ny(zeny) = 7(xy) for all x,y € M. ((M,N),Trny) is called the

basic construction (Jones, [12]). We have the following properties:

(a) My = {zeny:x,y € M} = JyyN'Jy where N' = {x € B(L*(M, 1)) : [z, N] = 0}.

(b) €NM1€N = NGN.
We would like for the trace on (M, ey) to extend 7 in a natural way.

Definition 2.3.4. If P is a subalgebra of (M,en), a trace 7y on (M, ey) is called a (A, P)

trace or A-Markov trace if 7y extends T and T (exz) = At(x) for all x € P.
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In the case that such a trace exists for My = (M, ey), we say N C M is a A-Markov
inclusion. If N, M are finite dimensional and N C M has irreducible inclusion matrix T,
then the trace 7 is Markov if and only if it is given by the unique Perron-Frobenius vector

of TT* ([12]).

Now, suppose that N C M is a A-Markov inclusion. It is a fact if such a \ exists, then
A = [M : N]7! defines an index. Note that since N is a factor, so is M;. Then, we may apply
the basic construction to the inclusion M C My C My = (M, ey, ). Furthermore, there is
a A-Markov trace for My C M,. Thus, we may iterate the basic construction obtaining the

Jones tower

NCMEMCMC...

where M; = (M;_1, M;_5), with Jones projections e; = ey, , for i > 1 (note, we have used

the convention that N = M_; and M = M,) satisfying:

o ¢ =¢; foralli

® cie; = €56 if ’Z—j| >1

e c;eii6; = Ae; for all ¢

o 7(e;1x) = A7(x) for all x € M.

2.3.3 Construction of subfactors

In this section, we will describe how one obtains a subfactor from a commuting square.
Recall, a commuting square is a square of inclusions of finite dimensional von Neumann

algebras:
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P, C F
=1 U U, 7
Q-1 C Qo
with a faithful trace 7 on Fy such that the vector space P_; ©@Q)_; is orthogonal to Qo © Q) _;
with respect to the inner product defined by 7 on Fy. Note that P_; ©()_; being orthogonal
to Qo © (Q_1 is equivalent to

EP—IEQO = EQ

—1

where F4 = Eio denotes the 7-invariant conditional expectation of F onto the subalgebra

AC F.

First, we will recall how to construct the hyperfinite II, factor from matrix algebras.

Consider the inclusion

M,(C) C My (C) C My3(C) C ...

with € M. (C) being identified with

z 0
af)®]2 = € M2n+1((c>.
0 =z

Let Mo, = UMayn. Then it is clear that M., is a *x-algebra. Since each inclusion is clearly
isometric, there exists a unique tracial state, 7, on R, which restricts on the factor Ma» to

the unique tracial state 7p,,. Let (H,m, Q) denote the associated GNS triple. We define

W.O.

R(Q) = W(Roo)
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Note that we have a trace on Ry via 7(z) = (2£2,(). Furthermore, this trace is unique
and hence, Ry is a II; factor. Note that R(y) is “approximately finite dimensional” in the

following sense:

Definition 2.3.5. A von Neumann algebra M is said to be approximately finite dimensional,

or AFD, if there exists an increasing sequence

AiCAy,C...CA, CA 1 C ...
of finite dimensional x-subalgebras, whose union is weakly dense in M.

Note that there was nothing special about choosing 2 above. We could have done the same
construction using M, = ®,Myn»(C) for any N > 1 and still obtain a II; factor. However,

we have the following somewhat surprising theorem due to Murray and von Neumann.
Theorem 2.3.6. Every AFD II, factor is isomorphic to R ).

Thus, up to isomorphism, amongst the class of all II; factors, there is exactly one with
the property that is approximately finite-dimensional. We call this II; factor the hyperfinite

I1; factor and denote it by R. Now, we are ready to construct subfactors of R.

The commuting square C is called non-degenerate if Py = span P_1(Q)y. A main feature
of non-degenerate commuting squares is how well they behave in terms of iterating the basic

construction. If € is a commuting square as above with a A-Markov trace 7, then

Py, cP = {(Pyep,)
U U
Qo CQ1 =(Qo,ep,)
is also a commuting square. Hence, by iterating the basic construction, we obtain an inclusion

U;Q; = Q C P = U;P; of hyperfinite II; factors (with index A™1):
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P,1C P()C P1:<P0,61>C /‘
U U U U
Q1C QC Qr1=(Qope)C ... " Q

2.3.4 The standard invariant

Let N C M be an inclusion of II; factors with a finite faithful normal trace 7. Assume
that the Jones index [M : N] = dim, L*(M,7) is finite. As before, ey denotes the Jones
projection and M; = (M, ey). Then M; is also a II; factor and the trace 7 extends to M;
by 71 = [M : N]7'7 and [M, : M| = [M : N]. Thus, we may iterate the basic construction.

Definition 2.3.7. The standard invariant Gy s of the sub factor N C M is defined to be the
trace preserving isomorphism class of the following sequences of commuting squares of finite

dimensional C*-algebras, together with the trace and the Jones projections e, € N' N M, :

C=NnNN C N NM c NnNnNM < NNM, C
U U U
C=MnM c MnM c MnhM C

To calculate the standard invariant, one first has to understand what the basic
construction yields and then be able to calculate the relative commutants. We do know
from the properties of the basic construction, that the Jones projections ey, e, ..., e, are

always contained in N’ N M,,.

Let’s return to the case where N and M arise from a commuting square of the form

Ay C A
C=1|uU u 7
Ay < A
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where A), A}, A, and Aj are finite dimensional *-algebras and 7 is a faithful trace on Aj.

In this case, the calculation of the higher order relative commutants in the standard
invariant of N C M can be expressed in terms of finite dimensional algebras, by using a
highly nontrivial result called Ocneanu’s compactness argument. One first iterates the basic

construction in all possible directions (both vertically and horizontally).

Theorem 2.3.8. (Ocneanu compactness) Let

C C C C C ya
U U U U U U
Ay € A} C Ay C C A} C SR,
U U U U U U
C C C C C N
U U U U U U
Al ¢ Al c Al c ... Cc AT Cc ... /R
U U U U U U
A) ¢ AY ¢ A c ... Cc Ay C ... /' Ro

be the result of applying the basic construction in all possible directions. Then for eachn > 1,

RLNR, =AY NAp.
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Chapter 3

Twisted Commuting Squares

This chapter is based on joint work with Nicoara ([23]). In this chapter we weaken the
commuting square condition, by replacing the trace 7 with a faithful state . We call the
resulting structure a twisted commuting square. Our main motivation is the possibility to
construct finite index subfactors from twisted commuting squares, which will be discussed

in a future paper.

The chapter is organized as follows: In Section 1 we introduce the main definitions and

discuss possible normalizations for twisted commuting squares.

In Section 2 we prove an isolation result for twisted commuting squares, which is a
generalization of the Span Condition introduced by Nicoara in [19]. This allows us to
determine, for many of the examples we consider, if they are isolated or part of parametric

families.

Section 3 is dedicated to examples of twisted commuting squares similar to the commuting
squares based on (complex) Hadamard matrices. They are obtained for R = M, (C), P =D
the diagonals, Q = uDu* for some unitary u, and ¢(-) = 7(-a) for some a € M, (C) positive

invertible. If the twisted commuting square condition is satisfied, we call © an a-Hadamard
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matrix. When a = I, this is the same as a Hadamard matrix. While there aren’t many
Hadamard matrices of small dimensions (see [9], [33]), looking at a-Hadamards provides a

richer class of examples - see for instance Proposition 3.3.3.

Finally, in Section 4 we use parametric families of (twisted or not) Hadamard commuting
squares to obtain associative deformations m) of the matrix multiplication. Our results can
also be extended to multiplications on finite dimensional x-algebras. It turns out that certain

families of (twisted) commuting squares yield associative multiplications of the form
ma(z,y) = m(z,y) + (A= Dm'(z,y) + (A = )m"(z,y), |\ =1

where m, m’ and m” are all associative multiplications.

Deformations of the multiplication are of interest in Quantum Algebra with applications
to High Energy Physics. For instance, the approach to the theory of integrable systems via
the Lenard-Magri scheme ([16]) uses compatible Poisson structures, which could be obtained

from linear associative deformations of the multiplication (see for instance [24]).

3.1 Preliminaries

Definition 3.1.1. A twisted commuting square of matrix algebras is a square of inclusions:

P Cc R
U U L
S C Q

where R, P, Q, S are finite dimensional *-algebras (i.e., of the form ®F M, (C)) and o is
a faithful state on R, satisfying:

Proj, pProj, g = PrOj, @PrOj, p = PIOj, 5
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where proj,,, denotes the orthogonal projection from R to the subspace V', with respect to

the inner product defined by ¢ on R: (x,y) = p(y*x).

Equivalently, the commuting projections condition above can be written as:

Pe,S1,Q6,8

where the orthogonal complements and the orthogonality are considered with respect to the

inner product defined by .

One of the simplest (but rich in examples) classes of twisted commuting squares is
obtained by letting P = D, Q = uDu* be two copies of the diagonal matrices D C R = M,,(C),
where u is a unitary matrix. If we let 7 denote the normalized trace on M,(C), then the
faithful state ¢ is of the form p(z) = 7(za), for some positive invertible matrix a € M,(C).
The twisted commuting square condition becomes a relation between v and a, generalizing

the notion of complex Hadamard matrix.

Definition 3.1.2. Let a € M,,(C) be positive and invertible, with 7(a) = 1. We say that a
unitary u € M, (C) is a-Hadamard if

D <C M,(C)
U U P
CI, Cc wuDu*

is a twisted commuting square, where p(x) = 7(xa) for x € M,(C).

Remark 3.1.3. Since ©—¢(x)1 is orthogonal to C, with respect to the inner product defined
by @, the commuting square condition can be written as p((y — p(y)1)(z — p(x)1)) =0, for
all zx € D and y € uDu*. After taking adjoints it also follows o((x —p(z)1)(y —¢(y)1)) =0,
for all x € D and y € uDu*. Equivalently:

o(xy) = p(x)p(y), for allz € D,y € uDu™.
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Note that this is also equivalent to p(yx) = o(z)p(y) for all x € D,y € uDu*.

Let (ei;)i<ij<n denote the matrix units of M,(C). It follows that u must satisfy

T(ue; u*e; ja) = T(ue;u*a)7(e; ja) for all 4, j, or equivalently

Z Qj U Uy = % < Z UTMM) w4, for all 7, . (3.1)
1<i<n

1<k<n 1<k<n
Remark 3.1.4. Note that for a = I,,, u being a-Hadamard is equivalent to u being a complex

Hadamard matriz, i.e. u is unitary and all its entries are of the same absolute value, |uy,| =

1

NG

Definition 3.1.5. We say that the twisted commuting square

N

(&)

I
w C v
O C

©

C

1s isomorphic to the twisted commuting square
P C R
U U

S C @

if there exists a *-algebra isomorphism ¢ : R — R such that p(P) = P, ¥(S) = S, ¥(Q) = Q
and p((x)) = p(x) for all z € R.

We now present the canonical way to normalize twisted commuting squares and a-
Hadamard matrices. For algebras B C A, we recall the notation BN A = {a €
A such that ab = ba, Vb € B}.

Lemma 3.0.6. Let R, P, QQ, S be finite dimensional x-algebras with a fized trace T on R,
let a € R be positive and invertible and let p(x) = T(ax), v € R. For each unitary element

uin R, let
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P C R
C(u) = | U U e
S C uQu*
Let e Q,¢d e @NP,pe{ay NS NP, p € {a} NP NR be unitary elements. Assume
that €(u) is a twisted commuting square. Then €(pp'uqq’) is a twisted commuting square

isomorphic to €(u).

Proof. Modifying u to the right by ¢, ¢ does not change the algebra uQu* and thus does
not change the twisted commuting square: €(pp'u) = €(pp'uqq’). By applying Ad((pp')*) to
¢(pp'u) (which leaves R, P, S invariant), we see that €(pp/u) is isomorphic to €(u). Indeed,

we have p(Ad(pp)(z)) = ¢(x), since p and p’ commute with a.
|

Definition 3.1.6. Let a € M,(C) be a positive, invertible matriz. We say that two a-
Hadamard matrices uy,us are equivalent, written uy ~ wus, if there exist unitary diagonal

matrices dy,ds and permutation matrices py, py with pidy commuting with a, such that us =

prdiurdaps.

Remark 3.1.7. Lemma 3.0.6 shows that equivalent a-Hadamard matrices yield isomorphic
twisted commuting squares. The converse is also true, since the normalizer of D in My (C)
is the set of elements of the form pd, with d diagonal unitary and p a permutation matriz.
The fact that pydy commutes with a follows from the preservation of ¢ in the definition of
the isomorphism of twisted commuting squares: p(Ad(pidy)) = .

Remark 3.1.8. [t is easy to see that if u € M, (C) is a-Hadamard and if d € D is unitary,
then dud* is dad*-Hadamard. Thus, we may reduce ourselves to the case when a has the

entries a1, s, ..., A1, real.

While complex Hadamard matrices can be normalized (up to equivalence) to have the

first row and column made of 1’s, twisted Hadamard matrices do not allow for such nice
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normalizations. The main problem is that we can modify from the left only by elements

which commute with a. The only normalization that we will use is the following.

Remark 3.1.9. Since we can modify u — ud by diagonal unitaries d, we may assume (up

to equivalence) that the entries uiy, Uiz, ..., U1, are all real.

3.2 An Isolation Result for Twisted Hadamard Matri-
ces

In this section we generalize the isolation result obtained by Nicoara in [19] to twisted
commuting squares: we prove that if a certain Span Condition holds, then the twisted
commuting square is isolated. For simplicity, we will only do this for twisted commuting
squares arising from a-Hadamard matrices. All examples to which we apply the Span

Condition in the next section are of this form.

Definition 3.2.1. Let a € My,(C) be positive and invertible, and let uw be an a-twisted
Hadamard matriz. We say that u is isolated if there exists 6 > 0 such that if v is any

a-twisted Hadamard with ||v — u|| < 9, then v is equivalent to w.

Let u be a-Hadamard and let € be the twisted a-Hadamard commuting square associated

to u

where P = D, Q = uDu* and ¢(z) = 7(za).

For two subspaces V, W of a x-algebra R we will use the notation

[V, W] = span{vw —wv :v e V,w e W}.
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Definition 3.2.2. We say that € satisfies the Span Condition f
[aFy, Q] + [Poa, Q] + ({a} N P) + Q@ = M,(C)

where Py = P ©, CI,.

Remark 3.2.3. When a = I,,, the span condition becomes [P, Q] + P + Q = M,(C), which

is the span condition for Hadamard matrices introduced by the first author in [19].

Theorem 3.2.4. Let u be an a-Hadamard matriz. If the associated twisted commuting

square € satisfies the Span Condition, then u is isolated.

Proof. Assume that the span condition is satisfied, but u is not isolated. Then there exists

unitaries u,,, u,, — I, such that u,u are all a-Hadamard matrices, not equivalent to u. So

P c M,(C)
Cluy) = | U U L

C C u,Qu

are all twisted commuting squares. By a compactness argument, we may assume after
eventually passing to a subsequence that h = lim, ZHZ:—’_II” exists. Note that ||h|| = 1.
Since u,, are unitaries, it follows that h is self-adjoint. By the same argument as in Lemma 1.8
from [19], after eventually modifying w,, — p,u,q, with p, € {a} N P and ¢, € @ unitaries
convering to I, we may assume that h is orthogonal to the vector space ({a}' N P) + Q. By

orthogonal we mean with respect to the canonical inner product on M, (C), given by the trace.

Writing the twisted commuting square condition for each wu, gives ¢(pu,qu)) =

o(p)p(unqu’t). For p(p) = 0, we can rewrite p(pu,qu)) = 0 as:
p(p(un = Dguy) + (pg(un = 1)7) = 0.

After dividing by i||u,, — I|| and taking the limit as n — oo, we obtain:
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¢(phq) — ¢(pgh) = 0.

Equivalently: 7(phga) — 7(pgha) = 0. Which by using the properties of the trace is
equivalent to

7(hlap, q]) = 0.

This shows that h is orthogonal to [aF, @], where Py = P&, Cl,. Since h is self-adjoint
and Py, @ are closed to #, it follows that h will also be orthogonal to [aFPy, Q]* = [Fya, Q).
Thus, h is orthogonal to [aFy, Q] + [Poa, Q] + ({a} N P) + Q@ = M,(C), which implies h = 0,
contradicting ||h|| = 1.

[ |

Remark 3.2.5. For most a’s that we will apply this result to, we have {a} NP = C, so the
span condition becomes [aPy, Q] + [Poa, Q] + Q@ = M,(C).

3.3 Examples

In this section we present various examples of twisted commuting squares, arising from
unitaries u which are a-Hadamard, for some a positive and invertible. We will avoid the
examples that yield classical commuting squares (without a twist), i.e. based on complex
Hadamard matrices. A catalogue of the known complex Hadamard matrices can be found

at [33]. We start by observing that diagonal matrices a will only give Hadamard examples.

Proposition 3.3.1. Let a € D be positive and invertible, T(a) = 1. Then, u is a-Hadamard

if and only if u is a compler Hadamard matriz.

Proof. Let e;; denote the matrix units of M,(C). Suppose u is a Hadamard matrix. Since
aej; € D, we have 7(ue;;u*e;ja) = 7(ue;;u*)7(ej;a) = 7(ue;u*a)r(e; a).

Conversely, suppose u is a-Hadamard and a = ), <h<n MkCrk- Then

A

Nlugi? = NT(ueute; ;) = 7(ueutej;a) = 7(uesu*a)T(e; a) = #T(ueiiu*a).
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Therefore, we have |u;;| = |uy;| for any fixed ¢ and 1 < j,k < n. Because u is unitary, it

follows |u;;| = \/Lﬁ for all j,i. Hence, u is a Hadamard matrix.

Remark 3.3.2. [t is possible for a Hadamard matriz to be a-Hadamard, even if a is not
diagonal. For instance, if a is the matriz having 1 on the diagonal and all the other entries
equal to some t € (0,1), then it is easy to see that any Hadamard matriz having the first
column made of 1's (so in particular any Hadamard matriz in normalized form) is also

a-Hadamard.

The next proposition shows that for each n > 4 there exists at least one pair (a, u) with a
positive invertible, and u an a-Hadamard matrix which is not a complex Hadamard matrix.

Moreover, the matrices a, u are circulant matrices. In particular, they commute.

Proposition 3.3.3. Let n > 4 and let e;; denote the matriz units of M,(C). Let B =
> i i and let X =370 | ey, where the index n+1 is identified with 1. Let u = 2B-X

and let a = I,, + (B —1,). Then u is a-Hadamard.

n—4
2n—4
Proof. Using B> = nB, XB = BX = B and X*B = BX* = B, it is immediate to check
that uu* = (2B — X)(2B — X*) = snB + I, — 2B = I,,. Thus u is a unitary. It is easy to
see that a is positive and invertible.

We now check that the a-Hadamard condition 7(aegpueyu*) = 7(aeg,)7(aueyu*) holds

for all k,[. This is equivalent to

1
(u*a)i - up = ik (u*au)y.

1

Since ua = au, the right part of the equality above is --. For the left part, notice that

uwa= (2B —X*)(I,+3=%(B - 1,)) = B — 525 X*. This matrix has all entries equal to

1 o . 1 . . 2
3, except those on positions & + 1, k, which equal 5. Since u has the entries equal to =

n
except the entries uy 41 = 2_7”, it follows that (u*a)y - ugp = %
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We now classify the unitaries u that are a-Hadamard, for an arbitrary 2 x 2 positive

invertible matrix a, 7(a) = 1. By Remarks 3.1.8 and 3.1.9, we may assume a =
a A

A 2—«
(3.1) yields the following equations:

€ Ma(R) where 0 < a < 2 and |A] < vV2a —a?, and w1, u;2 € R. Then

«
au%k + MUy Uy = 5 (au%k +(2—a) |u2k|2 + 2\, k?RUQk) (3.2)
_ 2—«
g gty + (2 — ) lugr]? = 5 (auf, + (2 — ) g i|” + 22y sRuay) . (3.3)

Since the right hand sides of equations 3.2 and, 3.3 are all real, us, € R. Using this and

the previous equations, we obtain

(2 — ) (Jurkl® = Juzkl?) = 2(a — 1) Auq gy (3.4)

We note that @« = 1 or A = 0 yields |u11| = |ug1| and |uj2| = |uge| and w unitary

would then imply [uy1| = |ug1| = [ur2] = |uga| = % Thus, u is equivalent to the unitary
(v
R PR

For A 2 0 and o # 1, let w = Z(é‘:i)))\ Note that each of |u;;| # 0 for 1 <, j < 2

(else, a column of w would be 0) and w # 0. Let r = % and note that r, w € R. Dividing

equation 3.4 by u3,, we get 12 — 1 = wr. Letting r = 224 we see that uy), = rugy

with r € {ry, ;—11} Letting uyq = rug; and uy9 = r'ugy with r, v € {ry, ;—11}, the unitary
conditions are 1 = r?u3, + (7')?u2, = u3, + u3, and 0 = ru3; + r'u3, which imply r # .

Hence, u is equivalent to a unitary of the form:

(3.5)
1 T2
= 1 — = 2azl) — whVwiid
where r; = Ao T A W= a(?—a))\’ and r = SR
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1+v5 V3 R

Example 3.3.4. For a = 2 3 cwe obtainu = | 2 2| . A caleulation via
V3 3=V5 1 V3
3 2 2 2

mathematica shows the span condition is satisfied, so u is isolated among the a-Hadamard

matrices.

We now give a degenerate (in the sense that each a is positive but not invertible)
parametric family of matrices of order 3 with a corresponding family of twisted Hadamard

matrices.
1 202 —1 ¢t
Example 3.3.5. Let a = | 2t2 — 1 1 t | where 0 <t < 1. Let x = —1 4+ t* —

t t 1
V2 =32 4+16, y = — 1+t +tv/2 =32 +16, w = —t + 13 — /2 —3t2 +15, and z = —t +
2 —3t2+1t5. Then

—_

V2+t2 \/2(t2+2§(t2—1) \/2(t2+2?§(t2—1)

u = 1 o t2—1 o t2—1
212 2z(t242) 2(t242)y

t 1 /2x(t2-1) 1 /2y(t2-1)

2112 w (t2+2) z (t2+2)

1s a-Hadamard.

While the example above looks hard to work with in general, certain values of t give

unitaries with rational entries.

1 _1 1 2 2 1
2 2 3 3 3
Example 3.3.6. Fort =1 we obtain a=|_-1 1 1| andu=|[2 1 _2
2’ 2 2 3 3 3

11 12 2

2 2 3 3 3

A calculation via Mathematica shows the span condition is satisfied, so w is an isolated

a-Hadamard matriz.

We now show how for any n non-prime, n = k - m, parametric families of a-Hadamards
(a fixed) can be constructed from fixed a-Hadamards of smaller orders. This construction is

a natural generalization of the Dita-Haagerup type Hadamard matrices (see [9],[33])
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Proposition 3.3.7. Let a; € My,(C) and as € My(C) be positive, invertible matrices.

Suppose that b is as-Hadamard and cq, cs, ..., ¢ are a-Hadamard. Then

biici bisca -+ bigcy
baici bagcy -+ bagcy

U= s a = a1 ® as-Hadamard.
bgici braca -+ brrck

Proof. Let (e;j)i1<ij<m and (fij/)i<ijy<k be the matrix units for M,,(C) and My(C)
respectively. Making an appropriate identification of My, (C) with M,,(C) ® My (C), we
have u =37 byeCy @ fpqand u* =3 b, sct ® for. We need to verify that for each 4, 7, j,

-/

J

7 (u(ei @ fri)u*(ej; @ fyry)a) =7 (u(ei; @ fuw)u'a) T ((ej; @ firj)a). (3.6)

Using the linearity of 7, we have the left side of equation 3.6 is:

> 7 (bpgcyeiibracies jar @ foqfis forfyjaz) -

p?qﬂ/r7s

Note that f,qfirifsrfirjy # 0 q=1 =s,r=j. Thus, the left side of ( 3.6) reduces to

Z T (ci/eiicf,ejjal) T (bpi/mfpj/ag) . (37)

p

Using similar arguments as above, the right side reduces to:

> 7 (eveiicia) T (by b fpra2) T (e 1) T (firraz) (3.8)

p7’r

Since b = Zp o bpalfpq 1 ax-Hadamard and for a fixed 7, ¢y is a;-Hadamard, we have:

Z T (bpi/mfpj/ag) = Z T (bpi’mpr) T (fj’j'aQ) (39)
p pr
T (cpeiicihejjar) = T(cvejichar)T(ejjar). (3.10)
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Finally, we plug (3.10) and (3.9) into (3.7) to get (3.8).
|

Using the previous proposition, we now give a parametric family of 4 x 4 of a-Hadamard

matrices, with a fixed.

a A
Example 3.3.8. Let a = where 0 < a < 2 and 0 < A < V2a —a?. Let
A 2—a
w= % and r = <YL V2°J2+4. Let ry = ﬁ, and ry = = Then equation (3.5) gives
rry —2 rry =2 exp(it)
= " and co(t) = "
e T2 ri roexp(it)

are a-Hadamard for any real number t. Furthermore,

1 C C
ut)y=— [ '

V2 \ea(t) —ea(t)

1s a one parameter family of a ® Is-Hadamard matrices.

The simplest parametric family that we were able to obtain is the following:

1+v5 V3
Example 3.3.9. Let a = 2 3 and A € T. Then the following is a parametric
V3 3=V56
3 2
family of a-Hadamards:
V3 -1 V3 -1
2 2 2 2
1 V3 1 V3
s — 1 2 2 2 2
y = —=
\/§ V3 -1 -3 1
2 2N 3 A
| VA -1 =3
3 3N 3 A

The span condition can not hold for wy, as it is not isolated. Indeed, a Mathematica

calculation shows that the dimension of the space from the span condition is 14 for A = 1.
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3.4 Twisted Hadamard Matrices and Associative De-
formations of the Matrix Product

Starting from a parametric family of twisted Hadamard commuting squares, we obtain
a continuous family m; (¢ € R) of associative multiplications on M, (C), where my is the
canonical matrix multiplication. Moreover, m; will coincide with mg when restricted to any

of the two MASAs which are the corners of the initial twisted commuting square.

Associative deformations of the multiplication are a subject of interest in Quantum
Algebra with applications to High Energy Physics. For instance, the approach to the theory
of integrable systems via the Lenard-Magri scheme ([16]) uses compatible Poisson structures,
which could be obtained from linear associative deformations of the multiplication (see for

instance [24]).

Due to the rigidity of semi-simple associative algebras, for ¢ small, the multiplications
m; must be of the form m,(z,y) = v, (¢:(7)¢:(y)), where o, : My, (C) — M, (C) is a linear
isomorphism. We will construct, from twisted commuting squares, such families ¢, for which
the structural constants of the multiplications m; are easy to compute. Moreover, we will see
that certain families of commuting squares, such as those arising from Petrescu’s Hadamard

matrices, yield associative multiplications of the form

ma(r,y) =m(x,y) + (A = Dm/(z,y) + (A = )m"(z,y), [\| =1

where m, m’ and m” are all associative multiplications, with m = mgy. Equivalently, this will

give a parametric family of multiplications m; of degree two in ¢.

Let a € M,(C) be positive invertible, let ¢(x) = 7(az) and let u be an a-Hadamard
unitary with no non-zero entries. Denote P = D, () = uDu*. Let p; and ¢; = up;u®,

1 <4 < n, denote the minimal projections of P, respectively ). We begin by finding some
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easy formulas for the structural constants of the canonical matrix multiplication m, in the

bases given by p;, ¢;. Note that p;q; span M, (C):

Proposition 3.4.1. Let u € M, (C) be a unitary, P =D and Q = uDu*. Then

span{pq : p € P,q € Q} = M,(C)

if and only if uw has no zero entries.

Proof. span{pq : p € P,q € Q} = M,(C) if and only if v; ; = p;g;,1 < i,j < n form a basis
for My, (C). We have: 7(vg v 1) = T(Prqiqrpr) = SF SV (prqr) = %5’;’55’]%1\2. So the n? x n?
matrix with entries 7(vxv}, /) is diagonal and it is invertible if and only if all the diagonal
entries |uy|? are non-zero.

It follows that for all 1 < k,[Lk',l! < n, the structural coefficients cgk,l, of the
multiplication satisfy: (prq)(praqr) = szzlcgk,l,piqj. By multiplying by p, to the left and

qr to the right, it follows (prq)(Praqr) = cbyprar, so by = o(praprar)/e(pe)e(qr) and
CZk’l’ =0 for (¢,7) # (k,l’). Thus, we obtain:

WU o(praipw )

(pra) (P ar) = Vo,  prqu, where ~ : (3.11)
M " o(pr)e(ar)

Let now u; (t € R) be a continuous parametric family of a-Hadamard unitaries, with

up = u. Denote @y = u;Duf, so Qp = Q. Let ¢; : M,(C) — M, (C) be given by

or(prupiu’) = prugpru;

for any 1 < k,l < n. For t small, the entries of u; will also be non-zero, so pyupu;,

1 < k,l < n form a basis of M,(C). It follows that ¢; extends to a linear isomorphism of
M,(C), and ¢(pq) = pAd(ueus)(q) for all p € P,q € Q. Let my(z,y) = @, (wu(x)01(y))-
Proposition 3.4.2. The associative multiplication m; satisfies: my(x,y) = m(z,y) for all

(x,y) withx € P ory € Q.
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Proof. We have mi(pq,q') = ;' (pAd(usug)(9)Ad(uug)(q) = wi ' (pAd(upug)(aq)) =
pqq" = m(pq,q’), for all p € P and ¢q,¢' € Q. This shows that m(x,y) = m(z,y) for
all y € Q. The other equality follows by a similar argument.

[

We now find the structural constants of the multiplication m;. From the formula for m;,
we have: my(prupiu®, prupru*) = o (prugpiul pruppul). By arguments similar to those
that lead to (3.11), we have

* * k'l * . k'l ¢ (pkutplu:pk’utpl/u:)
PrUtPrUy P U P Uy = 7Y, t PrUupr iy, Wlth 7, t) = "
t t t t kl ( ) t t kl ( ) ( k) (Ut " t)

So we obtain:

my (pkUPIU*a Pk'UPZ/U*) = 71]§z/ll (t)pkupl'U*-

In the case when a = %In, so uy = (uki(t))1<ki<n are all Hadamard matrices, we have

k'l a2 * *\ o UkUgrys .
Y (t) = n*T(prwpruy prwpruy) = [t It follows:

Proposition 3.4.3. Consider a continuous family of Hadamard matrices uy, = (u(t))1<ki<n,

t real. Then the following is a parametric family of associative multiplications of M, (C):

ukl(t)uk/y (t)

* * k'l * k'l
’ ’ =7 t ’ her t) = .
my (pkuplu y Prrupr ) ki ( )pkupl u , wnere ’ykl ( ) nuk/l(t)ukl/ (t)

We now observe that certain families of Hadamard matrices, which depend linearly on
a parameter \ € T, yield multiplications my linear in A\, \. This is somewhat surprising, as
the formula for the structural constants &' (\) of m, involves products of four entries of w.
We first recall the family of complex Hadamard matrices of order 4 found by Haagerup

in [9]:
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1 1 1 1
1{1 -1 X =X
I -1 =X A

We also recall the following family of complex Hadamard matrices of order 7 found by

Petrescu in [26]. Let w = cos 2 + isin 2¢ and let

Aw  Awt o wt o wd wd w1
At Aw o wd WS w? w1
w wr dw ! ow w1
Pr(A) = % w? w® At o ow w? 1|,A€eT. (3.12)
w3 3 4w 1
w 3 3w wt 1
1 1 1 1 1 1 1

Proposition 3.4.4. If uy = Fy(\) or uy = P:(\) (A € T), then the parametric family of

associative multiplications my associated to uy, as in Proposition 3.4.3, is of the form

my=m+A=1m'+(A=1)m" A eT

where m is the canonical matrixz multiplication and m’,m” are associative matriz multiplica-

tions.

Proof. To show that my can be expressed as m + (A — 1)m' + (A — 1)m”, it is enough to
show that none of the coeflicients V,f:l’l/()\) contain A\? or A2, This is clear, since the families
of Hadamard matrices above have the property: no single row or column contains multiples
of both A and A, and if ug()\) and upy(A) are both multiples of A (respectively \), then so
are ugy () and ug(A).
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The fact that m’, m” must be multiplications follows by writing the associativity of my
and identifying the coefficients of A2, A2, which are linearly independent of 1, \, X for A € T.
[ |

Remark 3.4.5. The same holds true for the deformation of multiplication arising from the
twisted a-Hadamard matrices from Fxample 3.3.8. It is also true for several other known

linear parametric families of Hadamard matrices.

Remark 3.4.6. If we use A = 1/, we can write Amy in the form A+BA+CM2, with A\ € T.
It easily follows that A+ Bt + Ct? is an associative multiplication for any parameter t. Note

that A and C, but not B, are also associative multiplications (for the examples above).
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Chapter 4

Group type commuting squares

Throughout the chapter, let G be a finite group of order n with group algebra C[G]. In
the following sections, we will reserve g, ¢’, h, and h' to represent group elements while ¢
and k£ will be reserved for natural numbers. Fix an ordering on G. For each g € G, let
e, € C" denote the column vector with a 1 in position g and 0 otherwise. Then C[G] =
span{u, : g € G} where u, € M,(C) satisfies uy(e,) = ey, for all h € G (i.e. C[G] is the
left regular representation of G). Let 7 denote the normalized trace on M,(C). We have the

corresponding commuting square

D <C M,(C)
¢C=1] U U T
CI, ¢ C[G]

It can be shown that two group commuting squares are isomorphic if and only if the
corresponding groups are isomorphic. The span condition for such a commuting square

reads

[D,C[G]] + C[G] + C[G) + D = M,

where C[G] = {a € M,, : au, = uzaVg € G}.
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We define the dephased and undephased defect for €4, or equivalently, for the group G

as follows:

Definition 4.0.7. Given a finite group, GG, the undephased defect s
d(G) = n*® — dim¢[D, C[G]]
and the dephased defect of G is

d(G) = n* — dime ([D, C[G]] + C[G] + C[G] + D).

4.1 The defect of a group-type commuting square

Some of the results in this section will appear in [22].

Our goal now is to relate d(G) and d'(G). We will need a few results about the interactions

of the various spaces in the definitions. First, we describe the elements in C[G]".

Proposition 4.1.1. A matriz a € M,(C) is in C[G]" if and only if

agflg“h = ag/yh
for all g, ¢', h € G. Furthermore, dimc C|G|' = n, and C[G] N D = CI,.

Proof. Fix g € G. Since (ug)g p = 53;1,, routine calculations show that

(uga)gn = Z(Ug)g’,h’ahﬁh = Gg=1g',h
h/

and

(aug)gh = Z ag w(Ug)n h = Agt gh-
h/
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Thus, a commutes with all u,’s if and only if a;-1y ), = ag g for all g, ¢’, h € G. By taking
g = e, we have for any g, h € G, a4, = @ 4-1;, which shows all entries of a depend solely
on the first row of a. Conversely, if (¢;)4e¢ € C", we can consider the matrix a given by
agn = Cg-1p. Then a will have the first row given by the ¢,’s, and it is easy to see that
ag-1gn = aggn for all g, ¢', b € G. Consequently, dim¢ C[G]" = n. The last statement

follows as a4 4 = a.. for each g € G.

Corollary 4.0.1. The algebras C[G] and D are orthogonal modulo their intersection C.

Proof. Let g € G, a € C|G]’ and d, be the diagonal matrix with a 1 in position g, g and 0

elsewhere. Then 7(a) = %ZheG app = Qg4 since app, = ay, = . for all h € G. Hence,

1 1 a a
r(a(dy — ~1.)) = r(ady) — —7(a) = & — =22 =

Proposition 4.1.2. The algebras C[G], C[G]', and D are all orthogonal to D, C[G]].

Proof. Fix g, h € G. Let d € D, dj be the diagonal matrix with a 1 on position h,h and
0 elsewhere, and ugy, up, € C[G] be as before. Since the diagonals commute, it is easy to see

that

7(d[dp, ug)) = T(ddpuy — duydy) = 7((ddp, — dpd)uy) = 0.
Next, we know that wj,u, = usg has no diagonal entries unless hg = e (and hence, gh = €)
where e denotes the identity of G. Thus,
T(Uh[dh, ug]) = T(dhugh — dhuhg) =0.

Finally, if z € C[G]', we have

T(x[dn, ug]) = T(rdpuy — xuydy) = 7((ugr — xuy)dy) = 0.
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Let cl(G) denote the class number of G; i.e. ¢l(G) is the number of distinct conjugacy
classes of G. We have the following characterization of C[G] N C[G]":

Proposition 4.1.3. A matriz a =3_ cyu, € C[G] is also in C[G]" if and only if

Cqg = Chgh—1

for all g,h € G. Thus dimc(C[G] N C[G)') = cl(G).

Proof. Fix h € G. 1t is easy to see that au, = Zg Cqlign and upa = Zg cqling. Relabeling,

from au; = upa it follows that

E Cogp—1Ug = E Ch-1g/Ug.
g g

We conclude that cyp,-1 = ¢;-14 for all ¢/, h € G. Setting g = h™'¢/, this is equivalent to

Chgh—1 = Cq4.

Now, we are ready to relate d(G) and d'(G).

Theorem 4.1. The dephased and undephased defect of a finite group G are related as follows:
d(G) =d'(G)+3n—1-c(G).

Proof. By repeatedly applying dime(V + W) = dime V 4 dime W — dime V N W for vector

spaces V and W and using the propositions, we have
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dime([D, C[G]] + C[G] + C[G]' + D) = dim¢([D, C[G]]) + dime(C[G] + C[G] + D))
= dim¢([D, C[G]}) + dimc(C[G] + C[G]) + dimc(D) — dime(C)
= dimc([D, C[G]]) + dimc(C[G]) + dimc(C[G]'))
— dim¢(C[G]NCIG]))+n—1
= dime([D, C[G]]) + 3n — cl(G) — 1.

We conclude that

d(G) =d(G)+3n—1—d(G).
[ |
We now compute d(G) for any finite group in terms of the orders of the elements of g.

Theorem 4.1.4. The undephased defect of a group algebra C[G] is given by:

ace) =Y 075’;'9).

geG

Proof. For g € G, let d, denote the diagonal matrix with a 1 on position ¢, g and 0 elsewhere
and 0¥ denote the Kronecker delta. The idea of the proof is that if W = span{[d,, us] : g, h €
G}, then dime W + dime W = n? and we relate this to calculations involving only W. Let
A(g,h) = [dy,us] and let A(g, h) denote the “row by row” column vector form of A(g,h).
Finally let M be the n? x n? matrix with the (g, k) column equal to A(g, h). Note that the
dimension of the set of matrices C' = (c41)gnec satisfying o cgnA(g, h) = 0 is precisely
the dimension of the null space of M and the dimension of the column space of M is precisely
dim¢c W. Hence, in calculating the defect, it is sufficient to calculate the dimension of the

set of matrices C' = (¢gn)gnec satisfying -, ¢gnA(g, h) = 0 where A(g, h) = [dy, us).
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Routine calculations show that (dyup)yn = 5gl(uh)g,h/ = 53,5£h, and (updy)g pw =

8 (up)g g = (53/6;‘1/9. Thus, A(g, h)g = (69 — (53')(5,%,. Then for each g, h € G, we have

0 = ch,h(ag’—ag’)a,’;’h,

For fixed ¢’ and R/, there is exactly one h with hh' = ¢’. Hence, we get cyp = cpp
whenever hh' = ¢'. Consequently, ¢' € (h)g implies ¢y, = c4p. It follows that we have

|G : (h)] choices to make for the column associated to h.

Thus, we see that for fixed g, h € G, defining ¢9 € M, (C) by

1 if p=h¥gand g = h for some k € N
), -
0 otherwise

then ¢™9 is a canonical basis element for {C': > gn ConAlg, h) = 0}.

Corollary 4.1.5. If G is a finite group, the dephased defect of G is

G|
d(G) = | —3n+1+c(G).
o

Before continuing, we relate our results to some results of Banica. Note that if G is
abelian, then G = Z,,, X ... X Z,, for some r € N (here n = ny...n,). For such G’s, it is
easy to see that C|G] = FeDF§ where Fo = F,, ® ... ® F,, is the Fourier matrix associated

to G. In [1], the undephased defect of the generalized Fourier matrix Fg is given by

d(Fg) =) 61

= ord(g)
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Thus, we have:

Remark 4.1.6. When we particularize the defect to G = Zy, X ... X Zy,., our calculation

d(G) gives a different proof of Banica’s result.

Now, we ask when is the span condition satisfied. Note that the span condition holds if
and only if d'(G) = 0.
Theorem 4.2. Let G be a finite group with at least 2 elements. Then d'(G) = 0 if and only
if G = 7Z, where p is a prime number.

Proof. Suppose G is a group of order n and let e denote the identity of G. We break the
proof into two cases for GG; either G is cyclic or it is not. Suppose G is cyclic. Then G ~ Z,,.

Hence, cl(G) = n and we have

>n+(n—1)—2n+1

=0

with equality if and only if every non-identity element has order n; i.e. G = Z, for some
prime p.

Now suppose G isn’t cyclic. Then cl(G) > 1 and ord(g) < n for all g € G\ {e}. Thus,

(G =n+ Y %@—Qn%—lJr(cl(G) —n)
g€G\{e}

>n+2n—1)—-2n+1+c(G)—n
=cl(G) -1

> 0.
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Remark 4.1.7. Since d'(G) = 0 is equivalent to €g satisfying the span condition, in this

case Cq is isolated. Applying this to the group G = Z, with p prime, we obtain Petrescu’s

result ([26]) that the Fourier matriz, F,, is isolated among all Hadamard matrices.

4.2 The second order condition for group commuting

squares

We now do similar computations to see what a given a € M,, (C) with a L [D, C[G]] must

satisfy.

Theorem 4.2.1. Let a € M,(C), then a L [D,C[G]] if and only if

(h=1g,g = Qg,hg
for all g, h € G.

Proof. Fix g and h. Then

0 =7(ad(g,h))
= Z ag’,h’A(ga h)h/,g/

g/7h/

= > agw (8 — o) o1

g/7hl

= Qg,n=1g = Qhg,g-

Note that the last equality is true since there exists a unique A" with hh'

= g and a

unique ¢’ with hg = ¢’. Thus, we conclude a L [D,C[G]] if and only if a, -1, = a4 for all

g, h € G. Replacing h with h™' we se that a L [D, C[G]] if and only if aj,-1, , = ag -
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We are now ready to come up with a basis for [D,C[G]]* = {a: a L [D,C[G]]}. For
fixed g, h € G we have just shown that a L [D,C[G]] if and only if ap-1,, = a4, Wwhich

implies that ap-1y4 = agng = apgpzg = ... = apini-15,. Thus, a candidate for a canonical

g

basis element is given by:

Definition 4.2.2. Fiz g, h € G. We define a™9 € M, (C) by

() 1 if p=hkg and ¢ = h**1g for some k € N
a’™ — .
p.q

0 otherwise

Theorem 4.3. For each h € G, let gt, ..., g{‘G:W] denote coset of represents of G/(h). Then

{ah’glh cheG1<i<[G:(h)]}

is a basis for [D, C[G]]*.

Proof. Linear independence from the following stronger condition: the nonzero entries of

a™9 are zero entries for ab* if either h # [ or h =1 and k ¢ (h)g. Indeed, if (a™9)y 4 # 0 #

(a"*®) g then ¢' € (h)g N (I)k and K’ = hg' = lg’ which implies h = [ and hence k € (h)g.
Next, suppose a L [D, C[G]]. Then it follows that for each h € G and 1 <i < [G : (h)],

Ap-1gh gh = Qgh pgh = Qpgh p2gh = ... = Aplai-1gn . We conclude that

_ h,gh
a = g Agh gn @7 .

heG,1<i<[G:(h)]

In [21], Nicoara proves the following new restriction that a commuting square must satisfy

if it is not isolated:

Theorem 4.2.3. Let

P, C F
C=1 U U T
Q-1 C Qo
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be a commuting square of finite dimensional von Neumann algebras, with trace 7. If € is not
1solated and h is a normalized direction of convergence, then there exists s € Py satisfying

the conditions:
o s+ s =h?
o 7(s[p,q]) = 7(pgh?®) — T(phqh) for all p € P_y and q € Qy.

Lemma 4.3.1. Let a € Fy. To verify the existence of b such that 7(b[p,q]) = 7(pqa®) —
T(paga) for all p € P_1 and q € Qq, it is enough to check that whenever p; € P_y and
¢ € Qo (1 <i <N for some N > 1) satisfy Zfil[pi, ¢i] = 0, we must have Zf\il T(pigia®) —

T(pian‘a) = 0.

Proof. Since P_y and o are finite dimensional, it suffices to find b such that 7(b[p;, ¢;]) =
7(pigja®) — T(piagja) for any p; in a basis of P_; and ¢; in a basis of Qp. We will write the
equations that such a b must satisfy as a system of matrix equations. Let A(7,j) = [p;, ¢j]
and A(i, j) denote the row by row row vector of A(i, j). Let b denote the column by column

column vector of b. The desired conditions on b require that for each ¢ and j,
A(i, j)b = 7(pigja®) — 7(piag;a).

Hence, if M is the matrix with (i, j) row A(i, j) and v is the column vector with (i, j) row
7(pig;a®) — T(piagja), then Mb = v. By examining the augmented matrix, we see that the
system is consistent (i.e. such a b does indeed exist) if and only if for any linear combination
of the rows of M that is 0, then we must have that the same linear combination of the rows

of v is 0 which is precisely the statement in the claim.

Lemma 4.3.2. Suppose a € Py is Hermitian (i.e. a = a*) and b € Py satisfies 7(b[p,q]) =
7(pqa®) — 7(paqa) for allp € P_y and q € Qo. Then, there exists b e Py such that

o 7(blp,q]) = 7(pga®) — T(paga) for allp € Py and q € Q4

60



Proof. Let p € P_1 and q € QQy. It follows by taking adjoints of the relation

7(b[p. q]) = 7(pga®) — 7(paqa) (4.1)

that b* satisfies

T(=b*[p*, ¢"]) = T(¢"p*a®) — T(aq ap®).

Since p* and ¢* are generic elements of P_; and @)y respectively, it follows that for all p € P_;

an ¢ € Qo,

7(=b"[p. q]) = 7(qpa®) — 7(paqa).

Subtracting this relation from 4.1, we obtain

7((b+b")[p, q]) = 7([p, qa”)

for all p € P_; and q € Qo. Therefore, b+ b* — a? is orthogonal to [Py, Qq]. It follows that
ifb=0b-— $(b+b* — a?), we have b+ b* = a2 and 7(b[p, q]) = 7(b[p, ¢]) and for all p € P_,
and q € Q.

[

In what follows, we give results that partially answer the question “if a is a normalized
direction of convergence, then does there exist b € M,,(C) with 7(b[p, q]) = 7(pga®) —7(paqa)
for all p € D and ¢ € C[G]"? We answer the question when G = Z,, and show precisely what
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b’s work for a + a* where a is a canonical basis element of {h : h L [D,C[G]]} for any group

G.

Lemma 4.3.3. Let G be a group and {H;}ic; be a family of subgroups of G. Let g; € G
then either Mier giH; is empty or a (left) coset of Mier H;.

Proof. Let H = M;erH;. Suppose NicrgiH; # 0. Let g € NiergiH;. Then for each i € I,
g = g;h; for some h; € H;. We will show gH = Njcr9;H;. If v € gH, then x € N;cr g, H;
since g € Nier g;H;. Thus, gH C Nier g:H;.
Conversely, suppose z € N;er g;H;. We want to show that x € gH or equivalently that
g 'z € H. Since x € Njer g;H;, for each i € I, x = giﬁi for some iLZ € H;. It follows that for
eachic I, glo = h;lgjlgiizi = h;lﬁi € H; C H and consequently, z € gH.
|

Theorem 4.2.4. Let G = Z, and a L [D,C[G]], then there exists b € My, with 7(b[p,q]) =
7(pqa®) — 7(paqa) for all p € D and q € C[G].

Proof. By Lemma 4.3.1, it suffices to show that whenever > ", ¢y, n[dg, un;] = 0, then
S CoinT (dg,un,a®) = >0 ¢g n7(dg;aup,a). Since these relations are clearly linear in ¢, p, it
is sufficient to prove the result for a basis of matrices (c,,) satisfying >_ , cgnldg, un] = 0.
Recall, for fixed g, h € G, that a basis element for when o Conldg, up] = 0 is given by 9
(the matrix with 1 on position hk + g, h for k =1, ..., |h| and 0 otherwise). Thus, it suffices
to show that

|h| Al

ZT(dhk+guha2) = Z T(dhk+gauha) =0.
k=1

k=1
Let (a;)i<i<y be the canonical basis for [D,C[G]]* described earlier (in some order).
Write a = Y, aga for some o) € C. It follows that 7(djupa®) = Zk,l apoyT(dgupara)
and 7(djaupa) = Zk,l apoyT(dyarupa;). Therefore, we need to show that for canonical basis

elements of [D, C[G]]*, a and a, we have
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Rl n b n

E E ah(kfl)Jrg,h’dh’,hk:-i-g:E E Ahktg,h' Qb hktg-

k=1 h'=1 k=1 h'=1

Let ho, h1,90, g1 € Zy. Then a = a9 and a = a9 are canonical basis elements of
{a:a L [D,C[G]]}. Note that by choosing hy = h; and gy = g1, then a = a. Let S;, = (h)+g,
She = (ho) + g0, and Sy, = (h1) 4+ g1. Then

Ihl  n |h]
~ . h'—hg h'+h1
E :E :ah(k—1)+g,h’ah’,hk+g = E , E : 5h(k—1)+g(5hk+g
k=1 h/=1 k=1 h' €Sy, NSh,
|h]

. h'4+h1 ch—ho
- : : : : 5hk+g 6}11

k=1 h’EShOﬂShl

= 510t N Sy, N (Sh— ha)l-

Similarly, we have

17—

SN ankrgnioninw nirg = 5" [Sny O (Shy + 1) N (Sh + ho)| -

k=1 h'=1

By Lemma 4.3.3, we have that if both Sy, NSk, N (S, — h1) and Sy, N (Sh, + h)N(Sk + ho) are
either both empty or non empty, then |S,, N Sy, N (Sy, — h1)| = |Shy N (Sh, + h) N (S, + ho)|

and hence,

|h‘ n \h| n

E E ah(kz—l)—i—g,h’dh’,hk—i-g:E E Qhktg, b C—hth! hkt-g-

k=1 h'=1 k=1 h'=1

Thus, it suffices to show that if h = hg + hq, then
Sho N Shy N (Sp — hy) # 0 < Shy N (Shy, + 1) N (S, + ho) # 0.

63



Assume h = hg + hy and = € Sy, N Sp, N (Sp — hy1). We exhibit a y € Sy, N (Sp, +h) N
(Sh + ho). If we write y = x+z, then z will have to satisfy z € (ho)N((h1)+h)N({h)+ho+h1),
which can be simplified to:

{ho) N ({h1) + ho) N (R).
We used here that h = hg + h;.

For simplicity of notations, let r = —hg and s = h. Then h; = r + s. We need to show
that:

(ryNn{r+s)—r)N{s) #0, for any r,s € Z,.

If we rewrite this statement in terms of elements of the group Z, we have to show that

for all integers n > 1 and r, s, we have:

(rZ 4+nZ) N (SZ+nZ) N (=r+ (r+ s)Z + nZ) # 0. (4.2)

In what follows, we will use the notations (z, y) and [z, y] for the greatest common divisor,

respectively the least common multiple of the integers z,y. We have:

rZ+nZ = (r,n)Z and sZ + nZ = (s,n)Z.

It follows that
(rZ. 4+ nZ) N (sZ + nZ) = [(r,n), (s,n)|Z.

Thus, (4.2) can be rewritten as:

[(r,n), (s,n)]ZN(=r+ (r+s,n)Z) #0

or equivalently

r € kZ, where k = ([(r,n), (s,n)], (r + s,n))
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which means that all we have to check is that k divides r. It is a well known identity that
[(r,n), (s,n)] = ([r,s],n). Thus k = (([r,s],n), (r +s,n)) = ([r,s],r + s,n). In particular k
divides ([r, s],r + s), so if we show that ([r, s],” + s) divides r we are done.

Let d = (r,s), r = dr', s = ds' with (r',s') = 1. Then ([r,s],r + s) = (dr's’,dr' + ds') =
d(r's',r" + ') = d, which divides r = dr’. We used here that (r's’,7" 4+ s’) = 1, which follows
immediately from (7, s") = 1. This ends the proof.

|

Remark 4.2.5. By the previous theorem, the bound on the number of possible directions
of convergence around F,, the Fourier matriz of order n, given by the defect of F,, is not

decreased by the second order conditions.

Open Question 4.2.6. For any direction of convergence a L [D,C[G]]|, does there exist a

sequence of Hadamard matrices converging to F,, with direction of convergence a?

The result from Theorem 4.2.4 is not true for any finite abelian group G. Indeed, in the
case of the group G = Zy @ Z, there exist a’s satisfying the first order condition, but not

satisfying the second order condition.

Remark 4.2.7. Let G = Zo & Zo. 1If

0 -1 0 1

-1 0 -1 0
a =

0 -1 0 1

1 0 1 0

then it can easily be checked with Mathematica that no b € M, (C) ezists satisfying 7(b[d, u]) =
7(daua) — 7(dua?®) for alld € D and u € FgDFg.

Proposition 4.2.8. Let G be a finite group. Let k,l € G and a = a®'. Then 7(bp,q]) =
7(pg(a+a*)?) —7(pla+a*)q(a+a*)) for allp € D and q € C[G] if and only if b L [D,C[G]].

Proof. We show that for any product a’a” with o', a” € {a,a*} then 7(b[p, q]) = 7(pga’a”) —
7(pa'qa’), b L [D, C[G]].
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Fix g,h € G. Let p = d, and ¢ = w;,. We've seen previously that 7 (b[p, ¢]) = by p-14—bng.g-
Also, we have 7(dyupa®) = 3", cq @n-1gpwan,g and T(dgaupa) = Y, agpap-1p 4. Let Sy =
(k)l. Note that for 1/ € Sk, ayp # 0 if and only if ¢’ € Si with ¢ = k~'h/ and similarly,
ap ¢ 7 0 if and only if ¢’ € S}, with ¢’ = kh’. Thus,

7(dyupa®) = Z Ap-1g. 1/ Aps g

h'eSy

=0 S, N{g}| since ap g #0< g=kh and then ap-1, #0< h'g=k""H
and

d CLUhCL E Qg n Ap—1p! g
h'eSy,

=615, N {g}| since agw 70 g=k"'h' and then aj-1,, # 0 h™ 'R =k g,

A similar argument shows that 7(pq(a*)?) = 7(pa*qa*).

We now show 7(pgaa*) = 7(paga*) (an identical argument shows that 7(pga*a) =

T(pa*qa)) for any p € D and ¢ € C[G]. If e denotes the identity of G, we have

T(dgupaa™) E ap-—1g, h/ah/
I=e:

=0, |Sk N {g}| since aj, , # 0 g =k 'h" and then ap-1g)y 0 h™lg=k"'H
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and

*\ *
T(dyaupa™) = E g b/ W11y
h' €Sy,

= 0;1Se N{g}| since agw #0< g =k 'h" and then aj 1y, , #0 & h™'h = kg .

Thus, we see for all p and ¢, b must satisfy 7(b[p,¢]) =0, i.e. b L [D,C[G]].

4.3 Construction of commuting squares

In this section, we wish to construct commuting squares from unitaries U, — [ of the

form
D < M,
Q:k = U U , T
Cl, < UCIG|U;
and where h = limkﬁ is a canonical hermitian basis element for the hermitians

orthogonal to D, C[G], and [D,C[G]]. The idea is that we will construct such unitaries
using the matrix exponential of certain elements in M, (C). In what follows, we will first
construct unitaries from hermitians orthogonal to [D, C[G]] which give commuting squares
of the above form and then extend the result to the other spaces. First, we need a lemma

about the powers of canonical basis elements.

Lemma 4.3.4. Fiz g, h € G and let a = a™9. Then for m € N, a™ is the matriz satisfying

1 = aprgpremg for k=1,...,|h| and 0 otherwise. Furthermore, for m,n € N, we have

am ifm>n
a*=m ifn > m
where we define a° to be the matriz with 1 = a?lkg heg fork=1,... |h| and 0 otherwise.
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Proof. We induct on m. The result is trivial when m = 1. Assume for some m € N, a™ is
as claimed. Let Sy = (h)g. Fix ¢',h’ € G. Clearly if g’ ¢ Sy, we have (a™*') ,,, = 0. For
g' € Sy, we have (a™),,; = 5Zm9/. Hence, for ¢’ € Sp, 0 # (™), = Dicq ay gy =
h' = hmtlg,

For ¢', iV € G, we have 0 # (a™a™") o= = iecah i Z”h, if and only if ¢ € Sy, h = h™¢'

and W = h™"h = h~"*m¢g. Thus, for m > n we have a™a*™ = a™ ™ and for m < n,
m

*n *(n—m) ]

a’"a " =a

0

Note that for g, h € G and a = a9, we have aa* = a° = a*a. Thus, the binomial

theorem will apply to (a + a*)" for each n € N. Hence, we have the following:

Corollary 4.3.1. Fiz g, h € G and let a = a™9. Fort € R, if U, = @) and V, =
eit(%% then

and
Vt—]—i‘z Z() 1)P~9q9q" 4,
po1 P

a—a

Theorem 4.3.1. Fizk,l € G and let a = a“*. Fort € R, if U, = *@+2) or if U, = eit( =)

)

then

18 @ commuting square.
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Proof. The main idea of the proof is that we know that

D < M,(C)
C=]| U U T
Cl, ¢ C[G]

is a commuting square. Thus, if we can show that for each p € D and ¢ € C[G], we have
T(pq) = T(pUqU}), then the result will follow since by applying to p € D © C, we will
obtain 7(pU,qU;") = 0 which is precisely the commuting square condition. We will use that
7(pq) = T(pqU:U;). Therefore, by Lemma 4.3.4 and the previous corollary, it suffices to
show that for each g, h € G, we have 7(dyupxy) = 7(dgrupy) for any z and y which are
powers of a or a* and for y = I,,. Fix p,q € N, g, h € G, and let S; = (I)k. We first show
the result when y = I,, = I. Then

d U,h&p E ah 1g, h’Ih/

h'es;

= 5l 0 o150 {g}]
= 55) 1Si N {g}

and

T(dgyaPuy) = E agh,lh 1h g
Wes,

=019 (S, N {hg}|
=0y |S; N {hg}|.

When h = [P, we have |S;N{g}| # 0 if and only if hg € S, which shows 7(dupa?) =
T(dgaPuy,).
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A similar argument shows that 7(d,upa*?) = 7(dya*Puy,). Next, we show the result when

y = a?. Indeed,

P9 — p q
T(dyupaPal?) = E Ty gy iy g
Wes;

_ 190" p
= § : O Ap—11aps pr

h'esS;
19n' cI=Ph'
- § :6g Op-1laps
h'eS;

=5, " 1SN {g}]
and similarly

p q) — p q
T(dgaPupal?) = E g Q=14
Wes;

R
h'eS;
=6, " 1Sin{g}l.

[p+a

A nearly identical proof as above establishes 7(djupa®a™) = §,-7 1S, N{g}| =

7(dya*Pupa*?). We now check 7(dyupaPa*?) = 7(d aPupa*?).

P*q) — p *q
T(dgupaPa™) = E Ty g 1Ot g

h'esS;

_ I=n' p
- Z 59 Ap—1-aps pr

h'eS;

_ E 1=9h' cI=PR'

- (sg 6h7117‘1h’
h'es;

5 15N {g}|

70



and similarly

p *q\ p *q
7(dgaPuna™) = E Ty Qi g

h'es;

_ I7Ph' _xq
- Z Oy Ap=1ps 1-ppy

h'eS;
§ I=Ph' cl91—Ph'
= 69 (5h71h/
hes,

=0, " 1Sin{g}l.

An identical argument shows 7(d,usa*Pa?) = 6, " |S; N {g}| = T(dya*Puya?).

Fix k, | € G and let a = a"*. In the previous theorem, we proved the existence of a
family of commuting squares in the directions a + a* and % We have a* = o' F. Tt
follows that a = a* if and only if |I| = 1, or 2. For |I| > 2, it also follows that a + a* and

“%“* are both nonzero Hermitians. Note that a = %(a +a*) + % (%) It is then clear that

the Hermitians orthogonal to [D, C[G]] are generated by the distinct nonzero elements of the

a—a*

-~ where a = a9 for some g, h € G and in fact, these form a basis for

form a + a* and

the Hermitians orthogonal to [D, C[G]] since linear independence follows from the fact that
the nonzero entries of a9 are zero entries for a** if either h # [ or h = [ and k ¢ (h)g which

was shown in the proof of Theorem 4.3.

Remark 4.3.2. From the preceding result it follows that d(G) is the best possible bound for
the number of independent directions of convergence, in the following sense: there exists a
basis for [D, C[G]]*, such that for every a in the basis there is an analytic family of commuting
squares containing €q and of direction a. However, it is not true in general that every

(hermitian of unit length) a € [D,C[G]]* is a direction of convergence.

Example 4.3.3. Let G = Zoy ® Zso. If
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0 -1 0 1

-1 0 -1 0
a =

0 -1 0 1

1 0 1 0

then a € [D,C[G]]*, but a is not a direction of convergence.

We now try to get the same result for basis elements of {h : h L [D,C[G]],D,C[G]}.
First, we will alter our basis for {h : h L [D,C[G]]}. Note that for g € G,

T(aug) = Z anp (tg)y ),

h,h!

= E ah’gh.
h

Let k, 1 € G, a = a"* and S; = (I)k. We have

Z QAh,gh = Z Qh,gh #0
h

heSs;

< gh =1h
Sg=L
Therefore, we have the following fact:
Remark 4.3.4. Let h, gy, 92 € G. Then a9 — a9 is orthogonal to C[G].
This leads to the following definition:

Definition 4.3.5. Let g, h € G. We define a matriz o™9 € M,(C) by

a9 = ghe — g9,
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Thus, for g, h € G, it follows that o9 L [D,C[G]] + C[G]. Note that a™9 has each
diagonal entry equal to 0 unless h = e. Furthermore, if g € (h), then o9 = 0. For h € G,

let gh =, ..., g{‘G: () denote coset representatives of G /{h). So, our candidate for a basis is
{a"%  heG\{e},2<i<[G: (M)}

Note that linear independence follows from the fact that the nonzero entries of a9
are zero entries for a'* if either h # [ or h = | and k ¢ (h)g which was proven in the
proof of Theorem 4.3. To check they span, suppose a L [D,C[G]],D,C[G]. Then write
a=73 Bh.gal9 for some By, € Cand ™% is a canonical basis for {a : a L [D,C[G]]} for
each h and i. Now a L D tells us that none of the h’s are e. For h € G, we have > ,, ap/ pp = 0
and it follows that 8, = — 2222 Bh.q for each h € G (since the entries ay s are the nonzero

entries of a™9 for some g) and consequently, >, ﬁwiah’gzﬁ = 2 B (ah’gzh — ah’e>.
Proposition 4.3.6. Let h € G and g ¢ (h). Then a"*a"9 = 0 = a™9a"* and a¢(a™9)* =

0 = (a™9)*a™e.

Proof. We check one of the products is 0 as the others follow in a similar fashion. We have
(a™€a9)y v # 0= g € (h), hg' € (h)g and I/ = h?g’. It follows that from hg' € (h)g that
g € (h)g which contradicts the fact that (h) and (h)g are distinct cosets.

[

Corollary 4.3.7. Let h € G and g ¢ (h). For m € N, we have

(0)" = (@) 4 (~1)" (o)
It is easy to see that a™9(a™9)* = (a9)*a/9 and hence the binomial theorem may be
applied to (a9 + (a™9)*)" for each n € N.
Corollary 4.3.8. Let h € G and g ¢ (h). If U, = e+ ypen

=1 S

p>1 7 ¢=0

p aea( ghe ) (—a) —1) (a9 (g9 =)
(q)« (@)D L (1) (a3 (a9) )
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Theorem 4.3.9. Let h € G and g ¢ (h). Fort € R, if U, = @ +")") then

D < M,
C=| U U
Cl, c UC|GIU;

1S a commuting square.

Proof. Theorem 4.3.1 tells us 7(pgry) = 7(pxrqy) and 7(pgxr) = 7(pxq) for all p € D and
q € C[G] whenever z and y are powers of a™® or (a"*)*, whenever z and y are powers of
a™9 or (a™9)*, and whenever z is a power of a¢, (a"¢)*, a™9, or (a"9)* and y = I. Thus, it
suffices to check that 7(pzqy) = 0 whenever x is a power of a™ or (a™¢)* and y is a power
of a™9 or (a™9)* and vice-versa (as Proposition 4.3.6 shows that 7(d,upxy) = 0). To that

end, let I,m € N. Fix 1/, ¢’ € G. We show 7 (dg/ (ah’e)l Uy (ah’g)m) = 0. Indeed,

Py (0 e (@)™ = 37 (@), (@™ ) 2

=0as ¢ € (h) and ¢’ € (h)g is impossible.

The fact that the other mixed powers are 0 is proved in exactly the same way.

Let h € G and g ¢ (h). The previous theorem gives an analytic family in the direction
a9 4+ (a9)*. We ask “are these parametric families isomorphic?” More generally, “can
Uy = phdUFFpsd5F* for infinitely many k where df, d5 unitary diagonals and p¥, pk

permutation matrices”? To answer this question, we need a couple of lemmas.

Lemma 4.3.5. Suppose xj are unitaries and xp — x with ﬁ — X. Then there exists
{0} with A, € C and |\,| = 1 such that Ay, — © and 222 5 X with 7(Xz*) = 0.

il Aexie—x||

Proof. Since D = {\ : |\ = 1]} is compact, for each k there exists A\, such that
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e = o1l = inf {0 = o1k}
Note that [|[Apxr — x|]2 < ||z — x|]2 — 0. Therefore, A\yzx — . Recall, for u unitary,
llu = I]|3 = 2 — 2R7(u). Thus, RT(\exrz*) > Rr(Azga*) for all |\ = 1. Hence,

R7T(\p(e? — Dapa®) <0

for all A € R. By dividing with A > 0 and taking the limit as A approaches 0, we obtain
R7(i\xxx*) < 0; doing the same for A < 0, we have R7(i\cx,x*) > 0. Thus,
RT(i/\kaX*) =0.

Equivalently, Rr(i(Aux® — 1)) = 0. Let X = limy_ 222 =1 (after passing to a

if[ Akxx* 1|

subsequence if needed). Dividing the previous equality by |[Agzxz* — I|| and taking the
limit, we have R7(i(iX)) = 0. Since X is hermitian, we have 7(X) = R7(X) = 0.
[ |

Lemma 4.3.6. Suppose dy, dy are diagonal matrices and pi, ps are permutation matrices

in My(C) which satisfy

plledgng* =1.

Then if o1 and oo are permutations associated to py and po respectively, there exists b

such that (b,n) =1 such that

0'1(]6) = 0'1(0) — bk

and

oy (k) = 051(0) — b k.
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27i

Furthermore, if € = e,

-1
di6 (k) = d1,0€bk02 ©

5

and

b~ 1koy1 (0
dy gt = dpoe” "1

for any k.

Proof. Letting o; denote the permutation defining p; and € = e%, we see that

1 —1
ekl — o1 (k)oy (l)dl,gl(k)dzafl(l)'

We now find necessary and sufficient conditions on the permutations for solutions to

exist. Let xy; = ekl—o1(k)oy (1), Suppose d and d’ are diagonal matrices satisfying dpd; = xy,

then dj = =5 for all &',1'. Tt follows that 3—5“ = ;k—’“i Thus, a necessary condition on xy; is
k 1/
that for 1 < k, k', [,1" we have

Tkl Tl

Tpy T

In fact, this is sufficient. Suppose the equality is satisfied. Choose dod = xop and set
dj, = dO% and d; = d{)%’é. Then

Tro 4 Lol TroTol LE1T00
dpd) = dy =2 df) == = .
ZToo  Too Zoo Zoo

Thus, we get that o1 and o, must satisfy

kl — o1(k)oy ' (1) = 01(0)05 1 (0) — a1(0)o5 ' (1) — a1 (k)oy ' (1) for 0 < k1 <n—1
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or equivalently
kl = (01(0) — o1(k)) (05 (0) — 05 ' (1)) for 0 < k,l<n—1.

Choose a such that 1 = o, '(0) — 05 '(a). Then, we have ka = 01(0) — o1(k) for all k. It
follows that (a,n) = 1. Similarly, we get that o, '(0) — o5 (k) = bk with (b,n) = 1. Since
kl = abkl for all k, [, we must have b = a~!. Thus, there exists b with (b,n) = 1 and

0'1(]{7) == 0'1(0) — bk

and

oy (k) = 05,1(0) — b1k,
|

Theorem 4.3.10. Let hy,hy € G, g1 & (h1), g2 & (ha) and sg, tx € R. Let U} =
eitk(@" @) g U2 = eisk(0"20H"20)Y) I By | £ |hyl|, then it is not possible that

)

€l is isomorphic to €% for infinitely many k where

D < My(C)
¢ =1 u u
CI, c UiC[GU¥

Then

Proof. Assume there exists permutation matrices pf and unitary diagonal matrices d¥ for
i = 1,2 with p¥d*UF Fphds F* = U} for all k. By passing to subsequences and using that the
set of permutations matrices is finite, we may assume df — d; and pf = p;. First, we find

which d; and p; can work. Taking the limit, we have

plledgng* =1.
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Applying Lemma 4.3.6, we have there exists b with (b,n) = 1 such that

Ul<l> = 01(0) + bla
oy (1) = 03 1(0) + 6711,
and

dig 1) = dl’oe’bl"'gl(o) for all [.

df—d;
| — di]

matrix. By replacing d} with \yd¥ and d§ with A\.d5 as in Lemma 4.3.5, we may assume

By passing to subsequences, we may assume liin D; where D; is a diagonal
that 7(D;d}) = 0. Note that this does not change the relation p,dfUf Fdsp, F* = UL. Let
re = max{||d} — di||, ||ds — da||, ||UF — I||,]|U% — I||}. Then there exists constants §; and «;

for 1 = 1,2 with

dr — d; -
lim +—— =§;D; and lim Ui = q;a"9 for i =1,2.
n Tk k k?n
Uk -1 d¥ — d;
Indeed, «; = lim M and §; = lim M for ¢+ = 1,2. Furthermore, 0 <
k Tk k Tk

a1, Q9,017,002 < 1 and at least one of oy, ai, 41, and d are nonzero since the max is achieved

for each k; if all are zero, then for large n, we have

Uk -1 1 " —d;|| 1
k=1l _ 1l

—fori=1,2
Tk 2 Tk 2

which is a contradiction as at least one of them is 1 for each k. Since pidi Fdaops F™* = 1,

Uy — 1 =py(d¥ — d))UFFdipy F* 4 pidy(UF — I FdSpo F* + pydy F(dy — dy)po F*.

Dividing by r; and taking the limit, we have
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ay (@9 4 (a"292)*) = py (6 D1) Fdapa F* + prdyon (o9 4 (o/9)*) Fdypy F* + prdy F(62D2)po F*

= 0hp1 D1dip] + caprdy (ozhl’g1 + (ozhl’gl)*) dip] + 02 Fpids Dopa F™.

Note that p; D1dip} and p5d5Dsps are both diagonal matrices.
We have that dy () = doe 2 O for any p. Therefore,

* % —o;! - *
(pldl()éhl’gldlpl)k,l — ¢ %2 (0)b(k—1) (ahl,gl + (ahhgl) )al(k),m(l) .

For any g € G, (a"9 + (ahl’g)*)gl(k)m(l) # 0 if and only if oy(k) = hip + g and oy(l) =
hi(p £ 1) + g for some 1 < p < |hy| if and only if &k = b= hyp + b1 (g — 01(0)) and b(l —
k) = +hy for some 1 < p < |hy| . Note that since (b,n) = 1, |b"'hy| = |hi|. Letting

b_lhl,fb_lo'l(o) _ ab_lhl,b_l(gfol (0))

a=a , we then have that

*

pidy (Oéhl’gl + (O/thl)*) dip} = ¢ 1oi(0), 4 (E—hlcfl(o)a> )

.04y i 1 L ’ i .

By Remark 4.3.4, it follows that p;d; (a9 + (a91)*)dip; is orthogonal to D and FDF*

Hence, we must have as (/292 + (a292)*) — aypid; (a9 + (a91)*) dip; = 0 which can
only happen if ay = ay = 0 since |hy| # |ha|. We conclude that
0 = o1p1Drdipy + 02 Fpady Dapa F™

with both 0; and d, nonzero which can only happen only when D; = ;d; for some constants

dy —d
f1 and (s (since for a diagonal d, F'dF* is circulant). It follows that lim W = Bidy
n 1 — 1
with 0 = 7(f1d1d}) and hence, $; = 0 which is a contradiction as ||f1d1|| = 1.
|
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