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ABSTRACT

The feasibility of using a meteorological rocket as a platform for measure-
ments pertinent to wind velocity calculations is determined. The equations for
wind velocity calculations from measurements taken from an airborne platform
are developed along with an uncertainty analysis. Commercially available instru-
mentation is analyzed for use on the rocket propelled platform with the resulting

wind velocity calculation uncertainty quantified.
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Chapter 1

Introduction

This thesis documents a feasibility investigation of using a meteorological
rocket as an instrumentation platform for measurements pertinent to wind velocity
calculations in support of space shuttle launches. Most of the work reported herein
has been previously reported by Paige, et al. [1]. Prior to space shuttle launches,
the wind profile along the shuttle ascent path must be known for evaluation of
acrodynamic loading on the shuttle from the wind and wind-shears. The wind
data is used in a shuttle ascent digital simulation for prediction of the shuttle
response to these winds. Should the predicted response of the shuttle exceed pre-
designated structural and control margins, the launch of the shuttle is delayed or
canceled for that day.

Prescutly, balloons are released and tracked by radar for wind measurement.
The balloons, known as Jinspheres, are assumed to have a zero slip velocity with
the horizontal wind. Thus, the horizontal velocity vector of the Jimsphere, calcu-
lated by differentiation of the position of the Jimsphere as determined by radar,
1s assumed to be the velocity vector of the wind at the altitude of the Jimsphere.

The Jimsphere has a published accuracy of 0.5 m/s (2] and provides the
information for wind calculations up to 60 kft. Drawbacks of the Jimsphere/radar
system for measuring winds aloft include the long data acquisition time necessary
to obtain prelaunch data and Jimsphere drift from the anticipated shuttle ascent
path in high winds. Both of these drawbacks are consequences of the slow ascent
rate of the Jimsphere (5 m/s). Typically, a balloon requires slightly more than
one hour to rise to its maximum altitude of 55-60 kft above sea level (ASL), where

it subsequently cxplodes. A minimumn lead time of two hours is presently required
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before shuttle launch for the last pre-launch Jimsphere release. After the first hour,
during which the Jimsphere rises to altitude, the radar time, azimuth, elevation,
and range (TAER) data is sent from Cape Canaveral, where it is reduced to wind
magnitude and direction data filtered over altitude intervals of 100 ft, to Johnson
Space Center. This calculated wind data is then used by a shuttle “loads code”
which predicts the behavior of the ascending shuttle due to the acrodynamic loads
produced by the winds aloft.

Because of the lead time between the wind measurements and the shuttle
launch, the uncertainty in the wind profile at launch time is greater than the
uncertainty which would otherwise be incurred by measurements made temporally
closer to launch. This increcased uncertainty further restricts the shuttle ascent
safety margins and could cause an unnecessary launch delay, or as suggested by
some researchers, a catastrophe [3].

The potential additional costs associated with unnccessary launch delays due
to the present uncertainty in winds aloft predictions prompted a feasibility study
of using an airplane as a platforin for mecasurements pertinent to wind velocity
calculations. Because an airplane can climb to 60 kft ASL in a relatively short time,
the delay between the acquisition of the data used in the wind vector calculation
and the shuttle launch would be decreased significantly, thus potentially providing
a more accurate wind profile.

The use of an airplane as a platform for wind profile measurement is a proven
technique for providing wind profiles comparable in accuracy to wind profiles mea-
sured by Jimspheres within established margins [4]. However, due to the opera-
tional cost of an airplane [5], the usc of an airplane for shuttle launch support was

rejected. Thus, the use of a meteorological rocket as an instrumentation platform




for measurements similar to those that have been successfully made from airplanes

is considered herein.

A rocket is a desirable alternative to cither a Jimsphere or an airplanc for
several reasons: 1) a rocket can measure winds more closely to the shuttle ascent
path than cither the airplane or a Jimsphere, and 2) a rocket can collect the
data necessary for wind vector calculations more quickly (in one minute) than an
airplane (which requires 15 minutes or less) and significantly more quickly than a
Jimsphere (which requires one hour), expediting the shuttle loading evaluation. A
rocket also has the potential advantages of low production and operational costs
and independence from radar support.

The rocket and instrumentation pallet concept is illustrated in Figure 1. A
dart, containing the instrumentation and data acquisition and telemetry hardware,
would be propelled by a small rocket. An air data probe, extending forward from
the dart, would be used for measurement necessary for air velocity calculations.
Internal to the dart would be transducers measuring different aspects of the rocket
dynamics. The pertinence of the air velocity calculations and dart dynamics mea-
surements to the wind velocity calculations will be discussed further in Sections 2
and 3. The data acquisition and tclemetry hardware, although necessary system
components, will not be discussed herein.

This thesis begins by reviewing the process by which winds aloft are calculated
using measurements made from an airborne platform. In doing so, the necessary
measurements required to support those calculations will be defined. Instrumen-
tation on two airplanes currently used for wind measurements, an F-104 airplane
based at Dryden Flight Research Center and an ER-2 airplane based at Ames
Research Center, will be considered for use on the rocket based instrumentation

pallet. Although numerous other airplanes have been used for the determination
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of wind velocity in support of atmospheric research, the F-104 and ER-2 airplanes

have been used to determine wind velocity profiles for potential shuttle launch
support. Additionally, the trajectory and dynamics unique to a rocket will be
considered to simplify or improve the measurements required for the final wind
calculations. The wind velocity calculation uncertainty will be quantified analyt-
ically using the Taylor’s error propagation formula, based on the performance of
meteorological rockets and commercially available instrumentation.

Note that NASA does not explicitly specify a minimum uncertainty to which
winds aloft must be known. Potential loading on the ascending shuttle has been
and continues to be evaluated from winds predicted from Jimsphere trajectories.
Thus new methods of wind mecasurement must, at some point, be judged against
the Jimsphere. Actual calculated winds from data gathered from an ascending
rocket arc not available for comparison against Jimsphere-derived winds. There-
fore, for this study, the similaritics betwecen the system proposed for the rocket
and the systems in place on airplanes dictate comparison of the data potentially

gathered from the rocket to data gathered from airplanes.



Chapter II

Wind Vector Calculations from an Airborne Platform

Wind speed and direction, based on measurcments made from an airborne

platform, are calculated from the vector addition

W =Wye + Vas (2.1)

where W is the wind velocity with respect to an observer on earth, Wy is the air
velocity according to an observer on the airborne platform, and 1705 is the plat-
form velocity in the frame of the carth. In this report, contrary to the convention
used by some meteorologists, the wind vector is positive in the direction of air
flow. Mcasurements from the platform provide the information for air spced and
direction in a coordinate system that rolls, pitches, and yaws with the platform.
An inertial measurement system on board the vehicle measures the angles, angular
velocity, and linear velocity which describe the platform motion and orientation
with respect to the earth. With the air vector known in the moving coordinate sys-
tem and the orientation of the moving coordinate system with respect to the earth
known, the wind vector in the earthbound coordinate system can be calculated.
Wind calculations based on mecasurements made from a rocket are identical in phi-
losophy to those made from an airplane, although imaginary geometric reference
planes must be established through the rocket for angle measurement references.

Wind velocity calculated from Equation (2.1) is extremely sensitive to the ac-
curacy of the measurements used to calculate the velocity of air relative to the mov-
ing platform and the velocity of the moving platform relative to the earth. Both

of these vectors have roughly the same magnitude, typically from mid-subsonic
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Mach numbers to low supersonic Mach numbers, with nearly opposite directions.
The difference in these large veetors, which are nearly equal, is the wind velocity
being sought. Small errors in the calculation of cither variable in Equation (2.1),
which may not be significant for other purposes, may cause large uncertaintics in

the calculated wind velocity.

Air Velocity

Air speed in the coordinate system fixed to an airplane (the true airspeed
of the airplanc), is calculated from total pressure, ambient pressure, and total
temperature measurements. Etkin [6] calls this coordinate system the body-fixed
coordinates, which is defined as having the x-axis pointing forward through the
airplanc nose along the airplane centerline, the y-axis pointing out the starboard
wing, and the z-axis pointing out the bottom of the fuselage. The origin of the
coordinate system is located at the airplane center of gravity. With imaginary
horizontal and vertical planes defined, the body-fixed coordinate system can be

related to a rocket, as shown in Figure 2.1.

The speed of compressible fluid flow can be shown to be determined by the

flow Mach number and total temperature by

~ VT M (2.2)

- +1
14 L=M?

a

where V, is the air speed, v is the ratio of specific heats for air, R is the ideal gas
constant for air, T}, is the total temperature of the air, and M is the Mach number.
In this report, v is treated as a constant, 1.4, because of the altitudes of interest

for wind calculations. The Mach number when the rocket is traveling subsonically

is calculated from the total and static pressures according to the expression
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where p, is the total pressure, and p, is the static pressure.

When the vehicle is traveling supersonically, a shock wave in front of the
rocket will reduce the total pressure and increasc the static pressure, compared
to the total pressure and static pressure on the upstream side of the shock wave.
Although the measured total pressure will be reduced from the free stream con-
ditions by the shock wave, the measured static pressure will be a fraction of the
ambient pressure, dependent on the location of the static pressure measurement.
For the airspeed calculation, the free stream Mach number (on the supersonic side
of the shock wave) is calculated from the measured total pressure and free stream

static pressure by solution of the Rayleigh supersonic pitot tube formula (Shapiro
[7D)

P

vy-1
o (aan)
e - (2.4)
s 9 9 1\
(7371”1 - i‘ﬁ)

where pp is the total pressure of the air flow, measured behind a normal shock
wave, pgy is the free stream static pressure, and M; is the free stream Mach
number.

The direction of the air relative to the probe is described by the angle-of-
attack, «, and sideslip angle, 3, shown in Figure 2.2. In the body-fixed coordinate
system, the air vector is defined by Lenschow [10] as

p-1

Wyr = -V, [ D' tang (2.5)
D 1tan«




where D = (1 + tan? a + tan? 8)'/2. Equation (2.9) can be derived by the decom-

position of the air velocity as shown in Figure 2.3.

Pressure ports

Flow angle probe

-—--» Projected body-fixed
air velocity

o Angle-of-attack

Orthogonal

reference planes

B Sideslip angle

Figure 2.2 Angle-of-attack and Sideslip Angle Definitions [16].

————> Projected body-fixed
air velocity

Figure 2.3 Air Velocity Decomposition
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As the vehicle rolls, pitches, and yaws, the velocity of the probe used for the

air speed measurcments induces an air velocity equal to

p Ly
qg | x| (2.6)
r l,

where the vector (p, ¢,7) is the rotation rate of the vehicle in the body-fixed frame,
an (I, 1,,1,) is the position of the probe in the body-fixed frame. For airplane
based measurcments, this quantity is considered negligible unless the airplane is
maneuvering. Likewise for rocket based measurements, the induced velocity of
(2.6) will be negligible. Ouly p, the long axis spin of the rocket, will be consequen-
tial, and, by design, the probe will be located on the long axis. Thus (2.6) will be
small compared to the final wind velocity. Thercfore the air velocity induced by

the rotation rate of the rocket will be ignored herein.

Rotation Transformation

The vehicle-centered vertical frame, as defined by Etkin [6}, has its origin fixed
at the airplane center of gravity, with the x-axis pointed north, the y-axis pointed
cast, and the z-axis pointed in the direction of the local gravity vector. Etkin [6]
derives the transformation of a vector from body-fixed to vehicle-centered vertical

coordinates as

Wye = Lt Wpr (2.7)

with
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singsinfcosyp  cos psinfcosyp

cos f . . .
cos — cos ¢ sin ) + sin ¢ sin
Lpv = cos B sin sin ¢ sin 6 sin cosq%sin()sin P (2.8)
+ cos ¢ cos P — sin ¢ cos P
—sinf sin ¢ cos 6 cos ¢ cos 8

where ¢ is the airplane bank angle, 8 is the airplane elevation angle, and ¢ is the
airplane heading. The angles ¢, 8, and 4, called the Euler angles, are shown in

Figure 2.1.

Velocity Transformation

The vehicle-centered vertical frame and the earth-surface frame differ only in
the relative velocity between their respective origins. Thus the transformation of
a vector from the former to the latter involves only the addition of the velocity of
the vehicle-centered vertical frame relative to earth-surface. This relative velocity

is simply the ground speed of the vehicle:

W =Wyc + Vas (2.1)

Summary

The velocity of the air relative to the carth is calculated by transforming the
air velocity relative to the rocket by coordinate rotation and coordinate translation
to the frame of the earth. Furthermore, the measured magnitude of the air speed
must be transformed across a normal shock wave for supersonic rocket flight. The
three vectors of secondary interest arc then the air velocity (air speed, angle of
attack, and sideslip angle), rocket attitude (bank, elevation, and heading), and

rocket velocity (north, cast, and vertical speeds). These operations are done by
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D—l
W = Vgs — VoLgy, | D~'tanp (2.9)
D~ 1tan«

where V, is found by Equation (2.2) and (2.3) in subsonic flight, and (2.2) and

(2.4) in supersonic flight.
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Chapter 111

Mecasurements and Instrumentation

The instrumentation on the rocket necessary for wind velocity calculations
provides the information needed to determine the air velocity relative to the rocket,
the orientation in three dimensions of the rocket relative to the Earth, and the
lincar velocity of the rocket relative to the Earth. The air speed relative to the
rocket is calculated with total and static pressure mcasurements, two differential
pressure measurements, and one temperature measurement. The direction of the
air relative to the rocket, described by the angle of attack and sideslip angle, o
and 3, would be determined from a calibrated probe with two differential pressure
measurements. The orientation of the rocket, described by the bank, elevation,
and heading of the rocket, would be determined by gyroscopes, angular rate mea-
surements, or a combination of the two. The earth-surface velocity of the rocket,
the rocket ground spced,would be detcrmined by three orthogonal acceleration
measurements. Thus, the instrumentation will provide for:

1) total and static pressure measurements,

2) two flow angle measurements,

3) one temperature measurement,

4) three angular or angular rate measurements, and
5) three linear acceleration measurements.

The instruments listed are representative of the instruments used on airplanes
for wind velocity calculations. However, this pallet may be simplified without data

compromise due to the nature of the rocket flight and motions.
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Airspeed

The vehicle airspeed is calculated from compressible flow theory and three
measurements to be made from the rocket: stagnation pressure, static pressure,
and stagnation temperature of the air stream in the frame of the moving rocket.

Chue [11} and Gracey [12] state that total pressure is measured accurately with
both blunt and streamlined pitot tubes, although Chue [11] reports corrections
are necessary for viscous effects in flows with Reynold’s numbers less than 1000.
Gracey [12] also states that total pressure measurements are independent of sinall
incidence angles, for appropriately shaped probes.

The accuracy of the static pressure measurement is highly dependent on the
location of the pressure ports, either on the pitot probe or possibly on the dart.
Chue [11] and Gracey [12] show corrections necessary for static pressurc mea-
surements with probes for low Mach number, Reynold’s number, incidence an-
gle, and port location. Data in Figure 3.1 [8] suggest that for the hemispherical
probe considered herein, the measured static pressure would be 95 to 100% of
the true ambient pressure, except near unity Mach number. However, because
of the unique geometry of the probe, dart, and motor combination, wind tunnel
calibration would be necessary for the range of anticipated Mach number and flow
incidence range to correlate the measured pressure to the true pressure. An casier
method might be to correlate the ratio of the measured static pressure and the
total measure to the true Mach number, similarly to the method in Vahl [13].

Because of the transient nature of the pressures to be mecasured from the
rocket and the volume of the tubes necessary between the pressure transducers
and the pressure ports, a lag would exist between the true pressures and the
measured pressures. The pressure lags could be modeled, and the mcasurcments

possibly compensated digitally, as done, for example, by Brown [14]. The effect
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of the tubing is, to some extent, desirable, for filtering the high frequencies in the

data duc to atmospheric eddies.

The total temperaturce potentially would be measured outside the rocket
boundary layer, by a total temperature probe using a thermocouple, thermistor,
or resistance temperature device (RTD). Both the F-104 and the ER-2 airplanes
have total temperature mecasurements from a transducer mounted on the end of
a strut mounted on their respective fusclages. Similarly, the rocket would have a
strut mounted temperature transducer on the body of the payload portion of the
rocket or on an air data probe extending from the rocket. Similarly to the static
pressure measurement, the measured total temperature would be correlated to the
true total temperature by the Mach number dependent recovery factor. Figure
3.2 [9] shows an airspecd dependent recovery factor for a Pratt and Whitney total

temperature probe, which is typical for any total teinperature probe.

1.00
~
o 095
o
E
=
o
ﬂg Tyn = Measured temperature
S 090F T, = Total temperature
~ T = Static temperature
0.85 . . . y

0 250 500 750 1000 1250
Air Velocity, fps

Figure 3.2 Recovery Factor for a Pratt and Whitney Total
Temperature Probe (Adapted from Volluz [9]).
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In this thesis, the total pressure measurement, the static pressure measure-
ment, and the total temperature measurement will be assumed to be related to
true conditions from wind tunnel calibrations to within the accuracy of the trans-
ducers making the measurements. Because the incidence angles are anticipated to
be small (discussed in Chapter VI) and the range of Reynold’s numbers will be
high (108 ft~1), the necessary corrections are anticipated to be only Mach number

dependent.

Flow Angle

The angle of airflow relative to the rocket is measured in two reference planes,
corresponding to angle-of-attack and sideslip angle for airplanes. The Dryden F-
104 and the Ames ER-2 airplanes use different methods for measuring these angles,
cither of which is potentially uscful for a rocket application. The Dryden F-104
airplanc uses flow vanes, as shown in Figure 3.3, and the Ames ER-2 airplane uses
differential pressure mcasurcments on the radome (Figure 3.4) which are correlated

to particular flow angles.

The standard NACA air data probe, which is used by the Dryden F-104
airplane, is equipped with vanes which measure airflow by vane displacement.
The actual flow angle is found by correcting the displacement angle according to
wind tunnel calibrations for varying Mach number, angle-of-attack and sideslip.

Similarly to the differential pressure measurcment system on the ER-2 air-
plane, probes are made to measure flow angles and flight Mach number for air-
planes and wind tunnels from differential pressure measurements. Examples of a
Conrad probe, a conical probe, and a hemispherical probe are shown in Figure
3.5. The flow angle in a plane corresponding to the plane of a differential pressure

measurement is calculated from Scott, et al. [15] and Rosemount [16] by
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(3.1)

[0

where « is the flow angle, Ap is the differential pressure, k is the air flow angle
sensitivity factor, and ¢ is the dynamic pressure, py — p,. The airflow angle sensi-
tivity factor would be found from wind tunnel calibrations and is roughly constant
within small Mach number domains. Vahl, et al. [13] report an iterative method
of calculating flow Mach number and angles, using a conical probe without a static
pressure measurement, whereby the ratio of the mean pressure measured at the
inclined ports to the total pressure is correlated to the free stream Mach number.
The flow angles are correlated to the ideal gas dynamic pressure of the indicated
Mach number through Equation (3.1), where k is a function of the Mach number.
The indicated Mach number is corrected for the flow angle on the probe, and
the flow angles are recalculated. The process continues until the Mach number
converges.

Dudzinski and Krause [17] report that in flows with Mach numbers ranging
from 0.3 to 0.9, the worst case flow angle uncertainty (in low velocity or low density
flows) determined from measurements with a Conrad probe was less than 0.5° and
“several times smaller” with high velocity or high density conditions. Furthermore,
these uncertainties werc attributed to the resolution of the differential pressure
measurcment (0.5 mm H,0).

Gaillard [18] reports measurcd flow angles with an accuracy of 0.2 deg with
a 60 deg conical probe for flows with Mach numbers ranging from 0.6 to 2.6
and a flow angles of less than 20 deg. For flow angles greater than 20 deg, the

measurement accuracy degenerates to 0.4 deg.

Bryer and Pankhurst [19] recommend a hemispherical probe for high subsonic,
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transonic, and low supersonic flow, rather than a sharp ended probe, because

the shock wave resulting from the presence of the probe is always detached from
the blunt probe. Rosemount claims a flow angle accuracy of 0.2 deg, without
correction for manufacturing anomalics, for a hemispherical probe. Hagen [20]
claims an accuracy of 0.1 deg is possible with that probe with corrections for the

pressure port misalignments.

Note that the previously mentioned accuracies for flow angle measurements
with small differential pressure probes have been obtained in wind tunnels. How-
ever, Brown {21] and Poellet [22] report accuracies of 0.13 deg and 0.1 deg, respec-
tively, for flow angle measurements with the Rosecmount probe on airplanes flying
subsonically.

A possible method of determining the angles of attack and sideslip would be
to measure the angular acceleration of the dart due to sideloading from the wind.
The angular acceleration of the rocket would be proportional to the sideloading
and inversely proportional to the moment of inertia of the rocket. The angular
acceleration of the rocket could thus be correlated to the angles of attack and
sideslip. However, determination of the moment of inertia would be difficult be-
causc of the changing mass of the rocket motor (from burning propellant) and the

spin of the rocket.

Rocket Inertial Motion

Inertial Navigation Systems provide the vehicle attitude (bank, elevation,
and heading) and ground velocity for the wind velocity calculations of both the
ER-2 and the F-104 airplanes. Radar tracking was also used for more accurate
ground velocity calculations for the F-104 airplanc. The cost and size restraints

of an expendable rocket borne platform preclude the use of an INS; however, the
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components of an INS used to make the inertial measurements (gyroscopes and

accelerometers) could be used on the rocket.

INS’s use gyroscopes to measure the angular displacement of the INS from a
reference plane. Gyroscopic output signals are correlated to either the net angular
displacement of the gyroscope from an reference or the discrete angular displace-
ment from a previous time step. In the case of a spinning rocket, the former could
not be used to measure the bank angle; these types of gyroscopes are limited
typically to a net displacement of less than 90 deg, whereas spin rates for metco-
rological rockets are typically several revolutions per second. The spin rate can be
calculated by accelerometer measurements by virtue of gravity; an accelerometer
suite (which will be discussed in the context of the ground velocity calculation)
would have accelerometers on the two non-spinning axes of the rocket (the y and
z-axes in the body-fixed coordinates). These accelerometers would periodically
measure a component of gravity with a frequency equal to the spin rate of the
rocket, assuming the rocket ascended with an elevation angle representative of
the elevation angle of the ascending space shuttle (60 deg) at the same altitudes.
Thus, the phase of the accelerometer measurements would be correlated to the
bank angle. Furthermore, the magnitude of the sinusoidal component of the ac-
celerometer measurements could be correlated to the elevation angle of the rocket.
The sinusoidal component of the accelerometer measurements would be separated
by a digital bandpass filtering based on the spin rate of the rocket.

Rate mcasurements on the two axes off the long centerline of the rocket,
combined with the spin rate of the rocket determined by the accelerometer suite,
would be used to calculate the attitude of the rotating rocket by discrete rota-
tions of the body-fixed axcs. Instcad of determining the Euler angles and then

calculating the transformation matrix, Lpv, the transformation matrix would be
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recalculated from the previous transformation matrix and the measured rotation

rate of the rocket.

The rows of the transformation matrix arc unit vectors in the directions of
the body-fixed axis relative to the vehicle-centered axes. The rows of a new trans-
formation matrix can be constructed after a discrete rotation of the body-fixed

frame by

—

7= (7 &)=+ R (3.2)
w

th axis of the new body-fixed frame relative to

where 7, 1s the unit vector on the :
the vehicle-centered frame, &, is the unit vector on the 1** axis of the old body-
fixed frame, & is the rotation rate vector in the old body fixed frame transformed

to the vehicle-centered frame, w? is the square of the magnitude of the rotation

rate vector. The vector I’ is found from solution of the system

& R=0 (3.3)
R R = R*cos¥ (3.4)
(@ x R)- R = wR?sin# (3.5)

where 6 is the discrete three dimensional rotation magnitude, and R is equal to
T, — (T, - &) /w?. The initial attitude of the rocket would be the initial condition
required for the solution of this discrete, single integration. The derivation of
this solution by the author is given in the Appendix, although this derivation
can probably be found clsewhere in the context of strap-down INS operations
principles.

The ground velocity of the rocket would be determined by the transformation

and integration of three orthogonal acceleration measurements in the body-fixed
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frame. An accelerometer suite would be fixed to the dart body and would rotate

with the rocket. The time dependent inertial velocity of the rocket would be

determined by

t
VG5=/ LB{/‘_"BF‘ZT (3.6)
ty

where Vs is the inertial velocity, ¢ is time, ¢, is the time of launch, Lg{, is the
transformation matrix from Equation (2.8), and @pr is the measured acceleration

of the rocket in the body-fixed frame.

Data Sampling

The anticipated dynamics of the rocket and dart, combined with the necessity
of simultaneous measurements of the more rapidly changing parameters measured
from the rocket (such as flow angle and bank angle), require that some attention
be given to the instrumentation sampling scheme. Typically, measurements are
compensated for the time delay necessary between the sequential interogation of
instrumentation, such as is done with the data collected on the ER-2 airplane.
However, clectronics are readily available with which several data channels can be
cffectively interogated simultaneously, negating the necessity for time compensa-

tion. Such an approach would probably be used on the rocket.
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Chapter IV

Uncertainty Analysis

Three equations are developed herein, which can be combined to make one
equation, which show the approximate relationship between the uncertainties in
the measurements made from the rocket and the uncertainty in the calculated
wind velocity. The uncertainty of the calculated wind velocity is shown to Mach
number dependent.

The uncertainty in the calculation of a wind vector from measurements made
on an airborne platform will be developed with the Taylor’s series method of error

propagation

uvvzfxgﬁaMf (4.1)

i=1
where F'is the calculated parameter of interest and the set of ¢; are the independent
variables, or measurements, governing F. The assumption is made by use of (4.1)
that the uncertainties in §; are uncorrelated.
In the case of wind calculations supported from an airborne measurements,

Equations (2.1), (2.7), (2.8), and (3.6) can be substituted into (4.1) and the un-

certainty in the calculated wind velocity can be shown to be

AWN?  2(Aa)? | [ AWpp\® )
() =+ () +aew) (42

where AW is the root mcan square of the carth-surface wind component uncertain-
ties, t is the time from rocket launch, Aa is the platform acceleration measurement
uncertainty, AWpgr is the root mean square of the body-fixed air velocity compo-

nent uncertainties, and A¢ is the uncertainty of the measured or calculated Euler
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angles. Figure 4.1 shows, from Equation (4.2), the uncertainty in the earth-surface
wind velocity from the body-fixed wind velocity uncertainty, the uncertainty in the
Euler angles ¢, 8, and 1, and the airspeed. The assumptions are made in Equa-
tion (4.2) that the Euler angle uncertainties are all of equal magnitude and that
the uncertainties in the three measured acceleration components are all of equal

magnitude.

At this point, the rotation rate of the vehicle should be considered in the
error analysis. As the vehicle rotates, a wind vector is induced at the wind speed
instrumentation proportional to the rotation rate and the distance between the
airplane center of gravity (c.o.g.) and the wind speed instrumentation. However,
the product of the rotation rate and length between the c.o.g. and instrumentation
is small for a meteorological rocket and the contribution to the measured wind
speed is not significant. Thus, the error contributed by the measured rate of the
vehicle rotation will be neglected here.

The three components of the wind vector in the body-fixed frame, W,, Wy,
and W,, are calculated from the airspeed of the vehicle, V,, the angle of attack,
«, and sideslip angle, 3, between the vehicle and relative wind, by Equation (2.5).
Equation (2.5) can be substituted into (4.1), simplified by small angle assumptions,

and normalized by the airspeed to

(M:;BF)Z _ (Avt:a>2 + 2Aa)? (4.3)

where AV, is the uncertainty in the calculated airspecd, and A« is the uncertainty
of the calculated flow angles. This relation is shown in Figure 4.2.

The uncertainty of the calculated airspeed can be shown to be a function of

the
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total temperature measurement uncertainty and the uncertainty of the calculated

Mach number by

AV,\* 1(AT, 2+1 1 2raM?? (4.4)
V. ] 4\ T, 4\1+ M2 M? '

The uncertainty in the subsonic Mach number is calculated from the uncer-

tainty in the calculated pressure ratio by

The uncertainty in the pressure ratio ';h' is evaluated from the two remaining
a

independent variables in the wind velocity calculation

(B -Gy e () e

For convenicnce, the relative total and static pressure measurement uncer-

tainties will be considered equal, so

<A1p7:)2/ (;—) - 2(7) (4.7)

Thus, the uncertainty in the calculated subsonic airspeed is approximated by

AVAN? 1/AT,\? 2 (Aps\’
Va 4\ T, VEM\ p,

Note that the uncertainty of the free stream pressure measurement will probably

be greater than the uncertainty in the total pressure measurement, because of the
probe body effects on the free stream pressure (discussed in Chapter III).

The uncertainty in the supersonic Mach number can be shown from Equation

(2.4) to be
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(S) - (2 (am) (e “9)
M? B M2 — % Ds Ps .

and the resulting supersonic airspeed uncertainty can be shown to be

AVa)'_1(AT, 2+l - (M%) (AnY’ (4.10)
Va 4\ T, 2\1+3IMm2) \ M2 3 Ps '

Figure 4.3 shows the uncertainty of the calculated airspeed based on the

uncertainties of the pressure and temperature measurements from Equation (4.8)

and (4.10).

Summary

The uncertainty in wind velocity calculations from measurements made from
a rocket-propelled dart is determined by the measured paramcters dpr, ¢, 8, ¥,
Ty, p, Po, @, and B, and their measurement uncertainties, and can be approximated
by the relations given in Figures 4.1, 4.2, and 4.3. This neglects any contribution
to the wind velocity made by the rotation rate of the dart, which is small, and

crrors in the alignment of the instruments making the flow angle, attitude, and

acceleration measurements. The alignment of these instruments will be assumed

to be within 0.01 deg or correctable to within 0.01 deg, based on the alignment

crrors reported by Haering [23] of the instruments on the F-104 airplane, which is

well within the instrument uncertainties (discussed in Chapter VI).




Va = Vehicle airspeed
T, = Total Temperature
ps = Pressure
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Figure 4.3 Calculated Airspeed Uncertainty from Pressure and
Temperature Measurement Uncertainties.
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Chapter V

Rocket Performance

Orbital Sciences Corporation (OSC), a sole source for meteorological sounding
rockets, was consulted for information regarding the availability of small rockets
suitable for carrying an instrumentation payload for measurements used for wind
velocity calculations. Two options were discussed with OSC: 1) using an off-the-
shelf, high-acceleration, high-speed meteorological rocket, and 2) designing a new
rocket with low acceleration and a subsonic or low supersonic ascent rate. Present
meteorological rockets are designed to deliver a payload as quickly as possible to
a high altitude, which may not be suitable for the nature of the measurements

needed for wind calculations.

Existing Design

A rocket typical of the current gencration of small meteorological rockets, a
Super Loki, was discussed with the OSC as potentially carrying the instrumen-
tation pallet. In usual operations, the four-inch diameter Super Loki is used to
accelerate a two-inch diamecter dart to high supersonic speeds which can propel
the dart to 300 kft. Though the rocket has only a two second action time, the
rocket impulse imparts sufficient momentum to a low-drag dart to propel it to
high altitudes. A computer simulation was conducted by OSC, assuming the
instrumentation-housing cone to be no more than three inches in diameter and to
weigh 30 pounds. The simnulation predicted that the Super Loki would have an
acceleration of 50 ¢ at ignition, and 90 g near burnout. At burnout, the rocket
would have a flight Mach number near 3.5. At 60 kft, the flight Mach number of

the cone would be near 2.5. The Super Loki also has a minimum spin rate of 16
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rps for stabilization.

The Super Loki is a proven rocket and is readily available. No developmental
work will be necessary before the Super Loki can be used for the instrumentation
pallet. Furthermore, the three-inch diameter dart design facilitates the use of
existing Super Loki launchers, which are available at Kennedy Space Center and
other launch sites. However, the Super Loki has two characteristics which make it
undesirable as a platform for measurements pertinent to wind velocity calculations:
high acceleration and high airspecd.

The predicted Mach number of a dart propelled by the Super Loki is shown

in Figure 5.1. The high acccleration of the Super Loki induces a maximum

3.5

3.0r Super Loki

2.5" 'a—z-_"o

2.0

New Design

Mach number

1.0

0.5 0z

00 ' 20 ’ 20 ' 80
Altitude, kft ASL

Figure 5.1 Super Loki and New Design Predicted Mach Number with
a 30-pound, 3-inch Diameter Dart.
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airspeed of 3900 fps at a low altitude. This acceleration typically induces errors in

the transducers in the dart which may not be correctable without extensive test-
ing and calibration. Additionally, the high airspeed requires that the pitot and
temperature measurements be made more accurately than would be necessary at
a lower airspeed for equivalent wind vector accuracies. Thus, OSC made a pre-
liminary design of a rocket specifically intended for the proposed instrumentation

pallet for wind velocity calculations.

New Design

A rocket specifically designed for delivering an instrumentation pallet to 60
kft ASL would ideally have a low acccleration and a flight Mach number which
increases steadily with altitude. The low acceleration provides two advantages
with respect to the instrumentation: 1) the instrumentation sclection would not
be limited to models especially designed to withstand high g forces, and 2) a
steadily increasing flight Mach number would be advantageous with respect to the

total pressure and total temperature to be measured from the rocket probe.

OSC proposed the design and construction of a new, low acceleration rocket
for the wind measurement platform. The proposed rocket was conceptualized as
an end-burning rocket with a 7-inch diameter and a length of 48 inches. Since
present-day solid propellants are designed to burn quickly, a slower burning “old”
technology propellant would be uscd. The spin rate of the proposed rocket would
be determined only after a test flight; afterwards, the fins of the rocket could be
canted to adjust the spin rate. Because of the slower speed and higher moment
of inertia of the proposed rocket, the proposed rocket would have a spin rate less

than that of the Super Loki.
OSC simulated such a rocket ascending with the instrumentation pallet for
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wind measurements. The simulation predicted that the rocket would ascend with a
typical acceleration of 2 g, achieving sonic velocity at 10 kft ASL. The maximum
Mach number predicted was 2.1, which occurred at rocket burnout near 50 kft
ASL. The predicted Mach number of a dart propelled by the proposed rocket is
shown in Figure 5.1.

The simulation of a Super Loki predicted that the total pressure behind the
bow shock of the air data probe will be 190 psia at 5000 ft ASL, the altitude of
maximum Mach number. At 60 kft ASL, when the dart begins coasting near Mach
2.5, the total pressure decreases to 10 psia. The wide range of total pressures po-
tentially encountered by a dart on a Super Loki dictates that two or more pressure
transducers are nccessary for the precision requirements of the wind calculation
since this range spans nearly three orders of magnitude. However, a dart with a
Mach number that increases with altitude will generally experience a total pres-
sure with far less variation, thus simplifying the total pressure measurements. The
flight Mach number necessary for an ascending dart to maintain a constant total
pressure behind a normal shock is shown in Figure 5.1 for a standard day ambient
pressure profile [24]. Also shown for reference is the necessary Mach number to
maintain a constant total temperature with a standard day temperature profile.

Figures 5.2 and 5.3 show the predicted total pressures and total temperatures,
respectively, potentially encountered by the dart propelled by a Super Loki and the
proposed rocket. The static pressures encountered by both should range between
approximately 15 psia at sca level and 1 psia at 60 kft, depending on the location of
the static pressure tap on the dart. The low variation in the pitot and temperature
measurements, as well as the acceleration measurements, for the proposed rocket
makes a broader range of transducers available with accuracies necessary for high

quality wind vector calculations. This makes the transducer selection easier and
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less expensive than if the Super Loki is used. However, the proposed rocket is not

currently available and would have to be developed.

200
U.S. Standard Atmosphere (1976)
I Assumed
160 Super Loki
N Proposed Rocket
N
a |-
s 1201
=
2 I
[} -
8
& g
s 80p
E?{ -
401
0 1 ! ' ! et
0 20 40 60

Altitude, kft

Figure 5.2 Predicted Total Pressure for a 30-pound, 3-inch Diameter
Dart.
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Chapter VI

Instrumentation Specification and Wind Velocity Uncertainty

The uncertainty of the calculated wind velocity from measurements made on
the Dryden F-104 airplanc will be used as a design specification for the instrumen-
tation on the rocket-borne pallet. The F-104 airplane was instrumented specifically
for the study of using airplanes to support shuttle launches and flies supersonically
at high altitudes (above 30 kft ASL), as is expected of the rocket-borne pallet. The
high altitude Mach number of the F-104 airplane is typically 1.6 to 2.0. Given the
limit on the wind velocity uncertainty, the maximumn measurement uncertainty
can be specified.

A wind spced uncertainty of 10 fps will be used as the RMS of the wind
velocity component uncertainties of the calculations from the data gathered from
the F-104 airplane. The uncertainty of the wind velocity calculations from the
data gathered from the F-104 airplane will be deduced from Haering (23] and
Luers {2]. Haering [23] reports a wind speed uncertainty of 10 fps in supersonic
flight, neglecting the errors in the measurement of the inertial velocity of the F-104
airplane. The inertial speed uncertainty of the F-104 airplane will be assumed to be
2 fps, based on the uncertainty in the wind speed calculated from the radar tracking
data of Jimsphere trajectories [2]. Because the uncertainty of the Jimsphere winds
of 2 fps is actually the uncertainty in the horizontal speed of the Jimsphere, this
uncertainty will be used as the uncertainty of the inertial speed of the F-104
airplane. The wind velocity uncertainty of 10 fps is then derived by substituting
the wind specd uncertainty of 10 fps (which ignores inertial velocity uncertainties)

and an inertial velocity uncertainty of 2 fps into Equation (4.2).
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Maximum Measurement Uncertainty for Design

The uncertainty in the wind velocity calculation is dircctly related to the
airspeed of the vehicle, as shown in part by Figure 4.3. This is also readily realized
by Equation (4.28) and (4.33), which show that even for small errors in flow
angle measurcments, the inertial attitude measurements, the vehicle acceleration
measurements, and the relative air speed measurement, a high airspeed will drive
a large uncertainty in the wind velocity calculation. Thus, for the purposes of the
analysis, the highest nominal airspeed anticipated from the candidate rockets will
be used for instrument specifications. For the Super Loki and the proposed rocket,
nominal maximum airspceds of 3900 fps and 2200 fps will be used, respectively,
based on the predicted flight Mach numbers of these rockets shown in Figure 5.1.
Additionally, because of the dependence of the ground velocity calculation on the
time from launch, an airspeed of 2800 fps will be studied for the Super Loki. The
airspeed of 2800 fps is the predicted airspeed of the Super Loki at 60 kft ASL, after
a 20 second flight. The same analysis will not be done for the proposed rocket,
since the maximum airspeed is predicted to occur near 50 kft ASL, near the end
of the predicted flight of the proposed rocket (one minute after launch).

Table 6.1 shows the maximum measurement error allowed for the each of
the transducers to attain a wind velocity uncertainty of 10 fps, assuming each
of the transducers was considered without regard to the measurement error of
the other transducers. This first approximation of the measurement accuracy
requirements establishes an instrumentation specification baseline, with each of
the measurement errors contributing roughly equally to the wind velocity uncer-
tainty. The wind velocity uncertainties resulting from the combined measurement
errors are also given in Table 6.1. The wind velocity uncertainties resulting from

the combined measurement crrors are approximately twice the established design
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Table 6.1 Baseline Instrumentation Specification.
Proposed Super Super
Rocket Loki Loki
Mach number 2 3.5 2.5
t, sec 54 2 20
Ap/p, % 1.0 1.2 1.0
AT/T% 0.9 0.5 0.7
Aa, deg 0.2 0.1 0.1
Ad, deg 0.1 0.07 0.1
Aa,milli—g 6 200 20
Wind Velocity
Uncertainty, fps 22 23 22
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uncertainty of 10 fps.

As a second approximation to the maximum measurement errors allowed, the
mecasurement uncertaintics shown in Table 6.1 were halved. The resulting wind
velocity uncertainties were half of those given in Table 6.1, implying that the wind
velocity uncertainty is directly proportional to the measurement errors within the
neighborhood of the measurement errors listed in Table 6.1. The resulting wind
velocity uncertainties, 11 fps for the Super Loki and 12 fps for the proposed rocket,
are considered equivalent to the uncertainty of the wind speed calculations from

the F-104 based measurements.

Transducers with measurement uncertainties which will meet or exceed the
requirements established for the pressure, temperature, and acceleration measure-
ments for the two different rockets are commercially available, but may be cost
prohibitive. The measurement accuracy requirements of the flow angles, a and £,

however, probably cannot be met for the high speed Super Loki.

Pressure and Temperature Measurement Feasibility

Rosemount pressure and temperature transducers were chosen as typical of
commercially available aerospace transducers. Rosemount sells capacitive pressure
transducers with a 0.1% full scale accuracy {25] and total temperature probes with
a 0.2% scale accuracy [26). The Rosemount pressure transducers would readily
meet both the total and static pressure requirements of both rockets. Both rockets
would require two transducers, for low and high ranges, for both the total and

static pressures measurements.

The temperatures induced by the high Mach numbers of the Super Loki would
be difficult to measure. The Rosemount strut-mounted temperature probes have

maximum temperature ranges typically of 600°F, which is inadequate for the Su-
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per Loki but adequate for the proposed rocket. The accuracy of the Rosemount
temperaturc probes will also mccet the measurement requirements of the proposed
rocket. The temperatures induced by the high Mach numbers of the Super Loki
would probably require a costume-made RTD probe to cover the required range

and meet the temperature measurement accuracy requirements.

Inertial Attitude Measurement Feasibility

The inertial attitude measurement uncertainty cannot be quantified without
a priort knowledge of the rocket flight dynamics. The bank angle would be de-
termined by lincar accelerometers and the local gravity vector. This accuracy
is assumed hercin to be 0.1 deg, based on the resolution of a 12 bit analog to
digital (A/D) transducer signal conversion. The dynamics of the rocket on the
off-centerline axes will be driven by aerodynamic side loading, which is expected
to be small because of the high airspeed of either rocket. Potentially, the only error
in the angular rate transducer signals will be linearity errors, which will be small
due to the small angular motions of the rocket off of the centerline. Furthermore,
linearity errors should tend to cancel because the spin of the rocket brings the
rate transducers into a given plane twice, with opposing orientations, with each
revolution of the rocket. Thus, the attitude uncertainty on the off-centerline axes
will be assumed to be 0.1 deg, modeled after the attitude uncertainty of the ER-2
MMS and the F-104 based measurements, both of which use strap-down INSs for
attitude measurements. This uncertainty is not adequate for the Super Loki but

is adequate for the proposed rocket.

Acceleration Measurement Feasibility

The acceleration mecasurement range and accuracy requirements of both rock-

ets can be met with commercially available accelerometers. Schaevitz accelerom-
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eters [27], one with a full range of + 5 g on the body-fixed x-axis, and two with

full ranges of + 0.5 g on the body-fixed y- and z-axcs, will satisfy the acceleration
measurement range anticipated with the proposed rocket. These accelerometers
have an accuracy of 3.5x1072 g and 0.4x10™3 g accuracy, respectively. The Su-
per Loki acceleration on the body-fixed x-axis would be measured by a Sunstrand
accclerometer (28] with a range of + 100 g and an accuracy of 10x107% g. The
Super Loki acceleration on the body-fixed y- and z-axes would be measured by the

same low range Schaevitz accelerometers potentially used on the proposed rocket.

Flow Angle Measurement Feasibility

The uncertainty of the flow angle measurements is driven more by the cali-
bration of the flow angle probe than by the accuracy of the differential pressure
transducer supporting the measurcment. The flow angles are anticipated to be
small, because of both the anticipated high air speed of the rockets (compared
to the side loading from the wind) and because of the rockets’ natural tendency
to seck a zcro angle of attack and sideslip angle, nullifying side loading. Even
an extreme wind of 200 fps above KSC [29] would result in a flow angle of less
than 6 deg or less for the high specd rockets. However, this angle would have to
considered as superimposed on the rocket angle of attack due to coning. Thus, the
requirements on the accuracy of and range of the differential pressure transducers
can be easily met with a bi-directional differential pressure transducer with an
appropriate range of £2.5 psid, based on the factory calibration of the Rosemount

858AJ hemispherical flow direction probe [16].

The accuracy of the data taken from the probe will be assumed to be limited
to 0.1 deg. This is the accuracy claimed by Rosemount [20] with correction for

port misalignment, and this accuracy is not inconsistent with the findings of other
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researchers [17, 18, 21, 22}, as discussed in Chapter III. Further resolution on the

flow angle mecasurement may be restricted by boundary layer turbulence or the

finite surface area required by the orifice for the pressure measurement.

A flow angle accuracy measurement of 0.1 deg is inadequate for the Super
Loki but is adequate for the proposed rocket. Although flow angle measurements
are made with an accuracy of 0.03 deg by the ER-2 MMS [15], this accuracy
apparently cannot be attained by a small differential pressure probe. The ER-2
MMS uses differential pressure measurements across the large radome of the ER-2,
which has been carefully studied in wind tunnels. Conceivably, a nose cone can
be designed and carcfully calibrated for a dart propelled by the Super Loki with a
high flow angle sensitivity in the Mach number range predominant in the predicted

Super Loki flight (2.5 - 3.5). This, however, is beyond the scope of this thesis.

Rocket and Measurement Specifications

Based on the preceding analysis of instrumentation availability and measure-
ment accuracies, the development of the proposed rocket is recommended as a
platform for measurements for wind profile calculations. Because of the high air-
speed of the Super Loki and the limitations on the accuracy of the flow angle and
the attitude measurements, the uncertainty of the wind velocity calculations from
measurements made from the Super Loki will be high compared to that from the

proposed rocket.

Table 6.2 lists the potential measurement accuracy of commercially available
transducers, propelled by the proposed rocket, and the resulting uncertainty in the
final wind velocity calculation. Although the resulting uncertainty is higher than
the design uncertainty from the F-104 based measurements, it is competitive with

the F-104. This uncertainty is also based on the maximum predicted airspeed and
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the selection of instrumentation based on the predicted conditions at the maximum

airspeed.

The measurement uncertainties listed in Table 6.2 are presented as transducer
errors. However, the transducers are only part of a system which is comprised also
of signal conditioning, multiplexing, analog to digital (A /D) signal conversion, and
telemetry electronics. Thus, the dart as a system would have to be calibrated in
the laboratory for bias and linearity errors. Once on the launch pad, a data point

for ambient conditions would be recorded to partially determine system “drift”

from storage, handling, temperature, and other effects.

Table 6.2 Final Instrumentation Specification.

Proposed
Rocket
Mach number 2
t, sec 54
Ap/p, % 0.5
AT/T% 0.5
Aa, deg 0.1
A¢, deg 0.1
Aa,milli — ¢ 3.5
Wind Velocity
Uncertainty, fps 13
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Chapter VII

Conclusions

An instrumentation pallet, carried by a meteorological rocket, can be built
with off-the-shelf transducers to make measurements for wind velocity calculations
with accuracies comparable to calculated wind velocities from airplane measure-
ments. The dart housing the transducers and supporting data acquisition electron-
ics would have to be propelled by a relatively low speed, low acceleration rocket,
which would have to be developed.

The potential instrumentation pallet studied herein is modeled after the pal-
lets on rescarch airplanes which report wind velocitics. The air velocity relative to
the vehicle is transformed by the attitude and motion of the vehicle to the frame
of an observer on earth. However, because of the high air speed of a rocket, the
pressure and temperature measurements must have low uncertainties, less than
1%, to produce calculated wind velocities with the same confidence as the trans-
ducers on a slower airplane. The flow angles and Euler angles must be accurate
to within 0.1 deg, and the acceleration measurements of the rocket and dart must
be accurate to within a few milli-g.

The motors typically used for meteorological soundings are characterized by
high acceleration and high airspeeds, both of which are unsuitable for the mea-
surements supporting wind velocity calculations. Thus, a slower rocket is recom-
mended to support these measurements.

The simplicity and performance of the rocket make that system more desirable
for supporting space vehicle launches than existing measurement systems. A rocket

can traverse the space of interest and collect the information for the wind velocity
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calculation in less than one minute, whereas the presently-used balloons require

one hour and radar support.

A significant finding in the research for this work was the absence of an ex-
plicitly defined minimum wind measurement uncertainty for space vehicle launch
support. Because significant interest does exist to find an alternative wind mea-
surement tool to the Jimsphere/radar system currently in use, a wind measurement
standard should be established. This standard could easily be the Jimshere/radar
system, since it is not the accuracy of the this system which is undesirable, but

the time required to make the wind profile measurement.
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Appendix

Transformation of a Vector in a Rotating Coordinate

System with Angular Rate Measurements

Etkin [6] derives the transformation of a vector in a coordinate frame to a
reference coordinate frame in the context of an airplane (the rotated coordinate
system) and the earth (the inertial, or reference coordinate system). The rotating
frame, or body-fixed frame, is rotated through a series of one dimensional rota-
tions in a fixed sequence: ¥, 8, and @, which correspond to the airplane heading,
clevation. and bank angles. These angles would be determined by free gyroscopes
or calculated from rate gyroscope measurements in the airplane inertial naviga-
tion system (INS) for wind velocity calculations. However, if rate gyroscopes or
angular rate sensors are used in place of an INS on the rocket, the rocket attitude
must be determined by integration of the three dimensional rotation rate of the
rocket measured in the body-fixed frame.

A discrete rotation, measured in the body-fixed frame rate gyroscopes or
angular rate sensors, is realized by a transformation of the Eq. (2.14). Panton [30]
transforms a vector into a rotated frame by defining the components of the vector
in the rotated frame as the inner product of the vector in the fixed frame and the
unit vectors describing the axes of the rotated frame. Using index notation, the

components of a vector in a rotated frame are described by

2 =V.7 (A-1)

where z! is the :'* component of the vector in the rotated frame, V is the vector in

the fixed frame, and Z! is the unit vector in the fixed frame lying on the +** axis of
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the rotated frame. Combining Panton’s [30] presentation and Etkin’s [6] approach

to the vector transformation, the rows of the transformation matrix, Eq. (2.13),
are recognized as unit vectors on the axes of the body-fixed coordinate system.
The unit vectors lying on the axes of the rotated frame can be broken into
two components, based on the measured rotation vector, as shown in Figure A-1.
The first of the two components, F', which is fixed through the rotations, is added
to a vector R' , which rotates in a plane orthogonal to F. F is the projection of
the rotating coordinate axis on the rotation axis, . R is the vector difference

o
between the unrotated axis, 7,, and F':

!

R

L

(A-2)

(2, - @)

I
!
I

As the coordinate frame rotates, and the axis &, rotates into 7, F remains
fixed and R rotates into &'. The solution of I’ thus leads directly to the determi-
nation of the direction of the new axis through Eq. (A-2)

R' rotates in a plane orthogonal to & by the magnitude wAt. Since R is

orthogonal to &, the inner product of & and R' is zero:

G-R =0 (A—3)

The angle between R and ' is known by wAt. Thus

R-R' = R? cos(wAt) (A-4)

A third relation for ' can be found from the vector cross product of & and
R, which is a vector orthogonal to both of these vectors. Furthermore, the angle

between & x It and Rt is readily seen from Figure A-1 as 7 — wAt. Thus
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Gxﬁ-ﬁ'=R|®'xﬁ|cos(E—wAt)
2 (4 -5)

=wR?sin g
Eq. (A-3), (A-4), and (A-5) can be solved simultaneously for the components

of R'. The direction of the new axis, referenced to the fixed frame, is then

which is substituted as the 1** row in the transformation matrix defined by Eq.

(2.14). This process is repeated for all three coordinate axes.

-
w

o

N

& = Rotation Rate Vector

it* Coordinate Axis

N
N\
z ™
;' = Rotated i** Coordinate Axis \\ﬁ,
= Fixed Vector

F
R = Initial Rotating Vector RY wat
R’= Final Rotating Vector

Figure A.1 Decomposition of a Rotating Coordinate Axis into
Fixed and Rotating Components.
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