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ABSTRACT

The d’ Alembert principle states that if a particle is constrained to a manifold, no
work can be done normal to the manifold, however, quantum mechanics forbids the
restraint of a particle. The constraint is replaced by an infinite potential and the
Schodinger equation can be seperated to produce a potential field on the manifold
which is a function of the manifold’s curvature. This is done for a one-dimensional
curve and then for a general manifold. New work is presented as the case of a

particle on a circle and the case of a product manifold are investigated.
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SECTION I

INTRODUCTION

The d’Alembert Principle states that the total work done by effective forces in
a reversible infinitesimal virtual displacement within the constraints of a dynamical
system, is zero [1]. This principle for the total work is valid for holonomic, time
independent constraints. Such a dynamical system can be described by generalized
coordinates allowable by the constraints. The geometrical interpretation of this is
the embedding of a manifold, on which the particle is constrained, into the original
configuration space, i.e., the embedding i : M — R" where M is defined as the
locus of constraints [2]. This affords two points of view on the system: intrinsic
(working on M) and extrinsic (working on (M) in R"™).

Unlike in classical mechanics, the Heisenberg uncertainty relations of quantum
mechanics make it impossible to entirely eliminate the constraints in this way.
However, it is expected that Schrddinger’s equation can be separated, one part
depending only on the generalized Lagrangian coordinates ¢®, b=1,...,D of the
manifold M and a second part on the redundant coordinates ¢,y = D +1,---,n
(3] which would take a particle outside its constraints. This second part would
describe a wave function with an arbitrarily rapid oscillation whose amplitude is
small in comparison with the amplitude of the wave function on the manifold of
constraints M. While quantum mechanics forbids freezing the oscillation, it is
possible to investigate the Schrédinger equation in the limit as the amplitude of
the oscillation approaches the limit of zero.

In the note by J. Tolar [4], “On a Quantum Mechanical d° Alembert Princi-
ple.” this situation was modeled as a quantum mechanical system in R" confined

within a neighborhood of given radius of the constraint submanifold M by a strong
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potential force. Since the system cannot be localized on M in quantum mechan-
ics, he investigated whether the presence of the restoring forces, which replace the
classical restraints, in the neighborhood of M would affect the motion of a particle
on M. The quantum mechanical coupling of the motion on the constrained man-
ifold with the motion off it produces “ a peculiar dependence of the constrained
Schrodinger equation on the internal as well as external curvature of the subman-
ifold M in R™.” What Tolar found was an additional “quantum potential” in the
constrained Schrodinger equation. This potential vanishes in the classical limit
and so represents a purely quantal effect.

Similar quantum potentials have been derived from path integrals in quantum
mechanics [5], and with Dirac brackets from the Hamiltonian [6]. J. Tolar derived a
potential for general manifolds by differential-geometric methods; however, he did
not include the majority of the proofs. The following are proofs of all the equations
found in the paper by J. Tolar, presented at the 16th International Colloquium on
Group Theoretical Methods at Varna, Bulgaria in 1987 and printed in the Lecture
Notes in Physics #313, along with some elucidation of the text. All the numbered
equations appeared originally in Tolar’s paper.

The quantum potential is found first for the simple case of a particle on a
planar curve, i.e., one dimensional constraint manifold, the curve, embedded in a
two dimensional space, the plane. Once the method is familiar, the general case
of a D-dimensional manifold in an n-dimensional space is developed. New work is
presented at the end of section I where the particle is constrained to a circle and

in section IV where the quantum potential for a product manifold is derived.




SECTION 11

Quantum Potential for a Particle Bound to a Planar Curve

We first consider a particle moving along a planar (one dimensional) curve. Let
the curve C be (infinitely) differentiable. The curve C in R? can be given in a

parametized form with

r = (21,22) = a(g"). (1)

Figure 1. Parametrized curve C in R?

-

where ¢! is the Euclidian arc length (i.e., (dr)? = (dg')?). Let us also assume that
C admits a “tubular” neighborhood, called W,, of constant radius €. The point
of the neighborhood W, can be parametrized by (¢',¢%) with |¢?| < €. If we call
the unit normal to the curve at ¢*,n(¢") then the points in the neighborhood W,
can be given as

r =a(g") + ¢*n(q") Ig?| <. (2)



r a(q') c

g*n(q")

Figure 2. Curve with neighborhood W,

Recalling that the particle is to be bound to the curve C, let us set up a constrain-

ing potential with infinitely high walls at a distance d < ¢ from the curve

V(ql,q2)={2o :Zz:ij<€ (3)
U d) =0~
¢ £
d d
| V=0 §
N . ¥q'~d) = 0

Figure 3. (a) Constraining potential around curve C (b) Boundary conditions on ¥

This potential is equivelant to the boundary conditions on the wave function of

the particle
¥(g',d)=0=¥(¢",—d) (4)




where ¥ is a solution to the Schrodinger equation

h2
~-—AV =FEV¥ (5)
2m
¥ inside W, must be square integrable in the Lebesgue measure (¥ € L*(W,,dz,dzs))
since it is in Euclidian space [7]. The Lebesgue measure dz;dzr, and the Laplacian
2
9 + —6—2 must be transformed from the Cartesian z;,z, coordinates to

:51‘—? Oz;

the new generalized cordinates ¢*, ¢* in W,.

A

To do this we must calculate the metric tensor g;; in the generalized coordi-

nates.

a(q) ¢

Figure 4. Vectors a(q1), n, ¢

Using the differentials of the tangent and normal unit vectors where the tangent

da(a!
vector t is given by t = a(g’) , we get
dgq?
dt d
=, D _gt, tn=0, t-t=n-n=1, (6)
dq!

dg' ~

1 .
where n = & with R being the radius of curvature for the curve C at point ql.

Recalling that r = a(¢') + ¢?n(g') we solve for the components of the metric




tensor

o <ﬁ> _ (i")
9i; = aqi aqj
Ja , On

or \’ : 2, \2 232
— | = — + ¢*— =(t+ ) =(1+ t-t.

Since t is a unit vector t-t =1, we find

gn = (1+¢°n)° (7a)
or\? 9
goo = -é—q? = (n) =1 (7b)
or or
= (ﬁ) (@) =g =(1+ ¢t n,
so that
gi12 = g21 = 0. (7c)

Then defining ¢ = det(g;;) with

[(1 +¢°n)? 0]
gi; =

0 1

we find

g=(1+¢’n)? and g% =1+ ¢*n.
Now,

dzdy = g*dg'dg® = (1+ ¢*n)dgq’ dg* (8a)

and

_ 1050 1050

V7 04" g1 0¢' /g 3g? g22 Og*

But

VI _ 1+ 1 1 VIS8

g1 (1+¢n)2  l+¢n g~ g2 1

S



SO

1 6 1 6 _1 3 1 6
A=g¢g 2 -3 + — 2 . b
g dq! (g 8q1> g* 0q? (g 0q2> (88)

Performing the transformation

& =gt =+/1+¢n¥ V=g 5= ———
V1i+an

we find that

AV = EV becomes Ag‘*@ = Eg"%@.

Hence

giAg~i® = EQ.

Evaluating the left-hand side, we get

Now
g=(1+¢"n)’
with
T= radius oflcurvature =n(q")
g=1+2¢"n(¢") + (¢*n(a"))’
SO
%qr = QQQ% + 2(q2)2na%7; =2¢°(1+ qzn)gqi1

and

dg
5g =21t 2nq? = 2n(1 + n¢®).



Since 7 is a function of ¢! only,

on '
o
SO
5%—2q2g%n’
and
0 L
o = 210"
Continuing
1 1 1 0 g_% 3 0P 0 g'% 1 by
TAg IP=¢g T — | — in'd -1 — Mgz P 3
g3Ag g {aql( 1 n®+g 6q1>+6q2( T2ty
-1 ) 2 ag 2 4 % " g_% 2 ,a@ 3 1 ag 6(1)
e 4 - b $ — —_— e — -—
g {89 gL 5 47 5 95 ~ 19 " Bq og
s 0°® g% dg g% 8% g %99 0% , 9°®
- } 9%
e T s o™t T 2 Tag Y a oo Y (00
3 3
5 _s 1 T2 g~ 2 0% 3 , 09
- = 2) 2 12 /q) 2 II(I) 2.1 _v 2
g9 29N 54 il na qgnaq
9% g% g~% 9% ¢! .09 9%*®
-1 b = 5
gy T T T T g T o T gy
S5 _ ‘ g 1" g—% o® 3 _s ,8(1)
= 797°(¢")"n"*® ="' - = tfn’aql -39 217%1-
_, 0*® -1 -+ 9% g% 9% 0@
+g1 12+9 772‘1)—9 e g 2+ —.
(dq1) 4 0q ¢>  (9¢%)
Thus
_1 5 _ -3 o0d
giDgTI® = g 2(q'“’)Z(n’)z(I’—‘qz n"®—2g~ 2q277’3 -
_, 0% g1 8%
+g 1(8q12+T 2@+@—23—2-. (10)

od
0¢?

)
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Now, if we take the limit when the particle is constrained to the curve C we would
take the limit d — 0. Since |¢?] < d , ¢*> — 0 and the metric ¢ = (1 + q’n)?

becomes g = 1. Before this limit is taken our Schrédinger equation read

R? R 1
——AY =FEV¥ or —2—T;l-g4Ag_4<I>=E¢>.

2m

After the limit we have an approximation of the Schrédinger equation

. 82 (5 -3 , 00
}sio‘%{zg (PP - Sgtn'e =20 g
g—1

-1 a2q) g—l ) 62¢ }:E@

e T ey
92 1 92%
2m ((aql) Z( ”(a)" @ (5q2)2> = £ ()

Solving this by a separation of variables (¢, ¢%) = x(¢*)¢(g*) with the boundary

condition ¢(+d) = 0 we obtain

%(m ) x(a )e(d?) + 2 (ﬁng’);(q ))} = Ex(¢")e(q%)

(0q*)?

2m

h? [52 (x(¢")e(d?))

which becomes

7 [x (¢")e(d®) + = . (n(q ) x(g))e(e?) + x(a" )¢’ (qz)] = Ex(q")e(q%).

2m

L

Dividing both sides by x¢ , we get

R (xX"d) 1, ?"(¢) _
2m ( (g T @)+ o(q?) ) =5

or

Il(q) E+ Il(q)

e ) (e
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Since the left-hand side is entirely a function of g2 and the right-hand side is a

function of ¢'. they must be equal to a constant, call it E;

R
2m p(q?)
SO
h2
—5—¢"(d") = Ex0(g%). (12a)
Also
h2 ne 1 hZ

2m x(¢') 8m
Or rearranging
R ') R
2m x(¢!) 8m
Let E = E, + E, so E — E, = E; and multiplying through by x(¢')
h? h’

“%/\’”(ql) - S_h{UQ(ql)X(ql) = E1x(¢"). (12b)

n’(¢') = E - Ex.

Notice that this equation is in the form of the Schrodinger equation with a poten-

tial. the elusive quantum potential

2
(A +U)x(e") = Ex1x(q")

T om
where
2 2 2/.1
_PU _h_’l_(i_)' (13)

2m 8m

So the quantum treatment of the system has uncovered a “quantum” potential
which is dependent on the curvature of C. Going a bit further and solving the

equation
h2
2m

¢"(q%) = E20(q”)
using the ansatz
2y _ i(;:rq2 —ifg?
0(q°) = ae'*? +be a,ba BER

we find

o
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. 2 — 2
Lp” — _aa2etaq _ b,32e 18¢q

and

;2_ ( 24100 4 sze-—iﬂ(f) = E, (aeiaq2 + be-iﬂqz) :

m

Imposing the boundary conditions
e(xd)=0= aeto(Fd) 4 pe—if(£d)
et — _be_,'g(id)

we see that either a = —band a = —fora=b, a=fanda=8= ggwithn

an odd integer. If

then

. 2 : 2
p =ae'* —ae®? =0

so this solution is trivial. In the second case,

. , nm
ol¢*)=a eod’ 470"} = 2a.cos ag® = 2acos [ —q*).
@ 5d

Normalizing ., we must have

d d
1 2d d
/apgadqz =1= /4(12 cos® (%ng) dq* = 4a? (§a2 + MSIH E}q2> ‘_d
~d —d

or
1 2d 1 2d
— 2 = il | _= _ = _
1 =4a <2 [+ Inr sin(n) ( 2d) yyoge sin( nw))
1.e.
1= 4d’ (%d + %d) = 4a’d
so that

o
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1
2—_—
“ T4
and thus
1
=—-d 2
a 5 2
Hence
2y _ 4-% nm 2 4
)= 4o (7). 16

Differentiating o twice we get

o= —d 7t (ﬂ)z T g} (E)2 %0 = g} (Ti)z cos (2247).

2d 2d 2d 2d

Thus

w (DT 2

()
And the Schrédinger equation

h2 H
o = Epp
gives
R rnm\2?
Br= 5 (53) (13

Now suppose we wanted to solve the Schrédinger equation for the wave func-

tion of a particle on a circle. The position vector in Euclidean coordinates is
a=rcosfi+rsinfj.

Then

da = —r sin §d6i + r cos 6d6j

and

(da)’ = (dg')* = r*(df)”




dq* = rdb.

By integrating both sides and solving for 6 it is found

1
o=L1
.

1 1
a = rcos (q—>i+rcos (q—> J-
r r

The tangent vector is found as

1 1
tzga—z—sin L t + cos Z ]
¢! r r

thus

Then
ot 1 NN, 1, AN
Ot n= —Leos (ﬂ.) i Len (9_) j
0q! r r r r
hence
1 1
n = cos <2-) $ + sin (2—) )
r r
and

1
n=-
r

as we expected. Substituting this into equation (12b)

. 1 h?
2m g 8mr?

x(¢") = Exx(q")

1t is found that
, 1 2m
= (g B ) x

The solution to this, subject to normalization is

1 1
, 1 2m\ ? 1 2m\ 2
X(ql)zasm((m%-ElF) ql) +bcos<(4—T§+E1—h2—) q1>.




By insisting that x(0) = x(27r) it is necessary that

1 om\ ¥
(z+8%F) -

where n is an integer. Solving this for the values of Ej it is found that

R [n? 1
El‘z_m'(r—2+47)'

Normalizing y to solve for the factors a and b in the wave function

2T
1= / x*xdg"
0

313

or
2nr i
1 2m\ ?
_ 2 2 1
1—/U {a sin <<417_’Q+E1-%2_) q)
1 1
) 1 2m\ ? 1 2m\ ?
+2absin ((4712 + E1?> ql) cos ((Zr—?_ + B4 -h_z_) q1>
1
, 1 2m\ 2
+b% cos? (<4—2 1‘%2—> q1> } dql
SO
2 9 2 % 2%r
L= 2nr(a? + 1) 4 T 20HD g <(%+E12T) ql)
EEErt N AL
hence
1 = nr(a® 4 %)
thus
a?+ b = L
nr
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SECTION III

Quantum Potential for a General Submanifold

For the general treatment of this problem, the curve C will be replaced by a
manifold M. Once again it will be infinitely differentiable. Let the dimension
of M be D. Now M can be embedded in a bigger configuration space R" with
n > D. Also let our larger configuration space R" be equipped with a Euclidian
metric. Also assume that M admits a tubular neighborhood W, of constant radius
. This assumption is true for ¢, for arbitrary M.

Let z,. 4 = 1,...,n be the Cartesian coordinates in R*. Then if M is covered

by coordinate neighborhoods, the points of M can be represented locally by
x, =a,(g®) or r=a(¢®) with b=1,...,D. (16)

Vector fields in M will be denoted X and their images under the embedding
i+ M — R" will be i, X. Let X € (M), where x(M) is the set of all vector fields

on the manifold M. If X is given locally as X = X“—a—, then i,(X) can also be

0q°
expressed in Y(R") as
Ja g
(X Lo xb—
() d¢® = Oz,
or, defining
Oa
Bf = —&,
b 3qb
as
0
' = B! X®—. 17
i.(X) = B X'5- (17

Note that the indices a, b, ¢ run from 1 to D, that g, v, A, ¢, j run from 1 to n. From

this point onwards = without a subscript will be an indice and the indices z,y will

o
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run from D + 1 to n while z, with a subscript will remain a cartesian coordinate.

Now, for the Euclidian metric é,,, the induced metric gon M is

aa aaA A
Gba u)\'a_q'% '67 = 5“AB:Ba (180)
or in vector form
Oa Oa
e = 22 =B, B,. 18b
Jbo = 55 " 5o = B (18b)

Returning to the tubular neighborhood W, around M, the local coordinates
are

r, = a,(q)+¢¥n, (a=1,...,D; y=D+1,...,n) (19)
y

where n is a moving orthonormal frame in the normal bundle over M.
y

: : " : oa
Since a(¢?) is the position vector for points on M, Foe will be a tangent
q
vector to M and since n is normal to M
y

Oa

n- = 0. 20

g (20)

There may be more than one normal vector at any point but these normal vectors
are chosen to be mutually orthogonal

n-n=0 T #y.

z oy

The elements of the metric tensor are given as

_ Oz, oz,

= g B

with z,,z, given in equation (19). For ¢,j from D +1 to n

T o(g¥
(a2 (et , M)
7 =\ T ogr 0¢* dgY dgY .

o
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Since a(q?) is not a function of ¢* (recall a goes from 1 to D and z goes form

a
D +1 to n), M = 0. Also the components of the normal vectors on M are

J¢*

functions the coordinates on M, i.e., g%, so that

on,
azqr =0
Therefore,
0a,(q") n B(q’:?”) 0 da,(g") + 6(qy?,,) 0
d¢* d¢* e g dg¥ v
and

Gry = Ny Ny Oppy =N - N= Ozy
z ) r v

as n vectors are orthonormal.

For ¢,j from 1 to D

_ Oz Oz, _ 0O b v ;) . .
Gba 8q" aqa 3% Bq" <a;t(q )_ q ;1#) Fyn (au(q )— q :}y) (S,“,
on P
_ [ 8auld®) |y v Ba,(g") | . 2" )
dg® 9 dq° aqe | *
on on
Oa oa
= —_— y_l . z z

For i from 1 to D and j from D +1ton

on

Oz, Oz Oa v
JECTRCCTY S 94 2z g
Jve = Bgr Bge * (21“) (aq“ T4 B O

on
a
+n-¢" =

0g* vy T g%

=n -
Y

So gya = 0. The same is true for j from 1 to D and ¢ from D +1 to n.
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Therefore the metric tensor takes the form

a 0
(g5:) = ("’; 5,,,) (22)

with gpe given in equation (21).
If the function ¥(¢') is the solution to the Schrédinger equation

_ P Ay =E (23)
2m

then a constraining potential with infinitely high equidistant walls can be replaced

with the following boundary condition on ¥:
U(q') =0 whenever ||¢¥]|=d for d<e¢ (24)

The Laplacian is given by
o (g% 0¥
Z]: 9¢’ (gj.- oy
where once again g = det(g;i).
Dropping the summation, since repeated indices are summed over, and separating

the terms into ¢,j < D and 2,5 > D, we get

_ ov 1 0 1 ov
AP = ¢~ 3 — g3g% 1 L ozy %
g 20 g2y Bg° +g Fye g9 B

with
gba = (gba)_1 and g¢g*¥ = (gzy)_l-

For the second summand on the right-hand side, we have

1
925131

so that

1
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The Lebesgue measure in R” is d"z. Hence,

Or or or , . n
d"z = d.’L‘ldJSQ dIL‘n =dr = —6—ldq1 -dq—qu2 v é_q_;:dq = \/E q. (25b)
Factorizing g = g, we set
& =~1y (26)
where § comes from the metric induced on M and is once again d(q1,---,9D)-

Checking for consistent probabilistic interpretation, we have

[1epas = [1ertrgtarg = /|<I>|27-%g%7%d"q

= / |q)|2g'%dnq -——/ / |¢|2dQD+1 dqn gdql dqp (27)

zqzsdQ
Using equation (25a) in the Schrédinger equation

h2
—‘)—A\I/ Ev

m

P L 0T L 8 [ L0
_%[ a¢* (g g 8q>+g 0qy( 341”)] B

Substituting in ¢ = ¢y and ¥ = 'y_%CI), we obtain

we get

R [._1 1 0
——[g i (g 'k 726‘1(7 44’))

2m

1 10 (14 —1
+g7 2y i (g Waqy('r “I’))] = Ey"3%.
Eliminating a factor of 4~ % from both sides and expanding the partial differentials

of products in the second term, we get
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Working only with the second term, we have

od 6’)’—% _-i -1).1 874 6<I> 1 e

oyt oyt 000y | L 8T
: P ———
Top o T g o T N 0P

(_l 3 0v
1)7 Oq¥

1 Oy
6
(7 )
Oqy oqv )|’

[
|
o=
~2
l
B
Dl o
<@
—
-
-
2
o=
TN
\.2
.n|.-

a1 30708, 0°®
=73 Tagag T gy
9

+ 14
27
+%@ 1 H +;¢1
7 Bgv 4701/7 4

wjon

1 3 0 _5 87 1 3 59, _» 67 67 1 3 _5 627
——n 2P — i — | = —=y2P(—— —_——— N2 PN .
s (7 g - e a1

So the second term is equal to, with minor reductions and rearrangements

1 ;0700 8% 1 (07)2
F) + aqy') 87 @ 6qy

4" Oq¥ Og¥
1 _, 0y 0% 5 _, a7>2 1 _,. 9%
NS il A L) —247'9 .
1 3gvagr *\agr) 1 “lagy

Grouping like terms, this equals to

0%® 1 _, 1 _,\ 8y 8%
N —_ ._'y ___+
(Ogv)? ~ \4 dq¥ 9g¥

1 .. 5 _, v\> 1 _,. 8%y
_z = Y gL
( LR q’)( qv) 17 *agy

Performing the substitutions

Oy 1 Oy olny\’ 29 :
dg | Bgv’ o) ~7 \agv)
we have
821m_8(_167>___2_5l§1+ —1_327_
@) ~ o \" 8gv) =" Bgvagr T (0g)
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So that

. 0%y _ 0?lny + (6ln7>2
(8g¥)? ~ (dg*)* \ 0¢* )

Thus, the second term becomes

9*® _|_3_¢i dlny 2_lq> 32ln7+(6ln7>2 _
(8g¥)* 16 \ Og¥ 4~ |(0gv)? dgY -

0%® B 9821717 2 (31n7)2
(0g¥)? 4 (9¢¥)° d¢v )

Hence the Schrodinger equation is

2
i [g"“f}%v%aaa(v’*@)]
q

Rt | 0%® 108%ny 1 (dlnvy\’
‘%{W+[‘Z<aqy>z'iz(ﬁzﬁ) pp=Ee @

with the first term summed over a,b from 1 to D and the second term summed

over y from D + 1 to n.

on on
Jda Ja
S DS v ¥} :  z .
v=9"'9g=4 det[(—a +q 6q) (aqaﬂl aqb>:| (29)

Now

da Oa
¢! det —
T ) [3q 5(1“]
Recalling equation (18b)
_oa o
gba - aqb aqa

we get

lim y =g 'detgy, =97 'g =1

g% —0
Thus in the limit ¢* — 0 equation (28) becomes

h 9%
——A® - mc ®- o Z o (30)

2m
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Ad = g-%_a_ (gbag% aq))

dqb

and the quantum potential is

R h? Piny 1 [diny\?
—_—— = -_—— ] - . 1
2mU 8m ql"lE}OZ [(3‘1!')2 + 4 ( OgY ) (31

For further calculation of the quantum potential the Weingarten formula will

be used [8]. The vector field X, which was introduced at the beginning of this
section, is tangent to the manifold M. Let £ be a vector field perpendicular to the

manifold M. Decomposing V. uniquely into its tangent and normal parts
V. = —Ag(X) + Dit (32)
with
§(A:i(X),Y) = g(H(X,Y),£) (33)

and. for Y € y(M), H(X.Y) = (V.Y),, being the second fundamental form of
M in R™ such that
H:TM xTM — TM*

Thus the vector H(= H(X,Y)) is normal to the manifold and can be written as

Hy, =Hp, n (34)
v

]
Now in equation (32) let £ =n. In our coordinate system
y

V.=V,n.
y

Since all normal fields can be chosen parallel to the normal bundle we must have

V. n purely tangent, or D £ = D, n= 0. Returning to equation (32)
v y

on
y

Vz€ = _AE(X) = b;g
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Now using Weingartens formula {9}

Jda
y — bcb .
aqa g O aqc
and
b 0 ( Oa
ba ™ Bgb \0g® ) v
So
on ( 8 (60) ) .. da
= —\| = n
q° 8qb aqa v aqc
and
on
y = — (-—a—- aa n) gchC
dq° 0¢b \0q® ) v
Hence
31; _ _6_ Ja . n) Bb
g O¢® \9q¢* ) v
or
an
y = '_HbaBb (35)
dq° y

where the coefficients of the second fundamental form are given by

0 Oa
== (=) n. 36
Ijb d¢® (3(1“)? (36)

Recalling that
Olny 1 0y

G = o and v = ¢~ ! det(gsa),

we find

olny _ ¢ 0(g~" det(gsa)) _ ¢ 3{7"1) o+ ._1_3_9_}
9¢v  det(gpa) dg¥ g L\ Og¥ dgY
@- . -@—. Since a is a function of ¢ for a from 1
dq® 0q°

to D. gsqe is a function of ¢ also and

Now ¢ = det(gp,) Where gpq =

g =49(q%)




_y 8y _ Oln(det(gsa))

Olng 109 1 Og Ogua
d¢¥ ~ gdg¥

-g- agba aqy ‘

Og _ Odet gpa

= cofactor of ¢;, In g, we get

Since

Then

But

SO

or

or

dlng  cofactor of gy in g Ogba

_ cofactor of gy, in g .

the definition of g%¢, so

_ agba 6gba

Gba gba = 17

- _ baagba ba



Hence
8%lnvy

Evaluating

O0gpa 0 Oa
9q* _; ¢+ [<<9_q”+

-5 || (3

ya_g . Oa + la?
1 Oqb dq® 1 0q°
+yi_?_ .aa+’2+.a_a+y_a_';
g ag 3g° 9 3" 3¢ 9 agb
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_ ba09ba_ba Ogba , pa O’ba
(9g¥)?

o’ Bgr Y (8¢

o (oa 0%
aqz aqa q aqa

Recall that n is a function of ¢*’s (a from 1 to D) only, hence n=n (¢*), so
v v v

is also a function of ¢%’s only.

0 Oa
fort;so 5;1—: <6q") = 0.

So we have

But

so that

agba_ 8?
aqz —Z{_a?

Ty

O9ee _ ) (9L T\
aq: - aqz aqb

dqb

9 on
Thus — | —~ | = 0. The same is true for a as
d¢* \ 0¢°

oa , 07\, (oo, 0%) 9g" 01
agc 1 B¢ 5g° " 1 3¢ 3q° 0g°

ga_..J{_ Ia": + Oa + ya,; a?
3 q 8g° 3¢ g 3¢ | g

Since no terms remain that are dependent on both z and y, and they vary over

the same range, one can be replace by the other.

9goa _ 2%

dg- 0" dg

Oa 6?
dg® B

On On 0On On
+¥q (W'Bq“Jraq”'Bq“)




Recalling equation (20):

Oa
" 8gt 0
we have
0 (n-22) o 2% n e (22)
aqb 2 aqa aqb aqa z 6qb aqa ’
so that 5
Oa 0 ( Oa
z = |—= - n= —Hy,
¢* 0g° [aqb (aq“)] (.
Likewise

b 8qt ~  Oq* \O9¢®) = 2

but since M is infinitely differentiable

2 (2)_ 0 (o)
0q \0¢b )~ O¢® \ 9¢°

so that

Therefore

agba
— _2H,, e = -
dq* - + ZI: 1 (aqb dq° + d¢® 0q°

From equation (35),

6gbza _ —QHba + Zqz (HchC . HadBd +HbeBe . Hafo
dq : : : : : ?

= —2Hba + Z qz (HbcgccHac + HbegeeHae> .
z z T z z

Since c and e enter separately and run over the same range, we get

agba )
= —2H}, | HH, H,°H,. | .
Oqz zb +;q (z b T c+z b z



Differentiating again, we find

2
M = Z aq (HbcHac + Hb Hac)

(9¢*)? 9¢*

= 0z2 <Hb Hac +HbCHGC)
Thus,
0291)
b _ 9H,°H,.. (37b)
(aQ')2 z 2
Hence.
Oln~y Olng ) ba O9ba b
— - a_Z = —‘2 aH a
q]illgo aqy q1;1—>0 aqy qulgog aqy g yb
= —QHb =-2TrH. (380)
Y y
Then

) dlnvy\? 2
qulinog ( B0 ) = 4%: (TrIy{) (38b)

where Tr is Trace and H = Hp,. Also
y y

821717 _ _ _ba agba baagba ba 6nga
@7~ 7 gt Bgr T (8gv)?
or
i, gy = 0" (20 (-2 ) + !
1 — = —¢"% | =2H,, ¢ —2H;, | + ¢"*2H,“H,.
9"1210(3(1”)2 I yb g yb I yby
SO

: 621Tl’7 ba ac ba
EU:QI”IIBOW—Z( 4H Hba+2H Hac ——QZH Iy{ba

=) -oTr (132) (38¢)

Inserting equation (38, ¢) into equation (31) the quantum potential is finally found

%TT (132) -3 (:my;)z] (39)

to be




Backtracking a step, the quantum potential can also be written as

h2 h?
U = — <—2HbaHba+beHaa)
v y y y y

2m ~ 8m

The potential can be expressed in terms of the intrinsic scalar curvature of M
which 1s defined as

R=HH," — H"H,, (40)
vy oy v oy

and a mean curvature vector which produces an extrinsic mean curvature of M in

R‘n

So equation (30) is now

712 hz b a b a
-——U=—|(2R~-2H,H," + H,'H,

2m &m vy oy vy ¥

— ﬁ_z_(‘)R — D2772)
8m

72‘2 h2 1 1 9 2 h2 h2D2T]2
e = — | ZR-Z = —R-— 41

2mU 2m <2R 4D " ) 4m 8m “

If the manifold M in question is of D dimension embedded in RP*! then
n = D + 1 and there is only one normal coordinate, thus the summation over y
can be dropped in equation (39). It should be noted that the trace of a matrix
is equal to the sum of its eigenvalues. Likewise the trace of a matrix squared is

equal to the sum of the square of its eigenvalues.
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Since the matrix H is made of the coefficients of the second fundamental form for
manifold M, its eigenvalues are the principle curvatures for each dimension {10].

Denoting the principle curvatures as R then

and

and also

with the summation over the dimensions of the manifold. Thus equation (39)

becomes
) 2 D 2 D 2
R STEN R oy
2m 2m szl Ry 4 p=1 b
or
& & 1w (&Y
R B e L 42
2m 4m — (Rb)2+8m (; b) e

Using this equation withn =3, D = 2 .

hence,

K /1 1)’
e = e ——_ [ — - — ] . 42b
2ml 8m (R1 R2> (426)

If the manifold M is a sphere then all of the principle curvatures are equal to

1

1
R, R




So for a sphere of dimension D = n — 1 equation (42a) is
2
h2 &
Z R? 8m (2_: )

__ng_ D\’
" 4mR?  8m \R

= ;2 ! —(D? - 2D)
h2
= (DD -2),
or
2 2
_:‘2% = —87:R2 (n—1)(n-3).
For n = 3, M = S? the potential is

30

(42¢)

(42d)
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Table 1. Quantum Potential in Special Cases

(R = principal radii of curvature)

h2
D n —%U
h2
1 —
" 8m77
2 2
5 3 LN S L)
8m R] R2
h2 N (z”: 1)2
n—1 n - + — —
m & IRZ 8m \ & R,
1 h2
SnT R" (n— 1)(n—3)§rn—é§
52 R3 0

As in the previous section the Schrédinger equation is separable. Using the

ansatz ® = x(¢%)@(¢¥) in the Schrddinger equation (30)

h? h? h2 o2
AP - — E
o 5 Ud — ( e ——&=FEd
then
B2 . 1% h? a2
—%A(X@) - 2—-va— Z (aqy)zxw Exe
and

) 2
_,—h— [9% - [96“ ¢ 0 ~(x(¢*)¢(g ))] +Uxe+ ) (aiy)z(X(qa)so(q”)) = Exy
y



hence

2

. 82
— [(Ax)p + Uxp + XZ (3(1-;%] = Exep.
y

Dividing this equation by x¢,

h2

2m

0% 1
+Z&“y]_

An examination of the quantum potential U derived in the previous pages shows

it to be a function of ¢*;a = 1,---, D thus

R 9*p(¢¥) 1 fiAX(qa) LT E
2m (g @@ F ) olg)  2m x(g®) om0 () HE

Since the left-hand side is strictly a function of ¢¥ and the right a function of ¢%,

which are independent, both sides must be equal to a constant, call it Ea,

then
2
"% (_gqy—('; = Eqp (43a)

and |

2%;—% + ;T%U +E=E,
Thus

- Euy=Eix (43b)
for

E=E +E

where U is given in equation (39) or (41) or from Table 1.
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SECTION IV

Quantum Potential for a Product Manifold

Inspecting equation (42a) it is found that the quantum potential for a cylinder

is equal to the quantum potential for a line added to the quantum potential for a
circle. This is an almost trivial case as the potential for a line is zero; however,
it may lead one to believe that the potential for a product manifold is simply the
sum of the potentials for the separate manifolds. To investigate we start with two
manifolds. M and N which have the dimensions of y and v, respectively. Let M
be imbedded in R™ and N be embedded in R™. Let us describe the parameters of
the product manifold with the notation ¢* with a = 1 to  and Q4 with A = p+1
top+vand ¢* withe=p+v+1toM+vand Q¥ with X =M+v+1to

M + N. Then the position vector can be written as

f(q*)
F(Q*)
ql
QX

r =

This immediately leads to tangent vectors of the form

of

aq°
da 0
0q° 0

0

and

0
Oa _ %
QA

o o O



620 _ aQa;aFQE
9Q49QB 0
0
and
0
0%a 0
8¢°0Q8 " | o
0

As we define the normal vectors, all but v+ p of them can be in the dimensions
indiced by ¢.j > v+ u, and thus they will not contribute to the quantum potential.

The remainimg v + p normal vectors can be defined such that

Gq
0 1
n= a=1,.,4
a 0
0
where a, = ag(q®) with b = 1,...,u and n are the normal vectors to the M

a

manifold, and

0
Be

0

0

C=u+1l,.,u+v

Qs

where B¢ = Bp(QP) with D = u+1,...,p+ v and n are the normal vectors to

the N manifold. Hence we will have

-3
<3
I

o
-3
-3
It

-t
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Thus our second fundamental form is given as

aa
H= 0 0 0 0 z=1,..,4
z 0 0 0 0
0 0 0 0
0 0 0 0
0 =28_..n 0 O
H= 297097 y Y=pu+1,.,0+v
Y 0 0 0 0
0 0 0 0

and

H= 0] z=u+v+1,.,M+N.

-
<

It is clear now that Tr(H) = Tr(H ) and Tr(H?) = Tr(H ?) where H is the
I I " z

z n T n
second fundamental form for the manifold M . Likewise Tr( I}g )= Tr( Ig ) and
Tr(]}-;li’) = Tr(H ?) where H is the second fundamental form for the manifold

Yy Yn

N. Now using equation (39) as our description of the quantum potential
2

1 1

=T V(T

e () -3 (1) |

Umxn =Um+Un.

R R

Im 2m
y

1t 1s clear that
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