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ABSTRACT

Two surface equivalent source estimators were developed for Monte
Carlo solution of the fixed source Boltzmann transport equation. These
estimators are analogous to the contributon Monte Carlo estimator, i.e.,
volume equivalent source estimator. The surface estimation schemes were
calculationally demonstrated to provide superior precision and benefit
over contributon Monte Carlo for full transport calculations. They were
also demonstrated to be applicable to void streaming calculations in
which transport in the surrounding medium was replaced with albedo
surfaces. Using a surface equivalent source estimator, the variance
reduction mechanisms of contributon Monte Carlo and surface equivalent
source estimation were investigated and shown to be equivalent to those
of the standard biasing scheme, splitting.

The combination of simultaneously calculated standard and
equivalent source estimates of the response was formally investigated.
It was shown that the conditions for optimized combination of these
estimates are restricted such that combinations in most cases would not
result in a significant gain in benefit.

Guidelines, primarily for use of the vacuum surface equivalent
source estimator, were formulated based on the understanding of the
variance reduction mechanisms developed in this research, calculational
experience obtained in this work, and previously reported experience with
contributon Monte Carlo and surface splitting. The guidelines are not,
in general, expected to provide optimum results but will provide the
insight and guidance to allow significant gains in benefit from use of

the procedure in either full transport or void streaming problems.
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CHAPTER I

INTRODUCTION

One of the primary concerns with the use of Monte Carlo simulation
is the precision of the estimate. This concern is enhanced in Monte
Carlo solutions of the fixed source Boltzmann transport equation for deep
penetration type problems because of the large attenuations and hence
excessive computing times required to obtain sufficient statistical
accuracy. As a result, much effort has been expended on developing
variance reduction techniques for this class of problem. One such
technique, contributon Monte Cario estimation, which is based on a volume
integral over an adjoint weighted volume equivalent source, was developed
at Los Alamos Scientific Laboratory by Dubi and Gerst].1 Since its
development, considerable controversy has mounted concerning the
effectiveness and use of the method. It is clear, however, that much of
the concern has developed as a result of a lack of knowledge of the
actual variance reduction mechanism. The work reported in the following
chapters consists of a clarification and extension of that performed by
Dubi and Gerstl.

This research has been directed toward four fundamental objectives:

1. Formal development of an understanding of the variance

reduction mechanism in equivalent source estimation, i.e.,
contributon Monte Carlo.

2. Development and comparison of an analogous procedure based

on surface-crossing generated equivalent source particles.



3. Investigation of the feasibility of combining the

simultaneously calculated standard and equivalent source
estimates of the response to gain a more precise estimate.
4. Development of general guidelines for use of the

equivalent source estimators.
Completion of the first three objectives, in combination with previous
investigations, provides a sufficient understanding of the technique for
the development of general guidelines (objective four) which are
necessary for efficient use of the estimators. In addition,
accomplishment of the second objective provides a more precise estimator
which is also suitable for use with albedo surfaces in void streaming
calculations.

Chapter II provides a review of some of the concepts, notations,

and terminology that are fundamental to this work and further presents a
review of previous developments and investigations. Chapter III provides
insight into contributon Monte Carlo through the formal bases of the
tracking procedure, while Chapter IV formally investigates the variance
reduction mechanism and develops the analogous surface equivalent source
procedure. Results of calculations aimed at comparing the surface and
volume equivalent source procedures along with providing needed
information for development of guidelines for efficient use of the
procedures in both full transport and void streaming problems are
presented in Chapters V and VI. The feasibility of combining
simultaneously calculated responses produced by the standard and
equivalent source estimators is investigated in Chapter VII. Information

gained from work performed in Chapters IV through VII is combined in



Chapter VIII, along with experience gained by other investigators, to
develop general guidelines for efficient use of the technique. The final
chapter, Chapter 1IX, presents the conclusions and provides
recommendations for future work in the area of equivalent source

estimation.



CHAPTER II
GENERAL TRANSPORT AND CONTRIBUTON BACKGROUND INFORMATION

The purpose of this chapter is two-fold. The first is a review of
some of the concepts, notations, and terminology of transport theory.
The second is a chronological review of the development of contributon

theory and contributon Monte Carlo estimation.
1. The Adjoint Function

The following time-independent form of the adjoint Boltzmann
transport equation and the appropriate boundary conditions defines the

adjoint function, ¢*(r,E,Q),
Q- (r,E,0) + 2 (1, E)O*(r,E,Q) = S*(r,E,Q)
+/]dE’dfz’zs(?‘,E~>E’,£-)—>§’)¢*(F,E’,(-2'), (11-1)

where:
o*(r,E,Q) is the adjoint function,
Zt(F,E) is the total cross section,
ZS(F,E»E',ﬁeﬁ') is the scattering cross section, and

SX(r,E,Q) is the adjoint source.

This form of the adjoint equation is derived in such references as

Henry,2 Bell and G]asstone,3 and Straker, et a1.4

4

It has been shown by
Straker, et al.  that the function given by equation II-1 is not adjoint
to the flux, o(r,E,Q) but rather to the emergent particle density,

x(r,E,Q). When the response function per unit flux is used as the

4
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adjoint source, ¢*(F,E,§) is the value of future contributions to the
effect of interest from a source particle emerging at point r, with

4,5 an

direction Q, and energy E and is referred to as the point value.
analogous function, the event value, W(r,E,Q), has been derived and gives
the value of present and future contributions to the effect of interest
of a particle entering a first collision at point r, with energy E, and

direction 5.4’5’6

As implied by the definitions of ¢*(r,E,Q) and
W(r,E,Q) there exists a relatively simple relationship between the two
value functions. This relationship, as presented in reference 5, is

shown by the following,

R
o*(r,E,Q) =/zt(F',E) exp [—[zt(F + R'c‘z)dR']
(o]

X W(r~,E,Q)dR, (11-2)

where:
r” is the first collision point following emission at r,
R is the distance between r and r°, i.e., r” = r + RQ, and

all other terms are the same as previously defined.

The physical differences in these value functions is significant and is

relied upon heavily in the development in Chapter III.
2. Calculation of Response Using the Value Functions

In transport calculations the effect of interest, I, may be
calculated in various ways depending on the physical problem. The usual
method is through the integration of the product of the forward flux and

a response function. This functional is given by the equation,



1= (o7, E,8),R(,D)

where:
< > indicates integration over all phase space,
¢(F,E,§) is the forward flux, and

R(;,E) is the response function per unit flux.

Several mathematically equivalent methods of calculating the response by
using the value functions are well known and are discussed in the
remainder of this section.

The most common method for calculating the effect of interest using
the value functions is the integration of the product of the point value
and a source function. This functional is presented in equation II-4 and

is derived and discussed in references 2, 3, 7, and 8,
D= (S(r,E,0),0%(7,ED) (11-4)

where:
S(F,E,ﬁ) is the fixed source for the forward transport equation,
and

o*(r,E,Q) is the point value as calculated by equation II-1.

The relationship in equation II-4 is seen to be fully consistent with the
definition of the point value. A less familiar relationship analogous to
equation II-4 which involves the event value is given by the following

equation,6

1= (5.7, E,3) W(ED) (11-5)




where:

SC(;,E,ﬁ) is the first-collision source, and

W(F,E,ﬁ) is the event value.

A third method for calculating the effect of interest is through

the surface interal given in the equation,g’9

I = //fﬁ-fm(is,c’z)cp*(F,E,Ez)deEsz, (11-6)
3

where:

S represents a closed surface where the enclosed volume contains
either the source or the detector, but not both,

n is the unit normal vector of the surface S (outward normal if S
encloses the source and inward normal if S encloses the
detector),

Q is the particle direction vector,

o(r,E,Q) is the forward flux, and

o*(r,E,Q) is the adjoint flux (point value).

The application of this method has been discussed by Hoffman10 and

|
Williams and Eng]e.7 It is important to note that the ﬁ-ﬁ¢(;,E,§) term
in equation II-6 forms an equivalent source at the surface S, thus !
producing emergent source partic]es.9 The weighting of ﬁ°§¢(F,E,§) by

the point value to produce the effect of interest is therefore consistent

with the definition discussed in Section 1. The relationship between the

surface integral method and the contributon Monte Carlo method, discussed

in the next section, will be used extensively in later chapters.




3. Chronological Review of Recent Developments

Leading to Contributon Monte Carlo

The use of the term contributon was initiated by Williams and Engle
in their development of spatial channel theory.7 Williams and Engle used

the "global reciprocity theorem," as follows,

(9*(P),Q(P) - NORWOYE fdA//Mw*(B)dédE, (11-7)
A EQ

to demonstrate that the resbonse was given by equation II-8, i.e., the

previously discussed surface integral method,

/{//<5-6>¢(5,E,z,X)¢*<6,E,z,X)dﬁdE} dh = (0,0 , (11-8)
A EQ

=1
)

where:
Q(p) is the source for the forward equation,
Q*(p) is the source for the adjoint equation,
A is an arbitrarily located plane, Z = Zo, between the source and
detector, and

all other terms are the same as previously defined.

From equation 1I-8, jé jé Qo (p)o*(p)dRdE was defined as D(X,Z) and was
considered to be the current of special particles which Williams and
Engle defined as "contributons." Then C(x,z), given by equation II-9, is
the "contributon flux," i.e., the flux of particles that will certainly

contribute to the response,




C(x,2) =/[¢(5)¢*(5)d€>dﬁ , (11-9)
EQ

It should be noted that n-D(x,z) produces the response per unit area.
Williams and Engle observed that plots of ﬁ-ﬁ(x,z), along arbitrary z
planes between the source and detector, or the spatial distribution of
C(x,z) will identify spatial streaming paths. The usefulness of these
plots has been demonstrated considering both simple and very complex
geometries.

Williams and Engle's work was closely followed with a related

8 In this work a conservation law for

development by S.A.W. Gerstl.
"y-particles" (equivalent to contributons) was postulated. As a result
of the conservation law, the distribution of "y-particles" was
interpreted as describing the field of particles all of which contribute
to the detector response. The possible advantages of directly
calculating the "Y-particle" distribution and associated detector
response led Gerstl to develop two "y-particle transport equations." The
first of these equations, equation II-10, is a linear equation which

defines the complex variable ¥ and is restricted to slab geometry,

monoenergetic transport, and isotropic scattering,

2
2 2 gix + 32 W(x,p) = (X - cp)S
+1

|

-1

+

+1
c b3 . C .. .. .
3 [?7 Y(x,pu") - 557‘/-‘V(X,P ) du ] du”, (II-10)
=1

where:

¥(x,p) = ¢(x,p) + io*(x,u),
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S=0Q+ iR
i=4-1
Q = forward source

o
it

adjoint source, and

®0*, i.e., ¢, is given by 1/2 Im ¥2.

Gerstl's second equation, equation II-11, defines the real variable § but
is nonlinear and again is restricted to slab geometry and monoenergetic
transport as well as having the further restriction of a purely absorbing

med i um >

where:
¥ is the ¢¢* product,
Q is the forward source, and

R is the adjoint source.

The complexities of these "transport equations" and their lack of
generality leaves little hope for direct solution of the "y-particle"
distribution and thus the direct solution of the response by the surface
integral of ﬁ-ﬁw for other than the most trivial cases.

More recently, Deutsch and Carter used spatial channel theory as a
basis to develop a Monte Carlo procedure to simultaneously calculate the

¢ and ¢* distributions.ll

This procedure results in estimates of C(x,z)
for discrete segments of surfaces between the source and detector. Thus,

producing spatial channel plots for three dimensional geometries and
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forming the procedural basis for directly calculating the ¢¢* or

"Yy-particle" distribution.

4. Overview of Developments in Contributon Monte Carlo

Dubi, et a].,1 developed a Monte Carlo scheme for estimating the
volume integral of the contributon flux based on a single forward

calculation. The unbiased estimator developed by Dubi is given by the

equation,
n -
x(r.) . .
- i i i -
n(p19"° ’pn) - Z s ; g;(piaply"‘ apk), (II 12)
i=1 "tV i
where:
P1sP2s---sP denotes the primary particle's history,

pi,pl,p;,...,p; denotes the history of the secondary particle
generated at Pis i.e., the phase space coordinates of the

ith interaction of the primary particle,

1 forreV

x(ry) = ‘
0 forrd V,

V is a volume completely separating the source and detector, but
containing neither the source nor detector,

Zt(Fi) is the total scattering cross section,
K
i i i i
g?(pi’plypZ"-- ’pk) = Z g(pj))
i=1

. RpH
g(p}) = —d— | and

]‘ 3
Zt(pj)




th

R(p}) is the response function per unit flux for the j

interaction of the secondary particle generated at P

The Monte Carlo realization of the quantity g;(pi,pi,p;,...,pl) is
accomplished by generating a secondary particle at every collision site
of the primary particle within the volume V and tracking the secondary
particles in the forward mode. Based on the surface integral of ﬁ~§¢¢*,
Dubi made the natural extension of the estimator n(pl,pz,...,pn) to an
estimator of the response as a volume integral as shown for spherical

geometry by the equation,

R,

<”F> = I(Rz"Ry) =/ dr l]dﬁ fds n0o(r,De*(r,0)} ,  (11-13)
(!

Ry n S

where:
I is the response,
Ry and Ry, are the radii of the inner and outer surfaces,
respectively, defining the volume of integration, and

all other terms are the same as previously defined.

It is important to note that equation II-13 may be generalized such that
the volume of integration is not required to be a spherical shell.
However, the volume of integration is restricted to those geometries
which have a uniform spacing between the inner and outer surfaces.

In an effort to determine the usefulness of the scheme, Dubi
developed a benefit factor based upon the ratio of 02T for regular Monte
Carlo to o?T for contributon Monte Carlo. Dubi's analytic benefit factor

for analog calculations is given by the following equation,
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N B
B = eff <, (11-14)
N ZNs- Bp
s,out \1 + N
eff
where:
Neff = Ns,out B 2Ns-’
NS out is the number of secondaries escaping the medium,

Ns- is the number of secondaries giving negative contributions,

Bp is the escape probability of primary particles (N /Np), and

p,out
Bc is the escape probability of contributing particles.

The response used to develop this benefit factor was the leakage from a
homogeneous sphere with a point isotropic source at the center and a
vacuum boundary at the surface of the sphere.

The effectiveness of Dubi's procedure was demonstrated by com-
parison with standard analog Monte Carlo calculations. The demonstration
problem geometries consisted of slabs which varied in thickness from 10
to 25 mean free paths (mfp) and spheres with radii which varied from 10
to 35 mfp. The benefit factors, from the Monte Carlo calculations, were
shown to range from 5.3 to 8.08 for the slabs and 1.14 to 10.1 for the
spheres.

In a later effort, Dubi and Ger‘stl]2 concentrated on the develop-
ment of an analytic benefit factor for use when biasing is applied to
both the regular and contributon Monte Carlo schemes. Both a
semi-intuitive model and a formal development were presented. The
benefit factor was again based upon the ratio of the 02T indicators of
effectiveness. The formal development results in the relatively simple

factor given by the equation,
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B = Zt A(1+ ﬁZNS/Np)"1 , (II-15)

where:
Zt is the biased energy independent total cross section; in

particular Zt = Zt(l-P), 0OspP<s1,

A is the thickness, normal to the surface, of the volume of
integration,

B is the ratio ts/rR,

T is the average processing time of the secondary histories,

TR is the average processing time of the primary histories,

Ns is the total number of secondary particles produced,

Np is the total number of primary particles produced.

Even though Dubi attempted to generalize the development several
simplifying assumptions were made which resulted in limitations on the
use of the benefit factor. The more important assumptions are (1) the
correlation between dependent secondary histories, i.e., those produced
by the same primary history, is neglected; (2) secondary histories which
are produced with an n-Q < 0 are neglected, (3) Z: is assumed to be
constant within the volume of integration, and (4) it is required that a
history reach the detector location to score, e.g., boundary crossing and
analog track length estimators. The analytic benefit factor and its
Timitations were tested with several sample problem geometries and
parameter variations, e.g., thickness of volume of integration, extent of
path length biasing, ZS/Zt ratio, and position of volume of integration.

Dubi concluded that there was reasonable agreement between the analytic

and experimental benefit factors and that significant advantage may be
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gained by use of contributon Monte Carlo estimation. It was cautioned,
however, that even though encouraging, the results were not sufficient to
"...claim ultimate practical advantages of the contributon method in
real-world practical shielding and streaming problems."

Dubi brought out two basic points in his later work which warrant
special mention at this point but will be covered in much greater detail
in following chapters. First, as a result of the unperturbed transport
of the primary particles it is possible to estimate the response
simultaneously with the primary histories, i.e., regular Monte Carlo
estimation, and secondary histories, i.e., contribution Monte Carlo
estimation. At several points in reference 12 the two estimates were
referred to as being almost independent, thereby allowing them to be
combined to produce a single more precise estimate. However, there was
no mathematical basis or significant experimental evidence presented to
support this claim. The second point deals with the basis for the
apparent advantage in the contributon method. Dubi attributes the
advantage completely to the "special new recipe" and not the production
of secondary particles. In an attempt to demonstrate this Dubi compared
the contributon Monte Carlo method to regular Monte Carlo calculations
which included splitting. Regarding these comparisons Dubi states:

The sole purpose of this was to create as many
secondaries as are created by the contributon method
in order to demonstrate that the benefit obtained in
the contributon scheme is not a result of the
generation of secondaries but of the special new
recipe used.
The advantage of the contributon method appeared to remain. However,

there was no formal basis presented to support Dubi's statement nor was

an attempt made to draw any conclusions from the comparisons.
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Further application of the contributon procedure was recently
reported by Mack and Dudziak]3 who applied the scheme to two practical
problems representing simple and complex geometries with moderate to deep
penetration. The first is the Fast-Linear Reactor problem which consist
of penetration depths of approximately 10 mfp and a complex fusion
reactor geometry. Comparisons were made between regular Monte Carlo
(RMC) and contributon Monte Carlo (CMC) with exponential biasing and
splitting applied to both schemes. Comparisons with parametric
variations such as volume of integration thickness in CMC were also made.
The authors pointed out that the most important finding was that
rule-of-thumb splitting, i.e., factor of two splitting about every mean
free path, alone was in general found to be more efficient than CMC. The
second problem consisted of a magnetite shield having a relatively simple
geometry but penetration depths of 25 to 30 mfp. In this problem the
same biasing schemes were applied and varied as in the Fast-Linear
Reactor problem. As in the first problem, it was reported that RMC with
rule-of-thumb splitting was generally more efficient than CMC. It was
further pointed out that CMC with splitting resulted in substantial
benefit only when the degree of splitting was much less than
rule-of-thumb splitting. Also, the benefit was reported to decrease
monotonically as the volume of integration thickness was increased and
the degree of splitting approached that of rule-of-thumb.

Deutsch]4 reported comparisons between RMC and CMC performed by a
second Los Alamos Scientific Laboratory (LASL) Group, X-6, but performed
independently of Dubi and Gerstl. The scope of the X-6 work was

primarily limited to the comparison of RMC with geometric splitting and
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contributon Monte Carlo. Many of the calculations performed by the LASL

Group T-1 (Dubi, et al.) using CMC combined with exponential transform
were repeated by the X-6 group replacing exponential transform biasing
with geometric splitting. The same calculational indicator of efficiency
used by T-1, i.e., the ratio of 02T for RMC to o2T for CMC, was used for
comparison of the X-6 calculations. The results of this work are best
summarized by the following quote of Deutsch.

In essence, the X-6 calculations indicate the
absence of any demonstrated value of the T-1
contributon method for the deep-penetration
transport problems considered. In these problems,
increases 1in calculational efficiency are not
significant and usually a decrease in efficiency is
observed. The optimistic conclusion from the
earlier T-1 calculations for these problems appear
to result from the inefficient treatment of the
problems by Monte Carlo without contributions [sic],
and specifically from a heavy reliance on the use of
the exponential transform as opposed to geometric
splitting.

Clearly, the work reported by Deutsch places doubt on the general
practical applicability of the contributon Monte Carlo estimator. This
doubt serves to point out the need for a thorough understanding of the
variance reduction mechanism of the estimator so that its applicability
may be assessed. To date, this mechanism has not been given the
attention required. Further, the work reported by Deutsch indicates the
necessity for development of general guidelines for efficient application
of the estimator based on an understanding of the variance reduction
mechanism and calculational experience. Development of an understanding
of the method for variance reduction by the CMC estimator and guidelines
for its effective use are two of the major objectives of the present

work.



CHAPTER III

FORMAL BASIS FOR TRACKING AND ESTIMATION PROCEDURES

The purpose of this chapter is to provide insight into contributon
Monte Carlo estimation through the formal basis of the tracking
procedure. This chapter further demonstrates that the score of Dubi's

secondary partic1esT

is equivalent to the point value as would normally
be calculated in the adjoint mode and, as such, all Monte Carlo
procedures, e.g., biasing and estimation, may be applied individually to
the SP and ESP random walks.

Dub1’1 has shown that n(pl,...,pn) as given by equation II-12

(page 11) is an unbiased estimator of the following integral,

/dE/dﬁ[dV¢(F,E,§)¢*(F,E,Ez) . (I111-1)

This is true only when E; in equation II-12 is an unbiased estimator of
the point value, ¢*. The equivalence of gg and the point value is based
on the relationship between the point and event values, equation II-2
(page 5), the relationship in equation III-2, and an appropriately

defined Monte Carlo tracking procedure,

TAs seen in the previous chapter, Dubi refers to the flux esti-
mating particle as the primary particle and the particle produced in the
volume of integration as the secondary particle. This author prefers to
avoid confusion with the more usual meaning of primary and secondary
particle by referring to Dubi's primary particle as the source particle
(SP) and Dubi's secondary particle as the equivalent source particle
(ESP). The rationale for this terminology will become obvious in the
following chapter.
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Exerp) = (X sy = Wy, (111-2)
j=1

where:

p1 1s the set of phase space coordinates of the next collision
site following emission at Pgs i.e., Po = ;o’Eo’éo and
P1 = ;1,50,50,

g(pj) is the ratio R(pj)/Zt(pj),

R(Pj) is the response per unit flux,

Zt(pj) is the total cross section at pj, and

W(p,) is the event value of a particle with first collision

phase space coordinates p;.
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This relationship has been proven by Spanier and Gelbard ~ for a given

next collision point. Based on equations II-2 and III-2 g; is then

defined by the following relationship,

(B Pgprr b)) = (TGPT,ELA) 8(-71) EX(p.... 1))
= T(F0+?1,Eoﬁo) W(Fl,eo,éo) = ¢*(FO,EO,60) , (111-3)

where:
T(;0+F,Eo,ﬁo) is the transport kernel from point ;0 to r (refer
to equation 1I-2),
6(?-;1) is the Dirac delta function,
p is a point in phase space, i.e., F,Eo,ﬁo, and

Py is the phase space point for ¢*, i.e., r ,E ,Q .
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The requirements for satisfying equation III-3 then formally define

the Monte Carlo tracking procedure for n to be an unbiased estimator of
the integral in equation III-1. This relationship is obviously equally
valid in the extension of equation III-1 to the calculation of the

response as discussed in Chapter II. The estimator used in calculating

the response is shown in the following equation,1

n = k
x(r.) _ _ .
nF(pI, )pn) = Z ! (n.i 'Q]) Z g(P;)
j=1 2¢(Py) §=1
n -
- X Ga el :
= ].. i F piypl’-")pk), (III 4)
i=1 2¢(Py)

where:

x(?i) =1if ;i is within the volume of integration V and O
otherwise,

Zt(pi) is the total cross section,

ﬁi is the outward normal to a surface, containing the collision
point and having the same geometry as the bounding surfaces
of the volume of integration,

éi is the particle direction vector, and

g(p}) is the response for the jth collision of the ESP produced

th

by the i collision of the SP.

The tracking procedure for this estimator, as required by the conditions
for satisfying equation III-3, is discussed below.
The Monte Carlo scheme used in this work is essentially that

outlined in reference 1. This procedure is as follows:
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1. The SP is tracked to completion in the normal manner,

except that an ESP is produced at each collision site
within the volume of integration.
2. At each ESP production site an estimate of the flux, l/zt,
is weighted by ﬁ-ﬁ, i.e., the flux estimate is transformed
to an estimate of the current.
3. The product of the weighted flux estimate from 2. and the
SP weight is used as the starting weight of the ESP. The
collision phase space coordinates of the SP are taken as
the ESP starting phase space values as required by
equation III-1.
4. The ESP is tracked in the forward mode to produce an
estimate of g;.
5. The scores of all ESPs produced by a single SP are summed
to produce one independent estimate of Ng-
It is important to note in step 4, that the ESP is tracked in the same
manner as the SP. This procedure js implied by equations III-2 and the
definition of the event value, i.e., the expected present and future
contribution to the effect of interest. It becomes obvious then, as
emphasized by the tracking procedure and implied by equation III-3, that
the ESP is a direct extension of the SP track prior to the ESP producing
collision and is independent of the SP in that they form estimates of
different quantities each of which could be determined by separate
calculations, as is the normal procedure in the surface integral method
discussed in the previous chapter. Therefore, any Monte Carlo biasing or

estimation scheme is applicable to the ESP as well as the SP. It must be
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cautioned however, that even though the application of biasing is
permissible it may not result in a more efficient calculation.

The Radiation Shielding and Information Center's standard version
of the MORSE Monte Carlo code]6 was modified to include the ESP
production and tracking scheme discussed in this chapter. A variation of
this procedure which allows ESP production at a surface crossing has also
been included in MORSE. The basis and justification for this variation
are developed in Chapter IV. This modified version of MORSE was used

exclusively for the Monte Carlo calculations performed in this work.



CHAPTER 1V

COMPARISON OF BENEFIT PRODUCING MECHANISMS

IN ESP ESTIMATION AND SPLITTING

A prerequisite to the efficient use of any Monte Carlo estimation
or biasing scheme is a thorough understanding of the mechanism by which
the expected benefit is produced. As stated in Chapter II, Dubi attri-
butes the benefit gained in the contributon Monte Carlo scheme to the
"special new recipe" and not intrinsically to the production of the
secondary particles, i.e., ESPs. It is the purpose of this chapter to
demonstrate that the benefit is derived directly from the production of
more than one ESP by each SP, thus showing that the benefit is derived in
exactly the same manner in both contributon Monte Carlo estimation and
splitting.

Section 1 of this chapter introduces a surface ESP procedure which
relies upon a boundary crossing flux estimator rather than the collision
density estimator, i.e., volume estimator, used in Dubi's procedure. The
benefit producing mechanism of ESP estimation is then demonstrated in

Section 2 based on the surface procedure.
1. Surface ESP Estimation

Dubi] has shown that the expected value of Ne> equation III-4, is
equal to the product of the response and the normal thickness of the
volume of integration as shown in equation II-13 (page 12). By replacing
the collision density flux estimator in equation III-4 with a boundary

crossing flux estimator an equivalent surface ESP procedure may be

23
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defined. Equation IV-1 gives Ng» the surface ESP equivalent of NE»

" (hea.) K . n k .
g = 9, E _1l PICHEDIEADY a(p;)
j=1 MY =1 izl j=1
n o - o
= ) @ EA(P,P1P2s- - P,) (Iv-1)
i=1

where:
n-Q is the angle between the outward normal of the surface and
the particle direction vector,
a is +1, taking the sign of ﬁ-ﬁi, and

all other terms are the same as previously defined.

The tracking scheme for the surface procedure is identical to that of the
volume procedure except that ESPs are produced on surface crossings
rather than on collisions. This modification does not alter the validity
of the equivalence between the expected value of g?(po,pl,...,pk) and the
point value ¢*(p0) as given by equation III-3 (page 19). The validity is
maintained since the equality is independent of the ESP starting phase
space coordinates, Py As shown in equation IV-2, the expected value of
Ng is a direct solution to the response by the surface integral discussed

in Chapter II,
<ns>= /dﬁde(ﬁ-ﬁ)q)(F,ﬁ)(p*(F,ﬁ) =1 (1v-2)
4n '

The surface integral in equation IV-2 is the one generally

evaluated when the forward and adjoint solutions are determined by
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independent calculations, e.g., Williams and Eng]e.7 A variation of this
surface equivalent source procedure is based on the surface integral used

10 and a variation of the proof by Case, et a].g that

by Hoffman, et al.
the inward directed flux, i.e., that directed toward the detector,
uniquely defines the flux field inside the enclosing surface. This
procedure differs from the first in that ESPs are only produced on the
first crossing of a surface by an SP. The ESPs, however, are tracked in
the same manner as in the first surface procedure. Mathematically this
is identical to solving the surface integral in equation IV-2 with
independent solutions of ¢ and ¢*. The forward solution is obtained
assuming a vacuum on the detector side of the ESP producing surface and
the adjoint solution is obtained without imposing boundary conditions at

the ESP producing surface. The integral over Q is then only performed

for angles such that n-0>0. Equation IV-3 gives Ng for this surface

procedure,
_ m k m k
- B _nQ iy_.B i
s =m ™ 9(p;) = o 2. ) g(p;)
ned| i=1 j=1 i=1 j=1
m
=B %" expipise .oy, (1v-3)
i=1
where:

B is 1 for the first crossing of the surface by an SP and 0
otherwise,
m is the number of ESPs produced per SP crossing, and

all other terms are the same as previously defined.
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In equation IV-3 m may be considered to be equivalent to the average

value of n in equation IV-1, i.e., the average number of SP collisions in
the volume of integration. Equation IV-3 is used in the following
section to demonstrate equivalence between the benefit producing mecha-

nisms of splitting and ESP estimation.
2. Method of Benefit Production

To begin, m in equation IV-3 is assumed to be one. For this case

equation IV-3 may be written as follows,

ﬂs = g?(pl)pia"')pi . (IV‘4)

In the discussion of the tracking procedure in Chapter III it was noted
that g; is the continuation of the SP track by the ESP following the
collision which produces the ESP or in this case the surface crossing
which produces the ESP. 1In the surface ESP procedure, the initial ESP
weight is the SP weight at the surface crossing divided by the number of
ESPs produced (assumed here to be one). Taking the Monte Carlo estimate
of the expected value of equation IV-4 results in the following
relationship which indicates that this procedure is exactly a standard

Monte Carlo estimation,
[ns] = [gf(Plapi,---9pi)] = I (IV-S)

where:
[ ] indicates the Monte Carlo estimate of the analytic expected

value represented by angle brackets, <>, and

~

I represents the Monte Carlo estimate of the response, 1.




27

Therefore, when each SP produces only one ESP, no benefit is derived from

the ESP estimation scheme -- expect possibly that which may be obtained
from an additional estimation by the unaltered SP track.
Considering the more general case equation IV-3 may be written as

follows,

mng = E5(p1,p,...pf) + .o+ g5 LpT, 0 (1V-6)

where:
m is the number of ESPs produced by each SP, a fixed integer
value greater than one, and

k is variable depending upon the specific ESP track.

Taking the Monte Carlo estimate of the expected value of equation IV-6

results in the following equation,

U= 2 e8puple ]+ oo+ E5G0BT oD

~ ~

(I; + ... + 1) . (IV-7)

=

Equation IV-7 then indicates that each independent estimate (i) is
produced by m dependent estimates (il + ...+ im) each weighted by 1/m,
i.e., the arithmetic average of the dependent estimates. The procedure
of averaging dependent estimates to produce a single independent estimate
is exactly the mechanism used in splitting. In comparison, surface
splitting replaces the original souce particle by m dependent particles
each with a weight of 1/m times the source particle weight, while the ESP
procedure produces m equivalent source particles identical to the split

particles and also retains the SP which may be tracked to completion to
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yield a separate estimate of the response. The signficance of this
difference is discussed in detail in Chapter VII.

It should be noted that with the use of surface crossings as ESP
producing events several options are available. The first is as
described above, that is, a single surface with multiple ESPs produced
per SP crossing. A second is multiple surfaces with one ESP produced per
crossing. Obviously, a combination of these options would be equally
valid.

The above discussion clearly demonstrates, contrary to Dubi's
statement, that the estimation procedure gains its benefit in exactly the
same manner and for the same reasons as splitting and not just as a
result of the "special new recipe." Further, this discussion clarifies
the choice of the terms source particle, SP, and equivalent source
particle, ESP, rather than primary and secondary particles. Considering
the similarities between this estimation procedure and the standard
equivalent source surface integral the procedure will be referred to
throughout this work as equivalent source estimation or ESP estimation.
It should be obvious that equivalent source estimation unlike most
estimation procedures, also includes a biasing scheme. This natural
incorporation of biasing into the estimation scheme may then be
considered as producing a self-biasing estimator.

The following chapter numerically demonstrates the dependence of
benefit on the number of ESPs produced per SP. Also, other similarities
are demonstrated between splitting, volumetric ESP estimation

(contributon Monte Carlo) and surface ESP estimation.




CHAPTER V

PARAMETRIC STUDIES AND COMPARISONS BETWEEN VOLUME AND SURFACE

EQUIVALENT SOURCE ESTIMATION FOR FULL TRANSPORT CALCULATIONS

The calculations leading to the results presented in this chapter
had as their bases the four fundamental objectives listed below:

1. Gain insight into the effects on the variance, o2, and the

02T indicator of efficiency resulting from parametric
variations, such as volume position and volume thickness.

2. Demonstrate similarities between equivalent source

estimation and splitting.

3. Calculationally demonstrate the dependence of the variance

on the number of ESPs produced.

4. Compare surface and volume equivalent source estimation.

The experience gained from the studies reported in this chapter along
with that of other investigators, such as reported in Chapter II, will
lead to a better understanding of equivalent source estimation and add to
the bases for the development of general guidelines for efficient use of
the technique.

This chapter is subdivided into five main sections. The first
addresses benchmarking of the MORSE Monte Carlo code as modified to
perform equivalent source estimation. Sections 2 and 3 report the
results of parametric studies for analog (unbiased) and biased
calculations, respectively. The final two sections discuss the

significance of the results and summarize the main points of the results,

comparisons, and discussion.
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1. Code Benchmarks

As was mentioned in Chapter IV, the standard RSIC version of the
MORSE Monte Carlo code was modified to include options for both volume
and surface equivalent source estimation. As good practice dictates, the
code was benchmarked following these modifications. For comparison
purposes it was necessary in all studies to perform both source particle
and equivalent source particle estimates, thus it was only necessary and
most efficient to benchmark the source particle estimation with a known
solution. Comparison of the SP and ESP estimates of the response for
every calculation performed then essentially resulted in a continuing
benchmarking of the equivalent source estimators.

Following code modification, standard or SP estimation was
benchmarked with the 10 mfp sphere calculation reported by Dubi in
reference 11. This problem consist of a homogeneous sphere with a 10 cm
radius and an isotropic, monoenergic, point source located at the center.
The material within the sphere was assumed to have a total cross section
of 1.0 cm-1, an isotropic scattering cross section of 0.9 cm-1, and an
absorption cross section of 0.1 cm-1. A vacuum boundary condition was
applied at the outer surface of the sphere. Under these conditions Dubi
reported a calculated fluence at the outer surface of the sphere of
4.83 x 10-5 particles/cm2/source particle with a fractional standard
deviation (fsd) of 0.015. In the MORSE calculation response estimates
were obtained using both last flight and boundary crossing estimators. A
50000 history calculation produced a standard last flight estimate of
4.79 x 10-5 particles/ cm?/source particle with an fsd of 0.033, while

the standard boundary crossing estimator yielded a response estimate of
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4.69 x 10-5 particles/cm2/source particle with an fsd of 0.029. These
response estimates consequently verified the validity of both SP last
flight and boundary crossing esimation in the modified version of MORSE.
To assure an adequate benchmark of the volume ESP estimator the
calculation as described above was repeated using a 5 cm radius sphere
with both SP and volume ESP estimation. A 10000 history calculation
produced a fluence estimate by SP last flight estimation of 1.45 x 10-3
particles/cm?/source particle with an fsd of 0.018. The SP boundary
crossing estimator produced an identical response estimate and fsd. The
volume of integration used for the equivalent source estimation was a
spherical shell with inner and outer radii of 0.5 and 1.5 cm,
respectively. The ESP last flight estimator yielded a response estimate
of 1.50 x 10-3 particles/cm?/source particle with an fsd of 0.027, while
the ESP boundary crossing estimator produced a response estimate of
1.45 x 10-3 particles/cm?/source particle with an fsd of 0.025. This

calculation therefore validated the volume equivalent source option.

Parametric Studies for Analog Calculations

This section reports the results of parametric studies specifically

for analog, i.e., unbiased, full transport conditions and is aimed at
meeting the four objectives outlined at the beginning of this chapter for
such conditions. It should be remembered, however, that only the SP
estimations are truely analog since the ESP estimations contain the
self-biasing mentioned in Chapter IV. These comparisons should most
clearly indicate changes resulting from variations in ESP parameters
because of the absence of other biasing techniques which might otherwise

tend to mask the effects.
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The geometric configuration used for all calculations reported in
this section was a sphere with a 15 mfp radius and a monoenergetic,
isotropic, point source located at the center. The total cross section
for the material within the sphere was assumed to be 1.0 cm-! and the
isotropic scatter and absorption cross sections were 0.7 cm-! and
0.3 cm-!, respectively. A vacuum boundary condition was applied at the
outer surface of the sphere and the normalized fluence was estimated at

this surface using both SP and ESP last flight estimation.

Variations in Volume of Integration Position

In this phase of the investigation the position of the volume of
integration was varied with respect to the source and detector locations,
while the thickness was maintained at a constant 2 mfp. It is important
to note that there was no attempt to optimize the volume thickness used
in these calculations, in fact, it will be seen in the following
subsection that the 2 mfp thickness is a poor choice from an efficiency
standpoint. The reason for selecting this thickness was to allow
positioning of the volume of integration at as many locations as possible
with minimal volume overlap, while still producing sufficient ESPs to
obtain reliable results.

To maintain continuity between calculations by providing a
consistent base for the 02T indicator of efficiency, all calculations
were performed using 180000 source particles. As a result of the
relatively small number of source particles used in these calculations,
estimates of the response were maintained as nearly constant as possible
by replacing calculations which yieided unusually high or low estimates

of the response, even though statistically the estimates were valid.
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This procedure was required since such estimates are generally
accompanied by proportionally unusual variances, e.g., high estimates of
the response generally result in excessively large variances. It is
important to keep the application of this procedure in mind when
reviewing the calculated responses so that no additional significance is
placed on the tighter than statistically indicated grouping of the
estimates. This point is stressed since Dubi in reference 12 noted a
similar close grouping in some of his results and stated that "...it may
result from the fact that possibly the exact distribution of the scores
is not a normal distribution."

The results of the calculations for this phase of the investigation
are summarized in Table V-1. The variances and o¢2T indicators of
efficiency for the SP and ESP estimators are shown graphically in Figures
V-1 and V-2, respectively. The solid curves in these figures represent
linear regressions on the Monte Carlo data. The resulting regression
equation for the variance is presented in equation V-1, while that for

02T is presented in equation V-2,

In(0?) = 1.063(-3)x3 - 1.057(-2)x2 + 5.322(~2)x - 34.61, (v-1)

1In(o2T) = 2.529(-2)x2 - 0.3489x - 23.80. (v-2)

The independent variable, x, in both equations represents the number of
mean free paths from the center of the sphere to the center of the volume
of integration. The significance of the results presented in this

subsection will be discussed in Section 4.
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Figure V-1. Variance as a function of ESP volume
distance from center of sphere - 2 mfp volume thickness.
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Variations in Volume of Integration Thickness

In this phase of the study the thickness of the volume of
integration was varied about a fixed position. The location of the
center of the volume of integration was 7.5 mfp from the source. As seen
in Figure V-2 this represents a near optimum position based on the o2T
indicator of efficiency. For successive calculations the thickness was
expanded symmetrically about this location in increments of 1 mfp over a
range of 1 to 12 mfp.

As in the previous phase a constant number of source particles,
150000, was used in all calculations. Further, the same procedure was
used to eliminate excessive fluctuations in the variance as a result of
unusually high or Tow estimates of the response.

Results of calculations for various volume of integration
thicknesses are summarized in Table V-2. The variance and 02T indicator
of efficiency for these calculations are displayed graphically in Figures
V-3 and V-4, respectively, for both the ESP and SP estimators. As before
the solid curves in these figures represent linear regressions on the
Monte Carlo data. Regression equations for the variance and o2T

indicator of efficiency are given by equations V-3 and V-4, respectively,

Tn(o?) = 8.213(-3)x2 - 0.2382x - 33.70, (V-3)

1n(02T) = 1.491(~2)x2 - 0.2333x - 24.66. (V-4)

The independent variable, x, in both equations represents the thickness
of the volume of integration in mean free paths. The significance of the

results for this phase of the study are discussed in Section 4.
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Comparative Calculations Using Surface ESP Estimation

For comparison purposes calculations using surface equivalent
source estimation were performed to correspond with some of the volume
ESP calculations discussed in the two previous subsections. Both surface
procedures discussed in Chapter IV were employed, i.e., surface ESP
estimation requiring integration over all Q and that requiring
integration over Q such that n-Q>0. For convenience the surface
procedure requiring integration over all Q will subsequently be referred
to as full surface ESP estimation, while that only requiring angular
integration for n-Q>0 will be refered to as vacuum surface ESP
estimation.

The first set of comparisons were between the volume ESP
calculations for variations in volume position and analogous full surface
ESP calculations. For the surface procedure the ESP generating surface
or equivalent source was located at the same position as the center of
the volume of integration for the corresponding volume ESP calculation.
Equivalent source locations of 4, 8, and 10 mfp were used. The number of
ESPs generated per SP crossing for these calculations was set such that
approximately the same total number of ESPs were generated as in the
analogous volume ESP calculation. As in the volume procedure, 180000
source particles were used and the same method for reducing fluctuations
in the variance as a result of excessive variations in the estimates of
the response was employed. The results of the surface ESP calculations
are summarized in Table V-1 and the variance and o%T values are compared

graphically in Figures V-1 and V-2, respectively.
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Several surface ESP calculations were performed for comparison with
results of volume ESP calculations for variations in volume of
integration thickness. In all calculations in this phase 150000 source
particles were used and the equivalent source was located 7.5 mfp from
the source, corresponding to the location of the center of the volume of
integration. As before the number of ESPs generated per SP crossing was
set such that approximately the same total number of ESPs was produced as
in the corresponding volume ESP calculation. Full surface ESP
calculations analogous to volume of integration thicknesses of 2, 5, and
8 mfp were performed.

Calculations employing vacuum equivalent source estimation were
also performed for comparison with the volume ESP and full surface ESP
calculations discussed in the previous paragraph. These calculations
were performed for ESP/SP ratios of 20, 28, and 49, which correspond
approximately to 5.5, 6.25, and 8 mfp volume of integration thicknesses,
respectively. The value of 28 ESPs generated per SP crossing was

17 for

determined using a procedure suggested by Carter and Cashwell
estimating the ratio of split particles when employing surface splitting.
This procedure is based on the ratio of the importance for the region the
particlie is entering to that of the region the particle is leaving. The
region importance for this determination consisted of the volume averaged
adjoint flux which was calculated with the one dimensional discrete

ordinates code ANISN.18

For the geometry used in these calculations, the
volume beyond a radius of 7.5 mfp from the source constitutes the region
the particle is entering, while the volume inside a radius of 7.5 mfp

represents the region the particle is leaving. The ESP/SP ratio of 20
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was chosen to represent approximately a 30% reduction in the value
estimated by the importance ratio scheme.

The results for the six surface ESP calculations discussed above
are summarized in Table V-2 along with the volume ESP results. Grahpical
comparisons of the variance and o2T are presented in Figures V-3 and V-4,
respectively. The significance of all the results present in this

subsection will be discussed in Section 4.

3. Parametric Studies for Biased Calculations

This section reports the results of a parametric study performed
for biased full transport calculations. The primary objectives of this
phase were to (1) gain insight into the use of ESP estimation in biased
calculations, (2) determine if the benefit gained in analog calculations
remains when biasing is applied, and (3) compare vacuum surface and
volume ESP estimation under the condition of biased transport simulation.
The biasing applied in these calculations was a combination of
nonabsorption weighting, path-length stretching, and Russian roulette.
Nonabsorption weighting was the main concern since it is a standard
method in the MORSE code and not an input option, i.e., a program
modification is required to run MORSE without this form of biasing.
Russian roulette was included since nonabsorption weighting forces the
tracking of a particle until it escapes unless an alternate mechanism for
particle removal is available. Without such a mechanism, the addition of
ESP estimation would be expected to result in an increase in computation

time which is disproportionate to the decrease in variance.
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The geometric configuration, cross sections, and source were the
same in this study as for the studies discussed in the previous section.
Also, as in the previous studies, the same number of source particles
were used in all calculations to maintain continuity by providing a
consistent base for the 02T indicator of efficiency. For this study
30000 source particles were used in each calculation. Further, the
procedure discussed in Section 2 to reduce fluctuations in the variance,
which might result because of extreme fluctuations in estimates of the
response, was applied as needed. As in all previous calculations last
flight estimation was employed for both the SP and ESP procedures.
Path-length stretching was applied uniformly throughout the sphere
and equally to the SPs and ESPs in all calculations. It was necessary
however, to vary the Russian roulette weight standards between
calculations because of variations in the volume of integration position
and thickness. For consistency these weight standards were based on the

ANISN calculated adjoint flux by use of the following relationships,
¢*
- S -
WAi = WA 5? , (V-5)

WL,
3

"
o
-
x
>

—le

(V-6)

where:
WAi is the average weight standard for the ith region,
WAs is a standard weight at the outer surface of the sphere equal
to 7.24 x 10-1° for ESP calculations and 1.08 x 10-8 for the

standard calculation,
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¢§ is the adjoint flux at the outer surface of the sphere,
¢? is the volume averaged adjoint flux for the ith region, and

WLi is the low weight standard for the ith region.

A1l calculations in this study using volume ESP estimation employed the
three Russian roulette regions as follows:

1. The equivalent source volume of integration.

2. The volume between the center of the sphere and the inner

bounding surface of the volume of integration.

3. The volume between the outer bounding surface of the

volume of integration and the outer surface of the sphere.
Calculations using surface ESP estimation employed the same three regions
and weight standards as the corresponding volume ESP calculation, i.e.,
the volume ESP calculation to which the surface calculation was being
compared. For the standard calculation the same regions were employed as
were used in the optimal volume ESP case.

The first set of calculations performed consisted of variations in
the volume of integration thickness. The center of the volume was
maintained at a location 12 mfp from the source and the volume thickness
was increased symmetrically about the center in increments of 1 mfp to a
maximum thickness of 5 mfp. The optimum efficiency, i.e., minimum 02T,
appeared to occur at the 5 mfp volume thickness. Four other equivalent
source calculations and a standard calculation were subsequently
performed for comparison to the optimum volume ESP case. The first
comparitive calculation again utilized a 5 mfp thick volume of
integration, but was centered at a location 10.5 mfp from the source.

The remaining three calculations all employed vacuum surface equivalent
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source estimation. In the first of these the equivalent source was
Tocated at the center of the original 5 mfp thick volume of integration,
i.e., 12 mfp from the source, and had an ESP/SP ratio of 14, which
resulted in a production of approximately the same total number of ESPs
as in the volume equivalent source calculation. The flexibility allowed
in positioning the surface equivalent source was examined with the final
two calculations. In each the equivalent source was located 14.4 mfp
from the source, i.e., 0.1 mfp inside the outer edge of the 5 mfp thick
volume of integration. The ESP/SP ratios used were 17, resulting in the
generation of approximately the same total number of ESPs as in the 5 mfp
thick volume case, and 12, representing approximately a 30% reduction in
the number of ESPs produced. Table V-3 summarizes the results of all the
above calculations, while Figure V-5 graphically compares the variances
and 02T indicators of efficiency. The solid curves in Figure V-5
represent lTinear regressions on the Monte Carlo data for the calculations
involving variations in the volume of integration thickness. Equations
V-7 and V-8 are the resulting regression equations for the variance and

02T, respectively,

Tn(o?) = 0.1743x2 - 1.726x - 33.96, (v-7)

1n(o2T) = 0.1607x2 - 1.501x - 23.91. (vV-8)

The independent variable, x, in both equations represents the volume of
integration thickness in mean free paths. The significance of all the

results presented in this chapter will be discussed in the following

section.
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4. Discussion of Results

This section discusses the underlying bases for observed phenomena
in the results presented in the previous two sections. A thorough
understanding of these bases is required along with an understanding of
the variance reduction mechanism developed in Chapter IV in order to
establish guidelines for efficient use of the estimators. This
discussion will be divided into three subsections. The first two cover
the behavior of the variance and 02T indicator of efficiency,
respectively, for volume ESP estimation. The final subsection deals with
comparisons between the volume, full surface, and vacuum surface

procedures.

Variance Behavior in Volume ESP Estimation

As noted in the introduction to this chapter, one of the major
objectives was the calculational demonstration of the dependence of the
variance on the number of ESPs produced. This dependence is clearly
shown in Figures V-1 (page 35), V-3 (page 39), and V-5. In each case it
should be noted that the variance, at first, rapidly decreases as the
number of ESPs produced increases. As should be expected, however, the
rate of decline of the variance quickly decreases and the variance
asymptotically approaches a minimum value. This value being dependent on
the total number of source particles used as well as the use of variance
reduction techniques in the calculations.

There are two principle mechanisms responsible for the observed
behavior in the variance. The first of these deals directly with the

averaging of dependent ESPs, i.e., those within a given ESP group, to
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produce a single independent estimate. Increasing the size of the
individual ESP groups, that is, increasing the number of ESPs produced,
results in each independent estimate becoming more nearly an average
estimate, thus resulting in increasingly precise estimates of the
response. However, it should be expected, as observed, that beyond a
point further increases in ESP group size will result in diminishing
returns since most of the independent estimates will begin to approach
average estimates. The second mechanism affecting the shape of the
variance curve is the predominate cause of the rapid decrease in variance
for low ESP/SP ratios. This mechanism consists of increasing the number
of independent contributions by increasing the probability of at least
one ESP scoring from each ESP group as the group size, i.e., ESP/SP
ratio, increases. Obviously this mechanism is only effective up to the
point where the ESP/SP ratio has increased sufficiently such that at
least one score is obtained from each ESP group. Even though both
mechanisms effect the volume and surface ESP estimation procedures, they
are not as easily separated in the volume procedure. For this reason, a
discussion of the separate mechanisms for a given set of calculations is
delayed to Chapter VI. It was necessary, however, to consider these
mechanisms at this point in order to understand the observed behavior of
the variance.

It is important to note in both Figures V-1 (page 35) and V-5 that
in some cases the variance for volume equivalent source estimation may be
larger than that produced by standard estimation. This increased
variance, which is seen to occur at low ESP/SP ratios, is principally a

result of the random method of ESP production in the volume procedure.
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This production mechanism results in large numbers of ESPs being produced
by particles which undergo many interactions, while very few or even no
ESPs may be produced by other particles. In general, those particles
which undergo many scatterings are of least interest in deep penetration
transport calculations, therefore this procedure biases toward the least
interesting histories and, as seen, may produce inefficient results.
This inefficiency is discussed again in more detail in the subsection

dealing with comparisons between volume and surface ESP estimation.

Behavior of 02T in Volume ESP Estimation

This subsection has two primary objectives. The first is to
discuss the reasons for the behavior of the o2T indicator of efficiency
in volume ESP estimation, and the second is to point out a very distinct
and important similarity between ESP estimation and splitting.

Figures V-2 (page 36) and V-4 (page 40) indicate what should be
expected to be the general shape of the 02T curves based on the
understanding of the behavior of the variance. In both figures it should
be noted that inefficiencies occur in the use of the estimation procedure
for both extremes in total ESP production [refer to Table V-1 (page 34)
and Table V-2 (page 38)]. For low total ESP production the inefficiency
is a result of the relatively large variance, while for the other
extreme, i.e., high total ESP production, the inefficiency is a result of
rapidly increasing computation time, but only a very slowly decreasing
variance. It should be observed that the causes of the inefficiencies
are the same for both variations in volume of integration thickness and
position. The behavior of 02T is seen to be the same for the biased

case, Figufe V-5, as it is for the analog cases. Although the increase
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in 02T is not indicated in this figure it should be expected on
increasing the volume of integration thickness as supported by the
reduced rate of decrease in the variance and the occurrence of equivalent
02T values for both 5 mfp thick volume of integration calculations, i.e.,
volume centers located at 12 and 10.5 mfp.

In Tate 1979 Juzaitis and Booth19

reported parametric studies of
surface splitting at a single surface in slab geometry. These studies
involved variations in slab thickness, number of split particles produced
per surface crossing, that is, split particle ratio, and position of the
splitting surface. The purpose of the studies was to determine the
optimum surface location and split particle ratio based on minimizing the
02T indicator of efficiency. Plots of 02T as a function of surface
position on a normalized scale showed that the optimal position was in
the range of 0.5 to 0.7, as was the case in the analog sphere
calculations, over the ZS to ZT ratios considered (0.1 - 0.9). The shape
of the 02T curves are also seen to be the same as those presented in this
chapter, thus indicating the behavioral similarities of 02T for surface
splitting and volume ESP estimation under variations in surface and
volume position. These similarities are highly significant for purposes
of developing general guidelines for use of ESP estimation and will be

discussed more in Chapter VIII.

Comparisons of Equivalent Source Procedures

It was pointed out earlier that one of the major purposes of the
calculations presented in this chapter is a comparison of the volume,
full surface, and vacuum surface equivalent source procedures. This

subsection performs such a comparison and discusses the underlying

reasons for observed differences in the three technigues.
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In the graphical presentation of the results of all calculations
comparing volume and full surface equivalent source estimation it is
readily observable that the full surface procedure results in more
precise calculations. One of the causes for the less precise estimates
by the volume procedure was mentioned earlier in this section, that is,
the random production of ESPs. As discussed, this procedure biases
toward the more typical particles and not those of most interest in a
deep penetration calculation, i.e., those which undergo very few
interactions, and, thus, have the greatest probability of contributing
most to the response. In the surface procedure, however, all particles
which cross the surface produce the same number of ESPs, thereby, giving
all source particles an equal opportunity to contribute to the response.
Further, this procedure results in a more uniform number of ESPs being
averaged to produce each independent estimate. This, then, eliminates
unnecessary over averaging in many ESP groups, while others are under
averaged or completely fail to produce a score, i.e., the more uniform
ESP group size increases the number of independent estimates that are
near average estimates. It should be observed that the reasons just
presented for the improved precision of the surface ESP method are very
similar to the underlying bases for the shape of the variance curves as
discussed in the first subsection of this section. A final cause of the
improved precision 1ies in the knowledge of the equivalent source. In
both procedures approximately the same number of independent source
particles produce the equivalent source. This results then in a high
density surface source and a relatively lower density volume source,
therefore, implicitly yielding a more precise integration over the

surface equivalent source.




54

The comparison of vacuum and full surface equivalent source
estimation in Figure V-3 (page 39) clearly indicates a more precise
calculation by the vacuum surface procedure. Improved precision by this
method is not unexpected since part of the surface integral has
essentially been performed deterministically. Also in this comparison
the total number of ESPs produced by both procedures was approximately
constant. For the vacuum surface procedure then the ESP/SP ratio had to
be increased since ESPs were only produced on the first crossing of the
surface. This enlarged ratio, therefore, increased the probability of
obtaining more independent scores as well as allowing more ESPs to be
averaged for each independent estimate.

Four final important observations should be made concerning the
surface ESP procedures. First, as observed in Figure V-4 (page 40), the
optimal ESP/SP ratio has apparently not been reached in the surface
procedure when the same total number of ESPs is produced in both the
surface and optimal volume calculations. As a result, the increased
ratio in the vacuum surface procedure should, as observed, produce a more
efficient calculation and not just result in an over production of ESPs.
Secondly, it should be noted that in the vacuum surface calculation the
ESP/SP ratio is not only increased over that of the analogous full
surface calculation, but it is only increased for the more important
directions, i.e., those toward the detector. The third observation
concerns the use of the region importance ratio to establish the ESP/SP
ratio in the vacuum surface procedure. This comparison indicates that
the technique does, in fact, result in an adequate estimate of the ESP/SP

ratio. Finally, it should be noted in Figure V-5 (page 48) that the
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added flexibility in locating the surface equivalent source, over that of

positioning the volume of integration, provides an additional increase in

efficiency in the surface procedure.

5. Summary

A summary of the most important aspects of this chapter is provided

by the following list.

1.

The variance has been shown to be dependent on the number

of ESPs produced. This noted dependence is a result of

three factors, (1) an increasing number of independent

estimates as the generation of ESPs increases, (2)

improved averaging of dependent estimates as the number of

scores from each ESP group increases, and (3) a diminished

rate of return for a continued increase in the size of the

ESP groups as the larger groups begin to result in

estimates which approach average estimates. |
Volume equivalent source estimation for low total ESP i
production may provide less precise calculations than ;
standard estimation as a result of the random generation

of ESPs. |
The o027 indicator of efficiency was shown to have a

distinct minimum which results from the nature of the

dependence of the variance on the number of ESPs produced.

The shape and minimal value were noted to be very similar

to those for surface splitting.




It was seen that the benefit gained from volume ESP
estimation in the analog case was lost in the biased case
considered because of the greatly increased computation
time required.

Surface ESP estimation was observed to maintain a small
benefit in the biased calculation, particularly when
advantage was taken of the added flexibility available in
locating the surface equivalent source.

Volume ESP estimation was noted to be less precise than
full surface ESP estimation which in turn was seen to be
less precise than the vacuum surface procedure. The
principle reasons for the differences were discussed in
the third subsection of Section 4.

The benefit to be gained by the surface procedures may be
greater than indicated since the surface procedures
apparently do not reach a minimum in o2T for the same
total number of ESPs generated as in the optimum volume
case.

The importance ratio scheme appears to be a viable option
for estimating the ESP/SP ratio for vacuum surface

equivalent source estimation.
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CHAPTER VI

APPLICATION OF VACUUM SURFACE EQUIVALENT SOURCE ESTIMATION

TO VOID STREAMING CALCULATIONS

A common application of Monte Carlo transport simulation is in the
area of particle streaming in voids. In this class of problem it is
often advantageous to eliminate full transport in the material
surrounding the void by replacing this material with albedo surfaces,
thus, greatly reducing the number of particle interactions and computing
time. As a result of the reduced number of interactions by use of albedo
surfaces and, in fact, the complete absence of interactions in the most
important regions of the geometry, i.e., the void, this class of problem
is apparently not amenable to solution by contributon Monte Carlo
estimation. It may, however, present an ideal application for the
proposed surface equivalent source estimation procedure. This chapter
presents the results and discussion of such an application to a
two-legged duct geometry. The chapter is organized in two sections. The
first is devoted to a déscription of the problem, and the second presents
the results of the calculations and discusses the underlying bases for

the observed phenomena.
1. Problem Description

The problem chosen for this investigation consists of a simple but
representative void streaming geometry. Figure VI-1 presents a
horizontal cross section of the combinatorial geometry model of the

two-Tegged duct used in these calculations. The duct consists of a void
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with a 3 ft. by 3 ft. vertical cross section surrounded by concrete
walls. The first leg of the duct is 15 feet in length from the entrance
to the center line of the second leg, while the second leg is 10.5 feet
from the center line of the first leg to the exit.

Full transport in the concrete walls of the duct was eliminated by
use of albedo surfaces located at the surface of the duct. To handle the
albedo interactions, the BREESE-II20 routines were incorporated into the
modified version of MORSE used for the calculations presented in Chapter
V. No modifications to BREESE-II were necessary for use with surface
equivalent source estimation since all surface crossings are handled
external to the BREESE routines. Therefore, no benchmarking other than
comparison of standard and equivalent source estimates of the response
was necessary. The one group albedos used by BREESE for all calculations
discussed in this chapter were based on the concrete total albedos for

21

the thermal neutron group of the CARP albedo data library. The albedo

data set consisted of total albedos for five incident polar angles and
differential angular albedos for 30 reflected directions. The angular
albedos were developed, for this problem, based on the quadrature

21

weights, as given by equation VI-1, such that isotropic emission from

the albedo surface would result,

Ad.Ap .
W, = ——1 | (VI-1)
ij 2n

where:

wij is the weight for the ith polar direction and the jth

azimuthal direction,
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th

A¢i is the size of the i~ reflective polar angle bin, and

th

Apj is the size of the j~ reflective azimuthal cosine bin.

The particle source used in this problem was a monoenergetic,
monodirectional, disk source with a radius of 17.32 cm. The source was
located in the entrance plane of the first leg and centered on the center
1ine of the leg. As seen in Figure VI-1 the initial particle direction
was 45° with respect to the inner wall, thus, adding a degree of
difficulty to the problem by increasing the amount of interaction, i.e.,
attenuation, in the first leg. A1l calculations reported in this chapter
employed 60000 histories. As explained in the last chapter the use of a
constant number of histories maintains continuity in the calculations by
providing a consistent base for the 027 indicator of efficiency.

In this set of calculations the response was the fluence at the
exit of the second leg of the duct. The fluence was determined in all
calculations using both standard and vacuum surface equivalent source
boundary crossing estimation. Since this type of estimator requires the
particle to physically cross the boundary to score, it added a further
degree of difficulty to the problem, thus, enhancing the need for ESP
estimation.

The BREESE routines, 1ike full transport in MORSE, incorporate
nonabsorption weighting as a normal mode of operation. For this reason
Russian roulette was employed to facilitate particle removal as in the
biased calculations discussed in Chapter V. The Russian roulette weight
parameters used in these calculations were based on the expected average
particlie weight for each region shown in Figure VI-1, and were determined
for each calculation by the relationships presented in equations VI-2 and

VI-3,
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WRi
WAi = m , (VI‘Z)
WLi = 10-1 WAi , (VI-3)
where:
th

WAi is the Russian roulette average weight standard for the i
region,

WRi is the expected average particle weight for the ith region,

N is the ESP/SP ratio for ESP calculations and one for the
standard calculation, and

th

WLi is the Russian roulette low weight standard for the i

region.

WRi was determined for each region from a 22000 history standard
calculation designed for this purpose. Since all region volumes remained
constant throughout this set of calculations, it was only necessary to
modify the weight standards to account for variations in the ESP/SP ratio
and not for variations in region volume and position as was the case in
the spherical problems when volume ESP estimation was employed. This,
then, assures a more uniform application of Russian roulette between
calculations. Also, unlike the previous problem, this geometry offered
an alternative mechanism for particle removal through leaxage out the
entrance of the first leg of the duct, thus providing two major sources
of particle lose prior to contributing to the response.

Two parametric studies on vacuum surface equivalent source

estimation were performed for this problem. The first consisted of
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varying the ESP/SP ratio from 3 to 24 for an equivalent source located at
the end of the first leg of the duct, j.e., surface 6 in Figure VI-1.
The second study involved varying the equivalent source location for a
fixed ESP/SP ratio. In this study the equivalent sources were located 9
feet from the source, i.e., surface 5, and 16.5 feet from the source,
i.e., surface 7, as well as the previous equivalent source located at
surface 6. At each location an ESP/SP ratio of 12 was utilized. For
comparison purposes a single standard calculation was also performed. As
previously indicated, for the purpose of maintaining continuity each
calculation employed 60000 histories and the appropriate Russian roulette
weight standards were derived from equations VI-2 and VI-3. The results
of all calculations are presented in the following section along with a

discussion of important observations and underlying bases for the

2. Results and Discussion

The results of all calculations performed for the two-legged duct
geometry are summarized along with other pertinent associated information
in Table VI-1. The variance and computing time for all calculations are
displayed graphically in Figure VI-2, while the 02T indicators of
efficiency are shown in Figure VI-3. As before the solid curves in these
figures represent linear regressions on the Monte Carlo data. The
resulting regression equations are given by equations VI-4, VI-5, and

VI-6 for the variance, computing time, and 02T, respectively,

observed phenomena.
02 = 2.124(-20)x2 - 9.583(-19)x + 1.403(-17) , (VI-4)
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T =2.164(3)x + 1.036(4) , (VI-5)

02T = 1.060(-16)x® - 4.260(-15)x2

+ 4.727(-14)x + 7.243(-14) , (VI-6)

where:
x is the ESP/SP ratio,
T is the computing time in seconds, and

all other terms are as previously defined.

Figure VI-2 indicates that for an increasing number of ESPs
generated, the variance exhibits the same characteristics as were
observed in the full transport cases discussed in Chapter V. The
underlying causes of this shape, as should be expected, are the same as
for the full transport cases. It is also important to note in this
figure the significant change in variance resulting from relocation of
the equivalent source for the case of an ESP/SP ratio of 12. As
determined from Table VI-1 the number of ESP groups represented by the
total number of ESPs generated are 16054, 11817, and 8743 for the
equivalent source located at surface 5, surface 6, and surface 7,
respectively. Also from this table it is seen that each location
resulted in approximately the same total number of ESP scores, thus,
indicating that more independent estimates were represented for the
equivalent source located at surface 5 than at surface 6 and, likewise,
more for the equivalent source located at surface 6 than at surface 7.
Therefore, clearly and separately demonstrating the variance reduction
effect of increasing the number of independent scores as represented in

the total number of ESP scores.
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The only mechanism for variance reduction for ESP/SP ratios greater
than that required to produce, on the average, one ESP score per ESP
group is the averaging of dependent estimates. Therefore, this variance
reduction mechanism along with the effect of over production of ESPs may
be demonstrated separately from the effect of increasing independent
scores, as demonstrated in the previous paragraph. The fundamental
information for this demonstration is readily obtainable from Table VI-1,
that is, the expected number of ESP scores per ESP produced for an
equivalent source located at surface 6. This ratio is seen to be
approximately 2/9. Therefore, for ESP/SP ratios of 5 or greater it
should be expected that the only mechanism affecting the variance is the
averaging of dependent estimates. The effects of averaging dependent
estimates and the diminishing returns from over production of ESPs is
then clearly demonstrated in Figure VI-2 for ESP/SP ratios greater than
5.

It is interesting to note the difference in the shape of the o2T
curves for the present problem, Figure VI-3, and the full transport cases
presented in Chapter V. Primarily the absence of the large inefficiency
at low ESP/SP ratios is noted in this problem, thus, resulting in a much
flatter curve. This is principally considered to result from the use of
the intrinsically more efficient vacuum surface equivalent source
estimator and reduced attenuation (from the equivalent source to the
detector) in the problem geometry, thereby, allowing more efficient use
of each ESP for the computing time. Further, it should be noted that for

all ESP/SP ratios, at least to a ratio of 24, the equivalent source
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calculation is more efficient than the standard calculation. Based on
the shape of the variance and time curves, however, it should be expected
that the standard calculation will become more efficient than the
equivalent source calculation for ESP/SP ratios greater than 24. A final
observation about the 02T indicator of efficiency in this problem
concerns the calculations for the various equivalent source locations
with fixed ESP/SP ratios. It should be noted in Figure VI-3 that the
efficiency is approximately the same for all three locations. These
observations then indicate the relative insensitivity of the efficiency
to both selection of ESP/SP ratio and equivalent source location.

In summary, the behavior of the‘variance with increasing ESP/SP
ratio has been seen to be the same in void streaming and full transport
calculations. Further, the fundamental variance reduction mechanisms
producing the observed behavior were separately demonstrated
calculationally. Regarding the 02T indicator of efficiency, it was seen
that the curve resulting from increasing ESP/SP ratios did not exhibit
the inefficiencies noted for Tow ESP production in the full transport
volume equivalent source cases. Also, a relative insensitivity to ESP/SP
ratio and equivalent source location was observed. In conclusion, vacuum
equivalent source estimation appears to be a viable option for solution

of void streaming calculations.




CHAPTER VII

INVESTIGATION OF THE FEASIBILITY OF COMBINING
SIMULTANEOUSLY CALCULATED STANDARD AND

EQUIVALENT SOURCE RESPONSE ESTIMATES

As mentioned in Chapter II, Dub1'12 suggested that regular and
contributon Monte Carlo estimates may be combined as independent
estimates to produce a single more precise estimate of the response.
However, he did not provide any mathematical or significant calculational
bases for this possibility. In fact, it is not obvious that it would be
a reasonable expectation since the equivalent source particles are
produced by the source particles, thus, suggesting a possible correlation
between the standard and equivalent source estimates. Therefore, this
chapter investigates the feasibility of combining results and develops
the criteria under which results may be combined to obtain variance
reduction by the combination. This. investigation is presented in two
sections. The first is devoted to development of criteria for the
combination of results, and the second calculationally investigates the
combination of estimates for the results presented in Chapters V and VI
and discusses the general feasibility of combining estimates of the

response.
1. Concepts of Combining Correlated Estimates

A fundamental assumption of this investigation is that the
equivalent source and standard estimates are dependent and correlated.

The methods for combining such estimates are well known and the equations

69




70

for combining various moments of the estimates are developed in general
terms in such standard texts as Hahn and Shapir'o.z2 Because of the
nature of the problem being considered, i.e., linear combination of
estimates using first order coefficients, the general equations are
greatly simplified. Equations VII-1 and VII-2 present the simplified
relationships for the first and second moments, i.e., the response and

variance of the response, respectively,
¢C = as¢s + ae¢e’ (VII-1)

2 — 4 24 2 24 2 -
g ? = + +
c a %o, a %o, 2pasaeosoe, (VII-2)

where:
¢C is the combined estimate of the response,
¢s and ¢e are the source particle and equivalent source particle
response estimates, respectively,
ag and a, are the SP and ESP coefficients, respectively, with the
restriction that a, + a, = 1,
o _2 is the variance of the combined response estimate,

C

052 and 0e2 are the variances of the SP and ESP response estimates,
respectively, and

p is the correlation coefficient.

The principle objective of combining estimates is to obtain a
result which is statistically more precise than either of the individual
estimates. Therefore, it is desirable to have a general relationship
that indicates if a gain in precision may be obtained. Such an
expression is developed by substitution of equation VII-3 into equation

VII-2, where equation VII-3 is given by,
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GS
x=2 (VII-3)

(1]

For the purpose of this investigation it is assumed that x is greater
than or equal to one, i.e., the subscript e is synonymous with the more

precise calculation. Equation VII-4 is the resulting expression,
g(ae,p,x) = (1 - ae)"’x2 + Zae(l - ae)px + aez, (VII-4)

where:
[ . 2 2
g(ae,p,x) is the ratio . /0e ,
1- ae = as, and
all other terms are as previously defined.

As g(ae,p,x) is defined, it is only beneficial to combine estimates of
the response when g(ae,p,x) is less than one.

Generally in combining Monte Carlo estimates, the coefficients a,
and a, are based on the number of histories used for each calculation.

The usual relationship for the coefficients is given by,
N;
ay =W o (VII-5)

where:

i represents either e or s,

th

Ni is the number of source particles used in the i~ calculation,

and
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NT is the total number of histories for the combined calculation,

i.e., NT = NS + Ne'

Using equation VII-5 when combining source and equivalent source
estimates results in equal values of a, and ag since both estimates are
based on the original source, i.e., Ns' Under this condition equation

VII-4 may be written as the following equation,
g(0.5,p,x) = 0.25x2 + 0.5px + 0.25 . (VII-6)

To investigate the range of values for p and x2, which result in improved
precision by combining results, equation VII-6 is displayed graphically
as the solid curves in Figure VII-1 for several values of p. It should
be observed in this figure that the range of x2 over which an increase in
precision may be obtained decreases with increasing correlation and, in
fact, for perfect positive correlation no benefit may be gained by
combining results. It should further be noted that the constraint to low
values of x2, in order to obtain the greatest benefit from the
combination, is contrary to the fundamental objective of biasing, i.e.,
maximize variance reduction. A final observation is that under the
conditions x2 = 1.0 and p = -1.0, then g = 0.0, i.e., the combined
variance is 0.0. This observation will be discussed in more detail
later.

Figure VII-2 graphically indicates the relationships between p and
x2 which allow a more precise estimate by combining results. The solid
curve indicates values of p and x% for which g(0.5,p,x) = 1.0. Points

which fall below this curve will then yield an improved variance upon

combining the response estimates.
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As mentioned earlier equation VII-5 is the normal relationship used
to determine coefficients when combining Monte Carlo response estimates
because it weights the combination toward the statistically more precise
calculation, i.e., that employing the larger number of histories.
However, the coefficients resulting from this procedure are not
necessarily the most appropriate for combining SP and ESP estimates since
both are weighted equally. An investigation of equation VII-4 for
increasing s i.e., increased weighting toward the more precise
estimate, indicates an expanded range of p and x2 values for which the
combination of estimates is beneficial. The dashed curve in Figure VII-2
is an example of the improved range for the case where a, = 0.7. The
corresponding curve for g(0.7,0.5,x) is shown by the dashed line in
Figure VII-1. It should be noted in this figure that while the range is
expanded, thus providing more benefit for some values of x%, at the lower
values of x2 the benefit is reduced. This then suggests the existence of
an optimum value of a,, i.e., that which produces the minimum value of
g(ae,p,x), for each p-x2 pair.

A general expression has been developed for the optimum value of
the coefficient a, by taking the partial derivative of equation VII-4
with respect to g setting the resulting expression to zero, and solving
for a,- Equation VII-7 is the expression for Ae’ j.e., the optimum value

of a,, as a function of p and x,

A, = ;éf—’z%% . (VII-7)

As an example of g(ae,p,x) for an optimized combination, equation VII-7

was used with equation VII-4 to produce g(Ae,O.S,x) as indicated in
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Figure VII-1 by the dotted curve. It should be noted that even for

optimum values of a, that there is still a limited range of x2 for which
a benefit may be gained when p = 0.5. This is, in fact, true for all
values of p greater than zero.

The use of Ae may be generalized by substitution of equation VII-6

into equation VII-4 which then yields the equation,

x2(1-p2
g(Ag,p,x) = ;éz—pﬁ;% . (VII-8)

Recalling the definition of g, i.e., ocz/oez, it becomes obvious that
equation VII-8 may be used directly to determine the optimum value of
ocz. By letting g(Ae,p,x) = 1.0 a simple inequality may be derived which
must be satisfied in order to obtain benefit from combining results and,
in fact, must be satisfied in order to assure valid results from equation

VII-8. This inequality is given by the equation,
p£1/x . (VII-9)

As an example of how equation VII-8 may fail if the inequality is not
satisfied consider the case where p = 1.0. For any value of x other than
1.0, equation VII-8 indicates that oc2 = 0.0. In reality, however, the
optimal value of g for p = 1.0 and any value of x is 1.0.

Two other interesting results are readily obtainable from equation
VII-8 for two special values of the correlation coefficient. First, for
p = 0.0 equation VII-8 yields equation VII-10, which indicates that for
uncorrelated estimates the use of optimum a, values produces improved

variance for all values of x,
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g(Ae,0.0,x) = Ae(p = 0.0) . (VII-10)

This is, in general, the case for all values of p less than or equal to
zero. The second observation is for the case of p = -1.0 and is shown in

equation VII-11,
g(Ae,-l.O,x) = 0.0 . (VII-11)

Equation VII-11, thus, indicates that the combination of results for any
value of x when the estimates are perfectly negatively correlated results
in a zero variance estimate. It must be cautioned, however, that the
correlation must be a true negative one and not just a value which
appears to be statistically indistinguishable from negative one. Thus,
like other zero variance estimators, this condition results in an
unattainable situation in practice since both the equivalent source and
source estimates must have zero or very near zero variances in order to
assure a true correlation of negative one. Further, it should be
remembered that negative correlation results from a reciprocal
relationship between the standard and equivalent source estimates of the
response, i.e., lower than average individual standard estimates are, in
general, accompanied by individual ESP estimates which are above average
and likewise individual SP estimates which are above average are
generally accompanied by lower than average ESP estimates. However,
since the ESP starting weight is a direct function of the SP weight at
the ESP generating event, and since the ESPs and SPs must traverse
approximately the same transport medium between the point of ESP

production and the detector, it should be expected that the more general
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relationship between the standard and equivalent source estimates would
be direct. This, thereby, makes any true negative correlations, much

less a perfect negative correlation, highly improbable.
2. Application of Concepts and Discussion

For the purpose of calculational investigation into the feasibility
of combining equivalent source and standard estimates, the correlation
coefficient was included in the equivalent source modifications to the
MORSE Monte Carlo code. The correlation coefficient was then obtained as
part of each calculation reported in Chapters V and VI. This section is
devoted to the application of the concepts developed in the previous
section to these calculations, and a general discussion of the
feasibility of combining the standard and equivalent source estimates.

Tables VII-1 and VII-2 summarize the results including the
correlation coefficient and the O;ax/oﬁin ratio, i.e., x2, for the analog
parametric studies of equivalent source position and thickness as
discussed in Chapter V. It should be noted in these tables that the
correlation coefficients are for the most part nearly zero, and the
values of x2 are such that many estimates could be combined to gain a
further reduction in variance. However, it should be further noted that
the individual standard variances are generally smaller than the ESP
variances, and also that most of the standard response estimates are far
below the expected true value. This indicates undersampiing in the
standard calculations, thus invalidating those estimates and making it
incorrect to combine the results with the valid, i.e., more accurate,

equivalent source estimates. The occurrence of this situation (i.e.,
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p-x2 pairs that allow combination of results, but involve standard
response estimates that indicate undersampling) serves to point out what
may well be the general case, particularly when performing analog
calculations. This situation should not be unexpected since biasing and
techniques such as equivalent source estimation are applied to many
problems in order to make the calculations economically feasible. Thus,
the number of histories employed is based on obtaining reljable estimates
of the response from equivalent source estimation and, therefore, may
result in undersampled conditions in the standard estimates.
Undersampling of the standard estimate was not a problem in the
biased calculations discussed in Chapter V, but, as was seen, most ESP
estimates resulted in less efficient calculations than the standard.

Thus, ESP estimation is not a technique that would normally be employed

with this type of biasing unless the combined estimates would result in a ;
more efficient calculation than the standard. A summary of pertinent
parameters for combining the results of these calculations as well as the
combined variances is presented in Table VII-3. The combined variances
in this table are given as the inverse of g(Ae,p,x), i.e., the amount by
which the benefit factors given in Chapter V will be increased. It
should be observed in Table VII-3 that only three results satisfy the
required inequality for combination of estimates. Even in these cases
the combined results were only a minimal improvement, and in no case was
the increased precision sufficient to make the equivalent source
calculation more efficient than the standard.

The results for combined estimates from the void streaming

calculations discussed in Chapter VI are presented in Table VII-4. As was
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the case for the biased calculations just discussed, it should be noted
that no significant improvement in the variance was obtained in the cases
where a combination of the response estimates was allowable. Also, Tike
the biased calculations, all correlation coefficients were positive, thus
severely limiting the range and benefit which could be gained by
combination of estimates.

In summary, the criteria developed in the first section and the
results described above leave little hope for obtaining significant
advantage by combining the standard and equivalent source estimates for
situations other than those where negative correlation may result. This
inability to achieve significant improvement by combination of results
for correlations greater than or equal to zero is primarily a result of
the fundamental objective of biasing, i.e., maximize x2 for little or no
increase in computing time. It should be expected that this same
principle yi]] have a similar minimizing effect on increased benefit in
the case of negative correlations. Thus, it is highly likely that the
only situations for which combination of estimates will result in
significant improvement in benefit are those highly improbable cases for

which large negative correlations are obtained.




CHAPTER VIII

GENERAL GUIDELINES FOR USE OF EQUIVALENT SOURCE ESTIMATION

The results presented in Chapters II and V clearly point out the
need for general guidelines to assist in avoiding inefficient use of
equivalent source estimation. This chapter is devoted to developing such
guidelines based on the calculational experience obtained in this
research as well as that from previous work, i.e., volume equivalent
source estimation, and on the understanding of the variance reduction
mechanism developed in Chapter IV and discussed in Chapters V and VI. It
must be emphasized that, for the most part, the guidelines presented in
this chapter should not be expected to produce optimum efficiency. It is
expected, however, that they will provide the user with insight into the
behavior of the estimator and will result in parameter estimates which
will provide reasonably efficient calculations. Further, it must be
recognized that the parameters to be estimated are problem dependent and,
therefore, require user knowledge of the particular problem, an
understanding of the scheme, and experience or general guidance such as
that presented below.

This chapter is organized in three sections. The first summarizes
the fundamental principles of equivalent source estimation and their
general influence on its use. Specific guidelines based primarily on
calculational experience are presented in the second section for the
following cases: biasing schemes combined with equivalent source
estimation; the selection of an equivalent source location; the selection

of an ESP/SP ratio; and combination of standard and equivalent source
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estimates of the response. These first two sections present general
guidelines and a discussion of the rationale or supporting evidence for
the guidelines. The final section presents a brief summary of the most

important guidelines for use of equivalent source estimation.

1. Fundamental Principles of Equivalent Source Estimation

In Chapters IV through VI it was concluded that there are basically
two fundamental principles which govern the variance reduction in
equivalent source estimation. The efficient use of ESP estimation is
directly related to a thorough understanding of these principles. In
fact, it will be evident that this understanding may well be one of the
most efficient tools for deriving equivalent source parameters for
practical transport applications.

The first principle was developed in Chapter IV, that is, variance
reduction through averaging of constituent dependent estimates to produce
independent estimates of the response. Chapters V and VI calculationally
demonstrated this principle and further indicated the diminishing return
resulting from over averaging. These chapters, as well, demonstrated the
second principle, i.e., an increase in the number of independent
estimates over the standard calculation by increasing the probability of
each source particle contributing, at least partially, to the response.
It should be observed that the second principle is dominant in locating
the equivalent source, while the first is dominant in determining the
ESP/SP ratio. However, both must be considered simultaneously in order
to achieve maximum variance reduction without undue increase in

computation time.
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It is well known that the principles of splitting are essentially
the same as those discussed above for equivalent source estimation,
therefore, indicating an equivalence between the variance reduction
mechanisms of the two techniques. This equivalence is further reinforced
by the similarities in behavior of the o2T indicator of efficiency. As a
result, it was concluded that tephniques for determining splitting
parameters and calculational experience with splitting may also be
applied to equivalent source estimation. This characteristic will be
discussed more specifically in the following section.

Two general fundamental points remain to be covered. The first
concerns the type of equivalent source estimation to be used. It should
be obvious from Chapter V that vacuum surface equivalent source
estimation is intrinsically more precise than either the full surface or
volume procedures. Further, this procedure is easily employed and is
nearly analogous to surface splitting, thus allowing more accurate
application of splitting experience and techniques to parameter
determination. Therefore, it is recommended that the vacuum surface
procedure developed in this research be used in preference to the other
techniques. It should be pointed out, however, that an alternate vacuum
surface procedure is possible which in some cases may offer advantages
over the present procedure. This alternate procedure is briefly
discussed in Chapter IX. The last general point concerns the dependence
of the benefit on the attenuation. In general, it should be expected
that the benefit will increase with increased attenuation. This was
observed in calculations performed by Dubi1 with contributon Monte Carlo

for the case of increasing slab and sphere thicknesses, and in those
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performed by Juzaitis and Booth19

with surface splitting for the case of
a constant slab thickness and an increasing absorption probability. As
an example of the magnitude of this effect, it was observed in
calculations by Juzaitis and Booth using a 10 mfp thick slab that a
maximum benefit of 3.0 was obtainable when the scattering probability was

0.1, while a maximum benefit of only 1.3 was obtainable when the

scattering probability was 0.9.
2. General Guidance of a Problem Specific Nature

This section provides guidance of a problem-dependent nature, for
both full transport and void steaming problems. Following the
recommendation of the first section, the guidelines presented below are
primarily applicable to the vacuum surface equivalent source procedure.
The first subsection deals with the use of equivalent source estimation
in conjunction with other biasing techniques, and the second and third
subsections pertain to locating the equivalent source and the value of
the ESP/SP ratio, respectively. The final subsection is directed toward

the combination of standard and equivalent source estimates.

Biasing

It should be obvious, based on the equivalence of the variance
reduction mechanisms of splitting and equivalent source estimation, that
the two techniques would be naturally incompatible when either is near
optimum. Therefore, it is recommended that the two procedures not be
used in combination. This expected incompatibility is supported by
14

calculational experience as reported by Mack and Dudziak13 and Deutsch.

Mack and Dudziak reported a benefit greater than one for this combination
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only when the degree of splitting was far below rule of thumb, i.e.,
splitting by a factor of two about every mean free path. Deutsch
reported similar results, and he further observed that geometric
splitting appeared to be more efficient than contributon Monte Carlo. It
should be remembered, however, that geometric splitting, i.e., surface
splitting, like vacuum surface equivalent source estimation should be
considered to be intrinsically more efficient than contributon Monte
Carlo. Therefore, the observation made by Deutsch may not reflect the
general trend for vacuum surface equivalent source estimation and, in
fact, as is briefly discussed in the following chapter, comparisons must
be made between geometric splitting and the vacuum surface equivalent
source estimators to determine the classes of problems for which each
technique is most suitable.

It should be recalled that the variance reduction mechanism of
nonabsorption weighting is basically that of increasing the number of
independent scores that comprise the estimate of the response.
Therefore, resulting in a natural conflict in the schemes by reducing the
effectiveness of equivalent source estimation, while greatly increasing
the computation time. Calculational experience, however, indicates that
there are conditions under which nonabsorption weighting may be used
advantageously in combination with equivalent source estimation. The
conditions conducive to a combination of the techniques may be inferred
from the general behavior of the benefit as presented in the previous
section, i.e., increased benefit should be expected with increased
particle loss. Therefore, nonabsorption weighting may be employed

advantageously if sufficient particle loss occurs, for example: by
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leakage prior to contributing; as a result of a high absorption
probability resulting in significant loss by Russian roulette over many
mean free paths of transport; or by energy cut-off limits. The review of
calculational experience, provided in the following paragraph, supports
this inference and further supplies insight into the physical parameters
which will result in improved benefits when applying survival biasing
with equivalent source estimation.

The first problem considered is a parametric study performed by
Dubi and Gerst]l2 using contributon Monte Carlo with a cylinderical
geometry. The cylinder had a total length of 10 mfp and a point, 2rn
isotropic source was centered on one end of the cylinder. The volume of
integration was a constant 5 mfp thick and, as usual in Dubi's
calculations, was attached to the detector which was the cylinder end
opposite the source. The transport medium produced isotropic scatter and
had a scatter probability of 0.9. Russian roulette was applied in these
calculations, thus providing a second means of particle removal. The
benefit factor was seen to decrease from approximately 3.7 for a 2 mfp
radius to approximately 0.6 for a 12 mfp radius. A benefit factor of one
occurred for a radius of approximately 7.5 mfp. Similar calculations
were also performed where the volume of integration was allowed to vary
along with the radius. In these calculations the same trend was
observed, however the benefit was maintained over a wider radius to
length ratio. Thus, indicating that possibly a greater benefit and even
wider range may be achievable with surface equivalent source estimation
because of its greater flexibility with regard to location. Two further
examples are the biased sphere and the two-legged duct calculations

discussed in Chapters V and VI, respectively. The biased sphere



91

calculation represents a condition in which Russian roulette was the only
particle removal mechanism and a relatively low absorption probability,
i.e., 0.3, existed in the transport medium. Under these conditions only
marginal benefit was seen to be obtained with vacuum surface equivalent
source estimation. The two-legged duct geometry again provided a source
of particle removal in addition to the Russian roulette. Unlike the
cylinder problems used by Dubi, the particle removal is seen to be more
limited, i.e., leakage out the entrance only, yet a significant benefit
is still observed to be obtainable. In summary, three criteria are
recommended when considering the use of nonabsorption weighting with
equivalent source estimation: (1) Russian roulette should always be
employed, (2) in cases of low absorption probability additional particle
removal mechanisms are required, and (3) in the absence of additional
particle removal mechanisms the use should be restricted to high
absorption probabilities and large penetration depths, e.g., greater than
15 mfp penetration is required for an absorption probability of 0.3.
Exponential transform, i.e., path-length stretching, is a third
commonly employed form of biasing for which some calculational experience
has been obtained with contributon Monte Carlo. It was found in both
references 12 and 13 that for a constant volume of integration thickness,
increasing the transform, i.e., reduced collisions, resulted in a
decreasing benefit. This should not be unexpected in contributon Monte
Carlo since a reduction in collisions results in a direct reduction in
the ESP/SP ratio. This, however, should not be expected to be the case
in surface equivalent source estimation since the ESP/SP ratio is not a

function of the collision density. In fact, it is expected that
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exponential transform will be beneficial when combined with surface
equivalent source estimation since one of its main benefit producing
mechanisms is a reduction in computation time. Its second mechanism is
basically to force particles deeper into the transport medium, thereby
potentially allowing placement of the equivalent source closer to the
detector. This will result in a further reduction in computation time,
while permitting the generation of the same number of independent ESP
groups. Even while lacking calculational verification, the combination
of these techniques is encouraged based on the understanding and apparent
compatability of the benefit production mechanisms.

Most remaining forms of biasing should be compatible with
equivalent source estimation, however the use of any biasing technique
should be considered on a case by case basis. In general, those
techniques which produce benefit by importance sampling, e.g., source
energy or position and angular biasing, or by reduction of computation
time should be considered to be compatible. However, those techniques
which produce benefit by variance reduction, while increasing computation
time, may be considered to be incompatible or have only limited

compatibility.

Equivalent Source Location
19

Jazaitis and Booth applied the general theory of Monte Carlo
errors to optimizing the Tocation of a surface splitting plane in slab
geometry based on minimizing the o2T indicator of efficiency.
Calculational verification indicated the technique to be accurate within

1 or 2%, i.e., the Monte Carlo values of 62 and T were within 1 to 2% of

the predicted values. A technique of this nature is alsc applicable to
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the location of a surface equivalent source based on the equivalence of |
the variance reduction mechanisms of splitting and equivalent source
estimation. However, it should be pointed out that this method for
locating the equivalent source requires the solution of two
integro-differential equations (variance and time) of the same form as
the adjoint Boltzmann transport equation. It should be remembered that
with a technique such as this, even under the conditions of using fewer
spatial dimensions and a less complex geometric model than that used in
the actual Monte Carlo analysis, that the cost of determining the optimum
equivalent source location may significantly reduce or even nullify any
cost savings which might result from the use of ESP estimation.
Presently, the only alternative method for location of the equivalent
source is an educated guess based on experience, understanding of the
variance reduction mechanism, and short trial runs to obtain rough
estimates of parameters important in locating the equivalent source.
Considering the relative insensitivity of 02T to the location of the
equivalent source about the optimum, this method should be considered as
a very viable and potentially the most cost effective option for locating
the equivalent source. For this reason, the remainder of this subsection
presents information and a general discussion on important factors for
formulating a best guess for the equivalent source location.

In general, selection of the equivalent source location should be
considered to be dependent upon the problem and specific biasing
techniques which may be employed in its solution. However, for the class
of problems with the following characteristics: (1) relatively simple,

near homogeneous geometries, (2) near monoenergetic, and (3) strong
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particle removal near the source, an equivalent source location midway

between the physical source and detector may be appropriate. This
location may be inferred from the analog sphere and the two-legged duct

problems presented in this work and the slab geometry calculations

performed by Juzaitis and Booth.19

1,12

This at first appears to conflict
with Dubi’s recommendation for placing the volume of integration in
contributon Monte Carlo as near the detector as possible. However, it
should be observed that in most calculations performed by Dubi the volume
of integration extends from the detector beyond the geometric midpoint
toward the source. Thus, considering the increased flexibility of
locating the surface equivalent source, it is suggested that the
geometric midpoint may provide an adequate first approximation to the
location for most problems. It should be cautioned, however, that
problems not providing strong particle removal in the source half of the
geometry require that the equivalent source location be shifted toward
the detector to prevent excessive computation times. The necessity for
this shift is readily observable in the biased sphere problem presented
in Chapter V. 1In cases where equivalent source locations very near the
detector are anticipated, e.g., biased sphere problem, the use of ESP
estimation is not recommended because of the low probability of obtaining
significant gains in benefit.

An important parameter in determining the location of the
equivalent source is the fraction of source particles that will produce
ESP groups. It has been observed that it is only necessary to produce
ESPs with a relatively small fraction of source particles to yield

significant reductions in the variance. For example, in the two-legged
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duct calculation approximately 19% of the source particles produced ESP
groups and with no averaging of dependent estimates, i.e., one ESP score
per group, a variance reduction of approximately 2.7 over the standard

estimate was obtained. Further, ESP group production by approximately

1.1% of the source particles resulted in a variance reduction factor of
approximately 14 in the unbiased sphere calculation for the case of near
optimum equivalent source location and ESP/SP ratio. Equivalent source
particle production by larger fractions of the source particles results
in disproportionate increases in calculational time for the resulting

variance recuction.

As discussed in Chapter IV, surface equivalent source estimation
allows the option of using multiple equivalent sources. It should be
noted that for the case of surface splitting the use of a single
optimally positioned surface has been found in many cases to be more
advantageous than the use of multiple surfaces with reduced splitting
ratios.19 However, since the optimum location may not be known it may
prove to be advantageous to use multiple surfaces. It must be cautioned
that the use of multiple surfaces differs in equivalent source estimation
and splitting. In the case of splitting the splitting ratio is reduced
since the split particles produced at one surface are again split at
subsequent surfaces. This, however, is not the case in ESP estimation
where only the original source particles produce equivalent source
particles at each surface. Therefore, equivalent sources closer to the
physical source must employ larger ESP/SP ratios than those closer to the
detector to gain advantage. For this reason, a suggested use might be to

provide an increase in independent estimates with 1ittle or no averaging
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by equivalent sources closer to the physical source than the expected
optimum location, while sources closer to the detector might be used to
provide the averaging effect with the production of fewer ESP groups.

It was mentioned earlier that the selection of the equivalent
source location and ESP/SP ratio are not totally separable. It should be
recognized that the reliance on calculational experience in the above
discussion does, to an extent, intrinsically account for the ESP/SP
ratio. After selecting the location and the ESP/SP ratio a short test

run should confirm whether compatible parameters have been selected.

ESP/SP Ratio

In general, the determination of the ESP/SP ratio is a more
straight forward process than the location of the equivalent source. As
seen in Chapter V, the use of the region importance ratio suggested by

Carter and Cashwe]]17

yields a good, although not optimum, estimate of
the ESP/SP ratio when the volume averaged adjoint flux is used as the
importance. This method may provide a viable and efficient means of
estimating the ESP/SP ratio since in many practical Monte Carlo analyses
a single adjoint calculation is performed using a less complex geometric
model or fewer spatial dimensions to produce importance information for
such schemes as source energy or angular biasing. In many analyses where
an adjoint calculation is not practical, an educated guess may be derived
from rough parameter estimates determined from a short trial run.

From an understanding of the variance reduction mechanism, it is

understood that the minimum desired ESP/SP ratio is that which will

result in an average of one score from each ESP group. This minimum
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ratio is readily estimated for a fixed equivalent source location by a
rough estimate of the attenuation from the equivalent source to the
detector. This ratio must then be adjusted by a small integer multiple
to allow for averaging of dependent estimates. For example, in the
two-legged duct calculation discussed in Chapter VI, the ESP attenuation
for an equivalent source located at surface 6 required a minimum ESP/SP
ratio of approximately 9/2. Figure VI-3 (page 65) indicates that a
reasonable first approximation to the integer multiple might then be in
the range of two to five. It should be remembered that the relative
insensitivity of 02T about the optimum ESP/SP ratio allows error in the
estimate of the ratio without significant cost. It is cautioned that
this method is most appropriate for use with boundary crossing estimation
as used in the two-legged duct calculations. However, it is suggested
that the method may be applied to cases using statistical estimation by
placing a boundary detector, for use in determining the minimum ratio, a
few mean free paths short of the actual detector location, and further,
relaxing the integer multiple to assure that over averaging does not
occur since the particles are not required to physically reach the

detector location.

Combination of Results

This subsection is intended to very briefly outline the important
points to be considered in combining the equivalent source and standard
estimates of the response. First, the possibility of combining estimates
should not, in general, be considered as a means of obtaining a
significant increase in benefit. This is a result of the intrinsic

incompatibility of the fundamental bases, i.e., maximize x? in equivalent
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source estimation and maintain x2 near one to obtain maximum benefit from
combining results. Thus, the combination of results should not be a
significant factor in the decision to use equivalent source estimation.
However, it is recommended that the correlation coefficient be calculated
whenever equivalent source estimation is employed since no significant
increase in cost is associated with the determination of this parameter.
Further, it is recommended that equation VII-8 (page 76) be employed in
those cases where combination of results is allowed by equation VII-9
(page 76) such that optimum benefit may be obtained from the combination.
The value of the correlation coefficient is primarily determined by
the location of the equivalent source. For this reason, the correlation
should be considered when determining the equivalent source location,
however it should not be the deciding factor in the choice of location.
It should be remembered that increased particle interaction between the
equivalent source and detector tends to move the value of the correlation

coefficient toward zero.

3. Summary

The most important guidelines for use of equivalent source

estimation are summarized briefly in the following list.

1. The form of vacuum surface equivalent source estimation
developed in this research is the equivalent source
estimator recommended for general use.

2. A combination of splitting and ES estimation is not

generally recommended.
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When nonabsorption weighting is used Russian roulette

should always be employed. Further, nonabsorption
weighting should only be used when (1) particle removal
mechanisms other than Russian roulette are available,
e.g., leakage and energy cut-off limits or (2) when low
nonabsorption probabilities are combined with deep
penetration.

For the class of problems which allows significant
particle removal near the source an appropriate first
approximation to the equivalent source location would be
the midpoint between the physical source and detector.
With decreased particle removal the equivalent source
location should be shifted toward the detector.

Equivalent source estimation is not recommended for the
class of problems where an equivalent source location very
near the detector is anticipated.

The region importance ratio method provides a good
estimate of the ESP/SP ratio when the volume averaged
adjoint flux is used as the region importance. An
alternate method is based on adjusting, by a small integer
factor, the minimum ESP/SP ratio, as determined by a rough
estimate of the ESP attenuation.

The combination of standard and equivalent source
estimates should not be considered as a means of achieving
significant gains in benefit. However, the correlation

coefficient should always be calculated and equation VII-8
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(page 76) should be employed to determine the combined
variance when the criterion of equation VII-9 (page 76) is
met.

As a final recommendation, it is best to use conservative
parameters for the first calculation in an analysis, i.e., equivalent
source located closer to the detector than the anticipated location and a
lower ESP/SP ratio than estimated. This procedure will avoid excessive
computation time for a given number of source particles and provides
insight for adjustment of parameters in subsequent calculations through

analysis of the first calculation.




CHAPTER IX

CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE WORK

As a major objective of this research, the full surface and vacuum
surface equivalent source estimators were developed as alternatives to
contributon Monte Carlo estimation, i.e., volume equivalent source
estimation. The variance reduction mechanisms of contributon Monte Carlo
and surface equivalent source estimation were investigated. These
mechanisms were seen to be equivalent to those of the splitting biasing
scheme, that is, an increase in the number of independent scores which
comprise the estimate of the response and the averaging of dependent
estimates to produce a single independent estimate. The surface
equivalent source procedures were seen to be intrinsically more precise
than contributon Monte Carlo since (1) all particles crossing the surface
produce equivalent source particles, as opposed to the random generation
by collision, (2) ESP groups are constant in size, therefore, giving all
ESP producing source particles a more equal probability of contributing,
and (3) an improved integration over the equivalent source by an
increased source density is obtained. It was further seen that the
vacuum surface procedure is intrinsically more precise than the full
surface procedure as a result of performing part of the equivalent source
integral deterministically and increasing the size of the ESP groups for
a given total number of ESPs produced.

The feasibility of combining simultaneously calculated standard and
equivalent source estimates of the response was investigated as the third

objective of this research. It was shown that even for an optimized
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combination it is improbable that a significant gain in benefit would be
obtained. In fact, it was seen that the fundamentals for obtaining
maximum benefit are conflicting, i.e., maximize variance reduction in ESP
estimation with minimum increase in computation time, while maintaining
the ESP variance to standard variance ratio as near one as possible to
obtain maximum benefit from combining estimates of the response.

As the final objective of this work, general guidelines were
developed for the use of equivalent source estimation, primarily the
vacuum surface form. These guidelines were based on the understanding of
the variance reduction mechanisms demonstrated in this research,
calculational experience with surface equivalent source estimation, and
previously reported experience with contributon Monte Carlo and surface
splitting. Although, in general, the guidelines are not expected to
produce optimum results they will prevent inefficient use in the
following areas: (1) use of vacuum surface equivalent source estimation
in combination with other biasing techniques, (2) locating the equivalent
source, (3) determining the ESP/SP ratio, and (4) combining the
equivalent source and standard estimates of the response.

In conclusion, equivalent source estimation, in particular vacuum
surface equivalent source estimation, may be used to gain benefit through
variance reduction in many practical fixed source problems involving
either full transport or void streaming. However, the areas listed below
require further investigation to determine the full potential of the
technique.

1. Investigate an alternate form of the vacuum surface

equivalent source estimator. This form is equivalent to
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calculating the adjoint flux at the equivalent source
surface with a nonre-entrant condition on equivalent
source particles which cross from the detector side to the
source side of the surface, while the inward directed
flux, i.e., that direct toward the detector, is calculated
without boundary conditions at this surface.

2. Perform comparisons between the vacuum surface equivalent
source techniques and surface splitting to determine the
most appropriate technique for a given class of problems.

3. Consider the use of separate biasing parameters, e.g.,
Russian roulette weight standards, for source particles
and equivalent source particles.

A potential use of the present form of the vacuum surface
equivalent source estimator which is unrelated to the present work is
worth mentioning as a final point because of its relatively unique
characteristic. As a result of two features of this estimator, (1)
potential for high positive correlation between the standard and
equivalent source estimates of the response and (2) separate
identification of the source and equivalent source particles, this
technique may offer a relatively simple, viable option for performing
perturbation calculations for many fixed source problems where the
perturbation would occur between the equivalent source and detector
locations. The positively correlated estimates are desirable to minimize
uncertainty between the estimates, other than that resulting from the
perturbation, thereby, reducing the masking of small perturbations.

Further, the separate identities of the particles allows the use of



104

different zone properties, e.g., different materials, in the same
calculation. It is anticipated that this use may be the only time that

it is desirable to use an ESP/SP ratio of one.
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