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Abstract 

The data-driven coupled-cluster singles and doubles (DDCCSD) method aims at predicting the 

coupled-cluster t2 amplitudes using MP2-level electronic structure data with machine learning. 

In this work we address limitations of the DDCCSD method to expand its applicability and 

increase its accuracy. First, we implemented localized molecular orbitals (LMO) to the 

DDCCSD scheme, and we observed a ten-fold increase in accuracy when LMOs are used 

compared to the canonical molecular orbital implementation. Next, we introduced five data 

selection techniques to select data for testing and training. Here we were able to achieve 

accuracies less than the full model that utilizes all amplitudes for training using only 10-15% 

of total datapoints. Then, we developed three versions of DDCC variants based on neural 

network architectures that introduce a variety of advantages including multitask learning, and 

more portable models. With these models, we were able to predict both t1 and t2 amplitudes 

simultaneously. This coupled with physics-imposed learning allowed us to achieve greater 

accuracies than the conventional DDCCSD methods and due to the architecture of the models 

we were able to expand the accuracy towards larger chemical systems. Finally, we showed that 

DDCC can be further expanded by introducing a data-driven formalism to the perturbative 

triples (DDCCSD(T)) and the exact triples (DDCCSDT). 
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Chapter 1 Machine Learning in Quantum 

Chemistry 
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Atoms, the fundamental units of chemical structures, consist of subatomic particles such as 

electrons, protons, and neutrons. Due to the size of these subatomic particles, these atomic 

systems cannot be described precisely using classical mechanics. Quantum chemistry is the 

application of quantum mechanics to understand the behavior of chemical systems. Walter 

Heitler and Fritz London became the first scientists who applied quantum mechanics to study 

chemical systems when they solved the Schrödinger equation for the hydrogen atom in late 

1920’s.1 This can be considered as the origin of the field of quantum chemistry. With the 

invention of computers, quantum chemistry gained much more power and attention since 

computers enhanced our ability to do complex calculations and therefore, we were able to 

expand the applicability of quantum chemistry.  

Although we are able to solve the Schrödinger equation for simpler systems, we are still unable 

to find exact solutions to the many-body electron problem. Early approaches focused on 

solving this issue using semi-empirical methods. With the contribution from Douglas Hartree 

and V. A. Fock, a new theory was developed in early 1930’s that can be used to solve the time-

independent Schrödinger equation with Born-Oppenheimer approximation. Today, this method 

is termed as Hartree-Fock (HF) theory. This theory aims at capturing the electron-electron 

interaction in a mean field manner. 

Hartree-Fock theory is fundamentally flawed since it is a mean field approximation and 

consequently, it cannot capture all electron-electron interactions. These missing interactions 

are collectively called correlation energy and they are typically grouped into two categories. 

The first type is the dynamic correlation that arises due to the sudden movement of electrons. 

The second type of correlation energy is static correlation that arises due to the degeneracies 

or near-degeneracies of the electronic states. Methods such as configuration interaction (CI), 

perturbation theory and coupled-cluster (CC) theory aim to capture the correlation energy and 
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were developed based on HF theory. These methods are collectively known as post-HF 

methods. Although these methods give more accurate description to chemical systems, the 

computational expense restricts the applicability of these methods to larger chemical systems. 

A variety of methods were developed over the years aiming the acceleration of the post-HF 

methods such as resolution of the identity,2 local correlation methods,3-9 accelerated 

convergence techniques,10, 11 explicitly-correlated methods,12, 13 tensor decomposition,14, 15 

dual-basis methods,16 parallel computing with GPU acceleration,17, 18 and machine learning.19-

22  

Due to the developments in the computational infrastructure, machine learning is gaining more 

popularity in the field of computational chemistry. According to a recent classification by 

Aldossary et al,23 there are four types of machine learning applications in quantum chemistry 

based on the amount of physics included in the models. The first type of machine learning 

models learns purely on computational data for training (e.g. from DFT or semi-empirical 

methods). These models rely on training with large training datasets and typically aim on the 

fast and reliable statistical analysis of large libraries that can lead to the discovery of new 

molecules or materials.24-28 The physics of the problem under consideration are not explicitly 

introduced, but the model eventually will learn them once it is trained on adequate and diverse 

data. The second type is machine learning potentials and force fields.22, 29-31 These models learn 

to map interatomic interactions and to generate potential energy surfaces, and the goal is to 

reach the accuracy of ab initio methods with low-level computational data. The next type of 

machine learning models applies machine learning to enhance quantum chemical 

calculations.32-39 These models use machine learning to improve or accelerate quantum 

chemical calculations either by predicting different quantum chemical intermediates or internal 

parameters and then performing quantum chemical calculations to predict properties. The last 
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type of models are machine learning ab initio methods.40, 41 These methods use machine 

learning to directly build the wave function. 

The focus of this dissertation is on the extension of the capabilities and accuracy of the data-

driven coupled-cluster singles and doubles (DDCCSD) methods developed by Townsend and 

Vogiatzis37 which aims at predicting the two-electron excitation amplitudes (t2) for coupled-

cluster singles and doubles (CCSD) using MP2-level electronic structure data and machine 

learning. These predicted t2 amplitudes can be used in two ways. First use is to calculate the 

correlation energy directly using these amplitudes. By doing this we can obtain a better 

approximation to CCSD energy than MP2 energy at the expense of MP2. The second 

application of the machine learned amplitudes is as initial guesses to the iterative CCSD solver 

to determine the exact amplitudes. By doing this we can reduce the number of iterations to 

obtain the exact CCSD amplitudes. The first approach where the predicted amplitudes are being 

used to calculate the energy directly can be categorized under the third type of machine learning 

methods discussed by Aldossary et al.23 since there we obtain a wave function with the 

DDCCSD t2 amplitudes. The second approach can be categorized under the four types of the 

above classification since the predicted amplitudes are being used to accelerate the calculation 

of exact t2 amplitudes and thus, recover the exact coupled-cluster wave function. 

Although the earlier implementation of DDCCSD served as an excellent proof-of-concept 

especially for small molecules, there were limitations hindering the applicability of the model 

to large chemical systems, as discussed in Chapter 2. Such limitations involve the utilization 

of imbalanced data, small basis sets, and application of instance-based learning. In this project, 

we have addressed these limitations and we have elevated the applicability of DDCC. For 

example, electron excitations are local in nature. In Chapter 3 we discuss the introduction of 
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Boys localized molecular orbitals to DDCC. We have shown that with the implementation of 

locality to our DDCCSD models we were able to achieve up to a ten-fold increase in accuracy.  

Main factor that hinders the applicability to large molecular systems is the number of 

amplitudes and their distribution. The number of amplitudes increases exponentially with the 

number of atoms and the complexity of the basis set. This will cause the computational expense 

in training the models to increase and reduce the portability of the models. As a solution we 

introduced five data selection techniques. We were able to achieve more accuracy than all-

amplitude model with 10 – 15% of the total number of amplitudes using these schemes. These 

schemes will be discussed in detail in Chapter 3.39  

Although we predict the t2 amplitudes, in the previous models, we do not predict the t1 

amplitudes in our previous study. In the current work we discuss the development of Data-

Driven Coupled-Cluster Neural Networks (DDCCNet) a multitask learning approach to 

DDCCSD where we predict t1 and t2 amplitudes simultaneously. Apart from predicting the t1 

amplitudes, DDCCNet also improves the portability of the DDCCSD models. Due to the 

flexibility of the DDCCSD models in terms of the architecture and loss functions, we were able 

to improve the accuracy of the models further by incorporating physics-informed learning 

(Chapter 4).  

Finally, we present the implementation of perturbative triples correction to the DDCCSD 

models in Chapter 5. This is important since this allows us to get a reasonable prediction for 

the CCSD(T) energy which is the gold standard for quantum chemistry.   
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Chapter 2 Data-driven acceleration of coupled-

cluster methods 

  



7 

 

2.1 Disclosure 

Sections 2.2, 2.3, and 2.4 contain an adapted reproduction of the published book chapter with 

title “Data-driven acceleration of coupled-cluster and perturbation theory methods” by Grier 

M. Jones, P. D. Varuna S. Pathirage, and Konstantinos D. Vogiatzis that is part of the 

book Quantum Chemistry in the Age of Machine Learning.42 P. D. Varuna S. Pathirage 

discussed the data-driven coupled cluster methods and Grier M. Jones discussed data-driven 

multiconfigurational methods under the guidance of Professor Konstantinos D. Vogiatzis. 

2.2 Abstract 

Molecular electronic structure theory refers to the study of the electron motion in molecules 

and it has become an important computational tool in chemical research. An exact solution to 

the full electronic Hamiltonian in the Born-Oppenheimer approximation can be obtained only 

for hydrogenic atoms or molecular species with one electron. A variety of powerful 

approximate theories (configuration interaction theory, perturbation theory, and coupled-

cluster theory) have been developed since the dawn of quantum mechanics. These wave 

function-based methods are often described as post-Hartree-Fock methods since a Hartree-

Fock wave function is typically used as their starting point. However, significant computational 

resources are required for reaching the expected high accuracy due to exponential scaling with 

respect to the system size. Machine learning has been utilized as a powerful alternative for the 

acceleration of the convergence of the underlying equations of post-Hartree-Fock methods. 

Here, the recent advances in the acceleration of the coupled-cluster iterative solver through 

machine learning are presented. Wave function properties obtained from computationally less 

demanding calculations are used as input for machine learning. The data-driven coupled-cluster 

scheme provides the exact coupled-cluster energy because the actual iterative coupled-cluster 
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equations are solved. Alternatively, accurate energetics can also be obtained by bypassing the 

explicit solution of the coupled-cluster projected equations. Our results show that remarkable 

speedups are achieved, especially when the physics of the electron correlation are encoded and 

used for training ML models. 

2.3 Introduction 

Quantum chemistry applies quantum mechanics for the theoretical description of chemical 

systems. The primary aim is the solution of the Schrödinger equation for atoms and molecules, 

which gives access to their energies, geometries, and physicochemical properties. The Born-

Oppenheimer approximation decouples the electronic component from the nuclear component 

of the wave functions and consequently, allows the separate treatment of the electrons. 

Molecular electronic structure theory describes electrons in atoms and molecules, but the 

correlated motion of electrons introduces an intractable many-body problem that requires 

approximate numerical solutions. The typical starting point of the electronic structure theory is 

Hartree-Fock (HF) theory. In HF theory, the electronic wave function is expressed as a Slater 

determinant that includes the Fermi correlation, that is, correlation that originates from the spin 

and permutation symmetry conditions of the wave function. Coulombic correlation is 

the second type of electron correlation that stems from Coulomb repulsion between electrons 

and is accounted in HF theory, in an average, mean-field manner. Although HF theory accounts 

for almost 99% of the total electronic energy, the missing 1% becomes very important 

for the accurate computation of chemical reactivity and chemical properties. Post-HF theories 

provide a variety of systematic methodologies toward the exact Born-Oppeinheimer, 

nonrelativistic electronic energies. These are the configuration interaction (CI) theory, many-

body perturbation theory, and coupled-cluster (CC) theory. For a more detailed description of 

these methods, we refer the reader to a recent overview.43 
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Machine learning (ML), a branch of artificial intelligence, involves the development of 

computational models based on input sample data (also known as “training” data) to make 

predictions or decisions without being explicitly programmed to do so. The strength of ML lies 

in its ability to provide fitting functions that can accurately infer complicated, highly nonlinear 

dependencies and provide accurate predictions. ML has become a revolutionary tool in many 

scientific disciplines due to the development of efficient algorithms, the availability of easy-

to-apply software, and the improved hardware infrastructure. Domain experts (e.g., 

computational chemists, organic chemists, material scientists) can routinely apply ML for 

many challenging applications. A desirable goal of theoretical and computational chemistry is 

to generate ML potentials applicable to molecules of various sizes and obtain accurate 

geometries and gradients at force-field cost. A successful approach that enhances transferability 

between different molecular systems for ML is the incorporation of a physics-based 

representation of the chemical compounds and materials. ML models that target a global, 

intrinsic molecular property such as wave functions and electron densities as the learnable 

output have been recently explored, where the latter has led to the development of new density 

functionals. Increased transferability is achieved when an ML model learns the wave function 

since its physical properties are well-defined and analogous between similar molecules. Early 

efforts involved the direct solution of the electronic or vibrational Schrödinger equation with 

(mainly) neural networks.41, 44-46 More recently, reinforcement learning has been used for the 

electronic many-body problem of molecular systems.47, 48 An alternative route targets the 

training of supervised ML models on quantum chemical data (input) for the prediction of 

energy terms or the parameterization of complex wave functions (output). For example, 

combination of neural networks with a wave function representation based on atomic basis sets 

provided milliHartree accuracy when solving the Schrödinger equation.35  
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CC theory has also been the target of hybrid ML/quantum chemical approaches. 

McGibbon et al. developed a neural network model for improving the accuracy of second-order 

Møller-Plesset perturbation theory (MP2) with respect to accurate CCSD(T) results49, while 

the Miller group used data from HF wave functions to develop a ML model based 

on Gaussian process regression for CCSD and CCSD(T) correlation energies.32, 50, 51 Similarly, 

Margraf and Reuter used a representation based on the MP2 wave function (the 

MP2 amplitudes) for learning CC energies.52 More recent works explored HF orbitals53, one-

electron reduced-density matrices (1-RDM)54, and CCSD(T) densities55 as input to ML. A 

common characteristic of these studies is that the learnable output is the correlation energy and 

thus, they provide a prediction of a particular energy value with some uncertainty. 

We have examined a different approach to this problem, which learns the CC wave function, 

rather than the CC energy.37 This route has very attractive advantages. First, a predicted wave 

function can be used for restarting a CC calculation to obtain the exact CC energy. Second, 

apart from electronic energy, molecular properties such as dipole moments and polarizabilities 

can be computed from the ML-trained wave function. Third, the CC wave function shares many 

similarities between different molecular species, which makes the new method transferable 

between similar molecules or clusters. In addition, strongly correlated methods such as the 

complete-active-space self-consistent field (CASSCF) and its extension via second-order 

perturbation theory (CASPT2) have been recently coupled with ML. The development and 

strengths of these data-driven approaches for quantum chemistry are discussed in this Chapter. 
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2.4 Data-driven coupled cluster 

2.4.1 Basic theory 

CC theory aims to capture the missing dynamic correlation from HF theory by considering 

electronic excitations to virtual spin-orbitals (unoccupied orbitals) from occupied spin-orbitals, 

as in the case of CI theory. The difference between CC and CI is that CI theory uses a linear 

parameterization of the wave function as shown in equation 2.1 whereas CC theory uses 

separable, nonlinear parameterization as shown equation 2.2. 

|𝛹𝐶𝐼⟩ = 𝑐0|𝛹0⟩ +∑𝑐𝐼
𝐴𝜏̂𝐼

𝐴|𝛹0⟩

𝐼,𝐴

+ ∑ 𝑐𝐼𝐽
𝐴𝐵𝜏̂𝐼𝐽

𝐴𝐵|𝛹0⟩
𝐼>𝐽
𝐴>𝐵

+ ∑ 𝑐𝐼𝐽𝐾
𝐴𝐵𝐶𝜏̂𝐼𝐽𝐾

𝐴𝐵𝐶|𝛹0⟩
𝐼>𝐽>𝐾
𝐴>𝐵>𝐶

+⋯ 

 

2.1 

|𝛹𝐶𝐶⟩ = [∏(1 + 𝑡𝐼
𝐴𝜏̂𝐼

𝐴)

𝐼,𝐴

] [∏(1 + 𝑡𝐼𝐽
𝐴𝐵𝜏̂𝐼𝐽

𝐴𝐵)
𝐼>𝐽
𝐴>𝐵

] [ ∏ (1 + 𝑡𝐼𝐽𝐾
𝐴𝐵𝐶 𝜏̂𝐼𝐽𝐾

𝐴𝐵𝐶)
𝐼>𝐽>𝐾
𝐴>𝐵>𝐶

]… |𝛹0⟩ 

 

2.2 

where 𝑐𝐼
𝐴, 𝑐𝐼𝐽

𝐴𝐵, and 𝑐𝐼𝐽𝐾
𝐴𝐵𝐶 are the CI expansion coefficients for single, double, and triple electron 

excitations from the zeroth-order HF wave function 𝛹0, respectively, and 𝑡𝐼
𝐴, 𝑡𝐼𝐽

𝐴𝐵 , and 𝑡𝐼𝐽𝐾
𝐴𝐵𝐶  are 

the excitation amplitudes of the CC expansion. The excitation operators 𝜏̂𝐼
𝐴, 𝜏̂𝐼𝐽

𝐴𝐵, etc. are 

promoting an electron from an occupied spin-orbital I,J,K,…of the reference wave function 𝛹0 

to an unoccupied spin-orbital A,B,C,…. In the second-quantization formalism, the excitation 

operators are expressed as, 

𝜏̂𝐼
𝐴 = 𝑎𝐴

†𝑎𝐼 
 2.3 
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𝜏̂𝐼𝐽
𝐴𝐵 = 𝑎𝐴

†𝑎𝐵
†𝑎𝐽𝑎𝐼 

 2.4 

𝜏̂𝐼𝐽𝐾
𝐴𝐵𝐶 = 𝑎𝐴

†𝑎𝐵
†𝑎𝐶

†𝑎𝐾𝑎𝐽𝑎𝐼 
2.5 

where 𝑎𝑃
†
 and 𝑎𝑄 are the electron creation and annihilation operators, respectively. These 

operators are adding and removing an electron, respectively, from an occupation-number vector 

that represents the zeroth-order wave function. The molecular electronic, Born-Oppenheimer, 

nonrelativistic Hamiltonian operator in the second-quantization formalism is given as 

𝐻̂ = ∑ℎ𝑃𝑄𝑎𝑃
†𝑎𝑄

𝑃𝑄

+
1

2
∑ 𝑔𝑃𝑄𝑅𝑆𝑎𝑃

†𝑎𝑄
†𝑎𝑆𝑎𝑅

𝑃𝑄𝑅𝑆

 2.6 

where indices P, Q, R, S represent arbitrary spin-orbitals. The ℎ𝑃𝑄 and 𝑔𝑃𝑄𝑅𝑆 terms of equation 

2.6 are the one- and two-electron Hamiltonian terms, respectively, and hnuc is the nuclear 

repulsion energy.  

The exact, nonrelativistic, Born-Oppenheimer electronic energy of an atom or molecule is 

computed by solving the electronic Schrödinger equation with the Hamiltonian of equation 2.6, 

in the full excitation manifold of the CI expansion (equation 2.1) and a complete basis set 

(CBS) expansion. This corresponds to the full CI (FCI) method at the CBS that is only 

applicable for reference calculations of atoms and small molecules. For practical applications, 

a truncated CI expansion is considered. Similarly, the full CC expansion of equation 2.2 is 

equivalent to FCI, but for practical applications, a truncated Ansatz is applied. For example, a 

CC expansion that includes only two-electron excitations corresponds to coupled-cluster 
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doubles (CCD), if both one- and two-electron excitations are considered then we refer to 

coupled-cluster singles and doubles (CCSD), and so on.  

For the derivation of the CC energy expression, it is easier to work with an exponential 

parameterization of equation 2.2: 

|𝛹𝐶𝐶⟩ = exp⁡ (∑𝑡𝐼
𝐴𝜏̂𝐼

𝐴

𝐼,𝐴

+ ∑ 𝑡𝐼𝐽
𝐴𝐵𝜏̂𝐼𝐽

𝐴𝐵

𝐼>𝐽,𝐴>𝐵

+⋯) |𝛹0⟩ 2.7 

This can be simplified using the cluster operator 𝑇̂: 

|𝛹𝐶𝐶⟩ = exp(𝑇̂) |𝛹0⟩ = exp(𝑇̂1 + 𝑇̂2 + 𝑇̂3 +⋯) |𝛹0⟩ 
2.8 

where, 

𝑇̂1 =∑𝑡𝐼
𝐴𝜏̂𝐼

𝐴

𝐼,𝐴

=∑𝑡𝐼
𝐴𝑎𝐴

†𝑎𝐼
𝐼,𝐴

 
2.9 

𝑇̂2 = ∑ 𝑡𝐼𝐽
𝐴𝐵𝜏̂𝐼𝐽

𝐴𝐵

𝐼>𝐽
𝐴>𝐵

= ∑ 𝑡𝐼𝐽
𝐴𝐵𝑎𝐴

†𝑎𝐵
†𝑎𝐽𝑎𝐼

𝐼>𝐽
𝐴>𝐵

 
2.10 

The 𝑡𝐼
𝐴 and 𝑡𝐼𝐽

𝐴𝐵 terms are the one- and two-electron amplitudes, respectively, that need to be 

determined, and 𝜏̂𝐼
𝐴 and 𝜏̂𝐼𝐽

𝐴𝐵 are the one- and two-electron excitation operators, respectively. 

Introduction of the CC wave function (equation 2.8) in the electronic Schrödinger equation 

leads to 
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𝐻̂𝑒𝑥𝑝(𝑇̂)|𝛹0⟩ = 𝐸𝑒𝑥𝑝(𝑇̂)|𝛹0⟩ 
2.11 

For a truncated CC expansion, the application of the variational principle will result to 

complex nonlinear equations and thus, a projection technique is used for the computation 

of the CC energy ECC. Left multiplication of equation 2.11 by exp (−𝑇̂) provides the following 

expression: 

𝑒𝑥𝑝(−𝑇̂)𝐻̂𝑒𝑥𝑝(𝑇̂)|𝛹0⟩ = 𝐸𝑒𝑥𝑝(−𝑇̂)𝑒𝑥𝑝(𝑇̂)|𝛹0⟩ 
2.12 

We can now setup a set of equations for the computation of the CC energy and amplitudes by 

left projecting each determinant into equation 2.12: 

⟨𝛹0|𝑒𝑥𝑝(−𝑇̂)𝐻̂𝑒𝑥𝑝(𝑇̂)|𝛹0⟩ = 𝐸𝐶𝐶 
2.13 

⟨𝜇|𝑒𝑥𝑝(−𝑇̂)𝐻̂𝑒𝑥𝑝(𝑇̂)|𝛹0⟩ = 0 
2.14 

where μ is the determinantal excitation manifold. These are the projected coupled cluster 

equations and an iterative, self-consistent solver is used for the computation of the CC energy 

amplitudes. Next, the Baker-Campbell-Hausdorff (BCH) expansion is introduced for the 

evaluation of the similarity-transformed Hamiltonian. 

𝑒𝑥𝑝(−𝑇̂)𝐻̂𝑒𝑥𝑝(𝑇̂)|𝛹0⟩

= 𝐻̂ + [𝐻̂, 𝑇̂] +
1

2!
[[𝐻̂, 𝑇̂], 𝑇̂] +

1

3!
[[[𝐻̂, 𝑇̂], 𝑇̂] , 𝑇̂]

+
1

4!
[[[[𝐻̂, 𝑇̂], 𝑇̂] , 𝑇̂] , 𝑇̂] 

  2.15 
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where [𝐻̂, 𝑇̂]is the commutator relation between operators 𝐻̂, and 𝑇̂. Application of the BCH 

expansion in the projected energy expression 2.13 leads to 

𝐸𝐶𝐶 = ⟨𝛹0|𝐻̂|𝛹0⟩ + ⟨𝛹0|[𝐻̂, 𝑇̂]|𝛹0⟩ +
1

2!
⟨𝛹0| [[𝐻̂, 𝑇̂], 𝑇̂] |𝛹0⟩

+
1

3!
⟨𝛹0| [[[𝐻̂, 𝑇̂], 𝑇̂] , 𝑇̂] |𝛹0⟩ +

1

4!
⟨𝛹0| [[[[𝐻̂, 𝑇̂], 𝑇̂] , 𝑇̂] , 𝑇̂] |𝛹0⟩ 

2.16 

The above expression can be further simplified by considering that electron excitation 

operators acting on the HF wave function are ⟨𝛹0|𝑇̂ = 0 and that ⟨𝛹0|𝐻̂𝑇̂1|𝛹0⟩ = 0 due to the 

Brillouin theorem. In addition, the Hamiltonian operator has a maximum of two-particle terms 

(equation 2.6), so it can be coupled only with cluster operators that excite a maximum of two 

electrons. Thus, evaluation of all higher excitations will provide zero values ⟨𝛹0|𝐻̂𝑇̂𝑖|𝛹0⟩ =

0, 𝑖 > 2 and the projected energy expression is further simplified to 

𝐸𝐶𝐶 = 𝐸𝐻𝐹 + ⟨𝛹0|[𝐻̂, 𝑇̂2]|𝛹0⟩ +
1

2
⟨𝛹0| [[𝐻̂, 𝑇̂1], 𝑇̂1] |𝛹0⟩ 2.17 

 

We can now introduce the Hamiltonian (equations 2.6) and cluster operators (equations 2.9, 

2.10) in the energy expression of equation 2.17. An energy expression can be obtained by using 

the standard algebra of creation and annihilation operators together with the Wick’s theorem: 

𝐸𝐶𝐶 = 𝐸𝐻𝐹 +∑〈𝑖𝑗‖𝑎𝑏〉𝑡𝑖𝑗
𝑎𝑏

𝑖<𝑗
𝑎<𝑏

+∑〈𝑖𝑗‖𝑎𝑏〉𝑡𝑖
𝑎𝑡𝑗

𝑏

𝑖<𝑗
𝑎<𝑏

 
2.18 

where the indices i, j and a, b correspond to the spin-free occupied and unoccupied orbitals, 

respectively, and 〈𝑖𝑗‖𝑎𝑏〉 is the standard two-electron (four-index) integrals. A set of projected 

equations 2.13, 2.14 are formed by considering the full determinantal excitation manifold μ. 
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For example, for CCSD, we need to consider projection to the single and double excitation 

determinants (𝜇 = 𝛹𝑖 , 𝑖 = 𝑆, 𝐷). Therefore, for the single determinants, the projection 

equations are, 

0 = ⟨𝛹𝑆|𝐻̂|𝛹0⟩ + ⟨𝛹𝑆|[𝐻̂, 𝑇̂1]|𝛹0⟩ + ⟨𝛹𝑆|[𝐻̂, 𝑇̂2]|𝛹0⟩ +
1

2
⟨𝛹𝑆| [[𝐻̂, 𝑇̂1], 𝑇̂1] |𝛹0⟩

+ ⟨𝛹𝑆| [[𝐻̂, 𝑇̂1], 𝑇̂2] |𝛹0⟩ +
1

3!
⟨𝛹𝑆| [[[𝐻̂, 𝑇̂1], 𝑇̂1] , 𝑇̂1] |𝛹0⟩ 

2.19 

This expansion is cubic in the 𝑇̂1 operator, but only linear to the 𝑇̂2 operator. For the double 

excitation manifold, the projection equations are, 

0 = ⟨𝛹𝐷|𝐻̂|𝛹0⟩ + ⟨𝛹𝐷|[𝐻̂, 𝑇̂1]|𝛹0⟩ + ⟨𝛹𝐷|[𝐻̂, 𝑇̂2]|𝛹0⟩ +
1

2
⟨𝛹𝐷| [[𝐻̂, 𝑇̂1], 𝑇̂1] |𝛹0⟩

+ ⟨𝛹𝐷| [[𝐻̂, 𝑇̂1], 𝑇̂2] |𝛹0⟩ +
1

2
⟨𝛹𝐷| [[𝐻̂, 𝑇̂2], 𝑇̂2] |𝛹0⟩

+
1

3!
⟨𝛹𝐷| [[[𝐻̂, 𝑇̂1], 𝑇̂1] , 𝑇̂1] |𝛹0⟩ +

1

2
⟨𝛹𝐷| [[[𝐻̂, 𝑇̂1], 𝑇̂1] , 𝑇̂2] |𝛹0⟩

+
1

4!
⟨𝛹𝐷| [[[[𝐻̂, 𝑇̂1], 𝑇̂1] , 𝑇̂1] , 𝑇̂1] |𝛹0⟩ 

2.20 

Here, the single-excitation amplitudes appear to fourth-order and the double excitation 

amplitudes are up to quadratic. The evaluation of commutators shown in equations 2.19 and 

2.20 follows the same principles as for the energy expression.  

Once the 𝑡𝑖
𝑎 ⁡and 𝑡𝑖𝑗

𝑎𝑏 amplitudes have been evaluated, they are introduced in the energy 

expression of equation 2.18 for the computation of the CCSD energy. The amplitudes are then 

updated and the full set of projected equations are solved again until convergence. Further 

inspection of the energy equation reveals that only the singles and doubles amplitudes 

contribute directly to the CC energy. However, all higher excitations will affect indirectly the 

energy expression since the one- and two-electron amplitudes are solved together with all 

higher-order amplitudes, so they depend on each other. 
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2.4.2 Data-driven coupled-cluster singles and doubles 

Equation 2.18 implies that the energy function depends on the CC wave function parameters 

𝑡𝑖
𝑎 (or t1) and 𝑡𝑖𝑗

𝑎𝑏 (or t2). In other words, we have to find the optimum amplitudes in order to 

calculate the CC energy. The solution of the projected CC equations to determine t1 and t2 

amplitudes has a computational cost of approximately N6, where N is the number of basis 

functions. Hence, this step is considered the bottleneck for CC calculations. Recently, we have 

developed a data-driven coupled-cluster (DDCC) model that aims to accelerate the 

computation of the t2 amplitudes. The DDCC model uses MP2-level electronic structure data 

to predict t2 values for CCSD energy calculations. Thus, DDCC “learns” the contribution of 

each two-electron excitation to the total correlation energy. These predicted amplitudes can 

either be used as an initial guess for the iterative process of solving projected CC equations 

(“exact DDCC”) or can be directly introduced in equation 2.18 to estimate the CCSD energy 

(“approximate DDCC”). In the first case, the aim is to substitute the MP2 amplitudes that are 

used as initial guess in conventional CCSD implementations with the “learned” amplitudes. 

Use of the predicted t2 amplitudes from the DDCC model reduces the number of iterations to 

obtain the converged t2 amplitudes and compute the exact CCSD energy. In the latter case, 

substitution of the predicted amplitudes directly to the energy expression of equation 2.18 

provides an estimated CCSD energy at MP2 speed, which scales as N4. To conclude, the aim 

of DDCC is to learn the parameters of the CCSD wave function by utilizing a physics-based 

representation of the two-electron excitations from a computationally cheaper method (MP2). 

In our current implementation, we solve explicitly the projected equations for the t1 amplitudes 

since their number is relatively small. This process does not introduce a significant 

computational overhead.  
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To understand the features used in the DDCC model, it is important to understand how MP2 

amplitudes 𝑡𝑖𝑗(𝑀𝑃2)
𝑎𝑏  are calculated. 

𝑡𝑖𝑗(𝑀𝑃2)
𝑎𝑏 =

〈𝑎𝑏‖𝑖𝑗〉

𝜀𝑖 + 𝜀𝑗 − 𝜀𝑎 − 𝜀𝑏
 2.21 

In equation 2.21 εk is the energy of orbital k and⁡〈𝑎𝑏‖𝑖𝑗〉 are the two-electron integrals. It 

becomesclear that the MP2 amplitudes depend on the properties of the four orbitals i, j, a, and 

b. Thus,our focus is to encode in the DDCC representation the physics of the two-electron 

excitation. For the development of a transferable model to molecular systems of varying size, 

orientation, and atom composition, we chose to restrict the features to electronic structure 

properties. Therefore, the chosen features do not explicitly incorporate the identity or position 

of any of the atoms.  

Here, the features used in the DDCC model are analyzed. First, the most obvious feature is the 

actual MP2 amplitude, since its relation to the CCSD t2 amplitudes is established. Next, the 

numerator and the denominator terms of the MP2 amplitude are considered separately. Both 

are introduced as input in the DDCC model. The numerator consists of the two-electron integral 

and the denominator term consists of the energy difference between the occupied and virtual 

orbitals 𝜀𝑖 + 𝜀𝑗 − 𝜀𝑎 − 𝜀𝑏. The next set of features consists of individual energies for each 

orbital involved in the two-electron excitation. The orbital energies are further separated by 

their oneelectron Hamiltonian, the Coulombic, and exchange components. The Coulombic 

(𝐽𝑖
𝑎 , 𝐽𝑗

𝑏) and exchange terms (𝐾𝑖
𝑎, 𝐾𝑗

𝑏) within the two-electron excitation manifold are also 

included in the feature set. The next feature is Boolean and represents whether or not the two 

electrons are promoted to the same virtual orbital. This feature is important since the t2 

amplitudes for an excitation of two electrons with antiparallel spin to the same virtual orbital 
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have a significantly greater value. In addition to these features, the 𝑙𝑜𝑔10value of MP2 

amplitudes, the 𝑙𝑜𝑔10 value of the Coulomb and Exchange integrals for individual excitations, 

and whether the t2 amplitudes are greater than zero (Boolean) are also included in the 

representation vector. 

Altogether the feature set for a single t2 amplitude consists of 30 electronic structure properties. 

All features and t2 amplitudes are extracted from the Psi4NumPy56 software. An important 

advantage of our physics-based representation is that all features are calculated 

at the HF and MP2 levels.  

As a proof-of-concept, the DDCC scheme utilizes a k-nearest neighbors (k-NN) regression 

algorithm to learn the t2 amplitudes. Since k-NN is an instance-based learning algorithm, it 

provides a distinct advantage over regression algorithms that are trained by minimizing a loss 

function. k-NN is sensitive to the local environment of the feature space and treats all 

amplitudes equally. The Euclidean distance between the test set and training set in feature space 

is taken, and the k-NNs are determined and averaged. Algorithms trained via the minimization 

of loss functions tend to accurately fit the larger amplitudes, while ignoring the smaller 

amplitudes, which are not advantageous for the DDCC scheme.  

The DDCC method uses a modified Euclidean distance function with optimized feature 

weights since certain features may not contribute equally for the prediction of amplitudes. The 

modified Euclidean distance is defined as 

𝑑(𝒑, 𝒒) = √[𝑥1(𝑞1 − 𝑝1)]2 + [𝑥2(𝑞2 − 𝑝2)]2 +⋯+ [𝑥𝑛(𝑞𝑛 − 𝑝𝑛)]2 
2.22 
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where p and q denote the test and training set features, respectively, and subscripts denote 

the number of features from 1 to n. In order to accentuate the contribution of certain features, 

feature weights, xn, are determined by a parameter grid search on scaled data, where xn = 1, 

1.25, 1.5, 2, 5, 10, 100, 1000 (search space of 8 × 30 features). The most important features 

have been determined to be the MP2 amplitudes, elements belonging to the MP2 amplitudes 

such as the two-electron integrals and the differences in orbital energies, and the binary feature 

denoting whether the two electrons have been promoted to the same virtual orbital or not. The 

features are scaled using the MinMaxScaler implemented in Sci-Kit Learn.57 

Although k-NNs can be used as a good proof-of-concept, the computational cost associated 

with increasing the number of training data makes the method cost prohibitive. Due to the 

computational costs of k-NNs, we are currently exploring alternative machine learning 

methodologies, such as ensemble learning algorithms, that can be applied to larger databases 

and larger molecular systems. 

2.4.3 DDCCSD and transferability 

One of the highlights of the data-driven coupled-cluster (DDCC) method is the transferability 

between systems with similar atomic composition or between clusters of variable size. In order 

to demonstrate this important feature, we have trained models with water clusters of variable 

size. In particular, we trained three different models for predicting the CCSD energy of four 

different configurations of water hexamers (cage, book, prism, and ring). The first model used 

data from only water monomers, the second was augmented with data from water dimers, and 

the third was trained on data from water monomers, dimers, and trimers. Figure 2.1 shows the 

deviation between the predicted DDCC energy before any iterations and the exact CCSD 

energy. For comparison, we have included the CCSD energy obtained from the initial MP2 
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amplitudes before initializing the CC solver (0th iteration of the iterative process). The model 

that was trained only on data from water monomers showed significantly larger deviations than 

the conventional 0th-iteration CCSD energy (Figure 2.1, second bar per molecular cluster). The 

reason is that no information on the electron excitations between two water molecules was 

included in our training set and the model does not include any electron correlation information 

of the hydrogen bond network of the water cluster. A significantly lower deviation was obtained 

from the addition of data from water dimers (Figure 2.1, third bar per molecular cluster). The 

error drops almost to zero when data from water trimers included in the training of the ML 

model (Figure 2.1, fourth bar per molecular cluster). In other words, the model successfully 

learns the physics of hydrogen bonds between water molecules and accurately estimates the 

CCSD wave function. As it was discussed before, the predicted DDCCSD wave function can 

be used as starting guess for solving the CCSD equations in order to provide the exact CCSD 

energy in significantly less computational time since the amplitudes are already very close to 

their final value. Thus, DDCC holds promise for accelerating quantum chemical calculations 

of large clusters by utilizing data obtained from smaller molecular species.  

In a separate study, we investigated the local nature of the electron correlation and how it affects 

data-driven schemes similar to DDCC.38 It is well known that electron correlation is short-

ranged in nature, and the local character of electron excitations can be explored with localized 

molecular orbitals or domains, a process pioneered by Saebø and Pulay. For that purpose, we 

developed a scheme that estimates the total pair-correlation energy 𝜖𝑖𝑗 corresponding to an 

occupied electron pair ij. The sum of all 𝜖𝑖𝑗⁡pair terms provide the total CCSD correlation 

energy:  
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Figure 2.1:  DDCC absolute deviation (Eh) from the converged CCSD plotted for the four systems containing data with the 

monomer, dimer, and trimer systems, as well as from CCSD using from MP2 amplitudes. Reproduced from J. Townsend, K.D. 

Vogiatzis, Data-driven acceleration of the coupled-cluster singles and doubles iterative solver, J. Phys. Chem. Lett. 10 (2019) 

4129–4135, Copyright 2019 American Chemical Society. 
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𝐸corr
CCSD =∑𝜖𝑖𝑗

𝑖𝑗

 
2.23 

We have used canonical, Boys and Pipek-Mezey (PM) localized orbitals and trained a model 

with data from small alkanes (CnH2n+2, n = 2-7). The error of the predicted total correlation 

energies is shown in Figure 2.2. It is evident that the short-range nature of the electron 

correlationis successfully encoded in the models that use localized orbitals. The errors for the 

two models (Boys or PM) for longer alkane chains are constantly below 1 kcal/mol (chemical 

accuracy, shown with a horizontal dashed line in Figure 2.2). This is further evidence that the 

model learns the local nature of the two-electron excitations and the CC wave function. This 

scheme offers transferability and efficiency as it was found that only 140 randomly selected 

molecules are adequate to achieve chemical accuracy for more than 133,000 organic molecules 

(GDB-9 database). 

2.5 Limitations of the DDCCSD schemes 

Although Townsend and Vogiatzis provide a promising proof of concept for DDCCSD in their 

work discussed in Section 2.4, there are some limitations that prevent DDCCSD method’s 

applicability towards large chemical system with complex basis sets.  

In the previously discussed work to predict the t2 amplitudes using MP2-level electronic 

structure data, we use canonical orbitals. Although the accuracy of these models is higher for 

comparatively smaller molecules (molecules with three or less than three non-hydrogen atoms), 

results from the study done to predict the pair-energies discussed in the previous Section, has 

shown that a significant improvement in energy prediction can be achieved using localized 

molecular orbitals.    
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Figure 2.2: Predicted CCSD energy error for hydrocarbons octane through octadecane (n = 8-18) based on the model trained 

on single configurations of propane through heptane (n = 3-7). In the inset, the CCSD energy errors computed with canonical 

orbitals are shown in greater detail. Reproduced from J. Townsend, K.D. Vogiatzis, Transferable MP2-based machine learning 

for accurate coupled-cluster energies, J. Chem. Theory Comput. 16 (2020) 7453–7461, Copyright 2020 American Chemical 

Society. 
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Therefore, implementation of localized orbitals based DDCCSD scheme to predict t2 

amplitudes was needed. These LMO based DDCCSD schemes are discussed extensively in the 

next Chapter (Chapter Chapter 3). 

The second limitation of the initial DDCCSD models that hinders the applicability is larger 

chemical systems is the distribution and the number of t2 amplitudes. For a molecule with a 

given basis set, there are 𝑛𝑜𝑐𝑐
2 × 𝑛𝑜𝑐𝑐

2 × 𝑛𝑣𝑖𝑟
2 × 𝑛𝑣𝑖𝑟

2  number of t2 amplitudes where, 𝑛𝑜𝑐𝑐 is the 

number of occupied orbitals and  𝑛𝑣𝑖𝑟 is the number of virtual orbitals. Therefore, the number 

of amplitudes exponentially increases with the number of occupied orbitals depending on the 

size of the chemical system and the number of virtual orbitals which depends on the size of the 

basis set. In Chapter Chapter 3, five types of amplitude selection schemes that were developed 

to address this issue are discussed. 

Next major limitation of the DDCCSD scheme discussed in previous Section is the machine 

learning algorithm used. Although k-nearest neighbors offers higher accuracies, it limits the 

applicability to larger systems due to the prediction time complexity. As a solution we have 

developed machine learning models using random forest and neural networks, that are 

extensively discussed in Chapters Chapter 3 and Chapter 4. 

Furthermore, in Chapter Chapter 4 we discuss the development of physics informed, 

multitasking models that predicts t1 amplitudes along with t2 amplitude. Another improvement 

to initial DDCCSD schemes is the prediction of perturbative triples energy and t2 amplitudes 

for CCSD full triples will be discussed in Chapter Chapter 5. 
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Chapter 3 Exploration of the Two-Electron 

Excitation Space with Data-Driven Coupled Cluster 
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3.1 Disclosure 

This Section contains an adapted reproduction of the published manuscript in Journal of 

Physical Chemistry A, taken with permission. P. D. Varuna S. Pathirage developed localized 

molecular orbital DDCCSD models.39 P. D. Varuna S. Pathirage and Justin T. Phillips 

developed five amplitude selection schemes. P. D. Varuna S. Pathirage developed score-to-

bins, cluster-bins, large amplitude and electron correlation schemes and Justin T. Phillips 

developed probabilistic selection scheme under the guidance of P. D. Varuna S. Pathirage. P. 

D. Varuna S. Pathirage and Justin T. Phillips worked on manuscript preparation under the 

guidance of Professor Konstantinos D. Vogiatzis. 

3.2 Abstract 

Computational cost limits the applicability of post-Hartree–Fock methods such as coupled-

cluster on larger molecular systems. The data-driven coupled-cluster (DDCC) method applies 

machine learning to predict the coupled-cluster two-electron amplitudes (t2) using data from 

second-order perturbation theory (MP2). One major limitation of the DDCC models is the size 

of training sets that increases exponentially with the system size. Effective sampling of the 

amplitude space can resolve this issue. Five different amplitude selection techniques that 

reduce the amount of data used for training were evaluated, an approach that also prevents 

model overfitting and increases the portability of data-driven coupled-cluster singles and 

doubles to more complex molecules or larger basis sets. In combination with a localized orbital 

formalism to predict the CCSD t2 amplitudes, we have achieved a 10-fold error reduction for 

energy calculations. 



28 

 

3.3 Introduction 

Electron correlation is the heart of molecular electronic structure theory.58 Hartree−Fock (HF) 

theory includes Fermi correlation in an exact sense and electron repulsion in an average, mean-

field manner since it fails to describe the instantaneous Coulombic repulsion between electron 

pairs. Post-HF methods such as configuration interaction, many-body perturbation theory, and 

coupled-cluster (CC) theory introduce the missing electron correlation by considering a 

systematic expansion of the N-electron basis formed from all possible electronic configurations 

within a given orbital basis.43 Among post-HF methods, coupled-cluster singles and doubles 

with perturbative triples [CCSD(T)]59 provide a balance between accuracy and efficiency for 

molecular systems without degeneracies or near-degeneracies. A variety of different 

approaches have been introduced that aim to accelerate the convergence of the CCSD(T) and 

increase its applicability, including explicitly correlated methods,12, 13 linear scaling methods,60 

pair-natural orbital expansions,61-65 fragmentation schemes,66, 67 and high-performance 

computing.68 

Machine learning (ML) has been recently proposed as an alternative to traditional 

methodologies for further acceleration of CCSD(T). We can separate these methods into two 

groups based on the feature space (representation) used as input to ML models.42 In the first 

group, the feature space depends on atomic positions or atomic functions that are able to encode 

the local environment of atoms in molecules and materials.35, 69 The “Accurate NeurAl networK 

engINe for Molecular Energies” (ANI) family of methods22, 31, 70, 71 is a representative example 

where a vector that contains specific radial and angular chemical information on an individual 

atom environment is introduced as input. These models are trained with density functional 

theory or, partially, with CC data and offer significant speedup for the reliable calculation of 

energies and forces.  
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The second group of methods utilizes a descriptor space that is based on quantum chemical 

information obtained from a low-level method such as HF or second-order perturbation theory 

(MP2) and aims to predict results from a higher-level method [e.g., CCSD or CCSD(T)]. This 

type of molecular representation is indirectly correlated to the atomic positions, and it can offer 

direct transferability within molecular environments since they encode the underlying 

electronic structure properties.46, 52, 54, 55, 72-76 Along these lines, we have developed a data-

driven methodology for the prediction of CCSD two electron excitation (t2) amplitudes using 

MP2-level electronic structure data.37, 42 The data-driven coupled-cluster singles and-doubles 

(DDCCSD) scheme has some attractive features, such as transferability between systems of 

different sizes. However, as the number of basis functions and the system size increase, the 

number of t2 amplitudes increases, which eventually introduces a computational bottleneck. 

In this work, we extended DDCCSD by introducing two new key features that aim to expand 

the applicability of the method to larger molecular systems. First, we have applied a localized 

orbital formalism into the data-driven coupled cluster (DDCC) methodology, and second, we 

have developed five different approaches for the data-point selection from the amplitude space 

[score to bins (SB), clustering to bins (CB), large amplitudes (LA), electronic correlation (EC), 

and probabilistic selection (PS)]. The amplitude selection schemes reduce the computational 

burden of the training and testing process and allow us to apply DDCC on larger molecules and 

larger basis sets, which was previously unfeasible. Another important aspect of the systematic 

selection of training data points is the increased accuracy of the ML models by preventing 

overfitting.  

This article is organized as follows: a brief theoretical background of DDCCSD together with 

a new approach to the calculation of the feature weights is presented in Section 3.4. The 

computational details related to the data generation used in this work are given in Section 3.5. 
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Section 3.6 introduces the definitions, rationale, and technical aspects of the five amplitude 

selection schemes that are examined in this study. The evaluation of the performance of 

different selection schemes is discussed in Section 3.7, and finally, concluding remarks are 

presented in Section 3.8. 

3.4 Theoretical Background 

3.4.1 Data-Driven Coupled-Cluster Singles and Doubles.  

In CC theory, the correlation energy (𝐸corr
CCSD) is computed by using the following equation. 

𝐸corr
CCSD = ∑〈𝑖𝑗‖𝑎𝑏〉𝑡𝑖𝑗

𝑎𝑏 +
𝑎<𝑏
𝑖<𝑗

∑〈𝑖𝑗‖𝑎𝑏〉𝑡𝑖
𝑎𝑡𝑗

𝑏

𝑎<𝑏
𝑖<𝑗

 
3.1 

The indices i and j correspond to occupied orbitals, a and b to virtual orbitals, 𝑡𝑖
𝑎 and 𝑡𝑖𝑗

𝑎𝑏 are 

the one- and two-electron amplitudes, respectively, and ⟨ij∥ab⟩ is the two-electron integral 

between orbitals i, j, a, and b. The variational computation of the 𝑡𝑖
𝑎 and 𝑡𝑖𝑗

𝑎𝑏 amplitudes is a 

nontrivial process, and thus, the amplitudes are computed by solving the projected CC 

equations iteratively. 

In equation 2.13 and 2.14, 𝛹0 is the HF reference wave function, 𝑇̂ is the cluster operator, and 

μ the determinantal excitation manifold (in CCSD, μ are either the singly or doubly excited 

determinants). Typically, the MP2 amplitudes 𝑡𝑖𝑗(𝑀𝑃2)
𝑎𝑏  are used as an initial guess for CC 𝑡𝑖𝑗

𝑎𝑏 

amplitudes (equation 2.21). 

In the DDCCSD approach, the initial CC 𝑡𝑖𝑗
𝑎𝑏 amplitudes are predicted by ML using 30 input 

features from MP2. Since MP2 amplitudes are the initial guess for the iterative solution of the 
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projected CC equations, they are selected as one of the features used in the DDCCSD method. 

Other features of the DDCCSD are the numerator and denominator terms of the MP2 amplitude 

equation (equation 2.21). The denominator is further broken into individual terms, and the 

occupied and virtual orbital energies are also introduced in the input vector. The individual 

orbital energy is broken into the one-electron, Coulomb, and exchange contributions. Another 

feature of the DDCCSD method is whether the excited electrons are promoted to the same 

virtual orbital (binary). For the full feature list, see Supporting Information, Section S-I 

(Appendix I).  

The predicted amplitudes 𝑡𝑖𝑗(𝐷𝐷𝐶𝐶)
𝑎𝑏  are then introduced into the singles (𝜇 = 𝛹𝑖

𝑎) projected 

equations 2.13 and 2.14 and a single step is performed that updates the 𝑡𝑖
𝑎 amplitudes (𝑡𝑖(1)

𝑎 or 

t1(1)). The DDCCSD energy is then computed as  

𝐸corr
DDCCSD = ∑〈𝑖𝑗‖𝑎𝑏〉𝑡𝑖𝑗(𝐷𝐷𝐶𝐶)

𝑎𝑏 +
𝑎<𝑏
𝑖<𝑗

∑〈𝑖𝑗‖𝑎𝑏〉𝑡𝑖(1)
𝑎 𝑡𝑗(1)

𝑏

𝑎<𝑏
𝑖<𝑗

 
3.2 

Note that in the next paragraphs, we will refer to a generic 𝑡𝑖𝑗
𝑎𝑏 amplitude as t2. Alternatively, 

we can introduce the predicted t2 amplitudes to the solver of CCSD and iteratively obtain the 

exact CCSD energies in less computational effort, as we have shown previously.37 In this work, 

we solely consider the first approach, where the predicted amplitudes from ML are used for the 

computation of an approximate CCSD energy. 

3.4.2 Feature Weights.  

In our previous work on the DDCCSD method,37 a weight wi was assigned to each feature, 

which was optimized via a grid search for a data set of water molecules in different 
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conformations close to the equilibrium geometry. In order to extend the transferability of 

DDCC, we have applied an alternative approach for weight assignment to features. We have 

calculated the Pearson correlation coefficient (r) between each of the features with the CCSD 

t2 amplitude value for the training data  

𝑟 = ⁡
∑(𝑥𝑖 − 𝑥̅)(𝑦𝑖 − 𝑦̅)

√∑(𝑥𝑖 − 𝑥̅)2∑(𝑦𝑖 − 𝑦̅)2
 3.3 

Here, xi is the value of feature x, yi is the value of the ith t2 amplitude, 𝑥̅ is the mean of feature 

x, and 𝑦̅ is the mean of the value of CCSD t2 amplitudes. This correlation coefficient value is 

used as the weight for each feature (see Supporting Information, Section S-II in Appendix I) 

and is used for the comparison of canonical molecular orbitals (CMOs) and localized molecular 

orbitals (LMOs) and for the comparison of different amplitude selection schemes. 

3.5 Computational Details 

All quantum chemical calculations, feature extraction, and output data collection (t2 

amplitudes) were performed using the Psi4NumPy software56 as described previously.37 For 

the purposes of this study, we used five molecules for the calibration and performance 

evaluation of the new models; those are diethyl ether, divinyl ether, vinyl alcohol, methyl vinyl 

ether, and allyl alcohol molecules (Figure 3.1). Initial ground-state structures were optimized 

with the B3LYP77, 78 density functional and the 6-31G79, 80 basis set, with the Psi481 quantum 

chemical program package. 

In a previous study on machine-learned CCSD pair energies, we demonstrated that models 

trained with LMOs are more transferable than the CMOs and that the Foster-Boys (Boys) 

localization scheme provided slightly better accuracy than the Pipek-Mezey localization 
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scheme.38 In this work, the Boys localization scheme is introduced in DDCC and its 

performance is compared with canonical orbitals. For the comparison of the performance of 

the CMOs and LMOs, we used six training sets. The first five training sets consisted of 30 

conformers of an individual molecule, while the sixth training set consisted of a mixture of six 

conformers from each molecule. Similarly, five test sets, each consisting of 50 conformers of 

a molecule, were used for testing. Conformers for training were generated by rotating the C-O 

bond of each of the five molecules shown in Figure 3.1. Conformers for testing were generated 

by rotating the same bond. For this analysis, the STO-3G82, 83 basis set was used to calculate 

the CCSD t2 amplitudes.  

For the evaluation of the amplitude selection schemes, we used the mixed training set since it 

better represents the transferability of the DDCCSD models. For testing, we used five 

conformers from each molecule. Initially, we used the STO-3G basis set with both LMO and 

CMO formalisms and then expanded our study to the cc-pVDZ and aug-cc-pVDZ basis sets 

with LMOs.  

Three basis sets were considered in this study. Initially, we used the STO-3G basis set for the 

comparison of the CMO and LMO models and for determining the best set of hyperparameters 

for each scheme for further studies. A set of 1,180,056 data points (amplitudes) was available 

in total for training from the conformers when the STO-3G basis set was used. In order to study 

the performance of the amplitude selection schemes with increasing number of data points, we 

further used cc-pVDZ84 and aug-cc-pVDZ85 basis sets. A total of 57,357,372 data points were 

available for training with the cc-pVDZ basis set, and 197,707,512 data points were available 

with the aug-cc-pVDZ basis set (see Supporting Information, Section S-III in Appendix I, for 

the CCSD t2 amplitude distribution for all basis sets considered in this study). Figure 3.2 shows 

a log plot of the distribution of CCSD t2 amplitudes for the aug-cc-pVDZ basis set. 



34 

 

 

 

 

 

 

 

 

 

Figure 3.1: Optimized structures of five organic molecules considered in this study: (a) diethyl ether, (b) divinyl ether, (c) 

vinyl alcohol, (d) methyl vinyl ether, and (e) allyl alcohol. Molecular conformers for training and testing of the DDCC models 

we generated by rotating the dihedral angle indicated by curve. 
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All DDCCSD models were trained with the random forest ML algorithm86 using the scikit-

learn package.57 During training, random forest models create a set of decision trees; the 

number of decision trees is treated as a hyperparameter that must be defined. The prediction 

for a new data point is the mean of the output from each decision tree. The first step of our 

study was a hyperparameter search with respect to the number of estimators (decision trees), 

the choice of the loss function, as well as the minimum number of data points. For the 

hyperparameter optimization, models were trained with 30 different water conformers and 

tested with 100 different water conformers with the STO-3G basis set. From this analysis, we 

found that the optimum set of hyperparameters was 350 estimators with squared error loss 

function and a minimum sample split of 2 (see Supporting Information, Section S-IV in 

Appendix I). These hyperparameters were used throughout this study.  

For the assessment of the DDCC models trained with truncated amplitude spaces, the mean 

absolute error (MAE) was calculated for each training and test set combination where n is the 

number of test conformers, 

𝑀𝐴𝐸 =
∑ |𝐸𝐶𝐶𝑆𝐷 − 𝐸𝐷𝐷𝐶𝐶𝑆𝐷|
𝑛
𝑛=1

𝑛
 3.4 

All the features were scaled using MinMaxScaler57 as implemented in the scikit-learn 

package.57 

3.6 Amplitude selection schemes 

The main objective of this study is the development and assessment of data selection techniques 

for the reduction of the amplitude space needed for the DDCC model training. Two aspects 

were considered for decreasing the number of training data points. The first aspect is 
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Figure 3.2:  Distribution of CCSD t2 amplitudes (on a log scale) computed with the aug-cc-pVDZ basis set. 
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computational cost and time reduction. For example, the random forest ML algorithm has a 

training time complexity of O(n × log(n) × d × k) where n is the number of training data points, 

d is the number of features and k is the number of decision trees. Thus, it becomes evident that 

the number of input data directly affects the training time. The second consideration is the 

prevention of model overfitting since a significant number of amplitudes for a given molecule 

have values close to zero. The number of amplitudes with values closer to zero is also size-

dependent. As a solution, we propose the selection of an amplitude subspace that is used for 

DDCC training without affecting the model accuracy. In this study, we discuss five selection 

approaches. The first method is SB, where a value (score) is assigned to each amplitude based 

on their scaled feature scores. The second method involves ML clustering for sorting data into 

bins (CB). The work of Maitra et al.87-90 formed the basis for the LA scheme. In their study, 

they used a set of amplitudes that are greater than a cutoff value to train models that would 

predict amplitudes that are less than the cutoff value. Here, we are selecting only the amplitudes 

that are larger than a particular cutoff value for training and testing, and we will refer to it as a 

LA scheme. The fourth method considers the MP2 correlation energy of two-electron 

excitations ij → ab for selecting amplitudes for training and testing (EC scheme), and the fifth 

method involves a probabilistic selection (PS scheme) of the initial amplitude space based on 

feature values. These five schemes are presented in detail in the following paragraphs. 

3.6.1 Score to Bins.  

In the SB approach, a score Si is assigned to each amplitude based on the values of the scaled 

features 

𝑆𝑖 =⁡√∑(𝑤𝑛𝑓𝑛
𝑖)2

30

𝑛=1

 
3.5 
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Here, wn is the weight of feature n, and 𝑓𝑛
𝑖 is the value of the nth feature of the ith amplitude. 

The score Si represents the distance from the origin of the feature space to each data point. 

Then, the amplitude space is clustered into m × m bins, where m is the number of sections that 

the data set is partitioned along feature score and CCSD t2 axes. The initial choice of m was 

100. Therefore, the amplitude space was divided into 10,000 bins. Each amplitude is assigned 

to a bin according to its feature score Si and the value of the CCSD t2 amplitude. Next, a 

common cutoff will be set to all the bins, such that the defined percentage of amplitudes will 

be selected when it is applied. If a bin has less or equal number of amplitudes than the cutoff, 

all the amplitudes are used for training. If a bin has amplitudes more than the cutoff, then the 

number of amplitudes that are equal to the cutoff will be randomly selected for training. 

Overall, ten models were trained with 5, 10, 20, 30, 40, 50, 60, 70, 80, and 90% of the total 

number of amplitudes. Figure S4 in the Supporting Information Section SV in Appendix I 

shows a heatmap of the amplitude grouping to bins. 

3.6.2 Clustering to Bins.  

The CB approach is similar to SB, but instead of assigning a score, k-means clustering91 is used 

for assigning amplitudes to bins. k-means clustering is an unsupervised learning algorithm 

whose goal is to assign the data points to k number of clusters by minimizing the difference 

between the data point and the centroid (mean) of the cluster that has been assigned to. The 

algorithm starts by assigning centroids to the clusters. The number of clusters k is treated as a 

model hyperparameter that should be defined (vide infra). After the initial assessment of CB 

where a value of 100 clusters was selected for k, a hyperparameter optimization was performed 

to determine the best number of k clusters. For that purpose, the k-means cluster algorithm was 

executed 10 times for each clustering with different centroid seeds, and the best clustering was 
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selected each time. To assess the performance, ten models were trained that contained 5, 10, 

20, 30, 40, 50, 60, 70, 80, and 90% of the total amplitudes using the CB scheme.  

We used the 30 scaled features multiplied by the weight for each feature and the CCSD t2 

amplitude value for clustering into k bins. Then, amplitudes were selected for training from 

each bin using a similar approach to the SB method by setting a common cutoff value. Both 

SB and CB approaches attempt to select an amplitude subspace that uniformly represents the 

full amplitude space, which can reduce the amplitudes with values closer to zero but can also 

avoid model overfitting.  

After the optimum percentage of amplitudes was determined using the above-mentioned 

procedure, the effect of the number of bins was assessed by creating models with different 

numbers of bins and calculating their accuracy. For the SB approach, six models were trained 

by selecting 20% of the total amplitudes from 50 × 50, 100 × 100, 150 × 150, 200 × 200, 250 

× 250, and 300 × 300 bins. For the CB approach, six models were trained with 5% amplitudes 

chosen from 50, 100, 150, 200, 250, and 300 bins (see Supporting Information, Section SVIII 

in Appendix I). 

3.6.3 Large Amplitude 

The LA approach is different from the SB and CB approaches since it uses only data points 

with MP2 amplitude magnitude greater than a defined cutoff value. All amplitudes below this 

value are set to zero, while the rest are predicted by DDCC. To further validate this notion, we 

calculated the correlation coefficient between the MP2 amplitudes and the CCSD t2 amplitudes 

(STO-3G basis set, LMOs). A correlation coefficient of 0.9330 was obtained when all 

amplitudes were taken into account (Figure 3.3), but when amplitudes with magnitudes greater 

than 0.01 were considered, the correlation coefficient increased to 0.9943. For the LA approach, 
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11 models were trained with data points corresponding to MP2 amplitudes within the 10-2-10-

7 range. 

3.6.4 EC Scheme 

The EC scheme shares similarities with the LA scheme since both approaches use a cutoff value 

for selecting training data points. There are two main differences between LA and EC. First, 

EC uses the MP2 correlation energy 𝑒𝑖𝑗(MP2)
𝑎𝑏  as a cutoff criterion, instead of the amplitude 

value as in LA. For a two-electron excitation ij → ab, the MP2 correlation energy 𝑒𝑖𝑗(MP2)
𝑎𝑏  is 

given as, 

𝑒𝑖𝑗(MP2)
𝑎𝑏 = 〈𝑖𝑗‖𝑎𝑏〉𝑡𝑖𝑗⁡(MP2)

𝑎𝑏  
3.6 

Optimum performance was found when a cutoff of 1 × 10-7 Eh (14.3% of the total amplitudes) 

was used for the STO-3G basis set, 1 × 10-7.5 Eh (5.76% of the total amplitudes) for models 

trained with data from the cc-pVDZ basis set, and 1 × 10-8 Eh (4.47% of the total amplitudes) 

for models with data from augcc-pVDZ. All amplitudes with MP2 correlation energy greater 

than the cutoff value were selected for training. The second difference is related to the selection 

of the amplitudes that are “predicted” by the DDCC scheme. Specifically, after careful 

inspection of the opposite-spin (OS) MP2 correlation energy captured by an amplitude 

subspace (see Supporting Information, Section S-VI in Appendix I), we set a cutoff threshold 

based on the OS MP2 correlation energy percentage (pcutoff). All ij → ab correlation energies 

𝑒𝑖𝑗(MP2)
𝑎𝑏  of test molecules are arranged in ascending order, and CCSD t2 predictions are made 

for the amplitudes with the largest magnitude for 𝑒𝑖𝑗(MP2)
𝑎𝑏  that capture a pcutoff percent of the  
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Figure 3.3:  CCSD t2 amplitude value vs MP2 amplitude value for all the amplitudes calculated with the STO-3G basis set 

and LMO formalism. 
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total MP2 OS correlation energy. In Section 3.7, we discuss the effect of different pcutoff values 

on the model accuracy. 

3.6.5 Probabilistic Selection.  

The PS approach uses a weighting mechanism where each amplitude from the initial amplitude 

space is assigned a 𝑊𝑛 weight defined as  

𝑊𝑛 = 𝑡𝑖𝑗⁡(𝑀𝑃2)
𝑎𝑏 × (𝑒𝑖 + 𝑒𝑗) 

3.7 

where ek is the energy of occupied orbital k. Once each amplitude has been assigned a weight, 

the probability pn is computed as 

𝑝𝑛 =
𝑊𝑛

∑ 𝑊𝑛𝑛
  3.8 

In equation 3.8, pn is the probability assigned to the nth amplitude. Once the weights are 

converted to probabilities, a certain percentage of the initial amplitudes are selected in 

accordance with the assigned probabilities. For the PS approach, the MP2 amplitude was used 

as an initial weight, as it is the feature most highly correlated to the CCSD amplitude, and the 

percentage of amplitudes selected from the initial amplitude space was treated as a 

hyperparameter to be optimized to reduce the error of the model. 
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3.7 Results and Discussion 

3.7.1 Comparison of CMO and LMO Models 

Table 3.1 shows the MAE for models trained with CMOs and LMOs. These DDCC models are 

grouped as “individual models” (i.e., models that are trained with data from a specific molecule 

and tested on conformers of the same molecule) and as “mixed models”, where heterogeneous 

data from all five molecules are used for training. These MAEs show that there is a clear gain 

in both accuracy and transferability from the use of localized orbitals. All individual and mixed 

models showed an increase in accuracy by an order of magnitude when LMOs were introduced 

in DDCC. For example, the average MAE of the individual and mixed models with CMOs is 

8.82 and 10.21 mEh, respectively, while the corresponding deviations from the LMO models 

are only 0.69 and 1.04 mEh, respectively. LMOs also demonstrate increased transferability 

since the difference between mixed and individual models is 0.35 mEh, while the same 

difference with CMOs is 1.39 mEh. We also note that the deviations from LMO individual and 

mixed models are comparable, apart from divinyl ether (difference of 0.90 mEh). 

3.7.2 Evaluation of the Amplitude Selection Schemes 

The bar plot of Figure 3.4 shows the distribution of all amplitudes (black bars) as well as 20% 

of the amplitudes selected from the SB, CB, LA, PS, and EC schemes (yellow bars). These 

amplitudes were calculated with the STO-3G basis set and using LMOs. In addition to the 

above-mentioned schemes, a distribution for 20% of randomly selected data points is also 

shown in Figure 3.4 (e) for comparison with the data driven selection schemes. The SB, CB, 

LA, PS, and EC schemes select almost all the amplitudes with considerably larger magnitudes 

as shown in Figure 3.4 (a), (b), (c), (d), and (f) respectively, whereas the random model omits 

a significant number of amplitudes with larger magnitudes. 
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Table 3.1: Average MAE (in mEh) of DDCC Models Trained with Canonical or Localized Orbitals and with Data from the 

Same Molecule (Individual Model) or with Data from All Five Molecules (Mixed Model) 

Molecule Canonical Orbitals Localized Orbitals 

Individual 

Model 

Mixed  

Model 

Individual 

Model 

Mixed  

Model 

Diethyl ether 11.90 12.41 0.67 0.77 

Divinyl ether 11.86 11.80 1.08 1.98 

Vinyl alcohol 4.22 7.17 0.34 0.46 

Methyl vinyl ether 8.36 10.34 0.76 1.29 

Propenol 7.77 9.34 0.60 0.69 

Average 8.82 10.21 0.69 1.04 
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Figure 3.4: Distribution of selected CCSD t2 amplitudes (yellow) compared with the distribution of the total amplitude space 

for (a) SB, (b) CB, (c) LA, (d) PS, (e) random, and (f) EC schemes. 
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A comparison of MAE for the calculation of energy for test conformers with different 

amplitude selection schemes with LMOs is shown in Figure 3.5. It is evident that the CB and 

PS models provide an accuracy below 1 kcal/mol with only 5% of the total amplitudes. Models 

with the LA approach provide an accuracy below 1 kcal/mol error with 9.81% of the total 

amplitudes. Both SB and randomly selected amplitude models have an accuracy below 1 

kcal/mol with 20% of the total amplitudes. Overall, with LMOs, all schemes achieve less than 

1 kcal/mol accuracy with a significantly lower number of amplitudes. Interestingly, the CB, 

LA, and random-amplitude models converge to the accuracy of the all-amplitude model as the 

number of training data points systematically approaches the full amplitude space (100%). SB 

models approach a plateau at around 60% of the total amplitude. We would also like to note 

that the PS model with LMOs has the best performance across all different amplitude 

percentages, from 5 to 90% (vide infra). On the contrary, all CMO models with amplitude 

selection failed to achieve below 1 kcal/mol accuracy (see Supporting Information, Section S-

VII, in Appendix I). An important observation is the behavior of the LA models, which achieve 

significantly less error (6.95 mEh) than the all-amplitude model (10.19 mEh) at 18% of the total 

amplitudes, but the error gradually increases and approaches asymptotically the all-amplitude 

model when the number of amplitudes increases.  

Next, we performed an analysis to investigate the effect of the number of bins on the accuracy 

of SB and CB models with LMO formalism. Results of this analysis are listed in the Supporting 

Information, Section S-VIII in Appendix I. The best number of bins for SB models was 300 × 

300 bins and that for CB models was 50 bins. These results will be used for the calculations 

with the cc-pVDZ basis set.  

The behavior of the LA models shows an interesting pattern. Errors from LA models are large 

at low data percentages (less than 10% of the total data points used for training). This large  
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Figure 3.5: MAE vs percentage of amplitudes selected for SB (blue), CB (orange), LA (yellow), EC (brown), and PS (green) 

schemes. MAE for the random selection approach was also depicted in gray. CCSD amplitudes for training and testing were 

calculated using the STO-3G basis set and LMO formalism. 
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error can be attributed to neglecting contributions from a large number of amplitudes for the 

correlation energy calculation. The accuracy is increased when more amplitudes are added 

(15%). Upon incremental addition above 20%, the errors start to increase and asymptotically 

reach the error of the allamplitude model. Thus, with 15% of the total number of amplitudes, 

we avoid overfitting of the DDCCSD/LA model. This is visually shown in Figure 3.3, where 

the R2 value between all MP2 and CCSD amplitudes is 0.9330, which increases to 0.9943 when 

only the large amplitudes are considered.  

The EC scheme shows behavior similar to that of the LA scheme. At low percentages, the error 

is significantly high due to a lack of an adequate number of amplitudes to account for the 

accurate estimation of the total correlation energy. 

The EC scheme approaches the lowest error of 0.363 mEh with only 14.3% (when the cutoff is 

1 × 10-7 mEh) of the total amplitudes. Upon further addition of amplitudes, the MAE increases 

asymptotically due to overfitting and eventually approaches the all-amplitude model error 

when 42.9% (cutoff is 1 × 10-9 mEh) of the total amplitudes are used.  

Models trained with PS schemes at low percentages (between 5 and 20%) predict the CCSD 

energy with greater accuracy than the other schemes considered in this study. Further addition 

of amplitudes above 30% does not deviate from the accuracy of the all-amplitude model, and 

the highest accuracy for the PS scheme is at 60% (0.523 mEh). The PS scheme has the lowest 

range of variation of MAE, thus, it is the most consistent scheme out of all the amplitude 

selection schemes we have used for STO-3G.  
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3.7.3 Basis Set Effects 

 Next, we explored basis set effects by keeping the same hyperparameters (e.g., number of bins 

and amplitude percentage) as they were obtained from the smaller STO-3G basis set. For 

example, the percentages for the CB and SB models were 5% and 20%, respectively, since 

those were the lowest percentage values that provided MAEs below 1 kcal/mol. The number 

of bins used in the CB and SB models was 50 and 300 × 300, respectively. For the LA model, 

a cutoff value of 1 × 10-4 was applied since the model with 1 × 10-4 cutoff provides the lowest 

error for the STO-3G basis set.  

MAEs for models trained with SB, CB, LA, EC, and PS schemes calculated with the cc-pVDZ 

basis set are shown in Figure 3.6, together with the MAE between MP2 and CCSD correlation 

energies (45.04 mEh, see bar with label “MP2”). The model trained with 5% of the total 

amplitude space using the CB approach has an MAE of 11.68 mEh, while the SB model with 

20% of amplitudes has an MAE of 10.06 mEh. Additional models that utilize larger data 

percentages of the total amplitudes were trained (CB with 20%, 30% with SB), but the accuracy 

remained close to or above 10 mEh (10.55 and 9.941 mEh for CB and SB, respectively). Since 

the addition of larger amounts of training data (larger percentages) increases the computational 

effort without decreasing the model deviations, we are not considering the CB and SB 

approaches in the following Sections.  

As mentioned above, the first model for the LA approach with the cc-pVDZ basis set was 

trained using the cutoff value for the best LA model for the STO-3G basis set (1 × 10-4). 

CCSD energies were predicted with an accuracy of 2.447 mEh using only 4.65% of the 

amplitudes with this model. Next, models were trained and tested with the LA approach by 

using different cutoff values to identify the best value for the ccpVDZ basis set (see Table 3.2,  
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Figure 3.6: Bar plot with the MAEs for models trained with SB, CB, LA, EC, and PS schemes calculated with the cc-pVDZ 

basis set. The difference between MP2 and CCSD correlation energies is shown as MP2 (left bar). The 1 kcal/mol threshold is 

indicated by a horizontal line. 
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left column). As the number of amplitudes is decreased by increasing the cutoff, the MAE 

increases. A smaller cutoff increases the number of amplitudes for training and testing but the 

MAE also increases (∼8.8 mEh). Therefore, from this analysis, we found that the accuracy of 

the models converges at the 1 × 10-4 cutoff. Similar behavior for MAE was observed for STO-

3G models (Figure 3.5).  

The EC model that was tested with a pcutoff of 99.15% of the total MP2 correlation was able to 

provide the lowest errors (see the middle column of Table 3.2). This model was able to predict 

the CCSD energy with an error of 1.288 mEh.  

For the PS approach, the model trained with 60% of the total amplitudes resulted in a large 

deviation (117.160 mEh). To further evaluate the performance at lower percentages of 

amplitudes, we trained models with the PS approach from 1 to 10% (see Table 3.2, right 

column), and the lowest MAE (2.674 mEh) was achieved with only 6% of the total number of 

amplitudes. Therefore, the PS offers a useful roadmap for avoiding model overfitting.  

We selected the best scheme from the cc-pVDZ basis set calculations, which is the EC scheme, 

for the aug-cc-pVDZ basis set calculations. The results for the aug-cc-pVDZ basis set with 

different cutoff values are summarized in Table S7 of the Supporting Information, Section S-

IX in Appendix I. The average difference between MP2 and CCSD correlation energy for the 

aug-ccpVDZ basis set is 42.532 mEh. The EC model was trained using 4.47% of the total 

number of amplitudes (amplitudes with |𝑒𝑖𝑗(𝑀𝑃2)
𝑎𝑏 | greater than 1 × 10-8Eh). The best cutoff for 

testing the EC model was 98.8%, and the MAE for this cutoff is 1.946 mEh. 

3.8 Conclusions 

The DDCC model offers an alternative approach to the acceleration of CC theory. As the system 
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Table 3.2: MAE (in mEh) calculated for LA, EC and PS schemes with different cutoff values (cc-pVDZ basis set). Cutoff 

values for the LA scheme are set for the magnitude of MP2 amplitudes, whereas the cutoff for the EC scheme are set for the 

correlation energy of each datapoint. For the PS scheme, cutoffs are the percentages of datapoints selected from the total 

amplitude space. The percentage of amplitudes selected for training EC scheme models were fixed at 5.76% of the total number 

of amplitudes. 

LA Scheme EC Scheme PS scheme 

Cutoff MAE  Percent 

amplitudes 

pcutoff MAE  Cutoff 

(percent) 

MAE  

1×10-2 493.563 0.003 99.1% 1.406 2% 5.253 

1×10-3 112.333 0.330 99.15% 1.288 4% 3.027 

1×10-4 2.447 4.654 99.2% 1.370 6% 2.674 

1×10-5 8.837 21.801 99.25% 1.565 8% 6.850 

1×10-6 8.754 49.024 99.3% 1.953 10% 10.501 
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and basis set sizes increase, the number of training data that are needed increases and eventually 

becomes the bottleneck for the application of DDCC to larger molecular systems. The main 

objective of this study was the t2 amplitude space truncation, an important task that can reduce 

the required quantum chemical data and training time, while also increasing model accuracy. 

For this purpose, we introduced five amplitude selection schemes that can be grouped into two 

categories. The first category includes “data-driven” schemes such as the SB, the CB, and the 

PS. The second category contains two schemes that are based on chemical arguments and in 

particular on the two-electron excitation parameter t2 (LA) or the two-electron excitation 

energy 𝑒𝑖𝑗(𝑀𝑃2)
𝑎𝑏  (EC). Results obtained from the STO-3G basis set allowed us to explore the 

behavior and accuracy of these schemes as well as to refine model hyperparameters. We found 

that models that utilized 15% of the total amplitude set together with the LA, EC, and PS 

schemes were able to provide similar or better accuracy when compared with the model trained 

with all available amplitudes. These three schemes were also able to provide reasonable 

accuracy when used together with the data obtained from the cc-pVDZ basis set, but further 

assessment with the larger aug-cc-pVDZ basis set revealed that only the EC scheme was able 

to provide satisfactory results. Finally, our initial hypothesis of reduction of overfitting by 

amplitude space truncation was proven, since errors start to increase after reaching a minimum 

for all basis sets when LA and PS approaches were used. We are currently exploring physics-

based approaches that can be coupled together with the amplitude selection schemes discussed 

here that can further increase the applicability of DDCC schemes. Another future direction is 

the exploration of electron correlation effects far from the equilibrium geometries, to develop 

models with improved transferability for strongly correlated systems. 
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Chapter 4 DDCCNet: Physics-informed multitask 

leaning approach to data-driven coupled-cluster 
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4.1 Disclosure 

This section contains on going work on implementation of neural networks in DDCC. P. D. 

Varuna S. Pathirage developed three versions of data-driven coupled-cluster neural networks 

(DDCCNet) under the guidance of Professor Konstantinos D. Vogiatzis. 

4.2 Abstract 

Data-driven couped-cluster singles and doubles (DDCCSD) method aims at accelerating 

CCSD calculations using MP2 level electronic structure data with machine learning. In the 

current work we have introduced multitasking and physics-informed learning to DDCCSD via 

neural networks. Data-driven coupled-cluster neural networks (DDCCNet) models predict both 

t1 and t2 amplitudes simultaneously using multitask learning. They also improve the portability 

of the models compared to DDCCSD random forest or k-nearest neighbors models. In a 

comparison with DDCCSD random forest model, DDCCNet models showed significant 

increase in accuracy and portability, which demonstrates the effectiveness of multitasking 

learning and physics-informed workflows. 

4.3 Introduction 

A variety of methods were developed to capture the correlation energy that are missing from 

the Hartree-Fock (HF) theory such as configuration interaction (CI) theory, coupled-cluster 

(CC) theory, perturbation theory and density functional theory (DFT). Although these methods 

give more accurate description to chemical systems, due to the computational expense, 

applicability to larger chemical systems are restricted. 
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Many methods have being developed to accelerate these calculations such as resolution of the 

identity,2 local correlation methods,3-9 accelerated convergence techniques,10, 11 explicitly-

correlated methods,12, 13 tensor decomposition,14, 15 dual-basis methods,16 parallel computing 

with GPU acceleration17, 18 and machine learning.19-22 

Machine learning (ML) has gained increasing popularity in the field of quantum chemistry due 

the recent development of computational infrastructure. Recently, Aldossary et al23 categorized 

machine learning applications in quantum chemistry into four sections based on the amount of 

physics that are included in the ML workflows. The first category trains models with large 

amounts of data to predict properties of chemical systems. The second type of applications are 

machine learning potentials and force fields. These models map the interatomic interactions 

and generate potential energy surfaces to approach ab initio level accuracy. The third category 

uses machine learning to predict quantum chemical intermediates and parameters to accelerate 

the calculations. The fourth category of machine learning applications in quantum chemistry 

are ab initio methods that build the wave function using machine learning. 

The data-driven coupled cluster singles and doubles (DDCCSD) methods37 developed by 

Townsend and Vogiatzis, aims at predicting the CC singles and doubles (CCSD) two-electron 

excitation (t2) amplitudes with MP2 level electronic structure data and machine learning. These 

predicted t2 amplitudes have two major applications. The first application is using them directly 

to calculate the CCSD correlation energy. The second application is using them as initial guess 

for the iterative coupled cluster solver instead of MP2 amplitudes. In the first case we can 

obtain a better approximation to the CCSD energy than MP2 energy at the cost of MP2. The 

second approach aims at reducing the number of iterations, hence accelerating the CCSD 

convergence to obtain exact CCSD correlation energy. The first approach of DDCCSD can be 

categorized as under the fourth category in the above-mentioned categorization scheme since 
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we are building the wave function for the system using machine learning whereas the second 

approach can be categorized under the third category since we aim at accelerating the CCSD 

calculations. 

Although the initial DDCCSD models were able to predict the t2 amplitudes and gain 

acceleration for solving CCSD iteratively, application to larger chemical systems and 

complexed basis sets was hindered by the amount of training data and the distribution of the 

amplitudes. Next, we developed five schemes to select amplitudes for training and testing.39 

Out of the five schemes electron correlation (EC) scheme had the highest accuracy and large 

amplitude (LA) and probabilistic selection (PS) schemes were the next most accurate models. 

We were able to achieve below 1 kcal/mol accuracy for predicting energy for 25 conformers 

from five organic molecules that have three to five non-hydrogen atoms by coupling EC 

scheme with localized molecular orbital (LMO) implementation. In the initial DDCCSD 

models k-nearest neighbors algorithm was used. Due to testing time for k-nearest neighbors 

increasing exponentially with the number of data points, it is infeasible to use for larger 

systems. Therefore, for the study on amplitude selection schemes we used random forest 

algorithm. Although we were able to achieve greater accuracies at a lesser computational 

expense, we still have limitations with the random forest algorithm. The first limitation is the 

portability of the models. In order to achieve greater accuracies with random forest, we have 

to use models that require extensive amounts of memory. The next limitation we had with the 

random forest models is the difficulty to implement multitask learning to predict one-electron 

and two-electron amplitudes simultaneously. During the process of determining the solving the 

CCSD amplitudes, t1 and t2 amplitudes are being predicted simultaneously. Implementation of 

such a model with random forest is difficult.  
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A better solution for this is the use of neural networks. “Accurate NeurAl networK engINe for 

Molecular Energies” (ANI) family of methods22, 31, 70, 71 provides a great example for portable 

neural network machine learning models. Due to the flexibility in designing the models, 

multitask learning can be easily implemented with neural networks.92-94 Another advantage is 

the ability to implement physics-informed leaning with neural networks.95, 96 Therefore, in the 

current study we developed three versions of neural networks that use multitask learning to 

predict t1 and t2 amplitudes simultaneously. We collectively called the Data-Driven Coupled-

Cluster neural Networks (DDCCNet). DDCCNet version 3 also implements physics informed 

learning by predicting the intermediates of the CC iterative solver. We use a set of loss functions 

to implement the physics-informed learning and multitask learning that will be discussed in 

detail under the theoretical background section. 

From a comparison done using methanol molecule conformers we have seen that there is a 

significant improvement in energy prediction using DDCCNet models compared to DDCCSD 

random forest model which shows the dominance of the neural network models over the 

random forest models. 

The organization of this article is as follows: introduction to CC theory and DDCCSD, 

architecture of the DDCCNet models and loss functions are presented in theoretical 

background section. The Computational Details section contains information about data 

generation and train and test conformers. A comparison of DDCCSD random forest model and 

DDCCNet models are discussed under results and discussion section followed by concluding 

remarks. 
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4.4 Theoretical Background 

4.4.1 Residual coupled-cluster equations 

In this section we will discuss the residual t1 and t2 amplitude equations. 

A variational solution to the coupled-cluster equations for the determination of the t1 and t2 

amplitudes is non-trivial. Therefore, they are determined by solving a set of non-liner equations 

derived from projected CC equations (equations 2.13 and 2.14). 

For the ease of computation and storage, residual CC t1 and t2 amplitudes are calculated by 

determining a set of intermediates as shown in equations 4.1 and 4.2.97 

∆𝑡𝑖
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𝑎 = 𝑓𝑖𝑎 +∑𝑡𝑖
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4.2 

In the above equations, ∆𝑡𝑖
𝑎 is the residual term for t1 amplitudes and ∆𝑡𝑖𝑗

𝑎𝑏 is the residual term 

for t2 amplitudes. The terms 𝐷𝑖
𝑎 and 𝐷𝑖𝑗

𝑎𝑏 are the difference of energies for occupied and virtual 

orbitals given as: 
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𝐷𝑖
𝑎 = 𝜀𝑖 − 𝜀𝑎 

4.3 

𝐷𝑖𝑗
𝑎𝑏 = 𝜀𝑖 + 𝜀𝑗 − 𝜀𝑎 − 𝜀𝑏, 

4.4 

where 𝜀𝑝 is the energy of the pth spin orbital. 

For the calculation of residual t1 and t2 amplitudes, we need to derive a set of intermediates. 

The expressions for those intermediates are given below. 
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𝜏̃𝑖𝑗
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1

2
(𝑡𝑖
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𝑏𝑡𝑗
𝑎) 4.12 

The permutation operator 𝑃−(𝑖𝑗) used above can be defined as, 

𝑃±(𝑝𝑞) = 1 ± Ƥ(𝑝𝑞) 
4.13 

Ƥ(𝑝𝑞) permutates p and q. 

Additionally, there is another intermediate calculated during the process of determining ∆𝑡𝑖𝑗
𝑎𝑏 

that arises due to the spin-factorization of 𝑊𝑚𝑏𝑒𝑗.  
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4.14 

We use these intermediates as targets for each of the blocks when implementing physics 

informed learning which will be discussed in the next Section. 

4.4.2 Data-driven coupled-cluster neural networks (DDCCNet) 

In the current study, we have developed three different types of neural networks to predict 

CCSD t1 and t2 amplitudes based on the MP2 level-electronic structure data. Main goal of these 

neural networks is to implement multitask learning in predicting the t1 and t2 amplitudes. When 

solving the CC iterative equations, the t1 and t2 amplitudes are calculated simultaneously. This 

is the reason behind using multitask leaning. We collectively term these neural networks 

DDCCNet.  
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The first version consists of two separate linear networks to predict the t1 and t2 amplitudes. 

These networks are being updated using a combined loss function to implement the 

interdependency of these models. Second version in the second version of DDCCNet, the 

feature vector is partitioned into four sections and four different linear networks are being used 

to predict t1 and t2 amplitudes. In the third version of DDCCNet we are using separate linear 

networks to predict the intermediates of t1 and t2 amplitudes. Later we combine them to predict 

the t1 and t2 amplitudes. The architectures, hyperparameters and the loss functions that were 

used are described in the following sections. 

DDCCNet version1 (DDCCNet_v1) - Multitask Evaluation 

Consists of two separate neural networks with seven linear layers to predict the t1 and t2 

amplitudes separately (Figure 4.1).  Each hidden layer consists of 196 nodes. 

A set of 30 features were used for t2 prediction and 14 features were used for t1 amplitude 

prediction. 

DDCCNet version2 (DDCCNet_v2) 

For the DDCCNet version 2 we change the T1 and T2 block with two neural networks that has 

the architecture shown in Figure 4.2. Here for the linear layer block, we use seven linear layers 

with 196 nodes in each hidden layer. 

For these models the feature space is partitioned into four sections. 

• Orbital-based features: Orbital energies, One electron, Coulomb and Exchange 

contribution to orbital energies 
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Figure 4.1: Architecture of DDCCNet version 1. 
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Figure 4.2: Architecture of t1 and t2 block of the DDCCNet version 2. 
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• Orbital-orbital related features: Coulomb and exchange integral between occupied 

and virtual orbitals and log values of their magnitudes 

• MO vector: Atomic orbital coefficients for the molecular orbitals. Here a maxpooling 

layer is used to keep the input for the model constant.  

• Amplitude based: MP2 amplitude, Difference of orbital energies, two electron-

integral, sign of the MP2 amplitude, whether the electrons are excited to the same 

virtual orbital and log value of the magnitude of the MP2 amplitude 

Features of each separate section goes through separate linear block. Then the output from each 

linear block is combined (summed) and passed through a combined block with architecture 

similar to the linear block. Here we include the amplitude-based features as a skip connection 

since those are the features with a higher correlation with the amplitude values. 

DDCCNet version3 (DDCCNet_v3) 

The major difference of this version of DDCCNet is the implementation of physics-informed 

learning. 

For the DDCCNet version 2 we change the T1 and T2 block with two neural networks that has 

the architecture shown in Figure 4.3. Here for the linear layer block, we use seven linear layers 

with 196 nodes in each hidden layer. 

In these models we use separate blocks to determine the contribution to the amplitudes by each 

intermediate (equations 4.5, 4.6, 4.7, 4.8, 4.9, 4.10, 4.11, and 4.14) calculated in the coupled 

cluster iterations. Then those values are being combined and passed through amplitude 

prediction block to obtain predictions for t1 or t2 amplitudes.   
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In the T2 prediction head for DDCCNet version 3, we have five intermediate blocks for the 

intermediates calculated for the calculation of the t2 amplitudes. In the T1 prediction head we 

have included three intermediate blocks. 

For DDCCNet version 3 we use features that are highly correlated with the amplitudes instead 

of the 30-dimensional features. 

For the T2 prediction head and for the prediction for 𝑡𝑖𝑗
𝑎𝑏 amplitude we use, 

• 𝑡𝑖𝑗
𝑎𝑏 MP2 amplitude 

• 〈𝑖𝑗‖𝑎𝑏〉 : two electron-integral 

• Reciprocal of the orbital energy differences 

• 𝑡𝑖
𝑎𝑡𝑗

𝑏: multiplication of the t1 amplitudes. These t1 amplitudes are calculated with MP2 

t2 amplitudes 

• 𝑡𝑖𝑗
𝑎𝑏+𝑡𝑖

𝑎𝑡𝑗
𝑏 

For the T1 prediction head we use three features to predict 𝑡1 amplitude. 

• 𝑡𝑖
𝑎 value calculated with MP2 t2 amplitudes. 

• Reciprocal of the orbital energy differences of occupied and virtual orbital. 

• 𝑓𝑖
𝑎: Fock matrix element  

Loss Functions 

For DDCCNet versions 1 and 2 use three loss functions combined to update the models. The 

first type loss function accesses the t1 and t2 values of the individual prediction blocks 

(Equations 4.15, 4.16, 4.17, and 4.18).  Loss functions in equation 4.19 and 4.20 are the ones 
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that combine both t1 and t2 amplitudes. These two loss functions serve as the convergence 

criteria for the CCSD iterative solver. 

𝑀𝑆𝐸𝑡1 =
∑(𝑡1 − 𝑡1

′)2

𝑛𝑡1
 

4.15 

𝑀𝑆𝐸𝑡2 =
∑(𝑡2 − 𝑡2

′ )2

𝑛𝑡2
 

4.16 

𝑀𝐴𝐸𝑡1 =
∑|𝑡1 − 𝑡1

′ |

𝑛𝑡1
 

 

4.17 

𝑀𝐴𝐸𝑡2 =
∑|𝑡2 − 𝑡2

′ |

𝑛𝑡2
 

4.18 

𝑅𝑆𝑆 = √∑(𝑡1 − 𝑡1
′)2 +∑(𝑡2 − 𝑡2

′ )2 
4.19 

𝑀𝐴𝐸𝑐𝑜𝑟𝑟 = |𝐸𝑐𝑜𝑟𝑟 − 𝐸𝑐𝑜𝑟𝑟
′ | 

4.20 

Here 𝑡1
′  and 𝑡2⁡

′ are the predicted t1 and t2 amplitudes and 𝑡1 and 𝑡2 are the exact CCSD t1 and t2 

amplitudes. Total number of t1 and t2 amplitudes in a batch are denoted by 𝑛𝑡1 and 𝑛𝑡2 

respectively. 

For DDCCNet version 1 we use three loss functions each for the T1 and T2 blocks: 

The loss function for T1 block is,  

𝑇𝑜𝑡𝑎𝑙⁡𝐿𝑜𝑠𝑠𝑡1
𝑣1 = 𝑀𝑆𝐸𝑡1 + 𝑅𝑆𝑆 +𝑀𝐴𝐸𝑐𝑜𝑟𝑟 

4.21 
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Figure 4.3: Architecture of DDCCNet_v3, where a) shows the architecture of the t2 prediction head and b) shows the 

architecture of the t1 prediction head. 
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Similarly, the loss function for T2 block of DDCCNet version 1 is, 

𝑇𝑜𝑡𝑎𝑙⁡𝐿𝑜𝑠𝑠𝑡2
𝑣1 = 𝑀𝑆𝐸𝑡2 + 𝑅𝑆𝑆 +𝑀𝐴𝐸𝑐𝑜𝑟𝑟 

4.22 

However, upon hyperparameter search we determined that best loss functions for DDCCNet 

version 2 are 𝑀𝐴𝐸𝑡1 and 𝑀𝐴𝐸𝑡2 instead of 𝑀𝑆𝐸𝑡1 and 𝑀𝑆𝐸𝑡2 respectively. Therefore, the total 

loss functions for t1 and t2 are, 

𝑇𝑜𝑡𝑎𝑙⁡𝐿𝑜𝑠𝑠𝑡1
𝑣2 = 𝑀𝐴𝐸𝑡1 + 𝑅𝑆𝑆 +𝑀𝐴𝐸𝑐𝑜𝑟𝑟 

4.23 

𝑇𝑜𝑡𝑎𝑙⁡𝐿𝑜𝑠𝑠𝑡2
𝑣2 = 𝑀𝐴𝐸𝑡2 + 𝑅𝑆𝑆 +𝑀𝐴𝐸𝑐𝑜𝑟𝑟 

4.24 

Since we predict the outcome of each individual output from intermediate blocks for DDCCNet 

version 3 with the aim of making the model physics-informed, we add additional loss functions 

to the T1 and T2 blocks. 

𝑀𝑆𝐸𝐼 =
∑(𝐼 − 𝐼′)2

𝑛𝐼
 4.25 

Here 𝐼 denotes the value of the intermediate and 𝐼′ denotes the predicted value of the 

intermediate. The number of intermediates per batch is denoted by 𝑛𝐼 

The total loss function for T1 and T2 blocks can be denoted as follows. 
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𝑇𝑜𝑡𝑎𝑙⁡𝐿𝑜𝑠𝑠𝑡1
𝑣3 = 𝑀𝑆𝐸𝑡1 + 𝑅𝑆𝑆 +𝑀𝐴𝐸𝑐𝑜𝑟𝑟 +∑𝑀𝑆𝐸𝐼

𝑡1 
4.26 

𝑇𝑜𝑡𝑎𝑙⁡𝐿𝑜𝑠𝑠𝑡2
𝑣3 = 𝑀𝑆𝐸𝑡2 + 𝑅𝑆𝑆 +𝑀𝐴𝐸𝑐𝑜𝑟𝑟 +∑𝑀𝑆𝐸𝐼

𝑡2 
4.27 

We are using the ReLU activation function and 10-6 as the learning rate for all the DDCCNet 

versions. 

Large amplitude scheme 

Due to the large number of amplitudes generated for training and testing and the distribution 

of the amplitudes, we faced two major difficulties with the initial DDCCSD models. The first 

problem we faced was the difficulty to handle large amounts of data and when training and 

storing machine learning models and the second problem is the overfitting of machine learning 

models due to large number of amplitudes clustered closer to zero. As a solution to these 

problems we have developed five data selection techniques in our previous work.39 The most 

accurate technique among them was the electron correlation (EC) scheme. In this scheme we 

use a cutoff to the magnitude of the MP2 electron correlation captured by an amplitude. The 

second most accurate model was the large amplitude (LA) scheme. In LA scheme instead of 

applying the cutoff to the electron correlation, the cutoff is applied to the magnitude of the MP2 

amplitude. Due to the ease of implementation of the LA scheme compared to EC scheme, we 

have used LA scheme for the current study. 

We also use the symmetry of the amplitudes, 
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𝑡𝑖𝑗
𝑎𝑏 = 𝑡𝑗𝑖

𝑏𝑎 4.28 

By using this relationship, we can reduce the number of amplitudes for training and testing 

from 𝑛𝑡2 to 
𝑛𝑡2+√𝑛𝑡2

2
 per molecule before applying LA scheme.  

4.5 Computational Details 

The Psi4Numpy56 software package was used to perform quantum chemical calculations and 

feature and target extraction. The first part of this study compares the performance of DDCCSD 

random forest models and three versions of DDCCNet. The training set for this study consists 

of 50 conformers of methanol and the test set consists of 25 conformers of methanol. The 

models were trained and tested using localized molecular orbitals (LMOs) and cc-pVDZ basis 

set was used. 

The hyperparameters for the random forest model used in the comparison were determined in 

our previous study.39 We use 350 estimators (trees), with mean square error loss function and 

minimum sample split of two. We use Sci-kit learn package57 to train the random forest models 

and Pytorch98 to train DDCCNet models. 

For testing the accuracy of the DDCCNet architectures, here we train models to predict the 

energies of CO2 dimers. In this case we use 50 conformers of CO2 dimers to train the models 

and test with 25 conformers of CO2 dimers. These dimers were created with LAMMPS99 

software at 300 K temperature using GROMOS_54A7100, 101 forcefield. We use cc-pVDZ basis 

set and for this study and due to the large number of t2 amplitudes, we use LA scheme with a 

cutoff value of 110-4 discussed in the previous section to select amplitudes for training and 
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testing. In order to determine the transferability of the DDCCNet models we tested the models 

trained with the above mentioned 50 CO2 dimers with five CO2 trimer conformers generated 

using the LAMMPS software and GROMOS_54A7 forcefield at 300K. 

4.6 Results and Discussion 

4.6.1 Comparison of DDCCSD random forest and DDCCNet models 

The first part of our study is to compare the results of DDCCSD random forest model with 

different DDCCNet versions. Here we compare the mean absolute errors of the CC correlation 

energy as given by the following equation. 

𝑀𝐴𝐸 =
∑ |𝐸𝐶𝐶𝑆𝐷

𝑐𝑜𝑟𝑟 − 𝐸𝐷𝐷𝐶𝐶𝑆𝐷
𝑐𝑜𝑟𝑟 |𝑛

𝑛=1

𝑛
 4.29 

For this study we used 5000 epochs for training each DDCCNet model. 

Figure 4.4 (a) shows the mean absolute error for the CC correlation energy of conformers of 

methanol molecules calculated with DDCCSD random forest model and three versions of 

DDCCNet. There is a clear gain in accuracy when using DDCCNet models. The train and test 

mean absolute error for the prediction of energy using DDCCSD random forest model were 

7.561 mEh and 7.629 mEh respectively. This is more than 25 times greater than the next model 

DDCCNet_v1. The train and test mean absolute error for DDCCNet_v1 were 0.273 mEh and 

0.251 mEh respectively. When the DDCCNet net models were compared (Figure 4.4 (b)), 

DDCCNet_v3 model is the most accurate model. It has a slightly more accurate mean absolute 

error for training and testing compared to the other two versions. Mean absolute error of 

DDCCNet_v3 for testing is 0.198 mEh which is slightly more accurate than DDCCNet_v2 

(0.229 mEh) and DDCCNet_v1(0.251 mEh). According to the spread of data shown in Figure 
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4.4 (b) DDCCNet_v2 has a lower spread for train and test errors than for DDCCNet_v1 and 

DDCCNet_v3. Therefore, DDCCNet_v2 can be attributed as the most consistent method out 

of the three DDCCNet models. 

Next, we wanted to compare the performance of the DDCCNet_v3 with the number of epochs 

(Figure 4.4 (c)). Here we see, when the number of epochs increases it can be seen that the test 

mean absolute error drops to 0.149 mEh and the spread of mean absolute error decreases. 

Therefore, we can see that the accuracy and the precision of the models can be improved by 

increasing the number of epochs. 

As the next step DDCCNet was used to predict energies of CO2 molecules to access the 

applicability and the transferability of DDCCNet. 

4.6.2 CO2 dimers 

In order to study the accuracy of the DDCCNet models for the chemical systems with 

intermolecular interactions, we next applied the models to CO2 dimers. The process of 

obtaining the structures and training the models were discussed under computational details.  

For this study we used DDCCNet versions 2 and 3.  

Table 4.1 shows the comparison of test and train errors of DDCCNet version. DDCCNet 

version 2 predicts the energy with a greater accuracy than version3. Version 2 achieves 1 

kcal/mol chemical accuracy while version 3 has errors slightly above 1 kcal/mol. The 

conformers with greater energies have been identified as either having C-C distance more than 

4.0 Å or elongated C-O bond distances. 
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Figure 4.4: Results for comparing the performance of different machine learning models in predicting mean absolute error (in 

mEh). a) Bar plot that compares the train and test error for DDCCSD random forest and DDCCNet models. The inset shows 

a comparison of DDCCNet versions 1, 2, and 3. b) A box plot that compares train and test error of DDCCNet versions. c) A 

box plot that compares the mean absolute error of DDCCNet_v3 when number of epochs are increased. 
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Table 4.1: Mean absolute errors and R2 values calculated for train and test conformers of CO2 dimers. A set of 50 CO2 dimer 

conformers were used for training and 25 conformers used for testing. 

Model 

Mean absolute error 

(mEh) R2 

Train Test Train Test 

DDCCNet_v2 1.270 1.470 0.783 0.761 

DDCCNet_v3 1.370 1.839 0.800 0.715 
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Next, we tested the transferability of the models by using the same models trained with 50 

dimer conformers to test accuracy of five CO2 trimer conformers. The results are shown in 

Figure 4.5. The accuracy for version 3 model is significantly increased when the triples were 

considered. The mean absolute error for correlation energy for the trimer conformers calculated 

using DDCCNet version 2 was 4.630 mEh while that for version 3 was 0.902 mEh. From these 

results, it can be inferred that the transferability of the DDCCSD version 3 models is greater 

than version 2 models. 

4.7 Conclusions 

From the results we can see a clear improvement in accuracy with the use of multitask physics-

informed DDCCNet models. This can be attributed to the flexibility offered by neural networks 

in terms of the architecture, hyperparameters and the loss functions. There is a 25-fold increase 

in the accuracy when using DDCCNet models compared to DDCCSD random forest models. 

We also have shown that DDCCNet models can predict the correlation energies for systems 

with intermolecular interactions with the chemical accuracy of 1 kcal/mol using CO2 dimers. 

Another significant observation is the transferability of the DDCCNet version 3 when 

predicting the correlation energies for CO2 trimers achieving accuracy beyond 1 mEh.  
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Figure 4.5: Boxplot that indicates the accuracy for testing with five conformers of CO2 trimers. The models were trained with 

50 conformers of CO2 dimers. 
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Chapter 5 Perturbative triples approximation and 

prediction of two electron excitation amplitudes for 

CCSDT 
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5.1 Disclosure 

This section contains on going work in developing DDCCSD perturbative triples and 

DDCCSD exact triples methods. P. D. Varuna S. Pathirage developed the code to calculate the 

perturbative triples correlation energy from the predicted amplitudes under the guidance of 

Professor Konstantinos D. Vogiatzis. Features and exact t2 amplitudes from CCSDT/aug-cc-

pVDZ level of theory for the development of DDCCSDT model were provided to us by Dr. 

Run Li and Professor Eugene DePrince III from Florida State University. The machine learning 

models were developed by P. D. Varuna S. Pathirage under the guidance of Professor 

Konstantinos D. Vogiatzis. 

5.2 Abstract 

DDCCSD method aims at predicting the t1 and t2 amplitudes at the cost of MP2 using machine 

learning. Here we present two approaches to approximate CCSD(T) and CCSDT energies using 

the data-driven approach. The DDCCSD(T) approach uses predicted amplitudes to calculate 

the perturbative energy. We have achieved less than 1 kcal/mol accuracy for CCSD(T) energy 

predictions. The DDCCSDT approach aims at predicting t2 amplitudes for CCSDT by using 

CCSDT t2 amplitudes as the target. Therefore, we focus at approximating CCSDT energy at 

the cost MP2. 

5.3 Introduction 

Coupled-cluster singles and doubles with perturbative triples [CCSD(T)]59 is considered the 

gold standard of quantum chemistry due to the accuracy and the efficiency of the method. 

Perturbative triples term is a non-iterative approximation to the CC singles, doubles and triples 

(CCSDT). The triples perturbation energy is calculated using CCSD t1 and t2 amplitudes. 
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Perturbative triples implementation in DDCCSD will be discussed in detail in the theoretical 

background section. 

In coupled cluster theory, the correlation energy is calculated as in equation 3.1 for any level 

of truncation because the Hamiltonian operator is a two-particle operator (see Chapter Chapter 

2). Therefore, we can calculate the energies for CCSD and higher levels of truncations if their 

respective t2 amplitudes are known. Here we also present a method to predict the t2 amplitudes 

for CCSDT hence the CCSDT correlation energy can be determined. 

5.4 Theoretical Background  

5.4.1 Data-driven coupled-cluster singles and doubles with perturbative triples 

(DDCCSD(T)) 

The CCSD(T) correlation energy can be calculated with equation 5.1. 

𝐸(𝑇) =
1

36
∑ 𝑡𝑖𝑗𝑘

𝑎𝑏𝑐(𝑐)𝐷𝑖𝑗𝑘
𝑎𝑏𝑐[𝑡𝑖𝑗𝑘

𝑎𝑏𝑐(𝑐) + 𝑡𝑖𝑗𝑘
𝑎𝑏𝑐(𝑑)]

𝑖𝑗𝑘𝑎𝑏𝑐

 5.1 

Here the term 𝐷𝑖𝑗𝑘
𝑎𝑏𝑐 is the difference between occupied (i, j, k) and virtual (a, b, c) orbitals that 

can be given by 

𝐷𝑖𝑗𝑘
𝑎𝑏𝑐 = 𝜀𝑖 + 𝜀𝑗 + 𝜀𝑘 + 𝜀𝑎 + 𝜀𝑏 + 𝜀𝑐, 

5.2 

where 𝜀𝑝 is the energy of spin orbital energy p.  
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Terms 𝑡𝑖𝑗𝑘
𝑎𝑏𝑐(𝑐) and 𝑡𝑖𝑗𝑘

𝑎𝑏𝑐(𝑑) denote connected and disconnected triples amplitudes for the 

perturbative triples term (T) respectively, which can be calculated using equations 5.3 and 5.4. 

𝐷𝑖𝑗𝑘
𝑎𝑏𝑐𝑡𝑖𝑗𝑘

𝑎𝑏𝑐(𝑐) = 𝑃(𝑖 𝑗𝑘⁄ )𝑃(𝑎 𝑏𝑐⁄ ) [∑𝑡𝑗𝑘
𝑎𝑒〈𝑒𝑖‖𝑏𝑐〉 −

𝑒

∑𝑡𝑖𝑚
𝑏𝑐 〈𝑚𝑎‖𝑗𝑘〉

𝑚

] 5.3 

𝐷𝑖𝑗𝑘
𝑎𝑏𝑐𝑡𝑖𝑗𝑘

𝑎𝑏𝑐(d) = 𝑃(𝑖 𝑗𝑘⁄ )𝑃(𝑎 𝑏𝑐⁄ )𝑡𝑖
𝑎〈𝑗𝑘‖𝑏𝑐〉 

5.4 

The permutation operator 𝑃(𝑝 𝑞𝑟⁄ ) acting on function 𝑓(𝑝𝑞𝑟) can be denoted as, 

𝑃(𝑝 𝑞𝑟⁄ )𝑓(𝑝𝑞𝑟) = 𝑓(𝑝𝑞𝑟) − 𝑓(𝑞𝑝𝑟) − 𝑓(𝑟𝑞𝑝) 
5.5 

In the current work we calculate the 𝐸(𝑇) energy using the predicted amplitudes. We use the 

same 30 features as discussed in Chapter Chapter 3 for the prediction of t2 amplitudes. Once 

the t2 amplitudes are predicted one CCSD iteration is performed to obtain the t1 amplitudes. 

These t1 and t2 amplitudes are then being used to calculate DDCCSD(T) correlation energy. 

5.5 Computational Details 

All quantum chemical calculations and feature extraction were performed using Psi4Numpy56 

package and machine learning was performed using Scikit-learn57 library for python. For 

training the models to predict DDCCSD(T) energy, 20 conformers of water molecules were 

used and tested with 30 conformers of water molecules. The bond angle for the water molecules 

were fixed at 109.5° and the bonds for both train and test molecules were stretched from 0.8 – 

1.8 Å. Three basis sets were used for this study: STO-3G,82, 83 6-31G79, 80 and cc-pVDZ.84 The 

k-nearest neighbor machine learning algorithm was used. 
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5.6 Results and Discussion 

5.6.1 Predicting DDCCSD(T) energy 

Figure 5.1 shows the dissociation curves for water calculated with CCSD, CCSD(T), DDCCSD 

and DDCCSD(T) methods and the comparison between 𝐸(𝑇) and data-driven perturbative 

triples error (𝛿𝐸𝐷𝐷(𝑇)) for STO-3G, 6-31G and cc-pVDZ basis sets. 

From the dissociation curves, we can observe that the DDCCSD and DDCCSD(T) energies 

agree well with the CCSD and CCSD(T) energies around the equilibrium bond distance, while 

the energies deviate from the exact methods as the bond distance increases. Another important 

observation is the deviations of DDCCSD and DDCCSD(T) methods show same behavior 

especially when the energies deviate from their exact counterparts. The reason behind this the 

dependence of the (T) energy on the t1 and t2 amplitudes.   

In table 5.1 we list the errors from DDCCSD, DD(T), and percentage error for DD(T). Although 

the error for (T) increased from STO-3G to 6-31G to cc-pVDZ, percentage error for DD(T) 

decreased from STO-3G to cc-pVDZ. This can be explained by the comparison of the 𝐸(𝑇) and 

the 𝛿𝐸𝐷𝐷(𝑇). Since the amount of the (T) energy captured by the basis sets increase from STO-

3G to 6-31G to cc-pVDZ. This causes the percentage error to decrease although the error is 

increased.  

5.7 Conclusions 

DDCCSD(T) and DDCCSDT methods provide evidence to the fact that DDCC methods can 

expand further to estimate the energies with more accurate methods using machine learning. 

Results from the DDCCSD(T) show that the percent accuracy of the models increase with the   



83 

 

 

 

 

Figure 5.1: The dissociation curves and comparison of perturbative triples energy 𝐸(𝑇) and error for perturbative energy 

𝛿𝐸𝐷𝐷(𝑇). 
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Table 5.1: The DDCCSD mean absolute errors, DD(T) mean absolute errors and percentage (T) error calculated for 30 

conformers of water molecule for STO-3G, 6-31G, and cc-pVDZ basis sets. 

Basis set 
DDCCSD error 

(mEh) 
(T) Error (mEh) 

Percent (T) 

Error 

STO-3G 1.552 0.004 3.9% 

6-31G 0.826 0.081 2.9% 

cc-pVDZ 0.928 0.140 2.3% 
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increasing complexity of the basis set. Another observation from this study is that the accuracy 

of the DDCCSD(T) depends on the accuracy of the t2 amplitudes predicted. Therefore, although 

k-nearest neighbors algorithm provides a proof of concept, DDCCSD(T) has potential to 

improve with the more accurate models such as DDCCNet. 

Another advantage of DDCC methods is that MP2-level data can be used to predict t2 

amplitudes for any level of truncation (doubles, triples, quadruples, etc.), hence can be used to 

approximate energy for any level of truncation for CC due to the fact that CC correlation energy 

can be calculated using only the t1 and t2 amplitudes. 
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Chapter 6 

Conclusions 

In our current work we show how we address the limitations of DDCCSD method. First, by 

implementing LMOs to DDCCSD we were able to increase the accuracy of the models by ten-

fold. This can be attributed to the local nature of electronic excitations. Next, we were able to 

achieve greater accuracies at lesser training cost using five amplitude selection techniques. 

There we observed EC, LA and PS models performed significantly better than the SB and CB 

models. They also performed better than the all-amplitude model at percentages as low as 10-

40%. This can be attributed towards the ability of the techniques to prevent overfitting of the 

models. 

Then by introducing neural networks, we were able to implement multitask learning to 

DDCCSD. These DDCCNet models were able to predict both t1 and t2 amplitudes 

simultaneously. A comparison with the DDCCSD random forest models showed that 

DDCCNet models perform significantly better. In DDCCNet version 3 we were able to 

implement physics-informed learning to the DDCCNet.  

Finally, we expand the scope of DDCC models by introducing DDCCSD(T) and DDCCSDT 

approximation methods. There we showed that we can achieve the chemical accuracy for (T) 

calculations at the cost of MP2. Another key takeaway is that we can approximate CC energy 

at any level of truncation starting from the singles and doubles using DDCC method due since 

only the t1 and t2 amplitudes are required to calculate the CC correlation energy. 
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Supplementary information for chapter 3: 

Exploration of the Two-Electron Excitation Space 

with Data-Driven Coupled Cluster 

S-I. Features used for the prediction of CCSD t2 amplitudes 

List of features used for predicting the CCSD t2 amplitudes. 

1. Energy of the occupied orbital 1 (Eocc1) 

2. Energy of the occupied orbital 2 (Eocc2) 

3. Energy of the virtual orbital 1 (Evir1) 

4. Energy of the virtual orbital 2 (Evir2) 

5. One-electron contribution to energy of occupied orbital 1 (Hocc1) 

6. One-electron contribution to energy of occupied orbital 2 (Hocc2) 

7. One-electron contribution to energy of virtual orbital 1 (Hvir1) 

8. One-electron contribution to energy of virtual orbital 2 (Hvir2) 

9. Coulomb contribution to energy of occupied orbital 1 (Jocc1) 

10. Coulomb contribution to energy of occupied orbital 2 (Jocc2) 

11. Coulomb contribution to energy of virtual orbital 1 (Jvir1) 

12. Coulomb contribution to energy of virtual orbital 2 (Jvir2) 

13. Exchange contribution to energy of occupied orbital 1 (Kocc1) 

14. Exchange contribution to energy of occupied orbital 2 (Kocc2) 

15. Exchange contribution to energy of virtual orbital 1 (Kvir1) 

16. Exchange contribution to energy of virtual orbital 2 (Kvir2) 

17. Coulomb integral between occupied orbital 1 and virtual orbital 1 (Jia1) 

18. Coulomb integral between occupied orbital 2 and virtual orbital 2 (Jia2) 

19. Exchange integral between occupied orbital 1 and virtual orbital 1 (Kia1) 

20. Exchange integral between occupied orbital 2 and virtual orbital 2 (Kia2) 

21. Are the two electrons excited to the same molecular orbital. 1 for yes and 0 for no (diag) 

22. Difference between occupied and virtual orbital energies also is the denominator of the 

MP2 amplitude equation (orbdiff) 

23.  Two-electron integral between the two occupied and virtual orbitals. It is the numerator 

of the MP2 amplitude equation (doublecheck) 

24. MP2 amplitude value (t2start) 

25. Log10 of the magnitude of the MP2 amplitude (t2mag) 
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26. Log10 of the magnitudes of Coulomb integral between occupied orbital 1 and virtual 

orbital 1 (Jia1mag) 

27. Log10 of the magnitudes of Coulomb integral between occupied orbital 2 and virtual 

orbital 2 (Jia2mag) 

28. Log10 of the magnitudes of exchange integral between occupied orbital 1 and virtual 

orbital 1 (Kia1mag) 

29. Log10 of the magnitudes of exchange integral between occupied orbital 2 and virtual 

orbital 2 (Kia2mag) 

30. Sign of the MP2 amplitude. 1 if positive and 0 if negative (t2sign) 

 

S-II. Correlation matrix 

 Weights for the features of the current study were chosen to be the correlation 

coefficient between each feature and the CCSD t2 amplitude value. Figure S1 and Figure S2 

shows the heatmap of the correlation coefficient matrix for the 30 features and the CCSD t2 

amplitudes calculated for all amplitude model with STO-3G basis set80, 82. Figure S1 shows the 

heatmap of the correlation matrix calculated for localized orbital formalism whereas Figure S2 

shows the heatmap of the correlation matrix calculated for canonical orbital formalism. Last 

row (or last column) was used as the weights. Weights are calculated for each model separately 

for the respective set of selected amplitudes. 

 

S-III. Distribution of Amplitudes 

Figure S3 shows the distribution of the CCSD t2 amplitudes calculated with STO-3G, cc-pVDZ 

and aug-cc-pVDZ basis sets. Number of amplitudes are in logarithmic scale. 
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Figure S1: Heatmap for correlation coefficients calculated for the 30 features and CCSD t2 amplitudes using STO-3G basis 

set and localized orbital formalism 
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Figure S2: Heatmap for correlation coefficients calculated for the 30 features and CCSD t2 amplitudes using STO-3G basis 

set and canonical orbital formalism. 
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Figure S3: Distribution of CCSD t2 amplitudes computed with a) STO-3G basis set, b) cc-pVDZ basis set, and c) aug-cc-

pVDZ basis set. Number of amplitudes are in log scale. 
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S-IV. Hyperparameter optimization for random forest models 

Three hyperparameters were optimized for training the random forest86 ML models. These 

models were trained with Sci-Kit Learn package57 in python. 

I. Number of estimators (decision trees) 

II. The function used to calculate the goodness of a split (criterion) 

III. Minimum number of data points to split branches of a decision tree (minimum split) 

For this hyperparameter optimization, models were trained with 30 water conformers and tested 

with 100 water conformers. Features and CCSD t2 amplitudes were calculated with cc-pVDZ 

basis set.84 

The first step of hyperparameter optimization was to identify the range of number of estimators 

where each of the criteria absolute error and squared error performed best with minimum split 

of 2. Five models with each set of hyperparameters were trained and the average of the mean 

absolute error (MAE) was used as the criteria for selection of the best model. 

Form that data (Table S1), top three number of estimators for each of the two criterions were 

selected. For squared error best three number of estimators were 300 and 350 and for absolute 

error best number of estimators were 200 and 350. 

Then for each of number of estimators, 7 models were trained with 2, 5, 10, 20, 30, 40, and 50 

minimum splits.  

According to the results from this hyperparameter optimization results (Table S2), it was 

concluded that the best hyperparameters were, 
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Table S1: Average mean absolute error for models trained with 10 to 500 number of estimators for absolute error 

and squared error criteria. Models were trained and tested five times and the averages of MAEs are used as the 

criterion for selecting best models. Average MAE for top two models for each criterion, absolute error and squared 

error are bolded. 

Number of estimators Average CCSD MAE in mEh 

Absolute error Squared error 

10 2.1282 2.3982 

50 1.8768 1.9034 

100 1.8500 1.8720 

150 1.7907 2.0455 

200 1.7223 1.8293 

250 1.8008 1.8184 

300 1.8678 1.7388 

350 1.7007 1.6720 

400 1.7642 1.7826 

450 1.8315 1.7860 

500 1.8193 1.7616 
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Table S2: Average mean absolute error for models trained with top three number of estimators for squared error 

and absolute error criterion. Models were trained and tested five times and the averages of MAEs are used as the 

criterion for selecting best models. Best model with least average MAE is bolded.  

Number of estimators Criterion Minimum split Average MAE in mEh 

200 

absolute error 

2 1.7223 

200 5 2.0216 

200 10 3.7048 

200 20 10.2964 

200 30 13.5084 

200 40 15.2616 

200 50 16.4807 

350 2 1.7007 

350 5 2.0058 

350 10 3.7490 

350 20 10.3690 

350 30 13.6601 

350 40 15.2419 

350 50 16.6475 

300 

squared error 

2 1.7319 

300 5 2.1911 

300 10 3.5749 

300 20 8.9551 

300 30 12.9470 

300 40 13.4527 

300 50 20.3416 

350 2 1.6771 

350 5 2.1531 

350 10 3.5897 

350 20 8.9634 

350 30 13.0125 

350 40 13.6849 

350 50 20.0752 
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I. Number of estimators: 350 

II. Criterion: squared error 

III. Minimum split: 2 

 

S-V. Separation of amplitudes to bins in score-to-bin scheme 

Figure S4 shows the how the amplitudes were distributed for all-amplitude model for STO-3G 

with localized orbital formalism. 

S-VI. Analysis of the effect of percentage of opposite-spin MP2 correlation captured and 

the accuracy of the EC models 

The first step for this analysis is to use a common cutoff (similar to the approach used in LA 

schemes). For this approach, we trained and tested with cutoffs 1×10-7.25 mEh and 1×10-7.5 mEh 

and the MAE is calculated for each type of molecule separately (Table S3). For these 

calculations the same cutoff is used for training and testing and cc-pVDZ basis set is used.  

From this analysis it was observed that the error is minimum when the percent of MP2 opposite-

spin correlation is between 99.1 to 99.3%. There is an exception for ethenol molecule since it’s 

percent of MP2 opposite-spin correlation captured is greater than 99.5 for both cutoff values. 

As the next step, we used the model trained with 1×10-7.5 mEh cutoff and studied the variation 

of MAE with different cutoffs for percent MP2 opposite-spin correlation captured for the test 

conformers. Table S5 shows the results for these calculations. According to these results 

minimum MAE is 1.288 mEh and the MAE is below 1 kcal/mol (1.59 mEh) for the range 99.1 
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Figure S4: Distribution of the amplitudes calculated with all-amplitude model, to 100×100 bins. These amplitudes 

were calculated with STO-3G basis set and localized orbital formalism. For the purpose of better visualization, 

maximum number of amplitudes in a bin was set to 100. 
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Table S3: The MAE calculated for each type of test molecules separately using cc-pVDZ basis set 

Cutoff Average Error (mEh) 

Diethyl 

ether 

Divinyl 

ether 

Ethenol Methoxyethene Propenol Average 

1×10-7.25 4.019 0.641 3.779 2.899 0.751 2.418 

1×10-7.5 0.584 2.990 5.248 5.087 3.221 3.426 
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Table S4: MAE calculated using cc-pVDZ basis set for each type of molecule and number of amplitudes 

predicted, percent of amplitudes predicted, and percent of opposite-spin (OS) correlation captured. 

Molecule Count Percent of 

Amplitudes 

Percent of MP2 OS 

correlation captured 

MAE (mEh) 

1×10-7.25 1×10-7.5 1×10-7.25 1×10-7.5 1×10-7.25 1×10-7.5 1×10-7.25 1×10-7.5 

Diethylether 
119118 155906 2.7559 3.6071 98.9266 99.2814 4.019 0.584 

Divinylether 
99021 128336 4.1807 5.4184 99.1148 99.4237 0.641 2.990 

Ethenol 
50587 62719 14.0519 17.4219 99.5014 99.6999 3.779 5.248 

Methoxyethene 
81363 104557 6.4862 8.3352 99.1953 99.4853 2.899 5.087 

Propenol 
77202 98996 6.1545 7.8919 99.2480 99.5196 0.751 3.221 
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Table S5: Variation of the MAE with the percent of MP2 opposite-spin correlation captured by the amplitudes 

selected to be predicted. Predictions were made using a model trained with amplitudes whose magnitude of 

correlation energy is greater than 1×10-7.5. 

Cutoff 99.1 99.15 99.2 99.25 99.3 

MAE (mEh) 1.406 1.288 1.370 1.565 1.953 
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to 99.25%. Therefore, we used percent of MP2 opposite-spin correlation captured as the cutoff 

when testing for models trained with EC scheme using cc-pVDZ and aug-cc-pVDZ basis sets. 

S-VII. Results for canonical orbital (CMO) formalism 

Figure S5 depicts the MAEs for models trained with SB, CB, LA, and PS schemes. STO-3G 

basis set and canonical orbital formalism was used to calculate features and CCSD t2 

amplitudes. The EC scheme, which is a variant of the LA scheme was not used for the 

evaluation of performance with STO-3G basis set. 

S-VIII. Effect of number of bins on the MAE of SB and CB model 

To study the effect of number of bins on the accuracy of SB and CB schemes, we used 20% of 

amplitudes for SB scheme models and 5% of amplitudes for CB scheme models. These 

hyperparameters were chosen from the study done with the STO-3G basis set. A summary of 

MAE calculation for SB and CB schemes with varying bin sizes is given in Table S6. For the 

SB approach, the MAE drops drastically from 5050 to 150150 bins, while larger number of 

bins does not significantly affect the model accuracy. For the CB approach, the lowest MAE  

was found on a model that utilized 50 bins, while more bins tend to negatively affect the model 

accuracy (increased MAE). 

S-IX. Results for aug-cc-pVDZ basis set 

Results for aug-cc-pVDZ basis set with LA and EC schemes are summarized in Table S7.  
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Figure S5: Mean absolute error vs. percentage of amplitudes selected for SB (blue), CB (orange), LA (yellow), and PS (green) 

schemes. MEA for Random selection approach was also depicted in gray. CCSD amplitudes for training and testing were 

calculated using STO-3G basis set and CMO formalism. 
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Table S6: Comparison of MAE with changing bin size for SB and CB schemes. For SB scheme 20% of the total 

amplitudes were selected and for CB approach 5% of the total amplitudes were selected. Calculation of CCSD 

amplitudes was done using STO-3G basis set. 

Score to bin (SB) scheme Cluster bins (CB) scheme 

Number of bins MAE (mEh) Number of bins MAE (mEh) 

10×10 1.723 10 2.803 

25×25 2.224 25 1.088 

50×50 1.946 50 1.038 

100×100 1.292 100 1.241 

150×150 0.826 150 1.440 

200×200 0.856 200 1.483 

250×250 0.839 250 1.576 

300×300 0.791 300 1.430 
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Table S7: MAE calculated for LA, and EC schemes with different cutoff values. Features and CCSD amplitudes 

were calculated with aug-cc-pVDZ basis set. Cutoffs for LA scheme are set for the magnitude of MP2 amplitudes, 

whereas cutoffs for EC scheme are set for the correlation energy of each datapoint. The percentage of amplitudes 

selected for training EC scheme models were fixed at 4.47% of the total number of amplitudes. 

LA Scheme EC Scheme 

Cutoff MAE 

(mEh) 

Percent amplitudes Cutoff MAE (mEh) 

1×10-3 209.406 0.101 98.75% 2.011 

1×10-3.25 38.105 0.242 98.8% 1.946 

1×10-3.5 47.311 0.539 98.9% 2.013 

1×10-3.75 47.272 1.203 99.0% 2.306 

1×10-4 4.921 2.077 99.1% 2.962 

1×10-4.25 4.978 3.174 99.2% 3.787 
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S-X. Comparison of time taken to by each scheme to predict CCSD energy 

A summary of the time taken to estimate CCSD energy for a diethyl ether conformer is listed 

in Table S8. For this calculation cc-pVDZ basis set was used. For SB, CB and PS schemes 4% 

of the total amplitudes were selected. For LA scheme 4.65% of the total amplitudes were 

selected using 1×10-4 as the cutoff for the absolute value of MP2 energy. For EC scheme 5.76% 

of the total amplitudes were selected using 1×10-7.5 as the cutoff for the absolute value of the 

correlation energy of an amplitude. 
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Table S8: Comparison of the time taken to estimate DDCCSD energy with different schemes are shown. Time 

gain is the difference between time taken for exact CCSD calculation and DDCCSD calculation. Absolute 

difference between the exact CCSD energy and DDCCSD energy is given as the error. 

Scheme 
Time (s) 

Error (mEh) 

MP2 DDCCSD CCSD Time gain 

SB 95.916 129.098 169.431 40.334 11.822 

CB 97.946 139.649 163.781 24.131 13.511 

PS 99.915 130.756 168.955 38.199 12.371 

LA 97.190 113.704 168.556 54.852 2.864 

EC 100.957 119.591 172.599 53.009 0.918 
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