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INTRODUCTION

The Loewner Differential Equation provides a correspondence between continuous,

real-valued functions and certain growing families of sets in the upper half of the

complex plane. When the real-valued function is Brownian motion, this correspon-

dence is known as Schramm-Loewner evolution, and has been studied extensively

in probability theory. Weierstrass functions share many important properties with

Brownian motion, and in [5] the authors study an analog of Schramm-Loewner evo-

lution using a particular Weierstrass function. As an extension of the later work,

this thesis explores the Loewner Equation numerically and the Weierstrass function

analytically, with the aim of advancing the study of each.

A classical result which is foundational for our work is that is that any continuous

function corresponds to a connected set in the upper half plane via the Loewner

Equation. In [5], the authors state and prove results about the characterization

of these sets. In particular, they relate a Hölder continuity modulus of the Weier-

strass function to two different phases for connected the sets: simple curves and

non-simple curves. Numerical simulations suggest the existence of a third phase,
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that of space-filling curves, and the work of this thesis contains some initial steps

toward studying that question.

The thesis is roughly divided as follows. In chapter one, we introduce the Loewner

equation and describe the correspondence it provides between continuous functions

and curves in the upper half plane. We also state some relevant theorems. In chap-

ter 2, we derive algorithms for simulating the curves given by the correspondence.

We also demonstrate results from the author’s own simulation program ([1]). Fi-

nally, in chapter 3, we take a closer look at Weierstrass functions, and establish

bounds on them, as generalizations of the work in [5].
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Chapter 1

The Loewner Equation

1.1 Definitions and Examples

We begin by introducing the Loewner differential equation and some basic defini-
tions that will be used throughout.

Definition 1.1.1. Let λ be a continuous mapping from the time interval [0, T ] into
R and z0 ∈ H\{λ(0)}, where H = {x+ iy | y > 0} is the upper half of the complex
plane. The form of the Loewner Differential Equation we consider is defined to be
the initial value problem

d

dt
z(t) =

2

z(t)− λ(t)
(1.1.1)

with initial condition z(0) = z0. The existence and uniqueness theorems from ele-
mentary differential equations guarantee that a unique solution z(t) to (1.1.1) will
exist so long as the denominator does not vanish. This motivates another definition.

Definition 1.1.2. Let Kt :=
{
z0 ∈ H | z(s) = λ(s) for some s ∈ [0, t]

}
. That is, Kt

is the set of all initial values that eventually lead to a singularity in (1.1.1). Observe
that if t ≤ u then Kt ⊆ Ku. We call this growing set Kt the hull at time t.

The hull may be thought of in the following manner. The curve z (t), which depends
on λ (t), begins at the initial value z0 and extends, for some time, throughout the
upper half plane. The function λ (t) on the other hand, always remains on the
real axis. If z0 ∈ H then z (t) will remain in H unless it becomes equal to λ (t).
This is not obvious; it follows from a perspective of conformal maps, which we will
introduce later. If instead z0 ∈ R then (1.1.1) implies that it will remain in R,
and that it will move away from λ (t). If λ (t) then moves quickly enough, it may
actually catch up to z (t). In either case, whenever z (t) and λ (t) coincide, z0 is
added to the hull. Because of this relationship, we will refer to λ (t) as the driving
function, since it drives z(t) throughout the upper half plane and possibly across
the real axis. If λ (t) does catch up to z (t) at some time s, then we say the initial
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value z0 is captured at time s.

A simple example is nonetheless instructive.

Example 1.1.3. Suppose λ (t) is identically 0. Writing z (t) = x (t) + iy (t), equa-
tion (1.1.1) becomes

x′(t) + iy′(t) =
2

x (t) + iy (t)

Upon which,

x′(t) + iy′(t) =
2 (x (t)− iy (t))

(x (t))2 + (y (t))2
.

So

Re z′(t) =
2 Re z (t)

|z (t)|2
(1.1.2)

Im z′(t) =
−2 Im z (t)

|z (t)|2
. (1.1.3)

Thus initial values z0 ∈ H \ {λ(0)} move strictly down. They move strictly to the
left if their real part is negative and strictly to the right if their real part is positive.
If their real part is 0 then they move precisely down the imaginary axis, toward the
origin where λ (t) sits. In this case (1.1.3) becomes separable, and we can solve it
on [0, t] to obtain y (t) =

√
y2(0)− 4t. Thus if y(s) = λ(s) = 0 for some s ∈ [0, t]

then z(0) = y(0) = 2
√
s. Hence Kt =

{
iy | 0 ≤ y ≤ 2

√
t
}

is a vertical line segment

starting at the origin with length 2
√
t. An image of the hull created by our program

appears in figure 1.1 below.

Figure 1.1: Example 1 Hull
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1.2 Hull Behavior

The hull is precisely the set we referred to in the introduction, which corresponds
to the real valued λ (t) via the Loewner equation. In the first section we thought of
the hull as a single set which grows in time. Another useful way of conceptualizing
the situation is to consider the family of hulls {Kt}t∈[0,T ] for each fixed t. For t
fixed, we can let z vary and define

gt(z) := zt, where z0 = z.

In the example from section 1.1, the hulls Kt were all simple curves. The hulls may
be non-simple (curves that hit back once on themselves) or even space filling for
certain driving functions. The following is true of the hulls in general.

Theorem 1.2.1. Let λ be a continuous on an interval [0, T ] and fix t ∈ [0, T ].
Then the hull Kt generated by λ (t) is connected. Furthermore, gt(z) is a conformal
mapping from H \Kt onto H.

The term “conformal mapping” will be defined in the next section. At present the
important takeaway from this theorem is that, for each fixed time t, the solution gt
to the Loewner equation maps the set of all points which have not been captured
onto the upper half plane in a way that preserves the geometry. In particular,
boundaries map to boundaries.

This result 1 motivates much of our study of the hull. In some ways, the hull is being
encoded (via gt) into the real-valued function λ (t). The interest is in studying how
this encoding works. Can we detect properties of the hull from properties of λ (t)?
The current answer to this question is “yes, sometimes.” We need some preliminary
definitions.

Definition 1.2.2. Let f be a real valued function defined on some set X ⊆ R. If
there are real numbers C and α > 0 such that

|f(x)− f(y)| ≤ C |x− y|α

for all x, y ∈ X, then we say f is Hölder continuous with exponent α on X.

We will be interested in a special case of Hölder continuity with α = 1/2. Suppose
f : X → R is Hölder continuous with α = 1/2, and let M be the smallest number

such that |f(x)− f(y)| ≤ M |x− y|
1
2 . This induces a norm on the vector space

of all functions on X which are Hölder continuous with α = 1/2. We will denote

1For a proof of this theorem see G. Lawler’s “Conformally Invariant Processes in the Plane”,
Sec. 4.1
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this space as H1/2 (X) and the norm as ‖f‖1/2. We are ready to state some hull
characterization theorems.

Theorem 1.2.3. ([5]) If λ ∈ H1/2 ([0, T ]) with ‖λ‖1/2 < 4 then the hulls generated
by λ are all simple curves contained H ∪ {λ (0)}.

Note that in general the converse is not true. A counter example given in [3] is
λ (t) = c

√
t, for c ≥ 4, which does generate simple curves.

Another theorem relates a similar criterion to space-filling hulls.

Theorem 1.2.4. ([6]) There is some constant c > 4 such that if ‖λ‖1/2 < c then
the hulls generated by λ are not space-filling.

These results prompt us to turn to numerical simulation of the hull. We know that
phase transitions in the hulls do exist, but we do not know exactly where they are.
Ideally, numerical approximations will give us a good idea.
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Chapter 2

Simulating Loewner Flow

Theoretically, it is easy to describe the criterion for a point z0 to be captured by a
given driving function λ. That is, z0 is captured precisely when z (t) = λ (t) in the
Loewner equation (1.1.1). When λ is a constant, as in example 1.1.3, the Loewner
equation becomes separable, and an analytic solution is easily derived. However for
an arbitrary driving function, including most of the ones which are of interest to
us, a general solution to the Loewner equation is not available. For this reason, we
turn to numerical simulation. But immediately we face several obstacles. For one,
we must find a reliable way to simulate the Loewner flow that does not break down
once points are captured, by avoiding divisions by extremely small quantities.

2.1 The Forward Euler Approximation

In the world of numerical analysis, the Loewner equation is not actually all that
complicated. There exist several numerical methods we could employ to obtain
an approximate solution. But for reasons that will soon become clear, we will use
perhaps the most basic one: the Forward Euler method. We derive it as follows.

Let tk denote the kth time step of the approximation. Assume the change in time
at each step is constant and denote this change by ∆t. The equation of the line
φ(t) tangent to z(t) at the point (tk, z(tk)) is given by

φ(t)− z(tk) = z′(tk)(t− tk) = z′(t)∆t.

But z′(tk) is given by the Loewner equation. Set z(tk+1) = φ(t) and make these
substitutions to obtain

z(tk+1) = z(tk) +
2∆t

z(tk)− λ(tk)
.
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This yields the Forward Euler method, and is our approximation formula for z (t).
This is known as a first order method, meaning that the total error at any given
iteration is approximately proportional to ∆t. This is not ideal, but it is necessary
for our approach. So why do we choose to approximate the Loewner flow in such
a simple way? To answer this question we need to review some basic theory of
complex functions.

Definition 2.1.1. Let A be an open subset of C. A function f : A→ C is said to
be conformal if it is analytic and injective on all of A.

If a mapping is conformal then it can be thought of as a function which preserves
the “essence” of shapes in its domain, even though it may rotate or stretch them.
A useful property of conformal maps is given by the next lemma.

Lemma 2.1.2. The composition of two conformal maps defined on appropriate
domains is again conformal.

Proof Suppose f : U → W and g : W → Y are conformal maps. Thus f and g
are analytic and injective. The composition of two injective maps is injective. By
the chain rule g ◦f is analytic with (g ◦ f)′ (z) = g′(f(z))f ′(z), which completes the
proof.

Now we are ready to demonstrate the utility of our Loewner approximation. Let t
be fixed and set c := λ (t). Recall the shorthand for an open ball with radius r and
center z0, B(r, z0) = {z ∈ C : |z − z0| < r}.

Theorem 2.1.3. The Forward Euler approximation given previously is a conformal
map from H \B(

√
2∆t, c) to H. It is continuous on the closure of the domain, and

it maps points to the real line if, and only if, they lie on the boundary of the domain.

Proof
We will recover our approximation as a composition of conformal maps that are
easier to work with individually, since their composition will again be conformal
(lemma 2.1.2). Set

f1(z) := z
√

1
2∆t

f2(z) := z − c
√

1
2∆t

f3(z) := z + 1
z

f4(z) = z + c
√

1
2∆t

and

f5(z) := z
√

2∆t.

For now we leave the domain and codomains of the fi unspecified. A bit of algebra
shows that our approximation is the composition

f5 ◦ f4 ◦ f3 ◦ f2 ◦ f1.
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It will suffice to examine image of H \B(
√

2∆t, c) under the composition, piece by
piece. The claims about conformality and continuity will follow.

Starting from the right, the first map dilates the domain by the factor 1√
2∆t

. This

maps ∂(B(
√

2∆t, c) ∩ H) to ∂(B(1, c√
2∆t

) ∩ H). It leaves points outside the upper

half circle in H. The map is trivially bijective. Thus, f1 : H \ B(
√

2∆t, c) �
H \B(1, c√

2∆t
). Observe that f1(z) is real if, and only if, z is real.

The next map shifts the domain to the left by c√
2∆t

. This maps ∂(B(1, c√
2∆t

) ∩H)

to ∂(B(1, 0) ∩ H). It leaves points outside the upper half circle in H. The map is
trivially bijective. Thus, f2 : H \ B(1, c√

2∆t
) � H \ B(0, 1). Observe that f2(z) is

real if, and only if, z is real.

For the third map, let z ∈ H \ B(1, 0), and write z = Reiθ. Then z + 1
z

=
Reiθ + 1

R
e−iθ = (R + 1

R
) cos θ + i(R − 1

R
) sin θ. Suppose first that R > 1. Since

θ ∈ [0, π], sin θ ≥ 0, which implies that the image of z under the third map is
in fact in H. Next, if R = 1 then the image of z is real because its imaginary
part vanishes. Conversely if the image of z is real then either R = 1, θ = 0, or
θ = π. We leave it for the reader to check that f3 is a bijection from H\B(1, 0) to H.

The fourth map and fifth maps are analogous to the second and first. They just re-
shift and dilate the domain in the opposite ways as f2 and f1. The result follows.

This theorem tell us that the only things mapped to real line, under our approx-
imation, are the real itself and the boundary of the upper half circle B(

√
2∆t, c).

What about the points inside of B(
√

2∆t, c)? Technically, we have not defined our
approximation here, as it would map these points below the real line. This, how-
ever, is merely an artifact of the approximation, not the actual Loewner flow gt,
which never sends points out of H. However, since the approximation is conformal,
we know that these points must map down to the real line (or below it)–they will
never return to H.

From this discussion, we can conclude that the only possible points that could be
captured by λ (t) are those inside B(

√
2∆t, λ (t)). Indeed, if zt were captured at

time t then at some time s < t, we must have zs ∈ B(
√

2∆t, λ(s)). Though it
is conceivable that there are other points inside of B(

√
2∆t, λ(s)) that will never

be captured, when ∆t is small and we only sample finitely many points, there can
not be “too much” excess. Our simulation then, will be as simple as applying the
approximation to points in H and counting them as captured whenever they are
inside B(

√
2∆t, λ(s)) for some s.
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2.2 A First Algorithm

Now we are ready to write down a simple algorithm for hull simulation. We will
represent a rectangular section of the upper half plane as a uniform grid of points in
H. We will then repeatedly apply the Loewner flow approximation over some time
interval [0, T ] to this grid and test for when points lie within the upper half circles
previously described. If, so we will say they have been captured and plot them as
part of the hull.

A few observations can improve efficiency a bit. First, since λ is continuous it must
attain its extrema on the closed time interval. Thus we can never expect to cap-
ture points with real part larger than supt∈[0,T ] λ (t) or with real part smaller than
inft∈[0,T ] λ (t). There are algorithms for finding these extrema, given λ (t), but a
practical realization must always have a failsafe for when they do not converge. We
can think of our left and right bounds for the grid as coming from these algorithms
or being specified by the user. Finally, we can never expect to capture points with
imaginary part larger than 2

√
T , giving us a top bound for the grid (see example

1.1.3). Of course, our bottom bound for the grid is by default 0.

Algorithm 1 Let nTimeSteps denote the number of time steps the simulation is
to run; nGridRows and nGridCols denote the grid dimensions; and rightBound,
leftBound, and topBound denote the bounds on the grid. Let M denote a boolean
indexing matrix of the same size as the grid, and denote the entry-wise negation
of M by M’. M will represent whether the corresponding entry in the grid has been
captured.

1.) INPUT: ∆t, λ (t), nTimeSteps, nGridRows, nGridCols.

2.) Create the matrix Grid using nGridRows, nGridCols, rightBound, leftBound,
and topBound.

3.) Set M to have the same dimensions as Grid, with all entries 0.

4.) for j=1,...,nTimeSteps

Set tempM = M;

Test Grid(M’) for capture criterion. Update M(M’) accordingly.

Apply Loewner Approximation to Grid(M’), store result in Grid(M’);

Plot Grid(M != tempM);

end

As one can see, this code makes extensive use of logical indexing. The idea is that
at each iteration we test only the uncaptured points in the capture criterion. Next,
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we plot those points that were captured just this iteration, so the user can watch
the hull evolve, without re-plotting old points. Finally, we apply the flow only to
the points that remain uncaptured.

The space complexity of the algorithm is clearly proportional to the grid dimen-
sions. Though the amount of space is increased by the use of the boolean matrices,
these are typically easier to store than regular matrices and increase the algorithm’s
speed.

The time complexity of the algorithm is proportional to the number of time steps
multiplied by the grid’s dimensions.

An advantage to this algorithm is that it is simple and makes good use of logical
indexing. There is, however, one significant disadvantage: the grid’s is uniform
spacing. This means that no matter how the driving function behaves at a given
time, the algorithm samples the same amount of points. Thus, for a specified grid, if
the driving function moves too quickly, the algorithm might not detect the captur-
ing of some points. One solution to this problem would be to create a nonuniform
grid with densities proportional to the change in the driving function, but we do
not employ that technique here.

Another small drawback is that even though our rectangular grid can be sized based
on the extrema of the driving function as well as a height bound; it still may be a
significant oversampling of points, especially when the hull is thin. The price we
pay in memory is still very small though, and a re-fitting technique does not save
us enough memory to be worth its increase in time.

9



2.3 A Second Algorithm

Here we introduce another algorithm for hull simulation, which is based on similar
ideas as the first algorithm, but has the advantage of never having to test whether
points have been captured. It also ensures that we only store data points that will
be part of the (approximate) hull. The price we pay is in performance.

In section 2.1, we learned that our approximation formula was a conformal mapping
from H\B(

√
2∆t, c) to H. In fact, it was bijection from H\B(

√
2∆t, c) to H. Thus,

we can speak of its inverse. It turns out to be the map

z 7→
z + c+

(√
z − c− 2

√
2∆t

)(√
z − c+ 2

√
2∆t

)
2

.

Recall that c is λ (t) at some fixed time t. Note that we use the principal branch
cut when defining the square root.

Since our approximation formula mapped upper half circles, which which contained
the hulls, down to the real line, the inverse map will do the opposite. The inverse
map will also be conformal.

For this algorithm, we will think of time starting at T and running backwards to
0. Our algorithm will involve creating the same upper half circles at each time
step, but then inverting them under this inverse map. After sufficient inversion, the
result will be a collection of initial values for the approximation, specifically, the
ones which would be captured under the forward approximation. This gives us an
approximate hull.

Algorithm 2 Let H be a matrix whose columns will contain the data points de-
scribing inverse images of the upper half circles created at each time step. Define
Circ(rad, c) to be function which returns, as a column vector, points describing
an upper half circle with radius rad and center c. The size of the upper half circle
vectors returned will be unspecified here. Let nTimeSteps denote the number of
time steps the simulation is to run. Note that our indexing will start at 1, and that
H will contain inverse images of one per column. Thus, H will have nTimeSteps

columns.
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1.) INPUT: nTimeSteps, λ (t), ∆t.

2.) Set the last column of H = Circ(2
√

∆t, λ((nTimeSteps-1)*∆t))

3.) for j=nTimeSteps, down to 2

Apply inverse map to columns j,..,nTimeSteps of H.

Store Circ(2
√

∆t, λ((j-2)*∆t)) in column j-1 of H.

end

4.) Plot H

We start with the half circle from the second to last time step, since in the in next
forward time step (if there were one), this half circle would map down to the real
line, and we would color each point in it as captured. In the loop, we need to invert
all previous upper half circles, to ultimately map them back to their starting values
at time 0. We then create a new upper half circle in column j-1 of H, in anticipation
of it being inverted the next iteration (and all subsequent iterations). Note that
efficiency can be slightly improved by first storing a constant upper half circle with
radius 2

√
∆t and center 0. Then, at every iteration of the loop, the new upper

half circle we need to create will just be the upper half constant circle shifted by
λ((j-2)*∆t)). In doing this, we only need to invoke our circle creation function
once.

Note also that we have not specified exactly how the upper half circles are repre-
sented. Just like the grid, they can be represented as a matrix of points which trace
out their boundary and fill their interior. If there are d points within each half
circle then the algorithm’s space complexity is proportional to d times the number
of time steps.

Let N be the number of time steps. We can sum up the number of inverse map
function calls to be 1 + 2 + · · · + (N − 2) + (N − 1) = N(N−1)

2
. Since the number

of arithmetical operations (in the inverse map) is constant, the number of total

arithmetical operations performed in the algorithm is O(d · N(N−1)
2

).
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2.4 Some Simulation Results

Below are some images of hulls generated by certain driving functions, obtained
from our MatLab program with both algorithms. The hulls represented in figure
2.1 are generated by λ (t) = 3

√
1− t, which has ‖λ‖1/2 < 4, so we expect these hulls

to be simple. The simulations seem to agree. The hulls represented in figure 3.1 are
generated by λ (t) = 6

√
1− t, which has ‖λ‖1/2 > 4, so we expect these hulls to be

non-simple. In this case, the second algorithm fails to detect a significant portion
of the hull–the part underneath the curve that is added at time 1. The hulls
represented in figure 2.3 are generated by λ (t) = sin(t). Notice the periodicity in
the hull.
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Chapter 3

Weierstrass Functions

In 1872, Karl Weierstrass introduced the first published example of a function which
is everywhere continuous yet nowhere differentiable ([4]). Technically, Weierstrass
functions are a family of such functions subject to certain parameters a and b. The
most general parameterization, introduced by G.H. Hardy ([2]), is as follows

Let b > 1 and a ≥ 1√
b
. Then the Weierstrass function is defined

Wa,b(t) :=
∞∑
n=0

an cos(bnt).

The parameterization we are interested in is the edge case where a = 1√
b
. From now

on, we will write just W (t) for the the function Wb(t) =
∑∞

n=0 b
−n/2 cos(bnt).

The purpose of this chapter is to generalize two results about bounds on W (t)
given in [5] as well as relate these bounds to the hulls generated by W (t), which
is also done [5]. The proofs on the bounds are thus very similar to those in [5],
and the results on the hulls follow directly from the work done in [5]. At the end
of the chapter we will also present some results of running W (t) through our hull
generation program.
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3.1 Bounds on the Weierstrass Function

Recall from chapter one the norm ‖.‖1/2 we defined of H1/2 (X), the vector space of
all functions which are Hölder continuous with exponent 1/2 on some set X. It is
well known that the Weierstrass function is in H1/2 (R). Our first theorem gives a
bound on ‖W‖1/2.

Theorem 3.1.1. Let b > 1. Then the norm ‖.‖1/2 of W (t) =
∑∞

n=0 b
−n/2 cos(bnt) satisfies

||W ||1/2 ≤
b√
b− 1

+
2

1− 1√
b

.

Proof Set a := 1√
b

and observe that

|W (t+ h)−W (t)| ≤ 2max
s∈R
|W (s)| = 2

∞∑
n=0

an =
2

1− a
=

2

1− 1√
b

.
Therefore, when |h| ≥ 1, the claim holds. Henceforth assume 0 < |h| < 1. Using
the identity cos (x)− cos (y) = −2 sin

(
x+y

2

)
sin
(
x−y

2

)
implies

|W (t+h)−W (t)| ≤ 2
∞∑
n=0

an
∣∣∣∣sin(bn(2t+ h)

2

)∣∣∣∣ ∣∣∣∣sin(bnh2
)∣∣∣∣ ≤ 2

∞∑
n=0

an
∣∣∣∣sin(bnh2

)∣∣∣∣ .
Now, we can find a p ∈ N such that b−p ≤ |h| ≤ b−p+1. Using this p, we split the
summation and get

|W (t+ h)−W (t)| ≤ 2

p−1∑
n=0

an
∣∣∣∣sin(bnh2

)∣∣∣∣+ 2
∞∑
n=p

an
∣∣∣∣sin(bnh2

)∣∣∣∣
≤ |h|

p−1∑
n=0

(ab)n + 2
∞∑
n=p

an

= |h|a
pbp − 1

ab− 1
+ 2

ap

1− a

≤ ap
(
|h| bp

ab− 1
+

2

1− a

)
,

where we have used that | sinx| ≤ |x| and
∑p−1

n=0 r
n = rp−1

r−1
. But b−p ≤ |h| ≤ b−p+1
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so bp|h| ≤ b and ap =
√
b−p ≤

√
|h|. Hence,

|W (t+ h)−W (t)| ≤
√
|h|
(

b

ab− 1
+

2

1− a

)
=
√
|h|

(
b√
b− 1

+
2

1− 1√
b

)
.

Our next result gives a dense set of local maxima for W (t). Its drawback is our
assumption on b.

Theorem 3.1.2. Suppose b is an integer greater than 1. Let tm,k = 2mπ
bk

for fixed

m ∈ Z and k ∈ N. Then there is an η ∈ N such that if 0 < |h| ≤ b−(k+η) then
W (tm,k)−W (tm,k + h) ≥ κ

√
|h| for some κ > 0.

Note: the numbers η and κ are given explicitly in the proof.

Proof Again we use the same trigonometric identity and obtain

W (tm,k)−W (tm,k + h) = 2
∞∑
n=0

an sin

(
bntm,k +

bnh

2

)
sin

(
bnh

2

)
= 2

∞∑
n=0

an sin

(
bn−k(2mπ) +

bnh

2

)
sin

(
bnh

2

)

= 2
k−1∑
n=0

an sin

(
bn−k(2mπ) +

bnh

2

)
sin

(
bnh

2

)
+ 2

∞∑
n=k

an sin2

(
bnh

2

)
.

where the last step uses the fact that if n ≥ k then sin
(
bn−k(2mπ) + bnh

2

)
=

sin
(
bnh
2

)
. Now let B and T represent the beginning and the tail of the sum,

represented by the first and second terms in last equation, respectively. We will
establish lower bounds on B and T and show that the sum of these bounds is a
positive multiple of

√
|h|. First we bound B. By a similar argument as in the

previous proof,

B = 2
k−1∑
n=0

an sin

(
bn−k(2mπ) +

bnh

2

)
sin

(
bnh

2

)

≥ −2
k−1∑
n=0

an
∣∣∣∣sin(bnh2

)∣∣∣∣ ≥ −|h| k−1∑
n=0

(ab)n

≥ −|h|
(

(ab)k

ab− 1

)
.
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Recall that |h| ≤ b−(k+η) and ab =
√
b. Thus,

B ≥ −|h|
(

bk/2√
b− 1

)
= −

√
|h|

(√
|h|bk/2√
b− 1

)
≥ −

√
|h|
(
b−η/2√
b− 1

)
.

We must now bound T . Without loss we may assume that h > 0 because sin2(−x) =
sin2(x). Since all terms in T are positive, we establish a lower bound using a partial
sum. Namely,

T = 2
∞∑
n=k

an sin2

(
bnh

2

)
≥ 2

p∑
n=k

an sin2

(
bnh

2

)
≥ 2

p−1∑
n=k

an sin2

(
bnh

2

)
,

where p ∈ N satisfies b−p ≤ h ≤ b−p+1. This expression is well defined whenever
p−1 ≥ k. We know h ≤ b−(k+η) so b−p ≤ b−(k+η) =⇒ −p ≤ −(k+η) =⇒ p−1 ≥
p − η ≥ k. Now observe that if x ∈ [0, 1

2
] then sinx ≥ 2 sin(1

2
)x. We apply this

property to our bound by noting that if n ≤ p− 1 then 0 ≤ bnh
2
≤ bp−1h

2
≤ 1

2
. Thus,

T ≥ 2

p−1∑
n=k

an sin2

(
bnh

2

)
≥ 2

p−1∑
n=k

an
(

2 sin(1
2
)

2
bnh

)2

= 2 sin2
(

1
2

)
h2

p−1∑
n=k

(ab2)n.

Define r := ab2 = b3/2 and recall that
∑p−1

n=k r
n = rp−rk

r−1
. Also since b−p ≤ h we have

h2 =
√
h h3/2 ≥

√
h (b−p)3/2 =

√
h r−p. Putting this together we obtain

T ≥ 2 sin2(1
2
) · h2

p−1∑
n=k

rn ≥ 2 sin2
(

1
2

)
·
√
h · r−p

(
rp − rk

r − 1

)
= 2 sin2

(
1
2

)(1− rk−p

r − 1

)√
h ≥ 2 sin2

(
1
2

)(1− r−η

r − 1

)√
h

= 2 sin2
(

1
2

)(1− b−3η
2

b
3
2 − 1

)
√
h.

We now have only to show that the sum of the lower bounds on B and T is a
positive multiple of

√
h. That is, we must show that

2 sin2
(

1
2

)(1− b−3η
2

b
3
2 − 1

)
−

(
b

−η
2

√
b− 1

)
> 0.

Set µ := 2 sin2
(

1
2

)
. Then the above becomes
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µ
(

1− b−3η
2

)(√
b− 1

)
−
(
b

−η
2

)(
b

3
2 − 1

)
(
b

3
2 − 1

)(√
b− 1

) ≥
µ
(

1− b−3
2

)(√
b− 1

)
−
(
b

−η
2

)(
b

3
2 − 1

)
(
b

3
2 − 1

)(√
b− 1

) .

The denominator is a product of positive terms, so it is also positive. To ensure
that the numerator is also positive, we pick an appropriate η. Namely, for ε :=

µ
(

1− b−3
2

)(√
b− 1

)
> 0 we may pick an η large enough so that(

b
−N
2

)(
b

3
2 − 1

)
< ε

for all N ≥ η. Explicitly, any

η > 2 log

 b
3
2 − 1

µ
(

1− b−3
2

)(√
b− 1

)
/ log(b)

will do the job. With such an η, the numerator is positive for all N ≥ η.

We also obtain a corresponding set of local minima for W (t). If b is an odd integer,
n is a positive integer, and m is an odd integer, then the numbers tm,k = mπ

bk
form

such a set. The proof is directly analogous to the proof of the previous theorem.
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3.2 The Weierstrass Function as a Driving Func-

tion

In [5] the authors prove, using their established bounds, that the hulls generated
by any multiple c of their Weierstrass function

∑∞
n=0 2−n/2 cos(2nt) exhibit a phase

transitions somewhere between c = 1/3 and c = 20. We harvest an analogous result
for our slightly more general Weierstrass function W (t) =

∑∞
n=0 b

−n/2 cos(bnt), via
their methods.

Namely, theorem 1.2.3 says that if c < 4
‖W‖1/2

then the hulls generated by W (t)

are all simple curves. We gave an explicit bound on the norm ‖.‖1/2 of our W (t)
in theorem 3.1.1. So it is sufficient that c be less than 4 divided by this bound to
guarantee these hulls are simple curves.

On the other hand, suppose κ is the constant corresponding to the smallest η from
theorem 3.1.2 (given explicitly in the proof). Then theorem 1.2.4 as well as the
proof of theorem (1.1) in [5] imply the hulls generated by W (t) are non-simple if
κ · c > 4.

Here are the results of running the (b = 2) Weiestrass function through our program,
using both algorithms. As we saw before, it looks like algorithm one is doing a better
job of detecting what could be space-filling behavior.
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Figure 3.1: Results of each algorithm applied to W (t)
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