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Abstract

A tropical variety is a weighted polyhedral complex whose maximal dimensional cells are
pure dimensional, rational, connected, and balanced weighted around every vertex. It is
known that every irreducible algebraic variety can be tropicalized, that is, there is a way one
can derive a tropical variety from an algebraic one. However, there exist tropical varieties
that are not the tropicalization of algebraic varieties. The goal of this work is to answer
whether a given tropical curve (a 1—dimensional tropical variety) in R? is the tropicalization

of an algebraic curve in R3.
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Chapter 1

Introduction

Suppose we have a field K. The collection of points taking values from K that are
the solutions to some collection of polynomial equations form an algebraic variety. The
polynomial equations they satisfy generate an ideal in a polynomial ring. Algebraic varieties
that are irreducible and 1—dimensional are called algebraic curves. Examples of algebraic
curves include familiar objects like circles, lines, and parabola, and, perhaps, less familiar
ones like elliptic curves. The study of ideal, varieties, and curves fall under the areas of
algebraic geometry and commutative algebra with the ideal-variety correspondence giving a
tight connection between the two.

Algebraic varieties can be tropicalized, that is, there is a map taking an algebraic variety
and returning a weighted polyhedral complex called a tropical variety. As an example, we
focus on algebraic curves in Qy, the rational numbers with the 2—adic valuation. Say, f =
%xy—l—}la:—i—}ly%—%. The curve defined by the equation f = 0 is a hyperbola. The tropicalization

of f is the weighted polyhedral complex consisting of the following five rays/line segments:
1. The ray beginning at (1,1) in the direction of (1,2)
2. The ray beginning at (1, 1) in the direction of (2, 1)
3. The line segment connecting (1,1) to (—1,—1) through the origin
4. The ray beginning at (—1,—1) in the direction of (—1, —2)
5. The ray beginning at (—1, —1) in the direction of (-2, —1)
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The weight on each polyhedra is 1. The union of these polyhedra is the set of points in R?
for which the minimum in min{—142z+y, =24z, —2+y, —1} is achieved twice. For general
polynomials, say, f = > au;z'y’ € Q[z,y], the tropicalization of f is the set of points in
(s,t) € R? where the minimum min{val(a(; ;) +is+ jt : a; ;) # 0} is achieved at least twice.
At this point, it is important to note that not all tropical varieties arise as tropicalizations
of algebraic varieties, for example, see Exercise 4.7.14 in [10].

Tropicalization, in a sense, reduces an algebraic variety to its combinatorial information.
An example of information that is preserved by tropicalization is the dimension of an
algebraic variety which is found by computing a Grobner basis for its defining ideal. The
dimension of a polyhedral complex can be easily read off the dimension of the affine span
of its largest (with respect to containment) cell. The dimension of an algebraic variety is
the same as the dimension of the largest (with respect to containment) cell in the tropical

variety.

1.1 More Examples of Tropical Curves and Realizabil-
ity

Tropical curves are the combinatorial analogue to algebraic curves. They are weighted poly-

hedral complexes whose maximal (with respect to containment) polyhedra are 1—dimensional

— they consist of rays, lines, and line segments. Some examples of tropical curves are seen

in Figures 1.1 and 1.2.

In both Figures 1.1 and 1.2, the polyhedra making up the tropical curves have dimension
at most 1, i.e. they consist of points, rays, and line segments. The line segments and rays
in Figure 1.1 all have weight 1. In 1.2, the horizontal line in the direction from the origin to
(1,0) has weight 2, while the other rays have weight equal to 1.

Tropical curves satisfy a ‘balancing’ condition around every vertex, that is, if a vertex

and all adjacent 1—dimensional cells are translated to the origin, then the weighted sum of

the first lattice points of each cell will be equal to zero. For example, in Figure 1.2, taking the
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Figure 1.1: A Tropical Curve in R3

weighted sum of the first lattice points around the origin, we get (—1,1)+(—1,—1)+2(1,0) =
(0,0).

The tropical curve in Figure 1.2 is realizable. It is dual to a Newton polygon of the
polynomial f = xy + y? +x + 1. More generally, every tropical curve in R? is realizable [10].
This is a consequence of Proposition 3.3.10 in [10], noting that tropical curves and tropical
hypersurfaces are the same thing in R2.

A more complicated problem is as follows: Given a tropical variety 3 in R", does there
exist an algebraic variety that tropicalizes to X7 We will answer this question for a class of

tropical curves in R3.

1.2 Rough Sketch of Procedure and Road Map

The procedure we present will answer (in most cases) the question of the realizability of a

tropical curve ¥ in R? that satisfies the following conditions:
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Figure 1.2: A Tropical Curve in R?

1. ¥ is minimally balanced at each vertex

2. Y = 71, (Yey) N 712 (Xe2) N7t () where the Yy, ¥,., 3. denote the (refined)

Ty

projections of ¥ to each of the xy—, xz—, and yz—planes

3. There exists a 1-dimensional cell ¢ € ¥ that is parallel to the vector (1,*,*) € R3 such

that multy, (7, (0)) = multy, , (7,.(0)) =1
4. The Xyy, Xy, 2y, are tropically irreducible

The procedure that is described in this thesis can be summarized in the following way:
Project the tropical curve to each coordinate plane, that is, the zy—, xz—, yz—planes. Find
polynomials in K[z, y], K[z, z], Ky, 2] that realize the projected curve, call them f,,, fiz, fye-
Our procedure determines if the coefficients of the polynomials found in the previous step
satisfy certain compatibility conditions so that either the ideal (f,, fy, fyz) or one of its

associated primes is realizes the tropical curve we began with.



The first of the compatibility conditions are a collection of lattice polygons in R?
corresponding to the subdivided Newton polygons of f,, fzz, fy-- Each of these polygons
must satisfy the hypotheses of Theorem 3.18 and Theorem 3.21. If none of these polytopes
can be found, other methods will have to be used to determine if our starting curve is
realizable, but for the purposes of this work, our procedure will output ‘unknown.” On the
other hand, once these polytopes are found, the procedure is guaranteed to answer whether
the starting tropical curve is realizable or not. The validity of this procedure is proven in
Theorem 3.26 and Theorem 3.27.

Chapter 2 reviews some of the basic concepts used in this work including commutative
algebra, Grobner basis theory, polyhedral geometry, and, of course, a very brief introduction
to tropical geometry. In Chapter 3, we define the procedure in detail, as well as its
accompanying assumptions and conditions for the procedure to work. The correctness of
the procedure is also proven in Chapter 3. Finally, in Chapter 4, we will show that the

tropical curve represented by Figure 1.1 is realizable.

1.3 Other Approaches to Determining Realizability

In this section, we provide a brief survey of other work done for determining the realizability
of a tropical curve. The work in [15] and [2] are more computational in that they are based
on explicitly constructing the variety whose tropicalization is the given tropical curve. In
contrast, [8], [3], and [11] are more concerned with finding conditions that are easier to check
that are equivalent to realizablility.

In [15], the author considers the realizability problem in the following setting: Given a
tropical curve C' in R™ and ideal I C Cley, ..., ¢k, 71, ..., T,], for what, if any, a = (ay, ..., ax) €
C* do we have Trop(I,) = C? In this context, I, is the image of I under the map ¢, :
Cler, ..y cp, 1, ooy ) = Clzy, ..., 2] where ¢,(c;) = a; and ¢,(z;) = x;. The author presents
an algorithm for doing so based on comprehensive Grobner bases [1]. This approach treats
the coefficients of the generators for I as parameters and finds compatibility conditions
for these parameters so that the specialization I, of I tropicalizes to C. The approach

taken in this work has some similarities based on Newton polytopes. More specifically, the



subdivided Newton polygons obtained from projecting our original Tropical curve gives us
the compatibility conditions needed to determine realizability. The work done by [15] in that
the prescribed method works for tropical curves in any arbitrary dimension but where the
field underlying the polynomial ring is C having trivial valuation. The method presented
here is different in three main ways: first, the field K underlying polynomial ring can have
non-trivial valuation, second, we work over the polynomial K|z, y, z], and finally, our method
avoids having to find the tropicalized family of algebraic curves that our tropical curve is
contained in.

The work done in [2] considers the problem for tropical curves C' contained in ¥ =
Trop(E) where £ C (K*)" for some hyperplane E and for some algebraically closed field.
Essentially, the tropical curves are projected to the 2—dimensional coordinate planes, their
Newton polygons are found, and then compatibility conditions based on combinatorial data
is found which fully answers whether C' is realizable or not. The approach of projecting to
coordinate planes provided the inspiration for the procedure presented in this work. However,
like [15], the method presented in [2] is defined for tropical curves in arbitrary dimension,
but where the underlying field has trivial valuation.

Another approach to relative realizability is seen in [8] using rigid geometry and the
combinatorics of Chow complexes to determine if a tropical curve is realized by some curve
contained in a toric variety.

In [3], the authors show that tropical curves that are non-superabundant, smooth, and
3—colorable are realizable. Smooth tropical curves are those for which the weights on the
maximal dimensional cells are all equal to 1 and the edges around every vertex lie in the
directions of {by,...,b,, — Y ., b;} for some basis {b;}I" | for Z". The 3—colorability of a
tropical curves comes from viewing the tropical curve as a metric graph with unbounded
edges. Our method just requires the tropical curve to be minimally balance, Definition 3.22,
and the projections to be tropically irreducible, Definition 2.61. Non-superabundance is a
combinatorial condition that places a bound on the expected dimension of a cone of tropical
maps. For a precise definition we refer the reader to [3], Section 4 or [11], Section 2.2.

The perspective taken by [13] is to show that for certain genus—1 tropical curves, ‘well-

spacedness’ is a sufficient condition for being realizable. In [11], the author uses Artin fans



to study families of tropical curves. Using this approach, they show that there exist genus—1
tropical curves that are not well-spaced but are realizable. The method presented here places

no restriction on the genus of the given tropical curve.



Chapter 2

Background

We begin this chapter with brief review of commutative algebra. In the first section, we spend
some time on Grobner basis theory. Grobner bases provides us with computational tools for
working with ideals, and hence, varieties. In the section following our foray into Grobner
bases, some concepts from polyhedral geometry and tropical geometry are introduced, and

we will see how tropical geometry ties all these concepts together.

2.1 Commutative Algebra

The terminology used in this section is consistent with most introductory commutative
algebra texts, namely, “Steps in Commutative Algebra” by R. Y. Sharp [12], “A Course
in Commutative Algebra” by Gregor Kemper [9], and “Commutative Algebra” by David
Eisenbud [6].

By a ring in this text, we mean a commutative Noetherian ring with unity. We will
primarily be working over the ring of polynomials K|z, ..., x,] over some field K, as well as
its quotient rings. We assume that K is algebraically closed and has valuation val : K* — R.

The first basic quantity we need to define is the dimension of an ideal.

Definition 2.1 ((Saturated) Chain of Prime Ideals, Length of a Chain). Let Py, P, ..., P,
be a sequence of prime ideals in some ring R. This sequence is called a chain if Py C P C
woe.. C Py, and we say that the chain has length m. A chain is saturated if for each 1 <1 < m,

there does not exist a prime ideal P such that P,_y C P C P,.



Definition 2.2 ((Krull) Dimension of a Ring). The (Krull) dimension of a ring R, dim(R),
18 the supremum over the lengths of all saturated chains in R.

By convention, we take the dimension of the zero ring, that is, R =0 to be —1.

Definition 2.3 (Dimension of an Ideal). Suppose I C R is an ideal of a ring R. The

dimension of I, written dim(I), is the dimension of the quotient ring R/I.

Definition 2.4 (Algebraic Independence). Suppose A is a K—algebra.
Let ay, ..., a,, € A with k < co.
We say ay, ..., an, is algebraically independent if there does not exist a nonzero polynomaial

f € Klzy,...,xn| such that f(aq,...,an) = 0.

Definition 2.5 (Transcendence Degree). Suppose A is a K—algebra.
We define the transendence degree of A to be the quantity

trdeg(A) :=sup{|T| : T C A is finite and algebraically independent}

When A is a ring that is also a finitely generated K —algebra, as in the case that A is a
polynomial ring over a field, dim(A) = trdeg(A) [9, Theorem 5.9]. In the next section, we
will see that Grobner bases gives us an algorithmic way of finding the transcendence degree,
and thus the dimension, of an ideal over a polynomial ring.

The codimension of an ideal is another important related concept. Intuitively, the

codimension of an ideal I is the dimension of the ring minus the dimension of the ideal.

Definition 2.6 (Codimension of a Prime Ideal). Let P be a prime ideal in a Noetherian ring
R. The codimension of P, written ht(P), is the supremum over the lengths of all saturated

chains of prime ideals Py C P, C ... C P,, with P = P,

Definition 2.7 (Minimal Primes of a Ring). Let R be a ring, and P a prime ideal of R.
Then, P is a minimal prime of R if it has the property that if Q) is a prime ideal of R with
Q C P, then Q = P.

Definition 2.8 (Minimal Primes over an Ideal). Let R be a ring, and I an ideal of R.
The mainimal primes over I are those prime ideals P in R whose image in the quotient

ring R/1 is a minimal prime of the quotient ring R/1.
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Every Noetherian ring has at least one minimal prime, and has at most finitely many
minimal primes [9, Corollary 3.14]. Definition 2.8 is equivalent to the following: P is a
minimal prime over the ideal I if P satisfies the condition if () is a prime ideal such that

ICQCP,then P =Q.

Definition 2.9 (Codimension of an Ideal). Let I be an ideal of the ring R. The codimension

of I is the number

ht(I) = min{ht(P) : P is a minimal prime over I}

By convention, we take ht(I) =n+ 1 when I = R and dim(R) =n < co.

Observe the following:

1. If P is a minimal prime of R, then ht(P) =0

2. If R is an integral domain, then ht({0)) =0

3. When [ is prime, Definitions 2.6 and 2.9 coincide.

4. If I C J, then ht(I) < ht(J)

5. If R is a Noetherian K —algebra and I C R is an ideal, ht(I) + dim(R/I) = dim(R)

The codimension of non-unit monomial ideals are (relatively) easy to compute. The next
theorem describes in detail how this is done. In essence, codimension of a monomial ideal
is the smallest collection of indeterminates 1, ..., z,, on which every generator of the ideal is

‘dependent on.’

Theorem 2.10. Let I be a non-unit monomial ideal in K[xq,...,x,]. Say I = (my,...,my)

where m; is a monomial in K|xy,...,x,] for 1 <i <t. Define the following:

M;={le{l,...n}:m; € (x))} (21)
M={LC{l,..n}: LOM #0 for all1<i<t} '

Then, the codimension of I is equal to min{|L|: L € M}

10



Proof. Let k := min{|L| : L € M}. We will show that & = min{ht(P) : P is a minimal prime over [}.
Fix some J € M such that |J| = k. Say, J = {i1, ..., i1}, then set P := (x;, ..., x;,).
Given 1 < j < ¢, m; € (x;,) for some 1 < < k since JNM; # @ for all 1 < j < t.

Hence, I C P. Suppose @ is some prime such that I C ¢Q C P. Then @ is generated by

some proper subset L of J, but this implies that |J| = min{|J| : J € M} > |L| which is a

contradiction, so P is a minimal prime of I. The chain

<O> C <.T“> C <£L',L'1,.TZ'2> C ...C (xl-l,xh, 7$Zk>

is saturated and is of maximal length with P as the terminal prime ideal. Hence, ht(I) <
ht(P) = k.

As J = {iy, ..., } is the element of M having smallest cardinality, there does not exist
a prime monomomial ideal @) satisfying I C Q C (%, Ziy, ..., T;,) s0 ht(I) = ht(P) as
desired. O

Theorem 2.10 gives us an easy way of determining if a monomial ideal in Kz, ..., 2]
has codimension n. A set of polynomial equations that generate a codimension—n ideal has
finitely many solutions. Our next proposition gives a characterisation for a codimension—n

ideal.

Proposition 2.11. Let I be a non-unit monomial ideal in K|x1,...,z,]. Say I = (mq,...,my)

where m; is a monomial in K|xy,...,x,) for 1 < i <t. Then, I has codimension n if and
d

)

only if for each i € [n], there exists j € [t] and d € Z~q such that m; = x

Proof. Recall from Theorem 2.10, that

M, ={le{l,...,n} :m; € (x;)} for each i € [{]
M={LC{l,.,n}:LNM;#@forall 1 <i<t}

That is, M is the collection of subsets L of {x1, ..., z,,} such that every monomial generating
I, that is mq,...,my, involves every indeterminate in L. The codimension of a monomial

ideal is the size of L € M with smallest cardinality.

11



Suppose that, for each i € [n], there exists j € [t| and positive integer d such that
m; = xf. Then, the smallest subset L of {1, ...,x,} for which every monomial generating I
involves each indeterminate in L must have size n. Otherwise, if L is strictly smaller than
{z1,...x,} and z; € {xy,...x,} — Lo, then no monomial my, ..., m; would be a power of x;
which is a contradiction of our hypothesis.

Now, assume to the contrary that none of the monomials generating I is a power of any
of the indeterminates, that is, none of my,...,m; can be written purely in terms of any one
of x1, ..., x,, but this implies that mq, ..., m; can be written in terms of all the indeterminates
in {z1,...,x,} — {z;} since none of the monomials depend on any single indeterminate. So,
{z1,...,x,} — {z;} has size strictly less then n, and min{|L| : L € M} < n. So, I has
codimension strictly less then n.

Thus, we’ve proven the contrapositve of the statement: if [ = (my,...,m;) is a non-
unit (codimension strictly less than n + 1) monomial ideal having codimension n, then for
each indeterminate xy, ..., z,, there is a monomial my,...,m; that depends purely on that

indeterminate. O

2.2 Grobner Bases

Grobner bases are used heavily in this work. The terminology used here is consistent with the
terminology used in the texts Ideals, Varieties, and Algorithms by Cox, Little, and O’Shea [5]
and Using Algebraic Geometry [4] by the same authors. Before we can define a Grébner basis,
we will first need some way of ordering the monomials of R. This is equivalent to defining

an ordering on the elements of Z%, which are the exponent vectors of the monomials of R.

2.2.1 Monomial Orderings on K|z, ..., z,]

Definition 2.12 (Monomial Ordering, [5]). By a monomial (or term) ordering on K[z, ..., ],

we mean a relation < on Z%, that satisfies the following conditions:
1. The relation < is a total ordering on Z%,
2. If a < B, then a +~v < B+ for all v € ZY,

12



3. Every nonempty subset S C Z%, has a least element, i.e. the relation < satisfies the

well-ordering principle.

An example of a monomial ordering on a polynomial ring, say R = Klx,y, 2], is the
lexicographic order with the ordering x > y > 2. In this order, 2" y% 21t < 2"2y%22!2 if either
r1 <Tg,0r ry =79 and s; < Sg, Or 1 = 19 and s1 = s and t; < to.

Another example of a monomial ordering on R is the degree lexicographic order with the
ordering x > y > z. In this order, 2™ y*1 2!t < x™y%22" if either r; + s+t < ry + 89 + to,
or ry + 81 +1 = ry+ S+ 1y and r; < ry, and so on. The degree lexicographic order can
be thought of as first ordering monomials by total degree (the sum of the exponents of the
monomials), and then breaking ties using the lexicographic order.

Monomial orders on K|z, ..., x,] can also be defined in terms of an independent weight
vector, that is, a vector w = (wy, ..., w,) € R"™ such that the w;’s are positive and Q-linearly

independent.

Definition 2.13. [5, p. 75] The weight order <, determined by an independent weight

vector w € R™ is defined by:

A<yf <= a-w<f- -w

Jora, B € 2%y, and “ -7 denotes the usual dot product on R".
We show that Definition 2.13 is indeed a monomial ordering on K[z, ..., x,].

Proposition 2.14. [5, p. 75] The weight order defined by an independent weight vector w

18 a monomial order.

Proof. Let a, B, € Z%,.

First, we show that <y, is a total ordering on Z%,.

Suppose - w < f-wand f-w < a-w. Then (¢« — ) -w <0 and (a« — ) -w >0, so
that (o — §) - w = 0. But, w is an independent weight vector, so o = 5.

Suppose a <y [ and f < 7. Then a-w < f-w and -w < v-w. But this implies

that - w < v -w so that a <y 7.

13



Since a - w € R for all a € Z", either a <y, [ or f <, « for all o, € Z™. So, all
a, B € Z%, are comparable.

Thus, <y is a total ordering on Z%.

Suppose a-w < -w. Then, since v-w > 0, it follows that - w+~v-w < -w+~v-w.
It follows then that a <y, § implies o + v <w 8+ 7.

Finally, since o - w > 0 follows from our choice of w € Z%,, <y, is a well-ordering on

Zgo . D

Suppose n > 2 and w = (wy, ...,w,) € R". If w were not an independent weight vector,
then <, fails total ordering as the following example illustrates:

Example. Let n =2, w = (1,1), « = (2,0) and 5 = (0,2). Clearly, @ # /3 even though
a-w=2=f-w. So the relation <(; ) fails to be anti-symmetric and, thus, fails to be a
total ordering on Z2.

In this case, we say that a, 5 are ‘tied.” In fact, ties will always occur whenever w € Q.

More formally, we have the following;:

Proposition 2.15. If w = (wy,...,w,) € Q" and w; > 0 for all i, then 3o # B € Z%, such

that - w= (- w.

Proof. Since 0 < w; € Q for each 7, 1/w; € Q. Let k denote the least common denominator
of the 1/w;. Now let a = (2k/wy, ..., 2k /wy_1,2k/w,) and B = (k/wy, ..., k/w,_1,2kn/w,,).
By our choice of k, it follows that each 2k/wj is an integer. Hence, a # 8 € ZZ,.

Now, a — 8 = (k/wy, ..., k/wn_1, k(1 — n)/w,) and hence, w - (o — ) = kwy/wy + ... +
kw1 /wn—1 + k(1 —n)w,/w, =(n—1k+k(1—n)=0 O

A more general way of specifying a monomial ordering on K[zq,...,x,] is by way of a
real-valued m x n matrix M and we write <,; for the monomial order derived from M. We

can view M as matrix with m vectors in R”, say

Wm

14



If u,v € Z%, are exponent vectors of monomials, then z" <3, ¥ ifft wy - u < wy - v or
w1 -u = wy-vand wg - u < Wa - v, and so on. If ker(M)NZ" = 0, then the matrix M
specifies a monomial order, and, in fact, monomial orders on K[z, ...,x,] arise in this way.

The lex order on K|x,y, z] comes from the matrix

and the grlex order comes from

o O = =
o = O
= o O

Once a monomial order on R has been specified, it makes sense to talk about the ‘largest’

term in a polynomial.

Definition 2.16 (Leading Term, Leading Monomial, Leading Coefficient). Let < be a
monomial order on K[z, ...,x,|, and let f € K[x1, ..., z,].

Suppose [ = CouTg + ... + @7 Here, a; < iy € 2%, for i = 1..n, and z% =
T OB

Here, ¢ is called the leading monomial (with respect to <), denoted by LM_(f),
Ca, 15 the leading coefficient, denoted by LC(f), and c,, 5 is the leading term (with

respect to <) of f, denoted by LT(f).

Definition 2.17. [5] Let < be a monomial ordering on K|x1,...,x,] and let I be a nonzero

ideal in Kz, ...,x,]. Then,

LT (1) = {LT(N)If € I —{0}}

The monomial ideal (LT-(I)) is called the initial ideal of I (with respect to <),

which we will also refer to as the ideal of leading terms of I (with respect to <).

15



A monomial order gives a consistent way of ordering the terms of a polynomial. In
turn, this gives us a way of generalizing the division algorithm on univariate polynomials to
polynomials with finitely many variables. This generalized division algorithm is defined in
[5, Theorem 2.3.3].

It takes as input polynomials f, fi,..., fs € K[z1,...,x,] (with some monomial order <

specified on K[z, ...,x,]) and returns polynomials r, ¢, ..., g5 that satisfy

f=r+qo+..+q9s

where LT _(r) is not divided by LT_(g;) for any i € [s]

Finally, we are ready to define a Grobner basis of an ideal.

Definition 2.18. Let I C K|xy,...,x,] be an ideal, < a monomial order on K|z, ...,x,],
and G ={g1,...,9s C I.
We say G is a Grébner basis for I with respect to < if (LT-(1)) = (LT<(g1), ..., LT<(gs))

Theorem 2.19. Let I C K|z, ...,x,] be a nonzero ideal.
Suppose G ={q1,...,9s} C I is a Grébner basis for . Then, (G) =1

Proof. By hypothesis, G C I. So, (G) C I.

Assume to the contrary that the containment is strict, i.e. there is a polynomial f € I,
but f € (G). Since f € I, LT_(f) € (LT(I)) = (LT(g1),...,LT<(gs)). By the division
algorithm on Kz, ..., z,] [5, Theorem 2.3.3], there exists qi, ..., g5, 7 € K|x1, ..., 2] such that
f=r+aqg+..+qgssothat r = f — (11 + ... + ¢s9s) € I and LT (r) € (LT(I)) =
(LT<(g1), ..., LT<(gs)). This implies that LT (r) is divided by LT (g;) for some i € [s], which
is an impossibility as this is a contradiction of what the division algorithm on Kz, ..., z,]

returns as output. ]

Grobner bases give us an algorithmic way of performing computations on ideals. For
example, we see in [9, Corollary 11.14), that if I C KJzy,...,x,] is an ideal and G C I is a

Grobner basis with respect to a fixed monomial ordering < on Kz, ..., z,], then the Krull
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dimension of I is the same as (LT-(G)). That is,
dim(/) = dim((LT-(G))) (2.2)

Given a finite collection S C K|z1, ..., ,| and a polynomial f € K|z, ..., z,], some books
refer to the property that no monomial of f is divisible by LT .(g) for each g € S as f being

in normal form with respect to S.

Theorem 2.20. Let I C K|z, ...,x,] be an ideal.
Fiz a monomial ordering < on Klxy,...,x,|, and let G = {q1,...,gs} be a Grébner basis
for I with respect to <.

Then, the set of monomials not in (LT_(I)) forms a K—basis for the quotient ring
K[a:l,...,xn]
7 .

Proof. By Proposition 1 [5][p. 248, M = {z* = z{*...2%" : 2* & (LT (1))} are K—linearly
Ky, ..., zy) Ky, ..., zy)
1 1

element of K[xq,...,x,] to its equivalence class in . According to [5, Theorem

independent in . Consider the map K[xy,...,x,] — sending each

K[xq,...,x,]
I
2.3.3], given any f € K|y, ..., x,] there are r,qq, ...,qs € K|x1, ..., z,] such that

f=r+qg+ ...+ q9s

with LT_(r) not divisible by LT .(g;) for each i € [s]. Hence, no term of r lies in (LT(I)).

Klxy, ..., zy)

So, every element in is a K —linear combination of the elements of M. O

2.2.2 Elimination Theory

The intersection of an ideal with a subring of R, for example I N K[z, y], is an ideal in the
subring. Once a Groébner basis for I has been found it is easy to find a subset of the Grobner

basis that generates the ideal in the subring.

Definition 2.21. Let I be an ideal in K[y, .., 2, T141, .., ). The ['—elimination ideal

is the ideal I N K[zy41, ..., x,] which is an ideal in K[xiiq, ..., T,)].
Different orderings on the indeterminates will produce different monomial orderings.
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Definition 2.22. Let S C {xy,...,z,}.
A monomial order < on K[xy,...,x,] is of S-elimination type if any monomial in S is

greater than all other monomials.

An example of an elimination order on R = K|z, vy, 2] is a z-elimination order, i.e. any

monomial in z is greater than all monomials in K[z,y|. This order can be induced by the

matrix
0 0 1
1 10
M =
1 00
010

Then, clearly, 22 >, 2232z > 2yt

Proposition 2.23. Suppose | := {x1,...,x;} T {z1,....,x,}

Let I be an ideal in K[xq,...,x,], and let < be a monomial order on I that is of
l—elimination type.

If G is a Grobner basis for I with respect to <, then GNK|[z141, ..., ] is a Grébner basis

for INKlxiq, ..., ).

Proof. Let Gy := GNK[x141,....xn] = {91, .., 95} and [} := I N K[zp41, ..., Ty

Obviously, (LT (Gy)) C (LT-(I;)) since G, C 1.

Now, suppose f € I;. Since f € I, there exists g € G such that LT_(f) = LT_(g). As
f depends only on the indeterminates x;.1, ..., x,, it follows that LT (f) does as well. Since
< is of [-elimination type and LT(g) = LT(f) € Klz/41,...,2,], no term of g depends on
any of x1,...,x; so that g € Kl[x;,1,...,x,]. Thus, if LT_(f) € I;, then 3g € G, such that
LT (g) = LT(f). =

Finding a Grobner basis with respect to an elimination order allows us to find the primary

decomposition (not necessarily minimal or irredundant) of an elimination ideal:

Proposition 2.24. Suppose Q C Klz1,...,x;, 141, ..., T,] @5 a primary ideal with prime

radical P :=/Q.
IfQNK (w141, .y x) # 0, then QN K141, ..., ] is primary and \/Q N K[xi41, ..., T is

equal to PN K211, ..., Ty)
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Proof. Let < be some monomial order on K[z, ..., z,] that is of l-elimination type (Definition
2.22).

Suppose fg € Q N K[x;41,..,2,]). Then fg € @ and has no monomial divisible by any
X1, e, Ty

Since fg € @, either f € @ or g™ € @ for some m > 1.

Suppose f € @ and assume f & K[z;1,..,2,]. Then some term of f divisible by at least
one of xy, ..., z;. As < is of [-elimination type, LT (f) is divisible by at least one of xq, ..., x;,
say LT (f) = ka'..a) a1 a8 for some v = (ay,..,q;) # 0. But fg € Kz41,..,2,] s0
LT (fg) = klx?ﬁl...x%’, i.e. there exists some 7' = (o, ...,)) > 0 such that 7'+~ = 0. As
this is an impossibility, it follows that f € K[z, ..., ,].

Since ¢" € K[x11, .., 2,] if and only if g € K[z, .., 2], it follows that if ¢™ € @, then
g™ € K[z, .., z,] as well, reasoning similarly as before.

Hence, if fg € Q N K[zi41,..,x,], then either f € QN Klx;4q,..,2,] or g7 € QN
K[z, .., ;) for some m > 1 so that Q N K[z;41, .., x,] is primary.

Obviously, PN K[x;11, .., T,] is a prime ideal in K[x;,1, .., Z,]. Then we have the following

equivalences:

feVOQNK[zyy,..,x,] <= 3Im > 1such that f € QN K[zi11, .., Tn)

<= Im > 1such that f™ € Q and f € K[z, .., 2,]

(2.3)
< fePand f e K[rj,.., 2]
— fe PNKlxiq,.., o)
Hence, /QNK[xit1,..,x,] = P N Klxg,..,x,) so each Q N Klwji,..,x,] is P N
K[z, .., ) —primary. O

Proposition 2.25. Suppose I C Klxy,...,x,T141,...,2,] is an ideal such that I N
Kz, ..,xn) # 0, and that I has primary (not necessarily minimal or irredundant)
decomposition I = NE_,Q; for some k € Zs1. Suppose further that for each i € [k], there
exists a prime ideal P; such that \/Q; = P;.

Then, I N K[xyy1,..,2,] has primary decomposition NE_(Q; N K[xy1q,..,7,]) and each
Q:N Kz, .., x| is PN K[z44, .., x| —primary.
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Proof. Since I N K[xy41,..,2,] # 0 and I C Q; for each i € [k], Q; N K[xy41,..,2,] # 0 for
each i as well since I N K[x41,..,2,) C Q; N K[x41, .., Ty).

Obviously, K241, ..., 20 N T = K[zi11, .., 2] N (NE_,Q;) = NF_(Qs N K[xy41, .., 7,]). By

Proposition 2.24, for each i € [k], Q; N K[xi11, ..., Tp] is primary and 1/Q; N K[zy41, .., T,] is
equal to P, N K|[x141, .., Ty).
Thus, I has primary decomposition N}_,(Q N K[zy41, .., Tn]). ]

2.3 Polytopes

In this section, we define what is meant by a polytope in R™ which is a combinatorial object
defined by vertices. We then derive some results about polytopes and define the Newton
polytope of a polynomial. Polytopes, particularly Newton polytopes, are a fundamental

object used in this text.

Definition 2.26. A set S C R" is convex if given x,y € S, sz +ty € S for all s,t € [0,1]
such that s+t =1.

Clearly, R" is a convex set, and the empty set vacuously satisfies the definition of

convexity. By convention, we consider a set consisting of a single element to be convex.

Proposition 2.27. Suppose P C R".
Then, P is convez if and only if tyuy + ... + tyuy € P for all u; € P and ty, ...t € [0, 1]
such that t1 + ... +t, = 1.

Proof. Suppose that P satisfies the condition that tjuy + ... + tpur € P for all u; € P and
t1,...,tx € [0,1] such that t; + ... + ¢, = 1. Obviously this implies tha P is convex since we
can choose k = 2.

Suppose P is convex. Our proof is by induction on k& > 2.

Suppose k = 2. Suppose uj,us € P and t1,ty € [0, 1] such that t; + ¢, = 1, then since P

is convex, tyu; + tous € P by definition.
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Suppose k > 2 and that the result holds for s < k. Let ty, ..., ts, ts41 € [0, 1] be such that
t1+ ...+ ts +tsg =1 and let uq, ..., us, usr1 € P. Then we have the following:

t t,
t1u1 + ...+ tsus + t3+1us+1 = (1 - ts+1)(—1u1 + ...+ —us) + t5+1us+1 (24)

11— ts—l—l 11— ts+1
But,
t ts t1+ ...t
— L 4+t = - (2.5)
I —tsq I—tsp1  1—tsnn
Since t1 + ... +ts + ts1 = 1 it follows that 1 —¢s.1 = t; + ...t5. Hence,
t t
U+ ..+ —u, P
I —ts11 “ 1- ts+1u
and since 1 = (1 — tg41) + tspq with teq,1 —teq € [0,1], it follows that
t t
(1—tep1)(——us + ... + ——u,) +tsp1usg € P
1 —tsa I —ts1
]

Proposition 2.28. Suppose J is some nonempty set and P, are convexr subsets of R" for
alla € J.

Then P, is convex.
)

acJ

Proof. If (,c; Po = 0, then N, P. is vacuously convex.

acJ "«

Suppose z,y € (),c; Pa- Since the P, are convex by hypothesis, sz 4ty € P, for all

s,t € [0,1] with s+t =1and a € J. So, sz +ty € (),.; Pa for all s,t € [0,1] such that

a€ed

s +t=1. Thus, (,c; Pa is convex. O

Definition 2.29. Given a set S C R", the convex hull of S is defined as:
conv(S)=n{C: S CC Co™R"}

Observe the following:

1. The convex hull of S is the smallest convex set in R containing S
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2. S is convex if and only if conv(S) = S.

Proposition 2.30. Let S C R".
Then, conv(S) = {t1v; + ..tsvs : t1, ..., ts € [0,1], 81 + ..ts =1, and vy,...,vs € S}

Proof. Let R denote the set in right-hand side in the proposition statement. Then, R is
obviously convex containing S, so conv(S) C R.

Suppose C' is convex containing S. Then, for all ¢;,t, € [0,1] with ¢; + t5 = 1 and for
all uy,us € S, tiug + toug € C. But, tiuy + tous € R as well by construction. Hence, R is

contained in all convex subsets of R” containing S, so R C conv(\S). O]
Observe that the convex hull of a convex set is itself.

Definition 2.31 (Polytope and Lattice Polytope). By a polytope P in R", we mean the
convez hull of some finite set of points (called vertices) vy, ...,v, € R". If n = 2, then we

say P is a polygon. By a lattice polytope, we mean the convex hull of a set of vertices in

n
ZZO .

Definition 2.32. If P C R" is a polytope, we define the dimension of a polytope P as
dim(P) = inf{dim(A) : P C A C*fme R"}

That is, the dimension of P is the dimension of the smallest affine subset of R™ containing

P.

Recall that an affine set A of R™ is a translate of a linear subspace L, i.e. A =L + a for
some a € R".

Example. Let P C R? be the polytope generated by the points (0,1) and (1,1). This
is the same as the line segment joining the points (0,1) and (1,1). The smallest affine set

containing P is the line {(z,y) : y = 1}.

Definition 2.33. Let U,V C R". The Minkowski sum of U and V', written U +V , is the
set

U+Vi={u+v:uelwvelV}
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Proposition 2.34. If P, () are convezx sets, then their Minkowski sum P+ Q) s again convex.

Proof. Let u,v € P+ @, and s,t € [0,1] be such that s +¢ = 1. Then v = p, + ¢, and

v = p, + q, for some p,,p, € P and q,, q, € ). So,

su+tv = s(py + qu) + t(py + @)

= (Spu + tpv) + (SQU + tQU)

Since sp, + tp, € P and sq, + tq, € @ by convexity, su+ tv € P 4+ () so that P + (@ is

convex. O

Definition 2.35. Suppose f € Klxy,...,z,| say f = chl,m,kna:’fl...x’“".

n

The Newton polytope of [ is the lattice polytope that is the convex hull in R™ of the
set {(k1,....kn) : Chy,...k, 7 O}

Proposition 2.36. Suppose A := conv(vy,..,v;) C R™ for some k € Z~ and v; # v; for all
i #j. Let S(A) :={vy,...,v} and I := {S C S(A) : conv(S) = A}. Then, I has a unique
manimal element.

Proof. Obviously, I is nonempty since, at least, S(A) € I. The collection (I, <), where
S1, 99 € I satisfies 57 < Sy if and only if Sy C Sy, is a partially ordered set.

Let {S;}7; be a nonempty subcollection of I satisfying S; < Sy < ... < S,. Then,
Sn € S,-1 C ... CS;. Then, S, is the maximal element of {S;}_; with respect to <. Hence,
every chain in I has a maximal element with respect to <, and by Zorn’s lemma, I has a
maximal element with respect to <.

Suppose S, S € I are both maximal with respect to <. Then, say S = {u;}}_; and
S" = {w;}5_, with [r], [s] C [k]. Since conv(S) = conv(S’) = A, there exists t14, ..., t,; € [0, 1]
such that ¢ty; + ... +t,; = 1 and ty;u; + ... + t,u, = w; for each @ € [s]. Similarly, there exists

Yijs - Vsi € [0, 1] such that ~ywq + ... + v55ws = u; for each j € [r]. So,

Up = Wi + ... + Ys1Ws
= ")/11(t11U1 + ...+ trlur) + .t ’YLS(tlsul + .+ trsur)

= oquy + ... +au,
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where o; = Zj Vijti; S0, (1—on)us = aug+...+a,u,. But, o = Zj Tjt1; < Zj t; =1, so,
1—a;y > 0. Hence, u; can be written as a convex sum of us, ..., u,. So, the set {us,...,u,} €5

generates A which contradicts the minimality of .S. O

Definition 2.37 (Vertices of a Polytope). Suppose A := conv(vy,..,v;) C R™ for some k €
Zso and v; # vj for all i # j. Let S(A) := {vq,...,vx} and I :={S C S(A) : conv(S) = A}.
The vertices of A, V(A), is the minimal over all S € I. When A is the Newton polytope

of a polynomial f, we write V (f).

Lemma 2.38. Suppose A := conv(vy,..,v;) C R for some k € Zso and v; # v; for all
i1 7.

Then, vy is a vertex of A if and only if A — {v1} is conver.

Proof. Suppose v; is a vertex of A, but A — {v;} is nonconvex. Then, there exists to, ..., t; €
[0, 1] such that to + ... + ¢, = 1 and tovg + ... + tvp € A — {v1}. Since A is convex, it follows
that tovg + ... + tpvr, € A. Hence, tovg + ... + tpvp = vy. Since A = conv(vy, vg, ..., ;) and
tovg + ... + tpug = vy, it follows that A = conv(vs, ..., vx). So there is a subset of {vy, ..., v}
not containing v; that generates A. This contradicts our hypothesis that vy is a vertex of
A. So, A — {v,} is convex.

Now, suppose that A—{w; } is convex, but v is not a vertex of A. Then, conv(vs, ..., v) =
A. Since vy € A, there exists to, ..., 1 € [0, 1] such that to+ ...+t = 1 and tovg + ... +tpvp =
vy & A —{v1}. So, we have contradicted our hypothesis that A — {v;} is convex. O

Proposition 2.39. Suppose A := conv(vy, ..,v;) C R™ for some k € Z~o and v; # v; for all
1# 7.
If v = ra+ sb for some distinct a,b € A and positive r,s such that r + s = 1, then vy is

not a vertex.

Proof. First, a,b # v;. Otherwise, if, say a = vy, then v; = ra+ sb = rv; 4+ sb so that v = b
which is a contradiction of our hypothesis that a, b are distinct. Then, a,b € A — {v;} since
a,b # vy but a,b € A.

Assume to the contrary that vy is a vertex. Then, A —{v;} is convex, but then, ra+ sb =

v; € A — {v} which is a contradiction. O
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Lemma 2.40. Suppose f,g € Klx1,...,z,|. Let P(f), P(g) denote the Newton polytopes of
f, g respectively.
Then,

P(f-g)=P(f) + P(g)

Proof. Let S(f) denote the support of f = > c,x}*...al", that is

S(f) ={u= (w1, ...,un) € Z%y : ¢, # 0}

o, Tyt xlr. Then, P(f) = conv(S(f)) and
P(g) = conv(S(g)). Without loss, we may assume that S(f) = {a1,...,a;} and S(g) =

and S(g) is defined analogously for g = > d,,

77777

{b1, ..., by} where each a; and b; is a n—tuple of nonnegative integers.
First, we show that conv(S(f) + S(9)) = P(f) + P(g). Obviously, since P(f) =
conv(S(f)) by definition, conv(S(f)+S(g)) € P(f)+ P(g). Now, suppose u € P(f)+ P(g).

Then, there exists nonnegative sy, ..., s; and ¢1, ..., ¢, such that > s; = > t; =1 and
l m
u = Z S;a; —+ tjbj
j=1

=1

Since > s; = Y t; = 1, we have

l m l m m
Z S;Q; + Z tlbl = Z S’(Z t]‘)(lz‘ + Z tj(z Si)bj
i=1 i=1 =1 j=1 j=1 =1
l m
= Z Z Sit]‘(ai + bj)
=1 j=1

so that u € conv(S(f) + S(g)) and P(f) + P(g) = conv(S(f) + S(g)).

We can write f-g = Y auzi"..xf", where o, = E cud, and each u,v lies in

S(f) and S(g) respectively. Suppose w € S(f - g). TheriJrzl:ere exists some ¢, # 0 and
dy #0sothat >, cudy, =, # 050 w=u+v for some u € S(f) and v € S(g). Hence,
S(f-g) € S(f)+S(g) which further implies that P(f-g) C conv(S(f)+S(g)) = P(f)+P(g).

We note that V(P(f)+P(g)) € V(f)+V(g). To show this, we argue as before but replace

S(f),S(g) with V(f),V(g) respectively. This gives conv(V(P(f)+ P(g)) = P(f) + P(g) =
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conv(V(f) + V(g)). By Definition 2.37, V(P(f) + P(g)) is minimal over generators of
P(f)+ P(g), so the vertices of P(f)+ P(g) are contained in V(f) + V(g).

It remains to show that the vertices of P(f) + P(g) lie in the support of f - g. Let w be
a vertex of P(f)+ P(g). Then, there exists i, j vertices of P(f) and P(g) respectively such
that w =14+ j. Since ¢, j are vertices ¢;d; # 0.

Assume to the contrary that w ¢ S(f - g), then a,, = 0. Since 0 = a,, = Z Culy,

u+v=w
c;d; # 0 and 7 + j = w, we have:
0= qay
= Cidj -+ Z Cudv
u+v=w
uFELvFE]
so that 0 # ¢;d; = — Z cudy. This further implies that c,d, # 0 for at least on pair of
Uu+v=w
UFLVE]
u, v not equal to i, j respectively. For each u,v with c,v, # 0 in the sum Z Cud,, we
u+v=w
UFELVFE]

have u # 4 and v # j but u +v =14+ J.
To obtain our contradiction, we will show that w can be written as ra + sb for some
positive r, s with r+s = 1 and distinct a,b € P(f)+ P(g) with neither a, b equal to w. Since

u+v =1+ 7, we have
A P :
w=z+]=§(2z+2j)
.
:§(z+]+u+v)
L. :
:§(Z+U+J+U)

:%(z’+v)+%(j+u)
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Then, i + v # j + u, otherwise we have,

ut+v=1i+j
ut+v+itv=i+j+j4+u
20 = 2j

v=]

which contradicts the fact that v # j. Furthermore, since u # ¢ and v # j, it follows that
neither i +v =17+ j nor j +u = ¢ + 7. Thus, by Proposition 2.39, w = ¢+ j is not a vertex
of P(f)+ P(g) which is a contradiction of our assumption that w is a vertex. So, a,, # 0,

and w € S(f - g) as desired. Thus, P(f) 4+ P(g) = P(f - g). O

Definition 2.41 (Newton Subdivision). Let P(f) denote the Newton polygon of the
polynomial f € K[x,y], where K is a field with nontrivial valuation val : K* — R. Suppose
P(f) = conv{(u1,v1), ..., (Um, )} where the coefficient of the monomial z*y" is nonzero
for each i € [m]. Define P¢(f) C R*xR as the set conv{(u;,v;, 2;) : i € [m] and z; > val(¢;)}
where ¢; 1s the coefficient of the monomaial x*iy®:.

The Newton subdivision on P(f) is the image of P(f) under the map m: R?* x R — R?
by (r,s,t) — (r,s).

Example. Let f = fzy+1z+1y+1 € Q[z,y] where Q has the 2—adic valuation. In this
example, P(f) = conv{(1,1),(1,0),(0,1),(0,0)}, and the Newton subdivision on P(f) is the
same as P(f) with a line segment connecting (1,0) and (0,1). In this work, by subdivided

Newton polygons, we mean the Newton polygon with its Newton subdivision.

2.4 Tropical Geometry

2.4.1 Polyhedral Complexes and Fans
Definition 2.42 (Polyhedron, Face of a Polyhedron). By a polyhedron P in R™, we mean
the intersection of finitely many closed half-spaces, that is, a set having the form

{r e R": Az < b}
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Here, for some R—valued m x n matriz A and b € R™
By a face of P, we mean a set determined by some w € (R™)Y defined by {x € P: w-x <
w -y forally € P}

Notice that polytopes are bounded polyhedra.

Definition 2.43 (Polyhedral Cone). By a (polyhedral) cone in R"™, we mean a polyhedron
C, satisfying the condition that if vy, ...,vx € C and Ay, ..., A\ > 0, then A\jvy + ...+ Mg € C.

The simplest nonempty cone in R” is {0}. For every cone in R", there exists an m x n

matrix A such that C' = {z € R" : Az < 0}

Definition 2.44 (Polyhedral Complex). By a polyhderal complex in R™, we mean a collection
3 of polyhedra, called the cells of 3, satisfying the following conditions:

1. If P € %, then any face of P also lies in 3
2. If P,Q € X, then either PN Q =0 or PNQ is a face of both P and Q

Definition 2.45 (Support of a Polyhedral Complex). Suppose ¥ is a polyhedral complex in
R™. The support of 3, written || is the union of the cells in X.

Definition 2.46 (Subdivision of a Polytope). The subdivision of a polytope P is a polyhedral
complex C consisting of polytopes such that |C| = P.

We are particularly interested in ‘regular’ subdivisions of polytopes as defined in

Definition 5.3 of [16] and Definition 2.3.8 of [10].

Definition 2.47 (Polyhedral Fan). Let § = {CY,...,Cx} be a nonempty finite collection of

cones in R™.

We call § a (polyhedral) fan if it satisfies the following conditions:
1. Every nonempty face of a cone is again a cone in §

2. The intersection of any two cones in § is a face of both
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Definition 2.48 (Recession Cone, Recession Fan). Let o is a polyhedron in R™, then there
exists some m xn matric A with entries in R™ and b € R™ such that o0 = {x € R" : A-x < b}

We define the recession cone of o to be the set
rec(o) ={xr € R": A-z <0}
For a polyhedral complex 3 in R™, the recession fan of % is the collection
rec(X) = {rec(o) : 0 € ¥}
Definition 2.49. A polyhedral complex 33 is pure of dimension d if every face that is maximal

with respect to containment has dimension d.

Definition 2.50 (Refinement of a Polyhedral Complex). Let ¥ and X' be polyhedral

complexes.
We say that X' is a refinement of ¥ if |X| = |X'|, and, for every o € X, there exists a

o' € ¥ such that o' C o

Definition 2.51 (Common Refinement). Let 3y and 3y be pure d—dimensional polyhedral
complexes in R™. The polyhedral complex 1 N Xg := {01 N0y : 01 € Xq,09 € X} is called

the common refinement of X1 and s .
Proposition 2.52. Suppose |X1| = |Eao|. Then, |1 A o] = |X1] = |Z2].
Proof. First, we note that if P is a polyhedral complex in R™, then
|P| ={z € R": x € ¢ for some 0 € P}
So, x € |X1 A Xo| if and only if x € o1 N oy for some o7 € ¥y and 0y € 3y, if and only if
.’L’€|21|ﬂ|22|:|21|:|22| ]

Definition 2.53. A polyhedral complex 3. is connected through codimension [ if given P, Q) €
Y, there exists a finite sequence of cells, say P = Py,..., P, = Q such that P; N P41 has

codimension | fori=1,....k—1
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Definition 2.54 (Equivalent Polyhedral Complexes). Let ¥ = {o;}ier and X' = {0} }jes be

pure dimensional polyhedral complezes. We say that ¥’ and ¥ are equivalent if |X| = ||

We discuss the effect of projection on a polyhedral complex. Naively projecting a
polyhedral complex to one of the coordinate hyperplanes does not always preserve the
structure of a polyhedral complex.

Take, for example, 3 to collection in R? consisting of the polyhedra oy = V(y, 2+ 1) and
o9 = V(x,z — 1). Clearly, o1 Noy = () € . Also, the only proper faces of o; and o5 are the
empty set. Hence, X is a polyhedral complex.

Projecting ¥ to the xy—plane gives the collection P = {m (o) = V(y),m(02) = V(z)}.
While the faces of each element of P are again in P, w(oy) N7w(og) = (0,0) ¢ P. So, P is
not a polyhedral complex.

However, if define ¥; = {s1, s2, S3, S4, (0,0) } where s; = 7(o1)N{x > 0}, s3 = w(o1)N{z <
0}, s2 = m(o2)N{y > 0}, s4 = w(o2) N{y < 0}. We get a refinement of P that is a polyhedral
complex. Also, notice that |P| = |¥;].

Below, we provide a definition for the projection of a polyhedral complex to a coordinate

hyperplane.

Definition 2.55 (Projection of a Polyhedral Complex). Let ¥ be a 1—dimensional polyhedral
complex in R™ that is not contained in a hyperplane. Let m : R™ — R~ denote the projection
to the i'"-coordinate hyperplane.

We define the projection of 3 to be the complex ¥; containing the following:
1. The zero dimensional cells are:

(a) (o) where o € ¥ with dim(c) =0

(b) (o) N () where o,7 € ¥ with dim(n(0)) = dim(n(7)) = 1 and dim(7(c) N
(7)) =0
(c) (o) where o € ¥ has dim(o) = 1, but dim(w (o)) =0

2. The 1—dimensional cells are finite intersection of some maximal (with respect to

containment) collection {m(c) : 0 € ¥ and dim(w (o)) = 1}
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2.4.2 Weighted Polyhedral Complexes

Definition 2.56. A weighted polyhedral complex is a pure dimensional polyhedral complex
33 together with a function m : 3 — Z~q called the multiplicities of the cells of X.

Definition 2.57. Let (3, m) be a weighted pure 1—dimensional polyhedral complex, and let
01, ...,0% € 2 be a collection of 1—dimensional cells sharing a single common 0—dimensional
face, x. Let vy, ...,v; be the first lattice points of o1, ..., 04 respectively.

We say that ¥ is balanced weighted at x if

k

If we say that X is balanced weighted without specifying the 0—dimensional cell, then we

mean that X is balanced weighted at each of its 0—dimensional cells.

Definition 2.58. Suppose (X, m) and (X',m’) are balanced weighted, pure 1—dimensional
polyhedral complezes.

We say that (X, m) and (X', m’) are equivalent if we have the following:
LX) = [
2. Ifo € ¥ and o’ € ¥ have dim(c No’) > 0, then m(c) = m/(o”)

Definition 2.59 (Multiplicities of Projected Cells). Let (¥,m) be a balanced-weighted, pure
1—dimensional polyhedral complex in R™, and ¥; denote the projection of ¥ as defined in
Definition 2.55.

Let o € ¥; be a 1—dimensional cell. We define the multiplicity of o to be:

m'(o)= Y m(r)Z" ), : w(Z"),)]
w(T)=0

If o is a 1—dimensional polyhedron in R™, then (Z"), denotes the lattice points in the linear
subspace of R"™ parallel to o. If o is 0—dimensional, then (Z"), = Z-0. The index [(Z"'), :
7((Z™),)] denotes the index of w((Z"),) as a subgroup of (Z"~1),
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Definition 2.60 (Tropical Curve). By a tropical curve, we mean a balanced weighted, pure

1—dimensional polyhedral complex (3, m) that is connected.

Definition 2.61 (Tropically Irreducible). Let (3, m) be a tropical curve in R™.

We say (3, m) is tropically irreducible if the following hold:
1. If ¥4, 39 are polyhedral complezes such that ¥ = YUY, then either X = X1 or X = 39

2. If m' : ¥ — Zwy is such that (3, m’) is balanced and m'(c) < m(o) for all o € 3, then

either m' =0 or m' = m.

2.4.3 Tropicalizations of Ideals and Polynomials

Definition 2.62 (Tropicalization of a Polynomial). Suppose f € Klxy,...,xz,] and f =
ZueZgo,cu;éo cyx™ and w € R™. The tropicalization of f with respect to w, written trop(f) is
given 7by

trop(f)(w) = min{val(c,) + w - u : ¢, # 0}

Definition 2.63 (Tropical Hypersurface). Let f € Klzy,...,x,]. The tropical hypersurface

Trop(f) is the set {w € R™ : the minimum in trop(f)(w) is achieved more than once }

Definition 2.64 (Initial Form of a Polynomial). Suppose f € Klzi,...,x,| and f =
Zuezgo,cu;ﬁo cyz® and w € R™.  The initial form of f with respect to w, written in,(f),

is the sum of those terms of f that attain the minimum in trop(f)(w).

In the trivial valuation case, in,(f) is the sum of the terms of f with minimum w-weight.

These definitions lead to Kapranov’s Theorem [10, Theorem 3.1.3]:

Theorem 2.65. (Kapranov’s Theorem) Suppose K is an algebraically closed field with

nontrivial valuation. Fiz [ € Klxy,...,x,]. Then the following three sets are the same:
1. the tropical hypersurface Trop(f) in R"
2. the set {w € R™ : in,(f) is not monomial}

3. the closure in R™ of the set {(val(y1), ..., val(y,)) : (y1,...,yn) € V(f) C K™}
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Definition 2.66 (Initial Ideal). Suppose I C K[z, ...,x,] is an ideal and w € R™. The

wniatial ideal of I with respect to w is given by
iny(I) = (in,(f) : f € T)

Definition 2.67 (Tropicalization of an Ideal). Suppose I C K|xy,...,x,] is an ideal and

w € R™. The tropicalization of I is given by
Trop(I) = {w € R" :in,(I) does not contain a monomial }

If I is a principal ideal, say I = (f), then the tropicalization of I coincides with the
tropical hypersurface Trop(f).

2.4.4 The Weights on a Tropical Variety

Definition 2.68 (Multiplicity of a Minimal Associated Prime). Let I C Klzq, ..., z,)
be an ideal, and P a minimal associated prime of I. We define the multiplicity of P,
written mult(P, 1), is defined as the largest possible length of K|xy,...,z,|p—modules in

(L= P=)/T)p

Definition 2.69. Suppose X is supported on the ideal I and o € ¥ is a cell. The weight on
the cell o is called the multiplicty of o, written mults (o) = multrepp (o), and is given by

the formula

mltyp(ry (0) = Y mult(P, iny, (1))

PecA

where A is the collection of all minimal associated primes P of in,(I) for any w € relint(o).

2.4.5 Tropicalization of an Ideal Produces a Weighted Polyhedral

Complex

Let I C K[xy,...,x,) and w € R™. We define C;[w] := {w' € R™ : in,(I) = iny(I)}. The

closure in R", Cjw], is a polyhedron, and the collection {(C;[w], mult(C;lw])} is a pure

dimensional polyhedral complex that is connected in codimension 1.
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Theorem 2.70. Let I C Klxy,...,x,] be an ideal. Then, Trop(I) is the support of the
Grobner complex of I.

Proof. Let (1) := {(Cr[w], mult(cy))}. We wish to show that |X(I)] = Trop(/). To this

end, we will let O

Theorem 2.71. Suppose I is an ideal of K|x1,...,x,]. Then, Trop(I) has dimension d if
and only if dim(I) = d.

Definition 2.72. Suppose ¥ is a tropical variety in R™ and I is an ideal in K[z, ...,x,].
We say that I realizes ¥ (equivalently, ¥ is supported on I) if Trop(I) = |X|, and that a

tropical variety X2 is realizable if such an ideal exists.

We complete this section by showing that every Tropical curve in R? is realizable by some

ideal.
Theorem 2.73. Every tropical curve ¥ in R? is realizable.

Proof. By Proposition 3.3.10 [10], there exists a Laurent polynomial f € K[z*!, y*!] such
that |X| = Trop(f). Furthermore, by the same proposition, if A denotes the subdivided
Newton polytope dual to X, then the lattice lengths of each edge of A corresponds to the
multiplicity of its dual. That is, if e € A is a 1—dimensional cell with length [(e), then the

cell o € ¥ corresponding to o has multiplicity multy(c) = I(e) O
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Chapter 3

Procedure: Definition and Proof of

Correctness

3.1 Statement of Procedure and Necessary Hypotheses

Recall that we are trying to answer the following question: Is a tropical curve ¥ in R?
realizeable by some 1—dimensional prime ideal I C K[z, y, z|? In this chapter, we define the
procedure that will answer this question and prove the correctness of this procedure.
Essentially, the procedure is to project the tropical curve to each of the zy—, rz—, and
yz—planes, and since tropical curves in R? are realizable, find subdivided newton polytopes
that realize each of the projected tropical curves, and they satisfy certain compatiblity
conditions that we define later. In order for our procedure to work, we will need the following

hypotheses to be true for our tropical curve X:

(i) ¥ = 7 (Xay) N7 (Be2) N7t (By:) where the Xpy, ¥,., By, denote the polyhedral

complexes as defined in Theorem 2.55
(ii) ¥ is minimally balanced at each vertex (this is defined in section 3.22)

(iii) There exists a 1-dimensional cell o € 3 that is parallel to the vector (1, x, ) € R? such

that multy, (7., (0)) = mults,, (7,.(0)) = 1
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(iv) The projections of X, that is ¥,,, ¥,,, X,., are tropically irreducible as in Definition

2.61.

Once ¥ has been verified to satisfy the preceding hypotheses, we can follow the procedure

below to determine if our tropical curve is realizable.

1. Determine if ¥ is contained in a plane. If it is, then the procedure outputs "Yes.’

Otherwise, proceed to the next step.

2. Project ¥ to the xy—, xz—, yz— planes and refine as prescribed in Definition 2.55 to

obtain polyhedral complexes in R?

3. Find subdivided Newton polytopes P, P,., and P, dual to ¥, >,., >, respectively.
We may do so by Theorem 2.73.

4. Find polytopes P! . P!

Ty T T2

and P, corresponding to P, Py, and P, respectively, that
satisfy the conditions of Theorem 3.18 and Theorem 3.21. If none can be found, then

output ‘Unknown.” Otherwise, we proceed to the next step.

5. Construct a matrix M of coefficients whose rows are indexed by the polynomials
contained in the set (P, + Py,) U (P, + Pp.) U (P, + P,z) and whose columns are
indexed by the monomials contained in each P/ + P,. We describe this process and

some necessary conditions on the P/’s in greater detail in Subsection 3.3.1.
6. Compute a set of generators G for the maximal minors of the matrix M.

7. Let v denote the vector of valuations that determine the subdivision on the Newton

polytopes Py, P,., P,. and compute the initial ideal in,(G).

8. If in,(G) contains no monomials, then the procedure returns ‘Yes.” Return ‘No’

otherwise.

As seen above, our procedure necessarily produces one of the following answers regarding

the tropical curve >:

(i) Yes — There is a prime ideal I such that Trop(I) = X.
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(ii) No — There does not exist a prime ideal I such that Trop(/) = X.
(iii) Unknown — It is unknown if ¥ is realizable.

An implication of the Fundamental Theorem of Tropical Algebraic Geometry [10,
Theorem 3.2.3] is that if in,(G) contains no monomials, then there exists p € V(G) such that
the pointwise valuations, val(p) = a. Hence, if f,y, f2z, fy» have the same Newton polytopes
as the duals of ¥, ¥,., %, respectively, and have coefficients specialized at p € V(G), then

M has strictly less than full rank. We’ll show that this condition on the rank of M implies

that (f.y, fzz, fy2) has an associated prime I that satisfies the elimination conditions.

3.2 Multiplicities of the One-Dimensional Cells of Trop-
ical Curves

In this section, we develop some additional machinery that powers our procedure. We
begin by proving some results about the behavior of tropical curves under projection to the
coordinate planes. Following this, we define the polytopes and coefficient matrix referenced
in the statement of the procedure, and then we develop some results from commutative
algebra that allow for their use. For these upcoming technical results, we do not assume the
hypotheses on ¥ that we defined at the beginning of this chapter unless otherwise explicitly

noted.

3.2.1 Projections of Tropical Curves

The projection of tropical varieties is studied in [14]. In this section, we derive some results
regarding the projection of tropical curves.

Suppose ¥ is a tropical curve in R” such that Trop(I) = X for some ideal in K|z, ..., z,].
In Definition 2.55, we defined a polyhedral complex ¥; that contains the projection of ¥ to
the i —coordinate hyperplane. While Trop(I N K[z, ..., %;_1, iy 1, ..., Tn] may not equal to

Y.;, they are equivalent as we will show in the following theorem:

Theorem 3.1 (Tropical Closure Theorem). Suppose I C K|y, ...,x,] is an ideal.
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Define the following:

7R = R by
T2 (S1y 000y Sn) 2 (ST, ooy Sic1y Sid1y ey Sn)
L= TNK[T1, ooy i1, Ti1y ey Ty (3.1)
7(V(I)) is the smallest variety containing w(V(I))

Yl is the polyhedral complex as defined in Definition 2.55

Then, [%;] = | Trop(;)|.

Proof. By [5, Theorem 3.2.3|, m(V(I)) = V(I;) so that Trop(n(V(I))) = Trop(;).
Next we note that the projection map is a monomial map, so by [10, Corollary 3.2.13],

Theorem 3.1 shows that the polyhedral complex ¥; is equivalent to the tropicalization
of the elimination ideal. The theorem says nothing about the resulting multiplicities,
however. The last two theorems of this section shows how the multiplicities of the
1—dimensional cells of ¥; and Trop([;) are related. The proof of these theorems rely on
intersecting a 1—dimensional cell of ¥; A Trop(/;) (we showed in Proposition 2.52 that
|3;| = |2 A Trop(Z;)| = |Trop(I;)|) with a classical line that satisfies certain properties.
The following theorem shows that such a line does indeed exist.

Another concept that plays in important role in the next few results is that of the stable

intersection between polyhedral complexes.

Definition 3.2 (Stable Intersection of Tropical Curves). Let X1, %o be rational balanced
weighted pure polyhedral complezes in R™. The stable intersection of 31 and X5 s defined by

21 ﬂstEgz U 0'1ﬂ0'2

01€X1,02€02
dim(o1+02)=n

If dim(oy N oy) = n, then it has multiplicity

multy, s, (01 N o2) = Y multy, (n) mults, (72)[Z" : (Z"),, + (Z"),,]

71,72
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Here, the sum is over each 11 € stars,(o1Nos) and 75 € stars,(oaNoy) with i N (2 +v) # 0
for some fixed generic v. Further, letting L, denote the linear subspace of R™ parallel to T,

(Z™"); = L, NZ™ which is nonempty since T has rational slope.

Notice that the stable intersection of ¥; and X5 is contained in their set-theoretic
intersection. The containment is possibly strict.

Example. Let X, = {(01,m1)} and Xy = {(09,m2)} where oy = R-(1,1) C R? and
oy = R - (1,0) with m; = ms = 1. Observe that ¥; and ¥, are tropical curves, and their
stable intersection is the zero-dimensional polyhedral complex ¥ Ny X9 = {(0,m)} where

2 2 2 11
m=1[2%:(Z%),, + (Z%),,] = | det Lo |=1

Lemma 3.3. Let [ C Klx,y, 2] be an ideal and 3 = Trop(I) be a tropical curve in R® that
is not contained in any plane, and let 0 € ¥ be a 1—dimensional cell whose projection m,, (o)
is also 1—dimensional.

Then, there exists w = (wy, wa, ws) € relint(o) such that for at least one of X = V(z—w)
orY = V(y —ws), the set theoretic intersection of X (orY ) with ¥ is equal to their stable

ntersection.

Proof. Trop(I) is the union of finitely many 1—dimensional cells (lines or line segments), say
Trop(I) = o Un U... U7y for some k € Zx.

For each i = 1...k, choose H; C R? in the following manner:

If 7., (i) € R? is 1—dimensional, then let L; be the affine span in R? of m,,(7;). Then
H, = W;yl(Li) is a plane in R?® containing 7;. If 7,,(7;) is zero-dimensional, then m,,(7;) =
(v1,v9). Let L; := V(z — v,y — vp), then H; = W;yl(Li) is a line in R? containing 7;.
Let S C {1,...,k} be such that if s € S, then 0 ¢ H,. If S = (), then ¢ C H; for each
i = 1...k. Then, m,,(c) C L, for each i = 1...k, so that each L; is 1—dimensional since 7, (o)
is 1—dimensional by hypothesis, but this implies that L; = L, for each 7,7 = 1...k which
further implies that Trop([/) is contained in a plane. As this contradicts our assumption that
Trop(I) is not contained in a plane, S # (). Let P = |J,.q Hs. Then P N o has at most

seS TS

finitely many points, so we may choose w = (wy, wq, w3) € relint(a) N (R* — P).
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At least one of V(z — wy) or V(y — wsy) intersects o only at w. If o intersects both
V(z — wy) and V(y — wq) at a point different from w, then o C V(x — wy,y — wy) which
implies that m,,(c) is 0—dimensional which is a contradiction of our hypothesis.

Say V(x — w) intersects o only at w. Then, as a plane in R® V(z — w;) intersects
Trop(/) at only finitely many points, otherwise V(x — w;) contains a 1—dimensional cell of
Trop(/) which implies that V(z — w;) € P which in turn contradicts our choice of w, and
as a line in R? V(x — w) intersects Trop(I N K|[z,y]) at only finitely many points, and
in particular, V(z — w;) intersects Trop(/ N K|x,y]) transversely at (w;,wsp). Then, any
g = cx € K[z] C K[x,y] with val(c) = wy will satisfy Trop(g) = x — wy. O

Proposition 3.4. Let X be a tropical curve in R3 that is not contained in a plane, let
g € Klz,y] a polynomial such that Trop(g) intersects ¥ at finitely many places and X,
transversely everywhere, and let (¥ N Trop(g))., denote the polyhedral complex that is the
refinement of the ., (3 N Trop(g)) as in Definition 2.55. Then,

Y.y N Trop(g) = (XN Trop(g))ay

Proof. Suppose XNTrop(g) = {u1, ..., ux} where u; = (u;1,u;2,u;3) € R* foreach 1 < j < k.
Then, m,,(X N Trop(g)) = {msy(u;) : 1 < j < k}, but without loss, we may suppose that
Ty (2 N Trop(g)) = {may(w1), ..., Ty (w;) } where I < k. Refining 7., (X N Trop(g)) leaves the
set unchanged by Definition 2.55, so 7., (2 N Trop(g)) = (X N Trop(g))ay-

Next, we show that X,, N Trop(g) is the image of ¥ N Trop(g) under m,,. Since X, N
Trop(g) is 0O—dimensional, it consists of finitely many points. Let u be one such point,
then u = o N Trop(g) for some 1—dimensional cell ¢ € ¥,,. By Definition 2.55, ¢ =
N res  7(7). Since o N'Trop(g) # 0, 7N Trop(g) # 0 for each 7 € ¥ with dim(n (7)) =1
andcllm&(;;)r_ﬁla # () since Trop(g) is a plane in R3. So, u = 7, (7NTrop(g)) € 7., (XN Trop(g)).
Hence, ¥,, N Trop(g) C (XN Trop(g))ay-

Next, we show (XN Trop(g))., C Xz N Trop(g).

Suppose u € (X N Trop(g))sy- Then, there is a w € ¥ N Trop(g) such that m,,(w) = w.
But, w € ¥ N Trop(g) if and only if there is a o € 3 such that w = o N Trop(g). Since
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Tuy(0) is 1— dimensional, there exists a ‘subdivision’ of 7, (o) that is contained in ¥, and

contains u. Hence, w € ¥,, N Trop(g), and X, N Trop(g) = (X N Trop(g))., as desired. O

Proposition 3.5. Let N C Z" be a sublattice having rank n. Say N := {ajv; + ... + a,v, :
a; € Z} for some set of integer vectors v;. If V' is the n x n matriz whose columns are the
v;’s, then,

[Z" : N] = | det(V)]

Proof. There exist n xn matrices U and W with integer entries and det(U) = det(W) = %1,
and diagonal matrix 7" with integer entries such that T'= UV W here, T is called the Smith

Normal Form of V. The entries of T' correspond are the invariant factors of N in the

decomposition
Z 7
N:Zn@fl—z@...@fk—z

where f; divides f;,; for each i € [k — 1]

Since @ = E Ph...P £ as abelian groups,

N f}LZ o,

(2 N = | = oo i = | det(U)] | det(T)] | det(W)] = |21 fi-.- fi- | 1] =

| det(V)] ]

Proposition 3.6. Let 3 be a tropical curve in R® consisting of the (classical) line through
the origin 0 = R - (1, So,53) such that si,sy # 0. Fiz some (r1,re,r3) € 0 and let g = cy

where ¢ € K has valuation equal to —ry so that Trop(g) = V(y —r2). Then,

multEﬁTrop(g) (7’1, T2, TS) = multzxyﬂTrop(g) (7”1, 7,2>

Proof. Since o is not contained in the plane V(y — ry), so Trop(g) + 0 = R3. Hence,
dim(o+Trop(g)) = 3 as linear subspaces of R3. So, XNTrop(g) satisfies [10, Definition 3.6.5],
that is, the set-theoretic intersection of ¥ and Trop(g) is equal to their stable intersection.
Likewise, since 7., (0) = R-(s1, s2) is not parallel to the line Trop(g) = V(y—r2), dim(my,(o)+
Trop(g)) = 2 as linear subspaces of R?. So, the set-theoretic intersection of 3., = {m,(0)}

and Trop(g) is equal to their stable intersection.
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Using the formula given in [10, Definition 3.6.5],

multsryop(q) (71, 72, 3) = mults (o) multryep(g) (Trop(g))[Z3 : (Zg)g + (Z3)Tr0p(g)]

since o N Trop(g) = (r1,79,73) and, here, (Z*)s = Lg N Z* where S is either o or Trop(g)

and Lg is the linear subspace in R3 parallel to S. Similarly,

mults,, (Trop(g) (11, 72) = mults, (Tay (o)) Multrop(g) (Trop(9))[Z* : (Z%)(x,, o)) + (Z7)Trop(g)]

The lattice (Z?), is given by Z - (21, 22, 23) where (21, 29, 23) is the first lattice point on
R - (r1,r2,73). The index [Z® : (Z*)y + (Z%)1rop(g)) is given by the absolute value of the

determinant of the matrix

Z1 29 Z3
1 0 0
0 0 1
so (23 :(Z?), + (ZS)ﬂop(g)] = | — 29| = |22] so that

multsnrrop(g) (r1,72,73) = multy (o) multrrop(g) (Trop(g))|z2|

Since (Z°)r,,(0) = Z - (i, Q) where g = ged (21, 22), [Z° 1 (Z°)r,,(0) + (Z%)Trop(q)] 18 given by
g g

the absolute value of the determinant of the matrix

VAR
9 9
1 0

Z ..
and S0, [ZQ : (Z2>(7T:1:y(0')) + (ZQ)Trop(g)] = % giving

z
mUIthyﬂTrop(g) (Tl y T2) = mUIthy (7T1‘y (O_)) mUItTrop(g) (TI‘Op(g)) 72’
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By Definition 2.55,

multy,, (e () = mults (0)[(Z*)r,, (o)  Tay(Z°)o)]

Since (Z3), = Z(z21, 22, 23), Tay((Z?)5) = Z - (21, 22) which gives us

(Z%)rey0) = Ty (Z7)5)] = g

in turn

mults, ATrop(g) (r1,72) = multg (o) multrrop(g) (Trop(g))|ze|

So, multsamrop(e) (71,72, 73) = mults, ATvop(e) (71, 72) as desired O

Proposition 3.7. Let ¥ be a tropical curve in R? that is not contained in a plane, and
I C Klz,y, 2| such that Trop(I) = X. Fiz 0 € ¥, and let w € relint(o) and g € K[z,y| be
as i Lemma 3.5.

If u = 7y (w) € Xy, N Trop(g) = (X N Trop(g))ay, then

mults,, ATrop(g) () = MUt (sATrop(g))., ()

Proof. Without loss (by Lemma 3.3), we may assume that Trop(g) is parallel to the z—axis.
Then, (Z?)1vop(g) = spanz{(1,0,0),(0,0,1)} and (Z?)1op(g) = spanz{(1,0)}.
By Definition 2.55,

MUl smrop(@)e, (W) = Y mltsrrrrop(e) (W)[(Z2)u ¢ Tay ((Z°)u)]

weXNTrop(g)
Ty (W)=u

but, v and w are 0—dimensional, so (Z?), = Z - (0,0) and 7,,((Z*),) = 7y(Z - (0,0,0)) =
Z-(0,0). So, [(Z*), : 7ey((Z?),)] = 1 and

mUIt(EﬁTrop(g))wy (U) - Z mU-ltEﬂTrop(g) (w)

weXNTrop(g)
Toy(W)=u
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By Definition [10, Definition 3.6.5] and Lemma 3.3,

multEﬂTrw(y)(“’) = mults (o) mUItTmp(g) (Trop(g))[Z3 : (Zg)ow + (Z3)Trop(g)]

where 0, € ¥ satisfies o, N Trop(g) = w. Since dim(Trop(g) + 0,) = 3 by Lemma 3.3,
(Z?) g, + (Z*)1yop(g) has rank 3, and if (Z*),, = Z - (z1(w), za(w), z3(w)), then

z(w) 22(w)  23(w)
[Z3 : (Z3)0w + (Zg)’l‘rop(g)] = det 1 0 0
0 0 1

= [za(w)]

Hence,

() (1) = mult(@,) mult o) (Trop(9))|22(w)

which implies that

Mult (5 Trop(g))., (%) = Multepig) (Trop(g)) Z multy, (0,,) |22 (w)]

weXNTrop(g)
Tay(W)=u

Next, we note that by [10, Definition 3.6.5] and Lemma 3.3

mUIthyﬂT‘mp(g) (u) = mUItExy (7) mU1t1‘r0p(g)(TrOp(9))[Z2 : (22)T + (ZQ)Trop(g)]

where 7 € ¥, is the 1—dimensional cell such that 7 N Trop(g) = w.

Since 7 and Trop(g) are both 1—dimensional such that dim(7 + Trop(g)) = 2, (Z?), +
(Z?)1vop(g) 1s a lattice with rank 2. Since Trop(g) is parallel to the z—axis, (Z?)1yop(q) is
generated by (1,0). Say, (Z?), is generated by the integer vector (si,ss) then, (Z?), +
(Z%)Tvop(g) = spanz{(s1, s2), (1,0)}. The matrix whose rows are (s1, s2) and (1, 0) has nonzero

determinant since the lattice (Z?), + (Z*)1yop(y) has rank 2. In fact, its determinant is s, so
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(22 : (Z7)7 + (Z)1rop(g)) = | 52| and

mults, Atrop(g)(4) = mults,, (7) multryepg) (Trop(g))|s2|

By Definition 2.55,

milts, (1) = 3 mults()(Z)s : mayl(Z0)0)
Wz;-ES%:ZT

If 7' € ¥ satisfies m,,(7") = 7, then 7" N Trop(g) = w for some w € relint(7') and m,,(w) =

Tay (7' N Trop(g)) = may(7") N Trop(g) = 7 N Trop(g) = u. So, we may rewrite multy, (7) as

mults,, (1) = ) mults(0u)[(Z%): : 74y (Z°)s,,)]

weXNTrop(g)
Ty (W)=
Ty (Ow)=T

Since (1) = T, my((Z?),) is a sublattice of (Z?), If (Z3),) is generated by the
integer vector (z1(w),z2(w), 23(w)), then, 7., ((Z*),/) is generated by the integer vector
(z1(w), z2(w)). Since 7. ((Z*)r) = Z - (z1(w), 22(w)) C Z - (s1,82) = (Z?),, there exists
k. € Z>y such that k,s; = z;(w) for i = 1,2, so

[(22)7 : Wzy«Zg)aw)] = kuy

Hence,

mults, 1rop(g) (4) = Multryopg) (Trop(g))|ss| Z multy (o,,)ky,

weXNTrop(g)
Ty (W)=
TFZy(Uw):T
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Hence, dividing, we get

MUt ryop(g) (Trop(9))[52] D wesnmrop(e) Mults (04) iy

Ty (W)=u
mUIthyr‘lTrop(g) (u) _ ﬂ'zyy(o'w):'f—
mult (srmrop(g))e, () Mlttiop(g) (Trop(g)) D wesnrop(e) Mults (0w ) |22 (w)]
Ty (w)=u

’82 ‘ ZwEEﬁTrop(g) multy, (O'w)kw
wzy(w):u
Ty (O'w):T

B ZwEZﬂTrop(g) mUItE(Uw) |kw32|
oy (W)=u

ZwEEﬁT‘rop(g) multE (Uw ) kw
Tey(W)=u
7ravy(Uw):T

B ZweEﬂTrop(g) multE(Uu))kw
oy (W)=u

The w € relint(o) in the hypothesis can be a priori chosen so that if 7, (o, N Trop(g)) = v,

then m,,(0,) can be refined to be equal to 7. Thus,

multzxyﬂTrop(g) (U) = mUIt(EﬂTrop(g))my (U)

Theorem 3.8. Let ¥,, denote the projection of Trop(l) = X to the xy—plane. Then,

multgzy (U) > mU1tTrop(IﬁK[r,yD (U)

for each 1-dimensional cell o € ¥, A Trop(I N K|z, y]).

Proof. By Theorem 3.1, ¥,,, and Trop(/ N K[z, y|) are equivalent polyhedral complexes with
X2y = | Trop({ N Kz, y])| = |y A Trop(I N K[z,y])| by Proposition 2.52. Let o denote a
1—dimensional cell in R? in 3., ATrop(INK|[z,y]). Then, ¢ = 71N7, for some 1—dimensional
cells 7y € ¥y and 7 € Trop(I N K([z,y]). By multy,, (o), we mean multy, (71). Likewise,

MWt tyop(rnKfey)) (07) = MUlbtrop(rnk(ey)) (T2)
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Let g € K|z, y| be chosen as in Lemma 3.3 so that Trop(g) intersects ¥, transversely
at some fixed w € relint(o), and ¥ N Trop(g) = Trop(I + (g)) is 0—dimensional— this means
that all nonempty 7 € Trop(/ + (g)) are points.

By Definition 2.59 and Proposition 3.7,

mults,, ~Trop(g) (W) = Mult(srtrop(g))., (W)

- Z multsrrrop(q) (7) [(ZQ)w : W((Zg)f)]

reSihron(o)
where (X N Trop(g))., denotes the polyhedral complex that is the refinement of the m,, (XN
Trop(g)) as in Definition 2.55.
Since w and 7 are 0—dimensional, (Z?),, = Z - (0,0) and (Z*), = Z - (0,0,0) so that
7((Z*);) =Z-(0,0), and the index [(Z?),, : 7((Z?),)] = 1 for each T € Trop(I + {(g)).

K[z,y,z]

Since I + (g) is 0—dimensional, multpyop(r4(g))(7) = dimK(([+(g>)T

(g)) by [10, Proposition 3.4.8 |].

) for each 7 € Trop(I +

Hence,
. K[z,y, 7]
mults,,Trop(g) (7) = Z dlmK(m>
uETr(op)(£+<9>) !

Similarly, as I N K[z,y] + (g) is 0-dimensional, we have,

Kz,
IN Kz, y] +(9))w

)

mUItTmp(mK[w,yH(m)(w) = dimK((

Since (I + (g)), is zero-dimensional, (I + (g)), = ﬂ (Q)» where each v = (vq, v, v3)

veEK?
val(v)=T1

and /Q, = (x — v,y — v, 2 — v3) since zero-dimensionality of an ideal implies that its
associated primes are zero dimensional, but zero-dimensional primes are maximal. Likewise,

(INK[z,y|+(9)w = m (Qu,N K|z, y]) because the radical of each primary component

veK3
val(v1,v2)=w

of (INK[x,y]+(g))w is equal to (x—vy, y—vs). Since (I+(g)).NK|[z,y] = ﬂ (QuNK[z,y])

vEKS
val(v)=7
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and 7, (7) = w,

(L +{g))r N K[z,y] € (I N K[z,y] + (9))w

So, ﬂ (I+{9))-NK[z,y] € (INK[z,y] + (g)), which implies that
TETI‘O(p()[i—(g»

Kz, ] C Klz,y]

(INK[z,yl +{(9)w ~ Nremopt+en (L +(9))- N K[z, 9]

Ty (T)=w

But, injects into @
ﬂmgff(fif” (I @) N K.y retrop(l+(5)
Tl'zy T)=w

im K[ZB’ y] im K[,CL’, y]
Teﬂg(;ﬂg))d K((I +(9))-N K[x,y]) =d K((I N K[z, y] + (g))w)

Ty (T)=w

But, for each 7 € Trop(I + (g)), dimK(%) = dimK(([ + <g[>()[f7ﬂy][([:c,y]

. Klz,y, 2] - Klz,y]
TETH§+<Q>)dImK((I+ <g>)7) = K((IOK[x,y] + <g>)w)

w(T)=w

Hence, mults,, ~rvop(g) (W) = MUlbmyop(ink(z,y)+(g)) (W) so that, by Definition 3.6.5 [10, p. 137]

mults,, (o) multrop(g) (Trop(9))[Z* : (Z%)g + (Z°)1rop(s)]
> (3.2)

mUItTrop(IﬁK[x,y])<J) multryop(g) (TTOP(Q))[ZQ : (Zz)a + (ZQ)Trop(g)]
and thus,

mults,, (o) > multropnke,y) (o)

as desired.
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Proposition 3.9. Suppose o is a 1—dimensional cell of the tropical curve Trop(I) = X that

is parallel to the vector (1,21, z3) for some z1, 2o € Z. If multy, (7.,(0)) = 1, then
multy (o) =1

Proof. Since o is parallel to (1, 21, 22) € Z3, the projection of o to the zy— plane is parallel
(1, z1). In particular, dim(m,,(0)) = 1.

By Theorem 3.8, 1 = multy,, (74, (0)) > multmop(inife,y) (Tay(0)). So, multy, (7. (0)) =
MWt ryop(1nKz,y)) (Tzy(0)) = 1. Furthermore, by Lemma 3.3, there exists w = (wy, we, w3) €
relint(o) so that the intersection of Trop(g) = V(x — wy) (here g = cx with val(c) = —wy)
with > is equal to their stable intersection.

Since o is parallel to (1,z1,22), (Z*), = Z - (1, 21, 22). Then, 7,,((Z*),) = Z - (1,21) =

(Z2)r,, (o) since ged(1, z1) = 1.

This gives
1 21 29
27 - (Z7)g + (Z°)mvopg)] = det |0 1 0| =1
0 0 1

Simﬂarly, [ZQ . (ZZ)WIy(U) -+ (Z2)Tr0p(g)] = 1
By [10, Definition 3.6.5], we have the following:

mults, ATrop(g) (W1, W2) =
mUItExy (Wwy(g)) mUItTmp(g)(TrOp(g))[Z2 : (Z2)7sz(0) + (ZQ)Trop(g)]
= multy,, (74y(0)) multpyepg) (Trop(g))
=1

On the other hand, Lemma 3.3 gives:

mults,, (rop(e) (W1, w2) = Y multnatiop(e) (W) wrw) * Ty (Z%)a)]

u€XNTrop(g)
Ty (u)=(w1,w2)

= Z multyrop(g) ()

u€XNTrop(g)
Ty (w)=(w1,w2)
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But, by Definition 2.59, we have

mUItEﬂTrOP(g)(u) = mults(7,) mmtﬂor)(g)(TrOp(g))[ZS : (Z3)Tu + <Z3)Trop(g)]

where 7, € ¥ satisfies 7, N Trop(g) = v and 7, (u) = (w1, wz). However, it must be that

Z mth(Tu)[Zg : (Zg)m + (ZS>T‘YOP(9)] =0

Tu€X—{0}
TuNTrop(g)=u
Ty (u)=(w1,w2)

since mults, A1rop(g) (w1, w2) = 1. So, we have

1 = multy,, A1rop(q) (W1, w2) = multg(a)[Z3 (Z3), + (Z3)Trop(g)]

Since we showed that [Z* : (Z*), + (Z?)1vop(g)) = 1, it follows that multy (o) = 1. O

This shows that if multy,, (7,,(0)) = 1 and o is parallel to the xz—axis, then there can

only be a single 1—dimensional cell in ¥ mapped to 7, (o).

Proposition 3.10. If J C K|z,y, 2] is a 0—dimensional ideal, then

K
&mﬂ—ﬁ%ﬁb<

Proof. Let < be some monomial ordering on K|x,y,z]. By Theorem 2.20, the collection

Kz, y,z]

M of monomials not in (LT.(J)) forms a K —basis for , and since J has Krull

Kz,y, 2]

dimension equal to zero, is a finite dimensional K —vector space.

K
Let V denote the K —span of MNK |z, y] in M, and W the K —span of MNK|z, 2]
JN Kz, y]

K

in m[+,[z]] We note that V &), W has dimension equal to dim(V") - dim(W). We show
T,z
. Kz, y,z] . .

that V @), W surjects onto ————— by constructing a surjective bilinear map from V' x W

Kz, y,z]

to ———.

onto ¥
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K
Define ¢ : V x W — M by ¢(f,9) = fg. If fi,fs € V and k € K, then

o(f1 +kfa,9) = frg + kfeg = o(f1,9) + kd(fa, g). Similarly, if ¢1,92 € V and k € K, then
o(f, g1+ kg2) = &(f, g1) + kd(f, g2). So, ¢ is k—bilinear.

To show that ¢ is surjective, it suffices to show that if m € M and m = z%y®27
with 3,7 > 0, then there are monomials in M N K[z,y] and M N K[z, z] mapped to m
by ¢. Observe that 1 € M since 1 = 2%°2% and 1 ¢ (LT-(J)) by zero-dimensionality
of J. By Proposition 2.11, there exist c¢,d,e € Zs; such that z¢ y% 2¢ € (LT-(J)).
Hence, 1,z,...,2° 1y, ..y4 1, 2,..., 2”1 € M which implies that, 1,z,...,2 1, y,....y¢ ! €
M N Kl[z,y] and 1,z,....,2° 2,...,21 € M N K|z, z]. Each of a, 3,7 must be less than
¢,d, e respectively, for if, say o > ¢, then, since x¢ € (LT.(J)), z* € (LT-(J)) so that
m € (LT(J)) which is a contradiction. Next, x®y® € M N K|[z,y], otherwise, 2%y® ¢ M
which implies that x®y® € (LT.(J)) which again implies that m € (LT-(J)). Together,
these imply that o € {0,1,....,c— 1}, 8 € [e— 1], and v € [d — 1] and ¢(z*y”,2?) = m. So,
o VW — Ky

is a surjective, K —bilinear map which lifts to a surjective K —module

K K
homomorphism ¢ : V&, W — Klzy.2] and dim(V) - dim(W) > dim(M).
K K
Since V and W are K —vector subspaces of e %’[xy} m and A -[;’[j g respectively, we
K K
have dim(m[+’[xy’]y]) > dim(V') and dim(m[+’[;]z]) > dim(W). Thus,
: K[x7 y] : K[$7 Z] : K[x7y7 Z]
dim(—— DYy qim (2 s gy (2 Y2
g TR R, ) 2 A )
as desired. O

Theorem 3.11. Suppose o is a 1—dimensional cell of the tropical curve Trop(I) = X parallel

to line (1, z1, z3) for some zy,z9 € Z. Suppose further that:

multTrop(IﬁK[x,y} (me (U>> = mlﬂtTrop(]ﬂK[x,z} (ﬂ-zz (U)) =1

Then, multyepn (o) =1

Proof. Since o is parallel to (1, 21, 29) € Z3, the projections of o to the zy— and zz—planes

are respectively parallel (1,2;) and (1, z2). In particular, dim(m,,(0)) = dim(m,.(0)) = 1.
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By Theorem 3.8, 1 = mults,, (74,(0)) > multrop(inkzy) (Tzy(0)). So, mults, (74, (0)) =
MWt ryop(1nKzy) (Tay(0)) = 1. Likewise, multtyop(rnife,s))(T2-(0)) = 1. Furthermore, by
Lemma 3.3, there exists w = (wy, we,ws3) € relint(c) so that the intersection of Trop(g) =
V(z — wy) (here g = cx with val(c) = —w;) with ¥ is equal to their stable intersection.
Suppose (Z?), = Z-(1, 21, 2z2). Then, 7, ((Z?)5) = Z-(1, 21) = (Z*)r,, (o) and 7,.((Z?),) =
Z- (1, 25) = (Z*),.(s) since ged(1, z1) = ged(1, 22) = 1.

Tz

This gives
1 21 2o
2%+ (Z)o + (Z°)mop(g) =det [0 1 0| =1
0 0 1

Similarly, {Z2 . (Zz)ﬂzy(o) -+ (ZQ)Trop(g)] = [Z2 . (Z2)ﬂ'wy(0) + (ZQ)Trop(g)] = 1
By [10, Definition 3.6.5] and Lemma 3.3, we have the following:

mult’I‘rop(IﬂK[az,y]Jrg) (wl, w2) =
Mt rrop 10 (e ) (Tay (0) MltTrop(g) (Trop(9) 122 : (Z2)r,,(0) + (Z7)Trop(g)]
= MUlbiop(1nK a,y]) (Tay (7)) Multrop(g) (Trop(g))

=1

Arguing similarly, we have multryop(r4¢) (w1, wa, ws) and multmyep(r4g)(wr, we, ws) = 1.
Since I+ (g) is 0—dimensional, all of its associated primes are 0—dimensional as well. So,
(I 4 (9))w is 0—dimensional. Similarly, (I N K[z, y] + (9)) (wiwe) and (I N K[z, 2] + () (w1 ,ws)

are 0—dimensional, and we have the following:

_ Klz,y, 2]
multryop(r+(g)) (W) = dlmK(W)
. K[z, y]
multTrop(mK[%yH(g)) ('wb U}2> = dlmK( ([ N K[l’ y] <g>>( ) ) (33)
s wi,w2
. K|z, 2]
multTrop(IﬂK[z,z]—i—(g)) (wl, UJ3> = dlmK( (I N K[x Z] <g>) )
y 'w1 w3
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Proposition 3.10 gives

. Klzy, 2] . Klz,y] . Kz, z
dimg (——"5—) <dimg( ) - dimg( )
(L +(9))uw (I N Kz, y] 4+ (9)) (wr,w2) (I N Kz, 2] 4+ (9)) (wr,ws)
<1
. K[z,y, 2] .
So, dimg (———-—-) = 1 which implies
(L +(9))w

Multryop(r)(0) = MUltmyep(r4g) (W1, wo, w3) =1

as desired. O

3.3 A Coefficient Matrix and Some Necessary Bounds

on Dimension

3.3.1 Some Polytopes and a Coefficient Matrix

We will denote by P,, the Newton polygon (in the zy-plane) of the polynomial f,,. Similarly,
P,. and P,, are the Newton polygons of f,. and f,. in the z2- and yz-planes respectively.

Throughout this section, we will construct lattice polytopes Py, P, _, P, whose Minkowski

Ty’ T x2)

sums P, + P,

wys ProtPozy and Py + P, we will study in detail. In particular, we are interested

in the monomials whose exponent vectors lie in the set

We denote this set of monomials by S, and by 7" we mean the (ordered) set of polynomials
{ay?2f;: (a,B,7) € PNZ3, and i € {wy, xz,yz}}.

The rows of the coefficient matrix M are indexed by the polynomials in 7', and its columns
by the monomials in S. That is, given a monomial s € S and polynomial ¢t € T, the (¢, s)-
entry will be the coefficient of the monomial s in the polynomial ¢. If the polynomial ¢ does

not have the monomial s, then that (¢, s)-entry is zero.
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3.3.2 The Rank of the Coefficient Matrix and Dimension of the

Three Generator Ideal

Proposition 3.12. Suppose fuy, f2-, fy= are specialized so that they are all nonconstant.

Then, dim({fay, fzz, fyz)) is either equal to —1, 0, or 1.

Proof. Fix a monomial order < on K[z, ...,z,]. By 2.2, dim(/) = dim((LT(I))). It suffices
to consider the ideal L := (LT« (fyy), LT<(fx,), LT<(f;,)) C (LT(I)) as L C (LT (I)) implies
that dim(L) > dim(7).

Say LT (f.,) = Az®y”. Since f,, is nonconstant, at least one of o, 3 is positive. Similarly,

LT (f:.) = Bz® 27

LT<(fyZ) = C?J/Bl Zv/

with at least one of o/, positive and at least one of ',+ positive.

Let M,, = {s € {x,y,2} : s|z*y’}, i.e. the set of variables that divide the leading
monomial of f,,. Since f,, is nonconstant, (o, 3) # 0. If both a and § are nonzero, then
both z and y divide x°y”. So, M,, = {z,y}. Now, if @ = 0, then 8 # 0 so that y divides
2%P. Then, M,, = {y}. Likewise, if 8 = 0, then o # 0, so that z divides 2°y°. Hence,
M,, = {z}. Thus, M,, = {z,y}, {z}, or {y}. Similarly, M,, = {z, 2z}, {z} or, {z} and
M,. ={y, 2}, {y} or, {z}.

Let M :={J C {x,y, 2} : JNM; # () for i = xy, zz, and yz}. Certainly, {z,y, 2}NM; # ()
so that {z,y,z} € M. Say, {z} € M, then {z} N M,, # 0, but this is a contradiction since =
cannot divide any term of f,., in particular, LM_(f,.) = y? 27" is not divided by z. Likewise,
M cannot contain the singletons {y} or {z} since the terms of f,, and f,, have no terms
divided by y or z respectively.

Hence, min(|J| : J € M) = 2 or 3 and since dim(L) =3 —min(|L| : L € M), dim(L) =0
or 1. Thus, dim((fsy, foz, fy2)) is either —1, 0, or 1. ]
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Next, we show that dim(/) = 1 is a necessary condition for I to satisfy the elimination

conditions:

I'N Kz, y] = (foy)
In K[IE,Z] = <fxz>

INKly, 21 = (fy:)

That is, I has nonzero and principal elimination ideals in each of K|z, y], K|z, 2], and K[y, z].

Proposition 3.13. If a proper ideal I C K|z,y,z] has nonzero and principal elimination

ideals in each of Klx,y|, K[z, z], and K|y, z|, then dim [ = 1.

Proof. We assume that [ has nonzero and principal elimination ideals but dim(/) = 0, and
derive a contradiction.

Say INK[z,y] = (fuy), INK|z, 2] = (fs.), and IN K[y, z] = (f,.) for some nonconstant
polynomials foy, fuz, fy in K[z, y], K[z, 2|, K[y, 2] respectively. Since dim I = 0, INK[z], 1N
Kly], I N K|z] all nonzero ideals (in fact, they are nonzero, principal ideals by Theorem 2.10
and [9, Corollary 11.14]). Say,

INK[z] = (f)
IN Kyl = (g) (3.4)
[N K[2] = (h)

and f=a%+ 2?4+ .+ cgr+cgand g =y + byt + .+ be_1y + be.
Then, f,g € I implies that f,g € I N K|x,y] = (fsy). Under any term order, the leading
terms of f and g are % and y° respectively. So, there must exist some term of f,,, say

kx®y®, such that z¢ = (%) - kx®y? and y° = (%) - kx®yP for some s;,t; € Zsg. This
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is equivalent to finding s;,?; € Z>( satisfying the system of equations

d=oa+ s
Vmoth (3.5)
0=a+ s9
e=[0+1t

As this is an impossibility, it follows that I N K|z, y] is not principal, and, in particular, I
fails to satisfy the elimination conditions in zy.
Hence, we conclude that if I satisfies the elimination conditions, then dim(I) > 1, and

since Proposition 3.12 implies that dim(/) < 1, it follows that dim(I) = 1. O

Definition 3.14. Let R be a ring.

A sequence of elements f1,..., f, € R is a reqular sequence if

1. {f1, .y fn) # R, and

2. Fori=1,...,n, f; is a non-zerodiwisor in R/{f1,..., fi—1)

Proposition 3.15. Suppose fuy, f22, fy- are specialized so that they are all nonconstant.
If there exists a distinct pair of polynomials chosen from fyy, foz, fy- that is not relatively

prime, then dim(fy,, foz, fyz) = 1.

Proof. Assume that f,, and f,, are not relatively prime, then let g := ged( fyy, fy-). Since
foy € K[z,y] and f,, € K|z, z] and are not relatively prime by hypothesis, g € K[z] and is
nonconstant. Since f,, € K[y, z], every nonconstant term of f,, and g are relatively prime
so that {g, f,.} is a Grébner basis for (g, f,.) irrespective of term order.

Certainly, I C (g, f,.) since g divides both f,,, f.» by assumption. Fix some monomial
ordering < on Kz, 2], and consider (LT (g), LT<(f,.)). We will use the computation in
the proof of Theorem 2.10 to find the codimension.

Let M, :={t € {z,y,2} : t|LM(9)} and M,, = {t € {z,y,z} : t{LM(f,.)}. Since
g € K[z] is nonconstant, M, := {x}. Since f,, € K[y, 2|, M. = {y},{z}, or {y, z}.
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Let M := {L C {z,y,2} : LN M; # () for i = g,yz}. Then M contains {x,y, 2}, and
either {z, 2}, {z,y}, or both. In either case, min(|L| : L € M) = 2, so that dim((g, f,.)) = 1.
Since dim(/) > dim((g, f,.)) = 1, dim(I) = 1 by Proposition 3.12. O

The contrapositive to this proposition is that if dim(fy,, foz, fyz) = 0, then fu,, fiz, fyz

are pairwise relatively prime. We will exploit this fact in the next theorem.

Theorem 3.16. Suppose the coefficients of fuy, fzz, fy= are specialized so that they are
nonconstant.
If {fuys fuzs fyz) © R is zero-dimensional, then the generators fuy, fuoz, fy= form a regular

sequence.

Proof. Since I # R by hypothesis, fsy, f22, fy- satisfies the first condition for being a regular
sequence on R. Next, we show that f; is a non-zerodivisor in R/{f1, ..., fi_1) fori =1,2,3.

Since R is a domain and f,, is nonzero by hypothesis, f;, is a non-zerodivisor in R.
We show that f,, is a non-zerodivisor in R/(f,,). Since K[z,y, z] is a unique factorization
domain, we can find a prime factorization for f,, and f,.. Say f., = upi*...pp* and f,, =
vqlﬁl...qigl where p;, ¢; are primes in Kz,y, 2] and «;, 8; € Z>o. Since dim(l) = 0, foy, fos
are relatively prime by Proposition 3.15. In particular, p; # ¢; for all ¢,j. So, afsy = bfs.
only if a € (f,.). Hence, f,, is a non-zerodivisor in R/(f.).

Finally, we show f,, is a non-zerodivisor in R/(fy,, fz.). Again, we assume to the contrary
that f,. is a zerodivisor in R/(fyy, fzz). Then f,. € P for some minimal associated prime
P of (fuy, fuz)s 80 (fuys fuzs fyz) € P. By a generalization of the Principal Ideal Theorem,
3 — dim(P) < 2 so that dim(P) > 1, but (fuy, foz, fyz) € P implies that 1 < dim(P) <
dim(fyy, fzz, fyz) = 0 which is an impossibility. So, f,. is contained in no minimal associated

prime of {fi, fo). O

Let R = K|z,y, 2], and let fu,, fuz, fy- € R be such that the ideal (f.y, fiz, fyz) is zero-
dimensional and [ # R.

Consider the Koszul complex below

0—RLERLRBEST —0 (3.6)
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here p is the map corresponds to scalar multiplication of r € R with

fxy
Jaz
=

and v is the R-linear map corresponding to multiplication by the matrix

0 _fyz f:pz
fyz O _fa:y
_fxz fxy 0

and ¢ maps (h, g, k) € R* to hfyy + gfes + kfy. €1

We will show that this complex is exact.

Theorem 3.17. Suppose the coefficients of fuy, fzz, fy- are specialized so that they are
nonconstant.

If {fay, foz, fyz) S R is zero-dimensional, then the Koszul complex (3.6) is exact.

Proof. Tt was shown in Theorem 3.16 that the generators f;,, fz., fy. form a regular sequence,
assuming the given hypotheses. Exactness of the Koszul complex (3.6) is a direct application

of Corollary 17.5 in [6]. O

Next, we show that if the coefficient matrix M is strictly rank deficient and the
polytopes P, , P, , P/ are constructed in a ‘certain’ way, then the ideal (fy, fus, fyz) I8

zyr T xzr T yz

a 1—dimensional ideal in K[z, y, z]|.

Theorem 3.18. Suppose Py, Py., P,. are Newton polytopes of some generic polynomials

fzya f:vzv fyz-
Let d,(f.) denote the largest degree of x appearing in f.. The integers d,(f.),d.(f.) are

defined analogously.
Let Py, be a polytope contained in the convex hull of the lattice points (e, B,7) with

0 S a < dx(fxz)

0< B <dy(fy:)

(3.7)
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Let P._ be a polytope contained in the convex hull of the lattice points («, B,7y) with

0<a<d(fuy)

0<~vy< dz(fyZ)

(3.8)

Let P;Z be a polytope contained in the convexr hull of the lattice points (c, B,~y) with

0 < B < dy(fay)

(3.9)

If the coefficients of fuy, fzz, fy- are specialized so that they are non-constant and M is
rank deficient, then (fuy, foz, fy2) 15 a 1—dimensional ideal in K[z, y, z].

Proof. We may assume that f,,, f.., fy. are pairwise relatively prime. Otherwise, by,
Proposition 3.15, (f.y, fuz, fyz) is 1—dimensional, and we have our result.

Let M, = {mu1,...,m.y, } be the set of monomials whose exponent vectors lie in the
polytope P, where * = xy, xz, or yz. Since M is rank deficient, there exists scalars a;, b;, ¢; €

K not all zero such that

Z(@imxy,ifxy) + Z(bjmxz,jfxz) + Z(Clmyz,lfyz) =0

Letting g1 = > aimyy i, g2 = Y bjmy. ;, and g3 = Y ¢;my.;, we see that g1, g2, 93 € K[z, y, 2]
are polynomials such that g1 fzy + g2fz: + 93fy. = 0.

First, we show that g; # 0. To this end, we assume that to the contrary ¢g; = 0.
Then, gafs: = —g3fy.- So, fz, divides —gsf,.. Since f,. and f,. are relatively prime by
assumption, it follows that f,, divides g3 since factorization is unique in K[x,y, z], but
this is an impossibility since the z—degree of g3 is strictly less than the z—degree of f,. by
construction. Likewise, go has maximum y—degree strictly less than the maximum y—degree
of fy. so it is not possible for f,. to divide g,. Hence, g; # 0. Arguing similarly, we get that

go and g3 are nonzero as well.
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Let h € K|z]| denote the coefficient of z having the maximum z—degree in f,, € K[z|[z].
Let z = a where h(a), gi(x,y,a) # 0, and f denote the specialization of the polynomial
f € Klz,y,z] at z = a.

Since gy fuy + 9o fez + 93fy. = 0 and gy, g2, g3 # 0, it follows that G1 fuy + G2 fez + 93/ = 0
SO G1fuy € (fuz, fyz) C Klz,y]. We note that f,. € K[z] and f,. € K[y] forms a Grobner
basis for (f.., f,=) irrespective of monomial ordering on K[z, ] since ged(u,v) = 1 for each
nonconstant monomial ji, v of f,. and f,. respectively. So, (f.z, f,) is a 0—dimensional ideal
in K|z, y] following Theorem 2.10.

Assume to the contrary that g7 € (f,., E} Let < denote the degree lexicographic
order on K[z,y], then f,., f,. form a Grobner basis with respect to < and LT_(g7) €
(LT (fy,), LT (fy,)), so that at least one of LT _(f,,) or LT (f,,) divides LT (g7), but this is
an impossibility as the maximum x—degree of g is strictly less than the maximum x—degree
of fz. and the maximum y—degree of g; is strictly less than the maximum y—degree of f,..
Hence, 71 ¢ (T, Ty)

However, as Eny € (fus, f_yz>, fzy 1s a zero-divisor, and so cannot be a unit, in the
M. Hence, (foy, fozs fyz) # K[2,9].

< Tz yz>
Thus, we've shown that for generic z = a, the variety V(fay, foz, fyz, 2 — @) is nonempty,

quotient ring

consisting of finitely many points, from whence it follows that the variety V(f,, fiz, fyz) C

K3 is 1—dimensional. Thus, {fuy, fez, fy-) is a 1—dimensional ideal in K[z, y, z]. O

It is a necessary (but not sufficient) condition for (f,,, fzs, fy2) to be 1—dimensional in
order for it to satisfy the elimination conditions.
However, while (f,y, fuz, fy2) itself may not necessarily satisfy the elimination conditions,

it will at least have an associated prime that does assuming it is 1—dimensional.

Theorem 3.19. Let f,,, foz, fy- be the polynomials whose tropicalizations are Yy, 3y, and
>y. respectively.

Suppose Xuy, 2., and X, are all nontrivial, and the polytopes P, , P.

vy Doz P;Z are
constructed to satisfy the conditions of Theorem 3.18,
If fuys fuzs fye have been specialized so that M is rank deficient, then (fuy, foz, fyz) has

an associated prime ideal I that satisfies the elimination conditions, and in particular,
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the elimination ideals in each of the coordinate planes are each respectively generated by
fxya fzza fyz-

Proof. By Theorem 3.18, (fyy, foz, fy-) is 1—dimensional since M has been specialized to have
strictly less than full rank. By hypothesis, (fuy, foz, fy2) # Kz, y, 2] so it is 1—dimensional
and has an associated prime I that is 1—dimensional. This associated prime can be chosen
so that I N K[z, y| is 1—dimensional.

Since I N K[z, y] is 1—dimensional and prime, it is principal. Say (g) = I N K|z, y|. Since
foy € INK([x,y], fuy = gh for some h € K[z,y]. So, Trop(f.,) = Trop(g) UTrop(h). But, by
assumption, ¥, is not the union of any proper tropical curves, so Trop(h) is 0—dimensional,
which implies that h is equal to a constant. Thus, I N K[z, y] = (fay)-

Next, we show that both I N K[z, z] and I N Ky, z] are 1—dimensional as well. Assume
to the contrary that I N K|z, z] is 0—dimensional. Since it is a 0—dimensional prime, I N
Klz,y] = (x —a,z — b) for some a,b € K. As I is 1—dimensional, it then follows that
I={(x—a,z-0).

Since f,, € I and f;, was shown to be irreducible, it must be that f,, = v—a. Hence, >,
is a classical line. This further implies that X is contained in a plane which is a contradiction
of our hypothesis on X.

Thus, as both I N K[z, z] and I N K[y, z] must also be 1—dimensional, I satisfies the

elimination conditions as desired. O

Next, we prove a converse to Theorem 3.18. Recall that S = (P, + Py,) U (P, + P,.) U
(P, + Py.), T ={a*y®2"f; : (o, B,7) € P,NZ2, and i € {ay, xz,yz}}, and that our matrix
of coefficients M has size |T| x |S].

For the next theorem, we impose the condition that |S| > |T|, i.e. there are at most
as many monomials than there are Newton polytopes, we will also need the following

proposition:

Proposition 3.20. Let U,V be vector spaces of K™ for some n < oco. Then,
dim(U + V) = dim(U) + dim(V) — dim(U NV)

where U + V' denotes the intersection of the subspaces of K™ containing both U and V.
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Proof. Let {by,...,b,} denote a basis for U N V. Then, dim(UNV') = p, and {by, ..., b,} can
be extended to a basis of U by, say, {u1,...,u;}. So, dim(U) = p + k. Likewise, {b1,...,0,}
can be extended to a basis of V' by {vy,...,v;} so that dim(V') =p +[.

Let B :={by, ..., by, u1, ..., uy, v1, ...v; }. Every subspace containing both U and V' contains
B as well, so B spans U + V. We will show that B is a linearly independent set. Assume
that there exists ay, 3;,7; € K such that

Oélbl + ...+ Oépbp -+ ﬁlul + ...+ Bkuk + Y1V1 + ...+ YV = 0
This gives:
Y1+ .o+ = —(Oélbl + ...+ Oépbp + Blul + ...+ Bkuk) eU

since uq, ..., ur € U and by, ...b, € UNV/, it follows that the v,v; +...+vv, € UNV. Hence, we
may write y1v; + ... +yv; = diby + ... +dpby, which gives yiv1 + ... +yv; — diby — ... — dpb, = 0.
Since vy, ..., vy, by, ...b, is a basis for V| it follows that 7; and dj, are all zero. Arguing similarly,

we get that the 3; are all zero as well. Thus, B is a basis for U + V' and

dm(U+V)=p+k+1
=p+k+p+i—-p
= dim(U) 4+ dim(V') — dim(U N'V)

Theorem 3.21. Suppose the polytopes P, P,., P, satisfy

>|{u € Z% : u+ Py C conv(S N K[z, 2]} +19]

If the coefficients of fry, fuz, fy= are specialized so that the ideal (fuy, frz, fyz) has an
associated prime I satisfying I N K|x, z] = (fy.), then M has strictly less than |T|.

62



Proof. Suppose fuy, fuz, fy. have been specialized so that (fu,, fzz, fy-) has an associated
prime I so that I N Kz, z] = (f,.). Assume to the contrary that M has rank equal to |T].

Define Wy, to be the K-span of those monomials whose exponent vectors lie in Py, NZZ,.
Define W,, and W, analogously. Then, W,, (analogously W, and W,,) is a K-vector space
in K[z,y, 2] with dimg (W) = |P;, N Z2,|. Then the vector space W := W, @ Wy, & W,
has K —dimension equal to |T|

Let V' denote the K —span in K|z, y, z] of the monomials in S. Then M is the matrix
representation of the map W — V' by (p,q,7) = pfsy + ¢ fsz + 1 fy.. Hence, the image of W
in V under M is contained in (f.y, frz, fyz) C 1.

Since the rank of M is equal to |T'| by assumption, I NV is at least |T'|-dimensional, and
VN K]z, z] has the monomials SN K[z, z] as basis, so VN K|z, z] is | SN K[z, z||-dimensional.

This gives:

dim(V N Kz, z]) + dim(V N 1) > [SN Kz, z]| + |T|

By hypothesis, I N K[z, z] = (fs.). So, VN K[z, z]NI = (VN Klz,z])N (I NKlz,z]) =
(VN Kz, z]) N (fsz). Now, h € (VN K|z, z]) N (fs.) if and only if, there exists some o, # 0
and g € K|z, 2] such that

meSNK|xz,z]

= gfxz

Let P(f) denote the Newton polytope of f, then

P(h) = conv{m € SN K|z, 2] : a,y, # 0}
= P(9f2)
= P(Q) + Py,

the last line follows from Lemma 2.40. This implies that V N Kz,z] NI = {g € K|z, z] :
P(g)+ P, C conv(SN K|z, z])}. Since g € K|z, z] satisfies P(g) + P, C conv(SN K]z, z]) if
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each monomial, u € Z2, of g satisfies u+ P,. C conv(SN K|z, z]), we have VN K|z, 2]NI C
{fueZy:u+ P, Cconv(SN K|z, z])}. Hence,

dim(V N K[z, 2] N 1) < |{u € Z% : u+ P, C conv(S N K[z, 2])}|
Hence, we have

dim((VNK [z, 2]))+(VNI)+dim(VNK [z, 2)NI) < |S|+[{u € Z2, : u+P,. C conv(SNK |z, 2])}|

Let (VN K|z, z])+ (VN 1I) denote the intersection of all vector subspaces in V' containing
both (V N K|z, z]) and (V N I). Hence, |S| = dim(V) > dim((V N K|z, z]) + (V N I)).

From Proposition 3.20, we have the following formula:
dim(V N Kz, z]) + dim(V N 1I) = dim((V N K[z, z]) + (VN I)) +dim(V N K[z, 2] N I)
So,

|ISN K[z, 2]| + |T| <

Hu€Z2y:u+ P, Cconv(SN K[z, z])} +|S|

but, since |T| = | P, N Z3o| + | Py, N Z3o| + | P}, N Z%,], we have:

[Py, NZ| + |Py, N Z2g| + | Py, N Z2o] + |S N K|z, ]|

<HueZi;:u+ P, Cconv(SNK[z,2])} + |9

However, this contradicts our hypothesis that

1P, N Z2o + |PL, N 70| + 1P, N 230l + 1SN K[z, 2]| >

Hue€Z2,:u+ P,. Cconv(SNK[z,2])} + ]S

Thus, the coefficient matrix M cannot have rank greater than or equal to |T. O
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A consequence of Theorem 3.21 is that if (f,,, fa., fy.) satisfies the elimination conditions,

then M is strictly rank deficient.

3.4 The Correctness of the Procedure

In this section, we prove that the procedure specified at the beginning of this chapter is

indeed correct. We begin with some preliminaries.

Definition 3.22. Let {(o;,m;)}*_, C X, where 0; is a 1—dimensional cell of 3, and m; > 0
1s the multiplicity of o;. Suppose these cells meet at a vertex x, and let vy, ..., v,, be the first
lattice points on each cell.

We say X is minimally balanced at x if the following conditions hold:

(i) ged(my,...,my) =1

ii) The subspace {(cy,...,cx) : c101 + ... + cxvp = 0} C R* 4s 1—dimensional.
(1) p .

The polyhedral complex X2 is minimally balanced if 33 is minimally balanced at each of its

vertices.

Proposition 3.23. Suppose ¥ is a tropical curve that is minimally balanced, and ¥' =
{(04,m;)} is a weighted polyhedral complex contained in 3.

If ¥ is balanced, then X' = ¥. Furthermore, there exists some a € Z>o, we have

multyy (o) = a - multy (o)

for every o € ¥ =%/

Proof. Assume to the contrary that >’ C X.

Let x be a vertex at which the 1-dimensional cells o4, ...,0, € ¥ meet. We can choose =
so that at least one of the cells, say oy, lies in ¥ but not in .

Let vy, ..., vx be the first lattice points on oy, ..., oy respectively, m; = multy(o;) > 0, and

m}, = multyy (o;) > 0.
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By the balancing condition on ¥ and ¥/, myvy+maove+...+myvr = 0 and mhve+...mjvp =

Let V denote the set {(c1,...,cx) : civy + ... + cgvp, = 0}, u = (my,...,my), and v’ =
(0,maq, ...,mg). Since Y is minimally balanced, V is a 1-dimensional subspace of R* and
ged(my, ..,.mg) = 1. Hence, ' = au for some a € Zs( so that am; = 0, amg = m), ... ,
amy, = my, but as my; > 0, we conclude that o = 0 so that ¥’ is the empty complex.

Next, we show that there exists a € Z> such that am; = m] for all i € [k]. We showed
that m},m; > 0 for all 4, and that u = (mq,...,my) and v’ = (m},...,m},) are both in V. As
V' is 1-dimensional by minimal balancing and the multiplicities are all in Z-, there exists
a € Z>o such that au = v’ or au' = u.

Assume that au’ = w. Then, am; = m,; for all i € [k]. But, 1 = ged(my,...my) =
ged(aml, ...,am}) = aged(m/, ..., m}), which implies that a and ged(m/, ..., m} ) are both 1.
Hence, u = u’.

Thus, multy/ (o) = o - multy (o) O
Then we have the following results:

Theorem 3.24. Suppose fry, foz, fy- are polynomials whose tropicalizations are ¥gy, ¥y., Xy,
respectively.

If T is an associated prime ideal of (fuy, foe: fy) satisfying
(i) INKz,y] = (foy)
(it) TN K[z, 2] = (f2)
(iti) IN K[y, 2] = (fy.)
then Trop(I) = X.

Proof. By Theorem 3.19, (fuy, fuz, fyz) has an associated prime [ that has principal
elimination ideals. Theorem 3.19 further gives us that INK |z, y| = (fuy), INK|x, 2] = (fa.),
and I N K[y, z] = (f,.). By Theorem 3.1, ¥,, = Trop({ N K|z, y]). Hence, ¥,, = Trop(fuy)-

Since Trop(I) C 7, (X4y) and, by hypothesis, 7.,/ (3.y) N 7. (Ee2) N7, (By2) = 5, it
follows that Trop(/) C X.
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By hypothesis, ¥ is minimally balanced, and since Trop(/) is a balanced complex con-
tained in ¥, Trop(/) and X have the same underlying set of polyhedra with multropr) (o) >
multy (o) for all cells in Trop(/) and ¥ by Proposition 3.23.

We wish to show that, in fact, multpepn (o) = multy,(o) for all cells o in Trop(/) and X.

By our hypothesis on X, there exists a cell ¢ € X such that multy, (7., (0)) =
multy, (7,.(c)) = 1. By Theorem 3.11, multy(o) = 1. As X, = Trop(fs,) and
Y. = Trop(fs.), it follows that multrep) (o) = 1 as well.

Let x be the vertex at which the cells o1 = 0, 09, ..., 0}, meet, let vy, ..., v, be their first
lattice points, and let m; = 1,mo, ..., my and m} = 1,ms, ..., my be the multiplicities of the

o; as cells in ¥ and Trop(I) respectively. Since Trop(/) and 3 are balanced,
V1 + Mavg + ... + My = V1 + Myve + ... + mivE =0

Subtracting, we get (mf —msg)vy + ... + (m), — my)v = 0 which implies that m) —m; € V
where V' C R? is the set {(c1,...,cx) : c1v1 + ... + cgup = 0}. As V is 1—dimensional by
minimal balancing, there exists a € Z>( such that o - m; = m, —m; for all i € [k]. But,
m; = 1> 0. So, am; = m}j —my = 0 is possible only if @ = 0. Thus, m; = m; for all

i € [k]. O

Theorem 3.25. Suppose ¥ is a tropical curve in R? that is not contained in a plane.

If I C K|x,y, 2] is a prime ideal such that Trop(I) = X, then I has principal elimination
ideals.

Furthermore, if (fy,) = 1 N K[z,y], (fsz) = I N K[z, 2], and (f,.) = I N K|y, 2], then
1X:] = | Trop(f;)| and multy,(0) = multneps,) (o) for each 1—dimensional cell o and for

1 =Y, TZ,Yz.

Proof. Since ¥ = Trop([) is 1-dimensional and is not contained in a plane, it follows that
I is 1—dimensional and the projection ¥, to the zy—plane is a 1—dimensional polyhedral

complex in R%. By Theorem 3.1, | Trop(INK |z, y])| = |X4y], so INK[z, y] is a 1—dimensional
Kz, y]

INKlz,y

from I), it follows that I N K[x,y] is principal. Reasoning similarly, we get that I N K|z, z]

ideal. Since is a 1—dimensional integral domain (I N K[z, y] inherits prime-ness

and I N Ky, z| are principal as well.
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Let fuy, foz, fy- be polynomials such that generate I N K[z, y|, IN K[z, 2], and I N K]y, 2]
respectively. Then, |3;| = | Trop(f;)| for i = zy, xz, yz.

Let X; = Trop(f;) AX; denote the common refinement of Trop(f;) and ;. For o € X, we
have multy, (o) > 1 and multyyp(s,)(0) > 0. By Theorem 3.8, we also have that multy, (o) >
multryop(s,) (o). Hence, multy, (0) — multpop(s,) (o) > 0 forms a collection of weights for each
1—dimensional cell ¢ in ;.

By Definition 2.61, since multy,(0) > multy, (o) — multpopsy (o) and ¥; is tropically
irreducible, either mults, (0) —multrop(s,) (o) = multy, (o) or mults, (o) —multyeps,) (o) = 0.

Since Trop(f;) # 0, it follows that multy, (¢) = multmep(s,)(0). O

We now have the preliminary results needed to prove correctness. We start first with the

theorem that if our procedure returns ‘Yes,” then the Tropical curve X is realizable.

Theorem 3.26. Let o denote the vector of valuations determined by the subdivision on
ny> sza Pyz~
Suppose there exists polytope Py, P,., P, satisfying the conditions of Theorems 3.18.

If a € Trop(G), then there exists a 1—dimensional prime ideal I C Klz,y, z] such that
Trop(I) = X.

Proof. If a € Trop(G), then Jp € V(@) such that val(p) = «a.

Specializing fy,, fuz, fy. at p means the ideal (f,,, fi., fy.) is 1—dimensional by Theorem
3.18. Then (fyy, fuz, fy=) has a 1—dimensional associated prime ideal I that has principal
elimination ideals by Theorem 3.19 and, I N K(z,y] = (fu), I N K[z,2] = (fs.), and
INKly, 2] = (fy).

Hence, by Theorem 3.24, Trop(/) = . ]

Next, we show that if our procedure returns ‘No,” then our Tropical curve ¥ is not

realizable. We do this by proving the contrapositive.

Theorem 3.27. Let o denote the vector of valuations determined by the subdivision on
pxy> sz> Pyz
If there exists a 1—dimensional prime ideal I C K|x,y, z| such that Trop(I) = X, then

a € Trop(G).
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Proof. Let I be a 1—dimensional prime ideal such that Trop(/) = ¥. By Theorem 3.25, I
satisfies the elimination conditions, that is, INK|x,y|, INK]|x, z], IN K[y, 2] are respectively
generated by fuy, fzz, fy.. Since I satisfies the elimination conditions, Theorem 3.21 implies
that the matrix of coefficients generated by fuy, f2-, fy. has strictly less than full rank, so if
p denotes that vector of coefficients of f,,, fuz, fy2, then p € V(G).

As val(p) = a, it follows then that a € Trop(G). O
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Chapter 4

Example

We conclude by applying the procedure developed in the previous chapter. Let ¥ in R?
denote the tropical curve consisting of the straight line segment through the origin connecting
(1,1,1) and (—1,—1,—1). The curve branches off at (1,1, 1) in the the directions of (2,1, 1),
(1,2,1), and (1,1,2,). Similarly, the curve branches at (—1, —1, —1) in the the directions of
(—=2,—1,-1), (—=1,-2,—1), and (=1, —1,—2). This is the same tropical curve seen in Figure
1.1.

In the language of [13], ¥ is a zero tension curve of genus zero. Hence, Theorem 3.2 in
the same paper gives that Y is realizable. We will verify this using the methods developed
in this work.

The projections of this tropical curve to each of the coordinate planes all have the same
form. They consist of a line segment connecting the coordinates (—1,—1) to (1,1) passing
through the origin. At (—1, —1) the curve branches into two rays in the direction of (—2, —1)
and (—1,—2). Similarly, at (1,1) the curve branches into two rays in the direction of (2,1)
and (1,2).

The subdivided newton polytopes that are dual to the projections in each coordinate
plane also all have the same form. They consist of a square with vertices at (0,0), (1,0),
(0,1), and (1,1). The subdivision is a line segment connecting the vertices (1,0) and (0, 1). In
order to obtain this subdivision, we will need the valuation of the coefficient of the monomials
corresponding to (1,0) and (0, 1) to be both less than that of the monomials corresponding
to (0,0) and (1,1).
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Figure 4.1: Projection of ¥ to coordinate
planes

The polynomials that have the same subdivided Newton polygons are:

faoy = axy +bx +cy +d
foz=e€xz+ fr+gz+h

fy: =z +jy+kz+1

where the valuations of b, ¢, f, g, j, k are all equal to —2 and the valuations of a,d, e, h,,[ are

equal to —1. For these polynomials, the polytopes P’ , P’

zy) * oz

P, that satisfy that conditions

of Theorem 3.18 are given by:
1. P, = conv{l,z}
2. P, =conv{l,y}

3. Py, =conv{l,z}
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Figure 4.2: Subdivided Newton Polygon
Dual to X,

Hence, the entries of the rows of M are the coefficients of the polynomials foy, 2 foy, foz, Yfoz, fyz Tfyz,
and the columns of M correspond to the monomials 1,z,y,x,yz, xz, zy,zyz. So, the

coefficient matrix M as defined in 3.3.1 is exactly:

d b ca 0000
0000 d&bcoa
M= h f 00 g e 00
00 h f OO ge
[l 057 0k 0 4 O
_OlO]Oka_

/
PZ‘Z’

Next, we verify that P/

xy)

P, satisfy the hypotheses of Theorem 3.21. First, [P, N
23| = |P). NZ%| = |P,, N Z%y| = 2. The set S is the collection of monomials in (Py, +

P, )U(Py.+ P,,)U(P,.+ P,.). For these polynomials, S equal to {1,z,y, z, vy, v2,yz, vyz}.
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So, |S] = 8 and |S N K[z, z]| = 4. Next, {u € Z%; : u+ P,, C conv(S N K|z,2])}| = 0
since both conv(S N K|z, z]) and P,, are both a square generated by the vertices 1, z, z, zz.
Hence, there is no u € Z%; such that u 4 P, is properly contained in conv(S N K|z, z]).

Finally, for the formula

>|{u € Z% : u+ P, C conv(S N K[z, z])} +19]

we have 10 > 8. So, Theorem 3.21 assures us that if the coefficients of f,,, f., f,. are
specialized so that (f.y, fss, fy2) has an associated prime that satisfies the elimination
conditions, then M will be rank deficient.

We use the computational commutative algebra software Macaulay?2 [7], for the remaining

computations. Using the following input in Macaulay2,

w=+4{1,2,2,1,1,2,2,1,1,2,2,1}
R = QQla,b,c,d,e,f,g,h,i,j,k,1, Weights => w];
M = matrix{{d,b,c,a,0,0,0,0},

{0,0,0,0,d,b,c,a},
{h,£,0,0,g,e,0,0},
{0,0,h,£,0,0,g,e’},
{1,0,j,0,k,0,i,0},
{0,1,0,3,0,k,0,1i}};
I = minors(6,M);
all(flatten entries groebnerBasis I,
f -> ((u,wt) = weightRange(w,f);

(u, nxt) = weightRange(w, f - leadTerm f); wt == nxt))

we find that the initial ideal with weight w = (-1, -2, -2, -1, —-1,-2, -2, —1,—1, -2, -2, —1)

contains no monomial, so this tropical curve is realizable.
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