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ABSTRACT

A brief history of the beginnings of nuclear fusion research involving toroidal

closed-system magnetic plasma containment is presented in Section 1.

In Section 2 a tokamak machine is defined mathematically for the purposes

of plasma equilibrium position perturbation analysis.

The perturbation equations of a tokamak plasma equilibrium position are

developed in Section 3.

Solution of the approximated perturbation equations of a tokamak plasma

equilibrium position is carried out in Section 4. A unique, simple, and useful

plasma displacement dynamics transfer function of a tokamak is developed. The

dominant time constants of the dynamics transfer function are determined in a

symbolic form. This symbolic form of the dynamics transfer function makes it pos

sible to study the stability of a tokamak's plasma equilibrium position. Knowledge

of the dynamics transfer function permits systematic syntheses of the required

plasma displacement feedback control systems.

The major parameters governing the plasma equilibrium position stability of

a  tokamak are shown to be (1) external magnetic field decay index, (2)

transformer iron core effect, (3) plasma current, (4) radial rate-of-change induc

tance parameter, (5) vertical rate-of-change inductance parameter, and (6) vacuum

vessel eddy-current time constant. An important and unique result is derived,

showing that for a vacuum vessel eddy-current time constant exceeding a certain

value the vertical plasma equilibrium position is stable, in spite of an intentional

vertical instability design represented by a negative decay index.

It is shown that a tokamak design having a theoretical set of positive decay

index, negative radial rate-of-change inductance parameter, and positive vertical



rate-of-change inductance parameter is expected to have a better plasma equili

brium position stability tolerance than a tokamak design having the same set with

the signs reversed.

In Section 5 a tokamak plasma displacement feedback control design is con

sidered, Linear Optimal Control and the Optimality Condition are discussed, and a

minimal hardware tokamak plasma displacement feedback control system is

presented.

The ISX-A tokamak high-frequency oscillations and low-frequency dynamics

functions are given numerically in Section 6, using the ISX-A tokamak numerical

data given in the Appendix.

The results of an actual hardware ISX-A tokamak plasma displacement feed

back control system design are presented in Section 7. It is shown that a theoretical

design computer simulation and the actual hardware step function responses of the

radial plasma displacement feedback control system are practically identical. The

actual hardware vertical plasma displacement feedback control system performed

just as well. Experimental results support all of the analytical developments.
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1. INTRODUCTION

Nuclear fusion research originated after World War 11. Basic nuclear fusion

principles were studied and derived in the United States and other major nations.

Early in the 1950's fusion research work for peaceful uses began independently in

the United States, in Great Britain, in the Soviet Union, and in other nations. In

the United States the fusion research work was done under Project Sherwood [1]

of the Atomic Energy Commission. In Great Britain the work was carried out at

the Atomic Energy Research Establishment, Harwell. The Soviet Union fusion

research took place at the I. V. Kurchatov Institute of Atomic Energy in Moscow.

Each of these nations had its projects classified "secret" until 1958, when a broad

exchange of information took place at the Second International Conference on the

Peaceful Uses of Atomic Energy in Geneva. It became known that, among several

other magnetic plasma containment principles, the United States, Great Britain,

and the Soviet Union all were developing toroidal closed-system magnetic plasma

containment. The United States was experimenting with a toroidal machine called

Perhapsatron [1; 5; 16, 7.122; 17, p.365], and Great Britain was developing a

machine called ZETA [4; 6; 7; 14; 16, 7.131; 17, p.365], the letters standing for

zero-energy, thermonuclear assembly. The Soviet Union was investigating a

toroidal machine configuration [2, 8, 15]. All of these machines employed the

transformer principle, with the one-turn secondary winding being a toroidal plasma

ring. Perhapsatron employed also a one-turn primary winding (a metallic shell or

closely spaced array of wires in parallel, over the outside of the toroidal vacuum

chamber), while ZETA employed a multi-turn primary winding on two very large

rings of wound steel tape (ten feet high and weighting 150 tons [14]). The Soviet

Union toroidal device aiso employed a multi-turn primary winding. All of these



machines employed a toroidal magnetic field (in the early days of fusion research

called the axial, or longitudinal, magnetic field) for stabilization of kink (wriggling)

instabilities of the plasma column. Several other nations also were experimenting

with toroidal magnetic plasma containment [9-13].

The United States was also developing a toroidal machine called a stellarator

[1; 16, 3.35; 17, p.349]. Several papers on stellarators were presented at the 1958

Geneva Second United Nations International Conference on the Peaceful Uses of

Atomic Energy (Vol. 32: P/2170, p. 181; P/362, p. 201; P/358, p. 210; P/364, p.

217; P/359, p. 225).

Great Britain's experiments on ZETA continued into the early 1960's. A

number of papers about ZETA experiments were presented at the 1961 Conference

on Plasma Physics and Controlled Nuclear Fusion Research in Salzburg, Austria

(Nuclear Fusion 1962 Supplement, Part 3: CN-10/54, p. 883; CN-10/57, p. 889;

CN-10/58, p. 895; CN-10/60, p. 903).

The Soviet Union's toroidal machine configuration [2, 8, 15] was apparently

named "tokamak" in the years 1959-1964. It appears that the name "tokamak" was

first used by Lev A. Artsimovich at the Third International Conference on the

Peaceful Uses of Atomic Energy in 1964 [23].

The results of experimental investigations on tokamak-type machines were

presented at the 1965 Culham Conference on Controlled Nuclear Fusion Research

(Proc. Vol. II: CN-21/147, p. 577; CN-21/245a, p. 595; CN-21/245b, p. 617;

CN-21/246a, p. 629; CN-21/246b, p. 647; CN-21/144, p. 659).

A few papers on stellarator experiments were also presented at the 1965 Cul

ham Conference [Proc. Vol. II: CN-21/119, CN-21/120, CN-21/50, CN-21/244,

(pp. 673-733)], and there was one paper on ZETA (CN-21/32, p. 751).



1.1. Qosed-System Magnetic Containment

A hot plasma at 200 million degrees Kelvin cannot be contained by any

material walls; the plasma would rapidly melt the walls and add impurities. One

general approach to the plasma containment problem is to use a magnetic field to

contain the hot plasma. A magnetic field exerts an effective pressure on the con

tained plasma,

Pfn = (newton/meter^).
Ihq

As long as this pressure is larger than the internal pressure of the plasma,

plasma containment is possible. There are, however, practical limits on the produc

tion of strong magnetic fields over large volumes; this places an upper limit on the

obtainable plasma pressure and hence on the density of hot plasma. Since a hot

plasma behaves as a perfect gas, its kinetic pressure is given by

Pfc(N/m2) = kin.T, + n,T,. -h n^^pTi^p) , (1.2)

where A: = 1.3804 X 10~^^(joules/kelvin)

is the Boltzmann constant;

rig, rij, and rif^p are the plasma electron, ion,

and impurity densities, respectively, per cubic meter;

Tg, TI, and are the kinetic temperatures

of electrons, ions, and impurities, respectively, in degrees Kelvin.

The ratio of the contained plasma pressure to the confining magnetic field pres

sure is a useful parameter, a plasma stability index



R = IL = (1.3)
P  ̂ y

Pm

where fiQ = A-k X 10"' (henry/meter) is the vacuum permeability.

In a closed-system magnetic containment device, the magnetic lines do not

depart from the plasma region but rather close on themselves within that region.

Ultimately these magnetic lines map out a surface in a closed volume. Most often

this surface is a toroidal shell, with different toroidal surfaces nested within each

other.

Two general categories of closed-system magnetic containment devices have

been predominantly under study in the late 1950's and in the 1960's: stellarators

and tokamaks.

1.1.1. Stellarators

In a stellarator the confining magnetic field is generated by a set of toroidal

and helical coils arranged around the outside of a toroidal chamber. The plasma is

created and heated by inducing an electric current through a gas that fills the

toroidal chamber. The arrangement of coils creates what has been called a rota

tional transform , an internal magnetic field with magnetic lines that form a closed

path inside the torus while twisting about the magnetic axis of the torus. Each

magnetic line makes repeated revolutions inside the torus and thereby generates a

toroidal magnetic surface. There is an inherent tendency for a plasma with an

induced current to become unstable and move across the magnetic field to the

chamber wall. This plasma kink instability can be suppressed to some extent by

using special external windings that cause the different (nested) magnetic surfaces

to have different twist rates, a condition called shear . The use of complex exter-



nal windings necessitated construction of a stellarator torus with a large aspect

ratio (the ratio of the major radius of the torus to the minor radius). For these rea

sons poor containment properties have been observed in steilarators.

The stellarator originally was proposed by Lyman Spitzer, Jr., at Princeton

University in 1951. Since that time the investigation of the properties of plasma in

steilarators was a key element in the research program on controlled nuclear fusion

in the United States. In the late 1960's (=1969) the research emphasis in the

United States (and world-wide) was shifted to "tokamaks" after Lev Artsimovich at

the I. V. Kurchatov Institute of Atomic Energy in Moscow, USSR, reported

impressive results in experiments conducted in a comparatively simple toroidal

magnetic-containment device, which he called a tokamak.

1.1.2. Tokamaks

In a tokamak, external windings around the outside of a toroidal chamber

serve only to create an external magnetic field that points around the torus, the

toroidal magnetic field. The necessary rotational transform (magnetic line twist

about the central axis of the torus) and shear (different twists of magnetic lines of

two nested magnetic surfaces) are contributed entirely by another field created by

a plasma current flowing in the direction of the toroidal magnetic field. Just as in a

stellarator, a tokamak plasma with an induced current may develop a kink instabil

ity. This instability may be suppressed in a tokamak by satisfying the Kruskal-

Shafranov condition [24, (6.1)]

aBj > RBp (1.4)

where a (meters) is the plasma minor radius,

Bj (tesla) is the external toroidal magnetic field.



R (meters) is the plasma major radius, and

Bp (tesla) is the poloidal magnetic field.

The Kruskal-Shafranov condition (1.4) places a limit on the allowable magni

tude of Bp, for a given set of a, R, and Bp. Since Bp is directly proportional to a

plasma current, this places a limit on the plasma current. This Kruskal-Shafranov

limit is stated as a stability, or "safety factor"

, = ̂  > 1 . (1-5)
^  RBp

The safety factor q, (1.5), is defined as the number of times a magnetic field

line (the net field line of both the toroidal and poloidal magnetic fields) travels

around the major circumference of the torus while making one complete revolution

about its minor axis.

For a given safety factor q (1.5) the maximum plasma current satisfying the

stabilty requirement (1.4) is [24, (6.16)],

[,1 lira^Bp ^ ^ (1.6)\Ip\ = — (amperes),
I  fiQqR

where a, Bp, and R are as defined for eq. (1.4) and

fiQ = 4ir X 10 ^(henry/meter) is the vacuum permeability.

The tokamak originated in the USSR in the late 1950's. The first tokamak

machine came into operation in 1957 [15]. The first significant experimental

tokamak results were presented in 1965 at the Culham Conference on Plasma Phy

sics and Controlled Nuclear Fusion Research. And today, about two decades later,

major tokamak projects are being conducted by the United States, the Soviet

Union, the European Economic Community, Japan, and China.



1.1.3. Plasma Instabilities and their Control

Generation of a plasma, its properties, and its magnetic containment methods

have been extensively studied both theoretically and experimentally for over the

past three decades {16-19; 24; 34; 65-67].

An equilibrium state of a plasma in any of the practical magnetic contain

ment schemes has been found to be basically a non-stationary equilibrium.

Attempts were made to control some of the plasma's instabilities via feedback sys

tems: the flute instability in the magnetic mirror traps [28,29] and the sausage ins

tability in the linear magnetic pinch devices via employment of a sensor-based com

puter control system [38].

In a tokamak plasma instabilities such as the flute (or ripple, or interchange)

and the sausage (or necking-off), are suppressed or inhibited [30], while the kink

(or helical) instability may be prevented from developing by satisfying the

Kruskal-Shafranov condition [24], (1.4).

The toroidal geometry of the tokamak plasma current, however, creates

forces acting to expand the plasma torus, to increase its major radius, and to

decrease its minor radius. The equilibrium position of the plasma torus in the

tokamak, defined by its major radius and out-of-plane displacement, is also subject

to variation as a result of changes in the parameters of the plasma: the plasma

pressure, the torus minor radius, and the plasma current.

If the outer casing of the tokamak (toroidal) vacuum chamber is made of

copper [21] (or similar conducting material), the rate of change of the plasma

torus displacement position (the major radius of the torus and the out-of-plane dis

placement) is greatly decreased by an interaction of the plasma current and the

Foucault (eddy) current in the conducting outer casing. The conducting outer



casing also serves to stabilize plasma instabilities, especially the kink (helical) in

stability [30]. The conducting outer casing makes a longer plasma discharge time

possible. A practical fusion reactor of the tokamak type will have a plasma dis

charge (burn) time which will be considerably longer than that allowed by use of

the conducting outer casing. For this and other technical reasons, it becomes neces

sary to replace the tokamak conducting outer casing with the feedback control of

the plasma torus equilibrium position.

According to the published available records, the first successful attempt to

control the plasma equilibrium position in the tokamak via an inductive feedback

was performed in the USSR TO-1 tokamak [33, 36]. In this case a system of coils

and two-terminal negative impedance regulators (regenerative circuits) effectively

simulated the tokamak conducting outer casing, the effective time constant of

which could be adjusted to be as large as 150-200 ms.

The tokamak plasma equilibrium position was successfully controlled employ

ing an active feedback control system in the CLEO tokamak. United Kingdom [37,

39], and in the Oak Ridge Tokamak, ORMAK, United States of America [42,

44], For the CLEO tokamak a quasi-classical method of analysis was employed,

while the ORMAK analysis was in the domain of the optimal (modern) control

theory and Kalman filtering.

The tokamak plasma equilibrium position feedback control via application of

classical and/or modern control methods has been considered in several other

works [45-50, 59-63]. The majority of references given above, and dealing with

the tokamak plasma equilibrium position feedback control, emphasize on applica

tions of the optimal control theory and Kalman filtering. None of them specifically

states the fact that once a mathematical model of the tokamak has been



developed, the task of applying optimal control theory is relatively straightforward;

if the model is simplified by removing insignificant time constants, resorting to

Kalman filtering [42, 48, 62] may not be necessary.

Analytical investigations of stability and analytical syntheses of feedback con

trol of a system require knowledge of the system's dynamics and its perturbations

in an analytical form. The equations necessary for a derivation of the tokamak's

plasma equilibrium position perturbation dynamics have long been available

[16-19; 24; 30; 33; 34; 39]. A need for simpler analytical models of the tokamak

plasma equilibrium perturbation dynamics is well illustrated by the complexity and

difficulty of applying both the classical and modern optimization methods to a very

large system [48]: the understanding of the basic physical phenomenon is much

more difficult, the sensitivity analysis becomes too complex, and unnecessarily com

plex controllers may be indicated. For these reasons development of a simpler ana

lytical model of a tokamak plasma equilibrium position dynamics function is one of ; |

the objects of this work. ; ,'j

1.1.4. Simplifying Assumptions

For purposes of this work, it is assumed that a tokamak plasma column is

stable. That is, it is assumed that there are no plasma disruptions of any sort and

that none of the known (or unknown) plasma instabilities are present.

For considerations of forces acting on a plasma column, a plasma current is

assumed to be a circular filament current having its radius equal to the major

radius of a toroidal plasma column.

Effects of a transformer iron core magnetic flux return yoke (if there is one)

and of its stray magnetic field are assumed to produce a (small) local steady-state

deformation of plasma column; they are therefore assumed to be negligible.
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2. TOKAMAK MACHINE

The tokamak approach was proposed in the early I950's by Igor E. Tamm

and Andrei D. Sakharov in Moscow, USSR. The tokamak was developed in the

USSR by Lev A. Artsimovich at the L V. Kurchatov Institute of Atomic Energy.

The name "tokamak" may have come from the beginnings of the Russian words for

toroidal [to], chamber [ka], magnetic [ma], and coil [k].

The tokamak is basically a transformer having a toroidal plasma ring

(column) as its secondary winding. The current in the plasma ring is induced by

the primary (ohmic heating) coil; the induced plasma current ohmically heats the

plasma and produces the poloidal magnetic field; the external toroidal field coils .

produce the toroidal magnetic field; the toroidal and poloidal magnetic fields com- '
i

bine to form a helical field that shapes a toroidal magnetic container for holding

the plasma away from the material walls of the tokamak toroidal vacuum chamber.

Figure 2.1 shows basic definition of the tokamak. The x-y plane is the equa

torial plane of the plasma torus; the major radius of the plasma torus is always

parallel to and nominally in the x-y plane; the motion of the plasma torus parallel

to or in this plane is referred to as the "radial" or "equatorial" motion. The z-axis

is the axis of symmetry of the plasma torus; normally it is the vertical axis (normal

to the x-y plane); it is also the center line of the transformer iron core (some

tokamaks have no iron cores); the motion of the plasma torus along the z-axis is

referred to as the "vertical" or "axial" motion.

As shown in fig. 2.1, the vacuum vessel (chamber) is a circular toroid with

minor radius b (m); it may, however, be a toroid of any other suitable cross sec

tion. The major radius of the toroidal plasma column is R (m) while its minor

radius is a (m); A (m) is the plasma column displacement in the radial direction
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from its steady-state major radius Rq (m), R = Rq+A. Displacement of the

plasma column in a positive vertical direction (z-axis) is also designated by A. The

plasma current /j (A) produces the poloidal magnetic field Bp (T). The externally

generated toroidal magnetic field is Bp (T).

2.1. Radial Forces Acting on the Plasma

The mass of the toroidal plasma column is

Mpikg) = VpimgTig -I- (2.1)

Vp = 2irR X 7ra^(m^) (2.2)

is the column's volume, ntg (kg) is the mass of an electron, ntj (kg) is the mass of

a plasma ion (nucleus) and, referring to eq. (1.56), for a clean hydrogen isotope

plasma (which is of primary interest here),

rig = Hi = n ,

rig + Hi = rigi = 2n , (2.3)

^imp ^

The plasma column length is (m) ; therefore, using equations (2.1)-(2.3), the

plasma mass per unit length of the plasma column is

M (kg/m) = Ta^nirrig + mi). (2.4)

The plasma current mass element M has a positive displacement A (m) and

velocity A (m/s) . Therefore its momentum is, per unit length of the plasma

column,
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M A (kg m/s/m),

and the equation of motion of the mass element is

MA + M A = (N/m),
k=i,t

(2.5)

where are the forces acting on the plasma current mass element M. All of

these forces are defined to be positive in the positive A-direction (y-direction) of

fig. 2.1.

2.1.1. Internal Expansion Force

A toroidal plasma column tends to expand in major radius and to contract in

minor radius under the action of plasma current and the other changing parame

ters of the plasma. Effectively, the internal expansion force (per unit length of the

plasma column) acting on the plasma current mass element M is written

F, (N/m) = I^Bi . (2.6)

In (2.6) the effective internal expansion magnetic field is [34, (37)]

5,(T) = , (2.7)
4x K

r - In— + A - i , (2.8)
a  2

A = ̂; + I'/ - 1 . <2.9)

In (2.9), is a plasma stability index (1.3). It is a dimensionless ratio of the

plasma kinetic pressure pj^, averaged over the plasma cross section, to the poloidal

magnetic field pressure (1.1),
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~  ->2
^(^o<Pk> (2.10)

Bi

Referring to fig. 2.1, under the assumption of a cylindrical plasma column and an

infinitely long plasma current filament, the plasma surface poloidal magnetic field

is, at p=a ,

o  _ (2.11)

Referring to (1.2) and (2.3), let an average plasma particle energy (tempera

ture) of a clean plasma be, = 0,

r(keivi„) = , an)
"ei

Tg and T,- being given in kelvin ; the plasma average kinetic pressure (energy den

sity, joule/m^ = newton/m^) is then written

<Pjt> = <ngikT> = <2nkT> (2.13)

Substituting (2.11) and (2.13) into (2.10),

8^2 <ngikT>a^ <2nkT>a^ (2.14)
01 =

Mo /i Mo

For a hydrogen isotope plasma equation (2.12) is simply

T (kelvin) = y(r^ + T,) . (2.15)

The electron energy Tg, as determined by the bremsstrahlung and synchrotron

radiation, can be related to the ion (nucleus) energy T,- [17, (11.20), (11.86)].
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For the purposes of this work, however, it is convenient to assume that Tg and T,

are simply related to each other by a parameter fig ,

'^e > (2.16)

such that, using (2.15),

Tg (kelvin) =

Tg (kelvin) = ̂(fig + l)Ti . (2-18)

In (2.9), /,• is the plasma column internal inductance per unit length of the

plasma column [34, (25)],

/,- =
'  ->2 f  ( f [Bjp,c})f p d<a ^  . (2.19)

Under an assumption of a cylindrical plasma column, a«R, and a constant

plasma current density, J (A/m^) = (/j/ira^), the plasma internal poloidal mag

netic field is, using (2.11),

.  (2.20)
^ a

Substituting (2.20) into (2.19), the value of /,• is evaluated to be 0.5. In view of

this result it is reasonable to assume that /,• is a constant equal to 0.5. Using this

value of Ij in (2.9), equation (2.8) becomes
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r = In
SR

+ 1.25
(2.21)

2.1.2. Transformer Iron Core Force

The interaction between the plasma current f and a transformer iron core, if

there is one, manifests itself in a force which attracts the plasma current to the

core. Local effects of a transformer magnetic flux return yoke (if there is one) and

of its stray magnetic field are assumed to be negligible. Then, assuming an infin

itely long cylindrical iron core of radius r^ (m), aligned with the z-axis of fig. 2.1,

the iron core force is proportional to a function of the ratio R/r^ [34, (75)] ,

ft = 0.9 + 22.0 exp -1.6
R

/c

(2.22)

An effective magnetic field of the transformer iron core, at the plasma current ele

ment location R (m), fig. 1, is then (due to the iron core image of the plasma

current element /j)

{In 2/1
5, (Tesla) = p——-ft (2.23)

where 0 < p < 1.0 has been introduced to account for different effects of

various transformer core materials.

The iron core transformer force F, (N/m), at the plasma current element

location R (m), fig. 2.1, is generated by the poloidal magnetic flux lines passing

through the vacuum vessel into the iron core. Therefore the force is

= -I\Bt , (2.24)
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where t,(s) is the vacuum vessel penetration time constant for the force of

transformer iron core.

2.1.3. Vacuum Vessel Eddy-Current Force

As the plasma current element ly moves within the vacuum vessel in the

radial {y,R) direction, a vacuum vessel eddy current produces a time-delayed mag

netic field Bf at the plasma current element location,

B, + tX -

where (s) is the eddy-current time constant, and K,. (s/m^) is a vacuum vessel

geometry gain constant. The eddy current force is then

F, (N/m) lyBr . (2.26)

2.1.4. Vacuum Vessel Induced-Current Force

In the case of a toroidally continuous vacuum vessel there will be a current

induced in the vacuum vessel walls which is due to the ohmic heating magnetic

flux time rate of change. Similarly, in the case of a toroidally split vacuum vessel

an effect of currents induced in all the separate sections of the vacuum vessel may

be attributed to a single effective toroidal current. In either case, it is assumed that

an effective vacuum vessel induced current,

/2(A),

generates a force

F, = lyB^ , (2.27)

where
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» _ Mo (2.28)

and /sTy (1/m) is an effective gain constant of the vacuum vessel geometry.

2.1.5. Ohmic Heating Force

The primary coil of the tokamak (transformer) induces the plasma current.

Since the plasma current heats up the plasma ohmically, the primary coil is called

also the ohmic heating coil. The ohmic heating coil current,

/4(A),

generates a force acting on the plasma current mass element M, the ohmic heat

ing force,

Ph = . (2.29)

where the effective magnetic field had to penetrate the vacuum vessel to arrive

at the plasma current element location ; therefore

+ nK -

where (s) is the vacuum vessel penetration delay time constant for a magnetic

field, and (1/m) is an effective gain constant of the tokamak coil geometry.

2.1.6. External Magnetic Field Force

The equilibrium of a plasma torus in its equatorial plane (x-y plane, fig. 2.1)

is maintained by an external magnetic field , which is perpendicular to the

radial plane as it is shown in fig. 2.1. This field is normally designed to be slightly
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concave towards the z-axis. Such a curved shape of the external magnetic field

makes the plasma torus stable relative to the vertical (z-axis) displacement. The

barrel shape of such a field is generally characterized by the decay index [34,

(38)]

(2.31)
B, dR '

and the condition of vertical (z-axis) stability of the plasma torus is written then as

[34, (39)]

N > 0 . (2.32)

Integration of equation (2.31) results in

B, - /./?-" , (2.33)

where is a function of integration. In view of (2.6), it is logical to let be a

function directly proportional to the plasma current,

fs = KJi ; (2.34)

equation (2.33) is then written

B, = KJ,R-^ , (2.35)

where is a proportionality constant. Denoting the steady-state equilibrium quan

tities by a subscript zero, using (2.35),

- K.aOoRo" , (2.36)

from which

AT, -
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Substituting (2.37) into (2.35),

B, = B50
h

•

R
-N

(2.38)

l)o Ro

The external magnetic field has to penetrate the vacuum chamber to arrive at the

plasma location ; therefore (2.38) is correctly written as

h
'

R
-N

(2.39)

(^i)o Ro
>jO

where (s) is the vacuum chamber penetration delay time constant for a mag

netic field.

The external magnetic field force acting on the plasma current mass element

M in the radial direction is then

F. = -FB (2.40)

In a steady-state radial equilibrium of the plasma torus, the sum of all forces

acting on the plasma current mass element M is zero. Adding the steady-state

values of the equations (2.7) [(2.6)], (2.23) [(2.24)], (2.25) [(2.26)], (2.28)

[(2.27)], (2.30) [(2.29)], and (2.40), a steady-state value of the external magnetic

field is

Mo

•

4x R
[ r„-2p(/,)o I + + *:*(/4)o (2.41)

The radial plasma equilibrium can be controlled by a vertical magnetic field (fig.

2.1) = B^q, (2.41), at the effective plasma current /,. In such a case B^q is
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simply preprogrammed and is generated as a function of time by an automatic

sequencer; all the steady-state quantities of (2.41) must be precalculated as func

tions of time. This type of the radial plasma equilibrium control is referred to as

the open-loop control. Obviously an open-loop control cannot take into account the

inaccuracies of precalculations and the instantaneous unpredictable deviations of

the variables from equation (2.41) from their precalculated steady-state values.

A closed-loop (feedback) control of the radial plasma equilibrium position is

afforded by use of equation (2.38) [(2.39)]. To the first order of (binomial series)

approximation, equation (2.38) can be written

h
Bs = 5,0

i)o
^-A
Rc

(2.42)

If the plasma current is measured (Rogowski coil) and if the plasma

column displacement A is measured (position pickup coils), then the external verti

cal magnetic field can be (feedback) adjusted using equation (2.42), to minim

ize the displacement of the plasma column due to inaccurate precalculations and

unpredictable deviations of the variables [equation (2.41)] from their precalculated

steady-state values [39]. In this case of the feedback control, just as in the case of

the open-loop control, is preprogrammed and is instrumented using a time-

function generator.

While in either of the above two cases, the open-loop and the closed-loop con

trols, the plasma column equilibrium position conditions may be satisfied at some

instances, the stability of the plasma equilibrium position remains analytically un

known and undefined, except for some experimental results [39, 42].
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To control the plasma equilibrium position and its stability, it is practical to

introduce an external vernier vertical magnetic control field

B, , (2.43)

such that equation (2.39) becomes

-N
h R

Be + TkBe = B,sO
Ro

r  (2.44)

where

B, = B, + B, , (2.45)

Kc (T/A) is the magnetic control field gain constant, and (A) is the magnetic

control field current.

The external magnetic field force acting on the plasma current mass element

M in the radial direction, (2.40), becomes then

Fe hB, . (2.46)

2.2. Interacting Electric Circuits

Four electric circuits are assumed to be interacting. All circuits are assumed

to be characterized by their respective applied voltages (volt), resistances (ohm),

self-inductances (henry), and mutual inductances (henry), as depicted schemati

cally in fig. 2.2, where numbers and subscripts denote circuits and their respective

quantities as follows:

plasma, 1;

vacuum vessel, 2;
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Figure 2.2. Interacting electric circuits.
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control field, 3;

ohmic heating, 4.

As is shown in fig. 2.2, magnetic fluxes involving mutual inductances £13 and £14

must penetrate the vacuum vessel shell. This fact is taken into account in the

appropriate circuit equations.

2.2.1. Magnetic Flux of Electric Circuits

Referring to figures 2.1, 2.2, and Al, it is assumed that all four electric cir

cuits are located in parallel planes and that the directions of their positive currents

are the same as that of the plasma current f. A magnetic flux linking a yth elec

tric circuit is then

- S
k = \

^jk = Ljkh , (2.47b)

7 = 1, 2, 3, 4 .

Referring to fig. 2.2, magnetic fluxes $13 = $3, and $14=$4, must penetrate the

vacuum vessel shell, with magnetic field penetration delay time constant of xjt (s).

Therefore, at the plasma current f location the magnetic fluxes $13 and $14 must

satisfy their respective first order differential equations,

#13 + ^ 13 ^ -^13^3 , (2.48)

*^*14 + T/t ̂  14 = . (2.49)
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Similarly, at the control field current location,

^31 + ^ 31 = -^13^1 '

and at the ohmic heating current location,

^41 "I" Tjfc ^ 41 ~ -^14^1 •

(2.50)

(2.51)

An external voltage applied to a yth electric circuit is then written, using

(2.47)-(2.51),

V- = RI + $ (2.52)

2.2.2. Plasma Circuit

The resistivity of a clean (assumed to have no impurities) hydrogen isotope

plasma column has been calculated to be [17, (8.51); 18]

Pi = 3.346X10~33 Z InX (Q-m), (2.53)

where Tg (kelvin) is the electron temperature (energy), Z=ng/ni is the ionic

charge number (equal to unity for hydrogen) and [17, (8.18)]

^0
3/2\kTg)^

1/2
(2.54)

X = 127r

Substituting into (2.54) the permittivity of vacuum cq ~ 8.854X10"'^

(farad/meter) and the charge of proton e = 1.602X10"^'(Coulomb),

(2.55)
40

(kTgY
X = 24.158X10,
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Substituting (2.55) into (2.53),

p, = 95.288+ |ln(4r,)—tln(«J (Q-m)

The resistance of the toroidal plasma (column) circuit is then

2irR
/?i(fl) — pj-

(2.56)

(2.57)
ira

The self-inductance of the toroidal plasma (column) circuit is [34, (17)],

^11 ~ In8^ - 2
a

(2.58)

where

Ki = (13.223P -f- 1) (2.59)

accounts for a transformer iron core effect, p being an iron core parameter

0 ̂  P < 1-0 , (2.60)

p= 1.0 for an entire transformer iron core effect.

Using equations (2.47)-(2.49) and (2.52), j = l, the plasma circuit equations

are then

0 - /?,/, + 4; i + i 13 + * 14 ,
at k=i

^13 + l-ifc ^ 13 = L12I3 ,

^14 + 3

where all quantities, except t^, are time-varying functions.

(2.61)

(2.62)

(2.63)
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2.2.2.1. Plasma Energy Injection

The average plasma energy density is given by (2.13). The average plasma

particle energy is given by either (2.12), (2.15), or (2.18); it may also be written as

kT (joules) = UTq + kT^ + kT^^^ , (2.64)

where

is the initial, steady-state value of the particle energy,

t

kT^{nX2TrRX-Ka^) = f ifPi dt (2.65)
0

is the ohmic heating generated particle energy, and

kT,^,{nX2irRXTa^) = = J P,^, dt (2.66)
0

is the plasma energy supplied by some external means, such as by neutral beam

injection .

A neutral beam injector is assumed to be characterized by the power it can

deliver to the plasma, (joules/second), and the associated number of neutral

particles, Kp (neutral particles/joule). Each neutral particle is assumed to be sim

ply a hydrogen isotope atom, splitting after injection into the plasma into an elec

tron of mass mg (kg) and an ion of mass mfg^^^ (kg); therefore, referring to the

equations (2.1)-(2.4) and (2.66), the injected plasma density is

^ext =
^^pEgxt (2.67)
2'KRX-Ka}

and the injected plasma mass per unit length of the plasma column is

Mgxtikglm) = ira\^,(mg + m,^^,) . (2.68)
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The time derivative of equation (2.63) is, using (2.65) and (2.66),

kT =
(nX2ir/?Xira2)

- (kTi+kT,„)i + ̂+2-^
n  R a

(2.69)

The time derivative of equation (2.67) is

K„
next =

ir^Ra^
^ext 4 + 2-

R  a
"ext

(2.70)

2.2.3. Vacuum Vessel Circuit

Using equations (2.47) and (2.52), 7 = 2, the vacuum vessel circuit equation

IS

0 = /2J?2 + 4- S Llk'k .
ifc=l

(2.71)

2.2.4. Control Field Circuit

Using equations (2.47), (2.50), and (2.52), 7 = 3, the control field circuit

equations are

V, = /j-Rj + 4 i + i 31 .
A:=2

^31 + ̂Jfc ^ 31 ~ T13/1 ,

(2.72)

(2.73)

where K3 is an externally applied control field voltage, and R^, 123. T33, 1,34, and

T]^ are constants; all other quantities are time-varying functions.

2.2.5. Ohmic Heating Circuit

Using equations (2.47), (2.51), and (2.52), 7=4, the ohmic heating circuit

equations are '
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Vt = + 4 S + i 41 ,
at k=2

^41 + = 1,4/1 . (2.75)

where K4 is an externally applied ohmic heating voltage, and L24, 134, I44,

and Tk are constants; all other quantities are time-varying functions.
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3. PERTURBATION EQUATIONS

Equations of the forces and interacting electric circuits involve quantities

which are functions of a number of variables. Applying Taylor's theorem for

several variables, to the first order of approximation the perturbation of a quantity

Q oi n variables is found to be

56 = S 5x,.
y=i

dOiX)

dxj
(3.1a)

X=Xo

where

Q ~ Q(X), A" is a set of n variables, which are in general functions of time,

8Q is a perturbation increment of Q,

Xj is a yth member of the set X,

bXj is a perturbation increment of Xj,

Xq is a steady-state set of the set X.

Equation (3.1a) also applies to time derivatives of a quantity Q. A time-rate-of-

change of a perturbation of a quantity Q is equal to the perturbation of the time-

rate-of-change of the quantity Q,

dt
[56(0] = 5

dOit)

dt
- «[»')] (3.1b)

Since any perturbation of a quantity at "zero" time is equal to zero, 50(0) |=|0,

Laplace transformation of equation (3.1b) is simply ("s" designates the complex

frequency)

'[56(^)] = 5(50(0] = 5(0(5)] . (3.1c)
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3.1. Toroidal Flux Conservation

Perturbation equations for the forces and interacting electric circuits are

derived under an assumption that a plasma toroidal flux is conserved. Referring to

fig. 2.1, according to Ampere's law

BtR = -^ , (3.2)
27r

where I is the current enclosed. If this current is constant, then

Bj-R = {Bj')qRq (3.3)

Toroidal flux conservation requires that

$ = ira^Bj = 7rfl^(57.)o . (3.4)

Substituting (3.3) into (3.4),

o^Rq = a^R (3.5)

is a statement of the toroidal flux consevation.

3.2. Total and Perturbation Quantities

For simplicity of notation, the same quantity symbols used up to now to

designate total quantities are used from now on to designate their perturbation

quantities, the equilibrium (steady-state) quantities being distiguished by a sub

script zero. To illustrate the point, in equation (3.5) Oq and Rq are the steady-state

values (quantities) of the total quantities a and R, respectively,

a = ao+8a , (3.6)
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R = Rq+8R , (3.7)

and 8a and 8R are the perturbation quantities of a and R, respectively. Applying

(3.1) to equation (3.5),

5a(2ao/?o) ~ 5/?(ao) >

8a = ■^8R ,
2Rn

or

. = -^R (3.9)
2R.

is the perturbation equation of equation (3.5), a and R being now the perturba

tion quantities.

From fig. 2.1 and equation (3.7),

dR = A ; (3.10)

therefore the perturbation equation (3.9) may also be written

a = . (3-")
2R0

All perturbation equations are Laplace transformed, with s designating the

complex frequency.
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3.2.1. Internal Expansion Force Perturbation

Applying equations (3.1), (3.10), and (3.11) to equations (2.6), (2,7), (2.14),

and (2.21), the perturbation equations of the internal expansion force are

Fi = (5,.)o/i + (/i)o5.. ,

R =
4x

1

r -^r/i -
0

A +
R

R 0 R

Pi ~ (Pi)o

Substituting equations (3.13)-(3.15) into equation (3.12),

Fi = Bull + 5i2A + Bi^n,i + B^^kT ,

where

Bii =
Mo

4 ̂
2/i

R

Bi2 —

5i3 = 2x
h
R

kTi^al

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

0

,  8/?o
In

Mo

+ - 1.5
(3.17)

Mo f/?l
2.0 - i''

oo

1

(3.18)

4x R^ 0

(3.19)

Pit = 2x
h
R

MoOq
(3.20)
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3.2.2. Transformer Iron Core Force Perturbation

Applying equations (3.1) and (3.10) to equations (2.22)-(2.24), the pertur

bation equations of the transformer iron core force are

Pt Tt Ft = - Ui)o5t

Bf = p
2ir

ft h 5/r
-

0 R^ R 0 a/i)

or

(1 + TfS)Ft = B2\I\ + Bji^

where

'4/1
« if21 -

R
t)o

B22 ~ P
Air

11}

R Rr
(ft)o -

dft
dR

(3.21)

(3.22)

(3.23)

(3.24)

3.2.3. Vacuum Vessel Eddy-Current Force Perturbation

Applying equations (3.1) and (3.10) to equations (2.25) and (2.26), the per

turbation equations of the vacuum vessel eddy current force are

F, = -(5,)o/i - (/i)o5, ,

B, + rX = I (/,)oA + ( A)o/,

(3.25)

(3.26)

Since in steady-state ( A )o = 0, = 0,
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F, (/i)o5, , (3.27)

(1 + t,s)B, = ̂A:,(/,)ojA .
47r

Substituting (3.28) into (3.27),

(1 + t,s)F, = 53ijA , (3.29)

53, =

3.2.4. Vacuum Vessel Induced-Current Force Perturbation

Applying equation (3.1) to equations (2.27) and (2.28), the perturbation

equations of the vacuum vessel induced-current force are

F^ = (5Jo/i + (/i)o5v . (3.31)

D - T (3.32)

Substituting (3.32) into (3.31),

F, = 54,7, + F12/2 , (3.33)

Bm - (B,)o =

b,2 =
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3.2.5. Ohmic Heating Force Perturbation

Applying equation (3.1) to equations (2.29) and (2.30), the perturbation

equations of the ohmic heating force are

Fh = + Ui)o^A . (3.36)

(1 + ; (3.37)

substituting (3.37) into (3.36),

P _ o r I ^52 (3.38)

«51 = («j)o = -^*j(/4)o .

B52 - -^(31)^ •

3.2.6. External Magnetic Field Force Perturbation

Applying equations (3.1) and (3.10) to equations (2.44) and (2.46), the per

turbation equations of the external magnetic field force are

Fe ^ ~(^e)(/l ~ (^l)o^e » (3.41)

(1 + Tf^s)Bg = 550 1  r ^ A-/l - —A - KJc^3 '
(3.42)

(/i)o ^0

substituting (3.42) into (3.41), noting that (5g)o = 5^0'

(1 + t;^s)F^ = (1 -H 0.5t^j)56i/i -t- 562A + 553/3 . (3.43)
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^61 ~ 2^j0 »

Bei = NB50
h

R

B,, = (/,)oA:, .

(3.44)

(3.45)

(3.46)

3.2.7. Newton's Force Equation Perturbation

Equation (2.5) is the Newton's (second Law) force equation; its perturbation

equation is simply

,  r,v,h,e
- 2 Ft ,

K=i,t

(3.47)

since {M)q = 0, ( A )o = 0, and ( A )o = 0.

Substituting equations (3.16), (3.22), (3.29), (3.33), (3.38), and (3.43) into

equation (3.47), using (2.3), the perturbation equation of Newton's force is

s^AMq =
1 l+TkS

(3.48)

+ B12 1
5^31 ^62

1 +T,5 1 +T^J i+T'/fc-y

+2Bi2n+Pi-jkT+7*12/2

^63 , , ^52
l+Tj^J ^ ^
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3.2.8. Plasma Circuit Perturbation

A plasma circuit is described by equations (2.53)-(2.63). Applying equation

(3.1) to these equations, using (3.11), the plasma circuit perturbation equations are

Rx = AxikTg + Ax^He ,

Ax2 = 3^/ji(l —InXo) ,

(3.49)

(3.50)

Ax, = -KR\

kT,

n.

Rr

dLxx 8/?o

0

In - 1.5
dR ^0

Kjix = 3.346X10""

^11 ^ '

^Ud =

^11 ^ ̂Wd^

0 = {Rx)oIx + (/,)o/?i

"I" (^ll)o^l"l" (^l)oy^ll "I" (^ll)oy^l "b (^l)o ^11

+ (^12)0^2 "t" (^2)0^^12 "I" (^12)0^^2 "I" (^2)0^12
+ 5$,3 + ,

(H-T;.j)5$13 ~ (^3)o^l3~'"(^3)oy^l3~'~(-^13)o^^3"'"(^13)o^3 '

(^ (^4)0^ 14 (^4)0^^ 14 "'"(^14)0^^"'" (^14)0^4

(3.51)

(3.52)

(3.53a)

(3.53b)

(3.53c)

(3.54)

(3.55)

(3.56)
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In equations (3.54)-(3.56), under the steady-state conditions of the "burn" phase

(which is of major interest here),

(^ii)o ~ (^12)0 ~ (^13)0 ~ (^14)0 "■ 0 »

since they all are proportional to ( A )o, and ( A )o is zero;

(3.57)

(^i)o ~ (^2)0 ~ (^3)0 ~ 0 , (3.58)

they may, however, have constant values during "start up" and "shut down" phases;

(^ii)o ~ (^12)0 ~ (^22)0 '

since the plasma column is centered in the vacuum vessel, (A)o being zero.

(3.59)

Similar to equations (3.53a), (3.53b), and (3.53c),

^12 ~ , (3.60a)

L\ld —
dL 12 (3.60b)
dR

^12 ~ ^\2d^

^13 ~ ^I3d^ .

^I3d —
dL 13

(3.60c)

(3.61a)

(3.61b)
dR

^13 ~ ^I3d^

^14 ~ ^\4d^

(3.61c)

(3.62a)
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^\Ad ~
dL14 (3.62b)

dR

^14 ~ (3.62c)

Substituting equations (3.53), (3.57), and (3.60)-(3.62) into equations

(3.54)-(3.56),

0  (■'^iWi "I" (■''1)0^1 (3.63)

"I" (^i)o^iirf'SA + (Z,ji)oJ/i + (/i)oZ,ii^A

+ (^2)o^12</'^A + (£52)0^/2 + (/2)o£i2</A

+ J$13 + 5# 14 >

(1 (^3)o^l3rf'^A + (£13)0^/3 + (/3)q£j3^A , (3.64)

(^4)o^14</'^A + (£i4)oJ'/4 + (/4)o£j4^A (3.65)

Substituting (3.64) and (3.65) into (3.63), the plasma circuit perturbation equation
IS

0  (^i)o^i "t" I (-'^1)0 "I" '^(^11)0 Jt^i (3.66)

+ /426 + sAjj +27
(/4 28+^.^29)

(l+T^j)

JL .,T \ r , ■^(^13)0 , , >^(^14)0 ,+ j(£ 12)0/2 + I _^h + fi .\U '
(l+T (1+T^-S) ^j)

where
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^26 ~ (^2)0^12*/ ' (3.67)

■^27 ~ (^l)o^ll</ "I" (^2)o^l2</ » (3.68)

-^28 ~ (h)df^nd "t" (A)o^14</ » (3.69)

^29 ~ (^3)o^l3rf "I" (A)o^14</ • (3.70)

3.2.8.1. Plasma Energy and Density Perturbation

Applying equation (3.1) to equations (2.69) and (2.70), their perturbation

equations are (assuming n, R, and a constant), respectively,

skT = K,P,^, - Pgi/j - , (3.71)

snext = K^Pext > (3.72)

where Kg={2Tr^nQRQaQ)~^ and

^61 O.I\Ri)oKg , (3.73)

^68 = -(/?)o^e > (3.74)

jr = (3.75)
TT /?o^O

Referring to equations (2.1)-(2.4) and applying equations (3.1), (3.10), and (3.11),

for a constant total mass of the plasma column, (2.1), the plasma density perturba

tion and its time derivative are, respectively,

« = . (3.76)

sn = G54JA , (3.77)



42

where

G54 —
2/ic

Rn

(3.78)

Adding equations (3,72) and (3.77), using n=ngxt+n.

sn — K„P P75A , P75 — — JG54 . (3.79)

Referring to equations (2.3), (2.17), and (3.49)-(3.52),

^1 ~ P%i^T Pgg/i , (3.80)

where

^86 = K/?1
(Mc + I)

kT

n

(3.81)

ifig

(Mc + O
'12 »

(3.82)

Equations (3.71), (3.79), and (3.80) are the plasma (average) energy and density

perturbation equations. From these equations, the plasma circuit resistance pertur

bation, required in equation (3.66), is

i?l(5 + - A2\Pext + ̂13^1 + ̂22-^^ . (3.83)

where

-^11 P mP68^ 87 '

^13 ~ R(>\R%1

(3.84)

(3.85)
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All = -(^S6^n + P^jKe) , (3.86)

^22 ~ ^86^54 (3.87)

Also, substituting (3.83) into (3.71),

skT{s + All) = is + A22)KgPgxt — + A24SA , (3.88)

where

^23 ~ f^nP(,iP%f>^e
-1 (3.89)

^24 ~ ^68-^22 (3.90)

Substituting (3.83) into (3.66), the plasma circuit perturbation equation may be

written

IS-'ext (AMi3 + is + ̂ii)[ (i?i)o + 5(Iii)o ] (3.91)

+ ■^(■''1)0^22 + is + All) ^26 + -^^27 +
(■^28"^'5'-^29)

(1+T;tj)

s(^s ~f~ 11 )(.£» 1+ sis + Aii)iLi2)ol2 + {\+T^s)

■r(^+/4ii)(Ii4)o
(1+T;fy) ^

where

^25 ~ (^l)o^ 21 (3.92)
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3.2.9. Vacuum Vessel Circuit Perturbation

Applying equation (3.1) to equation (2.71), the vacuum vessel circuit pertur

bation equation is, using (3.60),

0 = (li2)oy/i + Li2^ (/i)o + j(/i)o jA (3.93)

+ (/?2 + sL22)Ii + + ̂24'S'A •

3.2.10. Control Field Circuit Perturbation

Applying equation (3.1) to equations (2.72) and (2.73), the control field cir

cuit perturbation equations are, using (3.61),

K3 = L22SI2 + (i?3 + sL^^)!^ + ̂34-^^ + ̂  31 . (3.94)

(1 + v)*,, = (L,3)»s/, + L,j^[ (/,)„ + ,(/,)„ ]a . (3'5)

Substituting (3.95) into (3.94), the perturbation equation of the control field circuit

is

^ _ .a,3)o . ̂  £|34«.0+^('.)o] ".96)
^  (l+T^f) ' (I+T^S) ^

+ L23SI2 + (i?33 + ̂133)73 + 7,345/4 .

3.2.11. Ohmic Heating Circuit Perturbation

Applying equation (3.1) to equations (2.74) and (2.75), the obmic beating

circuit perturbation equations are, using (3.62),
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K4 = 124^^2 + L^ASh + (^4 + SL^)U + $ 41 , (3-97)

(I + v)4 4, = (i,4V/, + i,„[ (/,)o + 4/,)o ]a . (3.98)

Substituting (3.98) into (3.97), the perturbation equation of the ohmic heating cir

cuit is

^  j(Ii4)o ^i4rf[u)io+j(/i)o]
^  (l+T^t-y) * (1+T;tj) ^

+ L2^sl2 + ̂̂ 34-5^3 + (^4 + 44)^4 •
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4. SOLUTION OF PERTURBATION EQUATIONS

Equations (3.48), (3.66), (3.71), (3.79), (3.80), (3.93), (3.96), and (3.99)

form a plasma perturbation model of a tokamak. It is convinient to write these

equations in vector-matrix form.

0 ^11 ^12 ^13 ^14 ^15 ^16 Pxi 0 Ix

0 P2I P 22 P 23 ^24 ^^25 0 0 P 28 h

0 P3I P32 P33 ^34 ^35 0 0 0 h

V3 Pax P42 P 43 P44 P 45 0 0 0 I4

Va Psx P 52 P53 ^54 ^55 0 0 0 A

^e^ext Pex 0 0 0 0 0 Pel ^68

KnPext 0 0 0 0 P 75 Pie 0 0 kT

0 0 0 0 0 0 ^86 P 87 P 88 .Rx

which is abbreviated as Vj = FVq .

The non-zero elements of the matrix P are, referring to (3.48),

^11 = Bn +
B21

(1+T,j)
+ ̂4, + -b51

(l+0.5Tjfc5)B5i

(1+Tjfcj)

^12 ~

Bi3 ~

Pl4 =

)o ■

B63

(l+T^t-y)

B52

(1+T^5)

,  (4.1)

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)
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Pl5 — B\'y +12

B22
+

31
+

B62

(1+7,5) (1+T,.5) (l+Tjtj)
s'^M.

Pi6 — 2B

Pn = 4ir

13

R

referring to (3.66),

^21 (^i)o ■s(-^ii)o '

^22 ~ -^(^12)0 '

^23 ~

^24 =

■^(^13)0
(1+T;t5)

■^(^14)0
(I+T^t-y)

P25 ~ ^'yf' + sA-)-! +'26 27
(■^28 "^'^■^29)

(1+T;t5)

^28 ~ (^l)o 5

referring to (3.93),

^31 ~ -^(^12)0 '

^32 = Rl sL

P33 = 51,23 '

P34 = 5Z,24 ,

22 '

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)
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^35 ~ ̂i2rf[(^i)o + s{Ii)q] ; (4,20)

referring to (3.96),

^  -^(^13)0 (4.21)
(H-T;fcj)

P42 = -^^23 . (4.22)

P43 = i?3 + j£33 , (4.23)

P44 = sL^a , (4.24)

_ ^i3tf[(>i)o+.y(/i)o] . (4.25)
(l+T^t-y)

referring to (3.99),

p  = (4.26)
(l+T^s)

P 52 = SL24 , (4.27)

P53 » (4.28)

7^54 = R4 + ̂^44 . (4.29)

p  _ ^i4</[(A)o"^-y(fi)o] (4.30)
(l+T^-s)

referring to (3.71),

Pel 2{IxRi)qK, , (4.31)
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P(,i ^ s , (4.32)

'^68 '^ ; (4.33)

referring to (3.79),

P75 = -^^54 , (4.34)

Pi6 = s , (4.35)

^88 = 1 • (4.36)

These equations can be used in a computer simulation of tokamak plasma

perturbation dynamics. If solved explicitly, the characteristic equation of the solu

tion will be (approximately) of the fourteenth order. Such a complex solution is not

very useful for explicit analytical studies of a tokamak plasma equilibrium position

stability, and it is not acceptable for systematic analytical syntheses of plasma dis

placement feedback control systems of minimal hardware complexity. For these

purposes simplified approximated solutions must be considered.

4.1. Approximated Radial Plasma Equilibrium Perturbation Model

Consideration of the plasma perturbation model (4.1) for the steady-state

"burn" phase operation of a tokamak leads to a conclusion that for an infinitesimal

plasma displacement perturbation A the following perturbations may be assumed to

be zero: /j, 14, n, T, and Ri. Under these assumptions the approximated

plasma equilibrium perturbation model results in, using equations (3.48), (3.93),

and (3.96),
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0 ^12 ̂ 13 ̂ 15 h (4.37)
0 = ^32 ̂ 33 ̂ 35 h >

^3 ^42 P42 P45 A

where [(/)o = 0, (3.58)]

Pn = -7^.(^1)0 .

^13 ~
B63

= B63fc »(l+Tjfcj)

P\5 = -(s^Mq + sB^ir + Bff,) ,

^31r ~
-B31

(H-T;.j)

^tk ~ ~(^12 "I" ^llt "I" B^2k) »

B,'22
But ~

^62k ~
^62

(l+T^t-y)

^32 = -^2 + /?2(l+''wy) >

~ L22B.2 ' »

^33 ^ ̂^22 '

■''35 »

P42 = sL 22 ,

(4.38)

(4.39)

(4.40)

(4.41a)

(4.41b)

(4.41c)

(4.41d)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)
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^43 = -^3 + -^^33 = -^3(1 + ̂cc-y) . (4.47)

r,, = £33/23-' , (4.48)

■y(^i)o^i3</ _ „(T \ T (4.49)
(l+Tjtj)-^45 77n~r — ^^h)o^Udk

4.1.1. Solution of Approximated Radial Plasma Equilibrium Perturbation Model

Solution of equation (4.37) is simple, in principle at least,

^2^ ^3(^15^33~^13^35) » (4.50)

^3(^12^35-"^15^32) ' (4.51)

AD = J^3(/'13^32" ̂ 12^33) ' (4.52)

^ ~ ^45(^13^32~^12^33) ^35(^12^43~^13^42) (4.53)

+ P 15(-P 33-^42-■■P32-P43)

Using equations (4.38)-(4.49) in equations (4.50)-(4.53):

^2^ ^ ~'y^3| •y^'^'23'^0 + 'y^23^31r + [ (^l)(}^12i^63A:"'"'®/A:'^23 ] | . (4.54)
/3D =

■''[ ^3Ir"I" "^12(^1)0^2 ^^\ld ] "I" >

AD = K3i22[ D63^ + ^(Tw563it - ^12^23^2"') ] . (4.56)
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D - s'M^r„T„(l-k^) (4.57)

+ s\ MoiTy^ + Tcc) + BjirTvyTccil-k^) ]

+  Mq + B2lriTyv + Tcc) + B,1,7 y^Tceil-k^)

^ndi^xloB-i ̂ {P 12''cc~^63it^23-^3 ')

^13</Jfc(^l)o^3 ^(^63fc''w"^12^23-^2 1

B^ir + B^]ciTyy-\-Tc(.) + ̂12rf(^l)o^2 '^12

"f" ^13rf*:(^l)o^3 '^63fc ] + ̂tjfc]
In equation (4.57) an inductive coupling coefficient of the vaccum vessel and con

trol field circuits is given by

k =
^23 (4.58)

■yjL^L 33

Of primary interest are the approximated perturbation dynamics functions of

A/F3, A//3, and /3/F3, ratios of (4.56)/(4.57), (4.56)/(4.55), and

(4.55)/(4.57), respectively:

A/F3 is a function simple enough to permit an ordered analytical synthesis of

a plasma displacement control system using a control voltage drive;

A//3 is a function which could be used for an analytical design of a plasma

displacement feedback control system utilizing a control current (73) drive;
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/3/K3 can be used in computer simulations for determination of the control

current which may be used in an implementation of the control voltage

drive.

Use of the function may not be practical, however. By virtue of a

tokamak design, a control current drive must operate into a highly inductive load

and thus may require unpractically high voltage sources. For this reason the first

function, A/K3, is of a more practical value.

4.1.1.1. Radial High-Frequency Solution

The characteristic equation of the functions A/K3 and /3/K3 is given by

equation (4.57). It is observed that the highest order term of (4.57) is directly pro

portional to Mq. The plasma current mass element Mq is extremely small, on the

order of 10 kg/m. Its presence in the characteristic equation (4.57) [and in

equations (4.54) and (4.55)] gives rise to a group of high-frequency roots. If Mq is

assumed to be zero, then a group of low-frequency roots is represented by the

resulting characteristic equation. Assuming that a separation ratio of the high-

frequency roots to the low-frequency roots is large (>10.0), the high-frequency

roots are represented with sufficient accuracy by a polynomial of higher order

terms of (4.57), the last term of this polynomial being the first higher-order non

zero term of (4.57) under an assumption of Mq=Q in that term — the third order

term of (4.57). It is recalled that equation (4.57) involves three time constants

which are not explicitly shown in the equation. They are incorporated into the

terms B,/,, and Li^^k, defined by equations (4.39), (4.41a), (4.41b),

and (4.49), respectively. These time constants, t„ and must be
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considered in the evaluation of high-frequency roots. Multiplying equation (4.57)

by (1+T,j')(l-I-T;tj)(l-I-T^j'), dividing by the highest order coefficient obtained,

neglecting insignificant terms, and using (3.18) and (3.30), a second order equation

describing high-frequency roots of the characteristic equation (4.57) is obtained.

T, • -1- ^ + I'r ' + (''w' + • ] (4.59)

T, Rl

8/?o 1In—- + ̂/f - 2.0
ao 2

Writing this equation in a conventional form

+ = 0

+ 2fco„j + coj = 0 , (4.60)

with roots defined by

Ji,2 = Re ± ju),, , (4.61)

the following is immediately obtained, by comparison with equation (4.59):

Re (rad/s) = ~~y[ + '"jT' (4-62)

+ T~^ -h (t~' -I- ]

is an approximated real part of the roots, and their complex frequency is

(OA (rad/s) = ((0^ - , (4.63)

where
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(0
2 _

ITMn 4ir T, Rl

and the damping factor is simply

Re
f

8/?o 1In—- + 4-/f - 2.0
flo 2

+
^\2d^v

L22{\-k^)

(4.64)

= 0

(4.65)

In a similar manner, considering the high-frequency roots of equation (4.55),

it is found that in this case.

Re (rad/s) = -0.5(t, * + .

,,2 L ^2Mo Kr

Rl

SjRq j
In—- + - 2.0

flQ 2

(4.66)

(4.67)

^lldRv

'22

= 0

It is of interest to note that there is very little difference between equations

(4.66) and (4.62). In (4.66), as compared to (4.62), and are zero, and Re

of (4.66) will have a lower value than that of (4.62), if « 1.0.

There is an insignificant difference between equations (4.67) and (4.64). In

(4.67), as compared to (4.64), k^ is zero, of (4.67) will be nearly the same as

that of (4.64), if « 1.0.

Referring to equation (4.58), it is expected that for a practical tokamak a

value of k^ will be much less than 1.0.
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It is also expected that for other parameter values of a practical tokamak the

real part of the roots Re will be very small as compared to the roots' very large fre

quency The damping factor of the roots f will also be very small, the roots will

be very lightly damped, and the amplitude of plasma's displacement oscillation will

be infinitesimal.

It is noted that if the transformer iron core is absent the equations derived

remain the same, except t,"' in (4.59), (4.62), and (4.66) is set to zero, so the real

part of the roots will decrease somewhat.

4.1.1.2. Radial Low-Frequency Solution

High-frequency oscillatory roots, considered in the previous section, are due

to a very low plasma mass. As the plasma mass element Mq approaches zero, these

roots approach infinity. High-frequency roots, real at a virtual infinity, or oscilla

tory positively damped, however lightly, do not influence the low-frequency stabil

ity of plasma motion if the separation ratio of the high-frequency to low-frequency

roots is very large. Reference to equations (4.59)-(4.67) suggests that this is so in a

case of a practical tokamak.

4.1.1.2.1. Radial Low-Frequency Characteristic Equation

Letting Mq be equal to zero in equation (4.57) results in a characteristic

equation representing low-frequency roots,

D = R2^3[

+ s{Bd -H Ty^Btk) + Bt^. -I- Fi] ,

where
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^ ̂31r + '^cc^tk + ̂  13rfJk(^l)o^3 '^63fc » (4.69)

F, + Btk)k'^ + + ̂>^3 . (4.70)

^2 ~ (7i)o/?2 Tcc^lld^ 12 ~ -^23-^3 ^(^ll^ndk + ̂63k^l2d) ] » (4.71)
F3 = UOoRr'LndPn • (4.72)

The polynomial Fi, (4.70), is negligible in (4.68) if

= £23(^22^23) ^ 1.0 , (4.73)

15^21=0 « , (4.74)

l>"3Uo « \Pd + • (4.75)

Conditions stated by (4.73)-(4.75) are expected to be satisfied for nearly all

practical tokamaks.

Assuming the polynomial Fj is negligible in equation (4.68), the approxi

mated equation (4.68) becomes

D = /?27?3(1+''w^)(^^t,,53i, -h sBj + 5,jfe) . (4.76)

Let it be assumed that quadratic roots of equation (4.76) are real and widely

separated, with a separation ratio larger than 10.0. Then equation (4.76) is approx

imated as

D = 7?27?3'rj,<^53i^(H"Tyyj)(j ~»S'i)(j'— 5225) > (4.77)

e _ (4.78)
O 1 ~ ,

'  B.
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o  _ (4.79)
22^ ~ ~ "r~» •

^cc"2\r

For validity of this approximation the separation ratio must be

>22r

5=0

>10,0 .

It is assumed that this separation ratio condition will be satisfied for all parameter

values of practical tokamaks.

The quantities Btj^, and B^, defined by equations (4.41a), (4.41b),

and (4.69), respectively, involve the time constants t„ and in such a

manner that the magnitudes of these quantities are maximum at zero frequency.

In general the time constants t, and are expected to be relatively small, making

their effect on the quantities B,/^ and Bj negligible at low frequencies. Therefore it

is logical to assume that in equations (4.78) and (4.79) Btf, and Bj are constants

independent of frequency,

Btk = -('5i2 + ̂22 + ̂62) . (4.81)

^d ~ ""^31 '''cc^tk ^13rf(^l)o^3 '^63 • (4.82)

Using equations (3.18), (3.24), and (3.45), dividing by (/i)^X10~'® for conveni

ence, equation (4.81) is written as

(m-2) ̂  E, ̂  + pA,2 - ^ , (4.83)

where
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■^el

^e2 ~

8/?o
In

2.0 XIO^

+ 0.5/,- - 2.0

dft
R

10^

dR - (ft)o

Ea = -[ ^.3 + pAeA + 10'° + A,^N ,

Agj Agi 10^

2R'r

_ 2.0X10'
^e4 2 ^'-'0 '

■'^0

Ags = ~4ir

Ae6

nkTa

R^
— —2ir

rigikTa}
R'

10^
UxR\ [a:,(/2)o + i^A(/4)o] .

(4.84)

(4.85)

(4.86)

(4.87)

(4.88)

(4.89)

(4.90)

Using equations (3.30) and (3.46) in equation (4.82), dividing by

(7^1)0X10 and substituting (4.83) and (4.48), equation (4.82) is written as

(s/m^) = {K, + L^^aRkR^ ')X10^ +

- 5^(/,)o-2x10'0 ,

where

Kk (m~^) = —Kg .
Mo

(4.91)

(4.92)

Substituting (4.83) and (4.91) into equation (4.78),
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M,a

Using equations (4.41a) and (4.91) in equation (4.79),

^12s ~

(4.93)

(4.94)

rcc^3lUl)o"^X10lO '

and using (3.30) this becomes

_ -M„{1+t,s) (4 95^
•J 22s 1—

TccAr.xiG^

Letting

e  _ -^ra
Ooo —

(4.96)

(4.95) becomes

*^225 = 'S'22(1+M) • (4.97)

Using (4.97), a term in equation (4.77) is

~  'S'2)(l ~»S'22'''^) , (4.98)

where

o _ '^22 14.991
- (l-S,^r,) •

Substituting (4.91) and (4.48) into equation (4.96),

^22 (Ri + Li:ijKkKr^)Lr3^ - ̂..Arr'XlQ-^ . (4.IOO)



61

Substituting into equation (4.77) equations (4.48), (4.41a), (3.30), and (4.98), the

approximated low-frequency characteristic equation is

S - J?2j:33:^A:r(l-S22r,M/,)S-^^^^U-S,)(j-S2) .

4.1.1.2.2. Radial Low-Frequency Dynamics Function A/K3

Refer to equation (4.56); it is expected that in this equation

P 12^23^2 ' (4.102)

for all the parameter values of practical tokamaks. Then equation (4.56) is approx

imated, using (4.39) and (3.46),

Substituting equation (4.101) into (4.103), an approximated low-frequency dynam

ics function is

Ms-S^){s-S2\\+rj,s) = KjGod+T^j) , (4.104)

where

Go =
(l-522r,)

(4.105)

G| (m/Vs^) = , (" 'O®)

and 51, 52, S22, and K,^ are given by equations (4.93), (4.99), (4.100), and

(4.92), respectively.
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The conditions under which equation (4.104) was derived are stated by

(4.73), (4.74), (4.75), (4.80), and (4.102). These conditions are restated below,

respectively, using where applicable expressions given by the equations (4.83) and

(4.91), Era respectively:

= £23(^22^33) ' 1.0 , (4.107)

(^33^l2d ^23^\3d)^v ^23^\2d^k ^22-^3^ra^^® ^'^^33^2^r

« ^ra ^w-^ra

M,
ra

^22^A: » L23K.

,  (4.108)

(4.109)

(4.110)

(4.111)

4.1.1.2.3. Radial Low-Frequency Dynamics Function A//3

The high-frequency solution for equation (4.55) is given by equations (4.66)

and (4.67). Assuming Mq is zero, this equation becomes

— ^3R2(^^'^wR3lr + sRdv + . (4.112)

where

Rdv ^31r '^w^tk R\2^^{)qR2 \2d (4.113)

The ratio of equations (4.103) and (4.112) results in a low-frequency perturbation

dynamics function A//3. Comparison of equations (4.112) and (4.76) reveals that

the quadratic term of (4.76) becomes equation (4.112) if in that quadratic term



63

T^c is replaced by and

Bd is replaced by

Comparison of equations (4.113) and (4.69) reveals that equation (4.69) [(4.82)]

becomes equation (4.113) if in that equation

Tec is replaced by

Ludk is replaced by 112^,

R^is replaced by R2,

Bezk is replaced by (-P12). (4.114)

It follows that if the replacements indicated by (4.114) are carried out in the

solution of the quadratic term of (4.76) [in equations (4.77)-(4.101)], a solution of

equation (4.112) will be obtained.

Let eq. (4.II2) be written

IjD = T^53i^i?2^3(-y-'53)(^-'S'44i) • (4.115)

Then, performing the indicated substitutions,

c = (4.116)

where E^a is given by eq. (4.83) and

^rai
^  ̂Xld^v

R,
XIO^ + (4.117)

- 5rf,(/,)o2X1010
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Referring to eqs. (4.96) and (4.100),

S44 —
'22 Kr

- R,
''ra

AT^XIO^

Referring to eqs. (4.98) and (4.99),

(4.118)

5. =
>44

(1-5447,) '

{s ^44,) {s 54)(1 544T,)

(4.119)

(4.120)

Substituting eq. (4.120) into eq. (4.115), using eqs. (3.30), (4.41a), and (4.43),

rp _ l2f-n - , U' (^-■^3X^-54)I^D ^^L2,(/,)oA:,(i s»r,)v,—

For the validity of this approximation, referring to eq. (4.110),

(4.121)

M,rai
(4.122)

Using equations (4.103) and (4.121),

1 )o^r( 1 ~5'44t,)( 1 +7;^^ ~'S'3)(j —54)

^ f3^A:(l+l"vvy)(l+M)

(4.123)

It is noted that eq. (4.123), the dynamics function A//3, is less reliable than

eq. (4.104), the dynamics function A/K3. This is obvious considering the statements

of (4.114): the shift is made from control circuit parameters to the vacuum vessel

parameters, which are much less reliable (or controllable) than the control
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circuit parameters. For these reasons and because of the problems associated with

design of the control current drives, briefly stated in section 4.1,1., use of eq.

(4.123) is not practical.

4.1.1.2.4. Radial Low-Frequency Dynamics Function /3/V3

Dynamics function /3/K3 is now easily obtained from equations (4.101) and

(4.121),

l3G2i\+Ty^s){s-Si)is-S2) = K3(j-53)(^-54) , (4.124)

where

Q = ̂33(t~'y22Tr) (4.125)
^  t^(1-544T;.)

Equation (4.124) may be written as

^^3 = ̂ 3 , (4.126)

where

Z3 = (?3(1+t^^j)(j-5'i)(j-52)(j-5'3)~'(5-5'4)~' , (4.127)

is defined as the effective control (coil) circuit perturbation impedance.

4.2. Approximated Vertical Plasma Equilibrium Perturbation Model

The approximated radial plasma equilibrium perturbation model, eq. (4.37),

can be easily modified to represent an approximated vertical plasma equilibrium

perturbation model.
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Referring to fig, 2.1, to the first order of approximation, let [39,(11)]

By A
dS,

dR

(4.128)

where A (m) is a small positive displacement of the plasma current mass element

Mq in the positive vertical (z-axis) direction.

Using equation (2.31),

dB.
= -N-

BsO (4.129)

dR

and hence

NBso

Rc

(4.130)

For vertical function, a value of B„ equations (2.38) and (2.39), must be that of

By . Therefore equation (2.39) becomes

NB,q
B, + nB, -

An

(4.131)

equation (2.44) becomes

NB,q
Be + hB, - K,I, ,

An

(4.132)

equation (3.43), the external magnetic field force perturbation, becomes, {Bg)Q

being equal to zero in this case.

^61 = 0 , (4.133)
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and

{\+Tj,s)Fe = -(/i)(
NBjO

Rc
Kch

(4.134)

~ ̂62^ ^63^3 »

^62 NBjO
h

R

^63 ~ (^l)o^c

(4.135)

(4.136)

The forces F,- (2.6), F, (2.24), F^ (2.27), and F;^ (2.29) are zero; equation

(3.48) becomes

S^AMn = 31
+

B62

l+T^J ^
A +

B63 (4.137)

l+TkS

Modified elements of equation (4.37) are

^12 = 0 ,

Pis = -(s^Mq + sB3lr P(,2k) ;

(4.138)

(4.139)

all other elements of the matrix remain the same. Referring to equations (4.40),

(4.41), and (4.139), it is observed that

Pfk = "•®62jfc »

Fi2 = 0 ,

Piit ^ 0 •

(4.140)

(4.141)

(4.142)
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It is also observed that

^23 = 0 . (4.143)

since for vertical configuration the planes of the vacuum vessel and the magnetic

field control coils are perpendicular to each other.

An approximated vertical plasma equilibrium perturbation model is obtained

when modifications (4.133)-(4.136) and (4.138)-(4.143) are used in the equation

(4.37).

4.2.1. Vertical High-Frequency Solution

Applying modifications (4.133)-(4.136) and (4.138)-(4.143) to equation

(4.57), a second order equation describing high-frequency roots of the vertical

characteristic equation (4.57) is obtained,

2  -1 I -1 I -1 I -h I ^ (4.144)J  + S{Tk + T, ' + + .
47r Mq

By reference to equations (4.60) and (4.61), it is found that the vertical

high-frequency roots are characterized by

Re (rad/s) = -0.5(t;^' -I- t~^ + t~^ + r~') , (4.145)

2 _ (^l)o (4.146)
"  4ir Mq Tj.

4.2.2. Vertical Low-Frequency Dynamics Functions

Applying modifications (4.133)-(4.136) and (4.138)-(4.143) to equations

(4.68)-(4.101), section 4.1.1.2.1., it is found that for the vertical configuration

Era (m"^) = Ea (4.147)
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in equations (4.91), (4.93), and (4.100). With these changes the vertical low-

frequency dynamics functions A/F3, A//3, and /3/K3 are given by the same equa

tions as the respective radial low-frequency dynamics functions, equations (4.104),

(4.123), and (4.126), respectively.
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5. TOKAMAK PLASMA DISPLACEMENT FEEDBACK CONTROL

A simplified schematic of a tokamak control is shown in fig. 5.1. A plasma

radial displacement feedback control is shown without a similar plasma vertical dis

placement feedback control. The latter is of exactly the same configuration as the

radial plasma displacement feedback control, with the displacement pickup coils #1

and §2 and the magnetic control field having been rotated through an angle of

90 degrees.

A measure of the plasma current /j is obtained using a Rogowski coil and

appropriate signal processing. A Rogowski coil is basically a toroidal solenoid hav

ing the plasma current at its axis of symmetry. The plasma current /j and its

command (steady-state) value (/i)o are used for adjustments and modifications of

the gain and time constants of control loops as required [equations (2.38), (2.41),

and (4.106), for example].

Measurement of the radial plasma displacement A is accomplished using two

pickup coils and appropriate signal processing. This method of plasma displacement

measurement is treated in detail in refs. [42, 44]. An vertical plasma displacement

measurement is performed in a similar manner.

5.1. Control Field Drive

Generation of a (radial or vertical) magnetic control field Be requires a con

trol field drive. One such drive is shown schematically in fig. 5.2 . This is a direct

current drive which employes a transistor bank (transistors in parallel) to control

the current passing through an effective coil impedance Z3 (4.127). Pulsed

power drives may also be employed [63]; they increase mathematical complexity of



Oh
mi

c 
He
at
in
g 
(P

la
sm

a 
Cu

rr
en

t)
 C
on
tr
ol

R
a
d
i
a
l

P
i
c
k
u
p

C
o
i
l
 
#
2

R
o
g
o
w
s
k

C
o
i

R
a
d
i
a
l

P
i
c
k
u
p

C
o
i
l
 
#
1

J
P
I
a
s
m
a

0 
h
H

P
l
a
s
m
a

C
u
r
r
e
n
t

C
o
m
p
u
t
a
t
i
o
n

P
l
a
s
m
a
 
R
a
d
i
a
l

D
i
s
p
l
a
c
e
m
e
n
t

C
o
m
p
u
t
a
t
i
o
n

P
l
a
s
m
a
 
R
a
d
i
a
l

D
i
s
p
l
a
c
e
m
e
n
t

C
o
n
t
r
o
l

I
Eq

s.
 (
2
.
3
8
)
,
 (
2
.
4
1
)

F
u
n
c
t
i
o
n
 
G
e
n
e
r
a
t
o
r

®S
0

Eq
. 
(
2
.
4
3
)

Co
nt

ro
l 

Fi
el

d 
Dr

iv
e,

 F
ig

. 
5
.
2
;

Fi
gu
re
 5

.1
. 

T
o
k
a
m
a
k
 p

la
sm

a 
ra

di
al

 c
on
tr
ol
, 
si

mp
li

fi
ed

 s
ch

em
at

ic
.



j~
Tr
an
si
st
or
 B

an
k

I I
 i
u

n

\
 .

/

1
 ■

V o
-
C

I
 r
.

L

3
1

+

O
 1

1
.

-
I

M
a
g
n
e
t
i
c

F
i
e
l
d

C
o
i
l

1

K
>

Fi
gu
re
 5

.2
. 

Ma
gn

et
ic

 c
on
tr
ol
 f

ie
ld
 d

ri
ve
, 
si
mp
li
fi
ed
 s

ch
em

at
ic

.



73

the analysis while contributing little to the basic understanding of the requirements

of a magnetic control field drive. Such drives, however, are practical for large

experimental tokamak ractors.

The transistor bank of the control field drive in fig. 5.2 is a common emitter

configuration. As such it will normally have the following characteristics:

I ^3 I ^ I 'a I » (5.1)

rd » ri, » r, . (5.2)

Under the above conditions a perturbation transfer function of the control field

drive is found to be

+ Zjrjr/') = /JiCiZjZ, , (5.3)

where

= (/-^ + - ̂K^K^Rf (5.4)

and Z3 is given by equation (4.127).

It is noted that it may be possible to have = 0 in equation (5.3) by

adjusting Ki in (5.4) such that

K, =
(55)

miRf '

In such a case eq. (5.3) becomes

,  (5.6)

where it may be desirable to have
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fr - -H- (5.7)
' " ffr,

to obtain

K3 = K^Ej , K„ = 1.0 . (5.8)

Equating (5.5) and (5.7),

^ _ (ri,+^r,)rj (5.9)

'  ■

5.2. Tokamak Dynamics Functions

Radial and vertical low-frequency dynamics functions have been derived in

sections 4.1.1.2 through 4.2.2. It has been shown that the vertical dynamics func

tions are of the same form as the radial dynamics functions, the difference being

only in numerical values of the coefficient E^a, equation (4.134). Therefore there is

no need to make a distinction between the radial and the vertical dynamics func

tions in considerations of analytical designs of tokamak plasma displacement feed

back controls. Also, it has been stated in section 4.1.1.2.3 that use of the dynamics

function A//3 may not be practical. For these reasons only the dynamics function

A/K3 will be considered.

5.2.1. Plasma Displacement Dynamics Function

The dynamics function A/K3 is given by the equation (4.104),

A(j-5,)(5-52)(l+Tjfc.y) = V^Goil+T,s) . (5.10)

In this equation the time constant the vacuum vessel penetration delay time
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constant for a magnetic field, would normally be comparatively small. That is, the

separation ratios

(Tfcl Si I and (tJ S2 I (5.11)

are expected to be large, not less than 10.0. Under these conditions the effect of

the time constant may be neglected, resulting in a further approximated dynam

ics function,

Ms-Si)is-S2) = V^Goil+r,s) . (5.12)

An analytical design of a plasma displacement feedback control system using

the latter dynamics function (5.12) is simple, since the function is simple. Classical

or modern control methods can easily be employed for this purpose.

5.2.1.1. Linear Optimal Control

Modem Control Theory is a vast array of analytical design procedures aimed

to streamline and expand control system design of a wide class of control problems.

Optimal Control Theory is a part of the Modern Control Theory. The Maximum

Principle of Pontryagin dealing with Optimal Control was hypothesized in about

1956 and has since been developed into a rigorous theory. The principle can be

stated as follows. For a given dynamics function

X = f(x,u) (5.13)

and a performance index

T

S = f F(x,u,r)dt , (5.14)
'o
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which is to minimized, the optimal control input u° maximizes the scalar Hamil-

tonian function,

/r(p,x,u°,r) = , (5.15)

where

H = p'''f(x,u) - F(x,u,r) (5.16)

and the canonical Hamilton equations are

p = -V,H ; P, = - f- -. (5.17)
OXf

i = 1, 2, ... , /I ;

X - ; i, M . (5.18)
dpi

i = 1, 2, ... , n .

In equations (5.13)-(5.18) the vector functions are defined as follows:

X is a state vector,

u is a control input vector,

r is a reference state vector,

p is a co-state vector.

Optimal Control Theory, in general and as defined above by the Pontryagin

Maximum Principle, is applicable to a wide variety of control problems, including

non-linear control problems.

Linear Optimal Control is a special sub-set of Optimal Control Theory; the

dynamics function (5.13) is assumed to be linear.
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X = f = Ax+Bu . (5.19)

The performance index (5.14) is assumed to be (the reference state vector r is

taken to be zero for simplicity)

T

S = yx'^Wx^T- + jfix'^Cx + u^Du)dt , (5.20)
^  ̂ to

where the weighting matrix W is assumed to be scalar, symmetric, and nonnegative

definite. The matrices A and B in (5.19) and C and D in (5.20) may in general be

time-varying functions. The weighting matrices C and D of (5.20) are assumed to

be symmetric, nonnegative, and positive defmite, respectively. Differentiating

(5.20), its integrand is

F = x^Wx + ̂x'^Cx + ̂u'^Du ; (5-21)
2  2

and the Hamiltonian (5.16) is then

H = (p—Wx)^( Ax+Bu) — -^x^Cx — -^u^Du (5.22)

To maximize the Hamiltonian (5.22) let

= 0 , (5.23)

= VJ(pT-xTw)Bu] - ̂V„(uTDu) (5-24)

= bT(p-Wx) - Du° = 0 ,

from which the optimal control input is

u° = D-'bT(p-Wx) . (5.25)
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Substituting eq. (5.25) into eq. (5.19),

= Ax + BD-'bT(p-Wx) . (5.26)

Using (5.22) in (5.17),

P  VJ(pT-xTw)Ax] + yV^(xTCx) + V,(xTwBu)

aT(p-Wx) + Cx + WBu ,

and substituting into (5.25),

pUu" = (WBD-'B^ - A'r)(p-Wx) + Cx . (5.27)

Let the state and co-state vectors be related,

P = P(Ox , (5.28)

p = Px + Pi . (5.29)

Substituting eq. (5.28) into eq (5.26),

i = [A + BD-1b'*'(P-W)]x , (5.30)

and eq. ( 5.30) into eq. (5.29),

p = (p + P[A+BD~'b'^(P-W)])x .

Substituting (5.28) into (5.27),

pUuo = [(WBD-iB'r-AT)(P-W) + C]x . (5.32)

Equating (5.31) and (5.32), the matrix Riccati differential equation is obtained.
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P + PA + [A^+(P-W)BD"1b'^](P-W) - C = 0 . (5.33)

Solution of this equation provides the Riccati matrix P(t) to be used in equation

(5.28). The Riccati matrix P(t) is a symmetric matrix [25, p. 762]. Substitution of

(5.28) into (5.25) results in the optimal control input,

u° = D"^B'r(P-W)x . (5.34)

An analytical solution of the non-linear matrix Riccati differential equation

(5.33) is a formidable, if not an impossible, task even for low order systems. In all

cases, however, it is possible to solve the Riccati equation employing a digital com

puter. Since the object of a control system is to produce a specified state vector

x(t) at some terminal time t = T, regardless of any initial state vector x(ro) at the

initial time it is the terminal boundary condition that must be known and must

be used in solution of the Riccati equation. Referring to eq. (5.34), since at the ter

minal time u°=0,

P(n = w . (5.35)

With the terminal condition P(r) known, the Riccati equation (5.33) must

be integrated backward in time until P(/o) is reached.

Equations (5.33)-(5.35) are valid for either time-varying or time-invariant

matrices A, B and C, D of equations (5.19) and (5.20), respectively, when the ter

minal time is finite, T<oo.

In the case of infinite terminal time, T = oo, and the time-varying matrices

A, B, C, and D, the weighting matrix W loses its significance and is set to zero,

resulting in the terminal condition P(r)=0; the Riccati equation (5.33)
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is integrated backward in time using successively larger values of 7, and its

approximate solutions F{t,T) approach the desired solution P(/) as T oo.

In the case of inHnite terminal time, T = oo, and the time-invariant

matrices A, B, C, and D, with the matrix W = 0, the Riccati matrix P becomes a

time-invariant matrix, and satisfies the algebraic Riccati equation [P = 0 and

W = 0 in (5.33)],

PA + A'^P + PBD~^B^P - C = 0 . (5.36)

In most practical cases a digital computer must be employed for solution of

equation (5.36). It is of interest to note that the Riccati matrix of the equation

(5.36) gives rise to a Liapunov function,

V(x) = x'^'Px (5.37)

For the time-invariant (constant) matrices A, B and C, D of eqs. (5.19) and

(5.20), respectively, the equations (5.26) and (5.27) form a set of two ordinary dif

ferential equations. This set may be written as

z(0 = Ez(0 , (5.38)

where

z"^ = [x, p] , (5.39)

and

E =
(A-BD"'B^W); BD"'B^

[C-(WBD~'B^-A^)W]; (WBD~'B^-A^)

(5.40)
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Since matrix E is a known scalar time-invariant matrix, equation (5.38) can

be solved easily. The Laplace transformation of eq. (5.38) is

sZ{s) - z(0) = EZis) ,

and therefore

Z(j) = [jI-E]-^2(0)

and its inverse transform is

z{t) = #(0z(0) = Ht-toUh) ,

where

#(f) = I-i([5l-E]-') ,

and #(r —to) is a stationary system (time-invariant E) transition matrix,

= exp[(E)(/-to)] .

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

One useful property of the transition matrix is that its inverse transition matrix is

simply

(5.46)

Using (5.39), let (5.43) be written

xit) ^o)' ̂ xpit to) xito) (5.47)

pit) , ^pxit-to)-, ̂ ppit-to) Pito)

The co-state vector p(t), required in the equation of the optimal control input

(5.25), can be computed from equation (5.47) using the terminal condition of



82

the state vector. The terminal and/or initial conditions of the state vector are gen

erally known, x(r) and x(0), respectively. For determination of the optimal control

input it is the terminal condition of the state vector that is of primary interest.

Assuming the terminal condition of the state vector, x(r) , is known, let in

equation (5.47) t T and tQ -* t\ then

*(7') = , (5.48)

from which

p(0 = #-i(r-/)[x(r) - #^^(r-0x(0] • (5.49)

It must be noted that in equation (5.47) the partitioned matrices of the tran

sition matrix #(r—/q) are not the transition matrices in their own right; therefore

the inverse matrix of the equation (5.49), must be computed using a

normal matrix inversion procedure, and not the form of equation (5.46).

Substitution of the co-state vector p(/) of eq. (5.49) into eq. (5.25) results in

the optimal control input vector u°.

5.2.1.1.1. Optimality Condition

For a linear system represented by (5.19),

X = Ax + Bu , (5.50)

and a performance index specified by (5.20),

5 = ̂ x^WxUr + t/(x'^Cx + u^Du)dt , (5.51)
^  ̂ to
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the optimal control input was found to be given by (5.34),

u" Kx , (5.52)

where K is the optimal state-feedback gain matrix,

K  D-^bT(P-W) , (5.53)

with the Riccati matrix P satisfying equation (5.33).

For a command control of the state vector x let a command input be intro

duced,

Uc = -KcXc , (5.54)

where is a command gain matrix and x^. is a command-state vector.

In equation (5.50), then, let

u = u° - Uc , (5.55)

u = KcXc - Kx . (5.56)

Substituting (5.56) into (5.50), a closed-loop state vector differential equation is

obtained,

X = (A-BK)x + BKgXc . (5.57)

Restricting attention to time-invariant systems [see (5.36)], the Laplace transfor

mation of (5.57) results in a state vector transfer function,

X = (5l-A+BK)-iBKcXc . (5.58)

Using (5.52) and (5.54) this transfer function may also be written as
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u° = K(5l-A+BK)~^Buc . (5.59)

Assuming a unity feedback equation (5.59) may also be written as

u° = [I+K(jI-A)-iB]-iK(jI-A)-iBUe , (5.60)

the open-loop relation being

u° = -K(jI-A)~'Bu , (5.61)

derivable directly from (5.50) and (5.52).

The open-loop transfer function (5.61) may also be written as

DV = -[D^K(5l-A)-'BD-^]D\ , (5.62)

where D is the weighting matrix of the performance index (5.51) and the changed

variables are

gO ^

e = D'^^u ,

Cc = D'^Uc ,

e = e° - Cc . (5.63)

Letting the open-loop matrix of (5.62) be

Mi(^) = D^K(5l-A)-'BD-^ , (5.64)

and using (5.63), equation (5.62) is written as

e° = -Mi(j)e . (5.65)
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In terms of the changed variables of (5.63) and using (5.64) and (5.65), equation

(5.60) becomes,

e° = Mf'(j)Mi(j)ec , (5.66)

where the return difference matrix is

M2(j) = I + Mfs) . (5.67)

Similarly, equation (5.59) becomes

e° = , (5.68)

where the closed-loop transfer matrix is

M3(5) = D'^K(jI-A+BK)~to~'^ . (5.69)

By comparison of (5.66) and (5.68),

M3(j) = M2"n5)Mi(j) . (5.70)

Several useful matrix relations arise from the equations (5.67) and (5.70);

omitting for convenience the functional dependence indication (j),

M2 = I + Ml , (5.71)

M3 = M2~'Mi = M1M2"' , (5.72)

M3 = I - , (5.73)

M3M1 = M1M3 . (5.74)

For example, from (5.64), (5.69), (5.71), and (5.73) it follows that

[I+D''^K(5I-A)~1bD~'^]~^ = I-D''^K(5I-A+BK)"'BD"^ . (5.75)
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The open-loop transfer matrix (5.64),

Ml = D^K(jI-A)~to-'^ ,

is written

M. - ̂

where

Ni = D''^K[adj(jI-A)]BD-''^ . (5.77)

is the open-loop numerator transfer matrix and

qi = det(jI-A) , (5.78)

is the matrix (jI—A) determinant; it is the open-loop characteristic polynomial of

the system.

The inverse matrix M i is then

"r' - - .St ■

The return-difference matrix (5.67), (5.71),

M2 = I + Ml ,

is written, using (5.76),

M = (5-80)
^  92 9i

so that
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Nj = qil + Ni , (5.81)

<i2 = q\ • (5.82)

The inverse matrix M2 is then,

M2^ = (I+M,)-' , (5.83)

,^>,-1 . adj(^iI+Ni) (5.84)M,' = «,(,,I+N,) - .

The closed-loop transfer matrix (5.69),

M3 = D'^K(jI-A+BK)~^BD~^ ,

is written

M3 = ̂  .
^3

where

N3 = D'^K[adj(jI-A+BK)]BD-''^ (5.86)

is the closed-loop numerator transfer matrix and

^3 = det(jl—A+BK) (5.87)

is the matrix (jI—A+BK) determinant; it is the closed-loop characteristic polyno

mial of the system.

The inverse matrix M3 is then

xT-i ^^jN3 (5.88)
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Referring to (5.72),

M2 = MiMj"' = M3~^Mi . (5.89)

Substituting (5.76) and (5.88) into (5.89),

M2 = —N1N3-' = —N3-'Ni .

Equating (5.80) and (5.90),

N2 = (qil+Ni) - q3N3~^Ni . (5.91)

The return-difference matrix M2 (5.67), (5.71) appears in an equation

obtained by manipulating the algebraic Riccati equation (5.36) [31, (5.2-5)],

PA+ATp+PBD~^B^P = C . (5.92)

Adding and subtracting jP to the left side of (5.92), multiplying on the left by

D~^B^(—jI—A^)~^ and on the right side by (jI—A)~'BD~^, using (5.53)

[W = 0],

K = -D-^B'^P , (5.93)

rT PBD~i ,

= -PBD~^ , D% = -D"^B''^P ,

K^DK = PBD^^B^P ,

and adding I to each side, equation (5.92) becomes.
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[I+D~''^B'^(-jI-A'^)~'K'rD^] [I+D''^K(jI-A)~'BD~^] (5.94)

= / + Z)~V(-jI-A'^)~iC(jI-A)~to"^ .

Transposing the first matrix of the left side of (5.94), using (5.64) and (5.67), with

s =j<j) and ♦ denoting the complex conjugate, s* = —s = —yw , then

[H-D~^B'^(-jI-A'r)-'K'^D''^] (5.95)

= [/+Z)^^(-jI-A)~iBD~'^f

= / + Mf(5»)

= mJ(j*) .

On the right side of (5.94) let

M^is) = (jI-A)-iBD-^ (5.96)

so that

mJ(j*) = D-^B'^(-jI-A'^)-i . (5.97)

Equation (5.94) is written then, using (5.95), (5.67), (5.64), (5.97), and

(5.96),

mJ(5*)M2(j) = I + MJ(j*)CM4(j) . (5.98)

Since in (5.98) for a positive semidefinite symmetric matrix C (5.20),

MJ(j»)CM4(5) 5= 0 , (5.99)

equation (5.98) states that

MJ(j*)M2(j) ̂  I , (5.100)
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which is the optimality condition [31, (7.3-24)] assuring that the control input

(5.52),

u° = -Kx (5.101)

with

K  , (5.102)

is optimal for the performance index (5.51), with W = 0 and T = oo,

5 = -^ r (x^Cx+u^Du)^// (5.103)
2  t.

Referring to (5.90), the optimality condition (5.100) may also be written.

(Nr[ MrNji-'N.) > I .

The optimality condition (5.104) holds for both the multiple- and single-input sys

tems. For single-input systems the control input matrix B of (5.50) becomes a vec

tor b and the control input vector u of (5.50) becomes a scalar u. The optimal gain

matrix K of (5.52) becomes a transposed vector k^. Without any loss of generality

the weighting matrix D of (5.103) may be assumed to be a unity matrix, since

matrix D is significant only relative to matrix C, resulting in

1  00

5  — r(x^Cx+«^) dt (5.105)
2 i

and

u° = -k'^x , (5.106)
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fcT b'rp . (5.107)

Under the above single-input system conditions the open-loop matrix (5.64)

becomes

Mi(j) = k'^(jI-A)-ib , (5.108)

and the return-difference matrix (5.67) becomes

M2(j) = l+k'*'(jI-A)~^b . (5.109)

Substituting (5.109) into (5.100), the optimality condition for single-input systems

is [31, (5.2-10)],

I H-kT(jI-A)-ib I > I , (5.110)

which states [31, p. 71] that the optimally designed closed-loop system possesses

the infinite gain margin property: the Nyquist plot of k^(sl—A)~'b avoids a cir

cle of unit radius centered at ( —l-l-yO) in the complex j-plane for all real co,

s =j(t}, no matter how large the loop gain becomes. The phase margin is measured

from a Nyquist plot point (« > 0) located at unit distance from the complex

j-plane origin to the negative real axis of the complex j-plane. Therefore, equation

(5.110) also states [31, p. 74] that the phase margin of an optimally designed

closed-loop system is always not less than 60".

The single-input system conditions, (5.105)-(5.107), are also reflected in the

following changes:

eqs. (5.76), (5.77), (5.78),

iv/iMl — ,
q\
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Nj becomes the open-loop numerator polynomial pi,

N, — Pi = k'^[adj(jI-A)]b , (5.111)

and

^1 = det(5l-A) ; (5.78)

eqs. (5.80), (5.81), (5.82), (5.111),

Ayf ^2 PiMj = ► — ,
qi qi

N2 becomes the return-difference numerator polynomial P2,

^2 Pi = qi+Pi . (5.112)

and

qi = qi ; (5.113)

eqs. (5.85), (5.86), (5.87),

^3 PiM3 = ^ ,
qi qi

N3 becomes the closed-loop numerator polynomial p^,

N3 — P3 = kT[adj(sI-A+bk'^)]b , (5.114)

Pi = P\ . (5-115)

and

V-'-r/V-j*- - "v . .'--
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^3 = det(jl—A+bk^) , (5.116)

Qz = Pi = q\+P\ • (5.117)

Substituting (5.111) and (5.114) into (5.104), the optimality condition for

single-input systems is simply [31, (7.4-4)],

> Q\<1\ • (5.118)

Substituting (5.117) into (5.118), the optimality condition for single-input systems

is also given by

(/^ks + 9iPi) ̂  0 . (5.119)

for all real a, s = ju).

5.2.1.2. Tokamak Plasma Displacement Optimal Feedback Control

The approximated plasma displacement dynamics function is given by equa

tion (5.12). It is simple enough to allow a direct application of the linear optimal

control design procedure outlined in the preceding section by the equations (5.34)

and (5.36). It is more practical and straightforward, however, to employ in this

case a pole-positioning approach.

It is convenient to write (5.12) in a state-space form such that A is the first

element of the state vector x [25, (4-194)],

x"*" = [xj, xi] , Xi = A , (5.120)

X = Ax + bw , (5.121)
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A =

where

0; 1

-fli; —^2
b =

M = K3 ,

fll — S1S2 ,

= -iSi+S2) ,

bi — t^Gq ,

62 = (l-T;.a2)('o '

X2 = .

bi

h

(5.122)

(5.123)

Comparing equations (5.19) and (5.121), it is noted that for a single-input

system the matrix B of (5.19) becomes a vector b and the vector u of (5.19)

becomes a scalar u.

Equations (5.120)-(5.123) represent a simple time-invariant second order sys

tem. Therefore, in accordance with equations (5.34) and (5.36), the optimal control

input is directly proportional to the state vector.

W k^x (5.124)

where

= [k^, k2] (5.125)

is a constant state-feedback gain vector.
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For a command control of the state vector a command input is introduced,

"c = -kjxc . (5.126)

where

= [kic 0] (5.127)

is a constant command gain vector and

xj = [xi^, 0] (5.128)

is a command state vector.

It is noted that in equations (5.127) and (5.128) the respective elements k2c

and X2c are set to zero. This is done in accordance with a desire to control only

one state of the state vector, namely the state Xi = A. In equation (5.128), then,

xic = A, . (5.129)

Using equations (5.124) and (5.126) the control input is written as

u = u° - u, , (5.130)

u = k^Xc — k^x

Substituting (5.130) into (5.121),

X = (A-bk'^)x + bkjxc , (5.131)

and using Laplace transformation,

(jI—A+bk^)x = bkcX- ,
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X = (jI—A+bk^) 'bkcXg (5.132)

In (5.132),

(jJ-A+bk''")"^ = adj(.yI-A+bk"^) ^ (5.133)
det(5l—A+bk^)

where, using (5.122) and (5.125),

adj(jI-A+bk'r) =
(5+02+^2^2)^ (1-61^2)

-(^2^:1+01); (j+6,A:i)

(5.134)

and the closed-loop characteristic polynomial is

det(jI-A+bk'*') (5.135)

—  + {a2+biki+b2k2)s + [ai+{b2+bia2)ki—aibik2]

Writing (5.135) in standard form,

+ <T2i<t)QS + Wo = 0 , (5.136)

it follows that for a set of selected <721 and

^1 ~ \.^\b\i<r2\(tiQ~a'^-^b2i,<t}Q — a{)\D^ ^ , (5.137)

k2 = [6i(fli—a)o) + (^2 + ̂l<3'2)(<^21«0~«2)]^r' >

where

Z), = a^b\ + b2<<b2+b^a2) . (5.138)

In using eqs. (5.137) and (5.138) it may be an advantage to keep ̂ 2 close to

zero. For k2 = 0 in eq. (5.137), a2\ and wq are related by
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®'21 ~ [<*2 I'^O "I" ^l(^2~'~^l''2) '•'O • (5.139)

For a value of <r2i larger (less) than the value computed using (5.139) the

value of ki is larger (less) than zero.

Referring to (5.120)-(5.122), (5.127)-(5.129), and (5.132)-(5.136), the

plasma displacement transfer function is

A(j^+(r2i«os+«o) = \kic[{s+a2)bi+b2] , (5.140)

from which it follows that for unity steady-state response,

ki, = u>i{a2bi+b2r^ . (5.141)

The optimality condition (5.119) must be satisfied for the selected values of

ff2i and WflUsed in computing k^ and ̂ 2» (5.137) and (5.138), respectively.

Referring to (5.111), (5.122), and (5.125),

Pi = k'^[adj(jI-A)]b (5.142)

= [kiia2bi+b2)-k2aibi] + sikibi+k2b2) .

Referring to (5.78) and (5.122),

qi = det(jl—A) = + a2S + Oi (5.143)

Referring to (5.116), (5.117), (5.135), and (5.136),

= det(j'I—A+bk^) (5.144)

=  + Pi = J + <T2iO)qS + (Oq

Using (5.143) and (5.144) in (5.118), the optimality condition for a second

order system reduces to
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(«o Oi) ̂  2fli) ((rli 2)a>o] • (5.145)

Assuming co > d) > 0, the right side of equation (5.145) must be <0;

that is,

<t2i > [2Hal-2aO<^o^f . (5.146)

The magnitude of 0-21 satisfying (5.146) must be used in (5.137) and (5.138) for

the second order system (5.140) to be optimal.

It is known that for a second order system (5.136) the Buttenvorth roots are

defined by 0-21 Comparing this with (5.146) it is noted that the Butter-

worth second order system is mathematically optimal only for coq = 00; practi

cally it is nearly optimal for

Wo » (0.5a|-ai)^ . (5.147)

Using equations (5.8) (5.12), and (5.124)-(5.141), a block diagram

of the optimal feedback control of a tokamak plasma displacement is shown in fig.

5.3.

5.2.1.3. Analog Implementation of Tokamak Plasma Displacement

Feedback Control

Referring to fig 5.3, the required optimal feedback function {ki + k2s)

may be instrumented using a digital processor. Analog implementation of this

function is not practical since it would require use of a differentiator. For analog

implementation it is practical to replace the optimal feedback function of fig. 5.3

{ki + k2s) by
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k^ + k2S (5.148)

l+sT^

With this replacement the closed-loop transfer function (5.140) becomes

A(j^ + o"32<oo^^ + (TaiWo-y "t" '«'o)^3 (5.149)

= A,A:i,Go(l+5r3)(l+T,j) ,

where

= fli + Goki , (5.150)

7'3((r3ia)o~fli) ~ (^2 Tr^Qk\. + Goki , (5.151)

^3(<^32«0~<'2) = 1 + "^r^oki , (5.152)

and

= <»o'rjGo""' (5.153)

for unity steady-state response.

For the selected values of <t2U <''32» ^om (5.150)-(5.153),

£>2 = [<732C0o —a2 + Tr(l'r<«J0~<^31<«'0+«l)]^0 . (5.154)

ki = [a}^+aiia2—rT22<^o)+Triai{<r2i<^Q~Oi)~02^o)]^2^ > (5.155)

^2 = [<^3l'^0~'^l+'^2(<*2~<^32'^o) + Tr('^l(<^32'^0~<*2)~'^o)Pr' ' (5.156)

T2 = [l+T,(air,-a2)]GoZ)2~^ • (5-157)

For an optimally designed system the selected values of <731, a^iy '•'o

must be such that the optimality condition (5.118) [(5.119)] is satisfied.
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For this system,

P\ == (7o(1+jt^)(A:,+^2'S) . (5.158)

= (j^+a2-s+ai)(l+-y7'3) , (5.159)

^3 = 7'3(j^+(r32a)oy^+o'3ia>oJ+«o) , (5.160)

so that

9^3 = Tl[(j3\u}^-a-^yuilf + a>J( (0^-^320)^)^] , (5.161)

^1^1 = [ai-«^(a27'3+l)f + co^[a2+r3(ai-a>2)f . (5.162)

Rearranging components according to (5.118),

(ujo^-a?) «'»[l + 7'f((fl|-2ai)+a)o2(2(T3i-,T322))] (5.163)

+ a;2[(a2-2a,)+7'f(fl?+<«'o(2<r32-4))] •

Since (5.163) must hold for

oo ^ (0 ^ 0 ,

the left side of (5.163) must be

(co^-af) 5= 0 ; (5.164)

the first term of the right side of (5.163) must be

0 s. l + rl[(a|-2a,)+a.J(2,73|-4)] ; (5.165)

the second term of the right side of (5.163) must be

0 5= (fl|-2ai)+r|[a?+a)^(2(r32-(rf,)] . (5.166)
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From (5.165),

- (<ll-2a,)] > 1.0 . (5.167)

From (5.166),

^3 [<«'o(®'3i~2o'32)~ai ] ̂  (fl2"~2ai) . (5.168)

From (5.167),

^o(®'32~2<r3i) > (a2~2fli) . (5.169)

From (5.167),

"32 ([7-3-2+(o|-2a,)H"2+2ff3,]'' . (5.170)

From (5.168),

"31 S' ([(ai-2a|)r3-HafK"''+2"32f ■

The optimality condition (5.118) is satisfied if (5.167)-(5.171) hold; the third

order system (5.149) is then optimal (characterized by an infinite gain margin and

a phase margin of not less than 60").

For a third order system (5.149) the Butterworth roots are defined by

<^31 ~ ®'32 ~ 2.0 , (5.172)

and the roots of other similar distributions are generally defined by

(^31 ^ (732 > 1-0 • (5.173)

Referring to (5.167)-(5.171) and (5.172) it is observed that a third order

Butterworth system (5.149) is not optimal, since none of eqs. (5.167) through
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(5.169) is satisfied, assuming {a2—2a{) ̂  0. For {a\—2ax) < 0 eqs.

(5.167) and (5.168) reduce to, respectively,

T] > , (5.174)

T] > (2fli-a|)ar2 , (5.175)

where

fli > 0 , lai > al , (5.176)

and 73 is given by (5.157).
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6. ISX-A TOKAMAK HIGH-FREQUENCY OSCILLATIONS AND

LOW-FREQUENCY DYNAMICS FUNCTIONS

For nominal numerical values of the ISX-A tokamak design and estimated

parameters (listed in the Appendix), high-frequency oscillations parameters com

puted using eqs. (4.62)-(4.65), (4.132), and (4.133) are

Radial: Re = —7405.3 (rad/s) ,

ojft = 0.820188X10^ (rad/s),

f = 0.00903 .

Vertical: Re = —3887.03 (rad/s),

wf, = 0.370649X 10^ (rad/s),

f = 0.0105 .

Amplitudes of these oscillations are of infinitesimal magnitudes.

High-frequency roots of the simplified perturbation model are due to a very

low plasma mass. As the mass approaches zero, these roots approach infinity.

High-frequency roots, real at virtual infinity, or oscillatory positively damped, how

ever lightly, do not influence the low frequency stability of plasma motion. The

approximated low-frequency radial and vertical dynamics (transfer) functions are

given by equation (4.104),

M,s-S^){s-S2){\+rks) = KsGod+M) . (6.1)

Using the ISX-A tokamak numerical data of the Appendix, the values of the

parameters of these functions are as follows.
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Radial function Vertical function

51 = 1.43 Si 43.5

^22 = -1168.1 522 = 502.5

52 164.12 52 337.84

5 3 188.53 53 99.25

544 = 534.95 544 = 849.55

5 4 963.75 54 2723.03

Tfc = 0.14X10"^ Tjfc = 0.14X10"^

Gq = 84.65 (?o 569.03

T, = 5.24X10"^ T, = 4.95X10"^

It is observed that the smallest separation ratio of the characteristic equation

roots for the radial function is ^5.5; for the vertical function, it is

21.1 . Therefore, for design purposes at least, the effect of the (1+t^.j) term in

equation (6.1) is negligible.

It is observed that the roots (poles) of the plasma motion dynamics function

(6.1), 51 and S2, must be real-negative for plasma displacement stability.

Using ISX-A tokamak numerical data, for radial plasma motion root Si is

real-positive, equal to 1.43 , and therefore an unstable root. Conditions necessary

for radial Si to be a stable (real-negative) root are apparent from figs. 6.1 and 6.2.

Radial Si becomes real-negative if either one of the following conditions or any of

their proper combinations is true:

(a) N is less than —1.76,

(b) p is less than 0.953,

(c) (71)0 is less than 1.03 X10^ A.
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Considering these conditions, it is observed that (a) is possible, (b) is very

possible (the effect of the transformer iron core is known with a much lesser accu

racy than 4.7%!), and (c) may be one of the experimental conditions.

Therefore, for radial plasma motion root may or may not be a stable root,

depending on design uncertainties of a tokamak machine and its operating condi

tions.

For vertical plasma motion, figs. 6.3 and 6.4, root is real-negative, equal

to —43.5, and is therefore a stable root.

Considering root S2, eq. (4.99), it is noted that at = 0 it is equal to

S22J fig- 6.5, and that radial S22 — —1168.1 is a stable root, while vertical

S22 — +502.5 is an unstable root.

Both of these roots are operated on by t^, according to eq. (4.99), to pro

duce stable radial and vertical roots 82-

As is shown in fig. 6.6, an initially stable radial root S22 produces a stable

radial root S2 for any value of t^. Therefore, radial plasma displacement of the

ISX-A tokamak may or may not be stable, depending entirely on the radial root

Sj, as discussed previously.

An initially unstable vertical root S22 is converted to a stable vertical root S2

only if

1  (6.2)T. >
unstable vertical 5 22

Referring to fig. 6.6, for vertical plasma position stability of the ISX-A

tokamak, its vacuum vessel eddy-current time constant must be

T, > 2.0X10~3(s). (6.3)
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Among the several ISX-A tokamak parameters estimated specifically for this

work, a value of

r, = 4.95X10-3(s) (6.4)

had been arrived at. Therefore, the vertical plasma displacement of an ISX-A

tokamak is expected to be stable.

The stability of both the radial and vertical plasma displacements of a

tokamak, as discussed up to now, is based on an assumption of having

N = negative number ( = —1.3),

radial 1,13^ = positive number ( = +1.667X10"^),

vertical £13^ = negative number ( = —0.6624X10"^).

A careful consideration of figs. 6.1-6.6 reveals that reversing the signs of the

above-stated quantities would result in a tokamak machine with a much better

plasma displacement stability tolerance to magnitude variations of at least the

parameters N, p, and (/i)o.
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7. ISX-A TOKAMAK PLASMA DISPLACEMENT

FEEDBACK CONTROL

Referring to eqs. (5.12), (5.123), and the Appendix, the ISX-A radial plasma

displacement dynamics function is characterized by

Gq = 84.65 ,

a, = -234.69 ,

a2 = 162.69 ,

T, = 5.24X10"^ . (7.1)

The eddy-current delay time constant was estimated using rough approxi

mating methods. For this and other practical reasons, it is desirable to have a con

trol over this time constant. The simplest control of this time constant is, of course,

its cancellation via an appropriate adjustable time constant of the control field

drive. That is, in equation (5.8) and in fig. 5.3 the gain constant is modified to

become

k = (7.2)
«  1 -L „ •1 +T^S

With this modification eq. (5.12) becomes effectively a second order transfer func

tion,

A(j2 + 025 + Oi) = E^Gq . (7.3)

For a 'Tjurn" pulse of about 0.2 second it is assumed that a step-function

rise time of 3.0X10 ^ seconds (from 5% to 95%) is acceptable. Since the system
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(5.140, 5.149) is of only the second or third order, an empirical rule holds approxi

mately,

UQtr = 2.0-3.0 . (7.4)

For /^ = 3X 10"^ seconds, then,

wq = 1000.0 rad/s . (7,5)

Referring to (5.146), for the control system to be optimal,

(721 > 1.4237055 . (7.6)

Choosing <721 = 1.6, and using (7.1) and (7.5) in eqs. (5.137) and (5.138) it is

found that, referring to fig. 5.3 ,

= 1.181612X10^* , (7.7)

k2 = 16.79445 ,

kic = 1.181335X10^* ,

and the step-function response is characterized by the rise time of 3.0X10"^

seconds and a maximum overshoot of 1.57% at 5.4X 10"^ seconds .

For an analog implementation of the ISX-A tokamak plasma displacement

feedback control eqs. (5.148) and (7.2) are used in fig. 5.3, resulting in fig. 7.1 .

Choosing <731 = (732 = 2.6 and using (7.1) and (7.5) in eqs. (5.154)-(5.157)

and (5.153), it is found that, referring to fig. 7.1,

k^ = 4849.65 , (7.8)

k2 = 10.6811 ,
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Tj = 4.1029X10"'^ , (7.8)

ki, = 4846.88 .

For these values of parameters a step-function response is characterized by the rise

time of 3.8X10"^ seconds and a maximum overshoot of 0.36% at 7.2X10"^

seconds. This analog implementation is not optimal in a strict mathematical sense.

Optimality conditions (5.167) and (5.170) are not satisfied. Practically, however,

this design does have an infinite gain margin: at a gain increase of 60.0 dB the

step-function response is characterized by the rise time of 5.7X10"^ seconds and

no overshoot; the system in fact becomes more damped.

A theoretical design step-function response of the ISX-A tokamak radial

plasma displacement feedback control system and its corresponding actual

hardware response are shown in fig. 7.2 . Discounting minor plasma disruptions,

measurement noise, and the actual response record's inaccuracies and nonlineari-

ties, they are in excellent agreement.

An actual hardware ISX-A tokamak vertical plasma displacement feedback

control system, designed using the same technique, performed just as well as the

radial control system.



117

E-2.5
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Figure 7.2. ISX-A tokamak radial plasma displacement feedback control,
step function response.
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8. CONCLUSIONS

A tokamak which does not have a conducting shell, or a tokamak which

operates with a long time-pulse, on the order of many seconds, or a steady-state

tokamak must employ an active plasma displacement feedback control to keep a

plasma torus centered in its vacuum vessel. Analytical design of a tokamak plasma

displacement feedback control system requires knowledge of the plasma displace

ment dynamics of the tokamak. A unique low-frequency plasma displacement

dynamics transfer function of a tokamak has been developed in a symbolic form.

This function allows studies of the tokamak plasma equilibrium in terms of its

major parameters. One of the major parameters governing plasma equilibrium

position stability has been shown to be the vacuum vessel eddy-current time con

stant. It has been shown that for a vacuum vessel eddy-current time constant

exceeding a certain value the vertical plasma displacement is stable, in spite of an

intentional vertical instability design represented by a negative decay index.

Knowledge of a tokamak plasma displacement dynamics transfer function

permits an ordered analytical synthesis of plasma displacement feedback control

systems, without too much guesswork. Application of optimal control theory results

in a simple plasma displacement feedback control. Feedback control has been con

sidered in view of an optimality condition and the practicality of hardware imple

mentation. A practical plasma displacement feedback control has been designed,

and computer simulation and experimental results have been found to be in excel

lent agreement, supporting all of the analytical developments.
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APPENDIX

ISX-A TOKAMAK CHARACTERISTICS

The Impurity Study Experiment (ISX) tokamak was a joint project of Gen

eral Atomic Company, San Diego, California, and Oak Ridge National Laboratory

(ORNL) and was the first (-A) experimental tokamak in a series of experiments

exploring the effects of impurities in high temperature hydrogen plasmas and the

magnetic flux conservation concept (developed at ORNL), which may be used to

increase the "beta" of the tokamak discharge.

In a tokamak, such as ISX-A, three magnetic field components are employed

to hold the plasma in the shape of a torus. They are shown schematically in fig.

2.1. A toroidal magnetic field (Rj-) is obtained using 18 water-cooled coils powered

by a 120,000-ampere solid state power supply. A second field component is the

poloidal field (Bp), which is produced by up to 200,000 amperes of current flowing

in the plasma itself. The current also provides about 600,000 watts of resistive

(ohmic) heating for the plasma. Finally, to achieve equilibrium, a vertical field

(B^q) is necessary; this is provided by toroidal windings powered by storage bat

teries. The plasma is produced within a stainless steel vacuum vessel. The vessel is

all welded construction with metal vacuum seals and is bakeable to 400 degrees

Celsius. The use of ultrahigh vacuum technology serves to minimize the amount of

impurities present in the discharge, a crucial requirement of successful tokamak

operation. Beyond the vacuum vessel are two concentric fiberglass cylinders which

support the vertical field windings. The primary windings induce the plasma

current (/j) and form the primary of a large transformer; they are supplied by a

capacitor bank and storage batteries. An iron core threading the center of the torus
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carries the magnetic flux, inducing the current in the plasma which acts as the

secondary of the transformer.

Major parameters of ISX-A tokamak are:

Toroidal magnetic field =1.8 tesla,

Vertical magnetic field = 200 gauss (0.02 tesla),

Plasma current = 40,000 to 200,000 amperes,

Ohmic heating power = 600,000 watts.

Peak electron temperature = 1200 electron volts.

Peak ion temperature = 400 electron volts.

Plasma density <4X10'^particles/m^,

Plasma volume = 1000 liters.

Experiment time = 0.2 seconds.

Figure A1 shows schematically arrangement of the ISX-A tokamak toroidal,

ohmic heating, and vertical field coils relative to the iron core center line. Figure

A2 is a photograph of the ISX-A tokamak as it looked in February 1977 when ini

tial operation took place.

Representative numerical data of the ISX-A tokamak for a steady-state

discharge ("burn" phase) are given below. The subscript "0" denoting a nominal

steady-state quantity, where it would be applicable, is omitted for simplicity. The

data apply to both the radial and vertical degrees of freedom, except where noted.

11 = 1.2X 105(A),

>1=0,

12 = 200.4 (A),

>2 = 0,
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is not required since Kf^ — 0 ,

/4 is not required since £ 14^ = 0,

^11 ~ 2.273X10"^ (H),

^22 2.273X10~5(H) ,

^33 ^ 8.429X10~5(H) , = 1.65X10~5(H) vertical,

£44 = 1.424X10~3(H) ,

^12 ~ 2.273X10"^(H),

^13 2.110X10"''(H), = 0.0 vertical,

^14 ~ 1.736X10~'^(H),

II

4r

2.110X10-''(H), = 0.0 vertical,

£24 ^ 1.736X10~'^(H),

^34 = 4.716X10"^ (H),

^Ud ^ 3.3644X10~5(H/m),

Li2d = 1.6818X10"^(H/m),

£i3j = 1.6670X10-5(H/m), 6.624X 10"^ (H/m) vertical,

R2 = 7.0X10-3(Q),

i?3 = 2.2X10~3(Q), = 2.0X10"3(Q) vertical,

= 14.2X10~'^(S2),

K, = 2.87X10-^(T/A), = 5.2X10-7 (T/A) vertical,

= 28.7 (m~'), = 5.2 (m~') vertical,

K, = 4.707X10-3(s/m2), = 3.103X 10"^ (s/m^),

Ki = (13.223p + 1) , 0 ̂  p > 1.0 ,
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Kh = 0.0,

K„ = 0 for design ,

= 3.279 (m~^), = 0.0 vertical,

T, = 0.14X10~^(s),

Tfc = 0.14X10"^ (s),

T, = 5.237X10-3(s), = 4.950X 10-3 (s) vertical,

N  1.3,

/,• = 0.5 ,

kT = l.OXlO-^^'U/particle),

n = 2.0X10*'(nuclei/m^),

Mq = 6.57X10-'(kg),

R = 0.92 (m),

a = 0.25 (m),

= 0.3 (m).
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