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ABSTRACT

In this dissertation a systematic control design methodology is introduced for
multiple input/multiple output (MIMO) systems with time delay. The methodology is
applied to plants with right half-plane zeros. This methodology allows the control
engineer to design and analyze MIMO systems in a manner analogous to single
input/single output (SISO) systems.

This methodology uses a minimum phase control system design technique,
LQG/LTR, in obtaining a stable control system with some limitations on achievable
performance. This methodology incorporates the computation, both graphically and
analytically, of the maximum allowable time delay before instability occurs in the control
system. Conservative results are seen to exist for the analytical results and are verified
by time domain analysis.

This methodology provides a useful approach to the design of process control
systems with time delay that allows many of the intuitive concepts of classical control

SISO systems to be identifiable for the MIMO system.
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INTRODUCTION

1.1 PROBLEM

In the nuclear power industry reliable control of nuclear reactors is of great
concern because of the possible detrimental effects of an accident on the environment
and the public. Reliable control of a nuclear reactor also minimizes shutdowns, which
can cost on the order of millions of dollars if they continue for a prolonged period of
time. One major source of nuclear power plant shutdown is the feedwater control
system. In the nuclear power industry, feedwater control systems have been responsible
for three U.S. plant shutdowns per year for BWRs (boiling water reactors) [1]. The
Northern States Power (NSP) Company established an overall system design goal of
10 years without a control-system-related reactor scram. Criteria such as this are
resulting in a search for modern control system design strategies to apply to control of
the feedwater component of a nuclear reactor.

The remainder of this chapter discusses previous control system design techniques

and advances in modern control theory that could assist in solving this problem.

1.2 PREVIOUS WORK AND RESULTS

Most applications of modern control techniques to process control have appeared
in the form of optimal control strategies, as noted in the case studies given in Ref. 2.
These optimal control strategies were in the form of full-state feedback control with and

without state estimation [linear-quadratic regulator (LQR)]. The regulator problem,



coupled with a state estimation problem, was shown by Doyle [3] not to have desirable

robustness properties. Doyle and Stein [4] proposed a multivariable robust design
philosophy known as LQG/LTR (linear-quadratic-Gaussian with loop transfer recovery)
to eliminate the shortcomings of the LQR and LQG design techniques. The LQG/LTR
design technique has been applied to control submersible vehicles, engine speed,
helicopters, ship steering, and large, flexible space structures. Considering the diversity
of applications, there appears to be a significant void when it comes to applications in
process control.

The LQG/LTR method requires the plant to be minimum phase, which cannot be
guaranteed in a plant process. Typically nonminimum phase conditions in a plant
process are due to time delay. The LQG/LTR design procedure offers no guarantees
when a nonminimum phase plant is used [5].

The LQG/LTR synthesis method for minimum phase plants is an excellent method
for achieving desired loop shapes and maximum robustness properties in the design of
feedback control systems. First, a Kalman filter (or alternatively, a full-state LQ
feedback regulator) with desired loop transfer properties is designed. Then a sequence
of LQ feedback regulator gains (or alternatively, Kalman filter gains) approaching an
ideal limit is selected to recover the loop shape of the Kalman filter (or alternatively, an
LQ regulator) at the plant output (or alternatively, plant input) of the LQG
compensator.

The time domain solution to an optimal LQR with time delays in the state and

control was proposed in Ref. 6. However, this method for typical control system design




appears mathematically formidable and does not yield the frequency-domain design

interpretation generally expected by control engineers to determine system robustness.

Recent literature [7,8), reports efforts that have been made to analyze in the
frequency domain the effects of nonminimum phase poles and zeros on multiple-
input/multiple-output (MIMO) control systems performance and sensitivity, regardless of
the design method. The results show that for a finite number of right half-plane (rhp)
zeros in @ MIMO control system, the performance limitations are analogous to those of
a single-input/single-output (SISO) system.

It appears that relaxing the criterion of solving a control problem for an exact
time delay makes available a viable design and analysis procedure using the LQG/LTR
design technique. The idea of settling for a finite approximation of time delay in the
control problem eliminates the true essence of the problem for some control engineers.
This, however, is not true, but it does make available additional analysis and design tools
and minimizes the mathematical burden of the control system design. In Ref. 9 it is
stated that MIMO control systems using a Pad& approximation of time delay are
indistinguishable from those using controllers based on irrational models. Thus the
design of a LQG/LTR controller for process control using an approximation of time
delay resulting in a stable controller with some limitations in achievable performance is a
viable and unexplored alternative for process control.

The intent of this work is to develop well-understood procedures for design and

analysis of process controls with time delay.



1.3 NEW DEVELOPMENTS

An LQG/LTR control system design is formulated for a feedwater heater train
with time delay. This approach involves factoring the feedwater heater train plant into
nonminimum and minimum phase components to allow the design of a robust controller
for the minimum phase component of the plant using the LQG/LTR technique
(minimum phase method).

The nonminimum phase component takes the form of an all-pass filter containing
the rhp zeroes of the first-order approximation of the time delay component. Using this
nonminimum phase all-pass filter, certain singular-value multiplicative error bounds can
be established to obtain a stable control system when using the LQG/LTR design
technique on the minimum phase component of the plant.

New analysis methods using singular values is integrated into the conventional
singular-value performance and stability robustness analysis procedure. These new
analysis methods allow computation of the maximum allowable time delay before

instability occurs for both SISO and MIMO control systems.



CHAPTER 2

MATHEMATICS AND CONTROL BACKGROUND

The use of matrix algebra is very important in the study of MIMO control system
design methods. Some MIMO control system design methods use matrix algebra to
decouple the system so that the plant matrix transfer function consists only of individual
decoupled transfer functions, each represented conventionally as the ratio of two
polynomials. This simplification then allows the use of conventional methods such as the
Bode plot, Nyquist plot, and Nichols chart as a means of designing a controller for each
loop of the MIMO plant. The LQG/LTR control system design method, however, does
not require decoupling of the plant but rather preserves the coupling between the
individual loops of the MIMO plant. Each step of the LQG/LTR design technique
therefore requires the use of some matrix algebra, vector and matrix norms, and singular
values during the control system design procedure. For instance, matrix algebra is used
to derive a suitable representation of the closed-loop system for stability and robustness
analysis as discussed in Chapter 3. Matrix norms and singular values are used to
examine the matrix magnitude of the MIMO transfer function. The matrix magnitude or
singular values of a system allows preservation of the coupling between the various loops
of the MIMO control system. The use of singular values is essential in the synthesis of
the frequency-domain LQG/LTR design technique, which is described in Chapter 6.

The concepts of controllability, observability, stabilizability, and detectability are

very important in applying the LQG/LTR design procedure discussed in this work. The



lack of stabilizability and detectability can eliminate the use of the LQG/LTR procedure

as a control system design strategy. It is therefore important that these concepts be well
understood.

The purpose of this chapter is to present some background material in
mathematics and control systems that has proved to be very useful in deriving the
relationship and the procedures and analysis required to implement the control system

design procedure presented in this work.

2.1 MATRIX IDENTITIES AND PROPERTIES
Some properties of matrix transpose are as follows [10]. The transpose of the
sum of two matrices is the sum of the transposed matrices;
(A+BY=A"+B . (2.1)
The transpose of the transpose of a given matrix is identical with the given matrix;
(A=A . (2.2)
The transpose of the product of two matrices is the product of the transpose of the
individual matrices in reverse order;
(AB)' = B'A” . (23)
The transpose of a symmetric matrix is that matrix;
AT=A . (24)
The Hermitian transpose of a matrix is the complex conjugate transpose of the matrix;
A = AT | (2.5)
where * indicates complex conjugate.
Classification of different matrix types [10,11):

A matrix B is real if all of its elements are real.



A matrix B is imaginary if all of its elements are imaginary.

A matrix B is Hermitian if it satisfies the following:
B"=B . (2.6)
A matrix B is positive definite if all of the eigenvalues of B are greater than zero;
AB)>0 Vi . 2.7
A matrix B is positive semidefinite if the eigenvalues of B are greater than zero and at
least one eigenvalue is zero;
AB) =0V , (2.8)
and
A,(B) = 0 for some i, € {1,2,..,n} . (2.9)
A matrix B is negative definite if all of the eigenvalues of B are negative;
A(B) <0V . (2.10)
A matrix B is negative semidefinite if all of the eigenvalues of B are nonpositive and at
least one eigenvalue is zero;
AB)=s0Vi, (2.11)
and
A,(B) = 0 for some i, € {1,2,...n} . (2.12)

Some properties of matrix multiplication and inverses [12-14]:

AB = BA . (2.13)
(AB)Y = BA¥ . (2.14)
A(BC) = (ABC . (2.15)
AB + C) = AB + AC . (2.16)

AB = 0 does not imply that A=0orB=0 . (2.17)



AB = AC does not imply that B = C . (2.18)
AB(I + AB)"! = (I1 + AB)"AB . (2.19)
AB(I + AB) = [I + (AB)™]" . (2.20)

The right pseudoinverse of a matrix A is defined as
A% = AT(AAD | (2.21)
The left pseudoinverse of a matrix A is defined as

Al = (ATA)AT . (2.22)

2.2 EIGENVALUES AND EIGENVECTORS
Assume that the linear time invariant (LTI) system is defined as
x=Ar+ Bu , (2.23)
and
y=CG, (2.24)
where xER", uER?, and yER’. The letters n and p are, respectively, the dimensions of
the states and the input and output where the inputs and outputs are the same
dimensions.
The eigenvalues of A are defined as 4,(i = 1,2,..,n). The left eigenvector vT of A
is defined such that is satisfies
vi(A-AD =0 , (2.25)
and the right eigenvector u; of A is defined to satisfy
(A-ADu, =0 . (226
Note that for each left or right eigenvector there corresponds an eigenvalue 4, which is

already defined prior to the solution of the eigenvector. A characteristic of the left and



right eigenvectors is the orthogonal relationship that exists between them. The

orthogonal relationship is defined as
1 fori=j
viu, = . (2.27)
0 fori=j
Considering that the A matrix has distinct eigenvalues, A can be decomposed as follows:
A =TAT | (2.28)
where A is a diagonal matrix containing the eigenvalues, T = [u,, U, u,,...,u,}, and

T = v, v, vy\,.v,7]". The representation of A given in Eq. (2.28) is called the

eigenvector decomposition [10,15].

2.3 VECTOR NORMS
The size of a vector x is described by the concept of norm, which most engineers
tend to associate with length. Before the concept of vector norm is formally defined, let
us review the concept of inner product. The inner product of the complex vectors x =
[xy X;,...,%,)" and y = [y, y,ey.]” is defined as
<xy> =@y =xy, + 5y, + .. + x5y, = <px> (2:29)
where ()" indicates the Hermitian transpose and ( )" defines the complex conjugate.
The Hermitian transpose is defined as the complex conjugate transpose of the indicated
vector or matrix.
The definitions of the 1, 2 (Euclidean norm), ® vector norms are defined
respectively as
¥l = Inl + |x] + . + x| , (2.30)
<l = (<x, x>)"* = @xix, + xx, + ... + xx)2 | (231)

and
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J=llo = 1% (2:32)

24 MATRIX NORMS AND SINGULAR VALUES
Now the matrix norms of ||A[,, ||All, and |A] . will be defined for the m x n
matrix A The matrix A defines a linear transformation from the vector space ¥, called
the domain to a vector space W, which is called the range. Thus the linear
transformation
A(x) = Ax (2.33)
transforms a vector x in VEC" into a vector A(x) in WEC™. The matrix norms of ||Af,,

| A]l,, and || A]|. are respectively defined as

1A, = ™= laxd (2.34)
x#0 ||x||1
N e L1 O — (235)
x#0 x|l
and
jap. = ™ 1A, (2.36)
x#0 |x|.

Since the €, norm is a useful tool in control system analysis, further insight into its

definition will now be given. The €, norm of Eq. (2.35) can be written as

Il = "7 BAA™, i = 1.2, (237)

= T A, i

12,1 . (238)

The matrices A”A and AA" are Hermitian and positive semidefinite. The eigenvalues of

these matrices are real and nonnegative.
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Now let us define the singular value of a complex matrix AEC™":
o(A) = Q(ATA)” = QM(AAN* 2 0,i = 12,..n . (2.39)
More properties of singular values [16-18]:

1

3(A) = (2.40)
o(A™)
3(A + P) < 5(A) + 3(P) . (2.41)
3(AP) < G(A)5(P) . (2.42)
g(A)g(P) < o(AP) . (2.43)
o(A) — 3(P) < g(A + P) < g(A) + 3(P) . (2.44)

where ¢ is maximum singular value g is minimum singular value.
2.5 CONTROLLABILITY, OBSERVABILITY, STABILIZABILITY, AND
DETECTABILITY

The LQG/LTR control system design method has a certain requirement of the
plant for which the controller is being designed: the plant must be at least stabilizable
and detectable. Therefore it is important that the conditions of controllability,
observability, and the less restricted conditions of stabilizability and detectability be
understood. A description of these concepts will now be presented.

Given the state equation for the system described using Egs. (2.23) and (2.24), a
system is said to be controllable if it is possible to transfer the system from any initial
state x, in state space to any other state x, using the input in a finite period of time.
The system is said to be uncontrollable otherwise. The condition of controllability places

no constraint on the input in the system.
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The algebraic test for controllability of the LTI system state equation uses the

controllability matrix

Q=[BAB.. A"'B] , (2.45)
where n is the number of states. The LTI system is controllable if the rank of Q is
equal to n. If the rank of Q is less than n, the system is not controllable. An
uncontrollable system indicates that some modes or poles are not affected by the control
input. Uncontrollable systems with unstable modes imply that a controller design is not
possible to ensure system stability. If the uncontrollable modes of the uncontrollable
system are stable, then the system is stabilizable.

Now an observable system will be defined. An LTI system is considered
observable at initial time ¢, if there exists a finite time ¢, greater than t, such that for any
initial state x, in state space using knowledge of the input 1 and output y over the time
interval 7, < t < t,, the state x, can be determined. The system is said to be
unobservable otherwise.

The algebraic test for observability of the LTI system uses the observability matrix

N = [CT A'CT ... (AD'CT] . (2.46)
The LTI system is observable if the rank of N is equal to n, where n is the number of
states. If the rank of N is less than n, the system is unobservable. An unobservable
system indicates that not all system modes contribute to the output of the system. If the
unobservable modes (states) are stable, then the system is considkered to be detectable.

More details regarding the concepts of controllability and observability are found

in Refs. 19 and 20.



CHAPTER 3

EVALUATING MULTIVARIABLE PERFORMANCE AND STABILITY
ROBUSTNESS OF A CONTROL SYSTEM
USING SINGULAR VALUES

3.1 PERFORMANCE ROBUSTNESS

This chapter will define the requirements to obtain a control system that has good
performance and stability robustness. The requirements for the control system design
are formulated by placing certain restrictions on the singular values of the return ratio,
return difference, and inverse return difference of the control system. The block
diagram in Fig. 1 shows the controller [K(s)] and plant [G(s)] with input [d,(s)] and
output [d(s)] disturbances and sensor noise [n(s)].

Using Fig. 1, a frequency-domain transfer function representation for the plant
output is first obtained. These transfer function representations used in conjunction
with concepts of singular values allow the formulation of requirements in the frequency
domain to obtain a control system with good performance and stability robustness.

In this design, performance robustness is of concern at the output of the plant.
Therefore it is required that the plant output transfer function be derived in order to
analyze and assist in obtaining a control system design to meet certain performance

robustness requirements. Now using Fig. 1, the plant output transfer function is derived

and performance robustness requirements established. From Fig. 1 it can be shown that
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do(s)

r(s) e(s)

K(s) G(s)

Fig. 1. Model-based unity feedback MIMO control system.

¥6) = dis) + Glsw'(s)
e(s) = r(s) = y(s) - n(s)
and
w(s) = ds) + u(s) = ds) + K()e(s) .
Thus, using Eqgs. (3.2) and (3.3), it can be shown that Eq. (3.1) becomes
¥6) = [GOK®IIFG) = ¥(6) = n(s)] + difs) + G(s)di(s)
¥(5) = GEKENS) ~ GOKEYE) — GEKEN(E) + dils) + Gls)ds)
therefore,
¥6) = I + GOKE)GEKEN) - GOKEN() + dils) + G(s)d )]
= [I + GOKEOI MHGEKE () — n(s)]}
+ [ + GEKE)]ds) + Gs)dfs)]

= y{8) + Yu(8) + yu(8) N

y(s)

n(s)

(3.1)
(32)

(3.3)

(3.4)

(35)
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where y,(5), y,(5), y4,(5) and y,(s) are, respectively, the contributions to the plant output
due to the reference input, input disturbance, output disturbance, and noise input to the
system. Now the requirements for good command following, disturbance rejection, and
insensitivity to sensor noise will be defined using singular values to characterize the
magnitude of MIMO transfer functions. These requirements are also applicable to SISO

systems [21].

3.1.1 Command Following
The conditions required to obtain a MIMO control system design with good
command following will be described. Good command following of the reference input
r(s) by the plant output y(s) implies that
y(s) = r(s) Vs€sp , (3.6)
where s = jw and sz = jwg and wy is the frequency range of the input r(s). Letting d,(s)
= d(s) = n(s) = 0 in Eq. (3.5) results in
Yjw) = [I + G(jw)K(w) |G (w)Kjw)(o) ; VoCa,
yljo) = {G(w)K{o)l + [G(0)K(w)] ™} 'Gjw)K(jw)(w) ; VoEuy
yljo) = {I + [G()K(0)] " G (jw)K ()] 'Glw)K(w) (o) ; VoCu,
yljo) = I + [Gl)K(o)] '} 'rjo) Vo€, . C))
Therefore, to obtain good command following the system inverse return difference
I + [G(jw)K(jw)]™ must have the property such that
I + [Gjo)K(jw)] ' =1 Vo€w, , (3.8)
which implies that
oll + [G(jw)K(jw)]} =1 VwEw, (3.9)

and
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oI + [G(jw)K(jw)]'} = o(I) + o{[G(jw)K(jw)]'} =1 VwEw, . (3.10)
Then
1 + 3{[G(jw)K(w)]"} =1 VwEw, , (3.11)
which implies that
FH{[G(jw)K(w)]™} << 1 VYoEw, . (3.12)
Then using Eq. (2.40) it follows that
H[G(jw)K(w)]™} = 1 <<1 VYoCu, (3.13)

o{[(G(w)K(@))T™}
S S
o[G(jw)K(jw)]

1 << g[G(jw)K(jw)]

<<1 VowEw, (3.14)

or
aG(jw)K(jw)] >> 1 Vew€w, .
Thus the magnitude of the return ratio G(jw)K(jw) must be large over the frequency

range of the input to obtain good command following of the control system.

3.1.2 Disturbance Rejection
To minimize the effect of the output disturbance, y,(s), on the output signal y(s),
Eq. (3.5) will be examined when n(s) = r(s) = di(s) = 0, which results in
Yao(8) = [ + G(S)K(s)]7'di(s) - (3-15)
Rejection of this output disturbance at the plant output requires that the magnitude of

the return difference I + G(s)K(s) meet the following condition

dl + G(w)K(jw)] >> 1  VoEaw, (3.16)
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The requirement of Eq. (3.16) is established to minimize the effect of Y.(s) on the plant
output. Further examination of Eq. (3.16) shows the following using Eq. (2.44)
g[G(w)K(jw)] - 1 < g[l + G(jw)K(jw)] < o[G(jw)K(jw)] + 1 Yo€aw, , (3.17)
which implies from Eq. (3.16) that it is required that
oG(jw)K(jw)] +1>>1 Vo€w, (3.18)
The restriction of Eq. (3.18) also restricts the return ratio such that
9[G(lw)K(jw)] >> 1 VwEw, . (3.19)
Thus to reject output disturbances, the magnitude of the return ratio must be large.
Now letting r(s) = n(s) = d,(s) = 0 in Eq. (3.5), the effect of input disturbance
on the plant output is examined. This effect is seen to be
Yo(w) = [I + Gjw)K(jw)]'G(jw)d(jo) VYwEw, (3.20)
where w, is the frequency range of the input disturbance d,(s). To minimize the effect
of y,(jw) on the plant output requires that the magnitude of the return difference be
large (in general, the larger the better). This requirement implies that
al + G(jw)K(jw)] >> 1 VwEw, (3.21)
Following similarly for Eq. (3.16), the return ratio must meet the condition of
a(G(jw)K(jw)] >>1 VwEw, (3.22)
to reject the input disturbance. It should be noted that Eq. (3.22) gives only general
conditions for rejection; therefore, how much greater than 1 the return ratio magnitude
has to be is determined by the control engineer. This decision probably will be based

on prior experience and knowledge of the magnitude of the input disturbance.



3.1.3 Noise Rejection

The requirements to minimize the effects of sensor noise on the plant output will
be determined. First letting r(s) = d(s) = d,(s) = 0 in Eq. (3.5) results in
¥5) = I + GEKOI'GEKEnG)  Vses,
= {I + [G()K(5)]""} 'n(s) VsEs, (3.23)
where 5, = jo, and o, is the frequency range of the sensor noise. Thus to minimize the
effects of sensor noise on the plant output it is desired to have the magnitude of ¥.(5)
small over the frequency range of the noise. This indicates that the magnitude of
{I + [G(s)K(s)]"'}™" is small, which implies that
o[{I + [G(jw)K(jw)]'}'] << 1 VwEw, , (3.24)

thus using Eq. (2.40), Eq. (3.24) becomes

1 <<1 VoEo, (3.25)
a{l + [G(jw)K(jw)]™'}
or
oll + [G({K({o)]"} >>1  VoEw, . (3.26)

Using Eq. (2.44) it can be stated that

o{[G(w)K(o)]"} - 1 = all + [G(w)K(w)]™} < g {[G(w)K(w)]™} +1 . (327)

Therefore the more strict condition of

dG(w)K(w))™ + 1 >> 1 Vo€, (3.28)
or
o{[G(jw)K(jw)]} >> 1 Vo€w, |, (3-29)
which implies that
d{[G(K()]"} = —L 551 Voeo, (3.30)

0[G(jw)K(jw)]



o[G(jw)K(jw)] << 1 VowEw, (3.31)
is required to minimize the effect of noise on the plant output. Thus again the control
system return ratio is used to establish another bound in the design process to ensure
good performance robustness at the plant output.

It is apparent that any overlapping of any of the frequency ranges wg, w,, w,, or ,
will require system design specification trade-offs to be made. This will definitely occur
when overlapping of the lower frequency ranges of w, and/or w,, and w,, with the higher

frequency range w, occurs.

3.2 STABILITY ROBUSTNESS

All linear control system design methods are based on a linear model of the plant.
Because this design model only approximates the actual plant, an error exists between
the design model and the actual plant. This error can be evaluated as absolute or
relative. The method of evaluation of this error (model uncertainty) depends on the
nature of the differences between the actual design model and the actual plant. The
evaluation of an absolute error defines an additive model uncertainty, whereas the
evaluation of a relative error defines a multiplicative model uncertainty. The additive
and multiplicative model uncertainties can be further classified as either structured or
unstructured model uncertainties [18,22].

A structured model uncertainty is usually a low-frequency phenomenon
characterized by variations in the parameters of the linear time invariant plant design
model. These parameter variations are caused by changes in the plant operating

conditions, wear due to aging, and environmental conditions. A structured uncertainty
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also indicates that the gain and phase information concerning the uncertainty is known.
Additive model uncertainties are generally considered structured uncertainties.

An unstructured uncertainty is typically a high-frequency phenomenon in which the
only information known about the uncertainty is its magnitude. Unstructured
uncertainties usually have the characteristic of becoming significant at high frequencies.
Multiplicative uncertainties are characterized as unstructured. Unstructured uncertainties
are usually caused by the truncation of high-frequency plant dynamics or modes due to
the linearization process, and the neglect of plant dynamics such as actuators and
sensors. Some plant dynamics that characterize unstructured uncertainty are flexible
body dynamics, electrical and mechanical resonances, and transport delays. Most linear
control system design methods do neglect these high-frequency plant dynamics. The
result is that if a high-frequency bandwidth controller is implemented, the high-frequency
modes could be excited, resulting in an unstable control system [23].

Model uncertainty clearly is seen to impose limitations on the achievable
performance of a feedback control system design. Thus this section will focus on the
limitations imposed by uncertainty, not on the difficult problem of exact representation

of the system uncertainty.

3.2.1 Multiplicative Uncertainty

The multiplicative uncertainty (perturbation) can be represented at either the
input or output of the plant, and is called respectively the input multiplicative
uncertainty or the output multiplicative uncertainty. The model uncertainty due to

actuator and sensor dynamics is modeled respectively as an input or output multiplicative

perturbation. A reduced-order model of an already linearized model results in a
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multiplicative model uncertainty. Time delay at the input or output of a plant yields,
respectively, input and output multiplicative uncertainties in the plant. Even though
other multiplicative model uncertainties exist among various types of control system
design problems, the model uncertainties mentioned above appear to be a common
consideration in most control problems.

Because in this control problem the concern is the robustness and stability of the
plant output, the derivation of the output multiplicative model uncertainty and the
conditions for stability will be examined in this section. A block diagram of a control
system with a output multiplicative perturbation is shown in Fig. 2. The actual design
model or nominal transfer function, and the actual design model with model uncertainty
included (perturbed transfer function) are defined respectively as G(s) and G'(s). The
plant multiplicative model uncertainty is defined using the concept of relative error as
follows

AG(s) = [G'(s) - G(s)] G~(s) (332)
or

AG(s) = GY()[G'(5) — G(s)] (3.33)
where Eqgs. (3.32) and (3.33) are respectively the output and input multiplicative model
uncertainties. Considering this problem’s interest in the output uncertainty, the
perturbed transfer function is defined as

G'(s) = L(5)G(s) (3.349)

where L(s) represents dynamics not included in the nominal plant G(s). Substituting
Eq. (3.34) into Eq. (3.32) results in the output model uncertainty of

AG(s) = [L(s) -1 . (335)
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r{s) + e(s) u(s)
K(s)

1 G(s) L v (s)

Fig. 2. Control system with output multiplicative perturbation.

The conditions of stability for the control system, considering the limitations due to

model uncertainty of the nominal plant or perturbed transfer function represented as

G'(jw) = [I + AG(jw)]G(jw) , (3.36)
require that
ol + [G(w)K([@)]™} > 6.(0) Vo>0 (337)
where
3AG(w)] < €.(0) . Yo>0 (3.38)

and €,(.) is a positive scalar function confining G’(jw) to a neighborhood of G(jw) with

magnitude ¢, ().



3.2.2 Additive Uncertainty
The block diagram of a control system with a plant additive model uncertainty is
shown in Fig. 3. The representation of the additive model uncertainty using an absolute

error criterion is defined as

AG(s) = G'(s) - G(s) (339)
where in this case
G'(s) = [C + AC){sI - [A + AAJ}"'[B + AB] (3.40)
and
G(s) = CisI -A]'B - (341

where A, B, and C are the nominal system matrices and AA, AB, and AC are the
perturbation matrices that indicate the respective deviations from the nominal system
matrices. The perturbation from the nominal system matrices is due to varying the
nominal operating conditions. For instance, changing the power output of a reactor
from a nominal operating condition of 10% power to a new operating condition of
100% power will cause a perturbation from the nominal system matrices. This
perturbation could result in a controller designed to operate at 10% power becoming
unstable when suddenly required to operate at other power levels.

In this section the criteria for stability of a plant with additive perturbation will be
presented and an explicit representation of the perturbation AG(s) in a convenient state
space form will be obtained. The representation of AG(s) in state space form simplifies
the propagation of AG(s) in the frequency domain over the use of Eq. (3.39). The
condition for stability of the additively perturbed control system requires [24] that

o{I + G(jw)K(jw)]'AG(jw)K(jw)} < 1 , (3.42)
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AG(s)

r(s) + u(s)
K(s) | G(s) —— y(s)

Fig. 3. Control system with additive perturbation.

or more simply

g[G(jw)K(jw)] > o[AG(jw)K(jw)]

(3.43)

The state space representation of AG(s) is derived as follows: In this derivation

the matrix norm of the perturbation matrices AA, AB, and AC are small so that the

first-order approximations of that matrix inverse property
[-M"=~[+M
can be used in the derivation. Let us define the argument of the resolvent in
Eqg. (3.40) as
sSI - [A+ AA] =51 - A - AA

{I — AA[sT — A]"'}sI - A] ,
and its inverse becomes
I = (A + AA)T] = {[T — AAGI - A)][sT - A]}™

= [SI — A]-I[I - AA(SI _A)-1]-1

The perturbed transfer function now becomes

(3.44)

(3.45)

(3.46)
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G'(s) = [C + AC|{[sI — A]"'[I — AA(ST — A)'|"}[B + AB]
= C[sI — A]"'[T + AA(sI - A)7'][B + AB]
+ AC[sI — A]7[I + AA(sI — A)'J[B + AB] (3.47)
= C[sI — A]"[I + AAGI — A)']B + C[sI — A]"Y[I + AA(sI — A)'JAB
+ AC[(sT — A)'J[I + AA(I — A)YB
+ AC[sI — A]7'[T + AA(SI — A)'JAB . (3.48)
Now eliminating the second-order term of Eq. (3.48) it follows that
G'(s) = C(s1 — A)"B + C(sI — A)"'AA(sI — A)"'B + C(sI — A)"'AB
+ AC(sI - A)'B . (3.49)
Using Egs. (3.49) and (3.41) the perturbation transfer function AG(s), Eq. (3.39), is
defined as
AG(s) = C(sI — A)7'AB + AC(sI — A)™'B + C(sI — A)T'AA(I — A)™'B
= [CI — A)' ACGT — A)™ + C(sT — A)'AA(I — A)™') AB
B (3.50)
AG(s) = [C AC] (sI - A" (sI — A)'AA(SI — A)! AB
0 (sI - A B (3.51)
The inner matrix of Eq. (3.51) is the resolvent of the perturbation transfer function
AG(s). It is desired to obtain the expression of the resolvent in order to identify the
constant matrix used in realizing the resolvent. The resolvent is defined as
(I-A)y" (I - A)TAAGI — A)™
O(s) =
0 (I - A (3.52)
I AA(I - AT

[T - A
0 I
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————————

s A’ I AA’
O(s) = [T = A)T[I' + AAGT - A)7] . (3.54)
Using the concepts of Egs. (3.44) and (3.46), Eq. (3.54) becomes
Os) = {[I' = AAGT = A) I — A%} (3:55)
= (I - A’ —AA))!

Lol

The state equation for the transfer function AG(s) is then

A AA AB
[ ] [ ]w 657

0 A B

Yao = [C ACR, . (3.58)

Table 1 contains a summary of the general design requirements presented in this

chapter to obtain a control system with good performance and stability robustness.
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CHAPTER 4

MULTIVARIABLE STABILITY MARGINS AND MAXIMUM ALLOWABLE
TIME DELAY
4.1 MULTIVARIABLE STABILITY MARGINS

Feedback control system design using classical control design techniques has been
used to meet performance specifications and account for model uncertainties. These
classical control techniques use gain and phase margin to measure the stability of the
system. Many multivariable control systems are treated as single-loop systems by
decoupling the plant. Once the plant is decoupled a control system is designed for each
plant loop. The stability margins are then examined for each loop to ensure thét design
specifications are met. These stability margins are very optimistic and do not take into
consideration the simultaneous variation of gain and phase in all paths, which is a
practical consideration.

This section will present a method of evaluating the multivariable stability margins
that takes into consideration simultaneous gain and phase variations in several paths
[17]. This method overcomes the shortcomings of examining the gain and phase in a
single loop while the gain and phase in the other loops are held constant at their
nominal values. Using the minimum singular value of the multivariable feedback system
return difference, criteria have been developed to compute the multivariable gain and
phase margins. The use of the return difference to obtain these margins of stability is
somewhat analogous to the classical techniques of measuring the distance of the Nyquist

plot of a SISO feedback system to the (—1) point.
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r(s) + e(s) u(s)
K(s) f——= G(s) — L(s) 9 - y(s)

Fig. 4. Unity feedback control system with model uncertainty.

Figure 4 is the block diagram of the unity feedback control system that will be
used in stating the conditions to compute the multivariable stability margins (MSMs).
The conditions for computing the MSMs will be presented for direct application to the
control system design problem in this work.

The transfer function matrices G(s), K(s), and L(s) represent the nominal plant
design model, the controller, and the neglected plant dynamics respectively. When
L(s) = I the nominal unperturbed loop transfer function is defined as G(s)K(s). The
controller K(s) is assumed to be designed using the LQG/LTR procedure. The
perturbed loop transfer function is defined as L(s)G(s)K(s) where L(s) # 0. The
perturbed and unperturbed transfer function state space representations are required to
have no direct feedthrough from input to output. Also, it is required that both the

perturbed and unperturbed transfer function matrices be closed-loop stable.
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The minimum singular value of the return difference is very important in
characterizing the multivariable gain, phase, and crossover margins. The following

conditions and quantities must be met and defined to assist in the characterization:

olL Y(jw) = I] < ol + G(jw)K(w)] =1 , VYw>0 (4.1)
w(jio) = o[l + G(jw)K(jw)] , VYo>0 (4.2)

and
@, = min w(jo) (43)

where a, < 1. The control weighting matrix R is assumed to be large.
Assuming the above conditions hold and
al + G(jw)K(jw)] 2 ay, Vo>0 , 4.4
then if L(jw) is diagonal such that L(jw) = dia[a,, a,, ..., @,] where q; is a constant, there

is a guaranteed gain margin (GM) defined as

GM = (4.5)

that assures stability of the closed-loop perturbed system if the elements of L(jw) vary

simultaneously as follows:

<aq< (4.6)

1+ao l_ao

Assuming the same condition for obtaining Eq. (4.5), there is a guaranteed phase margin

(PM) of

- -1 ag
PM = * cos 1——2— , 4.7

which assures stability of the closed-loop perturbed system if L(jo) = dia[e*\e*2,..., e¥n

where ¢; are constant angles that vary simultaneously as follows:
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2 2
— cos™! l:l - a_20] < ¢; < cos™? I:l - %] . (4.8)

In the case of simultaneous variations for the gains or phase angles, it is assumed that
the phase angles and gains are held at their respective nominal values.
The perturbed closed-loop system of Fig. 4, with the previous condition for

Eqs. (4.5) and (4.8) holding, can tolerate a crossfeed perturbation of the form

1 o
L(s) =
| X(s) 1 (4.9)
or
1 X(s)
L(s) =
0 1 (4.10)
with
oX()] < @, . (4.11)

The multivariable LQR and the Kalman filter offer very desirable stability margins
at their respective input and output. The LQR control system design stability margins

are given as follows:

GMpp =12 , = (4.12)
and
PM,,, = = 60° (4.13)
such that
2<a<w (4.14)
and

-60° < ¢, < + 60° . (4.15)
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The above results require that the control weighting matrix R be diagonal and the state
weighting matrix Q be positive definite (Q > 0), which satisfies the LQR optimal
control problem (Appendix A). The nominal LQR control system will tolerate crossfeed
perturbation of the form of Egs. (4.9) and (4.10) and have the guaranteed margins,
provided R = pI where p is some positive scalar.

Even though the LQR control system design has nice stability margins, it is really
not of practical use. The impracticality is the requirement that all states of the system
must be measured, which incurs considerable cost in obtaining sensors. Another
limitation of the LQR control system is that it assumes that all states are accessible for
measurements, when in reality this is not the case.

To eliminate this problem, the use of the Kalman filter is required to provide
state estimates in the control system. The multivariable stability margins of the Kalman
filter are the same as the LQR because of the duality property that exists between them.
Inclusion of the Kalman filter in the controllgr structure naturally leads to the
formulation of the LQG control system [Appendix B]. This controller has been shown
not to have inherently good robustness properties at the plant input or output.
However, these good robustness properties are recoverable at either the plant input or
output (Appendices B, C, and D) by using the LQG/LTR design technique.

An alternate test of robustness using gain and phase margin criteria can be
established using the inverse return difference. This alternate test [25] again leads to
analogous conclusions of classical SISO control system design regarding gain and phase
margins. A summary of the requirements to use this alternate test are as follows [26]):

The matrix transfer function G(5)K(s) is required to be rational and proper and have a
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closed-loop stable system. The perturbed transfer function G'(s) = L(s)G(s) is closed-

loop stable if
(@) G(5)K(s) and G'(5)K(s) have the same number of unstable poles, and
(®) 3L(w) -1 < g {T + [G(w)K(w)]} Vw>0
It is also assumed that
all + G(jw)K(jw)] = 1
to ensure that at least the Kalman filter stability margins at the plant output are

achievable. Now let us define

po = min (el + [G(jw)K(jw)]™'})
w

Thus the guaranteed gain margin (GM) is defined as
GM = 1 - ﬂo ) 1 + ﬂo
and the phase margin (PM) is defined as

PM = isin"[ﬂ—;] ifg, <2 ,

= *180° otherwise.
Therefore, closed-loop stability is assured if L(jw) = dialg,, B,, ..., B,] where ¢, are

constant gains that vary simultaneously as follows:

1-B<fi<1+8p

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

Closed-loop stability is assured if L(jw) = dia[e®, e, ..., e*~] where ¢, are constant

angles that vary simultaneously as follows:

—2sin™ _’;l < ¢ <2int— ifp, <2

(4.22)

Stability margins of the LQR and the Kalman filter at both the input and output

of the plant can be ensured if both
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all + G(jw)K(jw)] =21 V>0 (4.23)
and
al + K(jo)G(jw)] 21 Vw>0 (4.24)
are satisfied [17] respectively. Table 2 summarizes the relations to compute the phase
and gain margins for multiplicative perturbations.
Also, an important aspect of the stability of MIMO control systems is the ability
to maintain stability in the face of actuator/sensor failures [18]. The ability to design a
control system with failure integrity is possible using the singular-value analysis and
design concepts of the LQG/LTR technique. The design requirement to obtain a system
capable of remaining stable in the presence of actuator failures is
a{l + [K(jo)G(jw)]'} > 1 V>0 . (4.25)
42 MAXIMUM ALLOWABLE TIME DELAY
Knowledge of the allowable tolerances of gain and phase variations for
multiplicative perturbations is seen to be of great use in determining closed-loop system
stability. In the SISO case the phase margin and gain crossover frequency information
can be used together to determine control system tolerance to a particular system
multiplicative perturbation—time delay. The maximum allowable time delay (MATD) a
SISO control system can tolerate before instability occurs is defined as

(< ¢-()

w

c

(4.26)

where

T is in seconds, ¢,, is the phase margin, and w, is the gain crossover frequency.
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The MATD that a highly coupled MIMO control system can tolerate before it
destabilizes is not as easily answered as it was for the SISO system. However, using a
modern technique based on singular values applicable to either a SISO or MIMO
system, the maximum allowable time delay is obtainable. This modern method of
computing maximum allowable time delay to maintain closed-loop stability is presented
in Ref. 27. Assuming that the nominal closed loop control system is stable, this method
can be applied to a SISO or a MIMO control system. The general block diagram of the
control system with time delay is shown in Fig. S.

Computing the MATD for a SISO control system requires
7 < inf{(2/w)sin™' z— :wEQ} , (4.27)

where

G(jw)K(jw)

M) = 1= Glo)K(o)| °

(4.28)

 is frequency in radians per second, and Q is the frequency range such that
M(w) =205 . (4.29)
The multivariate extension of this method requires that
T=min[r,:i = 1,2 .., nj (4.30)
where

7, < inf {(2/w)sin] zi(w) ]:0EQ) (4.31)

o; is the ith singular value of G(jw)K(jw)[I + G(jw)K(jw)]™, and Q; is the frequency range

such that g, = 0.5.
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r(s) + e(s) u(s)
K(S) p——s=1 G(s) —® e ——>y/(s)

Fig. 5. Unity feedback control system with time delay.

The use of this method with MIMO control systems narrows the gap between
analogous classical and modern frequency domain analysis techniques. Time delay in a
system is classified as a multiplicative uncertainty (perturbation). Using tools of analysis,
the limits of stability due to the time delay can be classified easily in terms of phase
andgain tolerances. Using the modern method of computing MATD, the control system
ability to tolerate time delay can be easily identified. It appears, however, that
classifying the limits of stability due to phase and gain is less useful than identifying the

MATD.



CHAPTER 5

EFFECTS OF NONMINIMUM PHASE ZERO ON SISO AND MIMO SYSTEMS

5.1 NONMINIMUM PHASE ZERO LIMITATION ON SINGLE-INPUT/SINGLE-
OUTPUT SYSTEMS

Classical control system design methods have extensively analyzed the behavior of
minimum phase transfer functions with and without a nonminimum phase zero.
Typically Bode’s integral theorem has been used to examine the relationship between
the gain and phase of a transfer function, specifically the phase
{¢(0.) = arglg(jw.)k(jw,)]} near gain crossover [g = = 1 = glw)k(jw,)). The interest
in what occurs at gain crossover is because the phase [#(w.)] can be computed and used
to give a relative idea of the stability of the system. Also, according to Bode’s integral
theorem [18] ¢,, will be large if the gain, which is defined as

olg(jw)k(w)] = Flg(jwk(w)] = |gw)k(w)| (5.1)

for the SISO system, attenuates slowly and small if the gain attenuates rapidly. Thus the
magnitudes of the return difference [1 + g(jw)k(jw)] and the inverse return difference
{1 + [g(jw)k(jw)]™'} are affected by the size of ¢(jw,). Let us examine the case when
|g(w)k(jw)| = 1 where @ = w, and ¢,, = ¢(jw,). To illustrate this let us redefine the

loop return ratio g(jw)k(jw) at the gain crossover frequency (w.) in terms of the phase

margin ¢,, as follows:

38
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glw k(o) = 1/p(w)
= 1/180%(1/180° + ¢(w)]
= -1/ (5.2)
L(jw) = ~[cos (¢,) + jsin(g,)]

where ¢, = 180° + ¢(w,) is the phase margin and L(jw) is the return ratio of the SISO
system expressed as a function of phase margin. Considering the stability robustness and
performance criteria dictated by the inverse return difference and return difference at
|g(w)k(w)| = 1, then
11+ glodkGo)| = |1+ [Gek(o)]™| = |1 + L(o,)]|
= |1 - cos(g,) —jsin(g,)|
V[1 = cos(¢,)]” + sin’p,

= V[T = 2cos(g,) + cos’(,)] + sin'g,
= V2 — 2005(¢m)

= V2 V1 ~ cos(g,) (5.3)

or Eq. (5.3) can be expressed [27] as

VZ VT = cos(gy) = 2 IZL@’")

. P
sin —-

=2 >

(5.4)

Thus it can be seen from Eq. (5.3) that as the phase margin gets small the return
difference and the inverse return difference get smaller. The implications of the return
difference getting small indicates that output plant disturbance [d,(s)] is amplified at the

crossover frequency (w,) and the surrounding region provided the phase margin () is
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small. The ability to tolerate model uncertainty near , is reduced significantly due to
the small magnitude of the inverse return difference. Thus as the rate of attenuation of
the magnitude (dB/decade) increases, the poorer are the performance and stability
robustness qualities near the crossover frequency.

The presence of nonminimum phase zeros diminishes any loop properties of the
system only near the crossover frequency. Considering that a plant with rhp zeros can
be factored as

g(s) = £(s)g(s) (55)

where g(s) is minimum phase, and €(s) is an all-pass factor such that

_(=2z)s-2) .. (s -2)
O =TT 7 2) (56)

where z, z,, ..., z, are rhp zeros and

[€s)| =1 Vo . (5.7)
The presence of rhp zeros in Eq. (5.6) contributes a negative phase angle that reduces
the phase margin at crossover and thus reduces system stability. The phase at the gain
crossover frequency for the plant described by Eq. (5.5) is as follows:

Pn = B0 + &, (5:8)
where ¢, is the phase of the minimum phase plant g(s) and ¢, is the phase of the all-
pass factor €(s). The effect of the presence of rhp zeros within the bandwidth of the
minimum phase plant [g(s)] creates greater difficulty in the control system design.
However, if the rhp zeros are significantly beyond the system’s bandwidth, then they
pose little difficulty in obtaining a control system design. Thus rhp zeros limit the
plant’s bandwidth (analogously loop gain) in a manner similar to a plant model

uncertainty. The all-pass factor €(s) therefore results in a model uncertainty defined as
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Ags) = |1 - €()| (59)
which limits a minimum phase control system design of the plant g(s) in the following
manner

|1 - €(w)| < |1+ [giw)]| VYo>0 . (5.10)

Another important characteristic of a system with rhp zeros (nonminimum phase)
is that the initial time response of the system is negative despite the fact that the final
steady state value is positive. This behavior exists for both the SISO and MIMO
systems that are nonminimum phase. Also, for both SISO and MIMO systems the zeros
of the open-loop system are the same as the zeros of the closed-loop system with unity
feedback. Therefore, significant increases in the system gain in a nonminimum phase
SISO or MIMO system will result in the closed-loop system going unstable due to

migration of the root loci from poles in the left hand s-plane to the rhp zeros.

5.2 NONMINIMUM PHASE ZERO LIMITATION ON MULTIPLE INPUT/
MULTIPLE OUTPUT (MIMO) SYSTEMS

Nonminimum phase MIMO systems have the same limitations as SISO systems.
The concept of crossover for a MIMO system is, however, different from crossover for
SISO systems. In MIMO systems there exists a region in the frequency domain in which
the singular values of the system are near or equal to 1, and there is no single frequency
at which the crossover frequency is characterized. However, in formulating a control
system design using a technique such as LQG/LTR the resulting return ratio (open-loop
transfer function) for the system can yield singular values that are all 1 at the same

crossover frequency.
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Another characteristic of MIMO systems is that Bode’s integral theorem is not
applicable to singular values. Thus singular values of rational, stable, proper minimum
phase MIMO transfer function cannot be used to compute the phase angle of the
system near crossover. The singular value cannot be used because it is a function of a
complex variable and therefore is not analytic and cannot be used in the contour
integration of Bode’s integral theorem. Eigenvalues do not have this problem but lack
any direct relationship to the quality of performance and stability robustness as described
for the singular values in Chapter 3. The singular values and the eigenvalues are
related, however, through a bounding relation for a square matrix. Eigenvalues relate to
singular values in the following manner:

o|lGK] = A[GK] = o[GK] . (5.11)

The gain/phase relation for MIMO systems can be obtained using the eigenvalues
of I + GK (return difference) and I + (GK)™! (inverse return difference) in a manner
similar to SISO systems. Also, the eigenvalues of the return difference and the inverse
return difference offer some idea of the quality of the system’s performance and stability
robustness because of the relationship to singular values as shown in Eq. (5.11). The

eigenvalues of the return difference and inverse return difference are represented as

follows

M+ G(jw)K(jw)] = 1 + A[G(jw)K(jw)] (5.12)

and

AT + [G(jw)K(jw)]™} = 1 +

1
TCGw)K )] (513)

At the gain crossover frequency (v = w,) |4]G(jw )K(jw,)]| = 1, which implies that



43
|A[G(IK(o)l| = |2 + [G(jw)K(w)] ™} |

T+ @,
= 2|sin (——2—>

= 2{sin ( ¢;i>

1 - cosg,,.
=2 —2— : (5.15)

where $m, = T + ¢, is a phase angle, which when small indicates that the system has

(5.14)

poor properties. The angle ¢, is computable using the integral relation [18]

3 Aljo(W)]| — en|Ay
So.-L [ 3 LBUeOI el , 516

where v = €n(w/w,). Assuming the singular values are balanced at the crossover
frequency, w, which implies o, = 1. This further indicates that at w, for every i, 4, = 1
and ¢, are the same. The multivariable return ratio therefore imposes the same
limitations as the SISO system in terms of rate of attenuation and system quality at gain
Crossover.

The multivariable generalizations described above are applicable to minimum phase
systems. The presence of rhp zeros in a MIMO system contributes a negative phase
angle to the phase angle described in Eq. (5.16). Thus the rhp zeros degrade the
MIMO system loop properties in a manner analogous to the SISO system. The MIMO

plant transfer function with rhp transmission zeros can be expressed as

G'(s) = L()G(s) (5-17)
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where G(s) is the minimum phase plant and L(s) is an all-pass transfer function such

that
L'(-jo)L(jo)y=1 VYo . (5.18)
The rhp zeros can be characterized as model uncertainties at the plant output or
plant input respectively. The model uncertainty of interest in this work is the output
model uncertainty. Using L(s), the output model uncertainty due to the rhp
transmission zeros is defined as
AG(s) = [I - L(s)] - (5.19)
This model uncertainty of the MIMO system can be used to constrain the design
of the control system to select K(s) for the minimum phase plant G(s) such that

G'(5)K(s) yields a stable control system design.



CHAPTER 6

LQG/LTR DESIGN PROCEDURE FOR NONMINIMUM PHASE PLANTS

The purpose of this chapter is to describe the procedure for design of a stable
control system of a nonminimum phase plant. This design procedure uses the
LQG/LTR design technique with additions and modifications to the existing design and
analysis procedure. The present LQG/LTR design technique is applicable to minimum
phase plants. The resulting controller guarantees good robustness properties at either
the plant output or input. These robustness properties, however, are not guaranteed for
a nonminimum phase plant. The nonminimum phase property of the plant is as‘sumed
to originate from time delay at the plant output.

The procedure to be presented here will provide a quantitative measure of how
time delay degrades the stability robustness of the control system. This procedure will
also include an analysis of the maximum allowable time delay before instability occurs in
the LQG/LTR control system designed for a plant with time delay. The procedure will
further establish a clear connection between the frequency domain stability criteria for
plants with time delay and will explain how in application the time domain stability
results verify the frequency domain stability results.

It will be shown that by modifying the LQG/LTR design method a more intuitive
and analytical approach can be taken in designing a stable control system for a

nonminimum phase plant.

45
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6.1 SYSTEM UNCERTAINTY FOR A PLANT DUE TO TIME DELAY

The first step in this procedure of control system design requires the nonminimum
phase plant to be factored into a nominal plant matrix transfer function and the matrix
transfer functions of time delay and the actuator components at the plant output and
input respectively. The perturbed plant described in transfer function form is as follows

G'(s) = B.(s)G(5)B.(5) 6.1)

where G(s) is a minimum phase model of the plant, B,(s) is the input actuator matrix
transfer function, and B,(s) is the matrix transfer function for input time delay.
Considering exact representation of time delay B,(s) consists of ™ on the matrix
transfer function diagonal. The time delay matrix B,(s) diagonal element e can be

represented as a low-order Padé approximation

_ 1 =502

e = T+s0R) (6.2)
which is an all-pass filter contributing a nonminimum phase zero to the plant open-loop
system where 7 is the system time delay. This approximation of time delay is considered
valid in this control system design because the model is a finite approximation and the
errors in approximating e become significant only at higher frequencies. Therefore the
mathematical difficulty involved in synthesizing a controller for an exact time delay yields
no significant benefits when compared to using the approximation in a low-bandwidth
process control system. Figure 6 is the perturbed feedwater control system block
diagram.

Ignoring the actuator dynamics, the perturbed transfer function is defined as

G'() = B(s)G(s) (63)
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Perturbed Plant G'(s)

r(s) + uts) !

K(s) —{ B (s)}—{ G(s) — Y, (s)

LQG/LTR e e - - - — - - 1
Compensator

Fig. 6. Perturbed feedwater control system.

assuming the time delay varies uniformly in all channels of the output vector y(s). The
actuator dynamics are ignored because the interest here is designing a robust control
system at the plant output, and therefore in the design procedure only the output plant
perturbations are of interest, The input plant perturbation due to the actuator dynamics
can be used after the design is complete to check the effective input stability robustness
resulting from the design.
The state equation for the nominal minimum phase transfer function G(s) is

defined as

x = Ax + Bu (6.4)
and

y=C (6.5)

wherex ER", u € R?, and y € R*. The letters n and p are respectively the dimensions of
the states and the input and output vectors where the number of inputs and outputs are

the same dimensions. The system matrices are A € R**", B € R**?, and C € R *".

The state equation for B,(s) using Eq. (6.2) is defined as
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where x,, is the state associated with realizing the delay for the ith output, y; is the ith

plant output, y, is the delayed plant output vector, and y,, is the delayed output of the

ith plant output where i = 1,.., p. A simplified representation of Egs. (6.6) and (6.7) is

as follows

and

iD=ADxD+BDy

Yo = Gxp + Dy

(6.8)

6.9)

where A, € R"*", B, € R°**, C, € R"*”, and D, € R"*" are the corresponding system

matrices of Egs. (6.6) and (6.7).

The state equations (6.4), (6.5), (6.8), and (6.9) thus can be combined to obtain

the output transient response of the perturbed plant of the closed-loop control system

when used with the equations of the controller as shown in Fig. 6, assuming B(s) =1
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The significance of the required factorization of the plant into minimum and
nonminimum phase components is that the nonminimum phase component can be used
to characterize a model uncertainty AG,(s). Using this model uncertainty to establish a
stability robustness bound at the plant output, a control system design is obtained using
the LQG/LTR technique. The nominal minimum phase plant component is used in the
control system design. The model uncertainty AG,(s) due to time delay thus can be
used to ensure stability robustness of the minimum phase plant design, thus also
ensuring stability robustness of the nonminimum phase perturbed plant.

The model uncertainty due to the time delay component of the perturbed plant is
as follows:

AGy(s) =1 -B(s) , (6.10)

where B,(s) is as previously defined.

6.2 MODIFIED LQG/LTR COMPENSATOR DESIGN

This section will describe the LQG/LTR compensator designed for the minimum
phase plant described in section 6.1. The control system designed will be guaranteed to
be stable and will be robust to the extent dictated by the analytical and intuitive method
of this modified procedure.

First, it is assumed that if zero steady state error is desired in the control system
design, the plant inputs will be augmented to obtain the desired integral action. In
some cases the dynamics of the plant may have poles that are nearly zero, which
establishes a near integral action in the plant. In such a case the addition of integrals at

the plant input causes a much greater than 20-dB/decade roll-off, thus yielding



50

unreasonable plant dynamics characterized by the return ratio singular-value plots.
Therefore caution is required in deciding how or whether to augment the plant
dynamics. In the following description of the compensator design it is assumed that the
nominal plant G(s) has been augmented as required by the control engineers’ desires.

Step 1. The first step requires selecting the appropriate transfer function [G,,(5)]
that satisfies the desired performance and stability robustness of the final control system.
Therefore, the appropriate scalar 4 > 0 and a constant matrix L such that the singular
values of

Grau(s) = (INDCGI — A" L] (6.11)

approximately meet the desired control system requirements. The system matrices C and
A of the minimum phase component are assumed to have been augmented already to
obtain the necessary integral action. The selection of L is made so that at low
frequencies (s = jo — 0), high frequencies (s = jo — je), or intermediate frequencies (s
= jo - jw,) the singular values of G, (5) are approximately the same [28]. After
selecting L then u is adjusted to obtain the desired crossover frequency of 0[GroL(j0));
therefore u functions as a gain parameter of the transfer function. It should be noted
that it is desired to balance the singular values of G, (s) in the region of the crossover
frequency in order to obtain similar responses for each loop of the system. Also,
typically it is desired to have the return ratio singular values roll off at a rate no greater
than —20 dB/decade in the region of gain crossover.

One additional important design criterion that must be met is the requirement to

assure stability of the plant in the presence of time delay. Using the model uncertainty
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representative of time delay at the plant output given in Eq. (6.10), the requirement for
stability robustness is
AL + [Gru ()]} > F[AG(s)] V>0 . (6.12)
The inequality of Eq. (6.12) thus ensures stability of the nonminimum phase plant while
using a minimum phase design technique.
Step 2. In this step the Kalman filter transfer function is defined as
Gi(s) = C(sT — A)'F (6.13)
where F is the Kalman filter gain and C and A are as previously defined. The filter
gain will now be obtained.
To compute the filter gain F, first the following Kalman filter algebraic Riccati
equation (ARE) is solved
LL" — (1ju)2C’CT + AZ + ZAT =0 (6.14)
where L and u are as obtained in step 1 and Z (the covariance matrix) is the solution to
the equation. The filter gain is thus computed to be
F = (1ju)zCT . | (6.15)
Thus as seen above, L and u are tunable parameters used to produce the necessary filter
gain F to meet the desired system performance and stability robustness constraints. This
step completes the LQG/LTR design requirement of designing the target Kalman filter
transfer function matrix with the desired properties which will be recovered at the plant
output during the loop transfer recovery step. The general block diagram of the
LQG/LTR control system is shown in Fig. 7.
Step 3. The transfer function of the LOG/LTR controller is defined as

K(s) = KJsI — (A - BK — FO)|F (6.16)
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where A, B, and C are the system matrices of Eqgs. (6.4) and (6.5). The filter gain F is
as stated in Eq. (6.15). The regulator gain K will be computed in this step to achieve
loop transfer recovery. The selection of K will yield a return ratio at the plant output
such that
G(5)K(s) = G{s) . (6.17)
The first step in selecting K requires solving the LQR problem, which has the following
ARE
Q(q) — SBR,B'S + SA + A’S =0 (6.18)
where R, = 1 is the control weighting matrix and Q(q) = Q, + ¢°CCT is the modified
state weighting matrix. The scalar g is a free design parameter. The resulting regulator
gain is computed as
K =B's . (6.19)
As q — 0 Eq. (6.18) becomes the ARE to the optimal regulator problem. As q — «
the LQG/LTR technique guarantees that since the design model G(s) = C(sI — A)'B

has no nonminimum phase zeros [18], then pointwise in s

lim G(5)K(s) = Ge(s) (6.20)

lim {C(sI ~— A)"BK[sI — (A — BK — FO)"'F} - C(s] — A)"'F . (6.21)

= o

The loop transfer recovery step of Eq. (6.20) is excellent even for the problem

formulated here, provided the nonminimum phase zero of B (s) is beyond the bandwidth

of G(s).
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Now that the loop transfer recovery step is complete, the singular-value plots of
the return ratio, return difference, and inverse return difference of G(s)K(s) are
examined to verify that the desirable loop shape has been obtained.

Step 4. In this step the maximum value of time delay that will destabilize the
previously designed control system will be obtained using a frequency domain graphical
technique and a purely analytical technique.

It is well established [18] that the inequality to examine stability robustness to
delay at the output of the control system under consideration is

o{I + [G(jw)K(jw)]'} > o[AG,(jw)] Vw>0 (6.22)
where AG,(jw) was selected initially to reflect the anticipated time delay in the plant.
However, by increasing the time delay 7 the magnitude of AG,(jw) becomes larger and at
some value of 7 the inequality of Eq. (6.22) is violated, which indicates that the control
system becomes unstable. Plotting g{I + [G(jw)K(jw)]™'} and o[AG,(jw)] as T increases
the value of 7, which results in a sufficient magnitude of 5[AG,(jw)] to violate the
inequality of Eq. (6.22).

Next the MATD for this control system is computed using an analytical technique
described in Chapter 4. The MATD computed using this analytical technique is
expected to be conservative in comparison to the MATD obtained using the previously
mentioned graphical technique. The conservativeness or lack of conservativeness of the
MATD computed using the analytical technique can be verified by plotting o[AG,(jw)]
using the MATD obtained from both the graphical and analytical method, and
a{I + [G(jw)K(jw)]™'}, then observing which value of time delay comes nearer to

violating the inequality for stability robustness.
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The validity of which computed time delay [either 7,(analytical MATD) or
75(graphical MATD)] reflects the most realistic MATD to destabilize the control system
can be verified by obtaining time responses of the control system as the time delay is
increased to destabilize the system. It is expected that whichever time, 7, or 7,, comes
nearer to violating the inequality of Eq. (6.22) will also be approximately equal to the
time delay that destabilizes the system in the time domain. The time domain analysis
will also verify which MATD is the most conservative for this control system design.

The analysis of step 4 provides a means to relate the control system stability
criteria of singular values in the frequency domain to the stability of the actual control
system in the time domain for plants with time delay. Incorporating this type of analysis
into the modified LQG/LTR design procedure allows a more practical idea of the time
delay stability robustness implications for two methods of computing MATD and how it
relates to the actual system. This relation between the frequency and time domain
allows the control engineer to capture some qf the intuitiveness of the SISO control

system design method in a very analytical MIMO control system design technique.



CHAPTER 7

ROBUST CONTROL SYSTEM DESIGN OF A FEEDWATER HEATER TRAIN
WITH TIME DELAY

In this chapter a level control system is developed for a low-pressure feedwater
heater train with time delay using the modified LQG/LTR design and analysis technique
outlined in the previous chapter. This application will demonstrate that modern control
and analysis techniques are very useful in obtaining a stable control system design for a
plant with time delay, thus demonstrating that the process control industry can benefit

just as much as the high tech acrospace industry by using modern control techniques.

7.1 LINEARIZED MODEL AND SYSTEM UNCERTAINTY
The nonlinear mathematical model of the low-pressure feedwater heater train

shown in Fig. 8 is obtained using the Modular Modeling System (MMS) [29]. The
nonlinear plant is linearized about a nominal pperating point, resulting in a state
differential equation of the form

X = Ax(t) + Bu(t)

(7.1)
y = Cx()

where A, B, and C are system matrices. The linearized model consists of 24 state

56
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variables, 4 inputs, and 4 outputs, which are defined in Table 3. The poles and zeros of
the linearized plant are shown in Table 4. The system matrices of Eq. (7.1) are used to
define the minimum phase model defined in Eq. (6.3).

The time delay in this system will be attributed to computational delay, which is
assumed to be caused by the computational limitations of the simulator being used to
evaluate the controller. The computational delay is to be 0.5 s. The process dynamics
known to be a source of delay in real systems are ignored directly in this design because
of a lack of physical realization caused by the use of a lumped-parameter model. Even
though no knowledge of process time delay is available during the analysis, the control
system’s capability to tolerate time delay (which is significantly greater than the
computational time delay) will be evaluated.

The time delay system state equations of B,(s), the output perturbation, are
defined using Eqgs. (6.6) and (6.7) where p = 4 and 7, = 0.5. The time delay is
assumed to vary uniformly in all channels of the plant output. The output multiplicative
model uncertainty AG,(s) due to the time delay is defined as

AGy(s) = I - Bs)
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Table 3. Low pressure feedwater heater state variables,

control inputs and outputs

Order Descriptions

OO0 1A VAWK

HWN =

Hw e

State variables - x

. Drain cooler exit enthalpy on shell side for FW heater 1 (BTU/lbm)

. Drain cooler exit enthalpy on shell side for FW heater 2 (BTU/lbm)

. Drain cooler exit enthalpy on shell side for FW heater 3 (BTU/lbm)

. Drain cooler exit enthalpy on shell side for FW heater 4 (BTU/bm)

. Inlet pressure on tube side for FW heater 1 (PSIA)

. Inlet pressure on tube side for FW heater 2 (PSIA)

. Inlet pressure on tube side for FW heater 3 (PSIA)

. Inlet pressure on tube side for FW heater 4 (PSIA)

. Steam pressure on shell side for FW heater 1 (PSIA)

. Steam pressure on shell side for FW heater 2 (PSIA)

. Steam pressure on shell side for FW heater 3 (PSIA)

. Steam pressure on shell side for FW heater 4 (PSIA)

. Condensing region enthalpy on tube side for FW heater 1 (BTU/ibm)
. Condensing region enthalpy on tube side for FW heater 2 (BTU/bm)
. Condensing region enthalpy on tube side for FW heater 3 (BTU/Ibm)
. Condensing region enthalpy on tube side for FW heater 4 (BTU/lbm)
. Drain cooler exit enthalpy on tube side for FW heater 1 (BTU/lbm)

. Drain cooler exit enthalpy on tube side for FW heater 2 (BTU/lbm)

. Drain cooler exit enthalpy on tube side for FW heater 3 (BTU/1bm)

. Drain cooler exit enthalpy on tube side for FW heater 4 (BTU/lbm)

. Condensing region enthalpy on shell side for FW heater 1 (BTU/Abm)
. Condensing region enthalpy on shell side for FW heater 2 (BTU/ibm)
. Condensing region enthalpy on shell side for FW heater 3 (BTU/Ibm)
. Condensing region enthalpy on shell side for FW heater 4 (BTU/lbm)

Control_inputs- u

. Drain valve position demand for FW heater 1 (fraction open)
. Drain valve position demand for FW heater 2 (fraction open)
- Drain valve position demand for FW heater 3 (fraction open)
- Drain vaive position demand for FW heater 4 (fraction open)

Outputs- y

. Level for FW heater 1 (inches)
. Level for FW heater 2 (inches)

Level for FW heater 3 (inches)
Level for FW heater 4 (inches)




Table 4. Plant poles and zeros
Poles Zeros
(1) -288.305 (1) -176.505
(2) -176.505 (2) -288.305
(3) -63.226 (3) 63226
(4) -5.829 (4) -4.89
(5) 4.963 (5) -5.829
(6) -3.969 (6) -3.945
(7 2231 (1) -2269
(8) -1219 (8) -1.218
9) 0912 (9) -0.906
(10)  -0.609 (10) 0596
(11)  -0.589 (11) 0610
(12) 0243 (12) -0.243
(13) 0198 (13) -0.200
(14) -0.148 (14) -2.933e-02 + j1.582¢-03
(15) -0.128 (15) -2.933e-02 - j1.582¢-03
(16) -0.112 (16) 4.612e-02
(17)  -7293¢02 (17) -7.03%-02
(18) 498302 (18) -0.101
(19) -3.065¢02 (19) -0.130
(20) -2438¢e02 (20) -0.148
(21)  -2.017¢03
(22) -2.558¢-04
(23) -5.657e-05
(24)  -2.726e-05
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Fig. 9. SVP return ratio of nominal plant [G(s)].

TS
T, + 1 0 0 0
-
T + 1 0 0
AG,(s) = (7.2)
Ty’
0 0 T + 1 0
i 0 0 s 1 i

where 7, =1, =1y = 7, = 7,



62

7.2 CONTROLLER DESIGN AND EVALUATION

This control system design will require a small or zero steady state output tracking
error in response to a required command for a desired feedwater heater tank level. For
zero steady state ‘error it requires the control system to add integral action at the plant
input if zero steady state error is desired, or the plant to inherently have pure integral
action (poles at the origin of the s-plane). As seen from Table 4, the nominal plant
under consideration has poles near zero, thus indicating that the system may have some
inherent near-integral action. Even though poles and zeros of a plant are useful in
assessing the dynamics of a plant, a more useful tool for both SISO and MIMO systems
is the singular-value plot (SVP) of the return ratio of the plant (see Fig. 9). This SVP
shows that the plant exhibits an integral type of action, deviating from the actual integral
SVP by scaler magnitudes over the frequency range shown on the SVP. It appears that
by taking advantage of the inherent integral action of the plant caused by certain poles
being close to the origin of the s-plane, augmentation of the plant input with
integralscan be avoided. Even though exact integrals do not exist in the plant, the
ability of the near-integral action of the plant to yield a small tracking error must be
examined after the control system design.

Step 1. Now the necessary balancing transformation matrix L and the scalar gain
parameter x will be selected to obtain the appropriate transfer function loop shape
Gro.(jw) to meet the desired design specifications for this control system as shown in
Table 5. An additional constraint required in this design is to place a bandwidth
constraint of 0.1 rad/s on the control system. This bandwidth constraint is required

because in actual practice a process control system will have a limited rate of response
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due to plant physical limitations. These physical limitations are much more prevalent in
process control applications than in applications such as high performance aircraft or the
aerospace industry, where modern control techniques also are used.

It is also desired to have the control loops respond similarly considering the
bandwidth limitations. Therefore it is required that G, (jw) have singular values that
are equal to 1 [0}(Go (jw) = 1] at the gain crossover frequency of 0.1 rad/s. Also, it is
desired to have the singular values the same at both low and high frequencies, which
will assist in achieving the design specifications.

After considering the design requirements and the alternatives of balancing the
singular values at either high frequency (w—) or low frequency (w—>0), it was decided
to balance the singular values at an intermediate frequency of 0.1 rad/s. An
intermediate frequency for balancing was selected because of the symmetry of the
singular values at the desired bandwidth and the frequency range of critical interest for
the design specifications. Considering the symmetry of the plant, it became apparent
that if the singular values are balanced at an intermediate frequency of 0.1 rad/s, the
singular values are also balanced at frequencies above and below this frequency in the
region of symmetry.

The balancing transformation L of Eq. (6.11) is obtained using a design tool called
CASCADE [30]. The scaler u (the gain parameter) is selected to be 1.0.

Step 2. Using the numerical values of L and x4 obtained in Step 1 from
Egs. (6.14) and (6.15), we obtain the desired Kalman filter transfer function which meets

the design specifications. The SVP [31] of the Kalman filter transfer function Gls) is

shown in Fig. 10.
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Fig. 10. Singular value plot of the Kalman filter transfer function [G(s)].

Step 3. Now it is desired to obtain a numerical value of the regulator gain K such

that

G($)K(s) — Gls) | (7.3)
or, simply stated, the good performance and robustness stability properties of the
Kalman filter are recovered at the plant output. The free design parameter of

Eq. (6.18) is selected to be 1.0 in this design. Using CASCADE the numerical value of

the regulator gain X is obtained, thus completing the controller design.

The singular-value plots of the return ratio, return difference, and inverse return
difference of G(s)K(s) are shown in Figs. 11, 12, and 13 respectively. The SVP of the
inverse return difference of G(s)K(s) also includes a plot of the SVP of d[AG(s)] for

7 = 0.5 s. Upon examination of these SVPs it is seen that the desired design

specifications are met.
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Step 4. Next the maximum value of allowable time delay that will destabilize the
newly designed control system is computed using the analytical method described by
Eqs. (4.30) and (4.31). Applying this analytical method yields a maximum allowable time
delay (MATD) of 7, = 14.7 s. Figure 14 shows the SVP of the multiplicative stability
bound AG)(s) with a time delay of 14.7 s and the inverse return difference of the
compensated system. It is seen that AGy(s) for a time delay of 14.7 s is not significant
enough to destabilize the compensated system.

As the time delay of AG(s) increases above 14.7 s it is seen that the o[AG(s)]
also increases. The amount of maximum time delay, 7, that is graphically seen (Fig. 14)

to be allowable before the inequality of Eq. (6.22) is ~19.0 s. This graphical result
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Fig. 14. SVP of the inverse return difference of compensated system and the
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appears to verify that the MATD of 7, = 14.7 s required to destabilize the control
system is a very conservative value.

The output transient responses of the closed-loop level control system are now
evaluated as the time delay increases from 0 to 20 s. The transient response of the
nominal control system with no time delay is shown in Fig. 15. The results of the
transient responses of Figs. 16-18 verify the conservative result of 7, as the MATD as
seen in the frequency domain. The results of Fig. 18 show that the control system
becomes unstable at ~20 s, which is slightly greater than 7, the graphically obtained

value of the MATD required to destabilize the control system.
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CHAPTER 8

CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER RESEARCH

8.1 CONCLUSIONS

Time delay exists in almost every physical system. In this work the effects of
uniformly varied time delay at the plant output are studied.

Achievable performance and stability is sacrificed in the presence of time delay. A
linear control system that is closed-loop stable can become unstable when time delay in
the plant becomes some significant value. Large time delay results in large overshoots,
oscillatory outputs, and initial response action opposite to the desired direction..

The literature has shown that a significant effort has gone into finding solutions to
the control system design of plants with pure time delay. The effort to obtain such a
control system design presents a formidable mathematical challenge, which has no
apparent connection to the widely used classical concepts that allow the control engineer
to analyze and specify frequency and time domain specifications more readily.

In this work a systematic control design methodology has been introduced for a
system with time delay. The methodology allows the synthesis of a stable control system
for plants with uniformly varying time delay at the plant input or output.

In the analysis part, graphical and analytical techniques were presented to evaluate
the maximum allowable time delay (MATD) required to destabilize the control system.
Through graphical analysis in the frequency domain and time domain analysis the

analytical method of computing the MATD is seen to be conservative. The analysis in
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this methodology allows quick computation of the effects of possible time delay
quantities on the stability of an existing or newly designed control system, regardless of
whether it is SISO or MIMO.

In the design part of this methodology all of the performance and stability
robustness aspects can be established in the frequency domain. The performance
robustness of the desired system may be limited by the stability robustness due to noise
or model uncertainty, whichever is more restrictive.

The benefit of this methodology is that it allows the synthesis of a stable closed-
loop control system with some limitations in achievable performance. Most of all, this
methodology allows the classical control concepts for SISO plants with time delay to be
used in MIMO plants with time delay, thus avoiding the loss of intuitive control

concepts in a vastness of formidable mathematics.

8.2 RECOMMENDATIONS FOR FUTUR}; RESEARCH

A practical problem of linear control system design involves assuring the stability
of the control system in the presence of magnitude and/or rate control saturations. The
design of a stable control system for these conditions practically requires obtaining a
linear control system design that limits inputs to the plant to an acceptable magnitude
and rate of change. The dynamics of input magnitude and rate of change and the
resulting output are evaluated in the time domain. However, the time domain
characteristics, including stability, are related directly to the frequency response of the
singular value plots. It appears that if the linear frequency domain design technique is

constrained to provide input control effort that does not saturate the magnitude and rate
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control bounds dictated by the actuator dynamics, then a stable control system is
obtainable. The linear control system design method used could be obtained by
augmenting the design steps of the methodology presented in this work, or H/H_, or u
synthesis control system design methods. In the linear control system design literature
there appears little evidence that saturation considerations are part of the design
procedure, even in the process control area.

One other area that deserves further research is the application of gain scheduling
to process control systems designed using robust control system techniques such as
LQG/LTR, H,/H,, and u synthesis. It appears that there is a void in the literature on
the stability and performance of linearly interpolating control gains obtained from
control system design at a finite number of nominal operating points. Also, the
performance and stability consequences of using a bang-bang approach to gain
scheduling for process control applications is an area in which further research is
needed.

In this section a few areas of further research that are of practical interest were
presented. These areas were mentioned in an effort to establish a tool box of practical
control system design considerations including time delay in order to readily facilitate

implementation of MIMO robust control design techniques in various areas of industry.
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APPENDIX A

REVIEW OF OPTIMAL CONTROL THEORY

INTRODUCTION

In the following sections the linear quadratic regulator-based and the Kalman

filter-based optimal control problems will be reviewed briefly [A1]. This review will be

approached in a manner to set the framework for the study of the LQG and LQG/LTR

control system designs.

LINEAR QUADRATIC REGULATOR (LQR)
Consider the linear time-invariant state-space system
x(¢) = Ax(f) + Bu(r)

where
Y = Cx(t) .
The goal of this problem is to minimize the performance index
J= r[xT(t)Qx(t) + W(ORu(t)dt + x7()Zx(w)
0
where

J‘xT(t)Qx(t)dt = integral square regulating error
0

J‘ u'(t)Ru(t)dt = integral square input
0

and
x"(®)Zx(®) = weighted square terminal error.

82

(A1)

(A2)

(A3)

(A4)

(A.5)

(A-6)



83

The performance index J, referred to as the quadratic performance index, implies that a
control u(f) is sought to facilitate the minimization of J. The weighting matrices Q and
R are selected to reflect the importance of particular states and control inputs. In
general the weighting of the diagonal elements of Q can be determined by the
importance of the state, as observed by the C matrix of the output equation. The effect
of O is the capability to control the transient response of the LQR. The effect of R is
to control the energy resulting from u.

A necessary requirement to minimize J is that J is certainly finite. The condition
that allows J to become infinite is that uncontrollable, unstable state trajectories appear
in the performance index J. Thus the state-space system [A,B] must be completely
;:ontrollablc, or [A,B] must be at least stabilizable to ensure that the performance index
is finite.

The control u for the optimization criteria for the steady state linear control law
takes the form

u(r) = —Kx(1) (A7)
and differentiating Eq. (4.3), it can be shown that S is the solution of the steady state
algebraic Riccati equation

S=0=Q-SBR'B'S + A'S + SA (A.8)
which yields a minimum for the performance index where S, O, and R are constant
positive-definite symmetric matrices,
K =R'B'S . (A9)

At this point the problem of stabilizing the state trajectories appears to be complete, but

it is not. What happens when we do not account for unobserved and unstable state
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trajectories in the performance index of the optimal control law? The result is that the
linear controller will not act on the unstable states, thus yielding a finite performance
index but an unstable closed-loop system. To eliminate this potential problem, we must
required Q to be positive definite, or Q > 0. Then the linear control law will yield an
asymptotically stable system. Q can be allowed to be positive semidefinite only if [AC]
is observable, where C is a matrix such that Q = C'C or C = vQ. Using

0=C'C , (A-10)

then
J=I}kﬁ+umum
0
= r 'CTCx + u"Rujdt (A.11)
0

= J: by + u'Ruldt
which implies that the output system responses are being regulated.

As stated previously, the observability rt?quirement of the pair [A,C] results in a
condition sufficient for asymptotic stability of the closed-loop system. This can be made
a necessary and sufficient condition by requiring the detectability of the pair [A,C]
because only the unstable modes must be moved. Considering the restriction of
detectability, the requirement that S be positive definite can be loosened to positive
semidefinite.

Using the relaxed conditions, the following summary can be made regarding the
linear quadratic regulator (LQR) problem. Given the linear time-invariant plant

x(f) = Ax(t) + Bu(t) |, (A.12)

which is stabilizable and controllable, then a finite performance index
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J= r W(OOx(t) + ui(r)Ru(f)ldt (A13)

exists, where Q is a symmetric positive semidefinite matrix and R is positive definite.
Therefore a linear control law that minimizes J is defined as
u(t) = —Kx(1) (A.14)
where
K = R'B'S (A.15)
where, in turn, § is a constant symmetric positive semidefinite matrix that satisfies the
algebraic Ricatti equation
Q-SBR'B'S+AS+S4 =0 . (A.16)
The closed-loop regulator is given by
x(t) = |4 - BK}(t) = [4 - BRB'S|(i) (A17)
and is asymptotically stable provided the state equation (4.1) and the output

equation (4.2) are detectable.

KALMAN FILTER

Now we will examine a method of reconstructing an estimate of the states using
only the output measurements of the system. The method of reconstruction must be
applicable when process noise and measurement noise corrupt the plant state equations

and the output measurement equations respectively.
Let us consider the stochastic linear system
x(f) = Ax(t) + Bu(t) + Td(t) (A.18)

() = Cx(®) + n(r) (A.19)
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where d(f) is a process noise random vector and n(f) is a measurement noise random

vector. Assuming that d(r) and n(f) are zero-mean, uncorrelated Guassian white noises,

therefore
E[d®IER@®]) = 0 for all ¢ (A.20)
E[d()d"(z)] = D@(t - 7) (A21)
En(n™@)] = N8t - 1) forallt <7 (A22)
E[d(On’()] = 0 (A.23)

where N and D, are constant symmetric positive definite and positive semidefinite
matrices respectively. Note that N and D, are constant because it is assumed that da)
and n(f) are wide-sense stationary.
The state estimate £ of the state x is obtained from the noisy measurement y.
Therefore we can define a state error vector
e(t) = x(t) — 2(5) (A.24)
where we desire to minimize the mean square error
e = Efe"(De(t)] . (A25)
The estimator thus can be shown to take the form
£ = A2(t) + Bu(t) + Fy(t) — Cx(t)] (A.26)
where F is the filter gain that minimizes Eq. (4.25); F is defined as
F = ZC'N! (A27)
where Z is constant variance matrix of the error e(?). It is assumed here that e(t) is
wide-sense stationary. The X is obtained by solving the algebraic variance Riccati
equation

D-Z2CN'CZ+AZ + 34" =0 ' (A.28)
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where
D =TDTI" . (A.29)
A condition sufficient to obtain a unique and positive definite X from Eq. (4.28) requires
that [A,C] be completely observable. However, if the pair [A,C] is required to be
detectable then T can be positive semidefinite.
The reconstruction error e(r) satisfies the differential equation

d()
e() = [A — FCle(d) + [T - F] [ } (A30)
(1)

such that

e(r)—=0 ast—o Vit
if and only if the observer is asymptotically stable. The poles of the observer (filter) are
found using the closed-loop dynamics matrix [A-FC]. To obtain asymptotic stability of
the filter, it is required that the pair [A,I'] be completely controllable. The necessary

and sufficient condition of stabilizability of the pair [A,I'] will ensure stability also.
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ROBUSTNESS OF FEEDBACK CONTROL SYSTEMS

DEFINITION OF ROBUSTNESS

A system is considered to be robust and have good robustness properties if it has
a large stability margin, good disturbance attenuation, and/or low sensitivity to parameter
variations [B1]. The term "stability margin" refers to the gain margin and the phase
margin, which are quantitative measures of stability. A proven method of obtaining
good robustness properties is the use of a feedback control system, which can be
designed to allow for variations in the system dynamics. Some causes of variation in
system dynamics are as follows:
* modeling and data errors in the nominal plant and system;
* changes in environmental conditions, manufacturing tolerances, wear due to aging,

and noncritical material failures; and

* errors due to calibration, installation, and adjustments.
Feedback control systems with good feedback properties have been synthesized for SISO
systems. Classical frequency domain techniques such as Nyquist, root-locus, Bode, and
Nichols plots have been used to obtain the feedback control system for the SISO system.
These design techniques have allowed the synthesis of feedback control systems yielding
insensitivity to bounded parameter variations and a large stability margin. The success of
the feedback control system for the SISO system has led to the direct extension of the

classical frequency domain technique to the design of a multivariable feedback control
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system. This extension to the multivariable design problem examines an individual
feedback loop as the phase and gain margins are varied, while the nominal phase and
gain values in the remaining feedback paths are held constant. This technique, however,
fails to consider the results of simultaneous variation of gain and phase in all paths,
which is a real-world possibility and needs to be considered. A method of obtaining a
feedback control system with good robustness properties that takes into consideration
simultaneous gain and phase variation is the linear quadratic Guassian (LQG) [B2]
technique with loop transfer recovery (LQG/LTR) [B3].

The LQG/LTR technique can be applied to multivariable input/multivariable
output (MIMO) systems or SISO systems. The LQG/LTR technique has not only the
good robustness properties of the classical frequency domain techniques but also is
capable of minimizing the effects of unmodeled high-frequency dynamics, neglected
nonlinearities, and a reduced-order model. A tool used in synthesizing the LQG/LTR
technique is the computer-aided systems and control analysis and design environment
(CASCADE) [B4), an expert computer design tool that eliminates the numerical
programming burden of programming the complex LQG/LTR algorithm. The
CASCADE expert system was developed for the U.S. Department of Energy by the
University of Tennessee at Knoxville.

In this appendix, some concepts will be defined and the LQG/LTR procedure for
development of a model-based compensator (MBC) will be described. A unity-feedback

MBC is selected for the controller because of its similarity to the SISO unity-feedback

control system well known to classical control designers. The MBC closed-loop control
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system has proven to offer great practical considerations in the design of automatic

control systems.

ROBUSTNESS CONCEPTS OF THE LQG AND LQG/LTR CONTROL SYSTEMS

The LQG/LTR [BS5] design procedure is based on the system configuration of the
LQG controller shown in Fig. B.1. The LQG controller consists of a Kalman filter state
estimator and a linear quadratic regulator. The Kalman filter state estimator has been
shown to have good robustness properties for plant perturbations at the plant output,
and the linear quadratic regulator (LQR) has been shown to have good robustness
properties for perturbations at the plant input. Even though its separate components
have good robustness properties, however, the LQG controller is found to have no
guaranteed robustness properties at either the input (point 2) or the output (point 3) of
the plant.

The LQG/LTR design procedure allows. us to recover robustness properties at
either the input or the output of the plant. If robustness is desired at the input to the
plant, first a nominal robust LQR design is made to satisfy the design constraints. Next,
an LTR step is made to design a Kalman filter gain that recovers the robustness at the
input to the plant of the LQG controller that is approximately that of the nominal LQR
design. This implies from Fig. B.1 that the robustness properties at points 1 and 2 are
approximately the same.

If robustness is desired at the output of the plant, first a nominal robust Kalman

filter design is made to satisfy the performance constraints. Next, an LTR step is made
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LQG guaranteed no robustness propertic§ at the input or output of the plant.
Point 1 has the good robustness properties of the full-state feedback system.
Point 4 has the good robustness properties of the Kalman filter.

Point 2 has no guaranteed robustness properties.

Point 3 has no guaranteed robustness properties.

the LQG/LTR design method permits recovery of the robustness properties of
point 1 at point 2 or the robustness properties of point 4 at point 3.

Fig. B.1. Summary of the robustness properties of the LQG block diagram.
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to design a LQR gain that recovers the robustness at the output of the plant that is
approximately that of the nominal Kalman filter design. This implies from Fig. B.1 that
the robustness properties at points 3 and 4 are approximately the same.

The block diagram of the unity-feedback MBC is shown in Fig. B.2. This control
system structure will allow tracking and regulation of a reference input at the output of
the plant. The filter and regulator gains used in the controller K(s) are obtained
appropriately, depending on whether robustness is desired at the input or the output of
the plant. Note that the robustness properties of the unity-feedback MBC (UFMBC)
are the same as those of the LQG system because the UFMBC is just an alternate

structure of the LQG system.

r(s) + y(s)
—™1 K(s) [ Gls) —>

Fig. B2 Unity feedback model based compensator (UFMBC).
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APPENDIX C

RETURN RATIOS FOR THE FULL-STATE AND OBSERVER-BASED
FEEDBACK SYSTEMS

FULL-STATE FEEDBACK RETURN RATIO
For the full-state feedback system of Fig. C.1 with no loops broken, it can be
stated [C.1] that
x = ®Bu = ®Bu’ (C.1)
and
u=R-Kx . (C2)

Substituting Eq. (C.1) into Eq. (C.2) and solving for u yields

u=(+K®B)R , (C3)
thus
x = ®B(I + KDB)™'R . (C4)
R + u u u” | X
B |—] (sI-A) C b—wvy

Fig. C.1. Full-state feedback.
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Now let us examine the loop transfer function from control signal u' to control
signal broken at point 1, assuming that R = 0. For this full-state feedback case it
follows that

x = ®Bu’ (C.5)
and
u=-Kx . (C.6)
Substituting Eq. (C.5) into Eq. (C.6) yields
u = —-KOBu' . (C7)

Finally, for the full-state feedback system, find the loop transfer function from
control signal u” when the loop is broken at point 2. In this case it follows that, with
R =0,

x = ®Bu" (C.8)
and
u=u'=-Kr . (C9)
Substituting Eq. (C.8) into Eq. (C.9) yields

u=u" = —-KO®Bu" . (C.10)

OBSERVER-BASED FEEDBACK RETURN RATIO
For the observer-based feedback system of Fig. C.2 with no loops broken, it
follows [C.1] that
x = ®Bu = ®Bu' = ®Bu" . (C.11)
and
y=cr . (C.12)
Now substituting Eq. (C.12) and Eq. (C.11) into



1/s C o>y

Fig. C.2. Observer-based feedback.

2 = ®[Bu' + Fy — FC2]

results in
2 = ®[Bu' + FCx - FCZ]
% = O[Bu' + FCPBu' — FCZ%)
2 = ®[Bu' + FCDBu']l — ®FC2 , (C.13)
thus
2 =+ OFC)"'®(B + FCOBW' |, (C14)

which simplifies to

£ = ®Bu' . (C.15)
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Now examining the control u, it follows that
u=R-Kg |, (C.16)
and substituting Eq. (C.15) into Eq. (C.16) results in
u=R-KPBu . (C17)
The control u thus can be defined as
u=({+KDB)'R . (C.18)
Substituting Eq. (C.18) into Eq. (C.11) results in
x = ®B(I + KOB)"'R , (C.19)
which is the same as the result for the full-state feedback system.

Now let us find the loop transfer function from control signal 4’ to control signal
u when the loop is broken at point 1 of the observer-based feedback system. It follows
that

u=-Ke |, (C.20)
and substituting Eq. (C.15) into Eq. (C.20) yif:lds
u = —K®Bu' . (C21)
In this case it is clear that u’ = u". Also note that the result of Eq. (C.21) is the same
as the result found in the full-state feedback case.

Finally, for this observer-based feedback system, the loop transfer function from
control signal 4" to control signal u' when the loop is broken at point 2 will be found.
For this case

2 = ®(Bu' + FCOBu") — ®FC% (C.22)

and solving for £ results in

2 = (I + ®FC)'®(Bu’ + FC®Bu") . (C23)




101

Further simplification of Eq. (C.23) results in

£ = O[B(CDB)™ ~ F(I + COF)'|C®Bu’ + ®[F(I + COF)~'|CDBu" (C249)
where the plant in this case is square and invertible.

Now the control for this case is defined as

u=u =-K2 (C.25)
where £ is defined in Eq. (C.24). This result implies that there is a difference between
the control u obtained in Eq. (C.25) for the observer-based feedback system and the
control u obtained for the full-state feedback system.

From examination of the loop transfer properties of the full-state feedback system
and the observer-based system, it is clear that the input of the observer-based system
does not have the good robustness properties of the LQR system. What is now
desirable is a means of approximating the loop properties of point 1 at point 2 of the

observer-based system.
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APPENDIX D

OBTAINING ROBUSTNESS PROPERTIES AT THE INPUT TO AN
OBSERVER-BASED FEEDBACK CONTROL SYSTEM

Our previous examination of the observer-based feedback control system
commonly referred to as the Linear Quadratic Guassian (LQG) control system showed
that there are no guaranteed robustness properties at the input to the plant (point 2 of
Fig. C.2). Now a method will be summarized that recovers the good robustness
properties of the input (point 2) of the LQR at the input (point 2) of the LQG control
system.

Provided that the regulator gain for the LQR has been selected, we must now
solve for a filter gain in order to equate the control for the LQG control system for
loop break at point 2, which is

u=-Kz (D.1)
where _
£ = O[B(CDB)™ — F(I + COF)"|C®Bu’
+ O[F(I + COF)™'|COBu" (D.2)
to the control
u = —K®Bu" (D.3)
of the LQR for a loop break at point 2. [D.1] To equate the control Eg. (D.1) to the
control Eq. (D.3) requires that the following equation be satisfied:
B(C®B)™ = F(I + COF)! . (D.4)

Therefore an appropriate value of F must be found to satisfy Eq. (D.4).

104
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Now to select a value of F, we will assume that F is a function of a scalar

parameter g such that
@ —~BW as g (D.5)

where W is any nonsingular matrix. Therefore, using the right-hand sides of Egs. (D.4)

and (D.5),

Fa + cory= 2@ g + cor(g)”

_ F@ [{ . co ﬂ>]" | D6
q q q

which implies that as g— Eq. (D.6) becomes
BW(C®BW)™' = B(CDB)™ , (D.7)
which satisfies the equality requirements of Eq. (D.4) for W = I, an identity matrix.
As previously discussed, the error dynamics of the Kalman filter must be
asymptotically stable. This requires that an appropriate error noise statistic Z(g) satisfies
0 = AZ(q) + Z(g)4" + D(g) - Z(q)C"N"'CZ(q) (D8)
such that
F(q) = Z(@)C'N" (D.9)
where D(q) is a positive semidefinite and N is a positive definite, and [A,D*] and [C A]
are stabilizable and detectable respectively.
Now D(g), the process noise intensities, and N, the measurement noise intensities,
are to be defined respectively as
D(q) =TIDTT + ¢’BVB" (D.10)

and

N =N, (D.11)
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where I = I, D, = C'C, and V is any positive definite symmetric matrix.

Substituting Egs. (D.10) and (D.11) into Eq. (D.8) results in
O =AZ(q) + 2(@}4" + D, + ¢'BVB" - Z(g)C"N,'CZ(q) ,
which implies that

Z@q) Z(@4" D, Z(q) 2(q)
O=A + + — + BVB" - — ¢C'"N,"'C —
q2 2 2

q q g g
Now let g—» in Eg. (D.13); thus

D)) ()

C'N,"'C — BVB"T |

2
q
2 2

q q

and using Eq. (D.9), the left-hand side of Eq. (D.14) is then

F(q)NF(g)" 2@ ()
= q2 CTNO—IC —_—

q q q

which implies that as g—»

F(q)NF(q)

2

— BVB" |
q
thus

Fa) _, pyay,»
q o

W= V*N,< ™" .

(D.12)

(D.13)

(D.14)

(D.15)

(D.16)

(D.17)

(D.18)

Thus it can be concluded that as g—»o the loop properties at the input to the plant of

the LQG control system approach the input properties of the LQR control system.

Note, however, that as g—sw the process noise intensity is seen to differ significantly

from the assumed process noise. However, as g—0 the Kalman filter is approached.
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Thus when g = 0 the LQG system has no guaranteed loop properties at the input. It
appears that a trade-off must be made between obtaining an accurate filter and

obtaining good loop transfer properties.
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