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Abstract

Data-driven modeling is crucial for extracting insights from complex scientific

systems. Modern machine learning provides two powerful but philosophically distinct

paradigms: model-based inference, which aims to understand physical mechanisms,

and predictive modeling, which optimizes for forecasting accuracy. This dissertation

explores and advances these two paradigms through their application in two different

domains: Nuclear Magnetic Resonance spectroscopy (NMR) for biochemical analysis

and computer vision for agricultural robotics.

The first section presents two distinct Bayesian inference models I developed to

analyze 1D NMR spectra. The first is a nonparametric model which enables robust

spectral deconvolution and automatic peak detection of general 1D NMR spectra

which we apply to flourine-19 (19F), while the second is a parametric model used to

quantify the kinetics of chemical exchange. Both models provide not only estimates of

spectral parameters but also a rigorous quantification of their associated uncertainty.

The second section focus on a deep learning approach I developed to address

the challenge of automated feed monitoring in precision agriculture. I describe a

Convolutional Neural Network (CNN) which was trained to accurately predict leftover

feed quantities from 3D images; a crucial step in the development of individualized

feeding schedules.

Ultimately, these distinct lines of inquiry converge on a central theme: the

choice between inferential and predictive modeling is dictated by the scientific
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objective, whether that objective is achieving deep physical insight or enabling robust

automation.
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Chapter 1

Introduction

Modern science increasingly relies on computational tools to extract information

from complex, and often high-dimensional data LeCun et al. [1998], Hinton and

Salakhutdinov [2006], McInnes et al. [2018], Rabiner [1989]. In this realm of data-

driven modeling, an interesting tension exists between two distinct paradigms: The

first of which is model-based inference, which seeks to understand the underlying

mechanisms of a system, while the other is predictive modeling, which aims to

accurately forecast future behavior. The first prioritizes the interpretability of

physical parameters, and the robust quantification of uncertainty, while the second

prioritizes predictive power which it usually does by leveraging complex, non-linear

function approximators.

This dissertation presents a systematic study of these two paradigms via their

application in two disparate scientific domains: the analysis of Nuclear Magnetic

Resonance (NMR) spectra for biochemical understanding and the prediction of feed

consumption for agricultural robotics. While both domains have differing scientific

objectives and data modalities, they serve as powerful case studies. The NMR

project illustrates the inferential approach, by using Bayesian models to estimate

the parameters of a physical process. On the other hand, the agricultural project
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showcases the predictive approach, by using deep learning to build a forecasting tool

for automating an agricultural process. By juxtaposting these applications, I aim to

show by this work the respective strengths, limitations and complementary nature of

inferential and predictive modeling in solving real-world problems.

1.1 Data-driven approaches for modeling physical

systems

In recent years, advances in machine learning have revolutionized the ability to

model time-dependent processes Vaswani et al. [2017], Hochreiter and Schmidhuber

[1997]. While often grouped together, the underlying methodologies can be broadly

categorized based on their primary objective: inference or prediction.

1. Bayesian inference for scientific understanding: Bayesian inference,

which belongs to the class of inferential methods, is centered on using data

to update our knowledge about the parameters of a generative (often physical)

model Gelman et al. [2013], Ghahramani [2015]. Bayesian methods provide

a rigorous mathematical framework for incorporating such prior knowledge in

order to yield a full posterior distribution for each model parameter. This

posterior distribution provides a shape of uncertainty for each model parameter

given the data provided. This ”white box” approach to mathematical modelling

is quite effective for parameter estimation in noisy or sparse data environments

where understanding the physical meaning as well as uncertainty of the model

components is paramount Breiman [2001], Gelman et al. [2013].

2. Neural networks for predictive modeling: Methods in this paradigm excel

at learning complex, non-linear relationships directly from high dimensional

data, often without an explicit underlying physical model Goodfellow et al.

[2016], Li et al. [2021]. These methods have become the state-of-the art for tasks

where predictive accuracy is the primary metric of success (such as computer
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vision). These ”black box” models are powerful function approximators, and

consequently, are ideal for building automated systems that must respond to

complex patterns in input data.

These distinct yet complementary approaches form the methodological framework of

this dissertation, and in subsequent chapters, I explore applications to spectroscopy

and agricultural robotics.

1.1.1 Bayesian models for NMR spectroscopy

Nuclear Magnetic Resonance (NMR) spectroscopy uses magnetic resonance to probe

molecular dynamics and chemical exchange processes in chemical and biological

compounds Jacobsen [2007], Bain [2003]. However, accurately quantifying exchange

rates and spectral parameters from NMR data still remains a challenging task due to

spectral overlap, noise, and the complexity of underlying kinetics Rule and Hitchens

[2006b], Bain et al. [2001]. In this dissertation, I introduce two distinct Bayesian

modeling approaches to address different aspects of this challenge, using fluorine-19

(F-19) data as a case study.

• The first is a non-parametric Sgouralis et al. [2018], Jazani et al. [2019b],

Tavakoli et al. [2020b,a] Bayesian model that estimates not only the spectral

parameters, but also the number of resonances present in a given 1D NMR

spectra. Although this approach does not explicitly model the kinetics

associated with chemical exchange, it provides a highly flexible method for

spectral decomposition in complex biological compound.

• The second is a parametric Ghahramani [2015] Bayesian model in which the

user supplies the number of resonances a priori. This model incorporates the

effects of chemical exchange between spin populations in the given compound

and estimates the relevant parameters associated with each resonance.
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The particular Bayesian framework used here allows for flexible modeling of spectral

components and robust, automatic uncertainty quantification of estimated parameter

values.

1.1.2 Deep Learning for predictive modeling in agricultural

robotics

In an entirely different domain, precision agriculture has adopted machine learning

for optimizing livestock management and feed distribution Liakos et al. [2018], Porto

et al. [2013], Zheng et al. [2018]. One such utility is predicting feed leftover in dairy

robotic feeding systems using image data of leftover feed for the purpose of developing

custom feeding regimes for livestock. This dissertation describes a neural network

model Goodfellow et al. [2016] developed to predict feed consumption patterns in

dairy. Ultimately, this is a first step towards a unified precision system for dairy

cows. The model enhances automation in dairy farming by providing accurate, real-

time predictions, thereby reducing food waste.

1.2 A unified methodological perspective

Although there appears to be a domain disconnectedness between NMR spectroscopy

and agricultural robotics, they provide a powerful lens through which we may compare

the roles of inference and prediction in data driven science. The NMR studies display

the power of Bayesian inference to deconstruct a complex signal into its physically

meaningful components and to provide a robust measure of certainty in those findings.

On the other hand, the feed prediction projects highlights the predictive power of

deep learning to result in automation, even when the underlying patterns in the data

are too complex to be captured by a simple mechanistic model. In the end, this

dissertation argues that the choice of a data-driven model doesn’t just depend on

the technicality of the problem. There appears to be a critical philosophical detail
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dictated by the scientific question at hand: Is the goal to understand or to predict?

In the pages that follow, I detail my contributions and contend that both choices are

valid and powerful, and the modern computational scientist will be tasked in knowing

which tool to deploy and how to interpret its results in the context of the scientific

goal. Ultimately, the insights are not only in the data, but in the questions we are

ask of it and the methods we choose to answer them.

On a fundamental level, both models I describe in this dissertation capture a time

evolution of a physical object (in the case of feed level in a feeding bin for cows)

and state (in the case of FID signal for NMR). They both utilize data to derive

insights, although they go about it in different manners. This is a crucial point with

data-driven methods because for this particular reason, the model insights are heavily

impacted by data.
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PART 1

Bayesian Inference for Parameter

Estimation in NMR Spectroscopy
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Chapter 2

Introduction to NMR spectroscopy

and Bayesian modeling

2.1 Fundamental principles of NMR spectroscopy

The idea behind NMR spectroscopy is very similar to other forms of spectroscopy Jacobsen

[2007], Rule and Hitchens [2006a]. In spectroscopy generally, a photon of electro-

magnetic radiation induces a transition between two discrete energy states: from a

lower-energy ground state to a higher energy excited state. For instance, in visible

light spectroscopy, electrons within atoms or molecules absorb photon energy, which

enables them to move to higher-energy states. These energy states are specific, fixed

energy levels that, in the case of visible light, electrons in atoms or molecules can

occupy.

NMR spectroscopy, operates in an analogous manner except that this transition

occurs in the nuclei of the atoms on quantum objects called nuclear spins Jacobsen

[2007], Kaplan [2012]. In addition, the spins transition to higher energy levels when

their containing nucleus experience a certain external magnetic field.
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Unlike other forms of spectroscopy, the generation of the ground and excited NMR

states requires the existence of an external magnetic field for probing nuclear spin

states Jacobsen [2007], Kaplan [2012].

2.1.1 Nuclear spins

Atomic nuclei consists of nucleons which refer to a composition of protons and

neutrons Rutherford and Mott [1932]. These nucleons give rise to a quantum

mechanical property called the nuclear spin. The spins of nuclei behave like tiny

magnets in the sense that when placed in a strong external magnetic field, they can

take distinct discrete orientations to the field ranging from parallel to antiparallel.

These orientations are called spin states, such that the parallel orientation is the state

with the lowest energy while the antiparallel orientation, the state with the highest

energy.

The spin quantum number,I, quantifies the intrinsic spin angular momentum of

atomic nuclei. For atomic nuclei with an even number of protons and neutrons (such

as 12C,16O), the spin quantum number is zero, in which case, there is no net spin and

the nuclei do not exhibit NMR signals. Similarly, nuclei with an odd total number of

protons and neutrons (such as 1H,13C), I is half-integer. Nuclei with even numbers

of protons and neutrons tend to have integer spins. Examples of such nuclei are 14F

which will be a primary focus of one of the projects described in this dissertation.

According to quantum theory, a nucleus with spin I can adopt 2I + 1 possible spin

orientations in an external magnetic field Atkins and De Paula [2006]. Table 2.1 below

shows examples of spin orientations for common nuclei.

Table 2.1: Discrete Nuclear Spin Orientations Based on Spin Quantum Number (I)

Spin quantum number (I) Possible orientations (mI) Description
1
2

+1
2
,−1

2
Parallel and antiparallel orientations

1 +1, 0, −1 Parallel, perpendicular, and antiparallel orientations

3
2

+3
2
, +1

2
, −1

2
, −3

2
Four discrete orientations
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2.1.2 19F NMR experiments

In a typical NMR experiment, a biological sample placed in an NMR spectrometer

is irradiated with electromagnetic radiation of a specified frequency Jacobsen [2007],

Kaplan [2012]. Specific nuclei, called NMR active nuclei experience a transition from

a lower energy state to a higher energy state. When the energy of this radiation

matches the energy difference between the spin states, absorption occurs and the

spins at the lower energy state transition to a higher energy state.

The energy difference (∆E) between nuclear spin states is the foundation of the NMR

phenomenom. However, an NMR spectrometer measures frequencies, not energy. We

find a connection between frequencies and energy established by the Plank-Einsten

relation Atkins and De Paula [2006], which states that the energy of a photon (E) is

directly proportional to its frequency (ν):

E = hν (2.1)

where h is the Planck’s constant.

Each nucleus type (for instance 13C,1H) has a gyromagnetic ratio (γ) which describes

how magnetic that particular nucleus is relative to its spin. The energy difference

between spin states is directly related to the product of the gyromagnetic ratio and

the strength of the applied magnetic field (B0) according to the following equation:

∆E = γℏB0 =
γhB0

2π
(2.2)

where ℏ = h
2π

Solving for the frequency, ν, we arrive at a cornerstone equation in

NMR, the Larmor frequency (νL):

νL =
γB0

2π
(2.3)
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The Larmor frequency is the specific resonant frequency at which a nucleus with a

gyromagnetic ratio γ will absorb energy when placed in a magnetic field of strength

B0. However, in a real molecule, the Larmor frequency is not a single, fixed value

for all nuclei of the same type (e.g. all 19F atoms). The local cloud of electrons

surrounding each nucleus generates its own small magnetic field that opposes the main

field B0. This phenomenom, known as chemical shielding (σ), causes each nucleus to

experience a slightly different effective magnetic field, Beff :

Beff = (1 − σ)B0 (2.4)

This means that nuclei in different chemical environments will have a unique Larmor

frequency. Consequently, to get a complete picture of the sample, an experiment does

not excite just one frequency but a continuous range of them simultaneously.

Manupulating Nuclear Spins

At thermal equilibrium, the population of nuclei is not evenly distributed between the

spin states. A slight excess of nuclei will usually occupy the lower-energy (parallel)

state compared to the higher-energy (antiparallel) state Tolman [1979], Bloch [1946].

This small population difference results in a net bulk magnetization (M0) that is

aligned with the main magnetic field (B0). This alignnent is referred to as the

longitudinal magnetization, as it lies along the primary axis of the magnetic field

(conventionally the z-axis). In this state of equilibrium, no signal can be detected.

To generate a measurable NMR signal, this equilibrium must be disturbed. This

disturbance is accomplished through a pulse experiment. In a pulse experiment, a

short and intense pulse of radiofrequency (RF) energy is drected at the sample. To

address the challenge of exciting the entire range of Larmor frequencies caused by

chemical shift, this pulse is not monochromatic. Instead, it is designed to contain a

broad band of frequencies.
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When this hard pulse is applied, its associated magnetic field (B1) exerts a torque

on the net magnetization vector (M0), tipping it away from its stable alignment

along the z-axis. A precisely calibrated 90◦ pulse, which is commonly used in NMR

experiments, has the exact duration and power to rotate the magnetization by 90

degrees, moving it entirely into the xy-plane.

The component of magnetization now rotating in the xy-plane is called the transverse

magnetization. This rotating magnetic field is the source of the NMR signal Rule

and Hitchens [2006b], Jacobsen [2007]. As it precesses around the main B0 field at

the various Larmor frequencies of the excited nuclei, it induces a small, oscillating

electrical current in a detector coil placed around the sample.

Immediately after the RF pulse is turned off, the signal is at its strongest. At this

moment, the net magnetization vector has been tipped into the xy-plane, and just

as importantly, the individual nuclear spins that constitute this vector are precessing

in a coherent phase. Once the pulse ends, the system immediately begins to relax

back to equilibrium. The individual nuclear spins, initially precessing in a coherent

phase, now precess freely, and lose their synchrony in a process called dephasing. This

loss of coherence causes the net transverse magnetization to decrease. This decaying,

oscillating signal is called the Free Induction Decay (FID), which is the time-domain

data the methods I describe later aim to analyze.

2.1.3 Existing analysis approaches to 1D NMR

The analysis of 1D NMR spectra, which involves the extraction of chemically mean-

ingful information from the raw spectral data has progressed from the painstaking

manual interpretation of relatively simple spectra in the early days of NMR to the

highly sophisticated, often automated, computational methodologies employed today

which are able to analyze highly complex data Gutowsky et al. [1951], Ernst and

Anderson [1966], Li et al. [2021], Cheng et al. [2014]. In other to place the methods I

describe later within an appropriate context, in this section, I present key historical
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milestones in the analysis of 1D NMR data. The story begins with the introduction

of Fourier Transform (FT) NMR by Richard R. Ernst and Weston A. Anderson

Ernst and Anderson [1966] which fundamentally revolutionized the manner in which

NMR data were acquired and processed, catapulting the technique into a new era

of sensitivity and versatility. Unlike Continuous wave-NMR Rule and Hitchens

[2006a] which performed a sequence-by-sequence frequency scanning of nuclei, FT-

NMR (as described above) employs a short, intense pulse of radiofrequency energy

that simultaneously excites all nuclei of a given type (e.g., all protons) within a defined

frequency range Rule and Hitchens [2006a].

The advent of FT-NMR, with its ability to generate vast quantities of digital

data rapidly, brought about a parallel evolution in computational methods for

data processing and spectral interpretation Ernst and Anderson [1966], Lindon and

Ferrige [1980]. Most methods that analyze NMR data perform specific preprocessing

steps before the analysis: apodization, where a weighting function is applied to

the time-domain data to enhance either Signal-to-Noise ratio (S/N) or resolution

at the expense of the other; zero-filling, where the NMR spectrum is augmented

with zeros prior to Fourier transformation to improve the digital resolution of the

resulting spectrum; the Fourier transformation itself; phase correction, a critical step

to ensure that all spectral lines have a pure absorptive lineshape, which is essential

for accurate integration and interpretation; and baseline correction, to remove any

broad, underlying distortions from the spectrum Li et al. [2022], Kaplan [2012], Rule

and Hitchens [2006b], Chitode [2008]

The fundamental analysis task is to extract the key parameters that define each

resonance. These are its frequency (chemical shift), intensity, and lineshape. Bain

et al. [2001], Rule and Hitchens [2006b]. The process often begins with peak picking

which entails the accurate identification of the frequencies (chemical shifts) and

intensities of the NMR signals. Early approaches involved manual visual inspection

and annotation of peaks. However, as spectra became more complex, the need for
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automation grew, and this led to the development of various automated peak picking

algorithms. These earlier algorithms often relied on identifying local maxima in the

spectrum, using derivative methods to locate inflection points, or employing more

sophisticated signal processing techniques Kleywegt et al. [1990], Liu et al. [2012].

The limitations of these local maxima methods, especially in crowded spectral regions,

prompted a paradigm shift away from simple peak detection towards more holistic

approaches known as spectral deconvolution or lineshape fitting Koradi et al. [1998],

Schmid et al. [2023], Alipanahi et al. [2009]. This new paradigm models a region of the

spectrum as a summation of theoretical lineshapes (typically Lorentzian or Gaussian

functions) Bloch [1946], Rule and Hitchens [2006a] to extract the parameters of the

underlying signals. Modern NMR software packages, like MestreNova, frequently

incorporate advanced peak picking routines, such as those based on Global Spectral

Deconvolution (GSD), which can effectively identify and parameterize even highly

overlapped peaks Mestrelab Research S.L., Liu et al. [2023]. More recently, Bayesian

statistical methods and machine learning algorithms are being increasingly applied

to enhance the accuracy of peak picking, particularly in distinguishing genuine

peaks from noise, baseline artifacts, or instrumental glitches. For instance, the

UnidecNMR approach utilizes a Bayesian deconvolution algorithm for robust peak

detection Buchanan et al. [2025], while other methods model the spectrum as a

mixture of Gaussian and/or Lorentzian density functions to identify underlying signals

Li et al. [2021], Cheng et al. [2014]. Deep learning models, such as NMRNet and

DEEP Picker, trained on large datasets of experimental or synthetic spectra, are

also demonstrating considerable promise in achieving human-level accuracy in peak

picking Li et al. [2021, 2022]. Despite these advances, accurate and reliable peak

picking remains a significant challenge, especially in spectra characterized by extensive

peak overlap (crowded regions), low signal-to-noise ratios, or the presence of complex

artifacts Li et al. [2021]. For instance, most of the methods described above are

parametric, and so, they require the user to pre-specify the number of peaks in
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a given region which is an extremely difficult task in spectra with extensive peak

overlap. Furthermore, while machine learning models show promise, they can be

”black boxes” and typically struggle with novel signal types not present in their

training data. Crucially, many existing methods provide only point estimates of

parameters, failing to robustly quantify the uncertainty associated with these values,

which is especially critical in spectra with low signal-to-noise ratios. The persistent

need for expert-guided intervention and the lack of rigorous uncertainty quantification

for complex spectra motivate the development of a new class of analysis tools. The

Bayesian non-parametric method presented in this dissertation is designed to directly

address these limitations.

2.2 A Bayesian framework for parameter inference

Scientific inquiry fundamentally involves creating mathematical models of the physical

world. These models are parameterized by physical quantities and have been

shown to affect the underlying system being studied. A foundation model for

NMR data is provided by the Bloch’s equations, which are extended by the Bloch-

McConnell’s equations Bloch [1946], McConnell [1958] to describe systems with

chemical exchange. Both equations are parameterized by physical quantities such

as reaction rates and relaxation times and the goal of data analysis is to infer the

values of these parameters from experimental data. Bayesian inference provides a

rigorous probabilistic framework for doing this, thereby allowing us to reason about

parameter uncertainty in a principled manner Gelman et al. [2013].

The foundation of this framework is Bayes’ Rule, which describes how our knowledge

about a set of parameters, θ, is updated in light of observed data, D:

P (θ|D) =
P (D|θ)P (θ)

P (D)
(2.5)

The terms in this equation describe a complete cycle of learning:
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• Prior Probability, P (θ): This distribution captures our prior knowledge about

the model parameters before observing the data. At this level, we can enforce

physical constraints, such as requiring the rate to be positive, or the phase to

be within a certain range (say −π
2

to π
2
). The stronger the restrictions placed

on the prior distributions, the more informative it is, and the greater influence

it will have on our inference.

• Likelihood, P (D|θ): This is the forward model that connects the parameters

to the data. It answers the question: ”Assuming a particular set of parameter

values θ , what is the probability of observing our experimental data D?”

• Posterior Probability, P (θ|D): This is the result of the inference. The posterior

distribution represents our updated knowledge about the parameters after

taking the data into account. It rigorously combines the prior knowledge

with information contained in the data to provide a complete picture of which

parameter values are most plausible and what their associated uncertainties

are. In the next pages, I describe two different posteriors: one formulates

its likelihood from Bloch’s equations and the other from the Bloch-Mconnell’s

equations. Both of them predict the set of parameters that describe a given

NMR signal.

2.2.1 Computational inference via Markov Chain Monte

Carlo (MCMC) Sampling

Despite its elegance, for practical uses, Bayes’ rule rarely gives a posterior distribution,

P (θ|D), that can be described by a simple analytical formula. This is because the

posterior is a product of the likelihood and prior distributions, and any non-trivial

model typically results in a complex, high-dimensional shape that is not a known,

named distribution Gelman et al. [2013]. Hence, we are not able to plot the posterior

from an equation and make deductions.
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To solve this problem, we use computational methods to represent the posterior

distribution Gelman et al. [2013], Metropolis et al. [1953]. This is done by sampling.

In sampling, instead of describing the posterior distribution with an equation, we

draw a large amount of samples from it. The density of these collected samples in

any region of the parameter space will be proportion to the posterior probability in

that region. Markov Chain Monte Carlo (MCMC) is a class of algorithms designed to

perform this robust sampling Metropolis et al. [1953], Hastings [1970], Gelfand and

Smith [1990], Gelman et al. [2013]. An MCMC sampler constructs a random walk

through the parameter space that is guaranteed to be ergodic. A random walk is

said to be ergodic if with infinite time, it can reach all parts of the distribution with

non-zero probability. The collection of samples visited during this walk forms a chain

that, in the long-run, will converge to the true posterior distribution.

A significant challenge in MCMC sampling is the potential existence of multiple, well-

seperated regions of high probability in the posterior distribution Robert et al. [1999].

A simple sampler, like the Metropolis algorithm Chib and Greenberg [1995] which

is based on a basic random walk proposal will usually have difficulty traversing the

low-probability regions between these maxima. This is because when it enters one of

the local maxima, it tends to stay there for a long time; making the exploration of

the parameter space inefficient.

To overcome this challenge and ensure a more robust exploration of the posterior

landscape, we employed more sophisticated approaches. The two main strategies

used to sample the parameters for our models were slice sampling, developed in Neal

[2003], which automatically adapts its step size to the local shape of the distribution,

and a multiplicative random walk, where proposals were generated using an elliptical

slice sampling scheme Murray et al. [2010] and further adapted to dynamical systems

in McCoy et al. [2025].
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Chapter 3

Bayesian nonparametric statistical

learning for resonance

identification and characterization

in 19F-NMR
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3.1 Disclosure

This chapter is adapted from a manuscript currently being prepared for journal

submission has been revised to fit coherently with the broader narrative flow.

3.2 Introduction

Fluorine is a significant element in chemistry, biology, and medicine because it can

distinctively modify the properties and functions of molecules but most importantly

because it is magnetically active. Fluorine NMR is a type of nuclear magnetic

resonance spectroscopy that uses the 19F nucleus to detect and identify fluorine-

containing compounds Chekmenev et al. [2008], Kitevski-LeBlanc and Prosser [2012],

Zientek et al. [2014]. 19F-NMR can provide information about the structure,

dynamics, interactions, and mechanisms of fluorinated molecules or molecular systems

Rule and Hitchens [2006a].

Important advantages of 19F-NMR over the more common 1H- or 13C-NMR include:

high sensitivity as 19F is the third most receptive NMR nucleus after 3H and 1H,

and it is 100% naturally abundant; large chemical shift range, which allows fine

separation of different 19F sites; and development of characteristic coupling patterns

with other nuclei, such as 1H, 13C, 31P, and 15N, which can reveal the connectivity and

stereochemistry of the molecules of interest. Due to these advantages, 19F-NMR is

nowadays used to study complex biological samples, such as enzymes, proteins, nucleic

acids, and membranes, Chekmenev et al. [2008], Kitevski-LeBlanc and Prosser [2012],

Zientek et al. [2014].

However, widespread adoption of 19F-NMR is currently limited due to poor peak

separation and inaccurate integration caused by the very wide spectral range of 19F

and substantial background signals from fluorinated impurities or solvents. Current

research seeks to improve peak separation and integration during data acquisition,
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where experiments are conducted with high-purity reagents and deuterated solvents

that are free of fluorine contamination. Similarly, current research aims to suppress

background signals during data acquisition in experiments using specialized pulse

sequences or filters. Nevertheless, both approaches require demanding protocols and

non-standard supplies.

Alternatively, the limitations of 19F-NMR could also be avoided or at least improved

by appropriate data analysis methods adapted to the 19F signals. To this end,

current approaches use artificial intelligence (AI) and advanced machine learning to

train specialized neural networks to recognize NMR signals Li et al. [2021, 2022],

Jahangiri et al. [2023], Schmid et al. [2023]. Nevertheless, the apparent lack of

existing training data specifically covering 19F-NMR conditions or reliable pre-trained

AI models targeting 19F do not allow fully automated analysis workflows.

Conventionally, NMR data, including 19F data, are summarized in spectra, which

represent the intensity of the NMR signal as a function of frequency. Such spectra

are made up of a series of resonances, each associated with a unique nuclear spin

possessed by a particular atom type or atomic group in the molecule of interest. In a

spectrum, each resonance peak is uniquely determined by its center frequency, often

given in chemical shifts, its shape, and its amplitude and phase Bruce et al. [2000],

Ramani et al. [1976].

A complete analysis of an NMR dataset in the frequency domain involves identifying

the complete set of resonance peaks in its spectrum and assigning each peak to its

relevant atomic group Rubtsov and Griffin [2007], Cheng et al. [2014]. To date,

this analysis has been done largely with the intervention of a human expert. This

is due to the fact that the spectra of biological NMR data often contain overlapping

peaks that make the characterization process difficult without human assistance Teng

[2012]. Moreover, in certain NMR experiments, including 19F-NMR, noise has a

strong interference with the actual signal, resulting in substantial ambiguity during

characterization.
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Over the years, different methods have been proposed for identifying the resonance

peaks as well as for the subsequent parameter fitting. Early methods used matrix

factorization approaches as well as singular value decomposition to identify resonances

Korzhnev et al. [2001], Tikole et al. [2014], Alipanahi et al. [2009]. These methods

required engineered spectral features to be extracted after preprocessing, and using

a heuristic process, each data point was classified as belonging to a resonance or

not. However, the reproducibility of these methods is limited, as heuristics or non-

principled feature engineering are primarily based on human experience. Alternative

parametric approaches, such as those employing Bayesian statistics Rubtsov and

Griffin [2007], Matviychuk et al. [2017], typically model spectra as mixtures of

multivariate Gaussian densities and attempt to filter them in accordance with relevant

peak parameters. However, due to their parametric nature, these methods face

the model selection problem and require predetermination of the total number of

peaks present before characterization can occur Rubtsov and Griffin [2007]. More

recent methods have utilized machine learning via neural networks with specialized

architectures to predict chemical shifts, and also identify peaks Li et al. [2021]. As

is typical with neural network approaches, the robustness of these methods depends

on the quality and size of the training dataset which are typically unavailable for

complex biomolecules probed under realistic experimental conditions.

In this study, I introduce a new technique that takes advantage of Bayesian

nonparametrics, a field of statistics that has only become widely used in physical

applications in recent years Hines [2015], Tavakoli et al. [2019], Sgouralis et al. [2018],

Jazani et al. [2019a], Tavakoli et al. [2020c,b,a]. A key innovation of my method is

that it can account for an arbitrary number of resonances in a given NMR dataset,

including 19F-NMR, thus entirely eliminating the need for human input. Using the

proposed method, I can detect the resonance peaks and accurately estimate their

characteristics.
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In the sections that follow, I provide a detailed description of my method and then

demonstrate the application of this method to raw experimental data. I cap the

results section off by providing detailed validation with synthetic data.

3.3 Methods

3.3.1 Model overview

My analysis begins with an experimentally obtained time series of FID data and

derives estimates of all the quantities that characterize the resonances present in the

data. These quantities include: (i) the number of resonances present, (ii) resonance

frequencies, decay rates, amplitudes, and phases. In the following, I explain each one

in detail. Computational details of the entire method are available in the Appendix.

3.3.2 Model description

The starting point of my analysis is the raw data, namely the FID measurements

z1:N where each datapoint zn = (xn, yn) denotes the free induction decay detected at

time tn by the spectrometer in quadrature detection. At the timescale of interest,

individual detections of the FID signal occur stochastically and independently from

each other. I assume that the signal recorded by the spectrometer consists of the

true FID measurements contaminated with additive noise, see Appendix appendix A.

Accordingly, each data point follows a Gaussian distribution

xn ∼ Normal

(
P +

K∑
k=1

Xk
n,

1

τ

)
(3.1)

yn ∼ Normal

(
Q +

K∑
k=1

Y k
n ,

1

τ

)
. n = 1, . . . , N

Here, P and Q are the spectrometer offsets in the real and imaginary channels

respectively, while Xk
n and Y k

n are representative models of a resonance’s contribution.
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According to Bloch’s equations Bloch [1946], they are given as follows:

Xk
n = pke−rkTn cos(wkTn) − qke−rkTn sin(wkTn), (3.2)

Y k
n = qke−rkTn cos(wkTn) + pke−rkTn sin(wkTn), (3.3)

where Tn = tn − tmin is the time elapsed since the onset of the detection phase tmin;

while, pk and qk are the real and imaginary parts of the kth resonance’s amplitude, rk

represents its relaxation rate, and wk its frequency. In my formulation, resonances are

labeled with superscripts k = 1, . . . , K and time-points are labeled with subscripts

n = 1, . . . , N . The value of K is unknown as, typically, the number of resonances

is unidentified. Finally, the noise variance, which is equal to 1/τ in my formulation,

represents the standard deviation of the FID measurements in both real and imaginary

channels.

Although my analysis method remains exclusively in the time domain, to help with

the interpretation, I can readily convert my results to the frequency domain. Namely,

the kth resonance’s contribution, modeled by eqs. (3.2) and (3.3), in the frequency

domain corresponds to a spectrum of the form

Bk(ν) = (pk + iqk)
e−(rk+i(2πν−wk))tmin

rk + i(2πν − wk)
. (3.4)

Moreover, the entire FID corresponds to the spectrum

B(ν) =
K∑
k=1

Bk(ν). (3.5)

For details see Appendix appendix A. I note that, since the derivation of these

spectra does not rely on discrete Fourier transforms Winograd [1978], my results

are unaffected by aliasing, filtering, or windowing choices.
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3.3.3 Model inference

The quantities I wish to estimate, such as the resonance frequencies wk, relaxation

rates rk, and amplitudes (pk, qk), are introduced as model variables in the preceding

formulation. I follow the Bayesian paradigm to estimate the values of these variables

Brooks et al. [2011]. Each of these variables, being model parameters, requires priors.

I make clear choices for these priors for interpretation and computational convenience,

adopting the distributions described in Appendix appendix A.

To allow the complexity of my model to fluctuate based on the number of resonances

present in the data, I turn to the nonparametric formulation. Namely, I recast eq. (3.2)

and eq. (3.3) as

Xk
n = bk

(
pke−rkTn cos(wkTn) − qke−rkTn sin(wkTn)

)
, (3.6)

Y k
n = bk

(
qke−rkTn cos(wkTn) + pke−rkTn sin(wkTn)

)
. (3.7)

I restrict the newly introduced variables bk, one for each model resonances, and in

my formulation, they may take only values 1 or 0. Specifically, the possibility that

bk = 0, coinciding with the case where the kth resonance does not contribute to the

data, allows me to introduce a technically infinite number of model resonances. With

the introduction of bk, I can estimate the number of resonances that contribute to the

data (termed “active” to distinguish them from those that do not contribute, termed

“inactive”) simultaneously with the rest of the parameters simply by treating each bk

as a separate parameter and estimating its value (of 1 for active resonances and 0 for

inactive ones) Jazani et al. [2019b], Paisley and Carin [2009].

To estimate the value of each bk, I apply a prior

bk|qk ∼ Bernoulli(qk), k = 1, . . . , K

23



and subsequently a hyperprior on qk in order to learn precisely how many model

resonances are active in my data. For the latter, I choose qk ∼ Beta(A,B) with

specifically chosen hyperparameters A and B. Both steps can be combined by

invoking the Beta-Bernoulli process Paisley and Carin [2009], which is described

in detail in the Appendix appendix A.

Once the choices for the priors above are made, I form a joint posterior probability

distribution, given by

p
(
τ, P,Q, p1:K , q1:K , r1:K , w1:K , b1:K | z1:N

)
, (3.8)

encompassing all unknown variables which I may wish to determine van de Schoot

et al. [2021], Von Toussaint [2011], Sivia and Skilling [2006], Gelman et al. [2013],

Ghahramani [2015]. The nonparametric prior on bk excludes analytic forms for my

posterior. For this reason, as I detail in the Appendix appendix A, I develop a

computational scheme that takes advantage of the Monte Carlo Markov chain that

can be used to generate pseudorandom samples from this posterior Brooks et al.

[2011].

Synthetic data

I obtain the synthetic data presented in the Results section through standard pseudo-

random computer simulations that mimic the Bloch’s equation formulation of the

FID.

3.4 Results

The proposed method can be used for the analysis of 1D NMR data and becomes

particularly powerful in the analysis of novel signals such as those of 19F-NMR

that remain poorly understood. As I explain in section 3.3, I built upon the

Bayesian paradigm of data analysis Dou and Hodgson [1995]. In particular, the
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method develops and computes a full posterior probability distribution over an

unknown number of resonances and all unknown parameters of such resonances. The

parameters of interest include (i) frequencies, (ii) relaxation rates, and (iii) amplitudes

and phases. However, instead of working with the Fourier transformed spectrum,

which most spectroscopists are familiar with, I analyze the raw free-induction decay

(FID) forming the NMR signal as recorded by the spectrometer directly in the

time domain. Using raw FID measurements directly, I avoid preprocessing steps,

such as filtering or windowing of the FID, thus avoiding artifacts that may be

introduced Chitode [2008]. Such aspects are particularly important in 19F-NMR,

whose chemical-shift range far exceeds that of conventional 1H experiments, and

subsequently demands wider spectral widths and careful calibration.

In this section, I begin by showing how this novel method performs on raw NMR data

from real-life experiments. Subsequently, I demonstrate and validate the method

and testing against ground truth using synthetic (simulated) data that mimic the

properties of real ones.

I provide the first two results in time domain format since model’s data are FID

measurements in time domain. Subsequent spectral results are provided in the

frequency domain as these are the easiest to interpret.

3.4.1 Application to raw data from hTRPM8-VSLD experi-

ments

With selective labeling

First, I apply the method to the analysis of 19F-data of hTRPM8-VSLD, a protein that

is responsible for sensing thermal stimuli Yin et al. [2018]. My input data consists of

the FID measurements obtained in quadrature detection as a real time series and an

imaginary time series that evolve over time following a single pulse excitation Rule

and Hitchens [2006a]. Figure fig. 3.1 illustrates the FID measurements in both the
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time domain and the frequency domain, highlighting the dual representation nature

of the dataset. Subsequent figures mainly employ the more commonly used frequency-

domain representation.

I assessed my method’s robustness in precisely identifying and characterizing

resonances. This was done by analyzing NMR signals from the protein, which

underwent fluorine labeling at four specific sites.

Full characterization

Next, I obtained and analyzed NMR signals of the same protein under different signal-

to-noise ratio (SNR) conditions. For clarity, I calculate the SNR of the kth resonance

with the formula:

SNRk =

√
τ((pk)2 + (qk)2). (3.9)

where the parameters pk, qk, τ are described in section 3.3. These quantify amplitude

and noise. From fig. 3.2, the signals observed from datasets with more repeats appear

to have higher signal-to-noise ratio as expected.

The lowest resolution signal consisted of 4 scans, the highest resolution 1024 scans,

and each intermediate signal was obtained by quadrupling the number of scans in the

previous one. In this context, a scan is a repetition of an NMR pulsed experiment.

For each scan, FID measurements are added, yielding an increase in signal intensity.

During this signal-averaging process, random noise is suppressed proportionally to

the square root of the number of scans Jacobsen [2007].

As a consequence of the increase in SNR, I obtain sharper posterior estimates for

each of the parameters, reflecting greater certainty on the results. This behavior is

accurately reflected by the method as shown in fig. 3.1 and fig. 3.3.

For example, in fig. 3.1, I show a characterization of FID data for the cleanest dataset

by the proposed method. It strongly identifies 4 resonances whose chemical shifts are
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Figure 3.1: Spectra representations of deconvolved resonances. Plots 0A-4A:
Individual resonances deduced from posterior estimates of the FID data from 1024
scans, of 19F hTRPM8-VSLD. Plots 0B-4B: Frequency domain interpretation of plots
0A-4A
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Figure 3.2: Histograms showing SNR across all resonances for each dataset. Plots
1A-4A, 1B-4B, 1C-3C show SNR for individual resonances of the dataset containing
1024 scans, 256 scans, 64 scans respectively.

described in fig. 3.3. As the SNR decreases in the lower panels, the method cannot

identify the peak that has the smallest relaxation rate, figs. 3.1 and 3.3.

3.4.2 Validation with synthetic data

To demonstrate the validity of this method, I simulate NMR data using as ground

truth the estimates of the posterior distribution obtained earlier, this way I obtain

ideal test cases that match real-life experiments. Using synthetic data, I can

easily compare my results with ground truth, and by fixing ground truth in the

earlier estimates, I ensure similar characteristics to a real-life experiment having the

characteristics of 19F-NMR. The corresponding analyses of this data by the method

are shown in fig. 3.4. As can be seen, an excellent agreement is obtained between the

posterior estimates and the ground truth. This indicates that the method is robust

and accurately recovers the underlying parameters for realistic 19F-NMR data.
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Figure 3.3: Effect of the number of scans. 0A-0E: Frequency domain spectrum
showing the deconvolutions of resonances deduced from posterior estimates of the
FID data from 1024, 256, 64, 16, and 4 scans of 19F hTRPM8-VSLD. Plots 1A-4A,
1B-4B, 1C-4C, 1D-4D, and 1E-3E are histograms showing the distribution of chemical
shifts for individual resonances of the FID data from 1024, 256, 64, 16, and 4 scans
respectively
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Figure 3.4: Validation with synthetic data. Histograms of relevant parameters
resulting from the posterior distribution in the analysis of the FID data simulated with
identical resonance parameters of the dataset containing 1024 scans of 19F hTRPM8-
VSLD. Plot 0A shows the deconvolution of all the resonances. Plots 1A-4A, 1B-4B
and 1C-4C respectively correspond to the chemical shifts, amplitudes and relaxation
rates of each individual resonance. The vertical lines are the ground truth values used
in the simulation of the data.
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3.4.3 Benchmarking with synthetic data

To further demonstrate the robustness of my proposed approach method, I simulate

19F-NMR spectra in different ranges of (i) noise, (ii) peak separation, and (iii)

spectrum complexity. I describe each case next.

Noise

In this study, I generated simulated data with a noise profile similar to that of the

experimental data analyzed in Section section 3.4.1. Next, I generate additional

datasets with the same parameters, but increased noise levels. For comparison

purposes, the generated noise variances equal 1x, 2x, 4x, 8x, 16x, and 32x their

baseline. These correspond to SNR that are
√

1x,
√

2x,
√

4x,
√

8x,
√

16x and
√

32x

respectively less than the baseline.

The results of my analysis for all datasets are presented in Figure fig. 3.5. As can

be seen, the method successfully identifies all resonance peaks in the cleanest dataset

(1x) in excellent agreement with the ground truth. However, as S/N decreases (lower

panels), the method fails to identify one of the peaks.

Peak separation

In this case, I analyze datasets of two identical resonance peaks with varying degrees

of peak separation. Identical peaks are the hardest cases to identify, as they are

the most difficult to pick out when they coincide. As shown in fig. 3.6, the method

identifies the two distinct peaks, up to a small threshold distance. I define distance

in this context as the ratio of the distance of separation between the peaks’ maxima

and the full width at half-maximum for each peak. The full width at half maximum

for each peak is proportional to the relaxation rate, and without loss of generality, I
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Figure 3.5: FID with synthetic data showing effect of decreasing SNR. A: Baseline
SNR, B: SNR with 2x noise variance, C: SNR with 4x noise variance, D: SNR with
8x noise variance, E: SNR with 16x noise variance, F: SNR with 32x noise variance.
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can let the constant of proportionality be 1. So that this distance is given as

d′ =
f2
r2

− f1
r1

(3.10)

For the particular case examined, the relaxation rate is identical for both peaks.

Hence

d′ =
∆frequency

relaxation rate(r)
(3.11)

As the distance of separation reaches a threshold value (d′ = 4.92), the FID spectrum

visually shows only one distinct resonance peak. Despite encountering a specific

instance of failure, it is important to acknowledge that the method consistently

exceeds human performance in most of the cases tested.

Decreasing amplitudes

In this experiment, I examined datasets that contain two overlapping peaks. In all

cases analyzed, I reduced the amplitude of a specific peak by half while keeping all

other parameters constant.

As illustrated in fig. 3.7, the proposed method successfully distinguished the two

distinct peaks until the amplitude approached 0 up to a threshold of 0.0074 adu. At

that point, the method could only identify a single peak.

Spectrum complexity

In this final benchmarking, I test the performance of the method against spectra

of increasing complexity-designed specifically to mimic the challenges of complex

NMR data. The first of such spectra is generated with 2 identical resonance peaks

at a distance that ensures clear separation. Subsequent spectra are generated by

introducing identical peaks at equidistant positions from the currently existing ones.
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With this construction, the number of resonance peaks present in a spectrum is one

less than twice the number of resonance peaks present in its previous spectrum.

Figure 3.8 below shows how the method performs as the complexity increases. As

can be seen, the estimated number of resonance peaks is in excellent agreement with

the ground truth.

3.4.4 Comparison with existing NMR analysis methods

Comparison to MestReNova’s peak picking algorithm

In order to illustrate the advantages of this fully automated method, I show how I

repeat the analysis with the popular NMR Analysis software, MestReNova Mestrelab

Research S.L.. MestReNova’s auto peak-peaking is based on quantitative Global

Spectrum Deconvolution (qGSD) which uses a generalized Lorentzian function to

model the experimental lineshapes. Like most NMR data analysis methods, qGSD

analyzes frequency-domain NMR spectra and therefore requires a fair amount of

preprocessing to transform the raw data into a method-friendly format.

In fig. 3.9, I show the steps required to analyze the cleanest dataset using MNova.

All transformation steps were performed in MNova, and the data was displayed with

MATLAB. The qGSD algorithm gives a total of three resonances, without a priori

information. However, with structural information on the molecule of interest, I can

inject an additional peak and require the method to help localize the four peaks.

Finally, I want to point out that the analysis of my method is completely automated

and does not require filterings or manual adjustments.

Comparison to Deep Picker

To further illustrate the effectiveness of this approach, in fig. 3.10, I compare it with

Deep Picker, a state-of-the-art deep learning-based peak-picking method recently

developed by Li et al. Li et al. [2021]. Deep Picker utilizes a neural network
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Figure 3.6: Frequency domain spectra showing decreasing distance of separation
between two identical peaks d′. A: d′ = 78.72, B: d′ = 39.36, C: d′ = 19.68, D:
d′ = 9.84, E: d′ = 4.92 (Failure),
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Figure 3.7: Frequency domain spectra of synthetic data showing decreasing
amplitude of one shoulder peak. 1A-4A: The left shoulder peak is constructed with
1x,0.5x,0.25x, and 0.125x the baseline amplitude. 1B-4B: Corresponding histograms
showing the number of resonances identified by the method (ground truth = 2)
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Figure 3.8: Frequency domain spectra of synthetic data showing increasing
complexity. 1A-4A: Spectra constructed with 5,9,17, and 33 resonances respectively,
1B-4B: Corresponding histograms showing the number of resonances identified by
the method. Spectrum in 4A is unusually complex and, as a result, exposes a failure
mode in our method.
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Figure 3.9: Data analysis of cleanest dataset with MestReNova. Panel A shows
the frequency domain spectrum of raw data. Panel B shows the frequency domain
spectrum of data after preprocessing steps (phasing and apodization). Panel C shows
resonances detected using qGSD, MestReNova’s peak picking algorithm
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architecture trained on preprocessed NMR data to estimate peak locations and

characteristics. To do this comparison, I carefully preprocess the NMR data in

accordance with the specifications provided by the authors, and then input these

preprocessed data into the Deep Picker system. Using the default settings, Deep

Picker overestimated the number of peaks, suggesting an inherent tendency to overfit

noise under these conditions. For this reason, I incrementally increased the noise

threshold in three other separate trials. As I did this, the method began to stabilize,

but the results remained suboptimal: the number of identified peaks never reached

the correct count of 4 and instead plateaued at 3. Although these were three out of the

four peaks, the estimated spectrum Deep Picker generated deviated noticeably from

the original data, showing an inability of the deep picker to reverse the preprocessing

done.

My proposed method, on the other hand, accurately identified all 4 peaks without

any need for preprocessing or manual parameter tuning. The estimated spectrum

produced by my approach showed excellent overlap with the original, demonstrating

its ability to faithfully capture the underlying resonances while rejecting noise. This

difference is particularly significant because it highlights the ability of the method

to adaptively determine the appropriate model complexity directly from the data, a

feature that inherently avoids the pitfalls of both overfitting and underfitting.

3.5 Discussion

In this study, I have presented a novel method to identify and characterize resonances

in raw NMR data. This method is particularly relevant for 19F-NMR, where the

existing understanding and user experience to guide manual choices is limited.

The method employs Bayesian nonparametrics to generate posterior probability

distributions over all possible combinations of resonances and their characteristic
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Figure 3.10: Data analysis of cleanest dataset with Deep Picker. Panel A compares
the MAP spectrum generated by my method with the spectrum produced by Deep
Picker at a noise-level cutoff of 5.5, where Deep Picker identified 27 resonances. Panel
B compares the MAP spectrum generated by my method with the spectrum produced
by Deep Picker at a noise-level cutoff of 10, where Deep Picker identified 9 resonances.
Panel C compares the MAP spectrum generated by my method with the spectrum
produced by Deep Picker at a noise level cutoff of 18, where Deep Picker identified 5
resonances. Panel D compares the MAP spectrum generated by my method with the
spectrum produced by Deep Picker at a noise level cutoff of 19, where Deep Picker
identified 4 resonances.
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parameters. Such posterior distributions combine our initial assumptions about the

resonance characterization with the likelihood of obtaining the observed FID data.

Unlike conventional Bayesian methods that rely on probability distributions over a

fixed number of parameters van de Schoot et al. [2021], Bayesian nonparametrics

makes the method more robust because it addresses the model selection problem

Ghahramani [2015], Gelman et al. [2013]. The model selection problem refers to the

challenge of choosing the best model for our data among a set of candidate models

Ghahramani [2015]. Specifically in NMR data analysis, each candidate model is

distinguished by the number of resonance peaks it can fit. Instead of arbitrarily

deciding on the candidate model beforehand and then attempting to fit the parameters

to the model, my method allows for the simultaneous choice of the model and fitting

of its parameters. This approach eliminates the need for human intervention and

takes a significant step towards full automation of NMR data analysis.

Another advantage of my method over other techniques is that it exclusively uses data

in the time domain. This approach completely avoids errors that could be introduced

during the Fourier transformation process, which is typically used to convert FID

data from the time domain to the frequency domain. Working directly with the

data in the time domain, the method offers improved precision and reliability in

resonance identification and characterization regardless of windowing and filtering

choices Jacobsen [2007], Rubtsov and Griffin [2007]. In addition, the time domain

formulation also allows the method to provide interpretable estimation of errors (i.e.,

posterior variance) determined exclusively from the FID supplied (i.e., length and

noise) as opposed to ad hoc metrics like residuals and chi-square errors.

In recent years, novel deep learning approaches, such as Deep Picker Li et al. [2021],

have also been applied to address similar problems. Although Deep Picker is a non-

parametric method, its neural network architecture requires high-quality training

data for effective model training. However, it is challenging to obtain training data

that cover all potential use cases. In contrast, my approach does not require model
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training, thus eliminating the need for training data altogether. Furthermore, as I

showed in a previous section, deep picker still requires some parameter tuning in order

to work well.

Beyond deep learning, my approach also offers distinct advantages over traditional

signal processing techniques, which often rely on user-defined thresholds for peak

identification. As shown in a previous section, commercial software packages, such

as Mnova, typically utilize such methods. A key benefit of my model is that it

entirely bypasses the need for a threshold. This removes a source of potential error,

as choosing an appropriate threshold can be challenging, especially in spectra with

low signal-to-noise ratios or overlapping resonances.

My method employs a promising Bayesian model formulation that holds the potential

for extension to multidimensional NMR. The primary challenge is the computational

cost; for the Flourine dataset discussed in this paper, with only 4 resonances, our

method required about 5 hours to generate enough samples to converge to the

posterior distribution. Generally, the analysis of a spectrum can range from a few

hours to a few days depending on spectral complexity. Therefore, ongoing work

focuses on achieving a computationally efficient representation of the model to enable

practical applications, especially those involving specialized pulse sequences and non-

Gaussian profiles. This pursuit opens up exciting possibilities for advancing the field

of NMR research.
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Chapter 4

A statistical learning framework

for probing chemical exchange
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4.1 Disclosure

This chapter is adapted from a manuscript currently being prepared for journal

submission has been revised to fit coherently with the broader narrative flow.

4.2 Introduction

Biological function emerges from the dynamic ability of molecules to alter their

conformation and engage with binding partners. From the conformational changes

that activate a protein enzyme to the binding and release of a drug from its

target, these dynamic processes occur on a wide range of timescales Steigel and

Spiess [2012], Bain [2003], Solomon [1955]. For several decades, Nuclear Magnetic

Resonance (NMR) spectroscopy has been extremely powerful in characterizing these

dynamics at atomic resolution. It achieves this by observing a phenomenom known as

chemical exchange, where nuclei move between distinct chemical environments Bain

[2003], Kaplan [2012], Keeler [2011]. Accurate probling of this chemical exchange

process provides insights into the kinetic and thermodynamic landscapes that govern

molecular function Bain [2003], Kaplan [2012], Keeler [2011].

The information about chemical exchange is encoded in the shape of NMR resonance

peaks, otherwise called the lineshape Bain et al. [2001], Higinbotham and Marshall

[2001], Keeler [2011]. In a system undergoing chemical exchange, the appearance of

the spectrum is determined by the relationship between the relevant exchange rate

constants and the frequency seperation of the interconnected states Bain et al. [2001].

In the slow exchange regime, where these exchange rates constants are significantly

smaller than the relevant frequency seperation, the spectrum outlines distinct peaks

for each molecular state Bain et al. [2001], Keeler [2011], Kaplan [2012]. As

the exchange rates increase and become comparable to the frequency seperation,

the system enters the intermediate exchange regime, where the resonance peaks
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broaden significantly and begin to coalesce Bain et al. [2001], Keeler [2011], Kaplan

[2012]. Finally, in the fast exchange regime, the individual resonances merge into

a single, sharp peak at a population weighted average frequency Bain et al. [2001],

Keeler [2011], Kaplan [2012]. To extract the underlying thermodynamic and kinetic

parameters of the system, scientists primarily analyze the transformation of these

lineshapes, often as a function of temperature Bain [2003], Gultekin and Gore [2005],

Carr and Purcell [1954].

Within NMR studies on chemically exchanging systems, the task of spectral analysis

is multifaceted. It typically begins with the identification of a full set of resonance

peaks, each representing distinct states or conformations inherent to the system Rule

and Hitchens [2006b]. However, recognizing these peaks is only the preliminary step.

Embedded within these spectral features are the unique kinetic and thermodynamic

parameters that demand careful extraction Bain et al. [2001], Steigel and Spiess

[2012], Allerhand et al. [1966].

Across the years, chemical exchanging systems have been studied primarily through

the meticulous analysis of NMR lineshape functions. Foundational work by Gutowsky

and Saika Gutowsky and Saika [1953] and McConnell McConnell [1958] laid

the theoretical groundwork for understanding how chemical exchange rates affect

NMR lineshapes. Their analyses showed that as the rate of exchange between

distinct chemical environments changes, the corresponding 1D NMR signals undergo

predictable transformations: from well-resolved, seperate peaks at slow exchange

rates, through broadened spectrum at an intermediate state, to a single, population-

weighted average peak under fast exchange conditions McConnell [1958]. By fitting

these temperature-dependent lineshapes, the lineshape analysis of 1D NMR spectra

became the gold standard for scientists seeking to extract relevant kinetic parameters.

A significant advancement, especially in the domain of slower exchange, included

the development of saturation transfer (ST) spectroscopy by Forsen and Hoffman

Forsén and Hoffman [1963]. This technique has been employed to measure rate
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constants by observing the intensity changes when one exchanging site is irradiated.

Further refinements include quantitative lineshape fitting routines which usually use

Non-Linear Least Squares (NLLS) algorithms, such as the Lenvenberg-Marquadt

method, to iteratively adjust model parameters and minimize the sum of squared

differences between an experimental spectrum and a spectrum simulated using Bloch

McConnell’s equations McConnell [1958].

Despite being powerful, these NLLS fitting methods are vulnerable to the complex,

high-dimensional parameter space of an NMR experiment Sima and Van Huffel

[2007]. These methods often struggle because there are many possible solutions,

and the likelihood of getting to the result that best represents the chemical process

heavily depends on initial guesses provided by researchers Osborne [1975], Dennis Jr

and Welsch [1978], Johnson [1994], Bard [1974]. This sensitivity introduces hidden

uncertainties, making it hard to reproduce or trust final results.

To overcome these fundamental challenges, I introduce a new paradigm for chemical

exchange analysis: a Bayesian parametric model of the time-domain FID signal

Pressé and Sgouralis [2023]. Instead of seeking a single point of best fit, my Bayesian

framework explores the entire valid parameter space to learn the full posterior

probability distribution for every model parameter Bishop and Nasrabadi [2006].

The resulting posterior distributions provide not just the most probable values for

each parameter but also a rigorous and comprehensive quantification of uncertainties

which eliminates the sensitivity to initial guesses that plagues NLLS methods. A key

innovation of my model is its ability to perform a global analysis of multiple datasets

simultaneously. Here, an entire temperature series of spectra can be fit at once to

directly infer the global thermodynamic parameters that govern the exchange process,

ensuring all data are leveraged in a cohesive and statistically robust manner.

I demonstrate the effectiveness and robustness of the method using carefully designed

synthetic datasets that closely mimic realistic experimental conditions. I first

validate my approach with a synthetic dataset simulating two peaks undergoing
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chemical exchange across several temperature points, transitioning across exchange

regimes. Afterwards, I evaluate the model’s performance with noisy synthetic data to

demonstrate its robustness. Finally, I compare my model against simpler, commonly-

used alternatives, showing superior accuracy and reliability.

4.3 Methods

4.3.1 Data generation in NMR experiments

In a typical 1D NMR experiment, the free induction decay (FID) signal is acquired

during the detection phase, where the net transverse magnetization of nuclear spins

precesses and relaxes over time Rule and Hitchens [2006a], Kaplan [2012]. The signal

is sampled at increasing time points t1 < t2 < · · · < tN within the time window

[tmin, tmax].

The acquired FID signal at each time tn is a complex value zn = xn + iyn, where xn

and yn represent the real and imaginary components of the transverse magnetization,

respectively Rule and Hitchens [2006a]. These are influenced by physical factors such

as precession frequency, transverse relaxation, and the presence of chemical exchange

between spin pools.

The measured signal is modeled as:xn

yn

 =

P

Q

+ λ

M ′
x(tn)

M ′
y(tn)

+ ζn (4.1)

where P,Q are the baseline offsets, λ is the gain, M ′
x(t),M ′

y(t) are the true transverse

magnetization components predicted by Bloch-type equations, and ζn ∼ N2(0, S)

represents additive Gaussian noise.
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4.3.2 The Bloch-McConnell equations for K-Site exchange

The time evolution of the macroscopic magnetization vector

M⃗k(t) = [Mk
x (t),Mk

y (t),Mk
z (t)]⊤

for the k-th spin pool (where k = 1, . . . , K) in a system undergoing chemical exchange

is described by the Bloch-McConnell equations McConnell [1958]:

d

dt
M⃗k(t) = γ(1 − σk)

(
M⃗k(t) × B⃗#(t)

)
+


−Rk

2 0 0

0 −Rk
2 0

0 0 −Rk
1


M⃗k(t) −Mk

0


0

0

1




+
K∑
l=1

C lk

(
M⃗ l(t)

M l
0

− M⃗k(t)

Mk
0

)

Here:

• γ is the gyromagnetic ratio.

• σk is the chemical shielding constant for pool k.

• B⃗#(t) is the effective magnetic field vector, including the static field B0 and

any radiofrequency (RF) pulses.

• Rk
1 and Rk

2 are the longitudinal and transverse relaxation rates for pool k,

respectively. These are positive rate constants. Note the sign convention used

here places the negative sign explicitly in the relaxation matrix, consistent with

decay processes.

• Mk
0 is the equilibrium magnetization of pool k, proportional to its population.

• C lk represents the equilibrium flux between sites l and k (i.e., Rateeql→k =

Rateeqk→l = C lk). I assume that C lk = Ckl due to the chemical exchange process.
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These rates are linked to the underlying chemical kinetics and equilibrium

populations.

During the FID acquisition period following an initial excitation pulse, there are

no RF pulses applied, and the effective magnetic field is typically assumed constant

along the z-axis: B⃗#(t) = [0, 0, B0]
⊤. I am primarily interested in the evolution of the

transverse magnetization, which is conveniently represented by the complex quantity

Mk(t) = Mk
x (t) + iMk

y (t). Under these conditions, the Bloch-McConnell equations

for the transverse components simplify.

The precession term becomes γ(1 − σk)(Mk
xB0ĵ − Mk

yB0î) = −iωkM
k(t), where

ωk = γ(1 − σk)B0 is the Larmor frequency of pool k. The transverse relaxation

term becomes −Rk
2M

k
x − iRk

2M
k
y = −Rk

2M
k(t). The exchange term for Mk(t) is∑K

l=1 C
lk
(

M l(t)

M l
0

− Mk(t)

Mk
0

)
.

Combining these terms yields a system of K coupled linear ordinary differential

equations (ODEs) for the complex transverse magnetizations:

d

dt
Mk(t) = (−Rk

2 − iωk)Mk(t) +
K∑
l=1

C lk

(
M l(t)

M l
0

− Mk(t)

Mk
0

)
.

This system describes the evolution of the transverse magnetizations due to Larmor

precession, transverse relaxation, and chemical exchange during the FID periodBain

et al. [2001], Rule and Hitchens [2006a].

4.3.3 Forward Model: Simulating the FID signal

The system of ODEs governing the transverse magnetizations can be expressed in ma-

trix form, facilitating its solution. Let M⃗(t) be the column vector [M1(t), . . . ,MK(t)]⊤.

The system can be written as:

d

dt
M⃗(t) = AM⃗(t)
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where A is a K ×K complex matrix whose elements capture the combined effects of

relaxation, precession, and exchange. Based on the ODE derived above, the elements

of A are:

A =



−R1
2 − iω1 −

∑
l ̸=1

Cl1

M1
0

C12

M2
0

C13

M3
0

. . . C1K

MK
0

C21

M1
0

−R2
2 − iω2 −

∑
l ̸=2

Cl2

M2
0

C23

M3
0

. . . C2K

MK
0

C31

M1
0

C32

M2
0

−R3
2 − iω3 −

∑
l ̸=3

Cl3

M3
0

. . . C3K

MK
0

...
...

...
. . .

...

CK1

M1
0

CK2

M2
0

CK3

M3
0

. . . −RK
2 − iωK −

∑
l ̸=K

ClK

MK
0



Let klk be the first-order rate constant l → k and kkl be the first-order rate constant

k → l. Assuming chemical equilibrium, detailed balance requires that klkM
l
0 = kklM

k
0 .

If C lk = Ckl is the flux, then klkM
l
0 = kklM

k
0 and klk = Ckl/M l

0,kkl = Ckl/Mk
0 . Using

these definitions, the ODE can be rewritten as:

d

dt
Mk(t) = (−Rk

2 − iωk)Mk(t) +
K∑
l=1

(klkM
l(t) − kklM

k(t))

The matrix elements then become:

A =



−R1
2 − iω1 −

∑
l ̸=1 kl1 k12 k13 . . . k1K

k21 −R2
2 − iω2 −

∑
l ̸=2 kl2 k23 . . . k2K

k31 k32 −R3
2 − iω3 −

∑
l ̸=3 kl3 . . . k3K

...
...

...
. . .

...

kK1 kK2 kK3 . . . −RK
2 − iωK −

∑
l ̸=K klK



Let the system matrix be constructed as:

A = Λrelax/precess + G (4.2)
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where Λrelax/precess is a diagonal matrix containing the relaxation and precession terms,

and G is the generator matrix for the chemical exchange process.

Λrelax/precess =



−R1
2 − iω1 0 0 . . . 0

0 −R2
2 − iω2 0 . . . 0

0 0 −R3
2 − iω3 . . . 0

...
...

...
. . .

...

0 0 0 . . . −RK
2 − iωK


The exchange generator matrix G is constructed to satisfy detailed balance Norris

[1998], Yang et al. [2006], Joshi [2013] with respect to the equilibrium populations

π = [π1, . . . , πK ]⊤, where πk is the equilibrium fraction of pool k (
∑

k πk = 1). This

is achieved by defining G based on a symmetric matrix S (where Skl = Slk ≥ 0

for k ̸= l, and Skk = 0) which contains the fundamental exchange rate information.

The K(K−1)
2

unique off-diagonal elements of S constitute the parameters defining the

exchange rates. The elements of G are given by:

G =



−
∑

l ̸=1
S1l

π1

S12

π1

S13

π1
. . . S1K

π1

S21

π2
−
∑

l ̸=2
S2l

π2

S23

π2
. . . S2K

π2

S31

π3

S32

π3
−
∑

l ̸=3
S3l

π3
. . . S3K

π3

...
...

...
. . .

...

SK1

πK

SK2

πK

SK3

πK
. . . −

∑
l ̸=K

SKl

πK


This construction defines the entries of the generator matrix G to satisfy two critical

properties. First, by ensuring that
∑

k Gkl = 0 for all l (i.e., the columns sum to

zero), the model adheres to a fundamental requirement of continuous-time Markov

chains that conserves total probability. Secondly, the construction is designed to

satisfy detailed balance, a stricter condition that makes the process time-reversible

Yang et al. [2006]. The formal proof that this construction meets the detailed balance
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condition is provided in Section B. Substituting these into Eq. (4.2), the elements of

the full system matrix A become:

A =



−R1
2 − iω1 −

∑
l ̸=1

S1l

π1

S12

π1

S13

π1
. . . S1K

π1

S21

π2
−R2

2 − iω2 −
∑

l ̸=2
S2l

π2

S23

π2
. . . S2K

π2

S31

π3

S32

π3
−R3

2 − iω3 −
∑

l ̸=3
S3l

π3
. . . S3K

π3

...
...

...
. . .

...

SK1

πK

SK2

πK

SK3

πK
. . . −RK

2 − iωK −
∑

l ̸=K
SKl

πK



The solution to the linear ODE system d
dt
M⃗(t) = AM⃗(t) with an initial condition

M⃗(0) = M⃗0 is given by the matrix exponential:

M⃗(t) = eAtM⃗0

For computational efficiency, the matrix exponential is calculated using eigende-

composition of A Hallak and Dalal [2023]. Let Λ = [λ1, . . . , λK ]⊤ be the vector

of eigenvalues and E be the matrix whose columns are the corresponding right

eigenvectors:

AE = E diag(Λt) =⇒ At = E diag(Λt)E−1.

Generate FID

The free induction decay (FID) can be represented as f(t) = [1, · · · , 1] · M⃗(t) Using

the eigendecomposition of A, I can write the FID as:

f(t) = 1⊤ (E diag([eλ1t, . . . , eλKt])E−1
)
M⃗0

where M⃗0 is a vector containing the equilibrium magnetization of all pools k =

1, · · · , K
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The core likelihood model assumed that the observed FID data points z1···N are

generated from the model f in the following manner;

zn ∼ Normal(fn,
1

h
)

where h is the precision. Assuming independence across N complex FID points, the

full likelihood is represented as:

z|f, h ∼
(

h

2π

)N

exp

(
−h

2

N∑
n=1

|zn − fn|2
)

=

(
h

2π

)N

exp

(
−h

2
||z − f ||2

)
.

4.3.4 Forward model: Incorporating temperature-dependent

Chemical Exchange rates

I now extend the forward model to incorporate data collected at various temperatures.

Each FID signal, acquired at temperature T , is characterized by temperature-

dependent chemical exchange rates and viscosities Bloembergen et al. [1948]. I then

integrate the temperature dependence into the forward model via the Eyring equation

and a viscosity-based scaling for the chemical exchange rates.

Specifically, for each FID at temperature T , the chemical exchange rate constants

are recalculated using an effective rate scaling factor r, which accounts for viscosity

variations:

r(T ) = rref

(
Tref

T

)
exp

(
Ea,visc

R

(
1

T
− 1

Tref

))
(4.3)

Here:

• rref is an arbitrarily set reference rate constant at temperature Tref ,

• Ea,visc is the activation energy associated with viscosity changes,
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• R is the universal gas constant.

The exchange rate matrix S used to construct the generator matrix G is defined

element-wise using the Eyring equation. This helps incorporate thermodynamic

parameters specific to each chemical exchange pathway:

Skl(T ) =
kBT

h
exp

(
∆S‡

kl

R

)
exp

(
−∆H‡

kl

RT

)
(4.4)

where:

• kB is Boltzmann’s constant,

• h is Planck’s constant,

• ∆S‡
kl and ∆H‡

kl represent the entropy and enthalpy of activation for the exchange

between pools k and l, respectively.

Therefore, for each experimental FID at temperature T , the full system matrix A(T )

becomes:

A(T ) = Λrelax/precess + r(T )G(T ) (4.5)

The evolution of the magnetization vector at temperature T is then solved via the

eigendecomposition approach described previously:

M⃗(t, T ) = eA(T )tM⃗0 (4.6)

The simulated FID at each temperature T is given by:

f(t, T ) = 1⊤ (E(T )diag
([
eλ1(T )t, . . . , eλK(T )t

])
E−1(T )

)
M⃗0 (4.7)

The likelihood model assumes that the observed FID data points z1,...,N at tempera-

ture T are generated from the model f(t, T ) as follows:
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zn ∼ Normal(fn,
1

h
)

where h is the precision parameter. Assuming independence across N complex FID

points, the full likelihood at temperature T is represented as:

z|f, h ∼
(

h

2π

)N

exp

(
−h

2

N∑
i=1

|zi − fi|2
)

=

(
h

2π

)N

exp

(
−h

2
||z − f ||2

)
.

The overall likelihood function across multiple temperatures is the product of

individual likelihoods:

L(data|parameters, h) =
∏

T∈temperatures

(
h

2π

)N

exp

(
−h

2
||z(T ) − f(T )||2

)

Bayesian Model

Figure ?? below provides a graphical model showing the interdependence of parame-

ters in the model.

To further develop this Bayesian model, I place priors on the unknown parameters:

ωk ∼ Beta(E,F, ωmin, ωmax)

rref ∼ Gamma(αr, βr)

qk ∼ Gamma(αq, βq)

p ∼ Beta(A,B, pmin, pmax)

h ∼ Gamma(α, β)

dSkl ∼ Gamma(αdS, βdS)

dHkl ∼ Gamma(αdH , βdH)
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where the new parameters are given by:

ωk = γ(1 − σk)

rk = Rk
2

qk = πk

dSkl = ∆S‡

dHkl = ∆H‡

p is the global phase offset.

I use MCMC sampling to draw from the posterior distribution over model parameters.

The implementation is described in appendix B

4.4 Results

4.4.1 Validation with synthetic data

First, I simulate NMR data to serve as a proof of concept for my analysis pipeline.

The data modeled a two-site system with populations fixed in a 60:40 ratio, with data

generated at five temperatures that spanned the slow and intermediate regimes.

The corresponding analyses of this data by the method are shown in fig. 4.1 below.

fig. 4.1 shows an excellent agreement between the posterior estimates obtained from

the method and the ground truth. In particular, the posteriors remain extremely

narrow and centered on the truths, showing that my Bayesian model computes each

parameter with high precision even in regions with spectral overlap.
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Figure 4.1: Synthetic data against the model signal generated from the Maximum A
Posteriori (MAP) parameters at five temperatures, increasing from 311 K (bottom)
to 371 K (top). Panels 1A-4A show the frequency-domain FID, and panels 1B-
4B depict the corresponding exchange-rate posterior distributions (histograms) with
the true value marked by a vertical black line. As temperature increases, the
two distinct peaks at low temperature broaden and merge, illustrating accelerated
chemical exchange. This is reflected in the broadening of the posterior histograms,
which indicates increased uncertainty.
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Figure 4.2: Panels 1A-5A and 1B-5B represent synthetic data and MAP
reconstructions for the lowest-temperature spectrum of each noise level. These are
followed by normalised posterior histograms for the relaxation rate (r) (panels 1C-
5C), enthalpic (∆H‡) and entropic (∆S‡) activation parameters(panels 1D-5D and
1E-5E respectively). Rows are ordered by decreasing snr from top to bottom.
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Figure 4.3: Root-mean-square error (RMSE) of the phase parameter (p) as a
function of the signal-to-noise ratio (SNR). Each coloured marker corresponds to
one synthetic dataset and uses the same row colours employed in fig. 4.2. The SNR
axis is reversed (high SNR on the left) to maintain consistency with the top-to-bottom
ordering in the spectra panel

4.4.2 Benchmarking with synthetic data

In certain physical regimes, NMR exchange experiments may generate data from

which it is inherently difficult or impossible to disentangle specific parameters Binsch

[1968]. The following experiments aim to assess how my model behaves in such known

challenging regimes. More precisely, I test whether the model correctly identifies

lack of information by producing appropriately uncertain posterior distributions (e.g.

wide or correlated distributions) rather than converging to potentially incorrect

but precise estimates. I simulate spectra under different: (i) noise profiles, (ii)

temperature-sampling strategies (uniform grid, sparse grid, and a cluster centered

on the coalescence region).
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Noise

In this study, I generated simulated data with a noise profile similar to that of the

data analyzed in Section section 4.4.1. Next, I generate additional datasets with the

same parameters, but increased noise levels. These new datasets correspond to SNR

that are 1x, 2x, 4x, respectively less than the baseline. The SNR was defined as :

SNR =
maxt |fclean(t)|

σnoise

,

where fclean(t) is the noise-free FID at T = 290 K. I then drew posterior samples of

the phase parameter {p(n)}Nn=1 and the root mean-square-error (RMSE) was evaluated

as

RMSE =

√√√√ 1

N

N∑
n=1

(p(n) − ptrue)
2
.

I present the results of the analysis in fig. 4.2 and fig. 4.3.

In fig. 4.2, I observe that as the the SNR diminishes, the posterior distributions

systematically broaden, illustrating how the method accurately depicts uncertainty

while remaining centered on the true parameters. Similary, the resulting curve in

fig. 4.3 shows a smooth, monotonic increase in RMSE as the SNR is lowered. This

trend mirrors the widening posteriors in the histogram panel and demonstrates that

the robustness of my method to inflate uncertainty in step with declining data quality

while retaining quantitative accuracy over a broad range of noise conditions.

4.4.3 Discussion

The results from the synthetic data benchmarks demonstrate that the proposed

Bayesian framework is not only capable of accurately inferring physical parameters

from complex data, but also provides a robust quantification of uncertainty, especially

in low-information NMR regimes.
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The robustness of my framework in the presence of noise highlights a key advantage

than traditional point-estimation methods Reeves and Shaw [1970], Abergel and

Palmer [2004]. As demonstrated in fig. 4.2 and fig. 4.3, the model’s response to

decreasing data quality is ideal: the posterior distributions for the estimated param-

eters widen around the ground truth. This behavior is crucial for experimental NMR

studies, as it signifies that the model does not become misleadingly overconfident

when the data is poor. The smooth, monotonic increase in the RMSE further

substantiates this point-that the precision of the estimate degrades in a predictable

manner commensurate with the signal-to-noise Ratio. This ensures that any single

parameter estimate derived from the posterior (such as the mean or median) remains a

reliable indicator of the true value, while the posterior width provides an accurate and

trustworthy measure of the confidence one should have in that estimate. Ultimately,

these findings portray my method not just as a data-fitting tool, but as a framework

for evaluating the quality and information content of the experiment itself as it

provides not only parameter estimates but a clear picture of the certainty of these

estimates, which is intrinsically linked to the quality of the experiment.
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PART 2

Deep Learning for predictive

modeling in precision agriculture

62



Chapter 5

Development of precision feed AI

systems
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5.1 Disclosure

This chapter is adapted from a manuscript currently being prepared for journal

submission has been revised to fit coherently with the broader narrative flow.

5.2 Introduction

Nutritionists have evolved over time from balancing dietary crude protein (CP) with

metabolized protein (MP), to providing individual metabolized amino acids (AA).

More recently, research has aimed to achieve greater efficiency gains through more

precise matching of MP and metabolizable AA supplies with animal requirements

Moraes et al. [2018]. To this end, the NASEM National Academies of Sciences,

Engineering, and Medicine [2021] is a deterministic model that estimates the supply

and requirement of AA of individual animals. Today, the emerging field of precision

feeding can use new technologies to refine and adjust metabolizable AA supply to

meet individual animal needs Gaillard et al. [2020]. Precision dairy cattle feeding

depends on identification of the nutrient requirements for each cow in the herd and

utilizes technological advancements to adjust the animal’s diet and, subsequently, the

nutrient supply to match its requirements feed supply Pomar et al. [2021].

The development of precision dairy cow feeding methods (PDCF) requires automatic

collection and high throughput processing of data, and system monitoring in real

time to estimate and deliver a diet in the correct amount and composition adjusted

to match individual animal nutrient requirements. New feeding technologies (e.g.

sensors, feeders, automatic milking systems (AMS) and small wearable devices) and

data handling solutions (cloud storage, real-time communication, and automated

processing) allow group-housed animals to be fed according to their individual

requirements, improving herd feeding efficiency. Currently in the dairy industry,

however, predictive models of nutrient requirements and excretion (e.g. NASEM
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2021 Council et al. [2001]) are critically required to select the best feeding strategies

for the herd. For the dairy industry, PDCF is a promising solution to optimize

metabolizable AA use efficiency and reduce waste by adjusting the supply of crude

protein (CP) to individual cows at different points in the productive cycle of each

cow Prestegaard-Wilson et al. [2021], Kaufman et al. [2017], Cabrera et al. [2020].

Precision feeding of dairy cows has the potential to minimize metabolizable AA

overfeeding and underfeeding by predicting the individual cow requirements for AA

in real time.

The use of AI solutions and machine learning (ML) can be implemented to analyze

animal and environmental data in real time to accurately predict AA requirements

for each animal in the milking herd. Automatic milking systems could be used

to acquire data during each milking event. These data could be processed to do

analytics over milk production responses to feeding levels of metabolizable AA for

each cow in the herd. Machine learning could perform AMS animal and non-animal

data analytics to refine nutrient supply, improve feeding management, resulting in

increased biological and economic efficiency of dairy farms. In AMS, cows are fed

a combination of a partial mixed ration (PMR) in the feed bunk and with feed in

the milking robot. The feed delivered in the robot varies based on animal factors

e.g. productivity, however, individual cow intake of the feed delivered by the robot is

not measured. This limitation must be addressed to balance individual cow inputs

and outputs of nutrients.

The goal of this work is to determine the amount and variability of feed offered by the

robot, feed leftover in the robot by individual cows at the end of each milking event,

and feed intake at each milking. Furthermore, I aim to characterize the individual

cow variability and to characterize the size of the variability and its dynamic across

time and animal traits (e.g. milk production, parity, and days in lactation).
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5.3 Methods

5.3.1 Animals and materials

All procedures were approved by the Institutional Animal Care and Use Committee

of the University of Tennessee (protocol 2973-0423). The animal trial was carried out

at the East Tennessee AgResearch and Education Center - Little River Animal and

Environmental Unit (ETREC – LRAEU; Walland, TN).

The farm facilities included a Lely A5 Astronaut automatic milking system (AMS)

equipped with automated grain feeders fed by 4 individual grain bins.

A total of 54 lactating Holstein cows were housed in a free-stall barn with ad

libitum access to water and free access to the AMS. The cows were grouped into

a single pen equipped with 50 free stalls. Cows were identified in the AMS using

radio frequency identification ear tags, and chewing activity was monitored using

rumination collars (Lely, Harmelen, The Netherlands). The cows produced 45.4±11.7

kg milk/d; weighed 729±82 kg BW; and were 166±64 DIM at the beginning of the

period.

The animals were fed a common PMR that was offered 2x/day (8 AM and 3 PM)

in adequate amounts to achieve a target of 2% refusals. The PMR contained corn

silage, wheat straw, and a grain mixture. Water was added to the PMR to maintain

the 40% dry matter content (DM).

The feed offered on the AMS was tailored for each cow according to individual

predictions of DMI, animal size, animal production, and experimental objectives using

the NASEM (2021) model.

A time of flight 3-D camera (ifm O3D303) was installed inside the robot feed bin

to collect images before and after each milking event to estimate feed delivered,

leftover, and consumed by cows at each milking event (see next section). The camera
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Figure 5.1: Data pipeline summarizing procedures and the successive stages of data
transformations applied in this work.

was connected to a computer (Lenovo XX) to store temporarily images of the feed

bin acquired continuously and the computer had internet connection to online data

storage (Microsoft OneDrive) for permanent storage.

5.3.2 Data organization and analysis

Our data processing pipeline is summarized in fig. 5.1 and is detailed below.

Raw data acquisition

During the course of this study, individual animals entered the AMS voluntarily in

a sequential manner, producing visit events. Information on visits (such as time and

duration of the event, animal triggering the event, amounts of feed provided, and

milk produced) was provided by two separate data sources. The first is the database

managed internally by the AMS. The second is an image set acquired by the purpose-

installed 3D camera monitoring the AMS’s bin.

The AMS’s database is automatically managed by the AMS and provides individu-

alized physiological and behavioral information on the animal triggering each event.

This information is organized in visit records that indicates the time of the visit event

(time tag and duration), the animal that triggers the event (life number), the amount

67



of milk collected (milk yield) for the events that resulted in milking and the amount

of feed delivered (delivered feed) for the events that resulted in feeding. Visit records

are available for download from the AMS manufacturer at 24 hr intervals.

The 3D camera is managed by custom scripts that run on a local computer at the

farm site separately from the AMS. The camera automatically acquires images at

intervals of 0.5 sec. Custom scripts are used to pre-screen the acquired images in

real-time. Since the AMS employs a moving bin, pre-screening allows for selection

and retention of only the images that image the entire bin as opposed to occasionally

parts of it. The pre-screened images are time-tagged and uploaded in real time to

on-line cloud storage. The stored images are available for download on demand.

Feed estimation

To obtain the actual feed consumed during a milking event, I combined data from

the database (feed delivered) with data from 3D images (feed residual). The latter

are obtained by processing the stored images with a custom convolutional neural

network (CNN) that is developed and employed as described below. The CNN uses

the supplied images to provide an estimate of the feed remaining in the AMS’ bin at

the time of the image capture. This time coincides with the time between successive

visit events. For this reason, the residual feed estimates are used twice: once as feed

existing in the bin before the following milking event and once as feed leftover after

the previous milking event.

The residual feeds are associated with the visit records captured by the AMS based

on time following temporal alignment. Temporal alignment accounts for matching

the acquisition time of each image (recorded by the camera) with the time span of

a visit event (recorded by the AMS). This way, temporal alignment ensures that the

images, which are obtained and managed independently of the AMS, are associated

with the correct AMS data and so residual feeds are correctly designated as existing

and leftover with respect to the visit events.
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A B

C D

Figure 5.2: Example images of the feed bin: (A) empty bin (0kg), (B) full bin
(3.9kg), (C) image shown in panel B after registration with respect to the image of
panel A, and (D) difference image between full (panel C) and empty bins (panel A),
enhancing contrast for processing through the CNN. In all panels, the highlighted
region indicates the crop region. Although the area of the crop region represents only
a small portion of the full field of view, due to the operation of 3D cameras, the actual
imaged volume nearly covers the volume of the entire bin.
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During this study, visit events lasted for several minutes each, resulting in multiple

images stored per event. Since each visit event is associated with multiple stored

images and so multiple residual feed amounts, the existing and leftover feed estimates

are obtained by computing the median prediction across all images associated with

an event.

After temporal alignment, the estimated feed consumed at a given visit event resulted

from

feed consumed = feed delivered + feed existing − feed leftover (5.1)

where the existing feed indicates feed remaining in the AMS’s bin at the end of the

previous visit event and feed leftover indicates feed remaining in the AMS’s bin at

the end of the current event. That is, our calculations correct the feed delivered by

the AMS according to the feed adjustment

feed adjustment = feed existing − feed leftover (5.2)

which is the net change in the residual feed within the bin across the visit.

5.3.3 Computational methods

Model deployment

I used a convolutional neural network (CNN) to estimate the amount of feed remaining

in the AMS’s bin between successive visit events. The network receives 3D image data,

captured between events when the AMS’s bin is retracted, and outputs the amount

of feed that remains in the bin during imaging.

The repeated opening and closing of the feeding bin during feeding events caused small

shifts in the camera’s position over time. Although these shifts did not drastically

change the field of view, they introduced slight misalignments that prevented a pixel-

wise comparison between acquired images and training images. To correct for this
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Figure 5.3: Configuration of CNN that converts 3D images to feed amount
estimates.

misalignment, I cropped the images from an original size of 137x176 to 66x106 to

emphasize the most relevant viewing area (see fig. 5.2) and registered Muthukumaran

and Sivakumar [2017] all acquired images with respect to a baseline reference image

from the training data set, cropped identically. The viewing area approximates the

smallest rectangle that bounds the largest leftover feed in the training data (about

3.9 kg). This ensured that the trained model reliably interpreted changes in the feed

weight without being affected by positional variations in the camera.

A small percentage of images with artifacts (≈ 0.1%), which escaped prescreening,

yielded negative feed values. These images were excluded from further processing.

Model development

The relationship between images and feed weight is too complicated to model from

first principles. For this reason, I leverage the power of modern AI tools and apply

a purpose-built data-driven model; an image model, which takes the form of a CNN

Goodfellow et al. [2016] as described below, receives images and computes the feed

remaining in the bin between successive visit events.

At input, the network receives registered 3D images of the feed bin, which have been

cropped to a size of 66 x 106 (as mentioned above) with the baseline image of the

empty bin subtracted (see fig. 5.2, panel D) to enhance contrast.

The CNN architecture presented here was selected after an exploratory phase where

we tested multiple designs for optimal performance. The final model, illustrated in

fig. 5.3, is designed to process 3D image data stored in grayscale format (i.e. 1 scalar

value per pixel). The architecture consists of standard convolutional layers, ReLU
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activation functions, normalization layers, and a fully connected regression output 2,3.

The first convolutional layer applies a set of 2x2 kernels, which are small matrices of

learnable weights. This operation allows the model to capture local spatial patterns

in the feed distribution, and a bias term is added to the output of each convolution.

Subsequently, a batch normalization layer is introduced to stabilize activations and

accelerate convergence. The ReLU activation function introduces nonlinearity, which

enables the network to learn complex feature representations such as bin and feed

height. A second convolutional layer, identical in kernel size to the first, is introduced

to learn more abstract spatial dependencies such as bin wall and feed texture. This is

followed by an additional batch normalization layer and a ReLU activation layer. To

prevent overfitting, I include a dropout layer to deactivate a subset of neurons during

training. The network then passes the extracted features through a fully connected

layer, which maps the learned representations to a single scalar output corresponding

to the estimated feed.

Training data is obtained by manually filling the bin with a pre-determined amount

of feed. Specifically, I used a ladder of 52 feed steps that ranged from an empty bin

to a maximum amount of 3.9 kg. For the first step of the ladder, i.e. empty bin, I

acquired 200 images. For the subsequent 51 steps, I acquired 50 images per step. This

procedure resulted in 2750 image/feed pairs that I used to train the CNN. For model

training, I use the root-mean-square propagation learning algorithm which improves

upon standard gradient descent by using an adaptive learning rate schedule. Unlike

plain gradient descent which applies a single, fixed learning rate to all parameters,

RMSprop adjusts the rate for each parameter individually based on a moving average

of recent gradient magnitudes. This allows for more stable and efficient adjustments

as the training progresses. The trained CNN demonstrated high predictive accuracy,

achieving an R2 value of 0.9881 on an unseen dataset. This result signifies a near-

perfect fit between the model’s predictions and the true data.
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5.4 Results

5.4.1 System Validation

As detailed in section 5.3, on a visit basis, feed consumed is determined by the sum

of feed delivered and a feed adjustment. The former is reported by the AMS and the

latter is derived by the difference between existing and leftover feeds which, in turn,

stem from the residual feeds that are calculated based on the 3D images. From these,

“feed delivered” denotes the amount automatically determined by the AMS based on

pre-set criteria, “feed existing” term represents the residual feed from the preceding

visit event and “feed leftover” denotes the residual feed remaining in the bin at the

end of the current event.

A characteristic timeline in fig. 5.4 below shows a sample overlay of images taken by

the 3D camera alongside visit events recorded in the AMS system. Here, I see image

bursts associated with each visit event. This confirms that the system is robust

enough to pair the visit events recorded in the AMS (fig. 5.1) with the images taken

from the 3D camera.

Analysis of all visit events provides an overview of how individual cows interact with

the AMS and the image acquisition system provides an accurate estimation of their

feeding characteristics. A summary is shown in table 5.1. There were 5160 total

visit events during the study period, indicating that each animal visited the AMS an

average of 3.2 times per day. This number is in agreement with general behavioral

traits.

Our results also showed that the average visit duration was 6.95± 1.91 min while the

time elapsed between successive visit events averaged 1.63±7.23 min. The histogram

in fig. 5.5 corroborates this fact, as the duration for visit events peaked around 6.5

minutes and was skewed right towards higher values with a few outliers occurring

after 15 mins. The camera captured an average of 27.54 ± 19.32 images per event.
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Figure 5.4: Portion of the timeline of this study with marked visit events and
acquired images. As can be seen, visit events last for ≈ 7 min each and are
separated by intervals of ≈ 1.5 min. Each event is aligned with ≈ 22 images acquired
successively at intervals of 0.5 sec. The time and duration of the visit events depend on
animal behavior and show random patterns. Occasional gaps in the train of acquired
images are due to images failing prescreening or image registration which are excluded
from our analysis.
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A plot showing how feed consumed correlated with feed delivered over the visit events

of this study is shown in fig. 5.6 (panel A). It is important to note that the plot

shows the amount of feed consumed, not the amount of feed leftover. The maximum

value for feed consumed in our dataset is 3.9kg. In this plot, points correspond to

individual visits. Placement along the horizontal axis (delivered feed) is determined

by AMS’s data and placement along the vertical axis (consumed feed) is determined by

a combination of AMS’s and camera’s data. Points falling near the diagonal indicate

visits that delivered and consumed feed are of the same amount. Similarly, points

above the diagonal indicate visits that consumed feed exceeds delivered feed (possibly

due to excessive existing feed) and points below the diagonal indicate visits that

consumed feed lacks delivered feed (possibly due to excessive leftover feed). Overall,

points above and below the diagonal are roughly balanced, indicating that events

with feed overconsumption are balanced out by events with feed underconsumption.

Approximate balancing of the feed consumption across successive events is exemplified

by the highlighted points 1a,1b and 2a,2b in fig. 5.6. Specifically, a large quantity

of leftover feed following one event (e.g., panel A, point 1a) corresponds to a higher

consumption in the subsequent event (e.g., panel A, point 1b), as expected since the

animal in the second visit can consume both delivered feed in own visit and a portion

of the leftover of the previous visit. Conversely, minimal leftover feed from one event

(e.g., panel A, point 2a) leads to a lower calculated consumption in the next (e.g.,

panel A, point 2b). Panel B provides a timeline positioning these consecutive event

pairs (1a,1b and 2a,2b) within the sequence of visit events; while, panel C, includes

images captured after each visit event, showing the residual feed remaining in the

bin.
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5.4.2 Herd feeding pattern

Histograms illustrating the distribution of per-event metrics are presented in fig. 5.7.

The distribution of feed consumed per event was almost symmetric, peaking at ≈ 1800

g, indicating that overfeeding events are roughly balanced by underfeeding events over

the entire herd. In contrast, feed delivered per event was skewed right, showing a peak

at ≈ 1500 g and an outlier at ≈ 5000 g. This is consistent with the operation of the

AMS which senses the animal triggering each event and responses by adjusting the

feed to be delivered based on a predetermined daily target.

More quantitative results are shown in table 5.2. On average, animals in the herd

received 1832.11 ± 577.66 g of feed per visit. From this, they consumed an average

of 1831.12 ± 658.84 g, resulting in an average of 818.28 ± 485.29 g of residual feed

remaining in the bin at the end of each visit. Our analysis equally showed an average

feed adjustment of 0.15± 409.45 g, signaling once more that over the entire herd feed

overconsumption is balanced out by feed underconsumption. As explained above,

this is not surprising since residual feed is accounted twice: once as leftover feed from

one visit that contributes to underconsumption, and also as existing feed for the next

visit that contributes to overconsumption.

5.4.3 Individual animal feeding patterns

While overall herd averages provide a general understanding of the animals’ interac-

tion with the AMS, substantial variation in feeding behavior exists among individual

animals as seen in table C.1 and table C.2 (see appendix C).

Considering per-visit statistics (table C.1 supplement), average feed consumed per

visit across the herd ranged from approximately 1300.4 g to 3920.2 g. However, I

discovered considerable variation in the consistency of consumption for individual

animals, as indicated by standard deviations ranging from 329.9 g to 1077.3 g. This

showed that while some animals had a seemingly consistent feeding pattern, some
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Table 5.1: Comprehensive summary of visit events. The reported values indicate
mean ± one standard deviation.

Metric Value
First event in this study 04-17-2024 00:09:52
Last event in this study 05-17-2024 23:56:46
Total visit events 5160
Duration for visit event (min) 6.95 ± 1.91
Time between successive visit events (min) 1.63 ± 7.23
Number of images per visit event 27.54 ± 19.32

0 5 10 15 20

duration for visit event (min)

A

0 200 400 600

time between successive visit events (s)

B

0 50 100 150

number of acquired images per event

C

Figure 5.5: Histograms of the metrics in table 5.1, the vertical line identifies the
mean values. For clarity, in Panel B, times between successive visit events above 600s
are binned at 600s.

Table 5.2: Summary of consumption related events during the course of this study.
The reported values indicate mean ± one standard deviation.

Metric Value
Feed consumed per event (g) 1831.12 ± 658.84
Feed delivered per event (g) 1832.11 ± 577.66
Leftover feed per event (g) 818.28 ± 485.29
Adjustment in feed per event (g) 0.15 ± 409.45
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1a
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2b

2a
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B

C

Figure 5.6: Feed consumption estimates. Panel A displays feed consumed (NOT
feed leftover) vs feed delivered over all events of this study and highlights 4 specific
instances, representing two pairs of successive visits (1a/1b and 2a/2b). Panel B
shows the timeline of these visit events while the bin images in panel C show the
leftover feed at the end of each visit event.
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others might have been more inconsistent. I observed similar variations for delivered

feed (means ranging from 1288.6 g to 3431.3 g and standard deviations from 177.1 g

to 1035.8 g) and residual feed (means ranging from 517.0 g to 1202.5 g and standard

deviations from 278.0 g to 656.4 g).

Aggregating AMS and image data to daily feed totals provides insight into daily

intake patterns (table C.2 supplement). The mean daily feed consumed per animal

ranged from 3007.2 g to 8744.4 g, while mean daily feed delivered ranged from 3511.9

g to 8744.4 g. The variability in daily totals for individual cows is reflected in the

standard deviations of these daily sums (consumed standard deviations: 819.3 g to

2031.4 g; delivered standard deviations: 595.8 g to 1666.3 g). Mean daily leftover

feed ranged from 1242.4 g to 3888.8 g (standard deviations: 533.3 g to 2265.4 g),

and mean daily adjusted feed ranged from -1245.7 g to 916.2 g (standard deviations:

434.2 g to 1176.1 g).

Figure 5.7 shows variations in daily feed consumption and delivery averages for

individual animals across the observed period. It also demonstrates how, collectively

for all cows, the amount of feed consumed per visit closely matches the amount

delivered by the AMS. While the AMS balances feed delivery with feed consumption

at the herd level, as illustrated by the right panel, it fails to achieve the same balance

at the individual animal level, as illustrated in the left panel. Specifically, on average,

44.4% of the animals of this study consumed more feed than delivered, while 55.6%

of the animals received more feed than they consumed.
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Figure 5.7: Histograms of the metrics in table 5.1, the vertical line identifies the
mean values. For clarity, in Panel B, times between successive visit events above 600s
are binned at 600s.
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Figure 5.8: Comparison of average daily feed delivered and consumed per animal
to herd daily averages. (Left) Bar chart showing individual animals with their
respective average daily delivered (blue) and consumed (red) feed. (Right) Aggregated
comparison of the overall average delivered and consumed feed across all animals.
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5.5 Discussion

This study was aimed at quantifying the amount and variability of feed delivered, and

consumed by individual dairy cows within an automated milking system (AMS). Our

findings show a notable discrepancy between the feed amounts programmed in the

AMS and the actual feed consumption observed at the cow level. This discussion will

analyze these discrepancies in the context of individual cow behavior, and established

industry benchmarks.

A significant discovery of this work was the consistent presence of feed leftovers, with

an average of 818.28 ± 485.29g remaining in the feed bin after a milking event. This

observation refutes the common assumption that cows will consume all feed offered

during feeding, and this again highlights the importance and need for the measuring

leftovers to determine the true amount of feed consumed.

The primary factor limiting full consumption of feed appears to be the time available

for eating. The average visit duration in our study was 7 mins. As noted by Kertz

et al. Kertz et al. [1981], industry standards suggest that cows can consume feed

at a rate of 250 to 400 g/min. Based on our observed milking duration, this implies

a maximum potential consumption of 1.75 to 2.8 kg per visit. So, when the feed

delivered to the cow exceeded this capacity, leftovers were inevitable.

Furthermore, I observed high-intercow variability in the amount of feed in the amount

of feed leftover. This suggests that factors other than time, such as stage of lactation,

individual biological composition play a crucial role, as has been discussed elsewhere.

5.6 Limitations and future directions

I conducted this study on a single farm with one type of AMS and a concentrate

composite of 4 different feed types. The observed delivery accuracy and intake

behaviors may differ from other system configurations or feed types. Future work
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will need to expand this methodology to multiple herds and system configurations to

validate these findings. Furthermore, integrating wearable sensor data could provide

deeper insights into the specific cow behaviors that lead to feed refusal and thus,

allow for more targeted management strategies.
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Chapter 6

Conclusions

I began with the premise that AI and modern computational science navigate a crucial

and productive tension between two distinct paradigms: model-based inference, which

seeks mechanistic understanding, and predictive modeling, which aims to forecast

outcomes. Having now presented case studies in both biochemical analysis and

precision agriculture, I return to the central theme to synthesize the findings and

reflect on the respective strengths, limitations, and ultimately, the complementary

nature of these two powerful approaches.

In demonstrating the inferential paradigm, this work delved into the complex

analytical landscape of Nuclear Magnetic Resonance (NMR) spectroscopy. Through

the development of two distinct Bayesian frameworks, I addressed fundamental

challenges in extracting physical meaning from spectral data. My Bayesian non-

parametric model provided a robust solution to the critical model selection problem,

delivering an automated, principled method for identifying an unknown number

of resonances. Complementing this, my parametric model for chemical exchange

replaced the unreliable methods of the past with a thermodynamically consistent

global analysis. In both instances, the primary achievement was not merely a

result or estimation of parameters, but the generation of interpretable physical
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parameters—each accompanied by a rigorous quantification of its uncertainty. This

work demonstrated the power of the inferential approach to deliver deep, trustworthy,

and mechanistic insight into complex physical processes.

I also explored the predictive paradigm through the challenge of detecting feed

consumption in agricultural robotics. Acknowledging that accurate prediction relies

on high-quality data, I first conducted a foundational study that refuted the flawed

”zero-leftover” assumption in automated feeding systems and quantified the true

nature of individual cow feed intake. This essential groundwork enabled the

subsequent development of the dissertation’s predictive centerpiece: a deep learning

model engineered to accurately forecast the feed consumption of individual cows.

In alignment with the goals of predictive modeling, this tool prioritized forecasting

power, leveraging a complex, non-linear function approximator to create a practical

tool aimed at optimizing and automating a real-world agricultural process.

By placing these case studies side-by-side, this dissertation offers a clear perspective

on the two paradigms. The inferential NMR models provide in-depth scientific

understanding but demand significant domain expertise to construct. The predictive

agricultural model offers high forecasting accuracy, essential for automation, but with

less inherent physical interpretability. Yet, the most significant insight from this

comparative exploration is not in their differences, but the way they complement

each other.

The most important finding of this work therefore, is that these class of approaches

should not necessarily be forced into a single, unified framework. Rather, their value

is in their distinction. The path for future work should focus on sharpening these

specialized tools and understanding the landscape where each is most appropriately

deployed.

This might take the form of developing rigorous frameworks for model selection

and diagnosis that helps data analysts choose between these paradigms. These
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methodologies should be able to robustly determine when a system is sufficiently

understood to warrant an inferential approach versus when its complexity and

problem type demands for the application of a predictive approach. This is not a

trivial undertaking as it fundamentally seeks to proffer wisdom not merely models.

In the end, I argue in this dissertation a more broader point that the field of AI

is a mature discipline equipped with diverse paradigms for approaching problems.

It seems to me that true progress is achieved not by searching for a single master

algorithm, but by embracing the diversity and thoughtfully applying the right method

to the right problem whether that problem lies in the spins of a biological sample, or

in the feeding of a diary cow.
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Tahara, and Steve Pressé. Direct photon-by-photon analysis of time-resolved pulsed

excitation data using bayesian nonparametrics. Cell reports physical science, 1(11),

2020a. 3, 20

Meysam Tavakoli, Sina Jazani, Ioannis Sgouralis, and Steve Presse. Single molecules

dynamics learned from single photons-flim and fcs with bayesian nonparametrics.

Biophysical Journal, 118(3):313a–314a, 2020b. 3, 20

Meysam Tavakoli, Sina Jazani, Ioannis Sgouralis, Omer M Shafraz, Sanjeevi

Sivasankar, Bryan Donaphon, Marcia Levitus, and Steve Pressé. Pitching single-
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Appendix A

Bayesian nonparametric statistical

learning for resonance

identification and characterization

in 19F-NMR

Detailed model description

Magnetization

An FID measurement made at time t, during an NMR experiment, probes the

transverse components of the total magnetization of the NMR specimen. In the

lab’s stationary frame, this is represented by the sum

M⃗(t) =
K∑
k=1

M⃗k(t). (A.1)

Here, M⃗k(t) is the net magnetization of the kth spin species in the specimen. This

is the resultant magnetization that adds up contributions by all individual spins of
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the species. I use superscripts k = 1, . . . , K to label the species. All individual spins

contributing to M⃗(t) have the same atomic nuclei; individual spins contributing to

each M⃗k(t) are partitioned into species according to the local chemical environment

of the nuclei.

Ignoring chemical exchange, each species magnetization M⃗k(t) follows its own Bloch

equation Bloch [1946], which reads

d

dt
Mk(t) = γ(1 − σk)(M⃗k(t) × B⃗#

0 (t)) +


Rk

2 0 0

0 Rk
2 0

0 0 Rk
1


Mk

0


0

0

1

− M⃗k(t)


k = 1, . . . , K

The gyromagnetic ratio γ and external magnetic field B#
0 (t) apply to all spin species;

however, the shielding constant σk, the relaxation rates Rk
1 , R

k
2 and the equilibrium

magnetization Mk
0 are species dependent.

The detection phase begins at time tmin and ends at time tmax. Between these times,

the external magnetic field is independent of time and given by

B#
0 (t) =


0

0

B#
0

 , tmin ≤ t ≤ tmax (A.2)

Accordingly, the general solution of the Bloch’s equations, during detection phase,

reads
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M⃗k(t) =



e−Rk
2(t−tmin)

(
Gk

1 cos
(
γ(1 − σk)B#

0 (t− tmin)
)

+ Gk
2 sin

(
γ(1 − σk)B#

0 (t− tmin)
))

e−Rk
2(t−tmin)

(
Gk

2 cos
(
γ(1 − σk)B#

0 (t− tmin)
)

−Gk
1 sin

(
γ(1 − σk)B#

0 (t− tmin)
))

Mk
0 + e−Rk

2(t−tmin)Gk
3


tmin ≤ t ≤ tmax

Here Gk
1, G

k
2, G

k
3 are the constants of integration. These are related to the initial

conditions at the beginning of the detection phase. For this reason, the total

magnetization reads

M⃗(t) =



K∑
k=1

e−Rk
2(t−tmin)

(
Gk

1 cos
(
γ(1 − σk)B#

0 (t− tmin)
)

+ Gk
2 sin

(
γ(1 − σk)B#

0 (t− tmin)
))

K∑
k=1

e−Rk
2(t−tmin)

(
Gk

2 cos
(
γ(1 − σk)B#

0 (t− tmin)
)

−Gk
1 sin

(
γ(1 − σk)B#

0 (t− tmin)
))

K∑
k=1

Mk
0 + e−Rk

2(t−tmin)Gk
3


,

tmin ≤ t ≤ tmax

Prior to acquisition, the total magnetization is transformed electronically to a rotating

frame. By convention, this corresponds to the transformation M ′(t) = RΩt
z M(t)
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where the rotation matrix is given by

RΩt
z =


+ cos(Ωt) − sin(Ωt) 0

+ sin(Ωt) + cos(Ωt) 0

0 0 1

 . (A.3)

Under this convention, the magnetization in the rotating frame reads

M ′(t) =



K∑
k=1

e−Rk
2(t−tmin)

(
Gk

1 cos
(
(ωk − Ω)(t− tmin)

)
+ Gk

2 sin
(
(ωk − Ω)(t− tmin)

))
K∑
k=1

e−Rk
2(t−tmin)

(
Gk

2 cos
(
(ωk − Ω)(t− tmin)

)
−Gk

1 sin
(
(ωk − Ω)(t− tmin)

))
K∑
k=1

Mk
0 + e−Rk

2(t−tmin)Gk
3



,

tmin ≤ t ≤ tmax

Here, Ω is the frequency of the rotating frame and ωk = γ(1 − σk)B#
0 .

Data acquisition

During the detection phase of the NMR experiment, measurements are acquired at

time levels tn that are arranged in strictly increasing order

tmin ≤ t1 < t2 < · · · < tN ≤ tmax. (A.4)

Here, the times tmin and tmax mark the onset and conclusion of the detection phase.

I consider FID data collected from a 1D NMR experiment, z1:N where zn is the

magnetization sampled from the spectrometer at time tn. Since, the FID results from

quadrature sampling of the magnetization, each zn is a complex signal consisting of
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a real and an imaginary part. I represent this complex signal as a two dimensional

vector (xn, yn) where zn = xn + iyn.

Due to the spectrometer’s sampling electronics, I assume that these datapoints

are independent from each other. I equally note that the signal recorded by the

spectrometer consists of the true FID measurements as predicted by the Bloch’s

equations accompanied with some noise. I represent the magnetization predicted by

Bloch’s equations as (M ′
x(tn),M ′

y(tn)).

The measurement (xn, yn) acquired at the nth time level is bivariate and probes the

total magnetization like this:xn

yn

 =

P

Q

+ λ

 1
τ

∫ tn+
τ
2

tn− τ
2
dtM ′

x(t)

1
τ

∫ tn+
τ
2

tn− τ
2
dtM ′

y(t)

+ ζn, n = 1, . . . , N. (A.5)

Here, τ is the exposure time, P,Q are the offsets in the two channels, λ is the gain,

and ζn denotes additive noise.

• The short-term approximation reads

1

τ

∫ tn+
τ
2

tn− τ
2

dtM ′
x(t) ≈ M ′

x(tn) n = 1, . . . , N

1

τ

∫ tn+
τ
2

tn− τ
2

dtM ′
y(t) ≈ M ′

y(tn) n = 1, . . . , N

• Gaussian noise reads

ζn ∼ Normal2

0

0

 , S

 n = 1, . . . , N
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Here, S is a positive definite 2 × 2 covariance matrix. Gathering these conventions

together, our likelihood readsxn

yn

 ∼ Normal2

P + λM ′
x(tn)

Q + λM ′
y(tn)

 , S

 n = 1, . . . , N

Notation

To simplify the notation, I cast the likelihood in this formxn

yn

 ∼ Normal2

P +
∑K

k=1 p
ke−rkTn cos(wkTn) − qke−rkTn sin(wkTn)

Q +
∑K

k=1 q
ke−rkTn cos(wkTn) + pke−rkTn sin(wkTn)

 , S


n = 1, . . . , N

I further suppose S is a diagonal matrix that represents white noise with the same

variance in both channels. The magnetization in both independent channels can both

be simplified as:

xn ∼ Normal

(
P +

K∑
k=1

pke−rkTn cos(wkTn) − qke−rkTn sin(wkTn), v

)
(A.6)

yn ∼ Normal

(
Q +

K∑
k=1

qke−rkTn cos(wkTn) + pke−rkTn sin(wkTn), v

)
(A.7)

The new parameters are given by

Tn = tn − tmin, n = 1, . . . , N

pk = Gk
1, k = 1, . . . , K

qk = Gk
2, k = 1, . . . , K

rk = Rk
2 , k = 1, . . . , K

(A.8)
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In this likelihood, the unknowns are: P,Q, vxx, vyy, p
1:K , q1:K , r1:K , w1:K .

Derivation of frequency domain spectra

To derive the Fourier spectrum, I consider a signal

A(t) = M ′
x(t) + iM ′

y(t) (A.9)

Using the formulation in appendix A above, I can write

A(t) =

0, t < tmin∑K
k=1(p

k + iqk)e(iw
k−rk)t, tmin ≤ t

(A.10)

The spectral representation B(ν) of the signal A(t), is given by the Fourier transform

as follows

B(ν) =

∫ +∞

−∞
dtA(t)e−2πiνt =

∫ +∞

tmin

dtA(t)e−2πiνt (A.11)

=

∫ +∞

tmin

dt
K∑
k=1

(pk + iqk)e(iw
k−2πiν−rk)t (A.12)

=
K∑
k=1

(pk + iqk)

∫ +∞

tmin

dte(iw
k−2πiν−rk)t (A.13)

=
K∑
k=1

(pk + iqk)
e−(rk+i(2πν−wk))tmin

r + i(2πν − wk)
(A.14)
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Bayesian model without model selection

If K is known, the following is a parametric Bayesian model that can be used to

estimate the FID signal measurements.

wk ∼ Beta(E,F,wmin, wmax) k = 1, . . . , K

rk ∼ Beta(E ′, F ′, rmin, rmax) k = 1, . . . , K

pk ∼ Normal(0, v) k = 1, . . . , K

qk ∼ Normal(0, v) k = 1, . . . , K

P ∼ Normal(0, V )

Q ∼ Normal(0, V )

τ ∼ Gamma(α, β)

xn| . . . ∼ Normal

(
P +

K∑
k=1

pke−rkTn cos(wkTn) − qke−rkTn sin(wkTn),
1

τ

)
n = 1, . . . , N

yn| . . . ∼ Normal

(
Q +

K∑
k=1

qke−rkTn cos(wkTn) + pke−rkTn sin(wkTn),
1

τ

)
n = 1, . . . , N
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Bayesian model with model selection

Since K is generally unknown, a non-parametric Bayesian model can be used to

estimate the FID signal measurements.

bk ∼ Bernoulli
( α

K

)
k = 1, . . . , K

wk ∼ Beta(E,F,wmin, wmax) k = 1, . . . , K

rk ∼ Beta(E ′, F ′, rmin, rmax) k = 1, . . . , K

pk ∼ Normal(0, v) k = 1, . . . , K

qk ∼ Normal(0, v) k = 1, . . . , K

P ∼ Normal(0, V )

Q ∼ Normal(0, V )

τ ∼ Gamma(α, β)

xn| . . . ∼ Normal


P +

K∑
k=1

bkpke−rkTn cos(wkTn)

− bkqke−rkTn sin(wkTn),
1

τ


n = 1, . . . , N

yn| . . . ∼ Normal


Q +

K∑
k=1

bkqke−rkTn cos(wkTn)

+ bkpke−rkTn sin(wkTn),
1

τ


n = 1, . . . , N

Detailed description of the inference framework

Prior probability distributions

To guarantee a range for both positive and negative real numbers, I place Normal

distribution priors on pk, qk, P,Q .
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In a similar fashion, I choose Beta priors to model wk and rk since the frequency and

rates will typically take positive values within a certain range.

Since the load term bk takes values in {0, 1}, I select a Bernoulli prior for it. Finally,

I choose a Gamma distribution for the prior on the precision parameter τ due its

conjugacy with the Normal distribution.

The Beta-Bernoulli process

As explained in the main text, estimating how many resonances are present in an

FID is equivalent to estimating how many of those resonances are active (i.e. bk = 1).

In the non-parametric formulation for my model, I use a Bernoulli prior of weight qk

with a conjugate Beta hyperprior to make sure that each load bk takes only values 0

or 1.

bk|qk ∼ Bernoulli(qk) (A.15)

qk ∼ Beta (m,n) (A.16)

where m,n are parameters from the Beta distribution we need to estimate

Note that the marginal distribution p(bk) is computed by the following:

p(bk) =

∫ 1

0

p(bk|qk)p(qk)dqk

=

∫ 1

0

Bernoulli(bk; qk)Beta
(
qk;m,n

)
dqk

Beta
(
qk;m,n

)
=

1

B(m,n)
(qk)m−1(1 − qk)n−1,
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where B(m,n) is the Beta function:

B(m,n) =

∫ 1

0

(q)m−1(1 − q)n−1 dq =
Γ(m)Γ(n)

Γ(m + n)
.

We note that since bk is a Bernoulli random variable,

p(bk) = p(bk = 1) + p(bk = 0)

Case 1: bk = 1

P (bk = 1) =

∫ 1

0

qk · 1

B(m,n)
(qk)m−1(1 − qk)n−1 dqk

=
1

B(m,n)

∫ 1

0

(qk)m(1 − qk)n−1 dqk

=
B(m + 1, n)

B(m,n)

=
m

m + n

Case 2: bk = 0

P (bk = 0) =

∫ 1

0

(1 − qk) · 1

B(m,n)
(qk)m−1(1 − qk)n−1 dqk

=
1

B(m,n)

∫ 1

0

(qk)m−1(1 − qk)n dqk

=
B(m,n + 1)

B(m,n)

=
n

m + n

Therefore, bk ∼ Bernoulli
(

m
m+n

)
Physically this means that the probability a resonance is active is m

m+n
.

Since, K → ∞, we desire this probability to be small to guarantee that a sparse

amount of resonances are active. Simultaneously, we would like
∑K

k=1 E[bk] to be finite
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as K → ∞ since we have a finite expected number of resonances in our spectrum.

An infinite expectation does not agree with the physical meaning of the spectrum.

Now
∑K

k=1 E[bk] = Km
m+n

So, I pick m,n so that the following conditions are met:

• Km
m+n

is finite as K → ∞

• m
m+n

is small (it suffices to ensure that the denominator depends on K)

I make choices of m = α
K
, n = β

K
(K−1) so that the process is defined by the following

hierachical model:

bk|qk ∼ Bernoulli(qk) (A.17)

qk ∼ Beta

(
α

K
,
β

K
(K − 1)

)
k = 1, . . . , K

By taking the limit as the number of components K → ∞, this sequence of finite

models converges to a Beta-Bernoulli process Broderick et al. [2012], which is a non-

parametric prior. This specific parametrization is a common way to construct a finite

approximation of the Indian Buffet Process (IBP) Griffiths and Ghahramani [2011],

where α and β are hyperparameters that control the expected number of features and

their sharing across observations in the limiting infinite process.

Computational implementation

The joint probability distribution of my model is given by

p
(
τ, P,Q, p1:K , q1:K , r1:K , w1:K , b1:K | z1:N

)
(A.18)

I generate posterior samples according to a Gibbs sampling scheme Gelman et al.

[2013]. This is done by sampling a random variable conditioned on all other random

variables and the FID data measurements z1:N .

Conceptually, the steps in the generation of each posterior sample are:
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1. Using direct sampling Brooks et al. [2011], update the precision parameter

matrix τ and simultaneously update jointly the indicators bk for all spin species.

In particular, τ and loads for all spin species b1:K are updated from the

distribution

p(τ, b1:K |P,Q, p1:K , q1:K , r1:K , w1:K , z1:N). (A.19)

2. Using Metropolis-Hastings algorithm Robert et al. [2010], update jointly the

offsets P , Q and simultaneously update jointly the indicators bk, and initial

constants pk, qk for all spin species. In particular, P , Q, pk, qk and loads for all

spin species b1:K are updated from the distribution

p(P,Q, p1:K , q1:K |τ, r1:K , w1:K , z1:N). (A.20)

3. Using elliptical slice sampling Neal [2003], Murray et al. [2010], simultaneously

update jointly the initial constants pk, qk, the relaxation rate rk and the

frequencies ωk for all spin species. In particular, pk, qk, rk, wk for all spin

species are updated from the distribution

p(p1:K , q1:K , r1:K , w1:K |τ, P,Q, z1:N). (A.21)
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Appendix B

Probing statistical learning with

chemical exchange

Proposition B.1. Let V be the K ×K strictly lower–triangular rate matrix

V =



0 0 0 · · · 0

v1↔2 0 0 · · · 0

v1↔3 v2↔3 0 · · · 0
...

...
...

. . .
...

v1↔K v2↔K v3↔K · · · 0


,

and let π = (π1, . . . , πK)⊤ be a positive probability vector. Define

Dπ = diag(π), Λ = (V + V ⊤)D−1
π ,

and let

G = Λ + diag

−Λ


1

1
...

1




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be the column-stochastic generator obtained by shifting Λ so that each column sums

to zero. Then

Gπ = 0 and GDπ = Dπ G
⊤,

i.e. π is the stationary distribution of G and G satisfies detailed balance with respect

to π.

Proof. Write

κ = diag

−Λ


1

1
...

1



 ,

so G = Λ + κ. We check the two conditions in turn.

(i) Stationarity:

Gπ = (Λ + κ)π = Λπ + κπ.

Since Λ = (V + V ⊤)D−1
π , we have

Λ π = (V + V ⊤)D−1
π π = V D−1

π π + V ⊤D−1
π π = V


1

1
...

1

+ V ⊤


1

1
...

1

 ,

and by definition

κπ = diag

−Λ


1

1
...

1



 π = −diag

(V + V ⊤)D−1
π


1

1
...

1



 π.
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But for any diagonal D and vector s, diag(D s) = D, so

κπ = −V


1

1
...

1

− V ⊤


1

1
...

1

 .

Hence

Gπ =

V


1

1
...

1

+ V ⊤


1

1
...

1



 −

V


1

1
...

1

+ V ⊤


1

1
...

1



 = 0.

(ii) Detailed balance:

GDπ = (Λ+κ)Dπ = ΛDπ +κDπ = V +V ⊤+κDπ, since ΛDπ = (V +V ⊤)D−1
π Dπ =

V + V ⊤. On the other hand,

Dπ G
⊤ = Dπ (Λ + κ)⊤ = Dπ

(
Λ⊤ + κ

)
= Dπ

(
D−1

π (V + V ⊤) + κ
)

= V + V ⊤ + Dπ κ.

Since both κ and Dπ are diagonal, they commute and hence

GDπ = V + V ⊤ + κDπ = V + V ⊤ + Dπ κ = Dπ G
⊤,

completing the proof.

Computational implementation

The joint probability distribution of my model is given by

p(p, rref , ω
1:K , q1:K , dS1:K , dH1:K |zT1:Tnum of temp,1:N) (B.1)
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I sample from the posterior distribution using a Metropolis-within-Gibbs sampling

scheme Gelman et al. [2013]. This scheme iteratively updates each of the model’s

parameters by sampling from its full conditional distribution, which is conditioned

on the current state of all other parameters, as well as the FID data. I use custom

metropolis steps for the update of each conditional distribution since many of them

are not in standard form.

For strictly positive parameters in the model (e.g. qk, rk, dSkl, dHhl), I implement a

multiplicative random walk with elliptical slice proposals McCoy et al. [2025]. This

sampling strategy is equivalent to a standard random walk in the log-space of the

parameter. The proposals for this walk are generated using elliptical slice sampling

which is highly robust for correlated parameters Gelman et al. [2013], Murray et al.

[2010]. For parameters (such as wk, p), whose support include negative values, I

implemented a Metropolis-Hasting algorithm with an adaptive proposal mechanism.

This method implements slice sampling Neal [2003] to generate the proposal step.

Finally, to ensure efficient exploration of the posterior Gelman et al. [2013], I identify

and jointly update highly correlated parameters (for e.g. dShl and dHhl).
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Appendix C

Development of precision feed AI

systems
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Table C.1: Comprehensive summary of visit events and feed consumption for all
animals during the time course of this study. The reported values indicate mean ±
one standard deviation.

Cow ID Feed Consumed per visit (g) Feed Delivered per visit (g) Feed Leftover per visit (g) Feed Adjusted per visit (g) Number of Images per visit

1 3920.2 ± 1077.3 3431.3 ± 1035.8 0.0 ± 0.0 -488.8 ± 370.6 28 ± 17
2 1645.8 ± 775.6 2000.3 ± 608.3 0.0 ± 0.0 354.5 ± 522.5 16 ± 12
3 1529.2 ± 455.0 1359.0 ± 354.5 0.0 ± 0.0 -170.1 ± 338.8 28 ± 24
4 1300.4 ± 357.4 1337.0 ± 312.4 0.0 ± 0.0 36.7 ± 311.3 26 ± 20
5 1588.0 ± 520.1 1433.8 ± 424.9 0.0 ± 0.0 -154.1 ± 361.9 30 ± 21
6 1933.1 ± 530.4 1714.6 ± 512.1 0.0 ± 0.0 -218.5 ± 369.9 23 ± 13
7 2116.0 ± 655.4 1919.4 ± 533.8 0.0 ± 0.0 -196.6 ± 359.7 27 ± 15
8 1873.0 ± 465.9 1770.2 ± 374.3 0.0 ± 0.0 -102.8 ± 293.3 29 ± 18
9 2028.1 ± 551.6 2035.1 ± 426.8 0.0 ± 0.0 7.0 ± 317.7 28 ± 16

10 1769.8 ± 487.6 1486.4 ± 331.9 0.0 ± 0.0 -283.3 ± 378.0 28 ± 20
11 2134.8 ± 544.3 2143.4 ± 456.9 0.0 ± 0.0 8.6 ± 398.3 28 ± 23
12 2147.0 ± 535.0 2219.7 ± 362.3 0.0 ± 0.0 72.7 ± 406.5 26 ± 19
13 1676.7 ± 472.5 1655.7 ± 353.3 0.0 ± 0.0 -21.0 ± 387.2 22 ± 17
14 1321.9 ± 489.6 1440.3 ± 308.4 0.0 ± 0.0 118.5 ± 380.3 24 ± 16
15 1956.6 ± 529.5 1979.0 ± 536.4 0.0 ± 0.0 22.4 ± 311.1 35 ± 21
16 1427.1 ± 516.4 1407.5 ± 289.9 0.0 ± 0.0 -19.6 ± 462.5 21 ± 22
17 2103.4 ± 536.4 2096.8 ± 451.6 0.0 ± 0.0 -6.6 ± 296.0 26 ± 16
18 1727.5 ± 502.9 1841.6 ± 349.2 0.0 ± 0.0 114.1 ± 393.8 36 ± 20
19 1570.8 ± 541.6 1674.6 ± 420.7 0.0 ± 0.0 103.8 ± 392.1 32 ± 20
20 1669.2 ± 480.2 1804.5 ± 338.0 0.0 ± 0.0 135.4 ± 353.6 26 ± 16
21 2466.2 ± 462.7 2406.1 ± 407.0 0.0 ± 0.0 -60.1 ± 357.8 33 ± 18
22 2286.9 ± 633.9 2383.8 ± 521.3 0.0 ± 0.0 96.9 ± 337.3 28 ± 19
23 1890.4 ± 611.9 2093.8 ± 426.2 0.0 ± 0.0 203.4 ± 453.6 24 ± 14
24 2014.2 ± 559.9 1844.3 ± 441.0 0.0 ± 0.0 -169.9 ± 349.0 28 ± 16
25 1524.6 ± 357.7 1288.6 ± 255.0 0.0 ± 0.0 -236.0 ± 302.2 31 ± 20
26 2481.7 ± 576.6 2412.7 ± 405.5 0.0 ± 0.0 -68.9 ± 394.6 26 ± 16
27 1741.0 ± 519.9 2033.2 ± 371.0 0.0 ± 0.0 292.2 ± 344.5 25 ± 16
28 1841.3 ± 585.7 1659.8 ± 422.4 0.0 ± 0.0 -181.5 ± 416.8 30 ± 24
29 1844.1 ± 566.3 2031.8 ± 338.5 0.0 ± 0.0 187.7 ± 426.8 28 ± 15
30 2156.3 ± 659.4 2288.7 ± 589.6 0.0 ± 0.0 132.5 ± 422.9 26 ± 15
31 1809.0 ± 475.2 1693.6 ± 370.9 0.0 ± 0.0 -115.4 ± 435.9 32 ± 21
32 1627.2 ± 452.4 1570.5 ± 372.4 0.0 ± 0.0 -56.7 ± 300.2 35 ± 21
33 2167.4 ± 544.4 2315.7 ± 505.8 0.0 ± 0.0 148.3 ± 353.2 24 ± 19
34 1990.9 ± 544.8 2298.3 ± 435.8 0.0 ± 0.0 307.4 ± 429.1 22 ± 17
35 2065.4 ± 556.7 2189.3 ± 456.6 0.0 ± 0.0 123.9 ± 315.2 22 ± 16
36 2746.1 ± 607.7 2703.0 ± 477.3 0.0 ± 0.0 -43.1 ± 373.1 27 ± 22
37 1428.7 ± 458.4 1674.1 ± 205.5 0.0 ± 0.0 245.4 ± 394.9 23 ± 20
38 1708.7 ± 433.1 1438.2 ± 272.6 0.0 ± 0.0 -270.5 ± 326.7 30 ± 23
39 2327.0 ± 623.1 2404.5 ± 320.0 0.0 ± 0.0 77.5 ± 508.2 20 ± 15
40 1553.4 ± 550.0 1624.3 ± 438.5 0.0 ± 0.0 70.9 ± 343.3 24 ± 20
41 1458.5 ± 438.9 1767.2 ± 407.9 0.0 ± 0.0 308.7 ± 357.1 29 ± 20
42 1888.5 ± 601.8 1849.9 ± 464.7 0.0 ± 0.0 -38.5 ± 364.0 27 ± 18
43 1696.4 ± 577.6 1708.7 ± 461.3 0.0 ± 0.0 12.3 ± 333.0 34 ± 20
44 1729.0 ± 584.3 1939.2 ± 383.3 0.0 ± 0.0 210.1 ± 391.7 19 ± 11
45 1394.5 ± 452.9 1480.0 ± 336.8 0.0 ± 0.0 85.5 ± 335.2 23 ± 18
46 2214.1 ± 542.0 2358.4 ± 362.3 0.0 ± 0.0 144.4 ± 460.8 20 ± 18
47 1790.3 ± 461.4 2147.1 ± 250.2 0.0 ± 0.0 356.8 ± 371.8 32 ± 23
48 1922.4 ± 627.1 2277.4 ± 329.5 0.0 ± 0.0 355.0 ± 508.8 38 ± 20
49 1641.2 ± 467.9 1545.2 ± 346.0 0.0 ± 0.0 -96.1 ± 309.1 29 ± 17
50 1336.8 ± 329.9 1353.2 ± 177.1 0.0 ± 0.0 16.4 ± 319.8 35 ± 23
51 1608.5 ± 510.7 1552.8 ± 334.3 0.0 ± 0.0 -55.7 ± 400.4 29 ± 17
52 1811.0 ± 425.7 1755.2 ± 229.1 0.0 ± 0.0 -55.7 ± 343.2 31 ± 20
53 1310.1 ± 499.7 1441.2 ± 235.2 0.0 ± 0.0 131.0 ± 440.8 30 ± 19
54 2890.3 ± 626.3 2725.5 ± 498.6 0.0 ± 0.0 -164.9 ± 365.5 20 ± 15
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Table C.2: Comprehensive summary of daily events and feed consumption for all
animals during the time course of this study. The reported values indicate mean ±
one standard deviation.

Cow ID Feed Consumed per day (g) Feed Delivered per day (g) Feed Leftover per day (g) Feed Adjusted per day (g) Number of Images per day

1 9990.1 ± 2031.4 8744.4 ± 1666.3 2110.2 ± 1573.1 -1245.7 ± 878.6 71 ± 46
2 3981.7 ± 850.6 4839.3 ± 711.5 2909.3 ± 1697.1 857.6 ± 836.6 38 ± 27
3 5722.0 ± 1031.3 5085.4 ± 869.2 2497.6 ± 1605.7 -636.6 ± 706.0 106 ± 75
4 4865.9 ± 894.4 5003.1 ± 687.2 2915.0 ± 1568.6 137.2 ± 591.0 97 ± 58
5 5634.7 ± 1096.0 5087.8 ± 810.5 2301.1 ± 1202.5 -546.9 ± 680.5 107 ± 61
6 5986.3 ± 1318.6 5309.6 ± 938.7 2032.8 ± 1165.8 -676.7 ± 954.9 70 ± 37
7 6484.4 ± 1607.2 5881.9 ± 1310.0 1776.7 ± 963.3 -602.5 ± 732.7 83 ± 46
8 6827.4 ± 885.1 6452.8 ± 907.7 2247.4 ± 997.7 -374.6 ± 478.3 104 ± 51
9 5626.3 ± 1205.3 5645.7 ± 998.0 2148.4 ± 1454.6 19.4 ± 606.0 77 ± 46

10 7021.9 ± 1513.8 5897.8 ± 891.4 2308.7 ± 1082.4 -1124.1 ± 1176.1 110 ± 61
11 5715.8 ± 1384.4 5738.7 ± 1076.9 2136.8 ± 1368.4 22.9 ± 715.9 75 ± 48
12 6025.4 ± 1146.1 6229.5 ± 1051.5 2451.9 ± 1082.0 204.1 ± 598.5 74 ± 42
13 6274.1 ± 1037.4 6195.6 ± 795.2 3040.0 ± 1544.9 -78.4 ± 824.3 84 ± 47
14 5244.9 ± 1310.3 5714.8 ± 717.1 3640.7 ± 2194.5 470.0 ± 1071.0 94 ± 47
15 5491.1 ± 1231.4 5554.1 ± 989.6 2167.6 ± 1301.9 63.0 ± 581.0 97 ± 61
16 6261.0 ± 1377.0 6174.9 ± 628.9 3629.9 ± 1708.3 -86.1 ± 1109.8 91 ± 64
17 6513.8 ± 1031.0 6493.5 ± 1105.7 2422.8 ± 1465.9 -20.3 ± 581.9 79 ± 43
18 5182.5 ± 1142.2 5524.9 ± 996.8 2971.1 ± 1911.7 342.4 ± 678.7 109 ± 57
19 5168.5 ± 1025.0 5510.0 ± 829.4 2999.6 ± 1991.7 341.5 ± 842.4 104 ± 57
20 4792.2 ± 862.1 5180.8 ± 804.2 2836.4 ± 1445.7 388.6 ± 630.1 76 ± 48
21 6921.2 ± 1315.6 6752.6 ± 959.7 2118.2 ± 1111.6 -168.6 ± 622.8 93 ± 48
22 6270.6 ± 1454.0 6536.3 ± 1324.3 2794.5 ± 1975.1 265.7 ± 669.2 76 ± 53
23 5610.2 ± 1257.1 6213.7 ± 782.9 2819.1 ± 1624.5 603.5 ± 975.3 70 ± 37
24 7407.1 ± 1154.7 6782.2 ± 797.0 2534.4 ± 1569.2 -624.9 ± 666.1 103 ± 51
25 6540.9 ± 1062.1 5528.5 ± 645.0 2453.2 ± 1222.8 -1012.4 ± 781.0 134 ± 66
26 6484.3 ± 1447.5 6304.2 ± 1094.5 2001.4 ± 1176.7 -180.1 ± 737.4 67 ± 39
27 3007.2 ± 1129.8 3511.9 ± 1108.6 1639.7 ± 552.8 504.7 ± 470.9 43 ± 27
28 6830.8 ± 1485.3 6157.4 ± 1010.0 2356.6 ± 967.5 -673.4 ± 1013.6 110 ± 63
29 4937.3 ± 1120.6 5440.0 ± 1263.6 2762.6 ± 1892.2 502.7 ± 1008.5 75 ± 41
30 5773.2 ± 1203.9 6127.9 ± 1171.1 2509.1 ± 1408.4 354.7 ± 740.3 69 ± 33
31 5952.2 ± 970.7 5572.5 ± 803.7 2310.2 ± 1377.9 -379.7 ± 851.6 107 ± 53
32 5301.6 ± 1002.1 5116.8 ± 912.7 2488.2 ± 1542.0 -184.8 ± 448.2 113 ± 61
33 5313.7 ± 1390.7 5677.2 ± 1225.9 2358.0 ± 1295.5 363.5 ± 645.3 59 ± 46
34 3438.8 ± 1362.8 3969.8 ± 1227.4 1611.2 ± 662.6 531.0 ± 588.8 38 ± 32
35 6262.8 ± 1268.6 6638.6 ± 1099.5 2820.4 ± 1673.7 375.7 ± 505.0 65 ± 36
36 6378.1 ± 1049.1 6278.0 ± 996.2 2091.3 ± 1295.6 -100.1 ± 513.8 64 ± 47
37 3502.7 ± 1128.3 4104.3 ± 964.9 2495.9 ± 1537.9 601.6 ± 767.3 57 ± 37
38 7275.9 ± 1426.8 6124.1 ± 861.2 2201.6 ± 1258.1 -1151.9 ± 910.7 127 ± 76
39 3807.8 ± 1148.3 3934.7 ± 1138.5 1242.4 ± 533.3 126.9 ± 476.8 33 ± 25
40 5161.3 ± 1062.1 5396.9 ± 770.4 2965.5 ± 1788.2 235.6 ± 633.0 80 ± 49
41 4328.5 ± 871.6 5244.7 ± 821.2 3371.9 ± 1817.8 916.2 ± 751.1 85 ± 54
42 6640.1 ± 1335.3 6504.6 ± 944.2 2702.8 ± 1996.5 -135.5 ± 794.9 93 ± 53
43 5362.8 ± 1195.6 5401.6 ± 1067.4 2504.8 ± 1785.1 38.8 ± 616.1 109 ± 63
44 4406.2 ± 865.2 4941.7 ± 712.9 2724.6 ± 1650.3 535.5 ± 763.5 47 ± 29
45 4678.3 ± 989.2 4965.2 ± 779.2 2961.6 ± 1798.5 286.9 ± 634.7 77 ± 52
46 4428.1 ± 1157.5 4716.9 ± 857.1 1902.2 ± 965.9 288.8 ± 608.9 41 ± 33
47 3696.1 ± 871.0 4432.6 ± 921.6 2400.9 ± 1044.3 736.6 ± 546.8 66 ± 38
48 3782.9 ± 1026.8 4481.4 ± 790.5 2289.9 ± 1191.4 698.5 ± 870.7 74 ± 36
49 5772.6 ± 1403.9 5434.8 ± 1165.4 2354.6 ± 1498.8 -337.9 ± 698.1 103 ± 61
50 6209.4 ± 819.3 6285.8 ± 595.8 3654.3 ± 1944.7 76.3 ± 657.0 164 ± 89
51 5707.7 ± 1300.7 5510.1 ± 990.3 2738.1 ± 1338.8 -197.7 ± 910.2 102 ± 55
52 5491.4 ± 1355.2 5322.4 ± 1124.0 2385.0 ± 1572.2 -169.0 ± 624.1 95 ± 56
53 5409.5 ± 1354.1 5950.6 ± 670.4 3888.8 ± 2265.4 541.1 ± 1151.3 124 ± 71
54 6713.1 ± 1332.4 6330.2 ± 1205.4 1578.3 ± 1050.3 -382.9 ± 434.2 47 ± 40
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