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ABSTRACT 

between theShrbdinger's original conception of the connection 

and extended.electric field and the wave function is reinterpreted 

is based on theThe new semiclassical approach to radiative transitions 

exact (not perturbative) description of a particle undergoing a 

transition between two energy eigenstates il^^^Cr.t) and iiJ2(r,t) as 

ip = c^(t)ij;^ + C2(t)i^2 • 

a transitionThe physical existence of such a wave function during 

of radiationallows for a simple classical explanation of the origin 

bound state casesfrom quantum mechanical systems, both in the usual 

there have been noand in some new free particle transitions for which 

previous semiclassical accounts, The Compton effect, perhaps the 

phenomenon most frequently cited as evidence of the quantum nature of 

radiation, is thus given a classical explanation which yields the 

Klein-Nishina cross section and demonstrates the classical origin of 

radiation.photon-like behavior of the incident and scattered 

Further confirmation of the classical nature of the electromagnetic 

in a new derivationfield at the quantum mechanical level is presented 

of the Lamb shift, another famous phenomenon whose only acceptable 

The calculated valueexplanation has been quantum electrodynamical, 

of the 2Pj 2Sj shift in hydrogen is 
2 2 

= 1110 MHz , 

in good agreement with experiment (1057 MHz). 

iv 



V 

A more complete discussion of the Cj(t) and C2(t) transition 
new semiclassicalcoefficients is also carried out, leading finally to 

Thesetreatments of spontaneous emission and the blackbody spectrum, 

only bytwo subjects have again long been believed to be explainable 

quantum electrodynamics. 
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I. INTRODUCTION 

A. CLASSICAL AND QUANTUM CONCEPTS OF RADIATION 

betweenModern theories concerning the problem of the connection 

be broadlya simple quantum mechanical system and radiation can 

classified as either semiclassical or quantum electrodynamical, 

1,2
depending on the treatment of the electromagnetic field, The 

idea that thesemiclassical approaches are based in general on the 

classical wave nature of this field constitutes the essence of 

in Maxwell'sradiation, and that its large scale behavior, as expressed 

equations, can in principle be extrapolated to arbitrarily small spatial 

in accordscales. Quantum electrodynamics, on the other hand, is more 

field andwith a quantum theoretical viewpoint of the electromagnetic 

its physical manifestation in terms of a particle or "photon" concept 

ofof radiation. These two fundamentally different ways of conceiving 

light today are characteristic of a long historical division along 

similar lines in the attitudes and experiments on this subject, Newton, 

who espoused a materialistic particle idea of light, and Young, whose 

interference experiments provided a foundation for the wave theory, are 

marshalled on therepresentative of the historical figures who can be 

two sides of the question, Maxwell's derivation of the wave equation 

discoveries in thefor the electromagnetic field in 1865 and subsequent 

late nineteenth century provided precise theoretical and experimental 

verification of a wave theory of radiation which has been and is, so 

1 
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of theattractive that it provides the complete description 

The apparentelectromagnetic field in all semiclassical theories. 

for all radiativeinability of a simple classical wave theory to account 

phenomena and the first hints of new particle-like properties of light 

obtained the black-first began to manifest themselves in 1900 when Planck 

body radiation formula by the introduction of quantized frequencies for 

the oscillators in the source, and in 1905, when Einstein specifically 

suggested the extension of this quantization concept to light itself in 

order to explain the photoelectric effect. The concept of light photons 

in which the Planckwas also inherent in Einstein's important 1917 paper 

formula was obtained from a consideration of a rate equation involving 

the "A" and "B" coefficients.^ All of this, along with several newly 

investigated phenomena, such as the Compton effect, and the classically 

inconsistent form of the continuous x-ray spectrum, led by 1926 to a 

natural impetus to extend the new quantum theory of matter to radiation, 

4 
a step which was taken by Dirac in 1927. 

in 1926From the time of the advent of the new quantum mechanics 

have coexisteduntil the present, the two views of the nature of radiation 

known as corn-uneasily, partly under the compromise provided by Bohr 

plementarity, according to which macroscopic space-time (X, v) or 

causality (p, E) concepts can be applied exactly on a quantum mechanical 

scale only one at a time. Wave or particle attributes detected (or even 

of theonly conceived of) preclude exact detection (or conception) 

conjugate" attributes. Since 1926 many calculations involving the 

interaction of matter and radiation have therefore been carried out in 
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or both, Some of theterms of either an unquantized or quantized field, 

earliest discussions, such as those on the photoelectric effect, the 

emission andCompton effect (Klein-Nishina formula),^ and stimulated 

absorption by an atom,^ were done semiclassically, in the spirit of 

Schrbdinger's original ,and important interpretation of quantum 

8 
mechanics. At the same time, however, the usefulness of the general 

idea of quantization and its mathematical formalism, as perhaps first 

9 

suggested in Heisenberg's alternative formulation of quantum mechanics, 

led to a rapid development of a quantum electrodynamic viewpoint of 

radiative processes which was highly successful, Dirac's initial paper 

on field quantization was followed by papers on second quantization in 

10 11 
1927*'' and 1928, general procedures for the quantization of wave 

12 13 14 . 
fields in 1929 and 1930, spontaneous emission in 1930, and dis-

cussions of general methods along lines of perturbation theory for the 

15,16 
treatment of any matter-radiation phenomena. 

formalismThe calculational success of this perturbation theory 

for the interaction of quantum states and electromagnetic fields. 

of thequantum electrodynamics, with or without the quantization 
17 

and including any ofeigenfunction expansion of the states involved, 
18 

orits various other interpretations such as the S matrix approach 

19 
Feynman's path integral formulation. led to its increasing preeminence 

over the next several decades, the effects of which in most respects 

still continue today. The simplicity of semiclassical explanations 

a recent revivalof certain processes, however, has helped to stimulate 

of interest in its use in certain cases, of which some of the 
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20 
ordirectlyphenomena connected with the advent of the laser, either 

21 
indirectly, are prime examples. The "neoclassical" theory of Jaynes 

of semiclassicaland his associates has recently extended the application 

to bemethods to some effects which have been generally considered 

such as the Lambproperly explainable Only by quantum electrodynamics, 
22,23

shift, spontaneous emission, and black body radiation. 

There are two reasons why semiclassical theories should be pursued 

and extended as far as possible. One which has been pointed out by 

containsJaynes is that the present theory of quantum electrodynamics 

many mathematical and logical difficulties, Divergent and infinite 

amounts ofexpressions which occur frequently and require various 

of theingenuity to avoid suggest a need for a continued reevaluation 

mathematical structure of QED and/or a search for a more acceptable 

formulation. The other reason is more fundamental and is connected 

the con-ain way with the previously mentioned uneasiness with which 

oncept of the limited applicability of classical concepts a quantum 

scale is generally received, Just as Schrodinger's interpretation of 

the wave function provides a physical picture of quantum concepts in 

to which classicaladdition to its purely computational aspects, a model 

entirely lackingideas of space and time can be extended and which is 

semiclassicalfor the more formal manipulations of matrix mechanics, 

of thetheories allow a similar microscopic space-time conception 

Since the radiation isorigin of radiation from the wave function, 

of manyclassically familiar and since the semiclassical explanations 

phenomena are so intriguingly simple and natural mathematically, an 
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in which nointuitively attractive and satisfying theory is possible, 

of time andappeal need be made to a limitation of classical ideas 

space. This would seem to be a critically important motivation for any 

efforts in this direction. 

B. THE VIEWPOINT OF THE PRESENT THEORY 

The interpretation of semiclassical ideas which is presented in the 

ideas withnext section is based on a synthesis of more modern 

and itsSchrbdinger's original conception of the wave function 

connection with the electromagnetic field, At the time of the third 

communication of the four which composed his historic 1926 paper on 

8 
wave mechanics, Schrbdinger sought to attach some physical meaning to 

the function the "mechanical field scalar" which was defined only 

formally as the solution of his wave equation, He attempted to provide 

that thean electromagnetic interpretation by postulating initially 

electric charge density was given by 

p = eRe ip 
9t ' 

By expanding ip in terms of discrete energy eigenfunctions 

'J' = I c^u.(r)e 
i 

he could easily show that the use of this expression for p in the 

terms whichcalculation of the dipole moment of an atom provided 
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radiated and hadoscillated at exactly those frequencies known to be 

coefficients of the form 

= /// Uj(r)x Uj(r)d\ , 

which accounted correctly for the various intensities and polarizations 

of the emitted radiation. In the last section of the fourth communica-

with his initialtion of his paper, Schrodinger removed some problems 

definition of p by replacing it with 

p = e^\p* . 

• ^ to obtain anHe could then use the continuity equation 3^p = -V 
in Section IIC,expression for the current density just as is done 

and also calculate correctly the intensity relationships among various 

component lines in the Zeeman and Stark effects (from dipole moment 

time dependentcomponents p^as above). In this same paper he used his 

perturbation theory to show that a combined (two level) system oscillates 

between the two states at a rate proportional to the perturbing coupling 

energy. He had thus by 1926 established all of the important features 

of all semiclassical radiation theories since. 

The particular interpretation of such semiclassical ideas developed 

classicalin Section II seems to be capable of providing a simple 

mechanicaldescription of the origin of radiation in most quantum 

bound state to freetransitions involving a single electron, including 

state and free state to free state transitions in addition to the 

commonly considered interatomic bound state cases. The photoelectric 
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which are discussedeffect and Compton effect are the specific examples 

in the two sections following. Brehmsstrahlung, although not treated in 

free to freethe present work, should be, and does seem to be, another 

same manner as thetype of transition that can be handled in exactly the 

Compton effect, The starting point for the present interpretation 

and Hamiltonianconsists of the standard expressions for quantum states 

terms, but a means of extending the method to new free particle cases 

not been consideredis suggested by the adoption of a viewpoint which has 

result that it hasexplicitly in recent work on the subject, with the 

never been carried to its limits. In essence, attention is focused on 

densities consideredthe direct effects of the sort of charge and current 

the time developmentby Schrodinger, rather than on equations describing 

usual frame ofof an atomic dipole moment, for example, which is the 

The transitions treatedreference for modern semiclassical discussions. 

The new (orin the following sections really have no dipole moments. 

old) point of view, which in essence simply attaches a new meaning to the 

c. in = E , is developed in general in Section II and then applied 
1 i ^ 

in Section III to a detailed analysis of the Compton effect, a phenomenon 

in which the photon nature of x-rays has always seemed most evident, both 

observedin its mathematical explanation and in the experimentally 
24 

event, The mostparticle-like nature of the radiation emitted in each 

important part of the discussion of this effect in Section IIIA, therefore, 

behavior ofis probably the natural classical appearance of a photon-like 

the radiation. A similar sort of behavior might be hypothesized to occur 

character ofin other similar types of transitions in which a quantized 

Further discussion of thethe emitted radiation seems to be apparent. 
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in Section VD,physical mechanism of the Compton effect is to be found 

where the necessary treatment of the appropriate form of the equations 

describing the time development of the transition Cthe "c^ equations") 

is carried out. 

The applicability of the present or any other interpretation of 

semiclassical ideas should also be tested in other directions. All of 

field shouldthe ramifications of the use of a classical electromagnetic 

be explored, The analysis of the Lamb shift given in Section IV 

field propertiesprovides just such an evaluation of certain classical 

has hadon an atomic scale, and, in addition, addresses a problem which 

Section IVas yet no clearly acceptable semiclassical explanation. 

therefore represents a shift in subject matter but not in philosophy. 

It is really more closely related to Sections II and III than might be 

reality of classicalapparent, since it provides direct evidence for the 

fields on an atomic level. The calculations which are carried out deal 

of an electronclassically with the same contributions to the energy 

state as were used by Bethe in the original quantum electrodynamical 

derivation of the shift. Bethe considered the change in the kinetic 

energy of the bound electron in state by interactions with the 

Theelectromagnetic field represented by the diagram in Figure 1. 

(second order) shift due to this diagram can be broken up into two 

theidentifiable parts, one of which is infinite and represents 

electrocorrection to the kinetic energy due to the (renormalized) 

magnetic mass, while the other can be plausibly shown to represent a 

small energy shift, AE. Bethe's calculated value of AE agreed well 
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%) 

correctionFigure 1. Feynman diagram representing the second order 
The correction isto the energy of the bound electron state . 

eC2) _ p(2) + ae 
(2) 

n Lamb ’electromag 
netic mass 

C2) ,
where the observable Lamb shift AE is, according to Bethe's original

Lamb 
expression. 

, 2 4,-k e h 2 

AE C2) -^7 2 
log 

me 

n 3 ^ 2: 3 n (E_. - E„) 
n avm c n 

with 
Zl'(O)l' 

na 
0n, X-=0 
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with the famous hydrogen 2s 2p shift measured by Lamb, Classically, 

both the statichowever, one can calculate in a straightforward way 

in kinetic andfield energy due to p = e(ij^g|il)g> and also the shift 
atomic interaction energies due to the "velocity" of p, 

<7) • 

These classical energies can be considered to be the analogues of the 

Feynman diagram, thequantum electrodynamic energies represented by the 

energy,self field energy corresponding to the infinite renormalization 

the quantumand the velocity dependent energies corresponding to 

As will be seen in Section IVelectrodynamic kinetic energy shift. 

a logical way a very(B and C), these small classical energies yield in 

good value for the hydrogen Lamb shift. 

semiclassicalThe major part of the research on the basic aspects of 

of the equationstheory since 1926 has been concerned with the solution 

for the c^(t) coefficients which result when the eigenfunction expansion 

along withabove is used in the time dependent Schrbdinger equation 

These equations arevarious types of perturbing energy terms. 

- i (E.-E.)t 
ihc. = I c.<uJhJu.> e 

1 

cases is takenwhere is the perturbation Hamiltonian, which in most 

to be a result of an incident electromagnetic wave consisting of one or 

more frequencies. These equations are discussed briefly in Section II 

monochromaticin the case of a two level transition and an incident 

a
plane wave. Section V, however, is devoted almost exclusively to 
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both for the casecomplete analysis of the equations and their solutions, 

of an external electromagnetic field and for the slightly more compli 

itself, The formercated case of the self fields emitted by the system 

method ofcase provides the context for the introduction of a new 

unnecessarysolution in part VB which makes previous approximations 

("rotating wave" approximation) and which shows how the angular 

of the transition.momentum of the incident field is coupled with that 

VC of two otherThe latter self field case leads to discussion in part 

semiclassicalphenomena which have long presented difficulties for 

theories, spontaneous emission and the blackbody radiation spectrum, 

25 
which is definedThe more recent phenomenon of photon antibunching, 

The selfin Section VB, can also be given a possible explanation, 

field case has been advanced to a great extent by the work of Jaynes, 

equations may bewho has recently discovered a method by which the c^ 
22 

Instead ofused to explain the Lamb shift and spontaneous emission, 

he introducesemploying an external field to "cause" a transition, 

of the wavein the field produced by the charge and current densities 

function itself. Thus for the eigenfunction expansion of given above, 
A 

for use in thethe appropriate characterization of the self field 

vector potential A, can be obtained from 

-t eh 
- etcJ I . 2im 

i.j 

and 
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-t1/2
Ck k ) 

t III ^ryarded ^5^,self c 
r 

where k and k are constants introduced for use with electromagnetic 
e m 

will involve
selfunits and 

-t

j retarded = l(r', t - •^|r - r'l). Since t
the c^ coefficients, the c^ equations become more complicated, The 

can be relatedsolution requires a phase shift of the c^ values which 
-t 

In addition the variation ofto a frequency shift in (Lamb shift), 

of spontaneous.the real parts of c^ provides a simple description 
emission. VC by aThis form of the c^ equations is solved in Section 

differs from it inmethod which is similar to that of Jaynes but which 

several important ways, The equations are written and analyzed directly 

in Jaynes' form.in terms of the coefficients c^ themselves rather than 
Also, nonresonantwhich uses the "density matrix" elements a.. = c.c*.

11 1 1 

(and others')frequency terms are not ignored, as they are in Jaynes 

discussionsolutions. The results of this analysis are then applied to a 

of the form of the blackbody spectrum and finally, in part VD, to a 

event of thepossible mechanism for the time development of a single 

event.specific type treated in Section III, a Compton scattering 

covered inA final word is in order on the wide range of material 

The common thread which joins the apparently disparatethe present work, 

to focus on asubject matter of Sections II-V is the consistent attempt 

Theclassical treatment of the electromagnetic fields for all problems. 

to touch on mostspecific choice of subjects is determined by a desire 

of the major phenomena which have, in the past been used as evidence 
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These would include the discrete natureagainst semiclassical theories, 

of Compton radiation (Section III), the Lamb shift (Section IV), 

spontaneous emission (Section V), and the blackbody spectrum (Section V). 



II. CONNECTION BETWEEN THE QUANTUM MECHANICAL WAVE 

FUNCTION AND THE ELECTROMAGNETIC FIELD 

A. BASIC HYPOTHESIS 

the radiativeA straightforward classical description is sought for 

mechanicaltransitions between stationary states of a simple quantum 

system, Therefore, a nonrelativistic spinless electron in an atom, as 

-Vh Ejt toit undergoes a transition from atomic state = Uj^(f)e 
-Vh E2t

\p = u (f)e , is considered, Many of the results obtained can 
2 2 

The transitioneasily be generalized to states of the Dirac equation. 

ofof the electron from to is accompanied by the emission 

radiation of frequency ui = That is, (1) is proportional to the
h 

difference of the wave function frequencies. So if one is to provide a 

both andclassical mechanism for the emission, it should involve 

for the entire time of the transition, since the photon has a "memory" 

of both states. The product complex wave functions, of 

course, satisfies these conditions, 
26 

and in addition, it can be fit into 

fielda consistent picture of the wave function-electromagnetic 

connection by the usual semiclassical assumption of the existence of super-

27 
a single electron waveposition states. That is, during the transition. 

function is given by: 

(1) 

time but notwhere c^ and C2 are coefficients which may depend on 

on spatial coordinates. Here they represent the actual state of a 

14 
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Then theparticular electron and have no statistical connotation, 

usual formula for the charge density associated with \p gives; 

p = ei|;i|;* = e( c (2) 

28 
The first two terms give the static charge densities of the fractions 

of the electron in the 1 and 2 states, and the second two, which are 

complex conjugates, give a real, time dependent, radiation charge density. 

, andIf Cj and are of the form c^ = c^^e , C2 = c^e 

eii)^(r,t)i|)*(r, t) = + ip^ 

then = 2c,c•^rad. 12

! 

[p^cos(a)2 - wpt] , 

if (t)^(t) = Th® imaginary parts of and ip*tp2 cancel in 

expressions such as (2). If (j)^ (t)(})2(t). imaginary parts of c*C2'i'Jij^2 
in theand still cancel and there is introduced a phase shift 

cosine factor. The various terms in (2) are formally equivalent to 

"matrix elements t1 of the charge, which establishes a connection between 

this view and some of the recent expressions used by various authors. 

between statesin which it is usually the dipole moment matrix elements 

22,29
whose physical existence is explicitly investigated. 

Superposition states present some problems, which can in part be 

30 
traced to the fact that they are not energy eigenstates in general. 

31 . 
sense ISEinstein's objection to them in anything but a statistical 

If the individual atomicillustrated by the Franck-Hertz experiment. 

electron in transition ti;involved the 
1 ip^ (E^ -i- E2) can occupy 
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Actually,+ c.2^2* would be no discrete energy absorption, 
the mechanics of thethe case cannot be argued one way or the other until 

excitation process is examined in detail. The relative opacity of the 

electronatom to transfer of electron kinetic energy until the wave 

function reaches a certain wavelength and frequency may be due to the 

function interactway in which the electromagnetic fields of this wave 

function. Awith the radiation fields of the superposition wave 

of thesuggestion of such an effect can be seen in the discussion 

effect ofphotoelectric effect and in the next section. One other 

of correlationssuperposition states is the introduction of the question 

involvedin the radiation produced when more than two states are in a 

transition, since the wave function (1) could include any number of 

these states in general. In addition the charge and current densities 

for many particle wave functions must be handled in a slightly different 

23 
way than is indicated by Eq. (2). These problems are not considered. 

however, in the following discussion. 

32 
A well-known example demonstrates the appropriateness and 

as a radiation chargesimplicity of thinking of c*C2'l^j'J^2 

density in the classical sense. For an electron in a central potential. 

the states will be of the form 

S)e“"*e 

will beTherefore the radiation charge density in this case 
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* * * -iAut, 
= + (c.c.) = c,c„e A* R R* Y Y*

*^rad. 12 \'A'm n«,m n'£' ni, il'm' £m 

+ (c.c.) . 

Since the classical multipole moments of a charge density are defined by 

multipoles;the radiation charge density would consist of the following 

y! d^x^LM ^^n'A'^nX.''^LM’'^Jl'm' ‘£m 

Y. d^x .+ A*,„, n£m
///rV

n'£'m',A: n'£'^n£^LM^£'m'*£m 

The recurrence relations for the Legendre polynomials then show, for 

Z - Z’ ±1 involvesexample, that the transition ip ip' with m = m' and 

and m = m ± 1 and i = Z' ±1 involves onlyonly the dipole moment 

followThus, the electric dipole selection rules, which themselves^i,±r 

radiation chargefrom similar arguments, actually create classical dipole 

densities and, of course, give pure dipole radiation. 

explanationsA number of papers attest to the success of semiclassical 

in atomic andof emission processes and mechanisms for their occurrence 
20,22 At least as far as the charge and current 

above simple classical 

molecular electronic states. 

densities produced in these cases is concerned, the 

picture is completely sufficient. Many processes, however, which must then 
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also be given a classical explanation, involve the absorption or 

wave, Fortransformation (in frequency) of an incident electromagnetic 

such radiationsthe purpose of treating these cases, a method of including 

Therefore, let the singlein the previous mechanism is necessary, 

of incidenttransition be assumed here to be occurring in the presence an 

gauge)plane wave described by the vector potential (Coulomb 

(3)
A = A + A 

c c 

-h - i(ic*f - (jjt) 
with A = Ac, e 

c 1 

- emission lineIt is known from experiment (absorption line frequencies 

frequencies, etc.) that and must obey 

2 

(4)+ V(x)iJ- = - I ^t^ 

and not 

i-!lv - (5) 
2m i 

m 

33 
However, the actual waveThey must be the "unaffected" wave functions, 

function of the electron during the transition, supposedly given by equation 

then describe the(1), should really be a solution of (5), which should 

This, of course, is just the argument on whichprogress of the transition, 

there is no constrainttime dependent perturbation theory is based, but here 

on the magnitude of A, and there is no statistical or probabilistic 
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Eq. (1) is not aninterpretation of the amplitude coefficients c^^ and C2. 

approximate or expectation solution of (5) for small A, but an exact 

solution for arbitrary A. Just as in time dependent perturbation theory 

t2 
IPp E A-V + A‘ ip^ ,2 ^ + /is2m , V(x) me y k™m 

2mc2k
m 

->ieh ke 
= A-V + 

1 me 

= ihc^i()j + ■ 

TV
So, with normalized ipj = u^ (5t)e 

-i(E2-Ei)t 
ihCj1 = Cj^<Uj Hj Uj> + C2<Uj U2>e 

(6) 

-i(Ei-E2)t 
iHc^ = Ci<U2 Uj>e + C2<U2|H^1^2^' 

These equations, which are equivalent to the usual Heisenberg (type) 

equations of motion for the "density matrix" elements = c^c^,
★ 

in 
the present application should yield a detailed physical description of 

solution for allthe transition process, but a complete and correct 
A 

fieldsradiative problems would require H to include the electromagneti c 

22 
produced by the radiating charge density itself, along with various 

other terms such as those resulting from atomic collisions. 
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B. PHOTOELECTRIC EFFECT 

The adherence to the form of time dependent perturbation theory 

even for arbitrary fields should insure that all results involving 

For then one canrelatively weak or perturbative fields remain valid, 

in the usual way,proceed through successive orders of approximation 

using 

c.. = I , H = Hq + XHj .
^ k ^ 

not statistical andSince here the amplitude coefficients c^^ and C2 are 
singledo not represent probabilities but are the actual amplitudes of a 

electron wave function during a C^wo level) transition, it is enlightening 

to verify that such an interpretation can follow the same perturbative 

argument in a representative case, For a harmonic H^(t) = cos tut. 

the first order (in X) equation, from (6), is 

i(co2j+w)t 0 i(a)^2‘“)^ 0
<2 Hi 1> e 1 

-2h 0) + 0) 0) - uc^^^(t) = 
21 21 

If one is considering a processwhere is applied until t^ and t ^ t^. 
K- shell of an

where 102 > such as the photoelectric effect in the 
atom, where the wave functions are given by 

Zr 

-ioj, t
-1/2 "0 1 

e= (it) e 
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i(q*r-a)2t) 
= CL)-^/^ a*2 

then the second term of the above equation for implies an appreciable 

magnitude only if Equations (6) then giveco 21 = (.2 - 0)1 = 0). 

• I 1 iCco-iu^pt 
ihc^ = C2 < Uj |H^ ^2^7® 

1 i ((021-0)) t 
ihc2 = -Cj <u^ U2> 2 e 

where H 
11 = H22 = 0» only the important time dependent term involving 

0) - 0) 
21 

has been included, and partial integration has been used. 

Zr 

.•> -> 
-iK*r->-ieh z -,3/2 "0 iq*r 

H IT Ae d r . 
a„L12 = (UjIhJu2>- me k

m' 0 
e^*Ve 

Since o) - o) - 0, a solution for these equations is:
21 

t tt 1 

Cj = cos H^2^» C2 = -sin H^2^» H
12 2ih 

H
12 • 

Thus the transition (amplitude) proceeds with a speed proportional to H 12 

The differential cross section in a caseaccording to these equations. 

like this should be proportional to the initial transition probability per 

2 2 
the usualunit time to a physical state described by therefore 

35
formula follows on evaluation of Hj^2' 
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H?
da 12 
—— OC GC 

dfi a ^2 4 •
a2 

1 + f 

“>• 

C. USE OF j 

between theOne thus appears to have, in Eq. (2), a connection 

which giveselectromagnetic field and the Schrodinger wave function 

cases where onecorrect results for those stationary and time dependent 

can work in terms of charge densities. In order to apply the same ideas 

free electronto states for which the form of p is unknown, as in 

in terms oftransitions, it is more convenient to express the equations 

a current density 
■t

j. This also yields a form which is somewhat simpler 

for radiation calculations. Therefore, from (2), (5), and the continuity 

equation. 

-V-1 ,3^p = 

the expression for the transition current density must be 

eh 
[pip*A . (7)

2im me k 
m^ 

Since ip here is the superposition wave function Cl) Cor its generalization), 

describe variousthis expression will consist of a number of terms which 

kinds of current densities. All of the major radiative effects of any 

two level transition appear to be obtainable by using the terms of (7) 

as classical sources of electromagnetic radiation. Except for the 



23 

of semiclassicalinclusion of the last term, this is a typical expression 

22 
For the two state wave functions considered here 

Eq. (7) is (c? == c.c?) 

radiation theory. 

1 1 

2i- 2-f
T = "l^l ^^2^2 " V2*h2* (8) 

e e , 2 2 -> 

(8) 
me k (c^Pj + c^p2^2 ^ ‘^1^2^12* ^l'^2Pl*2^^ ’ 

m 

where and usual quantiim mechanical current density expressions 

and J 1*2 
are the correspondingcorresponding to and p2, and 12* 

expressions for the radiation charge densities p^2* 
“ 

P1.2 = eX'fO’j- These transition current densities, 'j-^2* ^ 1*2 ■ (I12J* 
can a transition, fromfully account for the emission of radiation during 

free statesbound states in an atom (emission spectra), or from 

(Brehmsstrahlung). The last term in Eq. (7) gives current densities 

which are in the same direction as is the incident electromagnetic field 

and which account for, among other things, the Compton effect (Section III). 

according toThe problem of the interaction of radiation and matter 

the classicalthe present argument then is essentially reduced to 

current densitiesevaluation of the radiation patterns produced by the 

6,36
in (8). The usual procedure for doing this in this type of problem 

is based on the retarded wave solution of the inhomogeneous wave equation 

(Lorentz gauge): 
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V^A - 4
c2 t = -

4tt 

jrad.c 

1 -»- ■> 
— r-r6(t D) 4Tr 

/V k 
rad (r',t')d3x'dtA(?,t) = //// e^m 1 

-4it |r-r' | 
c 

d^x'.= -/// -v (9)-y 

r-r 

the currentThis equation is used in Section III with certain of 

the radiationdensities mentioned above as sources in order to describe 

emitted in the Compton effect. 



III. THE COMPTON EFFECT 

A. SCATTERED RADIATION 

effectThe calculation of the cross section for the Compton 

above, Anprovides a good test of the use of the model discussed 

important new physical phenomenon appears in the characteristic 

a single"photon” type behavior of the radiation pattern produced by 

The
electron event. The transition considered is shown in Figure 2. 

states ofinitial and final states are assumed to be free particle 

For a single electron assiomed to be in a puremomenta "hq^ = 0 and liq. 
which does notplane wave state, however, there is an added complication 

of theappear with the use of the spatially limited wave functions 

previous section. The plane wave function is an incomplete description 

its translationalof the electron; it provides only a description of 

ofmotion. There must actually be some underlying spatial structure 

wave functionrelatively small dimensions upon which this translational 

can be assumed to be superimposed, This is entirely analogous to the 

the center of massseparation of the coordinates describing motion of 

to the center of massand the coordinates describing motion with respect 

in the solution of the Schrbdinger equation for the hydrogen atom, The 

wave function describing motion of the entire atom must be thought of as 

the usualsuperimposed over, and limited to, the structure provided by 

the Comptonhydrogen atom relative motion wave function. Therefore 

2 under theproblem is treated here roughly as it is shown in Figure 

25 
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= (r -nT) n 

*,-Q, 
1 

n 

V' 
F 

k 
1 

iCFt) 

•‘i 

q 2= V q 

X 
V ̂ 0 

Figure 2. A Compton transition. The initially stationary 

(il^i = 
small 

= constant) electron charge density is assumed 
finite volume V' which justifies use of Eq. (9). 

to occupy some 
The transition 

gives the electron a momentum Hq. Thus 

*2 = Qj i(q*?-a)qt)a 

The scattered radiation has wave vector - q. 
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to some unknown,assvunption that the various wave functions are limited 

though small, "interaction" volume V. The actual size and shape of V 
I 

of theis irrelevant as long as V « V which insures the validity 

approximations used in (9). 

The incident radiation is described by: 

11 iCitj-J-it) 
+ (c.c.) = -= 2T hv 2 k 

m 

('k_'^l/2 i(itj*r-aj^t)m 
+ (c.c.) .= k 

e 

functionThe amplitude parameters c^ and in the transition wave 
+ c The matrix elements

"l*! ^2 niust first be evaluated from Eqs. (6). 

to a first approximation (assuming A = A. and plane wave states) are 
me. 

(k ^1/2 
e e 

^•V Q, )Hii MQt1 me k 1
2ik hmc m-

m 

2 2 I 2 2 V' 

= <QJ|GA^ cos^ (kj-r-a3^t)|Qj> = -y (10) 

k e^ 
where G = 

e 

, A = l^^l, V*X = 0, = constant, and the second2ik hme^ 
^ in 

Alsopart of gives 0. 

H H = 0 ,
12 ^ (uJhJu^) = 0, 21 

. ->• 
2 2 V 

= <Q*eH
22 ' <52“ - ■ 

If the wave functions are normalized in the volume V, then H 
11 

H Therefore
22 = 2 GA . 
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1 y GA t 
= Be (11)Cl = Bie ‘ "2 2 

constants in this approximation, this does not giveSince Bi and are 
useful information on the mechanics of the transition, indicating 

the need for a more complete evaluation of H , and H Such 

any 

11’ ”l2’ ^21 22* 

an evaluation, including the effects of the emitted radiation, is 

obtained.carried out in Section V and a possible form for Bi(t) 
variation of theHowever, since G is imaginary, this first order time 

c's does not affect the charge or current densities. 

termsThe last term of Eq. (7) contains the current density 

which are responsible for the modified radiation component, the Compton 

radiation. With the use of the transition wave function. 

i(q-r-a)^t)
4> = CiQi + c^Q^e 

this term becomes 

2 rk U/2 
e e i(q*r-a)^t) 

) X
•^rad ~mc k 

m' 

. -► 

* * -iCq-r- 0) 

i(iti-r-ajit) +(c.c.))(c*Q%C2Q2e 

2 rk^l/2. 99 99
® ® Ae,{2(cfQf+cV)cos(k -r-o) t)2mc k 1 11 2.^ 1 1 

m 

i[(q+i^l) *r-(coq+aii)t] 
1^1 2^2 
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+ }c+ c 

->■ e E
1 UCCjQjtc^Q^lcosttj-r-io^t) + 0 + @^1 2in(o^ 

* © * © 
since 

k_'il/2 cE^e^ 
^ = -[k

m 

03 
e 1 

The scattered (modified) radiation is given by the terms (T), Q, (T), 
and and equation (9) : 

©ad.®'
A (i) =“- Anr" /// 

ret. d\ 
2'^ c e m I?-?' 

i (q+% ) •?' - (uq+toj) (t-^) 
-d^x(fi4^)QiQ2'hi’2 i 

03 0) 

.. e^E, 3l iC©r-a.2t) 
- k ,—

1 
vk e, -T ^ QiQoB, B- - e ' ///e d\'

1 2mo3, ^1^2 1 2 T
1 ^ 

= The03 +03, .where R = |r-r*| = r-nT*with r = rn, k2 = q+1^ » and q 1 
<7 *7 ^2

last integral can be approximated by (2t7) •^6'^(k2 -—^ n). 
are realevaluated in the same way and, if Q^, Q2, B^, and B2 

e^E 
t 

1 -2®*^2@ = ^ AP<m mo3 <ilW2 
1 

(12) 

https://iC�r-a.2t
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Similarly 

2 
e E 

COS (k^’r-oi^t) 5 ({j . S) , 
r^1 mo) ■■ ‘5i<52'=1»2e m 

1 

(13) 

These equations give typical sphericalwhere o)^ = a)j-a)q. 

defined narrowwave propagation, but the radiation pattern is a sharply 

beam in a direction given by the 6-function. The 6-function thus has a 

much more physical realization than it may have been supposed. Equation 

(12), however, allows radiation only in the direction defined by: 

-v ^ 1 , 
q + ki = - (0)^ + „l)n . 

But since to + 0) 
1 = ckj and ha)^=/q^h^c^ + m 

2 

c 
4 

, to^ 1 > cq + ckj^, and the 

above equation cannot be satisfied. So Eq. (12) gives nothing and the 

Compton radiation is wholly described by (13). 

B. INTERPRETATION AS A CROSS SECTION 

Although it is already more or less apparent that Eq. (13) 

17,37
correctly describes the Compton radiation, it is a straightforward 

cross section.matter to put it in the usual form of a differential 

Thus, if the cosine in Eq. (13) is replaced by a complex exponential 

(subsequently accounted for in the expression), and primes are 

dropped, then 

B = V X X 
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and 

V X »=B i 3 f 
c k t 

e 

give, in the radiation zone. 

t = ^^2 iCi^2’^'‘^2t^-
n̂x(nxe ) ,■(2Tr)^E^QjQ2B^B2rQ6^(it2-k2n)i ek 1 

1 

k U/2 
-y ^^2 iC^2*^"‘"2tUm 
B nxe5 (k2-k2n)- e 1 ’ 

e' 

v' 
where r To complete the^ 2'- is the classical electron radius,0 

mc*^ 
picture, one must consider the angle which the incident polarization 

The necessary polarization vectorsvector makes with the q,k2 plane, 

and angles are shown in Figure 3. 

For case (1) 

-y -y 

-nxe cos 
1 

and for case (2) 

y y 

-nxe 
1 

Poynting's vector. 

c 
<S> 

time 
4TTAnr 

e m 

then gives the radiated power for cases (1) and (2): 
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of the ComptonFigure 3. Polarization vectors for cases (1) and_^(2) 
transition. In case (1) the incident electric field (e^Cp) is in the 
scattering plane (^, ^2 plane); in case (2), the field (ep )) is 
perpendicular to this plane. 
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cos^O -> 
ncC2.)^ [^2]^ 

2(EjQiQ2BiB2ro)='6^it2-k2S)I't Sirk k, re I-* 

^ c(27r)^ 
2't Sirk k 

e V r 

Now <S>^ is power per unit area; therefore, multiplication by r^ gives 

power per unit steradian, n(0,(t)). The incident intensity is 

c 2^ 
<S, E,n 
me. ^t Sirk 1“1 • 

e 

These formulas for scattered and incident powers per unit area, or 

cross section.intensities, are sufficient to derive the Compton effect 

isThe general definition of a differential cross section 

T = ■ 

scatteredin which 1 is the incident intensity, AI is the intensity 

into the element of solid angle An, and N is the number of targets per 

unit of target volume of thickness x. This relation may be used with 

AI 
the above expressions for I and An

•, it being noted that the Nx factor 

da 
implies that dn must always apply to exactly one particle. However, 

in theit is meaningless to try to use these formulas directly 

detailedform in which they are given, since they contain the 

a 6-functioninformation on a single event and therefore include 

of thedescribing the sharply defined spatial radiation pattern 

whichindividual event and the necessary unknown time dependence, 
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2 
=1,regardless of other considerations must be such that 

= 1 at the82!^ = 0 at the beginning of the event and = 0, 182]^ 
can beend. Both of these effects, a spatial and a temporal variation, 

eliminated, and are eliminated experimentally, by taking an average 

unit time andover many events per unit volume and over many events per 

then referring everything to an amount of matter equal to one particle, 

event. When this iswhich here will not be equivalent to one scattering 

done in the present case, the physical picture resembles that of a large 

number of pieces of charge density each of which is changing rapidly 

When a Compton(B^(t)) in size from zero to maximum and back to zero, 
a contributiontransition is occurring there is a charge density giving 

transition thereto the resultant cross section, but when there is no 

One canis no Compton effect charge density observed, no electron, 

with matter andavoid this rapid time variation problem by working 

charge densities entirely, in terms of which the above power formulas 

in terms of whichare already expressed Cp(t) = eQ^Q2B^(t)B2Ct)) and 

the cross section formula is expressed (p(t) = eN(t) = electron charge x 

number per unit volume). The important thing is to insure that in the 

betweenabove cross section formula there is an exact correspondence 

da 
what cross section is being measured and what charge density eN(t) isdn 

referred to. 

6-functionsIn order to apply these ideas in the present case the 

can be expressed in a better form. The volume integral which gives the 

the finite6-functions in Eqs. (12) and (13) is actually only over 

region V which emits radiation. Therefore 
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0) 

-T") <^> ■ 

forIf this is substituted in the Poynting vector formula 

(S^)^ and the ratio of n^(0) and 1^2 CQ) to < obtained, the 

resulting expressions, 

n,(0)
1 2_.2 2 

= K r cos 0 6t>-
<S, Lk„n ’ 
me. >t 0 liq;J T2 

n2(0) 2 2 
= K r 

<S, 
me. 0 ik^J k2k2n 

2 2 
per unitwhere K = (Q^Q2B^(t)B2(t)V) , give the fractional scattering 

Now it can be assumed that thesteradian for a single Compton event, 

to onetransition wave function of a particular event is normalized 

particle in the interaction volume V, 

= 1 , 
V 

— and1, orwhich implies that V'|B^Q^|^ + V'|B2Q2|^ = Q1=^2 =
An 

2 . 2 
toB2 =1. The oscillating charge density proportional 

the radiation duringeBj^B2Qj^Q2 which is responsible for the emission of 

the transition gives no net contribution to the above integral, how 

ever, although it is the radiation charge density for which the Compton 

cross section must be expressed. Thus, in keeping with the ideas 

da 
discussed above. must be put in terms of the matter or chargedn 

Thereforedensity which causes it and it must refer to one particle. 
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the radiation charge density must be divided by the radiation particle 

the radiatingdensity, which essentially normalizes (instantaneously) 

charge to that associated with one particle: 

eQ^Q2B^(t)B2(t) 
QlQ2BiCt)B2(t) 

e . 

effects depending onThat is, from a fraction V'QjQ2Bj^B2 of a particle, 
are obtained; therefore from one particle (whicha charge eV'Q^Q2BjB2 

da 
The Kronecker deltadefines •) the effects will be due to a charge e.

dQ 

causes no problem, since, just as for the time dependent B^(t), it is 
event. It will notactually a result of looking in detail at a single 

appear in an average cross section. 

fromAnother way of arriving at the same conclusions follows 

of events asconsideration of a spatial average over a large number 

shown in Figure 4. The total radiation charge density contributing to 

II.J, is 

= a (i) 
Pt V = I e B 

i 

Therefore, 

"t 2 2 '^2!^ cos^0 
<S, 

inc. ’^l 
\ / \ 

1 

But to determine the single electron cross section one must divide p.j, 
which isby the number per unit volume of observable particles, 

n 
T ■= T ' 

i
J = I

i 
K
(i) 



Figure 4. Space and time average for the Compton effect, 
of the crossaverage over many Compton events in the determination 

6-functionsection eliminates both the time dependence and the 
spatial dependence of an individual event. In a similar way, the 
fractional charge density eB(i)BCi)Q(i)QCi) does not appear in the cross 
section. 1212 
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fromFinally then, the correct cross section will be obtained 

da 1 "t 
dfi 2 

n 
T me. 

and, for unpolarized incident radiation will be 

da 1 2 1^2]^ (1 + cos^e) , (14)dfi " 2 k 

section for thewhich may be compared with the Klein-Nishina cross 

Compton effect, Dirac wave functions might be expected to give an 

theexact correspondence, although the derivation could not follow 

present nonrelativistic one since there exists no separate term 

involving .t in the current density for the Dirac equation, In addition, 

the present analysis in terms of a constant incident intensity is not 

38 
directly applicable to modern experiments in which y-rays are used. 

In that case the intensities can be interpreted as photons/time (photons 

in the nature of the above discussion) and the cross section as the 

probability of a certain event, as usual. 

The final result here is, of course, nothing new, and even Klein 

and Nishina's original argument was semiclassical.^ They considered 

the Dirac equation for an electron in an incident radiation field A, 

h e 2* h . . 
ca • V - - r ^)<J> + 6'•1 c k me $ = - Y , 

m 

where the vector potential is given by. 
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i (ic*r-iot) -i (it’r-cot)
+ Ae ) ,X = e^^CAe 

and assumed solutions of the form 

- i Cp.?-Et) • 
$ = ue + -i(it-r-a)t) ^ f̂(p)e 

i (ic*r-a)t)
1 f(p)e 

of momentumwhere u is a four component spinor for a free electron p 

matrices.and energy E, and f(p) and f(p) are constant four dimensional 

$ in the DiracThey then determined the f, f matrices by substituting 

equation. The current density, 

-)■ 

■} = ec$ a$ , 

could then be used to obtain the scattered radiation vector potential 

A' in much the same manner as was used above (Eq. (9)). Calculating 

B from B' = V x A', Klein and Nishina obtained, 

2 

^.2 V v\-*-2 
B - k ^ (• •)e - 2(n' • e) 

Vm 2 ^ V V

+ 

r 

from which the usual formula follows: 

2 

sin^(|) (1 - cos6)^ 
I = I 

0 r^ (1 + a(l - cos0))^ 2 sin^({i[l + a(l - cos0) ] 

with n • .X = cos4i, n' • it = COS0, and a =
hv

2' This can be put in a 
me 

terms of a crossform for comparison with Eq. (10) by writing it in 

Thissection for photon scattering rather than energy scattering, 
hv' 1 

removes one factor of from the right hand side
hv ” (1 + a(l - COS0)) 

-V 
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of the above equation. For unpolarized radiation an average of 

• 2^ _ . • 2^ 2, 
- sin 0 cossin (j) = 1 

over the angle ip between the scattering plane and polarization plane 

Thus,yields a factor -^(1 + cos^0). 

(1-COS0)^da (4iTr^)I^hv 
dfj"' (4tt)I 

0 

( 
hv' (l+cos^0)(l+a(l-cos0)) y 

is small reduces thisFor the nonrelativistic case the assumption that a 

^^2 
to Eq. (14). Without the j— factor, this is just the Thomson scattering 

^1 
ofcross section, There is, however, no appearance in this derivation 

scattered radiation.the experimentally verified discrete nature of the 

The method used in the present work is notable in this regard since it 

is a natural and completely classical extension of present day semi-

classical ideas and, in addition, appears to reveal a classical origin 

of the "photon" behavior of electromagnetic radiation. 



IV. A CLASSICAL EXPLANATION OF THE LAMB SHIFT 

The success of a classical treatment of quantum mechanical 

transitions involving radiation leads one to consider the application of 

have their best andsimilar methods to certain phenomena which seem to 

simplest explanations in terms of quantum electrodynamics. A prime 

39 
example is the Lamb shift, which seems to have a clear cut (if not 

really physically plausible) interpretation according to 
40,41

QED, but 

22 
effects. Awhose semiclassical explanation involves some unusual 

classical view ofdifferent argument, based in a fundamental way on a 

a result for thethe electromagnetic field, is presented here, yielding 

well-known hydrogen shift which is in good agreement with experiment. 

A. FIELD ENERGY CALCULATIONS 

The 2^P 2^S transition in hydrogen is considered for which
1/2 1/2 

emitted radiationthe best experimental value of the frequency of the 

IS 

V = 1057.893 MHz 

the two levelswhile according to the Schrodinger and Dirac equations 

should be degenerate. In accord with classical ideas, this energy shift 

in the electric andis ascribed to the effects of the energies contained 

Thesemagnetic fields of the two spatial wave functions involved. 

eh 
fields are calculated from p = e'pip* and j = (\p*Vip - ipVip*'), and their2im 

41 
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V 

successful use indicates that there is no need here to hypothesize a 

point electron. For the present purposes, eijjijj* is the electron. 

The wave functions involved are: 

r 

1 2a o= / 
3 (2 -200 32Trao a o 

r 

= / 
2ao

e 
1 r ±i (j) 

21 ± 1 64iTao^ ao ^ 
sin0 

from a sphericalThe potential due to P211 = ^'p21l'^211 calculated 

coordinate expansion of the appropriate Green's function: 

rV - III d f 

Ir-r'l 

I ) G(f,?') d^r'- Iff (^■'^^^0^211 

r' 
a 

00 z rao 
1 

= /// e 2£ + 1 

< 

Z=o m=-£ r^«- + 1 

This yields 

V 
aoX
— [24-e'^(x^ + 6x2 ^ + 24)] + 

AP2(cy0) ^ 5^4 24x3 ^ y2^2 ^ + ;^44) _ ^^44]
ax 

1

where A = -I- ttR e K^ao^, K = / , and X = —. Therefore the
64iTao ao 

electric field components are: 
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1 3V A 24 
E s 

r ao 9x ao J - + 4x + 12 + ^ 
XX 

+ e - P,(co. 
X X X 

P^Ccos 0)' 
- 432 (15)

4 
X 

1 A

2 4 
e“^(x^ + 6x^ + 24x^ + 72x^ + 144x + 144)^0 = aoX 30 

ao X 

144 (3 cos 0 sin 0) . 

The magnetic field of the Jp wave function is calculated by a
211 

method 
42 

which involves expressing a current density which has only a ({> 

in the formcomponent on a spherical shell of radius r 
t 

J 
<l> = -

n=l
I ^ Pi Ceos 0) . 

The vector potential due to the shell is then given by 

CO -C 
4it 1 

I1^ r^A = /k k e, y 
2n+l 

(cos 0), r<r 
c e m ♦ r' 

-C •V n+1 
4tt n r 

A = /mrJ I (cos 0) , r>r' . 
c 2n+l r= "> * nil 

In the present case, for the shell r = r 
t 

r' 

-M -aoehK^ , 0 ?= r'e sinJ 
211 2 

mao 
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and 

r' 

ehK^ -a© 
= 

2 
mao 

C. = 0 , i M . 
1 

The Bg and components for this shell are then: 

2C1 
4tt 1 

B /nr cos 0, r < r' 
r c e m 1 

3r 

2C\147r r 
I

B /n cos 0, r > r 
r c e m 3 r 

2Ci
4 IT 1 • n ?B r < r■j- Sin 0,0 ' — 3? 

4it C fr'
^ 3 

sin 0, r > r 
I 

B /nr 3r' r 
0 c e m 

Integration over shells from r 
t 

= 0 to “ then gives the total fields: 

B^ = I D COS0 ^ ^ + 4x^ + 12x^ + 24x + 24) 
^x X 

+ e'"" Cx + 1) , 

B 1) .“0 = j D sin0 ^ Cx"^ + 4x^ + 12x^ + 24x + 24) - 2e’^(x + 
X 

(16) 

4tt ehK^ r
where D = /TT , X = 

c e m m ao 

The classical energies in the fields are then calculated from (15), 

(16), and the expressions 



45 

2 2 
E + E 

SfTk“e = Iff -
0 

d
3
r 

e 

B 2 + B 2 
0 

d^r .S = /// -SttIc 
m 

An exact analytical evaluation of these integrals in the ip case gives:
211 

2 
A 

U = U„ + U (51.0191 + .8339)
E E E
211 r 0 aoke 

= 2.44966 eV 

-6 -6 
U = U„ + U 2.31502 X 10 eV + .98693 x 10 eV 
B B B
211 r 0 

-6 
3.30195 X 10 eV . 

A similar calculation for the wave function gives the following:ip 200 

V - c / 
■ X \ 8 - e~^(x^ + 2x2 + 6x + 8)| , 

2 2 1 r 
with C = 4TTk e K , K = / , X = 

e 2 3-0 1 3 ao ’ 
32 ao 

E 
C 

8 e'^ (x'^ + 4x^ + 8x + 8)} ,r 2 
aoX 

and 

aoC 
U = 4.0924 eV 
E = (9.625) ^ 

e200 

U 0 . 
B 
200 
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B. VELOCITY EFFECTS 

alterIt must now be determined in what way these field energies 

the quantum mechanical energy levels. The energies expressed by the 

wave function solutionsSchrodinger equation, which the frequencies of the 

43 
One could thusrepresent, reflect states of translational motion, 

look for effects which would shift the kinetic energy of one state with 

respect to the other, As will be seen below, there are such classical 

energies which, if interpreted in a certain way, would provide a very 

Further consideration ingood value for the hydrogen 2Sj^-2Pj^ shift. 
Y T 

Section IVC will show that these energies cannot account directly for the 

the result of aLamb shift but that in general it must actually be 

different, though intimately related, effect of the field energies. 

However, since this analysis of the kinetic energy changes is essential 

first. Toto the subsequent more general discussion, it is presented 

begin with then, the large difference in electric field energies. 

which is of the order of 'v2 eV in the present case, would not show up as 

a frequency difference between the wave functions. Rather, one can 

easily show that it is exactly equivalent to the self potential energy 

underchange of the charge density distribution for the transition 

36
consideration. If one ignores the field due to the positive nucleus 

and works only with the charge density p = ei|^ 
n£m 

of the electron.
n£m 

its electrostatic self potential energy can be written 

k 
p(?)pC?')

W = d\ d\' . 
r P 
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One of the volume integrals in this expression is just the potential 

V of pC?), therefore 

W = j / p(r)V(r)d^r . 

One can then use Poisson's equation and integration by parts to give 

-1 
W 

SttK / VV^Vd^r 
e 

e 

e 

= • 

The change in is therefore another way of expressing part of the 

in itschange in the total potential energy of p as it proceeds 

transformation from one energy eigenstate to another, That is, Ug 
211 

in theare already included as unobservable self energiesand Ug 
200 

ip toand states; and if these states are degenerate according
211 200 

the Schrbdinger equation, the degeneracy is entirely independent of the 

values of . They can really be identified with part ofand Ug 
211 200 

the infinite mass renormalization energy in quantum electrodynamics. 

On the other hand, the magnetic field energy of the \p state is created 
211 

by the electron motion associated with the state and could possibly show 

up in the wave function frequency, This electron velocity effect would 

Both of these effectsalso change the electric field energy slightly. 
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can be seen if the electron with its static electric field is assumed to 

be moving with velocity v (Figure 5). Fields due to the electron charge 

in the atomicdensity, E' and B' in the electron rest frame, become 

frame (E, B): 

V X^,= Y(t' + T
c k 

m 

1 rk '11/21 m ^ 
B = y(B V X E')■ c iT 

e 

2 

where =y (1 -
V

j) . V represents the assumed motion of E* and 
c 

with respect to the atomic frame and need not be further specified 

h 
for stateexcept to hypothesize that it has the direction of <■;: V>

im 'nS,m 

For this will be the (|) direction, So the § field of 
nJlm' 21±1 

rk U/2 
m 

V X e' since the orbitalthe orbit is essentially due to y tc k 
e 

b' =0 in the electron frame. The electric field E in the atomic frame is 

given by 

E = Y E = (1 -

= e' . i 

Sirk u = (E
•±1 + 1 s e’2+ B^e'2 . 

e E 
211 

The extra energy density due to motion is then 

‘“e original ’ 
211 211 

under the assumption that e' can be replaced by ^ on the right-hand side 

of the above equations. 
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z 

Lab or atomic 

system 

z' 

electron 

E
I 

> I 

^4> 
B 

y
E 

V 

E' 

I 
x,x 

Figure 5, Field transformations. The essentially undeterminable 
betweenvelocity of the P211 charge density causes small differences 

attached" to the electron and the fields S and t observed in the lab. 
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This can be evaluated simply, without attempting to find v by noting 

that 

k A1/2 
->■ ■±1 m 

B V X E
1 

k = -®B 
1 

k ivIlS'l .= 
e' e' 

k 
"m 2 2

Therefore B = p- B E . 
e 

The extra energy due to motion of the E field is then 

1 

Sirk /// iWr = ^ /// = UB 
211 e m 211 

as one would perhaps suspect. 

state due to the creationThe total change in energy of the \p 211 

of electric and magnetic fields by the velocity v is 
211 

U = 2(3.30195 X 10’^ eV)
B + AUg 
211 

= 6.6039 X 10'^ eV . 

2 
The transition involved is from the P state, which can be written

1/2 

as - Y^pCt)) for m. = ^ and C-/2 

- to the state, which can be Y 
00 (+)orYQQ(+). Thusfor m^ 1/2 

the state is a mixture whose charge and current densities are j1/2 

due to ip if the effects of spin can be ignored. The ^P 
1/2 

level
21±1 

2 
would then be shifted with respect to S by

1/2 
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U = j (6.6039 X 10~^ eV)Lamb 

= 4.4026 X 10"^ eV . 

Then 

Av = 1064.57 MHz = .0355102 cm~^
Lamb 

45,46
which is very close to the experimental value given previously. 

1057.7 MHz. 

C. INCLUSION OF ALL FIELD ENERGY EFFECTS 

As good as this result is for the famous hydrogen shift, however, 

other experimental results indicate that the energies in such "velocity 

created" fields must be included with the electrostatic self energies 

as unobservable "renormalization f! contributions to the electron mass 

and thus cannot be the cause of the Lamb shift. If it were correct, the 

preceding analysis should be applicable with almost no change to 

certain other atoms and ions in addition to some other states in 

hydrogen itself. For example, s levels in hydrogen should not be shifted 

at all by these velocity induced changes in the electromagnetic fields. 

measurement of theIn 1956, however, Herzberg carried out a difficult 

lS-«-r>-2P absorption line in deuterium, looking for a wavelength shift 

of about .004 A in the ultraviolet line at 1215 A. A major problem was 

the lack of reference lines in this wavelength region against which the 

shift could be detected. He reported a shift of the IS level of about 

.262 cm"^, which was in good agreement with the theoretical QED value of 
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the.273 This result appears to be in marked disagreement with 

this case whichpresent discussion, but there are other effects for 

leave the issue in doubt. For example, Jaynes' neoclassical theory of 

be combinedthe Lamb shift, which, as will be seen in Section IV, can 

with the foregoing analysis for certain experimental conditions predicts 

.278 cm ^ for this shift. Recent laser measurements of the IS l/2‘^^l/2 
48 

indicate a similartransition in hydrogen by "two photon" absorption 

shift, in agreement with the QED value; however, Jaynes type of procedure 

may also be applicable in this case, On the other hand, there have been 

some recent experiments on hydrogen-like atoms and ions (one electron) 

in which the 2^S 2^P transition has been measured 
49 

and for which 
1/2 1/2 

the above derivation should be applicable with only a change in atomic 

number Z and/or a^. The Z and a^ dependence of the energies AU^ and Ug 
1 

can be determined by replacing - in the wave functions by 
3-

and by 
3 
0 o 

carrying this through the analysis. This gives 

"e 
O 

U 
B 

0 

h -11
where a' = ao ^ + ^), a o , 2

= 5.2917706 X 10 m, m = electron
0 (1 ’ 

k me 

mass, and M = nuclear mass. ®Then for any one electron atom or ion the 

2 2 
2 S. 2 P Lamb shift should be given by

1/2 1/2 

V U Za' 
Z,M _ ''Z,M 1 oH.3 

V u ^ a' 
H H oM oH oM 
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MeV, andFor deuterium, for example, M = 1875.628 MeV, m = .5110034 

Z = 1. Therefore: 

V 
D 

V 
H oH 

Using the H shift obtained above, one obtains 

V = 1065.439 MHz ,
D 

closely aswhich corresponds with the measured value (1059.24 MHz) as 

does the value for hydrogen. Neglecting the small change in a^ for 

higher M and Z ions, one can also easily check the Z dependence predicted 

these ions is dueabove, under the assumption that the entire shift for 

Therefore, theto the energy changes discussed above for hydrogen. 

frequencies should obey 

Vz - H ’ 

MHz) andgiving 8516.56 MHz for (the experimental value is 14,040 

28,743.39 MHz for ^Li'*’^ (the experimental value is 63,031 MHz), 
49 

16.,+7
and 0 show similar disagreement.The comparisons for 

andThe experimental values in fact show roughly a Z^ dependence, 
(includingapparently fit the quantum electrodynamic calculations 

corrections.vacuum polarization, nuclear size effects, higher order 

etc.) very well. The Z^ variation therefore represents a serious 

and indicates thatdisagreement with experiment for any ion with Z > 1 

However,something is wrong with this "velocity effect" calculation. 

https://28,743.39
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it also provides an important hint towards a resolution of the problem. 

The factor of Z by which 1? and differ is just the factor which 

electric field ofappears in the nuclear charge, Coulomb potential, and 

an ion of atomic number Z. One must then ask what effects the nuclear 

electric field might have on the fields of the electron which supposedly 

move through it and how all of the fields, which are in relative motion. 

interact. The nuclear electric field would contribute a factor Zmight 

in any of its interactions. 

for theSo it is necessary to begin with a complete expression 

fields in the vicinity of the ion. In addition to the previously 

calculated electric field E of the electric charge density there will 

be the nuclear Coulomb field just mentioned. 

k Z 
e e -V 

E n . 
2 

r 

For most of space this field essentially cancels (actually only for 

on the fieldZ = 1) and so will certainly have significant effects 

due to the factenergies. The energy which has apparently disappeared, 

that • E =0 for a large part of the space around the atom, is 

easily shown to be equivalent to the ordinary potential energy of the 

36 
positive nucleus negative electron combination, The argument is 

similar to that used in the previous discussion of the equivalence of 

the electron charge distribution self potential energy and the energy 

in its electric field. The total electric field around the atom or ion 

contributions:will thus be the vector sum of the positive and negative 
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S, = S, . f. . 

If it is again assumed that a nonzero expectation value of v (or t) 

for a hydrogenic state actually implies some sort of movement of the 

charge density p = e\p and that classical electrodynamics appliesn£m nJ-m 

will beto the resultant fields, then an orbital magnetic field 

created, 

1 r^mll/2 ^ 
V X

k 
e 

and the electric field (x) will be increased by a small amount. 

as discussed previously. These changes then affect the energies 

contained in the total fields, energies which should reflect various 

potential and interaction energies of the system. The total electric 

field energy density is 

1 
u 
E ~ STTk CE, - E_ -H f 

e 

1 ^2 ->2 

Sirk (E; + Ef + 2E^ • E_ + • E_) , 
e 

since E is perpendicular to v for the cases under consideration. Also, 

u 
1 1

6^ .
B STik 8 irk 

m e 
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The various terms in these expressions can now be related to 

mechanical energies of the system as follows: 

self potential energy of nuclear p due to its own field, 

self potential energy of electron p. 

nucleus and2E^ • ? ^ usual interaction potential energy between 
electron. 

to electron-5-^— 6^?^ magnetic and electric field energy corrections
oTtk 

e 

kinetic energy. 

and electron.• E correction to the interaction energy of nucleus 

shift valueThe fourth term in this list yields the hydrogen Lamb 

previously obtained, It now appears that this term should be grouped 

the solution of thewith the first two as energies which do not affect 

third and lastSchrddinger equation and which are unobservable. The 

terms are related to the potential energy term which appears in the 

the wave functionSchrbdinger equation and the third at least must affect 

frequencies since it is the usual potential energy of an eigenstate. One 

can check this identification by a direct calculation, using E_ = E 211’ 

for example, and ^
+ 

= k
0
Zer ^n. Thus, 

2 2 
k Z e 

= <V)
4a 2118,Y- /// • Ejjjr^sinedrded* = ’ 

oe 

h^
where a

o , 
•, and a minus sign is omitted (< V) = -Z^ (6.8) eV).2 211 

k me 
e 

The last energy density listed above. 
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AU 
^ • E_ ,8TTk 

e 

should then also affect the wave function frequencies since it is a part 

of this same potential energy V. The energy value calculated from this 

term, 

AU - si- HI ' 
e 

^ , willwill depend on , interestingly enough, and, because of 

be of the same order of magnitude as the velocity dependent energies 

The evaluationpreviously suggested as responsible for the Lamb shift. 
2 

because of the Bof the integral, however, presents some difficulties 

factor. The velocity which one wants is a supposed velocity of the E_ 

field everywhere in space. There is little justification for the 

supposition that this velocity would be independent of spatial 

coordinates and could be factored out of the integral, perhaps as 

<e> or <B^> Even then, the expectation values would yield an
nX.m nS-m" 

averaged velocity over the wave function region which might be 

inappropriate for the electric field region, On the^other hand, a 
-V _ ^nJlm . 

coordinate dependent definition of v such as vn£m 
is equally 

troublesome, There is, however, another way of arriving at the effect 

of B^ i the integral based on the previous magnetic field calculation.in 

account ofThis field, after all, apparently includes a proper 
2 

One can thus find the effect of B on an 

e' 

integral such as that above from the following comparison: 
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1 

"e 8Trk^ 211 ‘ ^211"^ 
r 0211 e 

A
0̂ (51 + .83) = 2.45 eV , 

k a 
e 0 

according to previous calculations, but 

1 
/ dj3 r 

8 irk 211 ‘ ^211 
211 e 

1 
/B 211 • ^211^^’* = 3.3 X 10"^ eV .8 irk 

m 

ofSince E does not differ much from (in form) throughout most
211 

space, one can conclude that 

AU f 6^2^ • E d^r - -- 10 ^) . ^ 
EE “ 8Trk

1 

j p c_Q r (2.45) 8Trk / K • 
+ - ee 

= (1.347 X 10"^)Z^U 

2.4
k e Z 

X= (1.347 10-^ -2
8a 

0 

For hydrogen, this gives 

AU = 4.59 X 10 ^ eV , 

to be thewhich corresponds to a frequency, which is now hypothesized 

2^P ^ 2^S Lamb shift, of
1/2 1/2 

V = 1110 MHz. 
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2 . . . . 
analysis sinceIt is not necessary to include the factor y in this 

2 
B(r,0) is the total magnetic field of the P 1/2 (m,

3 
s + 

y) state 

[± /I Y 
1,±1 (;) ; Yj^qC±)]. implying a velocity v in 

the (j) direction (since B(r,0) « v x E(r,0)) and a corresponding AE change 

The level shift alsoin the electric field of the whole state |y, ± 
is in the right direction. AU will be negative since E^ and E are 

in opposite directions, In keeping with the correspondence between 

field energies and mechanical energies, this implies a lowering of the 

thatstate. This is in agreement with experiment, which confirms 

the S state is higher in energy than the P state. The quantum electro 

the S state will bedynamic explanation of the Lamb shift predicts that 

the relative shiftsraised, in contrast to the present theory; however, 

are exactly the same and the two theories are therefore experimentally 

indistinguishable (ns ^ np). 

In order to provide some idea of the magnitudes of the 

Lamb shifts for various cases and the corresponding
1/2"'’1/2^'= 

are listed andpredictions of the present relationship, the results 

theory showcompared in Table 1. The numbers given for the present 

size effects,simply the variation and are unadjusted for nuclear 

calculations,for example, which, just as in the quantum electrodynamic 

would make important corrections. The importance of the good general 

of radiativeagreement to the overall subject of a classical theory 

transitions lies in the direct way in which one can apparently carry 

the principles of classical electrodynamics to the quantum mechanical 

realm. 
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TABLE 1 

2^P ^ 2^S. TRANSITIONLAMB SHIFT FREQUENCIES FOR THE 1/2 1/2 
IN HYDROGENIC ATOMS AND IONS 

Ion Experiment This Theory* 

1057.8 MHz 1,110 MHzHydrogen (H) 

1,110 MHzDeuterium (D) 1,059 MHz 

14,040 MHz 17,760 MHzHelium (^He^) 
62,800 MHz 89,910 MHzLithium (^Li^^) 

Carbon 780,000 MHz 1,438,560 MHz 

2,210,000 MHz 4,546,560 MHzOxygen ( „0 J 

*Nuclear size effect and other effects will make important 
corrections to these values. 



V. OTHER APPLICATIONS OF CLASSICAL IDEAS 

the longSpontaneous emission has played an important part in 

andcontroversy over the relative merits of quantum electrodynamics 

to be asemiclassical theories. Until recently it was considered 

since in thephenomenon which presented great problems for the latter, 

no interactionusual perturbation theory calculation there would be 

Hamiltonian whose matrix elements could be said to "cause" the 

as in the casespontaneous transition, there being no radiation incident 

theoreticalof stimulated emission or absorption. The usual quantum 

radiation field asexplanation invokes the fluctuations of the vacuum 

the perturbation which triggers the release of the stored energy of an 

derived theatom, in the form of a photon. By 1927 Dirac had already 

correct Einstein A coefficient for the probability of the resulting 

transition. ^ Jaynes has recently introduced a new semiclassical theory, 

however, which also predicts the A coefficient and, in addition, 

attributes the cause of the spontaneous transition to the classically 

of the atom to thefamiliar effect of radiation reaction, the response 

22 
electromagnetic wave which it is itself emitting, This idea is wholly 

compatible with the completely classical viewpoint of the present study 

the "transitionsince it provides an electromagnetic field to which 

which is also ofstate" formalism of Section II can be applied, and 

with the transition,precisely the right frequency to be in "resonance" 

discussion inwith resultant large effects, as for the photoeffect 

Section II. The prediction of the correct A coefficient, however, is 

61 
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the blackbodynot quite sufficient to allow a complete derivation of 

therefore
spectrum. The semiclassical theory of spontaneous emission is 

reexamined in the following discussion in a slightly different way. 

The A coefficient is obtained generally in the manner of Jayne's theory, 

mechanismbut it is proved that there exists a spontaneous transition 

This isonly from a state of higher energy to one of lower energy, 

formula,enough to allow a rigorous derivation of the Planck The 

emissiondiscussion of solutions of the c^ equations for spontaneous 

also provides an opportunity for a demonstration of the origin of the 

Lamb shift according to Jayne's theory and leads to an analysis of the 

somewhat unrealistictime development of a Compton transition, under the 

conditions hypothesized in Section III. Since all of these subjects 

most recent workdepend in various ways on the c^ equations and since 
with thein the field of semiclassical radiation theory is concerned 

solution of these equations for particular conditions, a brief summary 

method ofof the usual treatment of them is given first and a new 

solution in introduced which enables one to avoid one of the main 

(although incorrect) approximations invariably used, the "rotating wave 

approximation." 

A. THE USUAL SEMICLASSICAL THEORY OF THE c. EQUATIONS 

the transitionIt is desired to calculate the change with time of 

under the influencestate wave function given by Eq. (1) of Section II 

of field. The restriction to a two level transitionan electromagnetic 

is again made in the interest of simplicity. The analysis is still 
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interactionrealistic for the usual case of some type of resonant 

between the field and a many level atom, which can effectively pick out 

the two appropriate states. If the field is represented by the vector 

potential A, the progress of the transition from 1 to given by 

Eqs. (6), the "c^ equations. 
tt 

-i^zit 
' + H"ihCj^ = c^< u^ |H Uj> + C2< Uj H' + H" U2> e 

i(02it 
+ H I ( 

+ cihc2 = c^<U2|H' u^> e 2<U2|H' + H"1u2> . 

where 

I 
ieh 

H A-V , 
me k 

m 

k e^ „ 
IH' __e ^2 and

2 ^ ’ 
2k me 

m 

0) = 0)^ - 0) 
21 2 1 B i (E2 - Ep . 

If one assumes that the field is a monochromatic wave of frequency 

0) = w 
21’ 

A = Ac, cos(k*r - tot) ,1 

whose amplitude is small compared to that of the atomic fields, then 

H
I 

one can neglect compared to H' and use the fact that H' gives zero 

matrix elements if the two states are the same to obtain 
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-io) 21^ ia)2it 
iHdj = CjHJje , itlc^ (6') 

I and by the use
12where H.'.iJ = < H' u^> . One can now transform H 

of V = - 5
n 

•k ',1/2ieh e 

me k
h: . 

m^ 
£^*(u^|r|Uj) cos tot .11 

But from E = -VV - — 
c k 

m' 

1 -
A to sin tot , 

c k 
m-' 

and, except for a phase difference, 

h: 
12 < => E*<Uj|er|u2> =<u^|3*e|u2> , 

Thus the Hamiltonian for thiswhere d is the dipole moment operator, 

form whichtwo level system can also be written in another familiar 

moment in an electricshows the classical interaction energy of a dipole 

field: 

H = + H' = H„ - d • E .
0 0 

areH is the atomic Hamiltonian among whose energy eigenfunctions
0 

and ^2-
29 

The usual procedure for using this d • E form of H to analyze 

to thethe two level transition begins by limiting consideration 
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The matrix elementstwo-dimensional Hilbert space spanned by and 41^. 

of the operators in the Hamiltonian are 

H„ =<i1Hq|1> = , <2 
0 

2> * <i1Hq|2) = <21Hq|1) = 0 

and 

(1^2) =3
12 <2i3|l> = 3^* , <l|^|l> = <2l3l2) = 0 .’ 

can therefore beIn this two-dimensional space the complete Hamiltonian 

written 

• EH = I (E^ ♦ Ej) 5 * i (Ej - Ej) ^3 - - iSj 0 

where I is the two-dimensional unit matrix and and are the 
A 

writtenPauli matrices. The dipole moment operator 3 can be 

3 = 3 a. - 3.a in H and the Heisenberg equation of motion for an 
r 1 i 2 

operator 0, 

- 0 = [0,H] . 

can be used to determine the time rates of change of 0^, a^, and Oy 

'^l " ■‘^2l'^2 

“2 ' “2l‘’2 . I (J,-t)53 

°3 = - I - I 
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Expectation values of these equations, assuming that operator products 

can be factored as for example, are 

h ' -"21=2 *1*1'® =3 

=2 = “21=1 * I =3 

- J- 3.^ s"3 = "h i 1 I =2 • 

where s. = < o.) . One can prove that these equations imply that 

2 2 
+ s + s Several simplifying assumptions are made in most"l 2 

hasinstances. It is usually adequate to assume that the transition 

IfAm = 0 and to adjust the phases of the states so that 3^ is zero. 
semiclassical atomicEj is the component of J along 3 and k = ^ |3|, the 

equations take the form 

^ = -“21^2 

^2 = 0) 
21=1 . kE^S3 

= 3 " '^^2 * 

Referring to the form of the Hamiltonian H, one can see the physical 

1 

significance of s^^, s^, and s^. ■j ha)22S3 represents the internal energy 
1 

of the atom relative to the average energy -jCE^ + E^), which can be 

components of theredefined as the zero of energy, and s^ and s^ are 

dipole moment of the atom. 3 is a unit vector known as the "pseudospin 
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vector and the semiclassical equations above, which describe the path 

of s over a unit sphere during a transition, are known as the "optical 

treated byBloch" equations since they are analogous to the equations 

Bloch for spin precession in magnetic resonance. 

transformingThe "pseudospin" equations are generally solved by 

everything into a rotating coordinate system in which important and 

This is called the "rotatingunimportant terms can be easily discerned. 

resonancewave approximation" and was first used in the magnetic 

anproblems. The three equations above can be written in terms of 

angular velocity vector (sometimes called a torque"!?): 

s = n X s 

where 

n = to ) .(-kE^, 0, 21 

The situation can be roughly represented by the diagram in Figure 6. 

An idea of<< , ti points almost in the 3 direction.Since <E^ w 
21 

the magnitudes of the two nonzero components of in a practical case 

for them tomay be obtained by calculating the field strength required 

be equal. Therefore if 1ikE = hm 21 1 eV and hic ea^ for a typical 
8 

Such an electric fielddipole moment, then E = IV/a^ 10"^ V/cm. 
would be many orders of magnitude larger than that of any 

k e 

reasonable resonance experiment. Also E = the atomic field. 
a 
o 
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; L 

0^21 

Q 

s 

^2 

1 

Figure 6. The precession of the unit pseudospin vector s about the 
ft 

angular velocity” vector 
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move^ willSince will change rapidly with time at a frequency oi 

be written as the sum ofrapidly about the approximate direction 3, and can 

one large constant vector and two small time dependent ones (E = E^): 

:±0 
SI = 51 + 51 = (-kE cos wt, -kE sin ut, 0) 

' + (-kE cos lot, +kE sin cot, 0) 

+ (0, 0, (o^p . 

about 3 withIf one then transforms to a coordinate system rotating 

while rotates withangular velocity co, then 51 becomes a constant 

term effect.angular velocity 2(o and is said to have little long 

Therefore the "rotating wave approximation" consists of ignoring 

^ and asand writing the "pseudospin" equations in terms of 

-10 sin cot
^1 = 21^2 ■ ®3 

= CO COS cot
^2 21^ * *3 

sin lot) .Sj = -kE(s2 cos lot - h 

In the rotating coordinate frame the "pseudospin" p = (u,v,w) satisfies 

t Ip = X p . 

where 

CO5^' = (-kE, 0, 
21 

-lo) , 

or: 



70 

u = -(u)2j-a))v 

V = + kEw 

w - Ev , 

Againand (near resonance) all optical frequencies have disappeared. 

-v are the com-i hu)-.w represents the energy of the atom and u and 
it X 

of phase with theponents of the dipole moment in phase and 90° out 

field E. 

22 
directlyThe same equations can be obtained in a simpler way 

The substitutionfrom the c^ equations, Eqs. (6'). 

i(i)2t 
Cl = cl e . C2 = c- e 

transforms these into (dropping primes) 

ihc, = E,c 
1 11 - ^2 

- d'E ,ihc^ = 2E^c 2 

bewhere H' has been written as If one again assumes E and 3 to
12 

in the same direction and introduces <d) = d(CjC* + c*C2) and 

<Ho> = -j ha)2i(C],^l “ C2Cp, these equations then show that the new 
variables satisfy 

<d> = -k<HJE
0 
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The second derivative can be eliminated by multiplyingwhere k = ^ d. 
the first of these equations by <d> and integrating: 

7 ? 7 
.«d»^ + m (d)'" + k<H„>^ = constant 

21 0 

2 2 
1 in thisThe constant is evaluated by using the normalization c^ + 

2 2 
equation and is found to be equal to d^to Since this equation resembles

21-

2 2 
the equation of a sphere, it can be put explicitly in the form s^ + 

2 

+ s^ = 1 by the substitution 

iojt 1 
< d ) + io) < d ) = 

21 (Sj + is^) , (Hq) 2 ^“21^3 • 

by taking theThe physical meaning of s^ S2, and s^ can be demonstrated 

imaginary part of the first by these equations, 

<d> = d(s^ cos a)t - S2 sin tot) , 

which shows that s is the component of the dipole moment in phase with
1 

phase with it (asthe electric field and $2 the component 90° out of 

suming E(t) = E cos tot). The same substitution in the dynamical 

equations for <d>, <d>, and < H„ > yields0 

s^ = ((o-t02^)s2 + KS 2 E sin (ot 

=2 ' 
+ KS 2 E cos tot 

-kE(s^3 = 1 sin tot + S2 cos tot) , 
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if the 20) frequency terms are neglected, These equations are equivalent 

derivationto the "optical Bloch equations" obtained in the previous 

for the time dependence of the "pseudospin" s. 

The problem, of course, with these methods of solution of the c^ 

cannot really beequations is that the "counter rotating" 2o) terms 

ondropped. Although one can argue that the long term path of s the 

that they will appearunit sphere does not depend on them, it is apparent 

in c charge 
1 and C2 and also, therefore, in the oscillating transition 

and current densities and ) It thus appears 

and uses pincorrect in any semiclassical derivation which discusses 

or j, for one simply to drop them, as was done in the previous discussion 

in theof the photoelectric effect, and as is done more elegantly 

rotating wave approximation. Before one can attempt to apply the c^ 

determine how theyequations to more difficult problems then, one must 

level transition atmust be solved in the present simple case of a two 

resonance (co 'v o) 21 ), where it cannot be considered acceptable to omit 

any terms for whatever reason. 

B. A NEW EXACT SOLUTION OF THE c^ EQUATIONS 

neoclassicalAbandoning the foregoing standard semiclassical and 

solution in themethods, one can perhaps find some clues for a correct 

of theoriginal simple expressions describing the time development 

transition wave function, Eqs. (6'): 

-ICO 
21' 

ihc
1 = Cj e , iHc^ = -Cj Hj2 e 
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-iu^t 
uij;As in the preceding discussion, only two active levels, 1 1 " 

are considered, H is given byand >1^2 = u 2 " 12 

ieh 
H ^ '^l I me k A-v|u2> ,12 

m 

and incident monochromatic light is assumed: 

A = A e, cos (k • r - cotj .
1 

Since the wave functions are confined to a volume with dimensions on the 

order of a 
0 and radiation of optical frequencies will have a wavelength 

many times larger than this. 

2ir 
X >> a

k 0 ’ 

the usual (dipole) approximation can be made: 

icjt -iwt 
+ e ) .^ = A cos wt = y A ^ (e1 

With A written in this way one can see that the main problem one is 

faced with in Eqs. (6') is the combination of a real oscillatory 

and thatradiation term with a complex term from the wave functions, 

elimination ofthe rotating wave approximation amounts simply to the 

terms of the form 

±i(ai2j+(o)t ±2ia)t 
e e 
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for radiationThis would then leave the following very simple equations 

exactly at resonance (w 21 
0) = 0): 

ihc 1 " ^2^12 ’ itiC2 = -Cj H 
12 • 

With = <u 
1 

ieh 

k A Ej*v|u2>, these equations can be solved12 me 
m 

and correctalmost trivially, yielding correct time dependences 

everyonetransition "speeds" for two level cases. However, although 

only impediment torecognizes that the "counterrotating" terms are the 

this procedure and that they must somehow not really belong in the 

because they areequations, they cannot legitimately just be erased 

f! I!
nonresonant. But at any rate, it appears that one is in some manner 

conserve matterclose to the right method since the above equations 

(c^(t) + c^Ct) = 1) and provide the usual matrix elements (Hj2^ ^ 

transition. 

to eliminateThere are several things that one might try in order 

the transition wavethe 2w terms from Eqs. (6'). One could ask whether 

thefunction satisfies the Schrbdinger equation with only 

ioijt
t = A e part of the vector potential. In quantum electrodynamics, 
c 

after all, the two complex parts of the vector potential are completely 

other with anseparated, one going with a creation operator and the 

annihilation operator, If radiation of two or more frequencies, only 

on the two levelone of which is the resonant frequency, is incident 

to the resonant partsystem, the system might be expected to respond only 

underof the field, at least as far as the interlevel transition 

consideration is concerned. The hypothesis might therefore be made that 
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the Schrodinger equation can essentially "pick out the frequency which 

will cause the transition. Then the fact that Eqs. (6') describe the 

exactly thephysical situation accurately and can make + C2<|^2 

the use of Thiscorrect wave function for the problem might justify 

in another area.line of reasoning, however, would introduce a problem 

for theThe derivation of the continuity equation and the expression 

Here .t = .t + i^.current density in Eq. (7) require that A be real. c r 1 

and the continuity equation would become 

2 rk 'll/2 k ^1/2 
-te e 2e e

9^(e#*) = -V • [j" - me k #* \] - tic k 
t. 

m^ m^ 

-t eh 
There would be introduced therefore anwhere j 2im 

unusual extra term depending on = ^i^i which might 
describe a rapid creation and annihilation of charge density during the 

transition, although there would be no net change in total charge. The 

-y 

divergence term would be the same as before, wiith A = A e, cos (k-r - ut), 
r r 1 

the total currentand apparently could still contain the expression for 

thedensity. However, in addition to this troublesome extra term in 

continuity equation, there are other considerations which argue against 

the above hypothesis. One cannot provide any good reason why all 

level iscomponents of the vector potential in which the two atom immersed 

rk U/2 ^ 
e e -tshould not enter the momentum term t V 
c k 

t in the same way. 
^ m^ 

Arguing by analogy with classical mechanics, one would expect that the 

total A should affect the relative momentum term and the center of mass 

It is muchmomentum term, both according to the foregoing relation. 
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more reasonable to assume that A total goes into the Schrodinger 

their solution isequation, and thereby into the equations, but that 

only influenced greatly by the resonant frequency. This argument also 

affects theimplies that one could not assume that part of a field 

mass coordinates.relative coordinates and another part the center of 

All of the field must affect all of the coordinates. One remaining 

possibility for eliminating the 2u) frequency terms in Eqs. (6') is 

suggested by the fact that there is only a simple phase change between 

withthe wave functions which satisfy the Schrodinger equation 

t = A cos Olt and ^ = A sin (jjt, One could accomplish the same 

TT 
Thenthing in Eqs. (6') with the substitution t T - 2w‘ 

ir 

TT -ia)2j(T - 2a) 
sin ut e 

-“2TIT 

-)H sin (jjT e= ic2(T - 2a) 12 

Then if one could assumeand similarly for the C2 equation. 
TT 

2a) 
) = equation could be added to its original^,2'' * 

form, with the result 

-'“21' 
(cos a)t)e2ihCj = c.,H2 12 

art + i sin 

= c.H
2 12 ' 

A similar result would apply to C2, and one would apparently have 

obtained the same simple equations as if the 2a) terms had been dropped. 

The flaw in this treatment is that, although the approximation 
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■, the period of the wave, isCj(t ± 2(1) = Cj^(t) seems valid since 
is circular.very short compared to the transition time, the reasoning 

effectively the sameThe approximation of a slow change of c^ and c^ is 

as saying that there can be no 2aj frequencies in the equations which 

describe and Eqs. (6'). 

Based on the clues revealed in the foregoing discussion, however, 

one can show that there exists a simple and exact method of handling 

Eqs. (6'), by taking a slightly different approach to the problem. 

of wave functions,Since the trouble comes partly from the complex nature 

or combinationone can examine the possibilities of some generalization 

of them which will allow a coupling with a real field, In addition, in 

a dipole transition there will be an angular momentum change in ip, which 

momentum of theshould somehow be related to the electromagnetic angular 

radiation. An exact solution to the c^ equations then follows and 

momentum betweencorrect account is taken of the transfer of angular 

system and radiation if one begins with circularly polarized incident 

orientationlight rather than linearly polarized and adopts a particular 

of the atomic coordinate system. The incident A is therefore assumed 

to be 

A = ACCj^ cos (k*r - tot) - sin (k*r - tot) , 

right circularlyas shown in Figure 7, the minus sign (-^2) implying 

polarized (RCP) radiation. The atom is oriented as shown, with the 

in a centralwave functions and ^'2 assumed to be those of an electron 

potential V(r). 
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X 

€i 

k 
* z✓

/ 

y
€2 atom 

R.C.P. 

on an atom.Figure 7. Right circularly polarized radiation incident 
The atomic coordinate system is oriented as shown. The angular momentum 
flux density in the field is given by 

where = X r, and^ is the Maxwell stress tensor. 
|i^l 

1 EE U 
= _ iYT 

4Tr iT k 2 ir ^ k 
e m e m 

atom. There isTherefore = 0 unless there is some absorption by the 
then an xy plane variation of the fields and ( ^ 0. 
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V 

The matrix element given by 

ieh 

“l2f« ■ k 
A • ’luj) 

m' 

•k U/Z
ieh e 

= <u
1 k A 1^2) cos cotme 

m 

ieh ■ke-)l/2 
+ <u 

1 me k A £2 ‘ VIU2 > sin cot . 
m' 

ofTransforming these into dipole matrix elements by use 
TH ^ 

-j (H^r - rMp), one obtains 
h 

■k U/2
ieh e 

HijCt) = me k A ^ (1)2^ [Ej • < |r |u2 > cos cot 
m' 

le 

e Aco2j[X eos cot + Y sin cot] ,k 
m' 

where X Now= <u^lx|u2> and Y = <ujy|u2>. 

X = A . A 
I 

R 
I
sin e P“

m 
sin 6 d0 

nJ-m n'£'m 

/OO 

nn , r R^^r^dr 
'TT 

I 

0 0 

Ztt 2tt 

-im' <() im(j) i (m-m') (j) 
0 eos ij> e d(|. = K eos <J) e d(ti , 

0 0 

and 

X 
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2tt 

inKj)
Y = K sin (|) e d(t) . 

0 

So X = Kir iff m' = m ± 1 while 

277 

Y = K X 
2i 

0 

TT 

, m' = m + 1
i 

= K X 
TT , 

m - 1 
r ’ 

andTherefore if m’ = m - 1 for example, X = Ktt, Y = KTri, 

fk 7 1/2ieh e 

Aa)„,K7r(cos ut + i sin cot)"12^ ■ me k 21 . 
m 

-i(o 21^ 
This H (t) then has just the right factor to cancel e at 

12 

resonance and the c^ equations are again in the simple form 

I I 

^1 "" *^2^12 ’ ^2 ^ ■‘^1^12 ’ 

where here 

fk 7 1/2 
_e_ _e ' H" = <u

12 1 me k Ae^ • V u^) . 
m' 

** 12 
The "decoupled" equations, of course, are of the form c^ + c^h|2 = 0, 
with obvious solutions. The same procedure can be extended to more 

general polarizations by reorienting the atomic coordinates. As long as 
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transferral isthe situation is adjusted so that angular momentum 

will assumecorrect, Eqs. (6') describing the dynamics of the transition 

a simple, easily soluble form, Apparently, a certain amount of elliptical 

sincepolarization is necessary for an electric dipole transition, 

A«, = ± 1 for the system. For strictly linear polarized radiation there 

there seem to be nois no way to apply the present argument and, indeed, 

nonsingular physical solutions to Eqs (6'j at all. mayThis fact have 

certain results whichrecently received some experimental confirmation in 

25
have been interpreted as photon "antibunching". In these experiments. 

resonant two levela linearly polarized laser beam is used to drive a 

of a transitiontransition in single atoms of an atomic beam. Evidence 

is obtained by the radiation emitted by the atom in a direction perpen 

dicular to both the incident light beam and the atomic beam. The delay 

as due toor absence of transitions which is found has been interpreted 

above"antibunching" of the incident laser photons. The discussion 

indicates, however, that it is possible that the result is caused by the 

initial linear polarization of the light. 

C. SPONTANEOUS EMISSION AND THE BLACKBODY SPECTRUM 

One can now finally proceed to solve Eqs. (6) for spontaneous 

emission with no rotating wave type approximations, without ignoring 

In this case it isany terms because of the frequencies they contain, 

desired to use the A field produced by various parts of the radiating 

charge density itself as the field which causes the transition through 

(6). It is assumed that the two states involved are connectedEqs. 
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through a dipole transition and thus the c equations [Eqs. (6')] are 

again 

io) 
2l‘ 

mil ' =2"i2 " , ihc^ = 
* 

® 

where 

ieh 
H = <u
12 1 me k A • VIU2) . 

m 

There is no external .t incident, the vector potential in H 
12 

arising in 

this case from the transition current density 3 itself by means of 
'P 

areEq. (9). The time dependent parts of y 

ito„,21 t * eh -""2l‘. 
+ c, c 

'P 12 (u*Vu2 - u^Vupe2im 

In accord with the above discussion of conservation of angular momentum, 

one should check the state of polarization of 3^
'P 

. This current density 

can be written as 

eh 
ito -“21* 

J 21^ ^ JL-t 

2im (Jr ^ ^^i^® 2im (Jr -

eh ^ • 
t) , 

m (3^ cos Jj. 21 

■f 
and it can be seen that 3 will produce elliptically polarized radiation

4-

in general since and will be in different directions, Following 

the argument of Jaynes, one can assume that the electron will experience 

only the effects of the transverse part of this current density, and 
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function region, thethat, since the retardation is small over the wave 

following expansion for .t is allowable: 

(k k )l/2 
(?',t-R/c) ^3^ 

c R
t = ///Tt 

I 

(k k )l/2^ m'^ T^(r',t) de d\' - 1 
(17)/// R c dtc 

where indicates the transverse component of the current density 

22 If the first term of this expression for t, thel^^(t) above, 
"unretarded" term, is substituted in H 12 , this part of the matrix 

element becomes 

2.2
k ie h l»2lt 1 

h: 
e 

(Cicpe <uJ///(u^*V'u| d\'-V u^)12 2 2 
r -2im c 

2.2
k ie h -io) 21^ 1e 

+ 

2 (CiC2)e <uJ///(u|*Vu^-u^Vu'*)^ d^r' *7 lu^), 
2im

2
c \r-P I 

50 
accounts for the Lamb shift. Inand according to Jaynes this part of 

is ignored becauseJaynes'formulation, the second term of this expression 
t-2ia)t 

it contributes an e term to the equations. The remaining H term.
12 

io) 21^
H.’..12 = CjC*Me , will then contribute an imaginary term to the c^ 

Eqs. (6') which will appear as a frequency shift (time dependent because 

In the present derivation, considerations1^=1 and IC2I are factors), 
similar to those used in the incident wave circular polarization case 

lead to the conclusion that the second term of 
t 

will be identicallyH 
12 
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transition.zero for those wave functions appropriate for a spontaneous 

This can be shown in the same manner as is done below for the other H 
12 

term. that involving the second term of the self A in Eq. (17). Thus 

H 
I 

still has the form 
12 

id) 2l‘ 
”l2 ' "1=2 ” ® 

f 

again towhere M is real. As will be shown, the effect of it'^2 
the presentintroduce phase changes in the solutions c^ and For 

its evaluation arediscussion of spontaneous emission, the details of 

above form and hasunimportant, as long as it is known that it is of the 

no influence on the time variation of the amplitudes |cj and The 
second term of Eq. (17), the "slightly retarded" part of t, gives 

2. 2 
io) 21^k ie h 

H If 

12 

e 

2 3 (CiC2)o)2ie <uj//j (u^*V'u| -ujV'u^ )^d\'*v|u2> 
2m c 

2^2
k ie h -io) 21^-ke 

+ Vu 
2 3 (CiC2)»2i= <uil///(ui* ^ -u^Vu|*)^d\'-v|u2> . 

2m c 

This part of H correctly accounts for spontaneous emission, yielding
12 

solutions throughthe proper Einstein A coefficient and appropriate c^(t) 

Eqs. (6'). 

The way in which the previous new exact method of solving the c^ 
for the same waveequations applies in the present case can be outlined 

functions (Am = ±1) as were used in that discussion, since the various
t 

integrals have already been evaluated. With slight modification the 
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0 transition. Thus, usingsame argument can be applied to a Am^j^ = 

integration by parts and employing ^ first 
H 

tr

transform the inner (prime) integrals in the expression:
12 

/(u^*Vu^ - u|Vu^*)d\' = 2 / u^*VUjd\» 
-2m 

(E^ - EjXu^Irluj) ,h^ 

/(u|*Vu^ - u^Vu|*)d^r' = -2 / u^VuJd\' 
2m 

(E2 - Ej)<Uj|r|u2> .h^ 

caseThe same u^> and IU2) as were used in the circular polarization 
above then yield 

<U2ir|u^) = <U2|xi + yT + zi^lup 
= Kit(i + ij^) 

and 

<Uj |r|u2> = KttCi - ij") , 

with the former definition of K. The inner prime integrals in H'^'2 can be 

H ttfactored out and the two terms of will then involve the following
12 

factors, respectively; 
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<U2 |r |uj)‘(Uj Irju^) = (Kir)^(i + iT)*Ci - iT) 

= (Kir)2(i + 1) , 

<Uj |r|u2>-<Uj |rlu2> = (KTr)^(i - if) • (i - if) 

= (KTr)^(l - 1) 

0 . 

The second term of H'j'2 will therefore be zero. Using 

/ f^ d^r’ = j / f' d^r', one finally obtains 

ke^ 
* 

io) 21'2 
HI

» 
0) 

12 C1C2 e 

1 . ‘“21' 
f= 2 Aj2 CjCj e CIS) 

where A is the usual Einstein A coefficient and H It has the correct 
12 12 

-“21* 
factor to cancel e in Eqs. (6'). 

The contributions to the transverse self field matrix element 

H.. = H' + H I 

can now be collected and substituted into Eqs. (6'),
12 12 12 

yielding 

*^1 " ^^2^2
1 

^12 + iM)CjC2 , C2 12 + iM)c*C2 , 

or. since c^c* + C2C2 = 1, 

iM)(l + iM)(lCl = Cj(iA, + - \c^\h . C2 = -02^ A - Ic^l') . 
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If one tries a solution of the form 

iKjCt) 
Cl = e 

thenin the equation and equates real and imaginary parts, 

I — A c, (1 - 2)M .
1Cjl = |cj|(l - "l I J 2 ^12 , Kj(t)|cJ = "l 

will have a slow timeKj(t) then obeys kj(t) = (1 - |cjl^)M = |c2l^M and 
variation. Similarly the C2 equation and the substitution 

iK2(t) 
Cj = Ic^le 

yields 

|2^ 1 .
IC2I = -|c2i(l - C2I ) 2 ^12 , k2(t) = (1 - ic2|^)M = ^=1 I'm . 

One can now see how the imaginary parts of a matrix element (M in 

this case) could alter the frequency of the radiation being emitted. 

•k _ * 

contains a factor CjC2 which can be written = ^i^j^ 

iM/(CT22-cJjPdt 
<^12 = "l"2 IcJ C2|e 

Since a will have a slow time variation, the
1122 (= C2C2 = 102!^) and a 

frequency shift in a will have a small time dependence. Jaynes has
12 

sort of effect seemshown that several of the frequency shifts from this 

According to the presentto agree with the corresponding Lamb shifts. 
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solution for 0 however, whenever c and IC2I are significantly 
different from zero and there is a large radiation current density 

It will in fact be( o 
12 I » 0), the frequency shift will be small, 

zero at the point of maximum emission (jCj^ = IC2I). For a complete 
will be zero.transition, also, the time averaged shift in frequency 

when all atomsThus a detectable shift by this means will result only 

involved are excited inefficiently and remain near a particular state 

But this is precisely the condition of all of(|cj = 0, IC2I = 1). 
which havethe experimental measurements of IS ->■ 2P, 2S transitions, 

tremendousinvolved samples of hydrogen or deuterium gas containing 

47,48 
0 O 

numbers of atoms. Irradiation of these samples by 1216 A or 2430 A 

(in the two photon case) ultraviolet light can be considered to produce 

excitations of particular atoms only slightly above the ground state 

(IS1/2). There is then a substantial frequency shift (a 11 " "l"I = 

.278 cm"^ (including a vacuum polarization0, 022 = 1) equivalent to 
entirecontribution). If an experiment could be arranged to "see" an 

of the line. NowIS - 2S, P transition there should be no Lamb shift 

although this has not been accomplished for such n = 1 to n = 2 cases. 

2S - 2Pit has been the principal method for determining the 1/2 1/2 

transition frequency, 
39 

A beam of hydrogen atoms traverses a region of 

microwave radiation of the appropriate frequency in these methods. 

allowing very efficient excitation of the transition. Moreover, only 

complete transitions are observed since the atoms emerging in a particular 

of shift wouldstate constitute the signal. Therefore Jaynes' sort 

average to zero and only other possible contributions to a level shift. 
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observable. Thussuch as the "static" effects of Section IV, would be 

the existence of two distinct causes for Lamb shift frequencies 

them.corresponds exactly to two very different ways of measuring 

are of moreThe equations for the amplitudes of c^ and C2, which 
51 

concern for the present purposes, are solved in the following manner. 

At 
H A, the substitution ue in theWith the notation j "1 IcJ 

equation gives 

3 2 At . 
u = -A u e 

Then 

t 

u ^du = -A e
2 At

dt 

u 
0 ^0 

can easily be solved to obtain 

2At 
2 At 0 -1/2 

u = (e * e 

u 
0 

Therefore 

At , 2 At -1/2 
e (e + C)•"1 

and 

1 

'^ll = -A_t
12 

Ce + 1 

(19) 
Similarly 

-A,.t
12 

e 
S^^22 = 

12 
Ce + 1 
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theseand with the choice C = 1 for the constant of integration, 

solutions will be as shown in Figure 8. The important facts to note in 

the context of spontaneous emission are that Eqs. (19) provide a 

consistent, matter conserving (a + = 1) description of thea
11 22 

for thephenomenon which predicts the correct Einstein A coefficient 

transition probability, through Eq. (18). There is one other important 

characteristic of a spontaneous transition revealed in Eq. (18), which 

is not obvious, and at first glance might appear of little consequence. 

This characteristic can be seen if it is noted that the symbol oi is 
21 

defined by 

0) 0) 0) 
21 2 1 i i (Ej - Ej) , 

and that careful account has been taken of the sign of this energy 

difference in Eq. (18). One can therefore state that if > E^^, ^ ® 
and a must begin at zero and go to one. Thus the transition must go11 

from |2> to |l>. There can be no spontaneous transition from state jl) 

In Figure 8, the time development of the higherto |2) if E^ > E r 

energy state is always given by the dotted curve o , and so inherent
22 

in Eq. (18) is proof that there cannot be a spontaneous transition from 

lower to higher energy. This fact, in turn, is a necessary condition 

for obtaining the correct form of the blackbody spectrum. 

Based on the preceding facts then, the blackbody frequency 

distribution can be obtained rigorously by means of Einstein's simple 

procedure. If one considers a two level transition 1)-«-»■ 2) at a 

certain frequency in the walls of a blackbody cavity, one must assume 
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Figure 8. Time development of a spontaneous transition. 
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to number in thethe ratio of number of atoms in the upper state N2 

lower Nj to be 

^2 -(E2-Ej)/kT 
= e 

N 
1 

Equal numbers n go up or down since equilibrium exists; therefore the 

ratio of transition probabilities is 

^1 n/Nj -(E2-Ej)/kT 
P2 = n/N2 = ® 

But one can now state that 

. 2 2,4ir e k 

2 ^ g 1(0))- I<1|?|2> c 12 c3h^ 

for stimulated upward transitions and 

1(0)) 
^2 = ^12 + A

12 

for stimulated and spontaneous downward transitions. Therefore 

ho) ^ 2 2, 2 2 /■ 2, 34Tr e k 4'tr e k 4e k (1) 

e 
kT 

« |<l|?|2>|^ « e IM , e 

c3h^ 3h^ 3hc^ 

or, for the energy density in Aw, 

hw^Awi(oO Aw = 
c 2 3, hw/kT

IT c (e - 1) 
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D. THE EQUATIONS FOR THE COMPTON EFFECT 

of theIt is of interest now to turn to a final application 

preceding semiclassical methods and to attempt to apply the above analysis 

to a problemof the spontaneous transition "self field" c^ equations 
which was left unsolved in Section III. There it was stated that a 

realistic account of the time development of a single Compton transition, 

require theas expressed in the Bj(t) and B^Ct) coefficients, would 

inclusion of the secondary radiation emitted by the changing wave 

functions. One now has the necessary tools to do this. It is important 

to note first, however, that the conditions assumed in Section III are 

unrealistic, at least at the incident radiation wavelengths where there 

is any detectable difference between the Thompson and Klein-Nishina 

predictions for the scattering. The initial use of x-rays in Compton 

scattering work has been almost universally abandoned in favor of 

shorter wavelength and more easily obtainable y-rays from radioactive 

52
materials. Radiation at these wavelengths almost certainly exhibits 

some "photon-like" properties, as has been shown to some extent in 

Section III. Specifically such radiation will consist of short pulses 

in time, in addition to any spatial aspects of discreteness, and there 

fore cannot really be treated as a monochromatic plane wave of infinite 

length as has been done in the present work. Realistically, one would 

have to take into account the pulse envelope time dependence, and then 

the probability of a certain event could come out to be a function of 

the scattering angle. In the present case, however, one can only assume 

that a linear, infinite plane wave must be interpreted for modern 
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Then since theexperiments as a beam of "photon" pulses superimposed, 

intensity ratios account for the angular dependence of the scattering, 

transition inone should expect that the time development of a Compton 

This isthe present treatment should not necessarily depend on angle. 

what is found in the following analysis. The discussion is probably 

more valuable in indicating how one might account microscopically for 

absorption of radiation and certain other phenomena than in describing 

accurately an individual Compton event. 

the LorentzOne can begin with a straightforward evaluation of 

gauge vector and scalar potentials produced by the charge and current 

53 
densities in the Compton effect. These are, in the notation of 

Section III: 

-t eh e _e
1 2im me k 

m'' 

ell -i(q*r-aj^t) i(q*r-a)^t)^ 
2im 

c*Q* + c*Q* e C2Q2iq e 

i(q-r-a)^t) -i(q‘r-a)^t)^
c*Q* (-iq)eCiQi - C2Q2 e 

e^ f’^ell/2. A. 2.,2me. 

me k ^1 2 "l^l + C2Q2 2 cos (icj*r-a)jt) 
m 

i(it2*r-a)^t) -i(k^.?-a)^t) 
+ c*Q|c2Q2 e + CjQjC*Q* e 

i(ic2*r-U2t) 
+ CJQJC2Q2 e + CjQ^c*Q* e 
■f 

3^ + CD + ® + © + 0 , (19) 
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- andwhere + q, 1^2 = it 1 q, 

-i(q*r-a)^t) 
p = eil)^* = e CjQj + C2Q2 + CjC*Q^Q* e 

i(q*r-a)^t)' 
+ c*C2Q*Q2 e 

The vector potential produced by f is again given by 

1/2 T(?', t-R/c)^3^, 
R*salf “ 7 W III 

1/2 1/2 d
/// MvL_tid\. /// J(r',t)d\',= i W R - -T dt 

c 

giving a "near zone" .t and a "slightly retarded" t'. The method of 
s s 

evaluation of the "near zone" X can be illustrated by use of 0 and 0 

(the Compton radiation terms). The R”^ = r - r' factor can be 

expressed as 

1 1 (4tt) iit-R d\ . 
r 

R 
?'l (2tt)^ 

Substitution of @ and 0 in the "unretarded" part of the .t
self 

yieldsexpression, with the notation a^.iJ = c^ctQ^Qt, 

t -1 4-n i(k2*r-a)2t) 
s me k 2 c III "12 = 

m 
k r' 

+ 
-i(ic2*r-a)2t)'> eiit-(?-?') d^ro

21 ® - -Vd\ 
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i(it2-ic) -r
/// e d\' d\a

12 ® 
r 

-iCit^+k)*?' ia)2td\' d\aIII e 21 ® 
->■ 

r' 

1 . ->■ 4tt 
where C = - it) 5The r' integration gives (2iT)^6^(it22 (271)^’ 
V 6^ and therefore 

k2k 

i(it2*r-a)2t)
^ (2^)^ C 0^2 ® + i (2Tr)^C 02^ e 
>^2 ^^2 

Thus the unretarded vector potential from (D and (4) depends on r and t 

in exactly the same way as do (D and @ themselves, In a similar way. 

every other term of 'j gives an unretarded ^ of the same form as itself, 
s 

The term of in Eq. (19) which is independent of time, 

-t- eH 
1 
const. m ^22 ^ ’ 

is assumed to make no contribution to X . For the second term in the 
s 

expansion of Xself , X',
s 

only the terms of ^ which are independent of r 

will give a nonzero integration. is again ignored, thisIf Tconst. 

means that 

^' = 0 . 
s 

The total vector potential in the interaction volume V, including the 

incident field X. and the above self field contributions, is then 
me. 

given by the following expression: 
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inc. 

eR 
47r 

2im 021 iq ec 

2 A -,1/2^ -i(qT-a) t) 1 1 e 
+ a A.iq e ^ 

12 2 2 me k inc. "l 
mq 

i(ic2*r-a)^t) 
X + 0 

1

2 "’ll 22 ) 2 cosCic|*r - cuit) + —021 e 
4 

1 -i(k^*r'-aj2t) -i(i<2*r-t02t) 
+ 

2 ^12 " 
+

T^ii " 
k
*"2

' 

i(ic2‘r-t02t)O ^ i(ki*r-Wit) -i(](l-r-a)it)-1 
+ + e 

^^2 
inc.^12 ® 

contribute toIt is necessary now to determine which terms of A^ 
H.' . 
ij = <“ii^ »i'i' <“ii-l^ (r]\ ■ \h"

m m c m 

it is found thatBy substitution of the above expression for in HV^, 
give a realmany terms of A^ contribute to HV^ but that they always 

which, divided by ih, turn out to give only phase shifts to Ci and C2, in 

H 
tl 

every case. For example will have a nonzero term from
12 

1 -i(ki-r-(i)it) e! i(it2-r-u)2t)' 
I*”! ^ 1 me k °12 " 

2kJ m' 

-i(q*r-a) t) 
f•^12'^12 ^ 

q 

where K',' is a constant. The contribution to H It from this term will be
12 12 

(o.'. = c.ct)
^ ij 1 r 
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-k e' 
e a2 , - r" n'IT A al 

,224 12 ^12^12 • 
k2m c 

forWhen this is substituted in the equations, the equation, 

example, will be in the form 

r"
^12 

= (other terms) + (other terms + ’ 

and this a I 
term can be rewritten as

12 

"l = ... + iM CjC*C2 .. + iM c,(1 - c^) .1 1 

2 
can be factored out, leaving an imaginary slowly varying part iMjc^l"l , 

shown previously,which depends only on the absolute value of c^. As 

that everythis then affects only the phase of c^. One can show 

contribution to ^21’ ^22 ^ follows this same pattern. 
There are no terms which determine the variation of |cj^| or Ic^l* 

The same conclusions result from consideration of the HI . = 
ij

k \l/2ieh e 

me k<U,| • v|u^> term in the c^ equations, where again 
m 

(= A + A' + ^. ) is given by the expression on the previous page, 
s s mo • 

for Q's inX.J, is explicitly real, including any arbitrary choices 
a = c.c*Q.Q*, and so the V operating on u.> introduces iq (if ^ 0),

1 111 

of the matrixthe i then cancelling the i in the constant coefficient 

the left sideselement. Therefore HI^ is real (or 0) and the ih from
ij 

H I 

a. . enters inof the c. equations makes “i) imaginary. As shown above,
^ ih ^ 

terms which willsuch a way that c^^ or C2 can be factored out, leaving 

affect only the phase of Cj^ and C2. For example. 
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H f -i(q*r-w^t) 
12 = <Qj|(K^2nih) Oj2f;)e • vIq^ 

I

= <Q^i(Ki2)(-i^)q^^ 12 ^2^ " ^i2'^12 

where K'„ and C are real constants.
12 12 

I 

The c^ equation is: 

ih = (H|^ . . (Hi2 ^ H-^2)^2 

= (Hii ^ . (^2-12 ^ H--2)c2 . 

Therefore, 

C!
12 

Cj = ( ... )Cj + ih- "l"2*"2 

Cl 

= ( -

same argumentThis term therefore affects only the phase of c^. The 
H* H'applies to every term of H 

I f There are again no terms11’ “12 

which control the |c^| and IC2I time dependence. 
areStill working under the assumption that the potentials 

the effects ofexpressed in the Lorentz gauge, one must also examine 

the scalar potential $, which obeys the inhomogeneous wave equation 

2 1 2 
-4TTk p .- -y = e 

c 

Therefore 



100 

-4Trk p(t-R/c) 
d r'»-/// 

0 

-4TrR 

P(t - R/c) ^3^,= k. III 
|r - r 

k j
pCr', t) e d 

/// pC?', t)d\’ + ...R c dt= ke /// 

If the expression for the transition charge density p = e#* given 

previously is substituted in the above formula the scalar potential 

becomes 

-i(q-r-a)^t) 
+ 

i(q-r-a)^t)
$ = 4Trk e a, - e 

e 12 
a
21 ® 

where constant terms are again omitted. The same arguments apply as 

3> 
previously since $ is real and is imaginary, and enters just as in

ih 

the H.'.
1] 

(A • V) case. Therefore $ also only produces a Cj^ or C2 phase 

change. 

It is perhaps necessary to be more precise about the physical 

reality of the situation. As in Section III, one is not concerned simply 

with plane wave functions. The case can be compared with that of the 

of mass coordinatesseparation of the hydrogen atom problem into center 

and relative coordinates. The Schrodinger equation for the center of 

mass coordinates is a free particle equation with a plane wave solution 

i(q*RCM"“cm t) 
'I' e 
CM 

But this does not affect the usual relative coordinate solution, which 
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effectively limits the H atom to a volume with a radius of only a few 

Bohr radii. That is, iKr,t) = One must then think 
n£m 

of \p 
CM as superimposed over, and limited by the extent of, the relative 

coordinate solution. As discussed in Section III, it is possible to 

assume that the same sort of thing occurs in the case of a single 

electron, except that the equation obeyed by the relative coordinates 

is known. isnot One can hypothesize some "structure" function which 

unknown but slowly varying with respect to the superimposed free particle 

solution, as shown in Figure 2, p. 26. 

The physical "transition" wave function can then be assumed to be 

'P = Cjf^(r)i(; 1 " 

which satisfies 

h^ ieH -h . ,
+ t • V + ip = 

2m me k 2^' - i ’t* • 
m 2k me 

m 

This insures that 

■f eh 
J = (ip*V\p - \pV\p*) - i! 

2m me k 
m' 

no matter what the form of ip. The assumption that f^(r) and f2(r) are 

slowly varying implies that 

V(fj(r)4)j(r,t)) = fj(r)Vi|) 1 + i|;jVf(?) 

= fi(?)VtJ; ’1 
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and therefore that free particle and 11^2 are appropriate and 

furthermore, that the current densities produced by f^ and f2 are 

negligible. 

One may now consider the effect of these "structure" functions on 

Again the constant terms ofthe matrix elements in the c^ equations. 

Xp have been dropped and only the physical, time varying parts 

retained. Then writing out the matrix element components which depend 

on fj^(r) and f2(r), one obtains: 

h: 
->•. ieh •ke'jl/2 

11 im MQJfjCr) me k 
m 

ieh
H I 

22 im me k 
t^ . Vf2W|Q2e^^-’^> 

m-' 

ieh 

12 im 
m' 

HI 
me k \ • Vf2(?)lQ2e^^*’^> 

.-»■ -> 

H I -iq‘r ,ieH ■^1/2
21 im = <Q*f2(?)e 

me k 
m-' 

• Vf^(r)|Qj> 

assumed to have noNow only the constant terms of A.J,, which have been 
real existence, would contribute to H,' and HI Therefore

11 im 22 im' 

Hi I
H !For , only11 im ~ ^22 im = 0. 
12 im 

1/2 
, (k k )1 ^ e m-^ ^ -i(q-r-u)^t)j = 4, — eh 

25 “12 =1 ® 
-q q 

contributes. H,' becomes
12 im 
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k e^ih^ io) t ia3 t 

H t 
e 

4tt 
1 

G e ^ = ih M a,' e ^ 
12 im 2_2 2 ^12 12 

2m c q 

isSimilarly H'where G = <Q*f^(?)|q • v|Q2f2(r)>. 21 im 

1 2.^,2k e ih -io) t -io) t 

Hi 
e 

4it 
1 

(-G)e ^ E -ih M e ^ 21 im 2 2 2 ®21 
2m c q 

when use is made of .t and partial integration, 
q 

Finally, then one can include all of the contributions to the 

matrix elements discussed above in the c^ equations: 

ihc, = [H
tl 

+ Hi
1 11 12 * »l2 lJ=2 

ihC2 = [H^j + Hi
21 - «i2 im^ ^ C»22 ^ «22l^2 * 

Now since H!. + HV 
11 Vj involve only the amplitudes of c^ and C2, a factor

iK, M 
ine c accounts for all imaginary parts and one is left with1,2 

the following equations which describe the time variation of |cj| and 

IC2I: 

')lc|cj = M|c2C*|cj =M(1 - |c 1 

-M(l -C2I ' -MCjCjIcj = C2l')|c2l . 

These equations have the same form as those solved previously for 

spontaneous emission and they therefore provide a consistent mechanism 

for a Compton event. That is, in the notation of Section III, 



104 

IcJ = Bj and IC2I = , 

they imply 

= 1CB^Ct))^ + CB2Ct))^ 

and a time dependence as shown in Figure 7, p. 78. Again it must be 

remembered, however, that they could only apply exactly to a Compton 

transition involving monochromatic plane wave radiation of infinite 

duration. 

This last application of semiclassical ideas has thus brought the 

overall discussion back to its first major example, the Compton effect. 

But at the same time, this return to a previously treated semiclassical 

problem with new semiclassical methods epitomizes the philosophy which 

may serve to unify the apparently unrelated subject matter of Sections 

III, IV, and V. This underlying principle in essence is that it is of 

paramount importance that classical concepts of space and time not be 

abandoned in the search for explanations of physical phenomena. Quantum 

electrodynamics has of course been one of the foremost theories which 

has at least in part forsaken such classical restraints. Various of 

its adherents, at one time or another, have cited most of the phenomena 

discussed in the present work the Lamb shift, spontaneous emission. 

blackbody radiation, the photoelectric effect, the discrete nature of 

Compton scattering, as evidence against semiclassical theories. This 

fact is partly responsible for the choice of subjects here. Another 

is simply that the present explanations of these subjects toseem be 
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of classicalexcellent examples of the value of retaining a foundation 

which can never beideas of time, space, and fields in a physical realm 

experienced directly. 
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the assertion that50. A question arises concerning the consistency of 
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takenwhile in Section IV the energies due to the self fields are 

to be unobservable. An identification of all the terms involved 

can be made by writing the entire potential energy operator for a 
particle in an electromagnetic field: 

.. rk ',1/2 

u|i|;> = Cq$ + ^ A • V) |i|;> . 
m-' 

If the scalar and vector potentials produced by the particle wave 
furtherfunction itself are included and the self vector potential 

broken into transverse and longitudinal parts, the complete 
potentials in u are 

-*■ 

$ = $ + $ , A = A + A + A 
ext self ext selfjt self,Jl 

be shown thatWith regard to the self terms in particular, it can 
for any one stationary state the term gives a self 
potential energy due to the location or in $ which is equalself
to ^ 

A-1 ■ 
e 

term, which for a stationary is whollySimilarly the A^^^^ 
longitudinal, gives a self potential energy equal to 

1 1
d r = 

2c k n -tself,Jl SiTk / . 
m m 

Section IVThese are the field energies which are calculated in 
and assumed to be unobservable, as they are also in QED (Harris, 
Heitler) and in classical electrodynamics (Heitler, Jackson). 

In particular for the classical Abraham-Lorentz evaluation of the 

self force on an electron, ^ is expanded just as Jaynes does. 
The "unretarded" term giving rise to 

U 
£ self
3 ^ 2 

c k e^ ” 
2 e -> 

. These are respectivelythe second ("retarded") term to - -I-
c 

the electromagnetic mass times acceleration force and radiation 

reaction force. The question in these terms is whether or not any 
part of the unretarded A term of Jaynes can be observable since 

U has already been declared unobservable. Let it suffice to
self 

say that the Abraham-Lorentz derivation has also a separate electro 
static force term which is actually the force corresponding to the 

It is really this term which must be assumedU
se ,j energy. 

uno Dservable. 
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densities53. The complete expressions for these charge and current 
of Section VCare retained in this discussion in contrast to that 
of the selfin which it is assumed that, only the transverse part 

This entire analysisvector potential was felt by the electron, 
is meant only to be illustrative of some approaches which might be 

useful for a complete description of a Compton transition. 
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