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ABSTRACT
Steel-concrete composite columns are efficient structural members that possess significant strength, stiffness, and ductility. Accurate methods of assessing the strength of these members are necessary to realize their benefits. Several design codes rely on the plastic stress distribution method for computing the cross-sectional strength of composite columns subjected to axial compression and flexural bending. However, there has been limited validation of this method over the wide range of material properties, cross-sectional geometries, and loading conditions to which it is permitted to be applied. First part of this thesis presents a study of the behavior of short composite columns and methods of evaluating their strength. The use of the plastic stress distribution method and the strain compatibility method to evaluate the strength of composite columns is validated against detailed fiber cross section analyses and published experimental data. The results of this study indicate that the plastic stress distribution method can yield significantly unconservative strength predictions, especially for encased composite members with high steel yield strengths and high steel ratios. Motivated by these results, a simple modification factor which can be applied to the results of the plastic stress distribution method to achieve greater accuracy was derived. This modification factor is suitable for use in design practice and enables better predictions of the strength of short composite columns. 
Second part of the thesis is concentrated on the biaxial strength and design of steel-concrete composite members. In particular, current provisions regarding the strength of composite columns under combined axial compression and biaxial bending are overly simplistic and conservative. This thesis presents a study of the biaxial behavior of composite columns and methods of evaluating their strength. Analyses of composite cross sections confirm the conservative nature of current design provisions and form the basis for modified strength equations that better capture the shape of the three-dimensional interaction surface. Analyses of composite columns confirm that the proposed design equations are suitable for use within the direct analysis method for evaluating members with length effects. The proposed design equations are further validated against published experimental results. A comprehensive understanding of the behavior of composite columns subjected to axial compression and biaxial bending is provided in this work, and an improved yet practical method of evaluating strength under these conditions are presented that will enable more efficient designs.
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[bookmark: _Toc289175819][bookmark: _Toc52535216]INTRODUCTION
[bookmark: _Hlk52113484]The steel-concrete composite beam-columns exhibit an excellent behavior and strength by taking advantage of the two materials being integrated. The steel encased reinforced concrete (SRC) and concrete-filled steel tubes (CFT) are considered two general categories of these members. There have been several advancements in the evaluation of strength and design of composite members including consideration of CFT with thin tubes subject to local buckling (Lai et al. 2014; Lai and Varma 2015) and explicit frame stability provisions (Denavit et al. 2016a), however several studies have reported some inaccuracies in the main methodologies presented in the design codes like AISC Specification (2016) which are not resolved yet as there are very limited studies investigating the behavior of these members and the accuracy of the stablished methodologies in a wide range of material and cross-sectional properties. For instance, Denavit and Hajjar (2014) reported considerable amount of unconservative errors in minor-axis bending of steel encased reinforced concrete members evaluated via the plastic stress distribution method. Also, several studies have shown that steel-concrete composite members maintain most of their uniaxial flexural strength when they are subjected to biaxial bending (Morino et al. 1984a; Virdi et al. 1973); however, an overly conservative method of determining the available strength in these conditions is presented in the commentary of the AISC Specification (2016). So, a comprehensive investigation of the available design methodologies in the design codes, and a study of three-dimensional behavior of composite columns under biaxial flexure and axial compression are two aspects that warrant further study. 
The first chapter of the thesis targets the first aspect. The plastic stress distribution (PSD) and strain compatibility (SC) methods that are presented in the AISC Specification (2016) as the main methodologies for determining the strength of these members, are evaluated in a wide range of material and cross-sectional properties via comparisons to the accurately modeled inelastic section analyses. These comparisons demonstrated that the plastic stress distribution method exhibits some unconservative errors, especially in steel encased reinforced concrete (SRC) members. A simple modification is proposed and calibrated against the results of the parametric study to mitigate the unconservative error occurs when evaluating the strength of these members by the plastic stress distribution method. This chapter is concluded by the comparison of current and proposed modifications against the previously published experimental results. This validation confirmed that the plastic stress distribution method overestimates the strength for some cross sections and that the proposed modification to this method improves the accuracy to an acceptable extent.  
While the proposed modification in the chapter 1 improves the plastic stress distribution method in terms of unconservative errors, the simplistic approach for evaluation of the biaxial bending strength of these members in the commentary of the AISC Specification (2016), which is based on some anchor points from plastic stress distribution method requires further attention. In the second chapter, the focus is on the biaxial behavior and strength of steel-concrete composite members. In the first part of the chapter, the interaction strength equations for determining the strength of composite cross sections are revisited and a parametric study is performed to interpret the shape of the three-dimensional interaction surface and the factors influence it. An improved, yet simple, strength interaction equation is proposed with a governing shape parameter calibrated against the results of the parametric study. However, the cross section analysis is all about the strength and does not consider stability related strength reductions. In the second part of this chapter, the stability behavior of steel-concrete composite beam-columns are investigated, and design recommendations proposed for such beam-columns in biaxial flexure are evaluated.  For this purpose, an extensive three-dimensional benchmark study is carried out in order to perform comparisons between second-order inelastic results and results from the proposed design methodology. The benchmark frames are expanded to target several out of plane stability issues such as different frame types in major and minor axis, and initial imperfections in a direction with the most destabilizing effect. Then, the proposed interaction equation is also validated against published experimental results. These comparisons demonstrated that the proposed interaction equation is suitable for use within the direct analysis method as defined in the AISC Specification (2016), especially when used in conjunction with anchor points computed using a modified version of the plastic stress distribution method.
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Plastic Stress Distribution Method for Predicting Interaction Strength of Steel-Concrete Composite Cross Sections
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	Behnam, Amirfarzad, and Mark D. Denavit. "Plastic stress distribution method for predicting interaction strength of steel-concrete composite cross sections." Journal of Constructional Steel Research 170 (2020): 106092.
The research performed in this paper was done by Amirfarzad Behnam under supervision of Dr. Mark Denavit at the Department of Civil and Environmental Engineering, University of Tennessee, Knoxville. The first manuscript of the paper was peer-reviewed by three researchers and lightly revised to address their comments and recommendations.
[bookmark: _Toc52535219]Abstract
Steel-concrete composite columns are efficient structural members that possess significant strength, stiffness, and ductility. Accurate methods of assessing the strength of these members are necessary to realize their benefits. Several design codes rely on the plastic stress distribution method for computing the cross-sectional strength of composite columns subjected to axial compression and flexural bending. However, there has been limited validation of this method over the wide range of material properties, cross-sectional geometries, and loading conditions to which it is permitted to be applied. This paper presents a study of the behavior of short composite columns and methods of evaluating their strength. The use of the plastic stress distribution method and the strain compatibility method to evaluate the strength of composite columns is validated against detailed fiber cross section analyses and published experimental data. The results of this study indicate that the plastic stress distribution method can yield significantly unconservative strength predictions, especially for encased composite members with high steel yield strengths and high steel ratios. Motivated by these results, a simple modification factor which can be applied to the results of the plastic stress distribution method to achieve greater accuracy was derived. This modification factor is suitable for use in design practice and enables better predictions of the strength of short composite columns. 
Keywords: Composite Beam-columns; Strength Interaction; Steel-Concrete Composite; Design
[bookmark: _rgtfcjv3m88f][bookmark: _Toc52535220]Introduction
Steel-concrete composite columns have been shown to exhibit excellent structural behavior and are an effective alternative to more traditional structural steel or reinforced concrete columns. There are two general categories of steel-concrete composite column: concrete encased members, also known as steel reinforced concrete (SRC) members; and concrete-filled members, also known as concrete-filled steel tube (CFT) members. Concrete-filled steel tube members are further categorized by the shape of the steel tube, which is usually either circular (CCFT) or rectangular (RCFT). Typical cross sections for these composite members are shown in Figure ‎1‑1. 
There have been significant advances in both the fundamental understanding of the strength of steel-concrete composite beam-columns and corresponding design provisions recently. When first introduced to the AISC Specification, the strength of composite beam-columns was computed based on an equivalent steel cross section (AISC 1986). This was changed in the 2005 edition of the Specification (AISC 2005), when the provisions were revised to calculate the strength in a more mechanistic manner. Specifically, the plastic stress distribution (PSD) and strain compatibility (SC) methods were introduced for computing the strength of composite column cross sections. Other standards, including the Eurocode (CEN 2004) and the Chinese code for composite structures (SAC 2014), also use the PSD method for determining the strength of steel-concrete composite members. The PSD method has been validated against available experimental data (Leon et al. 2007), however, it has not been systematically evaluated over the range of materials, cross-sectional geometries, and loading conditions permitted by the AISC Specification. 
[bookmark: _Hlk11331026][image: ]
[bookmark: _Ref520709163][bookmark: _Toc52535278]Figure ‎1‑1. Typical steel-concrete composite cross sections

















The behavior and design of steel-concrete composite members has been investigated in many previous studies. Thousands of experiments on composite columns have been performed (Kim 2005; Goode 2008a; Gourley et al. 2008b). Experimental studies on CFT members subjected to axial compression and flexure, such as Fujimoto et al. (2008) and Varma et al. (2002), have shown that short members exhibit yielding of the steel tube and crushing of the concrete at failure. Local buckling of the steel tube has also been observed, either after the peak load is attained for thicker tubes or earlier for thinner tubes. Experimental studies on SRC members, such as Virdi and Dowling (1973) and Ricles and Paboojian (1994), have shown that short members exhibit yielding of the steel shape and crushing of the concrete at failure. The concrete has been shown to effectively prevent local buckling of the steel shape, however, spalling of the cover concrete may occur after the peak is attained. These observations have been incorporated into a variety of numerical models and stress-strain relationships for the behavior of composite columns (Sakino et al. 2004; Hatzigeorgiou 2008; Denavit and Hajjar 2014; Lai and Varma 2016).
This work presents a study of the behavior of steel-concrete composite cross sections with a focus on strength. Various approaches for determining the strength of composite cross sections are reviewed and evaluated against each other through a broad parametric study. Noting unconservative error stemming from the PSD method, a simple modification to increase accuracy is proposed and calibrated against the results of the parametric study. Finally, the current methods and proposed modification are validated against previously published experimental results. 
[bookmark: _kdkwszq1tzcq][bookmark: _juuivtw6onff][bookmark: _xe6h35hhdszb][bookmark: _Toc52535221]Current Design Provisions
The AISC Specification (AISC 2016) is the primary standard governing structural design of steel-concrete composite columns for building structures in the United States. It describes several methods for determining the strength of composite cross sections. The two main approaches are the PSD method and the SC method. Both of these methods are described below and illustrated for an example RCFT cross section consisting of a rectangular tube with outside height, H = 300 mm, outside width, B = 200 mm, thickness, t = 6.3 mm (this corresponds to a ratio of steel area to a gross area of ρs = As/Ag = 0.1), steel yield strength, Fy = 345 MPa, and concrete strength, f'c = 20 MPa. The cross section has no internal reinforcing.  
[bookmark: _lyber7g159ho][bookmark: _Toc52535222]Plastic Stress Distribution (PSD) Method
To compute strength according to the PSD method, the entire steel cross section and all reinforcing bars (if present) are assumed to have attained their yield stress in either tension or compression and the concrete in compression is assumed to have attained stress of 0.85f'c or 0.95f'c for CCFT. The tension strength of concrete is neglected. The moments and axial load are obtained by integrating the assumed stresses over the cross-sectional area. An interaction diagram is obtained by computing the moments and axial load for many different positions and orientations of the neutral axis. 
Steel is a highly ductile material that holds its capacity well beyond yield. In contrast, the strength of concrete typically declines after attaining its peak capacity. Therefore, the PSD method essentially assumes that the steel component achieves its peak capacity at the same time or before the concrete component does.
Closed-form equations are provided in the AISC Manual (AISC 2017) to compute key points within the interaction diagram. A fiber discretization approach to the PSD method is used in this work to accommodate a wider range of cross sections and loading conditions. The three-dimensional (P-Mx-My space) interaction strength diagram for the example RCFT cross section described above is shown in Figure ‎1‑2a. Two-dimensional (Mx-My space) slices of the interaction diagram at three different axial loads are shown in Figure ‎1‑3. 
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[bookmark: _Ref520806575][bookmark: _Toc52535279]Figure ‎1‑2. Three-dimensional interaction diagrams for example RCFT cross section 
[image: ]
[bookmark: _Ref520806690][bookmark: _Toc52535280]Figure ‎1‑3. Two-dimensional interaction diagrams for example RCFT cross section




[bookmark: _oss9unr45h4f][bookmark: _Toc52535223]Strain Compatibility (SC) Method
The SC method is the main procedure for computing interaction diagrams following the ACI Code (ACI 2019). It is permitted as an alternative procedure within the AISC Specification (AISC 2016). The use of the SC method is specifically recommended for irregular cross sections and when the steel does not exhibit elasto-plastic behavior. In this method, the strain in the extreme concrete compressive fiber is assumed to be 0.003 with a linear distribution through the cross section. The steel and concrete stresses are computed from assumed stress-strain relationships and the moments and axial load are computed through integration over the cross section. The assumed stress-strain relationships should have a basis in experimental testing. For this work, an elastic-perfectly plastic relationship is used for the steel and the rectangular stress block described in the ACI Code is used for the concrete. Alternative stress blocks have been proposed as more appropriate for high-strength concrete (ACI 2018), however, for simplicity, these are not used in this work. An upper limit on compressive strength is required for reinforced concrete members in the ACI Code. A similar limit is commonly applied to steel-concrete composite members (Griffis 1992). In this work, the axial compressive strength for interaction diagrams computed using the SC method is capped at 0.8Pno, where Pno is the axial capacity of the composite cross section defined by Equation . Note that Equation b and c apply only to filled composite members that are not subject to local buckling and do not have internal reinforcing. 

[bookmark: ZEqnNum821565]	 	(a)

		(b)

		(c)
where, As, Asr, and Ac are the cross-sectional areas of the steel shape, reinforcing bars, and concrete, respectively, and Fysr is the yield stress of the reinforcing bars.
The three-dimensional interaction strength diagram for the example RCFT cross section described above is shown in Figure ‎1‑2b. Two-dimensional slices of the interaction diagram at three different axial loads are shown in Figure ‎1‑3. Given the selected stress-strain relationships, the strength according to the SC method is always less than that of the PSD method.
[bookmark: _irwq2xjk3msx][bookmark: _Toc52535224]Inelastic Section Analysis 
Inelastic section analysis (ISA) is another means of evaluating the strength of composite cross sections that has been shown to be accurate in comparison to experimental results (Sanz Picon 1992; Denavit and Hajjar 2014; Liang 2008; Patel et al. 2015). For the inelastic analyses performed in this work, the composite cross section is discretized into a grid of fibers with each assigned a uniaxial stress-strain relationship. The analyses are performed using the OpenSees framework (McKenna et al. 2010a) with a zero-length element and uniaxial constitutive relations defined specifically for steel-concrete composite cross sections. 
For SRC cross sections, the section is discretized into 5 regions: 1) the wide-flange steel shape, 2) the highly confined concrete between the flanges of the steel shape, 3) the moderately confined concrete within the ties, 4) the cover concrete, and 5) the reinforcing steel bars (Figure ‎1‑4a). Elastic-perfectly plastic materials are assigned to the steel components. Initial stresses are assigned to the steel shape to represent residual stresses following the Lehigh pattern (Galambos and Ketter 1959). The Popovics concrete stress-strain relationship is assigned to the three concrete regions with varying levels of confinement calculated based on the properties and geometry of the steel components (Denavit and Hajjar 2014). 

[bookmark: _Ref520806744][image: ]
[bookmark: _Ref12454460][bookmark: _Toc52535281]Figure ‎1‑4. Example fiber section discretization




















For RCFT cross sections, the section is discretized into 3 regions: 1) the corners of the steel tube, 2) the flats of the steel tube, and 3) the concrete core (Figure ‎1‑4b). The steel model used for RCFT cross sections is based on the work of Abdel-Rahman and Sivakumaran (1997) which captures residual stress and gradual variation to the plastic state through a multi-linear stress-strain relationship. The Popovics concrete stress-strain relationship is assigned to the concrete region without any enhancement from confinement (i.e., f'c is the peak compressive stress).
For the CCFT cross sections, the section is discretized into 2 regions: 1) the steel tube and 2) the concrete core. The Abdel-Rahman and Sivakumaran (1997) model was used for the steel tube. The Popovics concrete stress-strain relationship is assigned to the concrete region with confinement based on the properties and geometry of the steel tube (Denavit and Hajjar 2014).
The maximum size of each fiber is taken as 1/30th of the outside dimension of the gross section along each of the principal axes. Each component of the cross section was discretized consistently with its assumed geometry such that the cross-sectional area of the fiber section was identical to that of the assumed geometry and the moment of inertia of the fiber section approached that of the assumed geometry as the size of the fibers decreased. Examples of the fiber discretization are shown in Figure ‎1‑4. Studies (e.g., Kostic and Filippou 2012) have shown that a far more coarse discretization can achieve sufficiently accurate results. The fine discretization used in this work was selected based on a refinement study to achieve high accuracy.
The accuracy of these fiber sections and constitutive relations has been validated against the results of hundreds of experimental tests on composite members with various material and geometric properties and subjected to various loading conditions (Denavit and Hajjar 2014). A sample of the validation studies is presented in Figure ‎1‑5, which shows experimental and numerical results for the IV series of specimens tested by Tomii and Sakino (1979). This series of specimens consisted of 7 nominally identical short RCFT beam-columns. The 
[image: ]
[bookmark: _Ref37125135][bookmark: _Toc52535282]Figure ‎1‑5. Example of the validation studies for the inelastic section analysis against experiments performed by Tomii and Sakino (1979) (a) moment-curvature response for specimen IV-0 (b) limit points for the IV series of specimens















specimens were subjected to constant axial compression, the value of which varied between specimens from zero to 376 kN, and increasing bending moment until failure. The steel tubes were square with outside width of 100 mm, thickness of 4.25 mm, and yield stress of 285 MPa. The concrete had a compressive strength of 18.6 or 19.8 MPa. Figure ‎1‑5a presents moment-curvature results for specimen IV-0 which was not subjected to axial load. Figure ‎1‑5b presents limit point results for all 7 specimens in the series. Note that while the strength of composite columns is well-captured by the relatively simple constitutive relations used in this work, post-peak degradation can be overestimated, particularly for members with higher axial load. Denavit and Hajjar (2014) have presented more advanced models that better capture the post-peak behavior. These models were not used in this work since the focus is on strength.
[bookmark: _4yq41b7feset][bookmark: _gjdgxs][bookmark: _gzpfjvpfdcbo]Many inelastic analyses are performed to construct the interaction strength diagram. In each analysis, an axial compressive load is applied to the cross section then held constant. Then, bending moments are applied in a specific proportion based on the angle of loading, θ (as defined in Figure ‎1‑3), until a peak is reached. The applied compressive load and bending moments at the peak are recorded as a single point on the interaction strength diagram. The process is repeated for different selected axial loads and angles of loading until the desired density of points is achieved. Note that, in this method, the location and orientation of the neutral axis at peak strength is determined through the nonlinear solution algorithm within OpenSees such that equilibrium is maintained. This is in contrast with the methods of computing the interaction diagram for the PSD and SC methods where the location and orientation of the neutral axis are selected and the resulting axial load and bending moments are computed based on equilibrium. Linear interpolation was used to obtain values between computed points on interaction diagrams.
The three-dimensional interaction strength diagram computed using inelastic analysis for the example RCFT cross section described in the previous section is shown in Figure ‎1‑2c. One quadrant of two-dimensional slices of the interaction diagram at three different axial loads is shown in Figure ‎1‑3 along with the results from the two design methods. For this cross section, the inelastic analysis results lie between the PSD and SC results with the PSD method giving greater strengths and the SC results giving lower strengths. The shapes of the three curves obtained from the PSD, SC, and ISA methods are similarly convex. 
[bookmark: _Toc52535225]Parametric Study
Composite columns can exhibit a wide range of behavior based on steel ratio, material strengths, and other parameters. This section describes a parametric study undertaken to better understand the range of behavior. Suites of RCFT, CCFT, and SRC cross sections are defined and three-dimensional interaction diagrams are computed for each using the various design methods and inelastic analysis. 
[bookmark: _9ev9yponk50d][bookmark: _Toc52535226]Cross Sections
[bookmark: _Hlk30147617]The selected RCFT cross sections vary in aspect ratio (H/B), steel ratio (ρs = As/Ag), steel yield stress (Fy), and concrete compressive strength (f′c) as described in Table ‎1‑1. The outside height of the steel tube was taken as constant (H = 305 mm) and the thickness of the steel tube was computed based on the steel ratio. Local buckling of the steel tube is not considered in any of the methods described above. Therefore, only cross sections that are considered compact by the AISC Specification (AISC 2016) were considered in this work. Specifically, any cross section that did not satisfy the inequality of Equation  was omitted. 

[bookmark: ZEqnNum453399]	 	()
where, E is the modulus of elasticity of steel. 
[bookmark: _Ref520807178][bookmark: _Toc52535255]Table ‎1‑1. Variation of the parameters for the RCFT and CCFT cross sections
	Parameter
	Values

	Cross section aspect ratio1, H/B
	1.0, 1.25, 1.5, 1.75, 2.0, 2.5, and 3.0

	Steel ratio, ρs
	0.08, 0.10– 0.40 (increments of 0.05)

	Steel yield stress, Fy
	240–520 MPa (increments of 35 MPa)

	Concrete compressive strength, f ′c
	20–69 MPa (increments of 7 MPa)


[bookmark: _Ref520807191]		1 Aspect ratio only varied for the RCFT cross sections  
[bookmark: _Ref12279618]
[bookmark: _Ref52532282]





















A total of 3,408 RCFT cross sections were investigated in this study. This number was derived as the product of the number of variations for each parameter [7 (aspect ratios) × 8 (steel ratios) × 9 (values of Fy) × 8 (values of f'c) = 4,032] minus 624 cross sections that were omitted because they were not compact.
The selected CCFT cross sections vary in steel ratio (ρs), steel yield stress (Fy), and concrete compressive strength (f′c) as described in Table ‎1‑1. The outside diameter of the steel tube was taken as constant (D = 305 mm) and the thickness of the steel tube was computed based on the steel ratio. Only cross sections that are considered compact by the AISC Specification (AISC 2016) were considered in this work. Specifically, any cross section that did not satisfy the inequality of Equation  was omitted. 

[bookmark: ZEqnNum970841]	 	()
A total of 520 CCFT cross sections were investigated in this study. This number was derived as the product of the number of variations for each parameter [8 (steel ratios) × 9 (values of Fy) × 8 (values of f'c) = 576] minus 56 cross sections that were omitted because they were not compact. 
The selected SRC cross sections vary in aspect ratio (H/B), steel shape, steel yield stress (Fy), concrete compressive strength (f′c), reinforcing configuration, and reinforcing yield stress (Fysr) as described in 
[bookmark: _Hlk36703038]. The gross area of the cross sections was taken as constant (Ag = 819,025 mm2) so that the steel and reinforcing ratios would remain constant when changing the aspect ratio. The longitudinal reinforcing bars were placed in the cross sections symmetrically in the corners with a clear spacing equal to the greater of 38 mm or 1.5 times the diameter of the bar. For square cross sections, the number of bars along each face was equal. For cross sections with larger aspect ratios, the number of bars along the longer face was greater as described in Table ‎1‑3. The notation for reinforcing configuration identifies the number of bars along the x- and y-axes of the cross section (Griffis 1992). For example, the reinforcing configuration is 4x-
[bookmark: _Toc52535256]Table ‎1‑2. Various of the parameters for the SRC cross sections
	Parameter
	Values

	Cross section aspect ratio, H/B
	1.0, 1.25, 1.5, 1.75, and 2.0

	Steel shape
	W360×1299, W360×990, W360×677, W360×314, W360×262, W360×196, W360×134, and W250×73 (ρs = 0.198, 0.151, 0.103, 0.048, 0.040, 0.030, 0.020, and 0.011)

	Steel yield stress, Fy
	240–520 MPa (increments of 35 MPa)

	Concrete compressive strength, f'c
	20–69 MPa (increments of 7 MPa)

	Reinforcing configuration
	12 #32, 20 #36, and 28 #36 (Asr/Ag = 0.012, 0.024, and 0.034)

	Reinforcing yield stress, Fysr
	280 MPa and 420 MPa



[bookmark: _Ref520807198][bookmark: _Toc52535257]Table ‎1‑3. Reinforcement configurations for SRC cross sections
	Cross section aspect ratio
	Reinforcing Configuration

	
	12 #32
	20 #36
	28 #36

	1.0
	4x-4y
	6x-6y
	8x-8y

	1.25
	4x-4y
	6x-6y  
	6x-10y

	1.5
	4x-4y
	6x-6y 1
	6x-10y 1

	1.75
	4x-4y
	4x-8y 2
	6x-10y 2

	2.0
	4x-4y 3
	4x-8y 3
	6x-10y 4

	1 Not used with ρs = 0.198
2 Not used with ρs ≥ 0.103
	3 Not used with ρs ≥ 0.151
4 Not used with ρs ≥ 0.04


 









6y for the SRC cross section shown in Figure ‎1‑1a. The bar spacing requirements could not be met in some cases. These cross sections were omitted from the study as described in the footnote to Table ‎1‑4. A clear cover of 38 mm was provided from the ties to the outside surface of the concrete. The size of the tie bars was based on the size of the longitudinal bars, #10 and #13 tie bars were used with #32 and #36 longitudinal bars, respectively. The tie spacing was assumed to be 305 mm. 
A total of 14,688 SRC cross sections were investigated in this study. This number was derived as the product of the number of variations for each parameter [5 (aspect ratios) × 8 (steel shapes) × 9 (values of Fy) × 8 (values of f'c) × 3 (reinforcing configurations) × 2 (values of Fysr) = 17,280] minus 2,592 cross sections that were omitted because the spacing requirements could not be met. 
[bookmark: _kk64cjs7di36][bookmark: _Toc52535227]Comparison of Methods
The different methods of calculating the interaction strength all yield somewhat different results. As a means of evaluating the methods, the interaction diagrams for each of the cross sections described in the preceding section and using each of the different methods (i.e., PSD, SC, and ISA) are computed and compared. For the RCFT and SRC cross sections, three-dimensional interaction diagrams were computed as a series of 9 two-dimensional interaction diagrams each with a given ratio of Mx to My. The angles of the interaction diagram (θ as defined in Figure ‎1‑3) in Mx-My plane was equally spaced from 0 to π/2. Since all the selected cross sections are doubly symmetric, it was unnecessary to evaluate angles outside of this range. Only a single two-dimensional interaction diagram was computed for each of the CCFT cross sections since they are axisymmetric. Differences between any two interaction diagrams were computed as a function of angle in the Mθ-P plane using the radial measure defined in Equation , where Mθ is the resultant flexural moment strength in loading angle θ.

[bookmark: ZEqnNum418435]		()
The results from the ISA are assumed to be the most accurate and the basis for evaluating the design methods. Thus, r1 is taken as rISA and r2 is taken as either rPSD or rSC where the radial distances are illustrated in Figure ‎1‑6. Accordingly, positive values of ε indicate that the design method underpredicts the strength (i.e., conservative error). 
A summary of the range of errors computed for the PSD method in comparison to the ISA method is presented in Table ‎1‑4 for the RCFT cross sections, 


Table ‎1‑5 for the CCFT cross sections, and Table ‎1‑6 for the SRC cross sections. The error was computed for all cross sections, all angles within the Mx-My plane, and in 1-degree increments in the Mθ-P plane where P is normalized by the pure axial strength from ISA and Mθ is normalized by the pure bending moment strength about the x-axis from ISA. The computed errors are then separated into bins based on steel ratio, steel yield strength, and loading region (i.e., high moment region, intermediate region, and high axial region as shown in Figure ‎1‑6). The maximum, minimum, and average errors for each bin are shown in the tables.
The results show the potential for the PSD method to produce unconservative results. The greatest unconservative errors are seen for steel-dominant (higher steel ratio and/or higher steel yield stress) SRC cross sections with lower axial loads. The worst-case unconservative error is 38.6%, which occurs for y-axis bending (Table ‎1‑6). The worst-case unconservative error in x-axis bending is 29.6%. 
The errors for the filled composite members are not as significant. The greatest unconservative errors for the RCFT cross sections occur with higher steel yield stresses and a range of steel ratios and loading conditions. The worst-case unconservative error is 13.9% (Table ‎1‑4). The maximum unconservative errors for x-axis bending, y-axis bending, and biaxial bending were similar for the RCFT
[image: ]
[bookmark: _Ref12872364][bookmark: _Toc52535283]Figure ‎1‑6. Computation of error for design methods
[bookmark: _Ref12871545][bookmark: _Ref31196895][bookmark: _Toc52535258]Table ‎1‑4. Summary of error between PSD and ISA methods for RCFT cross sections
	Yield Stress
	Fy = 240, 275, 310 MPa
	Fy = 345, 380, 415 MPa
	Fy = 450, 485, 520 MPa

	Region
	I
	II
	III
	I
	II
	III
	I
	II
	III

	ρs = 0.08, 0.10
	Max
	2.4%
	7.4%
	11.5%
	1.9%
	3.3%
	8.2%
	1.3%
	-0.6%
	5.2%

	
	Avg.
	-1.1%
	0.3%
	5.4%
	-4.3%
	-4.2%
	1.2%
	-7.0%
	-8.2%
	-2.4%

	
	Min
	-5.4%
	-5.4%
	-2.9%
	-10.4%
	-10.4%
	-8.6%
	-13.5%
	-13.5%
	-12.0%

	ρs = 0.15, 0.20
	Max
	4.7%
	5.0%
	9.8%
	3.8%
	2.1%
	5.7%
	3.5%
	-1.4%
	2.2%

	
	Avg.
	-0.2%
	-0.7%
	3.6%
	-2.4%
	-3.9%
	-0.1%
	-4.1%
	-6.9%
	-3.4%

	
	Min
	-4.7%
	-5.1%
	-3.5%
	-9.0%
	-9.2%
	-6.8%
	-13.7%
	-13.9%
	-10.2%

	ρs = 0.25, 0.30
	Max
	7.6%
	3.9%
	9.0%
	7.3%
	2.9%
	4.1%
	7.3%
	3.3%
	3.4%

	
	Avg.
	2.0%
	0.5%
	3.7%
	0.5%
	-1.9%
	0.7%
	-0.5%
	-3.6%
	-1.8%

	
	Min
	-3.4%
	-3.9%
	-2.1%
	-7.7%
	-8.4%
	-5.7%
	-11.0%
	-12.2%
	-9.8%

	ρs = 0.35, 0.40
	Max
	11.3%
	7.3%
	9.8%
	11.2%
	7.6%
	7.9%
	11.3%
	8.0%
	7.7%

	
	Avg.
	4.8%
	2.8%
	5.1%
	3.9%
	1.2%
	2.9%
	3.5%
	0.4%
	1.3%

	
	Min
	-1.2%
	-2.0%
	-0.6%
	-4.0%
	-5.4%
	-4.1%
	-5.5%
	-7.5%
	-6.9%


[bookmark: _Ref30150992]


[bookmark: _Toc52535259]Table ‎1‑5. Summary of error between PSD and ISA methods for CCFT cross sections
	Yield Stress
	Fy = 240, 275, 310 MPa
	Fy = 345, 380, 415 MPa
	Fy = 450, 485, 520 MPa

	Region
	I
	II
	III
	I
	II
	III
	I
	II
	III

	ρs = 0.08, 0.10
	Max
	11.3%
	11.3%
	13.5%
	10.2%
	11.8%
	13.8%
	10.3%
	11.8%
	13.8%

	
	Avg.
	3.6%
	4.9%
	8.2%
	4.4%
	6.3%
	9.4%
	5.2%
	7.6%
	10.5%

	
	Min
	-1.3%
	-0.6%
	3.2%
	-1.1%
	-0.7%
	3.1%
	1.5%
	3.4%
	6.4%

	ρs = 0.15, 0.20
	Max
	19.1%
	20.8%
	21.0%
	17.8%
	19.8%
	20.2%
	16.6%
	18.7%
	19.5%

	
	Avg.
	10.8%
	13.6%
	15.4%
	10.7%
	14.3%
	16.0%
	10.5%
	14.5%
	16.2%

	
	Min
	4.5%
	7.1%
	9.7%
	5.0%
	8.6%
	10.9%
	5.4%
	9.5%
	11.7%

	ρs = 0.25, 0.30
	Max
	20.9%
	23.1%
	24.9%
	18.5%
	20.7%
	22.1%
	17.2%
	19.3%
	20.3%

	
	Avg.
	14.6%
	18.3%
	19.5%
	13.5%
	18.0%
	19.2%
	12.6%
	17.4%
	18.6%

	
	Min
	9.9%
	12.8%
	15.1%
	8.6%
	14.0%
	16.2%
	7.7%
	14.6%
	16.7%

	ρs = 0.35, 0.40
	Max
	20.8%
	23.1%
	25.4%
	18.5%
	20.8%
	22.2%
	17.2%
	19.4%
	20.4%

	
	Avg.
	15.9%
	20.3%
	21.5%
	14.0%
	18.9%
	20.1%
	12.6%
	17.5%
	18.7%

	
	Min
	10.8%
	16.6%
	18.3%
	9.0%
	15.2%
	17.2%
	7.5%
	13.2%
	15.0%



[bookmark: _Ref19603451][bookmark: _Toc52535260]Table ‎1‑6. Summary of error between PSD and ISA methods for SRC cross sections
	Yield Stress
	Fy = 240, 275, 310 MPa
	Fy = 345, 380, 415 MPa
	Fy = 450, 485, 520 MPa

	Region
	I
	II
	III
	I
	II
	III
	I
	II
	III

	ρs = 0.01, 0.02
	Max
	12.4%
	11.9%
	14.2%
	9.1%
	11.5%
	14.0%
	6.7%
	10.6%
	13.7%

	
	Avg.
	1.1%
	6.0%
	10.6%
	-0.6%
	4.4%
	9.7%
	-2.6%
	2.1%
	8.0%

	
	Min
	-6.3%
	-2.7%
	4.1%
	-10.3%
	-6.8%
	1.1%
	-15.8%
	-11.4%
	-4.2%

	ρs = 0.03, 0.04
	Max
	6.0%
	10.1%
	13.4%
	4.8%
	8.9%
	12.9%
	4.0%
	6.9%
	12.3%

	
	Avg.
	-0.9%
	4.0%
	9.2%
	-4.0%
	1.3%
	7.7%
	-7.7%
	-2.3%
	4.7%

	
	Min
	-9.0%
	-6.9%
	2.2%
	-16.2%
	-12.7%
	-3.3%
	-23.9%
	-20.2%
	-9.4%

	ρs = 0.05, 0.10
	Max
	4.9%
	8.5%
	12.7%
	3.8%
	7.0%
	11.9%
	3.0%
	4.3%
	11.2%

	
	Avg.
	-3.3%
	1.3%
	7.1%
	-7.9%
	-2.3%
	5.1%
	-12.9%
	-6.9%
	1.4%

	
	Min
	-16.1%
	-13.7%
	-3.0%
	-24.8%
	-22.2%
	-6.8%
	-33.8%
	-30.0%
	-12.2%

	ρs = 0.15, 0.20
	Max
	2.4%
	4.2%
	9.3%
	1.0%
	1.4%
	8.0%
	-0.2%
	-1.9%
	7.0%

	
	Avg.
	-6.4%
	-2.9%
	3.6%
	-11.6%
	-7.3%
	1.3%
	-15.7%
	-11.6%
	-2.4%

	
	Min
	-18.3%
	-16.9%
	-3.5%
	-28.5%
	-25.9%
	-7.9%
	-38.6%
	-35.1%
	-14.0%







cross sections. Unconservative errors were noted for the CCFT cross sections with lower steel ratios. However, the worst-case unconservative error is 1.3% (


Table ‎1‑5), indicating that the PSD method produces a safe evaluation of CCFT cross section strength over the range of parameters considered in this study. 
A summary of the range of errors computed for the SC method is presented in 
Table ‎1‑7 for the RCFT cross sections and Table ‎1‑8 for the SRC cross sections. The SC method was not evaluated for the CCFT cross sections because the PSD method was found to be sufficiently safe. These tables were prepared in the same manner as Table ‎1‑4 through Table ‎1‑6. In contrast to the PSD method, only fairly minor unconservative errors are noted for the SC method. The maximum unconservative error for all the SRC cross sections studied is just over 1%. For the RCFT cross sections, the maximum unconservative error is less than 5%. However, the conservative errors are significantly higher than with the PSD method, with a maximum conservative error of 32% for the RCFT cross sections and 50% for the SRC cross sections.
Comparing the two design methodologies against each other, the SC method provides lower strengths than the PSD method in all cases. This is expected since, for a given neutral axis location, the assumed stress for the SC method is always less than or equal to the assumed stress for the PSD method. The differences between the methods increase with increases in steel yield strength and steel ratio. Utilizing Equation  with r1 = rPSD and r2 = rSC, the maximum error, ε, is 40% for RCFT cross sections and 110% for SRC cross section. Limiting the results to uniaxial bending (i.e., θ = 0 or π/2) the maximum errors reduce to 20% for RCFT cross sections and 70% for SRC cross sections. 
[bookmark: _Toc52535228]Modified Plastic Stress Distribution (MPSD) Method
[bookmark: _Ref19603933]As identified in the previous section, the PSD method can yield unconservative results, especially for SRC cross sections with high steel ratios and high steel yield strengths. At the same time, the SC method was found to be conservative, but overly so in many cases. Both of these methods have an advantage of 
[bookmark: _Toc52535261]Table ‎1‑7. Summary of error between SC and ISA methods for RCFT cross sections
	Yield Stress
	Fy = 240, 275, 310 MPa
	Fy = 345, 380, 415 MPa
	Fy = 450, 485, 520 MPa

	Region
	I
	II
	III
	I
	II
	III
	I
	II
	III

	ρs = 0.08, 0.10
	Max
	13.3%
	13.1%
	24.8%
	16.2%
	13.5%
	21.9%
	22.1%
	20.3%
	19.4%

	
	Avg.
	6.4%
	6.3%
	13.9%
	7.6%
	5.1%
	9.7%
	11.0%
	6.0%
	6.9%

	
	Min
	0.2%
	1.6%
	1.5%
	-1.6%
	-1.4%
	-2.3%
	-2.2%
	-2.3%
	-4.3%

	ρs = 0.15, 0.20
	Max
	13.3%
	13.0%
	23.3%
	18.4%
	17.6%
	19.9%
	27.1%
	26.1%
	16.9%

	
	Avg.
	7.4%
	6.8%
	11.0%
	9.7%
	7.0%
	7.7%
	14.1%
	9.1%
	5.9%

	
	Min
	1.5%
	2.2%
	1.6%
	1.2%
	1.2%
	0.3%
	2.4%
	-0.2%
	-1.3%

	ρs = 0.25, 0.30
	Max
	14.3%
	13.9%
	22.6%
	21.4%
	20.8%
	18.5%
	29.6%
	28.8%
	18.5%

	
	Avg.
	9.1%
	8.1%
	10.8%
	11.9%
	9.2%
	8.4%
	16.6%
	12.3%
	7.6%

	
	Min
	3.0%
	3.3%
	3.0%
	3.3%
	2.7%
	1.1%
	3.7%
	1.1%
	-0.3%

	ρs = 0.35, 0.40
	Max
	17.1%
	16.8%
	23.3%
	23.8%
	23.3%
	21.7%
	31.7%
	31.0%
	21.6%

	
	Avg.
	11.1%
	10.1%
	12.1%
	14.2%
	11.9%
	10.5%
	19.0%
	15.4%
	10.6%

	
	Min
	4.7%
	4.9%
	4.6%
	5.0%
	4.3%
	2.8%
	5.3%
	3.5%
	1.8%



[bookmark: _Ref19603934][bookmark: _Toc52535262]Table ‎1‑8. Summary of error between SC and ISA methods for SRC cross sections
	Yield Stress
	Fy = 240, 275, 310 MPa
	Fy = 345, 380, 415 MPa
	Fy = 450, 485, 520 MPa

	Region
	I
	II
	III
	I
	II
	III
	I
	II
	III

	ρs = 0.01, 0.02
	Max
	20.9%
	21.9%
	27.1%
	22.9%
	21.9%
	26.9%
	25.3%
	23.3%
	26.7%

	
	Avg.
	10.6%
	10.8%
	20.6%
	11.5%
	10.6%
	19.8%
	12.4%
	10.6%
	18.5%

	
	Min
	2.1%
	6.1%
	7.5%
	2.2%
	6.0%
	7.2%
	2.0%
	6.2%
	7.6%

	ρs = 0.03, 0.04
	Max
	22.6%
	20.9%
	26.4%
	25.8%
	24.4%
	26.0%
	28.6%
	27.2%
	25.4%

	
	Avg.
	11.7%
	9.3%
	19.0%
	13.6%
	9.5%
	17.9%
	15.4%
	10.9%
	16.3%

	
	Min
	1.4%
	4.8%
	6.6%
	3.4%
	4.7%
	5.8%
	4.4%
	4.8%
	6.3%

	ρs = 0.05, 0.10
	Max
	25.9%
	23.7%
	25.8%
	33.5%
	31.1%
	25.1%
	40.5%
	38.4%
	28.9%

	
	Avg.
	13.3%
	8.3%
	16.9%
	16.9%
	9.6%
	15.6%
	20.4%
	13.1%
	14.8%

	
	Min
	2.4%
	3.0%
	3.7%
	4.1%
	1.8%
	2.2%
	5.0%
	2.1%
	2.3%

	ρs = 0.15, 0.20
	Max
	28.4%
	27.1%
	22.9%
	39.4%
	37.4%
	21.9%
	50.1%
	48.0%
	34.2%

	
	Avg.
	15.0%
	7.9%
	13.2%
	22.4%
	11.5%
	12.4%
	30.3%
	19.2%
	13.7%

	
	Min
	2.0%
	1.6%
	2.0%
	4.0%
	0.4%
	0.5%
	7.1%
	1.0%
	1.0%




simplicity and ease of use over the ISA method. In this section, the cause of the unconservative error in the PSD method is investigated and a modification is proposed such that more accurate results can be obtained within the existing framework of the PSD method.
To better understand the cause of the unconservative error in the PSD method, one SRC cross section is analyzed using the PSD, SC, and ISA methods with the contributions of the structural steel and reinforced concrete (RC) components tracked separately. The SRC cross section is square with H=B=700 mm, steel shape of W310×500 (ρs = 0.13), 12 #10 bars in a 4x-4y configuration (Asr/Ag = 0.02), Fy = 517 MPa, Fysr = 414 MPa, and f’c = 55 MPa. For this cross section and y-axis bending, the maximum unconservative error with respect to the ISA is 26% for the PSD method. No unconservative error is found for this cross section with the SC method. 
Moment-curvature results for this cross section from the ISA at a constant axial compression of 0.5Pno are shown in Figure ‎1‑7. The total moment within the composite cross section is shown along with the portions resisted by the structural steel and reinforced concrete components of the cross section. Additionally, the total moment strength and portions of strength from each component from the PSD method are shown as horizontal lines. The peak moment from the ISA occurs relatively early in the analysis, shortly after the reinforced concrete attains its peak moment. The peak moment in the reinforced concrete is similar to that predicted by the PSD method. However, the structural steel shape has not fully yielded when the concrete has reached its peak, meaning that it cannot contribute to the strength in the amount assumed by the PSD method, resulting in an overprediction of strength by the PSD method. The PSD method relies on the assumption that plastic strengths of both the structural steel and reinforced concrete components occur simultaneously. The results of Figure ‎1‑7 show that this is clearly not the case. It is also interesting that the moment in the steel shape does not approach the moment obtained from the 
[bookmark: _Ref520806996][image: ]
[bookmark: _Ref12872379][bookmark: _Toc52535284]Figure ‎1‑7. Moment curvature diagram for each portion of example SRC cross section












PSD method. This is caused by the fact that the axial load within the steel shape also differs from that obtained from the PSD method.
Interaction diagrams for the example SRC cross section are shown in Figure ‎1‑8. Again, the total moment is shown along with the moment in each of the two components of the cross section. From this figure, it is clear that for this cross section the unconservative error in the PSD method is caused by overestimation of the contribution from the steel shape for all but the highest axial loads (P ≤ 0.7Pno). The SC method, on the other hand, captures the shape of the contribution of the steel shape more accurately, but underestimates the magnitude. 
[bookmark: _Toc52535229]Modification Factor
Modifications to the PSD method to achieve more accurate results can take many forms. Some focus on the assumed stress distributions. Chen (2012) presents a modification where the rectangular stress block described in the ACI Code (ACI 2019) is used instead of extending the stress block to the neutral axis. This method brings greater consistency between the PSD and SC methods and reduces some error, but does little to correct the largest unconservative errors noted in this work mainly caused by an overestimation of the contribution of the steel shape. Modifications that focus on steel stress may prove to be more effective. However, a different sort of modification is derived in this work. 
The proposed modification leaves the assumed stresses of the PSD method unchanged and simply reduces the strength by applying a factor to the results. Figure ‎1‑9 shows the ratio of moment obtained from the ISA method, MISA, to the moment obtained from the PSD method, MPSD, for the example SRC cross section. From these results, a modification factor that is a linear function of the axial compression appears to be a good candidate in reducing the error between the two.
An examination of results from the other cross sections from the parametric study
[image: ]
[bookmark: _Ref520807020][bookmark: _Toc52535285]Figure ‎1‑8. Two-dimensional strength interaction diagrams for example SRC cross section showing component contributions
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[bookmark: _Ref520807031][bookmark: _Toc52535286]Figure ‎1‑9. Comparison of ISA and PSD results for example SRC cross section


indicates that a linear function of axial compression is indeed suitable for a wide range of cross sections, however, the coefficients of the linear function vary significantly. Such a modification factor could be defined by Equation . 

[bookmark: ZEqnNum976650]	 	()
where, φ1 and φ2 are calibrated parameters selected to achieve optimal results and “≤ 1.0” indicates that if the calculated result is greater than 1.0, then ψ should be taken as 1.0. 
When φ1 and φ2 are individually computed with linear regression for each of the parametric set of cross sections (e.g., as shown in Figure ‎1‑9), it is observed that they both are correlated to the steel strength ratio (AsFy/Pno).
In order to derive a relationship for φ1 and φ2, an optimization problem is designed in which two linear equations representing φ1 and φ2 as functions of AsFy/Pno are assumed, and the parameters of these two equations are selected in a way that the unconservative error of the MPSD method compared to the ISA method for the entire parametric suite of cross sections is minimized. For this purpose, an objective function was defined with four inputs (two parameters for the φ1 equation and two parameters for the φ2 equation) and one output, the summation of the absolute value of the total conservative (positive) and unconservative (negative) errors for the MPSD method with respect to the ISA method for the parametric suite of cross sections. In other words, the MPSD interaction strength should be close to the ISA interaction strength to reduce the amount of error. The optimization problem was run separately for SRC and RCFT cross sections given the difference in magnitude of error observed. Since the distribution of φ1 and φ2 are observed to be quite similar for bending about the x- and y-axes, and for the sake of simplicity, the data from both axes were used to derive the φ1 and φ2 equations. To solve the global optimization problem, a multi-point search tool and the nonlinear multi-variable optimizer were used (Dixon 1978; Ugray et al. 2007). The optimum equations for φ1 and φ2 are presented in Equations  and  for SRC and RCFT cross sections respectively. 
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[bookmark: _Toc52535230]Comparison of Methods
Figure ‎1‑10 presents a histogram of the maximum unconservative and maximum conservative errors for each cross section in the parametric suite and both the PSD and MPSD methods. For the SRC cross sections, the maximum unconservative error is reduced from 38% to 12% (Figure ‎1‑10a). The 95th percentile of unconservative error is reduced from 20% to less than 5%. The 95th percentile of conservative error is increased somewhat from 7% to 12% (Figure ‎1‑10b). For the RCFT cross sections, the maximum unconservative error is reduced from 14% to 10% (Figure ‎1‑10c). The 95th percentile of unconservative error is reduced from 10% to 5%. The 95th percentile of conservative error remained constant in the MPSD compared to the PSD method at about 8% (Figure ‎1‑10d). These results highlight the efficiency of the proposed modification which effectively targets the cross sections where the unconservative error is expected while minimizing unnecessary reductions. This is especially true for 
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[bookmark: _Ref520807043][bookmark: _Toc52535287]Figure ‎1‑10. Histograms of error in benchmark cross sections (a) maximum unconservative error for SRC cross sections (b) maximum conservative error for SRC cross sections (c) maximum unconservative error for RCFT cross sections (d) maximum conservative error for RCFT cross sections





SRC cross sections. For the RCFT cross sections, the potential errors with the PSD method are less critical than for the SRC cross sections and the reduction in error from using the MPSD method is more modest. Accordingly, the use of the PSD method, without modification, may be deemed appropriate for design. 
[bookmark: _Toc52535231]Experimental Validation
Hundreds of experimental tests have been performed on encased composite members (Kim 2005). The results of some of these tests can be used to further evaluate the current design methods as well as the proposed modification. In particular, two studies that included tests on short SRC beam-columns have been identified for this comparison (Virdi and Dowling 1973; Morino et al. 1984a). In this work, short columns were defined as those having a length to width ratio less than 8. With this ratio, the member axial compressive strength computed in accordance with the AISC Specification (2016) was no more than 10% lower than the cross section axial compressive strength. Morino et al. (1984a) investigated the ultimate strength of 40 SRC beam-columns under a combination of axial compression and uniaxial or biaxial bending. These tests included 10 short column specimens with various eccentricities. Virdi and Dowling (1973) performed an experimental study on the behavior and strength of SRC columns subjected to biaxially eccentric compression load. These tests included a series of nine encased composite specimens with various lengths and biaxial eccentricities, in which 3 specimens were considered as short columns. Experimental tests of short encased composite beam-columns described in other works have not been included in this comparison because the concrete encasement was not reinforced or because the load was applied cyclically. 
In total, 13 SRC specimens were identified for this comparison. Details of the specimens are presented in Table ‎1‑9. For each specimen, four different three-dimensional interaction surfaces were computed using each of the SC, ISA, PSD, and MPSD methods. The ratio of the radial distance from the origin to the experimental data point and from the origin to each interaction surface (along the 
[bookmark: _Ref520807809][bookmark: _Toc52535263]Table ‎1‑9. Properties of SRC experimental specimens
	Index
	Specimen Label
	Steel Shape
	H, B
(mm)
	Fy (MPa)
	f'c (MPa)
	db (mm)
	Fysr (MPa)
	L (mm)
	Reference

	1
	A4-0
	H100X100X6X8
	160
	345
	21.1
	6.35
	414
	960
	Morino et al. (1984)

	2
	A4-30
	H100X100X6X8
	160
	345
	21.1
	6.35
	414
	960
	Morino et al. (1984)

	3
	A4-45
	H100X100X6X8
	160
	345
	21.1
	6.35
	414
	960
	Morino et al. (1984)

	4
	A4-60
	H100X100X6X8
	160
	345
	21.1
	6.35
	414
	960
	Morino et al. (1984)

	5
	A4-90
	H100X100X6X8
	160
	345
	21.1
	6.35
	414
	960
	Morino et al. (1984)

	6
	A8-0
	H100X100X6X8
	160
	345
	33.6
	6.35
	414
	960
	Morino et al. (1984)

	7
	A8-30
	H100X100X6X8
	160
	345
	33.6
	6.35
	414
	960
	Morino et al. (1984)

	8
	A8-45
	H100X100X6X8
	160
	345
	33.6
	6.35
	414
	960
	Morino et al. (1984)

	9
	A8-60
	H100X100X6X8
	160
	345
	33.6
	6.35
	414
	960
	Morino et al. (1984)

	10
	A8-90
	H100X100X6X8
	160
	345
	33.6
	6.35
	414
	960
	Morino et al. (1984)

	11
	A
	W150X22.5
	254
	315
	39.6
	12.7
	309
	1857
	Virdi and Dowling (1973)

	12
	B
	W150X22.5
	254
	315
	37.9
	12.7
	309
	1857
	Virdi and Dowling (1973)

	13
	C
	W150X22.5
	254
	315
	39.6
	12.7
	309
	1857
	Virdi and Dowling (1973)




















same line as to the experimental data point) was calculated. An example interaction diagram for one specimen (specimen No. 9 from Table ‎1‑9) is shown in Figure ‎1‑6. The computed test-to-predicted ratios for all specimens are presented in Table ‎1‑10.
The ISA and MPSD methods are the most precise with average test-to-predicted ratios of 0.98 and 0.99 respectively. However, the ISA method is more precise with a standard deviation of the test-to-predicted ratios of 0.07, in contrast to 0.10 for the MPSD method. The SC method is seen to underpredict the strength with an average test-to-predicted ratio of 1.09 and the PSD method is seen to overpredict the strength with an average test-to-predicted ratio of 0.87. These results correspond well with the results of the parametric study where the SC was found to be generally conservative, the PSD method was found to be capable of resulting in unconservative error, and the MPSD method being calibrated based on the results from the ISA method.
[bookmark: _nd284hdh22n2][bookmark: _Toc52535232]Conclusions
[bookmark: _Hlk50736325]The plastic stress distribution (PSD) method is commonly used for calculating the strength of steel concrete composite column cross sections. While the accuracy of this method has been evaluated for some cases, no previous study has systematically evaluated its accuracy over the whole range of materials, cross-sectional geometries, and loading conditions for which it is permitted to be applied.  
In this work, a broad parametric study was performed to assess the strength of steel-concrete composite cross sections subjected to axial compression and uniaxial/biaxial bending to evaluate these approaches to compute the interaction strength. For this purpose, three-dimensional strength interaction diagrams were computed for a parametric suite of thousands of composite cross sections using the PSD and SC methods as well as with a fiber-based inelastic section analysis.
In comparison to the ISA method, the SC method was found to be conservative, predicting lower strengths in almost all cases. The PSD method, on the other 
[bookmark: _Ref530031211][bookmark: _Toc52535264]Table ‎1‑10. Results of comparison for SRC experimental specimens
	Index
	P (kN)
	Mx (kN-m)
	My (kN-m)
	Expt. vs. SC
	Expt. vs. ISA
	Expt. vs. PSD
	Expt. vs. MPSD

	1
	499.71
	0.00
	19.99
	1.07
	1.00
	0.84
	1.02

	2
	513.24
	10.26
	17.78
	1.11
	0.97
	0.81
	0.99

	3
	518.62
	14.67
	14.67
	1.03
	0.91
	0.78
	0.92

	4
	524.04
	18.15
	10.48
	0.94
	0.86
	0.78
	0.91

	5
	740.14
	29.61
	0.00
	1.18
	1.15
	1.11
	1.27

	6
	344.20
	0.00
	25.82
	1.00
	0.93
	0.84
	0.97

	7
	376.90
	14.13
	24.48
	1.14
	0.99
	0.85
	0.98

	8
	378.63
	20.08
	20.08
	1.06
	0.94
	0.75
	0.85

	9
	447.49
	29.07
	16.78
	1.11
	1.01
	0.82
	0.93

	10
	520.62
	39.05
	0.00
	1.05
	1.00
	0.93
	1.06

	11
	1256.02
	46.26
	79.76
	1.04
	0.93
	0.88
	0.94

	12
	647.95
	47.73
	82.29
	1.13
	0.98
	0.92
	0.99

	13
	473.50
	52.32
	90.20
	1.26
	1.09
	1.03
	1.09

	Average
	1.09
	0.98
	0.87
	0.99

	Standard Deviation
	0.08
	0.07
	0.10
	0.10


 
















hand, was found to produce unconservative errors for some cross sections. For SRC cross sections, this error was greatest with high steel ratios and high steel
yield stresses, with unconservative error as much as 38% in y-axis bending and 29% in x-axis bending. For RCFT cross sections, the maximum unconservative error was found to be about 14% which occurred for cross sections with high steel yield stress. For CCFT cross sections, the maximum unconservative error was found to be about 1%. A simple modification to the PSD method was proposed to reduce the unconservative error in SRC and RCFT cross sections. This modification was calibrated based on inelastic section analysis results. With the modification, the 95th percentile of unconservative error in the broad range of cross sections examined was reduced to less than 5%, while the maximum conservative error increased slightly. 
Validation against published experimental results confirmed that the PSD method overestimates the strength for some cross sections and that the MPSD method provides improved accuracy.  
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[bookmark: _Toc52535235]Abstract
Steel-concrete composite columns are strong and efficient structural members. However, their strength is not consistently recognized within design standards. In particular, current provisions regarding the strength of composite columns under combined axial compression and biaxial bending are overly simplistic and conservative. This paper presents a study of the biaxial behavior of composite columns and methods of evaluating their strength. Analyses of composite cross sections confirm the conservative nature of current design provisions and form the basis for modified strength equations that better capture the shape of the three-dimensional interaction surface. Analyses of composite columns confirm that the proposed design equations are suitable for use within the direct analysis method for evaluating members with length effects. The proposed design equations are further validated against published experimental results. This paper provides key insights on the behavior of composite columns subjected to axial compression and biaxial bending and offers an improved yet practical method of evaluating strength under these conditions that will enable more efficient designs.
Keywords: Steel-Concrete composite columns, Strength Interaction, Biaxial Bending, Slenderness, Beam columns
[bookmark: _Toc52535236]Introduction
The AISC Specification for Structural Steel Buildings (AISC 2016) is the primary standard governing structural design of steel-concrete composite columns for building structures in the United States. There has been significant development of the steel-concrete composite column provisions in this standard in recent editions. However, there remain several aspects of design, such as the strength of members subjected to combined axial compression and biaxial bending, where additional research and development would be beneficial. 
No specific provisions are given within the AISC Specification (2016) for biaxial bending of composite columns. However, a method of determining the available strength in these conditions is provided in the associated commentary. Design equations for this method imply a biaxial moment (i.e., Mx-My) interaction diagram that is constructed with straight lines between the flexural strengths about the two principal axes, as shown in Figure ‎2‑1. This is a simple approach, but one that is overly conservative. This is particularly true for circular concrete-filled steel tube (CCFT) members where it is expected that the Mx-My interaction diagram is axisymmetric. It is also true for rectangular concrete-filled steel tube (RCFT) and steel reinforced concrete (SRC) members where physical experiments (Bridge 1976; Hardika and Gardner 2004; Morino et al. 1984b; Perea et al. 2014; Shakir-Khalil and Mouli 1990; Shakir-Khalil and Zeghiche 1989; Virdi and Dowling 1973) and numerical analyses (Denavit and Hajjar 2014; Liang et al. 2012; Patel et al. 2015) show that composite columns exhibit a more convex interaction strength.
This paper presents an investigation of the biaxial behavior of steel-concrete composite members with a focus on strength. Current methods for determining interaction strength are reviewed. Then, a broad parametric study on composite cross sections is performed to better understand the shape of the three-dimensional interaction surface and the factors that influence it. An improved strength interaction equation is proposed with a governing shape parameter calibrated to the results of the parametric study. A second parametric study on composite columns is performed to verify the use of the proposed design equation within the direct analysis method considering length effects. Lastly, the proposed equation is further validated against previously published experimental results.  
[bookmark: _Toc52535237]Cross Section Strength
[bookmark: _Toc52535238]Methods of Determining Cross Section Strength
The plastic stress distribution (PSD) method is the primary method for computing the strength of composite cross sections in the AISC Specification (2016). Other standards, including the Eurocode (CEN 2004) and the Chinese code for
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[bookmark: _Ref39020960][bookmark: _Toc52535288]Figure ‎2‑1. Schematic interaction diagram at a constant axial load



















composite structures (SAC 2014), also use the PSD method for determining the strength of steel-concrete composite members. In the PSD method the entire steel section and all reinforcing bars (if present) are assumed to have reached their yield stress in either tension or compression and the concrete in compression is assumed to have attained a stress of 0.85f'c (or 0.95f'c for CCFT), where f'c is the concrete compressive strength. The tension strength of concrete is neglected. Points on the interaction surface are obtained by selecting a neutral axis location and orientation then integrating the assumed stress distribution over the cross section. Numerical integration using a fiber discretization approach is used in this work to accommodate a wide range of cross sections and loading conditions. The entire interaction surface is constructed by computing many points for many locations and orientations of the neutral axis. 
The PSD method can yield unconservative results, especially for SRC cross sections with high steel ratios and high steel yield strengths. A modified plastic stress distribution (MPSD) method has been recently proposed to alleviate these errors (Behnam and Denavit 2020). In this method, the interaction strength is computed per the PSD method then a factor, ψ, given by Equation  is applied to the moment strengths.
	

[bookmark: ZEqnNum130126]	 	()
where, φ1 and φ2 are calibration parameters defined by Equation , P is the axial compression, and Pno is the axial capacity of the composite cross section defined by Equation .

[bookmark: MTBlankEqn][bookmark: ZEqnNum736819]	 	(a)

	 	(b)

[bookmark: ZEqnNum710809]	 	(a)

	 	(b)
where, As, Asr, and Ac are the cross-sectional areas of the steel shape, reinforcing bars, and concrete, respectively, and Fy and Fysr are the yield stresses of the steel shape and reinforcing bars, respectively. Note that Equation b is applicable only to compact RCFT members without internal reinforcing.
[bookmark: _Hlk48306114]The strain compatibility (SC) method is the main procedure for determining interaction strength in the ACI Code which included provisions for composite columns up until the 2014 edition (ACI 2014). This method is permitted as an alternative procedure within the AISC Specification (2016) for the strength of steel-concrete composite cross sections. In this method, it is assumed that the strain in the extreme concrete compressive fiber is 0.003 and the distribution of strain across the section is linear. Steel and concrete stresses are computed from defined stress-strain relationships assuming the location and orientation of the neutral axis. Just as for the PSD method, points on the interaction surface are computed by integrating the assumed stress over the cross section. For this work, an elastic-perfectly plastic relationship is used for the steel components and the rectangular stress block described in the ACI Code (2014) is used for the concrete. An upper limit of 0.85Pno is applied to the nominal compressive strength of the SC method as was required for composite columns in the ACI Code (2014). 
The strength of composite cross sections can also be computed from inelastic section analysis (ISA). In this method, the cross section is discretized into a grid of fibers and each fiber is assigned a uniaxial stress-strain relationship. In this work, ISA is performed using OpenSees (McKenna et al. 2010b). The results of many analyses are used to construct each interaction diagram. Each analysis subjects the cross section to non-proportional loading to failure, specifically, an axial compressive load is applied to the section and held constant, then bending moments are applied based on a selected angle of loading in the Mx-My plane until a peak is reached. The peak applied loads from each analysis represent one point on the interaction surface. 
The uniaxial stress-strain relationships and fiber discretizations used in this work were developed and validated in previous work (Denavit and Hajjar 2014) and have been used in similar studies (Behnam and Denavit 2020).  Key details are repeated here. The maximum size of each fiber in the x and y directions is 1/30th of the outside dimension of the gross section along the x- and y-axes, respectively. For the SRC cross sections, the concrete was divided into three regions: the highly confined concrete between the flanges of the steel shape, the moderately confined concrete within the ties, and the cover concrete. The Popovics concrete stress-strain relationship was used for each, although with different levels of confinement based on the properties and geometry of the steel components. For the RCFT cross sections, a single region was used for the concrete with no consideration of confinement. Wide-flange steel shapes were assigned an elastic-perfectly plastic stress-strain relationship and residual stresses were included following the Lehigh residual stress pattern. Reinforcing steel was assigned an elastic-perfectly plastic stress-strain relationship. Steel tubes were assigned a multi-linear stress-strain relationship (Abdel-Rahman and Sivakumaran 1997).
[bookmark: _Toc52535239]Current Interaction Equation
The PSD, SC, and ISA methods are general methods of computing the interaction strength of composite cross sections. However, none of these methods account for member length effects. The methods of design presented in the AISC Specification (2016), including the direct analysis method, require available strengths that consider member stability. Current guidance suggests that a simple transformation between cross section and beam-column interaction diagrams be made by reducing the axial strength of each point by the ratio Pn/Pno, where Pn is the axial compressive strength of the composite member and Pno is given by Equation . However, this reduction leads to illogical results near the balance point where points on the beam-column interaction surface lay outside the cross section interaction surface. This is resolved with a further simplification of the interaction surface based on a few anchor points. The interaction equation recommended in the commentary of the AISC Specification (2016) is given by Equation  for the case of load and resistance factor design (LRFD) and without resistance factors. 
for Pu < PC'

[bookmark: ZEqnNum744270]		(a)
for Pu ≥ PC'

		(b)
where, PCʹ, MCx, MCy are determined using the PSD method as the nominal axial compressive strength, nominal flexural strength about the x-axis, and nominal flexural strength about the y-axis at Point C on the interaction diagram (Point C corresponds to a plastic neutral axis location that results in the same flexural strength as pure bending but with concurrent axial compression; the axial compression at Point C is reduced by Pn/Pno to obtain PCʹ); and Pu, Mux and Muy are the required axial compression strength, required flexural strength about the x-axis, and required flexural strength about the y-axis, respectively, all computed from LRFD load combinations. 
Figure ‎2‑2 illustrates two-dimensional slices of the interaction surface for an example RCFT cross section at three different axial loads as obtained from the PSD, ISA, and SC methods as well as the current design equation recommended in the commentary on the AISC Specification (Equation ). The example RCFT cross section consists of a rectangular tube with outside height, H = 300 mm, outside width, B = 200 mm, thickness, t = 6.3 mm (this corresponds to a ratio of steel area to gross area, ρs = 0.1), steel yield strength, Fy = 345 MPa, and concrete strength, f'c = 20 MPa. This cross section has no internal reinforcing. 
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[bookmark: _Ref39023414][bookmark: _Toc52535289]Figure ‎2‑2. Two-dimensional interaction diagrams for an example RCFT cross section
















This figure shows the conservative nature of the diamond shaped interaction diagrams resulting from the current design equation. 
[bookmark: _Toc52535240]Generalized Interaction Equation
Equation  describes a generalized interaction surface in which the parameter α controls the shape, ranging from diamond (α = 1), to elliptical (α = 2), and further to rectangular (α = ∞), as shown in Figure ‎2‑3.  

[bookmark: ZEqnNum576679]	 	()
where, Mnx(Pu) and Mny(Pu) are the nominal moment strengths about the x-axis and y-axis, respectively, at the required axial compression strength, Pu. 
This interaction equation is one of several that are commonly used for the assessment of reinforced concrete columns (Furlong et al. 2004). While biaxial strengths computed from the PSD, SC, and ISA methods will not conform precisely to Equation , identifying the best fit α parameter is an effective way of quantifying the shape of the curve and can lead to important insights. The best fit shape parameter is computed through the solution of an optimization problem for a given cross section and axial load. The objective function for this optimization, Equation , is defined as the mean squared error (MSE) between the computed strength (i.e., from the PSD, SC, or ISA method) and the strength from the generalized interaction equation. 

[bookmark: ZEqnNum630924]	 	()
where, Mnθ1 is the nominal flexural strength computed from the PSD, SC, or ISA method about an axis defined by angle θ in the Mx-My plane, Mnθ2 is the nominal flexural strength about the same axis but obtained using Equation , and N is the number of angles in the Mx-My plane that are sampled (9 in this work). 
The goal of this optimization is to quantify the shape of the interaction equation. Thus, when evaluating Mnθ2, the values of the strengths about the x- and y-axes 
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[bookmark: _Ref39025192][bookmark: _Toc52535290]Figure ‎2‑3. Variation of generalized interaction equation with shape parameter α


























(i.e., Mnx and Mny) were taken as those obtained from the methods under investigation. With this assumption, Mnθ2 can be computed using Equation . 

[bookmark: ZEqnNum635960]	 	()
where, Mnx1 and Mny1 are the nominal moment strengths about the x-axis and y-axis, respectively, computed from the PSD, SC, or ISA method and at the given axial load.
The best fit α was obtained such that MSE (Equation ) reached its minimum value and was found using a built-in optimization function in MATLAB based on golden section search and parabolic interpolation (Brent 2013; Forsythe et al. 1977). Figure ‎2‑4 shows the best fit α versus normalized axial load for each of the three methods of obtaining the interaction strength and for the example RCFT cross section described previously. For each of the methods, α initially decreases with increasing axial load, reaching a minimum for an axial load of about 0.2Pno before increasing with increasing axial load. For this cross section, the lowest value of α was determined to be 1.69, 1.63, and 1.42, for the PSD, ISA, and SC methods, respectively. Each of these values is significantly greater than the α = 1.0 implied by the current design equation (Equation ).
[bookmark: _Toc52535241]Parametric Study
A parametric study was performed to capture the wide range of behavior expected from composite cross sections with different steel ratios, material strengths, and other parameters. Suites of RCFT and SRC cross sections were defined and three-dimensional interaction surfaces were computed for each using the PSD, SC, and ISA methods. Then, the best fit shape parameter α was computed for each interaction surface and for axial compressive loads ranging from zero to 0.8Pno. 
A total of 3,408 RCFT cross sections were investigated in this study. As
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[bookmark: _Ref39025511][bookmark: _Toc52535291]Figure ‎2‑4. Variation of best fit α with normalized axial compression for an example RCFT cross section
[bookmark: _Hlk48316504]













described in Table ‎2‑1, the selected cross sections vary in aspect ratio (H/B), steel ratio (ρs), steel yield stress (Fy), and concrete compressive strength (f′c). The width and thickness of the steel tube were computed based on the aspect ratio, steel ratio, and H = 305 mm. The height, H, was constant for all cross sections. The product of the number of variations for each parameter in Table ‎2‑1 is 4,032; however, since local buckling of the steel tube is not considered in this work, only sections that are classified as compact by the AISC Specification (2016) were considered. Specifically, the 624 cross sections that did not satisfy the inequality of Equation  were omitted from the study. 	

[bookmark: ZEqnNum752845]	 	()
where, Es is the modulus of elasticity of steel equal to 200,000 MPa. 
A total of 14,688 SRC cross sections were investigated in this study. As described in Table ‎2‑2, the selected cross sections vary in aspect ratio (H/B), steel shape, steel yield stress (Fy), concrete compressive strength (f′c), reinforcing configuration, and reinforcing yield stress (Fyr). The gross area was taken as Ag = 819,025 mm2 for all cross sections. The longitudinal reinforcing bars were assumed to be arranged symmetrically in the corners with a clear spacing equal to the greater of 38 mm or 1.5 times the diameter of the bar. For square cross sections, the number of bars along each face was equal, while for sections with larger aspect ratios, the number of bars along the longer face was greater as described in Table ‎2‑3 where the reinforcing configuration identifies the number of bars along the x- and y-axes of the cross section. The clear cover between the ties and the outside surface of the concrete was taken as 38 mm. The size of the tie bars was based on the size of the longitudinal bars, #3 and #4 tie bars were used with #10 and #11 longitudinal bars, respectively. The tie spacing was assumed to be 305 mm. The product of the number of variations for each parameter in Table ‎2‑2 is 17,280. However, 2,592 cross sections were omitted from the study because the spacing requirements could not be met as described in the footnotes to Table ‎2‑3. 
[bookmark: _Ref39024911][bookmark: _Ref48322556][bookmark: _Toc52535265]Table ‎2‑1. Selected parameters for the RCFT cross sections
	Parameter
	Values

	Cross section aspect ratio1, H/B
	1.0, 1.25, 1.5, 1.75, 2.0, 2.5, and 3.0

	Steel ratio, ρs
	0.08, 0.10– 0.40 (increments of 0.05)

	Steel yield stress, Fy
	240–520 MPa (increments of 35 MPa)

	Concrete compressive strength, f ′c
	20–69 MPa (increments of 7 MPa)


[bookmark: _Toc52535266]Table ‎2‑2. Selected parameters for the SRC cross sections
	Parameter
	Values

	Cross section aspect ratio, H/B
	1.0, 1.25, 1.5, 1.75, and 2.0

	Steel shape (ASTM A6 2019)
	W14×873, W14×665, W14×455, W14×211, W14×176, W14×132, W14×90, and W10×49 (ρs = 0.198, 0.151, 0.103, 0.048, 0.040, 0.030, 0.020, and 0.011)

	Steel yield stress, Fy
	240–520 MPa (increments of 35 MPa)

	Concrete compressive strength, f'c
	20–69 MPa (increments of 7 MPa)

	Reinforcing configuration (ASTM A615 2020)
	(12) #10, (20) #11, and (28) #11 (Asr/Ag = 0.012, 0.024, and 0.034)

	Reinforcing yield stress, Fysr
	280 MPa and 420 MPa


[bookmark: _Ref52533726][bookmark: _Toc52535267]Table ‎2‑3. Reinforcement configurations for SRC cross sections
	Cross section aspect ratio
	Reinforcing Configuration

	
	(12) #10
	(20) #11
	(28) #11

	1.0
	4x-4y
	6x-6y
	8x-8y

	1.25
	4x-4y
	6x-6y  
	6x-10y

	1.5
	4x-4y
	6x-6y 1
	6x-10y 1

	1.75
	4x-4y
	4x-8y 2
	6x-10y 2

	2.0
	4x-4y 3
	4x-8y 3
	6x-10y 4

	1 Not used with ρs = 0.198
2 Not used with ρs ≥ 0.103
	3 Not used with ρs ≥ 0.151
4 Not used with ρs ≥ 0.04









The range of best fit shape parameter α for all cross sections studied is shown in Figure ‎2‑5. In this figure, the minimum value of the best fit α from each method and each cross section type is plotted versus normalized axial compression load. The 10th percentile, 50th percentile (i.e., median), 90th percentile, and maximum values of the best fit α are also plotted. Wide variations in the value of the best fit α, and correspondingly the shape of the interaction diagram, can be seen at low axial loads and at high axial loads. There is also significant variation in the shape of the interaction surfaces as obtained from the different methods. The SC method exhibits the lowest values of α and the PSD method exhibits the highest values of α. For some SRC sections, a best fit α less than unity is seen with the SC method, indicating a somewhat concave interaction diagram. 
Variation of the best fit α was also noted for other parameters. For example, the variation of the minimum best fit α for RCFT sections computed using the ISA method with respect to the steel ratio is shown in Figure ‎2‑6. This result shows that the absolute minimum of α = 1.52 occurred at a relatively low steel ratio and sections with higher steel ratios had greater minimums.
[bookmark: _Toc52535242]Proposed Design Equation
Given the preceding discussion, it is clear that the shape of the interaction surface currently given in the commentary on the AISC Specification (2016) for steel-concrete composite columns is conservative for biaxial bending. A direct construction of the three-dimensional interaction surface using the PSD or SC method would be more accurate for short columns in many cases. However, these methods cannot be used for slender columns due to a lack of justifiable methods of reducing the interaction surface for length effects. Also, equations that rely on only a few key anchor points are simple and efficient to use. The generality and ease of use of the current equation can be maintained in a less overly conservative fashion with a modification to include the shape parameter, α, as shown in Equation .
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[bookmark: _Ref39025641][bookmark: _Toc52535292]Figure ‎2‑5. Variation of best fit α with normalized axial compression for all cross sections
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[bookmark: _Ref41036596][bookmark: _Toc52535293]Figure ‎2‑6. Variation of best fit α from the ISA method for RCFT cross sections with steel ratio

















for Pu < PC'

[bookmark: ZEqnNum457393]	 	(a)
for Pu ≥ PC'

[bookmark: _llvm9luc9knj]	 	(b)
Equation  reduces to the current design equation if the shape parameter is set to unity (i.e., α = 1.0). As seen in the preceding analyses, α varies with the level of axial loading and cross-sectional properties. However, for simplicity this value can be taken as α = 1.25 for SRC and α = 1.5 for RCFT based on the minimum best fit α from the ISA method (Figure ‎2‑5). The SC method exhibits lower values of α, but this method is notably conservative for steel-concrete composite columns (Behnam and Denavit 2020). Additionally, based on the axisymmetric nature of CCFT cross sections, it is expected that the shape parameter can be taken as α = 2.0 for CCFT. 
Given that α was calibrated based on the shape of the interaction surface, the accuracy of Equation  relies on the accuracy of the anchor points Pn, PCʹ, MCx, and MCy. It should be noted that PCʹ, MCx, and MCy in Equation  are typically computed using the PSD method. Behnam and Denavit (2020) showed that the PSD method can be unconservative in some situations. Applying the modification factor of Equation  to MCx and MCy will reduce these potential errors and improve the accuracy of Equation  overall. A quantification of the accuracy of Equation  through comparisons to analyses including length effects and physical experiments is presented in the following sections.
[bookmark: _Toc52535243]Beam-Column Strength
A second parametric study, including length effects, is performed to verify that the proposed design equation is safe and accurate for use in design with the direct analysis method as defined within the AISC Specification (2016). Following the general procedure used in other evaluations of stability design provisions (Kanchanalai 1977; MacGregor and Hage 1977; Surovek-Maleck and White 2004; Denavit et al. 2016b), results of second-order inelastic analyses are compared to results from the design procedure, which in the case of the direct analysis method is based on second-order elastic analysis. The comparisons are made for a large number of simple frames covering a wide range of parameters. 
[bookmark: _Toc52535244]Parametric Suite
Many parameters influence the strength of composite columns. They can be broadly classified as those associated with the cross section, including type, steel ratio, and material strengths; and those associated with the frame, including slenderness, boundary conditions, and leaning column load. A parametric study is essential to cover this wide range of parameters. The parametric suite of frames used in this work is based on the suite used by Denavit et al. (2016b), which itself was based on parametric suites from previous studies (Kanchanalai 1977; Surovek-Maleck and White 2004). Each of these previous studies investigated two-dimensional behavior, thus modifications were necessary to investigate three-dimensional behavior including biaxial bending. 
Three types of frames, as shown in Figure ‎2‑7, are included in the suite. For the first type of frame, Type A, the composite column is braced (sidesway inhibited) in both directions. For Type B frames, the composite column is unbraced (sidesway uninhibited) in both directions. For Type C frames, the composite column is unbraced in the yz plane and braced in the xz plane. For each type of frame, vertical applied loads are defined by P and lateral applied loads are defined by X. As shown in Figure ‎2‑7, X is factored by defined parameters to obtain applied lateral loads and bending moments as appropriate for the frame type. 
Type A frames are defined by a slenderness ratio, λ, and end moment ratios in each of the coordinate axes, Mbot,x/Mtop,x  and Mbot,y/Mtop,y. When negative, the end moment ratios produce single curvature bending. The slenderness ratio, λ, is 

[bookmark: _Ref39145947][image: ]
[bookmark: _Ref39145627][bookmark: _Toc52535294]Figure ‎2‑7. Schematic of the three-dimensional benchmark frames 
















defined by Equation  as the length divided by the geometric mean of the lateral dimensions of the cross section.  

[bookmark: ZEqnNum806390]	 	()
where, L is the length of the column.

Type B frames are defined by a slenderness ratio (Equation ), leaning column load ratio in each of the two coordinate planes (γx and γy), and end restraint parameters (Gtop and Gbot). The two leaning columns included in the model are pinned at the bottom and constrained at the top in one direction to the composite column. The two pairs of rotational springs at the top and bottom of the composite column provide stability to the member and are representative of the beams that frame into the column. The stiffness of the rotational springs is defined by the end restraint parameters in accordance with Equation .

[bookmark: ZEqnNum889735]	 	()
where, EIeff,x and EIeff,y are the effective elastic rigidities about the x- and y-axes, respectively, as defined in the AISC Specification (2016) and in Equation . 

[bookmark: ZEqnNum427869]	 	(a)

	 	(b)
where, Ec is the modulus of elasticity of concrete defined by Equation , Is, Isr, and Ic are the moment of inertia of the steel shape, reinforcing bars, and concrete, respectively, and C1 and C3 are coefficients defined by Equations  and , respectively.

[bookmark: ZEqnNum640002]	 	()

[bookmark: ZEqnNum166793]	 	()

[bookmark: ZEqnNum379049]	 	()
Type C frames are defined by the parameters for Type A frames in the xz plane and the parameters for Type B frames in the yz plane. The selected parameters for each frame type are described in Table ‎2‑4 and Table ‎2‑5. In total, 168 different sets of parameters are selected among the three frame types. A variety of loading angles were analyzed for each case. Different loading angles were achieved by selecting appropriate relative values for the parameters that control the lateral load. For example, Mbot,x and Mbot,y for Type A frames and Hx and Hy for Type B frames. The loading angle was defined by applied loading noting that the relative values of the internal moments along the length of the member may differ from those that are applied.  
Each of the 168 selected sets of frame parameters is used with each selected cross section to form the parametric suite. Noting this and the fact that the column analyses are more time consuming than the cross section analyses, a smaller set of cross sections was selected for investigation than was selected for the parametric study on cross sections presented previously. The cross sections selected for this parametric study are based on those from a previous study (Denavit et al. 2016b). 
The selected RCFT cross sections vary in the steel tube and concrete strength. Seven steel tubes were selected for this work: HSS6×6×1/2, HSS9×9×1/2, HSS8×8×1/4, HSS10×5×3/8, HSS10×5×3/16 (ASTM A500 2020). These steel tubes result in steel ratios of ρs = 0.28, 0.19, 0.11, 0.19, and 0.10, respectively. Note that the design thickness, equal to 0.93 times the nominal thickness, was utilized for all analyses and calculations. Each cross section was assumed to have a yield stress of Fy = 317 MPa. Two concrete strengths of f’c = 27.6 and 68.9 MPa were investigated to include the effect of normal and high strength concrete.
The selected SRC cross sections vary in steel shape, reinforcing configuration,
[bookmark: _Ref45623236][bookmark: _Toc52535268]Table ‎2‑4. Selected frame parameters for the beam-column parametric study
	Frame
	Slenderness
	End Condition 
(yz plane)
	End Condition
(xz Plane)
	Leaning Column Load Ratio
	Number of Frames

	A
	3 values
λ = {12,24,36}
	2 values
Mbot,x/Mtop,x = {0.5, -1.0}
	2 values
Mbot,y/Mtop,y = {0.5, -1.0}
	N/A
	12

	B
	3 values
λ = {6,12,24}
	4 value pairs
A, B, C, D (Table ‎2‑5)
	4 value pairs
A, B, C, D (Table ‎2‑5)
	1 value
γx = γy = 0
	48

	B
	2 values
λ = {6,12}
	4 value pairs
A, B, C, D (Table ‎2‑5)
	4 value pairs
A, B, C, D (Table ‎2‑5)
	2 values
γx = γy = {1,3}
	64

	B
	1 values
λ = {24}
	2 value pairs
A, B (Table ‎2‑5)
	2 value pairs
A, B (Table ‎2‑5)
	2 values
γx = γy = {1,3}
	8

	C
	3 values
λ = {6,12,24}
	4 value pairs
A, B, C, D (Table ‎2‑5)
	2 values
Mbot,y/Mtop,y = {0.5, -1.0}
	1 value
γx = 0
	24

	C
	3 values
λ = {6,12,24}
	1 value pair
A (Table ‎2‑5)
	2 values
Mbot,y/Mtop,y = {0.5, -1.0}
	2 values
γx = {1,3}
	12


[bookmark: _Ref45623168][bookmark: _Toc52535269]Table ‎2‑5. End Restraint Value Pairs
	Pair
	Gtop
	Gbot

	A
	0
	0

	B
	1 or 3a
	1 or 3a

	C
	0
	∞

	D
	1 or 3
	∞

	a3 when γ = 0; 1 otherwise











and concrete strength. The outside dimensions of each was selected to be 711 mm × 711 mm. Four steel shapes were selected for this study: W14×311, W14×233, W12×120, and W8×31 (ASTM A6 2019). These steel shapes result in steel ratios of ρs = 0.127, 0.087, 0.045, and 0.012, respectively. The steel shapes were assumed to have a yield stress of Fy = 345 MPa. Three reinforcing configurations were selected: (20) #11, (12) #10, and (4) #8 (ASTM A615 2020) resulting in reinforcing steel ratios of Asr/Ag = 0.040, 0.019, and 0.004, respectively. The reinforcing bars were assumed to have a yield stress of Fyr = 414 MPa. The cover and reinforcement spacing were the same as described previously for the parametric study on cross sections. Two concrete strengths of f’c = 27.6 and 68.9 MPa were investigated.
A total of 14 RCFT cross sections and 24 SRC cross sections were investigated in this study. Together with the 168 sets of frame parameters, a total of 2,352 RCFT cases and 4,032 SRC cases were included in the parametric suite. 
[bookmark: _Toc52535245]Second-Order Inelastic Analysis
The composite columns were modeled with a distributed plasticity mixed beam finite-element formulation implemented in the OpenSees framework (McKenna et al. 2010b). Material and geometric nonlinearities were captured using fiber sections along the member length and a total Lagrangian formulation in the corotational frame, respectively. Large displacement and rotation behavior along the length of the column are captured accurately using multiple elements. The composite columns were discretized using six elements along the member and three integration points were used per element. Slip between steel and concrete elements and local buckling of the steel tube and other steel components are neglected. The constitutive relationships and fiber discretization of the cross sections used in the second-order inelastic analyses are the same as those described previously for the inelastic section analysis (ISA) method.
An out-of-plumbness of L/500 was included in the sidesway uninhibited frames and a half-sine shaped out-of-straightness with maximum magnitude of L/1000 was included in all composite columns. These initial geometric imperfections were modeled explicitly by definition of nodal coordinates. The direction of the imperfections was that which caused the most destabilizing effect. This direction was found by performing analyses with initial imperfections in the x direction, y direction, and the direction of lateral loading then using the results of the analysis that exhibited the lowest strength. 
A stiff truss element was used to model the leaning column in the sidesway uninhibited frames, and a numerical constraint was used in lieu of the simply supported beam to connect the top of the leaning column to the top of the composite column. The limit point for the inelastic analyses was defined as when the lowest eigenvalue of the system becomes negative, or the maximum absolute strain in any section of any element along the composite column reaches 0.05, whichever occurs first. 
[bookmark: _Toc52535246]Second-Order Elastic Analysis
The mixed beam finite element formulation was also used to perform second-order elastic analysis. For the elastic analyses, the fiber sections were replaced with defined axial and flexural rigidities. Stiffnesses used for the elastic analyses were in accordance with the AISC Specification (2016) for the direct analysis method. Specifically, the flexural rigidity was taken as 0.64EIeff, where EIeff is given by Equation , and the axial rigidity was computed using Equation , noting that Asr = 0 for all RCFT cross sections investigated in this work. 

[bookmark: ZEqnNum147440]	 	()
To better mimic how the direct analysis method is typically implemented, the frames were modeled without initial geometric imperfection. Rather, a notional load of 0.002 times the total axial load (i.e., the axial load on the composite column plus the leaning columns) was added in sidesway uninhibited cases. For Type B frames, the notional load was applied in the x direction, y direction, and direction of lateral loading to find the most destabilizing effect. For Type C frames, the notional load was applied only in the y direction. 
[bookmark: _Toc52535247]Method of Evaluating Elastic Design Procedures
The accuracy of the design procedure is evaluated against results of second-order inelastic analyses. However, simply comparing the maximum internal forces at the peak strength from the second-order inelastic analyses to Equations  or  would be inappropriate. The internal forces from the second-order inelastic analyses depend on deformations. Given that in the design method the members are modeled differently (e.g., as elastic and with a flexural stiffness of 0.64EIeff), the internal forces would be predicted differently. A fair comparison can be made using internal forces by adjusting the results of the second-order inelastic analyses to account for the difference in deformations (Kanchanalai 1977). Another fair comparison can be made at the applied load level (Surovek-Maleck and White 2004; Denavit et al. 2016b), directly comparing the loads which cause failure according to the second-order inelastic analysis to the maximum permitted applied loads according to the design methodology. To accomplish this comparison, four separate interaction surfaces, labeled 1 through 4, are developed.  
Interaction surfaces 1 and 2 are obtained from the second-order inelastic analyses. Surface 1 corresponds to the applied loads at the limit point and surface 2 corresponds to internal forces at the limit point. Many analyses are performed for each frame to construct these surfaces. An initial analysis with only axial load applied is performed. Then, many analyses are performed with applied lateral and axial loads for a range of axial loads between zero and the limit point from the axial only analysis and a range of lateral loading angles. For each of these analyses, the axial compression is applied under load control then held constant. Following that, the lateral load is applied in displacement control until the limit point is reached. The applied loads at the limit point are recorded as surface 1. For sidesway inhibited frames, the applied lateral load is converted to a moment by a simplified first order analysis, for example by multiplying by L/2 when rotational restraint at the top and bottom of the column are equal. The axial compression and maximum bending moments along the length of the column are recorded as surface 2. 
Interaction surfaces 3 and 4 are obtained from the design methodology. Surface 3 is defined by the design strength equations (Equation  or ). Surface 4 corresponds to the maximum applied forces permitted by the design methodology. Second-order elastic analyses are performed with a range of axial loads and a range of loading angles. After each analysis, internal forces recorded as the loading was ramped up are fed into the design equation to identify when the design limit was reached. The applied loads at the design limit are recorded as surface 4. As with surface 1, for sidesway inhibited frames, the applied lateral load is converted to a moment by a simplified first order analysis.
The four interaction surfaces for three example frames are shown in Figure ‎2‑8. The same RCFT cross section is used for all three frames (HSS8×8×1/4 steel shape with f’c = 27.6 MPa from the parametric suite). The frames are all Type A (sidesway inhibited in both directions) with Mtop,z/Mbot,z = Mtop,y/Mbot,y = –1 (resulting in single curvature moment). The frames differ only in the length of the column, with L/H = 12, 24, and 36.
The design procedure is evaluated by comparing interaction surfaces 1 and 4. These surfaces are compared in Figure ‎2‑9 for the L/H = 24 case from Figure ‎2‑8. Points inside surface 1 represent combinations of applied axial and lateral loads that the second-order inelastic analysis shows can be supported by the frame. Similarly, points inside surface 4 represent combinations of applied axial and lateral loads that the design methodology permits to be applied to the frame.
It is conservative when surface 4 is inside of surface 1, and unconservative otherwise. The difference between the two surfaces, the error in the design methodology, is quantified with a radial measurement defined by Equation . 

[bookmark: ZEqnNum910156]		()
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[bookmark: _Ref39114703][bookmark: _Toc52535295]Figure ‎2‑8. Interaction surfaces for three example RCFT frames, a) Maximum applied loads determined by second-order inelastic analysis (surface 1), b) Maximum internal forces determined by second-order inelastic analysis (surface 2), c) Design equation for the beam-column strength calculated by Equation  with α = 1.5 (surface 3), d) Maximum applied loads permitted by the proposed methodology (surface 4)
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[bookmark: _Ref39114822][bookmark: _Toc52535296]Figure ‎2‑9. Comparison between interaction surfaces from inelastic analysis and the design methodology















where r1 is the distance along a line from the origin to interaction surface 1 and r4 is the distance along the same line from the origin to interaction surface 4. Negative values of ε are unconservative.
[bookmark: _Toc52535248]Results
The four interaction surfaces were computed for each of the frames in the parametric suite. Different versions of interaction surface 4 were computed to investigate different options in the design methodology. Error in the design methodology was computed for each frame, each angle investigated in the Mx-My plane, and in 1-degree increments in the Mθ-P plane where P is normalized by the pure axial strength from the inelastic analysis and Mθ is normalized by the pure bending moment strength about the θ-axis from the inelastic analysis.  The computed errors were then separated into bins based on steel ratio, slenderness ratio, and loading region (i.e., high moment region, intermediate region, and high axial region as shown in 
Figure ‎2‑10. The slenderness ratio used for this display of results, λana, was taken as the value of slenderness λoe that when used in the column curve from the AISC Specification (2016) (Equation ) results in a nominal axial compressive strength, Pn, equal to the maximum applied load from the axial-only second-order inelastic analysis. 

[bookmark: ZEqnNum803437]	 	()
This slenderness ratio, λana, characterizes the slenderness of the frame as a whole better than λ (Equation ), especially for frames with leaning column
loads. The maximum, minimum, and average errors for each bin are shown in Table ‎2‑6 for the RCFT frames and anchor points computed using the PSD method, Table ‎2‑7 for the SRC frames and anchor points computed using the PSD method, and Table ‎2‑8 for SRC frames and anchor points computed using the MPSD method. The results in each table were obtained using the proposed interaction equation (Equation ).
[bookmark: _Ref45620957][image: ]
[bookmark: _Ref52534773][bookmark: _Toc52535297]Figure ‎2‑10. Computation of error for design methods
[bookmark: _Ref45833073][bookmark: _Ref45832998][bookmark: _Toc52535270]Table ‎2‑6. Summary of computed error for RCFT frames using proposed interaction equation with anchor points computed using the PSD method
	
	λana ≤ 0.5
	 0.5 ≤ λana ≤ 1.0
	1.0 ≤ λana 

	Region
	I
	II
	III
	I
	II
	III
	I
	II
	III

	ρs = 0.11
	Max
	25.4%
	23.2%
	29.9%
	25.1%
	25.2%
	30.5%
	26.3%
	33.0%
	39.7%

	
	Avg.
	10.1%
	5.1%
	6.2%
	10.3%
	9.1%
	9.1%
	8.3%
	13.7%
	19.4%

	
	Min
	-4.7%
	-3.3%
	-1.5%
	-3.8%
	-3.3%
	-3.0%
	-5.6%
	-3.3%
	-3.0%

	ρs = 0.19
	Max
	17.8%
	17.2%
	25.8%
	19.2%
	22.6%
	28.0%
	26.0%
	37.8%
	36.4%

	
	Avg.
	7.1%
	7.1%
	6.2%
	7.3%
	8.0%
	7.8%
	7.2%
	12.2%
	18.1%

	
	Min
	-3.3%
	-2.9%
	-0.9%
	-4.8%
	-4.6%
	-3.5%
	-3.3%
	-2.6%
	3.0%

	ρs = 0.28
	Max
	21.1%
	21.5%
	24.1%
	24.5%
	25.5%
	23.3%
	21.3%
	26.2%
	35.9%

	
	Avg.
	9.7%
	11.2%
	7.6%
	9.2%
	10.7%
	9.1%
	9.2%
	13.0%
	18.6%

	
	Min
	-2.7%
	-0.7%
	-0.8%
	0.2%
	-0.8%
	-2.1%
	-0.4%
	-0.4%
	3.2%


[bookmark: _Ref49164823][bookmark: _Ref39148172][bookmark: _Toc52535271]Table ‎2‑7. Summary of computed error for SRC frames using proposed interaction equation with anchor points computed using the PSD method
	
	λana ≤ 0.5
	 0.5 ≤ λana ≤ 1.0
	1.0 ≤ λana 

	Region
	I
	II
	III
	I
	II
	III
	I
	II
	III

	ρs = 0.01
	Max
	72.4%
	70.1%
	67.4%
	72.9%
	73.2%
	74.0%
	73.4%
	74.2%
	75.3%

	
	Avg.
	31.2%
	25.7%
	21.9%
	31.3%
	38.5%
	38.6%
	24.6%
	35.2%
	41.8%

	
	Min
	-6.4%
	-5.4%
	-2.3%
	0.1%
	-2.7%
	7.3%
	-9.9%
	-8.1%
	0.2%

	ρs = 0.04
	Max
	42.7%
	41.9%
	34.4%
	48.3%
	49.6%
	53.4%
	52.6%
	61.3%
	64.2%

	
	Avg.
	13.9%
	13.7%
	15.0%
	15.7%
	22.9%
	25.9%
	12.1%
	23.2%
	33.0%

	
	Min
	-9.6%
	-7.0%
	-0.2%
	-5.9%
	-4.7%
	4.5%
	-9.0%
	-4.0%
	0.1%

	ρs = 0.09
	Max
	30.6%
	29.4%
	28.1%
	31.2%
	35.0%
	39.2%
	31.5%
	47.9%
	53.2%

	
	Avg.
	8.1%
	9.4%
	12.2%
	7.8%
	13.3%
	18.1%
	6.8%
	15.0%
	24.2%

	
	Min
	-14.8%
	-9.7%
	-3.8%
	-15.3%
	-12.8%
	-1.7%
	-12.6%
	-12.9%
	2.6%

	ρs = 0.12
	Max
	22.4%
	25.0%
	24.9%
	22.9%
	28.0%
	35.6%
	24.7%
	40.0%
	47.3%

	
	Avg.
	4.9%
	7.8%
	10.7%
	4.6%
	9.9%
	15.0%
	4.3%
	11.2%
	20.1%

	
	Min
	-17.9%
	-8.7%
	-2.7%
	-17.6%
	-13.6%
	-5.0%
	-16.8%
	-16.7%
	-3.0%


[bookmark: _Ref41574284]
[bookmark: _Toc52535272]Table ‎2‑8. Summary of computed error for SRC frames using proposed interaction equation with anchor points computed using the MPSD method
	
	λana ≤ 0.5
	 0.5 ≤ λana ≤ 1.0
	1.0 ≤ λana 

	Region
	I
	II
	III
	I
	II
	III
	I
	II
	III

	ρs = 0.01
	Max
	72.4%
	70.1%
	67.4%
	72.9%
	73.2%
	74.0%
	73.4%
	74.2%
	75.3%

	
	Avg.
	31.5%
	25.7%
	21.8%
	31.7%
	38.6%
	38.6%
	25.1%
	35.3%
	41.8%

	
	Min
	-6.4%
	-5.4%
	-2.3%
	0.1%
	-2.7%
	7.3%
	-9.2%
	-7.5%
	0.4%

	ρs = 0.04
	Max
	44.2%
	43.1%
	35.2%
	49.4%
	50.4%
	53.6%
	52.8%
	61.4%
	64.3%

	
	Avg.
	18.1%
	16.3%
	16.1%
	19.2%
	25.3%
	27.1%
	15.1%
	24.8%
	33.6%

	
	Min
	-7.5%
	-6.1%
	0.0%
	-3.5%
	-3.0%
	6.9%
	-5.8%
	1.0%
	0.5%

	ρs = 0.09
	Max
	33.8%
	28.8%
	28.8%
	35.1%
	36.2%
	39.7%
	34.7%
	48.3%
	53.4%

	
	Avg.
	15.5%
	14.9%
	14.9%
	14.9%
	18.6%
	21.1%
	12.4%
	18.5%
	25.7%

	
	Min
	-2.4%
	-4.9%
	2.5%
	-3.9%
	-1.9%
	0.6%
	-4.0%
	-3.3%
	5.3%

	ρs = 0.12
	Max
	29.1%
	30.9%
	30.9%
	28.7%
	30.6%
	36.4%
	29.2%
	40.8%
	47.7%

	
	Avg.
	14.3%
	14.9%
	14.5%
	13.5%
	16.8%
	19.2%
	11.2%
	15.8%
	22.2%

	
	Min
	-3.8%
	-4.2%
	0.0%
	-1.9%
	-1.0%
	0.2%
	-5.0%
	-4.6%
	-0.6%











A typical target maximum unconservative error for the development of stability design provisions is 5% (ASCE 1997) however current provisions result in greater errors for some cases (Denavit et al. 2016b). As shown in Table ‎2‑6, the RCFT frames nearly achieve the target with a maximum unconservative (i.e., minimum ε) error over all cases of 5.6%. The maximum unconservative error for the SRC frames with anchor points computed using the PSD method is 17.9% (Table ‎2‑7). This maximum error is for a case with a steel-dominant member (high steel ratio) and bending only about the y-axis, thus the error is primarily caused by unconservativness in the calculation of the anchor points not the proposed modification for biaxial bending. When computing the anchor points using the MPSD method, the maximum unconservative error for the SRC frames is 9.2% (
Table ‎2‑8). This maximum error is for a slender concrete-dominant member under high axial load, a region where high errors have been previously noted (Denavit et al. 2016b).
For both cross section types, the accuracy of the design methodology increases with steel ratio and slenderness. Some high conservative errors are noted, especially for concrete-dominant SRC frames. The largest of these errors are due to the shape of the design interaction strength equation, which neglects strength near the balance point. Development of methods of incorporating the balance point into the design interaction strength is recommended for future research. However, overall, the proposed design equation was found to have sufficient accuracy for design, particularly when paired with the MPSD method for SRC members.
[bookmark: _Toc52535249]Experimental Validation
[bookmark: _Hlk11655841]The proposed interaction equation (Equation ) results in greater available strength than the current equation. Despite being based on validated analytical models; it is prudent to validate the proposed equation against results of physical experiments as well. Thousands of experimental tests have been performed on steel-concrete composite columns (Goode 2008b; Gourley et al. 2008a), however, only a small fraction of these tests were conducted under biaxial loading. 
Experimental data from tests on monotonically and biaxially loaded long composite columns was collected. In this work, long columns were defined as those having the slenderness ratio, λ as defined in Equation , greater than 8. A total of 11 RCFT specimens (Table ‎2‑9) and 26 SRC specimens (Table ‎2‑10) were identified in the literature. All specimens were subjected to eccentric loading and can be characterized as Type A frames (Figure ‎2‑7) for analysis purposes in this work. 
For each specimen, the maximum applied loads permitted by the design methodology (i.e., interaction surface 4) was computed following four separate methods as shown in Table ‎2‑11. The methods varied in whether they were based on the current or proposed interaction strength equation and whether the anchor points were computed using the PSD method or MPSD method. A test-to-predicted ratio was computed for each specimen as the ratio of the radial distance from the origin to the experimental data point and the radial distance from the origin to interaction surface 4 (along the same line as to the experimental data point). An example interaction diagram is shown in Figure ‎2‑10 which was computed based on Specimen 4 from Table ‎2‑9. The computed test-to-predicted ratios are presented in Table ‎2‑12 for the RCFT specimens and Table ‎2‑13 for the SRC specimens. 
The results in Table ‎2‑12 show that, for RCFT members, the proposed interaction equation increased the accuracy of the strength prediction compared 
to the current interaction equation by reducing the conservative error by 7% on average. Use of the MPSD method has little effect for RCFT members, increasing conservative error by 1% on average.  
The average test-to-predicted ratios are closer to unity for the SRC members. As shown in Table ‎2‑13, when using the PSD method to compute the anchor points,
[bookmark: _Ref39026323][bookmark: _Toc52535273]Table ‎2‑9. Properties of RCFT experimental specimens 
	Specimen No.
	Specimen Label
	H 
(mm)
	B 
(mm)
	t 
(mm)
	L 
(mm)
	λ
	Fy
(MPa)
	f'c 
(MPa)
	Reference

	1
	SCH-3
	200
	200
	9.91
	2130
	10.66
	313
	37.2
	Bridge (1976)

	2
	SCH-4
	200
	200
	9.91
	2130
	10.66
	317
	39.2
	Bridge (1976)

	3
	SCH-5
	200
	200
	9.91
	3050
	15.26
	319
	44.3
	Bridge (1976)

	4
	SCH-6
	200
	200
	9.91
	3050
	15.26
	317
	36.1
	Bridge (1976)

	5
	M7
	150
	100
	5.08
	3210
	26.19
	347
	39.3
	Shakir-Khalil and Mouli (1990)

	6
	M9
	150
	100
	5.08
	3210
	26.19
	340
	40.1
	Shakir-Khalil and Mouli (1990)

	7
	R6
	120
	80
	5.08
	3210
	32.78
	343
	38.3
	Shakir-Khalil and Mouli (1990)

	8
	M2
	120
	80
	5.08
	3210
	32.78
	341
	36.2
	Shakir-Khalil and Mouli (1990)

	9
	M3
	120
	80
	5.08
	3210
	32.78
	341
	39.3
	Shakir-Khalil and Mouli (1990)

	10
	M4
	120
	80
	5.08
	3210
	32.78
	363
	36.1
	Shakir-Khalil and Mouli (1990)

	11
	M5
	120
	80
	5.08
	3210
	32.78
	363
	34.7
	Shakir-Khalil and Mouli (1990)



[bookmark: _Ref52534502][bookmark: _Toc52535274]Table ‎2‑10. Properties of SRC experimental specimens
	Specimen No.
	Specimen Label
	H, B (mm)
	ρs
	ρsr
	L
(mm)
	λ
	Fy (MPa)
	Fysr
(MPa)
	f'c
(MPa)
	Reference

	1
	CC5
	150
	0.04
	0.004
	1321
	8.67
	235
	500
	29.8
	Tokgoz and Dunar (2008)

	2
	CC6
	150
	0.04
	0.004
	1321
	8.67
	235
	500
	34.0
	Tokgoz and Dunar (2008)

	3
	D
	254
	0.05
	0.004
	3658
	14.40
	315
	309
	42.0
	Virdi and Dowling (1973)

	4
	E
	254
	0.05
	0.004
	3658
	14.40
	315
	309
	39.6
	Virdi and Dowling (1973)

	5
	F
	254
	0.05
	0.004
	3658
	14.40
	315
	309
	42.0
	Virdi and Dowling (1973)

	6
	B4-30
	160
	0.09
	0.002
	2400
	15.00
	345
	414
	23.4
	Morino et al. (1984b)

	7
	B4-45
	160
	0.09
	0.002
	2400
	15.00
	345
	414
	23.4
	Morino et al. (1984b)

	8
	B4-60
	160
	0.09
	0.002
	2400
	15.00
	345
	414
	23.4
	Morino et al. (1984b)

	9
	B8-30
	160
	0.09
	0.002
	2400
	15.00
	345
	414
	33.3
	Morino et al. (1984b)

	10
	B8-45
	160
	0.09
	0.002
	2400
	15.00
	345
	414
	33.3
	Morino et al. (1984b)

	11
	B8-60
	160
	0.09
	0.002
	2400
	15.00
	345
	414
	33.3
	Morino et al. (1984b)

	12
	C4-30
	160
	0.09
	0.002
	3600
	22.50
	345
	414
	23.3
	Morino et al. (1984b)

	13
	C4-45
	160
	0.09
	0.002
	3600
	22.50
	345
	414
	23.3
	Morino et al. (1984b)

	14
	C4-60
	160
	0.09
	0.002
	3600
	22.50
	345
	414
	23.3
	Morino et al. (1984b)

	15
	C8-30
	160
	0.09
	0.002
	3600
	22.50
	345
	414
	24.6
	Morino et al. (1984b)

	16
	C8-45
	160
	0.09
	0.002
	3600
	22.50
	345
	414
	24.6
	Morino et al. (1984b)

	17
	C8-60
	160
	0.09
	0.002
	3600
	22.50
	345
	414
	24.6
	Morino et al. (1984b)

	18
	G
	254
	0.05
	0.004
	7315
	28.80
	315
	309
	36.4
	Virdi and Dowling (1973)

	19
	H
	254
	0.05
	0.004
	7315
	28.80
	315
	309
	39.7
	Virdi and Dowling (1973)

	20
	I
	254
	0.05
	0.004
	7315
	28.80
	315
	309
	43.2
	Virdi and Dowling (1973)

	21
	D4-30
	160
	0.09
	0.002
	4801
	30.00
	345
	414
	21.2
	Morino et al. (1984b)

	22
	D4-45
	160
	0.09
	0.002
	4801
	30.00
	345
	414
	21.2
	Morino et al. (1984b)

	23
	D4-60
	160
	0.09
	0.002
	4801
	30.00
	345
	414
	21.2
	Morino et al. (1984b)

	24
	D8-30
	160
	0.09
	0.002
	4801
	30.00
	345
	414
	22.9
	Morino et al. (1984b)

	25
	D8-45
	160
	0.09
	0.002
	4801
	30.00
	345
	414
	22.9
	Morino et al. (1984b)

	26
	D8-60
	160
	0.09
	0.002
	4801
	30.00
	345
	414
	22.9
	Morino et al. (1984b)



[bookmark: _Ref44697583][bookmark: _Toc52535275]Table ‎2‑11.The methods used for comparison to experimental data
	Design Method
	Interaction Equation
	Method for Computation of Anchor Points

	Method 1
	Current (Equation )
	PSD

	Method 2
	Proposed (Equation )
	PSD

	Method 3
	Current (Equation )
	MPSD

	Method 4
	Proposed (Equation )
	MPSD



[bookmark: _Ref520807603][bookmark: _Toc52535276]Table ‎2‑12. Comparison of strength of RCFT experimental specimens 
	
	
	
	
	Test-to-predicted ratio

	Specimen 
No.
	Pexp 
(kN)
	ex 
(mm)
	ey 
(mm)
	Method 1
	Method 2
	Method 3
	Method 4

	1
	2180
	19.00
	32.91
	1.14
	1.05
	1.15
	1.06

	2
	2162
	26.87
	26.87
	1.12
	1.03
	1.14
	1.04

	3
	2037
	19.00
	32.91
	1.03
	0.96
	1.05
	0.97

	4
	1623
	45.25
	45.25
	1.14
	1.02
	1.16
	1.03

	5
	596.2
	10.00
	15.00
	1.27
	1.23
	1.28
	1.24

	6
	254.6
	50.00
	75.00
	0.91
	0.81
	0.94
	0.83

	7
	268
	16.00
	24.00
	1.26
	1.21
	1.26
	1.21

	8
	348
	8.00
	12.00
	1.46
	1.43
	1.46
	1.44

	9
	198.5
	28.00
	42.00
	1.08
	1.01
	1.08
	1.02

	10
	206.8
	40.00
	24.00
	1.15
	1.11
	1.16
	1.12

	11
	209.8
	16.00
	60.00
	1.11
	1.03
	1.11
	1.04

	
	Average
	1.15
	1.08
	1.16
	1.09

	 
	Standard Deviation
	0.14
	0.16
	0.14
	0.16


[bookmark: _Ref52534795][bookmark: _Toc52535277][bookmark: _GoBack]Table ‎2‑13. Comparison of strength of SRC experimental specimens
	
	
	
	
	Test-to-predicted ratio

	Specimen No.
	Pexp (kN)
	ex (mm)
	ey (mm)
	Method 1
	Method 2
	Method 3
	Method 4

	1
	185.00
	50.00
	50.00
	1.39
	1.21
	1.45
	1.26

	2
	208.00
	55.00
	55.00
	1.66
	1.45
	1.71
	1.49

	3
	927.07
	63.50
	36.83
	1.05
	0.95
	1.13
	1.01

	4
	573.19
	127.00
	73.66
	1.31
	1.15
	1.43
	1.26

	5
	418.67
	190.50
	110.49
	1.41
	1.24
	1.53
	1.35

	6
	392.47
	34.64
	20.00
	0.92
	0.88
	1.03
	0.97

	7
	389.49
	28.29
	28.29
	0.90
	0.85
	1.00
	0.94

	8
	436.24
	20.00
	34.64
	0.97
	0.91
	1.07
	1.00

	9
	263.51
	64.95
	37.50
	0.84
	0.74
	1.02
	0.90

	10
	294.21
	53.03
	53.03
	0.93
	0.81
	1.14
	0.99

	11
	328.32
	37.50
	64.95
	0.97
	0.85
	1.18
	1.03

	12
	283.44
	34.64
	20.00
	0.96
	0.94
	1.03
	1.00

	13
	304.35
	28.29
	28.29
	1.02
	0.98
	1.09
	1.05

	14
	340.16
	20.00
	34.64
	1.09
	1.05
	1.17
	1.12

	15
	176.42
	64.95
	37.50
	0.73
	0.70
	0.83
	0.78

	16
	195.28
	53.03
	53.03
	0.80
	0.75
	0.90
	0.83

	17
	194.03
	37.50
	64.95
	0.75
	0.71
	0.84
	0.78

	18
	667.52
	63.50
	36.83
	1.44
	1.39
	1.49
	1.44

	19
	353.69
	127.00
	73.66
	1.00
	0.94
	1.05
	0.98

	20
	293.91
	190.50
	110.49
	1.05
	0.96
	1.12
	1.02

	21
	200.88
	34.64
	20.00
	1.07
	1.05
	1.12
	1.10

	22
	209.02
	28.29
	28.29
	1.09
	1.07
	1.15
	1.12

	23
	219.88
	20.00
	34.64
	1.11
	1.08
	1.17
	1.13

	24
	117.30
	64.95
	37.50
	0.71
	0.69
	0.77
	0.74

	25
	146.61
	53.03
	53.03
	0.88
	0.85
	0.94
	0.90

	26
	158.36
	37.50
	64.95
	0.91
	0.87
	0.98
	0.93

	Average
	1.04
	0.96
	1.13
	1.04

	Standard Deviation
	0.23
	0.20
	0.23
	0.19
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the current interaction equation shows a conservative error of 4% on average while the proposed interaction equation shows an unconservative error of 4% on
average. It is notable that the precision of the proposed interaction equation is higher with a standard deviation on the test-to-predicted ratio of 0.20 compared to 0.23 for the current interaction equation. Use of the MPSD method to compute the anchor points shift the results to the conservative side. The proposed interaction equation with the MPSD method shows the best results of those investigated with an average test-to-predicted ratio of 1.04 and standard deviation of 0.19. 
[bookmark: _Toc52535250]


























Conclusions
[bookmark: _Hlk50736276]Previous studies have shown that steel-concrete composite columns maintain most of their uniaxial strength when subjected to biaxial bending. This behavior suggests that these members have a more convex strength interaction diagram than the diamond-shaped strength interaction diagram currently recommended in the commentary on the AISC Specification (2016). A broad parametric study was performed to assess the strength of steel-concrete composite cross sections subjected to axial compression and biaxial bending with the goal of developing new recommendations with increased strength and improved accuracy while maintaining simplicity. Three-dimensional strength interaction diagrams were computed for a parametric suite of thousands of composite cross sections using the plastic stress distribution (PSD) and strain compatibility (SC) design methods as well as with fiber-based inelastic section analyses (ISA).
The shape of the interaction diagrams, computed using each of the three methods, was quantified by fitting them to a generalized elliptical interaction equation. The shape was noted to vary with cross-sectional parameters, axial load, and method. The generalized interaction equation was proposed for design with a recommended shape parameter for each section type based on the minimum best fit α computed using the ISA method.  
The proposed interaction equation was verified against second-order inelastic analyses of a suite of columns with various steel ratios, concrete strengths, slenderness ratios, end restraints, and frame types. It was also validated against published experimental results. These comparisons demonstrated that the proposed interaction equation is suitable for use within the direct analysis method as defined in the AISC Specification (2016), especially when used in conjunction with anchor points computed using a modified version of the plastic stress distribution method.
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CONCLUSION
The plastic stress distribution (PSD) method is commonly used for calculating the strength of steel-concrete composite column cross sections. While the accuracy of this method has been evaluated for some cases, no previous study has systematically evaluated its accuracy over the whole range of materials, cross-sectional geometries, and loading conditions for which it is permitted to be applied. In the first part of the thesis, a broad parametric study was performed to assess the strength of steel-concrete composite cross sections subjected to axial compression and uniaxial/biaxial bending to evaluate these approaches to compute the interaction strength. For this purpose, three-dimensional strength interaction diagrams were computed for a parametric suite of thousands of composite cross sections using the plastic stress distribution (PSD) and strain compatibility (SC) methods as well as with a fiber-based inelastic section analysis. In comparison to the ISA method, the SC method was found to be conservative, predicting lower strengths in almost all cases. The PSD method, on the other hand, was found to produce unconservative errors for some cross sections. For SRC cross sections, this error was greatest with high steel ratios and high steel yield stresses, with unconservative error as much as 38% in y-axis bending and 29% in x-axis bending. For RCFT cross sections, the maximum unconservative error was found to be about 14% which occurred for cross sections with high steel yield stress. For CCFT cross sections, the maximum unconservative error was found to be about 1%. A simple modification to the PSD method was proposed to reduce the unconservative error in SRC and RCFT cross sections. This modification was calibrated based on inelastic section analysis results. With the modification, the 95th percentile of unconservative error in the broad range of cross sections examined was reduced to less than 5%, while the maximum conservative error increased slightly. Validation against published experimental results confirmed that the PSD method overestimates the strength for some cross sections and that the MPSD method provides improved accuracy.  
In the second part of the thesis, the behavior and design of composite members under biaxial flexure and axial compression are investigated. Previous studies have shown that steel-concrete composite columns maintain most of their uniaxial strength when subjected to biaxial bending. This behavior suggests that these members have a more convex strength interaction diagram than the diamond-shaped strength interaction diagram currently recommended in the commentary on the AISC Specification (2016). A broad parametric study was performed to assess the strength of steel-concrete composite cross sections subjected to axial compression and biaxial bending with the goal of developing new recommendations with increased strength and improved accuracy while maintaining simplicity. Three-dimensional strength interaction diagrams were computed for a parametric suite of thousands of composite cross sections using the plastic stress distribution (PSD) and strain compatibility (SC) design methods as well as with fiber-based inelastic section analyses (ISA). The shape of the interaction diagrams, computed using each of the three methods, was quantified by fitting them to a generalized elliptical interaction equation. The shape was noted to vary with cross-sectional parameters, axial load, and method. The generalized interaction equation was proposed for design with a recommended shape parameter for each section type based on the minimum best fit α computed using the ISA method.  The proposed interaction equation was verified against second-order inelastic analyses of a suite of columns with various steel ratios, concrete strengths, slenderness ratios, end restraints, and frame types. It was also validated against published experimental results. These comparisons demonstrated that the proposed interaction equation is suitable for use within the direct analysis method as defined in the AISC Specification (2016), especially when used in conjunction with anchor points computed using a modified version of the plastic stress distribution method.
In this work, the behavior and strength of the steel-concrete composite members were studied under uniaxial and biaxial bending and axial compression, and the design methodologies presented in the AISC Specification (2016) for the calculation of the strength of these members were evaluated and modified to improve the accuracy where the plastic stress distribution yields unconservative results compared to accurate inelastic analyses, and where the equation for biaxial bending strength is overly conservative.
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