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ABSTRACT

This work reports on various aspects of employing strong, pulsed or modu-
lated excitation in laser induced fluorescence (LIF) experiments. Part I is moti-
vated by two-photon LIF measurements in nitric oxide, used for the determina-
tion of temperatures and concentrations in cold flows. It is found that dynami-
cal Stark effects modify the lineshapes of individual rotational transitions signif-
icantly, thereby invalidating conventional methods of data analysis. It is shown
that, to maintain calibration, one must extract the true intensity dependence of
the underlying nonlinear interactions from data that are spatially and temporally
unresolved. This inversion problem is developed and solved for nonsaturated as
well as saturated excitation, namely by the use of Abel inversion, moment ex-
pansion, and collocation in terms of kernel or spline basis functions. Further
applications of these techniques to problems in laser diagnostics are discussed.

Part II is concerned with fundamental aspects of a proposed laser fluores-
cence velocimeter. In this instrument, flow velocities are derived from the depth-
of-modulation or the phase-shift of the fluorescence signal with respect to the
bichromatic (fully amplitude modulated) input field. By solving the pertinent
Bloch equations it is found that, unlike for weak excitation, the inhomogeneously
broadened response of such a system deviates considerably from that of a simi-
lar system driven by a broadband field. Thus, conventional results from phase-
sensitive fluorometry are inapplicable. Instead, much insight can be gained from
the concepts of multiple quantum resonances and Bloch-Siegert shifts, taken from
magnetic resonance. However, this work moves beyond merely transferring these
concepts to optical resonance, in particular by studying the behavior of harmonic
interaction components. Also, it is discussed how similar insights can be applied

to other optical interactions, for example those involving phase-modulation.
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PREFACE

THe subject matter of this dissertation reflects the results of both experi-
mental and theoretical work conducted in the Center for Laser Applications at
the University of Tennessee Space Institute during the period Spring 1985 through
Summer 1989. The original focus of the project was the study of two-photon laser
induced fluorescence (LIF) of nitric oxide for the measurement of temperatures
and concentrations in cold flows. But as the research progressed, primarily as
an experimental activity, it a.lso‘digressed into a largely unrelated project, namely
that of the study of a laser fluorescence velocimeter. In both projects fundamental
questions concerning the underlying optical field-matter interactions arose. Thus
the emphasis of the work turned to the formulation of adequate theoretical mod-
els to account for effects such as nonuniform excitation, saturation, and multiple
quantum resonances. As a result of an unfortunate accident in the laboratory,
much of the equipment needed to put inf.o practice and verify the results of this
theoretical work was damaged. Accordingly, the bulk of the material in this dis-

sertation concerns various theoretical aspects of field-matter interactions.

Because of the disparate nature of the two projects the respective results are
presented independently in parts I é,nd II, each of which has i.ts own introduction,
séctions, references and appendiceﬁ. Apaft from the theoretical work, the intro-
duction to part I also contains some of the experimental results that were obtained
at an early stage of the work on two-photon LIF of nitric oxide. A more extensive
account of this experimental work may be féund in an intérnal report (see Ref.
20 on page 91). Furthermore, most of the work presented in this dissertation has

been published or submitted for publication elsewhere, or has been presented at

conferences, as listed below:
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I INTRODUCTION

It may be stated without reservation that the advent of the laser has brdught
forth a revolution in modern physics, indeed, in modern technology in general.
From the computerized scanning of UPC-symbols in the local supermarket to
the most accurate measurements of fundamental constants of nature to date, the
laser has inevitably replaced older methods and techniqueé, or has — as is more
frequently the case — created entirely new applications. The continuing devel-
opment of laser sources even calls for a new vocabulary: power levels are now
frequently expressed in terawatts, pulse durations in femtoseconds. Acronyms
such as CARS (coherent anti-Stokes Raman scattering) and REMPI (resonantly
enhanced multi-photon ioﬁiza.tion) have become household words in the scientific
laboratory. And yes, although the word “laser” has been around long enough to
be freely used as a verb (“lasing”) and be subject to the wear-and-tear of Amer-
ican spelling (“lazer”), let it not be forgotten that it is an acronym itself: “light
amplification by stimulated emission of radiation.”

Throughout its history, the development of the laser has been tightly inter-
woven with advances in atomic and molecular spectroscopy and their applications
in the diagnostics of solids, liquids, gases and plasmas. It is not within the scope
of this work to give a comprehensive overview of the field, so that we must refer
the interested reader to recent review articles {1-3]* and textbooks on nonlin-
ear optics [4-7]. Suffice it to say that the quantities that can be monitored by
optical techniques are as varied as the techniques themselves. Among the for-

mer are composition, number density, temperature and velocity. One of the more

*Here and in the following, numbers within square brackets refer to the
similarly numbered entries in the List of References on page 89.
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prominent among the latter is laser induced fluorescence (LIF) by either single-

or multi-photon excitation.

Figure I-1 depicts the basic elements of a LIF experiment: a laser beam
is focused into an interaction region which contains the — usually gaseous —
medium of interest. By tuning the wavelength of the laser into resonance with
a particular species, this species undergoes a transition from its ground state
to an excited state by absorption of one or more laser photons. Within a time
that is characteristic of both the species and its ambient environment the excited
state returns to the ground state. If this takes place through a radiative decay,
one or more fluorescence photons are emitted, which may be detected at right
angles to the laser beam. From the magnitude of the detected signal one obtains
information on the number density of the species. By probing different ground
states of the same species one can deduce the temperature of the medium, if
thermodynamic equilibrium is assumed. Finally, because atoms or molecules in
motion “see” a lager wavelength that is Doppler shifted in direct proportion to
their velocity, one can, in principle, calculate this velocity from the amount of
detuning that is necessary to obtain a maximum LIF signal. We add to this
succinct description that the technique of LIF is very versatile, very sensitive, and
very widely used. Still, although LIF techniques have been around as long as lasers
themselves have, many of the underlying principles and potential applications

remain open to investigation and exploration.

Both parts I and II of this dissertation address fundamental aspects of em-
ploying laser induced fluorescence as a diagnostic tool for the study of nonreacting
and reacting flows, such as those found in wind-tunnel testing and flames. Because
of the different emphases and methodologies, however, we present the respective

analyses independently. Thus part I restricts itself to the problem of the extraction
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Figure I-1: Schematic representation of a laser induced fluorescence
experiment.

of the true intensity-dependence of some nonlinear optical process.from data, such
as those obtained in pulsed LIF experiments, in which averaging takes place over
the spatial extent of the focused beam and/or its pulse duration. Subsequently, in
part II, the LIF response of a simple quantum system (such as an atomic species)
to amplitude-modulated excitation is investigated.

The primary motivation for the work in part I was a series of publications
by Gross and McKenzie who studied pulsed, two-photon LIF of nitric oxide as a
diagnostic tool for measuring temperatures and concentrations in various gasdy-
namic processes [8-12]. Although the NO molecule is but one of many species that
lends itself to the technique of two-photon LIF, it is of significant interest because

of its natural occurrence as a combustion product and because of its potential as
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a tracer in cold, nonreacting flows. The most important advantage of two-photon
instead of single-photon LIF is that excitation takes place in the visible rather
than the ultraviolet part of the spectrum. This allows for more efficient genera-
tion and easier manipulation of the exciting light, as well as greater rejection of
the unwanted, scattered radiation from the actual, ultraviolet fluorescence signal.
Another advantage stems from the selection rules for dipole-allowed transitions,
which give rise to O- and S-branches in addition to the P-, Q-, and R-branches for
single-photon excitation. This generally facilitates the excitation of isolated rota-
tional lines in a cluttered vibrational band system which may consist of hﬁndreds
of lines. A third advantage stems from the quadratic dependence of the excitation
rate on intensity, as a result of which significant absorption of the exciting light
takes place only near the focus of the laser beam. Thus no attenuation takes
place as the beam propagates toward the interaction region, and some amount
of spatial resolution along the beam-axis is achieved without an additional effort.
Finally, in Doppler-free spectroscopy with counter-propagating beams, inhomoge-

neous broadening may be eliminated [13-15)].

The most serious disadvantage of two-photon LIF over its single-photon
counterpart is that much higher power densities are required to obtain strong
fluorescence signals. Indeed, in the absence of near-resonant intermediate states
two-photon transitions are found only in second-order perturbation theory. Thus,
following its initial prediction by Gdppert-Mayer in 1933 [16], experimental ver-
ification of the existence of two-photon processes had to await the availability of
intense, nearly monochromatic light (for some of the earliest reports of two-photon
excitation of NO see Ref. [17]). To be sure, not only is strong two-photon excita-
tion of species such as NO now possible, it is even feasible to saturate individual

rotational transitions, that is, to cause a significant depletion of the ground state
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of the transition during the laser pulse. But even at power levels below those
required to achieve saturation, an additional complication arises, namely power
broadening and shifting of the lines due to the dynamical Stark effect. From the
viewpoint of laser diagnostics, Stark broadening is an undesirable effect, because
it complicates the analysis of LIF data. This is particularly the case when measur-
ing species concentrations, which requires an absolute calibration of the detection
apparatus. However, Stark effects also corhpromise the accuracy of temperature
measurements which are based on the relative intensities of two or more rotational

lines [18,19].

Figure I-2 demonstrates the dynamical Stark effect for two adjacent lines
in the two-photon excitation spectrum of nitric oxide, namely the O;2(5 %) and
012(61) rotational transitions in the 4-band (v’ =0 « v” = 0) of the A2L+ «
X211, /2 system. Experimental details are given in the figure caption. For a more
extensive account of the experimental work that was carried out in the initial phase
of this research see Ref. [20]. For the lowest pulse energy in Figure I-2 (0.013 mJ)
the spectral width of the two lines is essentially that of the exciting laser (0.0234).
As the pulse energy is increased by two orders of magnitude the two lines undergo
substantial broadening. Note that this broadening is asymmetric and is quite dif-
ferent for the two lines. Although such behavior has been qualitatively confirmed
by ab-initio calculations in which couplings to higher molecular states are taken
into account {11}, a precise characterization of the effect remains an experimental
effort. However, the very experimental arrangement that is used directly influ-
ences the measured lineshapes. This is easily understood: the spectral lineshape
is a function of the intensity of the field. This lineshape, which we refer to as

the true lineshape, would be obtained if continuous, plane-wave light were used

to perform the experiment (in which case it would be impossible to achieve the

-6-
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Figure I-2: Example of Stark broadened molecular transitions.

Experimental LIF signals (a.u.) »f the O15(53) and O1,(61) lines
in the 4(0;0) band of nitric oxide are plotted versus laser wavelength
(A) and transition wavenumber (cm™1) for five pulse energies (mJ).
Experimental parameters are as indicated.
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same high power densities), or else, if a detection system were used with such high

spatial and temporal resolution that no significant intensity variations within the
“windowed” interaction region would exist. For the pulsed, strongly focused ra-
diation that is typically employed to cause significant multi-photon excitation,
such high resolution may not only be impossible to achieve, but also undesirable
because it would decimate the detected signal to unacceptably low levels. Thus,
in a typical experimental arrangement, fluorescence data are collected from an
interaction region across which exists a significant spread of values of the local,
instantaneous intensity of the exiting light, as shown in the expanded portion of
Figure I-1. Thus the measured lineshapes constitute an average over a range of
true intensity-dependent lineshapes. Because these averaged lineshapes depend
on the spatial and temporal mode patterns of the laser beam, the pulse shape,
the focusing optics, and the collection optics, they cannot be compared straight-
forwardly to those obtained by different researchers or even those from the same
experiment in which, say, lenses with different focal lengths are used.

The dynamical Stark effect not only influences the true intensity-dependent
lineshapes of a transition, but also the associated cross-sections. For example,
at a fixed frequency within the spectral lineshape, the excitation rate depends
on the intensity if the lineshape itself does. Thus, the n-photon excitation rate

R, (I) can no longer be expressed simply in terms of the intensity I and a constant

cross-section o, as*

Rn(I) =Inan, (I_l)
but the cross-section itself becomes intensity-dependent:

Ru(I) = I" 0,(1). (I-2)

*A comprehensive list of symbols for Part I may be found in Appendix D.
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As a result, one can no longer simply scale the signals from one or more rotational

transitions by the appropriate Honl-London factors of the cross-sections to calcu-
late temperatures or concentrations, as is done in the absence of Stark effects (we
have listed Honl-London factors for two-photon ¥ « II transitions pertinent to
the NO molecule in Appendix A, which is compiled from Ref. [21] with corrections

as noted in Ref. [22]).

Figure I-3 illustrates the intensity-dependence of the cross-sections associ-
ated with the two-photon LIF data from Figure I-2. Specifically, it displays the
spectrally -integrated signals (that is, the areas underneath the peaks in Figure
. I-2) of the 013(53) and 0,2(63) lines as a function of the pulse energy. Up to
about 0.2 mJ a strict quadratic dependence of the signal on pulse energy is found,
signifying a constant cross-section. By displaying the spectrally integrated signal
rather than the signal at a fixed frequency within the lineshape, the quadratic
dependence still holds slightly beyond the onset of Stark broadening. For larger
intensities, however, the signals fall significantly below the extrapolated quadratic
behavior. As it turns out, an analysis of the data from Figures I-2 and I-3 calls
fdr the inclusion of saturation effects in addition to those of Stark effects, as is
discussed in m§re detail in Sections V and VI. But in any event, in the region
where a strict quadratic dependence is no longer valid, experimental values of the
cross-sectidns'deri‘ved from the da,ta..in Figure I-3 would be specific to the exper-
imental a.rra.ngenient in the same way as the experimental lineshapes themselves
are: they would constitute an average over a range of the true intensity-dependent

cross-sections.

Returning to the discussion on the complications that Stark effects and sat-
uration effects cause in the analysis of LIF data we note that the easiest solution

is to operate only in those regimes where these effects are negligible or at least
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Figure I-3: Example of deviations from pure power law behavior.

Spectrally integrated LIF signals (a.u.) are obtained from the
data in Figure I-2 and are plotted versus the pulse energy (mJ). Dashed
lines represent pure quadratic behavior.
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small. This, in fact, is suggested in the surveying work by Gross and McKen-
zie [8-11|. However, this approach precludes the larger signals and hence better
signal-to-noise ratios that are feasible with available pulse energies. But to be able
to properly scale experimental data for different rotational lines, pulse energies,
and focusing geometries, one must know the true intensity-dependences of the

lineshapes and cross-sections that underly these experimental data.

In this manner presents itself the problem of extracting the true intensity-
dependence of some nonlinear optical process from spatially and/or temporally
averaged data. Although this is a problem that numerous researchers must have
encountered in applications involving LIF as well as other optical techniques —
or, for that matter, techniques in fields other than optics — it appears that no
general approach to this problem has been discussed in the literature. Most fre-
quently, data such as cross-sections and excitation rates are presented simply as a
‘function of the pulse energy or the average intensity in the pulse, and the appro-
priate experimental parameters are stated [1,11,23,24]. Sometimes, the effects of
nonuniform excitation in some idealized geometry such as involving rectangular
or Gaussian beam- and detector-profiles are simulated for assumed models of the
intensity-dependence of the excitation process [24,25]. In still other cases, the
parameters of specific model functions for the nonlinear process at hand are ob-

tained by such techniques as least-squares fitting or other parameter estimation

methods [26-28].

By contrast, in part I we show that the extraction of the true intensity-
dependence of some nonlinear optical process from spatially and/or temporally
averaged data can be formulated as an inversion problem, and we discuss explicit
analytical and numerical techniques for its solution. Although we occasionally

refer to the specific two-photon LIF data from Figures 1-2 and I-3 we generalize

-11 -



the problem statement to that of some arbitrary nonlinear process, both in terms
of the excitation mechanism and signal generation. Thus the approach is not only
applicable to LIF, but also to such processes as multi-photon ionization, harmonic

generation and spontaneous and stimulated Raman scattering.

In Section Il we introduce a simple rate equation model which forms the basis
for subsequent calculations. In particular, we derive explicit integral expressions
that relate the experimental signal to the true intensity-dependent cross-section.
The simplest case is that of a nonsaturated excitation process, namely one in
which the ground state of the atom or molecule is never appreciably depleted.
In this case, a linear integral expression results, despite the nonlinear behavior
of the optical process itself. Also, spatial and temporal coordinates are on the
same mathematical footing. This is no longer true if the exciting light is intense
enough and of sufficient duration to cause saturation effects, in which case more
complex integral expressions result. However, we show that in either case, the

true intensity-dependence can be extracted by single or successive inversions.

In Section IIT we present a general overview of inversion methods that can
be used. For example, if the distribution of the exciting light in the interaction
region can be written in terms of exponential profiles (not neccessarily Gaussian),
inversions can be performed analytically using a variant of the Abel transform.
In realistic applications, data are generally noisy and discrete. This poses a spe-
cial difficulty due to the ill-posed nature of inversion problems. In this case, we
contend that the best approach is that of collocation, that is, the true, unknown,
intensity-dependent cross-section is expanded in terms of suitable basis functions,
and the ivversion consists of determining the expansion coefficients. Unlike most
analytical methods of inversion, this approach accommodates various methods of

regularization, thereby limiting the effect of data noise on the inversion results.
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In Section IV we apply the theory from Section III to specific, simulated
experimental data. In particular_, we investigate the inversion of discrete, noisy,
spatially and/or temporally averaged data by a collocation scheme that employs
polynomial splines. In this case, regularization is achieved by constraining the
discontinuities in the highest derivatives of the splines at the knots. We show
that this scheme compares quite favorably with the proved method of Tikhonov
regularization, and we establish general guidelines for choosing optimum spline-
and regularization-parameters.

In Section V we extend the theory from Sections II, 111, and IV to the study
of intensity-dependent lineshapes. Specifically, we show how the influence of Stark
effects can be iteratively isolated from the effects due to saturation by making the
assumption that the spectrally integrated area of the true intensity-dependent
lineshape is independent of the intensity. For illustration we present a number of
calculations, based on a sifnple model of Stark broadened lineshapes. |

Finally, in Section VI, we present a discussion of the theory and the results
in part I of this dissertation. Specifically, we discuss the implementation of the
methods of part I to actual experimental problems, and w'e. identify areas of further

research.
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I STATEMENT OF THE INVERSION PROBLEM

In Section II we consider a general experiment in which some nonlinear
optical process is driven by a pulsed, focused laser beam, thereby generating a
signal such as fluorescence or ion-yield, which remains spatially and temporally
unresolved. First, in Section II-1, we use a simple rate equation model to derive
integral expressions that relate the spatially and temporally averaged signal to the '
true, unknown, intensity-dependent cross-section of the nonlinear process. Then,
in Section II-2, we introduce kernels that allow these integral equations to be
transformed into forms amenable to inversion. Finally, in Section II-3, we calculate

these kernels explicitly for the case of exponential beam- and pulse-profiles.

II-1 Signal Versus Excitation Rate

Figure II-1 gives a schematic representation of the dynamics of the type of
nonlinear optical process that we envisage: pulsed excitation of some atomic or
molecular ground state, state |1), takes place by some n-photon process which is
characterized by the true, intensity-dependent excitation rate R, (I). Deexcitation
of the excited state, state |2), takes place through stimulated emission at a rate
g12Rn(I), where g2 is the multiplicity ratio of states |1) and |2), and through a
combination of random, radiative and nonradiative processes, at a combined rate
A. A fraction ;2 of these random deexcitation processes causes the system to
return to its ground state, while the remaining fraction 1-8,2 decays into a combi-
nation of “drain” states, which we collectively denote by state |3). Furthermore,
we assume that thermalization of states {1) and |3) takes place on a timescale
short compared with the excitation pulse and the random decay of the excited

state |2). Thus we do not take into account the decay from state |3) back to state
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Figure II-1: Rate equation model to describe pulsed, nonlinear
excitation.

[1).* From Figure II-1 we obtain the following rate equations:

n] =—Ryn; + gi2Rpns + Bi12Ans; nl(—oo) =1; (II—la)
fig = Rpny — g12Rpng — Ang; na(—oo0) = 0; (II-1b)
ha .= (l—ﬂlz)Anz; n3(—oo) = 0, (II—lc)

where n1, n2, and n3 are the populations of the states [1), |2), and |3), and the
dots denote differentiation with respect to time. As indicated, states |2) and

|3) are assumed to be initially unpopulated, and the initial population of state

*This is a good assumption in the case of two-photon excitation of nitric
oxide using nanusecond-type pulses, in which both states |1) and |3) are in the
same electronic state of the molecule, whereas state |2) is an electronically excited
state.
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|1} is normalized to unity. Since, after the pulse, state |2) becomes completely
depopulated again, the “number” of excited states |2) per laser pulse can be

written as

[}
Npp=A / na(t) dt, (II-2a)

— 00

or, alternatively, as
Npp = na(0)/(1~Br2) = [1 = na(e0)] /(1-B12), (11-2b)

which folldws from Eq. (II-1c) and the conservation of states (n, + n2 + ng = 1).
In Sections II-1.1, II-1.2, and II-1.3 we derive explicit expressions for the number
of excited states per pulse, Ny, which are of the general form
)
Npp = H(Z); Z= / G(R,.(I(t))) dt, (I-3)
—00
where G and H are analytical functions of a single variable. For now, suffice it to
say that, among other things, N, depends on the peak intensity I of the pulse
(see Figure II-1) which, in the case of a focused laser beam, depends on the spatial
coordinates r in the beam. Thus, the signal that is measured in an experiment as

shown in Figure I-1 on page 4 is given by

S(Is) = So / / /_ : Npp(r) P(r) d®r, (I11-4)

where P(r) is a function that describes the detection probability as determined by
the detection optics, Sp is a proportionality constant, and I is the peak intensity
in the pulsed, focused beam. In writing Eq.(II-4) it has been assumed that the
signal is directly proportional to the number of excited states |2), such as is the
case for fluorescence or ion-yield. Thus the constant Sy contains such factors as
the number density of the ground state |1) and, in the case of a LIF experiment,

the ratio of radiative to nonradiative decay rates. In writing Egs.(II-2)-(II-4) it
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has also been implicitly assumed that the signal from the excited state is collected
dﬁring the entire temporal duration of the laser pulse. Finally, Eq.(II-4) assumes
that the medium in the probe volume may be considered optically thin, so that no
significant attenuation of the signal occurs as fluorescence radiation or ions travel
toward the detector.

Given some nonlinear expression for the true, unknown intensity-dependent
excitation rate R,(I) it would be a straightforward matter to calculate the signal
S(Io) by numerical integration of the rate equations for various experimental
configurations. However, it is our goal to derive analytical expressions_ from which,
given a set of spatially and temporally averaged data S(Ip), the true, unknown
rate R,(I) can be obtained, namely by inversion. Toward this goal we derive
explicit analytical expressions that are symbolized by Eq.(II-3). We distinguish
three special cases, namely those in which: (i) the exciting pulse does not cause
a significant depletion of the ground state |1); (ii) during the pulse, signiﬁéant
depletion of the ground state occurs, but random decay of the excited state |2)
can be neglected; (iii) random deexcitation of state |2) is much faster than the

laser pulse.

II-1.1 Nonsaturated regime

The simplest situation is that in which the exciting pulse never causes an
appreciable depletion of the ground state because it is too weak and/or of too
short duration. In this case, the number of excited states per pulse is simply the

integral of the excitation rate:

Npp = /_: Ra(I(t)) dt, (II-5)

as can be found from Egs.(II-2a) and (II-1b) by sustituting n; = 1 and neglecting
the term g12R,n; in the latter. Thus both the functions G and H from Eq.(II-3)
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are merely identity operators:

H(Z) = 2. (I1-6b)

Note that, if Eq.(II-5) is substituted into Eq.(II-4), space- and time-integrals are
mathematically equivalent. Accordingly, the signal depends linearly on the exci-

tation rate [29]:

S(Io) = So ///_ : P(r) dr / " @t Ra(I(t)). (11-7)

—00

II-1.2 Saturated regime: fast pulse limit

The next simplest case is that in which the laser pulse is strong enough and
of sufficient duration to cause significant depletion of the ground state, yet much
faster than the random deexcitation processes. In this case, deexcitation of the
excited state during the laser pulse may be neglected and, for the duration of
the pulse, states |1) and |2) in Figure II-1 may be regarded as a closed two-level

system. Thus Eq.(II-1b) may be written as
ng = Ry (1 — n3) — g12Rpn2; n2(—o00) =0, (I1-8)

and the number of excited states per pulse becomes

1
1 —exps—(1
1+912[ p{ ( +glz)/

—Oo0

(= <]

Npp = na(oo) =

R.(I(t) dt}]. (11-9)

Comparison of Eq.(II-9) with Eq.(II-3) shows that the corresponding functions G

and H are given by

G\Rn) = Ro; (11-10a)
H(Z) = - +1g12 [1-exp{ - (1 + 022)2}]. (I1-10b)
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In the limit R, —0 we find H(Z)— Z, so that the results from Section II-1.1 for
weak excitation are reproduced. Note that, if Eq.(II-9) is substituted into Eq.(II-

* 4), the signal S(Io) no longer depends linearly on the excitation rate R,(I).

II-1.3 Saturated regime: slow pulse limit

A third special case is that in which the random deexcitation rate is much
faster than the excitation rate. In this case, thé excited state is in equilibrium with
the ground state during the entire duration of the laser pulse. Thus, in Eq.(II-1b),
the term n, can be set equal to zero, yielding

Rn

ng = —m3nN;.
2 A+912Rn !

(II-11)

Substituting Eq.(I-11) into Eq.(II-1a) and integrating then yields n;(c0), and
with Eq.(II-2b):

Nop = - _1ﬂ12 [1 — exp{ (1 - B12) /_ o; " fz:gn(?[)(t)) dt}]. (II-12)

The corresponding functions G and H from Eq.(II-3) are given by

G(R.) = AT onk Ry; (1I-13a)
H(Z) = I —lﬂlz [1 —exp{ — (1 - ﬂ12)Z}] . (II-13b)

By the assumption of a fast random deexcitation rate (A > ¢,2R;) G may be
approximated simply by G(R,.) =~ R,, as indicated in Eq.(II-13a). Thus the
slow pulse results take exactly the same mathematical form as the fast pulse
results from Section II-1.2, except that the multiplicity ratio g, is replaced by
the negative of the branching ratio §;2. Note also that, again, the weak field
results are reproduced in the limit R, —0.

If the exciting pulse is strong, but is neither much faster or slower than the

random deexcitation processes, more complicated solutions to the rate equations

-19 -



of Egs.(II-1) must be obtained. We have pursued this approach and have found
that, except for the relatively uninteresting case of a “somewhat” slow pulse, in-
tegral expressions like those in Eq.(II-3) result, in which the function G contains
also derivatives of the excitation rate: G = G(R,,,Rn, }.é,., ...). Because such ex-
pressions are not suited for the inversion techniques that we develop in subsequent

sections, we do not elaborate any further on these “intermediate” pulse cases.

II-2 Transformation to Kernels

With Egs.(II-3) and (II-4), the signal is expressed in terms of the excitation
rate Rp(I) as

S(Io) = So / / /_ : H(Z(r)) P(r) d®r; (II-14a)

2(x) = / " RalI(r, 1)) dt, (I-14b)

-0
wherg we have substituted G(R.) = Rn, in accordance with Egs.(II-6a), (II-10a),
and the approximation in Eq.(II-13a). Also, we have explicitly indicated the
spatial dependence of the intensity I and the integral denoted by Z. Because it is
our goal to find the true, unknown, intensity-dependent rate R,(I) from a given
set of data S(Io), we transform from the spatial and temporal coordinates r and ¢
to the local, instantaneous intensity I. Thus we express the focused, pulsed laser
intensity in the probe volume in terms of the peak intensity Iy and spatial and

temporal profiles Fy.(r) and Fy(t), respectively:
I(r,t) = I Fr(r) Fi(t) = I.(r) Fe(t). (I1-15)

Here Ir(r) is the local peak intensity at position r, and Iy is the largest of these

local peak intensities in the interaction region.
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Before proceeding we note that Eq.(II-15) assumes that the functional de-
pendences of the spatial and temporal contributions to the intensity are separable
and that, furthermore, the profiles Fr(r) and F;(t) are independent of the peak
intensity Io. If such is not the case, the theory as presented below can be modified
accordingly. However, because it is doubtful that, given such complicated experi-
mental conditions, one would attempt the inversion techniques that we develop in
subsequent sections, we assume throughout the following that Eq.(II-15) holds.

Using the spatial and temporal profiles F;.(r) and F;(t) we define the spatial

Ve(Io; I / // P(r) d®r, (II-16a)
IoFe(r)> I,

Vil I) = / it. (I1-16b)
I Fe (t)>1

and temporal “volumes”

and

Note that the spatial volume is weighted by the detection probablity function
P(r). With Eqs.(II-16), Egs.(II-14) can be transformed to

S(Io) = IOH [—aV—I"r’—I—)] dl,; (I-17a)
Z(1) = / Ra( aV‘gII’”I)]dI, (II-17b)

where, as indicated, the integral Z is now a function of the local peak intensity I,.
In principle, we can regard the quantities within square brackets in Egs.(II-17)
as the kernels of the respective integral expressions. However, we prefer to work
with the cross-sections rather than the excitation rate R, (I) and the signal S(I).
Thus we recall from Eq.(I-2) on page 8 that the true, n-photon cross-section o, (I)

is related to the true, unknown excitation rate R,(I) by

Ra(I) = I" 0, (). (II-18)
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By analogy we define the experimentally averaged excitation rate Rn(Io) and a

corresponding experimentally averaged cross-section é,(lo) as follows:
Ra(Io) = Io" 8, (Io) = S(Io)/ Sokrkt, (I1-29)

where the coefficients k, and k; are defined below. Here and in the following,
we use a caret to denote an experimentally averaged quantity. Egs. (II-18) and

(II-19) now suggest the following definition of the spatial and temporal kernels:

1 (I.\" 8
r ydp) = —— \ — —V I,I s 11-20
K, (Io I) P (IO) aI, r( 0 r) ( a‘)
and
1 I\ d
K(leiT) =~ (I_.-) 57Vl D), (11-20b)

where the coefficients x, and x; are chosen such that the kernels are normalized:

Iy I,
Ke(Io;L)dl, = [ Ki(I;I)dI =1. (11-21)
0 0

In Ref. [29] we have refered to these kernels as “excitation density functions,”
since they express how the nth power of the intensity is distributed in the effective
probe volume of a given experiment. Throughout the present work we refer to the
quantities in Egs.(II-20) merely as kernels.

Substitution of Egs.(II-18)—(II-20) into Eqs.(II-17) yields the desired inte-
gral expressions relating the true cross-section 0, (I) and the experimentally aver-
aged cross-section &, (lo). For convenience, we introduce two additional intensity-

dependent cross-sections:

Iy
6n(lo) = Ky (Ip; I) o¢ (It) dIy; (II-22a)
0
1
ar(Ir) = ;tI—rn H(ICtIrn O't(Ir)); (II—22b)
Ie
oi(Iy) = Ki(Ir;I) on(I)dlI. (I1-22¢)

o
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Eqs.(II-22) state that 6,(lo) is related to o,(I) by means of two Volterra inte-
gral equations of the first kind, namely Eqs.(I-22a) and (II-22c), and one simple
algebraic equation, namely Eq.(II-22b). The function H is given by Egs.(II-6b),
(II-10b), or (II-13b), depending on the intensity and the duration of the laser
pulse. Note that Eqs.(II-22a) and (II-22c) are linear whereas Eq.(II-22b) is non-
linear in general. From Egs.(II-22) it follows that, if a set of temporally and
spatially averaged data is obfained for a series of peak intensities Iy, the true,
unknown, intensity-dependent cross-section o, (I) can be obtained, in principle,
by three successive inversions, the second of which is a simple algebraic operation.
If the exciting laser pulse does not cause significant saturation effects then, by
Eq.(II-6b), the function H is simply the identity operator, so that o, (Iy) = o¢(I;)
in Eq.(II-22b). In this case, the experimentally averaged cross-section &, (Io)
and the true, unknown cross-section o,(I) can be related by a single integral
expression, namely: .
(3

oa(lo) = | K(lo;I)on(I)dI, (11-23)
0

where the composite kernel is given by:
Io

K(IO;I) = Kr(IO;Ir) Kt(Ir;I) dly. (11—24)
I
From Eq.(II-21) it follows that this kernel is also normalized:
Iy
K(Ip; I)dI = 1. (I1-25)
As in Egs.(II-20), it can be expressed in terms of a “volume” function V (Io; I):
1/I\n 3
K(loi]) = — (?3) VoD k= Rene, (I1-26)
where
Iy d Iy 9
V(lo;I) = -—/ Vi(Ie; I) =—Ve(Io; It) dI, =/ Vello; It) == Vi (Iy; I) dI
I 3[, I aI!'

- / / / / P(r) &r dt. (11-27)
IoFe(r)Fe(t)>1
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The last result is most easily understood from Egs.(II-7) and (II-15). In any case,
from Eq.(II-23) it follows that, in the case of weak excitation, the true intensity-
dependent cross-section o, (I) may be obtained from the experimentally averaged
cross-section &, (Io) by a single inversion.

We conclude this section with two final remarks. Firstly, because of the
normalization of the kernels in Eqs.(II-21) and (II-25) and because of the corre-

sponding scaling of the signal S(Iy) in Eq.(II-19), Eq.(II-23) implies that
on(I) =0, < &p(lo) =0, (I1-28)

and

Opo = lllig on(l) = }u% 6n(Io) (11-29)

1]

‘ [analogous expressions hold for the cross-sections from Egs.(II-22a) and (II-22c)].
That is, if the true cross-section o, is independent of the intensity, then the non-
saturated, experimental cross-section &, is equal to the.sarne, constant value, and |
vice versa. Analogously, the true cross-section and the experimentally averaged
cross-section have the same limiting behavior for small intensity.

Secondly and finally, although we have treated the peak intensity Iy and the
spatial and temporal profiles F;.(r) and F;(t) as deterministic quantities, stochastic
variations of either of these can be incorporated into the model. For example, if
the peak intensity Io has a probability density function P;(Io;Io), where Iy is
some average peak intensity, the kernel K (Io; I) in Eq.(II-23) merely needs to be

replaced by the average kernel
[ o]

Ko 1) = J, P (To; Io) K (Io; I) dIo (11-30)

[again, similar expressions can be obtained for Eqgs.(II-22)].
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II-3 Kernels Resulting from Exponential Profiles

Ideally, in a given experiment, the kernels from Egs.(II-20a), (II-20b), and
(I1-24) should be obtained by measuring the spatial and temporal profiles Fy(r)
and F;(t) along with the detection probablity function P(r), and the resulting
kernels would be obtained by some numerical method. However, for the important
class of exponential beam- and pulse-profiles and constant detection probability,

the kernels can be calculated analytically: consider the composite profile

= “ (I1-31)

where the vector x signifies any number n, of spatial a.hd/or temporal coordi-
nates, and where the widths a} (a;") correspond to z; > 0 (z; < 0). Thus, for
a} # a7, the profile Fix(x) can be asymmetrical in any of the coordinates z;.
In Eq.(II-31) the exponents u; are arbitrary, although only positive values corre-
spond to physically realizable profiles. Noté that u; = 2 and u; = oo correspond
to Gaussian and rectangular profiles in the 1th coordinate, respectively. If, in ad-
dition to the exponential behavior of the profile Fy (x), the associated probability

function P(x) is constant [see Eq.(II-16a)]:
P(x) = p, (II-32)

then the corresponding volumes from Egs.(II-16a), (II-16b), or (II-27) can be
calculated in terms of gamma functions [30], as shown in Appendix B-1. Thus,

for example, the combined spatial and temporal kernel from Eq.(II-24) becomes

K(Ip;I) =

nh 1 "_1{ I—°}ﬁ-l. (I1-33)

AT T |
r'B) Io I
In Eq.(II-33), § is a composite shape parameter which, in terms of the exponents
pi from Eq.(II-31), is given by:

B=pz"t+py  tp (I1-34)
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where z, y, and z are the respective spatial coordinates of r, and ¢ is the temporal
coordinate. Loosely speaking, § is half the number of Gaussian components in
the composite profile Fy(x). Eqs.(II-33) and (II-34) are modified in an obvious

manner if less coordinates are involved in the derivation of the kernel.

Figure II-2 displays a number of one-photon and two-photon kernels, cal-
culated from Eq.(II-33) for various values of 3. Note that the smaller the value
of B and the larger the order n of the interaction, the more the kernel resembles
a Dirac-delta function at the peak intensity, and the less averaging takes place
(for B = 0, Eq.(II-23) become‘s an identity: on(I) = 6,(I) for arbitrary values
of I). In this regard, two-photon excitation suffers less spatial and/or temporal
averaging effects than does single-photon excitation under otherwise identical con-
ditions, and the associated inversion problem is less ill-posed, as is discussed in

more detail in Sections III and IV.

. Figures II-3 and II-4 illustrate the effects of spatial and/or temporal averag-
ing for hypothetical intensity-dependent cross-sections o, (I), assuming that the
ai'eraging kernels are given by Eq.(II-33). Figure II-3 shows an example in which
the true cross-section 0,(I) is sampled at five equidistant peak intensities Io;
through Ios, yielding five values of the experimental cross-section é,(Ip). These
* results were obtained by numerical integration of Eq.(II-23), assuming two-photon
excitation (n=2) and a..composite shape parameter §=1.5. Note that, in general,
the functional dependence of &, (Io) differs from that of o, (I), except in the limit

of zero intensity, in accordance with Eq.(II-29).

Figure II-4 shows similar results for the cross-section o, (I) from Figure II-3
[Figure II-4(a)], as well as for a different cross-section o, (I) [Figure II-4(b)]. The
left (right) parts of Figure II-4 are for one-photon (two-photon) excitation, and

the curves are for various values of the composite shape parameter 3. As noted
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Figure II-2: Kernels for exponential beam- and pulse-profiles.

above, the true and experimental cross-sections are identical in the limit 8 = 0.
The larger the value of 3, the more the respective functional dependences differ
although, in each case, the limiting behavior for zero intensity is the same. Note
also that, indeed, averaging effects are more serious in the single-photon case than

in the case of two-photon excitation.

Even if the kernels represented by Eq.(II-33) do not describe a given ex-
perimental configuration exactlty, they may be used for approximate results. In

Sections III, IV, and V we use them extensively to demonstrate essential features
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Figure II-3: Illustration of spatial and/or temporal averaging.

(a) Fictitious true, intensity-dependent cross-section a,(I); (b)
Kernels from Eq.(II-33) with n =2 and § = 1.5, for five equidistant
peak intensities Io;; (c) Resulting experimentally averaged cross-section
dn(Io) (solid curve), and true cross-section o, (I) from (a) for compar-
ison (dashed curve).
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Figure II-4: Further illustrations of spatial and/or temporal aver-
aging.

Solid and dashed curves represent the true cross-sections o, (I)
and the experimentally averaged cross-sections 6, (Io), respectively, for
n =1 and n = 2, and composite shape parameters § = 0.0, 0.5, 1.0,
1.5, and 2.0. For =0, 0, and &, are identical. The 6,(I)’s in (a) are
identical tc those in Figure II-3.
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of the inversion process. Thus we close Section II by listing some of their spe-
cial properties, which are derived in Appendix B-1. Firstly, the normalization
constant « from Eqgs.(II-20) or (II-26) associated with the composite profile from
Eq.(II-31) is given by

w=pn? [[{(eF +o7)T0+1/m)}. (11-35)

1=1
Secondly, for use in subsequent sections, we list here the complete moments of the
kernel from Eq.(II-33):
I _p
Mio= | K(Io;I)(I/Io)*dI = (1+k/n)"". (11-36)
0
For integral and half-integral values of 8 it is also possible to calculate the incom-

plete moments explicitly, namely, for 0 < I; < Io:

Iy
Mi(Io;I;) = |  K(Io;I)(I/Io)* dI = Myo x M(B;p;4), (I1-37a)
I
where *
p=(L/I)"™"  ¢=(-mp)'’?, (11-37b)
and
M(1;p9) =1-p;  M(2;p:9) =1-p— pg’; (11-37c)
M(4ipiq) = erf(q); M(3ip;q) = erf(q) — 2n~'/2pg, (11-37d)

and erf(q) denotes the normalized error function of q.
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III METHODS OF INVERSION

Section III addresses the problem of obtaining the intensity-dependent cross-
section 0, (I) from a set of data S(Ip), such as those of Figure I-3 on page 10. As
expressed in Eq.(II-23), this requires inversion of a single Volterra integral equa-
tion of the first kind in the case of a nonsaturated excitation process, whereas,
in the case of a saturated excitation, successive inversions of a Volterra equation,
a nonlinear algebraic equation, and another Volterra equation are required, as
expressed in Egs.(II-22). Of course, inversion of the Volterra equations is pos-
sible only if the associated kernels can somehow be calculated. Inversion of the .
algebraic equation of Eq.(II-22b) is trivial in principle. However, because of its
nonlinear nature, the scaling of the experimental signa.l. S(Io) in Eq.(II-19) be-
comes crucial, except in the limit of no saturation. In many applications, an
exact determination of the scaling parameters from Eq.(II-19) is difficult, if not
impossible, because an absolute calibration of the detection apparatus is required
[for example, by Egs.(II-16a), (II-20a), and (II-21), , depends on the detection
probability function P(r)]. Thus, in the saturated regime, inversion of Eq.(II-22b)
requires a precise knowledge of the scaling factors So, £, and k; from Eq.(II-19).

In Section V we show that in the case of spectral lineshapes the additional
information of the frequency dependence of the nonlinear optical process may
be used to obtain inversion results, even if the exact values of the normalization
constants in Eq.(II-19) are not a priori known. Thus, in Sections III and IV, we
concentrate on the inversion of the Volterra equations expressed by Egs.(II-22a),

(II-22c), and (11-23). For ease of reference, we repeat Eq.(II-23) here:
Io

én(lo) = | K(Io;I)on(I)dL. (II-1)
0

Because Eq.(III-1) is linear, the exact scaling of the experimental signal merely
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affects the magnitude of the inverted cross-sections, not their functional behavior.

Having cast the extraction of the true intensity-dependence of some nonlin-
ear process from spatially and/or temporally averaged data into the form of an
integral equation, the solution is, in principle, merely an exercise in applied math-
ematics. However, despite an extensive body of literature on inversion problems
(see, for example, Refs. [31-33]), individual problems have unique features and
difficulties, depending on the kernels involved. In Sections III-1 and III-2 we show
that analytical solutions are actually possible, namely by Abel inversion for the
case of exponential beam- and pulse-profiles, and by a moment method in general.
In actual applications, data are generally discrete and noisy. In such cases, numer-
ical techniques are prefered over analytical solutions. Thus we discuss the method
of collocation in Section III-3, and we treat a specific application of collocation in
Section III-4, namely that of “direct inversion.” Then, in Section IV, we return to

the method of collocation, namely for the specific case of spline basis functions.
III-1 Abel Inversion

For the class of kernels introduced in Section II-3, explicit, analytical inver-
sions of the Volterra integral eqﬁation can be obtained if the experimental signal
is regarded as a continuous function of the peak intensity Iy. In this case, it is
convenient to work with the trﬁe, intensity-dependent excitation rate R,(I) and

the experimentally averaged excitation rate ﬁn(Io) from Eq.(1I-19) rather than

with the cross-sections o, () and 6,(Ip). Thus, with the substitutions
w=Inl; wo=Inly; Rnp(w)= Rn(I);. ]é,.(wo) = }AE,,(IO), (I11-2)
Eq.(III-1) becomes a g :neralized Abel-equation [34):

a nﬂ Wo
Ralwo) = 5 / (wo — )P~ R (w) dov. (I11-3)

— 00
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For 0 < 8 <1, the inversion of Eq.(III-3) is given by [34]:

Ro(w) = Ff(ll—_ﬂ)d_i_ /_ (= wo) ™ Rnfuo) da. (Il1-4a)

In Appendix B-2 we show that, for § > 1, Eq.(III-42a) can be generalized to

Rn(w) = 1 4 /w (w — wo) ™ (—é—)k R n(wo) dwo, (I11-4b)
" nﬁr(l_ﬁ’) dw —oo . dwo
where
B'=p—k; with0<p' <1, andk = integer. (I11-4c)

Returning to the original variables and bringing (k — 1) factors I (d/dIo) outside
the integral (replacing Ip by I — see Appendix B-2), the inversion of Eq.(III-1),
in terms of excitation rates, becomes:

= gy () [ (-0 B

If the composite shape-parameter 8 is an integer the interesting result is obtained

that R, (I) follows from R, (I) simply by differentiation:

Ra(l) = (éd%)p}‘z,.(z); f = integer, (I1-6)
a result that may also be obtained by direct differentiation of Eq.(I1I-1) as shown
in Appendix B-3. For rectangular beam- and pulse-profiles (8 = 0), the inversion
yields R,(I) = R,(I), as required. Apart from this trivial case, the simplest
situation is that in which 8 = 1, so that only a single differentiation is needed
[35]. From the definition of 3 in Eq.(II-34) it follows that 8 = 1 in an experiment
in which a continuous, collimated, Gaussian TEMoo beam is employed. Finally,
we note that, for noninteger values of 3, Eqs.(III-4) may be used as the definition

of a fractional derivative, in analogy with Eq.(III-6) [36].
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Sometimes, the intensity-dependence of a nonlinear optical process is as-
signed to the order of the interaction, rather than the cross-section [25]. Thus,
the effective order n(I) of an interaction follows from the slope of the excitation
rate versus intensity in a doubly logarithmic plot, such as Figure I-3 on page 10.

In this case, the following experimentally averaged orders #i(Iy) are obtained:

_ d(ln S(Io)) d(ln -ﬁn(IO))

i(lo) = = I11-7
A(lo) d(In Io) d(in Io) (1-=17)
whereas the true intensity-dependent order n(I) is given by
In R (I
d(ln Bn()) (ITI-8)

In Appendix B-3 we show that, by Eq.(III-6), the true intensity-dependent order

n(I) then follows from the experimental order #(Ip) as

d(In AP)(I))

where
AP = {ﬁ(I) + Idi]}p x 1. (I11-10)

The correction term in Eq.(III-9) contains first- through Bth order derivatives of
fi(I), and is thus zero only if 8 = 0, or if the order of the interaction is constant.

Finally we note that the transformation from Eq.(III-2) may be used to bring
Eq.(III-1) into convolution form for arbitrary kernels, as long as the scaled kernel
IoK (Io; I) can be written solely in terms of the relative intensity I/Io, which is
the case if the spatial and temporal profiles Fy(r) and F;(t) from Eq.(II-15) do
not depend on the peak intensity [29]. In principle, the inversion of Eq.(III-1)
can then be obtained, say, as the inverse Laplace transform of the quotient of the

Laplace transforms of the kernel and the experimental cross-section, respectively.
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Because, in general, these inverse transforms cannot be obtained explicitly, we do

not elaborate further.
JITI-2 Moment Method

Inversion of Eq.(III-1) is particularly simple if the experimental cross-section

dn(Io) is expanded in a power series:
6n(lo) = ono (1 + 110 +4210% +...). (II-11)

Substitution of Eq.(III-11) into Eq.(III-1) then yields a similar power series for

the true intensity-dependent cross-section:
on(I) =0no (L + Ml +72I%+..)), (I11-12)
where the coefficients 4 and 4 are related by the complete moments of the kernel:

e =4k/Mro; k=1,2,3,...; (I11-13a)

Mo = OI° K(Io; I) (I/Io)* dI. (I11-13b)
In Egs.(III-11) and (III-12) we have also used Eq.(II-29), which is a result of the
normalization of the kernels (Moo = 1). The less uniform the intensity distribu-
tion, the more rapidly the moments Myo decrease with increasing order k, and
the larger is the relative contribution of the corresponding terms to o, (I) than
to 6, (Jo). Thus, measurement error in 6, (o) leads to the largest errors in o, (I)
for the largest intensities in a given set of data. As a case in point, consider the

special kernels from Section II-3, which, with Eqs.(II-36) and (III-13) yield:
e =k (1 + k/n)”. (I11-14)

This result, which holds for arbitrary g, is easily checked for integer values using

Eq.(III-6). Note that the ratio ~x/4x increases not only with the power k, but
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also with the shape parameter 8. Thus, inaccurate determination of 3 for a given
experimental geometry also causes an ill-posed behavior of the inversion at the
highest intensities, although the resulting errof is systematic rather than stochastic
in origin. In Figure II-3 on page 28, the coefficients 4 and 4 have been indicated
schematically. Attribution of, say, 4; to the true cross-section o, (I) would yield

the incorrect value 4; ~ v,/1.84.

Even though the effects of nonuniform excitation have been discussed in
terms of moments of the involved kernels (1], the results do not seem to have
been used to obtain inversion results. The mément method is especially useful if
only a few terms of the power series in Egs.(III-11) and (III-12) are needed for an
accurate fit to the data. However, for strongly nonlinear behavior of the cross-
sections, more robust inversion methods are required, particularly if the data are

noisy.

III-3 Inversion by Collocation

If the averaged cross-section &, (ly) is obtained as discrefe, noisy data, the .
above analytical inversion techniques are of limited use. For example, due to
the ill-posed nature of inversion problems in general, and of Volterra vlv)roblems
in particular, one normally needs to aﬁply some type of regularization to pfeveﬁt
serious amplification of noise components in the inversion. Indeed, we quote from
Brunner and van der Houwen’s recent text: “Satisfactory methods for solving
[integral equations like Eq.(III-1)] where the data is noisy can in general not be
derived by appealing solely to theoretical numerical analysis...” [37]. One of the
most powerful techniques in such cases is that of collocation, in which the true,

unknown cross-section o, (I) is expanded in terms of some suitable set of basis
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o

functions ¢;(I):
M

(1) =) " a; i(D), (II1-15) |
i=1

where we have used the notation f(I) rather than o,(I) on the left hand side
to distinguish the solution f(I) of the inversion problem from the actual, true,
cross-section 0,(I). The number of basis functions, M, may be either finite or
infinite, and the basis functions themselves may or may not be orthogonal. If the
experimental cross-section é,(Io) is sampled at N values of the peak intensity
Io (that is, at the values Io;, with s = 1,..., N') then substitution of Eq.(III-15)
into Eq.(III-1) yields a system of N linear equations from which the M expansion

coefficients a; must be determined:
M
Y Aija;=s; i=1,...,N. (I1I-16)
i=1

In Eq.(ITI-16), s; denotes the measured, possibly noisy value of the experimental
cross-section &,(Io) at the peak intensity Io;, and the elements of A are given by

the projections of the kernels onto the basis functions:

Io;
A= [ K(loi; 1) é;(I)dI. (II-17)
0

Alternatively, the elements of A may be obtained directly from the spatial and [or

temporal profiles Fy(r) and Fy(t). For example, for the nonsaturated case, it

follows from Eqs.(II-26), (II-27), and (III-17) that

ai=+ ] Z PO [ at(RERO) 4 (B EFE). (-1

— 00

Eq.(III-18) is particularly useful if the profiles F;(r) and F;(t) have been measured

experimentally.
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In the general case of an overdetermined system (N > M), the solution of

Eq.(III-16) is found by least-squares fitting, that is, by minimizing the residue-of-

e N M 2
Qsas(a) = Zwi [Z Ajja; — s;] ) (I11-19)
i=1 =1

where the w;’s are weights, assigned to the data s;. The least-squares solution

satisfies the normal equations
ATAa=ATjg, (I11-20)

where A and § are the scaled elements of the design matrix and the experimental

data, respectively:
Ay = wi1/2 Aijy 8= w,-l/2 sg; t=1,...,N. (III—21)

Although direct solution of Eq.(III-20) is straightforward, it suffers the drawback
that squaring of the condition of the inversion matrix takes place, perhaps leading
to unnecessary machine roundoff errors. Rather, the prefered approach to solv-
ing Eq.(III-16) is to use such powerful techniques as Householder transformation
and/or singular value decomposition (SVD) [38]. For example, let the SVD of A
be given by

A=UWVT, (111-22)

where U is an orthogonal N x M matrix (UTU = I), W is the diagonal matrix
whose elements are the singular values of A (Wi; = 6ij w;), and V is an orthonor-
mal M x M matrix (VIV = VVT =T; V-1 = VT). Thus, the least-squares
solution to Eqs.(III-16) is given by [38]:

a=VW1luTg, (I11-23)
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where the inverse W1 is a diagonal matrix whose elements are just the reciprocals
of the elements of W, that is, (W™1),; = §;;w; 1. From Eq.(III-23) it is apparent
that small singular values w; will cause serious amplification of noise components
of the data s;, hence the ill-posed nature of the inversion problem.

In connection with SVD a common approach to limiting the amplification
of noise components is that of Tikhonov regularization [39,40], which consists of
replacing the inverse of the diagonal matrix W in Eq.(III-23) by the regularized
diagonal matrix W, with elements

Wy

w;‘?+e’

(Wz)ij = 6 (I11-24)

where ¢ is the (Tikhonov) regularization parameter. It is easily checked that,
whereas the elements of W~! can be arbitrarily large, those of W can be no
larger than 1/(2€!/2), thereby limiting the amplification of noise components of
the data s. It may also be checked that the solution vector ar, obtained by ‘
substituting into Eq.(I1I-23) W r instead of W1, satisfies the regularized normal

equations

(ATA +eI)ar = ATS, (I11-25)

where I is the M x M identity matrix. Eq.(III-25) implies that Tikhonov regu-
larization of the least-squares solution of the inversion problem may actually be
achieved without performing the time-consuming singular value.decomposition.
This time, the possible consequences of squaring the condition of A are less seri-

ous, because the regularization conditions are built into the normal equations.
IIT-4 Direct Inversion

A special case of singular value decomposition is that of “direct inversion,” in

which the basis functions ¢;(I) in Eq.(III-15) are constructed as orthonormal, lin-
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ear combinations of the kernels [41,42]. Toward this goal, let the kernel covariance

matrix C be deﬁned as
Io,mnx
C= / k() kT (I)dI, (111-26)
0

where k;(I) = K(loj;I), and Iomax is the largest of the peak intensities Ip;.

Because C is symmetric, its SVD can be written as
C =UAUT, (I11-27)

in analogy with Eq.(III-22). Thus U is an orthonormal matrix, and A is a diagonal
matrix. In this context we refer to the diagonal elements A; as eigenvalues, rather
than singular values. It is easily shown that, in terms of U and A, the orthonormal

basis functions ¢;(I) are now given by
¢;(I) = [A7V2UT k(D) , (IT1-28)
and that the solution of the inversion problém is given by

’ f(I) =¢T(H A2 UTs, (I11-29)

As in the general case of SVD, the ill-posed nature of the inversion problem can be
attributed to the existence of small eigenvalues (or singular values) of the inversion
matrix.

As an illustration we have computed the eigenvalues ) 5 for the special kernels
described by Eq.(II-33). Maximum and minimum values of the eigenvalues are
displayed in Figure III-1 as a function of the shape parameter 3 for one-photon
and two-photon excitation, and for either N =10 or N = 25 equidistant peak
intensities Jo;. A dramatic decrease in the eigenvalues is observed as B becomes

larger than 0.5. To show that the smallest eigenvalues lead to ill-posed behavior of
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10

O

Figure III-1: Eigenvalues of direct inversion matrix.

Minimum and maximum values are displayed as a function of
the composite shape parameter 3, for either one-photon or two-photon
excitation, and data sets of N =10 or N =25 points.

the inversion for the highest intensities in particular, we correlate the eigenvalues

A; with the central intensities of the corresponding basis functions, defined as

(1), = /o fomes 162(I)dI. (II-30)

Figure III-2 displays the results for a two-photon kernel with 8 = 1.5, and either
N =10 or N =25 data points. Indeed, the smaller the eigenvalue, the larger is
the corresponding central intensity, and the more will the inversion for the largest

intensities be affected by noise on the data.
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Figure III-2: Eigenvalues of direct inversion matrix versus the cen-
tral intensities of the corresponding basis vectors.

Results are for a two-photon kernel with f# = 1.5, and either
N =10 or N =25 data.

Finally, Figure III-3 shows an actual example of a direct inversion, in which
the data from Figure II-3 on page 28 have been used, except that the number of
equidistant data has been increased from 5 to 10. Also, the experimental data were
corrupted with a 0.5 percent rms noise amplitude in 20 consecutive runs. Because
no regularization was applied, the noise amplitude is amplified by up to a factor of
160 for the highest intensities. Thus this example of a direct inversion illustrates
the need for regularization, and shows explicitly that the inversion problem is
especially ill-posed for the highest intensities in a given set of data. However,
Figure III-3 also illustrates an undesirable feature of the direct inversion method,

namely the discontinuous derivatives at the peak intensities. Thus, smoother basis
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Figure ITI-3: Example of direct inversion results.

functions would be prefered. In Section IV we discuss the use of a particular type

of such basis functions, namely polynomial splines.
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IV INVERSION BY REGULARIZED SPLINE COLLOCATION

Section IV addresses once again the problem of inversion of the Volterra

integral equation
Io

6n(lo) = ; K(Io;I)on(I)dl, (IvV-1)

for the situation in which 6,(Jo) is obtained as discrete, noisy data. Specifically,

we investigate a collocation scheme in which polynomial splines are employed

as basis functions. Polynomial splines have been used in a variety of applications

because of their versétility and ease of use [43-46]. Here we adapt a regularization

scheme that has been employed successfully for the deconvolution of integrals of

the Fredholm type [46]. One of the surprising results is that linear splines are found

to give the best inversion results, a result we believe to be valid for problems of

the Fredholm type as well.

The material in Section IV is taken from Ref. [47], and is self-contained in the
sense that it is not essential for an understanding of the material 'En the remaining
part of this dissertation. However, it does draw from Section II-3 (“Kernels Re-
sulting from Exponential Profiles”) to illustrate essential aspects of the inversion
scheme, and from Section III-3, which discusses the general principles of inversion
by collocation. Thus Section IV is arranged as follows. Section IV-1 presents
the theory, namely the spline collocation equations (§IV-1.1), the regularization
scheme (§IV-1.2), measures for the fidelity of inversion results (§IV-1.3) and for
the residue-of-fit (§IV-1.4), and aspects of the numerical algorithm (§IV-1.5). Sec-
tion IV-2 discusses briefly the sample cases that we have used for illustration, and
Section IV-3 presents numerical results obtained for these sample cases. Finally,

Section IV-4 concludes with a summary.
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IV—i Theory

IV-1.1 Spline equations

In our collocation scheme we now use polynomial splines as basis functions.
However, we do not use the state-of-the-art formalism in which splines are deﬁneci
in terms of normalized divided differences (B splines). Although this formalism
has advantages, such as good numerical stability, it is less transparent than the
straightforward spline definition that we use here. The two methods should give
identical results, as long as machine roundoff errors are negligible, which we find to
be the case when using double precision (64-bit) arithmetic. For an authoritative
treatment, we refer the reader to the literature [48].

Using the straightforward notation we write the spline approximation f (1)

to o, () as:

K D
=30 (I-5)2+Y agy;n I, (IV-22)
=1 7=0

where (I — Ij)+ =max{0; I — I;}. In Eq.(IV-2a), D is the degree of the spline,
for example D=3 for a cubic spline, the I;’s are the knots, and K is the number
of knots. Note that, for D >0, f(I) and its first D — 1 derivatives are continuous
for all values I, but that its Dth derivative is discontinuous at the knots, unless
the corresponding coefficients a; vanish. For notational convenience we introduce
the additional knots I; = 0 for j > K so that Eq.(IV-2a) can be written as [cf.
Eq.(III-15)]:

M
f) =2 e (I-1)7, (IV-2b)

where M is the number of coefficients, i.e., M = K + D + 1, and

D; < K,
n; = { 7 (IV—ZC)

J—-K-1; j>K.
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We assume that the experimental cross-section 6,(Iy) from Eq.(IV-1) has been
sampled at N values Ip; of the peak-intensity Iy, yielding the values s1 Substi-
tution of Eq.(IV-2b) into Eq.(IV-1) then yields the linear system of equations [cf.
Eq.(I1I-16)]:

M
ZA.-,-a,-:s;; t=1,...,N, (IV-3)
j=1

where the A;;’s are the projections of the spline components onto the kernels [¢f.
Eq.(III-17)):
Io;

A = K(Ioi; I) (I - Ij):j dI
0

= Z (kJ) (=)™ 7" (Tor)” Mi(Ioi; I;), (IV—4a)
k=0
and the My’s are the incomplete moments of the kernel:
To;
k
My (Ioi; I;) =/ K(Io;; I) (I/Io;') dI. (IV-4b)
min(I_,;Io.)
Assuming that values for D, K, and the I;’s have been chosen, the inversion con-
sists of determining the coefficients a; from Eq.(IV-3). For an overdetermined
system (N > M) this is accomplished by least-squares fitting, that is, by minimiz-
ing the residue-of-fit [cf. Eq.(III-19)]:
N
Qs (a) = Z w

=1

; [i Aija; — 3:‘] 2, (IV-5)

where the w;’s are weights, assigned to the data s;. Once the a;’s have been

found, the spline f(I) is determined.

IV-1.2 Regularization

Because of the ill-posed nature of the inversion problem, small noise compo-

nents of the s;’s generally cause large deviations in the solution f (I). To suppress

~ 46 -



oscillatory behavior of f(I) we supplement the residue Qg from Eq.(IV-5) with

the functional
K

Qknot (a) = Wiknot [Z a,z] , (IV-6)

=1

which is a measure of the discontinuities in the Dth derivative of the spline at the
knots, each with weight wynot. From Eq.(IV-2a) it follows that minimization of
Qxnot (a) forces the spline toward a single polynomial of degree D (the supporting
polynomial) which, for small D, is nonoscillatory indeed. This type of regular-
ization, which we refer to as “knot regularization,” has been used successfully for
inverse problems of the Fredholm-type [46].

The coefficient vector a that minimizes the sum Qg¢ + Qynot is gi{fen by the

least-squares solution of the weighted, regularized linear system
M ~
ZA;,-a,-:S.—; t=1,...,N, (IV-T7a)
i=1

where N = N+ K + 1, and the elements of the design matrix and the data vector

are given respectively by [cf. Eq.(III-21)]:

- w‘-l/zA.'j; 1<i+<N,
= 12 L ® (TV=1b)
wknotai—N,f; N+1 <1< N’
and

& =

1/2 .
8535 1<t <N,
{ Wioss TSes (IV-Tc)

0; N+1<i<N.
This least-squares solution satisfies the normal equations [cf. Eq.(ITI-20)]:

(ATA)a = AT, (Iv-8)

If the nonregularized portions of A and § (i.e., the first M rows) are designated

by An and 8ar, respectively, Eq.(IV-8) can be written alternatively as
(Ag‘rinr + wknotA(K))a = Anr Sar, (IV—9a.)
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where A(¥) is a diagonal matrix with elements

A’ = .
0; K<k<M.

(IV-9b)
Thus, especially for low degree splines (K ~ M), knot regularization strongly
resembles Tikhonov regularization [39,40], which would be obtained by replacing
AK) i Eqs.(IV-Qj by the M x M identity matrix, as expressed in Eq.(III-25)
on page 39. Note that, in this case, the origin of the extra term in the normal
equations is the result of supplying additional constraints, rather than modifying
the singulér values of the design matrix. In Section IV-3 we briefly compare nu-
merical results obtained with Tikhonov regularization to those obtained with knot

regularization. In Section IV-3 we also discuss the tactics for choosing optimum

values for the regularization parameter wypot.

IV-1.3 Fidelity of inversion results

Ultimately, the success of any inversion scheme is measured by how well f ()

approximates the true 0,(I). Thus we define the noise amplification function

A(l) = <( (1) - an(I))2>l/ ’ / dSrms; (IV-10)

where ds;ms is the average amplitude of the noise ds; on the data Sit

1 L, 2
1=1
and the brackets indicate expectation values, taken over an infinite ensemble of
possible realizations of the data s. Intuitively, values of A(I) on the order of unity
would appear to be excellent, considering the ill-posed nature of the inversion

problem. Assuming that the noise and the function oy, (I) are uncorrelated, A(I)

separates into two parts, due to systematic error and noise, respectively:

A*(I) = AL(I) + A% (D). (IV-12)
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The systematic contribution is given by
As(I) = lfO(I)_o.'n(I)!/dsris (IV-13)

where fo(I) is the spline solution in the absence of noise. If we denote the weighted,

noise-free data by §g, and the ith column of the matrix (AT;\)—IAT by b(¥), i.e.,
b®) = (ATA)'ATe&®;  i=1,...,N, (IV-14)

where (") is a unit vector with elements éj(-i) = 6;;, then fo(I) is given by
1 nj
fo(D) = Z(Z b 50:) (1 1) . (IV-15)
J=1 =1
The second contribution in Eq.(IV-12) is due to noise only. If this noise is un-
correlated, i.e., (ds,-ds,-) =0 for 1# 7, and the weights w; in Eq.(IV-5) are chosen
such that

=(ds})™;  i=1,...,N, (IV-16)

then, from Eqgs.(IV-2b) and (IV-8), An(I) is obtained as

D={3 )" fasems av-17)

where the g;(I ).’s are splines, given by

' M
a() =Y { o) (1 - 1;)% } (IV-18)

i=1
The sum in Eq.(IV-17) contains N rather than N terms because, in Eq.(IV-7c),
no noise is associated with the data §; for N+1 < ¢ < N. From Eqs.(IV—i7)
and (IV-18), it follows that Ax (I ).is a piecewise polynomial of degree 2D, with
discontinuous Dth and higher derivatives at the knots. Note that, with Eqs.(IV-
12)~(IV-18), ensemble averaged values for the fidelities of inversion results can be

obtained without actually performing Monte-Carlo-type calculations.
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To specify the fidelity of the inversion by a single quantity we define the

average noise amplification factors

IO,max 1/2
D(S:N) = {/O‘ [A(S,N)(I)] 2 dI/IO,ma.x } ) (IV—IQ)

where I max is the largest of the peak-intensities Ip; and the subscripts refer to
either of the three quantities A(I), Ag(I), or Ax(I). We propose that, for a
given problem, the best inversion scheme is that which yields the smallest value of
D which, below, we refer to simply as “the fidelity” of the inversion result. In the
present formulation this implies an optimization problem with K +3 parameters
(D, K, the K knots I;, and wkpot). Of course, in a typical application, the function
on(I) is not known, so that the systematic errors A s(I) and Ds, and therefore the
total errors A(JI) and D, cannot be computed. However, we show in Section IV-3
how general guidelines can be developed by performing the regularization scheme

with known functions 0,(I) and their corresponding noise-free data .

IV-1.4 Residue-of-fit

The most direct measure of the success of inversion results is the residue
Qst from Eq.(IV-5). The ensemble averaged value of Qg;, which we denote by

2

Xx“, can be calculated in a similar manner as the noise amplification function A(I)

from Section IV-1.3. Specifically, if the noise ds and the noise-free data §, are

uncorrelated, x? separates into two parts [cf. Eq.(IV-12)]:
x* = (Qae) = x5 + x¥- (TV-20)
If we define the matrix E as

E=A(ATA)7'AT —1, (Iv-21)

- 50 -




where I is the N x N identity matrix, then the systematic and noise contributions

to x? respectively are given by

X§ = i{z Er; 50,‘}2, (IV-ZZ)

h=1 =1
and
N
Xx = Z E;. (Tv-23)
h=1 =1
It can be shown that
N-M<x%¥<N-D-1, (IV-24)

where the lower and upper limits correspond to no regularization (wypot = 0) and
maximum regularization (wipo4 — 00), respectively. Thus X?v equals the number
of data minus the effective number of fit coefficients, the latter of which depends

on the regularization parameter wypot.

IV-1.5 Numerical computation

Although the most powerful techniques for finding the least-squares solution
of Eqgs.(IV-7) are based on such methods as Householder transformation and sin-
gular value decomposition [38], we use here the orthodox approach of solving the
normal equations (IV-8) directly. We employ the LINPACK subroutines DSICO
and DSIFA [49] which are based on symmetric indefinite factorization of ATA.
Because the regularization conditions are built into the matrix A, the squaring of
the condition number of A is generally acceptable. As a practical measure of the

condition of the inversion problem we monitor the quantity
e =1
¢ = {RCOND(ATA)} (IV-25)

where RCOND is an estimate of the reciprocal condition of ;&TA, as determined

at little added computational effort during factorization of ATA by the LINPACK
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subroutine DSICO. Small values of C generally lead to good inversion results
[50,51]. For our calculations in 64-bit arithmetic we find roundoff errors to be
negligible as long as ¢ < 106, i.e., C << 2%4. For the small systems that we have
investigated (M < 30) this condition is satisfied, except for poor choices of spline
and regularization parameters.

To compute the ensemble averaged fidelities and residues from Sections IV-

1.3 and IV-1.4 we obtain the vectors b(*) from Eq.(IV-14) by solving
(ATA)b®) = AT&(),  i=1,...,N, (IV-26)

using the factorization of the matrix ATA. The elements of E from Eq.(IV-21)

are then calculated as
M ~ .
Eni=Epn =3 {Anj )} — 6. (TV-27)
i=1

The integrations in Eq.(IV-19) are obtained as a discrete sum (with about 80

points) over the interval 0 < I < Ip max-

IV-2 Overview of Sample Cases

In this section we discuss the kernels, cross-sections, experimental conditions,
and spline parameters that we use in the numerical experiments of Section IV-3.
Neither of these choices are a prerequisite for the general theory of Section IV-1

and serve for the purpose of illustration only. Table IV-1 gives a summary.

IV-2.1 Kernels and cross-sections

For illustration, we use the kernels and cross-sections that are introduced
in Section II-3. Thus we use the kernels that result from exponential beam-

and pulse-profiles, as given by Eq.(II-33). Note that, for. selected values of S,
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Table IV-1: Summary of sample cases, used in Section IV-3.

Quantity

Choice

Kernel K (Io; I)
Cross-sections
on(I), 6n(lo)

Sampling
Ioi; 1=1,...,N

Noise (ds?)1/2

Spline degree D
Number of knots K

Spline knots
Iiy7=1,...,K

Regularization-
parameter wynot

Exponential intensity-profile: Eq.(II-33)
on page 25 with n=2 and f=1.5.

Figures II-4(a) and I1I-4(b) on page 29.

Uniform: Eq.(IV-28) with N=10 or

- N =25 data.

Uniform: Eq.(IV-29) with ds;ms = 0.005,
dsrms = 0.0025, or ds;ms = 0.010.

0<D<4.
Adjustable.

Single parameter stretch: Eq.(IV-30),
with a = 1.3.

See Section IV-3.

the incomplete moments My from Egs.(IV-4) can be calculated analytically, as

expressed in Egs.(II-36) and (II-37). Unless stated otherwise, we assume a two-

photon excitation process (n = 2) and a composite shape parameter B =15

)

respresenting, for example, one rectangular and three Gaussian profiles among

the beam- and pulse-profiles Fy(r) and F(t).

Furthermore, we use the two intensity-dependent cross-sections on(I) from

Figure II-4 on page 29. Neither was generated as a spline, so the f (I)’s from
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Eqs.(IV-2) are at best good approximations to o,(I). Figure Ii—4 displays also
the corresponding experimental cross-sections 6,(ly). Note that the effects of
spatial and temporal averaging are more serious in Figure II-4(b) than in Figure
II-4(a), because the corresponding o,(I) has an extremum for I > 0. We treat
both the intensities and cross-sections as dimensionless quantities, with values

between zero and unity.

IV-2.2 Experimental conditions

We assume that é,(l) is sampled equidistantly on the interval 0 < I, <
IO,max:

Ioi = ((—1)/(N = 1) Iomax; i=1,...,N (IvV-28)

(actually we use a small but nonvanishing value for I 1, namely Ip; = 10_3Io,max)-
We take Io,max =1, and assume N = 10 or N = 25 data. We take the noise to be
uniform [cf. Eq.(IV-11)]:

(ds?) =ds?__; t=1,...,N, (Iv-29)

and we choose the weights w; from Eq.(IV-5) as in Eq.(IV-16). In most calcula-
tions we use ds;ms = 0.005, which corresponds roughly to a relative error of one

percent.

IV-2.3 Spline parameters

We consider only low degree splines, namely 0 < D < 4. The number of
knots is chosen such that the number of spline coefficients M in Eqs.(IV-2) is
no larger than the sum of the number of data and the number of regularization

constraints. Thus K < N—~D—1 if no regularization is applied. Otherwise the
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number of knots is arbitrary, as long as D < N. However, we show in Section
IV-3 that the best results are generally obtained for K ~ N — D — 1.
Although the placement of K knots is a K-parameter problem, we study in

particular the case
IJ' = (J/(K + 1))aIO,max; J' =1,..., K. (IV_30)

Thus the positions of the knots are governed by the stretch parameter a. Equidis-
tant knots (@ = 1) do not necessarily give the best inversion results. This is
illustrated in Figure IV-1, in which the condition number C from Eq.(IV-25) is
plotted as a function of a for parameters as given in the figure caption, and vari-
ous values of wypot. If no regularization is applied a strong dependence of € on «a
results. For C 2 10'® numerical roundoff errors become apparent. However, for
realistic values of wknot (namely those that minimize the fidelity D) the choice of
a is much less critical. Thus, for the two-photon kernel with = 1.5, we use the
value a = 1.3 throughout Section IV-3. Having fixed the positions of the knots
the inversion problem is reduced to one with only three parameters, namely the

spline degree D, the number of knots K, and the regularization parameter wypot.

IV-3 Numerical Results

To illustrate the essential features of the inversion scheme we now apply the
theory of Section IV-1 to the specific sample cases from Section IV-2. In particular
we seek to establish guidelines for choosing optimum values for the parameters D,
K, and wipot.

First, in Figure IV -2, we demonstrate the need for regularization. To this
effect we assume that the cross-section oy (I) from Figure II-4(b) on page 29

(dashed curves in Figure IV-2) is sampled at N = 10 points (circles in Figure
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Figure IV—-1: Condition numbers of the spline inversion matrix.

Values of C from Eq.(IV-25) as a function of the knot stretch
parameter a from Eq.(IV-30) for a two-photon kernel with f = 1.5,
noise amplitude ds;ms = 0.005, N = 10 data, spline degree D = 3, and
K = 6 knots. Curves are labeled with the value of wypot.

0. 5 LI 1. 0'0. 5 LI 1.

(a) (b)

Figure IV-2: Inversion results without and with noise.

Results are for the cross-section o, (I) from Figure II-4(b) on page
29 (dashed curves in Figure IV-2), sampled at N = 10 points (c’rcles)
by a two-photon kernel with 8 = 1.5. Solid curves are inversion results
for a cubic spline with K = 6 knots and a = 1.3. (a) Inversion for
noise-free data; (b) Ensemble of ten solutions for ds,ms = 0.005.
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IV-2) by a two-photon kernel with § = 1.5. If the sampled data are noise-free
[Figure IV-2(a)], excellent reconstructions of the true cross-section can be obtained
with an unconstrained inversion. For example, the solid curve in Figure IV-2(a)
represents the inversion result for a cubic spline with K = 6 knots and a knot
stretch parameter a« = 1.3. However, if noise is added to the data, inversion
results obtained without regularization become highly oscillatory, particularly for
the largest intensities. This is shown in Figure IV-2(b), in which the solid curves
represent the cubic spline solutions for an ensemble of ten sets of noisy data
(dsrms = 0.005). The particularly ill-posed nature of the inversion problem for
the largest intensities is typical for Volterra problems: whereas all“data contain

information on o,(I) for I =~ 0, only a few data contain information for I ~

IO,ma.x-

The effects of applying regularization are illustrated in Figure IV-3 which
displays, as a function of wknot, the ensemble averaged values of the fidelity D and
residue-of-fit x2 from Sections IV-1.3 and IV-1.4, respectively, and the condition
number C from Section IV-1.5, for conditions as given in the figure caption. Figure
IV:3(a) clearly shows that the choice of wyyot establishes a trade-off between small
systematic error (for small wipot) and small noise amplification (for large wypot).
On the other hand, both systematic and noise contributions to the residue x?
are monotonically increasing functions of wynot (note that Eq.(IV-24) is satisfied:
0< X12v < 6). As wypot increases the condition of the inversion problem improves,
as can be seen in Figure IV-3(c). Although the functional behavior of D versus
Wknot is fairly complicated and case-dependent, an important feature is that a
global minimum occurs for a value of wypet for which x2 ~ N. This can be
seen more clearly in Figure IV-4, which gives the fidelity D as a function of the

residue-of-fit x2, not only for the data from Figure IV-3, but also for different
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Figure IV-3: Fidelities, residue-of-fit, and condition as a function
of the regularization parameter.

Fidelity D from Eq.(IV-19), residue-of-fit x? from Eq.(IV-20),
and condition number C from Eq.(IV-25) as a function of wypot for
conditions as in Figure IV-2(b). In (a) and (b) systematic (S) and
noise (N) contributions are indicated by dashed curves.
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Figure IV—4: Fidelity versus residue-of-fit.

Displayed are the fidelities D as a function of the residue-of-fit x2
with wynot as (unspecified) parameter along the curves. The dashed
curve (D + K = 3 + 6) is obtained from the data in Figure IV-3. The
other curves are calculated for the same conditions as in Figure I'V-3

but different values of D + K, as indicated. Note that all curves have
minima for x2 ~ N = 10.

choices for the degree D and the number of knots K (while keeping the number of
fit parameters the same). Indeed, although the details are different, all curves have
global minima for x2 =~ N. This result can be generalized in the usual manner:
in an application where D and x? cannot be computed (because the true cross-

section is not known), optimum inversion results should be obtained if wynoy is
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chosén such that the residue Qg from Eq.(IV-25) is in the range N + /2N [46].*
Note that the lower the degree of the spline, the broader is the minimum of the
curves in Figure IV-4. Thus, the lower the degree of the spline, the more likely
one is to achieve a fidelity close to the optimum value if, for a specific realization
of noisy data, one chooses wynot 50 that Qg ~ N.

Somewhat surprisingly, the best fidelities in Figure IV-4 are obtained for
linear splines (D = 1). We have found this result to hold for all the cases that we
have investigated. The most important of these are illustrated in Figures IV-5,
IV-6, and IV-7. Figure IV-5(a) gives the minimum values of D from Figure IV-4.
Figure IV-5(b) shows the same trend in the dependence of the fidelity on the degree
of the spline for the other cross-sections, namely those from Figure II-4(a) on page
29. These yield better overall values of the fidelity due to the less complicated
behavior of o, (I). Figure IV-5(c) shows that better fidelities are also obtained if
the noise amplitude is kept cbnstant, but more data are supplied. However, except
for zero degree splines, the reduction in D is less than the square-root of the ratio
of the numbers of data (i.e., less than a factor (25/10)!/2). Similarly, despite the
scaling 6f the difference of the calculated and true functions f(I) and o, (I) by the
average noise amplitude ds;ns in Eq.(IV-10), the fidelity D depends generally on
dsyms as is shown (in Figure IV-6. This is because, unlike the noise amplification
function Ax(I) from Eq.(IV-17), the systematic error As(I) depends on dsyms

(the true o, (I) does not scale with dsyys). Still, smaller values of dsyms do yield

*Obviously, ideal inversion is-achieved if the fit-function f(I) is identical to
the true function 0,(I), yielding D = 0 and x% = 0. In this case f(I) is a zero-
parameter function and, by Eq.(IV-24), the ensemble averaged residue is given
by x? = x% = .V. For normally distributed noise the standard deviation is then
v2N. The statement that, for more realistic model functions, the best fidelity D

is achieved if x2 is in the range N £+ v/2N follows strictly only by abstraction from
this ideal inversion case.
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Figure IV-5: Best fidelities for different numbers of data and differ-
ent cross-sections.

(a) Best values of D from Figure IV-4 [N = 10 data and cross-
sections from Figure II-4(b) on page 29] for various degrees D; (b)
Same for the cross-sections from Figure II-4(a); (c) Same for the cross-
sections from Figure II-4(b) with N = 25 data and K = N — D — 1.

0.0 ... &8 N ==, 2 ot =
0123 0123 0123 D

ds ms=0.0025 dsms=0.005 dspms=0.010

Figure IV-6: Best fidelities for different noise ampli‘udes.

As Figure IV-5(b) with dsrms = 0.005 [Figure IV-6(b)], as well as
noise amplitudes that are half as small (a) or twice as large (c).
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better values of the absolute fidelity, given by the product Dds;ms, as is easily
checked from Figure IV-6.

Figure IV-7 displays the optimum values of D as a function of the number of
knots K for a given degree of the spline, and either N = 10 or N = 25 data. It is
seen that the curves flatten out into a broad minimum for values of K such that
the number of spline coefficients M is roughly equal to the number of data N, i.e.,
K ~ N—-D-1. Especially for small values of N, smaller values of K unnecessarily
limit the number of degrees of freedom of the fit function. Much larger values,
however, lead to ill-conditioning of the problem as well as an unnecessary increase
in the number of inversion equations. Note that, again, the best fidelities are

obtained for linear splines.
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Figure IV-T: Best fidelities for different numbers of knots.
Best values of D as a function of K for conditions as in Figures

IV-5(a) and IV-5(c) with N = 10 and N = 25 data, respectively, and
spline degrees D =1 or D = 2. '
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Figure IV-8(a) shows typical inversion results obtained with constrained lin-
ear splines, namely for the same conditions as in Figure IV-2(b). Note the dra-
matic improvement that is obtained by applying regularization. Still, the quali-
tative behavior of the fidelity as a function of the intensity is retained. This is
illustrated in Figure IV-8(b), which displays the ensemble averaged noise amplifi-
cation functions Ay (I) (dashed) and A(I) from Section IV-1.3 for the same data.
For I ~ 1, the main contribution to the fit-error is that of the noise function
ANn(I). For I ~ 0 the noise amplification function is about unity. Thus, even
when applying regularization, the more accurate inversion results are obtained for

I ~2 0, and the expected error is no smaller than that of the data themselves.

Thus far, our calculations have been for two-photon kernels with a composite
shape parameter # = 1.5 in Eq.(II-33). For other kernels we obtain the same qual-
itative results. However, different values are obtained for the optimum fidelities,
as Figure IV-9 shows for conditions as given in the figure caption. In agreement
with the discussion in Section II-3 the fidelity gets worse as 3 increases, that is,
as more averaging takes place. Also, two-photon kernels give better results than

those for single-photon processes.

Finally, we compare our knot regularization scheme with that of Tikhonov
regularization, as discussed in Section III-3 in connection with singular value de-
composition. As mentioned in Section IV-1.1, Tikhonov regularization rather than
knot regularization is obtained by replécing the diagonal matrix A(¥) in Egs.(IV-
9) by the identity matrix. Thus not only the first K coefficients in Eq.(IV-2a) are
constrained, but also the remaining D+1 coefficients of the supporting polynomial.
For the cases that we have invesigated (0 < D <4) we find differences of at most a
few percent between the optimum fidelities obtained with the two methods. For

linear and quadratic splines the differences are only about 0.1 and 0.2 percent,
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Figure IV-8: Regularized inversion results for linear splines.

As Figure IV-2: (a) Inversion results for the cross-section oy (I)
from Figure II-4(b) on page 29 [dashed curve in Figure 1V-8(a)], sam-
pled at N = 10 points (circles) with ds;ms = 0.005. The solid curves
represent an ensemble of ten inversions, obtained with D = 1, K = 8,
and wynot = 0.66 (the value that gives the best fidelity D). (b) Corre-
sponding ensemble averages of the noise amplification functions A (1)
from Eq.(IV-17) (dashed) and A(I) from Eq.(IV-10) (solid).
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Figure IV-9: Best fidelities for different kernels.

Optimum fidelities D for several values of the order of the inter-
action n and the shape parameter B of the kernels from Eq.(7I-33) on
page 25. Calculations are for the cross-section from Figure II-4(b) on
page 29 with N = 10, ds;ys = 0.005, and spline parameters D = 1,
K =8, a = 1.3, and wypot such that D is a minimum.
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respectively. Thus our regularization scheme compares quite fa.vbrably with the

proved method of Tikhonov regularization.

IV-4 Summary and Conclusions

In Section IV, we have discussed the inversion of spatially and/or temporally
averaged data by a collocation scheme involving polynomial splines. Regulariza,-'
tion of this Volterra problem is achieved by constraining the discontinuities in the
highest derivatives of the spline at the knots. In our formulation (unlike that in
which.B splines are employed [46]) this type of regularization strongly resembles
that of Tikhonov regularization. Explicit analytical expressions for the ensemble
averaged values of the fidelity of inversion results and the residue-of-fit are given.
Using these expressions we have performed numerical experiments for specific
model functions for the actual intensity-dependent cross-section and the averag-

ing kernel. From these experiments we draw the following general conclusions:

(1) Inversion results with the best fidelities are obtained for values of the
regularization parameter that yield a residue-of-fit approximately equal to the

number of data (i.e., x> ~ N).

(2) For such values of the regularization parameter the fidelity of the inver-

sion is quite insensitive to the placement of the knots of the spline.

(3) For a given number of data and degree of the spline, the optimum number
of knots is such that the number of fit coefficients is approximately equal to the

number of data.

(4) Somewhat surprisingly, the best inversion results are obtained for linear
splines, which yield 20 to 30 percent better fidelities than quadratic splines. These,

in turn, yield 15 to 20 percent better fidelities than cubic splines. Results obtained
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with piecewise constant (zero degree) splines are usually inferior to those of either
linear, quadratic, or cubic splines. Linear splines have the added advantage that in
the neighborhood of the best achievable fidelity, the fidelity depends less critically
on the regularization parameter.

We believe that the above conclusions will hold for inversion problems of the
Fredholm type as well, in particular the apparent superiority of linear splines, as
measured by the integrated fidelities from Eq.(IV-19). It should also be interesting
to compare the fidelities obtained with linear splines to those obtained with other
basis functions, such as the kernel basis functions employed in direct inversion,
and Legendre or other orthonormal polynomials. The outcome of such numerical

experiments should be a noteworthy, and far as we know, novel contribution to

the extensive literature on inversion problems.




V INVERSION OF NONSATURATED AND
SATURATED LINESHAPES

Sections II, III, and IV have dealt with the inversion of spatially and/or
temporally averaged data such as cross-sections and excitation rates, without ex-
plicitly taking into account any spectral frequency dependence of the nonlinear
process. By contrast, Section V focuses on processes such as multi-photon exci-
tation from some well defined ground state to a well defined excited state (rather
than an ionization continuum), using a narrowband laser. Thus, the nonlinear
process has a spectral lineshape associated with it which, in the case of dynamical
Stark effects, is intensity-dependent. If temporal and/or spatial averaging effects
take place in the measurement of, say, the fluorescence signal, then the measured
lineshape is different from the true, intrinsic, intensity-dependent lineshape. Basi-
cally, this problem can be dealt with in exactly the same manner as the foregoing
treatment of the inversion of cross-sections and excitation rates, merely by per-
forming an inversion for each frequency within the spectral lineshape. However,
we show that, in addition, the information of the frequency dependence of the
process can be used to invert saturated data, even if no exact calibration of the
measurement apparatus is available. But first, in Section V-1, we illustrate the
effects of spatial and/or temporal averaging on a typical Stark broadened transi-
tion, assuming that no saturation of the transition occurs. Then, in Section V-2,
we treat the case of a saturated excitation, namely one in which the ground state
of the transition undergoes significant depletion during the laser pulse, at least
for some frequencies within the spectral lineshape. Specifically we consider the
case in which the duration of the laser pulse is short compared with the random

deexcitation processes of the excited state (“fast pulse limit”).
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V-1 Nonsaturated Regime

As before, we assume that the nonlinear process of interest can be described
by intensity-dependent cross-sections. Because of the spectral dependence, how-
ever, we refer to these cross-sections as lineshapes. Thus, the true and experimen-
tally averaged lineshapes are represented by the functions o, (I;v) and 6, (lo;v),
where I and Iy are the local, instantaneous intensity and the peak intensity in the
focused laser pulse, respectively. For simplicity, we assume that the peak inten-
sities I are independent of the frequency v. This assumption is usually a good
one, since the typical spectral range of, say, a tunable dye laser excéeds a typical

Stark broadened linewidth by many orders of magnitude.

To illustrate the effects of experimental averaging on the lineshapes we use
a simple model of a Stark broadened transition as shown in Figure V-1(a). Thus,
in the limit of zero intensity, the true lineshape o,(I;v) is Gaussian, with line
center at ¥ = vy. As the intensity I increases, the line broadens and shifts toward
lower frequencies, much like the ekperimental data in Figure I-2 on page 7. The
trt;e lineshapes 0, (I;v) for I > 0 in Figure V-1(a) are obtained by convolving a
constant width Gaussian with a constant area right triangle, the apex of which
is fixed at ¥ = vy, and the base of which increases linearly with intensity, as
expressed in detail in Appendix C. The origin of such behavior lies in the —
usually unresolved — magnetic substructure of the excitation process, that is,
the lineshape is composed of a number of fine structure and hyperfine structure
components, each of which undergo intensity-dependent shifts [11]. The constant
Gaussian then represents the effect of inhomogeneous broadening. The resulting

lineshape can be described by the continuous function o,(I;v) with intensity-

dependent line center v.(I), where line center is defined as the frequency at which
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Figure V-1: Effect of averaging on Stark broadened lineshapes.

(a) True intensity-dependent lineshapes calculated from Appendix
C; (b) Experimentally averaged lineshapes, assuming nonsaturated,
two-photon excitation and a composite shape parameter 8=1.5. Open
and closed circles correspond to the intensity-dependent line centers
ve(I) and £.(Io), and the zero-intensity line centers vo, respectively.




the associated lineshape has a maximum. In the limit I — 0 we have v.(0) = vo.

Figﬁre V-1(b) displays the corresponding experimentally averaged lineshapes
6n(Io;v), obtained for a two-photon kernel with composite shape parameter g =
1.5, that is, the kernel from Eq.(II-33) on page 25 that results for the case of
exponential beam- and pulse-profiles. Comparing Figures V-1(a) and V-1(b) we
note that, whereas for small intensities I and Iy the two lineshapes are identical
(namely Gaussian), the functional forms become increasingly different as the in-
tensities increase. Also, the positions of the experimental line center, which we
denote by .(Ip), deviates increasingly from the true line center v (I). Thus, if one
desires to extract the true intensity-dependent lineshapes from experimental data

such as thoseé of Figure V-1(b), an inversion procedure is, once again, required.

As we have already indicated, inversion of the spectral lineshape can be
performed by applying the inversion techniques from Sections III and IV to each
frequency v within the lineshape separately. For example, Figure V-1 shows the
projections of the lineshapes o0, (I;v) and 6,(lo;v) at zero-intensity line center
(v = o) as the solid dots in the left part of the figure. Incidentally, the cross-
sections o, (I) and 6,(lo) of Figure II-3 on page 28 are just these projections
from Figure V-1. Thus, inversion of the lineshape is accomplished by separately
inverting the projections for each frequency within the lineshape, that is, for some

sufficiently large, finite number of values v.

To accomplish this inversion, any of the methods from Sections III and IV
may be used. Note that, unless the kernels depend on v — a situation that is
as unlikely as that of a significant dependence of the peak intensity Iy on v —
the most time-consuming step in a collocation scheme has to be performed only
once, namely the decomposition of the (regularized) inversion matrix. Here we

address once again the moment method from Section III-2, because it provides
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a convenient method for finding the true intensity-dependent line center v (I),
given the experimental values £.(Ip). Indeed, let the latter be expanded as a

power series as follows [cf. Eq.(III-11)]:
De(Io) = vo (1 + b11o + 8216% +...). (V-1)

By describing the true intensity-dependent lineshapes near line center as a polyno-
mial with intensity-dependent coefficients, it can be shown that the true intensity-

dependent line center is then given by [cf. Eq.(III-12)]:
Ve(I) = vo (1 + 6.1 + 6,12 +...), (V=2)

where the lowest nonvanishing coefficient 6; follows from the corresponding ex-

perimental coefficient &y by [cf. Eq.(III-13a)]:
6 = by | Mio; lowest nonvanishing k, (V-3)

and Mo is the complete kth moment of the kernel defined in Eq.(III-13b). From
Eq.({/'-3) small corrections to lineshift measurements can be made without actually
carrying out the inversion for the entire lineshape. In Figure V-1, the factors é
and 6 are indicated schematically. As in Figure II-3(c) on page 28, there is a factor

1.84 difference between 6; and 31.

V-2 Saturated Regime

If the exciting pulse is strong enough and of sufficient duration to cause a
significant depletioh of the ground state, the signal no longer depends linearly on
the excitation rate, as has been discussed in detail in Sections II-1.2, II-1.3, and
II-2. Here we consider in particular the fast pulse limit, in which the duration of

the laser pulse is short compared with the random deexcitation processes of the

-71 -




excited state. From Egs.(II-22) and (II-10b), the relation between the true line-

shapes o, (I; V) and the experimental lineshapes &,;(Io; v) may then be expressed

as follows:
&* (Ioiv) = OI° Ke(Io; Ir) o (Is; v) d1; (V-4a)
ot () = gy [1 - exv{—a(I)o] (1w} (V~4b)
o; (Iy;v) = OI' Ki(I; ) o) (I;v) dl, (V-4c)

where the frequency dependences have been indicated explicitly. In Eqs.(V-4),
asterisks indicate scaling to dimensionless quantities. Thus, if we denote the
maximum value of the true, intensity-dependent lineshape o, (I;v) by o,(g,), and

the maximum peak intensity Iy by Io max, then the scaled intensities and cross-

sections are given by

o (Io;v) = a(lo;v) /0D <1, (V-5a)
of (Ir;v) = ox(Ir;v) /0D < 1, (V-5b)
o} (Ir;v) = 04(Ir;v) /0D <1, (V-5¢)
on(I;v) = o,(I; V)/O',(S) <1, (V-5d)
and
I} = It [Iomax < 1, (V-5e)

respectively. Finally, the dimensionless parameter o in Eq.(V-4b) is defined as:

Note that for the slow pulse limit from Sections II-1.3, Eqs.(V-4) - (V-6) would

remain unchanged, except for a replacement of the quantity (1 + g12) in Eq.(V-6)
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by the quantity (1—,812),‘ as follows from Eq.(II-13b). Note also that the constant
k¢t in Eq.(V-6) is basically a measure of the duration of the laser pulse. For

example, if the temporal profile of the laser pulse is Gaussian:

_ t - to)2
E=en{-(52) L (V1)
then, by Egs.(II-31), (II-34), and (II-35), x; is given by
ke = (m/n)'/? At, (V-7Db)

where, as before, n is the order of the nonlinear optical process. From Egs. (V-4b)
and (V-5) it follows that for a << 1 saturation effects are negligible, whereas, for
a(If)"of 2 1, strong linearities result. Thus we refer to « as the “saturation
parameter.”*

Figure V-2 illustrates the possible effects of saturation on experimentally av-
eraged lineshapes. Lineshapes (a) represent the actual (true) lineshapes o, (I;v)
from Figure V-1(a) for zero and maximum intensity. Lineshapes (b) are obtained
by numerically integrating lineshapes (a) using Eq.(V-4c), assuming a shape pa-
rameter 8 = 0.5, as would be the case for the Gaussian laser pulse from Eq.(V-7a).
We refer to the resulting lineshapes (b) as the temporally averaged lineshapes.

Now we distinguish between two cases, namely one without and one with
saturation. In the first case, Eq.(V-4b) yields o} = o, which holds for values
of the saturation parameter much less than unity. As an example of the second
case, we have calculated the saturated, temporally averaged lineshapes o} from
Eq.(V-4b) for a saturation parameter @ = 5. (Actually, the numerical values of

a in Figures V-2 through V-6 are the values from Eq.(V-6) divided by (r/2)/2:

*This saturation parameter o is completely unrelated to the knot stretch
parameter o from Section IV-2.
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Figure V-2: [llustration of the effects of saturation on the lineshapes.

For each of the lineshapes (a) through (e) only the lineshapes for
zero (dark) and maximum intensity (light) are shown.




o

at the time of generation of these figures the numerical factor from Eq.(V-7b)
was not included in the definition of .) The results are displayed as lineshapes
(c) in Figure V-2. Again, only the lineshapes for zero and maximum intensity
are displayed. The effects of saturation are most notable in the center of the
lineshape, which yields the largest values of the product a(I})"g}. Of course, the

zero-intensity lineshape does not show any saturation effects, because I} ~ 0.

Finally, the lower part of Figure V-2 displays the experimental lineshapes
n(Io;v), which are obtained from the lineshapes (b) and (c) by spatial averaging
as expressed in Eq.(V-4a), assuming a kernel as expressed in Eq.(II-33) with a
shape parameter # = 1.5. Once again, only the lineshapes at zero and maximum
intensity are shown. Because of the spatial averaging, the difference between the
zero- and maximum-intensity lineshapes are not as profound as for the temporally
averaged lineshapes (b) and (c). Also, the effects of saturation are “smoothed
out,” as may be noted by comparing lineshapes (b) and {c) on the one hand, and

lineshapes (d) and (e) on the other.

Before addressing the inversion of the saturated lineshapes, we first look at
the inversion of the nonsaturated lineshapes, or, alternatively, at what happens
if one — incorrectly — assumes that the measured lineshapes are nonsaturated.
Thus, as illustrated in Figure V-3, the actual (true) lineshape may be obtained
from the experimental lineshapes by two successive inversions (namely with shape
parameters 8 =1.5 and #=0.5, respectively), or by a single, combined inversion
(namely one with a composite shape parameter 8 = 1.5 + 0.5 = 2.0). However, if
the experimental lineshapes are actually saturated, this procedure necessarily re-
sults in incorrect reconstructions of the true lineshape o, (I; ). This is illustrated
in Figure V-4(a), which displays the reconstructed lineshapes (for the highest

intensities only) for various values of the saturation parameter a. These recon-

-75 -
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LINESHAPES

Actual
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(b)
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SATURATED
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NO SATURATION
Arbitrary pulse

Figure V-3: Inversion procedure for nonsaturated lineshapes.

Lineshapes shown are the same of those from Figure V-2. The
actual (true) lineshapes can be obtained from the experimentally aver-
aged lineshapes either in two steps (top), or in a single step (bottom),
as indicated in the flow diagrams.
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Figure V—4: Examples of linearly inverted saturated lineshapes.

Shown are the reconstructions of the true intensity-dependent
lineshapes at maximum intensity for various values of the saturation
parameter a and for two experimental conditions with the same com-

. posite shape parameter § but different spatial and temporal contribu-
tions.

structions were obtained from the saturated lineshapes by a single inversion with
coxﬁpdsite shape parameter §=2.0. The inversion was performed using Eq.(III-
6), in which the required derivatives were calculated as a finite difference of three
lineshapes, namely at in.tensity values Jo max and (1£0.005)Jo,max. Figure V-4(a)
shows that only in the case @ = 0 is the correct reconstruction obtained (com-
pare the result for a = 0 in Figure V-4(a) with the lineshapes (a) for the highest
intensities in Figures V-2 and V-3). For nonzero values of o the reconstructed

lineshapes are too small, especially in the center of the lineshapes, and the more

so for large values of a.
Figure V-4(b) displays results for a situation similar to that of Figures V-
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2 #nd V-3, except that the shape parameters associated with the spatial and
temporal averages are both assumed to be unity, rather than § = 1.5 and 8 =
0.5, respectively. Comparison of Figure V-4(b) with Figure V-4(a) shows that,
although the composite shape parameter is the same (namely 8 = 2.0), the effects
of incorrectly assuming that 'the excitation process is nonsaturated lead to poorer
reconstructions of the true lineshapes. This is because the process of spatial
averaging is less effective in “smoothing out” the saturation effects, because of the
smaller value of the spatial shape parameter .

Having demonstrated the obvious, namely that inverting saturated line-
shapes by assuming that no saturation occurs yields incorrect reconstructions
of the actual (true) lineshapes, we now turn to the less obvious, namely how to
invert saturated lineshapes correctly. In principle, the solution is simple. All that
is required is to carry out the inversion of Eq.(V-4b) in addition to the inversions
of the two Volterra integral equations from Eqs.(V-4a) and (V-4c). This is simply

an algebraic operation:

of (Ir;v) =

a(Il*)" a5 a(I;")}‘ o* (In; u)]' (V-8)

r

However, in order to apply Eq.(V-8) one must know the value of the saturation
parameter a. That is, by Eq. (AV-6), one must know the values of the degeneracy
ratio g12, the constant x;, the maximum peak intensity Jo,max, and the absolute
value of the n-photon cross-section 0‘,(3,). Although determination of the first three
of these is relatively straightforward (in order to determine x; one must measure
the temporal profile F;(t) of the pulse), an exact determination of o9 poses a
major difficulty. Because we have used a,(,?,) merely as a scaling parameter to
bring Egs.(V-4) into dimensionless form, other absolute measures for the cross-

section would serve equally well, for example the spectrally integrated value at
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vanishingly small intensity. However, few exact values of multi-photon cross-
sections are available. Even if they are, they are usually known only within a
factor of two (at best) [9,52]. Furthermore, in order to obtain an absolute value
of a, one must also have an absolute calibration of the measurement apparatus
available, as we discuss in a little more detail below [following Eq.(V-12)].

Thus, since one is generally unable to obtain a piori values for the saturation
parameter «, additional information is needed. We propose that such additional
information is indeed available, namely the constancy of the spectral area under

the true, intensity-dependent lineshape:
/ on(l;v) dv = 77, (V-9)

where the integrated value &, is independent of the intensity I, and where the
limits of integration are such that the Stark broadened lineshape of interest is
included, whereas any neighboring lines are excluded (this requirement may pose
a complication in the case of a dense spectrum). As we have already alluded to in
Section V-1, Eq.(V-9) is expected to hold if the Stark broadening of the lineshape
on(I; V) is the result of intensity-dependent shifts of fine structure and hyperfine
structure components within the lineshape which, however, do not change the
respective line strengths [11]. Because of the linearity of Eq.(V-4c) and the nor-
malization of the kernel K;(I;; I) [see Eq.(II-21)], the spectrally integrated values

of the temporally averaged lineshape are constant as well:
/ of (I;v) dv = 7,% = 77/0(9). (V-10)

However, because of the nonlinearity introduced by saturation effects, the same is
not true for the lineshapes o} (I; v) and o (I; v). Thus suggests itself the iterative

procedure illustrated in Figure V-5: First, one performs the spatial inversion of the
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Figure V-5: Inversion procedure for saturated lineshapes.

Lineshapes shown are the same of those from Figures V-2 and
V-3. The actual (true) lineshapes can be obtained from the experi-
mentally averaged lineshapes by a linear integral inversion [(e)— (c)],
a nonlinear algebraic inversion, [(c)—(b)], and another linear integral
inversion, [(b)—(2)], as indicated in the flow diagram. However, the
second step must be iterated to give constant areas for the lineshapes

in (b).




experimental lineshapes (e) to yield the lineshapes (c). Then one guesses a value
for a, and performs the algebraic inversion as expressed by Eq.(V-8), to arrive at
lineshapes (b). For these, one checks if Eq.(V-10) holds. That is, one computeé
the spectrally integrated cross-sections for each of the intensities I, = 0 through
I = Iy max = Ip, and decides whether or not these spectrally integrated values
are independent of I;. If they are not, one guesses new values of & and so on,
until constant-area lineshapes (b) are obtained. Then, finally, one performs the
temporal inversion to arrive at a reconstruction of the true intensity-dependent
lineshapes, namely lineshapes (a) in Figure V-5.

Because of the simple algebraic nature of Eq.(V-8), the iterative procedure is
fast and straightforward. Also, if indeed Eqs.(V-9) and (V-10) hold, the procedure
should yield a unique value of . This is illustrated in Figure V-6, which displays
the average rms deviation for the lineshapes (b) from Figure V-5 as a function of
the guess parameter Qlguess, both for the saturation parameter from Figure V-5

(a = 5, true value) and a value o = 1. This relative deviation is defined as:

T = {5 [ ") - 2] dzr}‘/ @), (V-11a)
where

1 [P
(o " —}(-)-/ 7" (I) dIr, (V-11b)
0

and &, * (I) ie the spectrally integrated value of the cress-sections from Eq.(V-10)
— which, for incorrect guesses of e, is intensity-dependent. Figure V-6 shows
that the value of &}, has a single, global minimum (namely zero), for Ogyess = @,
and that the larger the saturation parameter «, the more pronounced is this
minimum. For too large a guess agyess, the argument within the logarithm in
Eq.(V-8) becomes negative for at least some frequencies v. Thus, the curve for

a =5 in Figure V-6 terminates at a value agyess =~ 1.130.
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Figure V-8: Average deviations of the spectrally integrated line-
shapes.

The relative deviations 7oy, are calculated from Egs.(V-11) for
several values of the saturation parameter o, and are displayed as a
function of the ratio of guessed versus actual saturation parameters.

As we have argued above, the constant spectral area of the true intensity-
dependent lineshape 0,(I;v) as expressed in Eq.(V-9) may be used to obtain
inversion results in the case of saturated lineshapes. Note that, by this procedure.,
an explicit value for the saturation parameter « is found. By inspecting the
definition of a in Eq.(V-6) once again, one is tempted to think that, in this
manner, an absélute value of the cross-section a,(,?,) may be obtained. However, a
word of caution is in order: Egs.(II-19) and (II-29) show that, in order to define
an experimental cross-section (or lineshape) &, such that it has the sarﬁe value as

the true o, in the limit of zero intensity, one must know the calibration constants

So and k., which require a knowledge of such quantities as the number density
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of the ground states of the excitation process and the exact detection efficiency
of the measuring apparatus (see Egs.(II-16a), (II-20a), and (II-21) for a definition
of k). If, say, the constants Sp and k. are not known exactly, a careful analysis
shows that the experimental, absolute value of the saturation parameter « is not
given by Eq.(V-6), but rather by

(SO’Cr)guess

a = (1+ g12) £t (Jo,max)" "r(a?/) Soks

where Sokr and (SoKr)guess are the actual and guessed values of the calibration
constants. Thus, measurement of a allows an absolute calculation of a,(g,) only if an
absolute calibration of the apparatus is available. But in this case, absolute values
of the cross-sections may also be calculated from data in the linear, nonsaturated
regime. However, in the absence of absolute calibrations, the iterative inversion
procedure described here appears to be the most straightforward, indeed, the

only possible procedure for the inversion of spatially and temporally averaged

lineshapes to date.
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VI DISCUSSION

In Sections I through V we have formulated the extraction of the true
intensity-dependence of some nonlinear optical process from spatially and/or tem-
porally averaged data as an inversion problem, and we have presented a number
of analytical and numerical methods by which the inversion can be accomplished.
A discussion of the numerical techniques is given at the end of Section IV and
will not be repeated here. For the case of saturated lineshapes, we have shown
how the requirement of constant spectral area of the true intensity-dependent line-
shape can be used to obtain inversion results even if the value of the saturation

parameter is not a priori known.

We suggest that a possible experiment to apply and verify the theory from
the previous sections would be to perform accurate measurements of the Stark
broadened lineshapes associated with two-photon excitation of rotational lines
in the 4(0,0)-band of nitric oxide, as shown in Figure I-2 on page 7. It should
be recalled that the data from Figure I-2 were obtained during a preliminary
investigation of two-photon LIF as a diagnostic tool, that is, before the formulation
of the theory in Sections II through V. As a result, the spatial and temporal profiles
of the exciting laser pulses were not measured, so that the kernels required for
inversion can not be calculated. Furthermore, in attempting to invert the data
from Figure 1I-2 by assuming exponential beam- and pulse-profiles with various
shape parameters, we experienced several more complications. Firstly, in the
region of significant Stark broadening, not enough peak intensities (pulse energies)
were represented in the data set. Secondly, no stringent frequency calibration was
performed. Thus, large errors resulted in taking the projections of the lineshapes

at individual frequencies (note that, in Figure V-1 on page 69, large error bars on
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the projections in the left part of the figure would result if the spectral positions
of the lineshapes were uncertain). Finally, the lineshapes in Figure I-2 on page 7
are extremely saturated. This is most evident from Figure I-3 on page 10, which
displays the spectrally integrated signals from Figure I-2. In this regard we recall
the discussion immediately prior to Eq.(V-10) on page 79 stating, in essence, that if
the averaging process is linear, the spectral areas of the lineshapes are not affected
by the averaging process. Consequently, because the spectral areas in Figure I-3
on page 10 become intensity-dependent for large intensities, the averaging process
must not have been linear, that is, saturated. Indeed,r_ extreme saturation must
have occurred because, despite the “smoothing” effect of the spatial averaging
process, the spectral areas for the highest pulse energy in Figure I-3 (3.4 mJ) are
only about two percent of the values expected from the extrapolation from small
pulse energies. By contrast, even for a saturation parameter a = 5, the spectral
area of the lineshape at maximum intensity in Figure V-2 on pége 74 (lineshapes

(e)] is still 75 percent of that of the zero intensity lineshape.

Apart from the intensity-dependence of the spectral areas in Figure I-3 on
page 10, the qualitative behavior of the lineshapes in Figure I-2 on page 7 also hints
directly at the occurrence of saturation effects, namely by the relative positions
of the “shoulders” on the low wavelength sides of the lineshapes of both the
012(53) and O13(63) lines: With increasing pulse energies, the shoulders move
closer and closer toward the peaks of the lineshapes. Irrespective of the origin of
the shoulders, this behavior is indeed expected in the case of saturation, because
the largest values of the projections of the cross-sections, that is, the values near
the peaks of the lineshapes, yield the largest values of the product a(I: )"a: [see

Eq.(V-4b)], so that they experience the strongest saturation effects.
In a dedicated effort, none of the above complications should be insurmount-
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able: beam- and pulse-profiles can be measured, a sufficiently large number of data
can be taken, and a precise frequency calibration can be performed. Moreover,
one would not necessarily have to probe quite so deep into the saturation regime
— nor would one have to refrain from doing so, if sufficiently accurate data were
taken '[the larger the saturation parameter, the larger will be the amplification of
random error when taking the logarithm in Eq.(V-8)]. In this type of effort, the
goal would not be to show that, using inversion techniques, the same lineshapes
Va,nd cross-sections can be obtained as those measured in experiments with little
or no averaging, because such data (true, nonsaturated lineshapes at high intensi-
ties) are simply not available. Rather, the goal would be to show that the theory
of inversion from Sections II through V is internally consistent. This might be

shown in several ways.

Firstly, having performed measurements with some experimental configura-
tion, and having calculated the corresponding inversion results, one might change
the focusing optics or change, if possible, the pulse duration, and repeat the mea-
surements and corresponding inversions. Even though, as a result of different
experimental geometries, different intensity-dependent lineshapes would be ob-

tained, the reconstructed lineshapes should be identical.

A second consistency check would be to perform a series of measurements of
intensity-dependent lineshapes for several molecular lines within the same vibra-
tional band system. If lines are chosen with cross-sections that differ by a factor
two or more, one line might show substantial saturation effects Whereas, for the
same experimental conditions, another would not. In this case, the true intensity-
dependent lineshapes are not expected to be the same for each line. However, it
is expected that the true, spectrally integrated cross-sections will vary exactly as

the respective Honl-London factors of the lines (see Appendix A).
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A third, most interesting, but not so simple check would be to perform
measurements in both the fast and slow pulse limits of the saturation regime. In
this case, the goal would be to show that the saturation parameters, obtained from
the experimentally averaged lineshapes, differ, essentially, by a factor determined
by the degeneracy ratio and branching ratio, namely by (1 + g12)/(1 — B12), as
follows from Sections II-1.2, II-1.3, and V-2 (essentially, that is, if all other factors
contributing to the saturation parameter are equal). One way to probe both the
fast and slow pulse limits would be to use, say, both nanosecond and picosecond
pulses. Alternatively, one might‘use nanosecond pulses only and, in order to move
from the fast pulse limit to the slow pulse limit, mix the low pressure gas of interest
with a high pressure buffer gas, thereby decreasing the excited state lifetime of
the gas of interest by several orders of magnitude (thus rendering the laser pulse
slow compared to the random deexcitation processes of the excited state). In both
approaches, the difficulty would arise that frequency resolution would be strongly
limited, either because of the wide spectral bandwidth of a picosecond pulse, or
because of the large homogeneous linewidth associated with a strongly collisionally
quenched transition. Thus, in order to realize a quantitative comparison between
fast pulse and slow pulse results, one might have to work with an atomic rather
than a molecular system, so as to keep the density of lines small. However, a
successful quantitative comparison of these two limits, which correspond to quite
different physical conditions, would constitute an impressive confirmation of the

theory.

After the succesful demonstration of the consistency and validity of the var-
ious methods for the inversion of temporally and spatially averaged data, one
should be able to apply the techniques in various diagnostic applications, for

example in two-photon LIF. Particularly, in experiments such as described in
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Refs.[8-11], and in Section I of this dissertation, one should be able to maintain a
precise calibration of the measuring apparatus even when working with such high
intensities that nonlinear effects become manifest, such as Stark broadening and
saturation effects of molecular transitions.

Perhaps the greatest tribute to this work would be if, some day, researchers in
nonlinear optics would seek to use these and similar methods to present their data
in experiment-independent form. That is, if they would seek to present data de-
scribing the true intensity-dependence of nonlinear optical processes, rather than
data that are particular to the individual experimental configurations. Whether

such will be the case, only the future can tell.
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Appendix A: Two-Photon Hoénl-London Factors

For the case of diatomic molecules, Halpern et al. have derived two- and
three-photon Honl-London factors for transitions between electronic states [21].
While working on two-photon excitation of nitric oxide, some inconsistencies in
expressions in Ref.[21] were found, such as violations of sum rules. These inconsis-
tencies were traced back to incorrect expressions in Tables IV and VI from Ref.[21].
Corrected expressions, obtained with Clebsch-Gordon coefficients from Ref.[53],
have since been published [22]. Because the expressions from Refs.[21] and [22]
are rather cumbersome, we give here simplified expressions that hold for £ « II
transitions (A” = 1; AA = —1) in diatomic molecules with coupling intermediate
between Hund’s cases “a” and “b,” such as NO and OH. Thus, let the rotational
constants of the ground state be denoted by B” and D", the spin-angular momen-
tum coupling constant by A, and the spin-rotation coupling constant by " (for a
general background see Ref.[54]). Then, from Refs.[21] and [22], the two-photon

Hénl-London factors can be expressed as [20]:

(F*fz + F_f3)*; 11 branch;

. (2) N1 (F~f2 — Fy f3)%; 12 branch;
SJIIJI = — X 2 (A—l)

. 240 (F*f2 — F_f3)*; 21 branch;

(F~ f2 + Fy f3)%; 22 branch,

where, in terms of the rotational ground state quantum number J”;

Fe=(1xU2)"?, (A-2)
2B" — 4D"X — 4"\ 2 -1/2
Uz = [1 +X{ e —a) ] ’ (4-3)
w, 1y2
X=("+ 5) -1, (A-4)
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and the factors f;, f2, and f3 are given in Table A-1, for O-, P-, Q-, R-, and

S-branches separately. For the nomenclature determining the subscripts 11, 12,

21, and 22 see Ref.[54].

Table A-1: Factors from Eq.(A-1).

Branch b fa fa
P opmoyeray VIR UT-ayIed
Q ﬁT) 0 1
R J,,(J,,+})(J,,+2) (J" +1)y/J"+ 3 (J"+3)m
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Appendix B: Exponential Profiles

Appendix B deals with some of the mathematics associated with the ex-
ponential beam- and pulse-profiles introduced in Section II-3. In Section B-1 we
derive the kernels and its moments, and in Sections B-2 and B-3 we derive some of

the inversion results particular to these kernels, especially that of Abel inversion.

B-1 Kernels and moments

Given the general composite profile Fy(x) from Eq.(II-31), the first step
toward calculating the associated kernel is to calculate the “volume” V (Iy;I)
from Eq.(II-27). With P(x) = p, this “volume” is p times the conventional volume

enclosed by the surface

I |#M Iy, |Bnx IO
— . = = In— B-1
p: + pry nr, (B-1a)
or
T B r HBnx
1 n
= x -1 (B-1b)
8) et () T,

Comparison of Eq.(B-1b) with Problem 4.28 in Ref. [30] and substitution of 3

from Eq.(II-34) then yields for each “octant” the “volume”:

vl = ity (o2} T{F2e). e

Using ir(i) =T(1+ i), summing over all “octants,” and substituting the

definition of « from Eq.(II-35) then yields for the total “volume”:

K nﬂ 0
Viloil) = 3 W{lnlf}ﬁ, (B-3)

where we have also used I'(1 + §) = BT(8). Application of Eq.(II-26) now leads

immediately to the desired expression for the kernel from Eq.(II-33). It remains
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to be shown that the normalization condition expressed in Eq.(II-25) is satisfied,
that is, that the definition of x in Eq.(II-35) is indeed the correct one. To show this
we comﬁute the kth moments of the kernels from Eq.(II-33). Using the definition
in Eq.(II-36) we find

B Io ntk— -
Mo~ f, ()7 () 4(3)

= (n—:—k-)ﬁ%m /0°° zﬂfle"’ dz = (n-’:-k)p' (B-4)

The last two steps follow with the substitution z = (n + k)In(Io/I), and with

the definition of the gamma function, respectively. Thus, we have proved both

~ the normalization of the kernel (Moo = 1) and the expression for its complete
moments, namely Eq.(II-36). The expressions for the incomplete moments from
Egs.(II-37) are found with the same substitution. For example, for § = 3/2,
Egs.(11-33), (II-36), and (II-37a) yield [1/T(3/2) = 2/x1/2]:

2

o
Mi(Io; I;) = Mo (2/7%/2) / 2126 g, (B-5)
. 0

with ¢ as defined in Eq.(II-37b). Upon substitution of y = z!/2, the expression
for M(%;p;q) in Eq.(II-37d) is then easily obtained.
An alternative way to derive the kernel from Eq.(II-33) is to note that, for

a single coordinate z, the profile . | .

- s =enl- (2] o=

leads, with Eq.(II-26), to

K(loiD) =~ (1) 72— F1(£) -

k \I) d(I/I) I,/ I,
a I"' [ Ihyi-1
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Upon normalization, the kernel from Eq.(II-33) is obtained, with shape parameter
B = 1/u. To show that, for an arbitrary number of coordinates, the kernel is still
given by Eq.(II-33) with, however, a composite shape parameter 3 as defined in
Eq.(1I-34), we use the expression for the convolution of two kernels from Eq.(II-

24). Thus, let the two kernels be given by

Ki(Io;I) = nf In_l{ ﬁ}ﬁ‘_l.

= ' 1= s L. B-7
TG Io" n T i=r (B-7)
With Eq.(II-24) this gives for the composite kernel:

nﬁr'f'ﬁi -t To IO Br—1 Ir Be—1 dIr
K(loi 1) = 557 T /I {IRI} {1n7} T (B8

With the substitution z = In(I;/I)/In(lo/I), the integral in Eq.(B-8a) becomes:

b dI, Ioy Br+Be—1 1
— — — pr ﬁ‘ _
/I T {I} /(; (1 — z)Pr =Pt dz. (B-8b)

Finally, the last integral in Eq.(B-8b) is just the definition of the beta function,

which, in turn, can be expressed in terms of gamma functions:

fo (1 — z)Pr 2P dz = B(B;;8:) = % (B-8¢)

Combining Eqs.(B-8a), (B-8b), and (B-8c) we find that the composite kernel is
again given by Eq.(B-7) [or Eq.(II-33)] with a shape parameter # = 3, + 8;, which
is what we set out to prove. Thus, by iteration, Eq.(B-6b) can be shown to hold

for arbitrary numbers of coordinates with exponential profiles.

B-2 Abel inversion

Eq.(III-3) in Section III-1 is basically the standard Abel equation, except for

the numerical factor n? /T(8) and the lower integral bound —oo rather than zero
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[34]. To generalize the standard inversion result to values 8 > 1, we differentiate

Eq.(III-3) k times, with k (and §’) as defined in Eq.(IlI-4c). This yields:

o nP wo '
(¢/dso)* Rnlie) = Tz [ (o= I Ralw)d, (B9

where we have used

FA)=Tl+p-1)=(B-)rE-1= ...
=(8-1)(8-2)--- (8- K)T(8). (B-10)

Thus, for § > 1, the standard inversion result from Eq.(IlI-4a) is changed to
Eq.(III-4b) by replacing I'(8) by I'(8’), and replacing ﬁ,.(wo) by its kth derivative.
Note also that the numerical factor in the Abel equation may be written in different
ways, by using the identity [34]:

sintf’ 1

r  T(@N(1-p)

(B-11)

Transforming Eq.(ITI-4b) back with the aid of Eq.(III-2) yields the inversion result

Rl = = (1) | '{m%}“”' (fog) Balin) 2. (B-12)

To show that (k — 1) factors Io(d/dI,) can be brought outside the integral, re-

placing Ip by I, we substitute f = I5/I in the integrand:

/01 dI—i" = /01 {ln%}—ﬂ’ (f;?)ki%n(fl) fl%, (B-13)
and note that
(15) Barn = (12) (s ) RaliD). (B-14)

Bringing the (k — 1) factors I{d/dI) outside the integral, and returning to I, as

the variable of integration then leads to Eq.(III-5).
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B-3 Integer shape parameters

If B is an integer, Eq.(III-6) may be proved directly from the definition
of the kernel in Eq.(II-33), rather than via the Abel inveision from Eq.(III-5).
Indeed, substituting Eq.(II-33) into Eq.(III-1) and replacing the cross-sections by

excitation rates yields:

. nP Io 018-1

where we have used I'(8) = (8 — 1)!, by virtue of the fact that 3 is integer.

Differentiating Eq.(B-15) once gives

AW nf-l  rloy [5y8-2 dI
G am) o =gy [, (=2} 20T e
Thus, (8 — 1)-fold differentiation (and multiplication) of Eq.(B-15) gives
Io d \A-1 4 fo dI
(2 d—IO) Ro(l) =n /0 Ru(I) Z, (B-17)

so that one more differentiation yields Eq.(III-6) indeed.
To prove Eq.(III-9) from Eq.(III-6) we first show that, by Egs.(III-8) and
(IT1-10):

()«

Y d A
A BN m) _ o g(mt1) _
A {n(I) +IdI}A R, A™D (B-1)

where R, = R,(I) and A(™) = A(m) (I). Starting with A(®) = 1 [see Eq.(III-10)]
and iterating Eq.(B-18) m times then gives

d\m d\mf(a N
()" = (1) " { R 49} = o 4. (B-19)

dI
By Eqgs.(I1I-6) and (III-8) we have [R, = R,(I)]:

B+1 4
a(l) = L 4B _ (L)" Rn _ 4G (B-20)
R, dI (Id%)ﬁén AB)
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where the last step follows by substitution of Eq.(B-19). With the definition of
AP)(I) in Eq.(I1I-10) we then get

1
A8

[ﬁ(I) + Ii] AP = A1) + —- — A®), (B-21)

n(I) T

which leads immediately to Eq.(III-9).
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Appendix C: Simple Model of Stark Broadened Lineshapes

In order to demonstrate the essential features of the averaging and inversion
of spectral lineshapes in Section V, it was desirable to have a simple analytical
model of Stark broadened lineshapes. Thus, to reproduce — rather than to de-
scribe exactly — the main features of the experimental data in Figure I-2 on page
7, we have used a true, intensity-dependent lineshape 0, (I; ) that is a convolution
of a Gaussian profile with constant width Av:

)= oy {3 (c-1

and a right triangle with apex at ¥ = 0 and intensity-dependent base and height

vi(I) and or(I), respectively:

- (OB TE e
Thus, .
on(I;v) = /_oo f(I;v — z) g(z) dz. (C-3)

Because the Gaussian profile has unit spectral area, the spectral area of on(I;v)
is just that of the triangular profile:
(o o] o0
S,(I) = / on(L;v) dv = / f(Iv)dv = (12 vi(Dor(D).  (C-4)
—o0 —o0
In the limit vy — 0 (I — 0) the maximum value of 0,(I;v) is just this area

multiplied by the forefactor of the Gaussian profile in Eq.(C-1):

0!% = lim o, (I;v) = Sll) (C-5)

vr—0 VarAv |

In this work we have required that a,(,?,) = 1, and that the spectral area S, be

independent of vf(I). Thus, it may be shown that the true, intensity-dependent
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lineshape from Eq.(C-3) is given by:

on(u;du) = diu?. {\/;(u+du) [erf(u +du) —erf(u)] +exp(—(u+du)2)—exp(——uz)}, '
(C-6a)

where the dimensionless frequencies u and du are given by

v_. - du(p = 2i)
VTV du=d (I)_\/EAV’

and where “erf” denotes the normalized error function. It may be shown that the

(C—6b)

maximum value of o, (u;du) occurs at a value u. which satisfies
(2du//7) exp(—u2) = erf(u. + du) — erf(u.), (C-7)
from which, for small du:

1 1,
U = —§du + -1—3§du cees (C-8)

So far, we have not specified how the base o;(I) or its normalized value

du(I) depend on intensity. In this work, we have assumed a linear dependence:
du(I)= A, I. (C-9)

The true, intensity-dependent lineshapes o0, (I; v) in Figure V-1(a) on page 69 were
obtained with a value A, = 8/2Av /Imax, Where I,y is the maximum intensity in

the figure, and the spectral range in the figure was such that —20Av < v < 5Av.
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Appendix D: List of Symbols

Below follows a list of symbols found in Sections I through VI. Symbols

that occur only in the Appendices are not included. In case of slight variations

in notation only the primary definition is mentioned, for example, My (Io; I;) is

listed, but Mi(Io:; I;) is not. The alphabetical order of the list is: small Roman,

capital Roman, small Greek, capital Greek.

ds, ds;
dSrms
&, &l")
f(I)
fo(I)
912
g:(1)
h,t,J

k(1), k; (1)

ni, nz, n3

Width of exponential profile.

Collocation coefficient vector and component thereof.
As a for the case of Tikhonov regularization.

Column vector defined in Eq.(IV-14).

Experimental data noise vector and component thereof.
Average noise amplitude defined in Eq.(IV-11).

Unit vector and component thereof.

Collocation approximation to o, (I).

Noise free solution of f(I).

Degeneracy ratio in rate equation model.

Splines defined in Eq.(IV-18) (noise contribution).
Summation indices.

Order in power series expansion.

Number of differentiations in Abel inversion [Eq.(III-5)].
Short notation for kernels such as K(Io; I).

Order of nonlinear interaction.

Number densities in rate equation model.

Number of coordinates in composite profile Fy(x).
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True, intensity-dependent order of interaction.
Experimentally averaged value of n(I).

Power of spline basis function.

Constant value of detection probability P(r).
Parameters defined in Eq.(II-37b).

Spatial coordinate vector.

Experimental data vector and component thereof.
Weighted values of s, s;.

Noise free values of §, s;.

Nonregularized part of §.

Time coordinates.

Weight factor for ith experimental data point.
Singular value of singular value decomposition.
Weight factor for knot regularization constraints.
Spatial coordinates.

Total random deexcitation rate of excited state.
Quantity defined in Eq.(III-10).

Inversion matrix and component thereof.
Weighted values of A, A;;.

Nonregularized part of A.

Condition number defined in Eq.(IV-25).
Kernel covariance matrix defined in Eq.(III-27).
Degree of polynomial spline.

Total, systematic, and noise contributions to the
integrated fidelities defined in Eq.(IV-19).

Residu matrix and element thereof [Egs.(IV-21), (IV-27)].
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Io
IO,ma.x

K

Kr(Io; Ir),Kt(Ir; I)

K(Io; T)
K(Ig;I)

M

Mo

M (Io; I;)
M(B;p; q)
N,N

Npp, Npp(r)
P(r), P(x)
Py(To; Io)

Qst, (Qas)

anot

Spatial and temporal intensity profiles.
Composite intensity profile.

Generic notation of analytical functions resulting from the
analytical integration of the rate equation model.

Identity matrix.

Local, instantaneous values of the intensity.

Central intensity of jth basis vector, defined in Eq.(III-30).
Knot position of polynomial spline.

Local peak intensity (* dimensionless).

Peak intensity in focused laser pulse.

Averaged value of I.

Maximum value bin a series of values of Ij.

Number of knots of polynomial spline.

Spatial and temporal kernels.

Composite or generic kernel.

Averaged kernel K(Io;I).

Number of collocation basis functions.

Complete kth moment of kernel.

Incomplete kth moment of kernel.

Ratio of incomplete to complete moments of kernel.
Number of inversion equations without, with regularization.
Number of excited states per laser pulse per molecule.
Detection probability functions.

Probability density function of peak intensity distribution.
Residu of fit and expectation value thereof.

Functional of knot constraints.
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RCOND

Ra(I)

R, (Io)

R (w), Rn(wo)
So

S(Io)
(Sokt)guess

U

Vv

Vr(IO; Ir)a Vt(Ir; I)

V (Io; I)

W, W,

Wr

Z, Z(r), Z(I;)

Ky Bz, oy, Rz, Kt

Condition as determined by LINPACK subroutine DSICO.
True, intensity-dependent excifation rate.

Experimentally averaged value of R,(I).

Transformed functions Rn(I) and R.(lo).

Calibration constant for experimental signal.
Experimentally averaged signal.

Guessed value of the product Sox:.

Orthogonal matrix from singular value decomposition, or
orthonormal matrix from direct inversion.

Orthonormal matrix from singular value decomposition.
Spatial and temporal “volumes” defined in Egs.(II-16).
Composite or generic volume defined in Eq.(II-27).
Singular value matrix and element thereof.

Tikhonov regularized inverse of W from Eq.(III-24).
Generic notations for integral of excitation rate.

Knot stretch parameter defined in Eq.(IV-30).
Saturation parameter defined in, Eq.(V-6).

Shape parameters associated with exponential profiles.
Branching ratio of random decay processes of excited state.
Power series coefficients of cross-section in Section III-2.
Power series coefficients of line centers in Section V-1.
Kronecker delta.

Tikhonov regularization parameter.

Kernel normalization constants.

Eigenvalue of direct inversion 11atrix.

Orders of exponential profiles (2 = Gaussian).
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v, Vo Speétra.l frequency and zero intensity line center.
ve(I), De(lo)

on(I), 6n(lo)
or(Iy), oi(1y)

Ocy Ono Limiting behaviors of cross-sections from Egs.(II-28), (II-29).

True and experimental intensity-dependent line centers.
True and experimental intensity-dependent cross-sections.

Nonsaturated and saturated temporal averages of o, (I).

on(I;v), o} (I;v) True intensity-dependent lineshapes (* dimensionless).
6n(Io; V), 61 (Io;v) Experimental lineshapes (* dimensionless).

oy (Ir;v), of (Iy;v) Dimensionless lineshapes corresponding to oy (Iy), o¢(Iy).

(0)

Onv Maximum value of intensity-dependent lineshape op(I; V).

Gn, On', Spectral areas of lineshapes (* dimensionless).

(72 ") Average value of 3, " from Eq.(V-11b).

Trms Average relative deviation of 7, from Eq.(V-11a).

(1), ¢;(I) Basis vector of direct inversion and component thereof.

x2, xg, x%, Total, systematic, and noise contributions to the residu.

w, Wo Logarithms of the intensities as defined in Eq.(III-2).

At Measure of pulse duration.

A(I),As(I),An(I) Total, systematic, and noise contributions to the noise
amplification function defined in Eq.(IV-10).

A Eigenvalue matrix of direct inversion.

AU, 40

Diagonal matrix from Eq.(IV-9b) and element thereof.




PART II:
RESPONSE OF A SIMPLE QUANTUM SYSTEM TO A
FULLY AMPLITUDE MODULATED FIELD




I INTRODUCTION

In part II we present theoretical work that, like the work in part I, pertains
to specific aspects of employing laser induced fluorescence (LIF) in the diagnos-
tics of gasdynamic or fluiddynamic processes. This time, the objective of the
envisaged LIF experiment is to measure local velocities in a flowfield, rather than
temperature or concentrations of its constituents. The concept of this technique,
which has been termed a “laser fluorescence velocimeter” (LFV) is described in
Ref. [1],* and is shown schematically in Figure I-1. The beam from a frequency
stabilized dye laser is split and recombined at a small angle so as to produce a
pattern of interference fringes parallel to the optical axis. The frequency of one of
the beams is shifted, say, by passage through a Bragg cell. Thus the interference
fringes move transverse to the optical axis. This arrangement is much like that
of a conventional laser Doppler velocimeter (LDV) [2], in which the beams are
generally of the same frequency, yielding a stationary fringe pattern. Note that
in the case of two distinct frequencies of equal inten8ity the superposition field
may be regarded either as a bichromatic field, or a field that is fully amplitude
modulated.

The concept of the conventional LDV relies on the scattering of the laser
light off individual, macroscopic particles in the probe volume. That is, as a
macroscopic particle traverses the fringe pattern, it scatters a modulated signal
into a detector, which is located away from (generally perpendicular to) the optical
axis. The modulation period is simply the ratio of the fringe spacing and the

transverse velocity of the scatterer, that is, its velocity component transverse

*Here and in the following, numbers within square brackets refer to the
similarly numbered entries in the List of References on page 188.
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crossed
laser beams

fringe velocity
~vector

Figure I-1: Schematic diagram of the laser fluorescence velocimeter.

The angle between the two beams is shown larger than the ac-
tual angle, which is on the order of 20 mrad; w, and w; denote the
frequencies of the two beams..

to the fringes. Because the fringe spacing is known, the transverse velocity is
easily found from the modulation period of the detected signal (if moving fringes
are employed in an LDV, one merely needs to subtract their velocity from that

calculated from the modulated signal to obtain the transverse velocity of the

scatterer). By using three orthogonal fringe patterns it is possible to obtain all
three velocity components of the scatterer. Note that in either case, the effective
viewing region of the detector(s) should span at least several fringes.

By contrast, the concept of the proposed LFV relies on the laser induced
fluorescence signal from atoms or molecules in the probe volume that are nearly

resonant with the laser light. Even if the concentrations of these species in the
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host medium are dilute, the fluorescing species may be considered as a continuous
medium for all practical purposes. Again, the scattered signal, that is, the flu-
orescence signal is detected, sdy, perpendicular to the optical axis, as illustrated
in Figure I-1. Unlike for the LDV, the effective viewing region of the detector
should be on the order of, or less than the width of a single fringe. Thus, again, a
modulated signal is detected. This time, however, the modulation period is just
the inverse of the frequency difference between the two beams. That is, the signal
is modulated at the frequency of the device that is used to shift the frequency of
one of the two beams, say, that of the Bragg cell driver. This then allows for the
use of lock-in techniques to achieve phase sensitive detection of the fluorescence
signal. The transverse velocity of the fluorescing medium is now determined from
the depth-of-modulation (or visibility) of the fluorescence signal, and/or its phase-
shift relative to the fringe pattern in the probe volume, as discussed in more detail
in Section IV, |

The primary advantage of the proposed LFV over its conventional LDV
predecessor is that scattering takes place by an essentially continuous medium,
‘rather than by discrete, macroscopic particles in the flowfield. Because atomic or
molecular species are expected to better track the flow in which they are embedded
than macroscopic particles, the measured velocity should better approximate that
of the host medium. T};is is particularly true for strongly accelerating flows, such
as found in shock waves and supersonic expansions. Also, the continuous rather
than discrete nature of the scattering medium should give rise to continuous signals
rather than individual bursts, with the potential for using refined signal processing

techniques.

The serious disadvantage of the LFV concept is that there are many mecha-

nisms that can reduce the visibility of the modulated fluorescence signal. Among
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thése are quenching of the excited state of the fluorescing species, detection of
fluorescence that originates outside of the targeted sub-fringe-size probe volume,
background scatter from the laser light itself, and vibration of optical components.
In fact, efforts toward an experimental demonstration of the LFV concept on a
cold nitrogen flow seeded with sodium atoms have been unsuccessful [3], causes
being attributed to the factors mentioned above. But rather than to discuss the
many problems that originate with the geometrical arrangement of the experimeht
and the atomic or molecular dynamics in the host medium (4], the work in part
IT of this dissertation investigates the fundamental interaction of the narrowband
laser light with the fluorescing medium, which, from now on, we assume to be an

atomic species.

In this regard we note that the response of an atomic system to modulated
excitation has been investigated by a number of workers. In particular, Duschin-
sky is credited with the derivation of the corresponding depth-of-modulation and
phase-shift of the fluorescence signal [5]. His work, published in 1933, precedes
the development of intense, narrowband dye lasers by over three decades. Indeed,
his derivation holds strictly only for weak, broadband excitation, that is, excita-
tion that does not significantly deplete the atomic ground state and has a spectral
width that is much larger than the homogeneous linewidth of the absorber. In this
regime, the response of the atom can be calculated from a rate equation model,
or, alternatively, by assuming that the fluorescence signal is the convolution of
the modulated, incident light and the exponential decay of the fluorescing species.
Measurement of the phase-shift of the fluorescence, a method generally refered to
as “phase sensitive ﬂuorometry,” has since been widely used to determine fluores-

cence lifetimes of species as varied as low pressure gases, organic liquids, or even

solids [6].




In its conception [1], expressions for the depth-of-modulation and phase-
shifts in a LFV were exactly those of conventional phase sensitive fluorometry
[5]. However, it has been recognized that when using narrowband rather than
broadband excitation these expressions are no longer valid [7-10]. For example,
due to the coherent interaction between field and absorber, the phase-shift for
resonant excitation may be twice that for the corresponding broadband result
[10,11]. Moreover, with available power levels, it is easy to achieve strong satura-
tion of the atomic medium, leading to even more complicated expressions for the
depth-of-modulation and phase-shift of the fluorescence signal [9,10]. In particu-
lar, these coherently driven saturation effects have been shown to give rise to the
creation of higher harmonic components in the modulated fluorescence signal, an
effect related to that of Rabi oscillations. A group at the University of Rochester
has recently pursued experimental demonstrations of these coherent effects in the
bichromatic operation of a homogeneously broadened laser [12,13] as well as in
an atomic beam setup resembling the LFV geometry shown in Figure I-1 [14,15].
Also, Thomann has performed related work with an atomic beam excited by a
narrowband, not fully amplitude modulated field, that is, a field with three rather

than two frequency components [16—18].

The goal of the work in part II has been to calculate explicitly the response
of the simplest imaginable atomic system, namely a strict two-level atom, to
a narrowband, nearly resonant field that consists of two unequal frequencies of
the same amplitude, or, in an alternative view, a narrowband field that is fully
amplitude modulated. Although — even for the general case of (possibly) strong
excitation — the solution has been known for some time in the form of continued
fractions for the various fluorescence components [13-15], important aspects of

this solution have not been investigated previously. In particular, because only the
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time-averaged behavior has been measured in the experimental work mentioned
above {12-18], not much analysis has been devoted to the study of modulated
fluorescence components. Yet it would be precisely these components that would

‘be measured in the proposed LFV.

In pursuing the analysis of the response of a two-level atom driven by a fully
amplitude modulated optical field we have drawn extensively from the literature
on equivalent experiments in the field of magnetic resonance, namely those in
which a two-level atom is subjected to a combination of static and osciliating
magnetic fields. Much of this magnetic resonance work was carried out in the
period 1955 - 1975. Quite importantly, the basic equations that describe the
repective magnetic and optical interactions — the Bloch equations — are identical
for the two regimes. Thus many results from the magnetic resonance literature
can be applied straightforwardly to the case of an optical interaction. Specifically,
these results include the derivation of multi-photon (multiple quantum) resonances
[19] and the calculation of the power-shifts of these resonances, which have become

known as Bloch-Siegert shifts [20].

In Section II we start with a concise overview of the theory of magnetic and
optical interactions. Thus we derive the Bloch equations and identify equivalent
optical and magnetic resonance geometries. Also we explain the physical origin of
multiple quantum resonances, and we review the known expressions for the Bloch-
Siegert shifts of these multiple quantum resonances. A discussion of how specific
results from magnetic resonance apply to the experimental work performed at
Rochester will not be repeated here [21]. However, in Section III we present an
extensive analysis of the response of a two-level atom to a fully amplitude mod-
ulated field, paying particular attention to the behavior of modulated interaction

components. As it turns out, this discussion is new even to the field of magnetic
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resonance where, as in the optical regime, most analyses have been for the reso-
nance behavior of time-averaged signals, since these were the quantities measured

in the majority of the experiments.

The emphasis in Section III is not primarily on the relevance of the theory
to the concept of the LFV, but rather on fundamental aspects of the atom-field
interaction. Particularly, we extend the concept of Bloch-Siegert shifts of mul-
tiple quantum resonances to harmonic components of the interaction. Then in
Section IV, we return to a specific aspect related to the interpretation of LFV
data, namely the effects of inhomogeneous broadening. Unlike the experimental
work performed at Rochester [14], which was carried out in an atomic beam setup
to eliminate inhomogeneous broadening, a typical application involving an LFV
would deal with a medium in which, in addition to a bulk motion, a substantial
distribution of random, thermal velocities would exist. Because of the small angle
between the crossed beams, there is a large asymmetry between the influences of
the Doppler shifts due to transverse and parallel (that is, parallel to the fringes)
velocity components of the fluorescing medium. Thus, in the rest frames of in-
dividual atoms, the frequency difference between the two Doppler shifted beams
is generally well defined. However, in these rest frames, a large distribution of
detunings exist, even at temperatures well below room temperature. Without
pre-empting the detailed discussion of Section IV we note that this implies that
in applications other than those designed to deliberately suppress inhomogeneous
broadening one should average the results of Sections III and IV over the inhomo-
geneous profile of the two-level medium. Interestingly, this averaging yields the
same expressions for modulation and phase-shift of the fluorescence signal in the
case of weak, narrowband excitation as for the familiar case of weak, broadband

excitation [11]. However, if the narrowband excitation (or, for that matter, the
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broadband excitation) is sufficiently strong to cause saturation effects, the result-
ing expressions for modulation and phase-shift are significantly different. These
results should be taken into account when extracting transverse velocities from.,
say, the phase-shift of the modulated fluorescence signal if the exciting light can-
not be considered to be weak. From the point of view of the fundamental aspects
of the interaction of a modulated field with a simple quantum system, the in-
homogeneously broadened results for the modulated fluorescence component are
interesting and surprising in that they, unlike the correéponding results for the
usually measured time-averaged signals, retain the characteristic multiple quan-
tum resonance structure that is found in the absence of inhomogeneous broadening
[22]. This finding might alleviate the need for meticulously designed atomic beam
setups such as those employed in the Rochester experiments.

Finally, in Section V we recapitulate the main results from Sections III and
IV, and we giw}e some discussion on further experimental activitiés that might be
pursued to confirm the theoretical predictions of Sections III and IV, even if the
successful operation of the proposed LFV proves to be beyond practicability under

the stringent conditions that are encountered in a typical laboratory setting.
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II OVERVIEW OF OPTICAL AND MAGNETIC RESONANCE

Section II presents a brief overview of the fields of optical and magnetic res-
onance on two-level atoms using modulated excitation. Section II-1 starts with a
discussion of the experimental aspects of both types of experiment. Next, Sections
II-2 and II-3 present the vehicle of choice for the analysis of optical and magnetic
interactions, respectively, namely the Bloch equations. Also, Section II-3 points
out the strong similarities of both types of experiment. Section II-4 deals specifi-
cally with an optical interaction driven by a fully amplitude modulated field, or,
alternatively, a magnetic interaction under conditions of longitudinal pumping. In
particular, Section II-4 gives some discussion on the occurrence of multiple quan-
tum resonances and the (Bloch-Siegert) shifts of these resonances with increasing

field strengths.

II-1 Experimental Aspects

Because the theories of optical and magnetic resonance are most easily devel-
oped for quantum systems that are composed strictly of two levels, experimenters
have generally strived to approximate such ideal two-level systems as closely as
possible. Thus, the relevant interactions can be schematically represented as iﬁ
Figure II-1.

In an optical resonance experiment, an atomic ground state, state |1), is
excited to the upper level of the two-level system, state |2), by a narrowband
laser, whose frequency w; is generally close to the atomic transition frequency

w12, with a detuning given by
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1) —L— 11>

Optical resonance Magnetic resonance

Figure II-1: Schematic representation of optical and magnetic res-
onance experiments.

Subsequently, either the absorption of the pump beam, or the fluorescence signal
from state |2) is measured to obtain information on the field-atom interaction. In
case of measurement of the fluorescence signal, either the total luorescence inten-
sity is measured, or, in a more sophisticated experiment, the spectral distribution
of the fluorescence (for one of the earliest accounts see Ref.[23]). In the follow-
ing, we are only concerned with measurements of the fluorescence intensity. The
simplest experiment would be one in which the exciting light is a monochromatic
plane wave of constant amplitude and phase. However, we are more interested
in the types of experiment where the exciting light is either frequency modulated
[24-26], amplitude modulated [7-18,26-28], or is perhaps a bichromatic field with
unequal intensities in the two modes [15,29]. Because typical modulation frequen-
cies are on the order of the homogeneous linewidth of an atomic transition (=~

10 MHz), which, if the experiment is performed in a gas at room temperature,
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is typically several orders of magnitude less than the linewidth due to inhomoge-
neous broadening (=~ 1 GHz), optical resonance experiments are generally carried
out in atomic beam setups to eliminate the complications due to inhomogeneous
broadening. Finally, to prepare the atomic system (usually one of the D-lines in
the 3s-3p manifold of sodium) as a two-level system, the atomic beam is generally
optically pumped with circularly polarized light, to allign the magnetic sublevels
of state |1) [13,17].

Magnetic resonance experiments on two-level systems have been of a similar
nature in that, again, some atomic ground state, state |1}, is optically pumped to
some excited state, state |2). Specific atomic systems that have been used include
the D;-line of the 6s-6p transition in cesium [30-39], the 32614 line in 113Cd
(40,41}, the 25374 line in '*°Hg [42], and the D;-line of 37Rb [43-46]. In marked

contrast to the optical resonance experiments, however, the two-level system of
interest is not the system composed of states |1) and |2), but rather the two states
|[+) and |-) (see Figure II-1), into which the spin-1/2 state |2) splits under the

influence of an applied magnetic field. This splitting is given by:
A= Amag = go f Ho, (11‘2)

where go is the g-factor of state |2), 8 is the Bohr magneton, and Hy is the Zee-
man field that is used to split the two levels. Just as in the case of an optical
interaction, the simplest situation is that in which the (static) Zeeman field is
the only magnetic field present. In the more interesting experiments, however,
additional static and radiofrequency (rf) fields are applied, either longitudinal,
transverse, or at an arbitrary angle to the Zeeman field [30-46]. The modula-
tion frequencies of the additional fields are typically on the order of 10-100 kHz,
that is, several orders of magnitude smaller than those in optical resonance ex-

periments. Moreover, because the transition frequency of the magnetic two-level
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system (=~ 10-100 kHz) is some eight orders of magnitude less than for a typical
optical two-level atom (=~ 5 x 10!4 Hz), inhomogeneous broadening is completely
negligible, so that experiments have been performed simply in gas cells-. Note that
inhomogeneous broadening of the optical transition |1) — |2) does not affect the
dynamics of the |+) < |—) system, because, as a result of the selection rules for
dipole transitions, only one of the two sublevels |+) or |—) is optically pumped
from the atomic ground state |1). For the same reason, it does not matter whether
the sublevels of state |2) are excited by narrowband or broadband light. Indeed,
because most of the magnetic resonance experiments were performed before the
availability of strong, narrowband lasers, most experiments were performed with
electrodeless discharge lamps, containing the same gas as the gas in the resonance
cell. Light from the discharge lamp was then collimated and passed through a cir-
cular polarizer. Information on the dynamics of the interaction was then obtained
by measuring the absorption signal, by placing a photo cell on the opposite side
of the resonance cell, and measuring the transmitted intensity of the circularly

polarized pump beam.

II-2 Optical Bloch Equations

Let the dynamics of the optical resonance experiment from Figure II-1 be
described by the density matrix elements p;; (i,5 = 1,2) of the two-level system.
From the Liouville equation, the dynamical evolution of the two-level system may

then be shown to obey the system of equations (see, for example, Ref.[47]):

. ap . ——w

th(T:E + P22/Tl) = Hipt [e‘“’"’pu —e" "’pn]; (II-3a)
. ap —tw

171(‘8_;2 + P12/T2) = Hint €7*"** (22 — p11); (1I-3b)
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P11 =1— pa3; (I1-3c)

p21 = Pl (I-3d)

Here % is Planck’s constant divided by %7, T;"! and T, ! are phenomenological

decay rates, and the interaction Hamiltonian is given by
Hine = —p12 E(t), (I1-4)

where p12 is the electric dipole moment of the two-level transition, and E(t) is
the magnitude of the electric field component of the exciting light. Rather than
work with the density matrix elements p;;, we follow Allen and Eberly’s notation

(Ref.[48], Chapter 2), and transform to the variables U, V, and W, given by

U = pa1 + 12 = 2Re{p12}; (I11-5a)
V =i(f21 — p12) = 2Im {512 }; (II-5b)
W = p22 — p11, (II—Sc)

where ;2 is the off-diagonal density matrix element in a rotating frame:
P12 = p1z €4t = pyy eflWra—wt - ¥ (1I-6)

In Egs.(II-5), U and V are the real and imaginary parts of the susceptibility
(or polarization) of the two-level system, respectively, and W is the population

inversion. Also, we introduce the dipole coupling constant
K= 2p12/h, (H—7)

and write, in case of a monochromatic field of frequency w; and amplitude £, the

electric field as:
E(t) = 2€ cos wit. (I1-8)
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With Egs.(II-4)—(1I-8), Eqgs.(II-3) may now be written as

U=-U/T; - AV + k€ sin(2wit) W; - _ (I1-9a)
V =~V /T: + AU + &€ [1 + cos(2wit)] W; (II-9b)
W =—(1+W)/T, — &€ sin(2wit) U — k€ [1+cos(2wit)] V,  (I1-9c)

where the dots denote differentiation with respect to time. Note that, by Eqs.(II-
3) and (II-9), the excited state |2) is unpopulated in the absence of any driving

fields, yielding the equilibrium values
KV=1 D=0, We=-1 (1I-10)

We assume that these equilibrium values hold throughout Section II, III, and IV.
'However, even if, by some pumping mechanism other than that of the electric
field E(t), a significant non-zero equilibrium population exists (as is the case in a
laser medium, for example), Eqs.(II-3) and (II-9) remain essentially unmodified.
Indeed, one merely needs to replace the terms p23 /T and (1 +W)/T; in Eqs.(II-
3a) and (II-9¢c) by (p22 — pg‘;’) /Ty and (W — Weq)/Th, respectively, where pgg)
and Weq are the new equilibrium values. Thus, in Eqgs.(II-9), the solution for the
variables U, V, and W is simply multiplied by a factor (—W,q).

Egs.(II-9) are the well known optical Bloch equations. Because, at opti-
cal frequencies, the terms cos(2w;t) and sin(2w;t) have a time-dependence that is
far beyond the resolution of conventional spectroscopic techniques (see, however,
Ref.[49]), these terms are generally omitted from the equations. This approxima-
tion constitutes the rotating wave approximation (RWA), and generally leads to
excellent results. Certainly, it greatly facilitates the solution of the Bloch equa-
tions.

To allow an easy comparison of the optical Bloch equations with the corre-

sponding magnetic Bloch equations in Section II-3, we note that, if the components
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U, V, and W are written as a vector:

® = (U,v,w)T. (II-11)

Eqs.(II-9) can be written such that the interaction terms form a vector product:

®=-Ad+Rx®d+C, (I-12)

where A is a diagonal damping matrix with elements T, 1 Ty 1 and T 1 and C

is the inhomogeneous term given by
C = (0,0,-1/T3)T ~ (0,0,1)T, (II-13a)

or

C = (0,0,Weq/T1)T ~ (0,0,1)7. (I-13b)

The vector R, which acts as a torque on the Bloch vector ®, is given by
—&& [1 + cos(2wit)]
R = k& sin(2w;t) . (I1-14)
A
Note that for the constant, monochromatic field E(t) from Eq.(II-8), R becomes
time-independent in the rotating wave approximation. The resulting solution of
the Bloch equations is well known, particularly the occurrence of Rabi oscillations
[47,48]. Rabi oscillations are, however, a transient effect, which is damped out
after a few cycles following excitation by a field that is switched on abruptly.
Here, we are only concerned with steady-state solutions of the Bloch equations.
However, we are interested in fields more general than the constant field of Eq.(II-
8), namely (possibly) polychromatic fields with variable amplitude and phase.
Thus we replace the field from Eq.(II-8) by the more general field
E(t) =) 2&(t) cos(wit + pi(t)), (II-15)
1
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where the summation is over an arbitrary number of field modes, and &;(t) and
©i(t) denote amplitude and phase facfors that are slowly varying with respect to
the optical frequencies w;. The Bloch equations for such a field can be derived
as before. This time, the transformation to a rotating frame from Eq.(II-6) is

generalized to
pra = p1z e(Bt—w(8)) _ P12 ei(yxzt—w:t—wz(t)) = 5;1, (1I-16)

where, as yet, the frequency w; and phase o;(t) are undetermined [they may or
may not be chosen equal to one of the factors w; and p(t) in Eq.(II-15)]. With
Eqs.(II-15) and (II-16), the Bloch equations again take the form of Eq.(II-12).

However, the optical torque R is now given by

=3 k&i(t) [cos AL (2) + cos ﬂf”(t)]

R = 2k (t) [sin ﬂ‘(-_)(t) + sin ﬂ,('” (t)] ) (II-17a)
A - gi(t)
where
O () = (wit + i(t)) + (wit + wi(t))- (II-17b)

Apart from the obvious addition of cosine and sine terms in the first two compo-
nents of R, the third component is also changed, namely by the time derivative
of the phase factor ¢;(t) from Eq.(II-16).

With Egs.(II-15)-(II-17) it is a straightforward matter to derive the Bloch
equations for special fields, such as fields that are frequency modulated [24-26],
amplitude modulated {7-18,26-28], or bichromatic [15,29]. For example, it can be
shown that amplitude modulated and frequency modulated fields can be described
by the same Bloch equations, upon interchange of the first and third components

of the Bloch vector ® from Eq.(II-11). However, the nonvanishing component of
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the inhomogeneous term C is then interchanged between the two cases, with im-
portant consequences for the resonance behavior of the two-level system [26]. In
Part II of this dissertation, we are concerned primarily with fully amplitude mod-
ulated (FAM) driving fields. Denoting the carrier frequency and the modulation

frequency by w; and 1, respectively, such a field can be written as [cf. Eq.(II-15)):
EFAM)(4) — 2£ cos 0t coswit. (11-18)

Comparison with Eq.(II-15) then yields with Eq.(II-17a) (take ¢;(t) = 0):
Rg;cid) = (—x€ cos N, 70, A)T, (I1-19)

where the subscript indicates that the rotating wave approxima.tion has been
made. Incidentally, Eq.(II-19) can be shown to be mathematically equivalent to
the result that is obtained for a constant, monochromatic field, such as expressed
in Eq.(II-8), and the rotating wave approximation is not made. However, to bring
out the mathematical similarity, the conventional transformation from Eq.(II-6)

must be replaced by the transformation
P12 = praerat = ¥ | (I1-20)

The resulting expression for the torque R can be obtained from Eq.(II-17), by
setting w; = wi, and @i(t) = p;(t) = —w;t, in which case the (no longer slowly
varying) amplitude of the field is given by & cosw;t [note that, with these substi-
tutions, the field in Eq.(II-15) is identical to the field in Eq.(II-8)]. Both the terms
ﬂs't) and ﬂf_) in Egs.(II-17) are now zero, so that Eq.(II-17a) becomes, instead
of Eq.(II-14):

RO = (—2K€ coswit, 0, wy2)T, (I1-21)

where the superscript (c) denotes a constant, monochromatic field. Egs.(II-19)

and (II-21) are mathematically equivalent indeed, although typical values of the
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optical frequencies w; and w;2 may be eight orders of magnitude larger than the

corresponding values of the modulation freque'ncy 1 and the detuning A.

II-3 Magnetic Bloch Equations

For a magnetic resonance experiment, such as depicted in Figure II-1 on
page 120, the Bloch equations can be expressed in terms of the magnetization M

and the total applied magnetic field H as [30,31,33,37,45):

where, in terms of Cartesian coordinates
M = (M,,My,M,)T; H=(H,,H, H,)T. (11-23)

In Eq.(II-22), go and B have the same meaning as in Eq.(II-2), A denotes a di-
agonal damping matrix, and the term Mo /Tp is the pumping rate, in terms of a
characteristic pumping time, Tp, and the equilibrium magnetization, My, which
would be achieved by the optical pumping process in the absence of any magnetic
fields. Comparison of Eq.(II-22) with Eq.(II-12) shows a remarkable similarity
between the magnetic and optical Bloch equations (with or without the rotating

wave approximation). The following correspondences hold:

® - M; (I1-24a)
R & —go8H; (II-24b)
C o My/Tp. (II-24c)

The correspondence is born out in full if the z, y, z coordinate system in the

magnetic resonance experiment is chosen such that the direction of the circularly

-128 -

M=—-AM + oM x H + Mo/T», (11-22)



polarized pump beam is along the z-axis. Thus
M,/T, ~ (0,0,1)T, (11-25)

which has the same nonvanishing component as the inhomogeneous term C in
Eqgs.(II-13) for the optical case. With the general expression for the optical torque
R from Eqgs.(II-17), it is now easy to establish equivalent magnetic and optical
resonance geometries. In particular, the magnetic counterpart of the optical reso-
nance experiment involving a fully amplitude modulated field is that of a so called
longitudinally pumped geometry [Figure II-2(a)]. In this geometry, a static Zee-
man field Hy is applied along the z-axis, and an oscillating radiofrequency field is
applied orthogonal to the pump beam, say, along the z-axis. Thus, if we denote
the modulation frequency and the rf amplitude by {1 and Hys, respectively, the

total magnetic field can be written as

H = (HytcosQt, 0, Hy)7, (11-26)

which, with Eq.(II-24b), is fully equivalent to Eq.(II-19) [and Eq.(II-21)] indeed.
Similarly, the geometries shown in Figures II-2(b) through II-2(f) can be shown to
be equivalent to optical resonance experiments involving, respectively, a general
amplitude modulated field, a frequency modulated field on resonance, a detuned
frequency modulated field, a single constant field, and a bichromatic field with
unequal field amplitudes. In Table II-1, the corresponding expressions for the
magnetic and optical fields are given, as well as literature references for both the
magnetic and optical interactions. These corr-spondences are quite important
to work in the optical regime, because most of the equivalent magnetic resonance

geometries have been studied in detail. However, in the much more recent work on
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Figure II-2:

nance configurations.

In all cases, the circularly polarized pump beam is along the z-
axis; Ho, Hyt, and H,; (1 = a,b)) represent a static field, an oscillating
radiofrequency field, and a rotating field, respectively. See also Table

II-1.
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Table I1-1: Equivalent magnetic and optical fields.

Fig. II-2 Equivalent fields and references

entry

) {H(t) = (Hcos 0,0, Ho);  [19,42-44,52,54-56,58-63]

2 E(t) = 2& cos Nt coswit; [1,5,7,11-14,21-23,65-69)

(b) { H(t) = (cos9Ho + Hyfcos t,0, Hosind);  [36,38,64]
E(t) =2€(1 + Mcos Ot) coswit; [8-10,16-18,26-28)

) { H(t) = (Ho,0, Her cos 0t);  [33,34,45,46,53,57,63]

(c E(t) = 2€ cos(wit + MsinQt); A =0; [none]

@ { H(t) = (Hosin®9,0, Hocos ¥ + Hyg cos 0t); [30,(31),32,37]
E(t) =2€ cos(wit + MsinQ1t); A #0; [24-26]

© {H(t) = (Hyq coswat, Hyq sinwgt, Hp); [(50),51]

e
E(t) = 2 coswat; [23]
H(t) =( X Hecoswit, 3 H,isinwt, Ho); [20,39,(40,41)]

(f) t=a,b t=a,b
E(t) = 2&, cosw,t + 2& cos wpt; [15,29,70]

optical resonance, these correspondences have not always been exploited, leading

to the proverbial reinvention of the wheel [21,26].

II-4 Resonance Behavior

In Section III, we present a detailed discussion of the resonance behavior ofa

two-level system under the influence of either a fully amplitude modulated optical
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field, or a combination of static and oscillating magnetic fields such as depicted
in Figure II-2(a). Although such discussion has been presented previously, it has
focused mostly on the time-averaged resonance behavior of the system (that is,
the resonance behavior of the time-averaged absorption or fluorescence signal,
as opposed to modulated components of these quantities). This is particularly
true for those cases where the fields are sufficiently strong to cause saturation
effects. Thus, the study of modulated interaction components has not received
much attention. Before addressing this problem in detail in Section III, we review
here the known features of the time-averaged resonance behavior, particularly the
occurrence of multiple quantum resonances, and the shifts of these resonances as

a function of the field strength.

I1-4.1 Multiple quantum resonances

Consider once again the fully amplitude modulated field from Eq.(II-18).

This field may be written alternatively as
EFAM)(4) = € coswyt + & cosw_t, (II-27a)

where

we =w; Q. (II-27b)
Thus the FAM field can be considered as a bichromatic field with equal intensities
in the two modes. From Eq.(II-27) it is evident that, at least in the weak field
limit, resonance occurs when either of the two frequencies w4 or w_ is equal to

the atomic transition frequency w2, that is, if the detuning A from Eq.(II-1) is

equal to the modulation frequency:

A = £Q. (11-28)
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For strong fields, however, additional resonances occur, namely by absorption of
ne > 1 photons, and stimulated emission of (n, — 1) photons. Some of these
multi-photon or multiple quantum resonances are shown in Figure II-3. For these

processes, the generalized (weak field) resonance condition becomes

nawi — (ng — 1) wg = wya, (I1-29)
or, with Egs.(II-1) and (II-27b):

A=%(2n,-1)0=%N1Q, (II-30)

where N = 2n, — 1 is the total number of photons, and is refered to as the quan-
tum number of the resonances. Although our discussion has been for an optical
interaction, the same principle applies to a magnetic resonance experiment, and
the same multiple quantum resonance condition exists, except that the quanti-
ties A in Eqgs.(II-28) and (II-30) are to be interpreted as the Zeeman splitting
of the two-level atom, defined in Eq.(II-2), and Q1 is now the frequency of the
magnetic rf field. In both the magnetic and optical regimes, the quantum number
of the resonances is, by definition, an odd integer (by contrast, the transversely
pumped magnetic resonance geometry from Figure II-2(c) or its optical equivalent
are characterized by virtual transitions involving even numbers of photons, and

the corresponding resonances are refered to as Haroche resonances [53]).

II-4.2 Bloch-Siegert shifts

As early as 1940, it was realized that the resonance condition from Eq.(II-28)
is modified in the presence of strong driving fields [20]. After their discoverers, the
corresponding resonance shift is known as the Bloch-Siegert shift. The original

calculation of this shift involved only the lowest order correction to the resonance
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Figure II1-3: Illustration of multiple quantum resonances in an op-
tical two-level system.

condition of the main resonance (N = 1) from Eq.(II-28). For the longitudinally
pumped magnetic resonance geometry from Eq.(II-26) it is given by:

gobHrt ) 2] (II-31a)

A = goBHo = +0[1- ( -
Subsequently, the designation “Bloch-Siegert shift” has been used to denote the
shift in the resonance condition for an optical resonance experiment due to the
counter-rotating term in the optical Bloch equations from Egs.(II-9), which, in
the rotating wave approximation, is neglected. Indeed, by comparing Eq.(II-26)
to Eq.(II-21), it is clear that the equivalent of Eq.(II-31a) for an optical resonance

experiment involving a constant, monochromatic field is given by [48]:

2
A= Wi — W = __(I_Cf:_)_’ (II—31b) .
i

where £ and w; are defined in Eq.(II-8). Typicél values for this optical Bloch-

Siegert shift can be obtained by setting & = eag/k, where e is the electron charge
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and ao is the Bohr radius. With w; = 3 x 10'® 5! and an electric field amplitude
that corresponds to a narrowband, 100 mW beam focused to a spot size with a
dia.mete.r of 10 um (about the strongest narrowband field achievable with state-
of-the-art dye lasers), Eq.(II-31b) yields a Bloch-Siegert shift of only 0.5 MHz,
which is an order of magnitude smaller than a typical homogeneous linewidth
(= 10 MHz), and about equal to the best obtainable laser linewidths. Thus, it
will be extremely difficult to measure this shift experimentally. Indeed, no such
experiments have been reported to our knowledge.

The situation is quite different, however, for an optical resonance experiment
involving a fully amplitude modulated field. Comparison of Eq.(II-26) with Eq.(II-
19) shows that, in this case, the shift corresponding to Eq.(II-31a) is given by

A= :hﬂ[l - (%)2] (II-31c)

where £ and 0 are defined in Eq.(II-18). If we again set £ = eag/h it is easily
calculated that, in order for the term x€ /40 to be unity, only a 0.25 mW beam
with a spot size of 1 mm is needed if the modulation frequency is 10 MHz. Of
course, if € /40 is unity, .highef order correction terms to the resonance shift must
be included. But the point is that in a FAM optical interaction, the Bloch-Siegert
shift should be easily detectable. Recently, ‘a group at the Un.iversity of Rochester
ifxdeed reported such mea.surements,. although — perhaps unfamiliar with the
equivalent magnetic resonance experiments — the term Bloch-Siegert shift was
not used in their work, nor was the concept of multiple quantum resonances,
although these were clearly observed [14]. For a discussion .see Ref.[21].

Around 1973, there was a flurry of activity to calculate higher and higher
terms of the (magnetic) Bloch-Siegert shifts, using both semi-classical [60] and

fully quantum mechanical calculations [59,71]. Also, expressions for the shifts

- 135 -



of multiple quantum resonances for quaﬁtum numbers N > 1 were calculated by
several authors [58,61-63], and some calculations were performed for systems more
complicated than a simple two-level system [72,73]. Here we suffice by giving the
expressions for the shifts of the N = 1, N = 3, and N = 5 resonances. Conforming
to the conventional notation from the magnetic resonance literature, we write [cf.

Eq.(II-31a)):

wo _ goBHo b goBHe
— == - ==, I1-32
w n’ w N ( )
Thus, the resonance conditions for the N = 1, N = 3, and N = 5 multiple

quantum resonances are given, respectively, by [61—63]:
2 2 4 6 3 8 103/b\10
() = 1-2() 38 - B - S (8- 2" .. e
w w 2\w 16 \w 64 \w 384 \w

SR EOREREIORE IO

and

(%)2 =52[1- %(%)2 + %(%)4 - 0.00138(%)6 ] (I1-33c)
Note that Eq.(II-33a) agrees with Egs.(II-31) upon taking the square root. Quite
generally, Bloch-Siegert shifts for arbitrary values of the rf amplitude are obtained
by numerically solving for the zeros of a continued fraction [24,25,28,63], as is
explained in detail in Section III. The results of such a calculation are displayed
in Figure II-4 by plotting the calculated positions of some of the odd, multiple
quantum resonances as a function of the quantities wo/w and 4b/w from Eq.(II-32).
For (b/w) << 1, the limiting behavior of the curves in Figure II-4 is given by the
equivalent of Eq.(II-30), namely by wo/w = +N (only the positive branches are
displayed in Figure II-4). For sufficiently strong rf fields, fhe resonances actually
disappear, namely at values of 4b/w equal to the zeros of the zeroth order Bessel

function. This well known result is also discussed in more detail in Section III.
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Figure II-4: Bloch-Siegert resonance curves for a longitudinally
pumped magnetic resonance experiment.

Somewhat surprisingly, an aspect that has not received much attention in the
literature is the resonance behavior of modulated interaction components. Herein
lies the novelty of the work presented in Section III. For example, it is shown
that, for modulated components, the Bloch-Siegert resonance curves become split.
However, part of the mission of this work has also been to point out that the
concepts of multiple quantum resonances and Bloch-Siegert shifts are directly

applicable to optical resonance experiments involving modulated fields.
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III RESONANCE BEHAVIOR OF A TWO-LEVEL ATOM
IN A FULLY AMPLITUDE MODULATED FIELD

Section III addresses in detail the steady-state resonance behavior of a two-
level atom driven by a narrowband, fully amplitude modulated, optical field. The
material in Section III is taken from Ref. [28], which is reproduced here in essen-
tially unmodified form. Only a few rhanges have been made, mostly in Section

ITI-1, to provide continuity with Section II.

III-1 Motivation and Organization

In Section II, we have shown that the problem of an optical two-level atom
interacting with a fully amplitude modulated field is formally identical to that of
a longitudinally pumped magnetic resonance experiment. Also, we have reviewed
the occurrence of multiple quantum resonances and the Bloch-Siegert shifts of
these resonances with increasing field strengths. In 1972 Stenholm showed that,
for this longitudinally pumped magnetic resonance experiment, the solution of
the Bloch equations can be obtained in terms of scalar continued fractions for
arbitrary rf amplitudes [54,55]. Unlike Shirley’s earlier characteristic exponent
method, which is based on diagonalization of the Floquet Hamiltonian, and does
not include relaxation effects [52], Stenholm’s theory not only gives the solution
for the time-averaged (DC) behavior, but for modulated interaction components
as well. However, expressions for the Bloch-Siegert shifts of the multiple quantum
resonances as given in Section II-4.2, derived from Stenholm’s theory or otherwise
have been calculated for the DC fluorescence and absorption components only [58-

63]. This is surprising because, concurrent with the development of the theory,
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experimental work was performed in which modulated signals rather than DC
signals were measured [42]. In their brief theoretical treatment, Arimondo and
Moruzzi conclude that “... the same Bloch-Siegert shift is displayed by both the
stationary term and the time dependent term [at twice the modulation frequency]
at low intensities of the rf field ...,” but that “.. on the contrary, a different
behavior is observed at higher fields ...” [42]. Thus, although it was recognized
that the resonance behavior of modulated interaction components deviates from

that of the DC behavior in general, no detailed analysis was performed.

By now, activities in the field of magnetic resonance have largely ceased.
However, the mathematically identical problem that has emerged in the field of
optical resonance, namely the interaction of a fully amplitude modulated (FAM),
narrowband laser with an optical two-level atom is of considerable current inter-
est. In 1976 Feneuille et al. solved the problem for strong, resonant excitation [7].
At about the same time, Thomann performed botH theoretical and experimental
work for a not fully amplitude modulated laser [16,17]. Then in 1984 Hillman et
al. showed that the theory of a FAM interaction successfully describes the bichro-
matic operation of a homogeneously broadened laser [12,13]. But partichlarly,
just recently Chakmakjian et al. reported experimental results for a FAM inter-
action in which multiple quantum resonances were directly observed (although
they were not interpreted as such), namely as subharmonic resonances in the DC

fluorescence signal from a beam of sodium atoms [14].

Conceivably, an experiment like that of Chakmakjian et al. could be per-
formed, in which not the DC fluorescence but modulated components of the flu-
orescence would be detected. In fact, measurement of the fluorescence at the
beat frequency of a modulated driving field forms the basis for many fluorometric

techniques, and accounts for our interest in the subject [1,11,65]. Thus we inves-
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tigate the influence of multiple quantum resonances on the harmonic behavior of
a two-level system, driven by a FAM field. In the following we assume an opti-
cal resonance experiment — the treatment for a longitudinally pumped magnetic
experiment would be identical.

In Section III-2 we review Stenholm’s continued fraction solution and the
Bessel function solution for zero detuning. To illustrate the resonance behavior
of harmonic components we compute results for the DC fluorescence and the
lowest fluorescence harmonic, and show that the corresponding multiple quantum
resonances are singly and doubly branched, respectively. In Section III-3 we take
the vanishing damping limit of the continued fraction solution and generalize
the Bessel function result from Section III-2. In passing we show that, in the
vanishing damping limit, a DC population inversion of the two-level system by
optical pumping alone is impossible. Using the solution from Section III-3 we
derive in Section III-4 the doubly branched structure of the multiple quantum
resonances explicitly, and calculate expressions for the generalized Bloch-Siegert
shifts of all harmonics. Finally, in Section III-5, we conclude with a discussion on

practical implications and possible experimental verification of the theory.

IITI-2 General Solution

Following the notation of Allen and Eberly [48] we write the optical Bloch
equations for a two-level atom interacting with an electric field of amplitude £(t)

as in Egs.(II-9), and make the rotating wave approximation:

U= -U/T; - AV, (IlI-1a)
V = —V/T: + AU + kE(t)W, (III-1b)
W = —(W —W,,)/T, - s€(t) V, (I-1¢)
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where A is the detuning, « is the dipole coupling constant, Weq is the equilibrium
inversion, and T} and T, are the longitudina.l and transverse relaxation times.
Assuming that the field is fully amplitude modulated at frequency 2, we write

the time-dependent Rabi frequency as [cf. Eq.(II-18)]
k& (t) = 2gcos Nt. (IM1-2)

Below we refer to the constant g simply as “the Rabi frequency.” To allow for
unequal damping rates for the susceptibility components U and V (as is generally
the case in the equivalent magnetic resonance geometry) we replace the damping
rates 1/T3, 1/T5, aﬁd 1/T) in Egs.(III-1) by Ty, T, and I, respectively. Also we
“choose alternative definitions for the components of the Bloch vector, for ease of
notation below:*
u=-U; v=—iV; w=-W. (ITI-3)
Thus v corresponds to the difference between (rather than the imaginary part of )
the rotating-frame off-diagonal density matrix elements [cf. Eqgs.(II-5)],"and an
inverted system is characterized by values w < 0. Finally, because the solution
of Egs.(III-1) scales linearly with Weq we assume — without loss of generality —

that Weq = —1. The Bloch equations from Egs.(III-1) now become:

t + Tyu = iAv, (IT1-4a)
o + Tov = iAu + 2igw cos Nt, (I11-4b)
w+ Low = 2igvcos Ut + T, (ITT-4c)

By the Floquet theorem the steady-state solution of Eqs.(III-4) can be written as

2(t) = Z 2y exp(1kQt); z=u,v,w. (II1-5)

k=—o00

*With these choices the vanishing damping expressions for the combined
Floquet coefficients 1, from Eq.(III-7) do not have to differentiate between odd
and even indices.
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Substitution of Eq.(III-5) into Egs.(III-4) yields a set of recurrence relations be-
tween the Floquet coefficients. As was first shown by Stenholm these recurrence
relations can be solved in terms of scalar continued fractions [54,74]. Specifically,
because even terms v and odd terms wy vanish, and because the uy’s follow
simply from the vi’s by

ug = z'Avk/(I‘u +1kQ), (I11-6)

it suffices to solve for the combined coefficients

vk; k =odd,
Y = (I11-7)

w,; k =even.

Thus Eqs.(III-4) can be reduced to a single, three term recurrence relation:

ak Yk — 1g(Vk—1 + Yi+1) = Lobk,0,

where
1 a’ k =o0dd
I, kQ+ ———; k =o0dd,
ar=1{ " T TG ° (I11-8)
L, + 1kQ; k =even.

From this recurrence relation the quantities zk, defined as zx = yx/¢Yk—1, can be

obtained as continued fractions by backward iteration of
zk = [ak/ig - Tht1] ~ k>1. (I11-9)

For accurate results the backward iteration should be started at a value of k no
smaller than (A2 + 492)1/2. For k < 0 it can be shown that x;l = —z’f_k. Thus

the solution for the DC component becomes
Yo = [1 +2¢Im{z,}/T,] . (I1I-10)

Once the zx’s and 1o have been determined, the harmonic components are ob-

tained by forward recursion:

Y = ZpYr—1; k>1. (HI—ll)
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For negative indices one finds
Y= (-1)*9%; k<o, (II-12)

which follows also from the fact that v(t) and w(t) are imaginary and real, re-
spectively. With Egs.(III-5)-(III-12) the steady-state solution of Eqs.(III-4) is
completely determined.

For the special case A = 0 and equal damping rates, i.e., T, = L,, Egs.(III-4)
can be solved analytically in terms of integer order Bessel functions [7,10,16,54-
57,63]. If the results for v(t) and w(t) are expanded as a Floquet series as in

Eq.(ITI-5), and the coefficients from Eq.(III-7) are denoted by ¢y, i.e.,
¢k =vk(A=0;T, =L,), (111-13a)

one obtains (see Appendix A): |

Sk = i Ji(29/Q) Jk+1(29/00)

I~
1-40/T, (I-13b)

l=-=00

In the limit of vanishing damping only one term out of the infinite sum from

Eq.(III-13b) contributes, yielding the simple result
¢k = lim i = Jo(29/0)Jk(29/0). (ITI-14)

Eq.(III-14) provides an important clue about the resonance behavior of harmonic
components of the interaction. That is, for k # 0, #% shares one set of zeros with
the DC term ¢3, namely those of Jo(2g/0), but also contains an extra set of zeros,
namely those of Jx(29/0).

To illustrate the resonance behavior of the system we have computed several

fluorescence components. The fluorescence signal is proportional to the upper
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state population p22(t), which, by Egs.(II-5¢), (III-3), (III-5), (III-7), and (I1I-12),

can be written as a Floquet series:

paa(t) = 1 ‘;"(t) _1 "2“’0 _ % Z{¢2ke2‘k“‘ + c.c.}. (I1I-15)
k=1

Thus, Figure III-1 displays the DC fluorescence component, (1 — 40)/2, and the
in-phase component Re{—13} of the lowest fluorescence harmonic. The respective
values were obtained from the continued fraction solution of Egs. (III-8)-(III-11),
and are displayed in Figure ITI-1 as a function of the scaled Rabi frequency and
the scaled detuning, for small values of the damping (I, =T, =L, /2 = 01/10). It
is obvious that, in general, this resonance behavior is quite complicated. Figure
III-2 shows similar results for a cross-section through Figure III-1 at a particular
value of the interaction strength, namely 29/ = 4. In Figure III-2, different
curves correspond to different values of the damping, where it has been assumed
that Ty =T, = I,. The solid curves are for a vanishingly small damping, namely
L,/ = 1078, Their limiting values for A = 0 are correctly given by Eq.(III-
14), namely by (1 — J2(4))/2 ~ 0.421 and |Jo(4)J2(4)] =~ 0.145 for the DC and
modulated fluorescence components, respectively.

In Figure III-2, the solid curve for the DC fluorescence component is identical
to Figure 4 in Shirley’s seminal paper (52], and displays clearly the N = 3 and
N = 5 multiple quantum resonances. For arbitrary values of 2¢g/0 the positions
of these resonances, whose deviations from the weak-field values are known as the
Bloch-Siegert shifts, may be obtained by any of the methods of Refs. [58-63], or
from the theory in Section III-4. The results are displayed as the projections (solid
curves) in Figure III-1 (see Figure II-4 on page 137 also), which, in accordance with
Eq.(III-14), intersect the 2g/0-axis at zeros of the zeroth order Bessel function.

The limiting behavior for small interaction strengths, namely A/Q equals an odd
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min=0.00
max=0.50
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e //,/ min=-0.17
e =0.21
= //////// max=0

N

Figure ITI-1: DC fluorescence and in-phase component of the lowest
fluorescence harmonic as a function of the Rabi frequency and the
detuning.

Values of (1 —10)/2 (upper left) and Re{—1,} (lower right) are
displayed for Ty, =T, = L,,/2 = 0/10. Minimum [maximum]| values

are 0.00 [0.50] and -0.17 [0.21], for the DC and modulated components,
respectively. Projections of the maxima of (1 — ¥0)/2 and the zeros of

Re{—»} (intersections with the shaded plane) are shown in the limit
rurrv’ L, —0.
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A/Q

Figure III-2: DC fluorescence and in-phase component of the lowest
Huorescence harmonic as a function of the detuning for a fixed Rabi
frequency.

As Figure III-1, for a fixed Rabi frequency (2g/Q = 4). Solid and
dashed curves are for damping rates I,/Q = T,/ = L,/ = 1078,
0.1, 0.25, and 0.50, respectively. Note the singly- and doubly-branched
structures of the N = 3 and N = 5 multiple quantum resonances for
the DC and modulated components, respectively.
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integer N for the N-quantum resonance, is either explained mathematically by
the vanishing of the odd terms ax from Eq.(III-8) in the zero damping limit, or
is explained physically in terms of N-photon resonances, as explained in Section

I1-4.1.

Further inspection of Figure III-2 suggests that the statement following
Eq.(III-14) can be generalized to the case A # 0. That is, in the limit of vanishing
damping, |12| vanishes if ¥ does, so that the DC multiple quantum resonances
are present in the modulated component as well. However, |12| also has addi-
tional zeros which, so it appears, can be labeled with the same quantum numbers.
Indeed, numerical calculation shows that all multiple quantum resonances of the
12 component are doubly branched, except the N = 1 resonance. In Figure I1I-1
the locations of the additional branches of the fluorescence component at 2 are
indicated by projections given by the dashed curves, which intersect the 2g/0-axis
at zeros of the second-order Bessel function. For small interaction strengths the
branches have the same limiting behavior (namely A/ = odd N) so that the two

parts of any branch are associated with the same quantum number indeed.

Before deriving the doubly branched structure of the Bloch-Siegert shifts
explictly we note that, even in the limit of vanishing damping, the values of the
Floquet coefficients depend generally on the ratios of the damping terms. This
is illustrated for the fluorescence harmonic at 20 in Figure III-3, in which the
solid curve with Iy = T, = T;, = 10780} is identical to the upper solid curve from
Figure III-2. The other two curves in Figure III-3 are for T, = I, = 10—}, and
Iy/Ty = 0.5 and T, /T, = 2, respectively. Indeed, the values of |3/s| do depend on
the damping ratio Iy /I,,. However, the zeros of [t);| seem to be independent of

this ratio, a result which we show to be generally valid in Sections III-3 and III-4.
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Figure IIT-3: Detuning scans of the lowest fluorescence harmonic
for various damping ratios.

As the top of Figure III-2. Curves are for I,/ =T, /0 = 10~8,
but different values of the damping ratios T, /Lw, as indicated. Note

that the values of |13|, but not the positions of its zeros, depend on
the ratio I, /T,,,.

III-3 Vanishing Damping Solution

The theory from Section III-2 is well known, although it has been applied
only sparingly to the study of modulated interaction components. Neither has it
been applied to the study of an ideal atom, namely one that is undamped and
interacts only with (is dressed by) the electomagnetic field. Thus, in Section III-3,
we evaluate the Floquet coefficients u, vk, and wy from Eq.(III-5) in the limit of

vanishing damping. That is, we calculate the coefficients

2y PCF = lim 2 ; z=u,v,w. (II1-16)

La—=0 1Yy, Yo
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As indicated, the limit is taken for fixed values of the damping ratios v, = Iy /Ly

and v, = I, /T,,. Because we obtain this limit from the continued fraction solution
of Egs.(III-8)—(1II-11), we refer to it as the vanishing damping continued fraction
(VDCF) limit. As has been noted by Stenholm one cannot simply set the damping
rates in Eq.(III-8) equal to zero, because the continued fractions zx from Eq.(III-
9) would become purely real and the ratio Im{z;}/L, in Eq.(III-10) would be

undétermined. Thus we develop the zi’s to lowest order in the damping [,:
=zl + (iT,/g) M + O (E2). - (1I17)

The factor 7 /g has been included for notational convenience below. By substituting
Egs.(III-8) and (III-17) into Eq.(III-9) and sorting out terms that are of the same

order in the damping, recurrence relations for the :c[O] s and :z[ bs are obtained.

Of course the xLOI ’s are just the z’s for zero damping. That is,
2 = [fi -2, k>, (I1I-18)
with
1-(A/kQ)2; k=odd,
fr=ar(ly =T, =T, =0)/ig = (kQ/g) x { (A/kQ) (I1I-19)
; k =even.
Having obtained the :t:f] ’s, the :L'Ll]’s follow by recursion of
zil = (@) [ge +20]; k21, (IT1-20)
where
v+ 7(A/kQ)2%; k =o0dd,
g = | 10T (A/kD) ° (HI-21)
1; k =even,

with 4, and <, as defined following Eq.(III-16). All quantities in Egs.(III-18)-
(I1I-21) are real. Thus, with Egs.(III-10) and (III-17), the VDCF result for the
DC component becomes:

gPF = 1422171 (I1-22)
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By iteration of Eq.(III-20) ,_,:[111 can be expressed solely in terms of the zLO] s:

oo
2 =Y g, (ITI-23)
k=1
where )
Pk = H xgoj. (I11-24)

=1
Because the gi’s from Eq.(III-21) are nonnegative it follows from Eqgs.(III-22)-

(I1I-23) that

¢8/DCF 2 0.

With Eq.(III-7) 4 is identified as the time-averaged population differeﬁce. Thus,
in the VDCF limit, a DC populatibn inversion of the two-level system is impossible
for all values of the interaction strength, detuning, and damping ratios.

With Eqs.(III-11) and (I1I-24) the VDCF solution for the harmonic compo-
nents becomes:

v P =y POF k> 1 (I11-25)

Thus, with Eq.(III-7), all nonvanishing coefficients v and wy, are determined. The

corresponding nonvanishing coefficients u) are simply found from Eq.(III-6):
up °°F = (A/kQ)YYPCF; k= odd. (1I1-26)

Egs.(I1I-18)~(III-26) constitute the complete VDCF solution. Because all involved
quantities are real, an algorithm based on Eqgs.(ITI-18)~(III-21) requires fewer mul-
tiplications to compute the Floquet coefficients than the corresponding algorithm
from Section III-2, which would involve complex quantities.

For the special case A = 0 all coefficients f) from Eq.(III-19) are given
by kfl/g, so that the continued fractions zLol from Eq.(I1I-18) can be summed

analytically [75]:
zy (A = 0) = Ju(29/9) /Ji—1(20/92).
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Thus, with Eqs.(III-21)-(III-25) and the Bessel function summation formula [75]:

o o]

> (@)*IR() = Jo(z 7 2),

k=—o00

the VDCF solution for A = 0 becomes:
¥x P°F (A = 0) = H™? Jo(29/0) Tk (29/00), (I11-27)

valid for all k. The factor H is given by
2H = (1 J_m.,) + (1 —vu)Jo(4g/Q). (II1-28)

Egs.(III-27) and (I1I-28) are the generalization of Eq.(ITI-14) for unequal damping
rates I, and I, (for T, = L,, ie, 7y = 1, H = 1, as required). As shown
in Appendix A, the correction term H may also be obtained by a perturbation
calculation in terms of T, — I, using the same analytical technique that originally
led to Eqs.(II-13b) and (III-14). Because Jo(4g/0) < 1 the factor H is positive
for arbitrary values of 4¢/0 and the ratio 4,. Thus the zeros of Yy DCF (A = 0)
depend on the argument 2g/0 of the Bessel functions from Eq.(I1I-27) only -and
are independent of the damping ratio +,, as was established empirically for the
zeros of |1,| at the end of Sectioh II-2. For A = 0 and 2g/0 = 4 we calculate
H =~ 0.793 for v, = 0.5 and H ~ 1.414 for Vv = 2, thereby correctly predicting the

values 0.182 and 0.102 at A = O for the dashed curves in Figure III-3, respectively.

III-4 Generalized Bloch-Siegert Shifts

Practically speéaking, values of the Floquet coefficients calculated from Sec-
tion III-3 are hardly distinguishable from those obtained by substituting extremely

small values of the damping rates in the general solution from Section II[-2 (say,
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I'; ~ 10780, z = u,v,w). However, using the VDCF solution from Section II1-3,
the resonance behavior of both the DC and the harmonic components is easily
analyzed. From Egs. (I1I-21)-(111-23) it follows that ¢y PCF = 0 only if p; = £oo
for at least some ! > 1. For k > 1 it follows from Eq.(III-25) that Y P°F =0 if
either 11;3’ DCF — g or px = 0. To establish the vanishing or singularity of the px’s
we note from Eq.(III-18) that if fiy; = zLo_}_z for some k, then :z:Loj_l = *o0, as
a result of which a:LO] =0, but zLO]zLoj_l = —1. From this and from Eq.(III-24) it

follows that for k > 1, px = O if and only if zLo_l_l = :too,‘and that pr = too if

and only if x[10] = £ 00. Combining all the above we conclude that for all £ > 0:
[o] _
Ty = Zoo0, or
WPF =0 = { |y (I11-29)
Z,.q = too.

To cast this result into a form most amenable to computing the positions of
multiple quantum resonances we define the quantities Fx = (g/0)fx and Y

Fit1 - (9/0)zl%,. Thus, with Eq.(I1I-19),

k—(A/0)2/k; k=odd,
Fi = (a/ay/ ° (I1-30)
k; k =even,
and
)2 )2
Yk — Fk+1 — (g/ ) (g/ ) e, (III“31)

Fyio2— Frya—

where Y} has been written as a continued fraction by iteration of Eq.(III-18). The

resonance condition from Eq.(III-29) can now be expressed as
$VPCF — 0 s {}q, =0, or Yi= o}. (I11-32)

This last result is a generalization of work by Swain in which, in essence, the
resonance condition Yo = O is stated for the DC component of a longitudinally
pumped magnetic resonance experiment [63]. With Egs.(II-30)-(III-32) all infor-

mation about the positions of multiple quantum resonances can be obtained.
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Firstly, because the Fy’s from Eq.(III-30) do not depend on the damping
ratios =, and <,, neither do the positions of the resonances, as has already been

alluded to in Sections III-2 and III-3.

Secondly, Eq.(III-32) implies that the DC component contains only a sin-
gle set of resonances, namely those associated with zeros of Yy. Moreover, these
resonances also appear in each of the harmonic components. In turn, each har-
monic component ¥ has an additional set of resonances that are Speciﬁc to that
harmonic, namely those associated with zeros of Yx. Thus the doubly branched

resonance structure of harmonic components is established.

Thirdly, because, in the weak-field limit, (odd) N-quantum resonances are
associated with the vanishing of the corresponding terms Fy from Eq.(III-30)
(vielding the resonance conditions A/l = odd N) it follows that the term Y —
and therefore the additional branches of the kth harmonic — contain only those

N-quantum resonances for which N > k + 1.

From Eqs.(III-30)—(III-32) the positions of the multiple quantum resonances
are easily found by numerical computation. A number of these generalized Bloch-
Siegert resonance curves, thusly obtained, are displayed in Figure III-4 (see also
the projections in Figure III-1 on page 145). Branches of the DC component are
represented by solid curves, which are identical to those in Figure II-4 on page 137.
Additional branches of even and odd harmonics, which are associated with the
atomic population difference and the atomic susceptibility, are shown in Figures
III-4(a) and III-4(b), respectively. In all calculations the continued fractions from
Eq.(III-31) were truncated at no more than 20 terms. As mentioned under the
third property above, additional branches of the kth harmonic are missing for
those N-quantum resonances with N < k + 1. Intersections with the 2g/0-axis

are easily checked to be given by the zeros of the appropriate Bessel functions from
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(b) 2g/Q

Figure ITI-4: Generalized Bloch-Siegert resonance curves for various
fluorescence and susceptibility components.

The DC resonances (solid curves) appear also in each of the har-
monics. In (a) the dashed and dotted curves represent the additional
resonances of the components at 20 and 49Q; in (b) the dashed and
" dotted curves represent the components at 0 and 3Q. All intersections
with the 2g/0-axis are given by Bessel zeros, according to Eq.(III-33).
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Eqs.(I1I-14) or (III-27). That is, the intersection of the N-quantum resonance of

the kth harmonic with the 2g/Q-axis is given by

Tk,(N—k)/2} k =odd,

29/ =Zkn = { . _ (I1I-33)
Ti (N—k+1)/25 k =even,

where zx; denotes the /th zero of the kth order Bessel function (not counting the

trivial zeros for zero argument). From the asymptotic approximation
T = (k/2 +1- 1/4) T,

another property of the Bloch-Siegert resonance curves follows, namely:

Fourthly, for an even harmonic the two branches belonging to a certain quan-
tum number converge for large 2g/1, whereas for an odd harmonic the branches
become maximally split. Thus, for odd harmonics, the additional resonances are
located midway between the DC-like resonances. Although this property is proved
rigorously only from the Bessel function solution for A = 0 we conclude from F ig-
ure III-4 that it is qualitatively correct away from the 2g /l-axis as well.

From Figure III-4 we draw another tentative conclusion about the Bloch-
Siegert resonance curves:

Fifthly, for even harmonics branches belonging to the same quantum number
N are mutually intersecting whereas the corresponding branches of odd harmonics
are nonintersecting, apart from their common origins at 2¢/0 = 0.

In principle, explicit analytical expressions for the generalized Bloch-Siegert
shifts may be obtained from Eqgs.(III-30)-(III-32). Specifically, several authors
have derived power series expansions for the DC resbnance shifts of a longitudi-

nally pumped magnetic resonance experiment. Thus we expand the position A( ")

of the (0odd) N-quantum resonan-e of the kth harmonic as

(111-34)




For an exact result an infinite number of terms n must be included. In practice,

as many terms are chosen as the number of expansion coefficients one is willing
to evaluate. Rather than the argument 2¢/Q, which is used elsewhere in Section
III, we have chosen the argument ¢/20 in Eq.(III-34) because this quantity is
equivalent to the scaled Rabi frequency associated with the radiofrequency field
in magnetic resonance experiments, usually denoted as “b/w” [cf. Eq.(II-32)].
Thus the expansion coefficients afc';) may be compared directly with results from
the magnetic resonance literature [58-63]. In Appendix B we present an outline

for calculating the am) ’s. If we introduce the notation

Ny _[L N >k,
Op = (IT1-35)

0; otherwise,

the lowest coefficients can be written as

1 4 1 1
al(eA)r = _N{meﬁﬂ + meﬁ.z}, (I11-36)
and
QN = —ﬁ{m@kﬂ - Wek+3 . (I11-37)

The relative simplicity of these last two results is misleading. Indeed, a laborious

calculation shows that the next coefficient is given by

@ _ _4_{(N+2)(N2+5N+8) N NN+2) o~
k+2

UNTTND NPV +3) T N+ AN -1

_(N-2)(N?*+ N +2)
(N-1)5(N+1)

(N _(.1\;):(2' =3) @ll:r+4}, (I11-38)

and expressions for higher order terms will be increasingly complex.

N

Eqs.(I11-36) and (III-37) agree with expressions for the DC component given
by Ahmad and Bullough [61,62], who have also given the numerical values —21 /16,
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173/1152, and —0.00138 for the third order coefficients a(()ei), a(()i), and a((,as), respec-

tively. These values are easily checked with Eq.(III-38), which identifies the dec-
imally rounded value as —43/31104. In addition, Ahmad and Bullough have cal-
culated the next higher terms for the DC main resonance, yielding a.gi) = —63/64
and a,(()sl) = —193/384 [61,62], and Swain has calculated the next higher term of
the N = 3, DC resonance, yielding Qa(();) = 4037/4096 [63] [all these numerical
values are also given in the expansions for the resonance shifts in Egs.(II-33)].
To obtain the positions of the resonances accurately across the entire range
(i.e., 0 £ 2g/0 < Zxn) the above power series expansions are of limited use, due
to their slow convergence for g/2Q0 > 1. Indeed, it is generally more convenient
to numerically solve for the zeros of the continued fractions Y from Eq.(III-31).

However, from the structure of Egs.(III-26)—(III-28), we conclude that, for k # O:
oW =a" = 1<m<N-k-1 (ITI-39)

Thus aill\), # aé}\), only for N = k + 1. That is, the same Bloch-Siegert shift is
displayed by both the DC component and the harmonic components for weak
fields, except for the multiple quantum resonances with N = k+ 1. Note that this
latter exception was not made by Arimondo and Moruzzi in their discussion of the
harmonic signal at twice the modulation frequency in a longitudinally pumped
magnetic resonance experiment [42] (see the quotation at the end of the first
paragraph in Section III-1 of this dissertation). It is easily checked in Figures III-
1 and III-4(a) that the additional N = 3 and N = 5 resonances of the fluorescence
harmonics at 201 and 40 indeed deviate from the DC-like resonances for even
small values of 2¢/0). More generally it follows from Eq.(III-39) that the larger the
diference N —k, the less the additional resonances deviate from the corresponding

DC-like resonances. For example, the N = 3, N = 5, and N = 7 additional
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resonances of the fluorescence harmonic at 20 deviate from the DC-like resonance
by less than 0.01 (i.e., |A.2N — Aon|/9 < 0.01) for 2g/0) < 0.40, 3.13, and 6.13,

respectively.

Analytical expressions for the (DC) Bloch-Siegert shifts in magnetic reso-
nance experiments other than power series expansions have been derived, namely
expressions in terms of rational fractions [63] and Bessel functions solutions for
small but nonzero detuning (or rather, small but nonzero Zeeman fields) [58-63].
Although similar expressions might be derived for the additional resonances of
harmonic components we contend that numerically solving Egs.(III-30)-(III-32) is

sufficiently easy and efficient for all practical purposes.

III-56 Prospects for Experimental Verification

We have shown that, for sufficiently small damping, the modulated inter-
action components of a two-level atom driven by a FAM field display not only
the resonances that are found in the time-averaged fluorescence signal, but also
additional resonances that are specific to the harmonic component. However, as
shown in Figure III-2, this doubly branched resonance structure is easily obscured
by relaxation effects. Thus, to verify this effect experimentally, one must employ
a modulation frequency that is sufficiently large to overcome the loss of coherence

due to spontaneous emission or other mechanisms.

To establish a quantitative criterion for the observability of the doubly
branched resonances, we have computed the zeros of the real parts of the Flo-
quet coefficients ; and 12, which correspond to the quadrature component of the
imaginary part of the susceptibility at 1 and the in-phase fluorescence component

at 2(1, respectively. The positions of the zeros of the N = 1 and N = 3 resonances,
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which were calculated using the general theory of Section III-2, are displayed in
Figure III-5. Radiative damping has been assumed (i.e., [, =T, = L,,/2 = 1/T3),
and the curves are labeled with the value of (272)~!. As can be seen from the solid
curves, the lower and upper lobes of the V = 3 resonance of the fluorescence com-
ponent at 2( disappear for (QT;)"! ~ 0.075 and (QT2)~! ~ 0.175, respectively.
By contrast, the structure of the susceptibility component at 2 (dashed curves)
is preserved for relatively large damping rates although, for (Q7T;)~! ~ 0.45, the
N =1 and N = 3 branches merge. This means that in an experiment like that of
Chakmakjian et al. a modulation frequency of some 100 MHz should be employed

to resolve the doubly branched structure of the N = 3 resonance in the modulated

fluorescence signal from the sodium D; line [14].

The only relevant experimental work, known to us, in which a modulated
interaction component is measured rather than a DC signal is that of Arimondo
and Moruzzi. These authors have measured the population difference at twice the
modulation frequency in a longitudinally pumped magnetic resonance experiment
involving an optically pumped '°°Hg vapor [42]. Although different resonance
behaviors for the modulated and DC signals are found, evidence for a doubly
branched resonance structure is precluded due to too small a modulation frequency
(i.e., too large a value of (1T;)~!). Technically speaking, employing a larger
modulation frequency would perhaps have been easier in these magnetic resonance
experiments than it will be in the ongoing work on optical resonance. However,
it seems not to have been realized at the time just how the resonance behavior
of modulated interaction components differs from that of the DC component, so

that no exhaustive investigation was conducted.

As we have argued recently [22], the doubly branched resonance structure of

harmonic components significantly pronounces their resonance behavior over that
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Figure III-5: Doubly branched resonances for nonzero damping.

Zeros of Re{t1} (dashed curves) and of Re{y»} (solid curves) are
displayed for Ty /T2 = 0.5 and various values of the product (07T;) ™}
[see Egs.(III-1)]. Solid curves correspond to the in-phase component of
the fluorescence at 201 for (273)~! = 0.00, 0.05, 0.10, and 0.15. Dashed
curves correspond to the quadrature component of the imaginary part
of the susceptibility at Q for (1T3)~! = 0.0, 0.1, 0.2, 0.3, 0.4, and 0.5.

of the DC component, even if the doubly branched structure itself is obscured
in the presence of damping. As a result, the modulated components, unlike the
DC component, should retain significant resonance structure even in the case of
a strongly inhomogeneously broadened medium. Thus experimental observation
of this inhomogeneously broadened resonance behavior of harmonic components
would constitute indirect support for the theory in Section III. These effects of

inhomogeneous broadening are addressed in detail in Section IV.

Finally we remark that a similar treatment can be given for the excitation of
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a two-level system by a not fully amplitude modulated field [8-10,16-18,26-28], a
frequency modulated field [24-26], or a bichromatic field with unequal intensities in
the two modes [15,29,70], each of which also have analogues in magnetic resonance,
as discussed in Section II-3. However, we do not elaborate on these cases here

(see Ref.[76]).
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IV EFFECTS OF INHOMOGENEOUS BROADENING

Section IV addresses once again the interaction of a fully amplitude modu-
lated source with a two-level atom, but considers in particular the effects of inho-
mogeneous broadening, that is, the effects of averaging over the Doppler profile
of the two-level medium. Such averaging can be neglected only if the inhomoge-
neous linewidth is much smaller than the sum of the homogeneous linewidth of
the medium and the bandwidth of the exciting light. In the case of excitation by
a narrowband laser, this condition is generally satisfied only in beam experiments
in which the transverse temperature is on the order of a few degrees Kelvin or less.
More frequently, the Doppler width exceeds the natural linewidth of the medium
by several orders of magnitude, so that inhomogeneous broadening must be taken

into account.

Section IV—lv considers specifically the geometry of the laser fluorescence ve-
locimeter (LFV) (see Figure I-1 on page 112) and shows that, because of the
typically small angle between the two beams, the LFV can be considered essen-
tially as a single-beam experiment, at least as far as the effects of inhomogen:eous
broadening are concerned.

Section IV-2 deals with the limiting case of weak excitation and shows that,
upon inhomogeneous broadening, the familiar expressions for depth-of-modulation
and phase-shift are obtained. Incidentally, it is shown that these results are the
same as those obtained for a broadband source, so that, in the weak field limit, a

broad source is equivalent to a broad absorber.

Section IV-3 considers the effects of inhomogeneous broadening for the gen-
eral case of strong, fully amplitude modulated excitation and shows that, in this

regime, values of the depth-of-modulation and phase-shift may deviate signifi-
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cantly from the corresponding weak field results. On the one hand, this poses
complications for the interpretation of LFV data. On the other hand, these re-
sults are interesting in that many of the characteristic features of the single atom
resonance behavior calculated in Section III are retained in the inhomogeneously
broadened quantities. This surprising result has been the subject of several brief

publications [11,22,69] and is discussed in more detail in Section IV-3.

IV-1 Relevance to the Laser Fluorescence Velocimeter

Consider an atom, moving in the laboratory frame with some velocity v,
being exposed to an electromagnetic wave of frequency w and wave vector k. If
the motion of the atom is nonrelativistic, the Doppler shifted frequency w’ in the

atom’s rest frame is then given by
w=w-k-v. (Iv-1)

Now consider an atom being exposed to a fully amplitude modulated field, as
obtained in the LFV geometry shown in Figure I-1 on page 112. Let the frequencies

w1 and w3 of the two beams be given by

w1 = Wi = wy + {1 (IV-1a)

Wy = w_ =w; — 1, (IV-1b)

where w; and 0 denote the carrier freqﬁency and modulation frequency of the
fully amplitude modulated field, respectively [cf. Eq.(II-27b)]. Furthermore, as
illustrated in Figure IV-1, let the two beams be placed symmetrically with respect
to the optical axis, namely at angles #/2 and —# /2, respectively, and let the atomic

velocity components, in the plane defined by the two wave vectors, parallel and
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Figure IV-1: Mapping from laboratory frame to atom’s rest frame.

perpendicular to the optical axis be given by v and v, respectively. Application
of Eq.(IV-1) then yields for the carrier frequency and the modulation frequency

in the atom’s rest frame:

w] = w; — kv cos ¥/2, (Iv-2)
and

Q' =0+ kv, sind/2, (IV-3)
where we have taken |k;| = |k2| = k, which is an excellent approximation since

1 < w;. With Egs.(II-1) and (IV-2), the detuning in the atom’s rest frame

becomes:

A’ =wo —wj = A + kv|cos¥/2. (IV-4)

From Egs.(IV-3) and (IV-4) it follows that, in general, neither the detuning nor

the modulation frequency are equal in the laboratory frame and the atom’s rest
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frame. However, because the angle # between the two beams is on the order of
a few tens of milliradians in a typical LFV application [1,11,65], there is a large
asymmetry between the effects of inhomogeneous broadening on the quantities A’
and . This is illustrated in Figure IV-1, which shows the mapping of “velocity
space” (left) to “frequency space” (right), as dictated by Egs.(IV-3) and (IV-
4), assuming a small angle ¥. Thus, an ensemble in velocity space maps onto
extremely elongated lines in frequency space. For a typical distribution of velocity
components (that is, one with roughly equal spreads in v, and v_ }, the modulation
frequencies (1’ in the atom’s rest frames are then narrowly distributed around a
value determined by the bulk transverse velocity of the medium, whereas, in the
atom’s rest frames, a wide distribution of detunings exists. Thus, for the purpose
of accounting for the effects of inhomogeneous broadening, the LFV geometry may
be approximated as a single-beam experiment. Specifically, if p22(t; A') denotes
the fluorescence response for a single detuning A’, the ensemble averaged value

for the fluorescence becomes:

) = [ ol a)Gy(a) (1v-5)

where G|(A’) is the inhomogeneous profile, associated with the parallel velocity
distribution [cf. Eq.(IV-4)]. If the angle between the two beams is sufficiently large
and/or the transverse velocity distribution is sufficiently wide, some averaging
must also be performed over the modulation frequencies 0’ in the atom’s rest
frames. However, the concept of the LFV assumes that this averaging over 0/
can be neglected, so that measurement of the phase-shift or depth-of-modulation
of the fluorescence signal allows one to calculate ' (using Eqgs.(IV-23) or (IV-24)
from Section IV-2.3, respectively), and with Eq.(IV-3), the transverse velocity v .

- In Sections IV-2 and IV-3 we carry out the integration from Eq.(IV-5) for

a number of typical conditions. Most importantly, we consider the case in which
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G)|(A’) is so wide with respect to the region in which po2(t; A’) is significantly

different from zero that it may be approximated by a constant value, say, G I (A" =

1. For weak fields, the resulting integration may be performed analytically, as is

shown in Section IV-2. For the general case of strong fields, however, recourse

must be made to numerical integration even for a constant profile G| (A"), as

discussed in Section IV-3.

IV-2 Weak Field Results

In Section III-2 we have given the general solution for a two-level atom ex- .

posed to a fully amplitude modulated, narrowband optical field. In the limit of

weak excitation, the continued fraction solution may be truncated after a few

terms, so that the fluorescence signal contains only a DC component and a com-

ponent that is modulated at the beat frequency of the driving field, namely at 2.

In Section IV-2.1 we review this weak field, narrowband solution. For compari-

son, we treat the corresponding broadband solution in Section IV-2.2. Then, in

Section IV-2.3, we derive the inhomogeneously broadened solution for the case of

narrowband excitation, and show that, in the inhomogeneously broadened limit,

the same results are obtained for both a narrowband and a broadband source.

IV-2.1 Narrowband solution

For weak fields, the response of a two-level atom to a fully amplitude mod-

ulated field may be calculated in several ways. Here we take the limit of the

continued fraction solution from Section III-2. Retaining the notation from Sec-

tion ITI-2, we recall that 0 and A are the modulation frequency and detuning (we

drop the primes and let it be understood that 2 and A are actually the values in
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the atom’s rest frames). Furthermore, by Eq.(III-2), g denotes the Rabi frequency,
which is linearly related to the electric field, and finally, T, ! and T, ! denote the
longitudinal and transverse damping rates, respectively. Also, we introduce the

(complex) quantity

1 + iﬂTz i¢12
= —= IV-6
M, 1+ 207, |M12| € ’ ( )
the Lorentzian profiles
. T:1
L£+(A) 2 (Iv-7)

TS vk
and the phase factors

A:tﬂ). (IV-8)

_ -1
Qi(A) = tan (_}F—

Thus, as shown in Appendix C-1, the solution for the upper state population

p22(t; A) in the weak field limit becomes

par(t; A) = (4°T1/2){ L+(A) + L (8) (Iv-9)

+ 2| M| £:_/2(A)£1_/2(A) cos(20t — ®,1(4)) }’

where the narrowband (“nb”) phase-shift ®,}, is given by

Dnp(A) = 24 (8) —2_(A) ~ &1 (Iv-10)
= tan™! (AT::1' ) — tan™! (%) - tan~! (%) + tarn‘1 (%{%)

The last step follows with Egs.(IV-6) and (IV-8). Alternatively, this weak field
solution may be obtained directly from the Bloch equations, by substituting pgq —
p11 = —1 in Eq.(II-3b) and successively solving Eqs.(II-3b) and (II-3a) for p;5(t)
and p22(t), respectively.

In the case of radiative damping (T = 2T)), the solution simplifies some-

what, because the factor M;; from Eq.(IV-6) becomes unity, so that M2 =1
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and ®,2 = 0. Thus, the narrowband phase-shift becomes

20T,
_ _ — tap—1 _
Bup(A) = @4(A) — @_(A) = tan {1 AT } (IV-11)
and the depth-of-modulation of the fluorescence signal becomes
Mab(A) = 2LY%(8)LY%(a) [ _ { 24077 }2] e (IV-12)
AT LAY+ L_(A) 1+ T2(A2 + 03)

In essence, the results of Eqs.(IV-6)-(IV-12) were first obtained by Feneuille et
al. [7] (although only for the case of radiative damping), and were obtained
independently in this work, namely by calculating the fluorescence response of a
two-level atom using the formalism of a time-dependent physical spectrum [11,65],
in which the atom is treated as a Lorentzian spectrometer [77].

Figure IV-2 displays the function p22(t; A) from Eq.(IV-9) as a function
of the detuning A, assuming radiative damping. For each of three values 175,
p22(t; A) is plotted for five values of the argument of the cosine term in Eq.(IV-9),

namely for the values
20t — &, (A) = kn/4; 0<k<A. (IV-13)

Figure IV-2 shows that, for large values of tHe damping (that is, small values of
the product Q17T3), the fluorescence signal is strongly m'odulated across the entire
detuning range. However, the two frequencies of the fully amplitude modulated
(bichromatic) field are essentially unresolved. In the opposite limit, namely that
of small damping (large Q1T), the fluorescence signal clearly resolves the two fre-
quencies. However, the depth-of-modulation of the signal is smaller than that for
large damping. In this respect, Figure IV-2' suggests that there is a reciprocal
relation (“uncertainty principle”) between the accuracy of simultaneous measure-

ments of spectral and temporal fluctuations in the fluorescence signal [65].
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Detuning A

Figure IV-2: Fluorescence signal as a function of the detuning for
several values of the damping.

The signal, calculated from Eq.(IV-9), is shown for five values of

the phase 20t — b, as indicated in Eq.(IV-13). The full detuning
range is —1J0Q to 101).
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Figure IV-3 displays the narrowband phase-shifts ®,,(A) from Eq.(IV-11)
for the same conditions as in Figure IV-2. It is seen that, in each case, the
maximum phase-shift occurs for zero detuning. From Eq.(IV-11) it follows that

this zero detuning phase-shift is given by

®.,1(0) = 2tan~}(QT:) = 2tan~1(207T)), (IV-14)

so that, depending on the product T3, this maximum phase-shift can assume
any value between 0 and 7. From Eq.(IV-12), the corresponding value of the

depth-of-modulation is given by
M, (0) =1, (IV-15)

that is, My, (0) is independent of the product Q7.

180°

n
145°

g0°

' 45°

OO
=10 -5 0 5 10

Figure IV-3: Narrowband phase-shift versus detuning for the same
conditions as in Figure IV-2.
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IV-2.2 Broadband solution

Although we are interested primarily in the case of excitation of the atomic
system by a narrowband laser, it is instructive to consider also the limit of fully am-
plitude modulated excitation using a broadband source. This case is treated most

conveniently by using the familiar substitution rule (see, for example, Ref.[29])
T; ' > T;'+T,, (IV-16)

which indicates that, for a source with a Lorentzian frequency spectrum of width
I, one merely needs to add the source bandwidth to the transverse damping
rate of the atomic system. Thus, excitation of the two-level atom by a broadband
source can be treated by solving the optical Bloch equations in the limit T, PSS
(T2 — 0). As shown in Appendix C-2, this reduces the problem of solving three
simultaneous differential equations to that of solving a single rate equation, which,
for the case of a fully amplitude modulated field, can be solved in terms of modified
Bessel functions of integer order. In the weak field limit, the solution for pa(¢; A)

then becomes
p22(t; A) = R(A) Ty {1 + My, cos(20t — dup)}, (IV-17)
where R(A) is the detuning-dependent excitation rate

2 -1
r(a)= 202

= —, IV-18
A? 4+ T;? ( );

and the broadband values of the phase-shift and depth-of-modulation are given
by

®pp = tan~1(207TY), | (IV-19)
and

My, = {1+ (2071)2} "2, (IV-20)
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respectively. These are the familiar values that are used in conventional abpli—
cations of phase sensitive fluorometry [1,5,6]. Egs.(IV-17)-(IV-20) can also be
obtained directly from Eqs.(IV-7)-(IV-10) by taking the limit T, — 0, and re-
placing the Lorentzian lineshape functions g2£1(A) by the broadband excitation
rate R(A). Note that the expressions for phase-shift and depth-of-modulation of
the fluorescence signal differ significantly from the weak field, narrowband values
from Section IV-2.1. For example, the broadband phase-shift @, from Eq.(IV-19)
is only half of the narrowband value for zero detuning, given in Eq.(IV-14), and
the broadband value for the depth-of-modulation is less than the constant value

of unity from Eq.(IV-15) for all values of the product QT;.

IV-2.3 Inhomogeneously broadened solution

Now let us consider the effects of inhomogeneous broadening on the weak
field solutions from Sections IV-2.1 and IV-2.2. That is, let us perform the inte-
gration from Eq.(IV-5). In so doing, we assume that the inhomogeneous profile
G||(A)* is much wider than the detuning range in which pg3(t; A) is significantly
different from zero (see Figure IV-2). Thus we compute the ensemble averaged

fluorescence signal

oo

pz2(t) =/ p22(t; A) dA, (Iv-21)
~—00

where p22(t; A) is given either by Eq.(IV-9) or Eq.(IV-17). In the first case, the

result is most easily obtained by contour integration in the complex plane, as

shown in Appendix C-3. Thus, Egs.(IV-17) and (IV-21) yield

p22(t) = 7g®T1 {1 + Minp cos(20t — ®inb) }s (IvV-22)

* As noted at the beginning of Section IV-2.1, we drop the primes on A, and
let it be understood that A is actually the detuning in the atom’s rest frames.
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where the inhomogeneously broadened values for the phase-shift and depth-of-
modulation are given by .

Dy = ta.n_l(ZQTl), (IvV-23)

and

M = {1+ (20T1)2)} 72, (IV-24)

Note that these values are independent of the transverse damping rate T, ! and
that, quite importantly, they are identical to the weak field, broadband results
from Eqs.(IV.-lQ) and (IV-20). Thus, for weak fields, a broad source is equiv-
alent to a broad absorber, the latter being defined as an ensemble with a wide
inhomogeneous profile. It is a trivial matter to show that substitution of Eq.(IV-

17) into Eq.(IV-21) yields, again, the inhomogeneously broadened quantities from
Eqgs.(IV-22)-(IV-24), since

/Oo R(A)dA = 7 g2, ' (IV-25)

—00

which follows immediately from Eq.(IV-18). Thus, it follows that not only are
a broad source and a broad absorber equivalent in the weak field limit, but, in
the weak field limit, it does not matter whether a broad ensemble of absorbers
is excited by a narrowband or a broadband source. The results from Egs.(IV-23)
and (IV-24) also imply that, in the weak field limit, the familiar expressions for
phase-shift and depth-of-modulation of the fluorescence signal may indeed be used
in the interpretation of typical LFV data, even when a narrowband laser is used.
However, we show in Section IV-3 that this is no longer true in the case of strong

excitation.
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IV-3 Strong Field Results

For the general case of strong, fully amplitude modulated excitation by a
narrowband laser, the upper state population p22(t) of the two-level atom is given
as a Floquet series [Eq.(III-15)], and the Floquet coefficients are given by con-
tinued fractions [Egs.(III-8)~(III-11)]. Thus, it seems impossible to carry out the
integration from Eq.(IV-5) analytically, even for a constant profile Gj/(A). There-
fore, we have performed the inhomogeneous averaging by numerical integration,

that is, by computing the sum

paz(t) = (2Amax/N{) So: p22(t; i) G| (Ay), (IV-26a)
1=1
where
A; = (t — 1/2) Amax/Ns, (IvV-26b)

and where p23(t; A;) is obtained in terms of its Floquet coefficients, using Egs. (III-
8)-(I1I-11) and (I1I-15). The result for P2z(t) is a Floquet series like that of

Eq.(I1I-15), which we write as
o0
p2a(t) =Fo + Y _ ok cos(2k0t — Tgz). (IV-27)
k=1

Thus, 7o, 73%, and @2 denote, respectively, the inhomogeneously broadened values
of the DC fluorescence signal, the magritude of the kth fluorescence harmonic, and
the phase-shift with respect to the driving field of the latter. In all calculations,
we have used a maximum detuning Apay, = 50001, and we have chosen N; =
10000 integration elements. Results for a constant profile, namely G(A) =1/0
are displayed in Figures IV-4, IV-5, and IV-6 (the scaling by the modulation
frequency 0 is to render the coefficients 7o and 72r dimensionless). Also, results

for a Gaussian profile G| (A) are displayed in Figure IV-7.
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Figure IV-4(a) displays the inhomogeneously broadened values for the DC
fluorescence %5 and the in-phase and quadrature components of the lowest fluo-
rescence harmonic, that is, the quantities 7z cos &2 and 73 sin @, respectively, for
conditions as given in the figure caption (note that T, = 2T, so that Figure IV-4
corresponds to the case of radiative damping). The results for 75 and 73 cos &,
should be compared with the quantities (1 — %0)/2 and Re{~3} in Figure III-1,
respectively. Note that, by the integration over A, most of the resonance struc-
ture evident in Figure III-1 has disappeared, particularly for the DC fluorescence
component. Indeed, for even moderate fields, 75 can be approximated reasonably
well by replacing the instantaneous intensity g2cos? Qt by its temporally aver-
aged value, g%/2, in which case the steady-state solution of the Bloch equations
[Egs.(III-4)] is simply shown to be given by

g2

T 2g7 +T,T, + A%(Ty/T.)"

P22 (Iv-28)

Upon setting Ty =T, = T, and T, = T, 1., integration of Eq.(IV-28) yields

0  g?Ty/0
- = A)daja = "9/ Iv-
o /;00 p2(A) dA/0 (1+2¢2T\T3)1/2 (fv-29)

As expected, 75’ is a monotonous function of the electric field amplitude. The
approximation 75’ is shown as the dashed line in Figure IV-4(a).

One immediate implication of the results for the inhomogeneously broad-
ened values 75 in Figure IV-4(a) is that, if the time-averaged fluorescence signal is
measured, inhomogeneous broadening causes an almost complete “washing out”
of the multi-photon resonance structure that is found in the absence of inho-
mogeneous broadening (see Figure ITI-1 and the experimental work reported in
Ref.[14], where, instead of the terminology multi-photon resonances, the term sub-

harmonic resonances is used). In fact, the washing out of subharmonic resonance
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Figure IV-4: Inhomogeneously broadened values of several fluores-
cence and susceptibility components.

Calculations are for QT = OT,/2 =2 and a constant, rectangu-
lar profile G|(A) = 1/, with Amax = 5000 and N; = 10000.

structure due to inhomogeneous broadening has been reported for the related
problem of four-wave mixing [78,79]. Thus, it is quite surprising to observe that
the modulated fluorescence component 77 cos @, does retain some of the multi-
photon resonance structure in the limit of substantial inhomogeneous broadening.
Similarly, the quadrature component at 0 of the imaginary part of the atomic
susceptibility retains significant resonance structure in the limit of large inhomo-
geneous broadening, as is shown in Figure IV-4(b) [the components 7y sin ®; and
P1cos ®;, which are defined in a way similar to Eq.(IV-27)], are obtained by inte-

grating the imaginary and real parts of the Floquet coefficients ¥1 from Eq.(III-7),
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respectively).

To compare the results from Figure IV-4 to the weak field results calculated
in Section IV-2, we have computed the depth-of-modulation M; = 73/75 and the
phase-shift @, of the lowest fluorescence harmonic, and have displayed the results
in Figure IV-5 as a function of the scaled Rabi frequency. As in Figure IV-4,
radiative damping has been assumed, and the integration was performed for a
constant profile G|;(A) = 1/Q. The multi-photon resonance structure, so evident
in Figure III-1, is easily discerned in the behavior of M, versus 29/0. In fact,
the maxima of M> occur at values 2¢/Q ~ kr (k = integer), suggesting that the
periodicity of the zero detuning Bessel function solution of Eq.(III-13b) in the
limit 29/ — oo is retained in the inhomogeneously broadened quantities. It is
easily checked that, for small 2¢g/0Q, the value of M is correctly given by Eq.(IV-
24), which yields (T = 2) Mipp, = 17-1/2 & 0.24. This value is indicated by the
open circle in Figure IV-5(a). Similarly, the weak field value of the phase-shift o,
is given correctly by Eq.(IV-23), which yields ®;u, = tan~!(4) ~ 72°. This value
is indicated by the open circle in Figure IV-5(b). Quite importantly, it should be
noted that for values 2¢/Q other than zero, both the depth-of-modulation M; and
the phase-shift ®; differ significantly from the weak field values. Specifically, we
find for the conditions in Figures IV-4 and IV-5 that

M: > Mipny; and ®2 < Oy, (IV-30)

with ®; tending toward zero for 2¢/ much larger than unity. This implies that
measurement of the phase-shift of the fluorescence component at the beat fre-
quency of the fully amplitude modulated driving field no longer yields the desired
information in a laser fluorescence velocimeter application, if the exciting laser

causes significant saturation effects of the two-level system.
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: 2g/Q

Figure IV-5: Inhomogeneously broadened values of the depth-of-
modulation and phase-shift for several fluorescence harmonics.

As Figure IV-4, with M, = ¥z/Fo and M, = 74/7o. Circles

indicate the weak field values from Eqs.(IV-19) [(IV-23)] and (IV-20)
[(IV-24))].
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Figure IV-5 displays also the depth-of-modulation M, and the phase-shift
&4 for the inhomogeneously broadened fluorescence harmonic at twice the beat
frequency of the driving field. Of course, for small field a;mplitudes 29/ < 1),
the interaction is basically linear, and no additional harmonics are generated. But
for large fields, up to 15 percent of the fluorescence intensity is contained in this
harmonic, as can be seen from the peak of the curve of My versus 2g /9 in Figure
IV-5(b). As for the component at 2}, the fluorescence component at 40 retains
significant multi-photon resonance structure, as can be seen from the oscillatoryv

behavior of My, and, to a lesser extent, that of ®,.

To consider the effect of different ratios of the damping rates T; ' and T; ?,
we have, again, computed the inhomogeneously broadened values of the depth-of-
modulation M, and the phase-shift &, for a constant profile Gy(A) =1/9, and
have displayed the results in Figure IV-6 for several ‘values of the ratio T /T;. For
T1/T; = 0.5, the radiative damping case of Figures IV-4 and IV-5 is reproduced.
The larger the ratio T /T2, the less the values of M; and &, differ from the
values Miyy, and ®ipny, (circles in Figure IV-6), even for large values of 2¢ /9. This
result can be understood by noting that increasing values of T /T signify either an
increasing collisional deexcitation rate, or, by Eq.(IV-16), an increasing bandwidth
of the exciting source. But, in the limit T, ! — oo, the broadband excitation rate
R(A) from Eq.(IV-'8) goes to zero, even for large values of the Rabi frequency g,
so that the weak field results from Eq.(IV-19) and (IV-20) hold. Because these
results are identical to the inhomogeneously broadened weak field values M, and
®ipp, respectively, the values M; and ®; in Figure IV-6 should indeed approach

the weak field values for arbitrary values of 2¢g/0.

Finally, we investigate the influence of the width of the inhomogeneous profile

G||(A) on the inhomogeneously broadened results. Thus, we assume a Gaussian
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Figure IV-6: Inhomogeneously broadened values of the depth-of-
modulation and phase-shift for several values of the damping ratio.

As Figures IV-4 and IV-5, for various ratios T} /T, as indicated.

profile centered around A = 0:

Gi(a) = 2 ew—(5-)". (IV-31)
D
In Eq.(IV-31), Ap is a measure of the Doppler width of the medium, and, as for the
calculations involving a rectangular profile G||(A), the scaling by the modulation
frequency (1 is to render the quantities 75 and 735 from Eq.(IV-27) dimensionless.
Calculations were performed for the values Ap = Q, 30, 1002, 3002, and 10002.
The results for the depth-of-modulatinn Mz are displayed in Figure IV-7. As
in Figures IV-4, IV-5, and IV-6, the numerical integration from Egs.(IV-26) was

performed using the values Apax = 5000 and N; = 10000. Other parameters are
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2g/Q

Figure IV-7: Influence of the Doppler width on the inhomogeneously
broadened values of the depth-of-modulation.

Calculations are for QT, = QT2 /2 = 2 and the Gaussian profile
from Eq.(IV-31) with Amax = 5000 and N; = 10000. Parameters
beside the curves denote the scaled values of the Doppler width Ap /.
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indicated in the figure caption. Also displayed in Figure IV-7 are the values of
M corresponding to Ap =0 and Ap = oo (dashed curves), which are obtained
in the complete absence of inhomogeneous broadening and for the case of a rect-
angular inhomogeneous profile (that is, the values from Figures IV-5 and IV-6),
respectively. To keep the figure from being too cluttered, curves for Ap < 30
[Ap > 3Q] are displayed in Figures IV-7(a) [IV-7(b)], respectively. It is observed
that the most characteristic features of the transition from no broadening to max-
imum broadening actually occur for relatively small values of the Doppler width.
Specifically, the unit value of the depth-of-modulation in the weak field limit [cf.
Eq.(IV-15)] quickly approaches the limiting value Minp (or M) with increasing
Doppler width Ap. The results from Figure IV-7 also imply that, if the Doppler
width Ap greatly exceeds the modulation frequency 1, the excact shape of the
inhomogeneous profile G||(A) has little effect on the inhomogeneously broadened

quantities.

As we have noted, the numerical results from Figures IV-4 through IV-7
have important implications for the interpretation of LFV data. In particular,
for strong driving fields, the phase-shift of the fluorescence component at the beat
frequency of the driving field becomes essentially zero, independent of the strength
of the driving field and the modulation frequency. This would preclude the ex-
traction of the transverse velocity of the fluorescing atoms in the conventignal
manner (see Ref.[1] and the discussion following Eq.(IV-5) on page ‘165), thereby

defeating the principle of operation of the LFV.

However, the result that significant multi-photon resonance structure re-
mains in the inhomogeneously broadened harmonic components of the fluores-
cence and susceptibility of the two-level medium is interesting in its own right.

For example, in fundamental and applied studies of the field-atom interaction
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such as those of Ref.[14], this finding might alleviate the need for meticulously
designed atomic beam setﬁps, in which one attempts to eliminate inhomogeneous
broadening altogether. Futhermore, we conclude Section IV by noting that there
is a remarkable connection between the inhomogeneously broadened resonance be-
havior of the two-level atom and the Bloch-Siegert resonance curves discussed in
Section III-4. In particular, we contend that there is a strong correlation between
the resilience of the multi-photon resonance structure of interaction components
(that is, the tendency for the oscillatory behavior as a function of the interaction
strength 2¢/0 to remain) upon inhomogeneous broadening on the one hand, and
the existence of double branches of the corresponding Bloch-Siegert resonance
curves on the other hand. Indeed, from this correlation it would be correctly

predicted that:

(1) The DC fluorescence component becomes a structureless, monotonically
increasing function of the field strength upon inhomogeneous broadening [see Fig-
ure IV-4(a)], because it does not possess doubly branched Bloch-Siegert resonance

curves [see Figures III-1, III-2, I1I-3, and Eqs.(III-14), (III-27), and (111-32)];

(2) Fluorescence harmonics become structureless for large 2¢/0Q [see Figures
IV-4(a), IV-5, IV-6, and IV-7], because the double branches of the corresponding
Bloch-Siegert curves converge in this limit [see Figures ITI-1 and III-4(a), and
observe that — for zero detuning — the Bessel zeros Ton and Zok, N converge; see
Eq.(I1I-33) and following];

(3) Harmonics of the susceptibility retain resonance structure even for large
2g/0 [see Figure IV-4(b)], because the double branches of the corresponding
Bloch-Siegert curves become maximally split in this limit [see Figure III-4(b) and
observe that — for zero detuning — the Bessel zeros Ton and Zzxy1,n become

separated by ; see Eq.(III-33) and following];
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(4) The onset of inhomogeneously broadened resonance structure as a func-
tion of 2g/0 becomes slower as the order of the interaction increases [compare
M and My in Figure IV-5(a)], because, in addition to the double branch with
quantum number N = 1, additional double branches are missing , such as the
N = 3 double branch for the fluorescence a:t 401 and the susceptibility at 3Q [see
Figure III-4, and the remark under “Thirdly, ...” on page 153].

Although the above points do constitute a remarkable correlation, the corre-
lation is not easily explained as being a strongly causal one. However, it should be
observed that, in Figure III-1, the double branches of the Bloch-Siegert curves of
the modulated fluorescence component greatly pronounce their resonance struc-
ture over that of the DC component, especially for small detunings. Because,
as we have shown in Figure IV-7, the main contribution to the inhomogeneously
broadened quantities stems from the region of small detunings, the correlation
does indeed become plausible. Because it is not easy to quantify the correla-
tion, it is equally difficult to formally prove or disprove it. However, it should be
possible to check whether this correlation holds qualitatively for the interaction

of a two-level atom with fields other than a fully amplitude modulated field, for

example a field that is not fully amplitude modulated [76].




V DISCUSSION

In Part II, we have investigated in detail the interaction of a fully amplitude
modulated, narrowband laser with a two-level atom. Several new and interesting
features have come to light. These include a discussion of the resonance behav-
ior qf not only the time-averaged fluorescence but that of modulated ‘interaction
components also, in terms of Bloch-Siegert resonance curves; the branching of
these Bloch-Siegert resonance curves for harmonic components; and the effects of
these doubly branched resonances on the inhomogeneously broadened behavior of
the two-level medium. Also, several new analyf;ical results have been obtained,
namely expressions for the harmonic branches of the Bloch-Siegert curves, and so-
lutions of the optical Bloch equations for zero detuning and unequal longitudinal

and transverse damping rates.

As far as the implications for the operation of a laser fluorescence velocime-
ter are concerned, we have shown that, except for weak excitation, expressions for
the depth-of-modulation and phase-shift of the modulated fluorescence signal may
differ substantially from the familiar expressions from conventional phase sensi-
tive fluorometry. Unfortunately, the successful operation of a laser fluorescence
velocimeter has proven more difficult than anticipated, so that, for now, much of
the theory from this work remains hypothetical. However, some of the findings,
particularly the resilience of multiple quantum resonance structure upon inhomo-
geneous broadening, may spurn experimental activities by those workers who are

primarily interested in the fundamental aspects of field-matter interaction.

Many extensions of this work are possible. For example, other types of inter-
action may be investigated by similar techniques, namely excitation of a two-level

atom by a narrowband laser that is not fully amplitude modulated, excitation
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by a narrowband laser that is frequency (phase) modulated, and excitation by a
bichromatic field with unequal intensities in the two modes. As discussed in Sec-
tion II-3, each of these geometries have mathematically equivalent counterparts in
magnetic resonance. Thus, many of the known results from magnetic resonance
should be directly applicable to the corresponding optical interactions. Of these
we mention in particular the much studied Haroche resonances in a transversely
pumped magnetic resonance experiment, which should also be observable in the
resonant excitation of an optical two-level system by a phase or frequency modu-
lated source (see Ref. [80] and Appendix D). But just as in the case of the fully
amplitude modulated optical interaction and its magnetic counterpart, the other
geometries mentioned above have been largely unexplored as far as the resonance
behavior of harmonic components of either the fluorescence or susceptibility are
concerned. We have found that, in analogy with the FAM case, these systems
display also a doubly branched resonance behavior, which, however, is a lot more

complicated than for the case of a FAM interaction [76].

Other extensions of this work might include the application of the insights of
the Bloch-Siegert resonance structure to the inhomogeneous broadening effects in
an equal-intensity, counter-propagating beam geometry [66,67], and the study of
atomic systems with more than two levels. For example, one could investigate the
dynamics of a pump-probe experiment, in which the FAM-driven two-level system
is probed by a weak laser beam which monitors the absorption to a third level, or
one might attempt to develop a theory that includes all the magnetic hyperfine
levels of, say, the sodium D-lines. Also, some of this work should be of interest to
the study of four-wave mixing experiments, which, like the fully amplitude modu-
lated interaction, display subharmonic (or multiple quantum) resonance structure

[78,79).
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Finally, this work has shown that, despite 25 years of intensive research into
the fundamental nature of field-atom interactions, even at the most simbliﬁed
level of description, namely that of a classical wave of well defined frequency,
amplitude, and phase interacting with a two-level quantum system, important
discoveries remain to be made: the textbooks do not comprise all of this branch

of optical physics yet!
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Appendix A: Zero Detuning Solution

In Appendix A, which is taken from thé Appendix of Ref.[21], we solve the
Bloch equations from Egs.(III-1) analytically for the case of zero detuning (A = 0).
For equal longitudinal and transverse damping rates (T = T3), the Bessel function
solution from Egs.(III-13b) and (III-14) has been known for quite some time (see

for example Ref.[27] or any of the references for the equivalent magnetic resonance

geometry listed in Table II-1 on page 131). However, for unequal damping rates,

the solution has not been calculated before.
For zero detuning, the optical Bloch equations from Eqs.(III-l) can be writ-

ten in matrix form as (U = 0):

d¥ 1 /0
T [Ao +2¢ cos(ﬂt)Al] v - T (1) ; . (A-1a)

where ¥; =V, W3 = W, and the matrices Ag and A, are given by

-1/T, 0 0 1
Ao_( 0 —1/Tl)’ AI_(—I 0.)' (A-1p)

Following Ref.[27] we transform to the new vector ® = S~!W, where S is the

orthogonal matrix that follows from the diagonalization of A;. Thus,

=S"'¥; A;=SAS! (A-2a)

with

-1 0 3
A=(0 i); s-1=sT*=—\}—§(i :;) (A-2b)
It is easily checked that ®; = ®F so that both V and W cén be expressed in terms
of®=9,:
V(t) = V2Re{®(t)};  W(t) = V2Im{&(t)}. (A-3)
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If we define the dimensionless quantities 7 = /Ty, w = QT}, z = 2¢/0Q, and

Nt = %(1 + T1/T2), the Bloch equation for () becomes

(-cig = — ¥4 + izwcos(wr)] B + 7_B* — i/V2. (A-4)

To obtain the solution for T} # T, (i.e., 7— # 0) we expand ® as a perturbation

series in y_:
(= o}
B(r) =) _me(r). (A-5)
n=0
The terms &(*) then satisfy the recursion equations
dd(»)
= ~ [+ + izwcos(wr)] 8™ + c (™), (A-6a)
with
CO=—i/vz, cM=9gt-D% 5> (A-6b)

The homogeneous solution is given by

Q(n)(r) — f(‘l‘) e~ V+T—izsinwr _ f(T) Z Jl(z)e—('1++ilw)r’ (A—7)

l=—00

and the general solution becomes:

oo oo (n
B = (-ipva) 3o erer 30 W@k

k=-00 l=—0c0 T+ + tw
where
W (z) = Ji(2), (A-9a)
and :
2 WS (@)} Tim(22)
W(") - — { m I+m . > 1. —
(=) E e — imw ; n2>1 (A-9b)

m=—00

In addition to changing summation indices, the Bessel function summation formula

f: Ji4k(2)Im-k(2) = Ji1m(22) (A-10)

k=—00
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has been used in the derivation of Eq.(A-9b). With Egs.(A-3), (A-5), (A-8) and

(A-9) the zero detuning solution is fully determined for arbitrary ratios T3 /T.
For equal (but arbitrarily large) damping rates (T} = T;) we have y_ =0

and 74 = 1. Thus

(1) = ¢19(r) Z ok €57, (A-11a)
k=—o00
with
— Ji(z)J ' =~ Ji(z)J
PO errar TR s = e ST

I=—

The last step follows by replacing the summation index ! by (—!) and by using the
symmetry property J_;(z) = (—1)!Ji(z). From Eq.(A-11b) it also follows that
p-k = (—1)**1p;. With Eqgs.(III-3), (II-5), (A-3), and (A-5) it now follows that

: ok + e bk k= odd;
vk = (—1) \/5{——2 } = {0; k = even, - (A-12a)
and
—o* 0; k= odd;
wi = (~1) \/E{‘p—"—.‘o—"i} - (A-12b)
2 #,; k = even,

where ¢, is defined as in Eq.(IlI-13b). With Eqs.(III-7) and (A-12), the zero
detuning solution for equal damping rates from Section III-2 is then obtained.
For unequal damping rates (T} # T3), the solution for &(r) from Egs.(A-8)
and (A-9) contains, in general, an infinite number of infinite sums. However, the
situation simplifies considerably in the limit of zero damping. Namely, if T} — oo
(i.e., w — 00), only the terms with ! = 0 in Eq.(A-8) and the terms with m = 0

in Eqgs.(A-9) contribute, so that

Wi (2) = Jo(2) [~ Jo(22) /4] - (A-13)
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Thus the infinite sum from Eq.(A-6) becomes a geometric series, resulting in

1+ + v-Jo(22)

8(r) = {ZH/ VAol i J_x(z)eor. (A-14)

In complete analogy with Eqs.(A-11) and (A-12), Eq.(III-27) then follows, with a

factor H given by

H =~ +~-Jo(22). (A-15)

With T, /T, =T, /L, H may then be written as in Eq. (I11-28).
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Appendix B: Calculation of Power Series Coefficients

of the Generalized Bloch-Siegert Shifts

In Appendix B we present a concise outline of the derivation of the power
series expansions of the Bloch-Siegert shifts as given in Egs.(III-34)~(III-38). For
convenience we introduce the variables z = —(g/0)% and y = (Axn/0Q)2. Also we

rescale the coefficients from Eq.(I1I-34) according to
am =—NalP /(-4)™. (B-1)

Substituting Eq.(III-34) into Eq.(III-30) yields a power series expansion for the

terms F, (we reserve the indices N and k for the Nth resonance of the kth

harmonic):
o0
Fo= ) F{™gzm, (B-2)
m=0
where ,
F(©) n— N2/n; n=odd, (B-32)
= . —-3a
" n; n=even,
and, for m > 0:
FOm) _ { (N/n)am; n=odd, (B-3b)
" 0; n=even.

Subsequently we write the continued fraction Yj from Eq.(III-31) — truncated
after n divisions — as a single fraction with numerator‘An. The numerators 4,

satisfy the recurrence relation [81]:
An = Fk+n+1 An-1 + zAn—Z; n 2> 0, (B—4a)

with
A =1; Ap =0 forn < —1. (B-4b)
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Expanding the A,’s as a power series (dropping the subscripts N and k):
oo
AN-kin= ) A™ ™ (B-5)
=0

and substituting Eq.(B-2), this leads to the following recurrence relations, valid

forn> k- N:

AD =F Iﬁlo-z-n-f-l AS;O-)la (B-6a)
and, for m > 0:
m
- ! -1
A = Al + STED, L AT, (B-6b)
=0

To satisfy the condition Yi = 0 from Eq.(III-32) we must require that A{™ =0

for all m > 0. This can be accomplished by requiring that

1im{A$;")=o; 0<m<n+1}. (B-7)

n—oo

Because, from Eq.(B-3a), FISJO) = 0, it follows from Eq.(B-6a) that AP) = 0 for

all n > —1. From Eq.(B-6b), it then follows that AY™ =0 for all n > m — 1, if

one imposes the condition *
[Afnm_)l= ] = Qyn; m=1,2,3,.... (B-8)

Thus Eq.(B-7) is satisfied indeed. As is indicated, solving Eq.(B-8) renders suc-
cessively the desired coefficients a,y,.

As an illustration we calculate the first coefficient a;. By iterating Eq.(B-6b)

and using Eqgs.(B-3) we obtain
450 = A5+ (N +1) (49 + ad®). (B-9)

From Eq.(B-6) it can be shown that

-Ag)g/ Ag)z) = O4p1 / H F;fzolq; P22, (B-10)




with © as defined in Eq.(II-35). Substituting Eq.(B-10) into Eq.(B-9) and re-

quiring that Aél) = 0 then yields a; and, with Eq.(B-1), the first order term of
the Bloch-Siegert shift as given in Eq.(I1I-36).
Higher order terms are obtained in a similar fashion. In order to eliminate

terms As.m) with m > 0, we have used the expressions
A4 - 41 A) = 44 (B-11)
to obtain a3 and, in addition to Eq.(B-11), the expression
AGAY) - 4040 = AQ[A+ (V- ) {F2,49 + 49} (B2)

to obtain as. Egs.(B-11) and (B-12) can be derived from Egs.(B-3) and (B-5).
It would seem feasible to write an algorithm based on Egs.(B-3), (B-6), (B-
8), and (B-10) by which arbitrarily high order coefficients a,, can be computed.
Although we have given this approach some thought we have been unable to come
up with such an algorithm, mainly because of the difficulty of generalizing the

implementation of expressions like Egs.(B-11) and (B-12).
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Appendix C: Weak Field Solutions

In Appendix C, we present some of the details of the calculations of the
weak field results from Section IV-2. Specifically, Appendices C-1, C-2, and C-3
parallel the Sections IV-2.1, IV-2.2, and IV-2.3.

C-1 Details of narrowband solution

To obtain the weak field solution from Section IV-2.1 from the continued
fraction solution in Section III-2, we observe that only the fluorescence components
wo and w; (and w_z) from Eq.(III-5) need to be considered, since, for weak fields,

the interaction is linear, so that no additional harmonics are generated. Thus,

with Egs.(II-5¢), (III-3), (III-5), (III-7), and (III-12), we obtain [cf. Eq.(III-15)]:

1—w(t)
2

paa(t) = ~ (1/2) [1'— Yo — bae¥ — yle7H] (c

Furthermore, with Eqgs.(III-10) and (III-11), we obtain
Yo = [1+ (2¢/Tw) Im{z1}] ™" =1 - 24T, Im{z:}, (C-2)
and

Y2 = T2 2190 = TaZ), (C-3)

where we have set T, = Ty !. Combining Egs.(C-1)-(C-3) yields

p22(t) = ¢T1 Im{z1} + [—(1/2)z2z1 €% + cc.. (C-4)

In the weak field limit, it suffices to truncate the continued fractions z; and z,

after one division, so that, from Eq.(III-9):

z; =~ ig/a;; 1=1,2. (C~—5)
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Substituting values for a; and a; from Eq.(III-8), and setting I, =T, = T, ! then

yields
ig(Ty ! +140)
ry >~
L @0+ A) (T, 40— iA)
- 92 9 (C-6)
A+Q-iTyY A-Q+iT; Y
and
ig
~— Cc-7
=TT i (C-7)
Thus
;! T, !
and

1.
‘m‘=92{1€31:2131}{T;1+51(A+n)}{T;‘—il(/_\.—n)}' (C-9)

Substituting Eqs.(C-8) and (C-9) into Eq.(C-4) then immediately leads to the
results in Eqgs.(IV-6)-(IV-10). |

C-2 Details of broadband solution

In the broadband limit, that is, the limit T,' — oo, Egs.(I[l-4) may be
reduced to a single rate equation by setting « = v = 0. Solving Egs.(III-4a)
and (III-4b) for u and v successively, and substituting the expression for v into

Eq.(III-4¢) then yields
W+ [T7 ! + 4R cos’ Qt) w = 177!, (C-10)

where we haveset Ty =T, = T; !, T, = T 1l and R = R(A) is the detuning

dependent excitation rate defined in Eq.(IV-18). The homogeneous solution of
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Eq.(C-10) is given by

w(t) = f(t) e~ (T7 ' +2R)t—(R/Q) sin 20t

= f(t) i (=1)! [(R/Q) e~ (T +2R)t-2il0t (C-11)

l=—o00
where I; is a modified Bessel function of order I. Substitution of Eq.(C-11) into
Eq.(C-10) then gives the general solution
m 3
w(t) = Z way €2 (C-12)
k=-—00

where the Floquet coefficients wq are given by

_ ik v (-1)'L(R/Q) It_i(R/Q) ~
wap = 4% ) 1+ 2RT) + 2T, (C-13)

l=—o00
Note the strong similarity between Eq.(C-13) and the zero detuning, narrowband
solution from Egs.(III-13b) and (A-8), which, instead of the monotonic, modified
Bessel functions I; contains the oscillatory Bessel functions J;.
In the weak field limit, the modified Bessel functions can be approximated
by
Ii(R/Q) ~ (R/20)'/ 1. (C-14)

Retaining only terms of order R® and R!, p22(t) can be expanded as in Eq.(C-1),

that is,
1- Wo
2

p2a(t) = + [~ (1/2)wae? 4 c.c.]. (C-15)

With Egs.(C-13) and (C-14), we then find

1—wp 1 Ioz RT]
2 2 (1 1+ 2RT1) ~ 1+ 2RT, ETh, (C-16)
and
) I, LI RT:/2
—wy /2~ (—1/2 - ~ =~ -
w2 /2 = (~if )(1 ¥2RT; 1+ 2RT, +2iﬂT1) 1+ 2:i0T; (C-17)
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Substitution of Egs.(C-16) and (C-17) into Eq.(C-15) then leads immediately to
Eqs.(IV-17)-(IV-20) in Section IV-2.2.

C-3 Details of inhomogeneously broadened solution

To perform the integral ffooo p22(t; A)dA we note that, by Egs.(C-4), (C;
6), and (C-7) the only detuning dependence is contained in the factor z;. But
the corresponding integral of z; is performed trivially, by closing the path of
integration in one of the half planes, and taking the value of the one and only

pole:
/ ” 21(A) dA = 2mi x (g/2) = . (C-18)

- 00

Substitution of Eqs.(C-18) and (C-7) into Eq.(C-4) then yields

=%} 1/2)82““ (1/2)6—2“71'1
t: A)dA = wg? ( -
/_oo””( )da = ng’Ty {1+ 1+ 207, T 1-zan b (e

which leads immediately to Egs.(IV-22)~(IV-24) in Section IV-2.3.
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Appendix D: Optical Haroche and Hanle Resonances Excited
by a Resonant Phase-Modulated Field

The material in Appendix D is essentially that of Ref. [80]. To adapt the
manuscript to this dissertation, the original references are replaced with those on

page 188. Also, some reference to the material in Sections I through V is made:

From their inception, optical resonance experiments have followed in the.
steps of their magnetic predecessors. For example, Rabi oscillations, free induction
decay, and spin echoes were first studied in fnagnetic doublets. And, of course,
the very formulation of semiclassical Bloch equations occured in this branch of
physics. Recently, we have discussed some analogies between optical and magnetic
interactions involving modulated fields {26]. In particular, we have shown that
the concepts of multiple quantum resonances and their associated Bloch-Siegert
shifts apply to the interaction of a fully amplitude modulated field with a two-
level atom [21,22,28]. Here we point out that two other well known effects from
the magnetic resonance literature should be realizable in an optical resonance
experiment, namely those of Haroche and Hanle resonances (See the referénces in
Table II-1(c) on page 131; also, for a discussion of the optical Hanle effect in a
different context see Ref. [82]).

Consider, first, the Bloch equations for the magnetization M of a spin-1 /2
system subjected to a magnetic field H and a circularly polarized light beam,
propagating along the 3-axis (Figure D-1), with associated optical pumping rate

Amag (see Eq.(II-22) on page 128):

Here, T is a diagonal damping matrix, and v is the gyromagnetic ratio of the
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MAGNETIC RESONANCE
longitudinal pumping transverse pumping

8 8
Hy 4 H

2
HrfA / .

& &

- FAM excitation RPM excitation
OPTICAL RESONANCE EQUIVALENTS

Figure D—1: Magnetic resonance geometries, whose optical counter-
parts are as indicated.

(FAM = fully amplitude modulated; RPM = resonant phase mod-
ulated).

magnetic doublet. Of the many possible magnetic field configurations, the longi-
tudinal and transverse geometries have received the most attention. In both, an
oscillating radiofrequency (rf) field H, is applied perpendicular to a static Zee-
man field Ho, which is either longitudinal or transverse to the optical pumping
beam (Figure D-1). Thus, the magnetic “torque” Rmag = —vH is given by

Rl = (wrt cos Ut 0, wo), (D-2)

mag
or

R;][Lmg = (wo, 0, wrf cos Nt), (D-3)
respectively, where (1 is the frequency of the rf field, and wo and w,s are the Rabi
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frequencies associated with Hy and H,s. The two geometries are characterized
by odd and even resonances, respectively. That is, for weak rf fields, resonances
occur when wp is an odd (even) multiple of £, and the corresponding transitions
can be attributed to the absorption of an odd (even) number of real (virtual) f
photons [53,21]. As the rf amplitude increases, the resonances shift and eventually
disappear. These shifts are known as Bloch-Siegert shifts and have been calculated
by many authors (see Section II-4.2 on page 133). For example, to lowest order,
the shifts of the resonances in the time-averaged fluorescence or absorption signals
are given by
wo = NQ[1 - an (wre/40)3?], (D-4)
where a; = 1 for the single quantum resonance, and ay = 4 /(N? —1) for photon
numbers N > 1 [54-57]. Apart from their parities, odd and even resonances
differ in another important regard, namely their power broadening: Whereas the
widths of the odd-N resonances vary as the Nth power of the rf amplitude wyy,
the even-N resonances are unbroadened to lowest order in the rf amplitudes, and
their associated Bloch-Siegert shifts can be measured for even weak rf fields [31-
34,45,53]. The latter are the so-called Haroche resonances. In the transverse
pumping geometry, there is also a resonance at wy = 0. This is the zero-field
crossing resonance or Hanle resonance, and has been interpreted as giving rise
to the dressing of the atomic Landé factor by the rf field, according to g,s =
goJo(wrt/0), where Jy is the zeroth-order Bessel function [53].
Consider now an optical resonance experiment on a two-level atom. The
optical Bloch equations can be written as in Egs.(D-1), by introducing the Bloch
vector @, whose components, respectively, are the real and imaginary parts of the

atomic polarization and the population inversion (see Eq.(II-12) on page 125):
dq)/dt =-T® + Ropt X ® + Aopté3- (D-5)
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Here, Aopt is the scaled equilibrium inversion and, again, T is a diagonal damping
matrix. The optical “torque” Ry depends on the driving field and the frame in
which Eq.(D-5) is expressed. For example, for a constant, monochromatic field
EC(t) = 2€ coswt, and a frame that rotates at the two-level transition frequency

w12, Ropt is given, exactly, by
prt = (—2k€ coswt, 0, wi2), (D-6)

where & is the dipole cbupling constant. Egs.(D-2) and (D-6) are fully equivalent.
Indeed, By substituting the appropriate variables, this equivalence leads, with
N =1 in Eq.(D-4), to the conventional optical Bloch-Siegert shift, namely A =
wiz —w = —(k€)?/4w. As we have shown another equivalent interaction is that

of a two-level atom driven by a fully amplitude modulated (FAM) field [21,22,28]:

EFAM(t) = 2€ cosQtcoswt. Indeed, in a frame rotating at the detuning A =

w12 — w, the torque R for this interaction is given by
ﬁ.fl‘;‘tM = (—x€ cosNit, 0, A), (D-7)

where (1 is the modulation frequency, and where the tilde indicates that the ro-
tating wave approximation (RWA) has been made. The multiple quantum reso-
nances associated with this FAM interaction have been observed experimentally
by Chakmakjian et al., namely in the time-averaged fluorescence from a beam
of sodium atoms [14]. Because these authors studied the resonances for small
detunings (|A| < ) and relatively large fields (£€ > Q), they used the term
“subharmonic resonances” rather than “multiple quantum resonances:” For zero
detuning and zero damping, the time-averaged fluorescence signal has maxima
for modulation frequencies 1 that are subharmonics of the Rabi frequency «¢&,

namely, for = k€ /zo,, where the zo,’s are the zeros of the Jo-Bessel function.
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Figure D-2 shows that multiple quantum resonances and subharmonic resonances
are the limitihg behaviors of the same resonance structures, and, in both magnetic
and optical resonance, the shifts of the resonances from the weak-field values have
been termed generalized Bloch-Siegert shifcs.

Experimental verification of the conventional optical Bloch-Siegert shift,
namely that associated with Eq.(D-6), is improbable because for the super-intense
fields necessary to produce a Rabi frequency k€ on the order of the optical fre-
quency w, the two-level approximation is no longer valid [48]. Similarly, for the
FAM interaction studied by Chakmakjian et al., measurement of the weak-field
Bloch-Siegert shifts is complicated by the power broadening of the odd-N res-
onances. Nevertheless, we contend that measurement of the weak-field Bloch-
Siegert shifts from Eq.(D-4) should be possible in an optical resonance experiment,

namely one in which the FAM field is replaced by a resonant phase-modulated

(RPM) field of the form
ERPM(4) = 2€ cos(wizt — M sin Q1t), (D-8)

where, again, () is the modulation frequency, and M is the modulation index. In a
frame rotating at the instantaneous frequency of the RPM field, the optical torque

associated with Eq.(D-8) becomes
ﬁ.g;M = (—x€&, 0, MQcos Qt), (D-9)

where, as for the FAM case, the RWA has been made, and the detuning A has
been set to zero. Comparison of Eq.(D-9) with Eq.(D-3) shows that this RPM
interaction is the optical equivalent of a transversely pumped magnetic resonance
experiment. Therefore it should display the narrow, even-N, Haroche resonances,

as well as the zero-field Hanle resonances.
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Figure D-2: Generalized Bloch-Siegert resonance curves for both
odd and even resonances, obtained in the limit of vanishing damping.

Odd-N and even-N resonances are represented by dashed and
solid curves, respectively. As shown in Ref. [63], these curves satisfy
the condition X1 = 0, where X, follows by backward recursion of Xk =
k—pnY?/k — X2 /4% 11, with peny =1 (0) for k + N = even (odd).
The lowest-order shifts from Eq.(D-4) are indicated by the thin lines.
The coordinates X and Y are defined below. The limiting behaviors
are given by Y = N for X = 0 and by Jo(X) =0 for Y = 0.

odd-N even-N

Il C R FAM L R RPM
Rmag Ropt Ropt Rmag Ropt

X wrt/ 26Efw KE/Q| wit/Q M

wo/ﬂ wlg/w A/ﬂ wo/ﬂ né’/ﬂ
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Both the Haroche and Hanle resonances can be computed by substituting
Eq.(D-9) into Eq.(D-5), and solving the RPM interaction as a Floquet. series
whose coefficients are given by scalar continued fractions [57]: If we introduce
the polarization and population decay rates I'y = Ty = T 1 and I'z = —Aqpt =
T; !, and define the dimensionless intentity J = (k€)2T1T,, the dimensionless
modulation rate M = (MQT;/2)?, and the factors b,(cj) = 1+4+1kQT; ( = 1,2) and
0x such that §; = 1 (x = 0) for k = even (k = odd), these continued fractions S

are obtained, for k > 1, by backward recursion of

Sk = M/(Sk_+1 + biz) + 0kI/b£1)). (D-10)
Thus, the time-averaged upper state population pgoz) is given by

o8 = 11/(1+ I +2Re{S1}). (D-11)

For zero modulation, §; = 0, and pgg) follows a simple saturation curve as a

function of the intensity J. However, as the modulation index M increases, two
new effects become manifest, as is illustrated in Figure D-3: These are the Haroche
and Hanle resonances.

As in magnetic resonance, the Hanle effect determines the behavior of pgoz)
for small fields. Indeed, in Figure D-3, the behavior of the curves at the origin
depends greatly on the modulation index M. It may be shown that, for weak

fields and small damping, pgg) can be approximated by

Sy = L1J2(M) = L(k€)? Ty Ty J2 (M). (D-12)

N

Thus, the slow rise of the curve with M = 2.4 in Figure D-3 is explained by
the vanishing of the Jo-Bessel function. The appearance of the factor Jo(M) in
Eq.(D-12) is analogous to the dressing of the atomic Landé factor by a similar

factor in a transversely pumped magnetic resonance experiment [53].
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Figure D-3: Time-averaged upper state population as a function of
the scaled electric field.

Curves are shown for various values of the modulation index M
(QT, = QT /2 = 20). The optical Hanle and Haroche resonances occur
for k€ ~ 0 and k€ X 20, respectively.

Similarly, in Figure D-3, the Haroche resonances manifest themselves as dips
in the saturated values of pgg) near k€ = N, with N = 2, 4, 6, .... For weak
modulation, the positions of the resonances are given by the expressions for the
weak-field Bloch-Siegert shifts from Eq.(D-4). For example, the N = 2 resonance
is located at k€ /0 ~ 2 — M?/6. In general, the resonances shift along the solid
curves in Figure D-2. Thus, the N = 2 resonance disappears for M ~ 2.4, as it
merges with the Hanle resonance.

Because it is difficult to achieve modulation indices in excess of unity in
practice, it should be easier to detect Haroche resonances in the modulated com-

ponents of the fluorescence signal. These components can also be obtained from
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the continued fraction solution. For example, in terms of the quantities from
Egs.(D-10) and (D-11), the complex amplitude of the component of ps3(t) that is

modulated at 2{) is given by
piy = —p33 (5152/ Mb{V). (D-13)

Figure D-4 shows that the N = 2 Haroche resonance shows up as a pronounced
resonance feature in the modulated signal, even for small values of M. For small

M, small damping, and k€ ~ 2Q, Eq.(D-13) may be approximated by

(2)~ iM2/32T1
P22 = e T IMPQ 4T

(D-14)

where 2T = T 14 T, 1. Thus, for small M , the position of the N = 2 resonance
is the same as that of the corresponding dip in the time-averaged component pgg).
From Eq.(D-14) it follows also that both the shift and the strength of the reso-
nance are proportional to M2, and that the width of the resonance is determined
solely by the damping rates, as is indicated in Figure D-4. Thus, the Haroche res-
onances are indeed unbroadened to lowest order in the modulatiqn index and field
strength, so that the prospect for experimentally measuring the associated Bloch-
Siegert shift seems quite good. Not only would such a measurement provide the
first observation of an optical Bloch-Siegert shift, but the narrow resonance struc-
ture of the Haroche resonances might be exploited in spectroscopic applications,
perhaps foremost in those involving semiconductor lasers, where large amplitude-
and phase-modulation have already been achieved [83]. In any event, the manifes-
tation of Haroche and Hanle resonances in the interaction of a phase-modulated
field on resonance with a two-level quantum system are noteworthy new features

in the rather new fields of phase- and frequency-modulation spectroscopy.
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Figure D—4: As Figure D-3 for the magnitude of the upper state
| population modulated at twice the modulation frequency.

‘ This component at 2Q) displays clearly the N = 2 Haroche reso-
nance.
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Appendix E: List of Abbreviations and Symbols

In Part II, the following abbreviations are used:

AM, FM Amplitude Modulated, Frequency Modulated.

DC (Direct Current): time-averaged.

FAM Fully Amplitude Modulated.

LDV, LFV Laser Doppler Velocimeter, Laser Fluorescence Velocimeter.
rf radio frequency.

RWA Rotating Wave Approximation.

VDCF Vanishing Damping Continued Fraction.

Below follows also a list of symbols found in Sections I through V. Symbols
that occur only in the Appendices are not included. In case of slight variations in
notation only the primary definition is mentioned. The alphabetical order of the

list is: small Roman, capital Roman, small Greek, capital Greek.

ag Bohr radius ~ 0.529A.

ak Coefficients of FAM solution defined in Eq.(III-8).

ag‘,) Bloch-Siegert shift coefficients from Eq.(III-34).

b Rabi frequency associated with the oscillating magnetic

field in a longitudinally pumped geometry [Eq.(II-32)].

e Electron charge.

Tks 9k VDCF coefficients defined in Egs.(III-19) and (III-21).

g Rabi frequency associated with FAM field from Eq.(III-2).
do Gyromagnetic ratio of magnetic multiplet.

h Plank’s constant divided by 2.

,k,l,m ‘ Summation indices or other indices.

k Order of harmonic component.
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P12

y43

PR —
T2k, TO
t

u(t), v(t), w(t)

Uk, Vi, Wk
v, U”, v

Tk, zLol , leI

Tk, TkN

z(t), 2k, zZDCF

C

E(t)

€, &a, &b, Ei(t)
Fy

Gi(4)

H
IIint

H(t), H,, Hy, H,

H07 Hrf’ Hri
Ji(z)

Wave vectors and magnitude thereof.

Order of Bloch-Siegert shift expansion in Eq.(III-34).
Number of absorbed photons in multi-photon transition.
Electric dipole moment of two-level transition.

Product of continued fractions zLol defined in Eq.(III-24).
Exact and approximate Floquet coefficients of 23 (t).
Time coordinate.

Real and imaginary parts of the atomic susceptibility, and
inversion of the two-level system, respectively [Eq.(III-3)].

Floquet expansion coefficients for u(t), v(t), and w(t).
Atomic velocity vector and components thereof.

Continued fractions of FAM solution from Eq.(ITI-9) and
Taylor coefficients thereof [Eq.(III-17)].

Zeros of integer order Bessel functions [Eq.(III-33)].

Generic notation for the variables u(t), v(t), w(t), the
coefficients ug, vi, and zx, and their VDCF limit.

Inhomogeneous term in optical Bloch equations [Eq.(II-12)].
Electric field of exciting radiation.

Electric field amplitudes.

Rescaled terms f; from Eq.(III-30).

Inhomogeneous profile associated with the parallel velocity
distribution in a LFV geometry.

Correction factor for unequal damping rates [Eq.(III-28)].
Interaction Hamiltonian from Eq.(II-4).

Magnetic field vector and components thereof.
Magnitudes of static, oscillating, and rotating fields H(z).

Integer order Bessel function of order /.
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L+(A)
M

M, M,
M.

Mub, Moo, Minp

My

P11, P12, P21, P22

-~

P12

0 0
Pgl)’ sz)

P22

Lorentzian line profiles defined in Eq.(IV-17).
Modulation index of AM or FM electric field.
Magnetization vector and equilibrium value thereof.
Complex depth-of-modulation defined in Eq.(IV-6).
Depths-of-modulation of fluorescence harmonics.
Depth-of-modulation defined as 72k /75.

Quantum number of multiple quantum resonance.
Number of integration elements in Egs.(IV-26).
Broadband excitation rate from Eq.(IV-18).
Interaction “torque” vector in optical Bloch equations.
Longitudinal and transverse relaxation times.
Characteristic pumping time associated with M.

Real and imaginary parts of the atomic susceptibility, and
inversion of the two-level system, respectively [Eq.(II-5)].

Equilibrium value of atomic inversion W (¢).
VDCF continued fraction defined in Eq.(III-31).
Bohr magneton.

Damping ratios I', /T, and T, /T,,.

Kronecker delta.

Angle between laser beams in LFV geometry or angle
between static and oscillating magnetic fields.

Dipole coupling constant defined in Eq.(II-7).

Two-level system density matrix elements; the upper state
population p3; is associated with the fluorescence signal.

Rotating frame value of pj,.
Equilibrium values of p;, p22.

Ensemble averaged value of pj3.
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pi(t), pi(t)
¢ka ¢2
Vi

Wwo

w, Wi, Wi, Wi

wi, Wy

wi2

Ly, Ty, Tw
Ty

A, Agpty A

A, Amag
Amaxs AD
A

AN

Ch

A

®;2

Db, Pob, Pinn

Do
, 0

0™ (1)

Phase factors of electric field components.

Zero detuning values of 9 from Egs.(III-13)~(III-14).
Combined Floquet coefficients from Eq.(III-7).
Frequency of rf magnetic field [Eq.(II-32)].

Rabi frequency associated with the static magnetic
field in a longitudinally pumped geometry [Eq.(II-32)].

Frequency components of electric field E(t).

Carrier frequencies of FAM field in laboratory frame
and atom’s rest frames.

Two-level atom transition frequency (optical interaction).
Damping rates associated with U(t), V (t), W ().
Bandwidth of optical source.

Detunings of the carrier frequency of FAM field in
laboratory frame and atom’s rest frames (primed).

Zeeman splitting between atomic doublets.
Rectangular and Doppler widths of G)j(A).
Detuning value in the summation from Egs.(IV-26).

Detuning value of multiple quantum resonance [Eq.(I1I-34)].

~ Truncation parameter defined in Eq.(III-35).

Diagonal damping matrix in Bloch equations.
Bloch vector defined in Eq.(II-11).

Phase factor associated with the quantity M;; [Eq.(IV-6)].

Phase-shifts of fluorescence harmonics.

Inhomogeneously broadened phase-shifts from Eq.(IV-27).

Modulation frequencies of FAM field in laboratory frame
and atom’s rest frames.

Generic Rabi frequencies defined in Eq.(II-17b).
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