Mathematics of Quantum Numbers

A Collection of 274 Research Papers on Quantum
Numbers

By

Boris Kupershmidt
Department of Mathematics
The University of Tennessee Space Institute
Tullahoma, TN

2010



Mathematics of Quantum Numbers

Boris Kupershmidt

An Inequality For The Sum Of Two Quantum Numbers
An Inequality Between Quantum Factorials

An Inequality For 1t (x)

An Exact Asymptotic Expansion Of it (x)

A New Estimate For Chebyshev’s 0 (x)

An Estimate For A Finite Continuous Fraction

An Alternating Sum Of Quantum Integers Under Second Quantization
An Alternating Sum Of Quantum Arithmetic Progression
A Hexagon Property Of Quantum Binomial Coefficients
A Decomposition Of General Even Numbers, Quantized
A Conjecture About Generalized Catalan Numbers

A Comparison Of Quantum Fractions

An Infinite Product of Squares In Quantum Calculus
Another Proof Of Finitude Of Twin Primes

On Weighted Sums Of Quantum Factorials

Quantum Binomials in the Second Quantization

On The Sum of Quantum Factorials

Triple Products In Quantum Arithmetic Progressions

Quantum Arithmetic Progression Whose Sums Have Divisibility Properties

Page #

10
11
13
15
16
17
18
20
22
24
26
28
29

30



The Maximum Value Of The Product Of Quantuma And 1—a
The Growth Of Quantum Analog Of A Classical One

The Fundamental Lemma In Quantum Arithmetic

On The Quantum Sum Of Two Consecutive Cubes

Circle Quantization

Quantum Binomials In The Second Quantization

Basic Inequality Among Quantum Numbers

The Fundamental Inequality Between Quantum Numbers
The Difference Between O(x) And x

The Change Of The Quantum Numbers When The Underlying Classical One Changes
1-Set Of The Parameterized Circle

A Quantum Cubic Representation For 16

Remarks On The Cramers Conjecture

On The Sum Of Two Consecutive Quantum Squares
Quantum Powers of 2

Quantum Integers In An Odd Base

On The Sum Of Inverse Quantum Factorials

Quantum Divisibility In Exponential Families

Quantum Circle

Quantum Binomials In The Second Quantization

Quantum Analog Of The Little Fermat Theorem

33

35

37

39

41

42

44

45

47

48

51

53

54

56

57

59

61

63

65

66

68



1
k(k+1)

On The Quantization Of The Sum X

Quantization Of The Formula (x+a)(y+a) - xy = a (x+y)+q°
Power Function In The Quantum Domain

Ordering For Quantum Numbers

On The Two Related Sums Of Quantum Integers

On The Total Sum Of Quantum Binomial Coefficients

On The Sum of Ratios of Quantum Binomial Coefficients
On The Sum Of Odd Number Of Quantum Integers

On The Sum Of An Alternating Series Of Quantum Integers
On The Special Quantum Arithmetic Progression

On The Ratios of Zeroes In Quantum Calculus

On The Ratio Of Two Quantum Numbers

1

On The Quantization Of The Sum . proe

On The Minimum Value Of The Sum Of Quantum a And 1-a
On The First Weighted Sum Of Quantum Binomial Coefficients
On The Difference Of Two Consecutive Quantum Integers

On Sections Of Quantum Harmonic Series

On Second Weighted Sum Of Quantum Factorials

On Rescaling A Quantum Number

Multiplication By 2 For Quantum Numbers

On Quantum Triangular Numbers

On Quantum Binomial Coefficients In The Base 2

70

71

72

74

76

78

79

80

81

82

84

85

87

88

90

92

94

97

99

101

102

103



On Finite Sum Of Quantum Binomial Coefficients
On Finite Sections Of The Quantum Harmonic Series

On Alternating Sums Of Squares Of Quantum Integers

On A Limit In Quantum Calculus

On The Sum Of Inverse Terms Of Quantum Arithmetic Progression
Number 12 In Second Quantization

Number 8 In Second Quantization

Multiplication By 2 For Quantum Numbers

Modular Arithmetic In Second Quantization

Linear Relations Among Terms Of Quantum Arithmetic Progression
The Leibniz Formula For The Symmetric g-Derivatives

The k-Tuple Conjecture Disproved

On Cubic Quantum Representation Of Integers Divisible By 8
Infinitesimal Content Of Quantum Formulae

Quantum Exponential Function

Divisibility By A Product In Quantum Domain

Decomposition Of Quantum Analogs Of m2"

Decomposition Of Numbers Divisible by Four, Quantized
Decomposition Of A Quantum Version Of 3.2"

Cubic Two In Second Quantization

Fibonacci Triangle In The 1°* Quantization

105

106

108

110

111

112

113

114

115

117

120

122

125

127

129

130

131

132

133

134

135



A Semiclassical Relation In The 1°' Quantization

An Estimate For A Linear Quantum Function

On Quantum Linear Functions

On The Ratio Of Two Quantum Linear Functions

A Power Inequality Quantized

On The Relation Between A Number And Inverse Of It In Quantum Domain
A Simple Inequality Between Quantum Numbers

On The Property Of Medians Under Quantization

On A Sum Of Two Quantum Arithmetic Progressions

Transformations Of A 3-Term Arithmetic Progression

Three Squares In An Arithmetic Progression

Derived Terms Of A Quantum Arithmetic Progression

Equidistant Sums In A Quantum Arithmetic Progression

Sum Of The Cubes Of The Terms Of Arithmetic Progression

3-Term Arithmetic Progression Among Elements Of A Quantum Harmonic Series
On The Special Quantum Arithmetic Progression

On A Finite Sum Of Weighted Quantum Geometric Progression

Sum Of An Arithmetic Progression In The 1°* Quantization

A Summation Related To A One-Parameter Family Of Quantum Arithmetic Progressions

A Power Inequality Quantized
On The Relation Between A Number And Inverse Of It In Quantum Domain

On Linear Relations Between Powers Of Terms Of An Arithmetic Progression

136

137

139

140

142

144

147

149

151

152

154

155

157

158

159

160

162

164

166

168

170

173



A Formula For The n'" Of Quantum Arithmetic Progression
On Alternating Sums Of Squares Of Quantum Integers
Sums Of Squares Of Quantum Odd Integers

A Weighted Sum Of The Quantum Odd Numbers

A Sum Of A Finite Series In Quantum Domain

On Linear Relations Between Powers Of Terms Of An Arithmetic Progression

A Formula For The n'" Of Quantum Arithmetic Progression

Linear Relations Among Terms Of Quantum Arithmetic Progression

A Weighted Sum Of Odd Integers In The 1 Quantization Is A Quantum Square

Sums Of Quantum Two's With Variable Bases In The Second Quantization
On A Weighted Rational Sum Of Quantum Binomial Coefficients

The Classical Limit Of A Skewsymmetric Quantum Form

A Sum Of Odd Integers Is A Square In The 2"! Quantization

The Sum Of The Odd Quantum Integers Is A Square In The 2"! Quantization
Sums Of Odd Consequitive Integers In The 1°' Quantization

A Quantum Version Of A Multidimensional Analog Of Young's Inequality
A Multidimensional Analog Of The Young's Inequality

On The Product Of Quantum Powers

The Growth Of The Sum Of Two Powers Of g

On A Mixture Of Classical And Quantum Numbers

On The Product Of Two Successive Odd Quantum Numbers

A 3-Parameter Family Of Quantum Decompositions

175

176

178

180

182

183

185

186

188

189

190

192

193

194

195

196

198

199

201

202

204

205



Quantization Of The Euler Indentity

On The Ratio Quantum Bi-Factorials

A Quantum Inequality With No Classical Analog

On The Ratio Of Two Quantum Double Factorials

On The Product Of Two Successive Old Quantum Numbers
On A Quantum Chebyshev-Like Inequality

An Estimate for Quantum Factorials

An Inequality with Absolute Values For Quantum Numbers
On The Values Of Quantum Numbers Under Addition

A Strengthening Of The Classical Estimate for 2*

A 3-Parameter Quantum Inequality With No Classical Analog
A Two-Sided Estimates For Quantum Numbers

On The Ratio Of Two Quantum Double Factorials

On The Product Of Successive Quantum Numbers

3-Term Arithmetic Progression Among Elements Of A Quantum Harmonic Series
A Basic Quantum Inequality Without A Classical Analog

A Bilinear In Binomial Coefficients Kernel

A Bound From Below For Quantum Double Factorials

A Bound On The Product Of Even Quantum Factorials

A Conjectured Quantum Inequality

A Double Inequality For The Quantum Central Binomial Coefficient

A Double Inequality For The Quantum Factorial

207

209

211

214

217

218

219

221

223

225

227

229

231

234

236

237

239

241

243

245

246

248



A Finite Identity In The First Quantization

A Finite Product In Quantum Domain

A Formula For Term Of A Quantum Arithmetic Progression

A Fundamental Inequality For Quantum Numbers

A Generalization Of Sun's Conjecture

A General Quantum Inequality

A Growth Property Of The Quantum Roots Of 2

A Homogeneous Quantization Of A Triangle

A Hypergeometric-Like Quantum Infinite Series

A Naive Treatment Of The Hardy-Littlewood Conjecture

An Alternating Sum Of Binomial Coefficients With Quadratic Weight
An Alternating Sum Of Quantum Binomial Coefficients With Rational Weights
A n-Ary Goldbach Problem

An Inequality Between Quantum And Real Numbers

An Inequality For A Quantum Quadric With Zero Classical Limit
An Inequality For The First Quantized Numbers

Another Parameterization Of A Quantum Circle

A Proof Of Sun's Conjecture

A Proper Quantization Of The Triangle Inequality

A Quadratic Quantum Inequality

A Quantization Of A Simple Classical Inequality

A Quantum Double-Factorial Inequality

252

253

254

256

258

260

263

264

266

270

273

275

277

279

282

284

286

287

289

291

293

295



A Quantum Inequality For A Finite Product

A Quantum Inequality For The Powers Of Classical 2

A Quantum Inequality, Obvious Classically

A Inequality Between Some Special Quantum And Classical Numbers
A Quantum Linear Function Whose Classical Limit Vanishes

A Quantum Nestled Radicals Inequality

A Quantum Quadric Which Vanishes Classically

A Quasiclassical Rational Binomial Sum

A Remark Of Smarandache 3" Conjecture On Prime Numbers

A Remark On A Prime Inequality

A Simple Inequality In The First Quantization

A Simple Quantum Analog Of A Linear Recurrent Sequence Of Order Two

A Space Generated By Two Distinct Primes
A Strengthening Beyond Reason Of The Goldbach Conjecture

A Two-Variable Quantum Inequality

A Very Short Proof Of The Basic Inequality Between Quantum Numbers And Their

Classical Counterparts

A Weightless Sum Of Quantum Binomial Coefficients
Derived Terms Of A Quantum Arithmetic Progression
Divisibility By 7 In The Quantum Domain

Divisibility By 17 In Quantum Domain

Divisibility By 64 In The Quantum Domain

Divisibility By 9 In The Quantum Domain

298

300

302

304

307

309

311

314

315

316

317

318

319

320

322

324

326

327

329

331

333

334



Equidistant Sums In A Quantum Arithmetic Progression

Inequality Lemmas For Quantum Functions

On A Family Of Selbert-Like Sums

On A Finite Section Of An Alternating Sum Of Quantum Binomial Coefficients
On A Weighted Sum Of Consecutive Quantum Integers

On Log-Concavity Of Quantum Binomial Coefficients

On Inequality For Two Products Of Quantum Linear Forms Without A Classical Analog
On Log-Concavity Of Quantum Integers

On Lowering Powers In Quantum Domain

On Quantum Numbers Close To One

On Ternary Goldbach Problem

On The Density of Prime Numbers

On The Derivative Of A Quantum Number

On The Difference Between Quantum And Classical Number

On The First Quantum Convoluted Sum

On The Growth Of Quantum Fractions

On The Integer Consecutive Quantum

On The Product Inequality In Quantum Domain

On The Product Of Two Quantum Integers As A Sum Of Odd Quantum Integers
On The Quantum Harmonic Series

On The Ratio Of Quantum Double Factorials

On The Ratio Of Two Quantum Numbers In The 1°* Quantization

335

336

337

339

341

342

343

345

346

347

348

349

350

352

353

355

356

357

359

360

362

364



On The Sum Of 3 Consecutive Quantum Integers

On The Sum Of Inverse Quantum Squares

Sum Of Quantum Squares

Representations Of Power Function In Quantum Domain

The Growth Of Quantum Sequence Classically Convergent To e

Still Another Quantum Parameterization Of The Circle

Quantum Vandermonde Summation

The Number Of Primes Between Two Successive Powers

The Quantum Analog Of Ve < 2

The Sum Of 3 Consecutive Integers The First Of Which Is = 2 (mod 3), Is Divisible By 9
3-Term Arithmetic Progression Among Elements Of A Quantum Harmonic Series
1-Jet Of Quantum Double-Factorials

2+2 Submatrices In A General Numerical Triangle Of Arithmetic Progressions
A Bernoulli-Like Inequality For Quantum Numbers

A Characteristic Property Of Quantum Arithmetic Progression

A Comparison Of Quantum Quadratic Polynomials

A Generalization Of Sun's Conjecture

A Naive Treatment Of The Hardy-Littlewood Conjecture

An Estimate For Quantum Odd Double-Factorials

An Estimate For The Ratio Of Quantum Square Roots

An Estimate For The Triple-Factorial In The 2" Quantization

A New Inequality For The Central Binomial Coefficients

365

366

367

369

370

372

373

375

377

379

380

381

383

384

386

387

390

392

394

395

396

399



A New Quantum Inequality Of AGM Type 400

An Inductive Proof Of The Formula For The Sum Of Arithmetic Progression In The 2"

Quantization 402
An Inequality Between Two Quantum 1% Degree Polynomials 404
An Inequality For The Quantum Central Binomial Coefficients 405
A Note On A General Classical Inequality 406
Another 3-Variable Quantum Inequality 409
Another Divisibility By 64 In Quantum Domain 410
Another Goldbach-Like Conjecture On Prime Numbers 412
A Proof Of Sun's Conjecture 413

A Quadratic Bound From Below For The Powers Of Two Under Symmetric Quantization 414

A Quadratic Inequality For Quantum Numbers 416
A Quantum Bernoulli Inequality 417
A Quantum Chebyshev Inequality 419

A Ration Of Two Simple Linear Polynomials Is Estimated Form Below In The

2" Quantization 421
A Relation Between Quantum Quadratic Polynomials 422
A Remark On A Prime Inequality 423
A Simple Linear Inequality For The Symmetric Quantization 424
A Simple Quadratic Relation In The Symmetric Quantization 425
A Space Generated By Two Distinct Primes 426
A Strengthening Beyond Reason Of The Goldbach Conjecture 427

A Strengthening Of The Classical Bernoulli Inequality 429



A Symmetric Proof Of The Young Inequality

Estimate For The Product Of Quantum Factorials

Invariance Of The Boundary Relations Of The Basic Numerical Triangle Made Up Of Two

Intermingled Arithmetic Progressions

Monotonicity Or x In The Symmetric Quantization

On A Special Sum Of Consecutive Quantum Integers

On Quantum Elementary Symmetric Functions

On The 2nd Elementary Symmetric Function Under The 1st Quantization
On The Difference Of Quantum Square Roots

On The Product Of Inverse Quantum Squares

On The Sum Of Quantum Even Double-Factorials

Principal Vertical In The Basic Numerical Triangle From A Sequence Mutilated
Symmetrically Module 4

Quantum Elementary Symmetric Functions
Some Identities Among Quantum Numbers

The Growth Of p_n/n, p_n Being n Prime

n

The Number of Primes Between n? + (n+ 1)? Is ~ ogn

The Rate Of Growth Of Quantum Factorial Roots

431

432

434

435

436

438

439

440

441

443

445

446

448

449

450

451



An Inequality For The Sum Of Two Quantum
Numbers

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@uitsi.edu

Abstract

We estimate the sum of quantum numbers in terms of the sum of their classical counterparts.

Let

x

B i

, r€R,
q q—q 1

be the 2" quantization of z, so that

[z]g-1 =[], (1)

In terms of ¢ # 1(¢ = 1 is just the classical case, because

lim [z]7" = z), (3)

qg—1
formula (1) implies that we can take
qg>1

without loss of generality. Formula (2) shows that it’s enough to treat nonnegative num-
bers only.

Theorem 4. Let a,b > 0. Then

[a]ly + by <[a+b]7, ¢>1. (5)
Proof. Set
w=q% v=¢"= u,v>1. (6)

Then (5) becomes, after multiplication by ¢ — ¢~ '

1 17 1
r——+y——<xy— —,
x Y Ty
or
1

1 1 ?
—————+1l<zy—z—-y+1,
xy r Yy



B. A. Kupershmidt

2
(1= D)0 2) < @1y -1).
= DW= L - -,

or

which is true. W
Inducting on n, we get
Corollary T.1ta;>0for1 <i< n, then

n n

> laily <D ady.

i=1 i=1

In particular, for n = 2, we get
laly +[1—a]y <1, 0<a<l1, ¢#1.

a known result.

Corollary 10.

<—,a>0, qg#1.

Proof. Takeb=c in (5). ®

(11)



An Inequality Between Quantum

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@utsi.edu
Abstract
Classically, ZZ:l kK < (n + 1)!. We quantize this.

Let

xT

E R

p — T,9€R, ¢#1,¢>0
q-—q

be the second quantization of x.

Theorem 1. Forn € Z>,

n

S (KR < [n+1],

k=1

where

Proof. We use induction on n. For n = 1, (2) returns:
L U=1<2ly =2y =qg+q ",

which is true.
Now,

so we can take
qg>1

without loss of generality.
The inductive step in (2) amounts to:

2

[n+ 117+ [n+ 1] [n+ 1017 < [n+2]!7,
or

?
L+ [n+1]7 <[n+2]7.

Factorials



2 B. A. Kupershmidt

Lemma 6. For z >0,

1+ 2]y < [z + 1] (6)
Proof. Multiplying by ¢ — ¢! > 0, and calling

X =q">1, (7)

(6) becomes:

?
g—q¢ '+ X -X'<gX—qg XL

or
-1 s -1
¢ (¢g—1(g+1) =X(q¢—-1)—q¢ (1—-q),
or
?
l4+¢g ' < X +q¢ X7,
or

?
XTI X -1 <X 1,
or, because X = ¢* > 1,
?
gixt<u,

which is true. n
Thus, (5) is true too. W



An Inequality For 7 (x)

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@uitsi.edu

Abstract

We prove that 7(ax) < am(z) for any @ > 1.
Let 7(x) be the usual number-theoretic function counting the number of primes p < x.
Remark 1. For any a > 1,
m(az) < an(zx), v >> 0. (2)

Proof 1. By the P. N. T,

T
m(x) — @7 (3)
therefore
m(ax) ~ @ @ ar(z). W

log(ax) < logx

This, of course, is not a proof, since we are working with asymptotic expressions.
Proof 2. Set

pn = nf(n), (4)
where

f(n) = logn+ 3" (5)
=0

— login’

where P; is an polynomial in w = loglogn of degree i + 3. I recently showed that f(x) is
increasing with . Hence,

axr axr

flaz) =~ F(@)

m(azx) =



An Exact Asymptotic Expansion Of 7 (x)

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupershQutsi.edu

Abstract
We give an €xa.Ct asymptotic expansion of fﬂ'(l’)

It’s easy to see that we only need m(py,), pm being the n prime.
So

where

pn = nf(n), (2)
f(n) =logn + (loglogn — 1) + Z lolgjin’

i=1

P; being a polynomial in w = loglogn of degree i. Thus,

(x) = o = i (4)
fx)  loga + (loglogr — 1) + O(pz)
and we see that both Legendre and Chebyghev were wrong, the former thinking that
x
—— A=108...
W(x) lOg.’E _ A? 8 Y (5)

and the latter that
A=1. (6)

Both missed the important term loglogzx.
The story doesn’t end here. Expanding (4), we get:

) (1_l0glogx—1>’ -

- logx logz

contradicting Dusart, [Dus 1998] in his Thesis; on p. 36 gives the formula

T 1 2 1
= 1
(@) logx [ + logx * log?x * O<l0g3x>} ’ ®)

which is obviously wrong.

References

[Dus 1998] Dusart, P., Autour de la  fonction qui compte le nombre
de nombres premiers, Theses, Universite de Limoges, France (1998)
http://www.unilim.fr/laco/theses/1998 /T1998 01.pdf



A New Estimate For Chebyshev’s 0(x)

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@uitsi.edu

Abstract

We establish a new estimate for Chebyshev’s 9($) Precisely, 9(pn) is estimated in terms of 77, not

of Pp, as did Chebyshev and his successors. Here Py, is the prime #n
We prove in this note

Theorem 1. Let p, denotes the n prime number. Then
0(pn) < nlog(nlogn), n > 2.
Proof. For n = 3,4,5, we have:

O(p3) = log(2-3-5) =1log30 = 3.40 < 3log(3log3) = 3.57,
O(ps) =1log(2-3-5-7) =10g210 = 5.34 < log(4log4) = 6.85,

O(ps) =log(2-3-5-7-11) = log(2310) = 7.74 < 5log(blogh) = 10.4.

This is the base of induction. The inductive step follows from:

nlog(nlogn) + logpn+1 ; (n+ 1)log[(n + 1)log(n + 1)],
or
logpn+1 ; n{log[(n + 1)log(n + 1)] — log(nlogn)} +
+log[(n + 1)log(n + 1)].
But, by Rosser,

pn < nlog(nlogn), n >6, =
logpn, < logn + loglog(nlogn) = log[nlog(nlogn)].

Since

1 1 1 1
T < log(n + 1) — logn = log(l+ﬁ) <

and

loglog(n + 1) — loglogn ~ ,
nlogn



2 B. A. Kupershmidt

while

1 1

— 9
nlogn i 9)

we have:
{RHS of(7a)} > 1, n>1,

and (7) follows from:

logpn+1 ; logle(n 4+ 1)log(n +1)] &
P+l ; e(n+1)log(n + 1),
or
pn < enlogn, (10)

which is obvious, because by (8),

Pn < nlog(nlogn) ; enlogn <

log(nlogn) — logn + loglogn ; elogn &

logt ; (e —1)t, t=logn, (11)
and this is true for ¢ > 0, since

logt <t, t>0. A (12)

To tie the loose end, we prove (9), accurately:

71

{log|(n + 1)log(n + 1)] — log(nlogn)} > s (13)
1 1D

log [n + Llog(n + )} > E & (14)

n logn n

1 1) 71

log<1 + ) —i—logM > —. (15)
n logn n

But

l 1+1 >1 L
o : S
g n n  2n?’

1 1 1
l 1) =1 log( 1+ — l - — —
og(n+ 1) = log(n) + og( +n) >logn+— =55 ©

1 1
log(n+1) >1+5_W

logn logn

log(n+1) 11 1L 110-4)?
AN l 1 n 2n n 2n -~ \"  2n/ 16
logn > tog\ Lt logn - logn 2n? logn (16)

log



A New Estimate For Chebyshev’s 8(x)
(17)

and (15) turns into
poae 2 1 1 (-5
logn 2n?2  2n?  log?n
Multiplying through by 2n?, we get:
2n—12  (1—35)
>1 2n 18
logn + log®n (18)
But the RHS decreases with n, while the LHS increases for n for n > e, and for n = 2, we
have for (18):
2.2—-1 3 (1—1)? 0.56
= =432>14+—=—=14— =2.17, 19
log2 0.69 * 0.692 + 0.49 (19)
% = 4.55, while the LHS only decreases, so < 2.17.

while for n = 3, the LHS of (18) is



An Estimate For A Finite Continuous Fraction

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@uitsi.edu

Abstract

We establish two sided estimate for %%‘H‘F‘f‘%

Denote

S, L 1 +1 >1
= — - n .
" ndn—14+.. 1=

Theorem 1.

1
< S, < —.
n-+1 "

Proof. Since

1

S. = —

n+1 1+n+5’n’
and S, > 0,
SO

1
S, < —.
n+1 n+1

In the other direction,

B 1 - 1 z 1
T n+1+48, n+l+1" n+2

Sn+1
? 1
n+2>n+14+—- &

n
1
1>,
n

which is obvious. [ |



An Alternating Sum Of Quantum Integers Under

Second Quantization

Boris A. Kupershmidt and Thad S. Morton

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@uitsi.edu

Abstract
Ei\;o (— 1>ii is quantized.

Let

qm o q—x

[x]qw = 1> YIRS R7 q 7& Oailv
q—dq

be the second quantization of x.

Theorem 1. We have, for n € Z>o,

2n+1

> (1l = —@[ngl([mg]:_ {“;D
%L:(—l)i[ilz = [nly ([n +1]7 - [m;).
=0

Proof. We use induction on n. For n = 0, (3) is obvious, while (2) returns:

o b, (B, )

or

2 e B T ) 2 2 1/2 1/2
<[2];1/2> =2+<q/ +q_/) {qg/ —q =g +q_/},

(¢—q71)?
or, with Q = ¢*/2,

) 1
P2l (gzt%ﬁ{cf Q- Q+Q1},

or

(Q*+Q7?)

QP+Q 2 =

{a@+n-orciram)



2 B. A. Kupershmidt

or

2

@+Q2)@Q-Q N2 {QQ(Q 0 +Q Q- Q—1>},
(@+QHQ-QHE@+QHQ-Q™),

which is true.
The inductive step in (2) amounts to:

—[n+;};<[n+g] - [Hﬂ) +Rn 2y 243 2

1—[n+2];<[n+g];—[n+g]:>. (4)
Now,

(fo + 1172 — ()2 = 20+ 117, v, o)

hence (4) simplifies to (z = n + 1), with N =n + &
~ ~ ~ 7 ~ ~
[NIZIN +1]7 + 2N + 2] =[N + 1]7[N + 2], (6)
or, with ¢V = X:

(XX HXqg—- X" )+ (g—q (X - X2¢7?)
=(Xq-X"'¢ (X -X"q7?),

or
(X?q—q ' —q+ X 20+ (X°¢ - X% = X?q+ X %¢?)
?
=(X?¢* —q 2 —q+ X ¢,

which is identically true.
Let’s turn to (3). Its inductive step amounts to:

[y (I + 11y = [n]y) = [2n+ 17 + 20 + 217 =
L+ (n+2) - [n+1]7),

or, with (5),
)y [0+ 107 + 20+ 217 = [0+ Ly +2)7,

which is (6). W



An Alternating Sum Of Quantum Arithmetic
Progression
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Abstract

For the usual arithmetic progression @ = a+dk, Ziio ( — 1)kak = a+dn, 21_01 (— 1 ) kak =
—nd. We quantize these formulae.

Let

xT

oy ==L

y=L "% seR, ¢#0,1,
q—4q

be the second quantization of x.
Let aj, = [a + kd]7’, be a quantum arithmetic progression.

Theorem 1. (i) Forne Z>,

2n k N [2];d<n+1/2)
Z(—l) ax = [a+ dn]; 2. (2)
k=0 q/?

For n € Z>1,
n-l [Z]N(z+d(n—1/2)
> (=Dfay = —[dn]qwq[zﬁ (3)
k=0 q?/?

Proof. Call ¢* — ¢* by n;,. Then the LHS of (2) is:

1 2n
a Z(_l)k(anrkd _ qfafkd) —

2n 2n
1 . B
S (DGR SV
n k=0 k=0
1 { " 1+ qd(2n+1) w 14+ qfd(ZnJrl) }

~m 1+¢7 1 T1gd
_ [Q]qd<”+1/2> {qa—qu(nﬂ/z) _ q—a+d/2q—d(n+1/2)} _
[2];1/2771

[2] %
_ qd(N+1/2) [a—i—dn];,
20
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which is (2).
For the LHS of (3), we get:

_ i qal—q B qfa 1— q—d2n _
m A\ 1+q? 14+q¢74
_ _% <qa—qun + q—a—l—gq—dn) _

[2];1(n71/2)+a

B

)

which is the RHS of (3). W



A Hexagon Property Of Quantum Binomial
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Abstract
Classicall n—1 n n+1\ (n-—1 n n+1 W ;
assically, E—1 ka1 L = L E—1 k1 . We quantize
this.
Let
~_ -
x| =——— x€R, q#0,=£1,
[z]; p—— #
be the 2" quantization of z.
Let
i, - men
k|, [k'g[n— KNy’
where

K]l = (17 k)Y, k€ Zsy; (0]l = 1.

Theorem 1. For n > k,
[n—l]w[ n ]N[n+1]wz[n—1}w[ n ]N[n—kl]w. @)
k+1],[k—1], k1, ko, k=1],k+1],

Proof. In the long-hand, (2) is:

[n — 117 ]!y [n + 1]17 1 27
[k =117k [k + 1] [n— k'Y [n—k+1]l[n+1 - k]l

2 [n =117 ]Iy [0+ 117 1

k=112 [k+ 101 [n—1=k]ly[n—k+1)l5[n — k)5’

which is true. W



A Decomposition Of General Even Numbers,
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Abstract

We decompose general numbers of the form 2mM.

Let

r __ . —x
[x]; _ 4 Q_l

q—4q
be the 2" quantization of z, so that

27 =q+q "

Theorem 1. For m, M € Z>,, we have:

m—1
215 [m]y [M]y = [M —m]y + [M +m]y +2 ) [M —m+ 2.
=1

Proof. we are going to use the general formula

la]y + [a+7]7 + ...+ [a+2(m = 1)]7 = [m]][a +m —1]7,

fora=M—-manda=M-—m+2.
Thus,

(M —m]y +[M —m+2]7 + ...+ [M—m+2(m—1)]7 =[m|[M—-m+m—1]

q

= [mlgIM =17,

(M —m +2]7 4+ ...+ [M —m+2(m — 1) + [M 4+ m]; = [m]][M +1].

The RHS of (2) is the sum of (3) and (4). The useful formula
laly + [a+2]7 = [2]7[a + 1]7,
returns:

[mlg IM = 1Jg + [m]g [M + 1] = [m]g 27 [M]g,

which is exactly the LHS of (2). W



A Conjecture About Generalized Catalan
Numbers
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Abstract
We define a generalized Catalan numbers and formulate a conjecture about their divisibility proper-
ties.
Let
1 2n
k
Cc, = ke Z>1 n c Z>0 1
" (n+k)..n+1)\n /)’ = = (1)

be the k! generalized Catalan number, so that

1 2n
Ci:cﬂ:n—i—l(n) @)

is the classical Catalan number, easily seen to be an integer.

COIlj ecture 3. There exists a sequence my, of positive integers, k < n, such that

mpck €Z, YneZ, VkeZs, k<n. (4)

The Conjecture is highly counterintuitive. With m; = 1, it turns into assertion that
Catalan numbers are integers. We prove the conjecture for k =2, mg = 6.

Theorem 5. We have:
o 6(2n)! 2n42) 2n+1 2n
C"_n!(n+2)!_3< n ) 1O<n1>+8<n2)' (6)

Proof. In the long-hand, (6) is:
(2n)! 2 3 (2n +2)(2n +1)(2n)! 10(271 +1)(2n)!n 8(2n)!n(n —1)
nl(n+2)! nl(n +2)! (n +2)In! (n+ 2)In!

or

6= 32n+2)(2n+1) —10(2n+ 1)n + 8(n — 1)n,
or

6= 3(4n” + 6n + 2) — 10(2n2 + n) + 8(n? —n),
which is true. W

Remark 7. Unfortunately, (6) is not quantizable over Z[q, g~!]. So, we have no reasons
to believe that our Conjecture carries into quantum realm; even though, we believe it does.



A Comparison Of Quantum Fractions
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Abstract

We compare two types of quantum fractions.

Let
~_ ¢ —q"
g =——, vER, Q#():la
g q—q!
be the 2" quantization of .
Since
[z = [2]g

q q’

we can take
qg>1

without loss of generality.

Theorem 1. Fora > b > 1,

Set

Then (2) becomes

[AlF b7 < [AB]5 .

multiplying (3) by (¢ —¢~1)? > 0, we get

(@ =g = a7 > (@ =) g— g7,

or

2

q)\—i-b + q—)\—b _ (qb—)\ + q)\—b) > (qAb+1 + q)\b—l) _ (qAb—l + q—)\b—l-l)’
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or

2

(q)\b—l + q—Ab-‘rl) _ (qb—)\ + q)\—b) > (q)\b—I—l + q—)\b—l) _ <q)\+b + q—)\—b)’
or

?
q)\—b[q(b—l)()\-i-l) _ 1] +q—1[1 _q(b—l)(/\-i-l)} > q)\-‘rb[q(/\—l)(b—l) _ 1] +q—Ab—1 [1 _q()\—l)(b—l)]

)
or

?
[q()ri’l)(bfl) _ 1]qu+1[q(/\71)(b+l) _ 1} > [q()\fl)(bfl) _ l]qf)\bfl[q(/\fl)(bfl) o 1]

or
?
[q(/\+1)(b71) _ 1] [q(b+1)(/\71) - 1] > q72[q()\71)(b71) _ 1]27 (4)

which is obvious, because

(A+1)(b+1) A=1)(b—1) _

q —-1>q
A >QM Q=4"">1

q <

and like-wise with b and X interchanged. W



An Infinite Product of Squares In Quantum
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Abstract

Classically, HZOZQ <1 — n12> = % We quantize this.

Let

T

ply =L

q _1 > .’EER, q#07:|:17
qa—q

be the 2" quantization of z, so that
2]y = 2],

and we can take
qg>1

without loss of generality.

Theorem 1.

fi(1<miﬂg>:[§;‘ )

n=2

Proof. The first term returns:

Lemma 4.

“ 1 1]y
H<LYWﬂ»_T%MN (5)

k=2 q q

Proof. The base of inductive proof of (5) is (3), for n = 2. The inductive step consists
of:

ntly 1 N\ [ty
2] [n]; (1 (In+ 1J;>2> 2yl +]y
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or

or
~ ? ~ ~
([n+ 1]q )2 —-1= [n]q [7’L + Q}q )
or, with X = ¢",
1 — _ ? _ 1 —
(Xq—X"1g ) (g—q ) = (X - XTH(X¢* - X"1g7?),
or
(X2q2 . 2—|—X’2q*2) . (qz . 2+q*2) 2
2 X2~ ® + X272,
and this is obvious. W

Now, if ¢ > 1, it’s obvious that

n+ 1|7
limg

=q. N
n—oo  [n]g
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Abstract

We establish a useful inequality between prime numbers from which it follows that the number of

twin primes can’t be infinite.

Let p,, denotes the n' prime.

Theorem 1. For n large enough,

Dn Pn+1
—_ > —. 2
n - n+1 (2)
Proof. Set
pn =n(f(n)), (3)
f(n) =logn + (loglogn — 1) + i Pi. (4)
“— log'n’
where P; is a polynomial in w = loglogn of degree ¢. We also set
Py = loglogn — 1, (5)
SO
o .
=1 o
f(n) = logn + g logn (6)

Notice that

= fn),

n

so our inequality says that

f(n) < f(n+1). (7)

(7) is certainly true for the main term of f(n),logn, and for the next term, Py = Py(n).
In the difference

fn+1)— f(n) =log(n+ 1) — logn + [loglog(n + 1) — 1] — loglogn +
P, P
+ Z (logi(n +1) login)’ ®)
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with the help of relations, modulo terms of the form 1/m?, we have:

1
log(n+ 1) — logn = - 9)
logl 1) —logl = 10
oglog(n + 1) — loglogn nlogn’ (10)
\ _ I _login| P, P! —
logt(n+1) log'n  logi(n + 1)login og'n | Fi(n) + B nlogn
Ly 1 i Pl i .
(logn + —=)'P; ¢ = -—=—14 Pilog'n + —*log" "n — Pi(log'n +ilog" "n— | ¢ =
n log®*n n n
P —iP;
= - 11
nlogitin’ (11)

0 (8) becomes:

1 1 — P/ —iP;
= 1 - 12
n nlogn [ + ; log'n ]’ (12)

and this is > 0 for n >> 0. [ |

Corollary 13. The number of twin primes is finite.

Proof. 1f p, = p is a twin prime, Pn+1 = P+ 2, then

p+2 p 1
. o — (n+1)p} =
n+l n n(n—i—l){npjL n—(n+1p}

2n—p
n(n+1)

<0,

because 2n — p < 0, p being ~ nlogn. A contradiction to (2). W
Corollary 14. For n >> 0,

Pn < nlogpny1. (15)
Proof. Rewrite (2) as

n(Pnt1 = Pn) > Pn. (16)
I recently have proved that

Pnt+1 — Pn = logpnt1 +0(1), n>>0. (17)

Substituting (17) into (16), (15) follows. W
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Abstract

The classical formulae Zzzl k-kl = (n + 1)! — 1 is quantized.

We shall prove below that

qu(k+1)/2+1[k];[k]!q~ — qn(n+1)/2[n + 1]|q~ —1,
k=1

where
~ ¢ —q"
T =-—:-",
Iy q—q!
k
)y =T[5y, k=1
=1

For n =1, (1) returns:

? ~ _
¢ =q2; -1=qlq+q ") —-1=¢",

which is true. Here we used the fact that

~_C—q?

q q_q—l

1

2] =q+q .

We now use induction on n for (1). The inductive step amounts to the equality

2

q(n+1)(n+2)/2+1[n + 1];[% + 1]'; :
—[g"" A1)y — 1] =
= DD 2[ 4 9] [ + 1)1 — D2 [ 4 1)1,

[q(n+1)(n+2)/2[n + 2]'; - 1] .

Dividing this by ¢(" D" +2/2[n + 1)1~ we arrive at

~ ? ~ — ~
[n 427 = ¢!+ 105 + ¢ "Iy,
which is obviously true, since, in general,

la+ by = q"[aly +q[b]y"
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Remark 6. Replace (1) by ¢ by ¢!, sultract, and divide by ¢ — ¢~ !. We get

2 2

k=1 q

This identity is new even in the classical case ¢ = 1:

" (k(k+1) n
—— 4+ 1lk-kl=—-(n+1)(n+ 1)L
) e

> ['“(“” + 1]714:;%]!; - {”“‘*”}Nm e
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Abstract

The classical formula (1 + {L‘)n = ZZ:O (Z) xk, 7 a positive integer, is quantized.

We have:

n 1 ~

NS
k=0 q

(1+q)(14q '2) =1+ 27z + 2%,

where
' —q "
[z]) = —,
q qg—q !
so that
2l =q+q ",

Bl=g+1+q2.

We thus expect for an m-product (starting with (1 4 ¢"™z)) to have:

m n+1 m+1 ~
m—2i _ k
[Ta+am20 =3 |" ]
=0 k=0 q
where

and

)l = (17 (s, s € Zsas [0 = 1.

(3a)
(3b)

(6)

We prove formula (4) by induction on m. Assuming it’s true for the (m — 2)-product:

m—2

— m—1 ~
H (14 ¢m22%) = Z [mk_ 1} o~
k=0 q

=0

(7)
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we get:

m m—2
[Ta+a"%2) = (1 +qma)(1+q ™) [[(1+¢" %) =
=0 =0

1

[y

m—

—1 ~
(gt [0 2
k=0 q

which is equivalent to
m—i—l}N?[m—l]N m—11" m—11"
= +[2]qm + ) (8)
[ k 4 k a k—1 q k—2 q

which is immediate, based on the triple of formulae:

mA+ 117y [m]T [ mo T
o L—q[k]ﬁq Pl (9a)

‘m]  _[m—-1]" m_k|m—11"
-l el

fm—11" | _p[m—2 maa—i|m—21"
k-1, 1 {k—l]—i_q k-2, (9¢)

and the formula

[m+ 11" ml”~ 1| m 7
k :qk[/c] ' l[k—l] ‘ (10)
- -q q q

Substituting formulae (9) into (10), we recover the desired (8). Above we used the easily
verifiable formulae

{mﬂ::qam:*qul]; (11)

where

<Z> - (k:L1> . <m+_1kk>’ (12)

which results from the standard identity
[z +yly == + 0 " ly = ¢ Vxlg + 4"l (13)

upon dividing (11) by [m]'y/[k]'y [m + 1 — k]'y,



On The Sum Of Quantum Factorials
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Abstract

The classical identity 1 - 1! + ... + n-n! = (n + 1)' — 1 is quantized.

We shall prove that

1 (2N ST n+l ~

S gt Dy = ¢ 1y - 1 (1)
=1

where
~_ 9 —q"

xT = —_—, 2
oy = T @
k]l = (1] [kl (3)

For n =1, (1) reduced to

F=qlg+q ) -1

which is true. We next use induction on n. (1) follows from

g 1+ 1 L g 2 — 1 — (¢ 1) — 1),
Dividing both sides by [n + 1]!", we arrive at

qH(n;rg)[n + 1] = q(n;Z)[n +2] - q(n;rl).

n+2
Dividing this by ¢z ), we get
o me1 ? o

qn+1]7 +q lz[n—l—Q}q, (4)
which is true, since

[a+0]y = d’laly + ¢ “[bly, Va,b (5)

returns (4) fora=m+ 1,0 =1.



Triple Products in Quantum Arithmetic
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Abstract

Let ap = a + kd be an arithmetic progression. Then 22:1 m = ﬁ <a11a2 —

1
An+10n+42

) . We quantize this.

Let

xT

~ 9" —q
[=]3 Y ET=E reR, ¢#0,=£1,
be the 2" quantization of z.

Lemma 1. We have:

g 1 g2k B kA1)
ol el anely] Ry ([m;[am; [ak+1];[ak+2]q~>' @)

Proof. Proof. Simplified, (2) turns into

g “M2d)y + [a+ kd]y ¢* = [a + (k+2)d]y,
which is true because, in general,

la+ 0]y = qb[a]; +q bl W

Summing (2) on k, we get:

n gotkd 1 g2 - g2t
2 T = Rdy <[aq1g[a21q~ ) )

= lanlg lanm]y larsly p [an 1]y [antaly




Quantum Arithmetic Progression Whose Sums
Have Divisibility Properties
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Abstract

The following classical sum formulae are quantized:

a+m k

> @)y =r) [2(ri+a)+r+1];
i=a+1 i=1

a+m k

Z (2i4+1) = Z[Q(ri+a)+a—r+2];
i=a+1 =1

rk 1
222—1-17 —TZ (2i—1)+b+1].
i=1 =1

The classical formula quoted in the Abstract, all have the property that the HS’s are
divisible by r, a rare occurrence. The purpose of this note is to quantize each of these 3
formulae.

Set

—T

]y = % (1)

3k=q¢"—q* (2)

Theorem 3. Forac Z,r k, e Z>1, we have:

a+m k
> iy =17 Y [2(ri +a) = r + 1] (4)
i=a+1 i=1

Proof. We are going to use the formula [Kup 2009]: for the sum of quantum arithmetic
progression

nd,

lalg +la +dg + ... +la+ndly = [n+ 1[0+ g (5)
Thus, the LHS of (4), having rk terms, and the average value of the term

{2(a+1)]+ 2(a+7k)|}/2=a+14+a+71k=2a+1+rk, (6)



2 B. A. Kupershmidt

sums to

[rk]; [2a + 1+ k] (7)
For the RHS, with k£ terms, and = 2r, the average value of the term is

1

{[2(r+a) —r+ 1]+ [2(rk + a) —7‘+1]}§ =

=—r+l+r+a+rk+a=2a+1+rk, (7)
so the 777 is:

[r]5 [klgr[2a + 1+ rk]7, (8)
which is the same as (7), because, as is well known

[wo]y = [u]] [v]ge, Yu,v. B 9)

g t¥1g*»

Theorem 10. We have

rk+a k
2[21—1—1] ;Z (ri+a)—r+2]7. (11)
i=14+a i=1

Proof. For the LHS, with rm terms, d = 2, and the average term being

{20+ a) + 1+ R0k +a) + 1} =14+ +a) +(k+a) =20+ rk 42, (12)
so the LHS is

[rk]y [2a +rk + 2] (13)
For the RHS, d = 2r, we have k terms, with the average term being

{20+ ) —r 42 42k +a) —r 2]} =

=—1r+2+(r+a)+ (rk+a)=2a+1k+2. (14)
so, the RHS is:

[r]5 [klgr[2a + 7k + 2]7,

which is the same as the ZHS (13). W
Remark 15. Formula (4) and (11) are particular cases (b = 0,1) of the following
4-parameter general formula

a+rk

Z [2i + 0]

i=a-+1 l=1

M»

2(ri+a) —r+b+1]7. (16)
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Indeed, the LHS of (16) has rk terms, d = 2, and the average term is:
%{[2(a+1)+b] +[2atrk) 4B} = b+ (a+ 1)+ (atrk) = 2a+rk+1+b,
so the LHS is
[rk]y [2a +rk + 1+ 0] (17)
The RHS has a sum of k£ terms, d = 2r, and the average term is:
%{[2(r+a) b1 420kt a) — b+ 1]) =
=—r+b+1+(r+a)+(rk+a)=2a+rk+1+0.
Thus, the RHS is:
[r]5 (kg [2a + 7k + 1+ 6],

which is the same as the LHS (17).
The third equality in the Abstract results for a = 0,¢ = 1 in formula (16).
References
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The Maximum Value Of The Product Of
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Abstract

Classically, a(l — a) < %, with maximum achieved at @ = % We quantize this fact.

Let

~_ ¢ —q"
x| =———, z€R, ¢#0,1,
zlg q—qt

be the second quantization of z, so that

|:1:|N q1/2 _q71/2 1 1
q

R e e T

S| =
Theorem 2. Let 0 < a<1. Then

o711 -y = ([1] N)

Proof. We have, with z = ¢%:

(¢—gq "){LHS of (3)} = (z - ;) (i _ q—1$_1>
=q—q'2°

— % + ¢! [with y = 27
T

0
=q+q (g 1y+§)-

Thus, the derivative 8@ of (4) is
Y

-1 q
—(q¢t-=).
( y2>
This vanishes when
yY=g"ey=q
(since y = 2% > 0), so that

x:\/zj:ql/Q
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~

q vanishes at each end of the interval 0 < a < 1.

and this is mazimum, because [a]7’[1 — a
Thus,



The Growth Of Quantum Analog Of A Classical
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Abstract

—1 2 2 3_p—3

Classically, for x > 1, $71‘r < Z fo_ <z 3 < .... We generalize this

Let

T

2] = ¢ -a”

q -1 QJGR, q#oailv
qa—4q

be the 2" quantization of z, so that
[z]g =[],

and we can take
qg>1

without loss of generality. Calling x = ¢ in the series of inequalities in the abstract, and
dividing by ¢ — ¢!, we get:

U _ 2y _ Bl
1 2 3

This is a particular case of

ey

Theorem 1. For a > 1, the function f(a) =
a.

is monotonically increasing with

Proof. Set

Fla)=(g—q ") f(a). (2)
Then, with A = logq, > 0

ar _ d (¢%—q7%\ _

do  do o B

« e qa_q 1.
— >——— = — times:
(¢“+q) 2 o

h—;)+qa<h+;> 20 (3)

—Q

| =

(07

q

/N QR
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Ifh > %, then (3), as a sum of two nonnegative terms, one of which is positive, is positive

itself. So, % > 0.
Now, let h < %, so that 0 < h < 1. Then (3) becomes:

—2a ? 1—ha
> , 4
1+ ha (4)
or, with ha = =,
? 1—x
—2z
—, O0<z <1 5
= TP ®
But this is obvious, since
2 2
62x>1—2$+(';):1—2x+2x2, (6)

and

1—
1—2x+2$2>7x+>
1+zx

(14+2)(1—2z+22%) =1—-20+22% + (1 — 2z +22?%) =
=l-z+23>1—-z M (7)
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Abstract

Classically, a]ab, b]ab, trivially. In quantum case, the corresponding result is highly nontrival.

Let

T

_—a”

_1 > :L'ER, Q%Oala
q—4q

[z]q
be the usual quantization of x, and let

¢ —q"
[x]; = 71 ) xeR? Q#O7:l:17
q9—4q
be the second quantization of z, so that

[—2]g = —l=]g,

and we can restrict ourselves with positive numbers only.

Theorem 1. Let a,b € Z>1, (a,b) = 1. Then

@b o, 2)
[a]3 [b]q
where
Oy = {Zaiqi a; € Z, finite sums,a_; = ai} (3)
€Z

is the ring of (quantum) integers in the 2"¢ quantization.

Proof. Because
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where

O = {Zaiqi | a; € Z, finite sums} (5)

€Z

is the ring of integers in the first quantization. Changing ¢? into Q, (4) becomes:

Qab -1
(Q*—=1)(Q" - 1)

Now, the denominator in (6) is a monic polynomial of degree = a + b, with the roots

S Ol(Q)’ (a> b) =1 (6)

e:np{Qm'ﬁ}, 0<n<a-1, (7a)

a
6$p{27‘(i%}, 0<m<b-—1. (7b)
Because (a,b) = 1, these roots are all different, hence, these are all the roots of the

denominator. The numerator, of degree ab, has these roots as its own, and because

ab>a+be (8a)
(a—1)(b—1)>1, (8b)

which happen for a,b > 1, (6) is proven.
The case a = 1, say, is obvious. N
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Abstract

(n+1)?

The classical formula n° + (n + 1)3 = Zi:n2+1

1, is quantized.

The classical formula

(n+1)?

> =1y

i=n?+1
arriving from the arrangement [PKi 1974], prob.

1 1=0*+1°
234 g=13423
56789 35=234233

is rather obvious:
(n+1)?
> i
i=n2+1
is the sum of an arithmetic progression with the number of terms

(n+1)?—n*+1)+1=2n+1,

and with the average term
1 1
3 n2+1+(n+1)2} :2[n2+1—|—n2+2n+1 =nl+n+1,

so the sum equals to
Cn+Dn*+n+D) =20 +2n* +2n+n’+n+1=2n"+3n>+3n+1=
=n3+ (n+1)>3
A quantum version of this formula is not obvious. It is:

(n+1)?
ST lly =2+ o [n® +n+1]7,
i=n2+1
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where

@ —q°
[z]] = ——-
q q— q—l

Indeed, rewriting the LHS of (5) as

2,
> I+ 1+l (6)

i=0
and denoting

—Q

Na =q% —q %,

the sum (6) can be transformed as:

1 &

2 : 21
Z(qn+1+2_qn1 z>:
m

=0
1
_ E{qnznﬂ[zn +1g— ¢ 2n 4 1,1}, (7)
where
1—4q”
o=
2]y =7~ .

is the usual (1%%) quantization. Then, (7) is:

1 { 241 q2n+1 -1 a2 1— an—l} _

— —dq
m q—1 1—qg!
2n+1 —2n+1
2 — 2
1 n2+1l 20+l 1 9
- a g > 2(,12 _ —1/2y
m g2 (qt/? — q71/2)

A q'2(q"/? — ¢1/2) } N
= ettt g, (5)
= [0 +n+ 1720+ 17,

and this is precisely the RH (5).

References

[1] G. Polya, and J. Kilpatrick, The Stanford Mathematics Problem (Teachers College
Press, 1974).
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Abstract

The (projective) circle, .T2 + y2 = 22, is parameterized, classically, as (u2 — ’U2)2 + (2U7))2 =
(u2 + U2)2, a source of all things pythagoren. We find a quantum version of this formula.

Let

T _ -
[J:];:u? JJGRu q?éov:t]-a

q—q!
be the 2" quantization of .
Theorem 1. For all u,v € R, we have:
([u* —o*))? + 2077 2077 = ([u® +27]7)" (2)

Proof. Setting u? = ,v> = y, we rewrite (2) as:

([z = yI)? + 12215 [20]7 = ([z + y]3)*. (3)
Setting
X=q"Y =¢

and multiplying both parts of (3) by (¢ — ¢~ !)?, we arrive at:

(XY ' oy X 124 (X2 X 2)(Y2 -V 2) 2 (XY - X'y 1)2

which is obvious. [ |
Setting
y—xr=a,
Yy + T — ba
so that
_a+b
y - 2 9
b—a
T = ,
2

we can rewrite (3) as:

([a]g)? + [ — alg’[b + alg = ([B5)*. (4)
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Abstract

The classical formula (1 + {L‘)n = ZZ:O (Z) xk, 7 a positive integer, is quantized.

We have:

n 1 ~

NS
k=0 q

(1+q)(14q '2) =1+ 27z + 2%,

where
' —q "
[z]) = —,
q qg—q !
so that
2l =q+q ",

Bl=g+1+q2.

We thus expect for an m-product (starting with (1 4 ¢"™z)) to have:

m n+1 m+1 ~
m—2i _ k
[Ta+am20 =3 |" ]
=0 k=0 q
where

and

)l = (17 (s, s € Zsas [0 = 1.

(3a)
(3b)

(6)

We prove formula (4) by induction on m. Assuming it’s true for the (m — 2)-product:

m—2

— m—1 ~
H (14 ¢m22%) = Z [mk_ 1} o~
k=0 q

=0

(7)
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we get:

m m—2
[Ta+a"%2) = (1 +qma)(1+q ™) [[(1+¢" %) =
=0 =0

1

[y

m—

—1 ~
(gt [0 2
k=0 q

which is equivalent to
m—i—l}N?[m—l]N m—11" m—11"
= +[2]qm + ) (8)
[ k 4 k a k—1 q k—2 q

which is immediate, based on the triple of formulae:

mA+ 117y [m]T [ mo T
o L—q[k]ﬁq Pl (9a)

‘m]  _[m—-1]" m_k|m—11"
-l el

fm—11" | _p[m—2 maa—i|m—21"
k-1, 1 {k—l]—i_q k-2, (9¢)

and the formula

[m+ 11" ml”~ 1| m 7
k :qk[/c] ' l[k—l] ‘ (10)
- -q q q

Substituting formulae (9) into (10), we recover the desired (8). Above we used the easily
verifiable formulae

{mﬂ::qam:*qul]; (11)

where

<Z> - (k:L1> . <m+_1kk>’ (12)

which results from the standard identity
[z +yly == + 0 " ly = ¢ Vxlg + 4"l (13)

upon dividing (11) by [m]'y/[k]'y [m + 1 — k]'y,
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Abstract

‘We show that inequality Deax< 6 persists when quantized.

Let

xT

by = L0
q q_q—l

be the 2" quantization of z, so that

aly = [o]2 (1)
We consider all the numbers to be real.
Theorem 2. Let, in Ry,

0<a<p. (3)
Then

[y < 18g (4)

Proof. In view of (1), we can consider
qg>1. (5)

Let A = f—a > 0, so that 8 = a4+ A. The inequality (4) becomes, after being multiplied
by ¢q—q¢ ' >0:

? _
qa—i-A _ q—a—A > qoz —q av
or
‘?
A ! _ —a—A —a=0( A
(= —1)>—¢ " +q¢ T =qg""(=¢" +1),
or which is obvious, because

A<0g>1=¢"-10,1—¢"<0. W
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Abstract

We compare the quantum sums of numbers @, b, C, dwitha+b=c+d.

Let
~ ¢ —q"
], = reR,q#1,

be the 2" quantization of z. Let a, b, ¢,d be given, with

a+b=c+d.
Suppose
b>c,d, b>0.

Theorem 3. Under the assumption (2),

laly + [y > [y + 1)y, q# 1L

Proof. Set
A=b—c>0, Nog=b—d=0.
Then
a=c+d—b=b— A1 — Do,
and our inequality (4), after being multiplied by ¢ — ¢~! > 0, becomes:

b=Di=Da _ g mbtDitBy b b L R 4

q q " >4q q —4q

We are using the fact that
[z]g = [2]5, Ve,

so that we can take

qg>1

AR
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Denote or
¢=B>1,¢""=z>1, ¢“?=y>1. (10)

Then (7) becomes:

B xy 1B = B y
2 Wyp 2 2.2 Y 11
Ty B+ B~z B+y B’ (11)
or
1 1 1\ 2 1
Bl—+1----)>2 1-z—
(xy+ . y) gy +1-a—y),
or
1 1
Bl1-=)(1-2)>201-2)01-
(1-2)(1-3) > ga-a0-por
or
r—1ly—17 1
BE YV S Sy -1
Ty z -1y -1,
or
B;l
ry B’
or
?
B?zy > 1, (12)

which is true because

B>1l, xz>1,y>1. 1
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Abstract
‘We show that O(l’) —xTr = 0(1)
Let
O(x) =) logp, (1)

p<w

be the Chebyshev’s O-function, where p stands for a prime.
Theorem 2. For z > 0,
O(z) =z +0(1). (3)

Proof. We have to show that the relations
m
O(pm) = Y _logpi, O(Dm+1) = O(pm) + logpm 11 (4)
i=1

are consistent with (3). We have:
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Abstract

We determine how quantum numbers vary.

Let

¢ —q°

T , LEGR, q#o,:lzl,
zlg q—qt

be the 2" quantization of z, so that

[—2]y = =217,

and we can restrict ourselves to = > 0 only.

Lemma 1. For z >0,

dlz]y
o 0

Proof. Since

~

2l = [al},

we can restrict ourselves to

qg>1

without loss of generality.
Hence
~ "

agiiq N % <qq - qq‘1 > T —hq‘1 (@ +a) =0
where

h =logq > 0,
and

¢g—q¢1>0 N
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Lemma 5. For z > 1,

grows with x.

Proof. Multiplying by (¢ — ¢~1), we get from (6):

% [(q”” —q ") —x(g—q )] =

2

=hg"+q¢ ") —(¢g—q¢ ') >0 &

2 g— g1
qz+q_’”>7q 4 4

h
Z (h.’L‘)Qn ; 22 h2n+1
(2n)! S h@n+ 1)

n>0

[\

which is obvious, because
r>1= hx > h,

and

1 1

@l Gnr) ™

Lemma 7. For z > 1,

(¢ )zl —2)

grows with q.

Proof. we have:

O | S (e

= ﬂf{q”” +q7" (g + q_l)} >0,
because, as is known,

g+qt>Q+Q!

forg>@Q. N

wlgglo([x]q —x) = 00,
2]~
lim & = 00

(6)
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Proof. (11) is obvious, because from the Proof of Lemma 5,

ij([x]; —x) > h(x—1). (13)

(12) is also obvious:

x> r __ ,—T 1 T
[y _ q 7 _ .,
v (¢g—qgHz (¢g—q¢ )=z

because ¢ >1. N
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Abstract

The circle parameterization, (t2 — 1)2 + (2t)2 = (t2 + 1)2, is quantized and then the first

nontrivial order in b = lqu is extracted.

What is the quantum circle? The answer is still unknown. But various parameteriza-
tions of the circle has been quantized.
Let

~ " —q"

[ﬁ]q_ —1 JJER, q?éov:t]-a
q—4q

be the 2" quantization of .

As the quantum version of the parameterization

(t2 — 1) 4 (2t)% = (2 4+ 1)?, (1)
we take
([t + 109)% = ([ = )% + ([209)°[%] - (2)

Indeed, using the formula
([z +a]g)? = ([2]g)? = [alg [22 + aly (3)
we get:
([ +10)% = ([ - 10g)° = 2172627 = [217 215 [°] 2,

which is (2).

Now, with
h —logq,
h? 3 4
[x]qN:x—i-g( —x) 4+ 0(h%). (4)
Indeed,
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We now apply the equality (4) to (2). We get
{+1+ ’?[(# +1)P =P+ )P = -1+ h;[(# 1% — (- )P+
+2+ i§(23 —2)]{2t* + };2[(2752)3 — 2%},

or

2 LT 4 2 2 2 IR 4 2 2
(t +1)+?[(t + 1) =+ 1) = (¢t —1)+§[(t—1)—(t—1)]+
2

R
+4t2 + 3[(8#’ —2t%) + 6t7).

Picking out %2 - terms, we get:
(2 4+ 1) = (2 4+ 1) = [(22 = 1)* = (22 = 1)2] + 86 + 422,
or
4+ D = - 1)+ 82t +1). (5)

This is our candidate for the parameterization of the unknown 1-jet of the circle.
Notice that for 7 = ¢2, (5) becomes

(r+ D)4 =(r—1)*+8r(r2 +1). (6)
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Abstract

16 = 22 -4 s given a quantum cubic representation.
Theorem 1. For n € Z>3, we have

(1217)°[4ln = Br+3]y + Bn+ 17 + [n+ 3]y + [n+ 1]7 -

—([Bn = 3]7 + [Bn —1]7 + [n =3y + [n—1]7),

where

q:c _ qfa:
[zl = ——
q q— q—l

2nd

is the symmetric quantization x.

Proof. We are going to use the following useful formula

[m +aly — [m —a]y = [2]gmaly

With it, the RHS of (1) turns into:
215 (Bl + 1) + 2l (Bl + 1),
and because

[35 +1=([25)%

(1) reduces to

?

[415: = 215 + [2]5,
or
~ 7 ~ ~
[4]g = [215 + 217,
which is obvious, because

25 +2lg=(+a) + (g +q ) =[4]; ®
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Abstract
We show that D11 — Pm — lngm+1 = 0(1), Pm being the mth prime.
The Cramers Conjecture,

Pm+1 — Pm

is too cautious. Another famous result,

Pm+1 — Pm (2)

lim sup i = oQ,
ogm

is shown below to be false. The means are elementary, modulo standard results in the
famous Dusart thesis, the Bible of the prime-number theory.
We show below that, in fact, as m — oo,

Pm+1 — Pm — l0gPmi1 = 0(1) (3)
In particular,

m Ppn+1 — Pm -1 (4)
rN—00 logm

Let’s prove (3), using
P
log'm

Pm = m{logm + (loglogm — 1) + Z s (5)
>1

where P; are polynomials in w = loglogm of degree i. We also set

Py = loglogm — 1, (6)
so that

degP; = i + 6}, (7)
Thus,

Pm41 — Pm — l0gPpmy1 =
— il + 1) — fm)} + {(F(m+ 1) — logpmar) ®)
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We have, remembering that

1
log(m + 1) — logm = - + .. 9)
1

mlogm

loglog(m + 1) — loglogm =

m{f(m+1) - f(m)} =
! L L y=1400), (11)

f(m) — logpy, = logm + loglogm — 1 + ... —
—{logm + log[logm + Py + ...]} =

F
= loglogm — 1 — log{logm[1 + 0 4 L=
logm

P
= loglogm — 1 — [loglogm + =0 4 )=
logm
= —140(1). (12)
Combining (11) with (12), we arrive at
Pmt1 = Pm — logpm+1 = 0(1),

which is exactly (3).
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Abstract

Trivially, n2 + (n + 1)2 = 2n2 + 2n + 1. Nontrivially, this formula can be quantized.

We shall prove that

()5 () onss + [+ 105 [0+ e = 20° + 20+ 1]7,

q9—q

The LHS of (1), times 3132,,41, where 3 — ¢* — ¢7%, is:

{(qn _ q—n)(q(2n+1)n _ q—n(2n+1)) + (qn-i—l _ q—n—l)(q(2n+1)(n+1) o q—(2n+1)(n+1))} _

_ {q2(n+l)n + q—2(n+l)n _ q2n2 _ q—2n2+
LD 2t nnt) 20t )y
= (" ) g P (2 1) =
=" (g g2 — g q
= Bong1 (@27 T — g7 g i31[2n% 4 20+ 17,

2n+1 2n+1

—2n—1)

which is, essentially the RHS of (1).
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Abstract

We derive a quantum decomposition of 2.

In the second quantization

~_ 4"
T g—qt’
21 =q+q "

z — [2]

Theorem 1. For n € Z>, we have:

= () () Y-,

k=0

where

K] = (17 (k]S b € Zsay [0]1 = 1.

Proof. We have:
@) =g+ )" = y (Z)q”%-
Denote
()

It’s easy to check that

Z aiqi.

>0

g g =i+ 1y - i+, i€z

/2l o
2= > <k> (k+1]y — [k —1]7), nis odd.
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For n even, n = 2m,

(27m =3 () (g ==y )+ £ () o, (5b)

and
;=1 (6)

These are not formulae of the type (2). The latter comes from the following obvious
observation.

Lemma 7.
Let f(q) =Y aiq" = f(¢') < a; = —a;. Then

Ln/2]

n
Z aiq" % = Z (ai —ai-1)[n + 1 —2i]7. (8)
i=0 i=0
Proof. 1t’s enough to remember that
n—1 .
[n] = Z qn—l—Qz’n €Z> (9)
i=0

and subtract from the sum Y 1 g™ >

usea_1=0. N
Applying The Lemma to the sum (3) we arrive at formula (6).
Notice that for a few small n, formula (2) returns:

‘a; one [n+ 1 — 24];" term at a time. We shall also

= [3]N + 17 (10&)

= [5]7 + 3[3]7 + 2[1]7 (10¢)

()
<[2];> :[4];—#2[2];’, (10Db)
8

(0.1)
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For . = 2, odd base change still results in an integer. We investigate what happens for 17 > 2.

Let

O e
x = 1 xERv q#oa 17
g q—q!

be the 2" quantization of z, so that

2l =q+q " (1)
2], = [=]7, (2)
Bl,=¢*+1+q2% ... (3)

For n odd, n =2s —1,
25
2]

is an integer:

~ _ _ 2
[2](12571 _ q25 Ly ql 2s _ Zs:qzsf%(_l)j (4)
217 q+q! ’
because
q+q Z q2s 2] Z q25+1 2] + Z q25 1— 2] j _
Js=0 js=0 js=0
2s—1 2s
q28+1 + Z q25—1—2j(_1)]+1 + Zq28—1—2j(_1)] _
js=0 =0

_ q2s+1 + q25—1—2j(_1)j _ q2s+1 + q—2s—1_ (5)

Jj=2s

One naturally supposes that

[m] 251

[m]q

is an integer for all m > 1, s > 1. It turns out to be not true.
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We take m = 3,s = 2, so we are looking at

Bl f+1+¢° @+1+Q7°
Bly @#+1+¢? Q+1+Q71

for @ = ¢%. Now (6) is Q2 times

QL+ +1
Q?+Q+1"

and, as obvious, the polynomial Q% + Q> +1 is not divisible by the polynomial @3 +Q + 1.
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The classical formula ZZ:I ﬁ =1- (n%l)" is quantized.

The classical sum [PKi 1974], problem 8.2,

ok 1
2 T

can be quantized thusly:

n ky_ ~ n+1
— [k+1]17 [n+ 1)1
where
~ 9 —q"
T, =-—7F,
g q—q!

K]l = (17 k)Y, k€ Zors [0 = 1.

For n = 1, formula (2) yields:
-1

.
215 25
which is true because
2 _ -2
~_ 9 —4q -1
2y ="—7F=at+a .
q q—q°
We use induction on n to prove (2). The inductive step amounts to the relation
A et ') 1 ¢ (1 R ) _
[n + 2] [n + 2] [n+ 1]l
q(”f) N q("f)
n+2]ly  [n+1]ly’
or
n+2 ? n+2 n+1 ~
2 107 = ") g 27

Dividing by q(ngl), we arrive at

"
[ +27 = ¢ n+ 17 + 4",
which is obvious, because in general,

a+b]y = ¢ "[aly + "]y, Va,b.



2 B. A. Kupershmidt

References

[1] G. Polya, and J. Kilpatrick, The Stanford Mathematics Problem (Teachers College
Press, 1974).



Quantum Divisibility In Exponential Families
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Abstract

In integers @, b are such that @ = (mod p),b = 1(mod p), then a>* ! 4+ b?" = 0(mod p)

for any nonnegative integer 7. We quantize this observation.

Let p € Z>; be given (and not necessarily a prime). If a == 1(mod p),b = 1(mod p)
then

a4 b = —1 4+ 1 = 0(mod p).

Does this fact have a quantum analog?
Let

xT

(2] = “-a”

q 1 LEGR, Q#Oaila
qa—q

be the second quantization of x.

Theorem 1.
([a];)znﬂ + <[b];2>2” = 0 (mod [7). &)

Proof Follows from the next

Lemma 3. Suppose k,a € Z>o. Then

[kp + algz = [a]gz - (mod [p]g). (4)

Proof. The LHS of (4) is:
¢ =1=¢° = +1.
since

~ @ =q?
ply = —
q—q
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or

qQ(kp+a) _ q72(kp+a) 2kp q2a _ q72a

@?—q? ?—q

which is the RHS of (4). W
Notice that for a = %1,

so our Theorem follows. W

Remark 7. Implicit in our Proofs is the useful identity

[2] 2 + [z + 1]z = 22+ 1]7.



Quantum Circle
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Abstract

The circle a2 + b2 =1is quantized.

Let

¢ —q°

x , R, qg#0,%£1,
g q—q!

be the 2" quantization of .
We parameterize the circle

a2+ =1
by the rule
20 \? 22 —1\?
- + - :17
2 +1 2 +1
and we quantize (2) as
i () - ()
q 2 2 ’
q q

Indeed, it’s easy to verity that

(- ()= o

Therefore,

(-

which is (3).



Quantum Binomials In The Second Quantization
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Abstract

The classical formula (1 + {L‘)n = ZZ:O (Z) xk, 7 a positive integer, is quantized.

We have:

n 1 ~

NS
k=0 q

(1+q)(14q '2) =1+ 27z + 2%,

where
' —q "
[z]) = —,
q qg—q !
so that
2l =q+q ",

Bl=g+1+q2.

We thus expect for an m-product (starting with (1 4 ¢"™z)) to have:

m n+1 m+1 ~
m—2i _ k
[Ta+am20 =3 |" ]
=0 k=0 q
where

and

)l = (17 (s, s € Zsas [0 = 1.

(3a)
(3b)

(6)

We prove formula (4) by induction on m. Assuming it’s true for the (m — 2)-product:

m—2

— m—1 ~
H (14 ¢m22%) = Z [mk_ 1} o~
k=0 q

=0

(7)
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we get:

m m—2
[Ta+a"%2) = (1 +qma)(1+q ™) [[(1+¢" %) =
=0 =0

1

[y

m—

—1 ~
(gt [0 2
k=0 q

which is equivalent to
m—i—l}N?[m—l]N m—11" m—11"
= +[2]qm + ) (8)
[ k 4 k a k—1 q k—2 q

which is immediate, based on the triple of formulae:

mA+ 117y [m]T [ mo T
o L—q[k]ﬁq Pl (9a)

‘m]  _[m—-1]" m_k|m—11"
-l el

fm—11" | _p[m—2 maa—i|m—21"
k-1, 1 {k—l]—i_q k-2, (9¢)

and the formula

[m+ 11" ml”~ 1| m 7
k :qk[/c] ' l[k—l] ‘ (10)
- -q q q

Substituting formulae (9) into (10), we recover the desired (8). Above we used the easily
verifiable formulae

{mﬂ::qam:*qul]; (11)

where

<Z> - (k:L1> . <m+_1kk>’ (12)

which results from the standard identity
[z +yly == + 0 " ly = ¢ Vxlg + 4"l (13)

upon dividing (11) by [m]'y/[k]'y [m + 1 — k]'y,



Quantum Analog Of The Little Fermat Theorem
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Abstract

The LFT is quantized.

Let

T

E e R

q 1> xERaq#Oal)
qa—4q

be the send quantization of x.
The LTF says that if p is a prime and a € Z is coprime to p, then

a? =1 (mod p).

Theorem 1. Set
n
<a">y=[]lalg, n €z
k=1

If (a,p) =1, then
< aP™! >»=1 (mod [p|y).

Proof. mod|[n]; means:

" =1,
because
~_q"—-q"
nly’ = g—q '’
So,
q2p =1
Now,

p—1 p—1
<aP™! >= H[a];zk/ 1_[((12Z —q ) =
k=1 =1
p—

1 p—1
_ (qZka - q2ka)/ H(q21 - 6—1722)7
1 =1

k=
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and the exponents
2a,4a,...,2(p — 1)a,

are, modulo 2p, just 2,4, ...,2(p — 1), because
2ka — 2ea =2(k —e)a=0 (mod 2p)

iff k =e (mod p). Thus, the ratio (6) is 1. This proves (3.) W



On The Quantization Of The Sum ) 7y
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Abstract

The classical formula ZZ:I m = nL—i—l is quantized.

Theorem 1. Forn € Z>,

n n+1

I S
;;m;w+ug~ Ty (1)

where

¢ —q°
2]y = —.
q q—q 1

is the second quantization of x.
Proof. The formula follows at once, if we take an obvious formula

n+1]7 =anly +q7", (2)
and divide it by m, resulting in the telescopic formula

1 qn qn—i-l
= - (3)

g+ 1y [y  [n+13

Summing it up on n, we get (1), because

a

qu =q. R



Quantization Of The Formula

(x+a)(y+a) —zy =a(x+y) +q°
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Abstract

The formula in the title is quantized.

Let

T

ey =220

) Q?ER, q#17
q q_q—l

be the second quantization of x.

Theorem 1. For z,y,a € R,



Power Function In The Quantum Domain

Boris A. Kupershmidt
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Abstract

‘We propose how to quantize the function 2 > 25,

Let

¢ —q"
[x]ljzm, zeR, ¢#0,£1,

be the 2" quantization of z.
Quantizing the classical formula

I found that n3 has to be replaced by

This suggests that, in general,

2 s lal oy

is the correct approach, and to support this contention we establish

Theorem 2. For n € Z>,

n—1

[l )y = In® +s(n—1—20)];.
=0

Proof. Setting

c

Ne=4q"—q "
for the RHS of (3) we get:

n—1
7711 Z {qn5+s(n—1)q—23i _ q—[n5+s(n—1)]q25i}
=0

1 ns+s(n—1) —[n®+s(n—1)] }
— n|,—2s — n s ()
m {C_I [ ]q 2 q [ ]q2
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is the first (standard) quantization. So, the RHS of (4) is:
1{ n®+s(n—1) 1 - q_2775 . —n®—s(n—1) q23n—1 }
q ——q —
m q "7s q°ns
1

= {q”3+$”q_8”nns - q_”s_s"qsnnsn}
17/s

U s —ns ~T
_ Tsn {qn g } _ [ns]q [n]qs’
mns

which is the LHS of 3. W




Ordering For Quantum Numbers
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Abstract

‘We order quantum numbers and compare them to the corresponding classical ones.

Let

¢ —q"
x| = —m
g q—q!

be the (2"?) quantum version of z,# € R or C. In the latter case we fix h = log(q) so
that

Thereafter x is real. For ¢ — 1, [x]qN — x. Let ¢ # 1 in what follows. As real numbers,

[z]7’s acquire the natural order. Because

[=2]g = =l=]g,

it’s enough to consider positive x only.

Theorem 1.

[z]y > 2, ¢# Lz > 1, (2)
[z]; <z, 0<x <1 (3)

Proof. Since

2y = [, (4)
we can take

qg>1<h>0, (5)

without loss of generality.
Consider

fag)=(@—qg )2y —2)=¢"—q " —a(g—q ")
Then

6f((;2’ 2 _ (" +q ") —2(g+q ") =

=zl¢" +q "= (¢ +q) (6)
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Lemma 7.

of . of
%>0,LE>1, %<0,LE<1

Proof. Since z > 0, we have to show that

1

?
“+qa >q+qg >l +qg <q+qgl<z<l,

or

q g qq*

1
¢ —q< —, 0<z <1
qq

Since ¢ > 1, ¢* — ¢ > 0 for x > 1, so (10) is obvious for z < 1, (11) returns

?2 1
1>7’
qq

which is obvious as well. W
Since f(x,1) = x, Lemma (7) implies that

F,h) > f(@,1), h>0.
This proves (2). Similarly, for 0 < x < 1,
f(z,h) < f(z,1), h>0,

which proves (3). W

(12)
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Abstract
Classically, ZZ:l k+n?= i1n+1 k. We quantize this.
Let
T _ o~
[z]] = u, zeR, ¢#0,=+1,

q—qt

be the 2" quantization of z, so that

2y =q+q "

We first notice that

Zn:[kr’ [21% [n + 1} T [+ 177

=1 2 2y

k=1 q

as is easily seen by induction, together with an easily checked identity

I+ 2y — [y = 2.

Next, we transform the classical identity
n 2n
S ktn’= )k
k=1 k=n+1

into
2n n
2n+1 n+1
2 _ _ _ _ )
=3 k-2 k < ; ) 2<2>.
k=1 k=1
Theorem 5. For n € Zs, we have:

(w;)g o 1]N B "] 1]N

Proof. We rewrite (6) as
e [2nH1]7[2n]7 SO L i U 7
nynly = ———" — [Q]q%T
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Because
2n]g = [n]7[2]5,

(7) becomes

207 [n]y = 20+ 1]7]2]

o — 2l [n +1]7 (8)
Multiply (8) by ¢ — ¢~ !, and call ¢" X. (8) becomes:
(+¢ DX -XH L (X2- X2 )X+ X7 - (X2+ X 2)(Xg- X 1g7h).

or

X(g+q ) =X"Yg+q )< (XPq—X"1g" = Xqg+ X3¢ 1)—
(X3q—Xqg '+ X 1g— X3¢,

which is true. W
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Abstract
n
ZZ:O(_l)k (l{:) = 0 for n > 0. We quantize this formula.

Let
r __ . —T
o)y =T
q—4q
be the 2" quantization of .
Set

) JJER, q#ovilu

+, - m
where

K] = (k)Y k€ Zora[0) = 1.

q q q’

Theorem 1. For n € Z>,

n ~

n Y

S [r] a -0

k=0 q

Proof. We use induction on n. For n = 1, we have:
1-1=0,

which is true. The inductive step records, with the help of the formula
R B
q q T lg

o [n]” _ n |~

o[ e
q q
ni [+ 117 k (n—1)k | T g gD n
—1)Fk =

zk:q [ N L( ) Zq h q P

_O+qn+1zqn 1)(k—=1)+(n—1) |:k :| _
[ |

:—anZq(n 1s [ ] —1)*=0.
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Abstract

Classically, ZIT:O (Z)/(%?) = 2<1 — (mil)/(nfﬁl)) We quantize this sum-

mation.

Let
r __ —x
[.’L’];:%, .’IJGR, Q#()):I:lv

be the 2" quantization of z, and

i, -

K]l = (17 k)Y, k€ Zsrs [0 = 1.

Lemma 1. For n € Z>1, we have:

[Z]; k(n+1) _ ~
[2n]~ [2]‘1"<

[Z]ZIV n(k+1) _ [kil]qw n(k+2)>'
klq

2N~ 2n 1~
[kn]q [kfl]q

Proof. Cancelling the like terms, we arrive at

~ _k—n l ~ ~ ~ n
ol L 20 (12—~ o= K7
or, because

2n]g = [nlg [2lgn,

to
~ _k—n n ? ~
]y "™ + [n — klg" = [2n — K],
which is true, because
[a+ by =laly¢" +q ;. M

Corollary 3.

)7 kn - L 1) nim
> G = (1 )
k=0 [ k ]q [m—i-l]q

This is the generalization of the classical summation mentioned in the Abstract.
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Abstract
Classically, 221;2 k= (271 — 1)2 We quantize this formula.

Let

qa:_q—x
[ﬂi]zm, reR, ¢#0,£1,

be the 2" quantization of z.
We aim of quantizing the formula in the abstract, whose origin is the table

1
234

34567 (1)
456780910,

where the sum of elements in a row is:
1%,3%,5%, 77,
Theorem 1. For n € Z>,

3n—2

DKy =2 -1 s[20 - 17 (2)

k=n

Proof. Let a;, = a + kd be an arithmetic progression. We use the easily established
formula

al N
laly = [N + Uzale + Sy Q
k=0

For the LHS of (2),
a=n, d=1, N=2n-2, (4a)
a+Ng:n+@n—m%=2n—L (4b)

and formula (2) follows. W
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Abstract
We quantize the series Z?:l (—1)12
Let
T _ T
[ZL‘]; = %7 T e Rv q 7£ 07:':17

qQ—q
be the second quantization of x.

Theorem 1. Let § =0,1, r € Z>(. Then

2r+40

> (=)l = (=1)°fr + 615 (Ir + 15 = [r]7)- (2)

1=0

Proof. We use induction on r. For = 0, (2) becomes,

i=0
which is true for § =0, 1.
Now the inductive step r — r + 1:

q

(=1 +1468)7([r + 27 = [r +1]7),

(=1 + 6] ([r + 17 = [/]7) + (=12 2r + 6 + 1] + (= 1) 0220 4+ 6 + 2] L

4002 ([r+ 117 =[]+ (26427 — 2046 +17) = [r+ 146]y (4215 — [n—1]7). (4)
(4) is, in fact, the sum of two relations:

40+ 10 + 2r + 6+ 207 = [r+ 1487 [r + 217, (5a)

[+ 0]y + 2r 4 6+ g = [r+ 14 03[ + 117 (5b)

The relations (5a,b) are equivalent to each other: we get (5b) from (5a) by the change:
r—r—160—09+1. So, let’s prove (5b). Call r = z,r + § = y (5b) becomes:

[z + 17y + 17 — [2]g g = [z +y + 17, (6)

which is true, well-known, and easy to verify in any case Vz,y € R. B
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Abstract

Let ag = 1, ap = ag 4 kd, be an arithmetic progression. It is not difficult to show that

1 2 n 1 1
— + + ...+ =—(1- .
a1 aias at...ay d ai...ay

We quantize this identity.

Let

¢ —q°

[z]q pa— r,geR, ¢#1, ¢>0,

be the 2" quantization of z.

Theorem 1. For n € Z>,

p la1]y . Jar]y N [a]lw...[an]qw'

Proof. We use induction on n. For n = 1, (2) returns:

[dyq? 27 q°

[1+dy [14d]y’

or
~ ~ — d
[L+dy =dya "+,
which is true, because, in general,
la+ 0]y = ¢ "laly + q° ]y, (3)
Now, the inductive step amounts to, with

M = [aoly - Jar]y : (4)

~ (PT1 _ n+2
1_q(”§1>d+ (n+Vdgg"z Mgt o, g
My |_|n+1 |_|n+1 ’
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or to

1
|_|n+1

~ n ? 1
(i vyt g 2 2

which is true, because, by (4),

n+dyg +1—¢" =14 (n+1)d]; = [ans1];. W
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Abstract

We evaluate the ratio, at different bases, of zeroes.

Let

T

by =T L0

q _ _17 xeR’? q#0717
q—q

be the 2" quantization of z.

Theorem 1.

. [blg _ alg
I%—>O {b]qa N T

Proof is based on the following

Lemma 3. The expression
(b7

[b] q*

is symmetric in a, b.

Proof. We have:

by " —a" q"—q* _ [af
bl qg—qtq®—q a7

Letting here b — 0, we get:

By eyl
b—0 [bln  [a]y a’

because

a __ ,—a
lim[a]” = lim % =a.
q—1 q—1 q—q~

Subtracting 1 from (5), we get:
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Abstract

The ratio of two quantum numbers is estimated in terms of their classical counterparts.

Let

r __ . —x
aly =L —+ reR,

qa—4q
be the 2"¢ quantization of z, so that

¢ =~y (1)
[z]g-1 =[], (2)

[—]

We can deal with positive numbers thanks to (1), and choose
qg>1. (3)
thanks to (2). We exclude ¢ = 1 from consideration, because

lim[z]} = =. (4)

Theorem 5. Let a,b > 0. Then

[[‘;]]Z:>Z, 0> b, (6)
[[a]];<z, a<b (7)

Proof. Since (7) follows from (6) by inversion, we concentrate on (6) only. Set
a=ab, a>1. (8)
Then (6) becomes:
[aB]y > albly, a>0,a>1,q¢>1, (9)

or, because ¢ — ¢~ > 0,

?
=g >ale® —q¢"). (10)
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Set

Flg,b) = ¢ — ¢ —ald" - q7").
Notice that

f(q,0) =0.
For a f /0b, we have:

af b= al(¢® +q*) — (" +¢7")].
Lemma 14.

b

> +q¢ 0 a>1,b>0.

Proof. (15) can be rewritten as:

?
(g —1) > g7 (=1 + gl Dby,

Since ¢ > 1, (v — 1)b > 0, then ¢ Vp>1, and (16) becomes:

2

which is obvious, because ¢® > 1,7 < 1. W
Thus, by the Lemma,

of
%>0.

Because f(¢,0) =0 (12),
f(g,b) >0, b>0.

This is exactly (10). W

(13)

(15)



On The Quantization Of The Sum ) 7y
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Abstract

The classical formula ZZ:I m = nL—i—l is quantized.

Theorem 1. Forn € Z>,

n n+1

I S
;;m;w+ug~ Ty (1)

where

¢ —q°
2]y = —.
q q—q 1

is the second quantization of x.
Proof. The formula follows at once, if we take an obvious formula

n+1]7 =anly +q7", (2)
and divide it by m, resulting in the telescopic formula

1 qn qn—i-l
= - (3)

g+ 1y [y  [n+13

Summing it up on n, we get (1), because

a

qu =q. R



On The Minimum Value Of The Sum Of

Quantum a And 1 — a
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Abstract

Classically, a + (1 — CL) = 1. We determine what happens quantumly.

Let

¢  —q "
[x];:mv ZE,QGR, q#17q>07

be the second quantization of x.
We want to know the extremal values of

lal; +[1—a]y, 0<a<1.

Theorem 2. For 0 <a <1,

g Sy +l-dly <1

q1/2

Proof. Denote by f(a) the LHS of (1). Then, with 7 =¢q — ¢~

1

fla) = 717((1“ —q "+ ¢ T =) = 77{q“(l —qgH—-q*1- q)} =

¢ Hg—1)(g+1)

Therefore, with

q+1

h = logg,
in view of
g1
and q # 1, we can take

q>1 < h>0.

{et v rna-v= e
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Hence,
1d a—1 —a\ __ ,a—1 a
and
1
q“fl—qazoﬁq%*l:l@a:? (10)
1
Ata—§,
11~ q1/2_q1/2 )
1/2)=2|=| =2 = 1 11
rap =2y =2t = o < (1)

therefore we are looking at a minimum at a = 1/2. W



On The First Weighted Sum Of Quantum

Binomial Coefficients

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
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Abstract

n
mn
Classically, Z k < ]{,’) (—1)k = 0, n > 1. We quantize this.
k=0

Let

" —q "
m;Zm’ r€R, ¢#0,=£l1,

be the 2" quantization of z.
Set

] e
k], Egm— KL
K]l = (17 k], k€ Zs; 0] = 1.

Theorem 1. For n € Z>,

S ot ] -0

k=0

Proof. We use induction on n. For n = 2, (2) returns:

?

-2y + 217

q q 0’

which is true.
Now, because

n+117  _p[n]” k] n 17
A R R et
q q q

n+1
Z(_l)k |:n—k|:— 1:| [k];q(nfl)k _

k=0

k
n+1 n s ~ (n—2)(s+1
> DI WG TE

=3 (-1)kg m [k]y gDk 4 gt Zk: [k " 1] (=1)"[K]

~_ —k+(n-1)k _
q 4 =
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But

[s +107 = ¢ ' [sly + ¢,

0 (3) becomes

which is true because, in general,

2(1)5[2] ¢" =0, n>1. ® (4)
s=0 q
Corollary 5. For any a € R,n € Z>,
n n ~ o
S0t | et <o (6)
k=0 q

Proof. Since
[k + aly = ¢"[aly + ¢ “[K]7, (7)
(6) is reduced, by (2), to:

> (-1)F [Z]Nq(”‘”’“ 2o,
q

k=0

and this is (4). [ ]
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Abstract
Classically, (n + 1) —n = 1, no matter what 7 € Zi is. Quantumly, the situation is rather
different.
Let
T _
[x];:%, r€R, q#0,+1, (1)

be the second quantization of z, so that, for n € Z>1,

n—1

]y = anfm'fl’ (2)
i=0
and
—nly = —[nl;

It’s quite clear that [n + 1]3" — [n]y is a complex object for n € Z>1. Nevertheless,

Theorem 3. For n € Z>,
[+ 1] —[nfg = (=1)"[2n + 1], (4)

where i = y/—1 is the generator of C/R.

Proof. For the LHS of (4), we have:

1 _ _
. — {q2(n+1) —q 2(n+1) _ q2n +q Qn} _
q” —q
1

= (1_2((14_1){61%((12 —1)+q72" (¢ - 1)}

1 2 —2n—2
B (q2+1)q‘1q‘1{q e } N

1 2n+1 —2n—1




B. A. Kupershmidt

For the RHS of (4), we get:

2n+1 _ (,L'q)anfl

(—1)" (iq)

iq — (ig)~*

-1 niq2n+1 — (=1 nl‘qunfl
i

— (-1 -

i(g+qh)
Pl 4 g2l B [2];2n+1
¢+q! 27

and this is (5). W

[because i? = —1]

Remark 6. Formula (4) is true for all n € Z. Indeed, for n = 0, (4) returns:

1=1,

which is true, and if

n=-m, meZx;
then
[+ 103 — ]33 = [~m + 1y — [-m]%
= [m] — [m — 1] [by (4)] =
= ()" 2m 1] = (-1)™[1 - 2m]

so (4) is true for negative n’s also.
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Abstract
Classically, ZZ:l %HC > % We quantize this.

Let

xT

ply =L =L

- r,g€R, ¢#1,¢>0,

be the 2" quantization of z, so that

2l = [alf,

and we can take
qg>1

without loss of generality.
We can’t expect

n

E[n—l—lk]; > % or a const,
because

3 1

=

CONVETGES:

;ll]_z q—q!

— [ " —q"

o0

n

and
1 1
i 94 - _
n—oo q" — q™" qr
the series

e 1

S

n=1
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being obviously convergent. Notice, that the series

n

q
1 [nlg

NE

N
Il

diverges. More generally, it’s easy to see that

qan

Ty

NE

n

diverges for > 1 and converges for o < 1.

Theorem 1. For n € Z,,

n

1 22

Z > q1/2
prt [n+ kY [4]n )

Proof. We start with obvious observation that

~

[n+aly > q*[n]y, a>0.

Indeed, multiplying by ¢ — ¢~ *

, and denoting
X=q", Q=q">1,
we rewrite (3) as

XQ-X1Q7 > QX - XY,
or

Qx> Q7ix Y,
or

Q>Q,
which is true because @ > 1.
Next, for a = n — k, (3 implies:

2n) > " M+ Ry, 1<k<n-1,

or
1 n—k

>q

, 1<k<n-1.
[n+kly — [2n]y

Summing on k, and adding up

1 1

2n]y  [2n]y7
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we get:
. 1 > [n]q
prt [n+ kY [2n]qu
where
_a" -1
[n]q - q-— 1

[n]q qn —-1 q% (qn/2 _ q—n/2)

27 (a=D2nly — q2(q2 — g7 V/2) 207

e n|~ . [n]” e [n]Nl/Q
= q"1/2 [} [2]q1/2 [} [4]ynre =g /2 ¢’
q

2], 2
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Abstract

The classical identity 2221(1{72 + 1)k' = TL(?’L + 1)', is quantized.
We shall prove below that

k2—5k+2

S {d DR a2 R = ¢ Py I+ 11,
k=1

where

T

ol ==
K1Y = ()7 k], k€ Zsy.

q q q’

Indeed, for n =1, (1) returns:

g+q =(@+q"),

which is true. Here we used the obvious formula

—2 -2
9 " —4q —
7 =4t+¢q L
q9—4q

27 =
Now, the inductive step applied to (1) produces

{q("§1)+1([n+ 17)2 + q(n+ 1)(n;1 —5)+ 2}[n+ 1y =

— {q<"¥1>[n+ 17 +2]y — q<§>[n];}[n+ 1ty

Dividing this by [n + 1]!7’, we arrive at

n2—‘n—
A (RS 1) LR e
("3 ~ ~ (D
q [n+1]q[n+2]q_q2[n]q'
Using the easily verified formula

n+2]y =qn+ 1]y +q¢ "7,

Factorials
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the RHS of (6) becomes:

n+1 ~ ~ —n— n ~ n+1 ~
¢\ Mn+ 1]y {gln+ 1y + ¢ =]y = ¢ T (4 107) +

¢ 1] - ),
so that (7) simplifies to:

n2—3n-2 9 (n+1

¢ 7 =d )T 1] - g2 n] =
= ¢ 1y - ()7 =
= ¢ {g i+ 105 = [0l

But, obviously,
¢+ 1y~ [y =a

so the RHS of (10) returns:

-1 n(n—1)—2n—2 n2-3n—2

q(g)qfnfl :q(g) =q 2 =q 2

which is the LHS of (10).

Remark 11. Exchange in (1) ¢ by ¢~!, subtract, and divide by ¢ — ¢~!. We get:

n 2 B _
Z{[(’; + 17 ([K]5)* + [W];}w; -
k=1
= [(DIF I [(n+ D]ty

This identity is new even in the classical case ¢ = 1, where it becomes:

i { [@) + 1] K2+ I“Q_Qw}k' - (Z)”(”+ L.

k=1

(12)

(13)
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Abstract

We show how a rescaling affects the value of a quantum number.

Let

T

ey =L =20

, t€R,
q q—q1

be the 2" quantization of z, so that

—aly = ~[al}, 1)
2l = [aly (2)

Formula (1) allows one to deal with nonnegative numbers only, and formula (2) shows
that, apart from the classical case ¢ = 1, we can take

qg>1

without loss of generality.
Now, in a previous paper, I showed that

Z[ai];<[2az} , a; >0, i<i<n, q#1. (3)
q

i=1 =1

Taking a; = a for 1 <i < n, we get

[a]

— <

[na]

This suggests:

, N E Zzz. (4)

S|

Theorem 5. Forz > 1

1
<E,x>1,q%1. (6)

Proof. Denote

fla,z,h) = (¢ — ¢ ")([wa]y — z[a]}) = (7a)
=q" —q " —x(q"—q "), h=log(q)>0. (7b)
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Our theorem is equivalent to the statement:
f>0forxz>1.

Notice that
f(z,a,0) =0.

Let’s show that

of
o > 0,
Together with (9) it will prove (8). So,
% _ T —x —1 _a 1

and since x > 1,a > 0, (10), in the form (11), becomes:

F Q> QrQ L a>1, Q41

which is obvious: it can be rewritten as

?
QR -1)>Q Q" - 1),
or, since Q*! > 1 because Q@ > 1 and z — 1 > 0, as
?
Q@>Q",
which is obvious. W

Corollary 15.

, O<x<l, g#1.

(10)

(11)

(12)

(13)

(14)

Proof. Denote y =1/ > 1, A = za. Then (16) can be rewritten as

[yAly

[Aly

q

But this is (6). W

>y, y>1, ¢# 1L

(17)
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Abstract
‘We derive basic inequalities in quantum numbers under multiplication by 2.
Let
T —x
~_ 9 —4q
2]y = ——, T€R,
q—4q

be the 2" quantization of z, so that

2l =a+aq

and

Theorem 2. For m, M € Z~, we have:
25 [2]g < [22]g, #>1, ¢#1,

q [*lq q-
2]7[x]y > [22];, 0<z<1, g#1.

q g q-
Proof. In view of (1), we can take
q>1.
Then
q—q ' >0,

1

and multiplying (3), (4) by ¢ — ¢~ ", we arrive at

o>,

? —
(g+a )" —a*) <q* —q
?
G+a - > —q¢ > 0<ae <.
because > 0,q > 1,¢* — ¢~ > ¢ so that (7), (8) can be rewritten as
?
g+q ' <q"+q " x>,
?
g+ > +q¢ % 0<z <1,
or as
?
T (-1+q¢ ) <q(¢*t-1), x> 1.
1 ? 1
¢ =14q¢ TN >q" ' =1) 0<z<1.

In the case x > 1,z — 1 > 0, and ¢! > 1, so (11) reduces
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Abstract
n(n—1)
2

Classically, triangular numbers An = satisfy the basic relation An + An+1 = n2. We

equantize this.

Let

T

[2]> = ¢ -a”

q 1> J"ERu q#ovila
qa—4q

be the 2"¢ quantization of .
It’s not obvious what the quantum version of

Apy1 =142+ ... +n,
should be.

Theorem 1. For n € Z>1, set

71~:mnm—u;

to=} 2

Then
Ay + An+1 = ([n];)2

Proof. Our relation (3) amounts to

?

[nlg [n = 15 + [0+ Ug[n]g = (27 [n]5 [n]7

or

”

[n—1]g + [n+ 17 = [2I7[n]g
which is obvious: in general,
N N N a+b|™
ol + 1 = 20| 5]
and this is (5) for

a=n+1,b=n—-1. N
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Abstract

We represent quantum binomial coefficients, in the base 2, a quantum analog of <g> , as a sum of

simple quantum integers.

Let

qz_q—x
e

be the 2" (symmetric) quantization. Numbers of the form

n—1

[y = " (1)

=0

are called simple (quantum) integers.
The binomial coefficients at the base 2,

[n]N _ [nfgln — 17

2 2 @

are known to be sums of simple integers, but the concrete representation is unknown. It
is provided below.
Theorem 3. (i) For n € Z>, we have:

n—1

2n]"~ i~
[2} = [1+4i]7, (4)
a =0
~ -1
2n + 1 S A~
[ ) ] = [3+4i];. (4)
a =0
Proof. We use the following useful formula for the sums of quantum arithmetic pro-
gression:
- n
D la+kd = [n+1]5p[a+ S (5)
k=0

Thus, the sum on the RHS of (4) becomes:

g [2nlg[2n = 1]g

2n — 17 = ,
77 | h Rin

[n]s[2n — 1]y =



2
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which is the LHS of (1).

Similarly, the sum of the RHS of (5) becomes:

[2}; [2n + 1];,

[n]2[2n + 1]7 =

which is exactly the LHS of (5). W
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Abstract
Classically, 22:0 <kjnm> = (éiijnm> . We quantize this formula.
Let
~ 9 —q "
[$] = — ) x 6 R7 q # 07 17
q q—q1
be the second quantization of x.
Set
k [k]!qw[m—k]!;’
where

K] = (15 [k], k€ Zags O] = 1.

q q q’ q

Theorem 1. For ¢m e Z>, we have:

¢ ~ ~
Z [k + m] gFm+2) [f +m+ Q] gt 2)
Pt m q m—+1 q

Proof. We use induction on . For £ = 0, (2) becomes
1=1.

Now, the induction step amounts to:

~

(04 m 4 1] D) 4 t+1+m gErDmt2) 2 C+m+2 Nq(€+1)(m+1)
m+1 |, m q m+1 |, ’
or
_€+m—|—1_wq_(m+1)+ t+1+m Nq£+1 2 [f+mt2
m+1 m m+1 |
dq q
or

”
¢+ + g m 1)y = [C+m+ 2]y,
which is obvious, because, in general.

[a+ 0]y = q_b[a]; +qb]y. W (0.1)



On Finite Sections Of The Quantum Harmonic
Series

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@utsi.edu

Abstract
‘We quantize the classical identity
2n n
(_ l)k—i-l 1

Z k :Zn%—s‘

k=1 s=1

Let

T

E e L

q __17 ajeR’? q#07i]‘7
q9-q

be the 2" quantization of z.
Let w(n) be the usual arithmetic function “the number of distinct prime divisors of n”:

n= pr((llz)) = w(n)=m of all e, > 1.
k=1

Set

(n) = 0, n even,
= 1, mn odd.

Theorem 2. For n e Z>,

2n (_1)k+1q6(k) no gt

[k]y =2 [+ sly

q s=1

k=1

Proof. We use induction on n. For n = 1, (3) returns:

¢ ¢ _ 1 _ ¢
127 2y 2}
s
217

which is true.
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Next, the induction step amounts to:
q2n+1 1 N qn+1 q2n+1 q2n+2
_ = _ + ,
2n+1]y  [2n+2]y [n+1]y  [2n+1]y  [2n+2]7
or
qn+1 ? q2n+2 1
= 4 ,
n+1]y  [2n+2]y  [2n+2]7
or
qn—l—l ; (q2n+21)
[2]Nn+1

q

which is obvious. W
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Abstract

The classical formula Z?:O(—l)i_l’i2 = (_1)71,—1 ( Z?:O Z) is quantized.

The classical formula in the Abstract can be quantized thusly:
n

D DTN = ”12 R (1)

i=0
where
~ ¢ =q"
[x]q = m (2)

To prove (1) we set 3; = ¢* — ¢~*, notice that (1) is true for n = 0, and then proceed by
induction. The inductive step n — n + 2 amounts to:

D™([n+17)% + (1" N(n +27)? =

( -
Loy ez v 2],

or,
AP+ (AP L e 1+ [+ 2 3)
Call
X =q"
Then (8) becomes
31%{ ~(Xg= X7+ (Xg' - X 2)2} = 312{)(2(12 — X2+ X% - X2q4}
(1)

The LHS of (4) returns:
1

32{—<X2q2—2+X_2q_2>—|—(X2 4_94 x2 —4>}:

P - xa-h) -

B
31%{ 9(a—q 1)—X_Qq_Qq_l(q—q_l)}=
31{ - X2 3}:[2x+3];. (5)
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The RHS of (4) yields:

1 L _
32{)(2612(1+q2)—X 202 (1+q 2)}=

1 _ L9 o9 _ _
32{X2q2q(q ") - X% g+ g 1)}2

[2];; 2 3 -2 -3 1 2 3 -2 3 ~
=3, X°q¢° - X"*q =3 X" = X7"¢" p = [22 + 3],

which is the same as (5). We used in the Proof the obvious relation

2y =2 (©)
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Abstract
hmx_,oo %ﬂl = 1. Quantumly, it’s no longer true.
Let
~_9-a”
[z]5 R Er=. reR, ¢#0,1,

be the 2" quantization of z, so that

2] = [2]g s

and we can take
qg>1

without loss of generality.

Theorem 3. For any z,a € R,

lim [z + aly _ ¢ = ¢ollogal,

~

q
Proof. We have, with X = ¢* :

[z +ag _ X¢"—X"lq°

= =
2]y X - X1
X a_X—l —a
Xlim % [sinceg>1=X>1land X - o0]=¢* N
—00 —

Corollary 5.

n+ 1|
lim q =q.
n—00 [n}q
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Abstract

Let ur = EYTTORE where A, = a + kd form an arithmetic progression. It is well known and easy
to see that Zn Up = L _ 1 We quantize this result

k=1 Yk d\ a1 ap+1 |- a :

Let
x —x
~_ 9 —4q

=L "9 seR,

q 17

qQ—q
be the second quantized x.
Let ap = [a + k:d]; be a quantum arithmetic progression, and let

gLk

Apk+1

Theorem 1.

U =

a+n+1

—~ ¢ g
;O“k‘[a]; [a+ (n+ Ddly

Proof. The formula (2) follows upon summing up the formulae
a+dk

1 q a+kd+1

q
AEQg+1 ag ak+1
together with the relation

(1=d)k ja-tdk _ gDk gothd+1

q q
k—k+1
The later formula is immediate:
(1-dk+a+kd =a+k =a+k+1,
k—k+1 k—k+1

and

Ql—dk+a+kd+1=a+k+1.

a

To prove (3), multiply both its parts by ¢~ *g.qur1. We get:

la+ (k+ 1)d)y = ¢ @D 4 gla+ kd)7,
which is obvious in view of the formula

[z +d]y =q 2]} +¢*ld]y, Va,d,

for x = a + kd.
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Abstract

‘We quantize 12 = 223.

Let

xT

ply =L

q _ -1 xeR? q#()? 17
q—q

be the 2" quantization of (z).
Theorem 1. For n € Z, we have

([207)°[Blgn = 1+ [3]3 + [2n + 1]7 + [2n + 3]5 —

—([2n = 1]7 + [2n = 3]7).

Proof. Since

1+ @By =14+¢+1+q¢°=(qg+q ") =(2)

our (2) becomes:

([207)2(8]p — 1) = 20+ 1];" + [2n+ 3]y —

—([2n —1]g + [2n = 3]).

The RHS of (3) is:

1 _ _ _ _
— {q2n1 _ q2n 1 +q2n+3 _q2n 3 _ q2n 1 +q1 2n

_ q2n73 4 q372n)} —

1 _ _ _ _ _ _
=—— {0 -+ A -+ PP -+ - )

20,2 _ 2
_ 4 q((l_ q_(f ){q2n71 P2ty gl o

_ [2];{q2n—1 S e
=PRI A+ @A)+ T+ ) =
=RI7{ alaT + )+l +q)) =
= 2171214 + ¢ 7" = (2173l — 1),

which is the LHS of (3). W
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Abstract
‘We quantize 8 = 23.

Let

¢ —q "
[':E]Nzifv LUGR, q#oala
q q_ql

be the 2" quantization of .
Theorem 1. For n € Z,
([21)°2lg = [n+3]7 + [0+ 17 = ([n = 3] + [n = 1)) (2)

Proof. For the RHS of (2), we have:

1

- q_l (qn+3 _ qfnfS + qn+1 _ qfnfl _ qn73 + qfn+3 _ qnfl + q*n+1) —
1 _ B B e B

= N =D+ =g+ 0 —g D+ P —g )} =
1 _ _ _ _ _ _

= P -+ E D)+ TR - )+

+q¢ "B (P — g )} =

=2 {g" e T T T =

= 2g{d" (g +a ) +qa (e +4¢)} =

=27 217" +¢") =

= [2]5 (217 [215, (3)
because

21y =q+q"

(3) is exactly the LHS of (2). W
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Abstract
‘We derive basic inequalities in quantum numbers under multiplication by 2.
Let
T —x
~_ 9 —4q
2]y = ——, T€R,
q—4q

be the 2" quantization of z, so that

2l =a+aq

and

Theorem 2. For m, M € Z~, we have:
25 [2]g < [22]g, #>1, ¢#1,

q [*lq q-
2]7[x]y > [22];, 0<z<1, g#1.

q g q-
Proof. In view of (1), we can take
q>1.
Then
q—q ' >0,

1

and multiplying (3), (4) by ¢ — ¢~ ", we arrive at

o>,

? —
(g+a )" —a*) <q* —q
?
G+a - > —q¢ > 0<ae <.
because > 0,q > 1,¢* — ¢~ > ¢ so that (7), (8) can be rewritten as
?
g+q ' <q"+q " x>,
?
g+ > +q¢ % 0<z <1,
or as
?
T (-1+q¢ ) <q(¢*t-1), x> 1.
1 ? 1
¢ =14q¢ TN >q" ' =1) 0<z<1.

In the case x > 1,z — 1 > 0, and ¢! > 1, so (11) reduces
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Abstract

We determine what is a quantum analog of the classical relation @ = b (mod 7’L)

Let

xT

ply =L

q 1 .%'GR, Q#Oaila
qg—4q

be the second quantization of z, so that

2] = [2]g s

a=b (modn), abné€Z,
then, in general, it is not true that

[a]g = [y (mod [n]7).
Theorem 4. The relation

a=b (modn), a,bynecZ.
implies:

al = b (mod [n]}).
Proof. Since

[nlg = (4" —a™™)/(a—q7"),
mod [n]> means:

q

or
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Now, let
a=b+kn, keZ.
Then
[a]gz — [b2 = [b+ knlp — [b] 2 =
1 —kn —
7(q2(b+kn) _ 2b—k 2b+q 2b) —

— " —q

_ 1q_2{q2b(q2kn _ 1) + q2b(1 _ q—2kn)} =0 (mod [n](;) [ ]
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Abstract
Letap = a~+kd be an arithmetic progression. It is well known that for any 1 € ZZQ, ZZ:O(_ 1k (Z) ap =

0). We quantize this.

Let

T

E g A

) ZUGR, q#la
q q_qfl

be the 2"¢ quantization of z.

Set

K]\ = [k, k€ Zsr; (O] =1,

Theorem 1. For any n € Z>,, we have:

S [4] ke o ®)

k=0

where
1, n even
o=
1/2, n odd

Proof. We are going to prove (2) by induction on n, the cases n = 2,3 - the base of
induction - easily done. For n = 2, with

A=q¢4 Q=4

[a]; — [2];;[61 +d +[a+2d] =

L {(A AT (QHQNAQ-QQ )t

a—q

1(AQ - Al@?)} _o,
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and for n = 3,

[a] — [3];1/2[a +dly + [3];/2 la+2d]y — [a+3d]; =

q
= —[elalodly + Bl ~
~ (513" + Bl =0,
where
A=a+2d

We used repeatedly above the useful formula

M;+m;:pmbw{“§ﬂ;

The inductive step now will come by 2: n — n + 2. If we rewrite (2) as

1 " n ~ k
_1 a+kd _ —a—kd — 0’
eIV NIRRT

and differentiate w.r.t. as:

a
da

—a o

d
(¢") = Lq 74 q 094,

we find that (4) breaks down to two relations:

S0t E| et = e,

kZ:O [Z];(qg)k(—l)k =0, e==+1.

It is this relation we are going to prove by induction on n.

We have:
n+217 n+117 [n+1]7
L = (] ) e
q q Ty
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and f is k-independent. Repeating (6) one more time, we get:

qlxlk’ [n ;: 1] = q(uﬁ-uz)’C ([Z] + [k i J ), vg = *£1, (7)
q a a

SR Y AT n |~ n |~ _
q [k_l]q—q 1 q+ 2, Nz , (8)

Thus, (6) becomes:

n+2 _ q(l/1+l/2)k n + q(V1+V2)k+q(V1+V3)k’ n _+_q(V1-|-V3)]C n . (9)
k q k g k—1 g k—2 q

and induction step n — n + 2 is complete if we take

vy=v3=-1v, M
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Abstract

The classical Leibniz formulae for multiple derivatives, (fg)(") = ZZZO(Z)f(k)g(nfk), where

k
g(k) = <£E> (g), is quantized.
Let T stand for the ¢ multiplication of the argument:

(T°f)(x) = f(¢°z), s € Z.

Introduce the (symmetric) g-derivative:

df . f(Tx)— f(T"'x)

dN (‘/1:)_ _ -1

7T (q—q )z
so that

dxz?

—— =[s]gz*"!, sEeR,

dyx g
where

~ ¢C=q7

sl = , s€R (or C).

oy = 1= (or ©)
Denote

d (n)
n) — [ _“ 7
1= () 0 ez

Then the usual Leibniz formula reads

(f9) = fT(9) +T7'(f)d,

with f’ standing for i
dyx

Theorem 7. For n € Z>, we have:

(fo)™ =>" {Z]NT’“U‘("’“)) TR (g)

k=0
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Proof. We use induction on n, using the obvious relation
(T7f) =d"T"(f), € Z. (9)

We have:

Sn+1]” ?
(fg)(nJrl) _ Z [ . :| Tfs(f(n+lfs)) . TnJrlfs(g(s)) s
" [n] NT—k(f(n—k)) . Tn—k(g(k))}/ —
k=0 q

[T R ™)) + [T'“l(f(”k>)][T"k(g(k))]’} =

21
=S| e kg 0) [ e k),
k=0 q
(10)
Thus, (8) amounts to the equality
RS R
=q +q : (11)
[ ko1, k|, k—1],

which is true.
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Abstract

We prove a general formula for prime numbers from which it follows that the ]C—tuple conjecture is

untenable.

To V. I. Arnold, the greatest mathematician of all times.

Let p,, stand for the n'" prime. We prove
Theorem 1. For n,a € Z>1, a fixed,

Pnta — Pn — @ logpnya = 0(1), n — 0.

(2)

Proof. We use technical tools collected under one roof in Dusart’s wonderful thesis, the
bible of our subject, [Dus 1998]. The first of these is the asymptotic formula of Cipolla

[Cip 1902):
Pn = Tl,f(n),
#(n) = logn + (logl —1)+i 5 _
n) = logn oglogn 2 Togin —

o0

P.

= logn + Z log;n’ Py = loglogn — 1,
i=0

where P; is a polynomial in w = loglogn of degree i + §}.
So,

Pnta —Pn = (n+a)f(n+a)_nf<n) :af(n+a)+
+n{f(n+a)—f(n)}.

Using the relations (up to higher order irrelevant 0(1/n) terms):

log(n 4+ a) — logn = ﬁ’
n

loglog(n + a) — loglogn = ,
nlogn
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we have, with P := P(n + a):
b P; 1
log*(n + a) login _ log '(n+ a)log'n

and

]%login — Pilogi(n +a) =

a : a.;
= (P + P{nlogn)log’n — P;(logn + E)Z =
‘ ) ) ial i—1
= P’ﬁlogz_ln + Pi{log'n — [log'n + w]} =
n
P —iP
éalog%ln.

Hence, (7) is:

P, R (P — iP;)alog'~'n
logi(n +a) login nlog%n B
P —iP,
=————qa.
nlog'tin
Thus, (5b) is
n{ +aznlogz+1 }=a+0(1).

Next, the term (5a), a[f(n + a) — logpntal:
f(n) - lngn =

P;
= logn + (loglogn — 1) 4+ 0(1) — {logn + log[logn + Z login]} =
i>0

= loglogn — 1 — log{logn[1 + 0(1)]} =

= loglogn — 1 — loglogn + 0(1) = —1 4 0(1).
Thus,

af(n+a) — alogppia = a(—1) + 0(1).
Combining this with (9), we get (2). W

COI‘OllaI‘y 12. The diophantine equation

Pnta — Pn = 2b,
for fixed a,b € Z>1, has only a finite number of solutions.
Proof. By (2),

2b — alogpp+a = 0(1),

and logpp+q — 00 as N — 0. |

{Plog( ) — Plog'(n + a)},

(7)

(14)

This disproves the k-tuple Conjecture of Hardy-Littlewood, just as the case a = 1 had

disproved earlier the twin prime Conjecture.
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Abstract

The banal classical equality, 8m = 6m + 2m, is non-banally quantized.

Let m,n be positive integers, and
¢ —q”

g = q—q!

is the second quantization of x.

Theorem 1.

m—1
(217 = {[Ai+3]y — [A = 3]5 + [A + 1)y — [ —
=0

where
Ai=(2m —1-—2i)n.
Proof. Using the easily verifiable
[A+1]g = [A =17 = [2]5,
[A+ 3]y —[A=3]7 =[2]74[3]]
the RHS of (1) becomes

m—1

Z A/Z?

=0
with A(Z) = Az But

[37 +1=([2)%,

q

so (7) reduces to:

H

m—
‘?
= 2m127,n

z:0

1

~

q

}7
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or

m—
7
2m szmq = g

Now, the LHS of (8) is

qu _ q—2m

qg—qt 7’

2m 1-27-

while the RHS of (8), because

1

2]y =q+q ",
becomes:
m—1
(q2m—1—2i +ql+2i—2m

0
—_ qu—l[m]q72 +q1—2m[m] 5

)—a

q<»

is the 1% quantized x. Thus, (11) is:

om—11—q " 4 gl i
1—q2 g2 —1

o q2m—1 y 1— q—2m _
aHe—q")  “alg—qt)
1

_ - (q2m . q72m>’

q—q!
and this is exactly (9). W

(11)

(12)
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Abstract

Not every classical relation can or has been quantized. When it can, it lead to the infinite hierarchy

of higher formulas, of which the original one seats at the bottom.
Consider Quantum formulae of the form
A=B,

where A and B are sums of simple quantum integers, that is, sums of

T

ey =L =L
q q— q—l

in the 2" quantization, or

wlg= T
€T =
q q-— 1
in the first one, with x taking integer values. A typical example is:
~ ~ ~ n+1l
laly + ..+ [a+nd]] = [n+1]q1/2[a+Td]q, (1)

a formula for the sum of the quantum arithmetic progression.
Of course, for ¢ = 1, we recover the usual school formula

d), (2)

but the point is: (1) is (specific) a deformation, so that we get an infinite series of higher
formulae by considering both parts of (1) as two 777 in h = log ¢ and equating the
like-terms; specifically, the h-terms are of mail interest.

To proceed further, we need the formulae

1
0+ .+ (a+nd) = (n+D)(a+ 25

[$];:m+h2<$;1>+O(h4),h:logq<—>q:eh. (3)
[:c]q:x—i—h(g) +O(h?). (4)

Let’s derive them. For (3), we have:

e e )
€T = =
T eh—eh 2h(1+ 12)

2
:x—f—f;(333—x)+0(h3):x+h2<$;1> +O(hh)

+O(RY = (z + }z;x?’)(l - i::) +O(hY) =
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Similarly, for (4) we have

ehe=1 (x4 Ba?) ) h h 5

[z]q =
=z+ g(x2 —z)+0(h*) =2+ h(g) + O(h?)

formula (4) is much simpler than (3); but most of the known quantum formulae are in the
second quantization form.

Let’s see how this device works in the case (1) of quantum arithmetic progression. For
the LHS we get:

n n

1+kd 1 - 1+kd
S atkdly = 3 {a-+dk+h? (“ + 3* >} _ (n+1)(a+%d)+h2 3 <a + 3+ >+O(h2),
k=0 k=0 k=0

(15)

while for the RHS we find:

[("+1)+h2(n_2>][(a+ngld)+h2<a+1+gd>]+0(h2)=(n+1)(a+";1)d+

3 3
1 2 14 nd
A {(a+ 1 d)(”;f >+(n+1)<“+ L 3>}+0(h2).
Thus, we get:
n d
Z(a+1+kd>:<a+n+1d><n+2)+(n+1)<a+1+n2> (6)
Pt 3 2 3 3

a certainly new (and rather strange) formula.
Similar device can be applied to the multitude of other known quantum formulae.
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Abstract

We quantize the usual exponential function.

The function

> aan
E(ax) = exp(ax) = Z o
n=0 ’
satisfies

d
%E(ax) = aF(ax).

Replacing % by its symmetrical quantum counterpart d%x:
q

df  flqz) — flg 'x)

d;mz qg—q! 270,
so that
L (@9 = [, seR (or O)
dyx
sy =200

T gq—qt

the corresponding g-version of exp(ax) becomes:
[o¢]

E(az,q) = Z a”xj.

— [n]!q

Here
(k]! = [1];...[145];,14: €Z>y, 0]\ =1.

Indeed,

1

d 2 ata"
a0 = 2y = e,

the desired g-analog of the classical relation (2).
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Abstract

Ifa = O(mod ni),i = 1, 2, and (nl, 77,2) = 1thena = O(mod nlng). We find a quantum

version of this

Let

T

~_
['Cl:]q - —1° CCGR7 q#oaila
q9—q

be the second quantization of x.
We are going to use the easily verifiable fact that

a =b(modn) « [a] = [b]2(mod [n]}), a,b,n € Z.

q q?
Theorem 2. If

[a] 2 = 0(mod [ni]7), i=1,2,

(n1,m2) =1,
then
[a]2 = 0(mod [nina]y).
Proof. At ¢ =1,
a = 0(mod ning).
Using (1) finishes the Proof. W
Corollary 6. If ny and ny are coprime then

[nina]

[n]g [naly

is an (quantum) integer.
Directly, this fact is rather difficult to prove.
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Abstract

m2™ is decomposed quantumly, for 77, 717 nonnegative integers.

Let,
qaz _ q—x
2]y = —
q qg—q 1t
so that
21 =q+q "

Theorem 1. For me Z, ne Z>, we have:

=3 (e - 248

Proof. The RHS of (2) is:

n

1 { n+m - ok (M —n—m k(T

— e —a" ") =
-4 k=0 k k=0 k

1 _ -

= —— {qn+m(1+q Z)n —q n m(l +q2)n} —

)
_ 1

q—q!

= ([21)"

{q”+mq_”(q g ) =g (g + q)"} =

1
q—4q
which is exactly the LHS of (2). W

— (@™ —q¢™) = ([217)"Im]7,
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Abstract

We decompose quantum version of the numbers of the form 4717.

Let

xT

ply =L
q q_q—l

be the second quantized version of z, so that
27 =q+q "
Theorem 1. For every m € Z, we have

([217)2[mly = [m — 217 + 2[m]y + [m + 2]

Proof. We are going to use the easy formula
laly +[a+2]7 = [2]7[a+1]7.
Thus,
[m = 2]7 + [m]y = [2]7[m — 1]

g T Im 217 =27 [m +1]7.

[mlq

Adding up (4) and (5), the RHS of (2) becomes:

pwﬁm—u;+mﬂﬂw}=mwmmmm

which is the LHS of (2). W

by Four,
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Abstract

32" s decomposed quantumly.

Let

¢ —q®
[x]; = —
q q_ql

be the (2"¢) quantum version of z, so that for n € Z>1,

Proof. The RHS of (3) is
1 { n+3< > —2k _q—n—3<z>q2k} _
- { ¢ (14" —qn3(1+q2)"} =
1{(1 Mg+q ) =g " Mg +q)”} =

{q —q 3} = <[2]Z>n[3];,

which is exactly the LHS of (3). We used the obvious fact that

q—q

=(q+q 1)"

2y =q+q¢ " W
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Abstract

‘We decompose ([2];)2[2];n into a sum of 4 quantum integers.

Theorem 1. For n € Z>3, we have:

(2172l = [n+ 3]y + [n+ 17 = (In =37 + [n - 1]7), (1)
where
~ " —q"
ey = q—q "

is the 2n¢ (symmetric under exchange ¢ — ¢~!) quantization.
Proof. Using the obvious formula

[a]g + [b]g = [2}(;(177«1)/2 [a;—b} N, (2)
we have:
n+aly —[n—aly =n+a)] +[a—n]y =[2]x[a];. (3)

For a = 3,1, we add up these formulae, and for the RHS of (1) get:
RHS = [2]5:{[3]7 + 1} = 2lge[d® + 1+ ¢ 2 + 1) = [25:([215)7,
which is the LHS. H
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Abstract
Consider the sums of rows of the Fibonacci triangle: {71 = 13, 8 = 23, 27 = 33, ... This is
quantized.
Let

" —q"
[J:];:m?xeRv Q#Oa :l:lv

be the 1%¢ quantization of .

[1]q

(J[3]q [5]11

¢*[7q qlalo [11],
Theorem 2.
n—1
> q*n® +n— 1 2k]; = [n%][n],. (3)
k=0
Proof. (3) is:

n—1
(qn - 1) qu(qn2+n—l—2k _ 1) r (qn2 o 1)<qn - 1)’

k=0

n-! 2 ? 2
(=1 (¢ —dF) = (" Hg" - 1),
k=0
n-! ? 2
(=D Y "= """ -1,
k=0
n—1
24 -1 n

kzoq - q—l _[ ](17

which is true. [ |
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Abstract
That relation has no classical analog.
Let
~_9-a”
[x]q:FaCUGILQ#Oa +1,

be the 15 quantization of z.

Theorem 1.

S0tk = a5+ 1),
k=0

q

Proof. We use induction on n. For n = 0, (2) returns:

0=0

which is true.
The induction step n — n 4+ 1 amounts to:

7nd —n— 7 —n— d
q Iq([n+1]q>+q In+1)y=gq 1@[

or, with z = (n + 1)

d 2

qdfq[z]q + [2]g = ——([z + 1),

5B

or, because
[z +1]g = 1+ q[2ly,

to

d i

05l + ;ﬁ_]a T gl

= [zl + 0 53(02lo),

which is true. [ |

n+ 2|,
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Abstract

The classical inequality k(l + a%) —ak > a?k—1 +...4a,a >0,k > 1, is generalized and

made quantum.

Let

¢ —q"
[z]N = max € R7 q 75 Oa :l:la

be the second quantization of x.
Since

q 7
we can restrict ourselves to nonnegative numbers only, and since

~

[2]51 = [=]7,
we can take
qg>1

without loss of generality.
Dividing the inequality quoted in the abstract by a*, and renaming a by ¢, we get:

k122 — 1> [2k — 1],
or
k2] > 1+ [2k — 1]
Theorem 1. For z > 0,
1+ [22 — 1]77 < z[2] 2. (2)

Proof. Multiplying (2) by (¢ —¢~') > 0, we get

(=0 )+ (@@ — g ) < allg— g @ + 0],
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or
?
(=g D+ (@ =) < (@ =) = (¢ = ¢,
or
?
(@—¢ )+ @+ 1)@ = ¢ 7%) Sa(dH - g, (3)
Set
h =logq > 0.
Then (3) is
> p2ntl ot ? > p2n+l _—
2y —{1 D2z -1 <22y ———(2 1)“" >0. (4
2 gyt < nzo(?”“)‘( r+ 1) @ > 0. (4)
(4) follows from
?
14 (z+1) (22 — )M <z + 1) 2 >0, necZs. (5)

We prove (5) by induction on n. For n =0, (15) returns:

?
I+ (x+1)22—-1) <z(2x+1),
or
14+ (22% 42 —1) < (22° +2),

which is true.
Now, the induction step. Assuming (5) is true for a given n, the next n + 1 follows

from:
?

£(20+ 128 > (22 + 121+ (@ + 1)(22 — 1P > 14 (2 + (22 — 1),

or
?

2z 4+ 1)+ (z 4+ 1)(2z + 132z — 1)>"™ > 1 4 (z + 1)(2z — 1)** 73,
which is obvious because x > 0:

2z +1)*>1

and

2z +1)22z - 1)1 > (22 - 1) o 224+ 1)?>2z-1>2% N
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Abstract

If f(x) = ax + b, then xg + 29 = 22, = 2f(a:0) + f(xg) We quantize this.

Let

" —q"
M;ZF@GILQ#Q +1,

be the second quantization of x.
Let a, b be constants,

f(z) = [az +b]7.
Given three points, xg, x1, T2, such that
r1 =x9+d,x9 = x0 + 2d,
we get the corresponding values
fo=f(z0), fr = f(z1), fo = f(x2).
Theorem 1.
fo+ f2 = 2.

Proof. Multiply (2) by (¢ — ¢~ '). We get:

(qxo _ q—xo) + (quQd _ q—x0—2d) ; <qd + q—d>(qxo+d0 _

— q$0+2dq7m0 4 q{EQ o qf.ﬂlt()f2d7

which is true. [ |

—Io—d)
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Abstract

Classically, B;:_ll

< B for f > 1. We quantize this.

Let

.r_q—z

[x]N - 7_171'6]17 q#07 i17
qa—q

be the second quantization of z.
Since

[z]g = [2]g,

we can restrict ourselves to nonnegative numbers only, and since

2] = [2]g s

we can take
qg>1

without loss of generality.

Lemma 1. Let 3> 1. Then

[Bx +1]7

Proof. Since g > 1,

[Bx + 1] < [Bz + BI7,

because, in general,

~

a<b=la]y <Ib]y.

Thus,

Bz +1]7  [Blx+1)]7
ety © ety

— [ﬁ};;f-klv
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and (2) is proven. W

Corollary 5.

[mq~ [2n]!”
q

n = < (< 2" >;2)2, n € Z>a, (6)

([n]'3)?

where

n
<x>y= H[x];s, n € Zsy; < a’ >0=1.

Proof. We use induction on n. For n = 0,1 (6) returns equalities 1 = 1 and 217 = [2]7-
For n = 2, we get:

272y 2l 215 [2]3;

which is obvious. The inductive step n — n + 1 amounts to:

2n + 2]y [2n + 1]7 2

(< 2" >7)? (CESE L < (<2t >,
2m+ 2 2n+ 17 2
[+ 15[+ 17 < (@)
[[2: . 11}];; <[l "

But this is our Lemma, for § = 2. |
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Abstract

For 0 <z <1, (1 — .’I})n + (1 + x)" <2".ne ZZP' We quantize this.

Let

@ —q
[x]qNZFﬂGR,(J#O, +1,

be the second quantization of x.
Since

[2]g- = [2]g s

we can restrict ourselves to nonnegative numbers only, and since

~

["E];*l = [‘T]qa
we can take
qg>1

without loss of generality.
Theorem 1. Let 0 <z < 1,

([1 = 2]g)" + ([ +21g)" < ([219)"

Proof. We use induction on n. For n = 1, (2) returns:

(1= a)y + 1+l < 27

Multiplying this by ¢ — ¢! > 0, we get:

?
@ = N+ (=" <P =

or

2

“la—aH+a(a—a")<(a—q Na+q),
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or
?
¢ +q"<d +q"
which is true because < 1 and
¢ +q"
is an increasing function of x.

Now, the induction step n — n + 1, amounts to:

q

which is true because

21y > [1 -zl
and

[2];; > [1+4 l‘]qN,
since

2>1—-z
and

2>14+=x

x being < 1, and, in general,

a<b=laly <[pl;y. N

(@)™ = (PRI > 2L - al)) + [+ 27D 2} > (1 — o)™+ (1 + a]p)m,
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Abstract
Classically, IE% = 1. The situation is more complex quantumly.
Let
~_9-q
[z]] = p— ,x€R, ¢#0, *1,

be the second quantization of x.
Since

[z =[]y,
we can restrict ourselves to nonnegative numbers only, and since

[2] 20 = [2]],
we can take
qg>1

without loss of generality.

Theorem 1. Let 2 # 0. Then

ly HN = @)

X

Proof. Since
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L we can take

is invariant with respect to the change x — x~
x> 1,
the ease

r=1

being obviously true.
Multiplying through (2) by (¢ — ¢~ 1)? > 0, we get:

2

e e A R
or

(qm—i-l/m + q—x—l/x) _ (qm—l/x _ ql/x—w) ; “+q -2 (3)
Set

h =log q > 0.

Then (3) becomes:

— h?" 1., 12?§:h2”2
2 [(z+ )" —(z—=)" =2 27" (4)
= (2n)! x x =, (2n)!
Since h > 0, (4) follows from:
1 2n 1 2n ! 2n
(@+-)"—(z—=)"=2" n=1,
T T
or
2 3 (M)er(L) 2
k even k z
or
2 ?
Z < :>x2(nk) > 2l
k even
or
2 ?
Z ( :)y”_k >2Mlm y>1, n>1. (5)

k even

If n is odd, (5) is obvious. Since y > 1, ¥ % +y¥~™ > 2, and (5) becomes:

2n\ 7
2 > 221
x ()=

k even <n
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or
()=
k even
and
my\ m\  om
> (1) -2 ()=
k even k odd
For n even, n = 2mg (5) is bounded, by the same argument, by

4dm dm\ 7
2 > 24m-l
= (V)+n)z

k even<2m

or

k even

which is true by (6). [
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Abstract

‘We prove a simple inequality between quantum numbers.

Let

g -1
-1

[x]q: Q#Oala

be the 15! quantized x.

Theorem 1. Let ¢ > 1,y > 0. Then
Y[2]gu+r > 2q[ylq-

Proof. In the long-hand, (2) is:

7 v 1
q
y(qy“+1)22qq_1,

or, since q¢ > 1,

y(g— 1)@ +1) > 2(¢" — 1),

or

?
W' +a— g™ -1} 2 2(¢" - g),

or

2

yg'™? — (y = 2)¢" ™ + (y — 2)g > .

At g =1, (3) is an equality, and 0/0q of it is:

yy+2)¢ T = (y-2)y+ ¥ + (y - 2) ; 0

(4) follows from:

2

Plyly+2)—(y-2)y+ 1]+ (y—2) >0,
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or
2 2 2 ?

Py +2y) - —y )]+ (y—2)>0,

or
?

By +2)+(y—2)>0.

Since ¢ > 1,y, (6) follows from
?

(By+2)+(y—2) >0,
or

4y > 0,

which is obvious. [ |
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Abstract

The classical property of mediants is 0% preserved under quantization.

Let

qz_q—m
[x];:myl’GILQ#O? +1,

be the second quantization of x.
Let F3 be a Favery series of order 3:

Their mediant is:

1 2 1

355732 3)
Quantumly,

11

Bly 27
because

27 < 215
since

2 < 3.

Now, quantumly, it is not
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because it is not true that

and
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Abstract
If {ak} and {bk‘} are two arithmetic progressions, then so is their sum {Ck = ak + bk‘} It is

no longer true in quantum case, but close enough.
Let
T qfw
[z]; = ——— 2 €R, ¢#0, 1,
q—4q
be the 2" quantization of z.
Let ar, = a + nd, by = b+ kd', be two arithmetic progressions, and

Ay = [ax]y, Br = [bi]y (1)
be their quantum counterparts, so

Dy + Diyo = [2]7 Dy, D = AorB. (2)
Then their sum,

X = Ag + Br,

no longer satisfies (2), but something close does.

Theorem 3.. Set
Cr = q"* A + ¢ "By, (4)
Then Cj, satisfies (2).

Proof. We have:
Cr = lerlys
Cn = aj, + b,
because, in general,
[a+ by = ¢"laly +q bl

and this is formula (4).

Since ¢, is a classical arithemtic progression, C}, is a quantum one, and therefore satisfies
(2). |
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Abstract

We define a quadratic transformation for any 3-term arithmetic progression.
Let a, 8,7 be a 3-term arithmetic progression and let

P(z,y,2z) = P(x, z,y) (1)

be a homogeneous polynomial of degree > 1. Then

a=P(a,B,7), (2a)
B = P(a,B,7), (2b)
/’}\/ = P(77 a, 6) (2C)

often have the property, if p is properly chosen, to also form an arithmetic progression.
The typical famous example is when P is cubic:

P(:n,y,z) :xz(y"i'z)a (3)

but simpler, quadratic polynomials are also possible for P.

Theorem 4. Let o, 3,~ form an arithmetic progression. Then so are @, B ,7 given by

(2) with

P, B,7) = 40” + 3a(B +7) — B7. (5)
Proof. Given that

p="00

we have to verify that
5?7 <~ ~
28 =a+7,
or

2{45° + 30 +7) —an} =
< [40® + 3a(B +7) — B7] + 472 + 3v(8 + ) — Bal,
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or

2{(ar+7)* + %(a +7)2 - 27} =
2 (0% +9) + (0 + (ot 7) — 2@+ )

or

5 .
2{3(” +77) + 47} =
£ 5(0% +7)% + 8ay,

which is obvious. [ |
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Abstract
a? + (CL + d)2 + ((1 + 2d)2 is never a square.

Call three terms in arithmetic progression
a—d,a,a+d. (1)
The sum of their squares is:

(a —d)? +a® + (a + d)* = 3a® + 2d°. (2)

Theorem 1. If a,d are integers then

3a® + 2d° = u? (3)
has no solutions except

a=d=u=0. (4)

Proof. We take any non-zero solution with no common factor and apply a version of
Fermat’s descend method. Suppose not all a, d, u are divisible by 3. The terms 3a?, 2d?, u?,
give, modulo 3, remainders

0; 0 or 2;0 or 1. (3)
Thus, (3) is satisfied only when
d = u = 0(mod 3).

But then a is also divisible by 3. A contradiction. ]
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Abstract

If {ak} is an arithmetic progression and N € ZZI is fixed, then Sk = Z?ﬁl az/nk also forms

an arithmetic progression. We quantize this.

Let
T . —T
wly =L =L s eR, g#0, 1,
q—4q
be the second quantization of x.
Let {ax} be arithmetic progression. Fix n € Z>;, and set

nk

S = Zai/nk.

i=1

Then {Si} is also an arithmetic progression, because

Sk Sk+2 2Sk41 dn dn
L - = k—1)— 3k —1)——
el s i s R G L
d d
—2fa+ (2-1)5] = 5{Ak—2) =22k = 1)} =0
Interestingly enough, this fact can be quantized.
Set
Ak = [ak];7
- kn
Sk = lay /Tkn] 7,
i=1
where

d=a; =ag= (Ap — Ap_1),

q=1|

Then the S;’s form a quantum arithmetic progression.
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Theorem 5. For any k € Z>1,

Sk + Skra = [2]70Sk11, (6)
where
nd — —=
D= = (Sk+1 = Sk)g=1- (7)

Proof. First we establish that D exists. We have:

n k+1)n
S 25-;1) a;

(Sieer = S = =0 =+ o Dm
_ _k:n(a + 14+ %d) (]{,‘ + 1)”{&1 4+ [(k—|—12)n—1]d} B
kn (kn+1)n

g{(kn — 1)+ [(kn+ n— 1} = =d.

which is (7).
Next,

S ledy = N[22 =

1=1
(N -1 .

= [N];i/z [a/i + 2 q>

i (8)
Thus, (6) is:

nk—1 __ nk+2)—1_ 2 kE+1)n—1
R L R R AL

or, with a+%d:a:

[al + d]gv

which is obvious because, in general,

aly + By = e, m
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Abstract

If {ak} is an arithmetic progression, then ay + ap = Ag—¢ + Apyy, VU € Z.. We quantize this.
Let

qx _ qfrp
[J}];;: _1,$€R,q#0, :l:1>
q—4q
be the second quantization of x.
Classically, if {a,} is an arithmetic progression then

ai + Qkts = f—g + Qkts+0, VL EZ, Yk, s €Z.
Theorem 2.

larly + ¢ arg sy = q“ar—dy + ¢ ars sy
Proof. Since, denoting

Ay = [arly,

A = KAy — Tk — 1] Ay,
where
d=ay —ap= (A1 — Aog)|4=1,

it’s enough to show that

?

K]y + ¢k + sl = ¢’k — 07 + ¢k + s+ 47,

or

?

qk - q—k + q2€+5(qk+s _ q—k:—s> S

? - - —k—s—
:qﬂ(qk K_qﬁ l)_i_qs-&-é(qk-i-s-i-f_q k—s Z)

I

k —k k+20+42s —k+2¢ 7
—q " +q =

q —4q
— gF PR st ok

which is obvious. [ |
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Abstract

Let ap = a + dk be an arithmetic progression. We derive a simple formula for ZZ:O ay..

Let
r _ . —x
[l‘]; = %733 € R7 q 7é Oa :tlv
q—4q
be the second quantization of x.
Let
h =logq.

We apply the formula
h?
2]y = v+ 5 (@7 —2)+ O(h")
to the sum of quantum arithmetic progression:

n

~ ~ n ..
S larly =+ giela+ 5 dly.
k=0
We get:

Bamas (£ oo () 3ot oo}

k= k=1
n
= a+5d,

—_ 2
or, picking % - terms:

> (ah = a) = (n+ 1)@, = @) + (0 + n(n +2)a.,
k=1
or
- 2
@ = (n+1)(a+ 2d)* + 3d2(”+ >(a+ ).
Py 2 2 3 2

(4)

This is our desired formula. Of course, once it is written down, it’s trivial to prove it

directly.
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Abstract
%H’ ﬁ, ﬁ, k € Zzg, form a 3-term arithmetic progression. We manage to
quantize this.

The terms

Let

" —q"
[zl = ——F 2 €R, ¢#0, £1,
q—4q
be the 2"¢ quantization of z.
The elements

A= [a];,
B=la+dj,
C= [a + 2d](1a

form a Quantum Arithmetic progression with the characteristic property

A+C=[2%B, (1)
d = (Ba)lg=1 = (CB)lg = 1. (1a)
Theorem 2. Consider the elements
—k
q 1 q
A — N 3 9 (38')
[k +1]5 [2]5imalk]y " [K]3 [k + 1]
-1 1 -1+k
d_ﬁ+k+1_2kz(kz+1)' (3b)
Proof. We have to check the equation (1), i.e., that
“ . g " 2 1
k+1lg - K+ R

or
~ k7 ~
glkly +a7 " = [k +1]7,
which is true because, in general,

o+t =g 'y +a"ply. W
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Abstract

Let @ = 1, ap = a -+ kd, be an arithmetic progression. It is not difficult to show that

1 2 n 1 1
— + + ...+ =—(1- .
a1 aiai at...an d ai...an

We quantize this identity.

Let
r _ . —x
[ﬂNz%ji%axeRﬂq#o,iL

be the 2" quantization of z.

Theorem 1. Forn € Z>,

nz_:l g larlg =1 laly . [an]y (2)

Proof. We use induction on n. For n = 1, (2) returns:

[dyq? 1 q°
[1+d]y la +d]y

or

1+d)y =[dyq "+ ¢*[d],

which is true, because, in general,
[a+ bl = g "laly + q"[0]7 (3)
Now, the inductive step amounts to; with

My = [al];[ak]; :
h+1 ~ n+1 _ n

L e e T g W
My rln-i—l |_|n+1’
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or to

1
|_|n+1

~ n ? 1
(i vyt g 2 2

which is true, because, by (4),

[+ 17 + 1= ¢ = 14 (n+ 1)dly = [apa]y.
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Abstract

_ _on_9pn_
Classically, % + 2% + 2% T 2Zn 1 _ 3-2 2n2n 3. We quantize this.

Let
r _ . —x
[.’L’]; = %7'% € R> q 7£ Oa :l:1>
qa—q
be the 2" quantization of z, so that

21 =q+q "

Set

Theorem 4. For n € Z;, we have:

2k =107 jere [BMa] — g™ [2n+ 3]y

n
Z |_|k] q - My,

k=1

Proof. We use induction on n. For n = 1, (5) returns:

05 2 By bl

or
B85 [2]gs = al5lg + a7,

which is true because, in general,
[z + 171200 = g2z +1]7 + ¢,

as is easy to prove.
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Now, the inductive step applied to (5) returns:
{1312 T =g [2n + 3]} 2] s + 20 + 17 25 2
L 87 N1 — gV (204 5]7,
or
¢ [+ 5]y + 20+ g 20 £ ¢ 20 4 3] (200 = ¢ [dn + 67,
or

G20+ 5]Y + ¢ 020 + 1)) < [dn + 6],
which is true because, in general,

[a+b]y =¢’laly +q ;. W
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Abstract

We deduce a formula for the sum.

Let

T

~_ q'1
[z]q =, h1ER a#F 1 a>0,

be the 1%¢ quantization of z.
Let

@ —q®
[x]; = ——
q q—q 1

r, € R,q#1, ¢>0,

Let
ar =a+kd, keZ,
be an arithmetic progression. As is known,

n N N d N
kZ[ak]q = [N + 1l + N5
=0

a rather simple formula in the 2" quantization.
Theorem 1.
n ¢HEN #1050 — (N +1)

> lax] = i1

k=0
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Proof. We have:

ZN: N otk _
[ak]q = =
k=0 k=0 q—1
1 N
= q_l{qa Z(qa)k - (N+ 1)} =
k=0
1 aqd(N+1) -1
S -
d
1 qE(N‘H) —d(N+1) d(N+1) B
:q—l{qa nE —q T P (@ )~ (N +1) p =
1

dn ~
= q—l{qa+2 [N + 1742 — (N + 1)}7
and this is formula (2). H

Notice that formula (2) is singular in ¢ — 1, and, thus, has no classical analog.

Example 3. Take N =1. Then

a+d/2[91~ _
q [2] d/2 2
[alg + [a +d]g = q _ql =

1
N q—{qald/g(qd/2 +q %) - 2} N

1
- q_l{qa+d_ 1+q¢* - 1} = lalq + [a + d],.

More generally,

g2

- ()

lalg + [b]g

For a or b = 0, we recover from (4) the usual definition of a quantum number in the 15
quantization. Notice that the general form of (4) is

q—1
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Abstract
For a, = a + kid, C 75 —2,a= 2(0(:_:_21) s d= c—?—%’ we have ZZ:I sz_tca]i = én(zi—l) . We
quantize this.
Let
~_¢—q"
x :77$€R>q7§0111
g q—q!
be the second quantization of x.
Set
9\~ 2
p_ 12 "
[c+2]3
Ay = 2 [c+1+2n]7. (2)
[c+ 2]y
Theorem 3. For n ¢ Z>1, we have:
Z ok +cy _ l[n];[n%—l]qw )
Ak 1 A D A, '

Proof. We use induction on n. For n = 1, (4) returns:

lc+1]7 2 127
AoA, D A

or
Dle+ 1]y = [2]; Ao,

which follows from (1) and (2)|,=o.
Next, the induction step amounts to:

Lnlgln+1)7  In+lgntl+dy ; 1n+1gn+27

D An AnAn+1 5 An+ 1 ’
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or

1 [n]y N [n+1+cly _ l[n%—l];

D A, ApAnyr D Ann
Now

Ay = fle+ 1+ 2k

D = f[2]7,
where

27
f=
[c + 2],1

Thus, (5) becomes:

)y [e+3+2n)7 + 27+ 1+ d7 £ [n+ 2 [c+ 1+ 2n)7.
Multiplying this by (¢ — ¢~1)? and denoting
X=q", C=¢,
we arrive at:
(X - X H(X20¢ - X207 %) + (2 — ¢ )(XCq— X107 £
= (X¢® - X~1q (X0, - X707,

or
(XPC® + X73C™'q7%) — (XC* + X'C ¢ %)+
HXCo(? — 72~ X0 Mg~ g7 =
ZX3CP + X301 %) — (XCqgt + XL )],
or
~C¢* + Ca(d® —q7%) = ~Cq ™",
which is true. |

The formulae in this paper are new even for ¢ = 1,7 — e., in the classical case.
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Abstract

For 0 <z <1, (1 — .’I})n + (1 + x)" <2".ne ZZP' We quantize this.

Let

@ —q
[x]qNZFﬂGR,(J#O, +1,

be the second quantization of x.
Since

[2]g- = [2]g s

we can restrict ourselves to nonnegative numbers only, and since

~

["E];*l = [‘T]qa
we can take
qg>1

without loss of generality.
Theorem 1. Let 0 <z < 1,

([1 = 2]g)" + ([ +21g)" < ([219)"

Proof. We use induction on n. For n = 1, (2) returns:

(1= a)y + 1+l < 27

Multiplying this by ¢ — ¢! > 0, we get:

?
@ = N+ (=" <P =

or

2

“la—aH+a(a—a")<(a—q Na+q),
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or
?
¢ +q"<d +q"
which is true because < 1 and
¢ +q"
is an increasing function of x.

Now, the induction step n — n + 1, amounts to:

q

which is true because

21y > [1 -zl
and

[2];; > [1+4 l‘]qN,
since

2>1—-z
and

2>14+=x

x being < 1, and, in general,

a<b=laly <[pl;y. N

(@)™ = (PRI > 2L - al)) + [+ 27D 2} > (1 — o)™+ (1 + a]p)m,
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Abstract
Classically, IE% = 1. The situation is more complex quantumly.
Let
~_9-q
[z]] = p— ,x€R, ¢#0, *1,

be the second quantization of x.
Since

[z =[]y,
we can restrict ourselves to nonnegative numbers only, and since

[2] 20 = [2]],
we can take
qg>1

without loss of generality.

Theorem 1. Let 2 # 0. Then

ly HN = @)

X

Proof. Since



2 B. A. Kupershmidt

L we can take

is invariant with respect to the change x — x~
x> 1,
the ease

r=1

being obviously true.
Multiplying through (2) by (¢ — ¢~ 1)? > 0, we get:

2

e e A R
or

(qm—i-l/m + q—x—l/x) _ (qm—l/x _ ql/x—w) ; “+q -2 (3)
Set

h =log q > 0.

Then (3) becomes:

— h?" 1., 12?§:h2”2
2 [(z+ )" —(z—=)" =2 27" (4)
= (2n)! x x =, (2n)!
Since h > 0, (4) follows from:
1 2n 1 2n ! 2n
(@+-)"—(z—=)"=2" n=1,
T T
or
2 3 (M)er(L) 2
k even k z
or
2 ?
Z < :>x2(nk) > 2l
k even
or
2 ?
Z ( :)y”_k >2Mlm y>1, n>1. (5)

k even

If n is odd, (5) is obvious. Since y > 1, ¥ % +y¥~™ > 2, and (5) becomes:

2n\ 7
2 > 221
x ()=

k even <n
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or
()=
k even
and
my\ m\  om
> (1) -2 ()=
k even k odd
For n even, n = 2mg (5) is bounded, by the same argument, by

4dm dm\ 7
2 > 24m-l
= (V)+n)z

k even<2m

or

k even

which is true by (6). [
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Abstract
arithmetic progression.

The relation ag + a9 = 2a1, is generalized for higher powers of the term ap = a + kd of an

Rewriting the relation

) + a2
2

al =

as

ag — 2a1 + as,

and noticing that

aj — 2ai + 3a3 — a3 =

0,

we are naturally led to the following

Theorem 1. For m > 1, the n' powers of the terms a;” of an arithmetic progression
a; = a + id, satisfy:

m+1

ZZ; <m ! 1> (=1)ia™ = 0.

(2)

Proof. Since

m

a’ = (a+id)™ = Z am3d%® (m) ,

s=0

(2) can be rewritten as

m+1

or
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which follows from

m—+1
1 .
S (") -0 0ss<m,

- 1
=1

which is:
d S
Il _1m+1_1mx_ =0
(245 ) (= DDl =0,

which is obvious. [ |
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Abstract

The standard formula a,, = Naj; — (’I’L — 1)&0 for the terms of a classical arithmetic progression,

is quantized.

Let

x

2] = -

q 1 > xEqu#(Lilv
qa—q

be the second quantization of x.

Theorem 1. For the terms of a quantum arithmetic progression,

ap = [a + kd];, ke ZZO’ (2)
we have
an = [n]qwdal —[n— 1];1(10. (3)

Proof. The formula is obvious for d = 0. Let now d # 0. Multiplying through (3) by
(¢—g¢ )" = q7%), we get:

2

(qd o q—d)(qa+nd _ q—a—nd) £
? n —dn\/ a —a— n— —d(n— a —a
= (@™ — ¢ "M@ =) = [¢" ) — DY (g — g7,

or
0
[qa+(n+1)d + qfaf(n+1)d] _ [anr(nfl)d + qfaf(nfl)d} £
‘?
= [qa+d(n+1) + qfafd(n+1)] _ [qafd(nfl) + qfaer(nfl)} _
_{[qa+d(n71) + qfafd(nfl)] _ [qafd(nfl) + qfa+d(n71)]’
or

0=0,

which is obvious. [ |
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The classical formula Z?:l (—1)i_1’i2 = (—1)71_1(2?:1 Z) is quantized.

The classical formula in the Abstract can be quantized thusly:

n

Y (U = "12 e (1)

i=0
where

mzzijgl- (2)

To prove (1) we set 3, = ¢* — ¢, notice that (1) is true for n = M, and then proceed by
induction. The inductive step n — n + 2 amounts to

(=1)"(In +107)* + (=1)" "X ([n +2J7)? =
£ (=1)" HYn +10% + [n+ 2]},
~(In = 107([n+ 27)° = [n+ 155 + [+ 25 )
Call
X =q".
Then (8) becomes
31%{(962612 —24+ X2 + (X% -2+ X 2} =
= %{XQqu(q —¢ ) =X q—-q ")} =

1 9 _ ~
= g{XQq?’—X 2% =[x+ 3]y (5)
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the RHS of (4) yields:
1 _9 _ _
5P+ XU+ q7)) =
1 9 _ 1 _ ~
= ${X2q3—X 24 3}: 3f1{X2q3—X 2q3}[2x—|—3]q,

which is the same as (5). We used in the Proof the obvious relation

_®

2~ =2
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Abstract

We find a quantum analog of the classical identity
n
; 2n+1
g (20 — 1) = < 3
=1

The purpose of this short note is to prove

Theorem 1. Let n be a positive integer. Then

n ~
. ~Te ~ 2n+1
>l - - 1 = 7] )
=1 q

where

xT

~_ ¢ q

T — [:):]q p———

is the (2"¢) quantization of z, and

m ~ ol — k17

k|l — ~ RS (3)

In particular, the RHS of (1) is:
2n + 1] [2n]7 [2n — 1]7

2] 3]y ’

because [1]7" = 1.

Proof. For n =1, we have

[

which is true. We use induction on a afterward. It reduces (1) to

~ - 7 [2n4+3]7 2n 411" 1 N ~
2n +1]7[2n + 1] = [ 5 ] — [ 5 } = o 120+ 1g([2n + 3] [2m + 2]7 —
q q

[21[3]

—[2n]g 120 = 117),



2 B. A. Kupershmidt

207817120 + 1] = [2n+ 3720+ 2]7 — [2n]7 (20 — 1] (5)

Denoting 2n — 1 by z, (5) becomes:
~ o]~ ~ 7 ~ ~ ~T 1A
215 8lg [z + 21 = [z + 4] [z + 317 — 2 + 1] (=17 (6)

For the RHS of (6), with 3; = ¢* — ¢~*, we have:
A =@ ) = (g g - ) (with 7 = X) =
= ?E{(Xff XX - X)) - (XXl H(X - XN} =
= %{XQQQ —q g+ X - (X X)) =
= X% )+ X (¢~ g} =

1 _ 9 1 _ _
= AX%(P - - X2 P -} =
31

3 ry2 4 -2 —4 By ~ ~Tal~ ~
= Q{X ¢ =X Tq =B 28 = 2Bl e+ 20,

which is exactly the LHS of (6). We used the obvious relation

3n

=5 nezZ ®m (7)
1

]
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If ar, = 1+ 2k, then Y _p_, akljjak = g((Zﬂ)) We quantize this.
Let
[x];:qqx_;_f, r€eR, ¢#0,1,
Let
ar =142k, keZ
be odd numbers.
Theorem 1.
z": (Wg)*  _ g+ 17 -
= lanlglady 217120 +1]7

Proof. We use induction on n. For n = 1, (2) returns

which is true. The inductive step amounts to:

[n]y [0+ 1] (In+1]7)? 2 [n+ 170 +2]y

2l72n+1y 2o+ 172n+3]y (27120 +3]y
ny 27 +17 2 [n+27

2n+1]y  2n+172n+3]y  2n+3])7

~ ~ ~ ~ 7 ~ ~
[n]7 [2n + 3]7 + 217 [n + 1]7 = [n + 2|7 [2n + 1]7 . (3)
To prove (3), we multiply it by (¢ — ¢~ !)%, and denote

X=4q"
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?

Then (3) becomes:
(X - XX =X+ (" —¢ ) Xg—X""¢7)

?
?

(X¢* =X ) (X% —X?q7 ),

(X + X3¢ = (X + X )+ (¢ — ¢ )X — (¢ —q¢ P ' X

[(XP¢* + X73¢7°) = (Xq "+ X g)],

2

or

_oy 7 _

¢ +ql®—q?) =—q",
which is obvious. [ |
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Abstract
Classically, ZZ;(% f:O % = 2n, n e Zzl' We quantize this.
Let
-1
~_ 4" —q
[.I] :77I‘€R7q7é17
q q— q—l
so that

Theorem 1. Forn > 1,
n—1 k .
2n — 2]
2n—3k—2 [ q ~
s [ B Y
Zq H[Qn—q—Qi]N [ n]q
k=0 =0 q

Proof. Denote the LHS of (2) by S,,. Then,

[Qn];

= s 1y

(q2n—2 + q_15n71),

Domain

so the assertion (2) amounts to, by induction (since (2) is obvious for n = 1), to:

?

2n—1); = ¢ ?+q '[2n—2],
which is true, since

[a+ 0]y = q°laly + ¢ by

and
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arithmetic progression.

The relation ag + a9 = 2a1, is generalized for higher powers of the term ap = a + kd of an

Rewriting the relation

) + a2
2

al =

as

ag — 2a1 + as,

and noticing that

aj — 2ai + 3a3 — a3 =

0,

we are naturally led to the following

Theorem 1. For m > 1, the n' powers of the terms a;” of an arithmetic progression
a; = a + id, satisfy:

m+1

ZZ; <m ! 1> (=1)ia™ = 0.

(2)

Proof. Since

m

a’ = (a+id)™ = Z am3d%® (m) ,

s=0

(2) can be rewritten as

m+1

or
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which follows from

m—+1
1 .
S (") -0 0ss<m,

- 1
=1

which is:
d S
Il _1m+1_1mx_ =0
(245 ) (= DDl =0,

which is obvious. [ |
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Abstract

The standard formula a,, = Naj; — (’I’L — 1)&0 for the terms of a classical arithmetic progression,

is quantized.

Let

x

2] = -

q 1 > xEqu#(Lilv
qa—q

be the second quantization of x.

Theorem 1. For the terms of a quantum arithmetic progression,

ap = [a + kd];, ke ZZO’ (2)
we have
an = [n]qwdal —[n— 1];1(10. (3)

Proof. The formula is obvious for d = 0. Let now d # 0. Multiplying through (3) by
(¢—g¢ )" = q7%), we get:

2

(qd o q—d)(qa+nd _ q—a—nd) £
? n —dn\/ a —a— n— —d(n— a —a
= (@™ — ¢ "M@ =) = [¢" ) — DY (g — g7,

or
0
[qa+(n+1)d + qfaf(n+1)d] _ [anr(nfl)d + qfaf(nfl)d} £
‘?
= [qa+d(n+1) + qfafd(n+1)] _ [qafd(nfl) + qfaer(nfl)} _
_{[qa+d(n71) + qfafd(nfl)] _ [qafd(nfl) + qfa+d(n71)]’
or

0=0,

which is obvious. [ |



Linear Relations Among Terms Of Quantum
Arithmetic Progression

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@uitsi.edu

Abstract
Letap = a+kd be an arithmetic progression. It is well known that for any N € Zzg, ZZ:O (— 1)k <Z> ap =

0. We quantize this.

Let
~_¢—q"
[x]q = q_q_1 ) J,‘ER,(]#L
be the 2" quantization of .
Set

K]\ = [k, k€ Zsr; 017 =1,

Theorem 1. For any n € Z>>, we have:

n

>[4 vt =o )

k=0
where
1, n even

0‘:{ 1/2, n odd

Proof. We are going to prove (2) by induction on n, the cases n = 2,3 - the base of
induction - easily done. For n = 2, with

A=¢" Q="
1

q

and for n = 3,
[a]; - [3];1/2[a + d]; + [3};/2 [a + 2d]qN —[a+ 3d]; =
-3 17 o [d1™
= —[2]qA |:2d:|q + [3]qd/2 [2]qA |:2:|q ~

~=[5] e + g [] -0

laly — [2Jgala +d] + [a +2d] = S{A-ATH —(Q+Q7)(AQ - ATIQTY) + (4Q* - A'Q %)}
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where
3
N = —d.
a+ 5
We used repeatedly above the useful formula
N N N a+b]”~
[a]q + [b]q = [2]q(b—a)/2 |:2:| . :
The inductive step now will come by 2 : n — n + 2. If we rewrite (2) as
— i [n] (Df(g - gk (4)
q—q " = Lk ] gea ’

and differentiate w.r.t.a:
d
da

we find that (4) breaks down to two relations:

SC0fp] et =0 =

d
a :h a —(l:_h —a h:l
(¢") = hq", 70 q 094,

k=0
or
n n ~
> [i] @rer=o c=n )
k] o
k=0 q
It is this relation we are going to prove by induction on n.
We have:
21~ 1\~ 1~
L e ()], B ) e 0
q q T g
where
a=b
means:
a=q’(b)
and f is k-independent. Repeating (6) one more time, we get:
~ s ~
vk n+ 1 — (l/1+l/3)k n . n = 41 8
1 [k:]q_q k1] "Mt k-2|, ) T ®)

Thus, (6) becomes:

n+2 N_ (itwa)k | T - (v+14+2)k | (vi+v3)k n - (r1+v3)k n -
[ L L—q kq+q +q 1 q+q k—2q’(9)

and induction step n — n + 2 is complete if we taken

Vg = V3 = —19 [ |
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I find weights {an} so that the formulae Zk 1 qa” [21{2 — 1]

qq 711 ,t € R,q 75 0.1, is the 1° quantlzatlon of .

Theorem 1. For any N € Z>1,
N
> g Rk — 1)y = (N2,
k=1

is valid.

([N]q)Q is valid, where [:E]q =

Proof. We use induction on N. For N = 1, (2) returns: 1 = 1. The inductive step

N — N + 1, amounts, in view of the formula
N +1=¢Snv+[2N +1],,

where Sy is the LHS of (1), to
g([N])? + 2N +1]g == ([N +1],)?,

or to

20 +1] = [z + 1)2 - q((2y)?,

or to
— — ?
(q2x+1 2z—1 < (q_q 1) S (qx—i-l q T 1)
or to
— —2z—2 ?
q21+2_q2x_q2x+q2x2:
? — — —
S q21+2 +q 20—2 (q2x —q 2x),

which is obvious. ]

(3)
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Abstract

T _ —T
Let [l‘]qN = 11 z € R, ¢ 75 0, %1, be the second quantization of Z. I calculate

qg—q~1 "’
Z?:l [Q}qz in a compact form.

Theorem 1. Let n € Z>;. Then

n

Y Ry=2n 1, L
=1

Proof. For n =1, (2) returns:

? o1~ _
2l =Blgn —1=(g+1+¢") -1,
which is true.

The inductive step n — n + 1 amounts to

?

2n+ 102 — 1+ 2[00 = 204 3]0 — 1,

or to
2x+4 4r—2
_ 1\ 4 —q ?
g Y - ) s = -
q —q
or to
?

q2:c+1 _ q—2z+1 + (q _ q—l)(q2x+2 + q—2$—2) £ q2$+3 _
or to

q2a:+3 o q—2x+1 + q2$+3 + q—2x—1 _ q2w+1 _ q—2x—3 —

which is obvious. [ |

—2z—3
q

q

9

—2z—-3
q )

2x+3 —2z—3
—q
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Abstract
The classical formula Zn>0(_1)nﬁ (;) = (?a_JrlZ;T' ,a > 0, r> 0, is quantized.
Let
r _ . —x
oy =L =1 zeR, q#0, £1,
q—4q
be the second quantization of x.
Since
(==l = —[z]g

we can restrict ourselves to nonnegative numbers only, and since
q 9
we can take

qg>1

without loss of generality.
For a >0, n >0, set

Ya(n) = r(n+ a),
zZ(n) = q"a(n). (1)

z

Theorem 2.

[a —1]

n Tgla) [r]7 17
n%:o(_l) [n+aly [nL [+ l]qN...[aq—i— )y’ (3)

where

K] = (17 (k) k€ Zsy, [0 =1,
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where

K] = (1) (K], k€ Zors [0)1 = 1,
b, -

kl, [K'yIm—k]ly

Proof. Denote by B,.(a) and L(a) the RHS and LHS of (3), respectively.

Lemma 4.
Sryi1(a) = q*Sy(a) — q’"+1+aST(a +1). (5)
Proof. We have:
[a —1]17 ?
Sy = 1 = ¢*S,(a) — ¢"T11es, 1) =
+1() [r—|—2];...[r+1—|—a]; ¢"Sr(a) = q (a+1)

(a B 1)'; qa _ qT+1+a [a — 1]|(1N[a];1v
[r+17..[r+a+1]7

C 1y +aly

or

~

5

[r+1]7 = ¢*[r +a+ 1]+ ¢y,
which is true, because, in general,
[z +ylg = a Y=]y + " yly -

qr+1+a[_a]q~7

”
[r+17 =¢"[r+a+1] =
which is true, because, in general,
[ +yly =¢ V=g + 4" lyly. ®
We are going to use induction on 7. For r = 0, (3) returns:

a 215 1

[aly [a]'g [aly

which is true.
We next show that the LHS L, (a) satisfies the same recursion (5) as the RHS S,(a)
So,
(r+1)(s+a) ~
q r+1
L,’,, = —]_ sz =
+1(a) Z( ) [S—F(L]qw |: :|q

s=0

(r+1)(s+a) ~ ~
s4 —s|T r+l1—s r —
3k (M T R

s —I—a
r(k+a+1) ~
k4 I:"":| o anT<a) _ qa-&-r-i-lST(a_i_ 1>. m
q

=q"Sr(a) — QHHG;(—U otk

S
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For a, b, x + R, let f(a, b, Z) =1 ([w]qa — [l’]ab, where [{L‘]q

qg—1
is the first quantization of . We calculate hmq_ﬂ f(a, b, x)

Theorem 1. For a,b,z € R,

72
lim f(a,b,x) = —(a —b).
qg—1 2

Proof. Let ¢ = ¢, h — 0. Then

-1 1 1 9 B
T <haac—|— 2(haac) +..)=
1
=x+ —haz® + ...
2
Therefore
[@]ge — [zl 1f1, , @’

T,z €R,q#0,1,
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Classically, Zg:1(2k — 1) =N21 quantize this formula.

Let

¢ —q "
[ﬁ];:mv CCER, Q#Oail)

be the 2"¢ quantization of z. We shall prove

Theorem 1.
N

Z[Qk —1]7 = ([N];)?, N €Zx1. (1)
k=1

Proof. For N =1, (11) returns: 1 = 1. We use induction on N. The inductive step
amounts to

2

(IN]) + [2N + 17 = ([N +1]7)?, (2)

or

°

2N +1]7 = ([N +1]7)% = (IN]7)? (3)

which is true because, in general,
([a]g)? = (Blg)? = [a = blg[a + b7, a,b € R > (4)

Indeed, the LHS of (4) is

(=) - () -

q—q! q—q!
1 2a —2a 2b —2b }

39 Ta4 T (@ +g . b

(q—q71)? { ( ) 5)
The RHS of (4), times (g — ¢~ 1), is:

(@ =" =g ) =

_ q2a _ q—2b _ q—Qb + q—2a _ (q2a + q—Za) _ (qu _ q—2b)7 (6)

which is the same as (5) multiplied by (¢ —¢~1)? W
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Abstract
Let [.T]q = %,CE eR, ¢ 75 q £ 1, be the gnd quantization of . Zf\;1[2K — 1]; =
(INI7)2.
The classical formulae
N
> (2k-1)=N
K=1

can be quantized thusly:

(1)
N
S 2n— 1) = (V]

)
k=1

Theorem 1. Let N € Z>;. Then

Proof. We use induction on N for N = 1, (2) returns:
N — N + 1, amounts to:

(2)
1 = 1. The inductive step
(INI7)? + 2N + 1) = (N + 1), (3)
22+ 107 = (le+117)° = ()7, (4)
which follows from more general formulae:
([alg)? = ([0]3)? = la — b5’ [a + b7 -

”

To prove, (5), multiply both sides of it by (¢ — ¢~1)2. We get:
a e ?
(0" =a =" —qg"?=

(qa—b o qb—a)(qa—l-b . q—a—b)'
The LHS of (6) is

(@ +q7%) = (@ +q)
The RHS of (6) is

q2a . q—2b

(7a)
q 2b + q—2a’
which is the same as (7a). [
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Let [2]y = %,

the classical relation sumi]\;l(% — 1) = N2 for any integer N.

x € R, q 75 O, 1, the first quantization of Z. In that quantization, I quantize

Theorem. Let N € Z>;. Then
N .
ZqN_Z[% —1] = ([N]y)*.
=1

Proof. Denote the LHS of (2) by Sy. Then
Sni1 = ¢Sy +[2N + 1],

and our conjecture (2) is:

Sy = ([N,
S1=1=([1],)%

using induction N, (3) is
(IN +1]5)* = ([N]g)* + 2N + 1],
or
22 + 1]y = ([ +1]¢)* — a([z],)?, = € R.
Rewriting (8), we get
20+ 1y(q — 1)? = (¢*"* = 1)(g — 1) = ¢* 2 — g — "4 =

?

= (""" —1)* —q(¢" - 1)* =

— q21+2 o 2qx+1q(q2x o 2‘70(]) + 1— q=
=¢* M (g—1)—2¢"-0= (" - 1)(¢ - 1),

which is (9a). W

(9b)
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. L . m @ 1 1 _
The inequality in question reads: (1) Ei:l ?l]q >, > [C]q...[$n]q, where 5 4+ ...+ B =
1, Pi, ;> 0, [;E]q = % This inequality is proved below.

Proof. By continuity, it’s enough to consider the case then all the p; are rational. Say,

B = E’ 7"7;87; 6 Z>07 Z == 1’ ...,m. (2)
Si
Therefore,
o1 S; 1 s; 11
1 _ i 21 - 7 7" 3
BRI @
where
HT =T1...Tm (4)
Hence,

=1 i 7 v q
== L hl hk: = | (5)
[ ()],
where
I,
i = S;i—. 6
ni=Sie; (6)
Thus,
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which is (1). Above I said:

> hj=P,
J

-IDini = 17 vi;

and the quantum AGM inequality:

[xl + T

— L > [z]g..-[Tm]q-

(10)
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Abstract

A multidimensional version of the classical Young’s inequality is derived.

Theorem 1. Let py,...,p, > 0 with 37", p%_ =1, and let x1,..., 2, > 0. Then

Pi

m.%’
2 2

Proof. By continuity, we can consider all the p;’s be rational; say

T .
bi = ;7 Tiy8; € Liso, 1=1,...,m.
i

Then

1 1 1 11
N

- T
A
where
II, =r1..1,

and % is an integer. Then
K2

m.o i Pi . .
I P
(2
— Di T 1L, T

i [by AGM] >
s'ﬂr[ -
2
> e S, )Y R
L

= L[]V = M,

which is (2) [ |
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Abstract

1
The classical inequality 11.22. pn < nn("; )

is quantized.

Let

- —q°
xN g E——
g q—q!

T €R, ¢#£0, £1,

be the second quantization of x.
Since

[_aj]q = —[Il']q )
we can restrict ourselves to nonnegative numbers only, and since
[z]g-1 = [2]7,
we can take

qg>1

without loss of generality.

Theorem 1. Forn € Z>,
([1]N)1([2]N)2'.‘([n]~)n < ([n];)n(n—kl)/Q

Proof. The inequality is as obvious as it is its classical counterpart.
Since

[k]g

7 < [nl*img

for k < n, the LHS of (2) is < than
([n17) () ()™ = ([l 2 -
The Proof by induction amounts to the same argument. For n = 1, we get

1<1,
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which is true, and the induction step is:

?

([n]w)n(nJrl)/?([n_i_ l]qw)n+l < ([n+ 1];)(n+1)(n+2)/27

q
or
7
~\n(nt1)/2 2 ~ 1)/2
([n]g)" " V2 < ([n+ 1)) /2,
or

[y < In+1]7,

which is true because

n<n++ 1. [ |
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Abstract
We show that ¢% + ¢¥ ™% decreases for 0 < 2 < y/2

Let
~_ g
[l‘] :77‘%61&7(1#07 :I:17
q qg—qt
be the second quantization of x.
Since
[—alg = =[]y

q q?

we can restrict ourselves to nonnegative numbers only, and since

[]51 = [=]7,
we can take
qg>1

without loss of generality.

Theorem 1. lLet0<z < y/2. Then
fx)=q¢"+q¢" "

is decreasing with x increasing.

Proof. with

h=log q >0,
we have:

i(qx +4¢V") = 2(eh:n + qyefh) = h times : ¢* — ¢V~ "

Oz Ozx ' ’
and

?

q-—q¢" " <0,
or

" < ¢,

which is true because 2x < y and ¢ > 1. |
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Abstract

‘We decompose the said mixture into a sum of quantum twos.

Let

@ —q "
[w]gzﬁ,weR,q#O, +1,

be the second quantization of x.

Theorem 1. For nlZ-,,

([Z] :/2)2 e gm&w (n—1+k).

k=0

Proof. We use induction on n. For n = 2, (2) returns:

2

(20522 -2 2127,

which is obvious.
The induction step n +— n + 1, with the help of the formula

([z+1]7)* = ([2]7)? + 22 + 1],

amounts to

n—2

~ ? ~ ~
(2n+1]5,.) —1= Z[Q]q1+k + [2]Gn, n > 2.
k=0

We use induction on n again. For n = 2, (3) returns:

2

517 — 12 207 + (2035,

which is obvious.
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The induction step n — n 4+ 1 amounts to:
~ ~ ? ~ ~ ~
2n + 3]q1/2 —[2n+ 1]q1/2 = [2]g + [2]qn+1 — 27, (4)
or, because

[z + 2]; — [a:]qN = [Q]anH,x e R,

(4) becomes:
2151 = [2]gn+1,

which is true. [ |
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Abstract

The product of two successive odd numbers is a SUTNof odd numbers. This is quantized.

The table
3
3 5 7

3 5 7 9 11,

has, for the sum of it rows, 3 = 1.3,15 = 3.5,35 = 5.7, ... This suggests

20

> (3+2k) = (20 + 1)(20+3),L € Zxg
k=0

which is obvious.
We aim to quantize (1).
Let

" —q®

x , teR, ¢#0, £1,
g q—q!

be the second quantization of x.

Theorem 1. For ¢ € Z,,

20
> B+ 2]y =20+ 1]7[20 + 3]
k=0

Proof. We use the formula for the sum of quantum arithmetic progression:

Y . _ Ta+ @+ N~
D la+kdy =[N +1]7), {2L .

k=0

In our case, N = 2/,d = 2, a+(a;rNd) = 3+(32+26) =20 + 3, and (2) follows.




A 3-Parameter Family Of Quantum

Decompositions
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Abstract
Z?;Ol(Q + 45), is generalized, quantized, and then generalized

The classical identity 2n2
again.

Let

xT

.
r=L Tl s R, q#0,41

T 4 4
[=]; pa—
be the second quantization of x.

Since

we can take,
qg>1

without loss of generality.
Our main tool will be the formula for the sum of quantum arithmetic progression:

N ~
S o+ idly = [N + 150 [‘“L(a;Nd} , (1)
i=0 q
which is easy enough to verify.
We observe that
(7121 = 1217
2l2[4]g = 217 + (617,
Bl2[6]17 = [2] + [6]; + [10],
and, in general,
n—1
(2)

[)%2nly =D (2 +4s];.

s=0



2 B. A. Kupershmidt

Similarly,
(51417 = 1417,
212[6]5 = 1415+ [8]7
81521815 = [4]5 (8] [12]7,
n—1
[]n2n + 2] = >[4+ 4s];. (3)
s=0

These observations are subsumed by the general Theorem 4. For n ¢ Z>1,kcZ,

n—1

()% [2n + 2k]7 = [2k + 2+ 4s];. (5)
s=0

Proof. Using (1) for the RHS of (5), we get:

M2k 424 (2k+2+4n—4)
[n] 2 5

LN = [n]3[2k + 2n);,

i.e., the LHS of (5). M
However, formula (5) can be generated itself.

Theorem 6. Forn e Z>,d, k € Z,

n—1

[n]7ldn + 2k + 2 — d]y = _[2k + 2 + 2ds];. (7)
s=0

Proof. Applying (1) to the RHS of (7), we get:

J[2k+2+ (2k+2+2dn —2d) 7
[n]qd B =

q
= [n]a[2k + 2+ dn — d]y,

ie, the LHSof (7). N
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Abstract

Euler proved that Z?:l aali:ii =1- ﬁ. We quantize this.

Let
~_ ¢ -q"
[x]q = 1> JZER, Q#OaiL
q—q
be the second quantization of x.

Since

[—alg = —l=lg,

we can take,
qg>1

without loss of generality.
Theorem 1. Set

I = lau); - fanly

Qn = qznaz = Z(az — 1); Q. =1.
n =1

Then

Proof. We use induction on n. For n = 1, (2) returns, with a = a; :




B. A. Kupershmidt

or

or
e e ]
which is true because, in general,
[z +ylg = aVl=lg + " lyly

Now, the inductive step h — n + 1, amounts to:

Qn) [an+1 — 1]7 ? Qn+1)
QA BT s B S APHE ,
q< L) e @ L

or

~lans1ly +q Hanss — 15 £ —g Y,
or

g Hangr — 15 +¢*1 71 = [angaly,

which is true by (3). W
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Abstract
(2n—1)! e .
NN — 0 as n — 00. We remark that this limit is preserved under quantization.
Let
~_9-q"
[z]7 = PR r€R, ¢#0,+1,
be the second quantization of .
Since
[~y = —[=]y,

we can restrict ourselves to nonnegative numbers only, and since
[z]gr = [217,

we can take,
qg>1

without loss of generality.
For n € Z>1, set

n

2n — 1)15 = ]l2s - 17,

s=1
2015 = T ]l2sl5
s=1
Theorem 1.
[2n — 1117

Proof Since

2n — 11> 25 — 1]
W =11 W;q,

s=1
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it’s enough to show that

[2s — 1];

o < g . (4)

(4) follows from

Lemma 5. For z,y > 0,

~

W] e
m <gq " (6)

Proof. (6) is:

?

Wy <a*lz+yly. (7)
Multiplying this by ¢ — ¢! > 0, we get:

¢ — gV < g (g - oY),
or

¢FV<qY,
or

¢ <1,

which is obvious because x >0. W N
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Abstract

An equality C = C becomes inequality when quantized.

Let
~_ g
2]y = , z €R, ¢#0,£1,
q qg—qt
be the second quantization of x.
Since
[—alg = ==y,

we can take,
qg>1

without loss of generality.

Theorem 1. Let a,b > 0. Then

Proof. Multiplying through (2) by (¢ — ¢~)? > 0, we get:

?
(@ — g ) (g" — g% > (¢ — g—Vb)?

9

or
? n
(qa+b + qfafb) _ (qafb + qbfa) > (q Vab + q72\/@) —9.
Set

h =logq > 0.
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Then (3) becomes

0 h2n

e A SURED WL

n=0
follows from

ab)*"

?
(a+b)* — (a—b)?" > 22" (ab)", n > 1.

Notice that for n = 1 and for b = a, any n, (5) becomes an equality.

Since a,b > 0, set
a=\% b= B>

Then (5) becomes:

?
(A2 + B2)2n o (A2 o B2)2n 2 22n(AB)2n

or
A B A  B\* 9
j— - IER— > 9<n
(B+A> <B A) 22
Let A >b. Set
A
A==>1.
5=
Then (6) is
A+l _ (a1 Zn;?” A>1, n>1
A A — ) — ) n—?
or
M\ o r[(1)\" 1\" )
n . _ _ 2n
() G) - (-5) ==
k
or, with
Anfk:)\QZL
Z <2n>An—k ; 2277,—1‘
k odd k
Now,

Anfk +A2n7(n7k) — Anfk +An+k _ An(Ak + Afk) > 9

So, for n even (8) follows from

2n\ 7 onq
Lz ()

k odd <n
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or
Z (2n> ;2271—1
k odd k
which is true, because
m m m
> (7)- (h)-2r ®
k odd

k even

If, n is odd, (8) becomes:

k odd <n

or

Z 2n 2n—1

> n
<k>_2 ’
k odd

which is true by (9). [

2 2 ?
Z An(Ak’ +A—k’)< :) + ( n>AO > 2271—1,
n
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Abstract

2n—1)!!
Classically, % < \/ﬁ We quantize this.

Let
~_ ¢ -q"
[x] :77$€R,Q#Oai17
q qg—q !
be the second quantization of x.
Since
[—alg = —lzlg,

we can restrict ourselves to nonnegative numbers only, and since

~

[zl = [2]g,
we can take,
qg>1

without loss of generality.

Theorem 1. Let a,b > 0. Then

Proof. Multiplying through (2) by (¢ — ¢~)? > 0, we get:

(@ =g )¢’ — g% > (¢ — g—Vb)?

I

or
? n
(qa+b + q—a—b) _ (qa—b + qb—a) > (q Vab + q—2\/£) _9 (3)
Set

h =logq > 0.
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Then (3) becomes

0 h2n

e A SURED WL

n=0
follows from

ab)*"

?
(a+b)* — (a—b)?" > 22" (ab)", n > 1.

Notice that for n = 1 and for b = a, any n, (5) becomes an equality.

Since a,b > 0, set
a=\% b= B>

Then (5) becomes:

?
(A2 + B2)2n o (A2 o B2)2n 2 22n(AB)2n

or
A B A  B\* 9
j— - IER— > 9<n
(B+A> <B A) 22
Let A >b. Set
A
A==>1.
5=
Then (6) is
A+l _ (a1 Zn;?” A>1, n>1
A A — ) — ) n—?
or
M\ o r[(1)\" 1\" )
n . _ _ 2n
() G) - (-5) ==
k
or, with
Anfk:)\QZL
Z <2n>An—k ; 2277,—1‘
k odd k
Now,

Anfk +A2n7(n7k) — Anfk +An+k _ An(Ak + Afk) > 9

So, for n even (8) follows from

2n\ 7 onq
Lz ()

k odd <n



On The Ratio Of Two Quantum Double Factorials 3
or
Z (2n> ;2271—1
k odd k
which is true, because
m m m
> (7)- (h)-2r ®
k odd

k even

If, n is odd, (8) becomes:

k odd <n

or

Z 2n 2n—1

> n
<k>_2 ’
k odd

which is true by (9). [

2 2 ?
Z An(Ak’ +A—k’)< :) + ( n>AO > 2271—1,
n
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Abstract

The product of two successive odd numbers is a SUTNof odd numbers. This is quantized.

The table
3
3 5 7

3 5 7 9 11,

has, for the sum of it rows, 3 = 1.3,15 = 3.5,35 = 5.7, ... This suggests

20

> (3+2k) = (20 + 1)(20+3),L € Zxg
k=0

which is obvious.
We aim to quantize (1).
Let

" —q®

x , teR, ¢#0, £1,
g q—q!

be the second quantization of x.

Theorem 1. For ¢ € Z,,

20
> B+ 2]y =20+ 1]7[20 + 3]
k=0

Proof. We use the formula for the sum of quantum arithmetic progression:

Y . _ Ta+ @+ N~
D la+kdy =[N +1]7), {2L .

k=0

In our case, N = 2/,d = 2, a+(a;rNd) = 3+(32+26) =20 + 3, and (2) follows.
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Abstract

Ifa; < ... <ap, bl, . bn are two sequences, then it is known that Z?:l (aibi)Q is minimized
when b1 < by < ... < by,. We quantize this.

Let

qa:_q—:v
| = —
lzlg q—qt

be the second quantization of x.
Let a; < ... < ay be given. How the sequence b1, ..., b, must be arranged to minimize

rEeR, ¢g#0,%1,

n

S = (lai — bily)* (1)

=1

Classically, at ¢ = 1, it is known that the best permutation of the b;’s is such that
b1 < by << by, (2)

Theorem 3. S is minimized by the same arrangement (2).

Proof. We have to show that for a1 <a,, x <y,

(far — ;) + (a2 — vy < (far — ;)2 + (a2 — 2l )? 3)
We use the easily verified formula
([21)? = (WIg)? = l& —y)g [z + yly- (4)

Then (3), in the form

([ar = 213)? = (lax = 97 )? < (las - z]9)? = ([aqg = yIg)?,

becomes

ly — 2] 201 — o]y < [y — a1 202 — o7

q7 O—:x—"_y’

or, since y —z > 0 and

a>b=l[a]y > [b]7, (5)

[20,1‘ — O']qN S [2@2 — U]qN,

which is true by (5). W
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Abstract
The classical inequality n!2 > n2, is quantized.
Let
~_ 9 —q"
[:E]q = mv $ER, q#oai:l?

be the second quantization of x.

Theorem 1. Let 0<a, b<1, a+b=1. Then

177\ 2
a0 = ([5] )
q
17~
[ab]> < [] .
q 1],
Proof. (a) Multiplying through (2a) by (¢ — ¢~ ') > 0, we get:

¢ = ¢"-1/2]?

("= ¢ N —q") [(q —q Y p—— :

or

?
@+ ) = (@) < (@) =g+ gt -2,

or
Loasb b
2<q""+ 47,

which is obvious.
(b) Multiplying through (2b) by ¢ — ¢~! > 0, we get.

1/4

qab _ _—ab ; q1/4 —q VA,

q

which follows from the Lemma below because

ab < 1/4. blacksquare
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Lemma 3. The function
f)=q¢"—q¢7"
is increasing with x.

Proof. wWe have:

df

—=hg" +qg ") >0
I (¢"+q") >0,

where

h=1logg>0. N
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Abstract

A classical inequality (y + 2) + (y) + (y — 2) > 4 is quantized.

Let
~_ g
[CC] :fax€R7Q#Oailv
q qg—q 1t
be the second quantization of x.
Since
[—alg = —l=lg,

we can take,
qg>1
without loss of generality.
Theorem 1. For y € R,
Iy + 2171 + |lylg | + 1y — 21371 = 2[2]7- (2)

Proof. The LHS of (2) is invariant with respect to change of y # 0 into y~!. (For
y =0, (2) turns into an equality). So, we can restruct ourselves to

y>0 (3)

only.
If y > 2, (2) is satisfied because

[y +2]5 = [4]52[2]7,
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[4]
2]

So, let’s consider the remaining range

=2

= [2] =q¢ +q?*>2

202

0<y <2,

so that (2) becomes:

2

ly+207 + [ + 12—yl > 2027
Never mind [y]7” > 0, I claim that
[y + 2]; +[2- y]; > 2[2];.
Indeed, multiply (5) by ¢ —¢~! > 0. We got
gV 22—

or

or
¢ +qY>2,

which is obvious. [ |
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Abstract

We estimate @ + b in terms of @ and b, quantumly.

Let

qr _ q—:Jc

x 7x€R7q§é07:l:17
g q—q!

be the second quantization of x.
Since

[l = =[],
we can restrict ourselves to nonnegative numbers only, and since
PR
we can take,
qg>1
without loss of generality.
Theorem 1. Let a,b > 0. Then
la + 0]y > [a]y + [bl5 -
Proof. We use the fact that
@>1, ¢">1,
since q¢ > 1.
Multiplying through (2) by ¢ — ¢~! > 0, we get:

?
qa+b _ q—a—b > qa _ q—a + qb _ q—b’
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2
or
v
@ =1)+q " (¢" - 1) > ¢ "(¢" — 1)(¢" + 1),
or
b bl
¢ +q " >14q7,
or
?
(@ —1)>1—q P =q (" — 1),
or
qfa ; qfafb
or
?
1>q7"
or
?
¢ >1,

which is true. [ |

Corollary 4. If z >y > 0 then
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Abstract

We strengthen the classical inequality 2T > 2x + 1, T > 3.

Let
~_ 9 —q”
[IL‘] :77376]1%7(]7&07:‘:17
q q—q1
be the second quantization of zx.
Since
[—zlg = —[=lf

q

we can restrict ourselves to nonnegative numbers only, and since

[z]=1 = [=]5
we can take,

qg>1

without loss of generality.
Recently, I conjectured that

(@) > 2y laly +1. 2 23,
and prove it for x € Z>3,
Theorem 2. For n € Z)> 3,
2" >
Proof. We use the fact that with
h =logq > 0,

2
[z]; ==+ %(x?’ — ) + 0(h?).
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Then
~A\T h2 n n h2
([217)" = (1 + TO))" = 27(1+ T-6n),
~ h?
21y = 2(1 + 6),
h2

and (1) returns:
2 2

n h h? h* 5
2"(1+ FGn) >2(1+ Fﬁ)n{l + F(n -1} +1,

or, picking out h%/6 - terms:
2"6n > 2n(n? — 1+ 6),
or

n®+5

2" > 2
. 6n

, n>3. (5)

This is our strengthening of the classical inequality (1). It is strengthening for n > 6,
since, for n = 6,

2

n“5 5

— =14—=>1 6
6n |,—¢ +36 (6)



A 3-Parameter Quantum Inequality With No
Classical Analog
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Abstract

Classically, (au) <z> = ab. We quantize this into an inequality.

Let
~_¢—q"
[:l:]q = 1 $€R7 Q#OviL
q—4q
be the second quantization of .
Since
[—alg = —lzlg,

we can take,
qg>1
without loss of generality.

Theorem 1. Let a,b,u > 0. Then

Proof. Changing v into v~' amounts to interchanging a and b. So, we can take
u>1. (3)

Multiplying through (2) by (¢ — ¢~1)? > 0, we get:

?
(@™ — ¢ ) (" — ™) > (¢" — ) (" —¢7Y),
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2
or
(qEutb/n 4 gmaub/uy _ (gaub/u | g—autb/uy g
; (@ 4 g0 — (90 + ¢>9). (4)
Set
h =logq > 0.
Then (4) is

(2n)! u

n=0

(5) follows from

b an b 2n? 2n 2n
au+a —(au— = >(a+b)" = (a—b)"a,b>0, u>1,
U

or
2n k| (0 : b\ 2 20\ on k| ik k
(et [ - (-2) 2 () o)
k k
or
2n 2n—n b k2 2n—kpk 2n
22<k)(au (u) ZQZCL b p )
k odd k odd
Now, v =1 turns (5) into an equality, and 9/du of it is
2n(au+> <au—>—<au—> <a+2> >0,
u u/u u U
or
(2 (o2 (o2 (e )33
au + — au+—|——|au+ — au+— |- >0,
U u)u U u/4
or

<au + ) > (au + > ,
U i

which is obvious. [ |

)y [(au+ b>2n - (au— b)ﬂ Loy (Zj:)![(a+b)]2" —(a—b)™).
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Abstract

We provide {Wo0-sided estimates for quantum numbers.

Let

T

e -
~_ 4 714 rEeR, ¢g#0,%1,

x )
lzlg q—q!

be the second quantization of x.

Since

we can take,
qg>1

without loss of generality.

Theorem 1. For z > 1,

2]y < 2g" T,
2]y < @' ™7,

Proof. (a) Multiplying (2a) by ¢ — ¢~ > 0, we get:
?
¢ —q " <alg—q g =x(g" —¢" ),

or

?
rq" % —q " < (z—1)¢",

or

?
g Nzg" ' — ¢ < (2 - 1)¢" g,

(2a)
(2b)
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or
?
T — q2(17:13) < ({L’ - 1)q2’
or
77
¢ — ) << (- 1).

Now, (4) is non equality for z = 0, and d/dz of it is:

hg?(1-2) ; 21,
where
h =logq > 0.

(5) can be rewritten as:

h 9 !
— P00 < g1,
qg—1

which is obvious:

g—1=e"—1>n,
P(1—2) <1

Thus, (5) is satisfied. (b) Multiplying (2b) by ¢ — ¢! > 0, we get:

°

2" (g—-q) N =2(* " —q¢ ") < ¢ —q ",

or
?
2@ = (z—1)g " < (x—1)g %,
or
?
¢ — (z—1)g " < ¢,
or

?
rq® — (x—1) < ¢*.
(5) is an equality for ¢ = 1, and 0/9q? of it is:
2(z—1)

r < xq

which is true because x > 1. W
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Abstract

2n—1)!!
Classically, % < \/ﬁ We quantize this.

Let
~_ ¢ -q"
[x] :77$€R,Q#Oai17
q qg—q !
be the second quantization of x.
Since
[—alg = —lzlg,

we can restrict ourselves to nonnegative numbers only, and since

~

[zl = [2]g,
we can take,
qg>1

without loss of generality.

Theorem 1. Let a,b > 0. Then

Proof. Multiplying through (2) by (¢ — ¢~)? > 0, we get:

(@ =g )¢’ — g% > (¢ — g—Vb)?

I

or
? n
(qa+b + q—a—b) _ (qa—b + qb—a) > (q Vab + q—2\/£) _9 (3)
Set

h =logq > 0.
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Then (3) becomes

0 h2n

e A SURED WL

n=0
follows from

ab)*"

?
(a+b)* — (a—b)?" > 22" (ab)", n > 1.

Notice that for n = 1 and for b = a, any n, (5) becomes an equality.

Since a,b > 0, set
a=\% b= B>

Then (5) becomes:

?
(A2 + B2)2n o (A2 o B2)2n 2 22n(AB)2n

or
A B A  B\* 9
j— - IER— > 9<n
(B+A> <B A) 22
Let A >b. Set
A
A==>1.
5=
Then (6) is
A+l _ (a1 Zn;?” A>1, n>1
A A — ) — ) n—?
or
M\ o r[(1)\" 1\" )
n . _ _ 2n
() G) - (-5) ==
k
or, with
Anfk:)\QZL
Z <2n>An—k ; 2277,—1‘
k odd k
Now,

Anfk +A2n7(n7k) — Anfk +An+k _ An(Ak + Afk) > 9

So, for n even (8) follows from

2n\ 7 onq
Lz ()

k odd <n
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or
Z (2n> ;2271—1
k odd k
which is true, because
m m m
> (7)- (h)-2r ®
k odd

k even

If, n is odd, (8) becomes:

k odd <n

or

Z 2n 2n—1

> n
<k>_2 ’
k odd

which is true by (9). [

2 2 ?
Z An(Ak’ +A—k’)< :) + ( n>AO > 2271—1,
n
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Abstract

|
Classically, ( R — 00 as N — 00, if £ > (. We quantize this.

:E—&—l)....(z—&—n)

Let

- —q"
x|y = —
[ ]q q_qfl

rEeR, ¢g#0,%1,

be the second quantization of x.
Since

~

[—x]Pimg = —[z]7,
we can restrict ourselves to nonnegative numbers only, and since
2] = [2]7,
we can take
qg>1

without loss of generality.

Theorem 1. Let 2 > 0. Then

. [g-Inly
nh—>n<’>lo [z +1]7.. [z +n]y N @)

Indeed, (3) is:

?
T T+s —T—s

(@ —a )" <q"—qg "7,
or

q " <q",
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or

1< qu’

which is true because ¢ > 1 and = > 0.

Thus
ﬁ g <q ",
P [k + z]y
and
" =0,

as n — oo, because ¢ > 1,z >0. N
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Abstract
%H’ ﬁ, ﬁ, k € Zzg, form a 3-term arithmetic progression. We manage to
quantize this.

The terms

Let

" —q"
[zl = ——F 2 €R, ¢#0, £1,
q—4q
be the 2"¢ quantization of z.
The elements

A= [a];,
B=la+dj,
C= [a + 2d](1a

form a Quantum Arithmetic progression with the characteristic property

A+C=[2%B, (1)
d = (Ba)lg=1 = (CB)lg = 1. (1a)
Theorem 2. Consider the elements
—k
q 1 q
A — N 3 9 (38')
[k +1]5 [2]5imalk]y " [K]3 [k + 1]
-1 1 -1+k
d_ﬁ+k+1_2kz(kz+1)' (3b)
Proof. We have to check the equation (1), i.e., that
“ . g " 2 1
k+1lg - K+ R

or
~ k7 ~
glkly +a7 " = [k +1]7,
which is true because, in general,

o+t =g 'y +a"ply. W
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Abstract

Classically, (CL, b) —b=ais b—independent. It’s not so 777.

Let
~_¢—q"
[x]q: _1 > xeRvQ#Oaila
q—4q
is the 2" quantization of z.
Since
[—a]y = —[=]],

we can take
qg>1
without loss of generality.
Theorem 1. For a > 0,
la+ 0]y —[bly > 2[5aly- (2)

Proof. Multiplying through by ¢ — ¢~ > 0, we have:
(a—a Hla+bly — [} =
Pl B
(q"—1)—q (1 -¢") =
= ("= 1" +¢ ") (3)

Thus,

lim ([a + b];" — [b]3) = oc. (4)

b—o0
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Now, 9/0b (3) is:

(¢" =1 —q 7).

It vanishes, 77

as claimed. [ |
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Abstract
The classical identity, Z;c:j(_l) <l;> <;€> = 0,7 > j, is quantized.

Let
r __ . —x
aly = L1, R, g 0,41,
qa—q
be the second quantization of x.
Since
[—zly = =217,

we can restrict ourselves to nonnegative numbers only, and since

~

[x]q’v—l = [x]q ’
we can take
qg>1

without loss of generality.
Set

", - we

K]y = (17 ..[Kly k€ Zs1; 0]l = 1.

LargeTheorem 1. Let j € Z>g,7 € Z>1,¢ > j. Then

Z 1— quk(i—j—l) [ﬂ - [;] h —0.
k=j Jlq q

Proof. We use induction on i. For i = j + 1, (2) returns:

[j+1]” {j+1}”_0
j q i q

which is true.
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The inductive step uses the
Lemma 3.
i+ 117 il 1 A
el
q q q
Proof. (4) is:

[i+1]!qN 2 [Z]'; o
(K1 [i 4+ 1] [R] s =4 k[k]v;[l_k]!qw o

[i]'g

k—1)l5[i +k— K]y’

or

. ~ 7 ks ~ i 1—k g1~
i+ 10y ==q¢ F i—k+17  +q PR,
which is true because, in general,

[a+b]y =q "By +¢"a]y;. M
Thus, the inductive step i — i + 1 of (2) becomes, denoting the LHS of (2) by

L(i+7,7) = 777777
. k1~ k , T
_ 1k k(i—j-1) k —k i+q—k _
X R G TPl
= L(i,j) — ¢t qu(i—j—l)qi—j—l(il)s [S —I- 1]N [z]N _
s J q 8 q
21]1 582]1S+1NiN:
-t = e[
Sty SN T UV I I S
J J—1],

= L(i,j) - qgi‘j‘l{L(z’,j)q‘j +q" L, - 1)}.

IS

q

This concludes the induction step. |

L(i,j) :
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Abstract

n
‘We quantize the classical inequality, (2n — 1)” > %

Let
r __ .~
[1"]; = %7 HAIS qu 2 Oa:l:17
q—4q
be the 2" quantization of z.
Since
[—alg = ==y,

we can restrict ourselves to nonnegative numbers only, and since

[2] 20 = [2]],
we can take
qg>1

without loss of generality.
Set
[k]Yy =[5 [k]g k€ Zz1; [0 = 1.
2k — 117 = [1]7[3]5 .- [2k — 1]7.

Theorem 1. For n € Z,,

q

which is true, since 3 > 2 implies [3]

2 > 217

q

Double
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The inductive step n — h + 1 amounts to

()" 2 ([ + 1)

DR

[2n +1]7

9

or

pn+u;£<m+”5yﬂ

[l

which is true, because, in general,

o> (B
[nlg
and
2n+1]7 > [n+1]7
for n > 0.

(4) can be seen as follows, by induction on n. For n =2, (4) is:
7 ([3]7\?
37 % ()
BN P

(1210)% > 3]7,

or

which is obvious. And the inductive step n — n + 1 in (4) amounts to:

. [n+2)7 N
[n+2]q:[n+1];[n+l]q>
[n+27 (In+17\" 2 ([n+27\""
>m/1m( nl; ) ><m+u;> -
7 (427 \"
(([n+1];)2) ’

?

(In+1]7)* > [n]y [n + 217,

which is easy to check, by multiplying (6) by (¢ — ¢ 1)2%. ®



A Bound On The Product Of Even Quantum

Factorials

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@uitsi.edu

Abstract

The classical bound, H?El(?i)! > ((n -+ 1)!)”, is quantized.

Let

T

ey =L =L

q —1 > xEqu#()’:l:lv
qa—q

is the 24 quantization of x.
Set

n)ly =%y, n € Zsy; [0 = 1.
k=1

Theorem 1. For n € Z>,

We rewrite (2) as

n

T2 200+ 1= D) > (I + 11527,
=1

and claim
[2:)!5 [2n + 1 — 4]y < (n+17)% 1<i<n.
Denote the LHS of (3) by [[;,1 <4 < n. (3) can rewritten as:
1> 11
i (ntD)/2
(3) follows from:

n+1 n—1
> 41 < — ) < .
H_H, 1+ 1< 9 & 1 < 5
7 +1




2 B. A. Kupershmidt

Indeed,

[ Rhe+1-d)7R20m+1-10)—1]; (6)
T (20 + 1]7[27 + 2]y

and
2(n+1—-14) >2i+2<2i <n.

The observation [[, =[] . concludes the proof. W

n+1—1
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Abstract

We conjecture quantum inequality for T € R, and prove it for * € Zzl'

Let

xT

ey =L

q 1 .’L'GR,Q#O,:EL
q—4q

is the 2"¢ quantization of x, so that

~

[x] 20 = [2]],
and we can take
qg>1

without loss of generality.

Conjecture 1. For z > 0,
:10(]’”“/2[2];“1/2 > q"[2z + 1];1/2 — 1. (2)
I can’t prove this inequality. But for € Z>1, the inequality is true and the argument
is well know.
So, let x =n € Z>;. Then (2) becomes:
nqn+1/2(qn+1/2 _|_q7n71/2) ; qn(qn+qn71 4. _|_q7n) —1,
or

2n—1

241 ’ o
n(q +1)>q¢"+¢q +...+q,

which follows from
?

or

or

?
q2n7k+1 > 17

which is obvious, because ¢ > 1 and 2n — k+1 > 0. |
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Abstract

We quantize the Schaumberger’s derivation of the classical inequality, 22n > (2:) > 27,

Let
r __ . —T
M;Z%y r€R, ¢#0,+£1,

is the 2" quantization of z.
Set

m]~ [m]!y
[k:L Ky m — ]l
K]ty = (17 ..[K]y k€ Zsi; [0]17 = 1.

Theorem 1. For n € Z>,

RS
(<2">7)% > [ n] >< 2" >,
n q

where
<2 >r= f[[g];.

Proof. Set
z = [2n]11 = 2] 20)7,y = (20 — 10 = (17 [38]7 (20 — 17,
2 = [n]l” = [1)>... 4]

Then, obviously,
x>y >z,
Hence,

2 >xy > xz,
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(< 2" >7)2([n)i)? > 20!y > ([n]17)?%, < 2" >7

or

Q

o1~
(< 2" >~)?% > [ n] >< 2" >,
n q

which is (2). [
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Abstract

n
We quantize the double inequality <n42rl> >n! > n"/2, n e Zzl.

Let
~_9-q"
2]y =——= z€R, ¢#0,%1,
qa—4q
be the second quantization of x.
Since
[y = =[],

we can restrict ourselves to nonnegative numbers only, and since

we can take
qg>1

without loss of generality.
Set

] = (1] (K], k€ Zsys [0]17 = 1.

Theorem 1. For n € Zs,,

]y > (). (2)

Proof. We use induction on n. For n = 3, (2) returns:

By = 21708l > (31)¥2,

or
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or
?
FH2+q >3 +1+q72

which is true.
The inductive step, n — n + 1, amounts to

[+ 103 ([)3)™2 > ([0 + 1)) D72,

([]7)™2 > ([n+ 117) D72,

(7)™ > ([n+1)%img)" ", (3)
(Il

ety 3 (M) ()

To prove (4), we use induction on n again. For n = 2, (4) returns:

(1210)% > 3]7,

and this is already verified (2).
The inductive step for (4) is

by, N ey
[n+2]q = [n—|—1]~[n+1]‘1 > [n+1]; ([n+1]q [n]q> = <[n—|—1}~> ,

1;<W;m+mﬂm+upﬁ,
o )l + 27
> i
(n+100)% > [ [n + 207,
(qn+1 —q " 1)2 ; (" — q—n)(qn+2 _ q—n—2)’
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or

S+ 4 gm2Ant) g ; (@2 4 22 — (P 4 172),
or

P>,
which is obvious. |

Theorem 5. For n € Z>,,

<[n[;];];>n > bk

Proof. Induction on n doesn’t work. Even for n = 2, (6) returns. We get:

a rather non evident fact for g # 1.
Squaring (6), we get:

<m%fn>m:i<fﬂn+1—kg>%

q k=1

(8) follows from

(MEEE>2;%EW+1—HN 1 <k<n.

Lemma 10.

N N n+177\?
e =17 < (] )

Proof. 1is:

2
_ _ o ? n+l _n+l
(qk—qk)(qn+1k—q"1+k)<<q2 —q 2>,

or

?
(qn—l q—n—l) _ (qn+1—2k + qQk—n—l) < (qn+1 + q—n—l) _ 27
or

9 <« 12 4 g (et 1-2k)

which is obvious [ R
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Thus, (9) follows from

(o) = (5]

or

or

2] 502 > [2]3,

which is true, because [2]7: = ¢” + ¢~ growth with > 0, and (n+1)/2>1. ®
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Abstract

‘We quantize the classical identity

a b c k _ 1
a1 T emem T @nemer T T ereryaes ) — LT @ e
Let
~ "
2]y = ————, %, q€R, ¢#1, ¢>0,

qQ—q
is the 2" quantization of z.
Theorem 1. Let a,b, ...,k # —1. Then

qlalq q(blq + q(k] 1 1

a1, arldotl, et Uplkrly ot Uglkt iy

Proof. We have:

glalq 1 1
la +1], B [a*’l]q7
q[slq 1 1
[s+1], [s+1]5°

Multiplying (4) by 1/[a + 1]4...[b + 1]4. We get:

1 Q[S]q 1 1

la+1]g.[s+ 1]y [a+1g.[s+1y [a+1g..Ja+1,s+ 1],

()

Adding formulas (5) for all the variables, we get a telescoping sum and, thus, recover (2).
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Abstract

dk—1 n c ZZL

‘We quantize the inequality HZ:I 1k+1 < ﬁ,

Let

qx_q—z
Mg:ﬁ7 r€R, ¢#0,+£1,

is the 2" quantization of z.

Theorem 1. For n € Z>,,
(2)

-1y _ [ Bl
[4n + 3]y

Proof. We use induction on n, together with simply verifyable Lemma that a,b,c >

3)

0, a,b,c not all zero, and

2a > b+c,

implies

For n =1, (2) returns
sy 2 (Bl
Ble =\

?
or ([3];)[7]; < ([5];)2, which is true by (3), (4).
The inductive step now amounts to:

|~ [4n + 3]y 2 317
<
4n+3 4n+5 [4n + 1]
or to
?
[4n + 3]7 [4n + 7]7 < ([4n +5]7)%,

which is true by (3), (4), because

|

(An+3)+ (4n+7) =8n+ 10 = 2(4n + 5).
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Abstract

We derive quantum analog of a formula a4 = a + kd, d="b— a,= b=as.

Let {ax} be a quantum arithmetic progression. That means that, for any three conse-

quitive terms a, b, c
a+c = [2],.b,
where
d=(c=b)lg=1 = (b—a)lg=1.
For ¢ =1, (?7) becomes the usual property:
a, clg=1 = 2blg=1
So, let

a,b € Rlg,q7 Y,
d=(b—a)lat.

In the classical case ¢ = 1, we would have:
ar =a+dk=a+k(b—a)=0bk— (k—1)a.

The question is: what is the classical analog of (4)?
Let

ar = Tpa + yrb.
Then

ag+1 + ag—1 = (Thy1 + Th—1)a + (Y41 + Yp—1) =
= [2ljaar = (¢* + ¢~ (@ka+?70),

whence

Trr1 = (¢4 + ¢ Ny, — oy,

Y1 = (0*+ 7 Dyr — yr-1,

(1)
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with boundary conditions

o = 171/0 = Oa (63‘)
x1=0,y0 = 1, (6b)
we have:
Yk = [k]ga-
Thus,

ay = [k];db — [k —1]"a, (7)

q

a g-analog of the classical formula (4).



A Fundamental Inequality For Quantum Numbers
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Abstract

1
We establish a fundamental estimate from above for qli

0g9q

Let

-1
_ﬁa l‘ERv Q#Ovilv

be the 2"quantization of .
Since

we can take
qg>1

without loss of generality.
Set

h =logq > 0.

Theorem 1.

q—q!

h

<27 (2)

Proof. For the LHS of (2) we have:

~1 o0 pohtl 00 n
= — — = — _— 2 _—
R e thO(Qthl)! ;)(2%1)!’ (3)
and for the RHS of (2) we find:
> p2n

2]~ = loehpeth =2 :
Al =ata=cthe nz:;)(Qn)!

But

1 S 1
2n)! ~ @n+ 1)l
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so, (2) follows. W

Remark 5. The condition ¢ > 1 < h > 0 is immaterial for the statement (2) (but
not for the Proof above). Indeed,
¢—q' q¢'-g¢ (6)
h —-h

and both sides of (2) are invariant under the change ¢ — ¢~' < h — —h.
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Abstract

Sun’s conjecture, that every large number M of an appropriate parity, is M = p+ a:z:2, where P
is a prime and @ > 1, is given. I notice that x2 can be replaced by any integer-valued polynomial

in L, and the Conjecture still remains true.
Let f(z) be a polynomial with integer coefficients; we want the number of solutions of

We assume that M — f(z) is odd. Let

1 dd i
8(2) = (@) —m —2) = 0 P @)
0,x odd, not a prime
I recently showed that
2
5(x) ~ ——. 3
@~ o 3)

If n(M) denotes the number of solutions (p,z) of (1), then

p 1
Z‘SM fl@ ZzogM ) logle_ T

MlogM

logM Z ( MlogM) )

We need to be more specific about f(x). Let

fx)=aa*, a>1, k>2 (5)
The case
k=2

is the Sun case. Then the upper bound for z is

()1~
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and (4) returns:

M1/k
9 (%)
logM ”

- azk
— MlogM

~

N

loght |(\a ) T e+ 1)Mioght

) M/k afl/le/k oMLk
~ logM [ allk * (k + 1)logM]

Thus, the number of solutions grows to oo with M.

~ logMal/*



A General Quantum Inequality
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Abstract

A quantum number depends upon the number itself and the base. We determine how the compound

object changes when the base changes.

Let

T

E R

q 1 'IGRa(I?éO’j:]-a
qa—4q

be the second quantization of x.
Theorem 1. Let y > 2 > 0, then
aly, > lalj-. 2)
Ifb>1,1<q¢ <@, then
[bley < [b]3- (27)
Proof. Since
2l = [al;,
we can take

qg>1 (3)

without the loss of generality.
Let’s dispose first of (2') as it follows directly from (2). Indeed, let b = 1/a, then (2)
yields:

il > B,

1 S 1
g~ Bl

or
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or, with

Ql — Ql/b > ql/b — q/ > 1
[blg > [bl g,

which is (2').
The inequality (2) is:
? _ _
@ —a )¢ —a")> (@ —q )" —q),
or, with

1< X=¢"<Y=¢,

to

Y-y ) (X -Xh 2 (X = XY -Y )Y >X>1a>1. (4)

We rewrite (4) as
(V2o 1) (X2 - 1) 2 X2 —1Y?2 -1
ye X Xe Y

or with

Y2 =u, X?>=v,u>uv,
as:

vaglwa—n@hq);u“_luﬂ—1xu—1y (5)
Setting

b:“;1 & a=2b+1,b>0, (6)
(5) is:

fo=00— 1)@t — Db (u— 1) (P - 1) ; 0. (7)

Since f/u = v =0, it’s enough to show that df/0u > 0. We have:

ofr _ uP(v —1)(20 + Du?® — [(b+ 1)u’ — b’ 1) (0P — 1) ; 0,

ou
or
2 9 2l _
25+ 1)ub*1[b + 1u—?] ~ vb(v—1)’
or
b1 S SRR
@+ VG u=y ~ ot (®)
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For v — u, (8) returns:

w2t 2 2t
2b+1
R s v
or
w2 b+ 1Du—b
(2b+1)u2b+1—u 1
or, because
u—
b+Du—-b>b+1u—(b+1)=b,>besu>1,
to

2b+1>b+1,

which is true. In addition, the LHS of (8) is increasing with wu:

8 Ub+1 ub ub-‘rl

&L{(b-ﬁ- 1)u—b] RS Ty e vy AU B
ub .

= (b+ 1)m fimes :

b+1Du—b—u=blu—1)>0.

Thus, (8) is true for u > v, in particular for u > v. Hence, (7), is true.
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Abstract

‘We establish how the quantum roots of 2 grow with the base change.

Let
" —q"
[1:]; = 1> T,q € Ra Q# 17q>0a
q—4q
is the 2" quantization of z.
Since
[—alg = =[]y

q q’

we can restrict ourselves to nonnegative numbers only, and since

]2 = [2]],
we can take
qg>1

without loss of generality.
It is known that

grows with > 0. We are interested in a more complex object,
(@) == ([203)"",2 > 0.
Theorem 1. f(z) decreases with .
Proof. For z > y > 0, we have to show that
? 1
(@"+a )" < (¢ +q7Y),
or
1 ?
g(1+¢7%)7 <q(l+q)",
or
?
(L+q %) < (L+q ),

which is obvious because y < z and q_Qx < q_zy. ]
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Abstract
Triangles are quantized in such a way that classically homote??? triangles become quantumly ho-
mot?7?7?
Let
x —x
~_ 49 —9q
[z]; = ———, v € R,q¢# 0, %1,
qa—q
be the 2"¢ quantization of z.
Since
[_x]q = —[$]q )

we can restrict ourselves to nonnegative numbers only, and since

2l = [al},

we can take
qg>1

without loss of generality.
Let 0 < a < b < ¢ be triangle sides, subject to the condition

a+b>c
Our recipe for quantization is:
a— A=a-—ala]y.

Theorem 3. If a < b then A < B.

Proof. We have to show that

2
~

g “laly < q "]y,

or, multiplying by ¢ —¢~! > 0,

?

" —qa ) <q (" — g7,
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or
1 — g2 ; 1— g2,

or
g2 z =

which is true because ¢ > 1 and b > a. |

Notice that the ordering a < b < ¢ has not been used.
Theorem 4. If a +b > ¢ then A+ B > C.

Proof. We have to show that

?
~

¢ +q "]y > g clely,
or

(=g + (1= g) > g2+ g7, (5)
The worst case for ¢ is ¢ = a + b. So, with

Q=q¢">1,

we need:

—a—b? —a —-b
1+Q >Q+Q7,

or
?
1-Q*+Q*(-Q™“-1)>0,
or
b ?
1-Q7° >0,
which is obvious. [ |

Notice that iso??? triangles go, under quantization into iso?? ones.

Define two quantum triangles to be quantumly similar if they differ only in the base
(9). Then classically similar triangles go, under quantization, into classically-quantumly
similar ones. Indeed,

g aly = () ]y [algh- (6)
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Abstract
Classically, 1 + ZSLO:O H?:O z—i; = y—xﬁ when Yy — Z — 1 > 0 We quantize this.
Let
r _ . —x
[IL‘]; = %7 T e Rv q7é Oaj:la
qa—q
be the second quantization of x.
Since
[—2]y = =217,

we can restrict ourselves to nonnegative numbers only, and since
q°
we can take
qg>1
without loss of generality.
Lemma 1. Let0O<z<y,0<\=2z/y<1. Then

z(x+1)...(x +n) il
yly+1)...(y +n) S AT )

Proof. For n =0, (2) is an equality. In general, it’s enough to prove that

r+k ?

—— < A, k€eZ>q, 3

Sk >1 (3)
which is

+
y+k

8
o

?
<

9

< |8

or

k k
14+= <1+4-,
y
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2
or
171
7<i’
Yy X
or
r<y

which is obvious. W

Lemma 4. Let o, A > 0. Then

[z]g

e Ay
[z + Ay

<q

Proof. (5) is:

2

[+ 217 > ¢% 2]y

or

G = A S A (g - ),
or

s ; )
or

>,

which is true because A >0 and ¢ > 1. N

Corollary 6. If y > z > 0 then

T iy
lim

n—00 ’L
=0 y -

Proof. By (5), with A =y —z > 0,

H [z + Z]Z < DA

and lim, 00 ¢ "2 =0. N
The object of our attention is the series

p p(pr) N p(p+1)(p+2r) n

b qqlg+r)  qlg+r)(qg+2r)

r >0,

q—p—1>0,
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or, passing from Rp? to R?, the series

a ala+1) a...(a+ h)
hy=1+-4+—7——-—<+...4——+..,a>0, 0 1.
s(a,b) +b+b(b—|—1)+ + b oo +..,a>0,b>a+ 9)
Denote
x_1 =1, (10a)
a...(a+k)
= —— 10b
0+ k) (10b)
Sp, = Sp(a,b) = Z T;. (10c)
i=—1
Obviously,
s(a,b) = sp(a,b) + zpp18(a+n+2,b+n+ 2). (11)
Theorem 12.
b—1 b 1
770 (a,b) = —xn+1i,Z:b—a—1. (13)
z z

Proof. We have to check, first, that
27b—-1 ab b-1-a

_1(a,b)=1= ———=—=1,
s-1(a,b) z bz z
which is true, and next, that
?
Sp + Tpt1 = Sntl,
or
b+n+1 2 b+n+2
Tl + Tpp1 = ——————Tp42,
z b
or, since
a-+n
l’n:ma?nfl,
to
? a+n+2
—(b 1 b—a—-1)=(b 2)———
b+n+1)+(b—a—-1)=(b+n+ )b+n+2’
or

n+a+2;a+n+z

which is true. n
By Lemma 1, from (13) we have:

b+n+1
— =

0.

lim z
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Hence,
2(a,b) = soo(a,b) = —— 1 (14)
’ ’ b—a—1
We now turn to the quantum version(s). Our series is:
) [alg [a]g la + 1]7
a,b) =1+ gfol@d) + gh(ab) 4 i 15a
et 05 P+ 1; e
fn(a,b) = (b+a) —n(b—a-—2). (15b)
Denote
X =1, (16a)
n a + k ~
=1] la k€Zsp,a>0b—a—1>0 (16b)
b+ K]y
k= 0
Snla,b) =1+ > X/t n € Zy, (16¢)
k=0

S =1 (16d)

Theorem 17.

[b— 1] b+n+ 1]
Sp(a,b)q* —L— — " Xy 18a
(000" T (18a)
where

on=0b—-1)—(Mn+1)(b—a—-1). (18b)

Corollary 19.
S(a,b) = o 101G (20)

R p—

Proof. By (7) and (186), ¢*[b+ n + 1]7 = 0asn — oo,

Proof of Theorem 17. For n = —1(18) gives

2oty Bl -1yl
A P M (= i S

or

Ely =b—a-1; =¢"

q “b—1]3 + ¢V [-aly

q )

which is true because, in general,

[z +yly = q Y[zl +q"[yly,
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and, from (18b)
o(—=1)=b—1.
Now, the inductive step n +— n + 1 in (18a), amounts to

Sn(a,b) + ¢ X1 = Sppa(a,b),

or
b+mn+ 1] 2 b+n+2
—q"" Xn11 — T g X :_q??+1Xn+27[ — ] (21)
[Z]q [Z]q
But
la +n+ 2]
Xogo=Xpi1o——— b,
+2 R
Hence, (21) is:
[a+n+ 2]y
—g® b 11~ frtif ]~ L pntt 971 2]~
¢*rlb+n+ 17 + ¢ 27 = —q [b+n+2]q~[ +n+2]7,
or
[b+n+1]7 L ¢ b—a— 17 + ¢ Prla+n+1]7,
or
Pn4+1 — Pn _(b_a_l) '
(22) gives:
on—p-1n+1)b—a-1)=b-1)—(n+1)(b—a-1),
i.e., (18b). Now (22) yields:
fori=0-1)—n+1)(b—a—-1)+a+n+2,
or
fan=0b-1)—nb-—a—-1)4+a+n=1=
={b—1+a+1}—n{b—a—-1-1}=
=(b+a)—nb—a-2), (23)
and this is

Remark 24. (i) Notice that the restriction a > 0 is not important, but b —a —1 > 0
is, (ii) For a = 0, the formula (20) yields 1, as expected.
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Abstract

The main case of the H-L almost follows directly from the PNT (prime number theorem).

The H-L Conjecture,
m(z+y) <w(x) +7(y), zy=3,
can be deduced directly, at least for the important case,
y=2x% €>0,
from the PNT. This is how.
Write
n(x) = @(1 +0(1)), 2 — oo,

but not in the less precise and totally worthless equivalent form
T

In general, but not always, asymptotic expansions are not useful for establishing inequal-

ities.
Now substitute (3) into (1):
T+y oz Y
—((14+0(1)) < —(1+0(1 —(140(1
ol (1 0(1) £ 2 (1+0(1)) + (14 0(1),

which breaks in

x T x
—(1 1)) < —/—(1 1
oate 7y (100 < (1 0(1), = oc,
Yy Ty
—(1+0(1)) < 14 0(1)), , Y — 00,
oty (1O € Es (4 0(), ey — o
or
logx ?
— < <1 1 —
logy

—<140(1), =x,y— o0,
log(e+ ) =+
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which are entirely obvious one x and y tend to infinity in a reqular manner. For example,
(4) is satisfied for

y=2z% €>0,z — oo, (5)
y=log°x, €> 0,z — o0, (6)

etc., depending upon how the 0(1)-terms tend to 0.
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Abstract
" n
Classically, Z(—l)k < k > k2 = 0 for n > 2. We quantize this formula.
k=0
Let
T _ -
[x];=%7 rE€R, q#0, £1,

be the 2"¢ quantization of .
Set

], el
kl, [k Im— kG
K]\ = [k, k€ Zsr; 0] = 1.
Theorem 1. For nc Z>,
S0t y] @t 0z
k=0 k q

Proof. We use induction on n. For n = 3, (2) returns:

?

0,

or

which is true:

21y =q+q ", By =+1+q7
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Now, because

n+1]" . [n]” il — n |~
N R
q q q

But
(s+17)% = ([s]5)* + [2s + 1]

so (3) is proportional to

Sar[r] detps ey,

S

which is known to be equal to 0. |
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Abstract
Classically, Y p_o (*i)rk <Z> =— (?!—&-n) , 7,1 € Z>1. We quantize this.
Let
[z]q = (];_—117 z€R, ¢g#0,+1,

be the 2" quantization of .
Set

b, =

K]l = (1) (k] k€ Zsys [0]1 = 1.

Theorem 1. For r,n € Z>,

!N

. (—1)k n|”™ nk _”T'L
kz_o[k+r];[k]qq — 1 [y [r+nly (2)

Proof. Denote the LHS and RHS of (2) by £(n,r) and R(n,r), respectively. We prove
(2) by induction on n.
For n =0, (2) returns:

which is true.
Next, using the formula

(], L) ®)
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we get:
Lin+1,r) = Ek: M;q(”“)kq‘k < [ZLN +q"! [k " 1]) =
=L(n, k) — " L(n,r 4+ 1). (4)

We now show that R(n,r) satisfies the same new version (4). We have:

—(n+D)rn+1]ly

Rt = [7?](7...[7“ s VAL CEL " R(n,r+1) =
— g []'g g et [n]'g 7
[r]y . [r +nly [r+ 17 r+n+17
or
¢ 1y = g 1 = O
or

g A1 Y S 17

which is true, because, in general,

[a+b]y =q¢"=q"[ay +¢°];. M
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Abstract

For M and M of the same parity, the equation

M = p1+ ..pn,

2 Mn—1
where P;’s are prime, has ~ 1) logn M solutions.

Let M be a positive integer, of the same parity as the positive integer n > 2.

Theorem 1. The number of solutions of the equation

M =pi + ...pp, (2)
is
9 Mnfl

~ G ogral ¥

Proof. We use induction on n. For n = 2, (3) is my formula for the binary Goldbach
problem.
Denote
2

m = Cm (4)

and N, (M) the number of solutions of (2). Then
(M —p)n—t
Npp1(M) = E No(M —p) = g Ch—— ~
+1(M) ~ ( ) — " log(M —p)"

Mn—l Di ,
3 (1= Piynt
¢ log" M Z( M)

%

M1 pF (n—1
=Cp— (-1)F2 : 5
logn—1 i:O( ) Mk< k > (5)

But

ME " ME T (K4 O)MF T (k+ DlogM’

i

k ; A\ k k+1 k
P} (ilogi) Mt ogc M M
> > (6)
2
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hence (5) is
Mr A n—1\ 1
—_ —1)k —_— 7
Cklog”“ > (D) < k >K+1 (M)
K=0
The latter elementary sum is known to be % Thus,

1
Crk+1 = Cnﬁv (8)

together with

one recovers (3). [ |



An Inequality Between Quantum And Real
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Abstract
I+g+..+¢" < n+l

The classical inequality, =————=2r > = g > 0, n € ZZQ, is extended for 1 € Ri>g.

q+._.+qn71 - n—1

Let

T

[z]] = q”—iq__l, r€R, q#0,=+1,
qa—4q
be the first quantization of x, so that, for n € Zs,
nly=14+q+..+¢" "
The inequality quoted in the abstract can be rewritten as
(n=11+...+¢") > (n+1)(g+..4""),
or as
(n—1)(1+q") >2(q+ ... +¢" 1),
or as
(n = D2y > 2q[n — 1.
Theorem 4. Let ¢ > 0,2 € R>;. Then
(z = 1)[2]gr = 2q[z — 1],

Proof. In the log — g hand, (5) is:

? qxfl
—1(¢*+1)>2
(z )M-+)_qq_y
or
T2
(z=1)(¢" +1z) = ﬁ(qm —q),
or
79 4T
z—12> 4 a

Tqg-1¢"+ 1
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or

0=0,
which is true. We show that 0/0z(LHS) > 0/0x(RHS). This will establish (6). So:

?
12 [

_Ed_per h = logq, 7
> i 99 (7)
or
? T
L 2(1+q)q ’
Tq—1¢*+2¢" +1
or
? h 2(1
g—1¢"+2+q>®
Now,
Lemma.
h
— <1 9
q_l_ ’ ()
because ¢ = €”, and (9) becomes:
h
— <1
eh—1 -7
or
h
e" -1
> 1. 10
ho = (10)

If h > 0, then (11) is:
" —1>h,

which is true for h =9, and

%(h—l):6h>

If h <0, then (11) is:

d
(=1, h>0.
_dh() , h>0

e —1<h,
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which is true for h = 0, and

Len—1y= e <

d
—(h)=1, h<0. N

— dh
Now, (8) follows from

2

EH2+¢%>2(1+9),
or
?
¢ +q">2. (12)

This is true for z = 1:

?
q+q ' >2g,
or
1 ?
¢ t>q
or
g<1.

For general x, (12) returns

?
q:p - 2+qf:r — (qx/Q - qu/2)2 > 2(] — 92,
which is true because ¢ > 1. W

Remark 13. The restriction ¢ < 1 seems unnecessary. For example, it is not needed
if x € Z>9: here (3) follows from

20 > " F 4k 1<k<n—1. (14)
(14) is true because it can be rewritten as:
"M -1 > " - 1. (15)
If ¢ > 1=>¢" >1and (15) is true; if ¢ < 1, then ¢* — 1 < 0, (15) becomes
n—k

" F<1 (16)

and it holds because n — k > 0.



An Inequality For A Quantum Quadric
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With Zero

Abstract
The classically vanishing expression, 1‘2 — ()\.f)(%), A E R*, behaves quantumly in a complex
fashion.
Let
~_ g
[x]q = 1 HANS Ra q#07:l:17
q—4q
is the 2@ quantization of x.
Since
[—alg = —lzlg,

we can take
qg>1
without loss of generality.

Let A € R*; we can take A > 0. We are interested in

f@) = 275 = Paly 517

which vanishes at ¢ = 1 no matter what  and A are. We have:
F(JZ‘, A) = (q - qil)f(l} )‘) =
_ 22 2
=(g—¢ " —a7")-
_ (q)\;r . q—)\ac)(q:v/A _ q—x/k) _

_ (q:c2 14 q_ﬂ_l) _ (qz2_1 + ql—ﬂ) _ (q(—l—%)w) + q—()\+%)$(q()\—%)$ + q(§—>\)z)‘

Theorem 1. For z > XA > 1, f(z,A\) > 0. For z < A < 1, f(z,\)

(2)

< 0.
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Proof. with
h =logq > 0,
(2) is

— h*" 2 2 2 2 1 on _lx2n ?
D (e e  (CE e E OSSR B

which follows from

? 1 1
(1'2 + 1)271 _ (1'2 _ 1)271 > ()\ + 7)271%,271 _ ()\ _ 7)2n$2n’

x A
or
~\2n __ _lQn(] 12n2n l?n?n
o+ )% = (@ = )% > (A )™ — (A= 1),
or
12n_ _lQn? 1271_ _l2n
(@4 )" = (@ = ) > A+ ) = (A= )™ (3)
Now, 9/0x of (3) is (2n) times:
_i 1271*1_ i _12n71_
1=+ =1+ )@ - =
1 n— n—
:ﬁ(mQ—l)(azval)Q L@+ 1) (2 1)) =

— (.,L.2 — l.i(ng — 1) {($2 + 1)2n—2 _ (1'2 _ 1)2n—2} > 0.

forn > 1. (For n = 1, (2) is an identity 4 = 4.) Thus, (3) increases with x and is an
inequality for x = A\. This proves f(z,A) > 0 for x > A > 1. Similarly, f(x,\) < 0 for
<A< |
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Abstract

Let ¢ > 0, # 1, and 0 < @ < 1. We prove that [a]q < ([Q]Q)“*Q.

Let
T _ T
[x];:%a xERv Q#Oailv

is the 2" quantization of x.
Theorem 1. Suppose ¢ > 0,0 < a < 1. Then

[alg < (120g)" (2)
Proof. We first check the inequality (2) is invariant with respect to the change

qg—q . (3)

1

Indeed, suppose (2) is satisfied for a given gq. Then, changing ¢ into ¢~", we get:

1— q% 1 qa—l

[a]q_l _= 1 =
1-1 qafl
q

o )

i.e., (2) again. Thus, without loss of generality we can taken

q—1 = ql_a[a]q <

0<qg<l. (4)

Our inequality (2),
1—¢* 7 (1 a
¢ 2 (1+q)
1—gq 1+4¢

; (5)

is true for a = 0, where it returns:
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which is obvious. On the other hand, for a = 1, (5) returns
1=1. (6)

It is natural to suspect then that

0 ?
—(RHS —LHS) >0: (7)
a
q"logq ? log(1+q)q”
> )
q—1 1+g¢
or
g+1 ; log(1+q)
q—1 logq
or
2 7 log(1
|+ 2 log(1+4q)
q—1 logq
or
2 7 log(l+1
Zlg+l/g) o 1 (8)
q—1 logq
or
21 ? 1
@f>bﬂ1+f%0<q<l, 9)
- q
or, because
log(1+z) < z,z > 0,
(9) follows from
21 71
%99 L2 0<q<1,
¢g—1 ¢
or
71—
logq < qu, 0<g<l, (10)

which is obvious, because logqg < 0, 12;;1 > 0.

Thus,

(I+¢)* 1-¢°
14¢ 1—gq

decreases from something positive at a = 0 to zero at a = 1. Therefore, it’s positive for
0<a<l1l. N
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Abstract

We quantize the classical relation (471)2 + (qn2 — 1)2 = (4n2 + 1)2

Let

xT

ply =L

q 1> xER7Q7éOa:t17
qg—4q

be the second quantization of x.
We use the formula

= [2]7[8n7]7.
Thus, the harmless classical relation,
([4n])? + (4n? —1)? = (4n® +1)%, ne Z,

becomes:

217 [8n%]7 + ([4n® — 1]7)% = (4n® + 1]7)%, n € Z.
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Abstract

Sun’s conjecture, that for @ > 1, every integer M of appropriate parity satisfies M = p+ CL.’E2,

where P is a prime, is proved.

Given a, M must be:
1) if a is even, then M is odd;
2) if a is odd, then M is even for z odd;
3) if ais odd, then M is odd for = even.
With these restrictions in mind, the Sun Conjecture is: given a, envy sufficiently large
M of appropriate parity satisfies: M = p + ax?, where p is a prime.

The Conjecture looks forbidding, but is, in fact, trivial.

Theorem 1. The number of solutions (p, z), given M, is ~

20M V2
al/2logM 2)

Proof. Set
6(z) = m(z) — n(x —2), (3)

where m(x) = > ., is the prime-counting function. I recently proved, in setting the
Goldbach conjecture, that, for  odd,

2

~ logz’

o() (4)
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Hence, if we denote by n(M) the number of solutions of M = p + az?, we have:

—CLZII

Zé

where u.l = | %] ~ 4/ % Thus,
a a

\/7
2 [M N /M S 2 (M2 N M1/?
logM a ¢ a ). MlogM logM \ al/?2 ~ 3al/?logM
3 g
2M1/2
- al2logM’

as claimed. |
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Abstract
Triangle inequality is quantized.

Let

x

_ -

,15‘T€R7 q#oaila
q—q

[z]q

be the second quantization of x.
Since

we can take
qg>1

without loss of generality.
Let

a+b>c,

(2)

for a,b,c > 0, be a triangle inequality. We’d like to quantize it. In a previous paper I

showed that (2) sometimes leads to
[a]g + (bl > [c]g
but at other times leads to
[alg + [blg <lclq-
So (3) is not a proper quantization route.
Theorem 5. For a,b,¢ > 0, (2) imples:
g “laly + ¢ "ly > a [y
Proof. The RHS of (6) is an increasing function of ¢, because

B N 1 _q—2c
q “ldg = q—q 1

3)
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and ¢ > 1(1). Thus, (6) will satisfied if it is satisfied at max ¢ possible, ¢ = a + b:

—af, ]~ 7bbN? —a—b b1~
q a7 +q°[bly > ¢ Pla+ b)Y,

or
?
¢’laly +q"[bly > [a +0]7. (7)
Since, in general,
[z +yly = q Y[z]y +¢°[yly, (7) can be rewritten as :
or
b, 1~ arp™ ? br, 1~ —arp|~
¢’lalg +q*blg > ¢"laly +q by,
? —_ ~
q*[bly > q *[bl7,
or
?
q*>q "
or
?
q2(l > 1’

which is obvious, because a >0 and ¢ >1. N

Remark 8. Let h = logg Without imposing the condition ¢ > 1, we may rewrite (6)
as:

e_allogq‘[a]; + e—b\logq|[b]q~ > e—C|loglﬂ[c];_ (9)
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Abstract

2
2 2
<M> < m. We quantize this.

n - n

Valddlalde

Theorem 1. Let n € Z>,. Then

n n

<[a1+~~+ﬂm]w>2§ ([a1]7)? + . + ([an]])?

Proof. Multiplying through by (¢ — ¢~1)? > 0, and denoting

o =4ai+ ...+ an,

(2) becomes

71
o/n _ ,—o/m\2 = a; . —ai\2
(g q ™) _n§ (¢" —q "),
or
2/ 2/ 21, o 2
o/n —O'TL_2<7 a; —CLZ'_2
" +q _nZ(q +q )

=1

or
71 <&
o/n —o/n « Z a; —a;
Q" +Q _n;@ +Q7"),

where Q + ¢% > 1.
Denote

n

1 o
A=-3 Qv

i=1
B — QO’/’H, — n/Qo- —n I_I?ZlQaq
By the AGM inequality,

A>B>1.



2

B. A. Kupershmidt

Lemma 7. If X;,..., X, > 1 and

1 n

— XZ-ZA,m€Z>1,

nE : >
=1

then

Proof. The function f(z) =z + 2! on > 1 has

df 1
=1-—=>0.
dzx 2 =

Thus, the max of the RHS of (8), subject to the constrain

1
n
=1

is achieved for

or

()5

=1

which follows at once for the AGM inequality. H H
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Classically, 2k > k + 2 for k > 2. We quantize this.

Let
- —1
=T

reR, ¢#0,+£1,

be the 2"quantization of x.
Since

2] = [2]g s

we can take
qg>1

without loss of generality.
We want to quantize the inequality

k> k+2 keZss,

Classical Inequality

easily provable by induction on k. The natural candidate

2k > [k+2);

is false, since ([2];)k = (q+q )" =¢*... while [k + 27 = Qﬁﬂ

Theorem 3. For k € Z.,,

([215)F > [k +2]7 .

(4)

Proof. We use induction on k. For k = 2, the classically forbidden case, (4) turns into:

([2) > 141y = (21712050,

or
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which is true, because [2]7. grows with a.
Now the inductive step. It amounts to

?
21k + 27 > [k +3]7,
or
?
(@ +q DKy > k+17, ke Zs.

Multiplying by ¢ — ¢~ > 0 (since ¢ > 1), (5) become:

2

(@ +a )@ =g %) > P2 -1),

or

or
or

or
o
20 -1
qg >q
which is true because ¢ > 1
Now, set

Then

d T+2 z+2_1 h x+2_1
i:h d _ 4 = qx+2—7q =
dx @ -1 (¢®—1)2 q* —1 g —1

BN (Y U S IS S SO PO S B

Thus, f(x) is increasing with x, and

2
qx-i- _1_ 9

lim = q°,

z—oo ¥ — 1

so (7) follows from
?

*(1+q7%) > ¢,

which is obvious since ¢ > 1. |

=1.
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Abstract
We quantize the classical inequality (2’0 — 1)” > % forn > 1.

Let

@ —q "
[UC];:F> r€R, ¢#0,=£1,

be the 2"quantization of .
Since
(=] =[]y,
we can take
qg>1

without loss of generality.
Set
(k' =[5 [K]], k € Z>1;[0]) = 1;
[2k + 117 = [1]7[3]5 - [2k + 1]77, k € Z>o.

Theorem 1. For n € Z>,

([n]g)?

]!y

[2n — 1] >

Proof. We use induction on n. For n = 2, (2) returns:

3~ > oy

which is true, because, in general,

~

a>b=la]y > [b];.

Now, the inductive step n — n + 1 amounts to:

()" 2 (o + 1))
DFTEN

[2n +1]7

)
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or
? ([n+17\"
2n 4+ 1]7 > (Nq> . (5)
! [n]g
At g = 1, the RHS of (5) is bounded by e. For ¢ > 1, we have to be inventive.
Since
n+1]7 =qnly +q", (6)
and
[2n+ 1]; — q2n + q2n—2 +qn—4 4. (7)
(6) follows from
2 2 4 ! g "\" g " \"
e 2 (o f) = ()
q q
or
T > (1 + oF ) (8)
q

Now,
h <[n]y, Vn>1,

so the RHS of (8) is

k=0 q
and
n nk
< FER)
(k> - k!
so (9) is
" —k(n+1) —n—1 —2(n+1) —n(n+1)
q L q q q Cgen—1
D e T T e s <e
k=0

because ¢ > 1 and
¢ " <1
So, (8) is proven, because

g ¢t >3>eforn >4
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It remains to check the case n = 3 :

or

2171507 > (315,

which is obvious because

and
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Classically, (m + %)(m + %(m + 2k2_1) > (m;?k)' We quantize this.
Let
R
wly =L =L, weR, g#£0,41,

qa—q
is the 2"¢ quantization of x, so that
[y = a7,
and we can take
qg>1
without loss of generality.

Theorem 1. Let m,k € Z>;. Then

i [ 43—1]~ [m + 2k]!
H m + > T T~
2 q

[m]'y

s=1

where

B = (70K, ke Zsys [0 =1.

q q q’ q

Proof. We use induction on k. For k = 1, (2) becomes:

[m + g]; ; \/[m—i- 2l7m +1]7,

or

<[m + 2])2 < [m +1]7 [m + 27

Notice that m +1 > 2.
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Lemma 4. Suppose a > 0,b,¢ > 0, and
2a > b+ c.

Then
([a]g)? = [Blg [clg-

Proof. Multiplying (7) by (¢ — ¢~ )2 > 0, we get:

?
@ =P > —a " —a),
or
?
(qa + q72a - 2) > (qb+c + qufC) o (qbfc + qcfb)
Since
> +q 4 >2 VAER,
it remains to show that
?
—2a <

q2a +gq > qb—i-c +q—(b+c)’

or
?
qb+C(q2a—b—c _ 1) > q—Qa(q2a—b—c _ 1),
or, since 2a — b — ¢ > 0 by (5), ¢?*~*=¢ —1 >0,

?
qb+c > q—2a’

which is obvious. [ |
Now,

2(m+g):2m+3:(m+1)+(m+2),

0 (3) is true by the Lemma.
The inductive step consists of

[m+2k]!q~[m 4k+3]~;\/[m+2k+2}!;

[m]1y 2 ' ml'g
or
[m+4k+3] g[m+2k+2];[m+2k+1];,
and since
2m 4]4:24—3

the Lemma. |

)=2m+4k+3=(m+2k+2)+ (m+2k+1), (9) is true by
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We show that, incontrast to the classical case ¢ = 1, (1 + .Z')n + (1 + zn" > 2”)

Let

qaz _ q—x

x , T€R, ¢#0,£1,
lzlg q—qt

is the 2"¢ quantization of x.
Since
[_x]q = _[‘T]q )
we can restrict ourselves to nonnegative numbers only, and since
[2]g-1 = []g
we can take

qg>1

without loss of generality.
Theorem 1. Let z > 0. Then, for n € Z>q,

([ ==])" + (1 +z]7)" > 2", (2)

Proof. We start with the case n — 1. Then

1
—4q

[1 . :L']qN + [1 + x]; _ ; — {qlx . qxfl + qurl _ qflfx} _

1 T - —x - T —x ~
= (=g DN+a"(a—a D =4¢"+q"=[2p,

and

[ —a]y +[1+a2]y >2, (3)
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with equality iff z = 0. Now the inequality (2) is reduced to a purely classical one. Denote
a=[1-x]7, b=[1+z]].
Then (3) can be rewritten as
a+b>2, a,b>0 (4)
and we are interested in the 777 of
f(a,b) =a™ 4+ b".

Obviously, this 77 is achieved at the boundary, and (2) follows. W
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Classically, (1 + al)...(l + an) >14ay+...4+ay, fora; > 0,...,a, > 0. We prove the

quantum analog of this.

Let

xT

[z]] = q;__qq_l, z, e R, ¢ #0,£1,
be the 2"¢ quantization of z.
Theorem 1. For a,...ap > 0,n > 1,

1+ ai]y (1 +an]y > [1+a1 + ... +anly. (2)
Proof. We use induction on n. For n =2, (2) is:

?
[L+al7[L+b]7 > [L+a+bl), a=al, b=ay,

or

(q1+a _ qflfa)(q1+b _ qflfb) > (q o qfl)(qlJraer) _ qflfafb7
or

?

(q2+a+b + q—2—a—b) _ (qa—b + qb—(z) >

? 9 g —a—

> (q2+a+b+q 2—a b)_(qa+b+q a b)’
or

?
qa+b 4+ q—a—b > qa—b + qb—a’

which is true because [2]3 is increasing with z > 0, and a + b > |a — b|.
Suppose now (2) is true for n = N. Denote

a+1+..+ay=o,
(L1—|—...—{-CLN+1=Z.
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Then, for the LHS of (2), LHS,,, we have, with b = ay41:
LHSN+1 = [1 + b];LHSN >

S R e e N o]

or
?

@ =g @ - ) > (g (@ -,

or
?

@+ g7 2) (" P+ ) >

?

> (PP 4+ g2 — (X 4+ g2,
or

2
—o—b ! b _
qa+b +gq o—b > qcr +qb cr,

which is true because ¢* + ¢~% is an increasing function of = > 0. |
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Classically, 22 = (233 — 1) + 1. Quantumly, the situation is more interesting.

Let
~_¢—q"
[:E]q = 10 HANS Ra Q# Oaj:la
q—4q
be the second quantization of x.
Since
[y = ==y,

we can restrict ourselves to nonnegative numbers only, and since

~

(]2 = [=]7,
we can take
qg>1

without loss of generality.

Theorem 1. For any x > 0,

z[2)p. —1> 2217, z>1.

Proof. Multiplying through by (¢ — ¢~!) > 0, we get:
?

(=g )@ +a ) = (q—q ") > ¢ =g,

or
?
T (q23:+1 _ q72x71) _ (q23:71 _ q1722) > (q2:v71 _ q7295+1) + (C] _ qil),

or

2

2z+1 q2$—1) 2 (CC + 1)(q2$—1 _ q—21'+1) + (q _ q—l)’

z(q
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which can also be rewritten as

?
2z +1]7 > (z +1)[2x — 1] + 1,2 > 1, (4)
Setting
h =logq > 0,

(3) can be rewritten as:

oo h2n+1 ? 0 h2n+1 oo h2n+1
2y —— 2z +1)*! N2y ——+2y ——
g ;(2n+1)!<x+ > et §(2n+1)+ 2 an+1) (5)
(5) follows from:
?
r(2x + 1) > (2 + 1) 2z - D 41, n> 1 (6)

(6) is an equality for n = 0. So let now n > 1,2n+ > 3.
We first use induction on n, the base n = 0 has been covered. The induction step
n — n + 1 provides:

(z+1)(2x — 1) < (22 — 1)?[z(2z + 1)*"T! — 1] <

> (2¢ + 1)1 — 1,

z{(2z — 1)2}(2z + 1)* T — (22 4 1) 3] ; (22 — 1) — 1,
x(2x +1)*TH (22 — 1)% — (22 + 1)%} ; do(z — 1),

x(2x +1)* T (-2)(42)} ; da(x — 1), (7)

which is obvious for x > 1 since the LHS < 0.
For 0 < x < 1, the situation is somewhat unclear. The inequality (7) is certainly wrong
for n =0:
”
z(2z 4 1)222 > 2(1 — x),
or
)

r(d4a? + 22 +2—1) >0,

or

?
x(4x2 +3x—-1)>0,
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or
?
z(z+1)(4z —1) >0,
which is false between the roots:
1
1<z < -, 8
<@ < (8)

We therefore leave the region 0 < z < 1 in the dark, although our immediate inequality (6)
is an identity for n = 0, irrespective of where = belongs to. Just the inductive argument
breaks down on [0, 1/4].

To handle, the region [0,1/4] for (6), we introduce

1—2z=t 1/2<+<1. (9)

Then (6) becomes, with V' standing for an unknown < or > sign:
1—-1¢

T{(z _ t)2n+l + t2n+1}V1 _ t2n-i—17
or
2n+1
(2 _ t)2n+1 + t2TL+1 1 _ t2n+1 9
=14+t+..+4°". 10
5 T it + (10)
Now, (10) is an equality for n = 0, as expected. The inductive step n — n + 1 gives:
9 _ 4)2n+1 1
RHS, 1 = RHS,, + > 4 ¢2n+2 _ V(2) - zt2”+1[5 + (14 1)]
2 ¢ 2n+3 t2n+1
S0 2
2 2
or
2n+1 (2 o t)2n+1
5 (3+2t— AV 5 [(t—2)* —1]. (11)
or
L3 4 2t — 1)V (2 — )22 — ¢t + 3]. (12)
But
t<2—-1

ont e [1/2,1], and

?

342t —t2>t2—t+3,

or
?
3t > 212,
or
72
3>t
=3

which is true. Thus, V is <, and (6) changes the > sign into < one on z¢[0,1/4]. W
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Classically, TY < 1/2 forx +1y = 1,2,y > 0. We quantize this.

Let
r __ . —x
[IE]; = %7 HANS Ra Q#Oaila
q—4q
is the 2" quantization of z.
Since
[—alg = =g,

we can take
qg>1

without loss of generality.
We are interested in the linear function

f(z,a) = f(a,x) = [z + a]y — [2]] — [a]], a,x > 0.

Since
b+ ey =q "y + a°[bly,
we can rewrite f € s:

f(a,a) = ¢ *[z]g +¢*laly =[]y —lalg =
= (¢ = Dzly + (¢" = V[aly =
= (¢" = Dlalg = (1 = ¢ )]y

Theorem 3. f(z,a) >0 for z > a > 0.
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Proof. Notice that
f(a;a) = [2a]y = 2[a]g = [a]g (2132 = 2) > 0
because
2]ge > 2 for a # 0, (4)
and since
f(@,0) = f(0,a) =0,
we can safely assume that
ax # 0.

Now, (2) yields, for its z-derivative:

D) gy - ) P
where

h =logq > 0.
Hence,

q—q ' Of

P Q" —q ") —1-q¢" )" +q %)=
=¢"¢"[(1+q¢ - (1+q¢ )=
_ qxqa<q—a . q—2x) > O7

because z > 0 and ¢ > 1. This takes care of the x > a > 0 case, because f(z,a) >
f(a,a) > 0. The = < a case is similar, because f(z,a) = f(a,x). [ |
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The classical inequality, \/E + \/6 4+ ...+ \/E < %A, is quantized.

Let
~_¢—q"
[x]q: —1 xER7Q7éO>:t17
q—4q
be the second quantization of x.
Since
[—z]g = —l=lg,

we can restrict ourselves to nonnegative numbers only, and since

[];51 = [=]7,
we can take
qg>1

without loss of generality.

Theorem 1. Let a be unspecified,

Q=g )
Then
(27t
Vit OVat .t Ova< (12l o +a a>0, (3)

2]y ’

(n radicels on the left.)
Proof. Forn=1, (3) is

2 ¢+ 4/ ([217)%a + ¢
Va < - ,

217
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or

I GVl PR
([217)? 7

which is obvious.
The inductive step n +— n + 1 is:

Jqu (25 Pa+ @ 0+ (277 +
a+Q

2]y 2]y ’

or

+Q\l g+ /([217)%a+ > 5 q* +2¢%/(12]7)%a+ > + ([217)%q + ¢*

2] = ()
¢+ 4/ (2I7)%a+¢*> , o 2 1
@ 27 PRy ¢ Ve
Q= ; 22, (4)
where

q* + 4/ ([217)%a + ¢*
e 2] ’
q“ +4/([2]7)%a + ¢**q~
Z9 = [2]; . (5)

Thus, it’s enough to have

a =0, (6)
Q<1, (7)

to have (4) satisfied.
For (7), we have:

?
20" <q+q ",

so that o = 0 is ok. Thus,

5 /e <1+/([2]7)%a+1

2
\/a+[2];\/a—|—...+ [2];
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Classically, (CLSU) — ax = 0. We consider the very different quantum case.

Let

q:r:_qf:r
["E];:mv ZE,QER, q#17q>0a

is the 24 quantization of x.
Since

we can take
qg>1

without loss of generality.
We are interested in the function

f(z,a) = f(a,7) = [azx]] — [a]][z]7"
We have:
F(z,a)=(q—q ") flz,a)=(¢—q¢ )@ —q ) = (" —q¢ V" —q¢ ") =

_ (qaw—H + q—l—az) _ (qa:v—l + ql—az)_
—(@T T+ (T ¢0T).

Set

h =logq > 0.
Then (2) is:

% 12n

2) (2n)!

n

{(az +1)* — (az — 1)*" — (z + a)® + (z — a)*}.
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Therefore, if we want

~

¢ > [2l7laly

[za] 7 laly

for z,a > 1, (3) follows from:

°

(ax +1)* —(az — 1) = (z +a)*" + (z —a)* >0, =z,a>1. (4)

For n =1 (4) returns:

4ax — 4ax =0,
son > 1.
Now,

We prove (4) by induction on n, assuming only a > 1. Suppose (4) is true for n < N.
Then

19
2N Ox
—(z+a)(z+a)® MV 4 (2 —a)(z —a)®! NV >0,

{LHSN} = a(az + 1)(az + 1)* VY — g(az — 1)(az — 1)20V-D

because

alar + 1) > alaxr — 1), (6a)

alax +1) > x + a, (6b)

alar +1) >z —a, (6¢)
Thus, LHSy of (3) grows with x for a > 1. Hence,

laaly > [aly ]y, ayo > 1, (7a)

[ax]; < [a];[x];, a>1,z<1, (7b)
and by symmetry between a and =,

lax]y < [aly[z]g, a<1l,2>1. (7c)
It remains to consider the case 0 < a,z < 1. From (4) at a,x — 0, we expect

?
laz]y > [a][z];, O0<a,z <1 (8)

We prove (8) as follows. Using (4), we have:

2n 2n
2n ? 2n n—
2 E < i )akxk > 2 E < I >xka2 k 9)

k odd k odd
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and (9) follows from the pairing

?

akxk + a2n7kx2nfk > kaLQTL*k’ + $2nfkak’
or
bk N a2nm2n ? a2n N kx2n
a T — Xr — a
akxk ak xk
or
?
a%x?k + a2nx2n > x2ka2n + a2k:l,2n,
or

(a2kz o a2n)(x2kz . m211) > 0’

which is true, because a,x < 1, and k < 2n. |



A Quasiclassical Rational Binomial Sum
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Abstract

n+1_
We find a semiclassical version of the classical identity ZZ:O kiil (Z) _ 2 — 1

Set

k=0
where
q°—1
= , R, 1,
[z]q q—1 T q#

is the 1%* quantization of z.
We are interested in the rational sum

k

M”:kznzok({Fl(Z)' W

We rationalize M,, with the help of the identity

(n+1)ki1(’;) - <ZE) 2)
Thus,
e =3 (311 ) = e (1)} =
— e - (") = (e e n)e -
Mn:q—lw’ (3)
n+1

a g—generalization of the formula quoted in the abstract.



A Remark Of Smarandache 3"¢ Conjecture On
Prime Numbers
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Abstract

The 3rd Smaranduche Conjecture is trivially true.

Let p,, be the n'* prime number, and k > 2 an integer.

The Smarandache 3"¢ conjecture states:
1/k 2
Py =Pk <o (1)
Let
l<ag<ar <as<.. (2)

be a sequence of real positive numbers. We show that

1/k 2
al —alt <7 (3)

is true if k is >> 0, i.e. k is large enough, if a,, does not grow too fast.
Denote

a=1/k.

Then (3) is:

ap.q — ap ;2a,a>0 (4)
But

a% = e®°99 = 1 4 aloga, + 0(a?),
so (4) becomes:

a ?
alog ntl o 2a,

Qan

which is not true if apy1 > e?a,, but it is true for prime numbers, which by Bertand
postulate satisfy

pn+1/pn < 2.
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Abstract
1
We show that, Dy, being the nth prime, loligzzl lOng;: ) for n >> 0.

We use the asymptotic expansion

Pn = nf(n)v

f(n) = logn+ 3
=0

P
' Py =loglogn — 1,
log'n

where P; for ¢ > 0 is a polynomial in w = loglogn of degree = 1.
I proved recently that

1
flm+1) = f(m) + —[1+0(1)].
The RHS of
m 1
lng +1 > log(m+ )’ (1)
logp)n logm
is, modulo 1/m?- terms:
l 1) 1 1 1
cglm 1) _logmtg 1 o)
logm logm mlogn

For the LHS of (1), we get:
logpm = logm + log f(m) = logm + loglogm + 0(1),
so the LHS of (1) is

log(m + 1) + loglog(m + 1)
logm + loglogm
logm + loglogm + %(1 +

+0(1) =

1
logm) o

logm + loglogm
1 1

=1+ (1+— ;
m logm + loglogm

and obviously,
m+1 1 1
> )
m  logm + loglogm =~ mlogm

because

(m + 1)logm > (logm + loglogm).



A Simple Inequality In The First Quantization
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Abstract

fx >y > 0then 1 be < l/y We quantize this.

Let z >y > 0,9 > 1.

Theorem 1.

gt —1
[x]q: q_17$€R7 Q%Oalu

is the 1% quantization of x.
Proof. Since

[z]g = 14 gl — 1],
[z — 1] = q([z]q — 1),
so (2) is:

I g '([vly — 1)

)

Mq [y]q
bz
[ly 7 [ylg’
I
[y}q Tq
o < []a:

which is obvious because x > y > 0. |
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Abstract

A linear recurrent sequence of order two is quantized.

Let

T

ey =20

a — TER, ¢#0, £1,
qa—4q

is the 2% quantization of z.
Let

Tpt2 = ATpy1 + by,

ro =u, r1 =0,

be a second order linear recurrent sequence.

Theorem 1. Let

KXnt2 = q_b% [a],qunﬂ Xny1 4 ¢ttt [b]qx” Xn,
Xo=U= [u]qN, Xi=V= [v]qN.

Then
X = [znly, Vn € Zxo.
Proof. We use the formula
e+ dly = [y + ;.
Therefore,

Xn+2 = [Xn+2]; = [afcn + 1] [bﬂ?n]; =

—ben [aTn 1]y + ¢ b)) =

=4q
= ¢ " [a]g [2lnraly 4 @ bl [y -

This is (2a). W

Remark 5. Our quantization is by means unique, just the most simplistic.
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Abstract

Two distinct primes P < p/ generate all but a finite number of elements from Zi.

Let

/

p<p
be two distinct primes. We are interested in the space of linear combinations
ap + by,

a,be ZZO'

Theorem 1. Denote that space by S. Then S contains every integer > N(p,p'),
where

Np,p') = (p—1)% (2)

Proof. Let ry = p/(modp),1 < p' < p—1. Let k € Z, be such that kpy = 1. Let
1 <k < p—1 be the representative of k. Let N = r (mod p). Then N — krp’ =0 (mod
p),so N=sp+kp. 1

Since

kT’ S (p - 1)27
v(p,p) = (-1 +p

is sufficient, even though this bound is probably vastly over the true one except for
p=2, N

Remark 3. The Theorem is well-known in greater generality when p and p’ are any
coprime numbers. The paint is that in the prime case the proof is very short.
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Abstract

Let M be even, and Pm < M < Pm+1. We conjecture that at least one of the numbers
M — Pms M — Pm—1 is prime.

Let M be even, and

Pm < M < ppya.

The Goldbach Conjecture says that the number of solutions of the equation
M=p+p, (1)

p and p’ being prime, is > 1. I recently showed that the Goldbach Conjecture vastly under
states the matters, and that number of solutions is

2M
log? M~

But what is the object whose number of solutions is 1, 2 or bounded?

Conjecture 2. Among the numbers M — p,, and M — p,,_1 at least one is prime.
(If Pm+1 = Pm + 2, then M > pp, + 1)'

Example/Supporting evidence. Denote p = py,, p' = pm—1. Then
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50 R oS0 e - od 10 1= o oF ad I oF 19 o
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It’s been verified numerically up to M < 1.27.10% by Joshua A. Kupershmidt.
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Abstract

faxy=1,z,y > 0, then T + y > 2. We quantize this.

Let
~_ 9 -q”
2]y =——= 7,q€R, ¢#1,¢>0,
q—dq
is the 2" quantization of x.
Since
[—zlg = —l=lg,

we can restrict ourselves to nonnegative numbers only, and since
(=] = [2]g,

we can take
qg>1

without loss of generality.

Theorem 1. If 2,y > 0 and zy = 1 then

[Z]> + [~y >2, =>1. (3)

The restriction > 1 comes from the symmetry (x,y) — (y,x) of the constraint xy = 1.
Now, (3) is, after multiplying it by ¢ — ¢~! > 0:
? —
=g+ =TS 2g—q 7). (4)
It’s easy to see that the LHS of (4) is increasing with x:

10 T —x 1 T —1/x ?
E%(LHS)ZQ +q —ﬁ(ql/ +q 7 >0, (5)
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where
h =logq > 0.

(5) is obvious, because z > 1 and
T

as

qt + qft

is an increasing function of ¢ > 0. Thank you for H.

(6)
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Abstract

We compare classical number to its quantization, with a very short proof.

Let
r __ . —x
[J}]; = %7 T e Rv Q# Oailv
q—q
is the 2" quantization of z.
Since
[—z]y = —[z]§

q 9y

we can restrict ourselves to nonnegative numbers only, and since
[z = [2]g,

we can take

qg>1

without loss of generality.
Set

We prove.

Theorem 1.

2]y > 2, x> 1, (2a)
[z]; <z, 0<x <1 (2b)
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Proof. (a) Multiplying through by (¢ — ¢~*) > 0, we get:

2

“—qg " >a(g—q ),
or, with

h =1lgq > 0,

&0 h2n+1 h2n+1

n=0

which follows from:

?

2 s g x>1, n>0, for (2a),
" <2 0<2<1, n>0, for (2b),

both of which are obvious. W

o0
‘?
Z(2n+1)!x v ;](271“)!’
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Abstract
We quantize the classical formula ZZ:O <’;) = <Zji ) .
Let
O
2]y =——, 7, ¢€R, ¢#1, ¢>0,

qQ—q
be the 2" quantization of z.
Set

m]~ [m]!y
[kL Ky Im = K
K] = (17 (K], k€ Zsa; [0l = 1.

Theorem 1. For n € Z>g, p € Z>,

3 g m T ron {” + 1] B
k=0 Plq p+1l,

Proof. We use induction on n. For n = 0, (2) returns:
—ps0 _ 50
q pép - 5p7

which is true.
The inductive step amounts to:

q(P+1)n [n + 1:| - + q(n+1)(p+2)_p |:n + 1:| ~ ; q(p+1)(n+1) |:n + 2:| ~
Lp+1], p 1, p+1],
or to
n+2 ”;qpl[n+1]“+qn+lp[n+1r7
_p+1_q p+1 q p q

which is true, because, in general,

[N +117 N1~ N |7
+ :| =q I: ] + qe(N-i-l—s) [ :| e=+1. =
s q q q
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Abstract
nk

If {ak} is an arithmetic progression and N € Z21 is fixed, then Sk = Zi:l CLZ/TL]C also forms

an arithmetic progression. We quantize this.

(1)

Let
~_¢-q”
[x]q: —1 > x6R7Q7éO>:t17
q4—9q
be the second quantization of x. Let {ak} be arithmetic progression. Fix n € Z>;, and
set
nk
Sk = Z ai/nk:.
i=1

Then {Si} is also an arithmetic progression, because

“9a+ (2k - 1)%”] - g{(4k 1) =22 —1)} =0

Interestingly enough, this fact can be quantized. Set

Ay = ar]y,
o kn
Sk =Y lailg /[kn] e,
i=1
where

d=a1 —ap= (A — Ar—1)lg=1-

Then the S;’s form a quantum arithmetic progression.

Theorem 5. For any k € Z>1,

Sk + Sky2 = [2]7DSky1,

(4b)
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where

nd — —
D = ? = (Sk+1 - Sk;)q:l- (7)

Proof. First we establish that D exists. We have:

kn (k+1)n
g a2 aj
(Sk+1 — Sk)lg=1 — 2= +== =
kn (k+1)n
kn(ar +5d)  (k+ Dnfa + B8y g

kn (k+1)n T2

{@n—n+uk+nn_u}:g¢

which is (7).
Next,

SO

k-1 17 k+2)—1 E+1n—-1 17
h+”2d]+PHW(B)4;m%4m+(+m/d
q

or, with a + ???lg_ld =a:

? e al~
[a]; + [a+ nd}; = [Q]qnd/2 {a + n2:| ,
q

which is obvious because, in general,

(7 + 07 20|57
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Abstract

32n+1 + 922n+2 — (mod 7)7 n > ZZO' We quantize this.

Let

T

E A

; -, z€R, ¢#£0,+1,
q—q

be the second quantization of x.
In general, classical divisibility theorems do not carry into quantum domain, with rare
exceptions.

Lemma 1.

Proof. Instead of Bly = > + 1+ q72, let’s rewrite
Then the LHS of (2) is:

(2,0,-2) + (1, —1)(5,—5) = (2,0, —2) + (6, —4) + (4, —6) =

=(6,4,2,0,-2,-4,-6) =[7];. W

Set
An =an+ /Bna n < ZZO; (43‘)
an = ([3]78]32)" 1315 » (4b)
Bn = [2]5 [2]g: (12152)"™ (4c)

Lemma 2.
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Proof. We have:

(2,0. — 2)(4,0, —4) = (6,2,—2) + (4,0, —4) + (2, -2, —6) =

= (67 47 27 07 _27 _47 _6) + (27 _2) = [7];; + [2](;2 u

Theorem 5. Forn € Z>

Ap = 0(mod [T]7).

Proof. We use induction on n. For n = 0, (6) returns (2). Next,
Aua BI B + 213 6n

= [22 0 + 1215280 = [213 (an + Bn) =
= 2] An.

Thus,

An_;’_l = [2] ™

q2

Ap(mod [7]7),

(6) is proven, because A, = 0(mod[7];), and the inductive step is complete.
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Abstract

Classically, 3.52n+1 + 23n+1 = O(mod 17), n e Zzo. We quantize this.

Let

T

2] = ¢ -a"

p — TER, ¢#0,£1,
qa—4q

be the second quantization of x.

Lemma 1.

Bl Bl + [2]gs = 1717 (2)

i
Proof. Thisis a particular case n = 2 of
Lemma 3. For n € Z>,,

3] zn+2[2n + 1]7 + [2] 5012 = [6n + 5]7. (4)
Proof. Multiplying through by ¢ — ¢~', (4) becomes:

2 _6n+5 _ _6n—5

(q4n+4 +1 +q—4n—4)(q2n+1 _ q—2n—1) + (q _ q—l)(q2n+2 + q—2n—2) q q ,
or
(q6n+5 + q2n+1 + q—2n—3) _ (q2n+3 + q—2n—1 + q—6n—5) + q2n+3 _ q—2n—3 _ q—2n+1 + q—2n—1 ;
? —6n—
= q6n+5 —q 6n 5’
or
q2n+1 _ q—2n—1 + q—(2n+3) _ q(2n+3) + q2n+3 _ q—2n—3 . q2n+1 + q—2n—1 2 0,
or

?

0,

which is true. [ |
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2
Theorem 5. For n € Z>
[5]5 8155 ([5]g [5153) + [215 ([11]7 — 1 — [2]%)*" = O(mod [17]7). (6)
Proof. We use induction on n. For n = 0, (6) follows from (2). For general n, we have,
denoting the LHS of (6) by A,; and
[11]g —1—[2]7% by <8 >:
B 515 (B1)B)" + [2s(< 8 >)" = (mod [17]7),
or, using (2):
—(([5];)[B]2)"+ < 8 >"= 0 (mod [17]7"),
which follows from
(15];)[5]55— < 8 >= 0 (mod [17]]) (7)
(8)

which is true, because
2Bl — <8 >=17]7".

[5]5s (5]

Indeed, in short-hand notation,
=(1,-2,0,-2,-4)(12,6,0, -6, —12)

= (16,10, 4, —2, —8) + (14,8,2, —4, —10) + (12,6,0, —6, —12)+

[515 15]g

+(10,4,-2,18, —14) + (8,2, -4, —10, —16) =
= (16,4,12,10,8,6,4,2,0, -2, —4, —6, —8, —10, —12, —14, —16)+
Y12

+(10,8,4,2, -2, -4, -8, —10) = [17]7" + [11];
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Abstract
322 _8p —9 = O(mod 64), n e Zzo. We quantize this.
Let
x _ T
ey =% o wER a£0.EL

is the 2" quantization of x.

Theorem 1. For € Z,,

([37)7%2 = 215 [4lgn = (819)* = 0(mod ([2]571417)?).- (2)

Proof. We use induction on n. For n =0, (2) is:

([317)% = (1B17)* = 0.

Next,

A — A (B2 2{(B1)? — 1} — 25 14]y =

= (207 [47 (B2 — 13, (3)
because

([B1g)% = 1= [217 [4]7 - (4)

Indeed, writing (2, 0, -2) instead of ¢* + 1 + 272 for [3], we have:
(1317)* = 1=(2,0-2)(2,0,—-2) — (0) =
= (4, 2, O) + (2,0, —2) + (O, -2, —4) — (O) =
= (4,2,0,-2),—4) + (2,0,-2) = [2J;[4]; =
1,-1)(3,1,-1,-3) = (4,2,0,—2) + (2,0, -2, —4) =
4,2,0,—2,—4) + (2,0, —2).
Thus, (3) is:

205 [ {(317)2+2} = 0(mod (27 1417)?)

= (
= (

(1317)2"2 — 1 = 0(mod [2)77[4]7"),

which is obvious because

([37)72 = 1= (([317))" " = 1 [by (4)]

=1"" —1=0(mod [2]7[4];). W
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Abstract
22n +15n—1= (mod 9) for n > ZZQ. We quantize this.
Let

" —q "
[l’];: —1 x6R7Q7éO>:t17

q—dq
be the second quantization of x.

Theorem 1. For n € Z,,

([29)7" = Blyn — 1 = 0(mod = ([3]7)?).

(2)
Proof. Denote the LHS of (2) by A,. Using induction on n, we see at once that
AO = A1 =0.
Next,

Ani1 — An = (1217)2(1217)° = 13 = 3] = {([2]
= O(meod [3]7[3]7

3 ~yn 13 =
g) &
([217)%" = 1 = 0(mod [3]7).
But
(125" = ((12D*)" = (13]y + )" = 1" (mod [3]7),
and

1"-1=1-1=0(mod V). N
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Abstract

If {ak} is an arithmetic progression, then aj + ap = Qp—¢ + qp+gv€ € Z. We quantize this.

Let

xT

]y = qx_iq:l
qa—q
be the second quantization of x.
Classically, if {ax} is an arithmetic progression then

) .%'ER, Q#Oaila

Ak + Q45 = Ak—¢ + Akts+0; NS Z, Vk,S €Z.

Theorem 2.

larly + ¢ arss)y = qar—dy + ¢ arsspdly

Proof. Since, denoting

Ay = lag]y

Ap = [k]jaAr — [k = 1] Ao,
where

d= a1 —ap = (A1 — Ao)|g=1,

it’s enough to show that

2

K]y + ok + 107 = [k — 07 + ¢k + s + 47,

or
_ —k—s\ ?
qk_q k+q2€+8(qk+5_q k s):
? - - —k—s—
S qﬂ(qk L _qﬁ k:) +qs+£(qk+s+€_q k—s é)’
or
_ _ ?
§F — g 4 i _ k2t L
_ b PR st _ ok

which is obvious. [ |
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Abstract

For various quantum expressions, we establish a relative order.

Let
- —q"
[x]N = —1
q q—q 1

z,€R, ¢#1,¢>0,

be the second quantization of x so that
[l = lalf,

and we can take
qg>1

without loss of generality.

Lemma 1. Let ¢ > Q > 0. Then
g—q'>Q-Q!
Proof. wWe have:

-¢'-Q-QN=0G@-Q-('-Q =

oy Qe 1
=@-Q-"5-=-Qu+_5>0 =

Lemma 3. The Function
[Q]qm = q:I? + q_x
grows with = > 0.

Proof. Let h = logg > 0. Then

8 x —T\ __ r __ -
afx(q +q¢ %) =h(¢"—q %) >0,

because z >0=¢*>1. N
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Lemma 5. For ¢ > Q > 0, then
(@+aHQR-Q N <(@—aHR+Q™). (6)
Proof. Opening the bracket in (6), we have:
Q- Q) +47'Q— Q7 < (4@ — Q) +¢Q7 —¢7'Q,
or
0Q < qQ Y,
or
Q* < ¢,

which is true because Q < ¢. H
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Abstract

We estimate the sums exactly.

Selberg in 1943 [Sel 1943] considered the sum

S(z,2) = Z (Pn+1 —Pn)Q?

pn<x Pn

where p,, is the n" prime. Under the assumption of RC (Rienmann’s Conjecture), he
deduced that

S(x,2) = O(log>x).
Theorem 1. Let a # 0. Then

S(z,a) = Z (p”+1p_ pa)* loi r (2)

pn<xT
Proof. I recently proved that

Pn+1 — Pn — logpn+1 + 0(1) =0.

Hence,
(Pt — pn)° log™n log®'n  log®x
r, o) = —_—— Y ~ ~
(z,0) Z Dn 2 nlogn Z n a
PnSz Slogz
as required. |

The case a = 0 has drastically different asymptotics:
1

Z — ~ loglogz.

p<z p

Notice that
log®x — 1

loglogr = lim
a—0 «

References

[Sel 1943] Selberg, A., On The Normal Density of Primes In Short Intervals, and the
Difference Between Consequtive Primes, Arch. Math. Naturvid. 47 (1943) 87-105.
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Abstract

We quantize the formula Z?:O(_l)k (Z) = (n;f) (—l)m, 0 S, <n.

Let

xT

oy ==L

q 1> LL‘ER,(]#O,:&L
q9—4q

is the 2" quantization of z.
Set

m]~ _ [mllg
[kL Ry [m = ]l
K]ty = (17 [K]y k€ Zsy; 0]l = 1.

Formula in the abstract is easily proven by induction on n. For m = n — 1, it returns

k=0

so that the annoying restr???? m < n can be dropped off.

Theorem 1. For n € Z>y, m € Z>,,

o]

k=0 q

~

o =g )

Proof. We use induction on n. For n =1,m = 0, (2) returns:

1=1,
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which is true. For n =m =1, (2) returns:
1-1=0, (3)

which is also true. For n =1,m > 1, (2) returns (3) again.
Now suppose (2) is true for n < N. Denoting the LHS and the RHS of (2) by L(n,m)
and R(n,m), respectively, we have:

m 1)k[N+1LNQNk (4)

L(N +1,m) =) (- X

k=0

But

NN_ n—lNek N—lNE(N_K) -
[KL—[ K Lq +[K_1Lq , €=+1. (5)

Thus, for e = —1, (4) becomes:

L(N +1,m) = Zm:(—l)kqm{q_k [g]; +e [K]\—] 1} } B
N ]N

= Lm) + Y (RN Vi
By

and, changing k into s + 1, we get:

m

S (-1 1)kgN=D¥ g L+N N-117
K-1
k=0 q

== 3 NN N [N - 1]N _ 2N [(N m— 1)]' (7)

S

Thus,
L(N +1,m) = L(N,m) — ¢*[(N — 1,m — 1) (by induction)] =

N-1]" L N [N =177
_ qN|: :| (_1)m _ q2N(_1)m qu( 1) |: :| _
mo g m—1],

_ (_l)mq(N-i-l)m{q—m |:N - 1:|N +q—m+N[N_ 1:|} _
m- ], m—1

_ (_1)mq(N+1)m|:N:|N. [
q

m
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Abstract

We quantize naturally the formula ZZ:O k= <n—2i-1> .

Let

¢  —q "
[x];:mv ZE,QGR, Q#lv q>07

be the 2"¢ quantization of .
Theorem 1. For n € Z5,,

% g~ on 0+ 17 [n]g
gq:ﬂc K]y =g T

Proof. We use the induction on n. The case n = 0 returns:
0=0,

which is true.
The induction step n +— n + 1, amounts to:

q

2]
 oppe 27+ 17
- q ~ 9
(215
or
~ ~ ! ~
q2n[n]q +q3n+2[2]q £ q2n+3[n+2]q’
or

_ ~ ~ 7 ~
¢ 2]y +q"[2 = [0+ 217,
which is true because, in general,

o+ by =g laly +a'b);.
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Abstract
Classically, < kf1> < k:—?—l) < <Z> 2. We quantize this.
Let
[z]q = q;_—qq__f’ r€R, qg#0,+1,

be the 2" quantization of z.
Set

m|™ [m]!
[k:L = W —m "Z2k20
[kl = (1] .. [K]y, k € Z>y; [0)1y = 1.

Theorem 1. ForneZ,, 0<k<n,

2 e < (G

Proof. Write (2) in the long hand, we have:

1 1 ? 1

<

o= 10—k + 1 k+ 11—k — 1!~ ([&]')%(n — kD2

Multiplying (3) by

(KIS [k + 117 [0 — k)1 [n — k + 1], we arrive at :
k] [n =kl <[k+1]7n—k+1]7

which is obvious, because, for z > 0,

[z+1]7 >[z]7. ©
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Abstract

Classically, ((L{L‘)(ﬁy) = (Oéy) (ﬁZL‘) It’s not so quantumly.

Let
~_¢—q"
2]y =—F, z€R, ¢#0,£1,
q—dq
is the 2" quantization of x.
Since
[y = ==y,

we can restrict ourselves to nonnegative numbers only, and since
2l = 27,
we can take
qg>1
without loss of generality.
Theorem 1. Let a >3 >0, 2 >y > 0. Then

]y [Bylg > lawlg (6] - (2)

Proof. Multiplying through by (¢ — ¢~1)? > 0, we get:

? — —
(@ = ") (™ = ¢") > (@ — g )" — ¢7""),

or

(qax+ﬁy + q—om:—ﬁy) _ (qoaaz—ﬁy + qﬁy—ax) ;

?
> (g o gy (P g, )
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Lemma 4. The function

fR)=d+a~
grows with z for z > 0,¢ > 1. Proof.
a _

=h(¢g®—q %), h=1 0.
I (" —q%), ogq >

Since z > 0,¢* > ¢~ %, and g—’; >0. N1
Now,

az + By > ay + fxr &

alz—y)>pBx—y) <a>fFand z > y.

Hence (3) follows from
qay—ﬂz + q,Bz—ay ; qam—ﬂy + qﬁy—a17
which follows, by Lemma 4, from

ay—Bx > Py —ar=0
alr+y)>plx+y)<=a>5 N
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Abstract
The usual integers are log-concave, because (n — 1) (n + 1) < n2. We find a quantum version of
this.
Let
¢ —q”
[fv]q: q_q_l ) .TGR, Q#Ovila

be the 2" quantization of z.

Theorem 1. For z € Z>,
[z — 1)7 [z + 1] < ([2]))*
Proof. Multiplying (2) by (¢ — ¢~")? > 0 and denoting
X =¢
we rewrite (2) as:
(Xg' — X'g)(Xg - X g < (X - X1,
or
(Xg ' =X )~ (P+q )< X2+ X 2-2
or
-2

2<q¢*+q7,

which is obvious. [ |
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Abstract

The characteristic property of lowering powers, ™ = x(x — 1)(33 —m + 1), m € Zzl, is

m—+1
this: ZZ:O[k]m = % We quantize the set-up.

Let
~_ 9 —q"
[x]q = 1> fL’,qER, Q#la (]>O,
q—dq
be the 2" quantization of .
For km € Z>1, set
[z]™ [ = [z]] [x — 1] .. [ —m + 1]7. (1)
Theorem 2.
m+1 ~
(3)

iq(k—l)(m+2)+2[k]m ~ w n(m+1)
Pt 4 [m +1]7

Proof. We use induction on n. For n = 0, (3) returns:
0=0,

because
14l —

for m > 1.
The induction step n +— n + 1 amounts to:

qn(m—H) N N Mt2)4s ) B
W[nJrl]q...[n—erl]q +q [+ 107 —m+ 2y =
q
? q(n+1)(m+1) N N
TR [n+2]7..[n—m+2],
or
"™V —m+ 17 + g2 1 2 gD 2
or

g —m 1+ @ 1Y S [+ 27

which is true because, in general,

[a+0]; =q la]y +q¢"[b];. W
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Abstract

We derive the first term of an asymptotic series for the quantum version of 1 + €, with 62 =0.

Let

¢ —q "
EY

[z]4 r€R, ¢g#0,+1,

be the 2" quantization of .

Theorem 1. Modulo e-terms,

2]y

14+€T=1+c¢ 4_. 2

1+dy =1+t @)
Proof. with

q=-e", h=logg, (3)
we have:

[1 g~ q1+e _ q—l—e _ qqs _ q—lq—e _

e = g—q '  qg-q'
-1 -1
Ty —qqflehe g = q*e—he q —qcf1 Athe) =7 = it i =
g+q! 1+h
=1+ he)q e q_le[Q];,

as required.
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Abstract

3
Every odd number ]\47 large or small, is the sum of three primes, in Tog® M ways.

Let M be an odd number. We are interested in the number of solutions, ns(M), of the
equation.

M = p1 +p2 + ps. (1)
Let

Pm <M < ppy1, (2)
so that

M ~ mlogm, (3)

M

m e~ TogM’ (4)

for large M.

Important Remark 5. We argue with “large” numbers, but this imperfection is
easy remedied with the help of Dusart Thesis, the Bible of the Prime Theory Estimates.
This observation applies to all my work on various prime number conjectures. I don’t do
it myself since I don’t have time, and wishing somebody else something to do.

Now,

ng(M) = ZW(M —p1), (5)
p1
and I showed, for the binary Goldbach conjecture, that
2logM
M)~ ——.

Hence, (5) returns:

2(M — pi) 2M p1
M ~ ~ 1 —_— ) ~
na(M) pzl log? (M,,)  log*?M %:( M)

2M ( m2l0g2m) 2M ( m) M?
log?M 2M log2 M 2 log? M’

as claimed. |
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Abstract
The density around  >> 0, is 1/logx.
It is often said that the density of primes around z is 1/logz. Still, an accurate deriva-
tion of the fact is desirable. Such a derivation is offered below.

Let ¢ > 0 be an interval around z,c = 2a,a > 0. We look at the number of primes
between x — a and x + a.

Claim. That number is, approximately,
c

logz

Indeed, that number is
m(x +a) —7(z —a), (2)

and
T

m(@) ~ logx

(by PNT, for example).

So,
T+ a r—a
T +a) - e —a)~ log(z +a) log(z — a) -
T+ a r—a 1 .
~ _ = 5 times :
logr + 3 logz — 3 log?z — &
(x + a)(logx — g) — (z — a)(logx + g) = 2a(logz — 1)).
x x
Thus,
2a(logx — 1) 2a. ¢
m@+a)—n(z—a) log2x logr  logx’

as required.
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Abstract
Classically, % = 1. It is not so simple in the quantum case.
Let
- -1
[x]q: q—l ) .’L‘GR, Q7é07:l:17

be the 2"¢quantization of x.
Since

[2];51 = [=]7,
we can take
qg>1

without loss of generality.

Theorem 1. For z > 0, we have:

dlx|>
Q>1, x> 1,
dx

dlzly

<1, O0<x<1/V3.
o r<1/V3

Proof. we have:

dlz]y d<qx -q"
q—qt

de  dx _q—q_lq )

where
h =logq > 0.

Now, I have proved that

-1
,1>q—q ‘

q+q A
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R
increases with z, (2a) follows from (3).
It remains to establish (2b), which by (3) is

q—q !

¢+ < T 0<z<1V3.
For the LHS of (6), we have:
X 12n,.2n
qw+q—x:ehx+e—hr:2 h*"x ,
(2n)!
h=0
and for the RHS of (6) we find:
_ 1 h _ _—h 9 o0 h2n+1
h h h (2n+1)!
n=0
Thus, we need:
al 1

A

2n)! = @n+ )l

For n =0 it’s true. For n ; 0, we get

? 1
2n
< )
SN
or
? 1 1
fL’< 2n

Mm+1  Zntl

Now, for the function

1 log(z+1)

f(@) = Vo FT,
log(xz +1
logf(x) = logle +1) ),
x
we have:
dllogf(z)] 1 _log(z+1) 1
dx z(z+1) z? o
Thus, f(x) decreases from v/3 (at z = 2) to 1 at = = 0). Thus,
r<
V3

does the job. |

Remark 9. The region
1/V3<z<1

remains in the dark.

z+1

x

(7b)

b<o
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Abstract

We estimate the difference mentioned in the title.

Let

@ —q”
[.Z']:; = —1° VIS R7 q 3& 07:t17
q—q

be the 2" quantization of z.
The difference

[2]g —=

Theorem 1.

x|y —x 3 _
" T 7%
R LR

Proof. We use the fact that

2

h
[x];:x—kg( 35— 2)+0(hY), h=logq.

g—q t=e"—e " =20+ 03,
we have:

(q—q~") =4h* + O(h"),
and

2]y — = _%Q(xg—x) -

(q—q71)? 4n? 24 7

which is (2). [
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Abstract

EZ:O k(n — k) = <n;—1> . The quantum situation is rather different.

Let

- —q°

[=]3 pa— r, ¢€R, ¢#1, ¢>0,

be the 2"¢ quantization of .
Theorem 1. For n € Z>o,

n

> Ky — Ky = @_2_1)2{(71 + 125w —2[n + 1];}. (2)

k=0

Proof. Multiplying (2) by (¢ — ¢ )%, we get:

n n

(0= ) Y k7T — K7 = 3 _(¢" —a7")(g" ™" —q7") =
k=0 k=0
=> {(q” +a ") - (" + q"“k)} -
k=0
=+ 12— (32)
_ <qn Z q—2k + q—n Z q21c> ] (3b)
k=0 k=0

Now,

n n
qn Zq—2k + q—n Zq2k _
k=0

k=0 =
="+ 12+ ¢ "[n+1]pe =
_ qnl . q—(2n+2) N q—n q2(n+1) -1 B
1—q2 -1
_ qn q—n—l(qn+l _ q—n—l) N qfn qn+1(qn+1 _ q—n—l) B
¢ g—qt) q(g—q71)

— [n+1]72,
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and (2) follows. Here

¢ —1
[l‘]q:q_ilvxv qERv Q#lv q>0a

is the 1°¢ quantization of z. |
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Abstract

We compare two equal fraction under a base change.

Let

-1
[x]q: q_17x€R7 Q#lv

Theorem 1. Let n € Z>1, ¢ > Q > 0. Then

[”]q ["]Q
1, [t

Proof. We have:

m+ 1], ; n+1]g

[n]g e
or
1+...+q¢" ;1+Q+...+Q"
1+..4+qg"1 1+...4+Qn 17
or
q" 4 Q"
4+ — > 14—
+1—|—...+q”_1 +1+...+Qn—1
or
I4+.¢g" ' 2 14...+Q" !
P Q" ’
or
L S S
pr e ot

which is true, because ¢ > Q = % < % [ ]
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Abstract

It’s easy to check that n(n + 1) = Z?;Ol (277, — 21) We quantize this.

Let

¢ —q "
Tat

[z]4 r€R, ¢g#0,+1,

be the 2" quantization of .

Theorem 1. For n € Z>,

n—1

)y n 4+ 17 = [2n — 247 (2)
=0

Proof. We use the formula for a sum of quantum arithmetic progression:

Z[a—l—kd]; = [m+1] 4 [W}j (3)
k=0 q

Together with
[z]g = [l (4)

the RHS of (2), with the help of (3), (4), becomes:

n—1 ~
;[271 2] = [l [2”; QL — [+ 17

which is the LHS of (2). W
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Abstract
7?7 —1 < a; <0 then (1 —l—al)...(l —|—a1)...(1+an) >1+aj+...+ap. We quantize
this.
Let
T _ -
[x]’\‘ = %7 z GR, q7é07:t17

T q—q

is the 2@ quantization of z.
Theorem 1. Let -1 < a; <0,i=1,...,n. Then

1+ ai]y [l +an]y > [1+a1 + ... +anly. (2)
Proof. We use induction on n, the case n = 1 being obvious. Set

a=a1+ ...+ap, a=anpii. (3)

The inductive step amounts to:

?
1+olf[1+aly > [1+0+al;, a,0 <0,

or, by multiplying by (¢ —¢~1)? > 0, to

?

@ =T =) > (g (T =Y,

or to
?

(q2+a+a + q72fofa) o (qafa + qofa) >

?

Z (q2+o+a + q—2—cr—a) o (qo+a + q—cr—a)’
or to

qo'+a 4 qafa ; qafa + qa7¢77

or to

q°(¢" —a™") ; q(¢"—a™"). (4)
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Now, since
[z]351 = [=]7,
we can take

qg>1

without loss of generality.
Since a < 0,¢% — ¢~* < 0, and (4) turns into

which is true because ¢ > 1,20 < 0. |



On The Product Of Two Quantum Integers As A

Sum Of Odd Quantum Integers

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@utsi.edu

Abstract

It’s easy to check that n(n + 2&) = 2?2_01(2’& +2a+1— 22), n e Zzl, at Zzo. We

quantize this.

Let

¢ —q "
EYEY

[x]q xERv q#oaila

be the 2"¢ quantization of .

Theorem 1. Let a € Z>g,n € Z>1. Then

n—1
()30 +2a); = [2n+ 20 — 1 — 247,
=0

Proof. We use formula for the sum of quantum arithmetic progression

n N N d N
Z[a—i—kzd]q = [n+1}qd/2[a+n§}q.
k=0

With (3), the RHS of (2) becomes remembering that

~

[n]y [(2n+2a -+ 2n+2a—1-2(n—-1))2| =

— [nl;n + 24,

and this is the LHS of (2). N

Remark 4. Formula (2) is true for a € /R.
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Abstract

277)k+1

We quantize the identity: ZZ:l (T <Z> =1+ % —+ ...+ %

¢ —q "
YEY

[z]4 r€R, ¢g#0,+1,

be the 2"¢ quantization of .
Set

K] = (1) (K], k€ Zsys [0 =1
Set
n k
q
Hn = ITAPSE

the quantum version of the harmonic series.

Theorem 1. Forn € Zzl,

el

k=1 q

Proof. We use induction on n. For n = 1, (2) returns:
q=q,

which is true.
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Denote the LHS of (2) by L(n). We have, using the formula

B el @

1) = ni:l H]fﬂq("+l)kq_k{ [Z] gt [k " 1] N} = L(n)+

1 k+1 n ~
nk n+1 _ -
*Zq S [k—l]q L)
+ Z qn+1 ns+n (_1)8 n|” _ L(n) + q2n+1 qa" (4)
g [s+1]7 s/, [n+ 1]
because

[n]'y

& (_1)k |:n:|N —nr
v =q Vo2, 1, n€ 2>,
kzo[k?+T]q k], [y [r +nlj =

as easy to check by induction on n.
Thus,

nook

q 1
E e 7:7{”“. [ |
— [k [n+ 1]
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Abstract
—1)!
The classical tight bounds, ﬁ < (%gn)}') > \/27114-1 are quantized.
Let
~_ 9 —q"
[z]; = ——, z€R, ¢#0,%1,

qQ—q
is the 2"¢ quantization of x, so that
[z = [2]g,
and we can take
qg>1

without loss of generality.

Set
K = [ (K k€ Zog O = 1,
2k + 117 = [1]7 [ ] [Qk + 15, k € Z>o;

Theorem 1. Forn e Z>1,

1 [2n — 1]!!; 1
2
217 2n]5 SRy C 2n + 1] @)

Proof. we are going to use the easily verifiable Lemma that if a,b,k > 0, not all a, b, ¢
are zero, and

2a > b+ c, (3)

then
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In particular,

pk—lg“< [2K]y
[2k]y 2k + 1]y

R keZZl,

because
2k — 1)7[2k + 1]7 < ([2k]7)?

by the Lemma with a = 2k,b =2k — 1,¢ = 2k + 1.
A7
2k —1]7] . [2k — 27
[2k]> 2k — 1]

because
~\ 2 ~ ~
(I2k — 1170 > [2K]; 2k — 2],

by the Lemma with a = 2k — 1,b = 2k, c = 2k — 2.

Now, denote % by M. We have, using (5),
O e A i (g
215 [4ly [2n]y Bly [Bly [2n+1]y  M[2n+1J7
so that
M < ! .
[2n +1]7
Also, using (6), we get
R e R L e Pl
27 4y [2nly 23 By [2n—1]7
1 [mmg I 1 1
2] [2n — 1)1 [2n]  [2]7[2n]y M
so that
M> 1 m

217 [2nly



On The Ratio Of Two Quantum Numbers In The
15! Quantization
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Abstract
‘We show how such a quantum ratio is connected to the classic alone.
Let
~_ 9 —q"

is the 2" quantization of x.

Theorem 1. Let y > 2 > 0,¢ > 1. Then

h =logq > 0,

ehy—lé eht — 1
‘I. )
-1 Vg1

or, since ¢ > 1,

?
z(e™ —1) > y(eh* - 1),

or

a:nz_:l %y” >y7§:1 %x" (3)
(3) follows from:

n=1: zy=yz,

h>1 zy" ; yx'™, (4)
or

?
yv > 2" n >,

which is obvious since y >z > 0. N



On The Sum Of 3 Consequitive Quantum Integers

Boris A. Kupershmidt
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Abstract
Classically, 10 + (n + 1) + (n + 2) = 3(77, + 1) =0 (mod 3) We quantize this.

Let

xT

ply =L

q 1> xequ#Oaila
qg—4q

be the second quantization of x.
Theorem 1. Let n € Z. Then
[n—1] + [n]™)g? + [n + 172 =0 (mod [3]7). (2)
Proof. Denote the LHS of (2) by f. Then

[q2(n71) N q72(n71)] + [q2n o q72n] + [q2(n+1)] _ q72(n+1)] _

="M@ 1) — (P I+ =
=B85 (¢*" —a™™). (3)

Thus,



On The Sum Of Inverse Quantum Squares

Boris A. Kupershmidt

The University of Tennessee Space Institute
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Abstract
The classical formula ZZ:I kQ%]Zii)Q = 7(1721—"1_)22)’ is quantized.
Let
~_9-a”
[z]; = ———, 2 €R, ¢#0,%1,

q—4q

be the second quantization of x.
Theorem 1. For n € Z>,

" 2k + 1] 1
53@mm%m+E;V:1‘(miﬂgﬁ- (2)

k=1

Proof. We have:
1 1 (k+107)% = (&) 2k + 1]y

(3 (7 R PO L7 ERR (O RS )
because, as is easy to verify,

([k+117)% = ([K17)? = [2k + 17 (4)

Summing up on k formula (3), we arrive at (2). W



Sum Of Quantum Squares

Boris A. Kupershmidt
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Tullahoma, TN 37388, USA
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Abstract
ZZ:O kQ = w This formula is quantized.
Let
~_ 9 -q”
[z]5 :Fv z,q€R, ¢#q>0,

is the second quantization of x.

Theorem 1. For n € Z>,,

k=0

Proof. We use induction on n. For n =0, (2) returns:
0=0,

which is true.
The unductive step n — n + 1, amounts to:

~

~

L+ n+17n+1]5%

[n]g [n + 17 [2n + 1]

27317
2 [n+1]7[n + 2]7 [2n + 3|7
a 2171317 ’

or

= (207 (317 [ + 135

[n+2]7[2n + 3]7 — [n][2n + 1] = [2];

Multiplying (3) by (¢ — ¢~ 1), we get:
n+2 q—n—2)(q2n+3 _ q—2n—3) _ (qn _
5 q3(n+1) _ q—3(n+l)

? _ _
:(q2iq 2)(q37q ) q3_q,3 )

(q

q—n) (q2n+1 _ q—2n—1)

?
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or
—3n— —n— —3n— —n— ?
(P 4+ = (" + " D =@+ = (T =) =
? — —3n—
S (q2 —q 2)(q3n+3 —q 3n 3)’
or
b > b _ _ ?
(q3n+5+q 3n 5)_(q3n+1+q 3n 1):
3n+5

—3n—1 _ q3n+1 + q(73n75)’

q q

which is correct. [ |



Representations Of Power Function In Quantum
Domain
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Abstract

It’s easy to check that n5+1 = Z?:O[(ns + s(n — 1) — QSi]. ‘We quantize this.

Let

T

" —q

L zER, ¢#0,£1,
q—4q

[z]q =

be the 2" quantization of z, so that

Theorem 1. For s € R,n € Z>,,

n—1

7 Z[ns + s(n—1) — 2si];. (2)

=0

B
2
E
N
I

Proof. We use the formula for the sum of quantum arithmetic progression:

- a+ (a+nd,
Za—l—kd [m + 1] d/g[(2]q. (3)
k=0

The RHS of (2), with the help of (3), returns

n—1 ~

s i~ [P s(n—=1) 40+ s(n—1) —2s(n—1)]"
lz;[n +s(n—1) = 2si]" = [n] 5 5 q =
= bl

which is the LHS of (2). W



The Growth Of Quantum Sequence Classically

Convergent To e
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Abstract
1

It is well know that (1 —+ %Hn + 1)n+l > (1 + E)n’ n e ZZI‘ We find quantum versions

of this sequence and its monotonicity.

Let

T

E e A

q _ _17 xeR’? q¢07:t17
q—q

is the 2" quantization of z.

Theorem 1. Forn e Z>1,

(bsl) > (el

Proof. We are going to use the 2"¢ form of the quantum AGM inequality:

for ay,...,a, € R>p, with equality iff

a]p = ... = Qp.
Now take:
1
a1 =1,a2 = ... = Gp41 :1—&—;

Then the LHS of (3) becomes:

] [,

n+1 n+1

The RHS of (3) is:

e
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or




Still Another Quantum Parameterization Of The

Circle

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@utsi.edu

Abstract
The formula (47’L) + (4n2 — 1)2 = (4n2 + 1)2, is quantized.
Let

T

ey =220

q -1 xEqu%(Lilv
qa—q

is the 2" quantization of z.

Theorem 1.
7771827 + ([4a? — 1]7)% = ([4a® + 1])?
Proof. W use the easily verifyable formula:
([al7)? = (1B]7)? = [a — bl [a + 0]
Then
([42® +1]3)* — (42® — 1]7)% = [2]7'[82°]7,

which is (2). W



Quantum Vandermonde Summation

Boris A. Kupershmidt
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Abstract
The classical Vandermonde summation Zi+j:p <?> <7;‘> — <n;m) , is quantized.

Let

T

E e R

) JJGRa q#071)
q q_qfl

is the 2" quantization of z.

Theorem 1.

> LGl =10, <2>

i+j=p
where
] - e
q N [k]!~[n — k:]!;’
[k:]!qN = [l]g[k];k € Z>q; [0]!; =1.

Proof. We use induction on m, the case m =0 being obvious. Since

11~ ~
e e
q q
because
[n+1]y =q¢“n+1—i]y + [i];q ", (4)
because

[z +yly =[5 + wlya " = [z]7a Y + [vl;¢" (5)



2 B. A. Kupershmidt

Now, the inductive step n — n + 1 is:

Z 1+ {@}N[”’L]quw(nﬂ)i _
tlg LT 1q

i+j=p

Z |:T’:1’:|qui+(n+1)j{|:7?‘:|,\‘qi+ [” :|Nqi1n}:
J1q tlq =1l

i+j=p

o I e R el D I e
tlg LI 1g itj=p—1 L5dq LT g

q p— q
[n +m + 1]V
q

p

as required. |



The Number Of Primes Between Two Successive
Powers
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Abstract

k—1
‘We show that between l‘k and (.CC + 1)k, k > 1, there is ~v al:o

primes.
g

Recently I proved that, on average, there is 1 prime between x and x + logz. The
interval (n 4 1)¥ — n* has

(n+1)F —nk  gnk-l  pk-l

lognk ~ Klogn ~ logn’

(1)
primes. Thus, the number of primes is being multiplied by n when k increases by 1.

Example 2. Take n = k = 3. Between 33 and 43 there are 8 primes: 29, 31, 37, 41,
43, 47, 53, 59. And
32

— =8.192.
log3

Example 3. Take n = 2,k = 4. Between 16 and 81 there are 16 primes: 17, 19, 23,
29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79. And
23

— = 15.4.
log2

n doesn’t have to be a prime.

Example 4. Take n = 1.5,k =5 1.5° = 7.5, 2.5° = 97.6. Between 8 and 97 there are
21 primes: 11, 13, 17, ..., 79, 83, 89, 97. And

4
1505625 o
logl.5  0.405

Example 5. Take n = 1.1,k = 6. Then 1.1 = 1.77,2.1 = 85.7. There are 23 primes
between 2 and 85: 2, 3,5, 7, 11, ..., 83. And

1.1° 1.610
= = 1.68.
logl.1 — 0.0953
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We see that the agreement becomes worse as n — 1, otherwise it is amazingly good.

Remark 2. Let f(z) be a polynomial with f(0) = 0. Then we can reformulate our
main result as between f(z) and f(z + 1) there is

~ @)

xlogx

primes.



The Quantum Analog Of /e < 2

Boris A. Kupershmidt

The University of Tennessee Space Institute
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E-mail: bkupersh@utsi.edu

Abstract

n
\/E < 2 trivially, or <1 + 21n> < 2. We find quantum version of this.

Let

Wi
-1
g 1,a:€R7q750,:|:17

[z]q =

be the 2"¢ quantization of .
Since

[z =[],

we can take
qg>1

without loss of generality.
Take (the 27¢ form of) quantum AGM inequality:

ay+ ...+ ap
n

} > {laaly - Janly -
q
Set

ay=1la=..=a, =1+,

with z specified later on. Then

ai+..+a, 1+ (n—-1)(1+=z) _1+n—1
n n

x?
and (1) returns:

(b= ()

Now take

n

T = )
n—1
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then (4) becomes:

e (pra]) ©)
oy > (124 ) )
Now,

S R
and (7) becomes:

2 > ({1 + Q(Tll_l)])nl n> . ()
At ¢ =1, (4) becomes:

2>(1+%)”, n >0,

which is obvious, because

2> el/?, (10)

<1 ; 2)" (1)

increases with n for x > 0.

and



The Sum Of 3 Consequitive Integers The First Of
Which Is = 2 (mod 3), Is Divisible By 9

Boris A. Kupershmidt
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E-mail: bkupersh@uitsi.edu

Abstract
Classically, (Bn — 1) + (3n) + (3n + 1) =gn= 0(m0d9) We quantize this.

Let

xT

ply =L

q 1 .%'ER,(]#O,:EL
qg—4q

be the second quantization of x.

Theorem 1. For n € Z,

[3n — 1]2% + [3n]2% + [3n + 1] = 0(mod ([3]7)?). (2)

Proof. The LHS of (2) is:

1 — —2(3n— —3n —2n—3n n —2(3n
p _q—2{[q2(3n 1) " 2(3 1)] T [qz S _ g —2n=3 ]+ [q2(3 +1) _gq 2(3 +1)]} _
1 — — —on -
=q2_q_2{q”"(q +14q¢ ) ¢ P+ 1+¢ 2)}=
~ (7" —q") o
= [3]11 q2 o q_g = [3]11 [3n]q27

and

Bl = Bl Il

q2L%g6>

so we have to show that



3-Term Arithmetic Progression Among Elements
Of A Quantum Harmonic Series

Boris A. Kupershmidt
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Tullahoma, TN 37388, USA
E-mail: bkupersh@uitsi.edu

Abstract

The terms %4_1, ﬁ, k(k1+1) s k € ZZQ, from a 3-term arithmetic progression. We manage to

quantize this.

Let

xT

~ 9" —q
[x]q_ —1 xGR,q#O,:I:l,
q—4q
be the second quantization of x.

The elements

A= [a]g,
B =la+d]y
C = [a+ 2d],,

form a Quantum Arithmetic progression with the characteristic property

A+c=[23B, (1)
d= (B~ A)|q:1 =(C - B)’q:L (1a)
Theorem 2. Consider the elements
g a1 q
[k + 1]y 207 [kly [Kly [k + 1]5
de ;1 n 1 —1+k
2k k+1 2k(k+1)

Proof. We have to check the equation (1), i.e., that

¢« . gt 21
k417 [klyle+1]7 ’

or
_k ? ~
glkly + a7 =k +1]7,
which is true because, in general,

[a+b]7 =q¢ "l + g%y, W



1-Jet Of Quantum Double-Factorials

Boris A. Kupershmidt
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Tullahoma, TN 37388, USA
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Abstract

We calculate 1%¢ order corrections to the quantum versions of double factorials.

Let

_q_x
2] = ——— 7R, ¢#0, £1,
q

be the second quantization of x.
Set

n
2n+ 1117 = []12s + 17, n € Zxo,

s=0
n

20y = []l2s];, n € Zz1; [0 =1.

q b
s=1

Set
h =logq.

We are going to use the easily checked formula

2]y = 2{1+ };2(302 — 1)} +0(rY).

Theorem 2. Modulo 0(h*) terms,

2n + 1)1 = (2n + 1){1 + };28(”;1) }

h?2 3

2011~ 4 ¢ = (%)!!{1 e e 1) n€ %,

6 4n2 + 6n —
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Proof. (i) We have:

2n + 111y = Sli[opn +1)y = Sli[o(zs +1){1+ f?[@s +1)2 -1} =
=(2n+ 1)1+ ;giw —45)} =
s=0

6 2

_ (2n+1)”{1+l§4{n(n+1)(2n+l) n(n—l—l)]}

= (2n+ 1)!!{1 + %24”(”;1)[(2n+ 1) _3}} =

_ (2n+1)”{1+f§8(n+1)gl(n— 1>} _ <2n+1)!!{1+}§8<”§1)},

which is (3); (ii) For (4), we have:

n n 2
alty =TTty = [T {1+ frlesr - 0 -
s=1 s=1
e 2 n\n n
:(Qn)!!{1+h62(482_1)}:(2n)”{1+fg[4 ( +1)6(2 +1)_n]}
s=1

= {1+ 2 + 1) (20 +1) ) =
= (2n){1 + h62[4(2n2 +3n+1)—6]} =

h2
= (2n)1{1 + Fgw +6n— 1]},

and thisis (4). N



2 + 2 Submatrices In A General Numerical
Triangle Of Arithmetic Progressions

Boris A. Kupershmidt
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E-mail: bkupersh@utsi.edu

Abstract
Let ag = a + Sd, s € 7. Consider the triangle, then the determinant of its every 222 submatrix
is < 0.
ao
ap a2
az a2 ai

Denote by /¢, the starting entry in the n* row:
gn = Qat,,
where t,, is the n'? triangular number:
n+1
b = ( ! >

This formula is easy to derive.
Denote by ay,;; the ith entry in the n'* row:

A, = £y, + di :
Consider an arbitrary 222 sub matrix in the triangle:

(an,j Qp 4k
An+2ki+k  On+2k,i+k+k/



A Bernoulli-Like Inequality For Quantum
Numbers

Boris A. Kupershmidt
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E-mail: bkupersh@uitsi.edu

Abstract

The classical inequality, (1 — a)k < ﬁ, O<a<lke ZZL is quantized.

Let
~_¢—q"
[x]q = _17$€R>q7£0a :l:1>
q—4q
be the second quantization of x.
Since
[—z]g = —[=lg,

we can restrict ourselves to nonnegative numbers only, and since

2] = [2]g s

we can take
qg>1

without loss of generality.

Theorem 1. Let 0 <a <1, k € Z>, then

1

([L—al))r < T ke

q

Proof. We use induction on k. For k = 1, we get:
[1—aly[1+al;y <1,
which has been recently proved.
The inductive step k — k + 1, yields:

1 1

Erkay W S TG Day
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1+ (k+ Daly [1 — aly < [1+ kaly.

Multiplying through by (¢ — ¢~ !)? > 0, (3) becomes,

?

[q1+(k+1)a _ qflf(k+1a)](qlfa _ qafl) < (q i qfl)(qlJrka _ qflflm)7
or

grha _ g2tha _ (2+ha) | —2—ka ; B
or

? —1

qka+q—ka < qkaq(q—q )
or

q—ka—l < qka—&-l’

which is obvious. [ |



A Characteristic Property Of Quantum
Arithmetic Progression

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@uitsi.edu

Abstract

The classical arithmetical progression @, b, C, is characterized by the condition @ = b= 2b. we

quantize this.

Let
~_ ¢ —q"
[l‘] :77‘7}61:{76]750’ :tlv
q qg—q 1t
be the second quantization of x.
Since
[—alg = =[]y

q

we can restrict ourselves to nonnegative numbers only, and since
[y = ey
we can take
qg>1
without loss of generality.
Theorem 1. Let a,b,c € R. Then the conditions
[alg + [clg” = [2] ta-c) /2 (bl
and
a—+2b

are equivalent.

Proof. In one direction the implication is obvious, because

2lg=1 = 3)-
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Now, in another direction, form (3) to (2), multiply (2) by (¢ — ¢~!), and denote
b=a+d, c=a+2d. (4)
Then (2) becomes:
=g ="+ )" ) =

_ —a— ? _ —a—
qa_q a+aa+2d_q a 2d:(qd+q d)(qa—i-d_q a d):
— (qa+2d . q—a—Qd) 4+ (qa . q—a)’

which is obvious. [ |



A Comparison Of Quantum Quadratic
Polynomials

Boris A. Kupershmidt
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Abstract
Quantization of quadratic polynomials preserves partial order.

Let
r __ . —T
[IE]; = %71‘ € Ra q 75 Oa :l:la
q—4q
be the second quantization of x.
Since

q )

we can restrict ourselves to nonnegative numbers only, and since
[z]g- = [2]7,

we can take

qg>1

without loss of generality.
Suppose we have a pair of comparable monic quadratic polynomials:

p(z) = (z+a)(z +),
r(x) = (z+ c¢)(z + d).

The condition

p<r (1)
means:

a+b=c+d=: N, (2)

ab < cd, (3)

Theorem r. For any z € R,

[z + aly [z + b]) <[z + [z +d]y. (5)



2 B. A. Kupershmidt

Proof. Multiplying through by (¢ — ¢~ )2 > 0, (5) becomes:

2

(¢ — g9 (¢ — ¢~70) < (¢7FC — =" O) (¢" 4 — g7 9),
or
(q2oatt 4 g 2m—a—by _ (gamb 4 gbmay ; (Zoretd 4 g 2e—emdy _ (gd-c 4 ge=dy,
or, by (2),
g 4 gt z b 4 e (6)
Since the function
r—=q¢"+q "
increases with « > 0, (6) is equivalent to:
?
|d—c| <la—b], (7)

which follows from (2), (3) which implies that a < b say lie outside the interval [c,d]. B



A Generalization of Sun’s Conjecture

Boris A. Kupershmidt
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Abstract

Sun conjectured that every large number M of an appropriate parity, is M = P+ CL.TZ, where D
is a prime and @ > 1 is given. I notice that 1}2 can be replaced by aNny polynomial in X, and the

Conjecture still remains true.
Let f(z) be a polynomial with integer coefficients; we want the number of solutions of
M =p+ f(z). (1)
We assume that M — f(z) is odd. Let

_ |1, zodd, a prime
0(x) =m(x) —7(r —2) = { 0, z odd, not a prime @

I recently showed that

5() ~ lf] (3)

If n(M) denotes the number of solutions (p,x) of (1), then

2 2 1
n(M) = Zé(M —fr) = Z log(M — f) - logM Z P

1+ MloghT
2 f(x)
~ logM zrz <1 + MlogM)‘ @)

We need to be more specific about f(x). Let

f(z) =az® a>1k>2. (5)

is the Sun case. Then the upper bound for z is

(-
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and (4) returns:

1/k

2 aDCF
1+ ~
logM = MlogM
(K+1)/k
M

2 [/ M\]V* “<a>
™ Toght [(a)] TR 1)MlogM} ~

2 Mk a2+RM1/l~c IM Lk
- logM[ alk + (K + 1)logM] - logMal/k’

Thus, the number of solutions grows to oo with M.



A Naive Treatment Of The Hardy-Littlewood
Conjecture

Boris A. Kupershmidt
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Tullahoma, TN 37388, USA
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Abstract

The main case of the H — L almost allows directly from the P/N'T" (prime number theorem.)

The H — R Conjecture,

m(z+y) <m(z) +7(y), v,y >3, (1)
can be deduced directly, at 77?7 for the important case.
y=21a°% €>0, (2)
from the PNT'. This is how.
Write
n(z) = @(1 +0(1)),z — oo, (3)

but not in the less picture and totally worthless equivalent form
x

m(x) ~ logt

In general, but not always, asymptotic expansions are not useful for establishing inequal-
ities.
Now substitute (3) into (1):

T+y oz
—(14+0(1)) < —(1+0(1
oae L7 (1O € 1 (140), .y = oc,
which breaks into
x T x
m(l +0(1)) < @(1 +0(1)), =,y — oo,
Yy Ty
—((140(1)) < 14+0(1)), z,y— oo,
log(x—l—y)( (1)) log(y>( (1))
or
logx ?
— I < 140(1), ay— 4
log(x +y) — (D), @y =00 (4a)
logy
— 72 < 140(1 4b
oS SLH0(), .y =0 (41)
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which are entirely obvious once x and y tend to infinity in a reqular manner. For example,
(4) is satisfied for

y=2z% €>0, T — oo, (5)
y=log‘xz, € >0, T — oo, (6)

etc., depending upon how the (x1) - tend to 0.



An Estimate For Quantum Odd Double-Factorials

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@uitsi.edu
Abstract
We quantize the classical inequality, (2n — 1)” <n™,n>1

Let

¢ —q "
[UC];:F#BGR’Q?QO, +1,

be the second quantization of x.

Theorem 1. Forn e Z>1,

n—1

[TM2s + 15 < (7)™ (2)

s=0
Proof. We are going to use the quantum AGM inequality

[al + ... +a,

p }N > {laaly.[an]y- (3)

then the LIS of (3) is:
[2?1 2;

R 17, (42)
=

while the RHS of (3) is:

Thus,

(In+1;)" > [ 28]y

s=1

and thisis (2). N



An Estimate For The Ratio Of Quantum Square
Roots

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA

E-mail: bkupersh@utsi.edu

Abstract
We quantize the classical inequality, 4 / 1+ % <14+ %, x> 0.
Let
x _ -
aly =T

q 77171‘61:{7 Q#Oa :l:la
q—4q

be the second quantization of x.

Theorem 1. Let ¢ > 2 > 0. Then

[z + 1] ) —1/2—z
y - 2,4 2
a3, 0 T ?
Proof.

Lemma 3.

[z + 1] =qlz]; +¢7", VreR.

(4)
Proof. Multiplying through by ¢ — ¢!, (4) becomes:
_ 107 _ _ _
=" =gl — )+ g -7,
which is obvious. |

With the help of (4), (2) is

'Y q /e
g+ 5 < g7+ oo
[z]3 2[x];
or
-z —1/2—x
g+ 1— <@+ L)
[z]5 2[x];
or
-z 9 q—:c —1-2z

which is obvious since ¢ > 0.



An Estimate For The Triple-Factorial In The 2™¢

Quantization

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@uitsi.edu

Abstract
N/ (37&)' < 3n(3n + 1)2 is quantized.
Let
x

~ _9"—q
[=]; = =g r,geR, ¢#1,¢>0,

be the 2" quantization of z.
Since

we can take
qg>1

without loss of generality.
Set

[kl =112, [s]7, k € Z>1; [0y = 1.
Let
m=3n > 1.

Then we are to quantize

2\ m/3
<m<m4+1>> - ml,

or

<m(m4+ 1)2>m > ml3.

Theorem 1. For m > 1,

m]>([m 4+ 1]7)2\ ™
(PSP s




2 B. A. Kupershmidt

Proof. We use induction on m. For m = 1, (2) returns:
1=1,

which is true.
Next, the induction step m — m + 1 amounts to:

([m +1]4)° = (Im +1)7)°([m)17)° <

I IR\ 2 ([ 1 (fm + 2002\ ™
S“m+”qf( () ) S( () > ’

q

or

hn+ﬂ;>mwn+2nﬁm”
([m +1]3)2m+#

@gﬁ%(

~

[ml

(3) follows from 1

2] < (M>m m>2, (4)

7N

which is true and can be seen as follows. Rewrite (4) in a more general form as:

2 < (FEE) a2 )

[z]g

because [2]¢: grows with z > 0.
Since

[z + 1) = qlaly +q77,

Bernoulli, gives:

>, 4" +q7,
or
z r o4
[ﬁZq xv
Tlq
or
x| ?
[ q quilg
x
or
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or with

h =log q > 0,
hs 2s+1
22(2s+1) <a:2{m —(@=27}

(6) follows from:

9" ; 22 _ (g — 2)% 1
or, with
y=x—22>0,
2y + 2) ; (y +2)25T1 — 2541
or
2s 2s
2;{) (2]:)yk22sk ; kzo <25];|' 1>yk2?+1k’

which follows from:

2s\ 7 [(2s+1
< < k<2

which is true because

()=
n! (n+1)!
Mn—F) = Bn 11—k

n+l—-k <n+1. N




A New Inequality For The Central Binomial
Coefficients

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@utsi.edu

Abstract

The classical inequality, <2:) > 2" for n > ZZQ, is considerably strengthened.

Theorem 1. For n € Zs,
2n
2.3" 2
()~ @)

Proof. We use induction on n. For n = s, we have:

o
6 =3:2:7-6 =12-42 = 504 > 2-35 = -2-243 = 486,

10y 10-9-8-7-6 9-8-7-
5)  2-3-4.5 3.4
which is true

Next, the inductive step:

(2n+1)(2n + 2)

?
.2.3" > 9.3+

(n+1))n+1
or

2 17

2 nt > 3,

n+1
or

dn+2>3(n+1),
or

n>1,

which is true. [ |



A New Quantum Inequality Of AGM Type

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@utsi.edu

Abstract

Classically, Z?xa~+1 > n, % read mod M. We quantize this.
(3

Let

qw_q—z
[x];:myl’GILQ#O? +1,

be the second quantization of x.
Since

we can take
qg>1

without loss of generality.
Set

h = logq > 0.

Theorem 1. Let ay,...,a, > 0. Then
[al] ot [a”} > n. (2)
a9 al

Equality iff a1 = ... = ay.

Proof. Call
a;
a; +1

:)\i, izl,...7n, (3)
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with indices read modulo n. Then (2) becomes, after multiplication by ¢ — ¢! > 0:

DLy ot Pl 2 (g — g7,

or
@ - =nlg—q"),
=1
or
N AR < p+l & 7 L p2RL
e Y AP > v 4
;; 2k +1)! kzzo(2k+1)!; ’—nkzz:o(zk+1)! (4)

Since h > 0, (4) is implied by




An Inductive Proof Of The Formula For The Sum
Of Arithmetic Progression In The 2™
Quantization

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@utsi.edu
Abstract

The quantum version of the classical formula chvz(] (a + kd) = (NH)(CZ + N%) is given an

inductive proof.

Theorem 1.

al d
> la+kdy = [N +1)52[a+ N33 (2)
k=0

Proof. We use induction on N. For N = 0, (2) returns:

which is true.
The induction step N — N 4+ 1 amounts to:

N+ 1ala+ NIy 4 fat (N + Dy [V 4+ D]anla+ (N + 1) 25
or, with

qu“,quD,g=D, (3)
to:

[PP(N+1) _ p=DIN+D)] (QpN — Q-1 p-N) . QD2N+1) _ -1 p—2(N+1) 2

p—p-! q—q! q—q!
? PN+2 _ P7N72 QPN+1 _ Qflprfl
- P-P1 q—q! ’

or

?

(PN+1 _ P—N—l)(QPN _ Q—lP—N) + (P _ P—l)(QP2N+2 _ Q—IP—QN—Q)
; (PN+2 _ P—N—Q)(QPN—H _ Q_lp_N_l). (4)
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(4) is linear in @, Q~!, and is invariant with respect to the change Q — Q~!, so it’s enough
to compare Q-coefficients:

(PN 41— Pfol) +(P - P—l)P2N+2 2 (PN+2 _ P7N72)PN+1
or
(P2N+1 _ P‘l) + (P2N+3 o P2N+1) 2 p2N+3 _ p-1

which is obvious. |



An Inequality Between Two Quantum

Polynomials

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@uitsi.edu

Abstract
Classically, 2($ + 1) > 2. We quantize this.

Let
r __ . —x
[IL‘]; = %73’3 € R7 q 75 Oa :l:la
q—4q
be the second quantization of x.
Since
[—zlg = —[=lf

q q’

we can restrict ourselves to nonnegative numbers only, and since

q b
we can take
qg>1

without loss of generality.
It is obviously not true that

20+ 1) > (2]
Theorem 1. For z € R,
2]

qu—1[.’L‘ + q]; > [2%];

Proof. Multiplying through by ¢ — ¢~ > 0, (2) becomes:

?
(qm—l + ql—m)[qm—H o q—l—m] > q2x . q—Zm’
or

R B B L ; % — g

or

@ >q?

which is true because ¢ > 1. |

15t Degree



An Inequality For The Quantum Central
Binomial Coefficients

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@uitsi.edu
Abstract

Classically, 2($ + 1) > 22. We quantize this.

Let
~_ 9 —q"
[z]; = ——— 2 €R, ¢#0, 1,
q—4q
be the second quantization of x.
Since
[—alg = =[]y,

we can restrict ourselves to nonnegative numbers only, and since

~

(]2 = [=]7,
we can take
qg>1

without loss of generality.
Set

K] = 17 (K], k€ Zsr; 0] =1,

Theorem 1.

2n|” N
[ } > < 2" >0, n € L,
n q

Proof. We use induction on n. For n = 2, we get:

— 20y >< 2 >p= 2012,
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or

which is true.
The inductive step n +— n + 1 yields:

2n+ 217 2n+2|72n+ 117 [2n]7 on + 17

[n—:_l]q - [[”Jrlﬁ”Jrl];q [n]q > []qn+1W<2n S2scontl S
or

2n +1]7 2

[n+1]7 ’

which is obvious, because

a>b>0 = [a]) > [b] [ |

q q-



A Note On A General Classical Inequality

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@uitsi.edu

Abstract

We generalize the inequality equivalent to the observation that (1 + %)n increases with 7.

It is well known that

1 n 1 n+1
1+ — 1 Z~.
< +n) << +n—|—1> , M€ d>g

Rewriting (1) as

(n+ 1) < n(n + 2)"
one is naturally led to ask, for which a

(n+ a>2n+lnn(n + 2a>n+1, n>1.

Certainly, a = 1 is true by the classical result, and a = 0 turns (2) into an equality.

Theorem 3. The inequality (2) is true for any

<1
a< —.
6

Proof. We have, taking log of (2):

?
(2n + 1)log(n + a) < nlogn + (n + 1)log(n + 2a)
Now,
a a
log(n + a) = log[n(1 + E)] < logn + o
because, as is well-known,
log(1+x) < x.

Further,

2 1
log(n + 2a) = log[n(1 + ;a)] + logn + log(1 + —) >
2a

2a
= logn +

%4—1 n -+ 2a

> logn +

I
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because, as is less well known,

1 1
log(1+ =) > —— 0. 8
ogl+ ) >, &> (8)

So, 5 follows from:

a., ? 2a
2 [ —] < nl 1 ,
(2n + )[ogn—l—n] nlogn + (n + 1)[logn + n—|—2a]
or
n+1 7?2 n+1
a < 2a,
n n+ 2a
or
? 1
n+2a < MQ’
2n+1
or
7 [2(n+1) n
2 — 1] = . 9
a<nlort U= )
The RHS of (9), as n — oo, tends to 1/2. So, a < + at a minimum. But
n 1 1
2n+1 2 2(2n+1)’
which increases with n. So, we have to take the minimal possible n,n = 1. We get
2a < -, 10
<y (10)

that is, (4). [ |



Another 3-Variable Quantum Inequality

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@uitsi.edu
Abstract
The classical inequality a’ +b% + 3 + 15 abe < 2((1 +b+ C) (a2 +b2+ 62), a,b,c>0,

is quantized.

Let

T

ey =220

q — 1, %,q€R, ¢#1, ¢>0.
q—q

be the 2"¢ quantization of .
That classical inequality can be rewritten in the suggestive form

15abe < (a® 4 b + ) + 2{a®*(b + ¢) + b*(a + ¢) + *(a + b)}.

Theorem 1. Let [a] be either [a], or [a]y- Then, for any 6 > 0,

3(0+ Dlalplle] < [af + b + [ + 9{[“]2 VH ’

+[b]2[“'2”} + W[“;b] } (2)

Proof. We use the quantum AGM inequality:

sk PNEIT
&3

Thus,

|55 = P VI = VT
and the RHS of (2) is thus > then

3la(ble] + /Tal ][] ([a]*? + B + []*?) >

> 3la][b][c] + /[a][b] [6]933\/ [a]/2[b]3/2[c]?/> =
= (3+360)[a][b][c]. W

Our original inequality was for 6 = 4.



Another Divisibility By 64 In Quantum Domain

Boris A. Kupershmidt
The University of Tennessee Space Institute

Tullahoma, TN 37388, USA

E-mail: bkupersh@uitsi.edu
Abstract

The classical criterion 32n+3 +40n — 27 = O(mod 64) n >0, is quantized

Let
r _ . —x
[x];:%, z€R, q#0, £1
(2)

2 [49)%)

be the 2" quantization of z
)3 =0 (mod ([Q]q [

Theorem 1.
([319)7"2 + [5)7 (215 [417 n — (315
Proof. We use induction on. Denote the LHS of (2) by A,. Then

Ay =0,
g 21514

and
A= (BI)BI)? — ot + 517 [2

An+1 -
7)

or, since
0 (mod [2][4]

(13172 + 5]

Denote by B, the LHS of (4). Since
2\3
= (*+14+4q7%)° + 5]

~ 2
q pr—
~ 3 ~ _
) [5 q -

([21)%[2]5
11 we need, separately

and [2]; are coprime in Q]g,

~

mod [2]q2),
)

mod ([2];

and [2]7

B()EO(
BQEO(

Then we will be done, because
DRl

Bn+1 - Bn([?’]q
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So, since

Bo=([3]7)%+[5]; =1+ (4,2,0,-2,-4) =

1+q¢ 4= q_Q[Q]QNQ =2 (mod [2]2).

Bo=([3]7)% + 5]y = —1+ (4,2,0,-2,—4) =

0 (mod ([2]7))%) =

?
= q

= (47 2) + (_27 _4) = q3[2]qN + q73[2]q~
¢ +q~% < 0(mod [2]7),

which is obvious since

E+q?  PFtq? 5

2 —
=¢-1+q¢ % n
27 g+qg 1 !




Another Goldbach-Like Conjecture On Prime
Numbers

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@utsi.edu

Abstract

The original Goldbach Conjecture is too timid. We formulate its strengthening.

The original Goldbach Conjecture, that every even number > 4 is a sum of 2 primes,
is too imprecise and easily proven. The following Conjecture is hard.

Let P = P,,_1,P' = P,,, P” = P,,,1 be three successive prime numbers, where P, is
the prime A,,.

Conjecture 1. If p” — p' #2, (i.e., p/, and p” are not two primes) then
p—p+1

is a prime.
It’s true for p, < 1.27106.



A Proof Of Sun’s Conjecture

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@utsi.edu

Abstract
Sun’s conjecture, that for @ > 1, every integer M of appropriate parity satisfies M = P+ aa:2,

where P is a prime, is proved.

Given a, M must be:
1) if a is even, then M is odd;
2a) if a is odd, then M is even for x odd;
2b) if a is odd, then M is odd for z even.
With these restrictions in mind, the Sun Conjecture is: given a, 7 sufficiently large M
of appropriate parity satisfies: M = p + axz?, where p is a prime.
The Conjecture looks forbidding, but is, in fact, trivial.
Theorem 1. The number of solutions (p, z), given M, is ~

2M V2
al2logM’ @)

Proof. Set
d(z) =n(z) —7m(z —2), (3)

where 7(x) = ngx 1 is the prime-counting function. I recently proved, in settling the
Goldbach conjecture, that, for z odd,

d(z) ~ lo2gx' (4)

Hence, if we denote by n(M) the number of solutions of M = p + ax?, we have:

ub
n(M) =Y "6(M - ax?),
r=1
where u.b. = [\/?} ~ \/g THus,

logM — % logM MlogM

2 M M\?* 1 2 (MY2 M2

- logM< a —i—a( a) 3MlogM> - logM< az " 3a12logM> -
oN1/2

~ al/2logM’

as claimed. W




A Quadratic Bound From Below For The Powers

Of Two Under Symmetric Quantization

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@uitsi.edu

Abstract

2" > TL2 for N > 5. We quantize this.
Let

T

ey =L =20

a —— .q€R, ¢#1, ¢>0,
qa—q

be the 2"¢ (symmetric) quantization of x:
Since

[z]g-r = [2]7,
we can take

qg>1
without loss of generality.

Theorem 1. For n > 4,

Proof. Notice that in contrast to the classical case n > s, now n > 4.
We use induction on n; (2) is; for n = 4:

([23)% > My = 2071205,

or

or
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or, with
z=q+q " >2,
22 -2 ; z,

or

(z4+1)(=2) >0,

which is true for z > 2.
Next, the inductive step n — n + 1 amounts to:

20 > ([“”3)2- 3)

[hlg

Since

(3) is
9 9 2 qfn 2 5 qun q2n
Crg > \gt i) =t oot oo 24
p [nly  ([n]g)
or
? 2q2—n q2—2n
1> + , n>4. (4)
[nly  ([n]3)?

1 ?7 2 1
7wy e (5)
Since
[4]7 > 4,

(5) results from

1;2+1_1+1_9
4 42 2 16 16’

which is true. [ |



A Quadratic Inequality For Quantum Numbers

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@uitsi.edu

Abstract
We quantize the trivial inequality 1 — CL2 < 1, for 0 < a < 1, in a nontrivial manner.
Let
~_ 9 —q"
[x]qzmanGILQ#Oa +1,

be the second quantization of x.

Theorem 1. For 0 <a <1,
[1-ayl+ay<1 (2)

Proof. Multiplying through by (¢ — ¢~1)? > 0, we get:

°

(@ =" N =g )< (a—q "),

or

_9 7

2 — g <(@P+q?%-2),

- g +q
or

2 < q2n_i_q—2a7

which is true, as ¢> #1. W



A Quantum Bernoulli Inequality

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@uitsi.edu

Abstract

The classical Bernoulli inequality is quantized.

Let
r __ . —x
[IL‘]; = %73’: € R7 q 75 Oa :l:la
qa—q
be the second quantization of x.
Since
[—alg = =[]y

q q’

we can restrict ourselves to nonnegative numbers only, and since
[z]g- = [2]7,

we can take
qg>1

without loss of generality.
The classical Bernoulli inequality is:

(14+2)">14nx, >-1, n€ Z>s.
Theorem 1. Let 2 > —1, n € Z>,
([T +=]7)" > [1 + nzx]y. (2)
Proof. We use induction on n. For n = 1(not n = 2), we have:
(L +a]g)" > [1 4 naly
then
(L4 2])" ' > [T+ (n+1)a]y.
Indeed,
(L +a])™ = (L +2])"[L + 2]y 2

> [+ naly L+ aly > [1+2(n+ 1)),
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or, multiplying through by (¢ —¢~1)? > 0,

?
(q1+naz o qflfnz)(qler _ qflfz) > (q _ qfl)[q1+z(n+l) o qflf:t(nJrl)]’
or
?
[q2+(n+1)w + q72f(n+1)z] . [q(nfl)w . qf(nfl)x] <
; [q2+x(n+l) + q72fx(n+l)] _ [qa:(n+1) _ qfx(nJrl)]’
or

?

qa:(n+1) + qfx(nJrl) > q(nfl)az + qfa:(nfl)

which is true because ¢ + ¢~* is an increasing function of [z|. W



A Quantum Chebyshev Inequality

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@uitsi.edu

Abstract

Let @ = (CLl <ag < ... < an),(b — (bl < bg <. < bn),O' — CL) permutation of the
bi’s. We quantize Chebyshev inequality @ bo <a b.

Let

¢ —q"
[x]; :7_17‘%‘61:{7 Q#Ov :l:la
q—q

be the second quantization of x.
Since

[:L‘]q71 = [‘T]q>
we can restrict ourselves to nonnegative numbers only, and since

[2]20 = [2]],
we can take

qg>1

without loss of generality.
Set

h =log q > 0.
Theorem 1. Let ¢ = (cy,...c,) = by.
Then

[a1b1]y + . + [anbp]y + .o + [anca]y
Proof. The Theorem is predicated on the

Lemma 3.

[a1b1]7 + [agbe]y” > [a1ba]y + [a2bi]y .
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Proof. Multiplying through by (¢ — ¢~!) > 0, (4) becomes:

(g™ — gmb) 4 (g2 — b g (qMb2 — gmmb2y(go2br _ gazbr).
or

o k! 241 2n-+1] R 2n+1 2n+1

oSy [(albl) + (agbp) "] > 27;0 TER [ a1b)?" 4 (agb1)?" . (5)
Since h > 0, (5) follows from

(@112 4 (aghe) 2! > (a1b2)2"+1 + (aghy)2" . (6)
Call

A;=ai" B =67 i =1,2.
Then

A < Ay, By < By, (7)

and (6) becomes:
?
A1B1 + A2By > A1By + A By,
or

?
(A1 — A2)(B1 — Ba) >0,

which is obvious in view of (7). HE



A Ration Of Two Simple Linear Polynomials Is
Estimated Form Below In The 2"¢ Quantization

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@uitsi.edu
Abstract

Fort > 0, % > 1. We quantize this.

Let

qz _ q—x

[z]3 p— r,q€R, ¢#1, ¢>0,

be the 2"? (symmetric) quantization of x:
Since

~

[2]20 = [2]],
we can take
qg>1

without loss of generality.

Theorem 1. For ¢ > 0,

1+ 1+
[ N]q > g = lim [ N]q.
fl; LT
Proof. (2) is:
~ ? ~
[1+17 > qlt]y,
or
? —
=gt > qld — g7,
or
?
ql—t > q—l—t’
or
1>q1,

which is true because ¢ > 1. |



A Relation Between Quantum Quadratic
Polynomials

Boris A. Kupershmidt

The University of Tennessee Space Institute
Tullahoma, TN 37388, USA
E-mail: bkupersh@utsi.edu

Abstract

The classical relation, :L‘2 — ($ — 1)(l' — 1) = 1, is quantized.

Let

qx_q—z
[x];:ﬁ,meR,q#O, +1,

be the second quantization of x.
Classically, we trivially have:

22— (z—1)(z+1) =1

This can be thought of as the series containing the Catalan equation
3v-21=1, (y,2)=2,3.

Theorem 1.
([2]7 = Dl + 1) = [z = 17 [z + 107

Proof. (2) can be rewritten as

?

([217)? = [o = 1 [z +1]5 =

p 1.

Multiplying (3) through by (¢ — ¢~ !)?, we get:

°

(@ =)= (@ =) =g ) = (g —q )
or
_ _ _ ? _
g -2+ ) - (gD =+ -2

which is true. [ |



A Remark On A Prime Inequality
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Abstract
We show that, Py, being the ’I’Lth prime, lolg};;;zl lo%}z:l) for m >> 0.

We use the asymptotic expansion

pn =nf(n),
f(n)=lo n—l—zn: b Py = loglogn — 1
- g i>0lOgin7 0 — g g )

where P; for ¢ > 0 is a polynomial in w = loglogn of degree = 1.
I proved recently that

Flm+1) = fm) + {1+ 0(1)].

The RHS of
m 1

logpm+1 >>log(ﬂ%-% ) (1)

logpm logm
is, modulo 1/m? - terms:

l 1) 1 1

oglm+1) _logmty 1 )

logm logm mlogm

For the LHS of (1), we get:
logpm = logm + log f(m) = logm + loglogm + 0(1),
so the LHS of (1) is

log(m + 1) + loglog(m + 1)
logm + loglogm
logm + loglogm + %(1 +

+0(1) =

1
logm)

logm + loglogm

1 1
=1+(1+—)

m’ logm + loglogm’
and, obviously,
m+1 1 1

> ;
m  logm + loglogm =~ mlogm

because

(m + 1)logm > logm + loglogm.



A Simple Linear Inequality For The
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Abstract
1+t =1+ tis quantized.
Let
- —q"
[;1;];:7_17 LE,QGR, q#la q>0’
q—4q
be the 2" quantization of z:
Since

we can take
qg>1

without loss of generality.

Theorem 1. For ¢t > 0,
1+t > 1+ [t
Proof. (2) is:

2

¢t > (g—gH+ (¢ g,

or
t D 1t

(¢—=1)g" >q¢ (g+1)(g—1)+q "(1—gq),

or
?

qt > 1 +q—1 _ q—l—t’

or
?

qt + qflft > 1 + qfl’
or

¢ —1>q¢ 7 (1-¢",
or

1> _q—l—t,

which is obvious. [ |

Symmetric



A Simple Quadratic Relation In The Symmetric
Quantization
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Abstract
l’(ZE + 1) — y(y + 1) = (33‘ — y)(ZL‘ +y+ 1) This formula is quantized.

Let
~_ g
[x]q:ﬁax€R7Q7&17q>oa
qa—4q
be the 2"¢ (symmetric) quantization of z.

Theorem 1.

[2]g [z + 17 = [ylg v + g = [z —ylJ [z +y + 1]7

Proof. Multiplying through by (¢ — ¢~1)2, we get:
?
@ =) =) = (¢ =) =gV =

; (qx—y _ qy—x)(q:c+y+1 _ q—l—x—y>

)

or
+ — — + —y— — ?
(q2x ! qQI 1) (q q 1) {(q2y ! q 2 1) (q q 1)}

2 (q2ct+1 + q72x+1) . (q2y+1 . q72y71)7

which is true. W



A Space Generated By Two Distinct Primes
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Abstract

Two distinct primes P < p/ generate all but a finite number of elements from Zi.

Let

/

p<p
be two distinct primes. We are interested in the space of linear combinations

ap + by,
a,be ZZO'

Theorem 1. Denote that space by S. Then S contains every integer > N(p,p'),
where

Np,p') = (p—1)% (

Proof. Let r, = p/(mod p),1 < p/ < p—1. Let k € Z, be such that kpy = 1.
Let 1 < k < p — 1 be the representative of k. Let N = r(mod p). Then N — kp’ =
0(mod p),?oN = sp + krp'

Since

\)
~—

kr < (p - 1)2)
Np,p)=@-17°+p.

is sufficient, even though this bound is probably vastly over the true one except for
p=2. N

Remark 3. The Theorem is well-known in greater generality when p and p’ are any
coprime numbers. The point is that in the prime case the proof is very short.



A Strengthening Beyond Reason Of The
Goldbach Conjecture
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Abstract

Let M be even, and Pm < MMPerl. We conjecture that at least one of the numbers M —
Pm; M — Pm—lv is prime.

Let M be even, and

Pm<M<Pm+1.

The Goldbach COnjecture says that the number of solutions of the equation
M =P+ P, (1)

P and P’ being prime, is > 1. I recently showed that the Goldbach Conjecture vastly
under states the matters, and that number of solutions is

2M
log? M~

But what is the object whose number of solutions is 1, 2, or bounded?

Conjecture 2. Among the numbers M — P,, and M — P,,_1 at least one is prime. (If
Pm+1 :Pm+27 thenM>Pm+1)

Example/Supporting Evidence. Denote p = p/,,p’ = p—1, then
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27.10% by Joshua A. Kupershmidt.
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A Strengthening Of The Classical Bernoulli
Inequality
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Abstract

Taking 1-jet of the quantum Bernoulli inequality, we strengthen the classical one.

Let
r __ . —x
wy =L =12 eR, g#0, £1,
qa—4q
be the second quantization of x.
Since

we can take
qg>1

without loss of generality.
The classical Bernoulli inequality:

I+2z)">14nz, z>-1, n€Zss. (1)
has the following quantum version:
(L+a])" > [T+ nz]y, > 1, n€Zs, qg>1. (2)

Using the formula
2

[x]; =z -+ %(:1:3 —z)+ O(h4),

h =log q,
we transform (2), modulo O(h*) terms, into:

h? h?
<(1+2){1+ F[(l +2)% = 1]} >"< (1 + hax){1 + F[(l +nz)? —1]}.
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(14 x)"{1+ ]?mc(x +2)} > (1+ nx){l + hQna:(m; +2)},
14+2)"(z+2)>(1+nz)(nz+2),z>—-1, n€Z> (3)

This is our strengthened form of the Bernoulli inequality. It is strengthening, because

r+2<nr+2 >0, nc€Zs N (4)



A Symmetric Proof Of The Young Inequality
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Abstract
Let p,q > 1 with fraclp+ é = 1. Then, for z,y > 0, % + % > xy. We provide a simple

proof of that.

The Young inequality is unique in that it has no really simple analytic proof. (The
geometrical one is, of course, trivial). We aim to change that.
Set

X =2 Y =y% (1)

Then the inequality becomes:

lX + ly g xlryl/a (2)
p q

For X =Y, (2) becomes:

X > X,
because
1 1
-+ -=1. (3)
P q
Now (2) is symmetric with respect to the change X - Y)Y — X,p — ¢,q — p. Since

X #£Y, let’s call X the largest of X, Y, and set
t=X/Y > 1. (4)

Then (2), homogeneous of degree 1, becomes:

?
L (5)
P q

(5) is true for t = 1. And its t-derivative is:
LI L

or

which is obvious since t > 1 and 1 — % > 0. Thus, (5) is true. [



Estimate For The Product Of Quantum Factorials
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Abstract

‘We quantize the inequality szl [(271)‘] > [(n + 1)']”, n > 1.

Let
~_ g
[J:]q = ﬁ?x € R7 q # Oa :l:lv
q—4q
be the second quantization of x.
Since
[—alg = =g,

we can take
qg>1

without loss of generality.
Set

K] = [ k], k€ Zsy; [0)!=1,

q q -

Theorem 1.

k=1

Proof. We use induction on n. For n = s, (2) returns:

2y > ([3)5)2

or
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which is true, because

~

a>b>0 = a > [b]7.

The induction step n — 1 +— n is:

[T2xy >
k=1

[2n]tg ()" = T a(In]ig)" = [2n]5 .

> ([n +1]g)"(In]g)" = (In +1])",

which is (2). [

[n+ 1]

~

q

([n]

!N

q

)" >

(3)



Invariance Of The Boundary Relations Of The
Basic Numerical Triangle Made Up Of Two
Intermingled Arithmetic Progressions
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Abstract
Let a,b,h € Rorc. Let {.le'n} =a,b;a+h,b+ h;a+2h,b+2h; ... consider the triangle

a
b a+h
b+h a+2h b+2h

h

Let gn and 7'y, denote the left and right boundary elements in the n row. 1 prove: T'p41 — En is

a, b, - independent.

We need the following formulae:

= 4
0 = hn(n—l— 1) N a, ) n=0,3 (mod 4), (1a, b)
4 b—5 n=1,2(mod4),
- hn(n +3) a, ) n=0,1 (mod 4), (2, b)
4 b—3%, n=2,3(mod4).
Theorem 3.
Tn+1 — fn = h(n + 1). (4)

Proof. 1f

n+1=0,1 (mod4) = n=0,3(mod 4).
Likewise, if

n+1=2,3(mod4) =n=1,2(mod 4).
Hence,

(g — 4n) = i(h +1)(n+4)— %n(n +1)=

= A )~ (P ) = (Unt )=l W



Monotonicity Or & In The Symmetric
Quantization
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Abstract

For a > 0,2 4+ a > x. This is quantized:

Let

T

ey =L =20

7 — > ©,q€R, ¢#1, ¢>0,
qa—q

be the 2" quantization of z:
Since
[zl = [2]g,
we can take

qg>1

without loss of generality.

Theorem 1. If a > 0 then

[z 4 a]y > [=]7 .
Proof. (2) is:
2
q:):Jra _ qf:vfa > qm o qfx’
or

?
qx(qa _ 1) > qfxfa(l _ qa).
since a > 0,q¢ > 1,¢* > 1, and (3) is:
i ? r—a
q > —q a ’
or

?
q230+a > -1

)

which is obvious since the LHS > 0 and the RHS < 0. [ |



On A Special Sum Of Consecutive Quantum
Integers
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Abstract

Let Kk = 25 + 1 be an odd number, N = § + 1(m0d k‘) Then Zf;ll (n + ’L) = O(mod ki)
We quantize this.

Let

qaziq—z
|y = —,
Iy q—qt

reR, ¢#0, £1,

be the 2" quantization of z.
With the notation

k=2s+1, SEZZl,
n=s+1 (mod k),

we have:

o
—

[n + 1] = 0(mod ([k];)z)

I
o

%

Proof. We use the formula:

n

~ ~ N
D la+kdy =[N+ 1500+ S dg
k=0

Then the LS of (1): is

k—1
h+k—1
e+ 10 = [k]7 [”*;

} [withn=s+1+k{] =
q2

- [k]”[n%—k_l]; — K] [s + 1+ (25 + 1)+ ] =

= (k)7 [k + (25 + 1)O =

= [Kg (1 + Ol = [K]g [Flga[1 + fgar,
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and it remains to show that

Kz = 0 (mod [K]y), (3)

which is true because k is odd:

[k]; qQk _ q—Qk/qk _ q—k B qk: + q—k

kKly  @#—-q¢?/ q—q '  q+qV’

and the latter expression is in Z[g,¢~!] because k is odd. W



On Quantum Elementary Symmetric Functions
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Abstract

H?:1(1' +a;) = Z?:O "oy (a). We quantize this.

Let

T

~ 9 —q
[1"]11 - T 1 ZL‘ER, q#ov il?
qa—4q
be the second quantization of x.
Needless to say, all our results are for large M (or m : pp, < M < Pp41).
We first sketch a rough proof, and then supply the missing details.

Let x be an integer, and

6(z) = m(x) — m(x — 2). @)
Then
_J Lzodd, =z a prime,
oe) = { 0,z odd, x isnot a prime (3)
Thus, with M even,
M
i=2
If we could take
x
" loge (5)

the main asymptotic term, then

d(z)

T r—2 .
times :

- logz  log(x — 2) - log2x
2

zlog(x — 2) — (x — 2)logz = zlog[x(1 — —)] — xlogx + 2logx ~
x

2
~ z{logr — E} — zlogzx + 2logx = 2(logx — 1) ~ 2logz,

SO
2
logz

o()



On The 2" Elementary Symmetric Function
Under The 1% Quantization
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Abstract

We derive formula for it.
Theorem 1.

[z +alg — [z + blg = [zlg[z + a + bl + ¢"[alq[b],-
Multiplying through by (¢ — 1)?, we get
Proof. For the LHS of (2):

{(a™™ =D - 1)} =

— {q2$+a+b . qm+a . q:erb + 1}’

while for the RHS of (2) we get:

(@" = (@™ = 1)+ (¢" = ("~ 1)¢" =
_ q2x+a+b _ qx o qa:+a+b + 1(qa . 1)(qb _ 1)_

Thus, (2) is:
?
qx _ qac+a+b _ qx+a _ qx—l-b S (qa _ 1)(qb _ 1)(]1’7

or, dividing by ¢*,

?
14+ ¢*" — " — ¢ = (¢" = 1)(¢" — 1),

which is obvious. [ |



On The Difference Of Quantum Square Roots
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Abstract

The classical inequality, ﬁ < \/TL +1-— \/n — 1, is strengthened and then quantized.

Let
~_¢—q"
[:E]q = 7_171' € R7 q # Oa :l:la
q—4q
be the second quantization of .
Since
[—alg = —l=lg,

we can restrict ourselves to nonnegative numbers only, and since

[z]g = [2]g,

we can take
qg>1

without loss of generality.
The classical inequality

1

is rather inexact. A better one is:

2
\\/fﬁ<\/n+1—\/n—l, nEZEQ.

Theorem 3. For N € Z>,,

v 25,
< \/[n+ 1]y — \/[n— 1]5.
Aoy

Proof. Using the easily verifiable fact that

n+ 10y — [n— 15 = 215,
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VI 10y =y =11y < /il g
Now,
[+ 117 + [0 =117 = RIF[nlg
and
[2]; < [2]gn, n>1,

because the function

20y

grows with x. |

Remark 6. The proof above shows that n doesn’t have to be an in???. The proper

inequality is:

215

qz

[z]3

<\/[x+1]q~—\/[x—1]q~, x> 1.

(7)



On The Product Of Inverse Quantum Squares
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Abstract
We quantize the classical formula HZ:2(1 — %) = hT—;l
Let
T _ T
[z]] = %,x eR, ¢#0, £1,

be the second quantization of z.

Theorem 1. For n € Z,,

n

IIQ‘@EQ:gﬁm

k=2 q [n]q

Proof. We use induction on n. For n = 2, we get
1 2 BlF

EeE T @
(@) - 143,

? _
(g+q ') —1=¢+1+q72

which is obvious.
The induction step n — n + 1 is:

[n+u;(1_q 1 >? [n+2]7

2][n]y n+17)2) " 2+ 1y

or
1 2 [n]qN[n + 2];“
(n+17)? (n+1]7)*

But it’s easy to check that

([2]7)? = [ = 1[z+1]; =1, Vz €R.

Thus, (3) becomes:
B 1 2 (In+1)7)2 -1
(n+103)2  (n+1]5)? 7

which is obvious. [ |




On The Sum Of Quantum Even Double-Factorials
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Abstract

We calculate inequality, 2221[28]” < (2n + 1)”4, n > 2, is quantized.

Let
r _ . —x
[1"]; = %727 S R7 q # Oa :l:lv
q—4q
be the second quantization of .
Set

n
2n + 1015 = JJ[2s + 117, n € Zxo,

s=0
n

2]ty = []12s7, n € Zx1; [0 =1.

s=1

Theorem 1. For n € Z>o,

n

> 28]y < 2n+ 117 — ¢, (2)
217 + 2171417 < [Bl7Blg —¢. (3)

Proof. (i) We use induction on n. The case n = 2 amounts to the proper choice of ¢:

¢ < [3lg By — 217 (4lg +1) (4)

The inductive step (— n + 1) turns (2) into:
?
2n + 117 —c+ [2n + 2]t < [2n + 3117 — ¢,
or
?
2n + 2J!! < [2n + 11([2n + 3][2n + 2|7 — 1),
or

2n]1> (20 + 27 < [2n+1)(12n + 3720+ 27 — 1) (5)
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Now,
[2n]17 < [2n + 11177,

so (5) follows from

?
[2n + 2] < [2n + 3|7 [2n +2]7 — 1,

or
?
1< [2n+2]7(2n+ 3]y - 1).

(6) follows from

which is true, because 4 > 1. |



Principal Vertical In The Basic Numerical
Triangle From A Sequence Mutilated
Symmetrically Module 4
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Abstract

Let {xn} = (0, 1,3;4,5,7; ) be what’s left of ZZO when terms = 2 (mod 4) are removed.
Put {.’En} into a triangle:

0
1 3

4 5 7 (0.1)
8 9 11 12

13 15 16 17 19
Let my, = (0, 9,11, ) denote terms standing on the middle vertical. I prove:

16 {0, n=0,2 (mod 3),

my, = —t, +
T —V3, n=1 (mod 3),

where &, is the nth triangular number.

Let u, j denotes k" term in the n'* row, so that



Quantum Elementary Symmetric Functions
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‘We derive them.
We use the basic formula
[u + v]q = [“]q + q4[v]qa
so that
[z + a]q = [x]q + qx[a]q.
Denote by

ac = (ay,...,an),
C = an+1,
II,, =L [z + ail,.

Theorem 4. For n € Z>,

n

=Y ([elg)" ' ou(??),

=0

and, from (2),

~

01 (CL) = [a]q )
and, in general

oi(a) =0, i>1,

Abstract

oi(a,c) = oi(a) + [c|]Ti-1(a).
Proof. We use induction on n. Multiplying (5) by

[z + clq = [z]g + ¢"[clqs
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we get:

n

My =10,[z + C]q = (Z(Mq)nilqmgi)([w]q + qx[c]q) =
=0

= (el ) + lely)" e Vo)l -

= Z([x]q)”"‘l_jqjmaj(a, c) &

0j(a,¢) = 0;(a) + 0j-1(a)[dly,

which is exactly (8b). W
Re??? oj(a) by 7j(a), keeping the notation o;(a) for the classical (¢ = 1) case. Then
we can summarize are results as

Uj(a> = Uj([al]m X [an}q% (10)

an extremely satisfying result.



Some Identities Among Quantum Numbers
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Let

~_ g1
[z]y = 1 z,q€R, ¢#1, ¢>0.

be the 1% quantization of =.
Identities among quantum integers are so far unpredictable and have to be verified by
hand.

Lemma 1.
[n + 2](1 - [Q]q"+1 = q[n]q. (2)
Proof. Change n into x:

[+ 2]g = [2]ger1 = gl]o,

or

¢ —1— (¢ - 1)(¢" +1) = q¢" — 1),
or

qz’+2 11— {qx+2+q_qx+1 _ 1} _ qx+1 —q,
or

0=0,

which is true. [ |
Lemma 3.

(717 = Bl + 2151215 (4)

Proof. We have:

Bl + [217[2] =

=(+1+¢ )+ @+ NP+ =

= (+1+ )+ (+ P+ P+ =
=+ '+ 1+ P+ g =7y A



The Growth Of p,/n, p, Being n'® Prime
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Abstract

l
Fix @ € Z~1. We show that ﬁ — % — 0, as n — 00.

One (or two)-sided estimate is the source of many troubles in prime number theory.
Fin a € Z>1, and let

anra DPn
N, = "= 1
" n—+a n ()

Since

Pr ~ nlogn,
one intuitively feels that

Ay, ~log(n + a) — logn ~ % — 0. (2)
However, the standard estimates,

pn < n(logn + loglogn),n > 6,
(due to Rosser), and

pn > n(logn + loglogn — 1),n > 2,
(due to Dusart), yield:

Ay, > log(n + a) — loglog(n + a) — 1 — [logn + loglogn] > —1,

Ay, < log(n + a) + loglog(n + a) — [logn + loglogn — 1] < 1,
SO

1< A, <1,
a highly unsatisfactory result.

There is now a standard remedy, developed in my series of prime number papers: to

use entire or truncated full asymptotic expansion. Thus, we write:

pn = n{logn + (loglogn — 1) + 0( )} (3)

logn

Hence

ANy = log(n + a) + [loglog(n + a) — 1] — [logn + (loglogn — 1)] + 0(=) = = 0(3),

1
n n
(4)
and this is the desired (2).



The Number of Primes Between n? + (n + 1)? Is

n
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Abstract

We strengthen Ledendre’s (what used to be) Conjecture, by showing that there is ~ lo’%n primes

between 12 and (N —|—1)2.

How many primes are between n? and (n+1)2? Legendre says, empirically, that number
> 1, but this vastly under states the matters.

I recently proved there is, on average, there is 1 prime between x and = + logz. Since,
if

ZL':n2

n+1)2?=Wz+1)=z+2V/z+1~2z+2Vz,
we have to cover the interval of length 21/z by intervals of the length log z. So we get:

2\/x 2n n

logx - logn? ~ logn’

as claimed in the abstract.

Example 1. Take n = 10. Between 10% = 100 and 112 = 121 there are 5 primes: 101,
103, 107, 109, 113. And

10

=4.34.
log10

Example 2. Take n = 998. Between 9982 and 9992 there are, according to computer,
151 primes. And

998

=144.5
log 998
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Abstract

‘We quantize the classical inequality \k/ k! < "+\1/ (k? + 1)'

Let
r __ . —x
wy =L =1 2 eR, g#0, £1,
qa—4q
be the second quantization of x.
Since

q

we can restrict ourselves to nonnegative numbers only, and since

[z]g = [l

we can take
qg>1

without loss of generality.
Set

k
Ky =Tlsly, k€ Zs; [0y =1

s=1

Theorem 1. For k € Z>1,

VIR < FR/TR+ 101 (2)
Proof. Raising both sides of (2) into k(k + 1)-th power, we get:
? ~
(K] < ([k+ 11",
or

(KRR < (T + 1)) (),



2 B. A. Kupershmidt

or
~ 7 ~ ke
[k]Yy < ([k+1]5)",
which is obvious because it’s the product of inequalities:

(17 < [k+1]7,

(k] < [k+1]7,
each being true because

a>b>0=[a]y >[b];. H
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