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ABSTRACT

We discuss and analyze two methods which may be used to approxi

mate the cosine of a matrix. The two methods are similar in that

they both form a rational approximation R(kA) to the matrix cosine,

cos(l<A) , and generate approximate schemes which are based on the

exact representation y{t + k) + y(t - k) = 2 cos{kA) y(t) . The

methods also allow for our generated approximation to be corrected.

The methods differ in that one forms the rational approximation in a

partial-fraction form with only linear factors in the denominator,

for computational efficiency, especially in a parallel environment.

This method allows for the approximation of the local error at any

time-step via simple calculations.

The double angle method is presented so that comparisons may be

made between it and the time-stepping procedure.

Numerical experiments are performed in order to confirm that our

theoretical predictions of convergence rates are valid.
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INTRODUCTION

For many years, much attention has been focused on the problem of

finding a highly accurate, yet cost efficient, method for solving the

matrix differential equation

(1) Y"(t) + A^Y(t) = G(t)

on the interval [a, b] , subject to initial conditions

Y(a) = yQ and Y'(a) = Xq ,

where Y and G are (n x m) matrices and A is an (n x n) matrix.

The solution to this matrix differential equation, as is the case of

the similar scalar differential equation, consists of terms involving

the cosine and sine functions.

Our concern here is in solving a special case of equation (1),

mainly computing the solution to the homogeneous second-order matrix

differential equation

(2) Y"{t) + A^Y(t) = 0

on the interval [0, 1] , subject to initial conditions

Y(0) = I and Y'(0) = 0 ,

where A is an (n x n) real-valued, positive definite symmetric
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matrix and I is the (n x n) identity matrix. It has been determined

that the solution to this differential equation is

Y(t) = cos(At) E z (-1)'^ c.f. [3] .
j=0 (2j)!

Hence, as a special case, setting t = 1 , we are presented with the

problem of calculating the matrix cosine of A , denoted cos(A) .

Methods for approximating the cosine of a matrix have been

developed, but many rely on knowing the eigenvalues and eigenvectors

of the matrix (c.f. [1]) and this information, obviously, may not

always be available or may not be economically obtained. We will

discuss, and test the effectiveness of, two new methods which require

no detailed information concerning the eigensystem of A . We shall

assume, for simplicity, that A is a real-valued, positive definite

symmetric matrix, but the exact eigenvalues need not be known.

The central idea of the two methods is the generation of schemes

via the exact representation

(3) y{t + k) + y(t - k) = 2cos(kA) y(t) .

The first method to be described takes a well-known time-stepping

procedure which approximates (3), and then uses a post-processing

procedure which acts as a corrector. In this regard, it appears to

be applicable only to homogeneous problems. Like the first, the

second method constructs a rational approximation to the cosine of

A , but implements this approximation in a partial fraction form.
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We win see that this representation affords opportunities both for

parallel computation within a time-step, as well as an efficient local

error estimate. It is our intention to describe these methods, imple

ment them, and to compare their performance in a practical computing

environment with what theory predicts. As a part of the analysis,

the post-processing method will be compared to a more known model,

the Double Angle method.



CHAPTER I

THE TIME-STEPPING PROCEDURE WITH A POST-PROCESSOR

The generating scheme of equation (3) is a very useful one since

our original problem, that is, finding Y = cos{A) , is equivalent

to the problem of solving the system of equations in (2) column by

column, where each column corresponds to a different set of initial

conditions. For example, for a given step size k = 1/m , where

m  1 (since our interval stops at 1) , suppose we would like to

calculate the first column of the solution Y = cos(A) . Then,

referring to equation (3), all we would need is the first column's

solution initially and its solution, or an approximation, at

the first time step k (y|^^) . (See Figure 1).

0  k 2k 3k . . . (m-l)k mk = 1

yd) yd) dd dd jij 7^^
^0 -^1 ^2 ^3 -^m-l ■^m

FIGURE 1

GRAPHICAL REPRESENTATION OF THE TIME-STEPPING PROCEDURE
AS APPLIED TO THE FIRST COLUMN

We could then generate the first column of the solution Y = Cos(A)

by simply applying the recursion formula of equation (3), but in the

form

(4) y(t + k) = 2cos(kA) y(t) - y(t - k) ,
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(m-1) times. Then, the entry which is listed as in Figure 1

would be the first column of the solution Y = cos(A) . Applying this

same procedure to all n columns would result in the calculation of

the entire matrix cosine of A .

The problem with this procedure lies in the formation of the

cos(kA) term of equation (3). After all, if we could form this, then

we could also form cos{A) and our problem would be solved. So,

instead of forming cos(A) exactly we approximate it by a rational

operator R(kA) , where

R(kA) = Q"^(kA) P(kA) ,

with P and Q being even polynomials in their argument. Then, in

place of the exact scheme given in (3) are substituted approximate

schemes of the form

(5) + Wj_^ - 2R(kA) Wj ,

or.

(6) Q(kA){Wj^j + Wj_j) = 2P{kA) w^ ,

where w. = y(t.) and t. = jk . As would be expected, the higher
J  J J

the order of the rational function R(kA) as an approximation to

cos(kA) , the better the approximation schemes. But also, along with

a higher order R{kA) comes a more expensive approximating scheme.
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Hence it seems that once again we should not expect accurate approxi

mations to the cosine of A without paying for them. But, as we

shall see, accurate approximations can be achieved without paying as

much as it appears.

The key to the establishment of the post-processing procedure is

a representation of exact and approximate solutions in terms of the

data at t = 0 and t = k . We begin by recalling the Chebyshev

polynomials of the second kind, defined by

S_2(x) = -1 , S_^(x) = 0 , and Sj(x) = ^ . J > "2

with e = cos~^x , which obey the recursion formula

(7) = 2xSj{x) - Sj_^(x) , j > -1 .

These polynomials can be used to establish the following theorem.

Theorem 1. Let c = cos(kA) and let p = R(kA) , where p

represents any particular rational approximation. Then

and

(9) w^. = Sj._^(p) w^ - Sj._2{p) Wq
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Proof. Induction on j will be used. Let j = 0 ; then

S_^(c) - S_2(c) Yq = O(y^) - (-l)yQ = Yg •

When j = 1 , we consider

(10) Sq(c) y^ - S_^(c) y^ .

But from (7) we know that

(11) Sq(x) = 2xS_^(x) - S_2(x)

and substituting (11) into (10) yields

Sq(c) y^ - S_^(c) yg = [2cS_j^(c) - S_2(c)]y^ - S_2^(c) yg

= [0 - (-1)] y^ - 0(yg) = y^ .

Now we shall assume the relation holds for j _< n - 1 and show it

holds for j = n , n ̂  2 . From (7) we have

^n-1^^^ ^1 " ̂n-2^'^^ -^0

= 2c [S„.2(c) yj - S„.3(c) y„] - [S„.3(c) yj - S^.^tO y„]

= 2cy„_i - yn.2 = y„ •



The theorem is proved in a similah manner for . This theorem will

be needed a little later to establish an important result for the

approximating schemes.

Recall also the Chebyshev polynomials of the first kind, defined

by

Tj{x) = cos(je) ,

again with 0 = cos"^ x . Chebyshev polynomials of the first and

second kind are related by

l.{x) = xSj_^(x) - Sj_2(x) .

The terms S^_^(p)w^ and S^_2(p)Wq of equation (9) can be

formed simultaneously in the basic representation given in equation

(6); however, for the purpose of post-processing, it becomes necessary

to separate out the different components, and hence form the two

terms separately. But this does not represent a real problem since

the terms can be generated in parallel. The idea is to generate the

following sequences:

(12) = 2pu. -

with Oq = yQ = Wq , u^ = 0 , and

(13) = 2pzj - Zj.i
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with Zq = 0 , where w^ is the approximation to a column

of cos(kA) at the first time step. Then,

w. = U . H- z. , j > 2 ,

will be the approximation to y{t.) where again t. = jk , since
J  J

Sj_i(p)Wi - Sj_^{p)Zj - Sj_2(p)zQ - z.

and

Sj_2(p)Wg ~ ~tSj_ (p)li *

Again, the accuracy of the sequences generated in (12) and (13) will

depend on the order of p , and as was mentioned earlier, we would

like to avoid using high-order operators since the cost of using

such operators can become quite expensive. This is due to the amount

of systems that have to be solved, at each time-step, when a higher-

order rational function is used to generate the sequences in (6) .

Also, when a lot of systems have to be solved, a lot of back solving

has to be done and hence the cost of generating the sequence can be

very expensive. So, we could just pick a high-order rational approxi

mation, but rather than compute the sequences using the higher-order

p  , the idea of post-processing at a fixed time station is that we

can use the Taylor series to approximate S.(p) . Hence, we have
J

(14) S.(p) = S.(7) + (p - y)s;(y) SV(y) y ... ,
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where y = G(kA) is some lower-order approximation to cos(l<A) and

p E R(kA) a higher-order approximation. The derivative terms though

cannot be applied directly since there exist no corresponding term

in the exact expansion. We can, however, derive expressions for the

derivatives using identities of Chebyshev polynomials. One identity,

for example, is

(1 - x^)Sj(x) = -jxSj(x) + (j + l)Sj_j(x)

from which the following can be derived:

(1 - SV(x) = J[(j - Dx^ - l]Sj(x)

(j + 1)(3 - 2j)xSj_^(x) + j(j + l)Sj_2(x)

Terms involving higher derivatives can be derived by simply differen

tiating appropriate formulas and multiplying by the appropriate factor
2

of (1 - X ) . Then the Taylor approximation now becomes, for

example:

Sj(p) = Sj(Y) + (p - y)(1 - y^) ̂  [-jYSj(Y) + (j + l)Sj_i(Y)]

(1 . - Dy^ . i]s^(y)

+ (j + 1)(3 - 2j)YSj_]^(Y) + j(j + l)Sj_2(Y))

+ o{\\p - y11^)

3
where the constant in 0{\\p - yII ) depends on j .
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So, having generated the sequences in (12) and (13) we can then

apply the first step of the post-processing procedure. That is, form

Sj(p) = Sj(Y) + (p - y)(1 - Y^) ̂ [-JYSj(Y) + (j + l)Sj_]^(Y)]

which then yields

Sj_i(p)w^ - Sj_2(p)wQ

= Sj_^(y)Wj - Sj_2(Y)Wo + " ̂2^ [-(j - l)YSj_;^(Y)Wj

+ jSj_;^(Y)w^ - (j - 2)YSj_2(Y)wQ + (j - l)Sj_3(Y)wQ]

= z . + u. + [-(j - Dyz,- + jz. 1
J  J (1 - Y ) ^

-  (j - 2)YUj + (j -

(where the 'x/ indicates that the terms are computed using the lower-

order scheme). Notice that for this method only the two previous values

of z and u are necessary for generating the next z and u values

in the sequence. Also, in order to form the first connection term

only the last two values of z and u are needed, which implies that

no large amount of storage is needed for this method. In general, if

we wish to correct using m corrections, we will need to store the

final (m + 1) values of z and u . But this should not cause us

any major concern since usually only a few corrections are needed.

Also, adding more and more corrections causes the amount of systems

to be solved to grow quite quickly.
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For more accuracy we can then add in the next term in the Taylor

expansion:

I {P " {(j - l)[(j - 2)y^ - l]z + j(5 - 2j)YZ. ,
1 - Y ^

+ j(j - l)z._2 + (j - 2)[(j - 3)y^ - l]u.

+ (j - 1)(7 - 2j)YUj_;^ + (j - l)(j - 2)Uj_2}

and continue to correct as long as we wish, in principle, by inclu

ding more terms in the Taylor series. In practice, though, truncation

and roundoff error will also be multiplied by increasing powers of

j  , which limits the achieved accuracy.

The order of the post-processing procedure will now be analyzed.

Suppose the error in the approximations of R and G are such that

lcos(z) - G(z) 1 = 0{ Izl^"^^)

and

|cos(z) - R(z)l

with y < V since R(z) is of a higher-order than G(z) . It is

known (c.f. [5]) that if yg = Pq and [jy^ - y^[l = (in

any suitable norm) where y^. is the exact value of y and y^ is

the sequence generated using the higher-order operator p , then

lly- - y-ll = 0{^) . that is, the order of the error in the generated
J  J
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approximation is decreased by two from the local accuracy. Further

more, Hp - yH = Hp - yII^ = ^ |lp _ ^jjS ^ ̂ (3y+6)
etc. . Also, the bound on the term lSj'^|(x)| can be shown to be
Qj(2m+1) |-2^ ^ this, it appears at first glance that the error

committed when the first truncated term in the expansion is

Sj'^}(Y)(p - y)'" .will be

^(km(y+2) . ̂-(2m+l)j

Clearly this gives the wrong estimation for m = 1 (no correction).

It turns out that a more delicate analysis confirms that the correct

result is . Therefore the accuracy of the processes value will

be

,, ,, ^ %

- ̂ 311 " ll^j - ̂ 3 ̂  - ̂ 3"

1 ll^j - ijll 119j - Y-

where y^. is the sequence generated using the lower-order operator

Y  . The key thing to notice is that the order is improved multi-

plicatively.
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CHAPTER II

EXPRESSING THE RATIONAL OPERATOR IN A

PARTIAL-FRACTION FORM

Consider again the iterative scheme given by equation (5). For

a given rational operator and step size it would be desirable to be

able to approximate the local error present in our generated sequence.

Representing the rational operator R(kA) in a partial-fraction form

allows us easily to approximate the local error at any of the m-1

steps. In addition, it would be of great computational benefit were

we to be computing in a parallel environment to dole out equivalent

portions of the action of R(kA) to different processors. Further,

2  -1
since A is often given implicitly as M K , M, K sparse, a

2
decomposition of R(kA) using only terms linear in A would be of

interest for sparsity concerns. For these reasons, then, we will

see that it behooves us to represent the rational operator in the

form

a, an

(16) R(z) = C. + j + n + ...
1 + PjZ'^ 1 + 3^2

with C^ , a^., and 3^ (i = 1,2,...) all being real constants. Also,

to avoid having a representation of the form

a-i an + anZ

(17) R(z) = c^ +——t''——It '
^  1 + 3^2 1 +

i.e. quadratic factors, we require that all the 3^. in (16), and
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thus the poles of R(z) , be distinct. So, now we must determine the

coefficients (C^^, a^., and 3^) for a rational operator of a given

order.

We begin by analyzing the simplest case, i.e. R(z) a rational

operator of order two . We then wish to represent R(z) by

.21 + p
(18) R(z) =

^z

1 + q^z^

which means the error in this approximation can be

cos(z) - R(z) = cos(z) - -^||| = 0{z^) ,

which gives

cos(z) Q(z) - P(z) = ̂ (z^)

(1 - ̂  + I4 - ...)(1 + q^z^) - (1 + PjZ^)

(1 + (q^ - \)z^ + 0{z^) + ...) - (1 + PjZ^)

(q^ - ■i)z2 - p^z^ + OU'^) = (z"^) ,

and therefore p^ = (q^ - is a necessary and sufficient condition
for the error to be fourth-order.

In addition to accuracy conditions, we also require stability.

In our case, having prescribed that A have real eigenvalues, we

shall ask for unconditional stability that

-1 £ |R(z) l £ 1 for all real z ,
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or

_i ^ P(z) , 1

The upper bound holds for all z since

P(z) 1 " ("l - . ,
^" 1. -

is equivalent to

1 + (q^ - < 1 + q^z^ ,

which obviously is true for all real z . Now, for the lower bound

to hold we must have

1 + (qi -
-1 < 2

1 + qiz

or

-1 - q^z^ 1 1 + (q^ -

which is equivalent to

0 < 2 + (2q^ - j)z^ .

In order to make this hold for all real z we require that the
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2
coefficient of z be non-negative, or

(19) 2q^ - I > 0 ,

which can be written as

^1 (^1 " " ̂1 Pi ̂  °

and taking the boundary case (i.e. equality) yields

Pi 'Pi ■

This result is of special interest since it can be easily shown
P  2

that if Q(z) = (q^z + 1) were to be divided into P(z) = (p^z + 1)

synthetically, the first term of the quotient would be

Now, when the partial-fraction form for R(z) is constructed it will

have the form

ai
R(z) = ^

1 + BjZ

and we must also have

1 + p^z^
R(z) = 4-

1 + qjZ
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Hence we have

a-, C, + C, 3i + a,

R(z) = C, + ^
1 + 1 + B^z

(C^ + a^) +
=

1 + B^z^

1 + p^z^
1 +

which implies that

Cj + = 1 , B^ = , and C^Bj = Pi = (Pj -

Therefore, given Bi> is found using

r  = = 1

1" ^1 ■ "

and is found using

= 1 - = 2

Notice also that in (19) we must have the condition

^1-4

and again taking the boundary case we get
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^1 4 •

But suppose that we would like to have approximations of the

local error being committed in each term of the sequence. We illustrate

the process first by assuming that the basic scheme is second-order

and we use a higher-order scheme for estimation of the local error.

We know that

y(t^^j) - 2Cos(kA) y(t^) + y(t^_^) = 0

and therefore, assuming y(t^) = y^ , y(tp_]^) = y^.j^ (as we do in

the usual definition of local error),

y(tn+l) = 2cos(kA)y„ - y^.j

and

= 2R(kA)y„ - y„.i

Therefore

y^^n+1^ " Vl " 2[Cos(kA) - R(kA)]y^

= 2Cos(kA)y^ - 2R(kA)y^

is the true local error. But we could provide local approximations by

doing the following: First, recall the scheme generated by R(kA) ,
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the rational operator of order tv;o, given by

(20) y„H.i + y„.i = 2R(kA)y„ = 2(Cj + Oj(I + l5j(kA)2)'by„

= ZCiY + ttiW
r n 1

0

where (I + )w = . If at any of the (m-1) steps we wish

to approximate the error in the term we could generate the term

using a higher-order R(kA) . More specifically, the next higher-

order R(kA) , say Rl(kA) , which evolves from an expansion of the

form

o  p

1 + p,2 + PpZ a,* ap
(21) R1(z) = ^^ + ^—2 + 2

1 + ^ 1 + 3^z^ 1 +

which may be selected to have an order of four.

Applying the same analysis to R1 that was done to R yields:

1, Given 3^, where 3^^ >-^ (notice the strict inequality now)
123. - 1

2. 3„ > To = F(3, ) is the condition for unconditionalZ — 4opj ~ ic 1

stabi1ity

243i3p - 12(3. + 3o) + 1
3- <^2 = 24 ^ ' <^2 ' -1 ®2 =

1 - 1232
"i"

123;^ - 1
^2 " 2432(3;^ - 32)

The value obtained using the higher-order method one time at this step

satisfies
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(22) = 2Rl(kA)y„ = 2(0^1 + ofd + SiCkA)^)-!

+ a^(I + B2(kA)^)"hy„

?  2where (I + 3^(kA) )w = and (I + )w^ =

following features that make this method so attractive. Notice that

since in (20) w has already been calculated it will not be necessary

to calculate it again in (21). The only terms that change when the

order of the rational operator is increased are the coefficients. A

new term w^ will have to be calculated but since the system we will

have to solve is linear, calculating w^ will not prove to be time-

consuming or costly. Notice also that if we did choose to use as our

base scheme the rational operator in (21), the terms w and w^

could be generated on a parallel processor and hence make for an even

more efficient method. Now, the difference in (20) and (22) is

Vl " Vl " ̂̂^^^2 ■ ^l^^n (<"1 ■ ^l^'' ̂  ̂ 2^1^ •

This implies that we can approximate the local error, again, by only

solving the one system involving w^^ and taking linear combinations

with the new coefficients.

Notice that since 3^ in Rl(kA) is strictly greater than 1/4 ,

no longer is equal to minus one. This is because increasing the

order of the rational operator has the effect of "pushing" the base

scheme away from the boundary. The error in the generated sequence



22

is then approximated by (23) and if the term in (23) is large, then

choosing a smaller step-size k or a higher-order base scheme should

be considered.

For an analogous treatment using a fourth-order base scheme and

a sixth-order estimator the conditions on R(kA) of order six are

1. Given and g^ , where (g^ + 62) > -^
360g^g2 - 30(g^ + 32) + 1 _ ^

^3 - 14403^32 - 360(g^ + 32) + 30 =

(and for simplicity choose 3^ = F(3^32))

3. C3 = -1.0

483233 - 12(32 ^3^ ^
""l " 24(32 - 3-, 1(83 - 3;^)

433^33 - 12(3^ + B^) + 1
"2 24(3^ - 32)(33 - 33)

483^32 - 12(3^ + 83) + 1
""3 " 24(3, - 3o)(3i - 3J

where

R(kA) = C3I + a^{l + 3^(kA)^)"^ + ̂ 2(1 + 32(kA)^)'^

+ a^{l + 33(kA)^)"^ .
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CHAPTER III

COMPUTING THE MATRIX COSINE EXACTLY AND

USING THE DOUBLE ANGLE METHOD

The double angle method (c.f. [4]) and a way of computing the

matrix cosine of A exactly will now be discussed. The double angle

method is presented here since later there will be comparisons made

between the double angle method and the time-stepping procedure. We

will need to compute the matrix cosine exactly in order to calculate

errors in our approximations.

In theory, the double angle method may be applied to a matrix

A  provided that A is a real, (n x n) , normal matrix. The first

step is to form a rational approximation to the cosine of A . But

a necessary condition for stability of the rational approximation, as

it will be used in a generating scheme, is that 11R{A)1[ £ 1 . Hence,

in order to insure that the rational approximation is stable we

scale the matrix A by an appropriate power of two until

l]R(A/2"^)lj £ 1 . The choice of the parameter m can be determined

in terms of the spectral radius of A [4] . Having done this we then

generate an approximation to the matrix cosine using a version of the

double angle formula as applied to matrices, which is

cos(2A) = 2cos^A - I .

The scheme then is

Uj^^ = 2Uj - I , j = 0,..., m-1 ,
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where Uq = R(A/2 ) . Then, approximates cos(A) . Specific

error bounds can be found in [4] . We observe that the double angle

method is inherently a serial method. That is, the entire matrix must

be formed at once. Also, the double angle method calls for the re

peated squaring of each generated matrix U. and this may be expensive

for a large matrix.

In order to check the accuracy of the methods mentioned here it

is necessary to be able to compute the cosine of a matrix exactly.

To do this we use the fact that given a matrix A with

A = T"^ D T

where T~^ = T^ (that is, T and T"^ are orthonormal matrices) and

D  a diagonal matrix, then

cos(A) = T"^ cos(D) T

where cos(D) is the matrix obtained by taking the cosine of all the

diagonal entries. Similarly,

cos(kA) = T"^ cos(kD) T .
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CHAPTER IV

NUMERICAL RESULTS

The matrices which were used to construct the test matrices were

0 -.5 0 -.5 0 .5 0 0 .5 0

0 0 0 0 0 .5 .5 -.5 -.5 0

-.5 -.5 0 0 0 -.5 0 -.5 0 0

0 0 0 0 0 0 0 0 0 1

0 0 0 .5 .5 0 .5 0 .5 0

-.5 0 0 0 -.5 0 .5 .5 0 0

.5 -.5 0 .5 -.5 0 0 0 0 0

.4 0 .6 -.4 0 -.4 .4 0 0 0

0 -.5 0 0 .5 0 0 .5 -.5 0

OC

1

0 .8 .3 0 .3 -.3 0 0 0

= diag[l,l,2,2,3,3,4.4,5,5] , and = diag[l,l,2,2,3,3,4,4,5,100]

(recall that T"^ = T^) . The test matrices

Ai = T"-" D^T

and

A2 = T"^ D2T ,

because of the magnitude of their largest eigenvalue, shall be referred
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to as the regular problem and the large problem, respectively. As

the values of yj^^ , i = 1,2,..., n , we used the exact values at
the first time-step, which corresponds to the ith column of

cos(kA) . In practice, this is usually not known, and has to be

generated by a single-step method of appropriate order. The rational

operator which served as p , the high-order approximation to cos(kA),

in (14) was

1 + (23;^ - l/2)z^ + (3^ - 3;^ + l/24)z^
(24) R(z) = ± ^

(1 + b/)^

and the rational operator serving as the low-order function y was

2

(25) R(z) = 1 + (3 - l/2)z
1 + 3z

The matrix which represents the actual cosine of A shall be denoted

Y(l) , the matrix which represents the cosine approximation generated

by the higher-order p shall be denoted Y(l) , and the matrix which

represents the cosine approximation generated by the lower-order y ,

with corrections, shall be denoted Y(l) .

For the regular problem the values of 3 which produced accurate

results were the unconditionally stable 3 = 1/4 and the conditionally

stable 3 = 1/12 . The value of 3^^ which produced the most accurate

results was 3^^ = (5 - yTB')/60 , which can be shown to be sixth-order

conditionally stable approximation of the form (24). The parameter

3^ = (5 + /rF)/60 also produces accurate results and also can be
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shown to be a sixth-order conditionally stable approximation of the

form (24). Unless otherwise stated, all errors which are mentioned

were measured in the Euclidean norm, denoted [j'H^ , where

i** - ^Ie
1=1 j=l ^ ^

Table IV-1 lists the errors that result from using the low-

order rational operator, with and without corrections, in the

generating scheme

^j-1 ~ 2R(kAj)Wj ,

as an approximation of the scheme generated with the higher-order

operator. The results suggest that for the regular problem 3 = 1/12

serves as a better parameter than does 3 = 1/4 . Also, 3 = 1/12

is so effective that once one or two corrections are performed, better

approximations are produced with a step-size of .02 (50 intervals)

than with much smaller step-sizes (probably due to roundoff error).

With 3 = 1/4 , decreasing the step-size always tends to reduce the

error when one or no corrections are performed. When two corrections

are performed and 3 = 1/4 a step-size of .005 (200 intervals)

produces better results than do step-sizes much smaller than .005

(again this may be due to roundoff error). The number of intervals

listed at the top of Table IV-1 indicate the number of time-steps.

Our predictions of the convergence of the time-stepping procedure

are shown to be quite accurate. The rates listed were calculated
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using every other adjacent pair of columns. In the first and second

row we have 6 = 1/4 and B = 1/12 , and hence second-order and

fourth-order schemes, respectively. Our expected rates then are

my = (1) (2) =2 and my = (1) (4) = 4 , respectively, and our

results agree with our predictions. In rows three and four we ex

pect 2(2) = 4 and 2(4) = 8 , respectively, and again we get what

we expected. The rate in row five also satisfies our prediction.

Some of the convergence rates are not listed because the roundoff

errors which occur in our calculations cause them to be in error.

Since our ultimate goal is to approximate the actual matrix

cosine it would be of interest to see which rational operator

generates an approximation which is closest to the true matrix co

sine. Table IV-2 lists the errors that result from comparing the

actual matrix cosine of to the approximation generated using

the rational operator R(kA^) in (24). Table IV-3 lists the errors

that result from comparing the actual matrix cosine of A^ to the

approximation generated using the rational operator R(kA^) in (25),

with and without corrections. It appears that we can use a lower-

order scheme and yet still approach the accuracy which is achieved

using a higher-order scheme. It is necessary for us to apply one

correcting term, but considering that the system we are using has

one term of correction which is linear, it would seem that using

the lower-order scheme and correcting once is cheaper than generating

the scheme using the higher-order scheme and having to solve a

quadratic system at each time-step. Also note in Table IV-3 that the

accuracy achieved with B = 1/12 and one correction is equivalent to
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to the accuracy achieved, using the same 3 and two corrections

(agin roundoff error causes this lack of gain in accuracy).

The rates in Table IV-3 again agree with our predictions. In

rows one and two we expect convergence rates of min(v = 6,

my = (1)(2)) = 2 and min(v = 6, (1)(4)) = 4 , respectively. In

rows three and four we expect rates of min(v = 6, (2)(2)) = 4 and

min(v = 5, (2)(4)) = 6 , respectively. The expected rates of conver

gence for the entries in rows five and six are min(6, 6) = 6 and

min(6, 3(4)) = 6 .

For the large problem in which we introduce a large eigenvalue,

and thus for which stability becomes an issue, the values of 3 pro

ducing the most accurate results were 3 = 1/4 , 3 = 1/12, and

3 = (3 + v^)/12 . The parameter 3 = (3 + was selected since

a goal of ours was to make the norm of the "corrector operator",

P - T

i-T

small and therefore maybe keep the error amplification down. The

best choice for the large problem was 3^^ = 1/4 . Table IV-4 lists

the errors that result from approximating the exact matrix cosine

solution with approximations generated using the lower-order operator

with corrections. Notice that when a large step-size is chosen, the

conditionally stable 3 = 1/12 is a bad choice for the parameter

since the scheme does not converge. This is because the rational

operator has a norm greater than one and therefore is not stable.

But when the step-size is chosen to be small, 3 = 1/12 is the best

of the three parameters. Neither 3 = 1/4 nor 3 = (3 + /l)IVl
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yield accurate approximations when no correction is used, but 3 = 1/4

does yield reasonable results when two corrections are applied. Also,

choosing 3=3^ cuts down a little of the work, in that a new

factorization of (I + 3^(kA) ) need not be performed. The large

errors in Table IV-4 are due to the large eigenvalues which are

present in the matrix ^2 • obvious in Table IV-5

which lists the same error measurement in Table IV-4 except that the

approximations to the terms corresponding to the large eigenvalues

are ignored. Notice how much more accurate the approximations become.

Examining the last row of Tables IV-4 and IV-5 we see that when two

corrections are performed, the errors in the two tables are identical.

Hence, if two corrections are performed this choice of 3 and 6^

may serve as adequate parameters and this is some evidence of the

efficacy of the correction process. But if we wish to obtain

reasonable results with no corrections we may choose to use 3 = 1/12

and carefully select a small step-size, or choose 3 = 1/4 and a

large step-size and simply ignore those approximations corresponding

to the large eigenvalues, which would be evidenced by large changes

in the corresponding components in successive corrections.

The efficiency of the time-stepping method was then compared to

that of the double angle method. The comparison involved choosing

a desired amount of accuracy, for which there corresponds a value

of m (minimum), and then calculating the number of multiplications

and divisions required for that accuracy, relative to the exact

solution. For the double angle method m here represents the expo

nent of two in the rational function R{l\/2^) and for the time-stepping
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procedure m stands for the number of intervals (or the number of

time-steps). We also recorded the required CPU time of each method.

Table IV-6 contains the results of the comparison.

Since the double angle method must be performed in series, the

entire matrix must be formed and the number of multiplications and

divisions occurring when implementating this method on an (n x n)

3  2
matrix is m(n + n ) . Since for the time-stepping method each

column can be generated simultaneously, assuming access to a parallel

processor, the multiplication and division count and the CPU time for

the time-stepping procedure was based on the generation of only one

column (it is reasonable to assume that these calculations would be

the same for any column as long as we were dealing with a regular

problem, as we are here). The multiplication and division count

for one column of the time-stepping procedure with zero, one, and two

?  2 3 2
corrections, is 3(m-l)n , 2(3m-l)n + 4n , and 2n + (6m+5)n + 15n,

respectively. As a result of the way these calculations were done,

the errors had to be computed on a relative scale. Hence the error

2
for the double angle method, since it is based on all n entries,

was computed using

rn n

M=1 .i=l
e = —

where y.. is a component of the exact solution and y. . is the
1 J ' J

corresponding generated approximation. This formula is adequate

since if all the entries were in error by the same amount, say p ,

2
the result of summing up the square of the same error n times
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would result in

1 2

which is what it should be. Similarly, the error for the time-stepping

procedure, since it is based on only n entries, is

e = N

n  . o

2  (y. - yj
i=l ^ ^

n

For the data listed in Table IV-b reported for the matrix ,

the choice of R{z) for the double angle method was

R(,),
1 + Bz

with 3 = 1/4 and the choice of p and y for the time-stepping

procedure where

1 + (23, - l/2)z^ + (3? - 3, + l/24)z^
R(z) = 2-T-^ ^

(1 + B;^Z )

and

G(z) =
1 + 3z

with 3^ = (5 - /rF)/60 and B = 1/4 .

The double angle method is a much more efficient method than is

the time-stepping method when no corrections are performed. But
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-9
neither can produce an accuracy of 10 or better, due to roundoff,

although in theory they should be able to. Depending on the degree of

accuracy desired, the double angle method and the time-stepping method

_3
with one correction are comparable. If the desired accuracy is 10 ,

then time-stepping and correcting once is faster, and hence cheaper,

than the double angle method. However, if the desired accuracy is

10'^ or 10"^ , the double angle method is the more efficient
-9

of the two. An accuracy of 10 , which we could not achieve with

the double angle method and our chosen R(z) , can be achieved with

one correction of the time-stepping procedure but producing this

accuracy is quite expensive.

-3 -5 -7
The work that is required for accuracies of 10 , 10 , and 10

is practically the same for the double angle method and the time-

stepping procedure with two corrections. The advantage that correc

ting twice has over the double angle method is that, for our choices

of p and Y ' time-stepping and correcting twice can produce an

-9
accuracy of 10 in a rather efficient manner, whereas the double

angle method cannot. These results do not, though, predict any general

conclusions which can be drawn concerning comparison of the methods.

Recall that another way the time-stepping procedure may be imple

mented is by representing the rational operator in a partial-fraction

form. The operator we choose as our base scheme was that of the form

2  4
1 + p,z + p.z

R(z) = S ̂
1 + q^z +

which was shown to have the partial-fraction form
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a? ai

R(z) = C + ^ ^ .
^  1 + 1 + 32^

Since there appears to be no optimal choice of real poles 3^ and

3^ » conditions on which were given in Chapter III, we decided to

choose values of 3^ in the interval [.3, .7] and test the sensi

tivity of these values on our approximations. Table IV-7 lists the

errors, as compared to the actual solution, of the solutions we

generated for those chosen values, as applied to the regular problem.

It would seem that the situation we would want to have occur is to

have the values of 3^ and become relatively close since when

they are equal the error constant is minimized. This is made evident

in Table IV-8 in which we let 3^ = S>2 hence no longer implement

R(z) in the partial-fraction form). Notice that when we allow

3]^ = 32 , except for two entries, the results we get are equivalent

to the results achieved in row five of Table IV-7 (which contained

the best results among those in which 3^^ and 3^ are distinct).

Hence, for certain choices of distinct 3^ and ^2 > rational

approximation, which can be implemented in partial-fraction form,

provides results of nearly equal accuracy to those which could be

obtained with the approximation corresponding to equal roots. But

when R(z) is in partial-fraction form, the closer the values of

the two parameters get to each other the larger the coefficients a|

and become. It seems that we want to avoid having the coefficients

grow too large as this would make our approximations not very reliable

numerically. But the approximation in Table IV-7 which is the most

accurate occurs when a| and achieve their largest value (in
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terms of magnitude), but these values are not excessively large. Also,

Table IV-7 demonstrates that the errors achieved are not exceptionally

sensitive to changes in the parameters.

The approximations which were generated using this method are

very accurate when the number of time-steps is properly chosen. But

the features of this method which caused us to want to represent the

rational operator in the partial-fraction form were the ease at which

we can compute higher-order approximations to R(z) and the ease

at which we may approximate the local error of the generated sequence.

Recall that once we have formed the term

(26) 2R(kA)y. = 2[C^I + a*(I + 6^(kA)^)"^ + a*(I +

2[C2y. + ajw + a*Wj] ,

in the fourth-order approximation, where, as before,

7  2
(I + 6,(kA) )w = y. and (I + 6p(kA) w, = y. , if we wish to increase

the order of the rational operator by two (and hence have a sixth-

order operator), and therefore form

(27) 2R(kA)yj = 2[C3l + a^d + 6i(kA)^)"^ + a2(I +

+ a3(I +

2[C3yj + SjW + S2W^ + a2W2l

we would not have to recalculate w and Wj^ since they remain the

same. We would have to calculate and the new coefficients, all
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calculations which are simple considering the effect they will have

on our accuracy.

Another important result that should be revealed is that the ef

fect of "pushing" away from the boundary, that is, letting B2 > ,

as opposed to letting = F(6^) , does cause the error to change

(become worse) slightly. The further 6^ "pushed", the larger the

error becomes (see Tables IV-9 and IV-10).

The other outstanding feature of the partial-fraction technique

is its ability to approximate the local error (e) being committed

at any time-step. Assuming we generate our sequence using the

operator in (26) we can approximate the error of any term in the

sequence by forming

w(28) e = - y^^i = 2[(C3 - C2)yj + (a^ - af)

+ (a2 - 0.2)^1 +a2W2]

where y^^^ is the approximation generated using (27) and y^^^

is the approximation generated using (26). Again, this calculation

is simple since we already have w and Wj^ . We compared the approxi

mate error (28) to the actual error that is committed at the second

and last time-step of the procedure. The data listed in Table IV-11

are the differences between the exact error and the approximate errors

(in absolute value) of the fourth column for the regular problem at

the second and last time-step. The values of Bj. ^2* ^3

in Table IV-11 were 0.5, 0.7, and 0.89 respectively, and the number

of time-steps used was 100. Table IV-12 lists the differences between
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TABLE IV-9

ERROR RESULTING FROM LETTING $2 = + -01

Number of Intervals

3^ 32 C2 ct^ a2 100 200

.30 1.09 -.997 2.12 -.125 .463(-5) .291(-6)

.46 .458 -.980 -.256 .258 .296(-5) .186(-6)

.54 .404 -.973 -2.18 4.15 .307(-5) .193(-6)

70 .353 -.964 -.554 2.52 .349(-5) .220(-6)

TABLE IV-10

ERROR RESULTING FROM LETTING 82 = F(3;^) + .05

Number of Intervals

$2 ^2 a2 100 200

.30 1.13 -.985 2.10 -.115 .482(-5) .303(-6)

.46 .458 -.908 11.7 -9.84 .329(-5) .207(-6)

.54 .444 -.879 -3.46 5.34 .346(-5) .218(-6)

.70 .392 -.836 -.719 2.55 .403(-5) .253(-6)
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TABLE IV-11

MEASURE OF |e - ej FOR THE SEQUENCE GENERATED

W/R TO THE 4"^"^ COLUMN OF A^

Time Step

Second Last

0.0000000000000000 0.0000000000000000

0.0000000000000000 0.0000000000000000

0.0000000000000000 0.0000000000000000

0.0000000000077453 0.0000000000018254

0.0000000000000000 0.0000000000000000

0.0000000000000000 0.0000000000000000

0.0000000000000000 0.0000000000000000

0.0000000000000000 0.0000000000000000

0.0000000000000000 0.0000000000000000

0.0000000000000000 0.0000000000000000

TABLE IV-12

MEASURE OF \e - e\ FOR THE SEQUENCE GENERATED

W/R TO THE 4^*^ COLUMN OF A,

Time Step

Second

0.0000000000000000

0.0000000000000000

0.0000000000000000
0.0199592275406947
0.0000000000000000

0.0000000000000000

0.0000000000000000

0.0000000000000000
0.0000000000000000

0.0000000000000000

Last

0.0000000000000000

0.0000000000000000
0.0000000000000000
0.0316740417843800
0.0000000000000000

0.0000000000000000

0.0000000000000000

0.0000000000000000
0.0000000000000000

0.0000000000000000
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the exact errors and the approximate errors of the fourth column (which

is where the entry corresponding to the largest eigenvalue is located)

for the large problem at the second and last time-step. The parameters

and step-size of Table IV-11 were also used for this table. Also, to

show the effect the large eigenvalue has over some of the entries,

Table IV-13 lists the differences between the exact errors and the

approximate errors of the first column for the regular and large

problem (it turns out to be the same) at the second and last time-step.

For variety, the choice of parameters in this case was 3-^ = 0-5 ,

3^ = 2/3 , and 3^ = 0.96 , and the number of time-steps used was 100.

The results in the tables indicate that the approximations are accurate

enough to determine whether our generated sequences are of an acceptable

accuracy. We can see from Table IV-12 for example that for this choice

of step-size our error is large and therefore we should consider de

creasing our step-size or possibly increasing the order of our base

scheme rational operator.

As a final bit of analysis, we should note that another advantage

the time-stepping procedure has over the double angle method is that

it has the capabilities to solve rectangular (n x m) systems where

as the double angle method can only be applied to square systems. Also,

although it was not done, the correcting procedure can be applied to

the time-stepping procedure when R(z) is formed in the partial-

fraction form. We would simply have to generate two sequences as we

did in Chapter II.
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TABLE IV-13

MEASURE OF |e - ej FOR THE SEQUENCE GENERATED

W/R TO THE FIRST COLUMN OF A^ AND A^

Time Step

Second

0.0000000000020095

0.0000000000019422

0.0000000000000333

0.0000000000000000

0.0000000000019743

0.0000000000000000

0.0000000000000013

0.0000000000000256

0.0000000000019756

0.0000000000000192

Last

0.0000000000004323

0.0000000000004983

0.0000000000000328

0.0000000000000000

0.0000000000004660

0.0000000000000000

0.0000000000000003

0.0000000000000258

0.0000000000004657

0.0000000000000193
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