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ABSTRACT 

developedAnalytical and computer simulation techniques were 

of solid-statein this study to determine the integral nonlinearity 

amplifiers. The three analytical techniques developed include an 

Each of the three techniquesexact analysis and two approximations, 

was used to evaluate the integral nonlinearity of several single-

In evaluating thestage bipolar transistor and JFET amplifiers, 

exact analysisnonlinearity of these single-stage amplifiers, the 

difficultproved to be cumbersome and produced results that were 

to evaluate. The two approximations were less cumbersome and pro-

duced results that were easier to evaluate, One of the two approxi-

of nonmations was particularly accurate and predicted values 

linearity that were nearly equal, over large dynamic ranges, to 

the values of nonlinearity determined by the exact analysis. 

deterTwo computer simulation techniques were developed for 

signals inmining the closed-loop nonlinearity for nonperiodic 

Both of these techniquesnegative feedback amplifiers with memory, 

use computer time efficiently, One of the two computer techniques 

linearizes the feedback loop which allows closed-loop nonlinearity 

to be evaluated analytically, This linearized model can be used 

to empirically understand closed-loop linearity performance. 

BothThe other simulation technique is slightly more accurate, 

andof the simulation techniques use first-order approximations 

of thethe accuracy of these models depends on the magnitude 

nonlinearity. The fractional value of the error in simulating the 

i V 
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value of thenonlinearity is generally less than the fractional 

open-loop nonlinearity. 

theThe computer simulation techniques were used to find 

integral nonlinearity of several negative feedback amplifiers, 

each of which had an integrating element in the forward plant. 

This type of feedback amplifier closely approximates most opera-

tional amplifiers, The results of several simulations indicate 

such feedbackthat the closed-loop nonlinearity at the output of 

amplifiers is differentiated with respect to time. For spectros-

zero atcopy type pulses, the nonlinearity is going through 

approximately the time that the pulse peaks. 
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CHAPTER I 

INTRODUCTION, BACKGROUND, AND OUTLINE TO DISSERTATION 

I. INTRODUCTION 

An imperfection inherent in all solid-state amplifiers is 

nonlinearity. This imperfection can be quantified by parameters 

such as total harmonic distortion, integral nonlinearity, or dif 

ferential nonlinearity. Integral nonlinearity is a time-domain 

measurement of nonlinearity. This quantity is different from 

total harmonic distortion which is a frequency-domain analysis. 

Total harmonic distortion is generally used to quantify the non 

linearity of instruments whose signals may be approximated by 

sinusoids, such as in audio or communications equipment. Integral 

nonlinearity is generally used to quantify the nonlinearity produced 

in instruments with nonsinusoidal signals, such as pulse amplifiers 

or linear sweeps. In this study, the integral nonlinearity of 

linear solid-state amplifiers is investigate d. 

Although strongly related, total harmonic distortion and integral 

nonlinearity are not the same. When comparing two amplifiers, the 

amplifier with the smallest value of harmonic distortion may or 

may not have the smallest value of integral nonlinearity. 

Many works have been published on the total harmonic distortion 

of amplifiers, and the analysis is quite advanced. Very little 

material has been published on the integral nonlinearity of solid-

state amplifiers. 

1 
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The major objective of this dissertation is to develop methods 

that can be used to predict the integral-norlinearity performance 

of solid-state amplifiers. Among the tools developed are: 

1) procedures for calculating the integral nonlinearity of 

arbitrary functions, 2) tables of the nonlnear parameters of 

polynomial functions, 3) definition of and techniques used to 

predict the spectral effects on the nonlinecrity of pulses, and 

4) methods for predicting the integral nonlinearity of negative 

feedback amplifiers. Both analytical and ccmputer simulation 

techniques for determining integral nonlinecrity are included in 

this study. While this analysis is particularly useful to designers 

of pulse spectroscopy instruments, much of the work is applicable 

to related areas. 

A secondary objective of this work is to generate useful 

formulas that may be applied to the determination of the non 

linearity of solid-state amplifiers. Therefore, the techniques 

developed in this study are applied in detail to a few major 

sources of nonlinearity of some single-stage solid-state amplifiers. 

By investigating a few sources in detail, the relative merits 

of related techniques can be compared. These results are carefully 

tabulated for easy reference. 

II. BACKGROUND 

The majority of background material given here is not on the 

integral nonlinearity of solid-state amplifiers but is from related 

areas. Little information on the integral nonlinearity of amplifiers 

is available in the literature. 
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Integral Nonlinearity of Solid-State Amplifiers 

The integral nonlinearity of an emitter-follower amplifier 

in a feedback loop is evaluated in the apperdix of a paper by B. 

Gilbert LM. The source of nonlinearity corsidered is the 

exponential characteristic of the base-emitter diode junction of 

the device. Rather than make a Taylor series expansion to approxi-

mate the nonlinearity of the amplifier, the nonlinearity is evaluated 

using the transcendental function of the base-emitter junction. 

However, the results that Gilbert obtains are highly specialized 

and cannot be applied easily to a more general case. This paper 

was the only one the author found in the literature which specifi-

cally treats the integral nonlinearity of a solid-state amplifier. 

Nonlinearity of Linear Sweeps 

The nonlinearity of linear sweeps is generally quantified by 

integral nonlinearity. A representative work by Nambiar and 

Boothroyd evaluates the nonlinearity of a linear voltage sweep 

with bootstrap feedback C2D. The approach ised to evaluate the 

integral nonlinearity of the circuit was to take the Maclaurin 

series expansion of the RC exponential chareing curve. The non 

linearity was then estimated to be due to the second-order term 

for aalone since higher order terms are generally much smaller 

nearly linear voltage sweep. 

The design of a voltage-to-frequency converter by Shapiro 

combined a linear ramp circuit, which consisted of a capacitor 

in the feedback loop of an operational ampl fier, with a comparator 

driving a reset circuit C3D. The nonlinear ty found at low 
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frequencies is due mainly to the finite RC :ime constant of the 

exponential charging curve. This nonlinearity is evaluated with 

the same technique used in the paper by Nambiar and Boothroyd. 

Shapiro also includes the nonlinearity at high frequencies of the 

voltage-to-frequency converter due to the finite time delay through 

the amplifier. 

Harmonic Distortion of Solid-State Amplifiers 

The majority of information on the non inearity of solid-state 

amplifiers uses harmonic distortion analysi > • 

A classical work on the distortion of bipolar transistor 

amplifiers was written by D.R. Fewer C43. Jsing the Ebers-Moll 

model for the bipolar transistor, Fewer eva uates the distortion 

of a common-emitter amplifier due to the nonlinear exponential 

relation between the base-to-emitter voltag(! and the emitter current 

of the transistor. In addition. Fewer anal 'zes the nonlinearity 

due to the variation of the current gain of the transistor with 

collector current. These two distortions a'e complementary, and 

Fewer indicates that with proper design, thi* second harmonics of 

these two distortions will cancel. The top c of distortion reduction 

by complementary distortion itself is cover(‘d by J.R. MacDonald C5,6D. 

Other articles have appeared which have some improvements of 

ofthe Ebers-Moll model such that the low-frequency distortion 

the bipolar transistor could be more accura ely calculated. A second 

article by Fewer Z71 evaluates the nonlinea-ity due to the drop in 

emitter efficiency at higher current levels (the Webster effect). 

An article by G.M. Riva, P.J. Beneteau, the E.D. Volta CSD evaluates 
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the nonlinearity due to avalanching in the lireak-down region of 

the transistor. Also introduced in this ar:icle is an important 

empirical equation which relates current ga n to collector current. 

Other work on harmonic distortion includes the calculation 

of intermodulation distortion using the Voll erra-series approach 

1:9,10,11:. This topic is not important for time-domain analysis. 

Bipolar Transistor Modeling 

In addition to the Ebers-Moll model of the bipolar transistor. 

a charge-control model of the transistor wa: introduced by R. Beaufoy, 

and J.J. Sparkes L^21. This model of the b polar transistor is 

compared to the Ebers-Moll model in a paper written by D.J. Hamilton, 

F.A. Lindholm and J.A. Narud CISD. Accordirg to their comparison. 

the charge-control model gives the same nume rical results as the 

Ebers-Moll model, but the Ebers-Moll model is more convenient to 

use for analytical work. These two models cf the bipolar transistor 

are united in an integral charge control moc el in a paper presented 

by H.K. Gummel and H.C. Poon C14:. This mocel uses 21 different 

parameters and is suitable for computer simulations. This particular 

model is referenced often in current literature, and has apparently 

found wide acceptance. 

JFET Modeling 

The analytical modeling of the JFET doe s not seem as accurate 

as that of the bipolar transistor. Despite numerous articles on 

the physics of the operation of the JFET, this author did not find 

any improvement over the empirical, square-law approximation of the 



6 

low-frequency characteristics of the device This square-law model 

of the JFET is introduced in a pair of letters to the IEEE 

Proceedings from I. Richer and R.D. Middlebrook C15,16:. 

Two early landmark papers on the field-effect transistor 

are W. Shockley's article C17I1, and 6.C. Da( ey and I.M. Ross's work 

cis:. Shockley introduces his invention of the junction field-

effect transistor in his paper and gives an approximation of the 

anticipated characteristics of the device. Dacey and Ross improve 

on Shockley's model by including the dependence of the mobility 

of the carriers on the electric field intensity. In both of these 

papers, the depletion approximation for the junction diode is used. 

The channel of the JFET is "pinched off, totally void of carriers.or 

when the drain current reaches its maximum value. This condition 

is a contradiction of the physics used in the modeling, Despite 

the approximations used in these two papers and the apparent 

contradiction in the physics, the analytical expressions derived 

in these papers are still used in the litera:ure today to approxi 

mate the JFET equations. 

Certain refinements of the analytical J-ET model have been 

proposed in a paper by A.B. Grebene and S.K. Ghandhi C19T and also 

by K. Lehovec and R. Zuleeg C20]. Grebene and Ghandhi propose a 

small undepleted channel in the center of th4 JFET to account for 

the saturation current of the device. Lehovec and Zuleeg combine 

this model with an equation describing the drift velocity of the 

carriers in the channel as a function of the electric field. 

In both of these papers, the analysis is used to predict the small-
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signal parameters of the device as function of the geometrical and 

physical device parameters. The analytical expressions derived in 

these two papers are not useful for large s gnal analysis of the JFET. 

In a recent letter to the IEEE Journal of Solid State Circuits, 

T. Taki introduces an empirical large-signa model of the JFET C2i:. 

This model is a modification of the square- aw model, and represents 

the drain current as a hyperbolic tangent function of the drain-to-

source voltage. This author was not able to match accurately this 

empirical model to the devices that were us(;d in this study. 

An important work in understanding the operation of the JFET is 

the "Computer Aided Two-Dimensional Analysis of the Junction Field-

Effect Transistor" given by D.P. Kennedy, ard R.R. O'Brien Z221. 

In this often-referenced paper, Kennedy and O'Brien solved the 

boundary value problems of the two dimensioral JFET using the six 

basic field equations and a finite differences analysis method on 

a digital computer. The carrier distributicns, electron flux distri 

butions, and electrostatic charge distribut ons were analyzed for 

wide, narrow, and very narrow-gate devices. The results are given 

in two-dimensional graphical form intended ior empirical understanding 

of the physics of the device. No analytical equations are given in 

this paper. 

Reduction of Nonlinearity with Negative Feecback 

In H.S. Black's 1934 paper describing his invention, the negative 

feedback electronic amplier. Black found it possible to effect 

extraordinary improvement in ... freedom from non-linearity" C23!]. 

Experimental data included in this paper showed that harmonic 
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distortion was reduced by a factor nearly e(iual to the magnitude of 

the loop transmission of the amplifier. C.A. Desoer lists several 

references in which the authors show that ttie midband distortion in 

a negative feedback amplifier is reduced by a factor approximately 

equal to the loop transmission plus one C24I 

A much more detailed analysis of the hi rmonic distortion of 

negative feedback amplifiers is given by Ketchledge C25:. In this 

detailed analysis, distortion is analyzed fcr the case where the 

magnitude and phase of the loop transmissior varies with frequency. 

Included in this analysis is the mixing of harmonic frequencies 

which are fedback to the summing junction y ith the input signal; 

this action generates higher-frequency harmcnics. 

G. Zames describes a technique for giving an upper bound on 

the nonlinearity of a band-limited signal using functional analysis 

L261. An iterative technique is used to solve for the system 

response to the input signal. This technique can be applied to 

nonsinusoidal signals and there are no restrictions on the magni 

tude of the nonlinearities. The analysis is very advanced. 

III. OUTLINE OF DISSERTATION 

CHAPTER II contains the basic definitiois, properties, and 

equations of integral nonlinearity which are used in the remainder 

of this study. 

Several definitions of integral nonlinearity are found in 

the literature. A few definitions are given in Strauss C27], and 

these same definitions are repeated in Millman and Taub C28D. 
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The definition of integral nonlinearity usee in this study is 

one taken from these two references, and this definition is given 

in CHAPTER II. From this definition of integral nonlinearity, a 

procedure is developed for calculating the integral nonlinearity 

of any function which has a monotonic first derivative. This pro 

cedure is used for calculating the integral nonlinearity of bipolar 

transistor amplifiers in CHAPTER III, and for calculating the 

integral nonlinearity of JFET amplifiers in CHAPTER IV. 

Normalized non 1inearities from several sources may be summed 

to approximate the total nonlinearity of an instrument. The justi 

fication of this property is given in CHAPTER II. 

A Taylor series expansion of a complex function may be used 

to obtain a quick approximation of the nonliiearity of that function. 

Therefore, important nonlinearity parameters such as integral gain, 

point at which maximum deviation occurs, and integral nonlinearity 

are derived for two-term polynomial function; of arbitrary order. 

Results for the second-order polynomial and :he third-order poly 

nomial cases are summarized in tables for ea>y reference. 

In the last section of CHAPTER II, the :losed-loop nonlinearity 

is shown to be approximately equal to the op^n-loop nonlinearity of 

the instrument divided by the loop transmission plus one. An 

important finding of this derivation is that the loop transmission 

of the nonlinear feedback system should be calculated from the 

integral gain of the system rather than from the small-signal gain. 

In CHAPTER III, non 1inearities due to the exponential 

characteristic of the base-emitter junction of the bipolar transistor 
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are examined in detail. The nonlinearity of several single-stage 

amplifier configurations are evaluated from their transcendental 

functions rather than Taylor series expansions of these functions. 

The results from these analyses are accurate over large dynamic 

ranges. Important parameters such as integral gain and normalized 

nonlinearity are tabulated in this chapter for easy reference. 

Extensive test measurements are used to verify the accuracy of the 

analysis. 

In addition to the more exact analysis, the exponential non 

linearity of the bipolar transistor amplifiers is approximated from 

two-term polynomial expansions of their transcendental functions. 

These polynomial approximations are easier to evaluate than the 

more exact analysis and are useful for comparing nonlinearities 

of different functions. 

The nonlinearity due to variations of the DC current gain of 

a bipolar transistor is approximated for the common-emitter amplifier 

configuration. This approximation uses a Taylor series expansion 

of an empirical formula that relates DC current gain to the collector 

current of a bipolar transistor. 

In CHAPTER IV, the nonlinearities of several single-stage JFET 

amplifier configurations are examined in detail. The square-law 

of the JFETapproximation of the low-frequency transfer function 

is used for this analysis. The results of the nonlinearity 

analysis are tabulated for several single-stage amplifier configu 

rations, and extensive tests are used to verify the accuracy of 

this analysis. Simpler, but less accurate, expressions of the 
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nonlinearity parameters are derived from two-term polynomial 

approximations of the more exact transfer functions. 

The low-frequency nonlinearities of similar type amplifier 

stages are compared in CHAPTER V. 

The nonlinearity of a pulse changes whfn the pulse passes 

through a frequency-dependent transfer function. In CHAPTER VI, 

a procedure for calculating the magnitude o1 the change in non 

linearity is given for second-order and third-order two-term 

polynomial nonlinearities. This procedure is illustrated with 

three example waveforms. A computer simulation technique is 

detailed for finding the change in the magnitude of the non 

linearity of a pulse due to these spectral changes. This simulation 

technique may be used for pulses with more complex nonlinearities 

than two-term polynomials. Simulation results are compared to 

the hand analysis results for the three example waveforms. 

A technique is presented for estimating the change in non 

linearity of a pulse which has complex nonlilearities by using 

the results from the two-term polynomial hand analysis. The 

accuracy of this technique is verified by conputer simulations. 

In CHAPTER VII, two computer models are given which are used 

to find the closed-loop nonlinearity of a feadback system with 

memory. These two computer models give the lonlinearity of a 

system as a function of time. One of these :wo models is used to 

simulate the closed-loop nonlinearity of som? example nonlinear 

systems. Loop transmission and phase margin of the systems are 

varied to determine their effects on the nonlinearity. 



CHAPTER II 

BASIC DEFINITIONS AND EQUA’IONS 

I. INTRODUCTION 

This chapter provides reference materi Is which are to be 

used throughout the remainder of this dissertation. First, 

in thisthe definition of integral nonlinearity thal| is used 

dissertation is introduced. Next, the just ficat ion that 

normalized nonlinearities from several sources may be summed 

to approximate the normalized nonlinearity (|f the complete 

system is given. Formulas for the nonlinearity of two-term 

polynomial functions are derived, and a forn ula to approximate 

the nonlinearity of a polynomial function with more than two 

terms is derived. Finally, the closed-loop normalized non 

linearity of a negative feedback amplifier at midband is shown 

to be approximately equal to the open-loop normalized nonlinearity 

divided by the loop transmission plus one. 

II. DEFINITION OF INTEGRAL NONLINEARITY 

Although there are several different definitions of integral 

nonlinearity, only one definition is used in this thesis, and this 

definition is illustrated in Figure 2.1. This method for defining 

integral nonlinearity is the IEEE standard for nuclear instru 

mentation L291 and has been used to characterize the integral 

nonlinearlity of linear ramps [273, digital-to-analog converters 

12 
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t 
Vou. Delmax 

1 
V,out 

Vo. 

AVIn 

/.n- v„. 

Figure 2.1. Curve illustrating the integral gain, A, of a nonlinear 
function, and showing the maximum deviation, Delmax, 
occurring at an output, V

od’ 
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C30D, and voltage-to-frequency converters C The full-scale 

value of the transfer function intersects tie ideal linear curve. 

a straight line from the origin, as shown in Figure 2.1. The 

maximum deviation of the nonlinear function from this straight 

line is the integral nonlinearity. This nu iber is generally 

normalized by dividing it by the full-scale output. 

The nonlinear function shown in Figure 2.1 has a monotonically 

increasing slope. For this case, the nonlinear-function curve 

always lies below the integral-gain curve (nxcept at the end 

points), and the deviation from the integra -gain curve has a 

positive value. If a nonlinear function has a monotonical 1y 

decreasing slope, then the nonlinear-function curve always lies 

above the integral-gain curve (except at th(( end points), and 

the deviation from the integral-gain curve has a negative value. 

When a function has neither a monotonically increasing nor mono 

tonical ly decreasing slope, then the nonlin<ar-function curve may 

lie both above and below the integral-gain curve. For this case. 

the nonlinearity is determined by the deviation with the greatest 

magnitude. 

III. PROCEDURE FOR CALCULATING NONLINEARITY WHERE THE 

INPUT IS REPRESENTED AS A FUNCTION (IF THE OUTPUT 

The procedure for finding the integra nonlinearity used in 

this study requires that the input must be given as a function of 

the output. The reason for choosing this procedure is that the 

input voltage of certain single-stage bipo ar transistor amplifiers 
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can be determined as a function of the output voltage, but the 

output can not be given as a function of th(? input in a closed 

form. 

This procedure for calculating integra nonlinearity is based 

on Figure 2.1. A given maximum output, V has a correspondingm’ 

maximum input, \l_ . The integral gain is defined by 
nm 

A = V /V . (2.1) 
m nm 

The difference, Del, between the linear cur\fe and the actual 

output is then 

Del = A • V. - V (2.2) 
in out ’ 

where V. is the input and V is the outpijit. If V_._ is expressed
in out in 

as a function of V the output at which the variation is a maximum.
out ’ 

V can be obtained by setting the derivat ve of Equation (2.2)od’ 

with respect to V
out’ 

dV. (V JdDel in out 
= A • (2.3)- 1,dV dV 

out out 

equal to zero. The normalized integral nonlinearity, NL, is then 

A • V. (V .) - V 
in od od

NL = (2.4)
V 
m 

This process is conceptually simple encugh, but the algebra 

involved is generally awkward. 

IV. SUMMING NONLINEARITIES FROM SEVERAL SOURCES 

The total normalized nonlinearity of a system consisting of 

two cascaded nonlinear stages is approximately the sum of the 
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normlaized nonlinearities of the individual stages. This pro 

perty is justified in this section with the help of Figure 2.2. 

With an input, V. the output of the irst stage isin’ 

= A • V. + Del (2.5)''outi in 1 

where A is the integral gain of the first stage, and Del is the
1 

nonlinear variation from that integral gain The output of the 

second stage is 

V = B • (A • V. (2.6) 
out 2 in + Del-,) + Del2 

where B is the integral gain of the second stage, and Del2 is the 

nonlinear deviation of the second stage frori its integral gain. 

When the input voltage is at the maximum value, V , the two 
nm 

output ofdeviations, Del-, and Del2> are zero and the full-scale 

the first and second stages are A*\/ , and t-B’M respectively. 
nm nm 

If the deviations of the first and seccnd stages are approxi 

mately equal to their maximum values when t^e peak deviation of 

the total system occurs, the normalized non inearity of the total 

system is approximately 

NL 
B • Del max-, + Delmax2 

total (2.7) 
A • B • V 

nm 

where Delmax is the maximum deviation of t^e first stage, and
1 

The nor-Delmax2 is the maximum deviation of the seccnd stage, 

malized nonlinearity of the first stage is 

Delmax 
1 

NL (2.8) 
1 A • V ’ 

nm 
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isand the normalized nonlinearity of the second stage 

Delmaxp 
(2.9)

*^4 ~ A • B • V 
nm 

Combining Equations (2.7), (2.8), and (2.9) gives the justification 

to 

NL = NL. + NL^. (2.10) 
total 1 2 

normalizedThis procedure is easily extended to stow that the 

nonlinearities of several cascaded nonlinea" stages may be summed 

to approximate the total normalized nonlinearity of the complete 

system. 

V. NONLINEARITY OF A TWO-TERM =>0LYN0MIAL 

With the Output Represented as a 
Function of the Input 

in thisThe integral nonlinearity of a system is evaluated 

the nonlinearsection using a two-term polynomial approxination for 

function. This polynomial can be obtained from a Taylor series 

expansion of the nonlinear function. 

3 + (2.11)V ^(V. ) = a.V + a,V. ^ + a,Vout in 1 in 2 in 3 in 

expansionThe constant term, a^, has been ommitted in the above 

since constant offset values are generally considered separately 

from other nonlinear terms. Taking the linear term, and the 

lowest order, nonzero, nonlinear term of the Taylor expansion 

gives the two-term polynomial 

V (Vin) = a.V, + a V. 
n 

(2.12) 
out 1 in n in 
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to approximate the nonlinear function. The integral gain and 

integral nonlinearity of a function can be ‘epresented as functions 

of the peak input and the coefficients a. arhd a by using this1 n 

approximation. 

The integral nonlinearity of the polynomial can be evaluated 

using Figure 2.1. The definition of the integral gain of the 

function is 

A = V /V (2.13) 
m nm 

where V is the maximum output, and V is the maximum input. 
m nm 

This gain is 

(n-1)
A = + a V (2.14)^1 n nm 

for the nonlinear function described by Equation (2.12). The 

function deviation, Del, from this integral gain curve is 

Del = A • V. - (a.V. + a V. 
n

"). (2.15) 
in 1 in n in 

Setting the derivative of Del with respect ijo V^_ equal to zero 
in 

gives the input at which the maximum deviat on occurs. 

1 

V. = V n •> (2.16) 
in nm

Del max 

and placing this value of input into Equation (2.15) gives the 

maximum deviation. 

n 

Delmax = a V 
n 

(n-1) n (2.17) 
n nm 

The normalized nonlinearity of the system, which is the peak 
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deviation divided by the maximum output, is then 

(n-1) n 
a V 

NL = 
n nm 

(n-1) n (2.18)
(n-1)

(a. + a V ) 
1 n nm 

The nonlinearity expression given in E(|uation (2.18) is a 

function of the input. This expression can be used to give an 

approximation of the nonlinearity as a fund ion of the output. 

First, Equation (2.18) must be rewritten in the form 

(n-1) n 
a V 
n m 1-n

NL = (n-1) n (2.19) 
n 

A 

Then, by using the approximation 

(n-1) 
A = + a (2.20)"1 n (4) 

the normalized nonlinearity is approximately 

(n-1) n 
a V 
n m W'

NL = • (n-1) n (2.21)
(n-1 )*n 

"1 + a 
n © 

With the Input Represented as a 
Function of the Output 

The nonlinearity of a system can also he calculated when the 

input to the system is represented as a function of the output. 

The Taylor series expansion of such a function can be written 

2 3 
+ b^V + b,V (2.22)V. (V ) = b-V ,

in out I out 2 out 3 out 

This function may then be approximated by the two-term polynomial 
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1 

n 
(2.23)V. (V ^) = b.V , + b V

in out I out nI out 

where b is the lowest order, nonzero coeff-cient of the non-
n 

inear terms. 

The integral gain of the nonlinear function is 

1 
A = (2.24) 

(n-1)’
b. + b V
1 n m 

and the function's deviation, Del, from thi integral gain is 

given by 

n 
(2.25)Del = A(b^V + b V ) - V

1 out n out out* 

The output for which the above deviation is maximum is given by 

V = V n (2.26) 
out m 

Delmax 

and the magnitude of this deviation is 

b V
n 

(1-n) n 
n or

Delmax = (2.27) 
(n-1) 

b. + b V
1 n m 

When normalized with the peak value of the lutput, the nonlinearity 

is 

n 

(n-1) 1-n 
b V (1-n) n 
n m 

NL = (2.28)
(?Pl) 

b. + b V
1 n m 

theThe nonlinearity of the function can b? estimated from 

peak input by using the approximation 
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1 
A = (2.29) 

/V n-1 

b. + b 
nm 

1 n 

Then the normalized nonlinearity is approxinately 

n 

(n-1) 
b V (1-n) n 

NL = 
n nm 

(2.30)
(n-l)nn ’/V 

nm
b. + b
1 n \b^ 

Results for Second-Order and 

Third-Order Polynomials 

the nonThe equations developed in this section predicting 

linear characteristics of two-term polynomials are given for 

arbitrary orders of the nonlinear term. Hoiiever, the second-order 

and third-order polynomials are by far the nost useful. Therefore, 

the salient points of the nonlinearity analysis are tabulated in 

this section for these two cases. 

The salient points of the analysis are given in Table 2.1 with 

the output of the nonlinear function represented as a function of 

the input by Equation (2.12). The input at which the maximum 

deviation occurs, the integral gain, and thi; normalized nonlinearity 

are given as functions of the peak input vo tage, V . Also 
nm 

included in this table are approximations o the integral gain 

and normalized nonlinearity as functions of the peak output 

voltage, V . 
m 

The salient points of the analysis are given in Table 2.2 

for the nonlinear function represented with the input given as a 

function of the output by Equation (2.23). The output at which 

the maximum deviation occurs, the integral jain, and the normalized 
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with theTable 2.1. Nonlinear characteristics of a tuo-term polynomial 
output represented as a function of the input for second“order 
and third-order polynomials. 

Characteristic Second-order Third-order 

n = 2 n = 3 

V VInput at which the 
nm nm 

maximum deviation 2 73occurs. 

Integral gain, A 
nm ^ 33ai + a2 V 

V 2Normalized non ^2 Vnm 3 ''nm 
linearity, NL 

4 (a^ + 02 V 1
) 

n zJz (a. + a, 
-"2— 1 3 nm 

a. + a + aApproximate integral "11 
gain '&) -6 

1 

Approximate 02 Vm ®3 ''m 
7 3” 

371 
4 a^ + a + a

3 
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Table 2.2. Nonlinear characteristics of a two-term polynomial with the 

input represented as a function of the output for second-order 
and third-order polynomials. 

Characteristic Second-order Third-order 
n = 2 n = 3 

Output at which the V V 
mmaximum deviation 

m 

occurs. 2 JJ 

1
Integral gain, A 1 

+
7 

m1 b2 V bi + bj Vm 

2
Normalized nonlinearity, -b, V 

NL -b2 Vm 3 m 

4 <b, * bj V.) 
¥ ‘"l * '>3 

1
Approximate integral 1 

gain N 
bi + b2 

nm r 
-b V 2Approximate normalized n nm -b,V

3 nmnonlinearity 

3^y3■ 
b. + b4 bi +b2 16)’ 
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nonlinearity are given as functions of the peak output voltage 

V . Also included in this table are approx nations of the 
m 

integral gain and normalized nonlinearity a functions of the peak 

input voltage, 

forThe formulas given in Tables 2.1 and 2,2 are useful 

estimating the nonlinearity of a function for which the Taylor 

the non-series expansion is known, and when the magnitude of 

linearity is relatively small, Examples of their application 

amplifierare given in CHAPTER III for several bipolaj- transistor 

in CHAPTER IV forconfigurations, and more examples are given 

several JFET amplifier configurations. 

VI. MIDPOINT APPROXIMATION APPLIED 
TO A POLYNOMIAL EXPANSION 

The nonlinearity of a polynomial with :hree or more signi 

ficant terms may be approximated by applyinj the midpoint approxi-

mation to the polynomial. The midpoint app'oximation for 

that thedetermining the nonlinearity of a function assumes 

value of the deviation of the function from the integral gain 

curve is near the peak value of the deviatian when the signal 

is at midscale. For the polynomial given b/ Equation (2.11) 

maximum value(page 20), the deviation is assumed to be near its 

orwhen the input voltage is half of its maximjm value, 

The ratio of the deviation to the peak output voltage for this 

input level is 
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00 

Z ,1 -jTlx ,, (n-1)
__ (5- - 2 ) a V

1 n=2 2 n nm 
NL = 

00 (n-1) 
Z a V 

n nm
n=1 

1 
+ |-a, V ^+:r|-a, Vt^2 Vnm 8 3 nm 16 4 nri 

(2.31) 

+ a^V + a,Vai t nm 3 nm 

of the 

funct ion. 

The second-order two-term polynomial i a special case for 

the approximation given by Equation (2.31) \<here all 

which is an approximation for the normalized nonlinearity 

the coeffi 

For thiscients of the polynomial are zero except a/| and 32-

case, the normalized nonlinearity from the midpoint approximation 

IS 

a,V2 nm 
NL = (2.32) 

■ 4 (a. + a^V^)1 2 nm 

which is the same as the results given in Table 2.1 (page 23) for 

the second-order two-term polynomial. The hird-order two-term 

polynomial is another special case for the approximation given 

are zeroby Equation (2.31); all coefficients of the polynomial 

For this case, the norma ized nonlinearity fromexcept a^ and a-j. 

the midpoint approximation is 

2 

^3''nmNL = J
8 

(2.33) 

(a. + a,V ^)’
1 3 nm 
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which is within 2.6% of the nonlinearity ca culated for the third-

order two-term polynomial given in Table 2. (page 23). 

For the polynomial given by Equation CJ.22) (page 20), the 

deviation is assumed to be near its maximum value when the output 

voltage is at half the maximum value, or V 2. The normalized 
m 

nonlinearity for this polynomial is then approximately 

(n-1) 
b V 
n m 

NL = 
00 (n-1) 
Z b V 

n m
n=1 

1 3 ?

-(f b, V + I b, V 3 +. . . )
4 2 m 8 3 m m 

(2.34) 

b^ + b-V„ + b, V ^ +1 dm 3 m 

The midpoint approximation is useful for nonlinear functions 

for which the Taylor series has two or more nonlinear terms of 

approximately equal value. The nonlinear finction which describes 

the current gain of a bipolar transistor is a good example. The 

coefficients of the second-order and third-crder terms of the 

Taylor series expansion are derived in CHAPTER III for this non 

linear function. Each of the two coefficients is zero at different 

values of bias current. Therefore, the midpoint approximation is 

useful in describing the nonlinearity of this function. 

VII. REDUCTION OF OPEN-LOOP NONL INEARITY 

BY NEGATIVE FEEDBACK AT MID BAND 

Closed-loop nonlinearity has been shown to be equal to the 

open-loop nonlinearity divided by the value of the loop-transmission 

plus one C24D. This relation is shown in this section to be true 

specifically for integral nonlinearity. 
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The nonlinear function of the feedback system shown in 

Figure 2.3 is described by 

V (2.35) 
out = A . + DeKV^^^) 

as a functionAlthough the deviation, DelCV^jj^), is giver) here 

of the output voltage of the nonlinear bloci, representing the 

deviation as a function of the input voltage to the block, , is 

equally correct. 

Since the nonlinear term, Del (V out s defined as the 

deviation from the integral-gain curve, the variable A in Equation 

(2.35) must be equal to the integral gain o-' the nonlinear function. 

This point is very important because the integral gain and the 

small-signal gain of a function can differ significantly. 

Substituting 

= V. - H • V (2.36) 
in out 

into the Equation (2.35) eliminates V. from the expression for1 

the output voltage. 

1 r H » AV V. + (2.37) 
out H H • A + 1 in H • A + 1 • 

For a given value of output, V the nonlnear term is reduced 
out ’ 

by a factor of the loop transmission plus ine. 

The value of the loop transmission calculated from the integral 

gain of a feedback amplifier can be used to calculate other closed-

loop parameters. Repeated laboratory exper-ments have shown that 

values of loop transmission calculated from integral gain give more 
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accurate predictions for closed-loop output impedance and closed-

loop rise times than predictions using valuus of loop transmission 

calculated from a small-signal model. 



CHAPTER III 

NONLINEARITY OF SEVERAL SINGLE-STAGE 

BIPOLAR TRANSISTOR AMPLIFIERS 

I. INTRODUCTION 

The low-frequency nonlinearity of seve‘al single-stage bipolar 

transistor amplifiers is investigated in de ail in this chapter. 

The Ebers-Moll model is used to evaluate th(! nonlinearity due to 

the exponential characteristic of the base-emitter junction LSI]. 

Using this model, the input voltage is found as a transcendental 

function of the output voltage for the common-emitter, common-base. 

emitter-follower, bipolar complementary, and bipolar differential 

amplifier configurations. The nonlinearity of these amplifier con 

figurations is then calculated from these eciuations using a pro 

cedure outlined in CHAPTER II (page 14), and the results are 

tabulated. These results are accurate over large dynamic ranges. 

but the expressions are rather complex. 

Two methods of approximating the nonlinearity of the amplifier 

configurations are also introduced. A two-1 erm polynomial approxi 

mation of the more complex transcendental eciuations is obtained 

by retaining the first two terms from the T.iylor series expansion. 

Using this two-term polynomial and the formulas listed in Table 2.2 

(page 24), approximations for the nonlinear ty parameters of all 

five amplifier configurations are derived ard tabulated. These 

31 
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results are most useful for comparing relat ve values of non 

linearity between similar type amplifiers, and for gaining insights 

into where maximum deviations occur. These expressions for non 

linearity are simple and easy to evaluate, l)ut the expressions 

are inaccurate for large signal swings. 

The midpoint approximation assumes that the maximum deviation 

of the amplifier occurs at midscale. Using this approximation, 

nonlinearity expressions were obtained for <i couple of amplifier 

configurations. These expressions are more complex than the 

expressions obtained from the polynomial approximation, However, 

a comparison shows that the midpoint approximation is more accurate 

than the two-term polynomial approximation. 

The nonlinearity due to the variation cf the D.C. current gain 

is evaluated for the common-emitter configuration only. Using an 

empirical equation relating current gain to collector current, the 

input current is found as a three-term polynomial function of the 

output current. The nonlinearity of the amplifier can then be 

approximated from the polynomial nonlinearity expressions developed 

in CHAPTER II (page 27). 

Experimental results are included to il lustrate the accuracy 

of the nonlinearity expressions derived in t his chapter. These 

experiments and their results are carefully documented. Most of 

the nonlinearity measurements were within 5% of the calculated 

values, and all nonlinearity measurements were within 10% of the 

calculated values. 
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II. NONLINEARITY DUE TO EXPONENT!:AL BEHAVIOR 
OF BASE-EMITTER DIODE JUNCION 

The nonlinearity of several single-staije bipolar amplifiers 

due to the exponential characteristic of th<> base-emitter junction 

is calculated in this section. Unlike other nonlinear analyses. 

Taylor series expansions of the transcendeni al functions are 

not used. Instead, the nonlinearities are ^iven as transcendental 

functions of the output voltage and current. The analyses are 

accurate over large dynamic ranges, which is; often important for 

the calculation of the nonlinearity of the output stages of 

amplifiers. 

Ebers-Moll Model 

The voltage-to-current transfer functicn for a normally biased 

npn bipolar transistor (collector reverse biased) can be repre 

sented by the Ebers-Moll equations as follovs: 

I =. I 
eo 1 CO

I (3.1) 
e (1 - cc cc.) — oc oc . 

n ^ n 1 

and 

GC I
qV 

I 
n eo kT CO

I - 1/ + (3.2) 
— a OC — occ (1 T\® (1 

n 1 n 1 

where 1^ is the current leaving the emitter, I^ is the current 

entering the collector, I is the reverse slaturation current of 
eo 

the emitter junction, I is the reverse saturation current of the 
CO 

collector junction, « is the emitter-to-collector gain (or normal 
n 

OCalpha), . is the collectoi—to-emitter current gain when the emitter 
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is reverse biased and the collector forward biased (or inverted 

alpha), V is the base-to-emitter voltage, q is the charge on an 

electron, T is the absolute temperature, and k is Boltzmann's 

con St ant. The two alphas in the above equations are assumed 

to be constant. 

In general, the second terms in Equations (3.1) and (3.2) 

are much smaller than the first terms. In iddition, the expo 

nential in both equations is generally much greater than unity. 

Thus, the Ebers-Moll equations can be simpl'fied to 

qV 
kT 

I = I (3.3) 
e s ® 

and 

qV 
kT 

I = a I e (3.4) 
c n s 

where I^ is a pseudo saturation current for the emitter junction 

given by 

- = “.). (3.5)Ic = I. /(Is eo n 1 

Input Voltage Represented as a 
Function of the Output Voltage for Several Amplifiers 

When determining the nonlinearity of anplifier stages using 

the procedure outlined in CHAPTER II (page 14), the input voltage 

must be given as a function of the output voltage. These functions 

are derived in this section for the common-emitter, common-base. 

emittei follower, bipolar complementary, anc bipolar differential 

amplifiers. 
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i) Common-Emitter and Common-Base Amp ifiers. The output 

voltage of a common-emitter amplifier is th(^ deviation of the 

collector voltage from a D.C. bias level. "he input voltage to a 

common-emitter amplifier causes the D.C. le\rel of the base-to-

emitter voltage to change. The change from the D.C. collector 

voltage, V for a given base-to-emitter \roltage change, V isout’ in’ 

qv. 
in 

kT
V = -I - 1 (3.6)out oc 

where I 
oc is the initial bias current enter-ng the collector. 

By rearranging Equation (3.6), the necessar) expression for input 

voltage as a function of the output voltage is 

kT I oc R,L out
V. (V .) = (3.7)
in out ^oc \ 

- V 

)■ 
For a common-base amplifier, the polarity oi the above function 

is reversed. 

ii) Emitter-Follower Amplifier. The oLtput voltage of an 

emitter-follower amplifier is the change in the emitter voltage 

from a D.C. bias level. For a given change in the emitter voltage. 

V the corresponding change in the base-t o-emitter voltage isout’ 

= Jsl 'oe \ " ''out
AV In (3.8)

be q I R, 
oe L 

where I 
oe is the initial bias current leaving the emitter of the 

transistor. The input voltage to the emitter-follower amplifier 

as a function of the output voltage is the base-to-emitter voltage 

change plus the output voltage or 
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i R, + V A
oe L out

V. (V .) = V In C3.9) 
in out out q I R,oe L / 

ill) Bipolar Complementary Amplifier. "he model used to find 

the transfer function for the complementary amplifier stage is 

shown in Figure 3.1. The change in the baso-to-emitter voltage of 

the two transistors as a function of output voltage is shown in 

Appendix I to be 

V
-1= Jsl out

AV sinh (3.10)
be q 2 1 R,

oe L 

where I is the initial bias current leav ing the emitter of Q<j 

The input voltage to the comple-

oe 

and entering the emitter of 02-

mentary amplifier as a function of the outpjjt voltage is 

V 
outX kT . ,-1+ — sinh (3.11)V. (V J = M

in out 2 I Rout q 
oe 

iv) Bipolar Differential Amplifier, T )e model used to find 

the transfer function of the balanced bipolar differential amplifier 

amplifieris shown in Figure 3.2. The bias current, [^, of the 
is defined as the sum of the two emitter cu'rents. Without loss 

of generality, the voltage at the base of Q.) is arbitrarily set at 

zero volts and the differential input voltaje is given as V. In 
in. 

Appendix I, the output voltage at the colle:tor of Q-, is shown to be
1 

qv.^0 '1 \ 
V tanh 

in 
(3.12)

outi 2 2kT /’ 

and the output at the collector of Q2 is shjwn to be 
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V.„.+ V, + AVbs 

Qi 

V,„ 

— Vi 

V.„. 

o 
— V, 

V.U, V2 + AVb» 

Q2 

Rl 

Figure 3.1. Model of a bipolar complement ary amplifier where AV^e 
is the change in base-to-emit ter voltages of transistors 
Q, and Q2, VQ^J^ is the output voltage, is the input 
voltage, V-] is the initial be se-to-emitter voltage for 

Q-] and \l2 the initial base -to-emitter voltage for Q2. 
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Positive Sup|)iy 

Rl Rl 

Vouti VDUt2 
a o 

Viin 

a 

r 4 

Negative Supf iy 

Figure 3.2. Model used to develop the low-frequency transfer 
function of the bipolar differential amplifier. 
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I R, qv.- 0 2 L in
V tanh (3.13)out2 2 2kT /’ 

where and <=2 are the emitter-to-col lector current gains of 

and Q2 respectively. 

Using the output voltage at the collector of Q2 as the 

independent variable, the input voltage is ciiven by 

1 

2 V 
-1 out2 

(3.14)V. "outa’in “2 ^0 \ 

The input voltage could also be written as < function of V or
outi’ 

as a function of the differential output (V ). However, 
c utl - ''out2 

neither is used in this study since a conversion to either of these 

two variables is trivial. 

Evaluation of Bipolar Transistor 
Exponential-Characteristic Nonlinearity ard Tabulation of Results 

The functions given by Equations (3.7) (3.9), (3.11), and 

(3.14) were used to evaluate the nonlinearil ies of their respective 

amplifier configurations, using the procedure outlined in CHAPTER II 

(page 14). The development is straight fornard but overburdened 

with detail. Therefore, only the salient prints of the analysis 

are given here in Table 3.1. The table inc udes the integral gain. 

the output voltage at which the maximum dev ation occurs, and the 

integral nonlinearity of the amplifier conf gurations. The variable 

X, which is defined as the ratio of the peal, signal current to the 

initial bias current, has been introduced to simplify the equations 

given in Table 3.1. 
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Table 3.1 Salient points of the integral nonlinearity analysis of six single-stagebipolar 
transitor amplifiers. The variable X * (V /I R, ) is iitroduced to simplify the 
expressions. m o L 

Amplifier Output at which the 
conf igurat ion maximum deviation occursIntegral gain Normalized integral nonlinearity 

V
Common- -X

1 In -1
emitter kT rn"fl-X)J 1

^ ln(1-X) ''m IInCI - X) ■ X 
q In a-X) X 

Common- -V 1 .1 Xbase 
m 

ln(1 - X) X In -1
kT 
— In (1-X) IrTH-X). 1 

q TrT (1-X) ■ X 

kT
C^) ln(1 + X)1 1 qEmitter- V V 

ln(1 + X) ’ X la
follower m m 

V + (^) ln(1 + X) 
m^ In (1+X) q 

q 

X 

1 In - 1 
,ln(1 + X). 
ln(1 + X) 

kT
Bipolar (—)

V .2 -1qcomple m V cosh 
m . >kT. . .-1 X 

mentary kT V_ + (—) sinh =-V + — sinh 9 m q 2 
q 

X 

1 -
-1 

I 

ch ^ sinh ^ C^) Isinh 
2 

Bipolar V 
m T T -1 T 1differential tanh 2Xm- V

tanh C2X) 2X tanh 'C2X) 2X tanh '(2X) '17./ Iq 

tanh 'QX) 

T 1 

-1
2X tanh 'C2X) 

V
Common-emitter m kT

1 ^ ln<1 - X)with an -V R q''m Lln<:i' - Xi
unbypassed 5-^+4 Ind - X) 

q
emitter oRl -V 

resistor . (^)- ■ "> 
-X

In - 1
1n^1 - xy 

’nrn - xt 
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Effect of Unbypassed Emitter Resistance 

The nonlinearity equation of the emitt(?r-fol lower amplifier 

can be extended to give the integral nonl ini'arity equation for a 

common-emitter amplifier with an unbypassed emitter resistor. 

Since the emitter-to-col1ector current gain is constant for the 

Ebers-Moll model, the normalized nonlineari y of the output 

voltage at the collector terminal will be e lual to the normalized 

nonlinearity of the voltage across the unbypassed emitter resistor. 

Therefore, the nonlinearity equation for thi? common-emitter 

amplifier with an unbypassed emitter resistor can be derived by 

1) representing the change in the emitter voltage as a function 

of the change in the collector voltage, 2) representing the 

emitter bias current in terms of the collector bias current. 

3) placing these two changes in the nonlinoarity equation for 

the emitter-follower amplifiers. The nonlinearity equation for 

a common-emitter amplifier with an unbypassod emitter resistor 

given in Table 3.1 was obtained by this method. The change of 

emitter voltage as a function of the change of collector voltage 

is 

''e V
out

V (3.15) 
e oc 

n 

where is the resistance at the collector Rg is the unbypassed 

emitter resistor, and V
out 

is the output vo tage at the collector. 

Effect of Generator and 

Base-Spreading Resistances 

base circuit,The effect of the generator resistance, R^, in the 
and the base-spreading resistance of the transistor, R|^, can be 
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accounted for in bipolar transistor amplifi(>rs with an equivalent 

unbypassed emitter resistor whose value is 

R, + R 

R ' = _b g (3.16) 
e + 1 

n of the transistor.where 3 is the base-to-collector current ga 

This equivalent emitter resistor can have a significant effect on 

the integral nonlinearity produced by some amplifier configurations. 

III. APPROXIMATIONS OF THE TRANSFER FUNCTIONS AND 

NONLINEARITY DUE TO EXPONENTIAL BEHAVIOR OF 

BASE-EMITTER DIODE JUNCTION 

Two-Term Polynomial Approximations 

Two-term polynomials approximating the low-frequency transfer 

functions of several single-stage bipolar t'ansistor amplifiers 

are given in this section. The integral gain and integral non-

linearity of these amplifiers are then estinated from the equations 

derived in CHAPTER II for two-term polynomi al functions (Tables 2.1 

and 2.2 on pages 23-24). These expressions for nonlinearity are 

not as accurate as the transcendental equations given in Table 

3.1 (page 40), but they are simpler and easier to use. These 

simplified expressions allow the linearity )f certain amplifiers 

to be compared in a later chapter of this dissertation. 

In Table 3.2, the input voltages of fi/e amplifiers are given 

Theseas two-term polynomial functions of their oJtput voltages. 

in thispolynomials were derived from the equations given earlier 

chapter describing input voltages as functisns of output voltages 

(pages 34-39). The polynomials are the first two, nonzero terms 
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from the familiar Maclaurin series expansion, 

f(X) = f(0) + f'(0)X + j
1 

f"(0)X^ + • • 
1 n n

f"(0)X" + • • (3.17)
+ n! 

of the equations. 

In Table 3.3, the output voltages of tie five amplfiers are 

given as two-term ploynomial functions of tieir input voltages. 

For some of these amplifiers, equations wer; available which give 

the output voltage of the amplifier as a function of the input 

voltage, and the Maclaurin series were developed for these 

amplifiers in a straightforward manner. Fo' the other amplifiers. 

the Maclaurin series had to be developed using the equations 

which describe the output voltage of the amjlifier as a function 

of the input voltage. For the arbitrary function. 

(3.18)V ^ = f(V. ),out in 

the first derivative of the input voltage with respect to the 

output voltage. 

dV. 
in 1 

(3.19)
T 9dV d 

out f(V. )
dV. in 

in 

can be found be implicit differentiation. Fhe second derivative. 

d^V. rdV. T dV. 
in d in in 

(3.20)
2 dV. dV dV

dV in L out. out 
out 
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and higher order derivatives are found by t lie chain rule of 

differential calculus. The coefficients of the Macluarin series 

can then be determined by evaluting these derivatives at V. equal 
in 

to zero, since V. is zero when V IS zero. 
in out 

Midpoint Approximations of Nonlinearity 

The nonlinearity of several amplifier stages was estimated 

from two-term polynomial approximations in the previous section. 

These approximations simplified the expressions for the nonlinearity, 

but they are not very accurate for large values of the variable X, 

which is the ratio of the peak signal currerjt to the initial 

bias current. In this section, a technique for approximating 

the nonlinearity of amplifiers is introducec which also gives 

simplified expressions for the nonlinearity of amplifiers, but 

without a serious loss of accuracy over a w de range of values 

of the variable X. The procedure and its accuracy are demonstrated 

for the common-emitter and emitter-follower amplifiers. 

The peak deviation of an amplifier typ cally occurs near 

midscale. The nonlinearity of an amplifier can therefore be 

estimated by calculating the deviation of tie amplifier at mid 

scale. Using the deviation of the common-enitter amplifier when 

the input voltage is at half of its maximum value results in 

the approximation 

_ 1 . \/T^ 1 
(3.21)NL

ce "2 X ■ X 

for the normalized nonlinearity of the amplifier. This 
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approximation and the approximation obtained from the two-term 

polynomial are compared in Table 3.4 for se\^eral values of the 

variable X to the nonlinearity calculated from the more accurate 

expression given in Table 3.1 (page 40). Ttie approximation 

given by Equation (3.21) is much more accurate than the two-term 

polynomial approximation, and is within 4% Df the non 

linearity predicted by the more exact analysis for values of X 

from -0.9 to 10.0. 

The midpoint approximation for the emi1:ter-fol 1 ower amplifier 

is not so straightforward. Two approximations are given here. 

The magnitude of the deviation of the output from the integral 

gam is 

V 
kT out kT

Del In 1 + ln(1 + X) (3.22) 
q I R 2q 

o L 

when the magnitude of the input voltage to ihe emitter-follower 

amplifier is half of its maximum amplitude. Since the output 

voltage of an emitter-follower amplifier cannot be determined 

directly from the input voltage in a closed form, this expression 

cannot be reduced further without some approximation. By assuming 

that the magnitude of the output voltage is approximately one-half 

of its maximum amplitude, the nonlinearity of the emitter-follow er 

is approximately 

1 
NL ln(1 + X) . (3.23) 

ef - 5v- r" * r ~ I 
m 
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The second approximation is obtained by comparing the expressions 

for integral nonlinearity of the common-emitter and emitter-follower 

amplifiers given in Table 3.1 (page 40). Ttiis approximation is 

kT 

NL 
(^) ln(1 + X) 1 \/l + X 

(3.24)
ef X X ■

V_ + (—) ln(1 + X) 
m q 

Note that the expression for the nonlinearity of the common-emitter 

amplifier is contained in the expression for the nonlinearity of 

the emitter-follower amplifier. 

In Table 3.5, the two approximations g ven in Equations (3.23) 

and (3.24) above and the two-term polynomia approximation are 

compared for several values of the variable X with the nonlinearity 

prediction given in Table 3.1 (page 40). The value of the peak 

output voltage is arbitrarily chosen to be cne volt for this com 

parison. The approximation given by Equation (3.21) is within 

4% of the nonlinearity predicted by th e more exact 

analysis for values of X from -0.9 to 10.0, and the approximation 

given by Equation (3.23) is within 16 percert of the nonlinearity 

predicted by the more exact analysis over tie same range of X. 

The approximation obtained from the two-tern polynomial is not 

nearly as accurate as the first two approxinations; the magnitude 

of its fractional error is approximately eqial to the value of the 

variable X. 

The midpoint approximation greatly simplifies the expressions 

for the nonlinearity of the common-emitter, and emitter-follower 

amplifiers with a serious loss of accuracy. 
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X 

Table 3.5. Three approximations of the nonlinearity of an emit er-followeramplifier due to the 
exponential characteristic of the base-emitter diod- junction compared to the more exact 
analysis given in Table 3.1 (page 40) for several v lues of the variable X, and for 
V = 1 volt, 
n 

Percent distortion Per ent distortion Percent distortion 
Percent distortion approximation pproximation approximation 

Table 3.1 Equation (3.24) Equation (3.23) from Table 3.2 

-0.9 1.71 1.65 1.41 2.73 x 
-1

10 

-0.8 8.49 X 
-1

10 834 X 
-3

10 7.61 X 
-1

10 2.14 X 
-1

10 

-0.7 4.77 X 
-1 

10 472 X 
-3

10 4.4; X 
-1

10 1.63 X 
-1

10 

-0.56 2.22 X 10"’' 221 X ,-3
10 2.1 X 10''' 1.04 X 

-1
10 

-0.32 4.87 X 
-2

10 48.7 X 
-3

10 4.8( X 
-2

10 3.36 X 
-2

10 

-0.18 1.29 X 10'^ 12.9 X 
-3

10 1.2i X 
-2

10 1.06 X 
-2

10 

-0.10 3.62 X 
-3

10 3.62 X 
-3

10 3.6- X 
-3

10 3.26 X 
-3

10 

-0.056 1.08 X 
-3

10 1.08 X 
-3

10 I.Oi X 
-3

10 1.02 X 
-3

10 

-0.032 3.44 X 
-4

10 344 X 10‘* 3.44 X 10"^ 3.33 X 10"* 
0.0 0.0 0.0 0.0 0.0 

0.032 3.22 X 
-4

10 3.22 X 10'^ 3.2: X 10"* 3.33 X lO"'* 
0.056 9.64 X 10‘^ 9.64 X 10"^ 9.6! X 10"^ 1.02 X 

-3
10 

0.10 2.95 X 
-3

10 2.95 X 
-3

10 2.9! X r3
10 3.24 X 

-3
10 

0.18 8.86 X 
-3

10 8.86 X ;-3
10 8.8! X 

-3
10 1.05 X 

-2
10 

0.32 2.48 X 
-2

10 2.48 X 10'^ 2.5C X 
-2

10 3.31 X 
-2

10 

0.56 6.34 X 
-2

10 6.33 X 
-2

10 6.37 X 
-2

10 1.01 X 
-1

10 

1.0 1.52 X lO"’’ 1.52 X 
-1

10 1.53 X 
-1

10 3.21 X 10*'' 
1.8 3.31 X lO"'' 3.28 X 

-1
10 3.30 X lO"’ 1.05 

3.2 6.27 X 10'^ 6.19 X 10"'' 6.19 X 
-1

10 3.50 

5.6 1.05 1.03 1.02 13.8 

10.0 1.63 1.58 1.54 -813 
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The low-frequency transfer functions o some amplifier 

stages, such as the bipolar transistor diffijrential and comple 

mentary amplifiers, have a zero coefficient of the second-order 

term (see Tables 3.2 and 3.3, pages 43 and 45). For these amplifiers. 

of fullthe peak deviation of the output occurs nearer to 57.7% 

scale (i.e. M\I% of full scale). Therefore the "midpoint approxi-

mat ion 
II 

will be more accurate for these amp ifiers if the deviation 

is calculated at 57.7% of the maximum value of input or output 

voltage rather than at half of this maximum value. 

IV. NONLINEARITY OF A COMMON-EMIT’ER AMPLIFIER 
DUE TO VARIATION OF D.C. CURRENT GAIN 

WITH COLLECTOR CURREN” 

When a common-emitter amplifier is driven by a current source. 

the output current is independent of the exponential characteristics 

of the base-emitter diode junction, and is nstead a function of 

the base-to-collector current gain of the transistor. Since this 

current gain is a function of the current l(‘vel, nonlinearity is 

introduced. A three-term polynomial is developed in this section 

which gives the input current as a function of the output current. 

This polynomial may be used to approximate he nonlinearity of 

the transistor using the formulas developed in CHAPTER II for 

two-term polynomials. 

The D.C. current gain of the bipolar transistor is related 

to the collector current by the empirical formula C8II 

mx 
3 = (3.25) 

1 + A • In^d /I )’ 
c mx 
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where A is a constant, is the collector current, B is the 
mx 

maximum current gain, and this current gain occurs at a value 

of collector current I_.. The base current of the transistor 
mx 

may then be represented as a function of the collector current by 

2 
1
c Ic [I A • In (I/I mx )c J 

(3.26) 
B 
mx 

Expanding this function in a Taylor series al>out the initial value 

of the collector current, I^, gives 

- I )^ +I. (I ) = I, + I, '(I ) • (I - I ) + ^
1 

I. "(I ) . (I 
2 

b e bo b o c o 2 b o c o 

. a I "(I ) • (I - I )" + (3.27)
n! b o C O 

where I theis the initial value of the base current, and wherebo 

Since the inputprimes denote differentiation with respect to I^. 

signal current, I is equal to the value o the base current
in’ 

minus the initial base current, and since th4 output signal current. 

is equal to the value of the collector current minus the initial 

collector current. Equation (3.27) may be rewritten with the input 

current given as a function of the output current. 

I. 
out
J = • I • I 2 . 

in
(I b o out o out 

Illi (I ) • I 3+ . (3.28) 
6 b o out 

This equation may be rewritten as 
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1 + A In^CI /I ) + 2A In 
0 mx I

I. (I ) = out
in out 6 

mx 

A 1 + ln(I /I ) -A lti(I /I ) 
+ 

o mx o mx 3
I 2 . I (3.29) 
out out

3B 7^ 
nx 0 

after taking the required differentiations o= Equation (3.26) to 

Termsdetermine the coefficients. of higher than third-order have 

been dropped. 

The coefficient of the second term in he above polynomial 

0.368, andis zero when the value of (I^/I^^) is approx mat ely 
the coefficient of the third term in the above polynomial is zero 

the second-when the value of (I^/I^^) is unity. Therefore, neither 
order two-term polynomial approximation nor ihe third order two-

term polynomial approximation are adequate for evaluating the non 

linearity of the above polynomial for all bios conditions. Therefore, 

the midpoint approximation for a multiple-term polynomial described 

by Equation (2.34) (page 27) is recommended 'or evaluating the 

nonlinearity of the three-term polynomial given above. 

V. TESTING ACCURACY OF NONLINEARITY EXPRESSIONS 

WITH LABORATORY MEASUREMENTS 

The nonlinearity of several bipolar tronsistor amplifiers 

was measured to test the accuracy of some of the expressions 

developed in this chapter. The nonlinearity of a common-emitter. 

a common-base, an emitter-follower, and a cotiplementary amplifier 

was measured using the current-sum technique outlined in the IEEE 
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Nuclear Science Transactions [129!]. These mecsured values of 

nonlinearity are compared to values calculated from the expressions 

given in Table 3.1 (page 40). Measured and predicted values of 

nonlinearity agree within 10%. 

IEEE Test Procedure 

The IEEE current-sum procedure for measuring integral nonlinearity 

is outlined in this section. The basic test arrangement is shown 

in Figure 3.3. The peak output of the voltage pulser is set at 

minus the full-scale output of the amplifier. The magnitude of the 

input voltage to the amplifier under test is adjusted by an 

attenuator until the peak output voltage is at full scale. If the 

voltage at the output of the amplifier has a linear portion, 

A • V. 
in 

, and a nonlinear portion, -Del, the voltage appearing at 

the node where the two resistors intersect is equal to minus Del/2. 

The voltage level from the pulser is then varied until the maximum 

value of the deviation, Del, is determined. 

Measurement and Calculation of 

Nonlinearity of a Common-Emitter Amplifier 

The test arrangement shown in Figure 3.4 was used to measure 

the nonlinearity of a common-emitter amplifier. This test arrangement 

is slightly different from the basic arrangenent shown in Figure 3.3. 

A unity-gain buffer follows the resistive attenuator to give a low 

impedance source to the input of the common-emitter amplifier, and 

another unity-gain buffer isolates the collector circuit from the 

current-sum network. The 47 ohm impedance of the buffer amplifier 

in the collector must be included with the resistance of the current-
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sum network. Therefore, the magnitude of the output voltage from 

the pulser must be -0.955 A • V. to cancel the linear portion of
in 

the output voltage at the current-summing node. Including the 

effect of the 47 ohm output resistance of the collector circuit 

buffer amplifier, the magnitude of the voltage at the current 

summing node is -Del/2.16 in this test arrangement. 

The circuit diagrams of the individual tuffer amplifiers are 

given in Appendix II. 

The nonlinearity of the common-emitter emplifier shown in 

Figure 3.5 was measured for peak output voltages of plus two and 

minus two volts. For an output of plus two volts, the maximum 

deviation measured at the summing node was 73 millivolts. The 

maximum deviation at the output of the ampliiier was 2.16 times 

greater, or 158 millivolts. The normalized ronlinearity of the 

amplifier is therefore -7.88% for this output level. 

With an output of minus two volts, the tiaximum deviation 

measured at the summing node was 40 millivolts. Therefore, the 

maximum deviation at the output of the ampliiier was 86.4 milli 

volts, and the normalized nonlinearity of th< amplifier is 4.32% 

for this output level. 

The nonlinearity of the amplifier shown in Figure 3.5 was 

calculated using the expression for nonl ineat[ity given in Table 3.1 

(page 40) for the common-emitter amplifier. The value of the 

variable X, which is the ratio of the peak s gnal current to the 

initial bias current, is 0.524 when V is plus two volts, and 
out 

is -0.524 when V is minus two volts. The calculated nonlinearities 
out 

https://Del/2.16
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•<•15.0 

IK 
12K 

ImF 

(11.;?) 
+ f O V 

out 

V. 
in 

O (3^ 
2N3904 

lyF 

(2.37) 

3K + 

620 
^ lOOOviF 

Figure 3.5. Schematic diagram of the common-emitter amplifier which 
was tested for integral nonlinearity. Measured bias 
voltages are given in parenthesis. 
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are -9.16% for the plus two-volt output and 5.23% for the minus 

two-volt output. These calculated values are somewhat higher than 

the measured values because the calculations do not include the 

effect of the base-spreading resistance of the transistor. 

The effect of the base-spreading resistence was accounted 

for by an equivalent unbypassed emitter resistance (see "Effect 

of Generator and Base-Spreading Resistance," page 41). The 

magnitude of this equivalent unbypassed emitter resistance was 

determined from an integral gain measurement. The expression for 

the integral gain of a common-emitter amplifier with an unbypassed 

emitter resistor, given in Table 3.1 (page 40), may be rearranged to 

kT 1 
= =R ln(1 - X) - ^ (3.30)

L qV A ’ 
m 

where A is the integral gain of the amplifier!, and V is the maximum 
m 

value of the output voltage. When the output of the common-emitter 

amplifier was set at minus two volts, the messured value of the 

input voltage was 13.5 millivolts. Therefore, the integral gain 

was -148.7. Inserting the appropriate values into Equation (3.30), 

0.026V 1
ln(1.524) - (3.31)Rg = (0.995)(1800Q) -2.0V -148.7) ’ 

the calculated value of the equivalent unbype ssed emitter resistance 

is 1.24 ohms. 

Using this value of equivalent unbypassed emitter resistance, 

the nonlinearity of the amplifier was recalcilated using the non 

linearity expression given in Table 3.1 (page 40) for the common-
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resistor. The nonemitter amplifier with an unbypassed emitter 

forlinearity for plus two volts is -8.12% and tl’e nonlinearity 

minus two volts is 4.26%. These calculated values of nonlinearity 

are within 5% of the measured values. 

Measurement and Calculation of the 

Nonlinearity of a Common-Base Amplifier 

measureThe test arrangement shown in Figure 3.6 was used to 

Since the common-the nonlinearity of a common-base amplifier. 

base amplifier is noninverting. an invertin;; unity-gain amplifier 

fromwas used to buffer the input of the common-biise amplifier 

the resistive attenuator. The output impedance of this amplifier 

must be much less than 1.24 ohms because the nonlinearity of the 

common-base amplifier configuration is extremely sensitive to 

impedance in the emitter circuit. The inver ing amplifier used 

in the test arrangement has a measured outpu impedance of less 

than 0.14 ohms, which was the limit of the resolution of the 

impedance measurement. This output impedanc; was determined from 

when athe percent attenuation of a small 10-micros?cond pulse 

A non10-ohm load was attached to the output of this buffer. 

circuit ofinverting, unity-gain amplifier isolates the collector 

the common-base amplifier from the input of the current summing 

tocircuit. The voltage appearing at the summing node is equal 

the magnitude of the nonlinear portion, Del, of the output signal 

of the common-base amplifier divided by -2.11. 

areCircuit diagrams of the individual buffer amplifiers 

given in Appendix II. 
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The nonlinearity of the common-base amplifier shown in Figure 

3.7 was measured for plus two-volt and minus two-volt signals. The 

deviation measured from the summing node was 78 millivolts for the 

plus two-volt pulse, and the deviation at the output of the common-

base amplifier was -2.11 times greater, or -164.6 millivolts. The 

normalized nonlinearity is therefore -8.23% for this output level. 

The maximum deviation at the summing noce was 43 millivolts 

for the minus two-volt signal, which corresponds to a 90.7 millivolt 

deviation at the output of the amplifier. Th e measured normalized 

nonlinearity is therefore 4.54% for the second output level. 

The nonlinearity of the common-base amp ifier was calculated 

using the expression given in Table 3.1 (pago 40) for a common-

emitter amplifier with an unbypassed emitter resistor. The value 

of the unbypassed emitter resistor, 1.24 ohms, was determined in 

the preceeding section. The value of the variable X is 0.493 when 

the output is plus two volts and is -0.493 when the output is minus 

two volts. The calculated nonlinearities art -7.88% for plus two 

volts and 4.45% for minus two volts. These ralculated values of 

nonlinearity are within 5% of the magnitude cf the two measured values. 

Measurement and Calculation of Nonlinearity 
of an Emitter-Follower Amplifier 

The test arrangement shown in Figure 3.8 was used to measure 

the nonlinearity of both an emitter-follower and a bipolar comple-

mentary amplifier. A noninverting unity-gair buffer provides a low 

impedance source to the input of the amplifir-r under test. The 

100 ohm input impedance of the inverting gairi-of-twenty amplifier 
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Figure 3.7. Schematic diagram of the comiron-base amplifier whose 

integral nonlinearity was measured. Measured bias 
voltages are given in parenthesis. 
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acts as a load for the amplifier under test. The voltage appearing 

at the summing junction is 9.48 times the nor linear portion, Del, 

of the output signal. 

The nonlinearity of the emitter-follower' amplifier shown in 

Figure 3.9 was measured for plus 100 millivo ts and for minus 100 

millivolts across a 100 ohm load. With the plus 100 millivolt 

output, the maximum deviation at the current summing node was 

7.5 mi 11ivolts. The maximum deviation at the output of the emitter-

follower is 9.48 times smaller, 0.791 millivclts. The nonlinearity 

of the amplifier is 0.791% for this output level. 

With the minus 100 millivolt output, the maximum deviation at 

the current summing node was 31 millivolts, end the corresponding 

maximum deviation at the output of the emitter-follower amplifier 

is 3.27 millivolts. The nonlinearity is therefore -3.27% for this 

output level. 

The nonlinearity of this amplifier was calculated from the 

expression for the nonlinearity of an emitter[-follower amplifier 

given in Table 3.1 (page ^0). The value of 1 he variable X is 0.667 

when the output signal is plus 100 millivolts and the value of the 

variable X is -0.667 when the output voltage is minus 100 millivolts. 

The calculated nonlinearities are 0.746% for the positive output 

and -3.01% for the negative output. These Ccilculated values of 

nonlinearity are within 10% of the values mesisured. 

Measurement and Calculation of the 

Nonlinearity of a Bipolar Complementary Amplifier 

The test arrangement shown in Figure 3.8 was used to measure 

the nonlinearity of the complementary amplif er shown in Figure 3.10. 
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+15.0 

12K 

''in O 2N3904 

IpF 

"^e O V 
out 

3K 

1.5K 

Figure 3.9. Schematic diagram of the emilter-follower amplifier 
whose integral nonlinearity uas measured. Measured 
bias voltages are in parenthesis. 
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Figure 3.10. Schematic diagram of the bipolar complementary amplifier 
whose integral nonlinearity was measured. The 5.11 
killohm resistor in the collector circuit of the 

complementary amplifier. The measured bias voltage 
is given in parenthesis. 
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The nonlinearity was measured for outputs of plus and minus 100 

millivolts across a 100 ohm load resistance. For the plus 100 

node wasmillivolt output, the maximum deviation at thje summing 

38 millivolts. The maximum deviation at the output of the comple 

mentary amplifier is 9.48 times less, or 4.01 mil 1ivolts. The 

nonlinearity of the amplifier is therefore 4.01%. 

For the minus 100 millivolt output, the maximum deviation 

at the summing node was -39.5 millivolts. The maximum deviation 

at the output of the complementary amplifier is therefore -4.17 

millivolts, and the corresponding normalized nonlinearity is 4.17%. 

The nonlinearity of this amplifier was calculated from the 

expression for the nonlinearity of a bipolar complementary amplifier 

given in Table 3.1 (page 40). The value of the variable X is 4.87 

when the output signal is plus 100 millivolts and the value of the 

variable X is -4.87 with the output signal is minus 100 millivolts. 

The calculated nonlinearities are 3.97% for both values of X. 

These calculated values of nonlinearity are within 5% of the values 

measured. 

Summary of Test Results 

A summary of the eight nonlinearity tests are given in Table 

3.6. 
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Table 3.6. Summary of nonlinearity test results for several 
bipolar transistor amplifiers where the measured 
and calculated values of ncnlinearity are compared. 
The variable X is the ratic of the peak signal 
current to the initial bias current. 

Amplifier 
Configuration 

Common-emitter 

amplifier 

Common-base 

amplifier 

Emitter-

follower 

amplifier 

Bipolar 
complementary 
amplifier 

V 
out 

2.0 

-2.0 

2.0 

-2.0 

0.1 

-0.1 

0.1 

-0.1 

X 

0.524 

-0.524 

0.493 

-0.493 

0.677 

-0.677 

4.87 

-4.87 

NL 

measL red 

-7.a 8% 

4.32% 

-8.23% 

4.54% 

0.791% 

-3.27% 

4.01% 

4.17% 

NL % 

calculated error 

-8.12% 3.0% 

4.26% 1.4% 

-7.88% 4.3% 

4.45% 2.0% 

0.746% 5.7% 

-3.01% 8.0% 

3.97% 1.0% 

3.97% 4.8% 



CHAPTER IV 

NONLINEARITY OF SEVERAL SINGLE-STAGE 

JFET AMPLIFIERS 

I. INTRODUCTION 

The low-frequency nonlinearity of severs 1 single-stage JFET 

amplifiers is investigated in this chapter ir detail, The square-

law characteristic of the JFET is the source of nonlinearity that 

is investigated. The input voltage is found as a transcendental 

function of the output voltage for the commor-source, common-gate. 

source-follower, and JFET differential amplifier configurations. 

The nonlinearity of these amplifier configurstions is then calcu 

lated from these equations using a procedure outlined in CHAPTER II 

(page 14), and the results are tabulated. Th e nonlinear parameters 

of these four amplifier configurations are approximated from a two-

term polynomial approximation of the transfer function. 

Experimental results are included to illustrate the accuracy 

of the nonlinearity expressions derived in this chapter. The 

laboratory arrangements are carefully documented. All nonlinearity 

measurements except one were within 10% of the calculated values. 

II. NONLINEARITY DUE TO SQUARE-LAW 

CHARACTERISTIC OF JFET 

conThe nonlinearity of several single-stage JFET amplifier 

figurations due to the square-law characteristic of the device is 

70 
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calculated in this section. The nonlinearity expressions are given 

as transcendental functions of the output vo tage and are accurate 

over large dynamic ranges. 

Square-Law Model 

The square-law characteristic of the JFiiT is an empirical 

relationship CISD between the gate-to-source voltage, V and the
gs’ 

drain current, 1^, given by 

(4.1)^d = ^dss (■ • V! 
where I is the saturation current (for V , = 0), and V is the

dss g > p 

pinch-off voltage of the device. This approcimation is reasonably 

accurate, and has found wider acceptance than other more complex 

approximations Cl?, 18, 323. 

Input Voltage Represented as a Function of 
the Output Voltage for Several Amplifier Configurations 

The input voltage must be given as a function of the output 

voltage to use the procedure outlined in CHA=*TER II (page 14) 

for determining the nonlinearity of the amplifier configurations . 

These functions are derived in this section for the common-source. 

common-gate, source-follower, and JFET differential amplifier 

configurations. 

i) Common-Source and Common-Gate Configurations. The change 

in the drain voltage of a common-source amplifier, V
out 

, can be 

represented as a function of the change in gate-to-source voltage. 

V. byin’ 
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I 
0

V
out

. = 
_ ^dss\ L 2 

- 2V. V (4.2) 
y 2 \ in in p v I

dss 
P 

where is the initial bias current enterinc the drain of the 

JFET. The input voltage as a function of the output voltage is 

obtained from the above equation after comple ting the square and is 

V 

V. (V ,) = 1 -
out 

(4.3)
in out I R 

0 L
/ 

For a common-gate amplifier, the polarity of the right-hand side 

of Equation (4.3) is reversed. 

ii) Source-Follower Configuration. For a given change in source 

voltage, the gate-to-source voltage of a source-follower amplifier 

must change by an amount Del where
vgs’ 

I V 
0 out

Del = V 1 1 + (4.4) 
vgs I R^dss o L 

and V 
out is the change in the source voltage. The corresponding 

input voltage, V. for that output is thenin’ 

I V 
o out

V. (V ,) = V . + V i1 (4.5)
in out out P\I dss 0 

ill) JFET Differential Configuration. The model used to find 

the transfer function of the balanced JFET differential amplifier 

is shown in Figure 4.1. The bias current, , of the amplifier is 

the sum of the two source currents. The volt age at the gate of Q2 
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Positive Suspiy 

R RL L 

Vout1 Vout2 
O O 

Vin 
a 

Negative Suppiy 

Figure 4.1. Model used to develop the low -frequency transfer function 
of the JFET differential ampl ifier. 
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is arbitrarily chosen to be zero volts, and the differential input 

voltage is V.
in 

. In Appendix III, the output voltage at the drain 

of transistor Q is shown to be
1 

V = -V. (4.6)
outi in 

and the output voltage at the drain of trans'stor is shown to be 

V = V. (4.7)
out2 in 

With the output voltage at the drain of transistor Q2 as the 

independent variable, the input voltage is given by 

2V 
out2

)•V. (V ,,) = V (4.8)
in out2 I R 

0 L 

Evaluation of the Square~Law Nonlinearity 
of the JFET and Tabulation of Results 

The integral nonlinearity due to the sqtare-law characteristics 

of the JFET was calculated for the common-soLrce, common-gate, and 

source-follower amplifiers using the procedure outlined in CHAPTER II 

(page 14) and using Equations (4.3) and (4.5). The salient points 

of the analysis are given in Table 4.1, and include the integral 

gain, the output voltage at which the maximutt deviation occurs. 

and the integral nonlinearity. The variable X, which is defined 

as the ratio of the peak signal current to tl'e initial bias current. 

has been introduced to simplify the equations given in Table 4.1. 
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The expressions for the nonlinearity o the JFET differential 

amplifier configuration could not be simplified by the author, and 

these expressions became prohibitively complex. Therefore, the 

midpoint approximation was used to give an expression for the non-

linearity of this amplifier configuration. Since the Taylor series 

expansion of the static characteristics of :his amplifier does not 

have a second-order term, but does have a tpird-order term, the 

midpoint is approximated by V \f%. The nonlinearity parameters 
m 

of this approximation are given in Table 4.7 

Effect of Unbypassed Source Resistance 

The nonlinearity of a common-source amalifier with an unbypassed 

source resistance may be determined in the same manner that the 

nonlinearity expression of the common-emitter amplifier with an 

unbypassed emitter resistor was determined. Since the current 

gain from the source to the drain of a JFET is a very nearly 

constant, the nonlinearity of the signals at the source and drain 

are nearly equal. The nonlinearity expressions given in Table 4.1 

for the common-source amplifier with an unbypassed source resistor 

are determined by representing the source voltage term in the 

nonlinearity expressions of a source-follower amplifier by a function 

of the drain voltage. 
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FUNCTIONSIII. TWO-TERM POLYNOMIAL APPROXIMATIONS OF -fHE TRANSFER 
AND NONLINEARITY DUE TO THE SQUARE-LAW CHARACTERISTIC 

OF SEVERAL SINGLE-STAGE JFET AMPLIFIERS 

Two-term polynomials approximating the ow-frequency transfer 

functions of several single-stage JFET ampli ners are given in 

this section. The integral gain and integra nonlinearity of these 

amplifier configurations are estimated from the equations derived in 

CHAPTER II for two-term polynomial functions (Tables 2.1 and 2.2 on 

pages 23-24). These expressions are simpler to use but are less 

accurate than the expressions given in Table 4.1. Some of these 

simplified expressions are used in a later cF apter to compare the 

nonlinearity of certain amplifier configurati ons. 

The input voltages are given as two-term polynomial functions 

of the output voltages in Table 4.3 for four amplifier configurations. 

These polynomials are the first two nonzero t erms of the Maclaurin 

series expansions of the expressions which describe the input voltages 

as functions of the output voltages for these amplifier configurations. 

In Table 4.4, the output voltages of the four amplifier 

configurations are given as two-term polynomial functions of their 

input voltages. The polynomials for the common-source, common-gate, 

and balanced JFET differential amplifiers were developed from the 

expressions describing the output voltages as functions of the input 

voltages. The polynomial for the source-follower amplifier was 

developed from the expression describing the input voltage as a 

function of the output voltage using the procedure described by 

Equations (3.18), (3.19), and (3.20)(page 44). 
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IV. DETERMINING THE ACCURACY OF THE NONLINEARITY 

EXPRESSIONS WITH LABORATORY MEASUREMENTS 

The nonlinearity of several JFET amplifiers was measured 

to test the accuracy of the expressions deve oped in this chapter. 

and a source-The nonlinearity of a common-source, a commor-gate, 

follower amplifiers was measured using a current-summing technique 

described in CHAPTER III (page 54). These measured values of 

calculated fromnonlinearity are compared to values of nonlirearity 

expressions given in Table 4.1 (page 75). 

Measurement and Calculation of 

Nonlinearity of a Common-Source Amplifier 

The test arrangement used to measure the; nonlinearity of a 

to measurecommon-source amplifier is the same arrangeme;nt used 

the nonlinearity of a common-emitter amplifie;r and is shown in 

Figure 3.4 (page 56). A description of this test arrangement is 

given on page 54. 

The circuit diagram of the common-sourc;; amplifier is shown 

in Figure 4.2. This amplifier has been cascoded into a common-

base amplifier to maintain a relatively constant drain-to-source 

voltage. The magnitude of the drain current of a JFET depends on 

the drain-to-source voltage to some extent, and this variation 

Thehas not been accounted for in the modeling of the device. 

s accounted for inadded nonlinearity of the common-base stage 

the linearity calculations. 

The nonlinearity of this amplifier was neasured for outputs 

of plus two and minus two volts. For an outDut of plus two volts. 
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the maximum deviation measured at the summin 3 node of the test 

arrangement was 27.5 millivolts. The maximum deviation at the 

output of the amplifier was 2.16 times great ;r, or 59.4 millivolts. 

The normalized nonlinearity of the amplifier is therefore -2.97% 

for this output level. 

With an output of minus two volts, the maximum deviation measured 

at the summing node was 16 millivolts, The maximum deviation at 

the output of the amplifier was 2.16 times g 'eater, or 34.56 milli-

volts, and the normalized nonlinearity of thi amplifier is 1.73% 

for this output level. 

The characteristics of the JFET with fi\re volts from drain 

to source are 

^dss ■ (a) 

V = -2.453 V (b)
P 

Rg = 71 ohms, (c) (4.9) 

where I 
dss is the projected zero-bias drain (jurrent of the JFET, 

arVp is the pinch-off voltage of the device, d Rg is the value of 

the unbypassed source resistance intrinsic to the individual 

device. A description of the measurement of these parameters is 

given in Appendix III. 

The nonlinearity of the common-source anplifier stage shown in 

Figure 4.2 was calculated using the expressicn for nonlinearity 

given in Table 4.1 (page 75) for the common-s ource amplifier with 

an unbypassed source resistor. The value of the variable X, which 

is the ratio of the peak signal current to the initial bias current. 
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for the common-source stage is 0.446 when the output is plus two 

is minus twovolts, and is -0.446 when the peak value of the output 

volts. The calculated value of nonlinearity cf the common-source 

amplifier stage is -0.290%, and the calculatec value of nonlinearity 

of the common-base amplifier stage is +0.05% lor the plus two-volt 

output signal. The total nonlinearity for thf amplifier is the sum. 

or -2.85%. For the minus two-volt output sigral, the calculated 

values of nonlinearity of the common-source ard common-base amplifiers 

are +1.72% and -0.13% respectively or 1.59% total. The calculated 

values of nonlinearity are within 10% of the measured values of 

nonlinearity. 

Measurement and Calculation of Nonlinearity 
of a Common-Gate Amplifier 

The test arrangement used to measure the nonlinearity of a 

common-gate amplifier is the same arrangement used to measure the 

nonlinearity of a common-base amplifier and i : shown in Figure 3.6 

(page 61). A description of this test arrangument is given on 

page 60. 

The nonlinearity of the common-gate ampl fier shown in Figure 

4.3 was measured for plus two-volt and minus wo-volt output signals. 

This circuit is the same as the common-source amplifier except 

that the gate is A.C. coupled to ground and tie input signal is 

applied to the source terminal. The deviation at the summing node 

of the test arrangement was 28.5 millivolts fjr the plus two-volt 

cascodeoutput signal, and the deviation at the output of the 

llivolts. Theamplifier was -2.11 times greater, or -60.1 m 
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measured normalized nonlinearity is therefore -3.01% for this 

output level. 

The maximum deviation at the summing noce was 16.25 milli 

volts for the minus two-volt signal, which corresponds to a -34.4 

millivolt deviation at the output of the amp ifier. The normalized 

value of nonlinearity at this output level is 1.71%. 

The calculated values of nonlinearity fcr the common-gate 

amplifier are the same as those for the commcn-source amplifier. 

The calculated values of nonlinearity are -2.85% for the plus two-

volt output level and 1.59% for the minus twc-volt output level. 

These values of calculated and measured nonlinearities agree 

within 10%. 

Measurement and Calculation of Nonlinearity 
of a Source-Follower Amplifier 

The test arrangement used to measure the nonlinearity of a 

source-follower amplifier is the same arrangement used to measure 

the nonlinearity of an emitter-follower ampl fier and is shown in 

Figure 3.8 (page 64). A description of this test arrangement is 

given on page 62. 

The nonlinearity of the source-follower amplifier shown in 

Figure 4.4 was measured for plus 100 millivo ts and minus 100 milli 

volts output signals across a 100 ohm load. With the plus 100 milli 

volt output, the maximum deviation at the current summing node 

was 12.0 millivolts. The maximum deviation at the output of the 

source-follower amplifier is 9.48 times smal er, or 1.27 millivolts. 

The normalized nonlinearity of the source-fo lower amplifier is. 

therefore,1.27% for this output level. 

https://therefore,1.27
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Figure 4.4. Schematic diagram of the source-follower amplifier used 
to test the accuracy of the expression for integral 
nonlinearity given in Table ^.1 (page 75). A measured 
bias value is given in parenthesis. 
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With the minus 100 millivolt output, the maximum deviation at 

the current-summing node was 16.5 millivolts. and the corresponding 

maximum deviation at the output of the source-follower amplifier 

is 1.68 millivolts. The normalized nonlinearity of the source-follower 

amplifier is therefore -1.68% at this output 1evel. 

The measured characteristics of the individual JFET used in 

the source-follower amplifier are described in Equation 4.9 (page 83) 

The 1.5 killohm source resistor in parallel vith the 100 ohm input 

impedance of the inverting amplifier in the test arrangement is 

an equivalent load resistance of 93.8 ohms. This load is in series 

with the unbypassed source resistance of 71 chms which is intrinsic 

to the individual device used in the amplifier. The maximum value 

of the signal at the metalurgial junction is then 

/93.8 + 71
V = ±100 mV = ±176 mV. (4.10) 
m ^ 93.8 -) 

The calculated values of nonlinearity from the expression given 

in Table 4.1 (page 75) for a source-follower amplifier are 1.06% 

for plus 100 millivolts and -1.73% for minus 100 millivolts. The 

calculated value of nonlinearity is 16% less than the measured value 

for the plus 100 millivolt output. The source of this unusually 

large error is not known. The calculated and measured values of 

nonlinearity agree within 5% for the minus 100 millivolt output. 

Summary of Test Results 

A summary of the six nonlinearity tests are given in Table 4.5. 
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Table 4.5 Summary of nonlinearity test 'esults for several JFET 
amplifiers where measured and calculated values of 
nonlinearity are compared, T|ie variable X is the ratio 
of peak signal current to the initial bias current. 

Amplifier NL NL %V
configuration out X measured calculated error 

2.0 0.446 -2.97'./ -2.85% 4.2%Common-source 

amplifier 
-2.0 -0.446 1.73:: 1.59% 8.8% 

2.0 0.446 -3.01 -2.85% 5.3%Common-gate 
amplifier 

-2.0 -0.446 i.7i:: 1.59% 7.0% 

0.1 0.381 1.27% 1.06% 16.5%Source-follower 

amplifier 
-0.1 -0.381 -1.68% -1.73% 3.0% 



CHAPTER V 

COMPARISON OF NONLINEARITY OF SIMLAR TYPE 

AMPLIFIER CONFIGURATIONS 

I. INTRODUCTION 

The nonlinearities produced by similar type amplifiers are 

compared in this section. These nonlinearit es are compared for 

equal values of output voltage and for equal values of the variable 

X, the ratio of the peak signal current to tt’e initial bias current. 

This comparison is particularly useful for tfe unity-gain type 

amplifiers which are typically used for outpit stages of multistage 

amplifiers. In this category, the nonlinear ty of the bipolar 

complementary amplifier is shown to be less than the nonlinearity 

of the emitter-follower amplifier. Also, th<' nonlinearity of the 

emitter-follower amplifier is shown to be less than the nonlinearity 

of the source-follower amplifier for most practical situations. 

For the given criteria, the nonlinearity of the common-source 

amplifier configuration is shown to be appro: imately half of the 

nonlinearity of the common-emitter amplifier configuration. However, 

the criteria used for the comparison may not be valid for certain 

situations. If the value of the transconduc :ance of the device is 

important in the amplifier design, then a different criteria for 

comparing the nonlinearity of these amplifie' configurations should 

be used. 

90 
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II. COMPARISON OF COMMON-SOURCE TO COMMON-EMITTER 
AMPLIFIER CONFIGURATIONS 

A simplification in the nonlinearity analysis for the common-

emitter amplifier gives a nonlinearity expression that is very 

similar to the nonlinearity expression of a common-source amplifier. 

The maximum deviation from a linear response occurs near midscale 

for most amplifiers. By calculating the deviation at one-half of 

the maximum output signal, the nonlinearity expression for a common-

emitter amplifier can be simplified to 

NL 1 ^ \/l - X _ 1 (5.1)ce ■ ? X X * 

This approximation is within:4% of the nonlinearity pre 

dicted by a more exact analysis for values of X from -0.9 to 10.0. 

This approximation for the nonlinearity of a common-emitter amplifier 

is easily compared with the nonlinearity expression for a common-

source amplifier, 

NL
_ 1 . 1 

(5.2)cs ■ 4 2X ■ 2X ’ 

Within the accuracy of the approximation, a common-source amplifier 

has one-half the integral nonlinearity of a comparable common-emitter 

amplifier. 

III. COMPARISON OF SOURCE-FOLLOWER TO EMITTER-FOLLOWER 
AMPLIFIER CONFIGURATIONS 

Using the similarity between the nonlinearity equation for a 

common-emitter amplifier and the nonlinearity equation for an emitter-



92 

follower amplifier, and by further assuming that 

kT 
V » ln(1 + X) (5.3) 
m q 

the integral nonlinearity of an emitter-folIcwer amplifier can 

be approximated by 

kT 
ln(1 + X) 

= a \/1 + X , 1
NL (5.4)

ef V X X 
m 

By assuming that 

lo 
V » V (\/rTi< -1), (5.5) 
m P ^ ^dss 

the nonlinearity of a source-follower amplif er can be approximated by 

I 
o 

i^p \l ^dss (\/finr -1) /i \/fT
NL (5.6)

sf X12 -2V 
m 

Using the approximations given in Equations 5.4) and (5.6) above, 

the ratio of the integral nonlinearity of a source-follower amplifier 

to the integral nonlinearity of an emitter-fallower amplifier is 

approximately 

I 
o 

NL
sf 

V
pv ^dss \/l + X - 1 

(5.7)
NL 2kT ln(1 + X) .

ef 
q 
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The term in brackets in this equation is a slowly varing function 

of X and is initially 0.5. Therefore, Equation (5.7) indicates 

that an emitter-follower amplifier will be more linear than a source-

follower amplifier unless the term ^'^pvAo^^dss 
approximately 0.1 volts, a condition that would require the JFET 

to be biased at less than one percent of its saturation current. 

'dss-

For output voltages less than 0.026 volts, the approximations 

made above the emitter-follower amplifier given by Equation (5.4) 

and for the source-follower amplifier given cfy Equation (5.6) are 

not valid. The nonlinearity of an emitter-fcl1ower amplifier can 

be twice as large as the nonlinearity of a ccmparable source-follower 

amplifier when the output voltage is nearly :ero. The nonlinearities 

of the two amplifier configurations are near y equal when 

(5.8) 
V . = 26 mV 
out 

and X is less than unity. 

IV. COMPARISON OF EMITTER-FOLLOWER TO BIPOLAR 

COMPLEMENTARY AMPLIFIER CONFIGURATIONS 

The integral nonlinearity of an emitter-follower amplifier 

can be compared to the nonlinearity of a bipjlar complementary 

amplifier for values of X less than unity. Jhen the value of X is 

less than unity, the integral nonlinearity ecpression for the 

emitter-follower amplifier can be approximat?d by 
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kT 

NL £ (5.9)
ef kT • -8

V + ln(X + 1) 
m q 

and the integral nonlinearity equation for the bipolar comple 

mentary amplifier can be approximated by 

kT 
3 

q X
NL (5.10) 

cp kT -1 
V + sinh 
m (^) 36\/iIq 

where the higher order terms of a power expansion of the equations 

have been eliminated as small. Whenever th(‘ peak signal voltage. 

V is much greater than 26 mV, the ratio o the two approximations ism’ 

NL
ef _ 9\/3 

(5.11)
NL X • 

cp 

This ratio indicates that a complementary anplifier is much more 

linear than a comparable emitter-follower w lenever the value of 

X is less than unity. For values of X grea :er than unity, several 

comparisons of calculated nonlinearities indicates that the linearity 

of an emitter-follower amplifier slowly approaches that of a com 

parable complementary amplifier. 

The bipolar complementary amplifier configuration is the most 

linear of the three unity-gain type amplifijrs investigated. 



CHAPTER VI 

SPECTRAL DEPENDENCE OF INTEGRAL NONLINEARITY 

I. INTRODUCTION 

The integral nonlinearity of a waveform changes when the 

waveform goes through a frequency-dependent transfer function. A 

process for estimating this nonlinearity charge is outlined in 

this section for second-order and third-order two-term polynomial 

nonlinearities. The process is applied to tl’ree example waveforms 

and the results of this analysis are comparec to computer simulations. 

The results of this analysis for the twc-term polynomial 

nonlinearities are generalized such that these results can be 

extended to more complex nonlinearities with little additional 

analysis. The accuracy of this generalizaticn is then tested by 

computer simulations for three sample functions from three different 

single-stage amplifiers. 

II. SPECTRAL DEPENDENCE OF SECOND-ORDEC AND THIRD-ORDER 

TWO-TERM POLYNOMIAL NONLINEARITIES 

A procedure is given in this section for calculating the 

change in nonlinearity of a pulse that passes through a frequency-

dependent transfer function. 

The nonlinearity of a waveform is calcu ated at the peak value 

of that waveform. Since the waveshape can c lange drastically with 

a frequency-dependent transfer function, the input waveform and 

the output waveform can peak at significant! i different times. 

95 
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Therefore, the nonlinearity of the input is calculated at the 

time the input signal peaks, and the nonlinearity of the output 

is calculated at the time the output signal peaks. 

Consider a linear waveform, V f(t), where f(t) is a normalized 

wave-form whose peak value of unity occurs at 'peaki- * 
second-order nonlinearity then produces the ronlinear waveform 

P(t) = V f(t) + N • V^f^(t) (6.1) 

where f^(t) has a peak value of unity at t The nonlinearity 
pea kr 

of this waveform is 

N • V 
NL (6.2)n ■ VCI +.N • M)' ■ 

The magnitude of this nonlinearity will change when the wave 

form passes through a frequency-dependent furction. Let the Laplace 

transform of P(t) be represented by 

(6.3)P(s) = V Fg(S) + N • V^F^(S), 

where 

(6.4)Fg(S) = Li:f(t): 

and 

(6.5)F^j(S) = LCf^(t):. 

The Laplace transform of the output signal is; 

0(S) = vi:f^(s) h(s)3 + n • cf. (s) hc;): (6.6) 
a b 
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where H(S) is the frequency dependent transfer function. The 

nonlinear output waveform as a function of time is 

0(t) = V G (t) + N • (6.7) 
a 

where 

-1
G (t) = L CF (S) H(S): (6.8) 
d d 

and 

(6.9)G^(t) = l"^CF^(S) H(S):. 

• » 9If the output waveform peaks at a time t then the nonlinearity
peak 

of the output waveform is 

A • N • V 
NL (6.10) 

o 4(1 + A • N • V) 

where the variable A is defined by 

^ ^b^%eak2 ) 

(6.11)
" G (t ) • 

a peak2 

NL andAfter solving Equation (6.2) for NV as a function of 
n 

substituting into Equation (6.10), the magnitude of the output non 

linearity can be written as a function of th? magnitude of the input 

nonlinearity by 

NL 
n 

NL (6.12) 
0 1 - 4 NL (1 - A) ■ 

n 
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The procedure for determining the change in the nonlinearity 

of a third-order nonlinear waveform is the seme as that used for a 

second-order nonlinear waveform. Given the third-order nonlinear 

input waveform 

Q(t) = V f(t) + N • f^(t), (6.13) 

isthe magnitude of the nonlinearity of this wa\'eform 

2 
N • V 

NL (6.14) 
n 

3\/3
-j- (1 + N • V^) 

If the Laplace transform of f^(t) is represented by 

3 
F (S) = LCf (t)3. (6.15) 
c 

and the inverse transform of the nonlinear portion of the output 

signal by 

-1 
G (t) = L CF (S) H(S):, (6.16) 
c c 

then the nonlinearity of the output waveform is 

B • N • 
NL 9 (6.17) 

o 
3\^ 
2 

(1 + B • N • V^) 

where the term B is defined by 

^c^^peak2^
B = (6.18) 

" G (t 
a peak2) 
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The nonlinearity of the output waveform as a function of the 

nonlinearity of the input waveform is 

NL 
n 

NL (6.19) 
o 

3\^
1 ^ NL„(1 - B)

c n 

HI. THE CHANGE IN NONLINEARITY 
OF A SAMPLE WAVEFORM 

The procedure given in the previous sect ion to determine the 

change of nonlinearity of a pulse is illustrated here with an example 

waveform and example frequency-dependent function, The example 

nonlinear input waveform is 

t"l 2n 

(6.20) 
TP(t) = V ^1 - ^Je ^ + N • /l - -VeT^ 

The example frequency-dependent function is an ideal integrator 

whose Laplace transform is 

_ 1
H(S) = (6.21)SC • 

The Laplace transform of the nonlinear output waveform is then 

V 1 * (f)s ^ m0(S) = (6.22)

' L(^ * ^ L s(s*|)3 
5 

and the nonlinear output waveform as a function of time is 
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t 

Vt_ t g T ^ N » VOCt) = ^ T C i4 

(6.23)4©^ * m -

A sketch of the linear and nonlinear portions of the input 

waveform are shown in Figure 6.1. The input waveform peaks at 

zero seconds, and the normalized nonlinearity of the waveform at 

this time is 

N • V 
NL (6.24) 

n 4(1 + N • V) * 

A sketch of the linear and nonlinear portions of the output 

waveform are shown in Figure 6.2. This outpit waveform peaks at 

approximately t seconds. At this time, the nagnitude of the linear 

portion of the output is 

. V •
6 (t) = (6.25) 
a ^ (0.3679). 

The magnitude of the nonlinear portion of the output waveform at 

this time is 

N • 
-(0.2162). (6.26)G,(t) = C 

The normalized nonlinearity of the output wa\reform is therefore 

N • V (0.2162)
NL (6.27) 

0 N • V (0.2162)1 ■4(0.3679) 1 + 
^33679) 
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Figure 6.1. Linear and nonlinear component s 
is used for illustration. 

of input waveform that 
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Figure 6.2. Linear and nonlinear components of the output waveform 
that is used for illustration. 
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The ratio of the output nonlinearity to the input nonlinearity is 

NL 
o 0.5877(1 + N • V) 

(6.28)
NL ■ (1 + 0.5877 N • V) • 

n 

The salient points of this analysis are summarized in Table 

6.1 for the example waveform given in the te>t. Also included in 

this table are salient points from the procecure applied to two 

additional waveforms. These three waveforms are the first three 

of a class of common pulse shapes found in niclear spectroscopy. 

The procedure is reapplied for the same three example waveforms 

with the second-order nonlinearities replacec by third-order non-

1inearities. The results of these analyses ere summarized in Table 6.2. 

IV. COMPUTER SIMULATION PROCEDURE 

In this section, a two-step procedure i: described for finding 

the nonlinearity of a system by computer simulations. 

The block diagram for the first step of the procedure is 

shown in Figure 6.3. A linear input signal, PULSE, passes through 

a nonlinear function which provides a nonlinear signal, XY1, at the 

input to a frequency-dependent transfer fund ion. The frequency-

dependent transfer function is identified by its Laplace transform. 

H(S), in Figure 6.3. The nonlinear output s gnal is Y1. In step 

one, the magnitude of the linear input signa , PULSE, is determined 

for which the maximum deviation of the nonlinear input signal, XY1, 

occurs. Also in step one, the magnitude of 1 he linear input signal. 

PULSE, is determined for which the maximum deviation of the nonlinear 

output signal, Y1, occurs. 
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These two input signal magnitudes may be estimated by modeling 

the deviations of the nonlinear signals as third-order functions 

of the linear input. 

/ V /V V \ 
n n n

DelCV ) = G 1 - Q > (6.29) 
n V V V 

\ nm/ \ nm nm/ 

where V is the linear input signal, V is the peak value of the 
n nm 

input signal, and where G and Q are constants. The function DelCV ) 
n 

is restricted to have a single polarity between V equal to zero. 
n 

and V equal to V . 
n nm 

The magnitudes of the nonlinear input signal and nonlinear 

output signal are determined when the linear input, PULSE, is at 

two thirds and one third of its maximum value. These magnitudes 

are used to determine the two values of the input signal for which 

the maximum deviations of the nonlinear signals occur. 

Given that the magnitude of the deviation, DelCV ), is B when 
n 

the input signal is two thirds of V and that the magnitude of
nm’ 

the deviation is C when the input signal is one third of V , then 
nm 

occurs isthe linear input signal at which the maximum deviation 

approximate!y 

- Q + 1 
X • V - )Ul®± • V (6.30) 

nm nm’
3 

where 

2C - B 
Q = (6.31)

3(C - B) • 
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The derivation of Equation (6.30) is given in Appendix IV. When 

the magnitude of the variable Q is undefined (i.e. infinite), the 

maximum deviation occurs at half of V . 
nm 

The block diagram shown in Figure 6.3 outlines the computer 

program used to find the magnitudes of the input voltage at which 

the two maximum deviations occur. The figure shown three identical 

but separate signal paths. The upper most pith processes the signal 

at full amplitude; the integral gain of the system is established 

here. ofThe center path processes the signal at two thirds 

maximum amplitude, and the lower most path processes the signal 

at one third of maximum amplitude. 

, XY2, XY3, Y1, Y2,Let the peak values of the variables XT'! 
and Y3 shown in Figure 6.3 be represented by XYMAX1, XYMAX2, XYMAX3, 

YMAX1, YMAX2, and YMAX3 respectively. The deviations of the nonlinear 

signal at the input to the frequency-dependent function are 

(6.32)Bn = I XYMAX1 - XYMAX2 

when the linear input is at two thirds of maximum amplitude, and 

1 
(6.33) 

n = 3 XYMAX1 - XYMAX3 

when the linear input is at one third of maximum amplitude. The 

deviations of the nonlinear signal at the output are 

(6.34)Bo = I3 YMAX1 - YMAX2 

when the linear input is at two thirds of maximum amplitude, and 
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1 
(6.35)C = ^ YMAX1 - YMAX3o 3 

when the linear input is at one third of maximum amplitude. These 

values of the variables B and C can then be substituted into 

Equation (6.31) to determine values for the intermediate variable. 

Q, with which the input signal magnitude can be determined from 

Equation (6.30). 

In the second step of this process, the magnitudes of the two 

the computermaximum deviations are found. The block diagram of 
6.4. Theprogram used to find these values is shown in Figure 

deviationupper signal path determines the magnitude of the maximum 

of the nonlinear signal at the input of the frequency-dependent 

function, and the lower signal path determines the magnitude of 

the maximum deviation of the nonlinear signal at the output. 

areThe magnitudes of the multiplying factors X^ and X^ 
I 

between zero and unity, and they each represent the fraction of 

an input signal to full scale. Their values are determined in 

the previous simulation. 

Let the peak values of the variables XYD, and YD shown in 

TheFigure 6.4 be represented by XYMAXD and YMAXD respectively. 

normalized nonlinearity of the signal at the input to the frequency-

dependent function is then 

X • XYMAX1 - XYMAXD 

NL 
n 

(6.36) 
n XYMAX1 

and the normalized nonlinearity of the signal at the output of 

the frequency-dependent function is 
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X • YMAX1 - YMAXD 
0 (6.37)NL 

0 YMAX1 

V. SIMULATION MEASUREMENTS OF NQNLINEARITY 
FOR THREE EXAMPLE WAVEFORMS 

In this section, the computer simulations used to determine 

the nonlinearity of three example waveforms before and after passing 

through a frequency-dependent function are given. The three sample 

waveforms are from a class of waveshapes common in nuclear spectros 

copy, and the frequency-dependent function used in these simulations 

was integration. The type of nonlinearities are second-order and 

third-order two-term polynomials. The nonlinearity simulation 

results are compared to those obtained from hand analyses. 

A block diagram illustrating one of theSe simulations is shown 

in Figure 6.5. The CSMP computer code for this simulation is 

given in Appendix V. The nonlinearity is sec^ond-order in this 
example; therefore, the maximum deviations 0+ the nonlinear input 

and nonlinear output signals both occur when the linear input signal 

is at half of its maximum value. 

The peak value of the nonlinear input waveform was 15.0000 when 

the linear input was at full magnitude, and the peak value of the 

nonlinear input waveform was 7.3500 when the linear input was at 

half of its maximum amplitude. From Equatiori (6.36) (page 109) 

the value of the normalized nonlinearity is 

(0.5)(15.0000) - (7.3500)
NL = 1.00%. (6.38) 

n 15.0000 
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The peak value of the nonlinear output waveform was 5.4271 

when the linear input was at full scale, and the peak value of 

the nonlinear output was 2.6811 when the linear input waveform 

was at half of its maximum amplitude. From Equation (6.37)(page 111) 

the value of the normalized nonlinearity is 

(0.5)(5.4271) - (2.6811)
NL = 0.5979%. (6.39) 

o 5.4271 

From Table 6.1 (page 104) and Equation (6.28)(page 103) the 

change in nonlinearity for this combination pf waveshape and 

frequency-dependent function is 0.5975. The analysis and simulation 

agree well. 

Simulation results for this and two other waveforms are com 

pared in Table 6.3 to hand-analyses for second-order non 1inearities. 

In all three cases, the simulation results and analyses agree well. 

The magnitude of the errors is generally within round-off error of 

the computer's output. Simulation results for the same three 

waveforms are compared in Table 6.4 to hand analyses for third-order 

nonlinearities. These simulations and analyses also agree well. 

VI. SPECTRAL DEPENDENCE OF 
COMPLEX NONLINEARITIES 

In this section, an analytical procedure is given for finding 

the change in nonlinearity of a pulse which passes through a frequency-

dependent function for non linearities which ire more complex than 

two-term polynomials. The change in nonlinearity of a complex 

nonlinear waveform which has a second-order term in its Taylor 
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I 

inseries expansion is estimated to be equal to the change 

nonlinearnonlinearity of a second-order two-term polynomial 

waveform as given by Equation (6.12)(page 97). The change in 

notthe nonlinearity of a complex nonlinear wave-^orm which does 

have a second-order term in its Taylor series expansion, but 

to thedoes have a third-order term, is estimated tb be equal 

nonchange in nonlinearity of a third-prder two-ferm polynomial 

Thelinear waveform as given by Equation (6.19)(page 99). 

computer simulationsaccuracy of these approximations is tested b^ 
nonlinearfor several values of nonlinearity and for three different 

functions. 

theThe three complex nonlinear functions evaluated are 

voltage-dependent functions for the common-emitter, bipolar 

The threedifferential, and JFET differential amplifier stages. 

functions for these amplifiers are derived iih CHAPTER III (pages 34-39) 

are:and in CHAPTER IV (pages 71-74), and these functions 

a) common-emitter 

V . = -I R 
out o”L 

b) bipolar differential 

1 
V tanh 
out = i 'o\ (&). 

c) JFET differential 

I 
I V 0
^dss n 

V 21 
out V dss '' p/ . 

p 



117 

The nonlinear function of the common-emitter amplifier has a second-

order term in its Taylor series expansion. The nonlinear functions 

of the bipolar differential and JFET differential stages do not 

have second-order terms, but do have third-order terms in their 

Taylor series expansions. 

The single waveshape used in this analysis is the representative 

waveform 

V(t) = V (6.40) 

and the frequency-dependent transfer function is an ideal integrator. 

The value of the variable A in Equation (6.12)(page 97) for this 

combination of waveshape and frequency-dependent transfer function 

is approximately 0.5876. The value of the variable B in Equation 

(6.19)(page 99) for this combination of waveshape and frequency-

dependent transfer function is approximately 0.4127. 

The nonlinearity of the waveform at the output of the system with 

the complex nonlinear function from the commdn-emitter amplifier was 

predicted from Equation (6.12)(page 97). Th# nonlinearity of the 

waveform at the output of the two systems with the complex nonlinear 

functions from the bipolar and JFET differential amplifiers was pre 

dicted from Equation (6.19) (page 99). The nonlinearities predicted 

from these hand analyses were compared to the values determined by 

IV of thisthe computer simulation procedures outlined •|n Section 

chapter (pages 103-111). 
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T 

The comparison between analysis and computer simulation is 

shown in Table 6.5. The magnitude of the nonlinearity at the input 

to the integrator was set at 1.0%, 3.2%, and 10.0% for each function. 

The nonlinearity of the waveforms at the outf^ut of the integrator 

were predicted from Equations (6.12) and (6.19) (pages 97, 99). 

These predicted values agree reasonably well with the computer 

simulations. The accuracy of the predictions is worse for larger 

values of nonlinearity. 



CHAPTER VII 

CLOSED-LOOP NONLINEARITY OF NEGATIVE 

FEEDBACK AMPLIFIERS WITH MEMORY 

I. INTRODUCTION 

The closed-loop nonlinearity of a feedback system at midband 

is approximately equal to the open-loop nonlinearity of the amplifier 

divided by the loop transmission plus one. However, when energy 

storage devices distort the waveshape of a nonperiodic signal, the 

value of the loop transmission is not defined and the closed-loop 

nonlinearity is not known. Two computer simulation models are 

presented in this chapter to determine the closed-loop nonlinearity 

of feedback systems with memory to nonperiodic signals, Both 

models are shown to be accurate for sample simulations but one of 

the two models uses computer time more efficiently. 

Computer simulations in this chapter are used to determine 

with integratingthe closed-loop nonlinearity of feedback amplifiers 
stages in the forward plant. The results of these simulations indi 

cate that the closed-loop nonlinearity of this type of feedback 

amplifier is inversely proportional to the g^in-bandwidth product 

of the loop transmission squared, and that for best linearity per 

formance the phase margin of the feedback amplifier should be 

greater than 45 degrees. The closed-loop nonlinearity of many 
I 

practical amplifiers, particularly operational amplifiers, can be 

approximated using the results of this analysis. 

120 
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II. COMPUTER SIMULATION MCDELS 

Nonlinearity is modeled in this chapter by a simple two-term 

polynomial, 

n 
(7.1)f(V) = a-, • V + a2 • V , 

where and a2 are constant coefficients and n is a positive 
In CHAPTER II of thisinteger power of V greater than unity, 

dissertation (page 19), the peak deviation with this type non-

linearity is shown to occur when the input voltage is 

1 

1-n 
V . = V n (7.2) 
nd nm 

where V is the peak value of the input voltage. The magnitude 
nm 

of the peak deviation is then 

1 

1-n 
n (7.3)Del max = a~,\l 

c nm nn |n-1
\ ( 

the two-termHandling non 1inearities that are more complex than 

polynomial are discussed at the end of this section. 

First Computer Model 

Two models for simulating the nonlinearity of feedback systems 

are presented in this chapter. This first model is shown in Figure 

functions7.1. The rectangular blocks , G2, and H are linear 
I 

Thewhich may or may not have frequency dependent elements. 

block.memoryless nonlinearity is contained in the nonrectangular 
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Although the feedback generates higher-brder nonlinear terms, 

the accuracy of this model relies on the deviation of the output 

being near its maximum value when the input yoltage has a magnitude 

given by Equation (7.2). The ideal magnitude of the output, V^j, 
for this signal level is determined by the upper feedback loop 

in Figure 7.1, and the actual magnitude of tl^e output, \/_, is 
n 

determined by the lower feedback loop. The difference in these 

two signals. 

Del(t) = V. (t) - V (t). (7.4)1 n 

gives an approximation of the maximum deviation of the output from 

the integral gain curve. 

The magnitude of the closed~loop nonlinearity of a system is 

often in the order of parts per million. For this reason, the 

accuracy and resolution of a computer simulation using this first 

model often must be relatively high to simulate accurately the 

nonlinearity. 

Second Computer Model 

A block diagram of the second simulation procedure is shown 

in Figure 7.2. This procedure uses an approximation that has been 

used by Billan to predict the harmonic distortion of Sallen and Key 

type filters C343. The upper feedback loop shown in Figure 7.2 

simulates the linear portion of the signal, and the lower feedback 

loop simulates the first order portion of the nonlinear signal 

generated from the linear waveform. The maximum deviation is then 

approximated as the fraction given in Equation (7.3), 
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1 

n-1 1-n (n-1)
Delmax = • n • B • V (7.5) 

n nm 

of the nonlinear signal. With this approximation, the fundamental 
nonlinearity is fed back, but no cross distortion terms are con-

side red. The accuracy of this approximation requires that the 

inequality 

A • V » B • V" (7.6) 

holds true. 

This second procedure uses computer time more efficiently 

than the first model. Since this approximation does not depend on 

small differences between two signals to determine the nonlinearity. 

the high resolution and accuracy of computation that the previous 

model requires are not needed. 

In addition, when several nonlinear sources are included in 

a single feedback system, the individual contribution from each 

of the nonlinearities can be found with the Second model by using

f 
a single feedback loop to simulate the lineaif portion of the signal. 

plus one feedback loop for each nonlinearity. Therefore, the contri 

butions from N independent nonlinearities car^ be evaluated with 

only N+1 feedback loop simulations. The firit model requires 

two feedback loop simulations per nonlinearity, regardless of the 

number of nonlinearities present in the system. Evaluating the 

individual contributions from N nonlinearities using the first 

model requires 2N feedback loop simulations. 
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The second procedure can, therefore, sa\}e computer time by 

requiring fewer simulations for a given nonlinear system, and 

by requiring less resolution per simulation. 

Since the feedback systems shown in Figure 7.2 are linear, the 

output nonlinearity from this second model can be determined with 

Laplace transform techniques. The open-loop nonlinear operation 

is evaluated by taking the inverse transform of V before raising 

th 
this voltage to the n power, and then taking the Laplace transform 

of the resulting nonlinear function of time. Unfortunately, the 

waveforms generated are usually complex, and the process becomes 

tedious. 

Results from an Example Simulation 

The results from several computer simulations indicate that 

the first procedure for finding the closed-loop nonlinearity of 

a feedback system is much more accurate than the second procedure. 

The results from a typical simulation are given here to illustrate 

this point. 

The example nonlinear system is shown i Figure 7.3. Since 

the nonlinearity is second order, the peak deviation using the 

first procedure is estimated to occur when the input is at half 

of its maximum value. Since the nonlinearity is second order, 

the value of the maximum deviation calculated from Equation (7.5) 

is 0.25 B*V and the magnitude of the peak deviation using the 
nm 

second procedure is estimated to be one quarlier of the magnitude 

of the nonlinear waveform. The input waveform used in these example 

simulations is one that is common in nuclear spectroscopy and is 

described by 
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V. (t) = 2.718 te"^ (7.7) 
in 

The constant, 2.718, normalizes the pulse to a peak value of unity. 

The nonlinearity outputs from the compu1[er simulations using 
j 

the two procedures are sketched as functions of time in Figure 7.4. 

simulation,The solid line is the output from the first-p^rocedure 

and the dashed line is the output from the second-procedure 
I 

simulation. 

occursThe first procedure has error when the njiaximum deviation 

with an input whose value is other than the one predicted by Equation 

(7.2)(page 121). The magnitude of this error was found by comparing 

the true maximum deviation of the system to the deviations pre 

dicted by the first procedure. These true maximum deviations were 
i 
! 

found by finding the deviations of the systeiti for different values 

of input using repeated simulations. The error at any instant of 

time was less than 1.0% of the peak value of the nonlinearity for 

this example run. The measurement of this eifror is complicated 

since the maximum deviations at different points of the waveform 

occur at different values of input voltage. 

The error produced by the second model Exceeded 14% of the 

peak magnitude of the nonlinearity. This nuriber seems large con-

sidering that the peak value of the open-loop nonlinearity is 

only 1.19%. 

The second model contains two major sources or error. First, 

the voltage waveform, V, in Figure 7.2 is altered by removing the 

nonlinear term from the feedback loop. Secorjd, the frequency of 
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oscillation in the nonlinearity is too low because the linear gain, 

A, is always less than the integral gain of this nonlinear system. 

Modifications to the second model are given in the next section to 

reduce the magnitude of these errors. 

Modified Second Procedure 

Two modifications of the second procedure are shown in the 

block diagram in Figure 7.5. The first modification is the inclusion 

of the nonlinear term in the upper feedback loop. This modification 

provides a more accurate simulation of the variable labeled V in 

the block diagram. The second modification is the calculation of 

the integral gain of the feedback system for the lower feedback 

1 oop. This gain must be calculated from variables in the upper 

feedback loop. Neither of these two modifications seriously reduces 

the efficiency of this computer simulation procedure. 

This modified second procedure was used to determine the 

nonlinearity of the example nonlinear system given in the previous 

section. The predicted value of nonlinearity at any instant of 

time was within 1% of the actual value of nonlinearity of the system. 

This value of error is significantly less than the 14% error obtained 

with the unmodified second procedure. However, this modified second 

procedure was not quite as accurate as the first procedure, The 

magnitude of the error of the modified second procedure is typically 

25% larger than the error from the first procedure. 

Handling Nonlinearities that are 
More Complex than Two-Term Polynomials 

More complex nonlinearities than two-term polynomials may be 

used with the first procedure given in this chapter. However, 
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some criteria is needed to estimate the value of the input 

variable at which the maximum deviation occurs. As a simple 

example, consider the nonlinear function described by 

3
f(V) = + V + • • (7.8)a

3a«| • V + a2 • • 

where the number of terms of the polynomial is large. The input 

for which the maximum deviation occurs can be estimated by using 

the first two terms of the polynomial. For example, if the 

at whichcoefficient 82 is zero, then the magnitude of the input 

the maximum deviation occurs could be estimated to be that of a 

third-order two-term polynomial, which is 57.7% of the maximum 

input. In the absence of any other criteria!, half of full scale 

is usually an adequate estimate for the input at which the maximum 

deviation occurs. 

More complex nonlinearities may also be used with the second 

procedure given in this paper if the maximum deviation of the 

system can be estimated from the nonlinear components of the output. 

Generally, this estimation requires an estimate for the magnitude 

of the input variable for which the maximum deviation occurs. For 

example, given the polynomial described by Equation (7.8) above. 

the deviation at midscale could be assumed nfear the maximum value. 

At midscale, the deviation of the polynomial is given by 

1 
Del = f a, • V 2+1 V V. 7 V ^ • (7.9) 

4 c. nm ^3 • nm ^ 16 • nm1 8 

A block diagram showing the modified second procedure using this 
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nonlinearity is shown in Figure 7.6. The coefficients of the 

are weightednonlinear terms inserted into the lower feedtjack loop 
j 

to give the peak deviation at the output of that system. 

III. SIMULATIONS OF CLOSED-LOOP NONLINEARITY 
WITH AN INTEGRATOR IN THE FORWARD PLANT 

Nonlinearity Located before Integration 

feedbackSimulation results are given in this section for a 

system with a single frequency-dependent elenjient, and integrating 

stage in the forward plant of the system. Many practical amplifiers, 

particularly operational amplifiers, can be Approximated with this 

model. A common pulse shape was used in the simulations. 

The model given in Figure 7.2 was used for the simulations. 

This model was chosen because it efficiently uses computer time. 

and because the magnitude of the nonlinearity varies linearly 

with signal amplitude, This means that the model in Figure 7.2 

gives a first-order, or small-signal, analysis of the nonlinearity. 

To obtain small-signal results with the model given in Figure 7.1, 

and thethe signal amplitude would have to be kept v^ry small, 

resolution of the simulation very high. 

Simulations were obtained first for nonlinear functions 

occurring before the integrating stage. For these simulations. 

the elements of the model in Figure 7.2 are described by 

B = G<, = H = 1, (a) 

1 
(b) (7.10)and G2 = g. 
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Second-order and third-order nonlinearities vfere simulated 

individually such that n had values of 2 and 3 for separate 

simulations. The value of the linear gain. A, was varied from 

2 to 1,000 in nearly logarithmic steps. The input waveform 

was given by 

V. (t) = 2.718 te"'*^. (7.11) 
in 

A sample output is shown in Figure 7.7. In this particular 

run, n has a value of 2, and A has a value of 20. The CSMP computer 

program for this simulation is listed in Appqndix V. The output 

waveform, VL, has a peak value of 0.99855 at 1.05 seconds. At 
I 

that instant of time, the nonlinear waveform, VN, has a value of 

9.01 X 10"^. 

Results from this and the other runs ard tabulated in Table 7.1. 

The closed-loop nonlinearity strongly depend^ on the magnitude of 
! 

the linear gain. A, for both the second-ordeH and third-order 

nonlinearities. The second-order nonlinearity is inversely propor 

tional to the linear gain raised approximately to the fifth power, 
! 

to theand the third-order nonlinearity is inversely proportional 

linear gain raised approximately to the seventh power. This reduction 

I 

of nonlinearity is due to the reduced signal magnitude before the 
I 

integrating stage, and due to the increased loop transmission of 
j 

the amplifier. 

Nonlinearity Located after the Integrator 

The nonlinear system was next simulated with the nonlinear 

functions occurring after the integrating stage. The elements of 
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Figure 7.7. Sample output of a nonlinearity simulation run with the 

nonlinearity located before the integrating stage in a 
feedback amplifier. 
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Table 7.1. Comparison of nonlinearities of several systems 
with integrating stages in the forward plant for 
several values of linear gain, Nonlinear functions 

were located before the integrating stage and 
were second-order and third-order two-term 
polynomial non 1inearities. 

Linear Second-order Third-order 
gain nonl inearity nonlinearity 

2 2.43 X 10‘^ 8.52 X 10 
-3 

-3 -45 1.23 X 10 1.99 X 10 

10 3.76 X 10"^ 1.88 X 10”*^ 

20 9.01 X 10"^ 8.34 X 10 
-9 

-9 -1250 7.11 X 10 9.52 X 10 

-10 -14100 2.15 X 10 5.78 X 10 

-12 -16200 5.89 X 10 4.14 X 10 

-14 -18500 7.29 X 10 -2.19 X 10 

-15 -211000 2.19 X 10 6.63 X 10 
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the model in Figure 7.2 are described by 

A = G2 = H = 1, (a) 

B = 0.05, (b) 

_ K
and G (c) (7.12)1 ■ S ’ 

where the value of the variable K was varied from 2 to 1,000 in 

nearly logarithmic steps. As in the previous simulations, the 

variable n took on the values of 2 and 3 for separate simulations 

of second-order and third-order nonlinearities. With this arrange 

ment, the magnitude of the voltage at the nonlinear function did 

not vary with the values of loop gain. The input waveform used 

for the simulation is described by Equation (7.11). 

The results of these simulations are given in Table 7.2. 

The closed-loop nonlinearity varied inversely with the square of 

the loop transmission for both the third-order and the second-order 

nonlinearities. 

IV. INTRODUCTION OF A SECOND 

FREQUENCY-DEPENDENT ELEMENT 

Many electronic amplifiers have more than one significant 

frequency-dependent elements. To approximate this situation, a 

second high-frequency pole was added to the forward plant of the 

nonlinear feedback systems given in the preceding section, The 

nonlinearity as a function of the phase margin of the Bode plot 

of the system was found for several values of loop gain, The 

results from these simulations may be used to estimate the 
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Table 7.2. Comparison of nonlinearities of several systems 
with integrating stages ih the forward plant for 
several values of linear gain. Nonlinear functions 
were located after the integrating stage and 
were second-order and third-order two-term 
polynomial nonlinearitiesL 

Linear Second-order Third-order 
gain nonlinearity nonlinearity 

2 8.84 X 10”^ 1.04 X 10"^ 
i 

5 3.49 X 
-3

10 5.37 X 
-3

10 

10 9.22 X 
-4

10 1.51 X 10"^ 

20 1.60 X 
-4

10 3.49 X 
-4

10 

50 4.15 X 10”^ 6.21 X 10"^ 
I 

100 1.03 X 10"^ 1.55 X 10"^ 
I 

200 2.30 X 
-6

10 3.45 X 10"^ 
I 

500 4.06 X 
-7

10 6.11 X 
-7

10 

1000 1.08 X 10"^ 1.56 X 
-7

10 
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nonlinearity of feedback systems with more cbmplex frequency-

dependent elements, but with the same combination of loop gain and 

phase margin. 

Only second-order nonlinearities were ubed in the models 
i 

because of the large number of simulations tljiat were required. 

Nonlinearity Located before the 
Frequency-Dependent Elements 

The results from several computer simulations of feedback 

systems with a nonlinear function before the frequency-dependent 

elements are given in this section, The system model is described 

by identifying the symbols in Figure 7.2 as 

B = G-, = H = 1, (a) 

1 1 

*^2 " S ' PS + 1 ’ (b) 

and n = 2, (c) (7.13) 

where the magnitude of the variable P was adjusted to obtain 

certain phase margins for each value of linear gain, A. The 

variable A was assigned several values betweeh 10 and 1,000. 

A sample computer output is shown in Figure 7.8. In this 

particular run, the variable A had a value of 20, and the variable 

P had a value of 0.2 which corresponds to a phase margin of 28 

degrees, The CSMP computer program for this simulation is listed 
i 

in Appendix V. This is the same system that Mas used for the 

previous sample output given in Figure 7.7 (page 136) except for 

the additional high-frequency pole. The linebr waveform, VL, in 
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Figure 7.8. Sample output of a nonlinearity simulation run for a 

feedback amplifier which has a phase margin of only 
28 degrees. This output shoiis considerable ringing 
compared to the sample output shown in Figure 7.7 
(page 136). 
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Figure 7.8 has a peak value of 1.02 at 1.11 Seconds. At that instant 

I -4 
of time, the nonlinear waveform, VNI, has a value of 1.73 X 10 . 

A comparison between Figures 7.7 (page 136) and 7.8 shows that 
I 

as athe additional high-frequency pole causes thp nonlinearity 

function of time to have considerable ringing. The magnitude of 

the nonlinearity is generally larger with thb additional high-
! 

frequency pole. At the instants of time that the linear outputs 

peak, the nonlinearity in Figure 7.8 is apprbximately 200 times 

larger than the nonlinearity in Figure 7.7 (page 136). 

Nonlinearities for many combinations of linear gain. A, and 

phase margin are given in Table 7.3. Since p phase margin of 90 

degrees corresponds to a single integrating eflement in the forward 
I 

j 
in the table.plant, this is the initial value of phase mapgin given 

I 
I 

For every value of gain. A, the nonlinearity initially decreases 

slowly with decreasing phase margin. Below Some critical phase 

margin, the magnitude of the nonlinearity increases rapidly. 

This effect is illustrated in Figure 7.9 which is a graph of 

the nonlinearity as a function of phase margin for a linear gain, 
j 

A, of 20. marginThe initial value of the nonl ineaj'ity (at a phase 

of 90 degrees) is 9.01 X 10 The magnitude of the nonlinearity 

remains below this value until the phase margin drops below its 

first critical value, PM1, of 48 degrees. Ab the phase margin 

decreases just 4 additional degrees, the magnitude of the nonlinearity 

rapidly increases a factor of five times the initial value of 

-6
nonlinearity, and reaches a value of 5.14 X 10 . The nonlinearity 

reverses polarity past this point and drops to large negative values. 
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Table 7.3. Closed-loop nonlinearity of example nonlinear feedback systems with the nonlinearity preceding 
the frequency-dependent elements. 

Value of linear gain 
Phase margin 
(degrees) 

10 20 50 100 200 500 1000 

-7 -9 -10 -14 -15
90.0 3.76 X 10*^ 9.01 X 10 7.44 X 10 2.15 X 10 5.89 X 10

,-12 
7.29 X 10 2.19 X 10 

-5 -7 -9 -10 -12 -14
78.9 2.04 X 10 4.33 X 10 5.68 X 10 1.31 X 10 4.04 X 10 4.53 X 10 * 

-6 -7 -9 -11 -12 -14 -15 
69.5 4.89 X 10 1.31 X 10 3.05 X 10 5.64 X 10 1.80 X 10 1.60 X 10 1.10 X 10 

-5 -7 -10 -11 -12 -14 -16 
59.0 1.20 X 10 -1.60 X 10 -2.00 X 10 -3.67 X 10 -1.04 X 10 -1.21 X 10 -1.25 X 10 

-5 
★ * ★ * *56.3 3.86 X 10 

-5 
* * * * * *54.0 7.97 X 10 

-4 r7 -9 -10 -12 -14 -16 
51.8 1.30 X 10 -3.95 X 10 -2.58 X 10 -1.08 X 10 -3.24 X 10 -3.34 X 10 -7.24 X 10 

-4 ,-8 -9 -10 
*49.9 1.74 X 10 -6.92 X 10 -3.18 X 10 -1.29 X 10 

-4 -7 -9 -10
48.2 1.94 X 10 8.33 X 10 -3.69 X 10 -1.46 X 10 * * 

-4 -9 -10
* *46.6 1.74 X 10 2.34 X lO"* -4.11 X 10 -1.62 X 10 

-4 -10 -12 -14 ,-15
45.2 1.03 X 10 4.06 X 10"* -4.45 X lO"’ -1.75 X 10 -5.20 X 10 -5.75 X 10 -1.29 X 10 

-4 -9 -10 
* ★43.9 -2.95 X 10 5.14 X lO"* -4.71 X 10 -1.86 X 10 

,-6 -10 
★ *42.7 -1.83 X 10'^ 4.45 X 10 -4.82 X 10"’ -1.94 X 10 

-3 -7 -9 -10
41.6 -2.36 X 10 9.15 X 10 -4.59 X 10 -2.00 X 10 ★ 

-3 -6 -9 -10 
*40.5 -2.48 X 10 -6.19 X 10 -3.95 X 10 -2.03 X 10 

,-3 -5 -10 
* ★39.6 -2.42 X 10 -1.70 X 10 -6.85 X 10*’ -2.04 X 10 

-3 -5 -10 -12 -14 -15
38.7 -2.37 X 10 -3.79 X 10 -8.49 X 10*’ -2.02 X 10 -6.09 X 10 -6.86 X 10 -1.63 X 10 

-17
35.6 * * * -5.36 X 10 * * 

-12 -14 -16
* * * *33.2 -3.50 X 10 -4.12 X 10 8.64 X 10 

-3 -6 -10 -12 -14 -16
28.0 1.58 X 10 1.97 X 10*^ -1.23 X 10 5.84 X 10 8.59 X 10 7.66 X 10 9.19 X 10 

-12 -14
23.8 * 2.17 X 10 1.21 X 10 

* Not determined 
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Figure 7.9. Closed-loop nonlinearity as a ^function of phase margin 
for example feedback systems with the nonlinear function 
located before the frequency-dbpendent elements. 
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A second critical phase margin, PM2, is iden-jiified at 41 degrees 
I 

where the value of the nonlinearity drops bejlow -5.14 X 10 

valueCritical values of phase margin were fo^nd for every 
I 

of linear gain. A, given in Table 7.3. These critical phase margins 

are sketched as a function of the linear gairi in Figure 7.10 (dashed 

1ine). From the limited data given in this figure, the critical 

phase margin appears to approach a constant value of 27 degrees 

as the magnitude of the linear gain gets lar^e. 

Nonlinearity Located after the 
Frequency-Dependent Elements 

The results of simulations are given in this section for 

systems with nonlinear functions located aft^r the frequency-dependent 

elements. For these simulations, the symbol? in Figure 7.2 are 

described by 

A = 62 = H = 1, (a) 

1 1 

*^1 ” S * PS + 1 ’ (b) 

B = 0.05, (c) 

and n = 2, (d) (7.14) 

where the linear gain, K, was given several \/alues between 10 and 

1,000. The value of the variable P was adjusted to vary the phase 

margin of the system at each value of K. The input waveform for all 

the simulations is described by Equation (7.11) again. 
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Nonlinearities obtained for several combinations of gain, K, 

and phase margin are listed in Table 7.4. As with the previous set 

of simulation results, the magnitude of the nonlinearity initially 

decreases with decreasing phase margin, regardless of the value of 

the variable K. Below a certain value of phase margin, the magnitude 

of the nonlinearity increases rapidly. This point is illustrated in 

Figure 7.11 with the nonlinearity plotted as a function of the phase 

margin for the system with the linear gain set at 20. The critical 

value of phase margin for this particular system is approximately 

42 degrees. 

The critical phase margins, found from the data in Table 7.4, 

were plotted as a function of the linear gain in Figure 7.10 (solid 

1ine). The critical phase margin appears to approach a constant 

value of 40 degrees for increasing values of linear gain. 

V. A PRACTICAL CONSIDERATION FOR 

MEASURING NONLINEARITY 

Since the nonlinearity of pulse amplifiers is a function of time. 

there is a practical consideration to take into account when measuring 

or quantifing the magnitude of the nonlinearity of an amplifier. 

Depending on the type of peak detector, the magnitude of the pulse 

height might be determined slightly before or after the actual peak 

ofof pulse. This type of error can greatly affect the magnitude 

the nonlinearity of an amplifier, and the nonlinearity of a specific 

pulse amplifier can vary significantly from one spectroscopy system 

another. Therefore, nonlinearity of pulse amplifiers shouldto be 
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Table 7.4. Closed-loop nonlinearity of example 
the frequency-dependentelements. 

nonlinear feedback systems with the nonlinearity following 

Value of linear gain 
Phase margin 
(degrees) 

10 20 50 100 200 500 1000 

90.0 9.22 X 10"^ 1.60 X 10"^ 3.63 X 
-5

10 1.03 X 10'® 2.30 X 10** 4.06 X 10*^ 1.08 X 10*'' 
78.9 9.34 X 10"^ 1.91 X 10*^ 3.37 X 10** 8.20 X 10"* 2.04 X 10** 3.46 X 

-7
10 

69.5 6.17 X 10*^ 1.26 X 10*'^ 2.48 X 10** 6.07 X 10** 1.52 X 10** 2.03 X 
-7

10 7.26 X 
-8

10 

59.0 3.25 X lO*'* 9.10 X 
-5

10 1.14 X 10** 2.89 X 10** 7.45 X 
-7

10 3.35 X 
-8

10 2.42 X 10*® 

51.8 -2.83 X 10** -7.18 X 10** -2.14 X 10** -2.94 X 
-7

10 -1.86 X 
-8

10 1.49 X 
-8

10 2.24 X 
-8

10 

49.9 -1.69 X 
-4

10 -3.41 X 10*® -6.60 X 10** -7.19 X 
-7

10 * 

48.2 -5.07 X 
-4

10 -5.36 X 10*® -1.11 X 10*® -1.78 X 10** * ★ ■* 

46.6 -1.08 X 
-3

10 -6.68 X 10*® -1.56 X 10*® -2.85 X 10** * * * 

45.2 -1.92 X 
-3

10 -8.14 X 
-5

10 -2.01 X 10*® -3.89 X 10** -1.04 X 10** -1.64 X 
-7

10 -1.49 X 
-7

10 

43.9 -3.80 X 
-3

10 -1.12 X 
-4

10 -2.45 X 10*® -4.96 X 10** * ★ 

42.7 -6.00 X 
-3

10 -1.74 X 10*‘ -2.91 X 10*® -6.09 X 10** * * 

41.6 -4.26 X 
-3

10 -2.83 X 10*^ -3.35 X 
-5

10 -7.22 X 10** * ★ * 

40.5 -3.47 X 
-3

10 -4.47 X 10*^ -3.80 X 
-5

10 -8.33 X 10** * * * 

39.6 -2.01 X 
-3

10 -6.63 X 
-4

10 -4.25 X 10“® -9.36 X 10** * ★ * 

38.7 -1.34 X 10"® -9.40 X 10*^ -4.70 X 10*® -1.04 X 
-5

10 r2.59 X 10** -4.14 X 
-7

10 -1.14 X 
-7

10 

35.6 ★ * * * -3.61 X 10** * * 

33.2 * * * * 44.65 X 10** -7.34 X 
-7

10 -1.97 X 
-7

10 

28.0 1.13 X 
-2

10 4.69 X 
-3

10 3.63 X 
-5

10 -3.15 X 10*® -7.74 X 10** -1.21 X 10** -2.98 X 
-7

10 

23.8 ★ * * * * -3.53 X 10** -4.69 X 
-7

10 

* Not determined 
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for example feedback systems with the nonlinear 
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specified as the maximum value within a specified neighborhood of 

the peak of the pulse. 



CHAPTER VIII 

SUMMARY 

I. OVERALL RESULTS 

Methods were developed in this study to help a designer 

determine the integral nonlinearity of a given instrument. 

Analytical techniques were investigated for determining the 

integral nonlinearity of frequency-independent nonlinear functions, 

and computer simulation techniques were developed for determining 

the integral nonlinearity of frequency-dependent nonlinear systems. 

Useful tables of formulas and some design guidelines are generated 

from the development of these methods. 

II. SUBRESULTS 

Direct-Procedure Calculations of 

Frequency-Independent Nonlinearities 

A procedure for determining the integral nonlinearity of a 

procedure,function at low frequencies was developed, losing this 
the integral nonlinearities of six single-stage bipolar transistor 

amplifier configurations due to the exponential characteristic of 

were determined.the base-emitter junction of the bipolar trarjsistor 
Since this source of nonlinearity is important in bipolar transistor 

amplifiers, the results of the analysis are listed in tables for 

ready reference. Also, the integral nonlinearity of four single-

stage JFET amplifier configurations due to the square-law characteristic 

151 
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of the device in the saturated region were determined using the 

same procedure. Since this is an important source of nonlinearity 

in JFET amplifiers, these results were also listed in tables for 

ready reference. 

Laboratory measurements given in this study indicate that 

the nonlinearity expressions in the two tables are accurate. 

Nonlinearity measurements for bipolar transistor amplifiers were 

typically within 5% of the predicted values, and nonlinearity 

measurements for JFET amplifiers were typically within 10% of the 

predicted values. 

This procedure for evaluting the nonlinearity of a function 

proved to be cumbersome for all but the most simple functions. 

The nonlinearity expressions that were generated were usually 

complex and not easy to evaluate. For example, the expressions 

generated for the JFET differential amplifier configuration were 

so complex that the author deemed them useless. Therefore, for 

most nonlinear functions, this direct approach of evaluating 

integral nonlinearity is not recommended unless the utmost accuracy 

is needed, or unless the approximation techniques given in this 

study do not work. 

Two-Term Polynomial Approximations 
of Non 1inearities 

The nonlinearities of some polynomial functions were evaluated 

in this study. The two-term polynomials seeijfi to provide the most 
insight into the evaluation of the nonlinearities. For example, 

the point of maximum deviation for the second-order two-term 
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polynomial is at half of full scale. Therefbre, functions which 

have a significant second-order term in their Taylor series expansions 

should have peak deviations at approximately half of full scale. 

Amplifier configurations which have nonlinear functions of this 

type are common-emitter, common-source, emitter-follower, and 

source-follower amplifiers. The third-order two-term polynomial 

has a peak deviation at 57.7% of full scale. Therefore, nonlinear 

functions which do not have significant second-order terms in 

their Taylor series expansions, but do have significant third-

order terms, should have peak deviations at approximately 57.7% 

of full scale. Amplifier configurations which have nonlinear functions 

in this category are balanced differential and complementary output 

amplifiers. These two approximate locations of maximum deviation 

have been used in computer models for simulating the closed-loop 

nonlinearity of feedback systems, and are usdd in midpoint approxi 

mations of the nonlinearity of functions. 

Expressions for the point of maximum deviation, integral gain, 

and integral nonlinearity are summarized in tables for the second-

order and third-order two-term polynomials. The nonlinear functions 

of most single-stage amplifier configurations can be approximated 

by one of these two polynomials. The expressions are simple and 

can provide quick evaluation of the nonlinearity of a given amplifier 

configuration as long as the nonlinearity is less than approximately 

the non-1%. Also, these simple expressions allow corrjparison of 

linearities of similar type amplifiers. 
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Two-term polynomial expansions were derived for the eleven 

single-stage amplifier configurations that were evaluated in this 

study. The polynomials and nonlinearity parameters of the amplifier 

configurations are listed in tables for easy reference. 

Midpoint Approximation of Nonlinearities 

The midpoint approximation assumes that the maximum deviation 

of a function from its integral gain curve occurs near midscale. 

Using this approximation, nonlinearity expressions for two bipolar 
i 

transistor amplifier configurations were derived from their non-

linear functions. For these two amplifier configurations, these 

nonlinearity expressions were much less complex than those developed 

from the exact analysis, but were more complex than the nonlinearity 

expressions developed from the two-term polynomial approximations. 

The expressions from the midpoint approximation could be evaluated 

quickly with a hand-held calculator. The midpoint approximation 

was accurate for values of nonlinearity as large 50% where the two-

term polynomial approximation was accurate for values of nonlinearity 

only as large as 1%. The midpoint approximation appears to offer 

the best trade off between accuracy and ease of use for calculating 

integral nonlinearities. 

Significance of Integral Gain in 
Feedback Systems 

Analysis in CHAPTER II showed that loop [transmission of a 

feedback amplifier should be calculated from the integral gain of 

that amplifier when evaluating the closed-loop nonlinearity at 

midband. In addition, some laboratory measurements have indicated 
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that loop transmissions of feedback amplifiers calculated from 

the integral gain of the amplifier predict closed-loop rise times 

and closed-loop output impedances more accurately than loop trans 

missions calculated from small-signal gains, Therefore, the 

integral gain expressions given in the tabled of nonlinearity 

valuable forparameters of the single-stage amplifiers may prove 

evaluating the performance of negative feedback amplifiers. 

Comparison of Similar-Type Amplifier 
Configurations 

Similar-type amplifier configurations were compared in 

CHAPTER V. The criteria for this comparison is most useful for 

comparing the nonlinearity of output stages cjf multistage amplifiers. 

For the most common output stage configurations, the bipolar comple-
i 
I 

mentary amplifier configuration is much more linear than either 

the emitter-follower or the source-follower Amplifier configurations. 

Spectral Dependence of Nonlinear Waveforms 

The integral nonlinearity of a waveform changes when the wave 

form goes through a frequency-dependent transfer function, A hand 

analysis procedure for estimating this change in nonlinearity was 

developed in CHAPTER VI, and a computer simulation procedure for 

measuring the change in nonlinearity was given also. The computer 

simulation procedure is much easier to use than the hand analysis 

procedure. However, the hand analysis provides an empirical feel 

for the mechanism involved in the spectral dependence. 

With the example combinations of waveforms and frequency-

dependent transfer function, the change in noplinearity of the 
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example waveforms seemed moderate (about a factor of 2) for 

seemingly great distortions of waveshape (pure integration). 

Integral Nonlinearity of Negative Feedback 
Systems with Memory 

for deterThree computer models were introduced ifp this study 

mining the closed-loop nonlinearity of negative feedback systems 

with memory. These models give the nonlinearity of the feedback 

systems as a function of time. Using one of these computer models, 

a large number of computer simulations were run to determine the 

nonlinearity characteristics of certain types of feedback systems 

to a pulse shape that is common in nuclear siiectroscopy. The results 

of these simulations indicate that the closed-loop nonlinearity of 

ope rational-type feedback amplifiers is inversely proportional to 

the square of the gain-bandwidth product of fhe loop transmission. 

Further simulations revealed that for best linearity performance 

that the phase margin of the closed-loop amplifier should be greater 

than approximately 45 degrees. 

linearityThe minimum value of acceptable phase margin for good 
performance of a given system can be particularly important. For 

phase margins down to a certain level, the closed-loop nonlinearity 

of the example systems remained at relatively low levels. Once 

the phase margin dropped below a critical value, the closed-loop 

nonlinearity of the amplifier increased rapidly. The significance 

of this result is that the linearity performance of a physical 

amplifier over a given temperature range may depend on the phase 

margin of the system remaining above the critical value. 
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The time dependence of the nonlinearity of feedback amplifiers 

has significance for physical systems, The nonlinearity of a wave-

form at the output of a feedback amplifier can vary greatly in the 

neighborhood of the peak. Some spectroscopy systems may determine 

the amplitude of a pulse slightly before or slightly after the actual 

peak, and the nonlinearity of a particular amplifier may differ from 
i 

one spectroscopy system to another. Therefore, the linearity per 

formance of pulse amplifiers should be specified for a given 

neighborhood of the pulse peak. 

III. AREAS FOR FURTHER RESEARCH 

Only a few sources of nonlinearity in solid-stage amplifiers 

were investigated in this dissertation. However, these sources of 

nonlinearity were investigated in great detail such that the methods 

involved could be carefully examined and compared. The next logical 

step in the investigation would be to evaluate many sources of 

nonlinearity in solid-state amplifiers in little detail, perhaps 

using the two-term polynomial approximations. 

Another area for future investigation is the case where the 

derivative of the nonlinear function is neither monotonically 

increasing nor monotonically decreasing, In such a case, the 

deviation may have more than one local maximum/minimum. An example 

is given in Appendix IV of a deviation which can have more than 

one local maximum/minimum. 
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APPENDIX I 

DERIVATION OF THE LOW-FREQUENCY TRANSFER FUNCTIONS OF 

BIPOLAR COMPLEMENTARY AND DIFFERENTIAL AMPLIFIERS 

The following two low-frequency derivations use the simplified 

Ebers-Moll model of the bipolar transistor described by Equations (3.3) 

and (3.4) (page 34). The model of the bipolar complementary amplifier 

is shown in Figure 3.1 (page 37). The initial bias current leaving 

of transistorthe emitter of transistor Q-j and entering th? emitter 

Q2 in Figure 2 is given by 

qV^ qV2 
kT kT 

(A1.1)^oe " 's1 ^ = 's2 ® 

of the two tran-where I.^si and 1^2 are the pseudo-saturation currents 

sistors, and and V2 are the initial base-l^o-emitter voltages, The 

bias network of the complementary stage maintains the sum of the two 

For a given outputbase-to-emitter voltages at a constant (V-j + V2). 

voltage, the output current is given by 

q(V,1 + AVg^) q(V2 - AVgg)
V 

kT kTj _ out _ (A1.2)
out = 'si ^ - ^s2 ® 

or 

qAV qAVBE BE
V 

kT kTout _ j e - e (A1.3) 
oe 
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This equation can be simplified to the following form^ 

V qAV 
out BE 

= 21 sinh (A1.4) 
oe kT 

The variation in base-to-emitter voltage as a function of output 

voltage can be obtained from Equation (A1.4) and is 

kT -l/^ut
AV sinh (A1.5) 

BE q 21 R, r
K oe L/ 

The model of the bipolar differential amplifier is shown in 

Figure 3.2 (page 43). The sum of the two emitter currents, I«| and 

the emittersI2, is equal to the bias current, I^. The voltage at 
of the two transistors is V . The emitter current of the transistor 

X 

Q- i s
1 

q(V - V ) qVx qVnn X 

kT kT kT 
= I e e (A1.6)'1 s = 's^ 

and the emitter current of the transistor Q2 is 

-qV 
X 

kT 
(A1.7)'2 = 's ^ 

a function ofThe variable may be eliminated by rewriting I-j as 

or'2> 

-qV 
n 

kT 
(A1.8)1^=126 
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Since the sum of the two emitter currents is equal to the bias 

current, 

qV 
n 

kT 
(A1.9)'o = ^1 " ^2 = ^2 ^ 

of the variablethe emitter current, I2, can be given as a function 

input voltage, and constant bias current by rearranging EquationV
n’ 

(A1.9) to 

I 
0 

(A1.10)^2 = qV.\ ' 
n 

kT
1 + e 

The emitter current in transistor Q is then
1 

qv 
n 

kT 

(A1.11)^1 = ' 
e 

qV 
n 

kT
1 + e ) 

The output current of the transistor Q is the increase in the
1 

collector current over the quiescent level 

_ "outl . 1 o O-J 
(A1.12)^outl 

= CC

1 

and the output current of the transistor Q2 is 
qV 

n 

kT 
out2 1 d 0 c - 1/ 

(A1.13)^out2 

+1/ 
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CC ccwhere and
1 2 are the emitter-to-collector|current gains of 

and Q2 respectively. 



APPENDIX II 

SCHEMATIC DIAGRAMS OF AMPLIFIERS USED 

IN NONLINEARITY-MEASUREMENT TEST ARRANGEMENTS 
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Figure A2.1. Schematic diagram of a noninverting, unity-gain 
amplifier, numbered one. 
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Figure A2.2. Schematic diagram of a noninverting unity-gain 
amplifier, numbered two. 
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Figure A2.3. Schematic diagram of a noninverting unity-gain 
amplifier, numbered three. 
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Figure A2.6. Schematic diagram and feedback configuration of an 
inverting, gain-of-twenty amplifier. 



APPENDIX III 

MEASUREMENT OF A JFET'S PARAMETERS 

This appendix gives a description of the procedure used to 

determine three parameters of a JFET when modeled as a square-1 aw 

device with some unbypassed source resistor. A schematic diagram 

of the model is shown in Figure A3.1. The transfer function of 

the JFET is given by 

V 2 

1 (A3.1)'d = 'dss V
31 

P 

The resistor at the source terminal is internal to the device, and 

the value of the gate-to-source voltage, V cannot be measured
gs’ 

directly because of the voltage drop across the resistor, R^. 

By including the effects of the unbypassed source resistor. 

2 
V. - I .R 
in d s 

» (A3.2)^d = ^dss 1 
V 
P 

the square-law equation can be modified to 

V. - V V2 V 
2 

in 
(A3.3)'d = ^dss 

P 

i'dss^ 41 dss R 
sdss '^s 

of the equationwhere the variable I^ is isolated on the left side 

after completing the square. The three parameters of this model are 

and thethe pinch-off voltage, V^, the zero bias drain current, 
unbypassed source resistance, R The two variables are the drain

s’ 

current, I^, and the input voltage, 
173 
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Vdd 

>d 

rh 
Vgs 

Vin^ R 

Figure A3.1. Schematic diagram illustrating the model of a JFET 
which includes some value of unbypassed source 
resistance. 
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The pinch-off voltage of JFETs were determined in this study 

by measuring the value of the gate-to-source voltage which reduced 

the drain current to 10 microamperes, This 9nd other methods of 

determining the pinch-off voltage of JFETs hive been summarized in 

a paper by Wedlock 0330. 

The value of the unbypassed source resistance can be detei— 

mined by measuring two values of drain current, I and "for
d1 

two values of input voltage, V and V respectively. Sub-ini in2 

stituting these measured values into Equation (A3.3) produces two 

equations with two unknowns. By eliminating the variable I from
dss 

the two equations gives 

V / \''in2 1 1ini ^ V 

R = ^ (A3.4) 
s 

d1 

'’'ay beOnce the value of is determined, the value of Ijjgg 

determined from Equation (A3.2). 

For the JFET used in experimental measuj'ements of the nonlinearity 

of several amplifiers in CHAPTER IV of this dissertation, the measured 

value of pinch-off voltage was -2.4531 volts, The measured values 

= 7.909 mA,of input voltage and drain current are V^^^ - 0.0 volts, 
Inserting these valuesV^^2 ■ -1.2264 volts, and 1^2 “ 2.450 mA. 

into Equation (A3.4) gives the value of the unbypassed source 

resistance is 71 ohms. From Equation (A3.2)^ the value of the 

unbiased drain current, is 13.3 mA. 
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The drain voltage of the JFET was set at 5 volts for the 

above measurements. To avoid heating effects of the device, this 

drain voltage was pulsed. The duty cycle of the pulses was 2%. 



APPENDIX IV 

PROCEDURE FOR DETERMINING INPUT AT WHICH 

THE DEVIATION IS A MAXIMUM 

In this appendix, a procedure is given for finding the value 

of the input variable at which the deviation of a nonlinear function 

is maximum. This procedure is valid for single-polarity integral 

nonlinearities. A third-order polynomial is used to approximate 

the deviation as a function of the input variable, 

Del (X) = G(1 - X)(X - Q)X, (A4.1) 

where X is the input variable, and where G aifid Q are constants. 
! 

This function is zero when X equals zero and when X equals one. 

and is nonzero in between as shown in Figure A4.1. 

The given criteria and function above guarantee the existence 

of a single maximum/minimum at a value of X between zero and one. 

This value of X may be found by setting the derivative of Del(X) 

equal to zero. 

= G C-3x2 + 2(1 + Q)X - GO = 0, CA4.2)
dX 

and then solving for X, 

-1 + Q ± Q + 1
X = (A4.3)

3 
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The value of the constant Q must be determined for any particular 

nonlinear function. 

One method of determing Q is to determine Del(X) for values 

X equal to two thirds, 

- (A4.4)Del(|) = B = G(1 - '|)(| Q) (|), 

and X equal to one third, 

Deul) = C = G(1 - 1)(1 - Q)(l). (A4.5) 

Then Q may be found as a function of the val^jes of deviations B and C, 

2C - B
Q = 

(A4.6)3(C - B) • 

Substituting this value of Q into Equation (A4.3) gives two values 

for the variable X. The value between zero ind one is the solution 

sought. 

If the values of the deviations B and C are equal, then the 

value of the variable Q is undefined (i.e. irifinite). In this case, 

the deviation is a second-order function whose maximum value occurs 

when X has a value of 0.5. 

When the ratio of the variable B to the variable C is nearly 

unity. 

B 
= 1 + Er * 1, (A4.7) 

then the value of X at which the maximum deviation occurs may be 

approximated by 
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= 1 + ^ • Er. (A4.8)X| Del max 2 18 

The restrictions placed on the function Del(X) may be loosened 

some. at aThis function can be allowed to have ^ value of zero 

single point between X equal zero and X equal one. For this case, 

Equation (A4.3) will give two values of X between zero and one. 

Both of these values of X must then be insetted into the nonlinear 

function to determine two values of deviatiort. The larger of the 

two values is the maximum deviation. 



APPENDIX V 

SAMPLE COMPUTER PROGRAMS USED TO SIMULATE 

NONLINEAR SYSTEMS 

t*SCONTIN!IPUS SYSTEM MOOELfNG PRPGRAM ITT 

PARAM B » 0,007B93B2 
PARAM VN = 14.A 

PULSE * VN ♦ (l.O-TfMFi / FXPfTTMEl 
HALP = PULSE / 2.0 

XYl = PULSE ♦ B*(PULSE4*2) 
XY2 = male ♦ B»fHALFi^*?l 

Y1 = INTGPLfO.XYl) 
Y2 = INTGPLtO,XY2) 

PPDEL * 0.02 
PRINT PULSE, XYl, XY^ , Yl, Y2 
TIMER FINTIM * l.l, ^

FNO 

STOP 

Figure A5.1. Computer program used to find the nonlinearity of a 
sample waveform before and after integration. Since 
a second-order two-term nonlinearity is used, both 
have their maximum deviations where the linear input 
is at half of its maximum arriplitude. A block diagram 
of this system is shown in Figure 6.4 (page 110). 
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^turnMTiNunij’; system YnoeiiNR program hi 

RARAM A * 20.0 

PLSL 2.718 * TTMF / PXPfTIMF) 

PI = PLSL - VL 

nvL PL * A 

VL = INTGRHO,OVLI 

PLSM = FL*Y2 

DVM = otSN - (A ♦ 

VN = TNTGPLfO»nVN) 

TIMFR FINTIM a 1.5, OUTOEI = 0.08 
PPTPLT VN (VLJ 

FNO 

PTHP 

Figure A5.2. Computer program which produced the output shown in 

Figure 7.7 (page 136). Simulation of the nonlinearity 
of a feedback system with an integrating stage in the 
forward path and a nonlinearity preceding the 
integrator. 
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li^tnnMTINUnUS SYSTPM MOnPLfNG program III 

PARAM A « 20.0 
PARAM 0 * 0.2 

PLS = 2.718 ♦ TTMF / FXPfTIMEl 

PL » PLS - VL 
APL * FL » A 

nvL = REALPLfO, 8, APLI 
VL » INTCRUO, OVLI 

PMl » FL**2 

APMl * BAPN ♦ PNl 
DVNl = RPALPL fO, 8, APNl) 
VNl « INTGRLC0,DVN1) 
BAPN . 1-VNl) * A 

PN2 » (VL*P2) / 20.0 
VN2 * BVN ♦ PN2 
APN2 = f-VN21 * A 

DVN2 = RPALPL to, 1^, APN2) 
BVN « INTGRL(0,OVN?I 

! 

TtMPR FINTIM * 1.5, OUTDPL * 0.03 
PRTPLT VNl fVL) 
PRTPLT VN2 (VL) 

PNO 

STOP 

Figure A5.3. Computer program which produced the nonlinearity output 
shown in Figure 7.8 (page 141). This system is the 
same as the system which prpduced the nonlinearity 
response shown in Figure 7.7 (page 136) except for a 

second high-frequency pole which reduced the phase 
margin to 28 degrees. 
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