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ABSTRACT

Analytical and computer simulation techniques were developed
in this study to determine the integral nonlinearity of solid-state
amplifiers. The three analytical technigues developed include an
exact analysis and two approximations. Each of the three techniques
was used to evaluate the integral nonlinearity of several single-
stage bipolar transistor and JFET amplifiers. In evaluating the
nonlinearity of these single-stage amplifiers, the exact analysis
proved to be cumbersome and produced results that were difficult
to evaluate. The two approximations were less cumbersome and pro-
duced results that were easier to evaluate. One of the two approxi-
mat jons was particularly accurate and predicted values of non-
linearity that were nearly equal, over large dynamic ranges, to
the values of nonlinearity determined by the exact analysis.

Two computer simulation techniques were developed for deter-
mining the closed=loop nonlinearity for nonperiodic signals in
negative feedback amplifiers with memory. Both of these techniques
use computer time efficiently. One of the two computer techniques
linearizes the feedback loop which allows closed-loop nonlinearity
to be evaluated analytically. This linearized model can be used
to empirically understand closed-loop linearity performance.

The other simulation technique is slightly more accurate. Both

of the simulation techniques use first—-order approximations and
the accuracy of these models depends on the magnitude of the
nonlinearity. The fractional value of the error in simulating the

iv



nonlinearity is generally less than the fractional value of the
open—-loop nonlinearity.

The computer simulation techniques were used to find the
jntegral nonlinearity of several negative feedback amplifiers,
each of which had an integrating element in the forward plant.
This type of feedback amplifier closely approximates most opera-
tional amplifiers. The results of several simulations indicate
that the closed-loop nonlinearity at the output of such feedback
amplifiers is differentiated with respect to time. For spectros-
copy type pulses, the nonlinearity is going through zero at

approximately the time that the pulse peaks.
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CHAPTER I

INTRODUCTION, BACKGROUND, AND OUTLINE

I. INTRODUCTION

TO DISSERTATION

An imperfection inherent in all solid-gtate amplifiers is

nonlinearity. This imperfection can be quantified by parameters

such as total harmonic distortion, integral
ferential nonlinearity. Integral nonlineari

measurement of nonlinearity. This quantity

nonlinearity, or dif-
ty is a time-domain

is different from

total harmonic distortion which is a frequency-domain analysis.

Total harmonic distortion is generally used

to quantify the non-

linearity of instruments whose signals may be approximated by

sinusoids, such as in audio or communications equipment. Integral

nonlinearity is generally used to quantify t

he nonlinearity produced

in instruments with nonsinusoidal signals, duch as pulse amplifiers

or linear sweeps. In this study, the integnral nonlinearity of

linear solid-state amplifiers is investigated.

Although strongly related, total harmonic distortion and integral

nonlinearity are not the same. When compari
amplifier with the smallest value of harmoni
may not have the smallest value of integral

Many works have been published on the t

ng two amplifiers, the
¢ distortion may or
nonlinearity.

otal harmonic distortion

of amplifiers, and the analysis is quite adVanced. Very little

material has been published on the integral

state amplifiers.

nonlinearity of solid-




The major objective of this dissertation is to develop methods

that can be used to predict the integral-non
of solid-state amplifiers. Among the tools
1) procedures for calculating the integral
arbitrary functions, 2) tables of the nonlj
polynomial functions, 3) definition of and
predict the spectral effects on the nonlinea
4) methods for predicting the integral non}
feedback amplifiers. Both analytical and cg
techniques for determining integral nonlined
this study. While this analysis is particul
of pulse spectroscopy instruments, much of 4
to related areas.

A secondary objective of this work is t
formulas that may be applied to the determin
lTinearity of solid-state amplifiers. Theref
developed in this study are applied in detai
sources of nonlinearity of some single-stage
By investigating a few sources in detail, th
of related techniques can be compared. Theg

tabulated for easy reference.

II. BACKGROUND

The majority of background material giv
integral nonlinearity of solid-state amplifi
areas. Little information on the integral n

is available in the literature.

linearity performance
developed are:
nonlinearity of

near parameters of
techniques used to

rity of pulses, and
inearity of negative
mputer simulation

rity are included in
arly useful to designers

he work is applicable

o generate useful

ation of the non-

ore, the techniques

1 to a few major
solid-state amplifiers.

e relative merits

e results are carefully

en here is not on the

ers but is from related

onlinearity of amplifiers




Integral Nonlinearity of Solid-State Amplifi

ers

The integral nonlinearity of an emitter
in a feedback loop is evaluated 1in the appen
Gilbert [1]. The source of nonlinearity con
exponential characteristic of the base-emitt
the device. Rather than make a Taylor serie
mate the nonlinearity of the amplifier, the
using the transcendental function of the bag
However, the results that Gilbert obtains an
and cannot be applied easily to a more gener

was the only one the author found in the 1it

cally treats the integral nonlinearity of a

Nonlinearity of Linear Sweeps

The nonlinearity of linear sweeps is ge
integral nonlinearity. A representative wor
Boothroyd evaluates the nonlinearity of a 11
with bootstrap feedback [21. The approach U
integral nonlinearity of the circuit was to
series expansion of the RC exponential charg
linearity was then estimated to be due to th
alone since higher order terms are generally
nearly linear voltage sweep.

The design of a voltage-to—~frequency cd
combined a linear ramp circuit, which consig
in the feedback loop of an operational ampli

driving a reset circuit [3]. The nonlinearj

-follower amplifier

dix of a paper by B.
sidered is the

er diode junction of

s expansion to approxi-
nonlinearity is evaluated
e-emitter junction.

e highly specialized

al case. This paper

erature which specifi-

solid-state amplifier.

nerally quantified by
k by Nambiar and

near voltage sweep
sed to evaluate the
take the Maclaurin
ing curve. The non-

e second-order term

much smaller for a

nverter by Shapiro
ted of a capacitor
fier, with a comparator

ty found at low




frequencies is due mainly to the finite RC time constant of the

exponential charging curve. This nonlinearfity is evaluated with

the same technique used in the paper by Nam
Shapiro also includes the nonlinearity at h
voltage-to-frequency converter due to the f

the amplifier.

Harmonic Distortion of Solid-State Amplifie

biar and Boothroyd.
igh frequencies of the

inite time delay through

s

The majority of information on the non
amplifiers uses harmonic distortion analysi

A classical work on the distortion of
. amplifiers was written by D.R. Fewer [4].

model for the bipolar transistor, Fewer eva

linearity of solid=-state
5.
bipolar transistor

Ising the Ebers-Moll

uates the distortion

of a common-emitter amplifier due to the nomlinear exponential

relation between the base-to-emitter voltags
of the transistor. In addition, Fewer anal
due to the variation of the current gain of
collector current. These two distortions a
Fewer indicates that with proper design, th¢
these two distortions will cancel. The top
by complementary distortion itself is coverg

Other articles have appeared which hav

b and the emitter current
vzes the nonlinearity

the transistor with

re complementary, and

b second harmonics of

ic of distortion reduction
od by J.R. MacDonald [5,61].

> some improvements of

the Ebers-Moll model such that the low-freqlency distortion of

the bipolar transistor could be more accurately calculated. A second

article by Fewer [7] evaluates the nonlinea
emitter efficiency at higher current levels

An article by G.M. Riva, P.J. Beneteau, the

rity due to the drop in
(the Webster effect).

E.D. Volta [8] evaluates

? \



the nonlinearity due to avalanching in the break-down region of

the transistor. Also introduced in this art

empirical equation which relates current ga

icle is an important

n to collector current.

Other work on harmonic distortion incllides the calculation

of intermodulation distortion using the Volt

£9,10,111. This topic is not important for

Bipolar Transistor Modeling

In addition to the Ebers-Moll model of
a charge~control model of the transistor was
and J.J. Sparkes [12]. This model of the bj
compared to the Ebers-Moll model in a paper
F.A. Lindholm and J.A. Narud [13]. Accordin
the charge-control model gives the same nume

Ebers-Mol11 model, but the Ebers-Moll model i

erra-series approach

time-domain analysis.

the bipolar transistor,
introduced by R. Beaufoy,
polar transistor is
written by D.J. Hamilton,
g to their comparison,
rical results as the

s more convenient to

use for analytical work. These two models df the bipolar transistor

are united in an integral charge control model in a paper presented

by H.K. Gummel and H.C. Poon [14]. This model uses 21 different

parameters and is suitable for computer simulations. This particular

model is referenced often in current literat

found wide acceptance.

JFET Modeling

ure, and has apparently

The analytical modeling of the JFET doels not seem as accurate

as that of the bipolar transistor. Despite

numerous articles on

the physics of the operation of the JFET, thfis author did not find

any improvement over the empirical, square-1]

pw approximation of the




low-frequency characteristics of the device

This square-law model

of the JFET is introduced in a pair of lettérs to the IEEE

Proceedings from I. Richer and R.D. Middlebrook [15,16].

Two early landmark papers on the field+e
are W. Shockley's article [17], and G.C. Dage

[18]. Shockley introduces his invention of |t

ffect transistor
y and I.M. Ross's work

he junction field-

effect transistor in his paper and gives an |approximation of the

anticipated characteristics of the device. Dacey and Ross improve

on Shockley's model by including the dependen
of the carriers on the electric field intendi
papers, the depletion approximation for the |j
The channel of the JFET is "pinched off," or
when the drain current reaches its maximum via
is a contradiction of the physics used in the
the approximations used in these two papers f
contradiction in the physics, the analytical
in these papers are still used in the literat
mate the JFET equations.

Certain refinements of the analytical JF
proposed in a paper by A.B. Grebene and S.K.
by K. Lehovec and R. Zuleeg [20]. Grebene an
small undepleted channel in the center of the
the saturation current of the device. Lehove
this model with an equation describing the dr
carriers in the channel as a function of the

In both of these papers, the analysis is used

ce of the mobility

ty. In both of these
unction diode is used.
totally void of carriers,
lue. This condition
modeling. Despite

nd the apparent
expressions derived

ure today to approxi-

ET model have been
Ghandhi [191 and also
d Ghandhi propose a
JFET to account for
¢ and Zuleeg combine
ift velocity of the
electric field.

to predict the small-




signal parameters of the device as function
physical device parameters. The analytical
these two papers are not useful for large si

In a recent letter to the IEEE Journal

5 of the geometrical and

expressions derived in
gnal analysis of the JFET.

of Solid State Circuits,

T. Taki introduces an empirical large-signa

This model is a modification of the square-

model of the JFET [21].

aw model, and represents

the drain current as a hyperbolic tangent finction of the drain-to-

source voltage.
empirical model to the devices that were usg

An important work in understanding the

This author was not able t¢ match accurately this

>d in this study.

operation of the JFET is

the "Computer Aided Two-Dimensional Analysis of the Junction Field-

Effect Transistor'" given by D.P. Kennedy, ar
In this often-referenced paper, Kennedy and
boundary value problems of the two dimension
basic field equations and a finite differeng
a digital computer. The carrier distributic
butions, and electrostatic charge distributi
wide, narrow, and very narrow-gate devices.
in two—~dimensional graphical form intended f
of the physics of the device.

No analytical

this paper.

Reduction of Nonlinearity with Negative Feed

d R.R. 0'Brien [22].
0'Brien solved the

al JFET using the six

es analysis method on

ns, electron flux distri=
ons were analyzed for

The results are given

or empirical understanding

equations are given in

back

In H.S. Black's 1934 paper describing h

feedback electronic amplier, Black found it

is invention, the negative

"pnossible to effect

extraordinary improvement in ... freedom from non-linearity" [23].

Experimental data included in this paper shdg

wed that harmonic




distortion was reduced by a factor nearly e{
the loop transmission of the amplifier. C./
references in which the authors show that tbh
a negative feedback amplifier is reduced by
equal to the loop transmission plus one [24]

A much more detailed analysis of the hj
negative feedback amplifiers is given by Ket
detailed analysis, distortion is analyzed fd
magnitude and phase of the loop transmission
Included in this analysis is the mixing of H
which are fedback to the summing junction W

this action generates higher-frequency harmd

G. Zames describes a technique for givi

hual to the magnitude of

A. Desoer lists several

e midband distortion in
a factor approximately
rmonic distortion of
chledge [25]. 1In this
r the case where the
varies with frequency.
armonic frequencies

ith the input signalj
nics.

ng an upper bound on

the nonlinearity of a band~limited signal uging functional analysis

[26]. An iterative technique is used to sol
response to the input signal.
nonsinusoidal signals and there are no restn

tude of the nonlinearities. The analysis is

III. OUTLINE OF DISSERTAT

CHAPTER II contains the basic definitio
equations of integral nonlinearity which are
of this study.

Several definitions of integral nonline
the literature.

A few definitions are given

these same definitions are repeated in Millm

ve for the system

This technigue can be applied to

ictions on the magni-

very advanced.

ION

hs, properties, and

used in the remainder

Brity are found in
in Strauss [27], and

an and Taub [28].




The definition of integral nonlinearity used
one taken from these two references, and thi
in CHAPTER II. From this definition of inte
procedure is developed for calculating the i
of any function which has a monotonic first
cedure is used for calculating the integral
transistor amplifiers in CHAPTER III, and fo
integral nonlinearity of JFET amplifiers in

Normalized nonlinearities from several
to approximate the total nonlinearity of an
fication of this property is given in CHAPTE

A Taylor series expansion of a complex
to obtain a quick approximation of the nonli
Therefore, important nonlinearity parameters
point at which maximum deviation occurs, and
are derived for two-term polynomial function
Results for the second-order polynomial and
nomial cases are summarized in tables for ea

In the last section of CHAPTER II, the
is shown to be approximately equal to the op
the instrument divided by the loop transmiss

important finding of this derivation is that

derivative.

in this study is
s definition is given

gral nonlinearity, a

ntegral nonlinearity

This pro-

nonlinearity of bipolar

r calculating the
CHAPTER 1IV.
sources may be summed

instrument. The justi-

R II.

function may be used
nearity of that function.
such as integral gain,
integral nonlinearity

5 of arbitrary order.

the third-order poly-

5y reference.

closed-loop nonlinearity
en-1oop nonlinearity of
An

ion plus one.

the loop transmission

of the nonlinear feedback system should be calculated from the

integral gain of the system rather than from

the small-signal gain.

In CHAPTER III, nonlinearities due to the exponential

characteristic of the base-emitter junction ¢

»f the bipolar transistor




are examined in detail. The nonlinearity of
amplifier configurations are evaluated from
functions rather than Taylor series expansio
The results from these analyses are accurate
ranges. Important parameters such as integn
nonlinearity are tabulated in this chapter f
Extensive test measurements are used to veri
analysis.

In addition to the more exact analysis,
linearity of the bipolar transistor amplifie
two-term polynomial expansions of their tran
These polynomial approximations are easier t
more exact analysis and are useful for compa
of different functions.

The nonlinearity due to variations of t
a bipolar transistor is approximated for the
configuration. This approximation uses a Ta
of an empirical formula that relates DC curr
current of a bipolar transistor.

In CHAPTER IV, the nonlinearities of se
amplifier configurations are examined in det
approximation of the low-frequency transfer
is used for this analysis. The results of t
analysis are tabulated for several single-st
rations, and extensive tests are used to ver

this analysis. Simpler, but less accurate,

several single-stage
their transcendental
ns of these functions.
over large dynamic

al gain and normalized
or easy reference.

fy the accuracy of the

the exponential non-
rs is approximated from
scendental functions.

o evaluate than the

ring nonlinearities

he DC current gain of
common—emitter amplifier
ylor series expansion

%nt gain to the collector

veral single-stage JFET
kil. The square-law
function of the JFET

he nonlinearity

Fge amplifier configu-
ify the accuracy of

expressions of the

10



nonlinearity parameters are derived from tw
approximations of the more exact transfer f

The low=frequency nonlinearities of sinm
stages are compared in CHAPTER V.

The nonlinearity of a pulse changes whe
through a frequency-dependent transfer funct
a procedure for calculating the magnitude of
linearity is given for second-order and thir
polynomial nonlinearities. This procedure i
three example waveforms. A computer simulat
detailed for finding the change in the magni
linearity of a pulse due to these spectral d
technique may be used for pulses with more ¢

than two-term polynomials. Simulation resul

1

-term polynomial
nctions.

ilar type amplifier

n the pulse passes
ion. In CHAPTER VI,
the change in non-
d-order two-term

s illustrated with
ion technique is
tude of the non-
hanges. This simulation

omplex nonlinearities

ts are compared to

the hand analysis results for the three example waveforms.

A technique is presented for estimating
linearity of a pulse which has complex nonli
the results from the two-term polynomial han
accuracy of this technique is verified by co

In CHAPTER VII, two computer models are
to find the closed-loop nonlinearity of a fe
memory. These two computer models give the
system as a function of time. One of these
simulate the closed-loop nonlinearity of som
systems.

Loop transmission and phase margin

varied to determine their effects on the non

the change in non-
nearities by using
d analysis. The
mputer simulations.
given which are used
edback system with

honlinearity of a

two models is used to

=

example nonlinear
of the systems are

lTinearity.




CHAPTER II

BASIC DEFINITIONS AND EQUA]

I. INTRODUCTION

This chapter provides reference materii
used throughout the remainder of this disse
the definition of integral nonlinearity that
dissertation is introduced. Next, the justj
normalized nonlinearities from several sour(
to approximate the normalized nonlinearity d

system is given. Formulas for the nonlinearn

FIONS

31s which are to be

tation. First,
is used in this
fication that

es may be summed

»f the complete

ity of two-term

polynomial functions are derived, and a for#u]a to approximate

the nonlinearity of a polynomial function wi
terms is derived. Finally, the closed=loop
linearity of a negative feedback amplifier 3

to be approximately equal to the open-loop n

divided by the loop transmission plus one.

II.

Although there are several different de

nontinearity, only one definition is used in

definition is illustrated in Figure 2.1.

integral nonlinearity is the IEEE standard f
mentation [29] and has been used to characte

nonlinearlity of linear ramps [27], digital-

12

DEFINITION OF INTEGRAL NONL

Th

th more than two
normalized non-
t midband is shown

ormalized nonlinearity

INEARITY

finitions of integral
this thesis, and this
is method for defining
or nuclear instru-
rize the integral

to-analog converters




Vm"

Vout

Vod N

13

VOut - I

Figure 2.1.

- ‘VIn_. Vnm

Curve illustrating the integr
function, and showing the max
occurring at an output, Vod'

al gain, A, of a nonlinear
imum deviation, Delmax,




£30], and voltage-to—frequency converters L{l

value of the transfer function intersects t

a straight line from the origin, as shown in Figure 2.1.

maximum deviation of the nonlinear function
line is the integral nonlinearity.
normalized by dividing it by the full-scale

The nonlinear function shown in Figure

increasing slope. For this case, the nonli

14

J. The full=scale

he ideal linear curve,

The

from this straight

This number is generally

output .
2.1 has a monotonically

ear-function curve

always lies below the integral-gain curve (except at the end

points), and the deviation from the integral-gain curve has a

positive value. If a nonlinear function ha

a monotonically

decreasing slope, then the nonlinear-function curve always lies

above the integral-gain curve (except at th
the deviation from the integral-gain curve

When a function has neither a monotonically
tonically decreasing slope, then the nonling
1ie both above and below the integral-gain
the nonlinearity is determined by the deviat

magnitude.

The procedure for finding the integral
this study requires that the input must be

the output. The reason for choosing this p

input voltage of certain single-stage bipol

turve.

end points), and
as a negative value.

increasing nor mono=

rar—function curve may

For this case,

ion with the greatest

III. PROCEDURE FOR CALCULATING NONLINEARITY WHERE THE

INPUT IS REPRESENTED AS A FUNCTION QF THE OUTPUT

nonlinearity used in
given as a function of
rocedure is that the

ar transistor amplifiers




can be determined as a function of the outplyt voltage, but the
output can not be given as a function of the input in a closed
form.
This procedure for calculating integral nonlinearity is based
on Figure 2.1. A given maximum output, Vm’ has a corresponding
maximum input, Vnm' The integral gain is defined by
A = levnm. 2.1
The difference, Del, between the linear curvVe and the actual
output is then
Del = A - V1.n - Vout’ 2.2

where Vin is the input and Vout

as a function of Vou the output at which t

t,

Vod’ can be obtained by setting the derivati

with respect to Vout’
dbel _ A dvin(vout) -1
dv dv ?
out out

equal to zero. The normalized integral nonl{

AV, (V D)-YV
in  od

v
m

od

NL =

This process is conceptually simple engq

involved is generally awkward.
IV. SUMMING NONLINEARITIES FROM SEV

The total normalized nonlinearity of a

two cascaded nonlinear stages is approximate

is the output.

If V., 1is expressed
in

he variation is a maximum,

ve of Equation (2.2)

2.3

nearity, NL, is then
2.4)

ugh, but the algebra

ERAL SOURCES

system consisting of

ly the sum of the

15




normlaized nonlinearities of the individual

perty is justified in this section with the

stages. This pro-

help of Figure 2.2.

With an input, Vin’ the output of the first stage is

=A -V, + Del
in

Vout1 1

where A is the integral gain of the first st
nonlinear variation from that integral gain|

second stage is

V°ut2 =B+« (A - Vin + De]1) + De]2

where B is the integral gain of the second g

age, and De11 is the

The output of the

it age, and De12 is the

nonlinear deviation of the second stage from its integral gain.

When the input voltage is at the maximum val
deviations, De]1 and De]z, are zero and the

the first and second stages are A-Vnm, and A

ue, V., the two
nm

full-scale output of

-B-Vnm respectively.

(2.5)

(2.6)

If the deviations of the first and secgnd stages are approxi-

mately equal to their maximum values when tHh
the total system occurs, the normalized nonl

system is approximately

B - De]max1 + De]max2
A+B- Vnm

-~

NLtotal

L

where Delmax1 is the maximum deviation of th

De]max2 is the maximum deviation of the second stage.

malized nonlinearity of the first stage is

De]max1
1 AV °
nm

NL

e peak deviation of

inearity of the total

e first stage, and

The nor-

2.7

(2.8)

16
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and the normalized nonlinearity of the seco

De]max2

N =i~ v
nm

Combining Equations (2.7), (2.8), and (2.9

to

NLtota] = NL1 + NL2'

This procedure is easily extended to s
nonlinearities of several cascaded nonlinea
to approximate the total normalized nonline

system.
V. NONLINEARITY OF A TWO-TERM

With the Output Represented as a

Function of the Input

The integral nonlinearity of a system
section using a two—term polynomial approxi
function. This polynomial can be obtained

expansion of the nonlinear function,

+ a3V. 3 +

Vo V) = eV + anV, 2 "

= 3
out in 1%4n in

The constant term, age has been ommitted in
since constant offset values are generally
from other nonlinear terms. Taking the lin
lowest order, nonzero, nonlinear term of th
gives the two-term polynomial

n

Vout(V1n) = a1Vin + anvin

nd stage is

2.9

gives the justification

how that the normalized
r stages may be summed

arity of the complete

POLYNOMIAL

is evaluated in this
mation for the nonlinear

from a Taylor series

. 2.1

the above expansion
considered separately
par term, and the

e Taylor expansion

(2.12

18

2.10

)

)



to approximate the nonlinear function. The

integral gain and

19

integral nonlinearity of a function can be represented as functions

of the peak input and the coefficients ay and a by using this

approximation.

The integral nonlinearity of the polynomial can be evaluated

using Figure 2.1. The definition of the in{

function is
AzV /Y
m nm

where Vm is the maximum output, and Vnm is 1

This gain is

+aV (-1

A= 34 n nm

egral gain of the

he maximum input.

for the nonlinear function described by Equation (2.12). The

function deviation, Del, from this integral

Del = A« V, =-(a,V, +aV.™M.
in 1 4n n in

Setting the derivative of Del with respect 1

gives the input at which the maximum deviati

1
_ (T:;D
. =V n s
1M1 be Imax nm

gain curve is

o V. equal to zero
in

OoNn OCCurs,

and placing this value of input into Equation (2.15) gives the

maximum deviation,

(1)

"=t n T

Delmax = a V
n nm

The normalized nonlinearity of the system, |

hich is the peak

2.13

(2.14)

.15

(2.16>

2.17



deviation divided by the maximum output, is

anvnm (n—1 ) (%)
NL = — (n-1) n -
Gay + 2V (=13,
n nm

then

The nonlinearity expression given in Equation (2.18) is a

function of the input. This expression can
approximation of the nonlinearity as a funct

First, Equation (2.18) must be rewritten in

a V (n=1) LU

=D a-1) n T=n"

Then, by using the approximation

Vm (n-1)
A=a1+anq 5

the normalized nonlinearity is approximately

NL = « (n=-N n

(Vm (n=1)qn
a,' + an a)

With the Input Represented as a
Function of the Output

The nonlinearity of a system can also b
input to the system is represented as a fund

The Taylor series expansion of such a functi

- 2 3
Vin(vout) - b1Vout * b2Vout * b3Vout

This function may then be approximated by th

be used to give an
jon of the output.

the form

on can be written

e calculated when the

tion of the output.

e two-term polynomial

20

2.18

2.1

.20

2.21

2.22)




> n
in(vout) - b1Vout * bnvout

where bn is the lowest order, nonzero coeff]

1inear terms.

The integral gain of the nonlinear fung
1
A = - y
b1 +bV (n-1)
nm

and the function's deviation, Del, from thig

given by

n
= + - -
Del A(b1vout bnvout ) Vout

The output for which the above deviation is

1
(=)
Vout =V " o ?
Delmax

and the magnitude of this deviation is

1
—
b V" (1-n) n 1-n

- _n
Delmax = oy CE
1 n'm

21

(2.23)
cient of the non-
tion is

(2.24)
5 integral gain is

(2.25)
maximum is given by

(2.26)

(2.27)

When normalized with the peak value of the putput, the nonlinearity

is
n

G
b vm(”'1’ A=n) n 17D

NL = 2 .
by + b T
nm

(2.28)

The nonlinearity of the function can be estimated from the

peak input by using the approximation
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= 1 . 2.29)

Vnm n-1
o+ o (52)

Then the normalized nonlinearity is approxipately

(L)

(n-1) 1-n

bV (1-n) n
n nm

vm1m4>n
[b1 * by (51—> ]

Results for Second-Order and
Third-Order Polynomials

NL = (2.30)

The equations developed in this section predicting the non-
linear characteristics of two-term polynomials are given for
arbitrary orders of the nonlinear term. However, the second-order
and third-order polynomials are by far the most useful. Therefore,
the salient points of the nonlinearity analysis are tabulated in
this section for these two cases.

The salient points of the analysis are|given in Table 2.1 with
the output of the nonlinear function represénted as a function of
the input by Equation (2.12). The input at|which the maximum
deviation occurs, the integral gain, and the¢ normalized nonlinearity
are given as functions of the peak input vol]tage, Vnm' Also
included in this table are approximations of the integral gain
and normalized nonlinearity as functions of|the peak output
voltage, Vm'

The salient points of the analysis are|given in Table 2.2
for the nonlinear function represented with|the input given as a
function of the output by Equation (2.23). }The output at which

the maximum deviation occurs, the integral gain, and the normalized




Table 2.1. Nonlinear characteristics of a two-term polynomial with the
output represented as a function|of the input for second~order
and third=order polynomials.

—t.

Characteristic Second-order Third=order
n=2 n=3
Input at which the Vnm Vnm
maximum deviation 3 —
oCCUrsS. V3
. 2
Integral gain, A ay + a Vnm ay + az Vnm
. 2
Normalized non- a5 Voo 3 Vom

linearity, NL

4 (a1 +a Vnm)

Approximate integral ay +a, <Vm) a, + az (Vm)z
gain — -—
a a
1 1
Approximate Vm az Vm




Table 2.2.

Nonlinear characteristics of a t
input represented as a function
and third-order polynomials.

wo=term polynomial with the
of the output for second~order

24

Characteristic Second~order Third-order
n=2 n=3
Output at which the Vm Vm
maximum deviation — —
occurs. 2 \/-3-
. 1
Integral gain, A 1 —>
by * by Vy by *+ b3V,
. . . 2
Normalized nonlinearity, -b2 v -b3 v
N T, T bV :
b By b Yy 33 (b, +b. VD
2 1 3 'm
. 1
Approximate integral 1 —_—
. 9ain Vom . Vnm
b1 b (q) b1 * bs(‘g
Approximate normalized 2 Vn ~bsV 2
nonlinearity ‘ nm
v 2 v 3
) m 33 nm
4 b1 + b2 (q) - b1 + b3 (—b.‘-)




nonlinearity are given as functions of the peak output voltage

Vm' Also included in this table are approxi
integral gain and normalized nonlinearity aj
input voltage, Vnm'

The formulas given in Tables 2.1 and 2.

mations of the

s functions of the peak

2 are useful for

estimating the nonlinearity of a function for which the Taylor

series expansion is known, and when the magnitude of the non-

linearity is relatively small. Examples of

their application

are given in CHAPTER III for several bipolar transistor amplifier

configurations, and more examples are given

several JFET amplifier configurations.

VI. MIDPOINT APPROXIMATION

in CHAPTER 1V for

APPLIED

TO A POLYNOMIAL EXPANSION

The nonlinearity of a polynomial with three or more signi-

ficant terms may be approximated by applying the midpoint approxi-

mation to the polynomial.

The midpoint approximation for

determining the nonlinearity of a function pssumes that the

value of the deviation of the function from

the integral gain

curve is near the peak value of the deviatipn when the signal

is at midscale.

For the polynomial given by Equation (2.11)

(page 20), the deviation is assumed to be near its maximum value

when the input voltage is half of its maximum value, or Vnm/2.

The ratio of the deviation to the peak output voltage for this

input level is

25
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E (1__ 5Ny 4y (n-1)
~n=2 2 n nm
M= (-1
T av "
Za nnm
n=1
1 3 2 7 3
- a5 V + 3 a, V +=—a, V + ...
- 4 °2 'nm 8 3 "nm 16 “4 "nn .31
ay + a2V + a3V + .4 -
which is an approximation for the normalized nonlinearity of the
function.
The second-order two-term polynomial is a special case for
the approximation given by Equation (2.31) where all the coeffi=-
cients of the polynomial are zero except a and ass For this
case, the normalized nonlinearity from the midpoint approximation
is
a2Vnm
NL (2.32)

4 (a1 + aZVnm)

which is the same as the results given in Table 2.1 (page 23) for

the second-order two-term polynomial. The {

hird—-order two-term

polynomial is another special case for the approximation given

by Equation (2.31)3; all coefficients of the

except a and az- For this case, the norma

the midpoint approximation is

2
NL a3vnm

00|t

L]

2y

(a1 * a3Vnm

polynomial are zero

ized nonlinearity from

2.33



27
which is within 2.6% of the nonlinearity callculated for the third-
order two—term polynomial given in Table 2.1 (page 23).

For the polynomial given by Equation (2.22) (page 20), the
deviation is assumed to be near its maximum|value when the output
voltage is at half the maximum value, or VmIZ. The normalized
nonlinearity for this polynomial is then approximately

- (%__ 2-n) bV (n-1)
- nm
_ n=2
NL = = YD)
I bV
n=p N0
1 3 2 7 3
-(+-by V. +3b,V + —b, V + .. .)
- _4 2 m 873 'm 16 24 m . 2.34)
+
b1 b2Vm + b3 Vm + 4 ..

The midpoint approximation is useful foér nonlinear functions

for which the Taylor series has two or more
approximately equal value. The nonlinear f
the current gain of a bipolar transistor is
coefficients of the second-order and third-g
Taylor series expansion are derived in CHAPT
linear function. Each of the two coefficien
values of bias current. Therefore, the midp

useful in describing the nonlinearity of thi

VII. REDUCTION OF OPEN-LOOP NONL

BY NEGATIVE FEEDBACK AT MID

Closed-loop nonlinearity has been shown
open=loop nonlinearity divided by the value
plus one [24].

This relation is shown in th

specifically for integral nonlinearity.

nonlinear terms of
nction which describes
a good example. The
rder terms of the

ER III for this non-
ts is zero at different

oint approximation is

s function.

INEARITY

BAND

to be equal to the

of the loop=transmission

is section to be true




The nonlinear function of the feedback

Figure 2.3 is described by

Vout =A- V1 + Del(Vout)

Although the deviation, Del(V,, ¢, is given
of the output voltage of the nonlinear block
deviation as a function of the input voltage
equally correct.

Since the nonlinear term, Del(V_,.),

out
deviation from the integral-gain curve, the
(2.35) must be equal to the integral gain of
This point is very important because the in{

small-signal gain of a function can differ §

Substituting

V, =V, =H-V
ou

1 in t

into the Equation (2.35) eliminates V1 from

the output voltage,

H in

Vout = W < A+ 1 M TR W

For a given value of output, Vout’ the nonlj

28
system shown in
(2.35)
here as a function
» representing the
to the block, V1, is
s defined as the
varjable A in Equation
the nonlinear function.
egral gain and the
ignificantly.
(2.36)
the expression for
(2.37)

near term is reduced

by a factor of the loop transmission plus dgne.

The value of the loop transmission cald
gain of a feedback amplifier can be used to
loop parameters. Repeated laboratory experi

values of loop transmission calculated from

ulated from the integral
calculate other closed-
ments have shown that

integral gain give more
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accurate predictions for closed-loop output
loop rise times than predictions using valut

calculated from a small-signal model.

impedance and closed-

es of loop transmission




CHAPTER III

NONLINEARITY OF SEVERAL SINGL

BIPOLAR TRANSISTOR AMPLIF

I. INTRODUCTION

The lTow-frequency nonlinearity of seve
transistor amplifiers is investigated in det
The Ebers=Mol1l model is used to evaluate the
the exponential characteristic of the base=¢
Using this model, the input voltage is found

function of the output voltage for the commg

E-STAGE

LERS

ral single-stage bipolar
tail in this chapter.

> nonlinearity due to
mitter junction [31].

i as a transcendental

on—emitter, common-base,

emitter—fol Tower, bipolar complementary, and bipolar differential

amplifier configurations. The nonlinearity
figurations is then calculated from these eq
cedure outlined in CHAPTER II (page 14), and
tabulated. These results are accurate over
but the expressions are rather complex.

Two methods of approximating the nonlin
configurations are also introduced. A two-t

mation of the more complex transcendental ed

of these amplifier con-
juations using a pro-
] the results are

large dynamic ranges,

earity of the amplifier
erm polynomial approxi-

juations is obtained

by retaining the first two terms from the Taylor series expansion.

Using this two-term polynomial and the formy
(page 24), approximations for the nonlinearf
five amplifier configurations are derived ar
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)Jas listed in Table 2.2
ty parameters of all

d tabulated. These




results are most useful for comparing relatjve values of non-

linearity between similar type amplifiers, and for gaining insights

into where maximum deviations occur. These expressions for non-

linearity are simple and easy to evaluate, but the expressions

are inaccurate for large signal swings.

The midpoint approximation assumes that

the maximum deviation

of the amplifier occurs at midscale. Using|this approximation,

nonlinearity expressions were obtained for a

couple of amplifier

configurations. These expressions are more |complex than the

expressions obtained from the polynomial approximation. However,

a comparison shows that the midpoint approximation is more accurate

than the two-term polynomial approximation.

The nonlinearity due to the variation q9f the D.C. current gain

is evaluated for the common-emitter configunation only. Using an

empirical equation relating current gain to [collector current, the

input current is found as a three-term polyromial function of the

output current. The nonlinearity of the ampglifier can then be

approximated from the polynomial nonlinearitly expressions developed

in CHAPTER II (page 27).

Experimental results are included to illustrate the accuracy

of the nonlinearity expressions derived in this chapter. These

experiments and their results are carefully |[documented. Most of

the nonlinearity measurements were within 5%

of the calculated

values, and all nonlinearity measurements were within 10% of the

calculated values.
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II. NONLINEARITY DUE TO EXPONENTI

OF BASE-EMITTER DIODE JUNCT

AL BEHAVIOR
ION

The nonlinearity of several single-stage bipolar amplifiers

due to the exponential characteristic of the

3

is calculated in this section. Unlike othe
Taylor series expansions of the transcendent
not used. Instead, the nonlinearities are ¢
functions of the output voltage and current.
accurate over large dynamic ranges, which is
the calculation of the nonlinearity of the o

amplifiers.

Ebers-Mol1 Model

The voltage-to-current transfer functid
npn bipolar transistor (collector reverse bi

sented by the Ebers-Moll equations as follow

(.fﬂ
kT
KT

I = eo i “co
e 1-ca,) 1=«
n i
and
. _n "eo kT _ co
s\ ~Vtrtag—ea
n 1 n

where Ie is the current leaving the emitter,
entering the collector, Ieo is the reverse g
the emitter junction, Ico is the reverse sat
collector junction, < is the emitter-to-col

alpha), < is the collector-to-emitter curre

base-emitter junction
nonlinear analyses,
al functions are

iven as transcendental
The analyses are
often important for

utput stages of

n for a normally biased
ased) can be repre-

S:

3.1

(3.2

Ic is the current
aturation current of
uration current of the

lector gain (or normal

nt gain when the emitter
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is reverse biased and the collector forward
alpha), V is the base-to-emitter voltage, g
electron, T is the absolute temperature, and
constant. The two alphas in the above equat

to be constant.

biased (or inverted
is the charge on an
k is Boltzmann's

ions are assumed

In general, the second terms in Equations (3.1) and (3.2)

are much smaller than the first terms. In 3

nential in both equations is generally much

Thus, the Ebers=Moll equations can be simpl1{
av
B kT
Ie = Is e
and
av.
I 2a 1 o
c n°"s

where Is is a pseudo saturation current for

given by
I =1 /(1 - < «,),
s eo n i

Input Voltage Represented as a
Function of the Output Voltage for Several

ddition, the expo-
greater than unity.

fied to

(3.3)

(3.4)

the emitter junction

(3.5)

Amplifiers

When determining the nonlinearity of am

plifier stages using

the procedure outlined in CHAPTER II (page 14), the input voltage

must be given as a function of the output vg
are derived in this section for the common-¢
emitter-follower, bipolar complementary, and

amplifiers.

ltage. These functions
mitter, common-base,

bipolar differential




i) Common-Emitter and Common-Base Amp

ifiers. The output

voltage of a common-emitter amplifier is the

deviation of the

collector voltage from a D.C. bias level. The input voltage to a

common—emitter amplifier causes the D.C. 1e(e] of the base-to-

emitter voltage to change. The change from|the D.C. collector

voltage, Vout

» for a given base-to-emitter Voltage change, vin’

where Ioc is the initjal bias current entering the collector.

is

(3.6)

By rearranging Equation (3.6), the necessary expression for input

voltage as a function of the output voltage |is

For a common-base amplifier, the polarity of

is reversed.

the above function

ii) Emitter-Follower Amplifier. The output voltage of an

emitter-follower amplifier is the change in [the emitter voltage

G.7)

from a D.C. bias level. For a given change lin the emitter voltage,

V_ .» the corresponding change in the base~tjo-emitter voltage is

out

be I R

I R, +V
AV - EI—]n ( oe L out>,
a oe L

where Ioe is the initial bias current leavinjg the emitter of the

transistor. The input voltage to the emittelr—follower amplifier

(3.8

as a function of the output voltage is the bjase-to-emitter voltage

change plus the output voltage or
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iii) Bipolar Complementary Amplifier.

the transfer function for the complementary

shown in Figure 3.1. The change in the bas

the two transistors as a function of output
Appendix I to be
v

nh-1 < out >
L

21 R
oe
where Ioe is the initial bias current leav

- kT .
= — gi
qQ

Avbe

and entering the emitter of QZ' The dinput

mentary amplifier as a function of the outp

V. (v + EI-sinh
in q

out’ ~ v

out

iv) Bipolar Differential Amplifier. T

-1 ( Vout
21 R
oe |

’“t>. (3.9
#he model used to find
amplifier stage is
o-to-emitter voltage of

voltage is shown in

ing the emitter of Q1
voltage to the comple-

ut voltage is

)

he model used to find

(3.1

the transfer function of the balanced bipolar differential amplifier

is shown in Figure 3.2. The bias current,

is defined as the sum of the two emitter cu

of generality, the voltage at the base of q

zero volts and the differential input volta

Appendix I, the output voltage at the colle

I «
o]

R qv.
1L in
' ———=—— tanh <WT_—>,

out? = 2

and the output at the collector of Q2 is sh

[o’ of the amplifier

rrents. Without loss

b is arbitrarily set at

ge is given as V1.n In

ctor of Q1 is shown to be

bwn to be
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/

Vour— V2 + AVse Q. ey

Figure 3.1. Model of a bipolar complementary amplifier where AVpe
is the change in base-to-emititer voltages of transistors
Q, and @, Vgt is the outputl voltage, V;, is the input
voltage, V4 is the initial bgse-to-emitter voltage for
Q1 and V, is the initial baseg-to-emitter voltage for Q.




Positive Supj

4
|

Negative Supp

Figure 3.2. Model used to develop the low
function of the bipolar diffe

Iy

~frequency transfer
rential amplifier.
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v =R (Vin
out? 2 2kT /°?

where =4 and =5 are the emitter-to-collector

and Q2 respectively.

Using the output voltage at the collect

independent variable, the input voltage is ¢

2 v
v, v o) = T o 1(%%-)
° d 2 7oL

The input voltage could also be written as i
as a function of the differential output (Vc

neither is used in this study since a conver

two variables is trivial.

Evaluation of Bipolar Transistor
Exponential-Characteristic Nonlinearity ar

39
(3.13)
current gains of Q1
or of 02 as the
iven by
(3.14)

function of Vout1’ or
utl - VoutZ)' However,

sion to either of these

d Tabulation of Results

The functions given by Equations (3.7).
(3.14) were used to evaluate the nonlinearit
amplifier configurations, using the procedur
(page 14). The development is straight fory
with detail. Therefore, only the salient pd
are given here in Table 3.1. The table inc]
the output voltage at which the maximum dev]
integral nonlinearity of the amplifier confi
X, which is defined as the ratio of the peak
initial bias current, has been introduced td

given in Table 3.1.

(3.9, (3.11), and

ies of their respective
e outlined in CHAPTER 1I
ard but overburdened
»ints of the analysis
udes the integral gain,
ation occurs, and the
gurations. The variable
signal current to the

y simplify the equations




Table 3.1 Salient points of the integral nonlinearity analysis o

transitor amplifiers. The variable X = (Vm/IORL) is i

expressions.

f six single-stage bipolar
htroduced to simplify the

Anplifier
configuration

Integral gain

OQutput at which the
maximum deviation occurs

Normalized integral nontinearity

v = =
Common= m 1 1 n ]-)‘(1 % -1 ]
emitter kT - v [ — + —-] Lin 0-X0J -1
3 In(1-X) m LIn X X a0 X
Common= -V [ 1 1] r ]
n Velima =t ¥ X -
base i a0 m L In(1 - X) " X in LT o 1 1
q Tn (1= X
] ] ED e+ 0
Emitter- v V | - 7 .
o m [1n(1 + 0 X] kT,
follower Vm TR T GERY vm + ¢ q) nC€1 + X)
q
ln[ X ] -1
j Tn(d + X0 + 1_1
| Ini + X) X
Bipotar v > Ty , -
comple- m Vm sinh_1 X} _ {2 kT = 'cosh
v . KT X 2 —) si o
mentary v, + % sinh (;_) H X v, * ¢ q) sinh * 5
: |
2__1 <| - /1 -[;- sinh—1(;-)} ‘
sinh = &)
2
Bipolar v -
differential sz—m‘1_—— v ——-—1'_1—' 1 tanh 1 2X —1_1———— 1
e tanh ~ (2X) m/ 2X tanh (2X) ;2 2X tanh (2X) 10?.
tanh~ 2%
- 1
2X tanh 200 o
Common-emitter vm kT
with an VR v [ 1 + 1—] g a-x%
mE kT LEAG) - X X
unbypassed oK +—1n(1 - X) RE kT
emitter L a -V"| (W>+ — In{(t = X)
resistor L q
-X h
‘ln]n -X=-1 _1l
n{l = X) X‘
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Effect of Unbypassed Emitter Resistance

The nonlinearity equation of the emitte
can be extended to give the integral nonling
common-emitter amplifier with an unbypassed
Since the emitter-to-collector current gain
Ebers-Mol1 model, the normalized nonlinearif
voltage at the collector terminal will be e
nonlinearity of the voltage across the unby
Therefore, the nonlinearity equation for th
amplifier with an unbypassed emitter resist
1) representing the change in the emitter
of the change in the collector voltage, 2)
emitter bias current in terms of the collect

3) placing these two changes in the nonlin¢

er-follower amplifier

parity equation for a
emitter resistor.

is constant for the
ty of the output

qual to the normalized
passed emitter resistor.
b common-emitter

br can be derived by
voltage as a function
representing the

tor bias current,

parity equation for

the emitter-follower amplifiers. The non]iTearity equation for

a common-emitter amplifier with an unbypass
given in Table 3.1 was obtained by this met

emitter voltage as a function of the change

is
Vv = - RE . Vout
e R = T«
L n

where RL is the resistance at the collector

emitter resistor, and Vou is the output vo

t

Effect of Generator and
Base-Spreading Resistances

The effect of the generator resistance

bd emitter resistor

hode The change of

of collector voltage

(3.15

by RE is the unbypassed

ltage at the collector.

by Rg, in the base circuit,

and the base-spreading resistance of the tansistor, Rb’ can be
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accounted for in bipolar transistor amplifiers with an equivalent
unbypassed emitter resistor whose value is

+
I_Rb Rg

e (3.16)

R

where B is the base-to-collector current gajn of the transistor.

This equivalent emitter resistor can have alsignificant effect on

the integral nonlinearity produced by some amplifier configurations.
III. APPROXIMATIONS OF THE TRANSFER| FUNCTIONS AND

NONLINEARITY DUE TO EXPONENTIAL BEHAVIOR OF
BASE-EMITTER DIODE JUNCTION

Two-Term Polynomial Approximations

Two~term polynomials approximating the| low-frequency transfer
functions of several single-stage bipolar transistor amplifiers
are given in this section. The integral gafin and integral non-
linearity of these amplifiers are then estipated from the equations
derived in CHAPTER II for two-term polynomial functions (Tables 2.1
and 2.2 on pages 23-24). These expressions| for nonlinearity are
not as accurate as the transcendental equatfions given in Table
3.1 (page 40}, but they are simpler and easier to use. These
simplified expressions allow the linearity pf certain amplifiers

to be compared in a later chapter of this djissertation.

In Table 3.2, the input voltages of fiye amplifiers are given
as two—term polynomial functions of their olutput voltages. These
polynomials were derived from the equations| given earlier in this

chapter describing input voltages as functipns of output voltages

(pages 34-39). The polynomials are the first two, nonzero terms
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from the familiar Maclaurin series expansion,

£ = £(0) + £ (OIX + ;- F10XC + .
1 n n
e X"+,

of the equations.
In Table 3.3, the output voltages of t
given as two-term ploynomial functions of t

For some of these amplifiers, equations wer

the output voltage of the amplifier as a fu*ction of the input

voltage, and the Maclaurin series were deve
amplifiers in a straightforward manner. Fo
the Maclaurin series had to be developed us
which describe the output voltage of the am

of the input voltage.

Vout = f(Vin)’

the first derivative of the input voltage w

output voltage,

can be found be implicit differentiation.

2

dVv, dv. dv.
in _ d in . in
2 dvin [dV ] dv ’

out out

dvOut

For the arbitrary fupction,

INA
3.17)
he five amplfiers are
heir input voltages.
e available which give
loped for these
r the other amplifiers,
ing the equations
plifier as a function
(3.18)
ith respect to the
(3.1
The second derivative,
(3.20)
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and higher order derivatives are found by tT

differential calculus. The coefficients of

e chain rule of

the Macluarin series

46

can then be determined by evaluting these derivatives at Vin equal

to zero, since V. is zero when V is zero
in out

Midpoint Approximations of Nonlinearity

The nonlinearity of several amplifier s

from two-term polynomial approximations in t

tages was estimated

he previous section.

These approximations simplified the expressjons for the nonlinearity,

but they are not very accurate for large val
which is the ratio of the peak signal curren
bias current. In this section, a technique
the nonlinearity of amplifiers is introduced
simplified expressions for the nonlinearity
without a serious loss of accuracy over a wi
of the variable X. The procedure and its ad
for the common-emitter and emitter~follower

The peak deviation of an amplifier typi
midscale. The nonlinearity of an amplifier
estimated by calculating the deviation of th
scale. Using the deviation of the common—e
the input voltage is at half of its maximum

the approximation

for the normalized nonlinearity of the amplj

ues of the variable X,

t to the initial
for approximating
which also gives
of amplifiers, but

de range of values

curacy are demonstrated

amplifiers.

cally occurs near
can therefore be

e amplifier at mid-
itter amplifier when

value results in

fier. This

(3.21



approximation and the approximation obtained from the two-term

polynomial are compared in Table 3.4 for several values of the

variable X to the nonlinearity calculated from the more accurate

expression given in Table 3.1 (page 40). TLe approximation

given by Equation (3.21) is much more accurate than the two-term

polynomial approximation, and is within &%

Tinearity predicted by the more exact analysis

from -0.9 to 10.0.
The midpoint approximation for the emit

is not so straightforward.

of the non-

for values of X

ter—-follower amplifier

Two approximations are given here.

The magnitude of the deviation of the output from the integral

gain is

-

24 In(1 + X)

Del =k—Tln<1 +
q

Vout)
IoRL

47

(3.22)

when the magnitude of the input voltage to the emitter—-follower

amplifier is half of its maximum amplitude.

Since the output

voltage of an emitter—-follower amplifier caTnot be determined

directly from the input voltage in a closed

cannot be reduced further without some approximation.

that the magnitude of the output voltage is
of its maximum amplitude, the nonlinearity
is approximately

kT

= Xy _ 1
NL L S [1n<1 +5 -2+ X)].

ef qu

form, this expression
By assuming

approximately one-half

pf the emitter—follower

(3.23)
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The second approximation is obtained by comparing the expressions

for integral nonlinearity of the common-emitter and emitter-follower
amplifiers given in Table 3.1 (page 40). This approximation is

Dy vt + 0
~ q 1 VI +X 1
NLEf - kT ‘2- = —X_ + Y - (3-24)
Vm + (E—J In(1 + X

Note that the expression for the nonlinearity of the common-emitter
amplifier is contained in the expression for the nonlinearity of
the emitter-follower amplifier.
In Table 3.5, the two approximations gjven in Equations (3.23)
and (3.24) above and the two-term polynomial approximation are
compared for several values of the variable|X with the nonlinearity
prediction given in Table 3.1 (page 40). The value of the peak
output voltage is arbitrarily chosen to be dgne volt for this com-
parison. The approximation given by Equation (3.21) is within
4% of the nonlinearity predicted by the mord exact
analysis for values of X from -0.9 to 10.0, |and the approximation
given by Equation (3.23) is within 16 percent of the nonlinearity
predicted by the more exact analysis over the same range of X.
The approximation obtained from the two-term polynomial is not
nearly as accurate as the first two approximations; the magnitude
of its fractional error is approximately equal to the value of the
variable X.
The midpoint approximation greatly simplifies the expressions
for the nonlinearity of the common-emitter, |and emitter-follower

amplifiers with a serious loss of accuracy.




Table 3.5.

Three approximations of the nonlinearity of an emit
exponential characteristic of the base-emitter diods
analysis given in Table 3.1 (page 40) for several v

vV =1 volt,
m

er-follower amplifier due to the
junction compared to the more exact
lues of the variable X, and for

Percent distortion

Percent distortion
approximation

Pergent distortion
approximat ion

Percent distortion
approximation

Table 3.1 Equation (3.24) Equation (3.23) from Table 3.2
1.65 1.44 2.73 x 107
834 x 1073 7.64 x 1071 2.% x 107
472 x 1073 4.48 x 107" 1.63 x 107
221 x 1073 2.13 x 107" 1.04 x 107!
48.7 x 1073 4.80 x 1072 3.36 x 102
12.9 x 1073 1.28 x 1072 1.06 x 1072
3.62 x 1073 3.61 x 1073 3.26 x 1073
1.08 x 1073 1.08 x 1073 1.02 x 1073
344 x 1070 3.44 x 107 3.33 x 107¢

0.0 0.0 0.0
3.22 x 107 3.24 x 107 3.33 x 107
9.64 x 107 9.69 x 107 1.02 x 107
2.95 x 1073 2.99 x 107> 3.24 x 1073
8.86 x 1073 8.89 x 1073 1.05 x 1072
2.48 x 1072 2.50 x 1072 3.31 x 1072
6.33 x 1072 6.37 x 1072 1.01 x 107"
1.52 x 107" 1.53 x 107" 3.21 x 107"
3.28 x 107" 3.30 x 107" 1.05
6.19 x 107 6.19x 1071 3.50
1.03 1.02 13.8
1.58 1.54 -813
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The low-frequency transfer functions of

51

f some amplifier

stages, such as the bipolar transistor differential and comple-

mentary amplifiers, have a zero coefficient
term (see Tables 3.2 and 3.3, pages 43 and
the peak deviation of the output occurs nea
scale (i.e. 1/V3 of full scale). Therefore
mation'" will be more accurate for these amp

is calculated at 57.7% of the maximum value

voltage rather than at half of this maximum

IV. NONLINEARITY OF A COMMON-EMIT]

of the second-order

A

5). For these amplifiers,
rer to 57.7% of full

, the "midpoint approxi-
ifiers if the deviation

of input or output

value.

FER AMPLIFIER

DUE TO VARIATION OF D.C. CURRENT GAIN

WITH COLLECTOR CURREN?

When a common-emitter amplifier is dri
the output current is independent of the ex
of the base-emitter diode junction, and is
the base-to-collector current gain of the t
current gain is a function of the current 1¢
introduced. A three-term polynomial is devq
which gives the input current as a function
This polynomial may be used to approximate {
the transistor using the formulas developed
two-term polynomials.

The D.C. current gain of the bipolar t

to the collector current by the empirical f

Bmx

8 =

1T+A 1n2

ar/
C mx

r

yen by a current source,
ponential characteristics
nstead a function of
ransistor. Since this
evel, nonlinearity is
2loped in this section
of the output current.

the nonlinearity of

in CHAPTER II for

ransistor is related

brmula C8]

(3.25)




where A is a constant, Ic is the collector cuyrrent, Bmx is the
maximum current gain, and this current gain occurs at a value
of collector current Imx' The base current ¢of the transistor
may then be represented as a function of the|collector current by

2
1 IC [1 +A - In (Ic/ImX)]

- €.
) =3 2 (3.26)
mx

Expanding this function in a Taylor series about the initial value

of the collector current, Io, gives

- ' - l " - 2
Ib(Ic) = Ibo + Ib (Io) . (Ic Io) + 5 Ib (Io) . (Ic Io) +
1 n n
e v o ¢+ AT Ib (IO) . (Ic - Io) He o o (3.27)

where Ibo is the initial value of the base current, and where the
primes denote differentiation with respect t¢ Ic. Since the input
signal current, Iin’ is equal to the value of the base current

minus the initial base current, and since the output signal current,
Iout’ is equal to the value of the collector|current minus the initial

collector current, Equation (3.27) may be rewritten with the input

current given as a function of the output current,

R . 1.0 . 2 .
Iin(Iout) =1L (Io) Iout 3l (Io) Iout *
l "' » 3 [ ] L] [ ]
5 Ib (Io) Iout + . (3.28)

This equation may be rewritten as
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1+ A 1n2(I /I ) +2A InfI /I )
I. (1 ) = o mx o mx Iout
in Tout B
mx
A[1 + 1n<10/1mx)] > [-amarr .
+ 2 I, * > X 11 ; (3.29)
mx—o ou 38 ou
mx o

after taking the required differentiations o
determine the coefficients. Terms of higher
been dropped.

The coefficient of the second term in f{
is zero when the value of (Io/Imx) is approx
the coefficient of the third term in the aboy
when the value of (IO/ImX) is unity. Theref
order two-term polynomial approximation nor t
term polynomial approximation are adequate f
Tinearity of the above polynomial for all bi
the midpoint approximation for a multiple-te

by Equation (2.34) (page 27) is recommended

nonlinearity of the three-term polynomial gi

V. TESTING ACCURACY OF NONLINEARIT)

f Equation (3.26) to

than third-order have

the above polynomial
mately 0.368, and

ve polynomial is zero
bre, neither the second-
the third order two-

or evaluating the non-
8s conditions. Therefore,
rm polynomial described

for evaluating the

en above.

Y EXPRESSIONS

WITH LABORATORY MEASUREMENTS

The nonlinearity of several bipolar transistor amplifiers

was measured to test the accuracy of some of

developed in this chapter. The nonlinearity

the expressions

of a common-emitter,

a common-base, an emitter-follower, and a complementary amplifier

was measured using the current-sum technique

outlined in the IEEE




These meg

Nuclear Science Transactions [29].

nonlinearity are compared to values calculatd
given in Table 3.1 (page 40). Measured and p

nonlinearity agree within 10%.

IEEE Test Procedure

The IEEE current-sum procedure for measur
is outlined in this section. The basic test
in Figure 3.3. The peak output of the voltad
minus the full-scale output of the amplifier.

input voltage to the amplifier under test is

attenuator until the peak output voltage is gt full scale.

voltage at the output of the amplifier has a
A - Vin’ and a nonlinear portion, -Del, the
the node where the two resistors intersect ig
The voltage level from the pulser is then var
value of the deviation, Del, is determined.

Measurement and Calculation of
Nonlinearity of a Common-Emitter Amplifier

The test arrangement shown in Figure 3.4

the nonlinearity of a common—-emitter amplifie

sured values of
d from the expressions

redicted values of

ing integral nonlinearity
arrangement is shown
e pulser is set at

The magnitude of the
adjusted by an
If the
linear portion,
oltage appearing at
equal to minus Del/2.

ied until the maximum

was used to measure

r. This test arrangement

is slightly different from the basic arrangement shown in Figure 3.3.

A unity=-gain buffer follows the resistive att

enuator to give a low

impedance source to the input of the common-ﬁmitter amplifier, and

another unity—-gain buffer isolates the colled
current=sum network. The 47 ohm impedance of

in the collector must be included with the re

tor circuit from the
the buffer amplifier

sistance of the current-

54
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sum network. Therefore, the magnitude of the
the pulser must be -0.955 A - Vin to cancel t
the output voltage at the current-summing nod
effect of the 47 ohm output resistance of the
buffer amplifier, the magnitude of the voltag
summing node is =Del/2.16 in this test arrang

The circuit diagrams of the individual H
given in Appendix I1I.

The nonlinearity of the common-emitter 4
Figure 3.5 was measured for peak output volts
minus two volts. For an output of plus two \
deviation measured at the summing node was 73
maximum deviation at the output of the amplif
The normalized n

greater, or 158 millivolts.

amplifier is therefore -7.88% for this output

output voltage from
he linear portion of
e. Including the
collector circuit
e at the current-
ement.

uffer amplifiers are

mplifier shown in
ges of plus two and
olts, the maximum
millivolts. The
ier was 2.16 times

onlinearity of the

level.

With an output of minus two volts, the maximum deviation

measured at the summing node was 40 millivoly
maximum deviation at the output of the amplif
volts, and the normalized nonlinearity of the
for this output level.

The nonlinearity of the amplifier shown
calculated using the expression for nonlinear
(page 40) for the common-emitter amplifier.
variable X, which is the ratio of the peak si
initial bias current, is 0.524 when Vou

t

is minus two volts. The

is -0.524 when V
out

s. Therefore, the
jer was 86.4 milli-

amplifier is 4.32%

in Figure 3.5 was

ity given in Table 3.1

The value of the

gnal current to the

is plus two volts, and

calculated nonlinearities
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Figure 3.5. Schematic diagram of the comm
was tested for integral nonlif
voltages are given 1in parenth

pn—emitter amplifier which
nearity. Measured bias
PSiS.
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are -9.16% for the plus two-volt output and §
two-volt output. These calculated values ard
the measured values because the calculations

effect of the base-spreading resistance of th

.23% for the minus
somewhat higher than
do not include the

e transistor.

The effect of the base-spreading resistgnce was accounted

for by an equivalent unbypassed emitter resig
of Generator and Base-Spreading Resistance,”
magnitude of this equivalent unbypassed emitt
determined from an integral gain measurement.
the integral gain of a common-emitter amplifi

emitter resistor, given in Table 3.1 (page 40

- kT -xy - 1
RE = mRL [ﬂ In{1 XD A],

where A is the integral gain of the amplifien

value of the output voltage. When the output]

tance (see "Effect

page 41). The

er resistance was
The expression for

er with an unbypassed

), may be rearranged to

» and Vm is the maximum

of the common=-emitter

amplifier was set at minus two volts, the merured value of the

input voltage was 13.5 millivolts. Thereford

was =148.7. Inserting the appropriate values
- 0.026V _
RE = (0'995)(18009)[_:3?Rﬂ7 1n(1.524) .

the calculated value of the equivalent unbypd
is 1.24 ohms.

Using this value of equivalent unbypassd
the nontinearity of the amplifier was recalcd

linearity expression given in Table 3.1 (pagd

» the integral gain

into Equation (3.30),

1
14870 |’

ssed emitter resistance
d emitter resistance,

lated using the non-

40) for the common-

59
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emitter amplifier with an unbypassed emitter |resistor. The non-
linearity for plus two volts is =-8.12% and the nonlinearity for
minus two volts is 4.26%. These calculated values of nonlinearity
are within 5% of the measured values.

Measurement and Calculation of the
Nonlinearity of a Common-Base Amplifier

The test arrangement shown in Figure 3.6 was used to measure
the nonlinearity of a common-base amplifier.| Since the common-—
base amplifier is noninverting, an inverting unity-gain amplifier
was used to buffer the input of the common-base amplifier from
the resistive attenuator. The output impedamce of this amplifier
must be much less than 1.24 ohms because the|nonlinearity of the
common-base amplifier configuration is extremely sensitive to
impedance in the emitter circuit. The inverting amplifier used
in the test arrangement has a measured output impedance of less
than 0.14 ohms, which was the limit of the resolution of the
impedance measurement. This output impedance was determined from
the percent attenuation of a small 10-microspcond pulse when a
10~ohm load was attached to the output of this buffer. A non-
inverting, unity-gain amplifier isolates the| collector circuit of
the common-base amplifier from the input of the current summing
circuit. The voltage appearing at the summipg node is equal to
the magnitude of the nonlinear portion, Del, of the output signal
of the common-base amplifier divided by -2.11.

Circuit diagrams of the individual buffer amplifiers are

given in Appendix II.
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The nonlinearity of the common-base ampl
3.7 was measured for plus two-volt and minus

deviation measured from the summing node was

62
ifier shown in Figure
two-volt signals. The

78 millivolts for the

plus two-volt pulse, and the deviation at theg output of the common-

base amplifier was -2.11 times greater, or -1
normalized nonlinearity is therefore =8.23% f

The maximum deviation at the summing nod
for the minus two-volt signal, which correspd
deviation at the output of the amplifier. TH
nonlinearity is therefore 4.547% for the secon

The nonlinearity of the common-base ampl
using the expression given in Table 3.1 (pags
emitter amplifier with an unbypassed emitter
of the unbypassed emitter resistor, 1.24 ohmg
the preceeding section. The value of the var
the output is plus two volts and is -0.493 wh
two volts. The calculated nonlinearities are
volts and 4.45% for minus two volts. These ¢
nonlinearity are within 5% of the magnitude g

Measurement and Calculation of Nonlinearity
of an Emitter—-Follower Amplifier

64.6 millivolts. The
or this output level.

e was 43 millivolts
nds to a 90.7 millivolt
e measured normalized
d output level.

ifier was calculated
40> for a common-=
resistor. The value

. was determined in
iable X is 0.493 when
en the output is minus
-7.88% for plus two

alculated values of

f the two measured values.

The test arrangement shown in Figure 3.8 was used to measure

the nonlinearity of both an emitter-follower

mentary amplifier. A noninverting unity-gain

impedance source to the input of the amplifier under test.

and a bipolar comple-
buffer provides a low

The

100 ohm 1input impedance of the inverting gain-of-twenty amplifier
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<T

+i(

Figure 3.7.

Schematic diagram of the comn
integral nonlinearity was meg
voltages are given in parenthesis.

A
1000uF

on-base amplifier whose
Measured bias
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acts as a load for the amplifier under test.
at the summing junction is 9.48 times the non
of the output signal.

The nonlinearity of the emitter-follower
Figure 3.9 was measured for plus 100 millivol
millivolts across a 100 ohm load. With the
output, the maximum deviation at the current
7.5 millivolts. The maximum deviation at the
follower is 9.48 times smaller, 0.791 millivg
of the amplifier is 0.791% for this output 1¢

With the minus 100 millivolt output, thg
the current summing node was 31 millivolts,
maximum deviation at the output of the emitte
is 3.27 millivolts. The nonlinearity is ther
output level.

The nonlinearity of this amplifier was ¢

expression for the nonlinearity of an emittern

given in Table 3.1 (page 40). The value of #

The voltage appearing

linear portion, Del,

amplifier shown in
ts and for minus 100
plus 100 millivolt
summing node was

output of the emitter-
1ts. The nonlinearity
vel.

maximum deviation at
nd the corresponding
r-follower amplifier

efore -3.27% for this

alculated from the
~-follower amplifier

he varjable X is 0.667

when the output signal is plus 100 millivolts and the value of the

variable X is -0.667 when the output voltage

The calculated nonlinearities are 0.746% for

is minus 100 millivolts.

the positive output

and =3.01% for the negative output. These calculated values of

nonlinearity are within 10% of the values meTsured.

Measurement and Calculation of the

Nonlinearity of a Bipolar Complementary Amplifier

The test arrangement shown in Figure 3.8 was used to measure

the nonlinearity of the complementary amplif]

er shown in Figure 3.10.
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Figure 3.9. Schematic diagram of the emit

ter-follower amplifier

whose integral nonlinearity was measured. Measured
bias voltages are in parenthesis.
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in

Figure 3.10.
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whose integral nonlinearity
killohm resistor in the coll
complementary amplifier. TH
is given in parenthesis.

olar complementary amplifier
was measured. The 5.1
ector circuit of the

e measured bias voltage




The nonlinearity was measured for outputs of
millivolts across a 100 ohm load resistance.
millivolt output, the maximum deviation at th
38 millivolts. The maximum deviation at the
mentary amplifier is 9.48 times less, or 4.01
nonlinearity of the amplifier is therefore 4.

For the minus 100 millivolt output, the
at the summing node was -39.5 millivolts. Th
at the output of the complementary amplifier
millivolts, and the corresponding normalized

The nonlinearity of this amplifier was ¢
expression for the nonlinearity of a bipolar
given in Table 3.1 (page 40). The value of t
when the output signal is plus 100 millivolts
variable X is =4.87 with the output signal ig
The calculated nonlinearities are 3.97% for b
These calculated values of nonlinearity are W

measured.

Summary of Test Results

A summary of the eight nonlinearity tesﬁ

3.6.

plus and minus 100
For the plus 100

e summing node was

output of the comple-
millivolts. The

01%.

maximum deviation

e maximum deviation

is therefore -4.17

nonlinearity is 4.17%.

alculated from the

complementary amplifier

he variable X is 4.87
and the value of the
minus 100 miltivolts.

oth values of X.

ithin 5% of the values

s are given in Table




Table 3.6.

Summary of nonlinearity test results for several
bipolar transistor amplifidrs where the measured
and calculated values of ngnlinearity are compared.

The variable X is the ratig

of the peak signal

current to the initial bias current.
Amplifier Y NL NL %
Configuration out X measyred calculated | error
. 2.0 0.524 -7.88% -8.12% 3.0%
Common-emitter
amplifier -2.0 | ~0.524 | 4.7 4.26% | 1.4%
2.0 0.493 -8.23% ~7.88% 4.3%
Common-base
amplifier 2.0 | -0.493 |  4.54% 4.45% 2.0%
Emitter- 0.1 0.677 0.791% 0.746% 5.7%
follower
amplifier -0.1 -0.677 ~3.27% -3.01% 8.0%
Bipolar 0.1 4.87 4.0n% 3.97% 1.0%
complementary
amplifier -0.1 -4.87 L 17% 3.97% 4.8%




CHAPTER IV

NONLINEARITY OF SEVERAL SINGLE

JFET AMPLIFIERS

I. INTRODUCTION

The lTow-frequency nonlinearity of severs
amplifiers is investigated in this chapter in
law characteristic of the JFET is the source
is investigated. The input voltage is found
function of the output voltage for the common
source-follower, and JFET differential amplif
The nonlinearity of these amplifier configurg
lated from these equations using a procedure
(page 14), and the results are tabulated. TH
of these four amplifier configurations are ag
term polynomial approximation of the transfen

Experimental results are included to ill
of the nonlinearity expressions derived in tH

laboratory arrangements are carefully documen

measurements except one were within 10% of th

vII. NONLINEARITY DUE TO SQUA

CHARACTERISTIC OF JFET

The nonlinearity of several single-stage

figurations due to the square-law characterig

70

=STAGE

1 single-stage JFET
detail. The square-
of nonlinearity that
as a transcendental
-source, common-gate,
ier configurations.
tions is then calcu-
outlined in CHAPTER II
e nonlinear parameters
proximated from a two-
function.
ustrate the accuracy
is chapter. The
ted.

A1l nonlinearity

e calculated values.

RE-LAW

JFET amplifier con-

tic of the device is



over large dynamic ranges.

Square-Law Model

pinch-off voltage of the device. This appro

approximations [17, 18, 321.

Input Voltage Represented as a Function of
the Output Voltage for Several Amplifier C

as transcendental functions of the output voltage and are accurate

The square-law characteristic of the JFET is an empirical

relationship [15] between the gate-to-source|voltage, Vgs’ and the
drain current, Id’ given by
v < 2
I = Igss \' ~ W
p
where I is the saturation current (for V_ | = 0), and V_ is the
dss gs p

kimation is reasonably

accurate, and has found wider acceptance than other more complex

onfigurations

voltage to use the procedure outlined in CHA

for determining the nonlinearity of the ampl
These functions are derived in this section
common—-gate, source-follower, and JFET diffe

configurations.

i) Common-Source and Common-Gate Confj

The input voltage must be given as a function of the output

PTER II (page 14)
ifier configurations.
for the common-source,

rential amplifier

gurations. The change

in the drain voltage of a common=-source ampl
represented as a function of the change in g

Vin’ by

ifier, V ,» can be

out

ate-to-source voltage,

calculated in this section. The nonlinearity expressions are given

4.1
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I, R I
Vo= - —93555 (;. 2 v, v =2 )
ou in inTpVIg .

v

p

where Io is the initial bias current entering
JFET.

The input voltage as a function of thd

obtained from the above equation after comple

(4.2)

the drain of the

output voltage is

I

v \
V. (V) =V I (- /1-0ut
in out p IR
ol
ss

For a common-gate amplifier, the polarity of

of Equation (4.3) is reversed.

i1) Source-Follower Configuration. For

voltage, the gate-to-source voltage of a soun

must change by an amount De]vgs’ where

1

[o] Vout
Del =V : 1-/1+
ves  p Vil TR

and Vou is the change in the source voltage.

t

input voltage, Vin’ for that output is then

I v
= + o - 9
vin(vout) Vout VD(;dss> ! 1+ I

iii) JFET Differential Configuration. Th

the transfer function of the balanced JFET di
is shown in Figure 4.1. The bias current, Io

the sum of the two source currents. The volt

ting the square and is

4.3

the right—hand side

a given change in source

ce=follower amplifier

4.4)

The corresponding

[«

ut 4.5)

2

gL/

e model used to find
fferential amplifier
s, of the amplifier is

age at the gate of Q2
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Vout1 vout2
O~ O
Vin

¢
|

Negative Sup

Figure 4.1. Model used to develop the low
of the JFET differential ampl

Ply

-frequency transfer function
ifier.




is arbitrarily chosen to be zero volts, and t
voltage is vin' In Appendix III, the output

of transistor Q1 is shown to be

v =y Lass®L / I, <Ln)2
L] L]
out1 in Vp 21dss 2Vp

and the output voltage at the drain of transi

v =y TassRL v/ Io _ Vin 2
out?2 in Vp 2 2V

Idss p

With the output voltage at the drain of trang

independent variable, the input voltage is gfi

he differential input

voltage at the drain

(4.6)

stor Q2 is shown to be

(4.7

istor Q2 as the

ven by

1 2V__ 2
V. (Vv y=v /% - /1 - 2ty | 4.8)
in " “out?2 pv 1 IORL

dss

Evaluation of the Square-Law Nonlinearity
of the JFET and Tabulation of Results

The integral nonlinearity due to the squ
of the JFET was calculated for the common=sou
source=follower amplifiers using the procedur
(page 14) and using Equations (4.3) and (4.5)
of the analysis are given in Table 4.1, and j
gain, the output voltage at which the maximun
and the integral nonlinearity. The variable
as the ratio of the peak signal current to tHh

has been introduced to simplify the equationg

are-law characteristics
rce, common-gate, and

e outlined in CHAPTER II
« The salient points

nclude the integral
deviation occurs,

X, which is defined

e initial bias current,

given in Table 4.1.
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The expressions for the nonlinearity o
amplifier configuration could not be simpli
these expressions became prohibitively comp
midpoint approximation was used to give an
linearity of this amplifier configuration.
expansion of the static characteristics of
have a second-order term, but does have a t

midpoint is approximated by degl The nonl

of this approximation are given in Table 4.2

Effect of Unbypassed Source Resistance

The nonlinearity of a common-source am
source resistance may be determined in the
nonlinearity expression of the common-emitt
unbypassed emitter resistor was determined.
gain from the source to the drain of a JFET
constant, the nonlinearity of the signals a
are nearly equal. The nonlinearity express

for the common-source amplifier with an unb

are determined by representing the source v

f the JFET differential
fied by the author, and
lexe Therefore, the
expression for the non-
Since the Taylor series
this amplifier does not
hird-order term, the

inearity parameters

plifier with an unbypassed
same manner that the

er amplifier with an

Since the current

is a very nearly

t the source and drain
ions given in Table 4.1
ypassed source resistor

oltage term in the

nonlinearity expressions of a source-fo]lower amplifier by a function

of the drain voltage.
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III. TWO-TERM POLYNOMIAL APPROXIMATIONS OF THE TRANSFER FUNCTIONS

AND NONLINEARITY DUE TO THE SQUARE-LAW

CHARACTERISTIC

OF SEVERAL SINGLE-STAGE JFET AMPLIFIERS

Two=term polynomials approximating the low-frequency transfer

functions of several single-stage JFET amplifiers are given in

this section. The integral gain and integral

nonlinearity of these

amplifier configurations are estimated from the eguations derived in

CHAPTER II for two-term polynomial functions |(Tables 2.1 and 2.2 on

pages 23-24). These expressions are simpler [to use but are less

accurate than the expressions given in Table [4.1. Some of these

simplified expressions are used in a later chapter to compare the

nonlinearity of certain amplifier configurations.

The input voltages are given as two-terA

of the output voltages in Table 4.3 for four |[amplifier configurations.

polynomial functions

These polynomials are the first two nonzero tlerms of the Maclaurin

series expansions of the expressions which delscribe the input voltages

as functions of the output voltages for these amplifier configurations.

In Table 4.4, the output voltages of the

four amplifier

configurations are given as two-term polynomilal functions of their

input voltages. The polynomials for the common-source, common=gate,

and balanced JFET differential amplifiers were developed from the

expressions describing the output voltages as|

functions of the input

voltages. The polynomial for the source-follower amplifier was

developed from the expression describing the [input voltage as a

function of the output voltage using the procedure described by

Equations (3.18), (3.19), and (3.20)(page 44)|
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IV. DETERMINING THE ACCURACY OF THE NONLINEARITY
EXPRESSIONS WITH LABORATORY MEASUREMENTS

The nonlinearity of several JFET amplifi
to test the accuracy of the expressions devel

The nonlinearity of a common-source, a common

follower amplifiers was measured using a curt

ers was measured
oped in this chapter.
-gate, and a source-

ent-summing technique

described in CHAPTER III (page 54). These measured values of

nonlinearity are compared to values of nonlin

expressions given in Table 4.1 (page 75).

Measurement and Calculation of
Nonlinearity of a Common-Source Amplifier

earity calculated from

The test arrangement used to measure the nonlinearity of a

common-source amplifier is the same arrangement used to measure

the nonlinearity of a common—emitter amplifier and is shown in

Figure 3.4 (page 56). A description of this

given on page 54.

test arrangement is

The circuit diagram of the common-source amplifier is shown

in Figure 4.2. This amplifier has been cascpded into a common-

base amplifier to maintain a relatively constant drain-to-source

voltage. The magnitude of the drain current

of a JFET depends on

the drain-to-source voltage to some extent, and this variation

has not been accounted for in the modeling of the device. The

added nonlinearity of the common-base stage fis accounted for in

the linearity calculations.

The nonlinearity of this amplifier was measured for outputs

of plus two and minus two volts. For an output of plus two volts,
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the maximum deviation measured at the summing node of the test

arrangement was 27.5 millivolts.

The maximum deviation at the

output of the amplifier was 2.16 times greater, or 59.4 millivolts.

The normalized nonlinearity of the amplifier

for this output level.

is therefore =2.97%

With an output of minus two volts, the maximum deviation measured

at the summing node was 16 millivolts.

The maximum deviation at

the output of the amplifier was 2.16 times greater, or 34.56 milli-

volts, and the normalized nonlinearity of the amplifier is 1.73%

for this output level.

The characteristics of the JFET with five volts from drain

to source are

Idss = 13.3 mA

v = =2.453 VY
p

Rs = 71 ohms,

where Idss is the projected zero-bias drain ¢
Vp is the pinch-off voltage of the device, an
the unbypassed  source resistance intrinsig
device. A description of the measurement of
given in Appendix III.

The nonlinearity of the common-source aA

(a)

€:))

() 4.9
urrent of the JFET,
d Ry is the value of
to the individual

these parameters is

plifier stage shown in

Figure 4.2 was calculated using the expressign for nonlinearity

given in Table 4.1 (page 75) for the common-
an unbypassed source resistor.

is the ratio of the peak signal current to th

ource amplifier with

The value of [the variable X, which

e initial bias current,

83



for the common-source stage is 0.446 when the joutput is plus two
volts, and is -0.446 when the peak value of the output is minus two
volts. The calculated value of nonlinearity of the common=source
amplifier stage is -0.290%, and the calculated value of nonlinearity
of the common-base amplifier stage is +0.05% for the plus two-volt
output signal. The total nonlinearity for thg amplifier is the sum,
or -2.85%. For the minus two-volt output signal, the calculated
values of nonlinearity of the common—source and common-base amplifiers
are +1.72%4 and -0.13% respectively or 1.59% total. The calculated
values of nonlinearity are within 10% of the measured values of
nonlinearity.

Measurement and Calculation of Nonlinearity
of a Common—-Gate Amplifier

The test arrangement used to measure the|nonlinearity of a
common—gate amplifier is the same arrangement|used to measure the
nonlinearity of a common-base amplifier and i§ shown in Figure 3.6
(page 61). A description of this test arrangement is given on
page 60.

The nonlinearity of the common—gate amplifier shown in Figure
4.3 was measured for plus two-volt and minus two-volt output signals.
This circuit is the same as the common-source|amplifier except
that the gate is A.C. coupled to ground and the input signal is
applied to the source terminal. The deviation at the summing node
of the test arrangement was 28.5 millivolts fpr the plus two-volt
output signal, and the deviation at the output of the cascode

amplifier was -2.11 times greater, or —60.1 millivolts. The
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measured normalized nonlinearity is therefore
output level.

The maximum deviation at the summing nod
volts for the minus two-volt signal, which cq
millivolt deviation at the output of the ampl
value of nonlinearity at this output level is

The calculated values of nonlinearity fd
amplifier are the same as those for the commd
The calculated values of nonlinearity are =2.
volt output level and 1.59% for the minus twd
These values of calculated and measured nonlj
within 10%.

Measurement and Calculation of Nonlinearity
of a Source-Follower Amplifier

The test arrangement used to measure the
source=follower amplifier is the same arrange
the nonlinearity of an emitter—follower amplj
Figure 3.8 (page 64). A description of this
given on page 62.

The nonlinearity of the source-follower
Figure 4.4 was measured for plus 100 millivo]

volts output signals across a 100 ohm load.

volt output, the maximum deviation at the cur

-3.01% for this

e was 16.25 milli-
rresponds to a -34.4
ifier. The normalized
1.71%.

r the common-gate
n-source amplifier.
85% for the plus two-

-volt output level.

nearities agree

nonlinearity of a
ment used to measure
fier and is shown in

test arrangement is

amplifier shown in
ts and minus 100 milli-
With the plus 100 milli-

rent summing node

was 12.0 millivolts. The maximum deviation $t the output of the

source=follower amplifier is 9.48 times smal

The normalized nonlinearity of the source-fo

therefore, 1.27% for this output level.

er, or 1.27 millivolts.

lower amplifier is,
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https://therefore,1.27

Figure 4.4.
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Schematic diagram of the sounce—-follower amplifier used
to test the accuracy of the gxpression for integral

nonlinearity given in Table 4.1 (page 75).
bias value is given in parenthesis.

A measured
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With the minus 100 millivolt output, the maximum deviation at
the current-summing node was 16.5 millivolts, and the corresponding
maximum deviation at the output of the source-follower amplifier
is 1.68 millivolts. The normalized nonlineanity of the source-follower
amplifier is therefore =1.68% at this output |[level.
The measured characteristics of the indjvidual JFET used in
the source-follower amplifier are described in Equation 4.9 (page 83)
The 1.5 killohm source resistor in parallel yith the 100 ohm input
impedance of the inverting amplifier in the test arrangement is
an equivalent load resistance of 93.8 ohms. |This load is in series
with the unbypassed source resistance of 71 ghms which is intrinsic
to the individual device used in the amplifidr. The maximum value
of the signal at the metalurgial junction is|then

_ 93.8 + 71\ _
Vm = +100 mV(—-gT-B—) = 176 mV. 4.10)

The calculated values of nonlinearity from the expression given

in Table 4.1 (page 75) for a source-follower |amplifier are 1.06%

for plus 100 millivolts and -1.73% for minus|100 millivolts. The
calculated value of nonlinearity is 16% less|than the measured value
for the plus 100 millivolt output. The sour¢e of this unusually

large error is not known. The calculated and measured values of

nonlinearity agree within 5% for the minus 100 millivolt output.

Summary of Test Results

A summary of the six nonlinearity tests|are given in Table &4.5.
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Table 4.5 Summary of nonlinearity test results for several JFET
amplifiers where measured and|calculated values of
nonlinearity are compared. The variable X is the ratio
of peak signal current to the|initial bias current.

Amplifier v NL NL %4
configuration out X measured | calculated | error
2.0 | 0.446 | -2.97% -2.85% 4.2%
Common=-source
amplifier -2.0 | -0.446 1.73% 1.59% 8.8%
c 2.0 | 0.446 | -3.01% -2.85% 5.3%
ommon-gate
amplifier -2.0 | -0.446 1.71% 1.59% 7.0%
source-follower| 01 0.381 1.27% 1.06% 16.5%
amplifier -0.1 | -0.381 | -1.68% -1.73%2 | 3.0%




CHAPTER V

COMPARISON OF NONLINEARITY OF SI%ILAR TYPE

AMPLIFIER CONFIGURATIONS

I. INTRODUCTION

The nonlinearities produced by similar fiype amplifiers are
compared in this section. These nonlinearities are compared for
equal values of output voltage and for equal |[values of the variable
X, the ratio of the peak signal current to the initial bias current.
This comparison is particularly useful for the unity-gain type
amplifiers which are typically used for output stages of multistage
ty of the bipolar

amplifiers. In this category, the nonlinear]

complementary amplifier is shown to be less than the nonlinearity
of the emitter-follower amplifier. Also, the nonlinearity of the
emitter-follower amplifier is shown to be less than the nonlinearity
of the source~follower amplifier for most pr?ctical situations.

For the given criteria, the nonlinearity of the common-source
amplifier configuration is shown to be approximately half of the

nonlinearity of the common-emitter amplifier|configuration. However,

the criteria used for the comparison may not
situations. If the value of the transconduc:
important in the amplifier design, then a di

comparing the nonlinearity of these amplifie

be used.
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II. COMPARISON OF COMMON-SOURCE TO COMMON-EMITTER

AMPLIFIER CONFIGURATIONS

A simplification in the nonlinearity andlysis for the common-

emitter amplifier gives a nonlinearity expression that is very

similar to the nonlinearity expression of a common=source amplifier.

The maximum deviation from a linear response loccurs near midscale

for most amplifiers. By calculating the devijation at one-half of

the maximum output signal, the nonlinearity expression for a common-

emitter amplifier can be simplified to

1, =X
ce - 2? X

ne

NL

x|

G.1

This approximation is within 4% of the nonlinearity pre-

dicted by a more exact analysis for values of

X from -0.9 to 10.0.

This approximation for the nonlinearity of a |common-emitter amplifier

is easily compared with the nonlinearity expression for a common-

source amplifier,

iy
i

>

-

1
cs & 2X 2X °

(5.2)

Within the accuracy of the approximation, a common-source amplifier

has one-half the integral nonlinearity of a clomparable common-emitter

amplifier.

III. COMPARISON OF SOURCE-FOLLOWER TO EMITTER-FOLLOWER

AMPLIFIER CONFIGURATIONS

Using the similarity between the nonlinearity equation for a

common-emitter amplifier and the nonlinearity

equation for an emitter-
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follower amplifier, and by further assuming t

Voss na + %0
m~ q

hat

(5.3

the integral nonlinearity of an emitter-folldwer amplifier can

be approximated by

KL na + %)
g "7

: 1_VFX, 1
Neet = "y <? X +Y)'
m
By assuming that
I, .
V >>V (\/1+X"1),
m Idss

the nonlinearity of a source-follower amplifi

[ 1o
Vo Vldss (M FX -1

(5.4)

(5.5)

er can be approximated by

z 1T _VT+X, 1
NL ¢ = (5 T Y) (5.6)

2V
m

Using the approximations given in Equations
the ratio of the integral nonlinearity of a ¢
to the integral nonlinearity of an emitter—f

approximately

I
o}
NLsf z vp Idss . i+ X -1
NL 2kT In(1 +X) {.
ef T

(5.4) and (5.6) above,
zource~follower amplifier

pllower amplifier is

5.7

92




The term in brackets in this equation is a sl
of X and is initially 0.5. Therefore, Equati

that an emitter-follower amplifier will be m

owly varing function
on (5.7) indicates

re linear than a source-

follower amplifier unless the term OGJﬁo/Idss is less than

approximately 0.1 volts, a condition that would require the JFET

to be biased at less than one percent of its

I

dss

saturation current,

For output voltages less than 0.026 volts, the approximations

made above the emitter—follower amplifier given by Equation (5.4)

and for the source-follower amplifier given b
not valid. The nonlinearity of an emitter-fg
be twice as large as the nonlinearity of a cq

amplifier when the output voltage is nearly z

of the two amplifier configurations are near]

1,2
--2-x>

and X is less than unity.

v

out =26 mV (X

Iv.

y Equation (5.6) are
11ower amplifier can
mparable source-follower
The nonlinearities

ero.

y equal when

(5.8)

COMPARISON OF EMITTER-FOLLOWER TO BIPOLAR

COMPLEMENTARY AMPLIFIER CONFIGURATIONS

The integral nonlinearity of an emitter

can be compared to the nonlinearity of a bip

-follower amplifier

plar complementary

amplifier for values of X less than unity. hhen the value of X is

less than unity, the integral nonlinearity ex

pression for the

emitter—follower amplifier can be approximatfd by
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kT

- g
v + X o+
m q

~

NL

>
oo] NV

ef
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(5.9

and the integral nonlinearity equation for the bipolar comple-

mentary amplifier can be approximated by

kT
q

+ KT ginn”
q

NL =
cp

1 XO

v 2

m

(

5.10

where the higher order terms of a power exansion of the equations

have been eliminated as small. Whenever the

Vm’ is much greater than 26 mV, the ratio o

> peak signal voltage,

f the two approximations 1is

G.11D

This ratio indicates that a complementary an1ifier is much more

linear than a comparable emitter-follower w
X is less than unity. For values of X great
comparisons of calculated nonlinearities in
of an emitter—follower amplifier slowly app

parable complementary amplifier.

The bipolar complementary amplifier coi

linear of the three unity-gain type amplifi

henever the value of
ter than unity, several
dicates that the linearity

roaches that of a com-

hfiguration is the most

ers investigated.




CHAPTER VI
SPECTRAL DEPENDENCE OF INTEGRAL NﬂNLINEARITY
I. INTRODUCTION

The integral nonlinearity of a waveform [changes when the
waveform goes through a frequency-dependent tiransfer function. A
process for estimating this nonlinearity change is outlined in
this section for second-order and third-ordern two-term polynomial
nonlinearities. The process is applied to three example waveforms
and the results of this analysis are compared to computer simulations.

The results of this analysis for the twg—-term polynomial
nonlinearities are generalized such that these results can be
extended to more complex nonlinearities with|little additional
analysis. The accuracy of this generalization is then tested by
computer simulations for three sample functions from three different
single-stage amplifiers.

II. SPECTRAL DEPENDENCE OF SECOND-ORDER AND THIRD-ORDER

TWO~TERM POLYNOMIAL NONLINEARITIES

A procedure is given in this section for calculating the
change in nonlinearity of a pulse that passes$ through a frequency-
dependent transfer function.

The nonlinearity of a waveform is calculated at the peak value

of that waveform. Since the waveshape can change drastically with
a frequency=-dependent transfer function, the|input waveform and

the output waveform can peak at significantly different times.
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S

Therefore, the nonlinearity of the input is dalculated at the

time the input signal peaks, and the nonlinegrity of the output

is calculated at the time the output signal g

Consider a linear waveform, V f(t), whene f(t) is a normalized

wave=form whose peak value of unity occurs at

second-order nonlinearity then produces the nonlinear waveform

PCt) = V £Ct) + N « VEFo(t)

where fz(t) has a peak value of unity at t

peg

of this waveform is

_ N eV
Al T e e B
The magnitude of this nonlinearity will
form passes through a frequency—dependent fun

transform of P(t) be represented by

P(s) = V E_(S) + N » V2F,(S),
a b
where
Fa(S) = LCF(L)]
and
_ 2
Fb(S) = LEfF ().

The Laplace transform of the output signal is

2

0(s) = VEFa(S) H(S)1 + N - V EFb(S) H($

eaks.
the tpeak1' A
6.1
K1 The nonlinearity
(6.2)
change when the wave-
ction. Let the Laplace
6.3
6.4)
(6.5
)] 6.6)
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where H(S) is the frequency dependent transfgdr function. The

nonlinear output waveform as a function of time is

0E) = V 6, () + N+ V¥ 6, (1), 6.7
where

6,(t) = LLF_($) H(S)] 6.8)
and

6, () = LTTTF,(S) H(SN. (6.9

If the output waveform peaks at a time t 45 then the nonlinearity

pe akd

of the output waveform is

_ A+N-V
N =T+ AN .10
where the variable A is defined by
G, (t )
p = 0 _peakd 6.1
G_(t )
a peak?2

After solving Equation (6.2) for NV as|a function of NLn and

substituting into Equation (6.10), the magnitude of the output non-

linearity can be written as a function of the magnitude of the input

nonlinearity by

NL
NL 1

6.12

o T1T-% NG - A




The procedure for determining the changg in the nonlinearity
of a third-order nonlinear waveform is the same as that used for a
second-order nonlinear waveform. Given the third-order nonlinear

input waveform

QCE) = V 1) + N - VO @), 6.13)

the magnitude of the nonlinearity of this waveform is

2
NL, = Y . (6-14)
§§§ 1 +N -V

If the Laplace transform of f3(t) is represe%ted by

F(S) = LL ), 6.15)

and the inverse transform of the nonlinear portion of the output

signal by

1

G (t) = L LF (S) H($)I, (6.16)

then the nonlinearity of the output waveform| is

BNV

N = ; 6.17)
§‘2—/3-<1 +B-N- VD

where the term B is defined by

G _(t )

B = E;%Ejﬁﬁﬂéi__ 6.18)
a peak2)
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The nonlinearity of the output waveform |as a function of the

nonlinearity of the input waveform is

NLn
NL = . 6.19)

(o]
7 - ﬂm.m-s)

III. THE CHANGE IN NONLINENRITY
OF A SAMPLE WAVEFORM
The procedure given in the previous sectlion to determine the
change of nonlinearity of a pulse is i]]ustrJted here with an example
waveform and example frequency-dependent funcition. The example

nonlinear input waveform is

_t Pt
P(t)=v<-§)eT +N - V2 ( -:—)ze . 6.20)

AY

i

The example frequency-dependent function is an ideal integrator

whose Laplace transform is

1

H(S) = SC ° 6.21

The Laplace transform of the nonlinear output| waveform is then

{7

é S(S 23 ?

0(s) = % 1 +

67

6.22)

and the nonlinear output waveform as a functilon of time is




2t
-l(.t_z + l(t_) LY A
2\t 2\c 4 ¢ °
A sketch of the linear and nonlinear pon
waveform are shown in Figure 6.1. The input
zero seconds, and the normalized nonlinearity
this time is

NV

st w

A sketch of the linear and nonlinear por

waveform are shown in Figure 6.2. This outpy

tions of the input
waveform peaks at

of the waveform at

tions of the output

t waveform peaks at

100

(6.23)

6.24)

approximately t seconds. At this time, the magnitude of the linear

portion of the output is

;V'T
Ga(r) = (0.3679).

The magnitude of the nonlinear portion of the

this time is

2
fod N+«V ¢
Gb(r). = c——(0.2162).

output waveform at

The normalized nonlinearity of the output waveform is therefore

N « V (0.2162)

NL, = NV (0.2162)} .

©  4(0.3679) [1 +

(0.3679)

(6.25)

6.26)

6.27)
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Figure 6.1. Linear and nonlinear components of input waveform that
is used for illustration.
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Figure 6.2. Linear and nonlinear components of the output waveform
that is used for illustration.
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The ratio of the output nonlinearity to the i

Nbo _ 0.5877¢1 + N - W
N - T+ 0.5877 N - V) -

The salient points of this analysis are
6.1 for the example waveform given in the te
this table are salient points from the proced
additional waveforms. These three waveforms
of a class of common pulse shapes found in nd

The procedure is reapplied for the same
with the second-order nonlinearities replaced

linearities. The results of these analyses 3

IV. COMPUTER SIMULATION PRO(

In this section, a two-step procedure i
the nonlinearity of a system by computer sim¢

The block diagram for the first step of
shown in Figure 6.3. A linear input signal,
a nonlinear function which provides a nonling
input to a frequency-dependent transfer funct
dependent transfer function is identified by
H(S), in Figure 6.3. The nonlinear output si
one, the magnitude of the linear input signal
for which the maximum deviation of the nonlin

occurs. Also in step one, the magnitude of 1

PULSE, is determined for which the maximum deviation of the nonlinear

output signal, Y1, occurs.

nput nonlinearity is

103

6.28)

summarized in Table
t. Also included in
ure applied to two
are the first three
clear spectroscopy.

three example waveforms

by third-order non-

re summarized in Table 6.2.

EDURE

described for finding
lations.
the procedure is
PULSE, passes through
ar signal, XY1, at the
ion. The frequency-
its Laplace transform,
gnal is Y1. 1In step
» PULSE, is determined

ear input signal, XY1,

he linear input signal,
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These two input signal magnitudes may be estimated by modeling

the deviations of the nonlinear signals as third-order functions

of the linear input.
|

vn Vn vn
De](Vn) =6 Y ) v (9(\’ R 6.29
nm/\'nm nm

where Vn is the linear input signal, Vnm is the peak value of the
input signal, and where G and Q are constants. The function De](Vn)
is restricted to have a single polarity betwjen Vn equal to zero,
and Vn equal to vnm' !

The magnitudes of the nonlinear input signal and nonlinear
output signal are determined when the linear input, PULSE, is at
two thirds and one third of its maximum value. These magnitudes
are used to determine the two values of the input signal for which
the maximum deviations of the nonlinear sign#ls occur.

Given that the magnitude of the deviatién, De](Vn), is B when
the input signal is two thirds of Vnm’ and that the magnitude of
the deviation is C when the input signal is ?ne third of Vnm’ then

|

the linear input signal at which the maximum deviation occurs is

approximately

1+a:J® -a+1],

X o = "R 6.30)
nm 3 nm
where
_ 2 -8B
Q - m - (6-31)
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The derivation of Equation (6.30) is given iA Appendix IV. When
the magnitude of the variable Q is undefined (i.e. infinite), the
maximum deviation occurs at half of Vnm' {

The block diagram shown in Figure 6.3 out1ines the computer
program used to find the magnitudes of the input voltage at which
the two maximum deviations occur. The figur$ shown three identical
but separate signal paths. The upper most p;th processes the signal
at full amplitude; the integral gain of the system is established
here. The center path processes the signal ?t two thirds of
maximum amplitude, and the lower most path processes the signal
at one third of maximum amplitude.

Let the peak values of the variables XY], XYz2, XY3, Y1, Y2,
and Y3 shown in Figure 6.3 be represented by‘XYMAX1, XYMAX2, XYMAX3,
YMAX1, YMAX2, and YMAX3 respectively. The deviations of the nonlinear

signal at the input to the frequency-dependeTt function are

Bn = %-XYMAX1 = XYMAX2 (6.32)

when the linear input is at two thirds of maiimum amplitude, and

c = %XYMAX1 - XYMAX3 (6.33)
|
|

when the linear input is at one third of maximum amplitude. The

deviations of the nonlinear signal at the output are

1
i
B, = % YMAXT - YMAX2 (6.34)

when the linear input is at two thirds of marimum amplitude, and
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YMAXT = YMAX3 (6.35)

W=

when the linear input is at one third of max imum amplitude. These
values of the variables B and C can then be Jubstituted into
Equation (6.31) to determine values for the intermediate variable,
@, with which the input signal magnitude can be determined from

In the second step of this process, the magnitudes of the two

Equation (6.30).

maximum deviations are found. The block diaqram of the computer
program used to find these values is shown iA Figure 6.4. The
upper signal path determines the magnitude of the maximum deviation
of the nonlinear signal at the input of the freguency-dependent
function, and the lower signal path determines the magnitude of
the maximum deviation of the nonlinear signal at the output.

The magnitudes of the multiplying facto¢s Xn and X° are

|

between zero and unity, and they each represént the fraction of
an input signal to full scale. Their values are determined in
the previous simulation.

Let the peak values of the variables XYﬁ, and YD shown in
Figure 6.4 be represented by XYMAXD and YMAXD respectively. The

normalized nonlinearity of the signal at the|input to the frequency-

dependent function is then

Xn « XYMAX1 - XYMAXD

NLn = XYVMAX] s | (6.36)

and the normalized nonlinearity of the signal at the output of

the frequency-dependent function is



110

*juswa| @ juspuadap-Aausanbauy ayl Jajje ga ¢leubLs Indino Jeaui|{uou 3yl JO UOLIELAIP
wnwixew syl pue ©juswd|d juspuadap-Aousnbady 9yl aJ04aq ‘gaAx “|leubts induL JesuL|uou
9yl JO UOLIBLASP wNwixew 3yl puijy 03 pasn wedboud gps)y syl burjedisniiL weduberp jo0|g *4°9 d4nbL4

uojoung

S)H sogsuesy | °X I
o] © VAX | ieomuon | ONA

uojjounyg
Joysues) x

AAX | sesomeon | NNA " 3s1nd

(1)J-NA




Xo + YMAXT - YMAXD

= 3 (6.
NLO

YMAX1 :

V. SIMULATION MEASUREMENTS OF NONLINEARITY
FOR THREE EXAMPLE WAVEFOQMS
!

In this section, the computer simu]atioﬁs used to determine
the nonlinearity of three example waveforms before and after passing
through a frequency-dependent function are g#ven. The three sample
waveforms are from a class of waveshapes common in nuclear spectros-
copy, and the frequency-dependent function uysed in these simulations
was integration. The type of nonlinearities are second—-order and
third-order two-term polynomials. The nonlinearity simulation
results are compared to those obtained from Tand analyses.

A block diagram illustrating one of theée simulations is shown
in Figure 6.5. The CSMP computer code for this simulation is
given in Appendix V. The nonlinearity is se?ond-order in this
examples therefore, the maximum deviations o% the nonlinear input
and nonlinear output signals both occur when the linear input signal
is at half of its maximum value. |

The peak value of the nonlinear input w;veform was 15.0000 when
the linear input was at full magnitude, and the peak value of the
nonlinear input waveform was 7.3500 when the|linear input was at

half of its maximum amplitude. From Equatioﬁ (6.36) (page 109

the value of the normalized nonlinearity is

\
(0.5) (15.0000) - (7.3500)

11

37D

NL = = 1.00%. (6.38)

n 15.0000
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The peak value of the nonlinear output xaveform was 5.4271
when the linear input was at full scale, and the peak value of
the nonlinear output was 2.6811 when the linear input waveform
was at half of its maximum amplitude. From équation (6.37) (page 11D
the value of the normalized nonlinearity is
N = (0.5¢5.4271) - (2.6811) _ 0.5979%. 6.39)

0 5.4271

From Table 6.1 (page 104) and Equation (6.28) (page 103) the
change in nonlinearity for this combination $f waveshape and
frequency-dependent function is 0.5975. The‘ana]ysis and simulation
agree well.

Simulation results for this and two othér waveforms are com-—
pared in Table 6.3 to hand analyses for second-order nonlinearities.
In all three cases, the simulation results and analyses agree well.
The magnitude of the errors is generally wit#in round-off error of
the computer's output. Simulation results for the same three
waveforms are compared in Table 6.4 to hand analyses for third=-order
nonlinearities. These simulations and analyles also agree well.

VI. SPECTRAL DEPENDENCE OF
COMPLEX NONLINEARITIES ‘

In this section, an analytical procedure is given for finding
the change in nonlinearity of a pulse which passes through a frequency-
dependent function for nonlinearities which %re more complex than
two-term polynomials. The change in nonlinearity of a complex

nonlinear waveform which has a second-order term in its Taylor
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series expansion is estimated to be equal toithe change in
nonlinearity of a second-order two—term polynomial nonlinear
waveform as given by Equation (6.12)(page 97). The change in
the nonlinearity of a complex nonlinear wave#orm which does not
have a second-order term in its Taylor series expansion, but
does have a third-order term, is estimated to be equal to the
change in nonlinearity of a third-prder two-term polynomial non-=
linear waveform as given by Equation (6.19)(page 99). The
accuracy of these approximations is tested b* computer simulations
for several values of nonlinearity and for tﬁree different nonlinear
functions.

The three complex nonlinear functions eYaluated are the

voltage—-dependent functions for the common-emitter, bipolar

differential, and JFET differential amplifier stages. The three

116

functions for these amplifiers are derived iT CHAPTER III (pages 34-39)

and in CHAPTER IV (pages 71-74), and these functions are:

a) common—-emitter

( i) ) |
kT , ‘
Vout IoRL e 17,

b) bipolar differential

¢) JFET differential

I vV \2
I \' J/ 0 ( n )
_ “dss'n -
Vout = Vp 2lyss va




The nonlinear function of the common-emitter amplifier has a second-

order term in its Taylor series expansion. The nonlinear functions
of the bipolar differential and JFET differential stages do not
have second-order terms, but do have third-order terms in their
Taylor series expansions.

The single waveshape used in this ana]yﬁis is the representative

i

waveform

-t
V(L) = v<1 - —:—)e T, | (6.40)

and the frequency-dependent transfer function is an ideal integrator.
The value of the variable A in Equation (6.12)(page 97) for this
combination of waveshape and frequency-depenient transfer function

is approximately 0.5876. The value of the variable B in Equation
(6.19)(page 99) for this combination of wasthape and frequency-
dependent transfer function is approximately 0.4127.

The nonlinearity of the waveform at the output of the system with
the complex nonlinear function from the commén-emitter amplifier was
predicted from Equation (6.12) (page 97). Thé nonlinearity of the
waveform at the output of the two systems with the complex nonlinear
functions from the bipolar and JFET differenﬁia] amplifiers was pre-
dicted from Equation (6.19)(page 99). The nénlinearities predicted
from these hand analyses were compared to the values determined by

the computer simulation procedures outlined jn Section IV of this

chapter (pages 103-111).



118

488278~ 9085~ Z9SLLT9- 9085 "¢- #8L02°9 %#89¢0°2 %0l
VA LA 426527 L~ %ceee” - 42682° - #90L6°1 4188671 “i°e
#620%°0- 4590%°0- “0ely o~ %590%°0- %268S°0 %826S°0 4
B cowwwﬂmem stsk|euy uoLie|nhwLsg stsA|euy uotle|huts siLsA|euy
letiusdsyitp 13dr let3usgayyip Jejodig 4933 lus-~uowwo) A3tJeaut [uou
.v:acw
A3LJeaut [uou 3nding

*JojedbajuL |eapt

ue 3d3LAdp 3Judpuadap Aouanbauy ayi pue | 1=2¢2/3 = L) = (VA st waojanem 3jdwexs

9yj "suoL3duny Jdjsued] x3|dwod 334yl JO} siLsA|eue Aq paldLpaud A3tJeaul|uou
3Yy3 03 suoLie|nuis Jaindwod Aq punoj A3jLdeaut|uou 3Indino ayi jo uostJedwo) °¢+9 ajqel




119
The comparison between analysis and comduter simulation is
shown in Table 6.5. The magnitude of the nonlinearity at the input
to the integrator was set at 1.0%, 3.2%, and 10.0% for each function.
The nonlinearity of the waveforms at the outJut of the integrator
were predicted from Equations (6.12) and (6.19)(pages 97, 99).
These predicted values agree reasonably we]]iwith the computer

simulations. The accuracy of the predictionJ is worse for larger

values of nonlinearity.




CHAPTER VII

CLOSED-LOOP NONLINEARITY OF NEGATIVE

FEEDBACK AMPLIFIERS WITH MéMORY
I. INTRODUCTION

The closed-loop nonlinearity of a feedbgck system at midband
is approximately equal to the open-loop nonlinearity of the amplifier
divided by the loop transmission plus one. Towever, when energy
storage devices distort the waveshape of a nénperiodic signal, the
value of the loop transmission is not defined and the closed-loop
nonlinearity is not known. Two computer simulation models are
presented in this chapter to determine the cTosed-]oop nonlinearity
of feedback systems with memory to nonperiodic signals. Both
models are shown to be accurate for sample s)mulations but one of
the two models uses computer time more effic%ent]y.

Computer simulations in this chapter are used to determine
the closed~loop nonlinearity of feedback amplifiers with integrating
stages in the forward plant. The results ofithese simulations indi-
cate that the closed-loop nonlinearity of this type of feedback
amplifier is inversely proportional to the gain-bandwidth product
of the loop transmission squared, and that fér best linearity per-
formance the phase margin of the feedback amplifier should be
greater than 45 degrees. The closed-loop noj]inearity of many
practical amplifiers, particularly operationé] amplifiers, can be

approximated using the results of this analysis.

120 |




II. COMPUTER SIMULATION MéDELS

Nonlinearity is modeled in this chapter by a simple two=term

polynomial, i
|

fOV) = a; - V+a, - VAR (7.1)

where a, and a, are constant coefficients ani n js a positive
integer power of V greater than unity. In CHAPTER II of this
dissertation (page 19, the peak deviation with this type non-

linearity is shown to occur when the input v&ltage is

V,=V n . ‘ (7.2)

where Vnm is the peak value of the input voltage. The magnitude

of the peak deviation is then

1

n{n=1 (7:50
Delmax = a2V —In . (7.3
nm \ n

Handling nonlinearities that are more comp]eL than the two-term

polynomial are discussed at the end of this section.

First Computer Model

Two models for simulating the non]inear%ty of feedback systems
are presented in this chapter. This first model is shown in Figure
7.1. The rectangular blocks G1, GZ’ and H ake linear functions
which may or may not have frequency dependen£ elements. The
memoryless nonlinearity is contained in the nonrectangular block.
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Although the feedback generates higher-érder nonlinear terms,
the accuracy of this model relies on the deviation of the output
being near its maximum value when the input voltage has a magnitude
given by Equation (7.2). The ideal magnitudi of the output, V1,
for this signal level is determined by the upper feedback loop
in Figure 7.1, and the actual magnitude of the output, Vn’ is
determined by the lower feedback loop. The difference in these

two signals,

Del(t) =V, (t) - Vn(t), ‘ (7.4)

1

gives an approximation of the maximum deviation of the output from
the integral gain curve. ‘

The magnitude of the closed-loop nonlinéarity of a system is
often in the order of parts per million. For this reason, the
accuracy and resolution of a computer simu]a#ion using this first
model often must be relatively high to simulate accurately the

nonlinearity.

Second Computer Model

A block diagram of the second simulation procedure is shown
in Figure 7.2. This procedure uses an approwimation that has been
used by Billan to predict the harmonic disto#tion of Sallen and Key
type filters [34]. The upper feedback loop shown in Figure 7.2
simulates the linear portion of the signal, and the Tower feedback
loop simulates the first order portion of th; nonlinear signal

generated from the linear waveform. The maximum deviation is then

approximated as the fraction given in Equation (7.3),
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1
- G=) -
Delmax = n1, n T=n", BV (n=1) (7.5)
n nm
of the nonlinear signal. With this approxim%tion, the fundamental
nonlinearity is fed back, but no cross distortion terms are con-
sidered. The accuracy of this approximation requires that the
inequality 1
A-V>>B-.\ (7.6)

holds true. !

This second procedure uses computer timé more efficiently
than the first model. Since this approximation does not depend on
small differences between two signals to detirmine the nonlinearity,
the high resolution and accuracy of computation that the previous
model requires are not needed.

In addition, when several nonlinear sources are included in
a single feedback system, the individual contribution from each
of the nonlinearities can be found with the Tecond model by using
a single feedback loop to simulate the linear portion of the signal,
plus one feedback loop for each nonlinearity. Therefore, the contri-
butions from N independent nonlinearities caT be evaluated with
only N+1 feedback loop simulations. The firét model requires
two feedback loop simulations per nonlinearity, regardless of the
number of nonlinearities present in the syst$m. Evaluating the

\
individual contributions from N nonlinearities using the first

model requires 2N feedback loop simulations.
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The second procedure can, therefore, sa&e computer time by
requiring fewer simulations for a given nonlinear system, and
by requiring less resolution per simulation.
Since the feedback systems shown in Finge 7.2 are linear, the
output nonlinearity from this second model can be determined with
Laplace transform techniques. The open-]oop‘non1inear operation
is evaluated by taking the inverse transform of V before raising
this voltage to the nth power, and then taking the Laplace transform
of the resulting nonlinear function of time. , Unfortunately, the

waveforms generated are usually complex, and the process becomes

tedious.

Results from an Example Simulation

The results from several computer simulations indicate that
the first procedure for finding the closed-lqop nonlinearity of
a feedback system is much more accurate than!the second procedure.
The results from a typical simulation are given here to illustrate
this point. ‘

The example nonlinear system is shown ii Figure 7.3. Since
the nonlinearity is second order, the peak deviation using the
first procedure is estimated to occur when the input is at half
of its maximum value. Since the nonlinearity is second order,
the value of the maximum deviation calculated from Equation (7.5)
is 0.25 B-Vnmz, and the magnitude of the peak deviation using the
second procedure is estimated to be one quarler of the magnitude
of the nonlinear waveform. The input waveform used in these example
simulations is one that is common in nuclear spectroscopy and is

described by
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t

V. () =2.718 te C. (7.7)

The constant, 2.718, normalizes the pulse toia peak value of unity.

The nonlinearity outputs from the compu&er simulations using
|

the two procedures are sketched as functions of time in Figure 7.4.

The solid line is the output from the first-¢rocedure simulation,

and the dashed line is the output from the sécond-procedure

simulation. :
|

The first procedure has error when the maximum deviation occurs

with an input whose value is other than the éne predicted by Equation

(7.2)(page 121). The magnitude of this erroﬁ was found by comparing

i
the true maximum deviation of the system to ﬁhe deviations pre-

dicted by the first procedure. These true m#ximum deviations were
i
found by finding the deviations of the systeﬁ for different values

of input using repeated simulations. The er?or at any instant of

!

time was less than 1.0% of the peak value of [the nonlinearity for
|

this example run. The measurement of this error is complicated

since the maximum deviations at different points of the waveform

occur at different values of input voltage. 1

The error produced by the second model éxceeded 14% of the

peak magnitude of the nonlinearity. This nuﬁber seems large con-

sidering that the peak value of the open-]oob nonlinearity is
\
only 1.19%. 1

\ .
The second model contains two major sources or error. First,
I

the voltage waveform, V, in Figure 7.2 is a]ﬁered by removing the
\

nonlinear term from the feedback loop. Secoﬁd, the frequency of
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oscillation in the nonlinearity is too low because the linear gain,
A, is always less than the integral gain of ﬁhis nonlinear system.
Modifications to the second model are given {n the next section to

reduce the magnitude of these errors.

Modified Second Procedure

Two modifications of the second procedure are shown in the
block diagram in Figure 7.5. The first modification is the inclusion
of the nonlinear term in the upper feedback loop. This modification
provides a more accurate simulation of the variable labeled V in
the block diagram. The second modification is the calculation of
the integral gain of the feedback system for the lower feedback
loop. This gain must be calculated from variables in the upper
feedback loop. Neither of these two modifications seriously reduces
the efficiency of this computer simulation procedure.

This modified second procedure was used to determine the

|

nonlinearity of the example nonlinear system‘given in the previous
section. The predicted value of non]inearitj at any instant of
time was within 1% of the actual value of noﬁ]inearity of the system.
This value of error is significantly less than the 14% error obtained
with the unmodified second procedure. However, this modified second
procedure was not quite as accurate as the first procedure. The
magnitude of the error of the modified second procedure is typically
25% larger than the error from the first procedure.

Handling Nonlinearities that are
More Complex than Two-Term Polynomials

More complex nonlinearities than two-term polynomials may be

used with the first procedure given in this chapter. However,
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some criteria is needed to estimate the valué of the input
variable at which the maximum deviation occurs. As a simple
example, consider the nonlinear function described by

= 2 3
f(V)—a1'V+az’V +a3.v +"', (7-8)

where the number of terms of the polynomial ﬁs large. The input
for which the maximum deviation occurs can be estimated by using
the first two terms of the polynomial. For example, if the
coefficient a5 is zero, then the magnitude ok the input at which
the maximum deviation occurs could be estimated to be that of a
third-order two-term polynomial, which is 57.7% of the maximum
input. In the absence of any other criteriaL half of full scale

is usually an adequate estimate for the input at which the maximum
deviation occurs.

More complex nonlinearities may also be;used with the second
procedure given in this paper if the maximum deviation of the
system can be estimated from the nonlinear components of the output.
Generally, this estimation requires an estimLte for the magnitude
of the input variable for which the maximum deviation occurs. For
example, given the polynomial described by E?uation (7.8) above,

the deviation at midscale could be assumed near the maximum value.

At midscale, the deviation of the polynomial is given by

2,3
* v +-8—

3 7 | 4
a nm a

.V + Vv + o0 ., 7.9

Del = az nm 16 “4, nm

=

A block diagram showing the modified second procedure using this
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nonlinearity is shown in Figure 7.6. The coéfficients of the
nonlinear terms inserted into the lower feedéack loop are weighted

|
to give the peak deviation at the output of that system.

III. SIMULATIONS OF CLOSED-LOOP NONLINEARITY
WITH AN INTEGRATOR IN THE FORWARD PLANT

Nonlinearity Located before Integration

Simulation results are given in this se¢tion for a feedback
system with a single frequency-dependent element, and integrating
stage in the forward plant of the system. Mény practical amplifiers,
particularly operational amplifiers, can be épproximated with this
model. A common pulse shape was used in thejsimu]ations.

The model given in Figure 7.2 was used %or the simulations.
This model was chosen because it efficient]yiuses computer time,
and because the magnitude of the nonlinearitf varies linearly
with signal amplitude. This means that the éodel in Figure 7.2
gives a first-order, or small-signal, analysfs of the nonlinearity.
To obtain small-signal results with the model given in Figure 7.1,
the signal amplitude would have to be kept v%ry small, and the
resolution of the simulation very high. |

Simulations were obtained first for noniinear functions

occurring before the integrating stage. For these simulations,

the elements of the model in Figure 7.2 are described by
B=G, =H=1, | (a)

and G2 =3 j (b (7.10)
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Second-order and third-order nonlinearities Qere simulated
individually such that n had values of 2 and33 for separate
simulations. The value of the linear gain, 4, was varied from
2 to 1,000 in nearly logarithmic steps. The !input waveform
was given by %
%
Vi (£) = 2.718 te . § 7.11)

A sample output is shown in Figure 7.7. | In this particular
|
run, n has a value of 2, and A has a value oﬁ 20. The CSMP computer

|
program for this simulation is listed in Appendix V. The output

waveform, VL, has a peak value of 0.99855 at§1.05 seconds. At

that instant of time, the nonlinear waveform{ VN, has a value of

9.01 X 10" ?

|
Results from this and the other runs ard tabulated in Table 7.1.

The closed-loop nonlinearity strongly dependé on the magnitude of

the linear gain, A, for both the second-ordeﬁ and third-order

nonlinearities. The second-order non]ineariﬂy is inversely propor-
. . . . . \ .
tional to the linear gain raised approximately to the fifth power,
|
and the third-order nonlinearity is inversely proportional to the

linear gain raised approximately to the seventh power. This reduction

|
of nonlinearity is due to the reduced signa]imagnitude before the

integrating stage, and due to the increased Foop transmission of
|
the amplifier.

|
|
Nonlinearity Located after the Integrator }

The nonlinear system was next simulated Mith the nonlinear

functions occurring after the integrating stage. The elements of
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Table 7.1. Comparison of nonlinearities of several systems
with integrating stages in the forward plant for
several values of linear gain. Nonlinear functions
were located before the integrating stage and
were second-order and third-order two-term
polynomial nonlinearities.

Linear Second-order Third-order

gain nonlinearity nonlinearity
2 2.43 x 1072 8.52 x 1075
5 1.23 x 1073 1.99 x 107%
10 3.76 x 10°° 1.88 x 107°
20 9.01 x 10~/ 8.34 x 1077
50 7.11 x 1077 9.52 x 10712
100 2.15 x 10~ 10 5.78 x 10714
200 5.89 x 10712 4.14 x 1071
500 7.29 x 10714 -2.19 x 10718
1000 2.19 x 1071 6.63 x 1072




the model in Figure 7.2 are described by

A= 62 =H=1, (a)
B = 0.05, (b)
and G1 = g—, (c)

where the value of the variable K was varied from 2 to 1,000 in
nearly logarithmic steps. As in the previous simulations, the
variable n took on the values of 2 and 3 for separate simulations
of second-order and third-order nonlinearities. With this arrange-
ment, the magnitude of the voltage at the nonlinear function did
not vary with the values of loop gain. The input waveform used
for the simulation is described by Equation (7.11).
The results of these simulations are given in Table 7.2.
The closed-loop nonlinearity varied inversely with the square of
the loop transmission for both the third-order and the second-order
nonlinearities.
IV. INTRODUCTION OF A SECOND
FREQUENCY-DEPENDENT ELEMENT
Many electronic amplifiers have more than one significant
frequency-dependent elements. To approximate this situation, a
second high=frequency pole was added to the forward plant of the
nonlinear feedback systems given in the preceding section. The
nonlinearity as a function of the phase margin of the Bode plot
of the system was found for several values of loop gain. The

results from these simulations may be used to estimate the

138
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Table 7.2. Comparison of nonlinearities of several systems
with integrating stages in the forward plant for
several values of linear gain. Nonlinear functions
were located after the integrating stage and
were second-order and third-order two-term
polynomial nonlinearities.

Linear Second-order jThird-order

gain nonlinearity 3nonlinearity
2 8.84 x 107> 1.04 x 1072
5 3.49 x 107 5.37 x 107>
10 9.22 x 107 1.51 x 107
20 1.60 x 107 3.49 x 1074
50 4.15 x 107 6.21 x 107°
100 1.03 x 107 1.55 x 107
200 2.30 x 107° 3.45 x 1078
500 4.06 x 107" 6.11 x 1077
1000 1.08 x 1077 1.56 x 1077
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|
nonlinearity of feedback systems with more c?mp]ex frequency-
|
dependent elements, but with the same combin%tion of loop gain and
phase margin. i
|
Only second~order nonlinearities were used in the models
|
because of the large number of simulations tﬁat were required.
i
|
Nonlinearity Located before the i
Frequency-Dependent Elements ;
|
The results from several computer simul?tions of feedback
systems with a nonlinear function before theifrequency-dependent
|
|
elements are given in this section. The sysqem model is described
by identifying the symbols in Figure 7.2 as i
|
B = G1 =H=1, } (a)
!
1 1 |
2 s e 3 ®
|
and n = 2, 3 (e (7.13

where the magnitude of the variable P was adﬂusted to obtain

. . . .
certain phase margins for each value of linear gain, A. The
|

|
variable A was assigned several values betweeb 10 and 1,000.

A sample computer output is shown in Figure 7.8. In this
particular run, the variable A had a value of 20, and the variable
P had a value of 0.2 which corresponds to a p%ase margin of 28

degrees. The CSMP computer program for this §imu1ation is listed
|

in Appendix V. This is the same system that has used for the

previous sample output given in Figure 7.7 (p%ge 136) except for

the additional high-frequency pole. The line%r waveform, VL, in
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Sample output of a nonl

Figure 7.8.

feedback amplifier which has |a phase margin of only

inging

This output shows considerable r

compared to the sample output shown in Figure 7.7

28 degrees.
(page 136).




Figure 7.8 has a peak value of 1.02 at 1.11 seconds. At that instant
of time, the nonlinear waveform, VN1, has a palue of 1.73 X 10-4.

A comparison between Figures 7.7 (page 136) and 7.8 shows that
the additional high-frequency pole causes thg nonlinearity as a
function of time to have considerable ringin%. The magnitude of
the nonlinearity is generally larger with th% additional high-

frequency pole. At the instants of time tha# the linear outputs
!
peak, the nonlinearity in Figure 7.8 is apprPximate]y 200 times

larger than the nonlinearity in Figure 7.7 (Lage 136).
Nonlinearities for many combinations ofilinear gain, A, and
phase margin are given in Table 7.3. Since ; phase margin of 90
degrees corresponds to a single integrating %]ement in the forward
|

|
plant, this is the initial value of phase margin given in the table.

For every value of gain, A, the non]inearityiinitial]y decreases
|

slowly with decreasing phase margin. Below éome critical phase
margin, the magnitude of the nonlinearity i%creases rapidly.

This effect is illustrated in Figure 7.% which is a graph of
the nonlinearity as a function of phase margﬁn for a linear gain,
A, of 20. The initial value of the non]inea%ity (at a phase margin

of 90 degrees) is 9.01 X 10-.7

- The magnitude of the nonlinearity
remains below this value until the phase mar%in drops below its

first critical value, PM1, of 48 degrees. A% the phase margin

decreases just 4 additional degrees, the magnitude of the nonlinearity
!

rapidly increases a factor of five times the‘initial value of

nonlinearity, and reaches a value of 5.14 X ﬂO-é. The nonlinearity

reverses polarity past this point and drops to large negative values.

142



Table 7.3. Closed-loop nonlinearity of example nonlinear feedback systems with the nonlinearity preceding
the frequency-dependent elements.

143

Value of linear ga:in
Phase margin| :
(degrees)

10 20 50 100 200 500 1000
90.0 | 3.76 x 1075 | 9.01 x 1077 | 7.44 x 1077 | 2.15 x 10719) 5.89 x 10712} 7.29 x 107"4| 2.19 « 10715
78.9 | 2.04 x 107 | 4.33 x 1077 [ 5.68 x 107 | 1.31 x 10770} 4.04 x 1072| 4.53 x 107° *
69.5 | 4.89 x 1070 | 1.31 x 1077 | 3.05 x 1077 | 5.64 x 10'"1 1.80 x 10 12| 1.60 x 107%] 1.10 x 10713
59.0 | 1.20 x 10 |-1.60 x 1077 [2.00 x 107'0|-3.67 x 107" }-1.04 x 1072|-1.21 x 107"|-1.25 x 1071¢
56.3 3.86 x 10-5 * * * | * * *
6.0 | 7.97 x 107 . * . . * *
51.8 | 1.30 x 1074 |-3.95 x 1077 |-2.58 x 1077 |-1.08 x 10710} -3.24 x 107"2|-3.34 x 107"%!-7.24 x 10776
49.9 | 1.74 x 107% |-6.92 x 1078 |-3.18 x 1077 |-1.29 « 10'1°j * * *
48.2 | 1.94 x 1074 | 8.33 x 1077 |-3.69 x 107 |-1.46 x 1070 * * *
46.6 | 1.7 x 107 | 2.36 x 107 [-4.11 x 107 [-1.62 x 10710 * - *
45.2 | 1.03 x 107% | 4.06 x 107° |-4.45 x 1077 |-1.75 « 10779|-5.20 x 10712|-5.75 x 107"4}-1.29 « 10"V
43.9  |-2.95 x 1074 | 5.4 x 107° |~4.71 x 10~ |-1.86 x 10770 * * *
42.7  [=1.83 x 1073 | 4.45 x 1078 Fa.g2 x 1077 |-1.94 x 10710 * * *
41.6  |-2.36 x 1073 | 9.15 x 1077 14.59 x 107° |-2.00 x 10710 * * *
40.5  |-2.48 x 107> 1-6.19 x 10° [3.95 x 107 |-2.03 x 10770 * . *
9.6 |-2.42 x 1073 |-1.70 x 1075 }6.85 x 1077 |-2.04 x 10770 * * *
38.7  |2.37 x 107 |-3.79 x 107 T—a.w x 1077 |-2.02 x 10779/ 6.09 x 10712|-6.86 x 10714|-1.63 x 101"
35.6 * * * * -5.36 x 107'° * *
3.2 * * * * -3.50 x 10 12]~4.12 x 10774} 8.64 x 10716
28.0 | 1.58 x 1073 | 1.97 x 107% 11.23 x 107 | 5.8 x 10710] 8.59 x 10712} 7.66 x 1071%] 9.19 x 10716
23.8 * * * " » 2.17 x 10712 1.21 « 10774

* Not determined
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Figure 7.9. Closed-loop nonlinearity as a function of phase margin
for example feedback systems with the nonlinear function
located before the freguency-dependent elements.
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A second critical phase margin, PM2, is identified at 41 degrees
where the value of the nonlinearity drops be?ow -5.14 X 10-6.
Critical values of phase margin were fo#nd for every value
of linear gain, A, given in Table 7.3. Thesé critical phase margins
are sketched as a function of the linear gaia in Figure 7.10 (dashed
1ine). From the limited data given in this %igure, the critical

phase margin appears to approach a constant value of 27 degrees

as the magnitude of the linear gain gets 1ar§e.
|

Nonlinearity Located after the
Frequency=-Dependent Elements

i
The results of simulations are given inithis section for
\
systems with nonlinear functions located after the frequency-dependent
elements. For these simulations, the symbol$ in Figure 7.2 are

described by

A=6,=H=1, ‘ (a)
1. |
615 mF7° j ®
B = 0.05, (o)
and n =2, () 7.1

|
where the linear gain, K, was given several yalues between 10 and

1,000. The value of the variable P was adju%ted to vary the phase
margin of the system at each value of K. Thé input waveform for all

the simulations is described by Equation (7.11) again.
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Nonlinearities obtained for several combinations of gain, K,
and phase margin are listed in Table 7.4. As with the previous set
of simulation results, the magnitude of the nonlinearity initially
decreases with decreasing phase margin, regafdless of the value of
the variable K. Below a certain value of phase margin, the magnitude
of the nonlinearity increases rapidly. This point is illustrated in
Figure 7.11 with the nonlinearity plotted as a function of the phase
margin for the system with the linear gain set at 20. The critical

value of phase margin for this particular syftem is approximately

42 degrees.

The critical phase margins, found from the data in Table 7.4,
were plotted as a function of the linear gain in Figure 7.10 (solid
1ine). The critical phase margin appears to‘approach a constant
value of 40 degrees for increasing values of linear gain.

V. A PRACTICAL CONSIDERATI&N FOR
MEASURING NONLINEARITY

Since the nonlinearity of pulse amplifiers is a function of time,
there is a practical consideration to take iLto account when measuring
or quantifing the magnitude of the nonlinearity of an amplifier.
Depending on the type of peak detector, the magnitude of the pulse
hejght might be determined slightly before oL after the actual peak
of pulse. This type of error can greatly affect the magnitude of
the nonlinearity of an amplifier, and the no?]inearity of a specific

pulse amplifier can vary significantly from one spectroscopy system

to another. Therefore, nonlinearity of pulse amplifiers should be
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Table 7.4. Closed-loop nonlinearity of example nonlinear feedback systems with the nonlinearity following
the freguency-dependent elements.

Value of linear gain
Phase margin
(degrees)

10 20 50 100 200 500 1000
90.0 | 9.22 x 107 | 1.60 x 107 | 3.63 x 107> | 1.03 x 1075 | 2.30 x 107 | 4.06 x 107 | 1.08 x 107
78.9 | 9.3 x 107 | 1,91 x 107 | 3.37 « 107° | 8.20 x 1078 | 2.04 x 1070 | 3.46 x 10~ *
69.5 | 6.17 x 107 | 1.26 x 107 | 2.48 x 107 | 6.07 x 107 | 1.52 x 107 | 2.05 x 10~ | 7.26 x 1078
59.0 | 3.25 x 107 | 9.10 x 107 | 1.16 x 107 | 2.89 x 107 | 7.45 x 1077 | 3.35 x 1078 | 2.42 x 1078
5.8 [-2.83 x 107 [-7.18 x 107® |-2.14 x 107 |2.9 x 1077 |-1.86 x 108 | 1.49 x“lO-B 2.24 x 1078
49.9 =169 x 107% [=3.41 x 107 |-6.60 x 1078 |-7.19 x 107 * * *
48.2  [-5.07 x 107 |-5.36 x 107 |-1.11 x 10> |-1.78 x 1078 * * *
46.6 |=1.08 x 107> [-6.68 x 107 |-1.56 x 107> |-2.85 x 10°° * . *
45.2  [-1.92 x 107 [-8.14 x 107 [-2.01 x 107° |-3.89 x 107 |-1.04 x 107 |-1.64 x 1077 |~1.49 x 10~
439 |-3.80 x 107> |-1.12 x 107% |-2.45 x 107> |-4.96 x 1078 * * *
42,7 |-6.00 x 107> [=1.74 x 1074 |2.91 x 107> |-6.09 x 1076 * * *
4.6 |-6.26 x 107 |-2.83 x 1074 |-3.35 « 107 |-7.22 x 107 | * * *
40.5  |-3.47 x 107 |-4.47 x 107% |-3.80 x 1075 |-8.33 x 107° * * *
39,6 |=2.01 x 1070 |6.63 x 107 [~4.25 x 107 |-9.36 x 1070 * * *
38.7 |13 x 107 [-9.40 x 1074 [~4.70 x 1075 [-1.06 x 1075 |2.59 x 107 4.1 x 1077 |-1.%4 « 107
35.6 * * * * -3.61 x 107 * *
3.2 * * * * ~4.65 x 1078 |-7.34 x 1077 |-1.97 x 1077
28.0 | 1.13 x 1072 | 4.69 x 1073 | 3.63 x 107° [-3.15 x 107° |-7.74 x 107 |-1.21 x 1076 [-2.98 x 1077
23.8 * * * * * ~3.53 x 107 [=4.69 x 1077

* Not determined
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specified as the maximum value within a specified neighborhood of

the peak of the pulse.
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CHAPTER VIII
SUMMARY
I. OVERALL RESULTS

Methods were developed in this study to help a designer
determine the integral nonlinearity of a givén instrument.
Analytical techniques were investigated for determining the
integral nonlinearity of frequency-independent nonlinear functions,
and computer simulation techniques were deveioped for determining
the integral nonlinearity of frequency-dependent nonlinear systems.
Useful tables of formulas and some design guidelines are generated

from the development of these methods. |
II. SUBRESULTS

Direct-Procedure Calculations of ‘
Frequency-Independent Nonlinearities

A procedure for determining the integral nonlinearity of a
function at low frequencies was developed. qsing this procedure,
the integral nonlinearities of six sing]e-stége bipolar transistor
amplifier configurations due to the exponential characteristic of
the base—emitter junction of the bipolar trajsistor were determined.
Since this source of nonlinearity is importaﬁt in bipolar transistor
amplifiers, the results of the analysis are Iisted in tables for
ready reference. Also, the integral nonline%rity of four single-

stage JFET amplifier configurations due to the square-law characteristic
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of the device in the saturated region were determined using the
same procedure. Since this is an important source of nonlinearity
in JFET amplifiers, these results were also listed in tables for
ready reference.

Laboratory measurements given in this study indicate that
the nonlinearity expressions in the two tables are accurate.
Nonlinearity measurements for bipolar transistor amplifiers were
typically within 5% of the predicted values, and nonlinearity
measurements for JFET amplifiers were typica]ly within 10% of the
predicted values.

This procedure for evaluting the nonlinearity of a function

proved to be cumbersome for all but the mostisimple functions.

|
The nonlinearity expressions that were generated were usually

complex and not easy to evaluate. For example, the expressions
generated for the JFET differential amplifie( configuration were

so complex that the author deemed them useless. Therefore, for
most nonlinear functions, this direct approach of evaluating
integral nonlinearity is not recommended un]fss the utmost accuracy
is needed, or unless the approximation techn%ques given in this
study do not work.

Two~-Term Polynomial Approximations
of Nonlinearities

The nonlinearities of some polynomial functions were evaluated
in this study. The two-term polynomials seew to provide the most
insight into the evaluation of the nonlinearities. For example,

the point of maximum deviation for the second-order two-term
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polynomial is at half of full scale. Therefore, functions which
have a significant second-order term in their Taylor series expansions
should have peak deviations at approximately half of full scale.
Amplifier configurations which have nonlinear functions of this
type are common—emitter, common-source, emitter~follower, and
source=follower amplifiers. The third-order two-term polynomial
has a peak deviation at 57.7% of full scale. Therefore, nonlinear
functions which do not have significant second-order terms in
their Taylor series expansions, but do have significant third-
order terms, should have peak deviations at gpproximate]y 57.7%
of full scale. Amplifier configurations which have nonlinear functions
in this category are balanced differential aqd complementary output
amplifiers. These two approximate locations of maximum deviation
have been used in computer models for simulating the closed~loop
nonlinearity of feedback systems, and are used in midpoint approxi-
mations of the nonlinearity of functions. !

Expressions for the point of maximum deviation, integral gain,
and integral nonlinearity are summarized in ﬁab]es for the second-
order and third-order two-term polynomials. }The nonlinear functions
of most single-stage amplifier configurations can be approximated
by one of these two polynomials. The expreSﬁions are simple and
can provide quick evaluation of the nonlinea;ity of a given amplifier
configuration as long as the nonlinearity is less than approximately

1%. Also, these simple expressions allow coqparison of the non-

linearities of similar type amplifiers.




Two~term polynomial expansions were derived for the eleven
single-stage amplifier configurations that were evaluated in this
study. The polynomials and nonlinearity parameters of the amplifier

configurations are listed in tables for easy reference.

Midpoint Approximation of Nonlinearities

The midpoint approximation assumes thatlthe maximum deviation
of a function from its integral gain curve occurs near midscale.
Using this approximation, nonlinearity expre§sions for two bipolar
transistor amplifier configurations were der%ved from their non-
linear functions. For these two amplifier configurations, these
nonlinearity expressions were much less comp]ex than those developed
from the exact analysis, but were more compl;x than the nonlinearity
expressions developed from the two-term polynomial approximations.
The expressions from the midpoint approximat}on could be evaluated
quickly with a hand-held calculator. The midpoint approximation
was accurate for values of nonlinearity as large 50% where the two-
term polynomial approximation was accurate fjr values of nonlinearity
only as large as 1%. The midpoint approximation appears to offer

the best trade off between accuracy and ease of use for calculating

integral nonlinearities.
!

Significance of Integral Gain in
Feedback Systems

Analysis in CHAPTER II showed that loop transmission of a
feedback amplifier should be calculated from the integral gain of
that amplifier when evaluating the closed-loop nonlinearity at

midband. In addition, some laboratory measurFments have indicated
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that loop transmissions of feedback amplifiers calculated from

the integral gain of the amplifier predict cflosed-loop rise times
and closed-loop output impedances more accur?tely than loop trans-
missions calculated from small-signal gains. Therefore, the
integral gain expressions given in the tab]eg of nonlinearity
parameters of the single-stage amplifiers may prove valuable for

evaluating the performance of negative feedback amplifiers.
i

Comparison of Similar-Type Amplifier
Configurations

i
Similar-type amplifier configurations were compared in

|
CHAPTER V. The criteria for this comparison is most useful for
comparing the nonlinearity of output stages af multistage amplifiers.
For the most common output stage configurations, the bipolar comple-
| .

|
mentary amplifier configuration is much more linear than either

the emitter-follower or the source-follower Amplifier configurations.

Spectral Dependence of Nonlinear Waveforms |

The integral nonlinearity of a waveform fhanges when the wave-
form goes through a frequency-dependent transfer function. A hand
analysis procedure for estimating this changel in nonlinearity was
developed in CHAPTER VI, and a computer simu]Ftion procedure for
measuring the change in nonlinearity was giveﬁ also. The computer
simulation procedure is much easier to use than the hand analysis
procedure. However, the hand analysis provides an empirical feel
for the mechanism involved in the spectral dependence.

. " N |
With the example combinations of waveforms and frequency-

dependent transfer function, the change in nonlinearity of the
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example waveforms seemed moderate (about a factor of 2) for

seemingly great distortions of waveshape (pure integration).

Integral Nonlinearity of Negatjve Feedback
Systems with Memory

Three computer models were introduced in this study for deter-
mining the closed-loop nonlinearity of negative feedback systems
with memory. These models give the non1ineaLity of the feedback
systems as a function of time. Using one of these computer models,

a large number of computer simulations were run to determine the
nonlinearity characteristics of certain type; of feedback systems

to a pulse shape that is common in nuclear spectroscopy. The results
of these simulations indicate that the closed-loop nonlinearity of
operational~type feedback amplifiers is inversely proportional to

the square of the gain-bandwidth product of ﬂhe loop transmission.
Further simulations revealed that for best lﬂnearity performance

that the phase margin of the closed-loop amplifier should be greater
than approximately 45 degrees. !

The minimum value of acceptable phase mﬂrgin for good linearity
performance of a given system can be particularly important. For
phase margins down to a certain level, the cﬂosed-]oop nonlinearity
of the example systems remained at re]ative1x low levels. Once
the phase margin dropped below a critical value, the closed-loop
nonlinearity of the amplifier increased rapidHy. The significance
of this result is that the linearity performance of a physical

amplifier over a given temperature range may depend on the phase

|
margin of the system remaining above the critical value.
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The time dependence of the nonlinearity of feedback amplifiers
has significance for physical systems. The nonlinearity of a wave-
form at the output of a feedback amplifier can vary greatly in the
neighborhood of the peak. Some spectroscopy‘systems may determine
the amplitude of a pulse slightly before or slightly after the actual
peak, and the nonlinearity of a particular amplifier may differ from
one spectroscopy system to another. TherefoLe, the linearity per-
formance of pulse amplifiers should be specified for a given
neighborhood of :the pulse peak.
\
III. AREAS FOR FURTHER RESEARCH

Only a few sources of nonlinearity in sTlid-stage amplifiers
were investigated in this dissertation. However, these sources of
nonlinearity were investigated in great detail such that the methods
involved could be carefully examined and com?ared. The next logical
step in the investigation would be to evaluate many sources of
nonlinearity in solid-state amplifiers in little detail, perhaps
using the two-term polynomial approximations{

Another area for future investigation is the case where the
derivative of the nonlinear function is neither monotonically
increasing nor monotonically decreasing. In]such a case, the
deviation may have more than one local maximum/minimum. An example

is given 1in Appendix IV of a deviation which can have more than

one local maximum/minimum. \
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APPENDIX I

DERIVATION OF THE LOW-FREQUENCY TRANSFER FUNCTIONS OF

BIPOLAR COMPLEMEMNTARY AND DIFFERENTIAL AMPLIFIERS

The following two low-frequency derivations use the simplified
Ebers-Mol1l model of the bipolar transistor described by Equations (3.3)
and (3.4) (page 34). The model of the bipo]gr complementary amplifier
is shown in Figure 3.1 (page 37). The initial bias current leaving
the emitter of transistor 01 and entering thg emitter of transistor

QZ in Figure 2 is given by

qV1
kT

= kT

e s1 © (A1.1)

=Isze |

where Is1 and I52 are the pseudo~saturation currents of the two tran-—
sistors, and V1 and V2 are the initial base-ﬁo-emitter voltages. The
bias network of the complementary stage mainfains the sum of the two

base-to-emitter voltages at a constant (V1 + VZ)' For a given output

voltage, the output current is given by

q(V1 + AVBE) q(V2 - AVBE)
V ——————— e e e
= _out _ kT _ kT
IOUt - T = IS1 e ISZ e (A1.2)
or
9AVge abVge |
Vv -
Wt op e KT - KT ). | (A1.3)
L
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This equation can be simplified to the following form,

R kT

v gAV
_Out _ 21 ginh <——'£> (A1.4)
L oe

The variation in base-to-emitter voltage as a function of output

voltage can be cbtained from Equation (A1.4) and is

BE 2I_R

v
aVo. = X1 Sinh 1<°—“t> (A1.5)
a oe L

The model of the bipolar differential amplifier is shown in
Figure 3.2 (page 43). The sum of the two emitter currents, I, and
12, is equal to the bias current, Io' The voltage at the emitters
of the two transistors is Vx' The emitter current of the transistor

01 is

I, =1 e ‘ =1e e (A1.6)

I,=1 e . (A1.7)

The variable Vx may be eliminated by rewriting I1 as a function of

125 or

I, = I2 e . (A1.8)
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Since the sum of the two emitter currents is equal to the bias
current,
an
_ e kT

the emitter current, 12, can be given as a function of the variable
input voltage, Vn’ and constant bias current Io by rearranging Equation

(A1.9) to

I, =—2°%_ . (A1.10)

1,=1 —% . (A1.11)

The output current of the transistor Q, is the increase in the

collector current over the quiescent level

()

v I <, I kT

out? = _ _ o) _ 1o \e =1

= =, (11 2.) > v (A1.12)
(ekT + 1)

and the output current of the transistor Q2 is

)
_ Vout2 et -EZIo ekT -1

out2 RL 2 ( EYQ_ )
ekT + 1

(A1.13

I
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where <, and =, are the emitter-to-collector current gains of Q

1
and Q2 respectively.




APPENDIX II

SCHEMATIC DIAGRAMS OF AMPLIFIERS USED

IN NONLINEARITY-MEASUREMENT TEST ARRANGEMENTS

9.2K
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V. O————

n

Figure A2.1.
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15K

}\‘2N3904

| I
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30K

Schematic diagram of a noninverting, unity-gain
amplifier, numbered one.
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Figure A2.2. Schematic diagram of a noninverting unity=-gain
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amplifier, numbered three.
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Figure A2.6. Schematic diagram and feedback configuration of an
inverting, gain-of-twenty amplifier.



APPENDIX III

MEASUREMENT OF A JFET'S PARAMETERS

i
This appendix gives a description of the procedure used to

determine three parameters of a JFET when modeled as a square-law
device with some unbypassed source resistor. A schematic diagram
of the model is shown in Figure A3.1. The transfer function of

the JFET is given by
Vgs 2
Id=IdSS<_?>. (A3.1)

The resistor at the source terminal is internal to the device, and
|

the value of the gate-to-source voltage, VgsJ cannot be measured

directly because of the voltage drop across the resistor, Rs'

By including the effects of the unbypassed source resistor,
\

d dss A B (A3.2)

the square-law equation can be modified to

J/vin - Vp Vp2 Vp
I, = Idss + + 577 (A3.3)

d I R 2.2 ‘
dss s 4Idss RS #SS

where the variable Id is isolated on the left side of the equation

after completing the square. The three parameters of this model are
|

the pinch-off voltage, Vp, the zero bias drain current, I » and the

dss

unbypassed source resistance, Rs' The two variables are the drain

current, Id, and the input voltage, Vin'

173




Figure A3.1.

It

Schematic diagram illustrating the model of a JFET
which includes some value of unbypassed source
resistance.
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|
The pinch-off voltage of JFETs were determined in this study
by measuring the value of the gate-to-source voltage which reduced

the drain current to 10 microamperes. This and other methods of

\
determining the pinch-off voltage of JFETs héve been summarized in

a paper by Wedlock [33].

The value of the unbypassed source resistance can be deter-

mined by measuring two values of drain current, Id1 and Id2’ for

two values of input voltage, V_in1 and vin2 respectively. Sub-

stituting these measured values into EquatioT (A3.3) produces two
1 .
equations with two unknowns. By eliminating the variable Idss from

the two equations gives

v'in2 _ V'in1 + 1 1 v :
i T i ii P
R = Va2 I Va2 _ A3 4

) [ = o

Once the value of Rs is determined, the value of I may be

dss
determined from Equation (A3.2).

For the JFET used in experimental measufements of the nonlinearity
of several amplifiers in CHAPTER IV of this dissertation, the measured
value of pinch-off valtage was -2.4531 volts. The measured values
of input voltage and drain current are Vin1 # 0.0 volts, Id1 = 7.909 mA,
V. = -1.2264 volts, and I , = 2.450 mA. Inserting these values

in2 d2
into Equation (A3.4) gives the value of the unbypassed source

resistance is 71 ohms. From Equation (A3.2)L the value of the

unbiased drain current, I » is 13.3 mA.

dss
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The drain voltage of the JFET was set aﬁ 5 volts for the
above measurements. To avoid heating effects of the device, this

drain voltage was pulsed. The duty cycle of ithe pulses was 2%.



APPENDIX IV

PROCEDURE FOR DETERMINING INPUT AT WHICH

THE DEVIATION IS A MAXIMUM

In this appendix, a procedure is given for finding the value
of the input variable at which the deviationiof a nonlinear function
is maximum. This procedure is valid for siné]e-polarity integral
nonlinearities. A third-order polynomial is used to approximate

the deviation as a function of the input varfable,
Del (X) = G(1 - XD(X - QIX, (A4.1)

where X is the input variable, and where G ard Q are constants.
This function is zero when X equals zero and‘when X equals one,
and is nonzero in between as shown in Figure A4.1.

The given criteria and function above gParantee the existence
of a single maximum/minimum at a value of X between zero and one.
This value of X may be found by setting the derivative of Del(X)

equal to zero, |

PelX - 6 [-3x° + 201 + X - @ = 0, (A4.2)

and then solving for X,

1+a+J -q+1

X = 3 . | (A4.3)
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The value of the constant Q must be determined for any particular
nonlinear function.
One method of determing Q@ is to determine Del1(X) for values
|
X equal to two thirds,
2. _ o _ _ 25,2 _ 2
De](gb =B = G(1 3?(3- Q)(g-, (AL4.4)
and X equal to one third,
Y sce6a -5 - gd
Del(go =C=G60 39(3 Q)(3). (A4.5)

Then Q@ may be found as a function of the values of deviations B and C,

_ 2C -8B
Q= oy - (A4.6)

Substituting this value of Q into Equation (A4.3) gives two values
for the variable X. The value between zero and one is the solution
sought. ‘

If the values of the deviations B and C‘are equal, then the
value of the variable Q is undefined (i.e. infinite). In this case,
the deviation is a second~order function whoTe maximum value occurs
when X has a value of 0.5.

When the ratio of the variable B to thelvariable C is nearly

unity,

o|m

=1+ Er=1, ‘ (A&.7)

then the value of X at which the maximum deviation occurs may be

approximated by
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+ (A4.8)

X Delmax 2 & 18 Er-

-1, 7
; z

The restrictions placed on the function Del(X) may be loosened

some. This function can be allowed to have a value of zero at a

single point between X equal zero and X equal one. For this case,
Equation (A4.3) will give two values of X between zero and one.
Both of these values of X must then be inserted into the nonlinear
function to determine two values of deviation. The larger of the

two values is the maximum deviation.




APPENDIX V

SAMPLE COMPUTER PROGRAMS USED TO SIMULATE

NONLINEAR SYSTEMS

$S$SCONTINJOUS SYSTEM MONELING PROGRAM TV

PARAM B = 0,002893%52
PARAM VN = 14,4 !

PULSE = VN % (1,0-TIME) 7 EXPITIME)
HALF = PULSE / 2.0

PULSFE + B*(PULSE%%2)

XYl =
XY2 = HALF B*{HALF#%2)
Y1 = INTGRL{O,XY1)
Y2 = INTGRL{O,XY?)

TIMER FINTIM = 1.1, PRDEL = 0.02
PRINT PULSE, XY1, X¥2, Y1, Y?

FND
sYoe

Figure A5.1.

Computer program used to find the nonlinearity of a
sample waveform before and after integration. Since
a second-order two-term nonllinearity is used, both
have their maximum deviations where the linear input
is at half of its maximum amplitude. A block diagram
of this system is shown in Figure 6.4 (page 110).
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Figure A5.2.
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SEECNNTINUAS SYSTEM MODELING PROGRAM  [11

PARAM A = 20.0
PLSL = 7?.T18 * T[MF / EXP{TIMF)

FL = PLSL - VL
VL = EL * A
VL = INTGRLIO,DVL)

PLSN = FL®%2
DVN = DLSN ~ (A % VN)
VN = INTGPLIO,NVN) |

TIMER FINTIM = 1.5, NUTDEY = 0.03
PPTPLT VN (VL) |

END
<Tne

Computer program which produéed the output shown in
Figure 7.7 (page 136). Simulation of the nonlinearity
of a feedback system with an, integrating stage in the
forward path and a nonlinearity preceding the
integrator.



|
SSSCONTINYNUS SYSTEM HOD?LING PROGRAM (1T

PARAM A = 20,0
PARAM B = 0,2

PLS = 2,718 # TIMF / EXP{TINE)

EL = PLS - VL
AEL = EL * A

DVL = REALPLIO, B, AEL)
VL = INTGRLUO, DVL)

PNl = FL*%2
AEM] = BAEN + PNI!
DVN1 = REALPL (0, 8, AEN1)

VNI = INYGRL{0O,DVN1)
BAEN = (-VN1} & A
|
PN2 = (VL*%2) / 20.0
VN2 = BVN + PN?
AEN2 = (-VN2) = A
DVN2 = REALPL tn, R, AEN2)
RYN = INTGRL{O,DVN?)

TIMER FINTIM = 1.5, QOUTDEL = 0,03
PRTPLY VNL (VL)
PRYPLT VN2 (VL)

END
STOP

Figure A5.3.

same as the system which prpduced the nonlinearity
response shown in Figure 7.7 (page 136) except for a
second high-frequency pole which reduced the phase
margin to 28 degrees.

This system is the
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Computer program which produced the nonlinearity output
shown in Figure 7.8 (page 141).
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