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ABSTRACT 

The potentials at the terminals of the elements of an array of. 

N thin-linear dipoles is calculated using zeroth-order currents .  It 

is shown.that.if even currents are present on the elements, the terminal 

potentials cannot be balanced, and that if the terminal potentials are 

balanced , odd currents must exist on the elements .  A simple method of 

calc�ating the complex ratio of odd to even current s on each element 

is given . The method is applied to several arrays , and the results for 

tangential circular arr�s are compared to an accurate numerical 

solution . The approximate method has the accuracy of the conventional 

zeroth-order solution , and is found to be best for half-wave dipoles . 
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INTRODUCTION 

In a. recent study , J. D. Tillman ( 1) demonstrated the funda.-. 

mental difficulty in feeding a.n array of asymmetrically coupled 

elements. This difficulty lies in the fact that the terminal currents 

and terminal potentials m� not necessarily be specified independently. 

Specification of balanced currents leads , in general, to a. non-zero 

scalar electric potential a.t the driving point due to the currents in 

the other elements. Specification of ze�o potential a.t the center of 

the driving terminals of the elements requires , in general, an odd or 

unbalanced component of current in the element. From a. practical 

. standpoint , neither case is desirable , since both lead to radiation from 

feedlines. There are exceptional cases which do not pose such a 

problem. The common arr� of parallel dipoles whose feed-points all 

lie in the same plane , perpendicular to the plane of the element axes , 

es capes the problem of non-zero potentials because of geometry . 

J. L.  Hilburn and C. E. Hickman ( 2) analyzed· tangential and 

radial circular arrays of antennas , ob�aining an exact a.nswer.using 

the Gaussian quadrature technique developed by Hickman for the 

isolated element. Their results verify the presence of the odd com­

ponent of current on the elements. As Tillman points out , their 

assumed driving-point conditions required zero potential a.t the centers 

of the elements. Tillman analyzed the same case by a.n approximate 

technique assuming balanced currents and showed that non-zero values 

of scalar potential were present a.t the centers. In a. recent paper 
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Chang and King (3) analyzed two arbitrarily located parallel dipoles 

and indicated the presence of the res�lting unbalanced current , although 

they impose an additional boundary condition that the odd currents. 

vanish at the feed points . 

The exact solut ion to the problem of determining the �urrent dis-

tribution on an ant�nna has never been accompli shed . The boundary 

conditions and geometry of the situation do not lend themselves to 

exact analys is . B,y making appropriate simpli�ing as sumptions regarding 

the boundary conditions and method of feed{ng the antenna , infinite 

series solutions (4) and purely numer�cal s olutions (2) have been 
''If' 

obtained . A.de;termination of the currents in ,an array of elements is 
' 

further c�mplicated because of the difficulty in decoupling the integral 

equations describing the currents .  In certain special cas es, however , 

solutions may be obtained . The disadvantage of purely numerical 

solutions is that they do not lend much physical ins ight into the 

problem. 

A simple,method of estimating the magnitude and phase of the 

odd component of current on the elements of an arbitrary array of.thin 

dipole ant,�nnas is given in the following presentation. The accuracy of 

the method is ' approximately that of the zeroth-order solution of con-

ventional antenna theory based on sinusoidal current distributions . 



CHAPTER I 

THE ZEROTH-ORDER APPROXIMATION TO THE CURRENT DISTRIBUTION 

Two elements of an arbitrary arr� of N ltnear antennas are 

shown in Figure 1. The elements are of len�th 2h and of radius a • 

They are assumed to be perfectly conducting metal cylinders. The 

reference element is centered at the origin of the coordinate system and 

its axis coincides with the z-axis. Each element is fed at the center 

gap by a difference in scalar electric potential. If the width of the 

gap, o , approaches zero, this arrangement is called a slice-generator 

(5). The difference in potential now becomes a discontinuity in 

potential. 

For the reference element, 1 , the potentials on either side of 

the gap are and Thus, the potential difference 

across the gap is v1 • At the center of the gap the scalar potential 

is �l , which is due to the charges on all elements of the arr�. The 

value of t1 depends on how the elements are driven and the geometry 

of the arr�. 

The currents in the two halves of the antenna are not necessarily 

equal. For balanced currents I(o) is the same as I( -6) , and as o 
approaches zero, 1(6) approaches the terminal current, I 

0 

Specification of either balanced currents or zero scalar potential at 

the centers is theoretically possible, but not poth in general. The 

most general case possesses both unbalanced cur�ents and non-zero 

potentials at the feed-points. 

3 
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Figu re 1 .  V iew of Tw o  E lements of a n  A rr� of Thin Linear D ipoles . 
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Other elements of the.array are located with centers at 

(Xm' Ym' Zm) ,and witn axes zm at angles (em , �m) with respect to 

the reference coordinate system, 

Assume that the radius of the elements is very small, i. e., 

ka < < 1, whe:r;oe 2'1T k = r- is the free space wavenumber. This important 

5 

simplifYing assumption permits the approximation that only axial currents 

flow in the elements. 

A boundary condition for the electric field requires that E x n 

vanish on the surface of the conductors, where n is the outward normal. 

to the surface. For the reference antenna this m� be expressed as 

= 0 ' o < lzl < h I-1 

E is the tangential electric field on element 1 due to all currents. 
z 

This expression neglects the small top and bottom surfaces of the 

antenna whose areas are small. 

The electric field tangential to surface 1 (S1) is found from 

the vector magnetic and scalar electric potentials by the dot product 

E • z = ( - 'i/V - j (IJ A) • ; ' I-2 

and 
2 

= ( -j (IJ A + .£_ ( 'i/ ( 'i/ • A) ) 
z Jw z S 1 

I -3 

where A is the vector potential, V the scalar potential, and c is the 

velocity of wave propagation. I-2 utilizes the continuity equatipn 
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between the two potential functions. A sinusoidal (eJwt) time 

dependence has been assumed for the fields. 

The vector potential on s1 has only a z component due to 

element l, but in general, x, y and z components are present due to 

the other elements. 

Rearranging I-3 and using the bo�dary condition I-1 yields 

a A 
_.!. + �X 

aA 
af ] . 

I-4 

I-4 holds on surface s1 . Henceforth in this chapter, all equations 

will hold on s1 unless otherwise stated. Also in I-4, a az has been 
d replaced by dZ since the radius a has been assumed to be small. 

The complete solution to I-4 is A
z
c + Azp 

, the complementary 

and particular solutions. A complementary solution for the top-half of 

the element 1 is 

Azc = - t [ c1 cos kz + c2 sin kz] , I-5 

where c1 and c2 are constants determined by the boundary conditions, 

and c is the free space velocity of.light. · A  particular solution for 

the equation for the top-half is 

where 

A zp 
1 z 

= - k f G'(s) sink (z - s) ds , 
� 

I-6 



d G'(s) =· as 
a A 
� + ax 

7 

a A 
-L

a ] . • y, 
I-7 

Equation I-7 may be ve_rif'ied by the Leibniz rule for differentiating a 

definite integral. The complete solution for the top�half of the 

antenna is 

A (z) = - 1 [C cos k� + c
2 

sin kz] z c 1 

- � J
z 

G'(s) sink (z - s) ds . 
6 

B y  similar arguments the complete solution for the lower half-of the 

reference element is 

A (z) = - 1 [C cos kz + c4 sin kz] z c 3 

1 
z 

- k J G�(s) sin (z - s) ds • 

-6 

I-8 

I-9 

The integral in I-8 may be simplified slightly using integration 

by parte so that 

z d f --d [G(s)]sin k(z-s)ds 
6 6 

z 
= G(s)sin k(z-s)l + k 

0 

z 
f G(s) cos k(z-s)ds 
0 

I-10 

z 
= -G(6)sin k(z-6) + k J G(s)cos k(z-s)ds. I-ll 

6 



Hence, I-� becomes 

Az(z) = - � [c1 cos kz + c2 sin kz] + t G(o) sin k (z-o) 

z 
I 
0 

aA aA 
[-!. + -Z ] cos k ( z - s) ds . ax ay 

The constant c2 m� be evaluated by considering the scalar 

potential on the top surfa�e. For this portion 

8 

I-12 

2 
�(z) = � V • A I-13 w 

2 aA 
= ..L£:,· ( G( z) + ___,!. ] I-14 w az 

2 2 
= J.....£.:. G(z) + Ls.:, _L {....1 [C cos kz + c2 sin kz] w w az c 1 

z 
+ f G(o) sin k(z-o) - I G(s) cos k (z-s) ds} 

0 

2 2. 
= J_£ G(z) - C siQ kz + c2 cos kz + �we cos k (z-o) G(o) w . 1 

- d d z 
w dZ { G(s) cos k (z-s) ds. 

The last integral in I-16 is also equal to 

z 
G(z) + J G(s)(-k) sin k (z-s) ds , 

0 

I-15· 

I-16 

I-17 



so I-16 becomes 

2 
t(z) = - c1 sin kz + c2 cos kz + � '

cos k (z-o) G(o) 

z 
+ j c  J G(s) sin k(z - s) ds. 

0 

Using r�18 and the condition that t(o) 

Therefore 

2 
- � G(o)]/cos ko 

w 

9 

I-18 

I-19 

I-20 

Similarly, it m� be shown that for the bottom portion of the element , 

and 

For the sl�ce-generator approximation , o approaches zero. Hence 

vl 
c2 = -+ 2 I-22 

I-23 

Finally , the solutions for Az may b� written in terms of two 

constants , cl and c3 ' as 



� 
- I G( s ) cos k ( z - s ) ds 

0 

for the top half, and 

.v 
A = - .J.. [ C cos kz + ( - J2 + z c 3 

z 

- J.£. �
1

) sin kz w G ( O ) ] 

- I G ( s ) cos k ( z - s ) ds 
0 

for the bottom half. 

10 

I-24 

I-25 

The left side of equations I-24 and I-25 may be expressed from 

the integral solution to the Helmholtz wave equation for A� as 

where 

2 2 2 
1/2 

= [ (X - X 1) + (y - Y 1 ) + ( Z - Z 1 ) ] m m m 

and I (z1 ) is the current on element m parallel to z . mz m 
This equation expresses the total axial component of vector 

I-26 

r .. 27 

potential on the reference element as a function of' the currents in the 

other elements. A similar equation holds for the top and bottom 
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surfaces of all N elements of the arr�. An exact solution for the 

distribution of currents in the arr� requires the simultaneous 

solution of the N integral equations for the currents , using the 

additional boundary conditions that tne currents on all elements vanish 

at the ends. The equations are further complicated by the presence of 

the factor t in each equation , which is the scalar potential at the 
m 

center of element m due to the charges on all other elements. 

The solution to the general problem has never been accomplished. 

In.speci al cases, however , the integral equations may be decoupled by 
' 

the use of special driving sequences (6) in which the terminal voltages 

and currents are related by comple� constants. This procedure requires 

an identical environment for each element. 

The zeroth-order integral equ.tion for the current in the top-

portion of element one is obtained by combining and rearranging equations 

r�25 and I-27 in the following manner: 

4'1T --

where n -

dz1 
v 2 

= - Jn4'1T [C1 cos kz + (( f) + �1) sin kz - j�).l411 G(O) ] 

z 

J G(s) cos k(z-s)ds -
0 

N 
I 

p=2 
I ( z I ) pz dz 1 , 

The zeroth-order solution is found by approximating 

the integration on the left and showing that most of the terms on the 

right are much smaller than the first two. 
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The integral on the loft may be evaluated approximately by. 

noting that (R)•l resembles a delta sequence. This derivation follows 

Tillman (l). A delta sequence is a sequence of functions o (x) which 
t 

has the properties, tor t monotonic and �ecreasing with limit zero: 

l. o ( x ) = O(l/d , lxl < t t 

+£ 
2. f ot(x) dx = l + O(t) 

...t 

+vo 
3. I o ( x ) dx = l + O(t) . 

.,.CXI f; 

Define q (z) a [z2 2 -l/2 
= + a ] 

= 0 

I-29 

I-30 

I-31 

lzl � h I-32 

lzl > h • 

The functi,on q?. :has some ·of the properties' of a delta-sequence. When a 

z = 0, q = l/a �o property l �s satisfied. For -a < z < a , a 
2 2 l/2 [z + a ] � a , so 

a dz' I 
-a / z'� + a2 

+a 
;:; I 

-e. 
dz' -a = 2 ' 

and property 2 is satisfied yith appropriate normalization. Also , 

+<�� +h d.z' 
J q (z')dz' = I = 2 ln (2h/a). 

-09 a -h / z ,.2 + a 2 

I-33 

I-34 



Property 2 mey again be satisfied with a 

different nor.mali�ation . Usin� 3 as the most i�portant property, 

13 

q. (z) = G o(z) a I·35 

where G = 2 ln(2h/a) • 

Additional approximations are necessary for z ; 0 , since 

which becomes large near the ends of tbe antenna . However, since the 

current must vanish at the ends of the conducto�theee inaccuracies 

are no more significant than the approximations already �ade . 

Finally, using the approximate.expression for R-l , the left 

side of I-28 becomes 

+h -jkR 
J I (z') e d ' 

-h z R z 

+h 
� G

p
l I

z
(z') o(z - z') dz' 

Solving I-28 for I (z) yields 
z 

I-37 

I-38 



I ( z) z 

1 N 
G (s ) cos k (z -s )ds - 0 L 

p =2 

14 

I-39 

Now note that all terms on the r i ght e xcept the first bracket are 

at least of order -2 n , since and I are at least of or der 
p 

-1 n . 

Hence ,  as h increases the c �ren � appro ximates more and more .closely 
a 

a s inus Qid in form. The convent i onal z eroth-order appro ximat ion to th e 

current i s  

I (z ) 
z 

Simil arly , 

I (z ) 
z 

:: 

:: 

- fu [C no 1 

- fu [C no · 3 

cos k z  + c2 s i;n k z ]  ' 0 < z < h I-40 

co s kz + c4 s in kz ] ' ... h < z < 0 . I-41 

The preceding argument s are phy si cally equivalent t o  ass uming 

that the pr in cipal c ontri bution to the vecto r po tenti al at any point on 

a thin antenna i s  due to e lemental current sources only in the 

i �ediate neighborhood of the �oint . T he acc uracy of the assumpt i on 

improves as the radi us decreases , e xcept for p qint s  near the ends. 

Here the c urrent vanishes , so the details of the di strib uti on are 

unimportant . Since the vector potenti al i s  sinusoidal along the wire , 

the current is als o appro xi mately s i n usoidal on each half of the 

antenna.  
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The current on the antenna may be expressed as the sum of an 

even part Ie , and an odd part, IQ , where 

and 

and 

= 

= 

I�z) + I(-z) 
I 2 . 

I(z} - I{ -e) 
2 

The requiTement that the current vanishes at the ends gives-

c2 = -c1 cos kh/sin kh , 

c4 = c3 cos kh/sin kh . 

For the top half of the �tenna 

( ) J 4w sin k (g - z) IT z = - nn cl sin kh 

and for the bottom half 

sin k. (h t z) 
sin kh 

The even part of the current on the antenna is written as 

I-42 

I-43· 

I-45 

I-46 
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I-48 

where Ie is the maximum va,lue of the even part on the wire, Similarly, 

the odd,part may be written as 

0 0 -
I (z) = � l sin k (h + z ) , I-49 

where I0 is the maxim� value of odd current , and the upper ( lower ) 
sign ie associated with the top (bottom ) portiQn of the �tenna. 

The complete zeroth order current ha� �ow been expresse� as the 

sum of its even and odd parts. l'h.e current lll$Y ale o be written as 

I-50 

where the upper ( lower ) sign is associated with the upper ( lower ) half. 

of the antenna. I-50 is the final form for the approximate current 

distribution on the antenna. 

The zeroth-order current distribution on elements of an 

arbitrary array of N thin dipqles has been shown to be sinusoidal 

in form. The current on each dipole may be expressed as the sum of its 

even and odd components. The odd current is not necess$rily zero at 

the center, but has a discontinuity there. 



CHAPTER II 

DETERMINATION OF THE CURRENTS IN ARBITRARY ARRAYS 

An arr� �f N arbitrarily located elements is situated in space, 

element i , the reference element having its center at the o rigin and 

lying p aral lel to th e z-axis. Any other element of the array, element 
j , (see Figure 2) is located by defining its center and angular 

orientations e j , � j wi.th respect to the reference element. 

Each element �s assum ed to have a sinusoidal current distribution, 

so that for element n 

I (z) = (Ie + I0) sin k(h- z ), z > 0 n n n n n n 

II-1 
I ( z ) = (Ie - r0) sink (h + z ) , z n < 0 n n n n n 

and each element is fed by a sli ce- generato r ,  so that at the terminal 

of n , 

VT(z = 6) = � + V /2 , n n n n 

and II-2 

VT (z = - 6) = � - V /2 . n n n n 

The potential difference across the te�nals of element n is 

and the terminals are at a co mmo n  p ote�tial 

17 
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Figure 2 .  Geometry Used in C�lculating the Far-zone Electric Field 
from the Array. 
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and 

The charge distribution on n is found to be 

Pn ( zn) = � Ie 
+ r0) cos k (h -w n n zn)' 

( - k e 0 p z ) = - ( I  - I ) n n jw n n coa k (h + ; ) , n 

z > 0 n 

z < 0 . n 

This charge distribution g�ves rise to a scalar potential 

whose value at any point in space ia 

where 

�(p' z) 
h 

l n 
·= .,....._.. J P ( zl} �'If& ... h n 

n 
K( p, z, z 1 ) dz 1 

K(p, z, z1) ;:: /2 21 
p + (z ;... z') n 

19 

II-3 

II-4 

II-5 

and z and p are the right circ�ar cylindrical coordinates of the 

field point with the center of the nth element as the origin . 

Using It-3, II-4 becomes 



� (p, z) 
0 

= �le {- J cos k (h + z') K (p, z, z') dz' 4'if'We n ... h 

h 
+ J cos k (h - z'.) K (p, z, z') dz'} 
0 

0 0 
I { J cos k (h + z') K (p, z, z') dz' 

'ITWt n -h 

h 
+ J cos k (h - z') K (p, z, z') dz'} 

0 

and k /w e = n , the intrinsic impedance of the medium. 

20 

II-6 

If the field point is located at t�e center of element j , then 

the potential at this point due to the charges on element i is 

designated �ij' Thus, 

where 

II-7 

0 h 
a
ij = � {�/ cos k(h + z') K(p, z,z')dz' + /cos k (h-z')K (p,z,z')dz'}, 

'IT -h 0 
II-8 

and 

0 h 
bij =�{ / cos k (h+z')K(p,z,�')dz' +J cos k (h-z')K (p,z,z')dz'}. II-9 � -h 0 
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By changes of variables these integrals may be expressed in terms 

of the gen�ralized sine and cosine integrals , which appear frequently 

in antenna theory and have been tabulated by the Harvard Computation 

Laboratory (7) • However , the most general express ions for a
ij 

and 

require thirty-two terms each , so round-off and interpolation errors 

resulting from us e of.the tables �Y be quite significant . Hence, there 

is usually very little to be gained from using the tables , as long as a 

digital computer is available. 

and 

It.may be shown that for h = . A/4, 

-j S (kp, kz + -2
n

) + 2j S (kp,kz)�j S (kp,kz - -2
n)}. 

c s s 

II-10 

I I-ll 



The notation used is that of reference (7 ) .  By requiring 

p = z = 0, the "self-contributions" to the potential are obtained. 

These.are , for h = A/4, 

a
11 

= 0 + jO , 

�d 

= -30[ln 2 + y + ln(�) - Ci (�) + j Si (�)] 

= -44 .45 - j 55.56. 

Here y is  Euler's constant = 0 . 57772 • 

22 

An even currentton an element qauses no scalar potential at its 

own center, while an odd c�rent on an element caus es a potential 

proportiopal to b
11 , 

Although forms such as II-10 and II-11 may be obtained for any 

p , z and h , it is  much more accurate to perform the integrations 

numerically. The coefficient ealculations made in this paper were 

obtained us ing a 10 point Gaus sian quadrature formula on an IBM 7040 

computer . 

It is  interest ing to observe the behavior of the complex 

coe:f'fi cients for a half-wave element . Figures 3 and 4 

are illustrations of the equiphase and equi�plitude contours of the 
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coefficients in the �egion of a few wavelengths. It ·is necessary only 

to illustrate one quadrant of the plot, The abscissa is p and the 

ordinate z. 

The largest values of a!j and bij occur along the axis of the 

element at app�oximately 0.1750 wavelengths (for h = A/4). The approxi-

mate values here are a = �37 , 95 e-Jl·621 and b = 290.32 e-jl.7l5. max ma,x 
Both coefficients decrease �apidly as the distance from the element 

increases. The equiphase curves for a1j indicate to a good degree.of 

approximation expanding spherical waves with a linear phase lag of 2� 

radians/wavelength. Fo r bij the curves show the same type behavior. 

It is expected from physical considerations that this approximation 

becomes more accurate as the distance from the center increases. 

Consideration of these two figures indicates that the maximum 

odd component ot current arises for collinear elements • 

In an antenna arr�, each element makes a contribution to the 

scalar potential at the center of the other elements, so for an array 

of N elements, the scalar potential at the center of the pth element 

is 

N 
I [I0 a + r0 b ] 

q=l q pq q pq 

Since a similar equation holds for all N elements, the resulting 

set of N linea� equations is conveniently expressed in matrix form as 

II-15 
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where t is the N x 1 column vector of scalar potentials at the 

element feed points, A and B are the N x N matrices of coefficients = = 
a and b , ( which are.dimensionally impedances ) and Ie and r0 pq pq. -

are the N x 1 col� vectors of amplitudes of currents on the elements. 

From equations II-8 and II-9, it �s seen that a is a).ways 
pp 

zero, and tnat b pp is never zero, but depends on the element length. 

The physical reasons for this are intuitively obvious. Also, when all 

elements are parallel and have centers in the same plane, per.pendicular 

to the �es, apq = 0 for all p and q • 

Two special cases of II-15 e�ist: 

1. If 1° = o , then 

e t =A I . - =-

Furthermore, arrays with geometries for which 

II-16 

det (A ) = is zero lead 

to even arr� currents and zero scalar potentials at the element centers. 

2. If t = 0 , then 

II-17 

so that 1° may be calculated when le is known. 

The general problem would be theoretically solved by forming 

arr�s � and � , determined only by array geometry and choice of 

directions of reference current, and specifying N elements of t , 

Ie or a suitable combination thereof. 



CHAPTER III 

RADIATION ZONE PATTERNS OF AN ARBITRARY ARRAY OF DIPOLES 

In this chapter the far-zone electric field patterns for an 

arr� of N e�ements with arbitrary locations and orientations are 

derived. In Figure 2, page 18, the reference element, i is 

lying along the z-axis of the unprimed coordinate system, its center 

located at the origin. Element j is located by specifying the 

location of its center (Xj, YJ' Zj) and the angles ej, �j between 

the reference axis and the axis of element j • Element j has a 

length 2hj • 

The vector potential due to element j is 

�j =� J I (z'} q'IT -h J 
j 

dz' , III-1 

wbere Rj is the distance from the source point to the field point, 
,. 

and uj is a unit vector in the direction of the z-axia of element j. 

The electric field is found from 

III-2 

The radial vector r is 

r = X X + y y + Z Z • III-3 
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From the geometry of Figure 2, page 18, it is seen that rj is 

A A A 

rj= x[Xj+z'sin0jcos�j]+y[Yj+z'sinejsin�j]+z(Zj+z'cosej] . III-4 

The �calar IRjl, which is needed in equatton III-1 is 

�. 

and rj is given in III .. 4 , so 

In the spherical coordinate system of the reference element 

x = r sin e cos � 

y = r sin e sin ' 

z = r cos e 

and 

III-5 

II�-6 

III-7 



Using III-6 and III�7, R
j 

may be written as 

29 

+ z' cos III-8 

Now in the radiation zone lrl > > l;
j
l , so the terms con­

-2 taining r in the bracket$ are much smaller than the other terms. 

Neglecting the second and higher order terms in r , 

R
j 

= r[l - 2 dne COBf (X
j 

+ �' sin e
j 

cos �
j
) r 

2 sine sin4! (
yj 

+ z' sin e
j 

sin � 
j

) .. r 

2 cos e ( 
1/2 

+ z' cos e ) ] III-9 r z
j j 

The bracket of equation III-9 is now expanded using the binomial 

expapsion, neglecting terms of order -n r , n�2 . •  The reciprocal of 

the bracket is expanded in the same manner. Finally the approximations 

are obtained th,at · 

III-10 



and 

-l 
r 
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IIJ;-11 

The complete far-zone vector potential is calculated by applying 

equation III-10 for each element and summing the results • 

... 
Write the �it vector uj s.s 

" uj a: sin eJ cos �j x + sin ej sin �j y + cos ej z • 

The vector potential s.t any point r is 

s.nd using III-10 and III-12 

where 

-jkr N 
A( r ) = �.:;,;e ..... -- l [ sin ej cos �j X + sin ej 

'If r J�:�l 

A 

+ cos eJ z J 

sin �j y 

III-12 

III-13 

III-14 

III-15 



The potential A(r) can thus be written as 

A(r) = *" 
-jkr· N e. L S ' r j=l j 

where Sj is the argument ot the summation sign. 

31 

II!-16 

The electric field m� now be calculated from III-16 . In the 

far-zone there are only two spheric al components of electric field, 

From III-2 and the conversion from spherical to cartesian 

coordinates 

II�-17 

and 

III-18 

Finally the two components may be expressed as 

III-19 

and 

III-20 
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These last equations give the two far-zone components of electric field 

at any angle e and '· Define the principal planes as being the x-y 

plane , x-z plane and y-z plane • 

I� III-19 and III-20 are normalized by the factor appearing in 

front of the su,mmation signs, and Fe and F<P are called the pattern 

factors, then in the x-y plane a = �12 , and 

= -

= -

F<P (e = rr/2) = 

N 
L sj 

• 

j=l z 

For the x-z plane <P = 0 and the pattern factors are 

N 
Fe (<P = o) = L [cos 

jllll 

N 
F4l (4> = 0) = L [Sjz] j=l 

e s -jx sin e s ] jz ' 

For the y-z plane � 4> = 2, and the pattern factors are. 

= !.) = 2 

III-21 

III-22 

III-23 

III-24 

III-25 

III-26 

III-27 
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Appendix A oontains a computer program which will calculate the far-

field patterns of an arbitrary array of dipoles with sinusoidal currents 

in any three planes one chooses to specifY. 

It is worth while ,to examine ·the .far-field of a single 

element with even and odd zeroth-order currents. 

Assuming the element to be of length 2h • centered at the origin 

and lying along the z-axis, it is easily shown that the far zone electric 

field is of the form 

( coe(kh qoee) - coa kb] , sin e 

due to the even current, which reduces, for kh = � to 

Likewis e for the odd current, one obtains 

COl (� COS 9) 
11� e ]. 

III-28 

III-29 

�Jkr sin kh(ain(� coe e) - cose) - cos kh cosecos(f cose) e 
r [ ' .sin § ] ' 

For kh = �/2 • this reduces to 

0 e-jkr 
60 I ----

;r 

stn<f cos e) - cos e 
sin e J • 

III-30 

III-31 

. 0 Notice that E6 is always zero at e = 0 , regardless of kh , 

and since it is directly proportional to r0 , will usually be much 



e 
smaller than Ee • The totaJ. field, ho.wever , is the sum of the two' 

and since r0 is complex, the. sum c annot be obtained by direct 

inspection . 
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CHAPTER IV 

APPLICATIONS TO SEVERAL ARRAYS 

In the preceding ch�pters, the solution to the arbitrary array 

of thin eleme�ts w�s formulated. In this chapter, several specific 

cases are examined. The results for tangential circular arrays are 

compared to the exact results obtained by Hilburn and Hickman using 

the Gaussian Qua�ature technique. 

A, Tangential Circular Arrays 

Figure 5 shows an N element tangential circular array of 

center-fed dipoles e�ually spaced around the circumference of a circle 

of radius p. One of the properties of the circular array (8) is that 

if the terminal V9ltages are equal in magnitude and the phase 

differences between successive elements is 2n n/N , where n is any 

integer from 0 to N-l (called the sequence number) a1l of the elements 

will have the same impedance. It is, then, possible to excite the array 

such that all currents have the same form. 

Because of the symmetry of the system the ! and B matrices 

assume the form 

0 a12 al3 . . . -al2 

! 
-al2 0 al2 al3 -al3 IV-1 = 

. . .  , . .. . . .. . . . . . ... 

&12 al3 
. . . 0 

35 



Figure 5, View ot Single-Ring Tangential Circular Array . 
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and 

bll bl2 bl3 bl2 
B = b

l2 bll bl2 b
l3 

. . .  bl3 IV-2 

. . . . . . . . . . . . . ' . . .  

bl2 bl3 bl4 
b

ll 

Matrices of thi� type possess unique properties and have been called 
11 c ircuJ.ant 11 matrices ( 9) • The eigepvalues and modal matrix may be 

written almost by inspection, 

It is possibl' to solve the circular array case by considering 

any ge�eral driving sequence as a linear combination of the normal modes 

of excitation, which may be easily determined, For th�se cases no 

matrix inversion is n�cessary since the odd currents are proportional to 

the even currents. 

The 11ll11 sequence driving current used has the for;m 

1e ( n ) = ;r(n) 

8j2trn/N 

j2trn(2) /N e 

j2tr(N-l) /N e 

IV-3 

If and h ( n ) 
B are the associated eigenvalues of the A and B 

matrices respectively , then for each sequence ( and � = £) 
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>. (n) 
:e 

1o(n) + >.(n) 
A 

Ie(n) 
= 0 , IV-4 

so 

1o(n) A(n) 
1e(n) A. 

I= - >.{n) 
B 

IV-5 

Hence it is necessary only to determine the eigenvalues of A and B , 

whioh may be easily done, 

The three �d fo� element circular arr�s will be considered 

simultaneously. The ! and ! matrices for tqese two cases are as 

follow�: 

For N = 3 , 

0 a -a bll bl2 bl2 
A = -a 0 a B = bl2 bll bl2 IV-6 

a -a 0 'bl,2 'bl2 bll 

anq tor N = 4 , 

0 a 0 -a bll bl2 bl3 bl2 
-a 0 a 0 bl2 bll bl2 bl3 A = B = . IV-7 

0 -a 0 a bl3 
bl2 bll bl2 

a 0 -a 0 bl2 bl3 bl2 bll 

The driving current sequences for the three element array are 



1. 

1 
i'IT/3 e 

- -i rr/3 e 

Fo r the f'our e lement ar;ray they are 

1 1 

Ie(O}.I(O) 
l 

, Ie ( l}I;III(l) ... j 
, J;e(2)=I(2) 

l -1 

1 +j 

1 

-1 
' 

1 

·1 
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1 
-i rr/3 e .IV-8 

e 
+i 'IT/3 

l 

Ie(3)=I(3 j 
. IV-9 

-1 

l'l'j 

'l'be eigenvalues of ! and B for N = 3 are respectively , 

0 , jal:3 , -Ja/:3 and b11 + gb12 
, b11 - b12 , b11 - b12 • Thes e yield 

one sol�t i on (the zero sequenc e) whi ch has no odd c urrent , and two 

soluti ons (n = 1, 2) whi ch are comple x conjugates . For n = 1 , 

l 

e i'IT/3 

e -h/3 

Fo r e xamp le , the ratio of o dd to even curren t on each element for 

kp = 1.27 is 

IV-10 
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so the odd component is about one-fourth that of the even component 

in magnitude, 

The fact that the N = 0 sequence yields no odd current is 

obvious from physical considerations. 

For N = 4 the· eigenvalues of A and B aTe respectively 0 , 

0 , +2ja , �2ja ' and bll + 2bl2 + bl3 , bll - 2bl2 + jbl3 ' bll - bl3 , 

bll- b13 • Only two sequences g�ve rise to non-zero odd currents, as 

is obvious from physical considerations, and the other two sequences are 

complex conjugates. For n = l , 

= 

l 
-j 

-l 

+jl 

IV-11 

For kp = 2.02, th� ratio of odd to even current on each element is 

In order to compare these zeroth-order results with results 

obtained using a more exact analysis, three cases of N = 3 and N = 4 

were analyzed, Each arr� had a different element length and array 

radius. On+y the N = l sequences were calculated. The odd component 

of current was calculated, plotted as a function of distance along the 

element, and compared wit� the corresponding plots using Hilburn and 



Hickman's (2) results. The lengths used were h = 0.25A , h = 0.30A 

and h = 0.50A • Figures 6 through ll summarize the results. 

The best results are obtained for the h = 0.25A dipoles, 

41 

where the magnitudes ot the currents are about the same. Some of the 

error may be.attributed to the fact that a zeroth-order even current 

has a maximum at the terminals, while the actual current ( for non-zero 

thickness ) has a alisht dip near the center. The errors in the angles 

seem to be significant, but again, moat of this error ( for h = 0.25A , 

approximately eight degrees ) is due to the fact that the Milburn­

Hickman evaluations were made for a thick antenna (O = 10, while the 

zeroth-order calculations assumed very thin antennas, and is exact only 

as n becomes very large. The approximate theory indicates that the 

phase of the current on either half of the antenna is constant, while 

the actual current shows some phase variation with distance from the 

center, as is expected physically. 

For h = 0,3A , the results are still fairly good, although the 

phase angle errors �e several degrees larger than for h = 0.25A . 

The current distribution is still fairly well approximated by a sinusoid. 

For h = o.,A , there are wide variations in both magnitude and 

phase between the two solutions. This is not surprising, however, since 

the zeroth-order solut�on is very poor for a full wave dipole. 

B. Two Element Arrays of Dipoles 

Figure 12 shows a two e1ement array of parallel dipoles. The 

spacing be.tween centers is d , and the angle , subtended by the line 
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joining the centers and the axis of the reference element at the origin 
4 

is the polar angle e .  When e is zero radians the array is collinea� , 

and when e is w/4 radians the array is called a 45 degree echelon 

array. For the N = l sequence the currents are driven in phase and 

for the N = 2 sequence the currents are driven out of phase . For the 

N = l sequence the coefficient matrices assume the form 

From equation II�l7 , the odd currents may be found by 

Similarly, for the N = 2 sequence 

Identical results obtained for the two element array whose 

geometry is pictured in Figure 13. For this case e is the angle 

IV-12 

IV-13 

IV-14 

IV-15 

IV-16 



z 

Fi�e 13 . Twq Element Planar Arr� of Dipoles .  
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between the polar axis and the axes of the two elements ,  and e is the 

s ame for both �lements. A special case of this array is a dipole 

located at height d/2 above a perfectly conducting infinite ground 

plane , in which case one element is the image of the real element , and 

only the N = 2 sequence is possible. 

It is expected from phys ical cons iderations of both figures that 

the odd compon�nts of current should be decreas ing functions of e and 

d • By numeri cal calculations for the N = 2 sequence these expectations 

� are confirmed ( for h = 4 ) as shown in Figure 14 , in which the magnitude 

Of the ratio of the odd to even current is plotted as a function of the 
' ' 

angle e for �everal values of d , ranging from one-half wavelength 

to four wavelengths. To an exce�lent degree of approximation (bett�r 

than 94 per cent at worst ) these curves are cosinusoidal in form as a 

function of e , An approximate empirical formula which describes the 

variation for both sequences is 

= IV-17 

where A is the wavelength and d is expressed in the same units as 

A ( The n = 1 sequence plots are similar in form to the N = 2 

sequence plots . )  

Calculations o f  the angle o f  the complex ratio versus 

e and d yield results which are somewhat more complicated . These 

are shown for the n = 2 sequence in Figure 15. The results for n = 1 
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are similar in form, but differing in angle by as much as 15 degrees 

for >. d = 2 and only 3 degrees for d = 4>. • The results are plotted 

as the angle of the rat;lo Io/Ie versus e ' for varying d • Since 

the angular variation of the ratio decreas es with d ' it is necess ary 

to use a di fferent scale for each spacing . These are labeled in the 

figure . 

An approximate empirical expres sion for the angular variat ion of 

the ratio is 

~ • [ ( 3ll - 36�d) - �A/9d ) , IV-18 

where e is expres sed in degrees and >. and d are the same as before. 

There is about 17 degrees error in thi s express ion between the n = 1 

and n = 2 seque�ces at d = >./2 and about 2 degrees at d = 4>. • 

Table I summari �es the results obtained from examination of 

several cas es , The complex ratio of I0/Ie is  given for the n = � 

and the n = 2 sequences for three collinear arrays with zero tip�to•t ip 

spacing , and three 45° echelon arr�s in which the spacing is 1:2 >./4 . 
The half�lengths are 0 . 25, 0 . 30 1 and 0 . 50 wavelengths respectively . 

C .  Comments on an Array Condsting of 

Two Pairs of Crossed Dipoles 

Figure 16 shows an array of elements consisting of . pairs of 

cros sed dipoles. Crossed dipole arrays are frequently used to obtain 



TABLE I 

RATIO OF ODD TO EVEN CURRENTS FOR COLLINEAR 
AND 45° ECHELON TWO-ELEMENT ARRAYS FOR 

THREE DIFFERENT HALF-LENGTHS 

Case . n • l Seguence . n • 2 Seque31ce 

Colinee.r h = 0 . 25A: -0 . 245 l.-47 . 6° -0 . 224 l.-65 . 4  

h = 0 . 30). -0 . 268 t.-73 . 6° -0 . 255  l.-85 . 5  

h = 0 . 50). -0 .113 l. -3 . 45°. -0 . 661 l.-4 . 7° 

Echelon h = 0 . 25A: -0 . 211 l.-8 . 4° -0 . 238 l.-41° 

h = 0 . 30). 0 , 288 l. 4 . 4° 0 . 345  t.-35 . 5  0 

h = 0 . 50). 0 . 615 l. -81 . 8° 0 . 423 l. 41 . 9° 

5 5  



Figure 16 , Arr&f of - Planar Crossed Dipoles . 
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circular polarization in a transmitted signal . Equa�ion II-15 assumes 

the following fo� when applied to the geometry of Figure 16 . 

�1 0 0 &;1.3 a I e 
1 bll bll bl3 bl4 I 0 

1 

<P2 0 0 al3 al4 I e 
2 bll bll bl3 bl4 I 0 

2 
= + 

I 
e , 

I 0 
�3 

-&13 
-&14 0 0 bl3 bl4 bll bll 3 3 

�4 -"13 
-&14 0 0 I e 

4 bl3 bl4
· 

bll bll I 0 
4 

IV-19 

Degeneration occurs because the centers of elements 1 and 2 ,  and . ,. 
3 and 4 are at the same points in space , hence � 

= 1 �2 • and � = 3 414 . 

In other words , the rank of the A and B matrices is 2 . If .1 and -

413 are set equal to zero , and one attempts to obtain circular polari-

zation by setting I e "" j 
I e and I e = I e , then it can be shown 2 1 3 1 

that · I 0 0 and I 0 = I 0 , where = I;L , 2 4 3 

I 0 1 
2b,l.l + ('bl3 + 

bl4) 
1 

= ( al3 + j al4 ) I e IV-20 1 
I 0 l 

3 2bll . - (bl3 + bl4> 

The important point is that perfect circular polarization of 

the radiating system is destroyed because of the in-phase odd components 

of current on 1 ,  2 and 3 , 4 . 



D.  The Three Element Collinear Array of" Half-Wave Dipoles 

Cons ider an array of three collinear element s lying along the 
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z-axis . Defining the lower element as 1 ,  the center element as 2 ,  and 

the upper as 3 ,  the coefficient matrices assume the form 

0 al2 al3 
bll bl2 

bl3 
A z:: 

-&12 0 "12 B = bl2 
bll bl2 IV-21 

-

-&13 -&12 0 bl� 
bl2 bu 

w�en the reference direction for the positive current is as sumed to be 

upward . If all the elements are driven in phase , Equation II-17 takes 

the form 

-l 

IV-22 

Note that the odd currents on the 1 and 3 elements are out of phase , 

and the odd current on the center element is zero . This is expected from 

phys ical considerations , and this situation also conforms to the cas e  of 

element 3 and the upper half of element 2 lying above an infinite ground 

plane . 

For h = A/4 and a spacing of A/2 between centers , the odd 

current matrix is 
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-0 . 101 + j 0 . 123 

0 + j 0 IV-23 

+0 . �01 - j 0 . 123 

The magnitude ot the odd cu��ent is less than 16 pe� cent of the even 

cur�ent . 



CHAPTER V 

THE IMPEDANCE OF AN ELEMENT WITH EVEN AND ODD CURRENTS 

If the cU+rent distribution on a linear dipole is known prec isely ,  

the input impedance m� b e  calculated . From a mathemat ical viewpoint the 

input impedance is the limit of the ratio of the potent ial difference 

applied across the gap to the resulting even current that flows , as the 

gap-width becomes very small , and line coupling effects are taken into 

account . Thi s  input impedance i s  a useful quant ity when the line 

currents are b alanced because , in most cas es , antennas are driven from 

transmiss ion lines , However , an odd current on an element result s in 

co-phas ed currents on the transmi ss ion line and consequently , non-

negligible radiation from the . line it s elf , The overall radiation 

characteristics of the system , then , depend on the method of feeding , 

which i s  a distinct complication in the analys i s . Knowledge of the 

input impedance of the element becomes less important , even s omewhat 

arb�trary , because of the line ra�iat ion . 

The approximate impedance of an element with even and odd currents 

m� be calculated using the Poynting vector method ( 10 ) . The Poynt ing 

vector is integrated over a surface just enclos ing the element to give 

the complex radiated power . The impedance of the antenna will be 

defined as the radiated power divided by the s quare of the even current 

magnitude 

;: V-1 
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where (�1 ia the time-averaged Poynting vector due to the fields 

o f  the �tenna . For a thin element lying along the z-axis, and us ing 

a cylindrical coordinate system, 
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V-2 

and 

* 
H

lj) 
= 

* 
I ( z) 
2 'IT& 

The complex radiated power is 

2'1\' +h 
p = I I 

0 ... h 

V-3 

a dz dlj) , v-4 

Ez (z ) is the total electric field parallel to the element due to all 

sources. Consider only an element along the z-axis with even and odd 

currents . 

The electric field parallel to an even sinusoidal current is 

well known ( 10 ) ,  and m� be shown to be 

E: ( p ,h ) = 4;n I� [K(p,z ,h) + K(p,z, -h) - 2 cos ( kh ) K( p,z,O ) ] V-5 

where I� is the maximum or loop current on the wire . This result is 

obtained by calculating the vector potential parallel to the current 
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and using the relationship between the electric field , vector potential , 

and scalar potential . A similar analysis performed on an antenna. with 

an odd current yields 

Eo { h )  = � 1o [ { ) { ) 2 sin kh aK { ) ] 
z p ,  � L K p , z ,h - K p , z ,-}+ - k az' p , z ,O · • V-6 

The integral in V-4 contains several parts , some of which do not 

contribute to the complex radiated power because the integra.nds are odd , 

an4 are integrated over even limits . Ee is an even function in z ,  z 
and E0 is an odd function in z . Expanding the integrand yields the 

� 

non-zero components 

h 
zl = j30 { j i� I 2 I s in k{ h-z ) [K{ p , z ,h ) +K{ p , z ,-h ) - 2 cos kh K{p , z ,O ) dz 

-b 
V-7 

0 2 h 
- 2 Bin kh �' ) } + ! IL l J <-:) s in k { h+z ); [K{ p , � ,h ) -K(p , z , -h)  k a;n p , z , O dz . 

-h 

aK Us ing V-1 , and solving for the term az. { p , z , O )  yields 

h 
z1 = j60 { /sin k ( h,.,.z ) [ K{ p , z ,h)  + K{ p , z , -h) - 2 cos kh K{p , z , O ) ] dz 

0 
V-8 

+ 

I I� I 2  
I I� I 2 

/:in k { h-z ) [ K{ p , z ,h )  - K{ p , z , -h )  -

2 sin kh F{ z , O ) dz } ,  
0 k 

where 
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F ( z , O ) V-9 

z1 is alw�s complex , and reduces to the conventional modi fied 

0 
zeroth-order impedance when · IL is equal to zero , The effect · of the 

odd current is to add a correction term to the impedance ,  whose value 

is proportional to the square of the rat io of magnitude of the odd to 

even current . 



CHAPTER VI 

CONCLUSIONS 

The purpose of this paper was to obtain a simple , easy to 

visualize method of calculating the odd currents in - arrays of thin 

linear dipole� ; The s calar potential at the center of each element is 

found to be proportional to even �d odd c�rrents in all ele�ents . These 

comple� constants of proportionality are only functions of the di stance 

from the elements to the point at which the potential is calculated , 

and are e�ressible in terms of generali�ed sine apd cos ine integrals . 

Two sets of driv�ng conditions of interest are the case of 

balanced currents on each element , or the case of balanced potent ials 

between elements , i . e , , the center of each element �e at the same scalar 

potential with respect to the reference . For the case  of balanced 

potentials it is seen that the odd currents in the elements lead to co­

phas ed transmiss ion line currents . An e�act analys is of a transmi ss ion 

line with unbalanced currents is not poss ible in general because the 

radiated energy depends on the �ine length , orientation , and proximity 

to the array elements . When balanceq currents are specified , the 

potentials are unbalanced , and since the scalar potential varies 

s inusoidally along a thin wire , radi ation occurs also in . thi s case . 

Both cases , then , are undes irable , but physically unavoidable whe� 

driving the elements witn transmiss ion lines . 
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One could visualize driving the antennas at each gap with tiny 

self-contained phase locked trans istorized generators so that no 

transmiss ion lines are neces sary . Then the potentials at the centers 

of the elements could float , and ,  to the zeroth order approximat·ion , the 

currents in the elements would be balanced . 

The actual physical situation is further complicated by the 

coupling between the feed lines and the antennas . 

The results of applying the method to arrays of antennas seem to 

be quite reasonable . For tangenti$1 circular arrays of half-wave dipoles , 

the numerical and �eroth-�rder currents are very similar in magnitude 

and phase . For long•r elements less agreement is found , which is als o 

true in conventional zeroth-order theory . The analysis of the two 

element parallel staggered array of half-wave dipoles showed that the 

magnitude of the odd ourrents in the elements was proportional to the 

cos ine ot the angle between them. 

By specifYing the center location , angular orientation and 

complex current on all elements of the array , it was poss ible to derive 

an express ion for the far zone electric field radiated by the N 

element array . Pattern multiplication is not applicable in this cas e 

since the elements have di fferent orientation and element patterns . The 

element pattern of each element depends on the complex sum of the 

element patterns due to the even and odd currents . 

The input impedance of each element may be defined in terms of 

it� even t�rminal current , but the impedance loses much of its utility 



due to the presence of the unbalanced transmiss ion line currents . It 

is shown that for an is olated . element with even and odd currents , the 

impedance defined by t�e E . M . F .  method leads to an express ion which 

contains the conventional zeroth-order impedance plus another term 

dependent on the ratio of the odd to the even current in the element . 
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It is expected that a more accurate expression for the current 

di stribution will lead to better results . For example , us ing the first 

few terms in a Fourier series expans ion for the current could yield a 

much better approximation for the odd currents . Alternatively , the 

customary iterative method could be used to find a first-order approxi­

mation for the odd current . 
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APPENDIX 



S I BF TC M A I N 
C C ALCUL AT I O N  OF T H E  F AR F I E L D  PA TT E R N S  O F  AN A R B I TR ARY ARR AY 

C OF N I D E N T I C A L  EL EM E N T S  W I T H KN OW N CURR E NT S . T H I S PROG R A M  

C US E S  Z ER OT H  ORD E R  C UR R ENT S , BU T  MA Y B � E AS I L Y MO D I F I E D  T O  
C ACC O M O D AT E A N Y  S PEC I F I E D  CURR E N T  O I S TR I BU T I ON . N�NU M BE R OF 
C E L E M EN T S , H= HAL F • L E N GT H  OF E LE ME NT S , T J A N D  P J  AR E T H E  A N G  

C L E S  W I T H  R E SP E CT T O  R E F E R E N C E  C OORD I NA T E  S Y S T E M , X J , YJ , Z J 

C A R E  L OC A T I ONS OF C E NT E R S  OF J T H  E L E M E NT S , T= P OL A R  A N G L E  
C T HE T A , P = A Z I MUTHAL A NG L E  P H I , A ND MsC O MP L E X  R AT I O O F  O D D  

C TO E V EN C UR R E NT ON E A C H  A NT E NNA . F TH E T A  A N D  F P H I  AR E T HE 

C F AR �F I E L D P A T T E R N S . T H E  T H R E E PR I N C I PA L  PLA N E S  A R E  U S E D 

C I N  TH I S  P R OGR A M , BUT OTH E R  C UT S  MAY E A S i l Y B E  US E D . M OD I F I  

C C A T I ON S  O F  D I M E N S I O N S  A ND F O R MA T S  M U S T  BE M A D E FOR E A C H  

C D I F F E RE N T N U M B E R  N THA T  I S  U S E O . C AROS W I T H  A N  A S TE R I S K 
C I N  CO L U MN 6 0  MUST · B E  MO D I F I E D F OR E AC H  N E W - VA L U E  OF N , H .  

I N TEGER N , N l , N 2 , N3 , J  
· R E AL ' T , T R , P , P R , MFT � MF P , A RGFT , A RGF P , T J f N ) , P J ( N ) , X J ( N )  * 
1 , Y J ( N ) , Z J I N )  * 

C O MP L E X  AN S , SUMA � S UM B , S UMC , F T H E T A , F P H I , I NT E G , M C N l  * 

COMMON M , T R , P R , T J , PJ , X J , YJ , Z J , H � J 

E X TE RN AL L OWER , U PP ER 

C N E XT 2 C AR D S  S P E C I FY N , A ND H I N  R A D I A N S  

N = * 

H = 3 . 1 4 1 5 9 / 2 . 0  * 

R E AD ( 5 , 1 0 0 )  XJ , YJ , Z J , TJ , P J , H  
1 0 0  F OR M AT M U S T  B E  SUP PL I E D  * 

C P A TT E R N S  F OR X- V P L A N E , T HE TA = P I /2 , PH I  VAR Y S  

W R I T E ( 6 , 9 9 )  

99 f O R M AT f 1 Hl ) 

T = 90 . 0  

TR = ·9 0 . * 3 . 1� 1 59 / 1 BO .  

DO 1 00 0  N l  = 5 , 1 85 , 5 
P = · f L O AT C N l )  - 5 . 0 

P R  ·= P *3 . 14 1 59 / l 80 . 0  
SUMA = C MP L X C O . O , O � O ) 
S U M B  = C MP L X tO . O , O . O )  

SU MC = C MP L X C O . O , O . O l  
00 900 J = l , N  
C ALL QG l 0 ( -H , O . O , L OW E R , A 1 t  
C A LL Q G l O t O . O , H - UP P E R , A 2 )  

AN S = A 1  + A 2  
S UMA = S UM A  + AN S *COS C T J C J  ) )  
S U MS = S UM S + AN S * S I N C TJ ( J  ) ) * S I N C P J C J  ) )  

900 S U MC = S UMC + A N S* S I N ( TJ.( J l l *CO S ( PJ ( J  ) )  

F T HE T A  = - l . O* S UMA 

F PH I  = COS ( P R J *S UM B - S I N C PR ) * S U MC 

M F T  = C A B S ( F TH E T A J  

M F P  = CAB S ( f PH l t 

I f  - C C A I M AG ( f T H ETA J / RE AL t fTH E T A J  ) . L E . 1 . E -6 J G O  TO 2 5  
I f  ( ( A I M AG C F TH E T A l / R E A L ( F T H ETA ) ) . G E . l . E + 3 )  G O  T O  2 6  
A R Gf T  = A T A N 2 C A I MAG C F T H E T A ) , R E A L C F TH ET A ) ) * 1 8 0 . 0 / 3 . 1 42 
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GO TO 27 
25 ARGFT = 0 . 000 

GO TO 2 7  

2 6  A R GF T = 90 . 0 00 

71 

27 CO N T I N UE 

I F  ( ( A I MA G f FP H I  ) / R E A L C F P H I  ) ) . L E . l . E- 6 ) GO TO 2 8  
I F  C t A I MAG C F P H I  ) /R E A L C FP H I  ) ) . G E . l . E+ 3 J  G O . TO 2 9  

A R GF P  = A T A N2 C A I MAG ( F P H I  t , R E AL ( F P H I ) )  * 1 80 . 0 / 3 . 1 42 
GO TO 30 

2 8  A R GF P  = 0 . 000 
GO TO 30 

2 9  AR GFP = 90 . 0 00 
3 0  C O NT I N UE 

W R I T E ( 6 , 1 0 2 )  P , T , F TH E T A , MF T - ARGF T , F PH I , MF P , A R G F P  
1 0 2  F O RMAT f l HO , l OF 1 3 . 3 ) 

1000 CONT I N U E  
W R I TE ( 6 , 99 )  

C P A T T ER N S  FOR X-Z P L AN E , P  = O . O , THE TA VARY S 
P = · o . o  
P R  = 0 . 0 
D O  2 00 0  N 2  = 5 , 1 8 5 , 5 
T = F L OA T( N2 ) - 5 . 0 
TR = T *3 . l4 1 59/ 1 80 . 0 
S U MA = C MP L X ( O . O , O . O ) 
S UMS = C MP L X C O . O , O . O t  
S UMC = C MP L X ( O . O , O . O J  
DO 1 90 0  J · = l , N 
C A LL QG 1 0 ( -H , O . O , LO W ER , A f l 
CALL Q G 1 0( 0 . 0 , H , UP P E R , A2 )  
AN S = A l  ·+ A 2  
S UM A  = S UM A  + A N S * S I NC TJ { J  t ) *C O S t P J ( J  t )  

1 900 S U M S � S UM S + A N S*COS C T J ( J  ) )  
F T HE T A  = C OS ( T R ) * SUMA - S I N C TR ) * SUMS 
F P H I  = SUMS 
M F T  = � CA S S ( FTH ET A J  
M F P  = C A S S ( F PH i t 
I F  ( ( A I MAG C F T HE T A l /REAL ( F TH E TA )  ) . L E . l . E - 6 ) G O  TO 3 1  
I F  ( ( A I M AG C F T H E T A J /R E A L t F TH E T A ) t . G E . l . E+ 3 J  GO TO 3 2  
ARGF T = A T AN 2 C A I MAG C F T HE TA t , RE A L C F TH E TA J l * 1 8 0 . 0 / 3 . 1 42 
GO TO 3 3  

3 1  AR GFT = 0 . 000 
GO TO 3 3  

32 ARGF T  = · 90 . 000 

3 3  C O N T INUE 
IF ( ( A I MAG C F P H I  J /R E AL C F P H I  · H . L E . l . E- 6 J  GO TO 34 
I F  ( ( A I MAG ( FP H I  ) /R E A L ( F P H I  ) J . GE . l . E+ 3 )  G O  TO 3 5  
ARGF P = ATAN2 ( A I MAG ( F P H I . ) , R E A L C F PH I ) )  * 1 8 0 . 0 / 3 . 1 42 
GO T O  3 6  

3 4  A R G F P  = 0 . 00 0  

G O  T O  3 6  
3 5  AR GFP = 90. 0 0 0  



36 CONT I N UE 
WR I T E ( 6 , 1 0 2 ) P , T , F THE T A , MF T , ARGF T , F P H I , M F P , A R G F P  

2 0 00 CONT I N UE 
W R I T E  ( 6 , 9 9 1  

C P A TT E R NS F OR Y- Z P L A N E , PH I :P I'/ 2 , T HET A V A R Y S  
p : 9 0 . 0  

P R  -= P *3 . 1 4 1 5 9/ 1 80 .0 

DO 3 0 0 0 · N3 = 5 , 1 8 5 , 5  

T = F LO A T ( N 3 J -5 . 0  

TR -= T *3 . 14 1 59 / 1 80 . 0  

SUMA -= C MPL X ( O . O , O . O )  

S U M B  = C MP L X C O . O , O . O )  

S UMC = C MP L X ( O . O , O � O J  

DO 2 90 0  J -= 1 t N  
C A LL QG 1 0 C -H , O . O , L OWER , A 1 J  

C All Q G 1 0 C O . O , H, U P PE R , A2 J  
ANS = Al + A 2  

S UMA = S U M A  + AN S * S I N I TJ ( J  ) J *S I N ( PJ C J , ) )  

SUMB = S UM B  + A N S*CO S ( TJ ( J  ) )  

29 00 SUMC = S UMC + A N S* S I N ( T J C J l t *CO S ( P J ( J  l l  

F T HE T A  = CO S C TR I *S UMA - S I N ( TR ) * SUMB 

F P H I  = SUMC 

M F T  = C A B S ( FT H E T A l 

M F P  = C A B S ( FP H I J 
I F  f i A l M AG ( f T HE T A J / R E A L ( F T HE TA J J . L E . l . E -6 ) GO TO 3 7  
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I F  ( ( A I MAG ( F T H E T A J /R E AL ( F T H E TA l l . G E . 1 . E + 3 )  GO TO 3 8 

ARGF T  = ATAN2 f A l MAG ( F T HE T A ) , RE AL ( F TH E TA ) ) * 1 8 0 . 0 / 3 . 1 42 
GO TO 39 

3 7  A R GF T = 0 . 000 

GO TO 39 

3 8  ARGFT = 90 . 0 00 

3 9  CON T I N UE 

I F  C C A I M AG I F P H I  J /RE AL ( F P H I  ' J ) . L E . 1 . E- 6 l  GO TO 4 0  

I f  ( ( A I M AG C F P H I  ) / R E AL C F P H I  J J . G E . l . E + 3 t  G O  T O  4 1  
ARGFP = A T AN 2 ( A I M AG ( F P H I  ) , RE AL ( F PH I  J )  *1 80 . 0 / 3 . 1 42 

GO TO 42 
40 ARGF P = 0. 0 0 0  

GO T O  42 

41 ARGFP = 90 . 00 0  

42 C O N T I N UE 
WR t T E ( 6, 10 2 J · P , T , F THE TA , MF T , AR G F T , F P H I , MF P , A RGF P 

3000 CONT I N UE 

C All E X I T  

END 

$ 1 8FTC C E X  

COMPL E X  FUNCT I O N C EX ( Z )  

C E X  = CMPL X ( CO S ( Z J , S I N C Z ) ) 

R E TURN 

E N D  · 

S I BF TC LOW E  

CO MP L E X  FUNCT I ON L OW E R ( Z J 
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E X T E R N AL C E X  
R E AL · T , T R , P , PR , MF T , MF P � A RG F T , A RG F P , T J C N J , P J ( N ) , X J ( N J  * 

l , Y J C N ) , Z J C N J  * 

C O MP L E X  C E X , M I N )  * 

COM MON M , T R , PR , T J , P J , X J , YJ , Z J , H� J 
T T J = . S I N C TR . * S I N C PR J * ( .XJ C J l +Z*CO S C TJ t J l ) * S I N f P J ( J ) ) l  

l + S I N C T R J *S I N C PR I * C YJ ( J ) + Z* S I N C TJ C J ) ) *S I N C P J C J ) ) )  
2 +C OS C T R l * C Z J C J I + Z* CO S C T J ( J ) I I  

L O W E R = C l . O- M C J ) ) * S I N C H + Z I *CE X C T T J ) 
· R E TURN 

E N D  
$ 1  BFTC U P P E  

COMP L E X  FUNCT I ON U P P ER C Z I 
E XTE R N AL C E X  
R E AL · T , TR , P ; P R , M F T ; MFP , ARGFT , ARGF P , T J C N J , P J C N J , X J C N l  * 

l , Y J C N J  , Z J C N I  * 
C O MP L E X  C EX , M C N J  * 

C O MMON M , T R , PR , T J , P J , X J , YJ , Z J , H , J  

COMP L E X  C E X , M C 2 l  
T T J  = S I N C T R ) * S l N C PR I * C X J C J J +Z * COS C J J ( J ) ) * S I N C PJ C J I ) )  

l + S I N C TR l *S I N C PR ) * ( YJ ( J ) � Z* S I N C T J C J l i * S I N C PJ ( J ) J )  
2 +C OS ( T R t * C ZJ C J I + Z *CO S ( T J C J J ) )  

U P PE R = C l . O + M C J l i * S I N ( H-Z I *CE X C T T J )  
R E TURN 
E N D  

S I B F T C  QG l O  NOD E C K  

S E N T R Y  

SU BROUT I NE Q G l O C XL , X U , FC T , Y J 
C O MP L E X  FC T , Y  

A:; • 5* ( XU+ XL ) 
8 = X U  - X L  
C= . 48 69533 * B 

v� . 0 3333567 * C F C T C A +C J + FC T C A-C J I 
( ;;  . 43 2 5 3 1 7  * 8 
V=Y + . 07472 567 * ( fC T C A +C J + FC T C A-C ) ) 
C= . 3397048 * 8 
v• v + . \ 09 5432 * C FC T C A +C I +F C T C A�C t l  
C= . 2 1 66977 *B 
Y=Y + � 1 346334 * l FC T C A + C ) +F CT ( A�C I I 

C= . 07443 7 1 7  * B 
Y= 8 *  C Y + . 1 477 6 2 1  * f FCT C A + C J +FC T t A-C ) J )  
RE TUR N 
E N O  
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University . Receiving the Bachelor of Electrical Engineering degree in 

Dec
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ember , 1963 , he entered. the graduate s chool of Auburn University , 

hQlding a research as sistantship . In March , 1965 he received the degree 

of Master of . Science , and remained in s chool at Auburn , as a teaching 

assi stant . In September , 1966 he began graduate studies at the Univers ity 

of Tennessee , and accepted an Instructorship in the Electrical Engineering 

Department , He . is a member of Tau Beta Pi , �ta Kappa Nu , and Sigma Xi . 

He i s  married to the former Judith Grace Carter of Columbiana , 

Alabama and has one daughter , Kimberley .
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