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ABSTRACT

The purpose of this paper is to investigate the convex quadratic
programming problem and its applications. The emphasis is on methods
for solving the convex quadratic programming problem.

Chapter I discusses the general background of the problem and
developes necessary and sufficient conditions for a solution of the
problem.

Chapter II presents Wolfe's algorithm for solving convex qua-
dratic programs. Chapter III investigates Lemke's algorithm for
solving this problem.

Chapter IV discusses a recent barrier function method for solving
the convex quadratic programming problem. Chapter V introduces an
active set method for solving the problem.

Chapter VI discusses applications of quadratic programming in
optimal portfolio analysis and in finding the optimal search direction

in a general mathematical programming problem.
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CHAPTER I
CONVEX FUNCTIONS AND THE KUHN-TUCKER CONDITIONS

We will consider the probiem

T

minimize c'x + = x'H x (1.1)

| —

subject to: Ax < b

where

is an n-vector,

o

o

is an m-vector,
A dis an mxn matrix, and

H is an n x n symmetric matrix.

This problem is known as the quadratic programming problem. Note that

for a function

- n ,
FIX) = 2oy I hyg X%y * Byop ©4%

H is simply the hessian of f(x) . Also note that maximizing f(x)
is the same as minimizing -f(x) so we consider only the minimization

problem.



Throughout this paper capital letters will denote real matrices.
AT will denote the transpose of a real matrix. x will denote a real

column vector, that is

En will denote Euclidean n-space.

The algorithms used to solve nonlinear programming problems nor-
mally search for Tocal minima. One of the great difficulties in
nonlinear programming is determining whether such a local minimum is
also a global minimum. In the first part of this chapter, we show that

T 1.7

a local minimum of f(x) = c'x + 5 X Hx 1is also a global minimum

if H 1is positive semidefinite.

Definition 1.1. A set K 1is said to be convex if for

X5 X € K, >\5_1+(1->\)52€K for all X € [0, 1] .

Geometrically, this means that a line segment connecting any two
points of a convex set is contained in the set. The set of feasible
solutions to Problem 1.1 is an example of a convex set. To see this,
suppose that x, and x, are feasible solutions to Ax < b and
x>0 . Also, let x€ [0, 1] . Then A%yt (1 -2) X, > 0 since
A, 1 - As Xq and X, are all non-negative. In addition,

AA X H (1-2A)A Xp < Ab + (1-2A)b=0>b.



Definition 1.2. A function f(x) defined over a convex set K

is called a convex function if for x,, x,€ K and A€ [0, 1] we

%o

have

fUil + (1 - x)iz] < Af(il) + (1 - ) f(lg) .

If strict inequality holds for distinct x, and x, and x€ (0, 1)

29
then f(x) 1is said to be strictly convex. Similarly, f(x) is said

to be concave if -f(x) 1is convex.
Basically this means that a function is convex if for all

X1 5265 K the Tine segment from f(;i) to f( lies on or above

X))
the graph of f(x) . f(x) is strictly convex if the line segment
from f(gi) to f(lz) lies strictly above the graph of f(x) except

at its endpoints.

Theorem 1.1 [1] . Let S be a nonempty convex set in En and

f: S+ E . Consider the problem to minimize f(x) subject to

x €S . Suppose that y € S is a local minimum to the problem.

1. If f 1is convex, then y 1is a global minimum.
2. If f 1is strictly convex, then y 1is the unique global

optimal solution.

Definition 1.3. A matrix H is said to be positive definite if

§T Hx > 0 forall x #0 . It is said to be positive semidefinite

if ET Hx > 0 for all x .

There are several ways of testing whether a matrix is positive

definite. It is well known that a matrix is positive definite



(semidefinite) if and only if its eigenvalues are positive (non-
negative). Also, H 1is positive definite if and only if its principal

minors are all strictly positive. For n =4 this means that

[hypl >0 hyy hy, h1 P12 hy3 [Hl >0
>0
hyy bop hop hyp hygl >0
hsy h3p a3

Theorem 1.2 [1] . Let S be a non-empty open convex set in

En and let f: S - E1 be twice differentiable on S . Then f s
convex if and only if the Hessian matrix is positive semidefinite at

each point in S .

§T HX + gT;_ is convex if and only if

N

Corollary 1.1. f(x) =

H 1is positive semidefinite.

Proof. Vf(x) = c + Hx .

v f(x) = H .

The result then follows from the theorem.

Theorem 1.3. The function f(x) = 575_+ %-§T Hx is strictly

convex if and only if H 1is positive definite.

Proof. [1] proves that a function is strictly convex if its hessian
is positive definite.
Conversely, suppose that f(x) 1is strictly convex. Let

XE€E ,x#0. Then
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Therefore

o
N
| >
S
+
no|—
-

and

This implies that éT Hx >0 for all x # 0 . Therefore H is

positive definite.

Example 1.1. Consider the function

f(x) = 2xy = 3x, + xf + Xg - X)Xy
We can write
Flx) = clx + 5 xT He
where
2 2 -1
c = and H ="



To show that f(x) is strictly convex, we find the eigenvalues

of H . The characteristic polynomial is

The eigenvalues are t1 =3 and t2 =1 . These are positive so H
is positive definite and f(x) 1is strictly convex.

Unfortunately, the algorithms we will use to solve the quadratic

programming problem only work if the objective function is convex
(meaning H 1is positive semidefinite). From this point on, we assume
that this is the case. With this additional restriction, problem (1.1)
is known as the convex quadratic programming problem.

We now turn our attention to developing necessary and sufficient
conditions for a vector to solve the quadratic programming problem.
These conditions are the well-known Kuhn-Tucker conditions. We will
prove a specialized version of these conditions that applies to the
quadratic programming problem and then state without proof a more

general result.

Lemma 1.1 [8]. X9 minimizes a convex continuously differentiable

function over a convex set K if and only if (x - §O)T Vf(}o) >0

for all x €K .

Theorem 1.4 [2] (The theorem of the separating hyperplane). For

any mx n matrix A and any m-vector b either

Ax =b , x>0




has a solution or

Aly >0, by <0

has a solution, but not both.

Geometrically, the theorem says that either b is a vector which
lies within the cone spanned by the non-negative linear combinations
of the columns of A ; or else there exists a vector y which makes

non-obtuse angles with the columns of A but an obtuse angle with b .

Theorem 1.5 [2] (Kuhn-Tucker). A vector x solves the convex

quadratic programming problem if and only if there exist vectors Y

u, and v such that:

Ax +y=Db (1.2)
veH+ AL c (1.3)
xv=0,uly=0 (1.4)
Xs ¥ U v 20 (1.5)

Proof. Suppose that vectors x, u, v, and y which satisfy the

above conditions have been found. Also, let 2_ be another feasible
solution. Then
f(x) - f(X) = ¢'

"
o

| <

+
| —
| <

=
]

o




< (QT + §TH)(5 - X) since 5T Hx > 0 for all x .

= w-AW x-X) by (1.3)

< -ul A(x - %) since x'v=0 and X'v >0

= -u'lb-y-b+J]

= -_T y since ng =0

<0 since u >0 and 2_3_0
Therefore,

f(x) < f(x) .

Thus x is the optimal solution to the problem. This proves the
sufficiency of the conditions.

Conversely, suppose that X minimizes

f(x) =£T5+%5 H
subject to
Ax <b and x>0.

Then, we must obviously have

AX+y=b,X>0,5>0. (1.6)



We want to prove that when X is the solution vector, an n-vector ¥

and an m-vector g‘ exist such that

i=H+AT+c>0
$=0,07-

Now let us partition the non-negativity constraints into two groups
indexed by L and M and the inequality constraints into two groups
indexed by H and J depending on whether strict equality or strict
inequality holds. We also renumber the variables so that all the zero
elements of g_ come first and reorder the inequalities so that those

which strictly hold appear on top. Then we have

/\_ N A T N _ A
X = [5L 5M] where X = 0 and Xy > 0,
AH§ = EH , and
AX <b. .
J2('<_J

Clearly, LN M=¢, LUM={1,...,n} , HNJ =0, and
HUJ = {1,..., m} . We also have QH =0 and 20 > Q0 for the slack
variable 2_.

We may now partition the matrices c, H, and A as

(@]
1l
I
1]
b=
{}
[}
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When we introduce the vectors y and U, we will partition them in a

similar manner. Note that we need the vectors 2 and U to satisfy

T

AT/\ A A -

X Yy Xy ¥y =0
and

AT/\ AT/\ _

IyUy*yyuy =0

Since &_ =0 and 0 , this becomes the requirement that

!_l.i=

=0 and =0 .

Y
Now consider an infinitesimal change 3x to the vector g such

Y
that X + ax results. We consider only changes such that

% >0 (1.7)

and

AHgio or 'AHQZO-

This insures that x + 3x 1is a feasible solution since

X A Pum X *ax
A(X + 3x) =
Ao Aaw Xy * 3%y
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~

since x, =0 . Now, AHM5M=EH and AHB_’LiO- Also,

12

A < b, and A‘J 9x s very small so

SESTIR T

Aum Xy * Ry by |

|A

g & b,

S, — L -

and X + px is feasible.

Also, vf(X) = c + HX and it follows from Lemma 1.1. that
o T
(c + HX)' ax >0 . (1.8)

We write (1.7) and (1.8) using partitioned matrices and see that there

is no solution to the system
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and

() ST TR x|
+ <0
Sy Mo Pam | | 2w Xy

Hence, by the theorem of the separating hyperplane, there exist non-

negative vectors QL and QH such that
oA v c Ho o H X
oo || Y g L M X
= +
0 -Al M c H, H %
M || Y Sul [ P Xy
or
O - Al Q= +H, X FHX (1.9)
-+ HL =H = LL - LM =M :
Al st He R+ Ho R (1.10)
HM =H =M ML = MM =M '
We now add QM = 0 to the left hand side of (1.10). Also, let
Qd = 0 and subtract from the left hand side of (1.9) and (1.10},

respectively, the vectors AEL Qd and AEM Qd . We then have

A TA T/\— A ~
Vi Ag by - Ag Yy T e P HL Y Ry Xy
oo = AL G o AT 0 = oy + Hy X+ Hoo X
—M HM —H M= M ML — MM =M
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or

We also have that 5L =0, XH =0, vy = 0 , and uy = 0 so

that

X'v=0 and U y=0 (1.12)
Also recall that QH and QL are non-negative so
u, v>0 (1.13)

Therefore, given the optimal solution g_, there must exist vectors

¥, U, and { which satisfy (1.6), (1.11), (1.12) and (1.13). This
is what we needed to show to establish the necessity of the conditions
in the theorem and so this completes the proof.

The vectors u and v are called the Lagrangian multip1ier
vectors associated with Ax < b and x > 0 , respectively. The con-
ditions 5T v=0 and EIX = 0 are called the complementary slackness
constraints.

The previous theorem is actually a special case of a more
general result which we present below without proof. It should also

be noted that it is possible to relax the convexity and differentiability

restrictions in the two theorems below (refer to [1]) .
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Theorem 1.6 [1]  (Kuhn-Tucker Necessary Conditions). Let X be

a nonempty open set in En , and let f:,En > E1 PR En > E1 for
i=1,...,m, and hi: En - E1 for i =1,..., £ . Consider the

problem

Minimize f(x) (1.14)
subject to 91(5) <0 for i=1,...,m

hi(ﬁ) =0 for i=1,..., 2%

xeX

Let 2_ be a feasible solution and suppose that f and 9, for
i=1,..., m are differentiable at X and that hy for

i=1,..., & are continuously differentiable at g_. Also suppose
that vg,(x) for i€ {i: g,(X) =0} and h(X) for i=1,...,2
are linearly independent. Then, if 2_ solves problem (1.14) locally,

there exist scalars U, for i=1,..., m and Vs for i=1,..., ¢

such that
VF(x) + £ u, Vg.(x)+ & v, Vh.(x)=0 (1.15)
I = LR 5 L
u, 91(2) =0 for i=1,...,m. (1.16)
u, >0 for i=1,...,m. (1.17)

Theorem 1.7 [1] (Kuhn-Tucker Sufficient Conditions). Let X

be a nonempty open set in En , and let f: En - El’ gs: En > E1 for



15
i=1,...,m and h;: E > E for i=1,..., 8. Suppose that X
is a feasible solution to (1.14). Also suppose that f, g; for
ie {i: gi(g) = 0} , and hi for i=1,..., ¢ are convex. If there
exist scalars u, for i=1,...,m and vi for 1=1,...,2¢

such that X satisfies the Kuhn-Tucker conditions (1.15), (1.16), and

(1.17) then X ds a global optimal solution to problem (1.14).
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CHAPTER 11
WOLFE'S ALGORITHM

In this chapter, we develop one of the earliest algorithms used
to solve the convex quadratic programming problem. This algorithm
makes use of the simplex method of Tinear programming to find a point
which satisfies the Kuhn-Tucker conditions. The reader who is not
familiar with linear programming may refer to the Appendix for a brief
discussion. Initially, we assume that H 1is positive definite.
Later, we will consider the positive semidefinite case.

Consider the system of equations determined by (1.2) and (1.3):

(2.1)

]
3
]
b3
|=
+
<
Tl
(e

This is a system of (n + m) equations with 2(n + m) variables.

0 and ETX = 0 then only (n + m) variables

If we also require éT!
can be nonzero. This, along with the nonnegativity requirements in
(1.5), means that any vector which satisfies the Kuhn-Tucker conditions

must be a basic feasible solution to (2.1).

Theorem 2.1 [12]. When H is positive definite, the convex

quadratic programming problem cannot have an unbounded solution.
Therefore, if H 1is positive definite, the quadratic programming

problem is either infeasible or it has a unique solution. We will

present a two step algorithm which first determines the feasibility of

the problem and then finds the optimal solution.
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First, we must insure that all the elements in b and ¢ are
non-negative. To do this we multiply by (-1) any row of (2.1) that
corresponds to a negative element of b or ¢ . This yields the

system

A*x + Oy = b*

“H*x - A%Ty + Ey = c* (2.2)

where D and E are diagonal matrices with diagonal elements equal

to either 1 or -1.
Then we add artificial variables ) and s to (2.2) to get the

system

A*x + Dy + s = b

SHix - AU+ By 4 ) = ot (2.3)
where s is an m-vector and ) is an n-vector. We are now ready

to apply Wolfe's algorithm.

Step 1: We minimize z?=1 S5 subject to (2.3) and
Xs ¥s U, V, S, A > 0 using the simplex method. However, we do not
allow u or v to assume non-zero values. This means that as we
proceed only elements of x and y will be allowed to assume
positive values.

If s =0 solves the problem just stated then it follows from

(2.3) that there must exist vectors X and y such that
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A*X + Dy = b* . Therefore the quadratic programming problem is feasible.
Conversely, if the quadratic problem is feasible there exist non-
negative solutions to the constraint A*x + Dy = b* . In this case,
applying the simplex method as described in Step 1 will result in a

basic feasible solution to (2.3) with s

0 . Therefore, the quad-
ratic programming problem is feasible if and only if Step 1 of the

algorithm yields a solution with s =0 .

Step 2: If the problem is feasible, then we apply the simplex
method again to minimize Z?=1 A; « We use the final tableau from
Step 1 as our initial tableau. Note that this amounts to starting
with an initial basis involving terms of x, y, and ) . However,
we must modify the simplex method slightly to preserve the complemen-
tary slackness constraints. We do not allow both X; and Vi in
the basis at the same time. Similarly, we do not allow both Y;
and u, in the same basis.

We know at this point that the quadratic problem does have an
optimal solution (since H 1is positive definite and the problem is
feasible) so there is a basic feasible solution to (2.2). We also
know that, in the absence of degeneracy, the simplex method will pro-
duce a basic feasible solution. However, it is not immediately clear
if our restrictions on basis entry to preserve the complementary
slackness constraints will prevent the algorithm from converging. [9]

proves that they do not and therefore Step 2 of the algorithm produces

the optimal solution to the quadratic programming problem.



Example 2.1. Consider the problem

. _ 2 2
Minimize f(x) = 2x1 - 3x2 X E Xy - XX
subject to 2x1 + 3x2 <5 -
X+ %y 2 3. (2.4)

Note that f(x) is the same function considered in Example 1.1 and

that it is strictly convex. In this problem

The Kuhn-Tucker conditions are then

2%y *+ 3%y + ¥y = 5
‘ -3x1 - X + ¥y = -3
—2x1 + Xy - 2u1 + 3u2 + vy = 2
Xy - 2x2 - 3u1 o, + v, = -3 (2.5)
and
Xs ¥s Us V20, ZT! =0, ETX =0 (2.6)
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We make all the right-hand side elements of (2.5) positive and add
artificial vectors Sy Al’ and xz to get
2x1 + 3x2 + Y =5
3x1 + x2 - y2 + s1 =3
-2x1 + Xo - 2u1 + 3u2 + Vi + Al =2
-xp t 2x2 + 3u1 - U, -V, t AZ = 3 (2.7)
Notice that we are using y; as one of our initial basis vectors.
The first step of the algorithm is to minimize S subject to
(2.7) and x, y,. U, v, s, 2 >0 . We do not allow elements of u
or v to enter the basis.
Iteration 1.
B oclb X X ¥ ¥ Y Y VoV, Si N A
2 0]5]|2 3 1 0 0 0 0 0 0 0 0
s; 13/ ® 1 0 a1 0 0o 0 0 1 0 O
M 02 -2 1 0 o -2 3 1 0 0 1 0
Az 01} 3 (-1 2 0 0 3 -1 0 -1 0 0 1
313 1 0 -1 0 0 0 0 0 0 0
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Iteration 2:

B cbx X ¥y Y Yy U vy v, M N
yp 0[3(0 731 2,30 0 0 0 0 0
x, 011 130 -1/30 0 0 0 0 O
\y, 0|40 530 -2/3-2 3 1 0 1 0
, O]4}0 7/30 -1/33 -1 0 -1 0 1

We see that problem (2.4) is feasible and that (Xl’ x2) = (1, 0)
is a feasible solution. We now continue with the same tableau and
minimize Aot AZ . Note that if Xy were not in the basis we could
use v, asa basis vector and we would only need one artificial

. . T
variable. However, we must preserve the constraint x'v =0 .

Iteration 3.

|oo
I}

b | x

x, 01310 @3 1 2,3 0 o 0o 0o 0o o0
x, 0/1[1 1/3 0 -1/3 0 0 0 0 0 0
A L|4f0 53 023 -2 3 1 0 1 0
A 1[40 73 0 -1/3 3 -1 0 -1 0 1
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Iteration 4.

o 0 Y Yy Y% oy Y oM

{e]

[

jor
b3

>

MO0 9/700 1 347277 0 0 0 0 0
x) 0| 4/7/1 0 -1/7-37 0 0 0 0 0
M 1(/710 o -5/7-87 =2 @ 1 o0 1
o1 1/0 0 -1 -1 3 -1 0 -1 o0 1

o O O

20/71 0 0 -12/7 -15/7 1 2 1 -1 0 0

Iteration 5.

Boel b x % ¥ Yo U YU Yy Vor Xy
x, 0| 97 0 1 37 27 0 0 0 0 0
x, 0| 47| 1 0o -7 37 0 0 0 0 o0
u, 0|13/21] 0 0 -521 -8/21 -2/3 1 1/3 0 O
- =2 -

A, 1] 34/21] 0 0 -26/21 -29/21 (:::) 0 1/3 -1 1 ‘

\

38/21] 0 0 -26/21 -29/21 7/3 0 1/3 -1 0 \

Iteration 6.

B ¢ 79. X X ¥ Yo Uy Yy Vv,
X, 00 9700 1 37 277 0 0 0 0
) 0| 47| 1 0 -1/7 -3y7 0 0 0 0 l
u, 0 |53/49| 0 0 -29/49 -38/49 0 1 3/7 -2/ ‘
up 0 |34/49| 0 0 -26/49 -29/49 1 0 1/7 -3/7
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We see then that

X) = 4/7 Xo = 9/7

is a Kuhn-Tucker point (with wu, = 34/49, u, = 53/49 , and

1 2
Yy =¥y Uy T U, = 0) . This is the optimal solution and the minimum
value of f(x) is f(4/7, 9/7) = -72/49 .

Recall that we assumed in developing Wolfe's algorithm that H
was positive definite. The method will often succeed even if H is
only positive semidefinite. If it does not then we perturb H slightly
to become H + €I . This matrix is positive definite and the result
should be an acceptable solution to the unperturbed problem if ¢ is
small ([12]) . This is known as Charne's resolution of the semidefinite
case. Note that if the original problem has an unbounded solution,
this method will result in an incorrect answer. However, most pract-
ical problems should not have unbounded solutions.

It is also easy to modify Wolfe's algorithm to handle problems
with both inequality and equality constraints. The only major change
results from the fact that the Lagrangian multipliers U associated
with the equality constraints need not be positive. In order to
apply Wolfe's algorithm we let U = El - Ez where El > 0 and
32 > 0 . Note that if we replace any equality constraints Bx =d

by Bx <d and Bx > d to get the constraints

|oo
a



then the Kuhn-Tucker constraint (1.3) becomes

-Hx - [B -B] tv=c

or
-H}_-B(tl-t2)+1=£.

This, of course, is the same as replacing .Q by -,
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CHAPTER III

LEMKE'S COMPLEMENTARY PIVOTING ALGORITHM

In this chapter we will discuss the linear complementary problem
and show that the convex quadratic programming problem can be cast as
a linear complementary problem. We will then present a method for
solving the 1inear complementary problem. The results given in this
chapter may be found in [1] and the theorems are proven there.

Let M bea pxp matrix and let g be a p-vector. The

linear complementary problem is to find vectors w and 2z such that

W-Mz=g (3.1)
w>0,2>0 (3.2)
ng_= 0 (3.3)

We call (wj, zj) complementary variables and a solution (w, z)

to the above system is called a complementary basic feasible solution

if (w, z) 1is a basic feasible solution to (3.1) and (3.2) and if

exactly one variable of the pair (wj, zj) is basic for j=1,...,p .

Recall the Kuhn-Tucker conditions to the convex quadratic pro-

gramming problem are

Ax +y =b (3.4)



Hx - Au+v=c (3.5)
£&=0,Qi=0 (3.6)
Xy ¥» Uy V.20 (3.7)
Letting
0 -A b 2 u
M= q = W = _ and z =
AT < y X

1=

20,220.

If we can find vectors w and 2z that solve this linear complemen-
tary problem then we will have found a Kuhn-Tucker point of the
quadratic programming problem.

With this in mind, we now develop an algorithm for solving
the linear complementary problem. If g > 0 then the problem is
easily solved by letting w=q and z=0. If q# 0, we intro-

duce an artificial variable to get the system



W-Mz-1lz5=g (3.8)
w,2>0,2,>0 (3.9)
Wz =0 (3.10)

0
z=0,and w=q+1 2y we obtain a solution to the above system.

where 1 1is a vector of 1's . Letting z, = maximum{-qi: 1 <i<p},

We will then attempt to drive the artificial variable z, to 0,

0
thus producing a solution to (3.1)-(3.3) .

Definition 3.1. A feasible solution (w, z, zo) to (3.8)-(3.10)

is called an almost complementary basic feasible solution if:

1. (w, z, zy) is a basic feasible solution to (3.8)-(3.10).
2. Neither W nor z . are basic, for some s€ {1,..., p} .

3. Zg is basic and exactly one variable of the pair (wj, z.)

J
is basic for j=1,...,p and j #s .

Definition 3.2. Given an almost complementary basic feasible

solution (!3 z, 20) with We and z, both nonbasic, an adjacent

almost complementary basic feasible solution (Q} 23 zO) is obtained

by introducing either W, or z. into the basis if pivoting drives
a variable other than Zg from the basis.

Of course, if the pivot mentioned in the previous definition
drives 2, from the basis then it produces a solution to (3.1)-(3.3).
The algorithm summarized below moves among adjacent almost complemen-
tary basic feasible solutions until either a complementary basic

feasible solution is obtained or a direction indicating that the

region defined by (3.8)-(3.10) is unbounded is produced.
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Initialization. If g >0, let (w, z) = (g, 0) and stop.

Otherwise, display the system (3.8) in tableau format. Let
-4s = maximum{-qi: 1 <i<p} and pivot at row s and column Zg -
Thus the basic variables z4 and wj for j=1,...,p and j # s

are non-negative. Let Yo = Zg and go to the main step.

Main Step. Let gs be the column in the current iteration
under the variable Yg If gs < 0 , then the algorithm stops with
ray termination. Let (w, z, z;) be the last almost complementary
basic feasible solution and let d be a vector with a 1 at the
row corresponding to Yg -gs at the rows of the current basic
variables, and zero everywhere else. Then a ray R =
{(w, z, zj) + Ad: A > 0} s found such that every point in R
satisfies (3.8)-(3.10).

If gs £ 0 , we use the following minimum ratio test to find

the index r :

q.
= minimum{ HJ_ : dis >0}
rs 1<i<p is

Q._QI
-

where q 1is the updated right-hand side vector.
Now let Y enter the basis by pivoting at row r and column

Yg - If zg leaves the basis then we have found a compliementary

basic feasible solution. If not, then the basic variable at row r

is either w2 or zQ , for some g #s . If wQ leaves the basis

then Tet Yo =2, and if z, leaves the basis, let Yo =W

Then repeat the main step.

PR



Before discussing the convergence behavior of the algorithm we

give an example.

Example 3.1.
Minimize f(x) = 3x, = X, + x2 - 2X.X, * 2x2
= 1 2 1 172 2
subject to ST 2x2 <6
~Xq + 2x2 <4
X1 Xy >0
Then we have:
3 2 -2 1 2 6
c = H = A = b =
-1 -2 4 -1 2 4

It is easy to verify that H is positive definite. Therefore, we

know that the problem has a unique solution.

We let
= -
0 0 -1 -2
0 -A 0 1 -2
M = =1 2 =2
Al W
2 2 2 &
L. -

and
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6 yl ”ul‘
4 y u
2 2
9-= E: E:
3 vy x1
-1 v2 _XZ_

Then the Kuhn-Tucker conditions for the problem can be expressed as

the linear complementary problem

w-M=g
Wz =0
w,2>0

We then dispiay the system w - Mz - 1z  in tableau format

0

and apply Lemke's algorithm.

Initialization. Step.

S - T s T I D qj

w | 1 0 0 0 0 0 1 2 -1 6
Wy | 0 1 0 0 0 0 -1 2 -1 4
wy | 0 0 1 0 -1 1 -2 2 -1 3
vl o o o 1 2 2 2 4 (@]~

-qg = maximum{-qi: l1<i<4}= -Gy - So we pivot at row 4 and

column zy - We Tlet Yo = 24 -



Iteration 1:

Wy Wo W Wy Z Z, Z, Z, z, q
Wy 1 0 0 -1 2 2 -1 6 0 7
W 0 1 0 -1 2 2 -3 6 0 5
Wa 0 0 1 -1 1 3 -4 6 0 4
200 0 0 12 2 2 @ 1 1
Let dS =2z, - Then
q. q. q '
ET£'= minimum{=—— : dis > 0} = afL-= %
rs I<i<p s 4s
So we pivot at column z, and row 4 . This drives the artificial
variable from the basis.
[teration 2:
Wy W, W Wy Z Z, Z, z, 2, q
w1 1 0 0 1/2 -1 -1 2 0 -3/2 11/2
Wy 0 1 0 1/2 -1 -1 0 0 -3/2 7/2
Wq 0 0 1 1/2 -2 0o -1 0 -3/2 5/2
z, 0 0 0 -1/4 172 172 -1/2 1 1/4 1/4

Therefore
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1172 7] 0 ]
7/2 0
W= ) Z=
5/2 - 0
_ 0 | 1/4

is a solution to the linear complementary problem and
X = 0, Xo = 1/4

is the solution to the quadratic programming problem.
| It is natural to ask if Lemke's algorithm will always produce

the optimal solution to a convex quadratic programming problem.

Theorem 3.1 [1] . If each almost complementary basic feasible

solution to (3.8)-(3.10) is nondegenerate (that is, each basic variable
is positive), then none of the points generated by the algorithm is
repeated, and furthermore, the algorithm must stop in a finite number

of steps.

Definition 3.1. Let M bea p xp matrix. Then M is said

to be copositive if ET Mz > 0 for each z >0 . Furthermore, M

is said to be copositive-plus if it is copositive and if z >0 and
T
)

z Mz =0 imply that (M + M

z=0.

Theorem 3.2 [1] . Suppose that each almost complementary basic

feasible solution to (3.8)-(3.10) is nondegenerate, and suppose that
M is copositive-plus. Then, if the system defined by (3.1) and

(3.2) is consistent, the algorithm stops with a complementary basic
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feasible solution to the problem. If the system (3.1) and (3.2) is

inconsistent, the problem stops with ray termination.

Theorem 3.3 [1] . Let A be an mx n matrix, and let H

be an n xn symmetric matrix. If H 1is positive semidefinite then

is copositive-plus.

Theorem 3.4. Suppose we write the Kuhn-Tucker conditions to the

convex quadratic programming problem as the linear complementary problem

W-M=q,w>0,2z>0, !TE = 0 where

o

1

I
|or
r<
I =

>
=
o
|<
IN

Then, in the absence of degeneracy, Lemke's algorithm stops in a
finite number of iterations with a Kuhn-Tucker point if such a point
exists. If the algorithm stops with ray termination the problem is

either infeasible or unbounded.



Proof. If a Kuhn-Tucker point exists, then the system

Hx - Alu+v=c

Xs ¥> U, v 20 (3.11)

is consistent. Therefore, the system

w-M=gq
ﬁT£= 0
W, 2>0 (3.12)

is consistent.

Also, M 1is copositive-plus by Theorem 3.3. It follows from
Theorem 3.2 that Lemke's algorithm produces a complementary basic
feasible solution to (3.12) and hence the algorithm produces a Kuhn-
Tucker point.

If the algorithm stops with ray termination then Theorem 3.2
implies that the system (3.11) is inconsistent. It follows from
Theorem 1.5 that the convex quadratic program is either infeasible

or unbounded.
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CHAPTER IV

A BARRIER FUNCTION ALGORITHM FOR QUADRATIC PROGRAMMING

In this chapter, we present a barrier function algorithm

found in [4] for solving the oproblem

Minimize %— Hx + ¢ 'x

subject to Ax > b (4.1)

where H 1is symmetric and positive semidefinite. This problem is
transformed into a sequence of unconstrained problems whose solutions
converge to the solution of (4.1). Instead of actually solving the
unconstrained brob]ems, we approximate the solutions to the uncon-
strained problems in such a way that the approximate solutions still
converge to the solution of the constrained problem.

Let

where a, 1is the 1ith row of A . The algorithm makes two assumptions
about S :

1. int S#0 , i.e., there exists S En such that Ax

% Ty
Note that this excludes the possibility of equality constraints.

>b .

2. S is bounded.
We transform the gquadratic problem into a sequence of uncon-

strained problems:
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n
Puk: minimize{%-iT Hx + E& - W I In(a
i=

n
where Tim My = 0 . Intuitively, -I 1n(g_1 X - bi) gets large as
koo i=1

X approaches the boundary of S and the term e I 1n(g} X - bi)
i=1

is a "barrier" which prevents the solution to P“k from being a point
outside of S . As I 0 , the solutions to P“k approach the
solution of the quadratic programming problem. For a formal discussion
of barrier function methods and for a proof of the convergence of such
methods refer to [1].

Let

n
1.7 T T, .
FX w) =5 % Hx +c'x -y I In(a; x - b,)
and let 55 be the value of x which minimizes f(i’ “k) . We will
. k _ . .k oa o
write x, = argmin f(x, “k) . We know that 1im Xy = X where X is

k-0

the solution to the quadratic problem. Unfortunately, 55 cannot,

in general, be found in polynomial time. Instead we will find an

approximation 5# to xk

X9 - We define

F(l(_s Uk) = f(£9 Uk) = f(_)_(l‘c()’ le)

_1 T KT ook T _ [k
=5 (X7 Hx - (x5)" H(xp)) + ¢ (x - x5)
Twe BT
=l 3y x5 - by

Definition 4.1. _ék is an approximation of X9 if

F(ﬁk, uk) < el for some ¢ >0 .




Lemma 4.1 [4]. F 1is strictly convex.

Proof.
T .k T k
n a. x, -b (a;: x~ - b,)a.
VF(X, u) =Hx +¢c-uz }_0 L _‘T_ﬁ 1
i=la; x-b;y  (a; x5 - by)
n a,
=H£+E'U ) T !
i=1 a; X - b1
=Hx + ¢ - Al D1
X + C L &
where D;l is an m xm diagonal matrix with D;} = —TF—E————- and
a; x - b,
e=[1,...,1]€kE .
The Hessian Gk of F 1is given by
v F(x, ) = H+ AT D2 A
where D72 has diagonals D}? = —jr——Ji———7? for i=1,...,m.
g’ (a; x - by)

Here the columns of A are assumed to be linearly independent. H

2

is positive semidefinite and D; is positive definite because

aT X - bi >0 forall i when x€ int S and yu > 0 . Therefore

AT D;z A 1is positive definite and the result follows.

It follows from the lemma that F(ﬁ, “k) has a uhique minimum
on S . It is also clear from the definition of F(x, uk) that this
minimum must be the point 55 = argmin f(x, uk) .

Suppose we have a point .5k'1

such that F(ﬁk-l, “k-l) SCRTREE

We will then find 5# , the approximation to 55 , by taking a step in
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the Newton direction _gk satisfying

where Gk and g, are the Hessian and gradient, respectively, of

k-1

F(x, uk) evaluated at x Note that

g =Hx" " +c-A

and

T -2

o
1]

H+A D°A.
u

Computationally, D;z is updated as follows:

;2 is reset to P
ii T .k 2
x - b;)
=i = i
- U 1.1y
if 0§l —7 » Tz (6.2)
1.1 [(a; x - b;) (a, x* - b;)
=i i i i
This leads to a matrix ﬁ;z which is an approximation of 0;2 .
Similarly,
Ek =H+ATDZA
u

is an approximation of Gk .
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We are now ready to present the algorithm proposed in [4] .

Initialization. Let .50 €int S and g > 0 be given such that

F(ép, uo) <ey - Let

t

e=.036, §=.04, € = .051 and € >0 .

Main_Step
1. Solve Gk gk ' to find the Newton direction.

2. Select r such that .45 <r W < .95 .

rou /E;
3. Llet A = ——=———=— be the steplength .

<"
k

G B &

T =X +Akgk~

5. Let w,, = (1 - d/ﬁﬁ)uk where A is an m x n matrix.

4. Let

6. Update D}? as described in (4.2) .
7. If W < et then the algorithm terminates; otherwise return

to step 1.

Example 4.1.

Consider the problem

Minimize X + X, - 3x

NSNS

X1X2

subject to X, >0

x
N
Iv
(@
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We will illustrate the algorithm by showing one iteration. Suppose

xK = (1, .5)and pu=1.

We have
2 -1 -3 0
H = , €= , A= 1| ,and b= 0
-1 2 0 -1 -1 -2
In this case,
0 O
p-l - 0 and D=2 - 0
H H
0 2
Also,
7 3
G =H+A DZA-=
M
3 10
and
-.5
T -1
=Hx+c-A D =
9 X T C " e .

Solving the system Gk_g = -9, yields
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d .078
1
d = T
dy- -.023
T "
Let r = .95 . Note that d GOQ = .037 and
r = 298L05L Yy gy
V. 037
Then,
1 .078 1.09
K- + 1.12 -
-5 -.023 .47

In the next chapter, we will see that the solution to this probiem
is (xl, x2) = (3/2 , 1/2) .

The convergence of the algorithm is proven in three steps. First,

k

it is shown that x~ 1ies on the boundary of

E¥(r) = (x: (x - x¥H)T G, (x - 1) < rzel(uk)z}

and that Ek(r) C S . It follows that the points generated by the

algorithm are feasible.

To complete the proof, it is then necessary to show that 5#

is an approximation of xk

Xy - [4] does this by showing first that

k-1

F(i s Uk)f_el Uk .

Finally, it is shown that



k

( k-1

F(iauk)iYF_)_(_ sUk)-

The parameters are chosen so that « €1 <€ and it follows that

k
Fx"s m) < e -

Lemma 4.2. _5k Ties on the boundary of Ek(r) .

Proof.

(Xk - _X_k_l)T Ek(xk _ Xk"l)

- T=
=y d) 6y d)
S N

_ 2 2

=r €l(uk) .
Theorem 4.2 [4] . Ek(r) cS.

0L2 OI.3
Let “k=(1-6/‘/ﬁ)“k-l sy OE (0, 1) ,€=7-—3— and
o€ (0, 1) . We assume that F(g#‘l, “k-l)-ﬁ € Wy - Under these

assumptions the following results are true.

T k-1 ,
X - bi
- f_auk_lﬁﬁ .

X 7Py

Lemma 4.3 [4] .

2 u
Ji k-1

k-1

Lemma 4.4 [4] . F(50 , uk) <8 Mg -




Theorem 4.2 [4] . F(x

Adding and

It follows that

k-1

n
~—~
x

-

k-1
, uk) < eqHy  where
+ 6%+ 8o
- 8/v/m
Clp o ke1yT k-l o k=1,T | k-1
T k-1
T, k-1 k-1 mogx " -b
HCRC TR RS AL 9 S N
=i =0 i
1o k-1\T k- KT o ok
w) =5 Le$HT ™ - (xg)T H x5
T k-1
T k-1 _ .k moo 3% - b
Felyg o xg) mwme E I T
3 X5 - b

letting u K (1 - &/Vm) Heop o O € (0, 1) yields

_ k-1
Uk_l) + F(l(,o ’ Uk) = F(i s ]Jk)
5 n al xk°1 _p,
—we DI
ym i=1 a; x5 - by

43
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Using the two previous lemmas and the assumption that

F(ik-l’ le_l) <e Hk-1 yields

P ) <o ey * 8 ey * s g
=§__+._<Siﬂg_u
1- g/ K
S L
Lemma 4.5 [4] . gl(}k - 53-1) < -fr /egl (uk)3/2 where
g=—2l-a
VAV
o
115 TG
Lemma 4.6 [4] . %—(fﬁ - k'I)T Gk(EF - ik'l) < .55 p2 el(uk)

Then,
1, k  _k-1,T k k-1
F(x" - x77) G (" - xTT)
1,k _k-1,T n a a§ WL
=z (x =x ")(H+ £ 5 X" -
2 V2 "2 o1 Tk (ar EF T bi)2 L
1.1 ..k _k-1,T T -2 k k-1
<5 -xTT) (H+A D, A) (x* - x"7)
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- 50k - )T Gk(ik _
2 2
< b5 r gl(uk)
Lemma 4.7 [4] .
o . T, k k-1y4J
(13w melas (x5 - x )]
|‘Z ﬁ) X } = s_qrzel(uk)z
=3 =1 (a; X - b)Y

hak, AR i

(1‘1)3/2 r VEl le
301 - v Allegn]

where q =

k-1
’ uk-l) < €Ukl ¢
k

X" be the point on the boundary of Ek(r) along the Newton direction
k-1 '

Theorem 4.3 [4] . Suppose that F( Let

from X Then,

F(x , “k (1-oe6r/ ;: S+ r2 e (455 + a))equy

where o and q are as defined in Lemma 4.5 and Lemma 4.7.

Proof. Using the Taylor series expansion of F(x, “k) at

xk'1 we write

2

PO+ ads ) = FOEL )+ gl a+ 4 dl 6, d
- i om (a! d)
z T I WTT kA 3
j=3 i=1 (ix__i X b1)
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Letting x, = x,_; * Ad this becomes

Using the previous lemmas this becomes

FOE ) )3/

fA

Eqyy - Or /EEl(uk

+ .55r2 e:l(uk)2 + qr‘zel(uk)z

p— 2

Theorem 4.4 [4] . Llet o< .3 and 0 < &8 < .04 . Then for
m>3 and .455r@5.95,

F(i(_k’ Uk) L€ Uk .

1.1 ‘”m

) ru
3 : k
1 - Y‘/l.l Eluk

[}
—
]
D
=S

|

Proof. Let vy 88 /i + (.55 +

2
since o< .3 and §< .4, =% -5 <.036 . Also, 6>1 and

2
_e+ 8 + o
€ = T 575 < .051 . Then, for .45iruki.95,y_<_€/€1-



By Theorem 4.2,
k
F(i ’ ]Jk) i Y €1uk .

The result then follows since vy g_e/el .
It follows that the algorithm converges. It can also be shown

that the algorithm converges in polynomial time (see [4]) .

47
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CHAPTER V
AN ACTIVE SET METHOD FOR QUADRATIC PROGRAMMING

Suppose we have a convex quadratic programming problem with only

equality constraints. That is, we have the problem

Minimize %-5_ HX + ¢'x

subject to Ax = b (5.1)

where H is positive definite. The Kuhn-Tucker conditions for this

problem are

x
x
+
>
>
"
]
o

HoA | [ x -
- (5.3)
A0 | |2 b
Hoo Al
The matrix , known as the Lagrangian matrix, is symmetric
A 0

but not necessarily positive definite. [7] and [9] discuss efficient

ways of solving such systems.
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Now consider the more general problem

Minimize f(x) = %—5_ Hx + ¢ x

subject to

>
<
| A
|
’
———
(3
S
N

where H 1is symmetric and positive definite. Suppose Xx is a
feasible solution and we wish to move to a feasible solution X such
that f(X) < f(x) . The only constraints which effect the direction

we can move are those constraints for which

where 3, is the transpose of the ith row of A . We will index
the constraints by the set I and will call them active constraints.

The basic idea behind active set methods is to solve a problem

Minimize %-5_ Hx + ¢'x

subject to ag Xx=b, ,1€1 (5.5)

at each iteration. Constraints are added or deleted from the set of
active constraints as needed. Eventually the solution to one of the
equality problems such as (5.5) is a solution to problem (5.4). We
will describe one active set method which is presented in [7] .
Assume that a feasible point x(l) is known and let I(l)
index the constraints which are equality satisfied at x(l) . Set

k =1 . The algorithm then proceeds as follows:
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If s =0 does not solve the problem

Minimize %-5_ Hs + s ¢

subject to a,s=0, 1€ I( , (5.6)

where g‘k) =c + Hi(k) = vf(i(k)) , then go to step 3 .

Solve the system

where A denotes the matrix of active constraints, to find

K | )

_L( If g‘ > 0 then terminate the algorithm. Other-

k)

wise select q to solve min Aé where

€NF
F={i: x§k) < 0} . Remove q from I(k) .

Solve (5.6) to find §Fk) .

Let
T (k)
b, - a,; x
k . . a; X
OL( ) = min(1, T}ﬁ? 1a'11: S}k) ) . (5.7)
al sk
et (K1) 2 (R () ()

If a(k) <1 Tet p to I(k) where p 1is the index

at which (5.7) achieves its minimum.

let k=k+1 andtet 1tk#1) o (k)

Go to step 1.




51
Example 5.1. Consider the problem

e 2 2
Minimize X{ = X% + Xo = 3x1
subject to X1 >0 (1)
X, > 0 (2)
x1+x2<2 (3)
Let .5(1) = [0 0]T . In this case,

o g
"
V]
>
Q.
(9]
1]

I(l) = {1, 2} since the first two constraints are equality satisfied.

We first consider the problem

Minimize %-gT Hs + §T‘g(1)
subject to Sy = 0
Sy = 0.

T

Clearly s = [0 0] s the solution to this probiem.

We then solve

where



>=|
"

We find that Al = -3 and AZ =0 .

Al <0 .

We then consider the problem

Minimize %-g_ Hs + s'c )

subject to
This simplifies to the problem

e . 2
Minimize s1 -3 s1 .

Therefore §T = [3/2 0] and .5(2)
Let 1(2) = {2} and consider the problem

Minimize %E Hs +s'¢c

subject to
This becomes

minimize s% .

Therefore, s = 0 solves this problem. Solving the system

We then let I(l) = {2}

since

= xDw K oz 01"

52



ve find

3
Ay =G

Therefore, we delete constraint 2 . Now 1(2) =0 .

We then solve the unconstrained problem

. 2 2 3
Min s1 - 5152 + 52 - §-52

to find s = [%— 1]T . Note that gg s >0 and

o = min(l, §—§7%1§) =1/3 .

Then

3/2 1/2 10/6

0 1 1/3

The third constraint is added to the active set so 1(3) = {3} .

To begin the next iteration we solve the problem

e .. - S5 45
Minimize S 152

subject to s1 + 52 =0

53




and find s = [-1/6 1/6]T . We note that aI s >0 but
s 0+ 10/6y _
a = min(1, ——T73___) 1.
Therefore,
10/6 -1/6 3/2
1(_(4) = + =

1/3 1/6 1/2

At the next iteration, we solve the problem

NN

.. 2 1 1
Maximize s1 - sls2 + s, - E'Sl - 5-52
subject to S + s2 =0

and find s = [0 O]T .

Solving
we find that

A =1/2

Therefore, the algorithm terminates and the optimal solution is

x=[3/2 121" .

54
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The following results deal with how and why this algorithm works.

Theorem 5.1. The vectors L¥D i€ I(k) are linearly independent

if the vectors a i€ I(l) are linearly independent.

Proof. The initial vectors are linearly independent. Deleting
vectors from I obviously does not change this. If a vector a
is added to the set of active constants then by (5.7) gg §ﬁk) >0 .

Suppose that

= o+ c
8 7494 a2y

where Bpseees g& are the active constraints. Then

al s(k) = (c,a, + ... +ca,) s =0

2 s 121 A

since a} gﬁk) =0 for i€ I . This contradicts g; §ﬂk) >0 so

we conclude that the vectors Bpseres 3y s gp are linearly indepen-

dent.

Theorem 5.2. Each iterate x(k) is a feasible solution to problem

(5.4) and x(k) equality satisfies all the active constraints.

Proof. The result holds for 5‘1) . Suppose it is true for

(k+1)

§Kk) . If the result then holds for x the theorem follows

by induction.



We let A denote the matrix of active constraints. Then

K(é(k"'l)) - K(i(k) + on(k)

where Qﬂk) are the components of b associated with the active

constraints.

Now suppose p & I . First consider the case gg s(k) < 0.

Then

g; (i(kﬂ)) = gg (x* + oK) g(k))
<b
=P

since gg §F < by by the induction hypothesis and u(k) aT §ﬁk) <
(Note that a(k)éi [0, 1]) .

Now consider the case gg §‘k) >0 . In this case note that

Therefore



Bl () = a7 ) 40 500
LT LK)
AT LT T HE T (k)
—=p = =p aT Sk =2
ays
SO PIRASO
=Ep .

Note that equality holds if and only if p is the index at which

(5.7) achieves its minimum. In this case, p 1is added to I so

5‘X+1) satisfies the new set of active constraints. This completes
the proof.

Theorem 5.3. s = 0 solves problem (5.6) if and only if éﬁk)
solves

Minimize %5 Hx + ¢'x

sibject to  al x=b, , ie 1K) (5.8)

Proof. Note that it follows from Theorem 5.1 that (5.6) and (5.8)

are well-defined.

Suppose s = 0 solves (5.6). Then it follows from (5.2) that

Hs + A A= - Hi(k)



It then follows from (5.2) that 5‘k) solves problem (5.8).

Conversely, suppose 5fk) solves (5.8). Again, we have

Therefore, if s =0,

Hs + BT ) = -c - Hx(K) = (k)
and

As=0.

It follows from (5.2) that s = 0 solves problem (5.6).
Theorem 5.4. If s =0 solves (5.6) and Aﬁk) > 0 then 5ﬂk)

solves problem (5.4).

Proof. The Kuhn-Tucker conditions for problem (5.4) are
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Let Ai =0 if 1i€&1.

Hx + ¢ + ATA =0
Ax+y =b
ATy =0
A>0

theorem that

Let Ai

=0 if 11 and y., =0 if T€ 1 so

Theorem (5.2) assures us that .ﬁ(k) is feasible so

Therefore, if A > 0 , the Kuhn-Tucker conditions to the convex

quadratic program hold and _5(

Theorem 5.5. If oa(k) =1, then x

Ax +y=Db

k)

(k+1)

Minimize %—5_ HX + ¢ 'x

subject to a

It then follows form the previous

solves the problem
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is the optimal solution to (5.4).

(5.9)
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Proof. We have already shown that

Kl(‘(k*-l) - E(k+].)

Also, Hé(k+1) = H(é‘k) + §ﬁk)) . Since s solves (5.6), we know
that

It follows that
Hx(k+1) M L

It then follows from (5.2) that 5‘k+1) solves problem (5.9).

Theorem 5.6. If a(k) > 0 then the iterates x(k), x(k+1),..., X*

T hx + gTﬁ is monotonically decreasing.

are such that f(x) = %-x

Proof. We will show that the directional derivative of f at

(k) T

(k) , S Vf(z‘k)) , is negative.

X in the direction s

sT Vf(x(k)) = §T (Héﬂk) +c)

1]
[
(72}
—
—~
1
I
>

]
1
|
.—|
—
=
|
+
:D‘—i
|>
o
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UL U
= s s - (Bs)' 2
= -sT Hs

if s #0 , since H is positive definite.
Suppose instead that s =0 . If X >0 then §‘k) is the
optimal solution. If it is not then a constraint q 1is deleted from

(k)

Suppose s =0 still solves the problem

Minimize %3 Hs + s ¢C

subject to als=0,ierk (5.10)

(k)

Then x solves the problem

Minimize %—5 Hx +¢c'x
subject to A* x = b*

where A* and b* are associated with the active constraints after

constraint q 1is deleted.
Let A be the matrix of active constraints before q is deleted.

We know from (5.2) that

ix(K) 4+ BT 3 = ¢
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and

PO IYL
Therefore,

AT = A%

This implies that

o
Mat e PG A3,

= *
At g g g o A

Noting that xq <0 and aq # 0 , this implies that Eq is a linear
combination of the other active constraints. This contradicts Theorem
5.1 so we conclude that s = 0 does not solve problem (5.10).
Therefore §‘k) in step 5 of the algorithm is nonzero and it
follows from the argument at the beginning of the proof that f(x)

is monotonically decreasing.

Theorem 5.7 [7]. If a(k) > 0 at each iteration, the active set

algorithm converges to the unique optimal solution of problem (5.4).

Proof. There is a subsequence {x(k)
(k+1)

} which solves problem
(5.8). Only when afk) <1 can x not solve such an equality
problem. In this case a constraint is added to the active set. There

are only a finite number of constraints so eventually we must run out




of constraints to add to the active set. Examination of (5.7) shows
that in this case o(k) = 1 and the next iterate must then solve an
equality problem.

The number of equality problems (and sets of active constraints)
is finite. Obviously, the optimal solution to (5.4) must solve one
of these equality problems (including possibly the problem with no
constraints). f{(x) 1is monotonically decreasing so the algorithm

never returns to an equality problem (or set of active constraints)
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that has already been solved. It follows that termination must occur.

Note that this proof breaks down when a(k) =0 and f(x) does
not decrease. In this case, the algorithm can cycle by returning to
a previous active set. This is a result of degeneracy in the coh-
straints. Theoretically, cycling can be avoided but, according to
[7], there are some practical difficulties and most algorithms ignore

degeneracy.
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CHAPTER VI

APPLICATIONS OF QUADRATIC PROGRAMMING

This chapter presents two applications of quadratic programming.
The first application shows how quadratic programming can be used to
find the optimal search direction for a general programming problem.
The second application shows how quadratic programming can be applied

to optimal partfolio analysis.
A General Programming Algorithm [6]
Consider the general programming problem
Minimize f(x)

subject to 91(5).3 0, i=1,2,...,n. (6.1)

One approach to solving this problem is to employ the following

iterative algorithm.

Initialization. Set k =0 . Select Xg the initial point,

and Ag the initial stepsize.

Main Step v
1. let x4y = Xy TAp U where A >0 is the stepsize and

Y, 1s the direction of steepest descent. By this we mean

that moving in the direction u, decreases f(x) at the

largest possible rate while still insuring that Xpe1 =

X, A is feasible if A, is small enough.
=K k k

Yy
2. Correct Xy so that all the constraints are satisfied.

+1



3. Check to see if the termination criteria is satisfied.

4. Adjust stepsize: A, > A

k k+l °

5. k=+-k+ 1 and go to step 1.
Our primary interest in this type of algoritym is that Uy s the
direction of steepest descent, can be found by solving a quadratic
programming problem.

Suppose that we wish to find the direction of steepest descent

at a point x . Let
t = -vf(x) .

If there were no constraints, t would be the direction of steepest
descent. Also, let Ai =y 91(5) and note that only those constraints
with 91(5) = 0, called binding constraints, actually effect the
direction in which we may move.

If Ai is‘the gradient associated with one of the binding con-
straints, then Ai is normal to the tangent plane of the constraint
surface at x . If x 1lies on a constraint surface, the direction
of steepest descent, u , may 1ie on the constraint surface or it may
point into the interior of the set. That is,

Alu>o. | (6.2)

The direction of steepest descent is given by the unit vector u
which satisfies (6.2) and has the largest component along t . To

find u , we must solve the problem
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Maximize tu

subject to uu =1

Abu>0 (6.3)

where the columns of A are the gradients of the binding constraints

evaluated at x .

The Kuhn-Tucker conditions for this problem are

t+Av-38u=20
wlu=1
Alu > 0
v>0

v ATy =0 (6.4)

Assuming that the columns of A are linearly independent, these are
necessary conditions for a vector u to solve (6.3). If the columns

of A are not linearly independent, then we simply remove the redun-

dent columns. Also note that ETE R Ag u , and !T! -1 are all

convex and so conditions (6.4) are also sufficient.

Suppose u is the solution to (6.3). If }Tg_f_o then taking

a step in the direction u does not decrease the value of f(x) and
it follows that x is a local minimum of problem (6.1). If u is
the solution to (6.3) then v and & exist which satisfy (6.4).

T

Multiplying the first equation of (6.4) by u yields
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Note from (6.4) that u is a vector with direction t + Av . There-
t

_T Av has the same sign as ¢ = LTH .

fore, ET_t_+
Now we simplify the conditions in (6.4). The first equation be-

comes Su =t + Av . Therefore, Ang 0 becomes

If § >0 , this becomes

ATt > -Mv

where M = ATA . It follows that

Alt = My + 2
2>0,v>0 (6.5)
Also,
ATE = % AT(E + Av)
-3 (AL + my]
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"
o |
IN

Therefore !T ATE =0 implies

vz=0. (6.6)
Notice that §T Mx = KT AT Ax = (Ai)T Ax > 0 . Therefore M is
positive semidefinite. In addition, if the columns of A are linearly
independent then M is positive definite.

Notice also that (6.5) and (6.6) are simply the Kuhn-Tucker

conditions for the problem

Minimize

| —
| <
=
<
+
t
I
<

subject to v >0 . (6.7)

Since M is positive definite, this problem has a unique solution
which can be found by any of the methods previously described.

Suppose that (8§, u, v) is a solution to (6.4) with

S =.ETE >0 . Then u 1is the direction of steepest descent. But

then v and z = ATE + Mv are a solution of (6.5) and (6.6). There-

fore, v is the unique optimal solution to (6.7).

Therefore, if we wish to find u , we solve problem (6.7) to

find v . If ET + ET Av < 0 , then ETE.S.O and x must be a
Ty

o

<
+ ET Av > 0 , then the unit vector

(t + Av) satisfies Eﬁﬂ >0 . It is clear that t + Av - 6u =0,

—

local minimum. I

uu=1,and v>0. Inaddition,



t+ M) =2/6>0

since z>0 and § >0 . Finally,

Therefore, u =1t + Av is the direction of steepest descent.

Example 6.1. Suppose we wish to find u when x = [1 5]T in

the problem

.. 2 2
Minimize 2x1 + 2x2 - 2x1x2 - 4x1 - 6x2

subject to Xq + Xo < 6

Then,

_ _ e
vf(x) = [4x1 - 2x2 -4, 4x2 2x1 6] .

So when x = [1 5]T s
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t=[10 -1217.

Note that when x = [1 5]T , the first constraint is the only binding

constraint
A, = V(x1 + 5x2 -5)=1[1 5]

Then,

1
M=1[1 5] [il=26.
5

In this case, problem (6.7) becomes simply

Minimize 13v2 - 50v
1 1
subject to vy >0 .
Then, vy = 25/13 = 1.92. So the direction of steepest descent is
0.9
£+Al;
-2.4

Portfolio Analysis

Suppose a security portfolio is to be formed by investing in some
combination of n different stocks and bonds. Let X; be the
fraction of the total investment to be invested in security i .

We will assume that the rate of return on the ith security is normally
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distributed with rate of return M and variance Oy - The variance

is a measure of the risk involved with security i ; a risky investment
would have large variance, while a safe investment would have a small

variance.
The portfolio should decrease the risk by "hedging"; that is,
trying to offset unfavorable returns on security i by a favorable

return on j . The covariance Gij measures the correlation between

the rates of return of securities i and j . We assume that the

investor has established values of His Osis and Oij for all the

stocks and bonds. This might be done on the basis of historical data,
the beliefs of the investor, or some combination of the two.
X1
Let x =1 . Then, we know that =I X5 = 1 . The expected
. i
*n
return on the entire portfolio would be

If rs is the actual return on security i then the variance on the

total return is

F €L (- )
n n
= E[iil jzl (ry - ui)(PJ - uy) xixJ]
i



Note that

Therefore, H 1is positive semidefinite.

We assume that among alternatives with equal rates of return an

jnvestor will prefer the one with the smallest variance.

a given return 1 we would like to solve the problem

Minimize X' Hx = o0
n

subject to T M. Xy T U
1-=1 1 1
n
T X, =1
j=1 !

Thus for




Note that this is a convex quadratic programming problem.

Suppose we perform this computation and find that the minimum
variance is gﬁ . Obviously, among all such portfolio with variance

o. , the investor would prefer the one which maximizes the rate of

n
return. This suggests the concept of efficient pairs (y, 02) .

(1> 02) is said to be an efficient pair if 02 is the minimum

variance given up and u 1is the maximum expected return given 02
The set of efficient pairs can be found by solving the following

convex quadratic programming problem for all B > 0 :

2 " T
Maximize f(x) =u-Bd" = % HiX; - Bx  Hx

i=1

n
subject to L X, =1

The proof of this goes as follows. Let B > 0 be given. Suppose

that f is maximized for this given B at the point x*. Let
n n

u* = Loy, x* . f(x*) > f(x) forall x>0, & x,=1. There-
i=1 11 - T - i=1

i
fore, f(x*) > f(x) if we also require HiXg = u* . Therefore,
1

nmMss |v

;
x* also solves the problem

Maximize u* - BﬁT Hx

n
subject to 15 x, =1



Since 35T Hx > 0 , this means that x* also minimizes ¢ 2 x H

T

subject to the constraints above.

On the other hand, suppose we set 02 = (5})T Hx* . Since
n
f(x*) > f(x) forall x>0, ¢ X; = 1 , we also have that
i=1
n T 2
f(x*) > f(x) forall x>0, = x; =1 ,and x Hx =o" . There-
i=1
fore,
n
u* - 8023 b} ].1.X_i - 802 .
i=1 !
n n
It follows that p* > ¢ HiX; for all x>0, % x, =1. There-

i=1 i=1 !
fore (u*, 02 = (x*)T Hx*) s an efficient pair.
In practice, we would assign a specific value to g and then
solve the problem
n T

Maximize T u:X: - B X HX
i=} 11 -

n
subject to noXs =1
x>0.

Note that 8 can be interpreted as a measure of the "risk aversion”
of the investor. If g =0 , we simply maximize the expected return

and ignore risk. As B - < , the problem becomes one of minimizing

xT Hx or minimizing the risk.

This approach to portfolio analysis was first suggested by Mar-

kowitz [11], [12]. It is also discussed in [3], [9], and [12].
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APPENDIX
Linear Programming

In this appendix, we briefly discuss linear programming and

the simplex method. For a more comprehensive treatment refer to
[8].
The Tinear programming problem is

Minimize cX

subject to A

B3
"
o

|
|v
o

(A.1)

where ¢ and x are n-vectors, A is an mxn matrix and b is
an m-vector. The set of feasible solution to (A.1) is a convex poly-
hedron. It is well known that the solution to (A.1) is a vertex of
this polyhedron. The simplex method solves the linear programming
problem by moving from vertex to vertex until the optimal solution
is found.

We assume that there are m columns of A which can be
explicitly arranged to form a unit matrix of rank m . Let Pl"" n

denote the column vectors of A and let Pl""’ Pm denote the

unit vectors previously mentioned. Then

We define




Let the present solution be

% © (XIO’ X207+ XmO) ’

0f course,

XlOPl + x20P2 + ...+ X P =D,

The initial tableau is set up as follows:

"o [ " ml "
Py ¢ Xpp 10 0 X1,ml *m
P Xy 0 1 0 X2 m+l om
Pm Cm me U] L xm+m+1 Xmm
z -ch 0 0 0 Z_..-C Zn™Cm
0==20 m+l “m+l

The simplex method then proceeds:

1. If Zj - Cj <0 for j=1,..., n then the optimal

solution is x where

x>
]

= x1.0 , if Pi is in the final basis

and

x>
1]

0 , if Pi is not in the final basis.




as

If not, let k be the index that corresponds to

max (z. - c.) .
ex (2 - <)

Then Pk will enter the basis.
Let

X. X
8 = min {;lg-: Xip > 0} = ;&Q
i ik 2k

If < 0 for all i then the solution is unbounded.

X
1]
P2 leaves the basis. The new solution is computed and each

non-basic vector is computed in terms of the basic vectors
by normal Gauss-Jordan elimination.

Return to step 1. Continue until an optimal solution is found.

Example A.l.

Minimize -2x1 - 3x2

subject to 2x1 X <2
3x1 + 2x2 <4
X s Xo 2 0.

We introduce slack variables X3 and Xy and rewrite the problem




Minimize -2X%

subject to

Iteration 1.

Basis c
X3 0
X4 0

Iteration 2.

Basis [

x2 -3

X3 0
Therefore,

x1 =0, x2 = 2

is the optimal solution.

2%

[g]

o |

1

- 3x

+ X

o

o

o |O

2

+ X

w N = | X
N

— x
™N

o o

o |jo —

(o) >
=

|

o x
s

O |-

|®

jro
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Of course in many problems we will not have such a convenient
basis. In this case, we will introduce artificial variables to provide
a basis consisting of unit vectors. We éssign these variables a large
cost, which we call w , to insure that they do not appear in the
final answer. In our tableau, we add another‘row to keep track of
the w term in Zj - cj . We Took at this row to find m§x(zj - cj)
and to determine which vector will enter the basis.

Once an artificial vector leaves the basis, we no longer keep
track of it. Once the artificial vectors leave the basis, we continue
with the normal simplex procedure. If an artificial variable with

a non-zero value remains in the optimal solution, then the problem

is not feasible.

Example A.2.

Minimize Xy - 2x2 - X3

subject to x1 + §2 + Xq = 2
2x1 X =3
3x1 + 2x2 =2

X1s Xos Xg >0.

We introduce artificial variables Xy and Xg and proceed as follows.



Iteration 1:

c= -1 -2 -1 W w
T T T R S
X3 -1 2 1 1 1 0 0 2
Xy W 3 2 1 0 1 0 3/2
Xg w 2 3 2 0 0 1 23

-2 0 0 0 0 0

5w 5w 3w 0 0 0

Iteration 2:

fasis T T B T}

X3 -1 4/3 0 1/3 1 0

x4 w 5/3 0 -1/3 0 1

Xg -1 2/3 1 2/3 0 0

-2 0 1 0 0

5/3w 0 -1/3w 0 0

This is the optimal solution. Xy = 5/3 >0 1is still basic so
the problem is not feasible.

We call the solution set at each iteration a basic feasible
solution. If one of the basic variables has value zero then we say
that the solution is degenerate. In this case, it is possible that
the simplex method will cycle. This means that it is possible to
select a sequence of bases that is repeated without every reaching
the optimal solution. There are several techniques for avoiding this

difficulty (see [8]) .
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