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ABSTRACT

The purpose of this paper is to investigate the convex quadratic

programming problem and its applications. The emphasis is on methods

for solving the convex quadratic programming pfoblem.

Chapter I discusses the general background of the problem and

developes necessary and sufficient conditions for a solution of the

problem.

Chapter II presents Wolfe's algorithm for solving convex qua

dratic programs. Chapter III investigates Lemke's algorithm for

solving this problem.

Chapter IV discusses a recent barrier function method for solving

the convex quadratic programming problem. Chapter V introduces an

active set method for solving the problem.

Chapter VI discusses applications of quadratic programming in

optimal portfolio analysis and in finding the optimal search direction

in a general mathematical programming problem.
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CHAPTER I

CONVEX FUNCTIONS AND THE KUHN-TUCKER CONDITIONS

We will consider the problem

T  I Tminimize ^ x +-^ 2i ^ (1.1)

subject to: A^ £ ̂

X > 0

where

£ is an n-vector,

^  is an m-vector,

A  is an m x n matrix, and

H  is an n x n symmetric matrix.

This problem is known as the quadratic programming problem. Note that

for a function

f(x) = h.j X.Xj . c,x. ■

H  is simply the hessian of f(x) . Also note that maximizing f(x)

is the same as minimizing -f(^) so we consider only the minimization

problem.



Throughout this paper capital letters will denote real matrices,

will denote the transpose of a real matrix, x will denote a real

column vector, that is

will denote Euclidean n-space.

The algorithms used to solve nonlinear programming problems nor

mally search for local minima. One of the great difficulties in

nonlinear programming is determining whether such a local minimum is

also a global minimum. In the first part of this chapter, we show that

T  I Ta local minimum of f(_x) = £ 2i ^ 2i "'s also a global minimum

if H is positive semi definite.

Definition 1.1. A set K is said to be convex if for

2^2 ̂  ' 2iX^ (1 ■ 212 ̂  A ̂  [0, 1] .

Geometrically, this means that a line segment connecting any two

points of a convex set is contained in the set. The set of feasible

solutions to Problem 1.1 is an example of a convex set. To see this,

suppose that and x^ are feasible solutions to Ax £ ̂ and

X £ 0 . Also, let AG [0, 1] . Then Ax^ + (1 - A) Xg £ 0 since

A, 1 - A, and x^^ are all non-negative. In addition,

\ k x^ + {1 - \) k x^ < Xh + {1 - \)b = b .
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Definition 1.2. A function f(^) defined over a convex set K

is called a convex function if for ^ AS [0, 1] we

have

f[Xx^ + (1 - X)^] £ Xf(xp + (1 - A) f(^) .

If strict inequality holds for distinct and ^ and XE (0, 1)

then f(£) is said to be strictly convex. Similarly, f(£) is said

to be concave if -f()L) is convex.

Basically this means that a function is convex if for all

^2^ K the line segment from f()^j^) to f(x2) lies on or above

the graph of f(£) . f(£) is strictly convex if the line segment

from to f(£2) liss strictly above the graph of f(x) except

at its endpoints.

Theorem 1.1 [1] . Let S be a nonempty convex set in and

f: S -»■ . Consider the problem to minimize f{x) subject to

X e S . Suppose that y ^ S is a local minimum to the problem.

1. If f is convex, then y is a global minimum.

2. If f is strictly convex, then y is the unique global

optimal solution.

Definition 1.3. A matrix H is said to be positive definite if
.1X  Hx > 0 for all x / 0 . It is said to be positive semi definite

if x^ Hx > 0 for all x .

There are several ways of testing whether a matrix is positive

definite. It is well known that a matrix is positive definite



(semidefinite) if and only if its eigenvalues are positive (non-

negative). Also, H is positive definite if and only if its principal

minors are all strictly positive. For n = 4 this means that

hill > 0 hii h^2 hii h^2 hi3 |H| > 0

h2i h22

O

A

h2i h22 h23

o

A

"^31 ^32 "^33

Theorem 1.2 [1] . Let S be a non-empty open convex set in

and let f: S be twice differentiable on S . Then f is

convex if and only if the Hessian matrix is positive semi definite at

each point in S .

Corollary 1.1. f(>() = ̂  21^ Hx + £^)( is convex if and only if
H  is positive semidefinite.

Proof. Vf(>^) = £ + H2< .

f(x) = H .

The result then follows from the theorem.

Theorem 1.3. The function f{x) = £^2i + |- is strictly
convex if and only if H is positive definite.

Proof. [1] proves that a function is strictly convex if its hessian

is positive definite.

Conversely, suppose that f(x) is strictly convex. Let

X e E , X ^ 0 . Then
-  n —



f(|x +|(0)) <|-f(x) +|f(0)

Therefore

c^(| x) + x)^ H(|- x) < I c^x + I J Hx

and

■| X^ Hx < I X ̂  Hx .

This implies that _x Hx > 0 for all ^ ^ 0 . Therefore H is

positive definite.

Example 1.1. Consider the function

2  2f(x) = 2x^ - 3x2 ^2 - XjX2 .

We can write

f U) = I" ^21

where

2

-3

and H =

2  -1

-1 2
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To show that f(2<) is strictly convex, we find the eigenvalues

of H . The characteristic polynomial is

f(t) =
t - 2 1

1  t - 2
= t^ - 4t + 3

The eigenvalues are t^ = 3 and t^ = 1 . These are positive so H

is positive definite and f(x) is strictly convex.

Unfortunately, the algorithms we will use to solve the quadratic

programming problem only work if the objective function is convex

(meaning H is positive semidefinite). From this point on, we assume

that this is the case. With this additional restriction, problem (1.1)

is known as the convex quadratic programming problem.

We now turn our attention to developing necessary and sufficient

conditions for a vector to solve the quadratic programming problem.

These conditions are the well-known Kuhn-Tucker conditions. We will

prove a specialized version of these conditions that applies to the

quadratic programming problem and then state without proof a more

general result.

Lemma 1.1 [8]. minimizes a convex continuously differentiable

function over a convex set K if and only if (x - Vf(2^) ̂  0

for all X € K .

Theorem 1.4 [2] (The theorem of the separating hyperplane). For

any m x n matrix A and any m-vector ^ either

Ax = b , X > 0



has a solution or

a\ 2 0 » < 0

has a solution, but not both.

Geometrically, the theorem says that either b is a vector which

lies within the cone spanned by the non-negative linear combinations

of the columns of A ; or else there exists a vector y which makes

non-obtuse angles with the columns of A but an obtuse angle with ^ .

Theorem 1.5 [2] (Kuhn-Tucker). A vector _x solves the convex

quadratic programming problem if and only if there exist vectors y,

£, and v^ such that:

Ax + y = ̂  (1.2)

+ A^u^ + £ (1.3)

x\ = 0 , Jy = 0 (1.4)

X, y, u^, V >. 0 (1.5)

Proof. Suppose that vectors u^, y^, and y which satisfy the

above conditions have been found. Also, let x be another feasible

solution. Then

f()<) - f(x) = ^ " I" ^E.

= c^(x - x) - j(x - x)^ H(x^ - E.) ^ ̂E.



1 (c.^ + 2i^H)(>( - £) since 2^^ H)^ ̂  0 for all x .

=  (X - a\)^ (x - x) by (1.3)

T  / '^ T
1 "ii ■ a) since ^ = 0 and x. ̂  2. 0 •

= "ii^Lb - y. - b + £]

T - . T
= -u. y. since u. y = 0

£0 since u. y 0 and yyO .

Therefore,

f(x) < f(x) .

Thus X is the optimal solution to the problem. This proves the

sufficiency of the conditions.

Conversely, suppose that x minimizes

f (£) = ^ \ ̂

subject to

% £ £ and £ y 0 .

Then, we must obviously have

Ax+y = ̂ ,£yO ,yyO . (1.6)



We want to prove that when i is the solution vector, an n-vector £

and an m-vector u exist such that

v=Hx+Au+c>0

^  /\T/\ ^
« iiy.= 0

Now let us partition the non-negativity constraints into two groups

indexed by L and M and the inequality constraints into two groups

indexed by H and J depending on whether strict equality or strict

inequality holds. We also renumber the variables so that all the zero

elements of \ come first and reorder the inequalities so that those

which strictly hold appear on top. Then we have

^ , and

0  and 2^ > 0 ,

A.x < b. .
J- -J

Clearly, LnM = 0 , LUM={l,..., n} , Hnj = 0 ,and

H U J = {1 m} . We also have = 0 and > 0 for the slack

variable ^ •

We may now partition the matrices £, H, and A as

£ ~ H =

\m"
A =

^HL ^HM

_^M_ ^MM '^JM_ .y



10

When we introduce the vectors ^ and ^ , we will partition them in a

similar manner. Note that we need the vectors v and u to satisfy

/vT /\ /nT

X| V, + x„ v^. = 0
—L -M. ^

and

/^T /^T /N

Since _X|_ = 0 = 0 , this becomes the requirement that

_^ = 0 and Uj = 0 .

Now consider an infinitesimal change ^ to the vector x such

that X + 9X results. We consider only changes such that

3x, > 0 (1.7)

and

^  or -A^ 3x^0

This insures that x + 3X is a feasible solution since

A(x + 3x) =

A  A

All A,m
JL JM

x^ + 3X^
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^JL \ ̂JM ̂  ̂ JL ^JM

^HM ̂

Ajm + Aj ̂

since )^ = 0 . Now, 2^ = ̂  9"^ A^ ̂  £ 0 . Also,

Aj|v| ̂  ̂  Aj ̂  is very small so

A[^ 3X

1

1

<

Aj 3X

1

?O.
1

and 2^ + 3x is feasible.
/N

Also, Vf(x) = c + Hx and it follows from Lemma 1.1. that

(c + Hx) 9x > 0 . (1.8)

We write (1.7) and (1.8) using partitioned matrices and see that there

is no solution to the system

I  0

■^HL "^HM

3X

> 0
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and

+

1—
1

■\l \m'
/s

V 3x^
< 0

Hence, by the theorem of the separating hyperplane, there exist non-

negative vectors ^ and ^ such that

I -A^ ~'^HL

1 ><Lr
1

%
+

0
„T

-^HM

1

L 4

or

\ " ^HL ^ ~ ^LL ^ ^LM ^ (1.9)

- Anw Um = + H„, )C +
HM ML -H. MM

(1.10)

We now add ^ = 0 to the left hand side of (1.10). Also, let

^ = 0 and subtract from the left hand side of (1.9) and (1.10),
respectively, the vectors ^ and pJj^ ^ . We then have

^ " '^HM ^ " ^JM ^ ^ ^ML 4 ^MM ^
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or

^  . (1.11)

We also have that >^ = 0 ,^ = 0 , ̂  = 0 , and Uj = 0 so

that

£ = 0 and " 0 (1-12)

Also recall that ^ and ^ are non-negative so

u, v>0 (1.13)

Therefore, given the optimal solution x , there must exist vectors

£, £, and £ which satisfy (1.6), (1.11), (1.12) and (1.13). This

is what we needed to show to establish the necessity of the conditions

in the theorem and so this completes the proof.

The vectors £ and £ are called the Lagrangian multiplier

vectors associated with Ax £ ̂ and x £0 , respectively. The con

ditions X^ £ = 0 and £\ = 0 are called the complementary slackness

constraints.

The previous theorem is actually a special case of a more

general result which we present below without proof. It should also

be noted that it is possible to relax the convexity and differentiability

restrictions in the two theorems below (refer to [1]) .
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Theorem 1.6 [1] (Kuhn-Tucker Necessary Conditions). Let X be

a nonempty open set in , and let f: ^ , g^.: E^ E^ for

1  = 1,..., m , and : E^ ̂  E^ for i = 1,..., £ . Consider the

problem

Minimize f()^) (1.14)

subject to 9j(2L) 1 0 "i = 1 ni

h^. (_x) = 0 for i = 1 , £

X G X .

Let be a feasible solution and suppose that f and for

i  = 1,..., m are differentiable at ^ and that h^. for

i  = 1,..., £ are continuously differentiable at £ . Also suppose

that Vg^(_x) for iG {i: g^. (£) = 0} and Vh^. (£) for i = 1,..., £

are linearly independent. Then, if £ solves problem (1.14) locally,

there exist scalars u^ for i = 1,..., m and for i = 1,..., £

such that

^  m ^ £
Vf(x) + E u. Vg.(x) + E V. Vh.(x) = 0 (1.15)

i=l ^ ^ i=l ^ ^

9-j(£) ~ 0 i = 1,..., m . (1.16)

u^ ^ 0 for i = 1 m . (1.17)

Theorem 1.7 [1] (Kuhn-Tucker Sufficient Conditions). Let X

be a nonempty open set in E^ , and let f: E^ ̂  E^ : E^ for
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i  = 1,..., m and h^.: for i = 1,..., £ . Suppose that x

is a feasible solution to (1.14). Also suppose that f, for

iG {i: g^. (^) = 0} , and h^ for i = 1,..., £ are convex. If there

exist scalars u^. for i = l,...,m and v^. for i = 1,..., £

such that i satisfies the Kuhn-Tucker conditions (1.15), (1.16), and

(1.17) then x is a global optimal solution to problem (1.14).
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CHAPTER II

WOLFE'S ALGORITHM

In this chapter, we develop one of the earliest algorithms used

to solve the convex quadratic programming problem. This algorithm

makes use of the simplex method of linear programming to find a point

which satisfies the Kuhn-Tucker conditions. The reader who is not

familiar with linear programming may refer to the Appendix for a brief

discussion. Initially, we assume that H is positive definite.

Later, we will consider the positive semidefinite case.

Consider the system of equations determined by (1.2) and (1.3):

A)( + y = ̂

-Hx - a\ + ̂  = (2.1)

This is a system of (n + m) equations with 2(n + m) variables.

If we also require = 0 and jj^^y = 0 then only (n + m) variables

can be nonzero. This, along with the nonnegativity requirements in

(1.5), means that any vector which satisfies the Kuhn-Tucker conditions

must be a basic feasible solution to (2.1).

Theorem 2.1 [12]. When H is positive definite, the convex

quadratic programming problem cannot have an unbounded solution.

Therefore, if H is positive definite, the quadratic programming

problem is either infeasible or it has a unique solution. We will

present a two step algorithm which first determines the feasibility of

the problem and then finds the optimal solution.
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First, we must insure that all the elements in h and c are

non-negative. To do this we multiply by (-1) any row of (2.1) that

corresponds to a negative element of ^ or c . This yields the

system

l\*x + Dy = ̂ *

-H*x - A*^u + EV = c* (2.2)

where D and E are diagonal matrices with diagonal elements equal

to either 1 or -1 .

Then we add artificial variables x and £ to (2.2) to get the

system

A*x + Dy + ̂  = ̂ *

-H*x - A*\ + A ̂  (2.3)

where ^ is an m-vector and x is an n-vector. We are now ready

to apply Wolfe's algorithm.

Step 1: We minimize s^ subject to (2.3) and

A' ii» i.» A 2: 0 using the simplex method. However, we do not

allow jj or ^ to assume non-zero values. This means that as we

proceed only elements of x and ^ will be allowed to assume

positive values.

If £ = 0 solves the problem just stated then it follows from

(2.3) that there must exist vectors i and £ such that
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A*x + Dx = ̂ * . Therefore the quadratic programming problem is feasible,

Conversely, if the quadratic problem is feasible there exist non-

negative solutions to the constraint A*x + = ̂ * . In this case,

applying the simplex method as described in Step 1 will result in a

basic feasible solution to (2.3) with ^ = 0 . Therefore, the quad

ratic programming problem is feasible if and only if Step 1 of the

algorithm yields a solution with s^ = 0 .

Step 2: If the problem is feasible, then we apply the simplex

method again to minimize . We use the final tableau from

Step 1 as our initial tableau. Note that this amounts to starting

with an initial basis involving terms of x, y^, and X . However,

we must modify the simplex method slightly to preserve the complemen

tary slackness constraints. We do not allow both x^. and v^. in

the basis at the same time. Similarly, we do not allow both y^.

and u^ in the same basis.

We know at this point that the quadratic problem does have an

optimal solution (since H is positive definite and the problem is

feasible) so there is a basic feasible solution to (2.2). We also

know that, in the absence of degeneracy, the simplex method will pro

duce a basic feasible solution. However, it is not immediately clear

if our restrictions on basis entry to preserve the complementary

slackness constraints will prevent the algorithm from converging. [9]

proves that they do not and therefore Step 2 of the algorithm produces

the optimal solution to the quadratic programming problem.



Example 2.1. Consider the problem
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Minimize
2  2f(x) = 2x^ - 3x2 + Xj + X2 - XjX2

subject to 2x^ + 8X2 £ 5

3x^ + X2 >. 3 (2.4)

Note that f()<) is the same function considered in Example 1.1 and

that it is strictly convex. In this problem

-  2-
2  -1 2  3 5

c = H = A = b =

-3 -1 2 -3 -1 -3

The Kuhn-Tucker conditions are then

2Xj + 3X2 +

-3xj - X2 + y2

=  5

= -3

-2Xj^ + X2 2Uj^ + 3u2 +

x^ - 2X2 3Uj^ + ^2 + V2 = -3 (2.5)

and

2i» y»ii' x ̂  0 ® » ii^y ~ ^ (2.6)
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We make all the right-hand side elements of (2.5) positive and add

artificial vectors s^, and X2 to get

2x^ + 3X2 + =5

3Xi + X2 - + s^ = 3

■2Xj + X2 2u^ + 3u2 + Vj + X^ = 2

Xj + 2X3 + 3Uj^ - U2 - V2 + X2 = 3 (2.7)

Notice that we are using as one of our initial basis vectors.

The first step of the algorithm is to minimize s^ subject to
(2.7) and x, y» ^ 2. 0 • We do not allow elements of £

or V to enter the basis.

Iteration 1.

B £ b ^1 -2 ^1 ^2 ^1 -2 -2 -1 -2

0 5 2 3 1 0 0 0 0 0 0 0 0

1 3 © 1 0 -1 0 0 0 0 1 0 0

0 2 -2 1 0 0 -2 3 1 0 0 1 0

X2 0 3 -1 2 0 0 3 -1 0 -1 0 0 1

3 3 1 0 -1 0 0 0 0 0 0 0



Iteration 2:
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B £ b
-2 ^1 ^2 ^1 -2 ^1 -2 Ai -2

^1 0 3 0 7/3 1 2/3 0 0 0 0 0 0

^1 0 1 1 1/3 0 -1/3 0 0 0 0 0 0

^1 0 4 0 5/3 0 -2/3 -2 3 1 0 1 0

^2 0 4 0 7/3 0 -1/3 3 -1 0 -1 0 1

0 0 0 0 0 0 0 0 0 0 0

We see that probletn (2.4) is feasible and that (x^, x^) = (1, 0)

is a feasible solution. We now continue with the same tableau and

minimize ^2 ' Note that if were not in the basis we could

use a basis vector and we would only need one artificial

variable. However, we must preserve the constraint = 0 .

Iteration 3.

B £ b ^1 -2 =^1 ^1 -2 ^1 -2 -2

^1 0 3 0 1 2/3 0 0 0 0 0 0

X2 0 1 1 1/3 0 -1/3 0 0 0 0 0 0

^1 1 4 0 5/3 0 -2/3 -2 3 1 0 1 0

^2 1 4 0 7/3 0 -1/3 3 -1 0 -1 0 1

8 0 4 0 -1 1 2 1 -1 0 0



Iteration 4.
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B c b ^1 2<2 h ^2 ^1 -2 ^1 -2 Al -2

^2 0 9/7 0 1  3/7 2/7 0 0 0 0 0 0

^1 0 4/7 1 0  -1/7 -3/7 0 0 0 0 0 0

^1 1 13/7 0 0  -5/7 -8/7 -2 1 0 1 0

^2 1 1 0 0  -1 -1 3 -1 0 -1 0 1

20/7 0 0 -12/7 -15/7 1 2 1 -1 0 0

Iteration 5.

B c b ^1 ^2 ^1 h il M2 ^1 -2

^2 0 9/7 0 1 3/7 2/7 0 0 0 0 0

^1 0 4/7 1 0 -1/7 -3/7 0 0 0 0 0

"2 0 13/21 0 0 -5/21 -8/21 -2/3 1 1/3 0 0

^2 1 34/21 0 0 -26/21 -29/21 0 1/3 -1 1

34/21 0 0 -26/21 -29/21 7/3 0 1/3 -1 0

Iteration 6.

B £ b ^1 -2 ^1 ^1 -2 ^1 -2

^2 0 9/7 0 1 3/7 2/7 0 0 0 0

^1 0 4/7 1 0 -1/7 -3/7 0 0 0 0

"2 0 53/49 0 0 -29/49 -38/49 0 1 3/7 -2/7

"l 0 34/49 0 0 -26/49 -29/49 1 0 1/7 -3/7

0 0 0 0 0 0 0 0 0
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We see then that

= 4/7 , X2 = 9/7

is a Kuhn-Tucker point (with = 34/49, U2 = 53/49 , and

Yl = y2 = 1^1 = U2 = 0) . This is the optimal solution and the minimum

value of f(x) is f(4/7, 9/7) = -72/49 .

Recall that we assumed in developing Wolfe's algorithm that H

was positive definite. The method will often succeed even if H is

only positive semidefinite. If it does not then we perturb H slightly

to become H + el . This matrix is positive definite and the result

should be an acceptable solution to the unperturbed problem if e is

small ([12]) . This is known as Charne's resolution of the semidefinite

case. Note that if the original problem has an unbounded solution,

this method will result in an incorrect answer. However, most pract

ical problems should not have unbounded solutions.

It is also easy to modify Wolfe's algorithm to handle problems

with both inequality and equality constraints. The only major change

results from the fact that the Lagrangian multipliers ^ associated

with the equality constraints need not be positive. In order to

apply Wolfe's algorithm we let ^ ^ where 0 and

^  0 . Note that if we replace any equality constraints ^

by Bx ̂  d and Bx d to get the constraints

~B" ~d"

|V

|X

_-B_

1

Xl|
'1
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then the Kuhn-Tucker constraint (1.3) becomes

■Hx - [B -8] + V = c

or

-Hx - B(tj - ^2) + V = c .

This, of course, is the same as replacing G by ;t^ - ;t2
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CHAPTER III

LEMKE'S COMPLEMENTARY PIVOTING ALGORITHM

In this chapter we will discuss the linear complementary problem

and show that the convex quadratic programming problem can be cast as

a linear complementary problem. We will then present a method for

solving the linear complementary problem. The results given in this

chapter may be found in [1] and the theorems are proven there.

Let M be a p p matrix and let £ be a p-vector. The

linear complementary problem is to find vectors w and z such that

w - M£ = £ (3.1)

w ̂  0 , £ ̂ 0 (3.2)

w^^ = 0 . (3.3)

We call (w., z.) complementary variables and a solution (w, z)
V  J

to the above system is called a complementary basic feasible solution

if (w, z) is a basic feasible solution to (3.1) and (3.2) and if

exactly one variable of the pair (w., z.) is basic for j = 1,..., p .
vl J

Recall the Kuhn-Tucker conditions to the convex quadratic pro

gramming problem are

A)^ + ̂  = ]b (3.4)



-Hx - A^u + V = c

A = 0 , u V = 0

>L> iL' ̂  1 0
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(3.5)

(3.6)

(3.7)

Letting

1

0

1

1

b y.

M = £ = w = and z =

_a' h_ c ;v

we see that (3.4)-(3.7) can be rewritten as

w - = £

w^z = 0

w > 0 , z > 0

If we can find vectors w and z_ that solve this linear complemen

tary problem then we will have found a Kuhn-Tucker point of the

quadratic programming problem.

With this in mind, we now develop an algorithm for solving

the linear complementary problem. If a.^0 then the problem is

easily solved by letting w = and ^ = 0 . If ^ , we intro

duce an artificial variable to get the system
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w - Mz_ - Zq = £ (3.8)

w, ̂  ̂ 0 , Zq ̂  0 (3.9)

w^z = 0 (3.10)

where is a vector of I's . Letting Zq = maximum{-q^.: 1 1 i £ p) ,

£ = 0 , and w = £ + Zq we obtain a solution to the above system.

We will then attempt to drive the artificial variable Zg to 0 ,

thus producing a solution to (3.1)-(3.3) .

Definition 3.1. A feasible solution (w, Zg) to (3.8)-(3.10)

is called an almost complementary basic feasible solution if:

1. (w, Zg) is a basic feasible solution to (3.8)-(3.10).

2. Neither w^ nor z^ are basic, for some sG {1,..., p} .

3. Zg is basic and exactly one variable of the pair (Wj, Zj)

is basic for j = 1,..., p and j ̂  s .

Definition 3.2. Given an almost complementary basic feasible

solution (w, Zg) with w^ and z^ both nonbasic, an adjacent

almost complementary basic feasible solution (w, £, Zg) is obtained
by introducing either w^ or z^ into the basis if pivoting drives

a variable other than Zg from the basis.

Of course, if the pivot mentioned in the previous definition

drives Zg from the basis then it produces a solution to (3.1)-(3.3).

The algorithm summarized below moves among adjacent almost complemen

tary basic feasible solutions until either a complementary basic

feasible solution is obtained or a direction indicating that the

region defined by (3.8)-(3.1G) is unbounded is produced.
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Initialization. If 0 , let (w, ̂ ) = {q, 0) and stop.

Otherwise, display the system (3.8) in tableau format. Let

-Pg = maximum{-q^.: 1 1 i £ p) and pivot at row s and column Zg .

Thus the basic variables Zq and w^ for j = 1,..., p and j s

are non-negative. Let y^ = z^ and go to the main step.

Main Step. Let ^ be the column in the current iteration

under the variable y^ . If ^ £ 0 , then the algorithm stops with

ray termination. Let (w, £, Zg) be the last almost complementary

basic feasible solution and let ^ be a vector with a 1 at the

row corresponding to y^ , at the rows of the current basic

variables, and zero everywhere else. Then a ray R =

{(w, Zg) + A £ 0} is found such that every point in R

satisfies (3.8)-(3.10).

If ^ ̂ 0 , we use the following minimum ratio test to find

the index r :

Pr q,-
- minimum{ -i— : d. > 0}d  Ml I I I 1 llltllM 1 I • ^

n  . u. IS
rs 1 <.1 <P IS

where £ is the updated right-hand side vector.

Now let y^ enter the basis by pivoting at row r and column

y^ . If Zg leaves the basis then we have found a complementary

basic feasible solution. If not, then the basic variable at row r

is either w or z , for some i ̂  s . If w leaves the basis
3o A/ X/

then let y^ = z^ and if z^ leaves the basis, let Yg = .

Then repeat the main step.
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Before discussing the convergence behavior of the algorithm we

give an example.

Example 3.1.

Minimize

subject to

Then we have:

fM = 3x^ " ̂2 ̂  ̂ 1 " ̂̂ ^1^2 ^ ̂ ^2

Xi + 2X2 1 6

-x^ + 2X2 1 4

x^, X2 >1 0 .

3 2  -2" "1 2" 6

c =

-1_

H =

-2 4

A =

-1 2

b =

4

It is easy to verify that H is positive definite. Therefore, we

know that the problem has a unique solution.

We let

pj H

0 0 -1

CM
1

0 0 1 -2

1 -1

CM

-2

C\J

2 -2 4

and
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~6" "^r
4

ro

f>o

w = z =
3 ^1

-1

1

<
ro

1

CVJ
X

1

Then the Kuhn-Tucker conditions for the problem can be expressed as

the linear complementary problem

w - ^

~ 0

We then display the system w - Mz - 1_ Zq in tableau format

and apply Lemke's algorithm.

Initializatibn Step.

w^ *^3 ^2 ^3 ^0 q

1 0 0 0 0 0 1 2 -1 6

^2 0 1 0 0 0 0 -1 2 -1 4

^3 0 0 1 0 -1 1 -2 2 -1 3

W4 0 0 0 1 -2 -2 2 -4 -1

-q^ = maximum{-q^: 1 i £ 4}=-q^ . So we pivot at row 4 and

column Zq . We let •
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w. w.

^1 1 0 0 -1 2 2 -1 6 0 7

^2 0 1 0 -1 2 2 -3 6 0 5

^3 0 0 1 -1 1 3 -4 6 0 4

^0 0 0 0 -1 2 2 -2 ® 1 1

Let . Then

>  . . ^4
-3— = tmmmum{:j-^ : d. > 0} = -r^
d.. d. IS d.

4slj<i£P is

1

4

So we pivot at column and row 4 . This drives the artificial

variable from the basis.

Iteration 2;

W2 ^3 W4 ^2 ^3 h ^0 q

1 0 0 1/2 -1 -1 2 0 -3/2 11/2

W2 0 1 0 1/2 -1 -1 0 0 -3/2 7/2

*^3 0 0 1 1/2 -2 0 -1 0 -3/2 5/2

^4 0 0 0 -1/4 1/2 1/2 -1/2 1 1/4 1/4

Therefore
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w =

11/2

7/2

5/2

0

z =

r 0

0

0

1/4

is a solution to the linear complementary problem and

= 0 , X2 1/4

is the solution to the quadratic programming problem.

It is natural to ask if Lemke's algorithm will always produce

the optimal solution to a convex quadratic programming problem.

Theorem 3.1 [1] . If each almost complementary basic feasible

solution to (3.8)-(3.10) is nondegenerate (that is, each basic variable

is positive), then none of the points generated by the algorithm is

repeated, and furthermore, the algorithm must stop in a finite number

of steps.

Definition 3.1. Let M be a p x p matrix. Then M is said

to be copositive if Mz 0 for each 0 . Furthermore, M

is said to be copositive-plus if it is copositive and if £^0 and

M£ = 0 imply that (M + M^)z = 0 .

Theorem 3.2 [1] . Suppose that each almost complementary basic

feasible solution to (3.8)-(3.10) is nondegenerate, and suppose that

M  is copositive-plus. Then, if the system defined by (3.1) and

(3.2) is consistent, the algorithm stops with a complementary basic
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feasible solution to the problem. If the system (3.1) and (3.2) is

inconsistent, the problem stops with ray termination.

Theorem 3.3 [1] . Let A be an m x n matrix, and let H

be an n x n symmetric matrix. If H is positive semidefinite then

M =

0  -A

A^ H

is copositive-plus.

Theorem 3.4. Suppose we write the Kuhn-Tucker conditions to the

convex quadratic programming problem as the linear complementary problem

w-Mz = q ,w^0 , z>^0 , w^z = 0 where

0 -A b £

M =

aT
£ = W = z =

H £ _v £

Then, in the absence of degeneracy, Lemke's algorithm stops in a

finite number of iterations with a Kuhn-Tucker point if such a point

exists. If the algorithm stops with ray termination the problem is

either infeasible or unbounded.
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Proof. If a Kuhn-Tucker point exists, then the system

Ax + y = b

-Hx - a'^ + V = £
x\ = 0 , y^^£ = 0
X, y, £, _v > 0 (3.11)

is consistent. Therefore, the system

w - Mz = £

W^£ = 0
w, z > 0 (3.12)

is consistent.

Also, M is copositive-plus by Theorem 3.3. It follows from

Theorem 3.2 that Lemke's algorithm produces a complementary basic

feasible solution to (3.12) and hence the algorithm produces a Kuhn-

Tucker point.

If the algorithm stops with ray termination then Theorem 3.2

implies that the system (3.11) is inconsistent. It follows from

Theorem 1.5 that the convex quadratic program is either infeasible

or unbounded.
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CHAPTER IV

A BARRIER FUNCTION ALGORITHM FOR QUADRATIC PROGRAMMING

In this chapter, we present a barrier function algorithm

found in [4] for solving the problem

I T T
Minimize x

subject to A)^ ^ (4.1)

where H is symmetric and positive semidefinite. This problem is

transformed into a sequence of unconstrained problems whose solutions

converge to the solution of (4.1). Instead of actually solving the

unconstrained problems, we approximate the solutions to the uncon

strained problems in such a way that the approximate solutions still

converge to the solution of the constrained problem.

Let

S = {x: £T 0 , i = 1,..., n}

where is the ith row of A . The algorithm makes two assumptions

about S :

1. int S 0 , i.e., there exists ^ G E^ such that A)^ > ̂  .

Note that this excludes the possibility of equality constraints,

2. S is bounded.

We transform the quadratic problem into a sequence of uncon

strained problems:
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1  T T TPy. : minimize{jx Hx + dx - y E In^I x - b.)}

Twhere lim y. = 0 . Intuitively, -z ln(al x - b.) gets large as
-1- 1

T_x approaches the boundary of S and the term -y. E ln(^I - b.)
K i=l ^ 1

is a "barrier" which prevents the solution to from being a point

outside of S . As yj^ ^ 0 , the solutions to Ppj^ approach the

solution of the quadratic programming problem. For a formal discussion

of barrier function methods and for a proof of the convergence of such

methods refer to [1].

Let

f(x, y|^) = I" Hx + £^x - Vi^, I ln(aT X - by

and let Xq be the value of x which minimizes f(x, pj^) . We will
k  kwrite E argmin f(£, \i^) • We know that lim ̂  = x where x is

k-+<» ~ ~

the solution to the quadratic problem. Unfortunately, x^ cannot,

in general, be found in polynomial time. Instead we will find an

k  kapproximation x to x^ . We define

F(x, y,^) = f(x, y,^) - f(xj, Pj^)

= ̂  (X^ HX - (xj)^ H(x^)) + J(x - xj)

n  a^I X - b .
" yi. E In j r

1=1 4 ̂ - b,

k  kDefinition 4.1. x is an approximation of Xq if

F(x , 1 ey|^ for some e > 0 .
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Lemma 4.1 [4]. F is strictly convex.

Proof.

i.1 2^ - b. (^I x]^ - b. )a.
VF(x, y) = Hx + c - y E -^-=2 L . 1 ~Q Li

i=lajx-b. (aji^-b.)^

n  a.

= H)^ + ̂ - y E —
i=l a^. )< - b^

= Hx + c - e

where D"^ is an m x m diagonal matrix with DTI =
y  n .1

e = [1,..., 1] G .

The Hessian G|^ of F is given by

and

F(x, y) = H + a"^ A

0  —9

where D" has diagonals DT. = ^ ^ for i = 1,..., m .

Here the columns of A are assumed to be linearly independent. H

_2
is positive semi definite and is positive definite because

a.{ ii " >0 for all i when x g int S and y > 0 . Therefore
T  -2
A  A is positive definite and the result follows.

It follows from the lemma that FU, yj^) has a unique minimum

on S . It is also clear from the definition of F(x, yj^) that this

minimum must be the point e argmin f(^, \iy) .

Suppose we have a point such that FC)^*^ yj^.j) £ e y|^_i •
k  k

We will then find k , the approximation to . by taking a step in
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the Newton direction ^ satisfying

G, d

where Gj^ and are the Hessian and gradient, respectively, of
k 1

F(x, evaluated at x " . Note that

^ = Hx"""^ + c - D"^ e

and

G. = H + D"^ A
k  p

_2
Computationally, is updated as follows:

-2 ^
D.. is reset to

"  (aTx^-b,)2

_? bi. I.IPl
if D,ff[ T— J , --p-j (6.2)
"  1.1 [(al x" - b,)2 (aTx -b,)^

—2 -2This leads to a matrix which is an approximation of 0^ .

Similarly,

G. = H + A^ D ^ A
k  p

is an approximation of Gj^
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We are now ready to present the algorithm proposed in [4] .

Initialization. Let x® £int S and Pq > 0 be given such that
V^q) 1 £ V'o • Let

£ = .036 , 6 = .04 , Ej = .051 and > 0 .

Main Step

1. Solve G|^ ̂  to find the Newton direction.

2. Select r such that .45 £ 1 *95 •

r y. /e7
3. Let X. = ■ _ — be the steplength .

4. Let / .

5. Let = (1 - 6/v¥)y|^ where A is an m x n matrix.
_2

6. Update as described in (4.2) .

7. If pj^ < then the algorithm terminates; otherwise return

to step 1 .

Example 4.1.

Consider the problem

2  2Minimize x^ - XjX2 Xg - 3Xj^

subject to Xj £

X2 >. 0

-x^ - X2 £ -2
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We will illustrate the algorithm by showing one iteration. Suppose

)^'^ = (1, .5) and y = 1 .

We have

" 2 -1" ~-3 "

1

o

I—1 - 0

H =

II

|U

, A = 0  1 , and ^ = 0

1

1—»

1

0 -1 -1 -2

In this case.

"1 0 0"

and D"^ =
~1 0 0"

D"^ = 0  2 0 0  4 0
y y

1

o

o

ro
1

1

o

o
1

Also,

G. = H + a"^ D"^ a
k  y

7  3"

3  10

and

= H)c + £ - A^ D~^ e =
•.5

0

Solving the system 6|^ ̂  yields
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d =

»—1
1870.

C
O

C\J
0

I
j

Let r = .95 . Note that ^ ^

X = = 1.12 .

yOm

Then,

" 1 .078 r 1.09

+
1—»

II

-5_

+ 1.12

-.023

=

1

1

In the next chapter, we will see that the solution to this problem

is (x^, X2) = (3/2 , 1/2) .

The convergence of the algorithm is proven in three steps. First,
1/

it is shown that x lies on the boundary of

E'^(r) = {x: (x - G,^(x - x"^"^) < r^£^(y^)^}

and that E (r) c S . It follows that the points generated by the

algorithm are feasible.

To complete the proof, it is then necessary to show that x

k
is an approximation of . [4] does this by showing first that

k-1F(x , U|^

Finally, it is shown that
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F()<.^ P|j) lY F(x'''^ P|^)

The parameters are chosen so that y 1 e and it follows that

k  k
Lemma 4.2. x lies on the boundary of E (r)

Proof.

(x'< - ij|^(x'' - /-'j

- <7t^ 4> 4(7^5= 4)

= rYpj(p,)2 .

Theorem 4.2 [4] . E'^(r) c S .

Let y,^ = (1 - 6/v¥)yj^_j , 6 G (0, 1) , e = ̂  ̂  and

aG (0, 1) . We assume that F()('^ ^k-1^ — ̂  these
assumptions the following results are true.

.  n al - b.
Lemma 4.3 [4] . — y. , E In —r-^ ^£ay. iv^.

i=l aj - b.

Lemma 4.4 [4] . F(2^"^ , y|^) < 6^ y|^_j .
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k-1
Theorem 4.2 [4] . 1

^1

Proof.

e + 6^ + 5a

1 - 6/i^

F(£''"T l-k-l) = Hx''-! -
T  k-1

T  k-1 k-1 ^-j 21 ~+ J(x'' - xS M - p., E In ^ ^
^  i^i 4 - b, •

F(4"1 Uk> ° f - '2o'^ "
T  k-1

T  k-1 k —i -^ ~ '^i+ c (Xq - ̂ ) - \ ̂ In -r~k ~ •
1-1 a. ̂  - b.

Adding and letting y |^ = (1 - 6/v/m) y|^_j , 6 e (0, 1) yields

F(x''"^ y|^_i) + F(^-^ y^) = F(x''"^ y,^)

n  J x''-^ - b.

" 7" -^1 ,T k-1 ~m  1=1 2^ " n.j

It follows that

F(4'1 Pb' ° "k-l' ̂  "k'

J k-l .

■*■ I'k-l ^ In j 1^ 1M  M=1 a! ^ - b.
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Using the two previous lemmas and the assumption that

k-l
F ^ yields

k-l 2F(_X > P]^) £ e + 6 y|^_j + 6a y|^_j

_ £ + 6^ + 6a
^k

1 - 6/vfri

^iPk •

Lemma 4.5 [4] . where

/r a

Lemma 4.6 [4] . j '^k^-'^ ~ —

Proof, G E'^{r) so

(x"^ -

Then,

i(/ - x^-l)T Gyx^ - x^-1)

= i (x^ - x^-l)^(H . ? - x'"')
^ - - i=l X (al / - b,)"^ - -

<  - x'^'p^ (H + D"^ A) (x'' - x''"')
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=  .55(x'^ - G-|^(x'^ - x^"^)

<  .55 r^ei(uj^

Lemma 4.7 [4] .

I  S illi y 2 , ,2
j=3 J i=l {a{x^-'-b.)J '

where q
(1.1)2/^ r

3[1 - r /Tle^yi^]

k-1Theorem 4.3 [4] . Suppose that F(x , yi^.j) :< ey^.i • Let
k  k

X  be the point on the boundary of E (r) along the Newton direction

k-1
from X . Then,

F ^ (1 ~ 0n /yj^ r y|^ (.55 + q))ej^y|^

where e and q are as defined in Lemma 4.5 and Lemma 4.7.

Proof. Using the Taylor series expansion of F(^, y|^) at
k-1

X  we wri te

2

F(x'^"^ + Xd, y^) = F(x'^"^ + X gj d + ̂  J d

^ ; (-i)j xj ™ <4
j=3 i 1=1 (ajx"-byJ •
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Letting this becomes

F{x^ u^) = F(x^"L U|^) + g^(x'^ - x'^'h

G,(/-x^-L

« ^ n [aT(/ - x^-h]^
j=3 j i=l (al x''"^ - b. )J

Using the previous lemmas this becomes

F(x'^. U|^) 1

+  .55r^ ^ qr^e^(y|^)^

2=  (1 - er + r y|^(.55 + q)) e^\i^

Theorem 4.4 [4] . Let a £ .3 and 0 £ 5 £ .04 . Then for

m >_ 3 and ,45 £ r £ .95 ,

F(£ . y|^) £ e y|^

/T~ 1.1 ^ /l.le-iyK p
Proof. Let y = 1 - er/— v^yT + (.55 + -= , —) r y.

1  1 - r/1.1 e,y.
2  3 ^ ^

since a £ .3 and 6£.4 , e.= ̂ - ̂l -036 . Also, e > 1 and
2

^1 ^ ̂ l"'"-^6/6i^" - £ .95 , Y £ e/e-^ .
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By Theorem 4.2,

F(x , y|^) 1 Y

The result then follows since y £ e/e^ .

It follows that the algorithm converges. It can also be shown

that the algorithm converges in polynomial time (see [4]) .
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CHAPTER V

AN ACTIVE SET METHOD FOR QUADRATIC PROGRAMMING

Suppose we have a convex quadratic programming problem with only

equality constraints. That is, we have the problem

Minimize

subject to

I T T

"2 — ^21 £ 21

Ax = b (5.1)

where H is positive definite. The Kuhn-Tucker conditions for this

problem are

H2^ + A X = -c

Ax = b (5.2)

Therefore solving (5.1) is simply a matter of solving the system

H

H-
1

X -£

A 0 X b

(5.3)

The matrix

H

,  known as the Lagrangian matrix, is symmetric

A  0 '

but not necessarily positive definite. [7] and [9] discuss efficient

ways of solving such systems.
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Now consider the more general problem

Minimize f(x) =

subject to Ax £ ̂ - (5.4)

where H is symmetric and positive definite. Suppose £ is a

feasible solution and we wish to move to a feasible solution 2 such

that f(£) < f()<) . The only constraints which effect the direction

we can move are those constraints for which

4 i

where is the transpose of the ith row of A . We will index

the constraints by the set I and will call them active constraints.

The basic idea behind active set methods is to solve a problem

Minimize ^

subject to al X = b^. , i e l (5.5)

at each iteration. Constraints are added or deleted from the set of

active constraints as needed. Eventually the solution to one of the

equality problems such as (5.5) is a solution to problem (5.4). We

will describe one active set method which is presented in [7] .

Assume that a feasible point x^^^ is known and let

index the constraints which are equality satisfied at x^^^ . Set
k = 1 . The algorithm then proceeds as follows:
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1. If s = 0 does not solve the problem

Minimize I" —^ ̂ 1.

subject to a{ i. = 0 » i ̂  ♦ (5.6)

where =9.'^ , then go to step 3

2. Solve the system

X = -c ,

where A denotes the matrix of active constraints, to find

.  If £0 then terminate the algorithm. Other-

(k)
wise select q to solve min X. ' where

ienF ^

F = {i: X^*^^ < 0} . Remove q from I^*^^ .

3. Solve (5.6) to find .

4. Let

b. -

= min(l, min —r^c ) . (5.7)
m  a s^"^^

aT s(^)>0
—1 —

5. Let .

6. If <1 let p to I^*^^ where p is the index

at which (5.7) achieves its minimum.

7. Let k = k + 1 and let = l^"^) . Go to step 1.
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Example 5.1. Consider the problem

Minimize
2  ̂ 2 ,Xi - XjX2 ^2 - 3x^

subject to x^ >_ 0

^2 - ̂

Xi + X2 £ 2 .

(1)

(2)

(3)

Let x^^^ = [0 0]^ . In this case,

H =

■  2 -1

-1 2

and c =

-3

0

= {1, 2} since the first two constraints are equality satisfied.

We first consider the problem

Minimize

subject to

i  j^(i)

5-2 ~ ® *

Clearly £ = [0 0]^ is the solution to this problem.

We then solve

Hx + a"*" X = -c

where
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A =

-1 0

0  -1

We find that = -3 and X2 = 0 . We then let = {2} since

X^ < 0

We then consider the problem

Minimize ijHS.sVl'

subject to s^ = 0 .

This simplifies to the problem

Minimize Sj^ - 3 s^ .

Therefore = [3/2 0] and = [3/2 0]^

Let = {2} and consider the problem

Minimize i/Hs.sV2)

subject to S2 = 0 .

This becomes

minimize s^^ .

Therefore, s = 0 solves this problem. Solving the system



Hx(2) A  X = -c
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v/e find

^2 - - 2 •

Therefore, we delete constraint 2 . Now = 0

We then solve the unconstrained problem

2  2 3Mm Sj - s^S2 ^2 - J $2

to find 1 = [^ 1]^ . Note that aJ i > 0 and

a = mind, = 1/3

Then

3/2 1/2 10/6

.  1
"^3

_ 0 _ 1 1/3

(3)

The third constraint is added to the active set so = {3}

To begin the next iteration we solve the problem

Si - ^2 ■ ^2Minimize

subject to Sj + S2 = 0
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and find ^ = [-1/6 1/6]"'" . We note that a| ̂  > 0 but

- rn-inM 0 + 10/6 Not - mi n (15 1/6 1  .

Therefore,

,(4) _
"10/6 " --1/6 - "3/2"

+ =

_ 1/3 _ _ 1/6 _ _l/2_

At the next iteration, we solve the problem

Maximize - s s + i s - ̂  s
^rz ̂ 2 2 ̂ 1 2 ̂ 2

subject to Si + S2 = 0

and find ^ = [0 0] .

Solving

Hx X = -C

we find that

X = 1/2 .

Therefore, the algorithm terminates and the optimal solution is

X = [3/2 1/2]"^ .
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The following results deal with how and why this algorithm works.

f kl
Theorem 5.1. The vectors , i ^ P ' are linearly independent

if the vectors , i G are linearly independent.

Proof. The initial vectors are linearly independent. Deleting

vectors from I obviously does not change this. If a vector ^
T  (k)is added to the set of active constants then by (5.7) ip 1 > 0 .

Suppose that

ip = ̂ lii + ••• +

where are the active constraints. Then

^  + ... + c^a^) 1-0

since al i^*^^ = 0 for i G I . This contradicts a^ i^*^^ > 0 so
we conclude that the vectors a,,..., a. , a are linearly indepen-

—i —p

dent.

fkl
Theorem 5.2. Each iterate nc ' is a feasible solution to problem

(kl
(5.4) and yc ' equality satisfies all the active constraints.

Proof. The result holds for . Suppose it is true for

.  If the result then holds for the theorem follows

by induction.
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We let A denote the matrix of active constraints. Then

= A x^^^ + A s^"^^

= b(^)

fki
where ' are the components of ^ associated with the active

constraints.

T  (k)Now suppose p ̂  I . First consider the case ip 1 <. 0 .

Then

T  r

T  k (k) T (k)since >i 1 b|^ by the induction hypothesis and a ip 1 £ 0

(Note that a^'^^6. [0, 1]) .

Now consider the case ^ > 0 . In this case note that

r.l b -aTx(k)(k) ̂  p -P -

a i 1

Therefore
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< jT (k) ̂  s*'''
.T ,k ^
% -

Note that equality holds if and only if p is the index at which

(5.7) achieves its minimum. In this case, p is added to I so

satisfies the new set of active constraints. This completes

the proof.

(k)
Theorem 5.3. 1=0 solves problem (5.6) if and only if

solves

Minimize x^ Hi + i^i

subject to 1 j X = b^. , i^ . (5.8)

Proof. Note that it follows from Theorem 5.1 that (5.6) and (5.8)

are well-defined.

Suppose 1=0 solves (5.6). Then it follows from (5.2) that

Hs + X = -c -
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since s = 0 ,

a""" A = -c - H

Also it follows from the previous theorem that

A  .

It then follows from (5.2) that solves problem (5.8).

Conversely, suppose solves (5.8). Again, we have

+ A^ A = -c .

Therefore, if 1=0 ,

Hs + A^ A = -c -

and

A s = 0 .

It follows from (5.2) that i = 0 solves problem (5.6).

Ikl (kl
Theorem 5.4. If i = 0 solves (5.6) and V""' > 0 then x^ '

solves problem (5.4).

Proof. The Kuhn-Tucker conditions for problem (5.4) are
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Hx + c + A^A = 0

^1=0

A > 0 .

Let A^. = 0 if 1^1 . It then follows form the previous

theorem that

Hx A + c = 0 .

Let A^. = 0 if i ^ I and y^. = 0 if '1 e i so

^I = 0

(kl
Theorem (5.2) assures us that 2i is feasible so

hx + = h

Therefore, if ^ ̂ 0 , the Kuhn-Tucker conditions to the convex

quadratic program hold and is the optimal solution to (5.4).

Theorem 5.5. If a(k) = 1 , then x^'^"'"^^ solves the problem

Minimize j

subject to 21 ' i ̂  , (5.9)
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Proof. We have already shown that

j,m) b(w)

Also, . Since s^ solves (5.6), we know

that

Hs + a"^ X = -c - .

It follows that

Hx(k^l).ATx=-c .

It then follows from (5.2) that solves problem (5.9).

Theorem 5.6. If a(k) > 0 then the iterates x^'^^^\..., x*

are such that f{x) = -^ x^ Hx + c\ is monotonically decreasing.

Proof. We will show that the directional derivative of f at

X in the direction s^*^^ , J Vf(x^'^h , is negative.

Vf(x^'^h = ̂  + c)

= Jhx(^) . Jc

= -J(-Hx^'^^ - c)

= -s'''(Hs + J^\)
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= -s^ Hs _ s"'^

= -s^ Hs - (As)"'" X

= -s^ Hs

< 0

if s ^ 0 , since H is positive definite.

(ki
Suppose instead that ^ = 0 . If A1 A

optimal solution. If it is not then a constraint q is deleted from

.  Suppose £ = 0 still solves the problem

Minimize _s^

subject to a{ A ~ 0 » ^ I^*^^ • (5.10)

fkl
Then ' solves the problem

Minimize ^

subject to A* X =

where A* and are associated with the active constraints after

constraint q is deleted.

Let A be the matrix of active constraints before q is deleted.

We know from (5.2) that

Hx^ ' + A X = -c
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and

Xk) , ..T
Hx^ ' + A* A* = -c

Therefore,

a""" A = A*"*" A*

This implies that

Al^l + • • • + + • • • ^£i£

=  A*a^ + ... + + ... Aja^

Noting that < 0 and Sq t' 0 , this implies that a^ is a linear

combination of the other active constraints. This contradicts Theorem

5.1 so we conclude that £ = 0 does not solve problem (5.10).
(k)

Therefore ' in step 5 of the algorithm is nonzero and it

follows from the argument at the beginning of the proof that f(£)

is monotonically decreasing.

Theorem 5.7 [7]. If a(k) > 0 at each iteration, the active set

algorithm converges to the unique optimal solution of problem (5.4).

(kl
Proof. There is a subsequence {x^ which solves problem

(5.8). Only when a(k) < 1 can not solve such an equality

problem. In this case a constraint is added to the active set. There

are only a finite number of constraints so eventually we must run out
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of constraints to add to the active set. Examination of (5.7) shows

that in this case a(k) = 1 and the next iterate must then solve an

equality problem.

The number of equality problems (and sets of active constraints)

is finite. Obviously, the optimal solution to (5.4) must solve one

of these equality problems (including possibly the problem with no

constraints). f(x) is monotonically decreasing so the algorithm

never returns to an equality problem (or set of active constraints)

that has already been solved. It follows that termination must occur.

Note that this proof breaks down when a(k) = 0 and f{x) does

not decrease. In this case, the algorithm can cycle by returning to

a previous active set. This is a result of degeneracy in the con

straints. Theoretically, cycling can be avoided but, according to

[7], there are some practical difficulties and most algorithms ignore

degeneracy.



64

CHAPTER VI

APPLICATIONS OF QUADRATIC PROGRAMMING

This chapter presents two applications of quadratic programming.

The first application shows how quadratic programming can be used to

find the optimal search direction for a general programming problem.

The second application shows how quadratic programming can be applied

to optimal portfolio analysis.

A General Programming Algorithm [6]

Consider the general programming problem

Minimize f(x)

subject to g^U) > 0 5 i = 1, 2,..., n . (6.1)

One approach to solving this problem is to employ the following

iterative algorithm.

Initialization. Set k = 0 . Select ^ , the initial point,

and Aq , the initial stepsize.

Main Step

1. Let = X|^ + ii|^ where 1 0 is the stepsize and

is the direction of steepest descent. By this we mean

that moving in the direction decreases f(>^) at the

largest possible rate while still insuring that =

)^ + is feasible if X|^ is small enough.

2. Correct so that all the constraints are satisfied.
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3. Check to see if the termination criteria is satisfied.

4. Adjust stepsize: ->■ .

5. k ^ k + 1 and go to step 1.

Our primary interest in this type of algoritym is that , the

direction of steepest descent, can be found by solving a quadratic

programming problem.

Suppose that we wish to find the direction of steepest descent

at a point x . Let

t = -Vf(2i) •

If there were no constraints, ;t would be the direction of steepest

descent. Also, let A. = v g^(x) and note that only those constraints
with g^.(x) =0 , called binding constraints, actually effect the
direction in which we may move.

If A^ is the gradient associated with one of the binding con
straints, then A^. is normal to the tangent plane of the constraint
surface at x . If x lies on a constraint surface, the direction

of steepest descent, u , may lie on the constraint surface or it may

point into the interior of the set. That is.

aT ^ 0 . (6.2)

The direction of steepest descent is given by the unit vector

which satisfies (6.2) and has the largest component along t . To

find , we must solve the problem
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Maximize t^u

subject to u^u = 1

u > 0 (6.3)

where the columns of A are the gradients of the binding constraints

evaluated at >£ .

The Kuhn-Tucker conditions for this problem are

;t + Ay^ - 6]^ = 0

T  ,
ii ii ~ 1

a\ > 0

/ a\ = 0 (6.4)

Assuming that the columns of A are linearly independent, these are

necessary conditions for a vector to solve (6.3). If the columns

of A are not linearly independent, then we simply remove the redun-

dent columns. Also note that t^^ , aI , and - 1 are all

convex and so conditions (6.4) are also sufficient.

Suppose is the solution to (6.3). If t^^ii £ 0 then taking

a step in the direction does not decrease the value of f()^) and

it follows that )( is a local minimum of problem (6.1). If is

the solution to (6.3) then _y and 6 exist which satisfy (6.4).

Multiplying the first equation of (6.4) by yields
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6u'''u = t''"u + u"^ Av

But u^u = 1 and u^ Av = 0 so

6 = t'''u .

Note from (6.4) that u is a vector with direction t + l\y_ . There

fore, Jt^;t + ;t^ Av has the same sign as 6 = ;t\ .
Now we simplify the conditions in (6.4). The first equation be

comes 6u = t + Av . Therefore, A^u > 0 becomes

^ pJt + ̂  pJ > 0
0  — 0

If 6 > 0 , this becomes

A''^t > -Mv

where M = A^A . It follows that

A^t = -Mv + z

z > 0 , V > 0 . (6.5)

Also,

pJu = -| A^(t + Av)

= Y + Mv]
0  — —
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_ 1

" 6 - ■

Therefore A^u = 0 implies

v^z = 0 . (6.6)

Notice that _x^ ^ Ax = (A^)"'^ > 0 . Therefore M is
positive semi definite. In addition, if the columns of A are linearly

independent then M is positive definite.

Notice also that (6.5) and (6.6) are simply the Kuhn-Tucker

conditions for the problem

Minimize ^ + t^ A^

subject to V 0 . (6.7)

Since M is positive definite, this problem has a unique solution

which can be found by any of the methods previously described.

Suppose that (6, u, v) is a solution to (5.4) with

^  > 0 . Then lu is the direction of steepest descent. But

then and z = A^^ + are a solution of (6.5) and (6.6). There

fore, ^ is the unique optimal solution to (6.7).

Therefore, if we wish to find , we solve problem (6.7) to

find ^ . If t^t + t^ A^£ 0 , then t < 0 and x must be a
local minimum. If t^t + t^ Av > 0 , then the unit vector

^  + A^) satisfies ;t^]j > 0 . It is clear that ;t + A^ - 6^ = 0 ,
u^u = 1 , and v ^ 0 . In addition.
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a\ = I (A^ t + Mv) = z/6 > 0

since ^^0 and 6 > 0 . Finally,

= |(vT fJt + / Mv)

= v^z

= 0

Therefore, ii = 1 + Ay^ is the direction of steepest descent.

Example 6.1. Suppose we wish to find when >< = [1 5]^ in

the problem

2  2Minimize 2x^ + 2X2 - 2x^X2 - 4x^ - 6X2

subject to Xj + X2 £ 6

2x^ - X2 < 0

-x^ £ 0

X2 £ 0

Then,

Vf{x) = [4Xj - 2X2 - 4 , 4X2 - 2Xj - 6]^

So when x = [1 5]^ ,
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t = [10 -12]^ .

Note that when )^ = [1 5]^ , the first constraint i& the only binding

constraint

Then,

M = [1 5] 26

In this case, problem (6.7) becomes simply

Minimize 13v^ - 50v^

subject to Vj 0 .

Then, = 25/13 =1.92. So the direction of steepest descent is

t + Av s

rio.9?i

-2.4

Portfolio Analysis

Suppose a security portfolio is to be formed by investing in some

combination of n different stocks and bonds. Let x^. be the

fraction of the total investment to be invested in security i .

We will assume that the rate of return on the ith security is normally
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distributed with rate of return and variance a^. . The variance

is a measure of the risk involved with security i ; a risky investment

would have large variance, while a safe investment would have a small

variance.

The portfolio should decrease the risk by "hedging"; that is,

trying to offset unfavorable returns on security i by a favorable

return on j . The covariance a., measures the correlation between
J

the rates of return of securities i and j . We assume that the

investor has established values of , a^.^, and for all the

stocks and bonds. This might be done on the basis of historical data,

the beliefs of the investor, or some combination of the two.

X,

Let X =

^n

Then, we know that E x. = 1 . The expected
i

return on the entire portfolio would be

n

y = E y.x. .

i=l ^ ^

If r^ is the actual return on security i then the variance on the

total return is

= E[( " (r, - Wi)xy2]
i=l ^ ^ ^

n  n

E[ E E (r. - y.)(r. - y.) X.X.]
i=l j=l ^ 1 J J 1 J

= x^ Hx
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H =

ail °12

021 ^^22

^nl °n2

In

7n

nn

Note that

j  n n
X  Hx = E Z x.x. a.

i=l j=l 1  J iJ

E[( " x,(r. - u,))^]
i=l 1 T T

> 0 .

Therefore, H is positive semidefinite.

We assume that among alternatives with equal rates of return an

investor will prefer the one with the smallest variance. Thus for

a given return y we would like to solve the problem

Minimize

subject to

x^ Hx = 0^

n

I  y. X. = y

i=l ^ ^

n

Z  X. = 1
i=l ^

X > 0 .
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Note that this is a convex quadratic programming problem.

Suppose we perform this computation and find that the minimum

2
variance is • Obviously, among all such portfolio with variance

2
,  the investor would prefer the one which maximizes the rate of

2
return. This suggests the concept of efficient pairs (y, a ) •

2  2
(y» a ) is said to be an efficient pair if a is the minimum

2
variance given y and y is the maximum expected return given o .

The set of efficient pairs can be found by solving the following

convex quadratic programming problem for all B ̂  0 :

2  n j
Maximize fU) = y - Ba = E y.x. - B2<

i=l ^ ^
n

subject to E X. = 1
i=l ^

X > 0 .

The proof of this goes as follows. Let 6^0 be given. Suppose

that f is maximized for this given 6 at the point )^*. Let
n  n

y* = E y. X* . f(x*) > f(x) for all >i ̂  0 , E x. = 1 . There-
,=1 ^ ^ n ^=1

fore, f(x*) > f(x) if we also require E y.x. = y* . Therefore,
- - - i=l ^ ^

)(* also solves the problem

Maximize y* -

n

subject to E X. = 1
i=l ^

X ̂  0

n

E  y. X. = y* .
i=l ^ ^
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T  2 T
Since H>^ ̂  0 , this means that x* also minimizes a =21 ^)^

subject to the constraints above.

2  T
On the other hand, suppose we set a = {x*) H)^* . Since

n

f(2(*) ̂  f(x) for all >< >. 0 > ^ x. = 1 , we also have that
i=l ^

n  T 2
f(x*) > f(x) for all X >. 0 , z x. = 1 , and Hx = a • There-

i=l ^

fore,

y* - 3a >: Z y,.x,. - 3a .
1  1

i=l

It follows that y* >_ z y.x. for all >. 0 , Z x. = 1 . There-
i=l ^ ^ i=l ^

2  T
fore (y*, a = (x*) H)^*) is an efficient pair.

In practice, we would assign a specific value to 3 and then

solve the problem

T
Maximize z y.x. - 3 x H>^

i=l ^ ^

n

subject to z X. = 1
i=l ^

X > 0

Note that 3 can be interpreted as a measure of the "risk aversion"

of the investor. If 3 = 0 , we simply maximize the expected return

and ignore risk. As 3 , the problem becomes one of minimizing

_x^ Hx or minimizing the risk.

This approach to portfolio analysis was first suggested by Mar-

kowitz [11], [12]. It is also discussed in [3], [9], and [12].
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APPENDIX

Linear Programming

In this appendix, we briefly discuss linear programming and

the simplex method. For a more comprehensive treatment refer to

[8].

The linear programming problem is

Minimize c^x

subject to Ax = ̂

)( >^ 0 (A.l)

where c and _x are n-vectors, A is an m x n matrix and ^ is

an m-vector. The set of feasible solution to (A.l) is a convex poly

hedron. It is well known that the solution to (A.l) is a vertex of

this polyhedron. The simplex method solves the linear programming

problem by moving from vertex to vertex until the optimal solution

is found.

We assume that there are m columns of A which can be

explicitly arranged to form a unit matrix of rank m . Let P^,..., P^

denote the column vectors of A and let

unit vectors previously mentioned. Then

m

p. - z X.. P. , j l,..., n
J  U 1

We define
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m

z. = E X.. c. , j = 1,..., n
J  iJ 1

Let the present solution be

^  (XiQ. X2q,..., x^q)

Of course.

^10^1 ^20^2 + " -

The initial tableau is set up as follows:

Mil ^ ^ !l !2 - - -!m !rn±l - - -!m

^1 ^1 ^10 ^ ° ° ^l,m+l ^Im

^2 ^2 ^20 ° ^ ° ^^2,01+1 ^2m

*^111 ^mO -5. _0 -L ^m+m+1 ^mm
Zo=c% 0 0 0 z^H'Vl

The simplex method then proceeds:

1. If z. - c. £0 for j = 1,..., n then the optimal
J  J

solution is x where

x^ = x^.Q , if is in the final basis

and

X. = 0 , if P. is not in the final basis,
1  1
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2. If not, let k be the index that corresponds to

max (z. - c.) .
j  j j

Then P|^ will enter the basis,

3. Let

min : x^ > 0} = ̂
i  ̂ik ^£k

If x^.j £ 0 for all i then the solution is unbounded.

4. leaves the basis. The new solution is computed and each

non-basic vector is computed in terms of the basic vectors

by normal Gauss-Jordan elimination.

5. Return to step 1. Continue until an optimal solution is found.

Example A.l.

Minimize -2Xj^ - Sx^

subject to 2Xj^ + x^ £ 2

3Xj + 2X2 £ 4

> ^2 £ 0

We introduce slack variables x^ and x^ and rewrite the problem

as
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Minimize -2x^ - 3X2

subject to 2x^ + X2 + X3 = 2

3Xj + 2X2 + X4 = 4

x^, X2 » X3, x^ > 0 •

Iteration 1.

£ ~ -2 -3 0 0

Basis c !o \ 1

X3 0 2 2 1 1 0 2

*4 0 4 3 2 0 1 2

0 2 3 0 0

Iteration 2.

Basis c !o ^2 ^3

X2 -3 2 2 1 1 0

X3 0 0 A 0 A I

-6 -4 0 -3 0

Therefore,

x^ = 0 , X2 = 2

is the optimal solution
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Of course in many problems we will not have such a convenient

basis. In this case, we will introduce artificial variables to provide

a basis consisting of unit vectors. We assign these variables a large

cost, which we call w , to insure that they do not appear in the

final answer. In our tableau, we add another row to keep track of

the w term in z. - c. . We look at this row to find max(z. - c.)
J  J j J J

and to determine which vector will enter the basis.

Once an artificial vector leaves the basis, we no longer keep

track of it. Once the artificial vectors leave the basis, we continue

with the normal simplex procedure. If an artificial variable with

a non-zero value remains in the optimal solution, then the problem

is not feasible.

Example A.2.

Minimize -x^^ - 2X2 - x^

subject to x^ + X2 + = 2

2Xi + X2 =3

3x^ + 2X2 - 2

^1' ̂ 2' ̂ 3 " ̂

We introduce artificial variables x^ and x^ and proceed as follows.
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Iteration 1:

£ = -1 -2 -1 w w

Basis c !o e_

^^3 -1 2 1 1 1 0 0 2

X4 w 3 2 1 0 1 0 3/2

^5 w 3 2 0 0 I 2/3

-2 0 0 0 0 0

Sw 5w 3w 0 0 0

Iteration 2:

Basis £ !o ^3

^3
-1 4/3 0 1/3 1 0

^4 w 5/3 0 -1/3 0 1

^5 -1 2/3 1 2/3 0 0

-2 0 1 0 0

5/3w 0 -l/3w 0 0

This is the optimal solution, = 5/3 >0 is still basic so

the problem is not feasible.

We call the solution set at each iteration a basic feasible

solution. If one of the basic variables has value zero then we say

that the solution is degenerate. In this case, it is possible that

the simplex method will cycle. This means that it is possible to

select a sequence of bases that is repeated without every reaching

the optimal solution. There are several techniques for avoiding this

difficulty (see [8]) .
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