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ABSTRACT

For the reliable determination of aerodynamic flows, a minimally dissipative gen

eralized curvilinear-coordinate flux vector splitting implicit algorithm is developed

within an optimal finite element integral statement for the two-dimensional (2-D)

and axisymmetric compressible Navier-Stokes equations for ideal and reacting gases.

Hypersonic-flow dissociated real air is modelled via a neutral mixture of five species,

i.e. nitric oxide, molecular and atomic oxygen and nitrogen. The associated thermo-

dynamic state is then determined via an original solution procedure for the classical

chemical equilibrium equation system.

The analysis develops the curvilinear-coordinate flux vector jacobian matrices

and associated characteristic equations. For any equation of state, the eigenvalues

are the contravariant components of velocity in combination with the sound speed.

Hence, the flow wave propagation in curvilinear space is rigorously represented using

a tensor-field resolution of the fiux vector into essentially kinematic and kinetic com

ponents. The streamwise semi-discretization is achieved using a Lyapunov-stable,

Galerkin finite element integral statement for an eigenvalue-based companion con

servation law system", permitting classical test and trial space definitions. There

after, the accurate computation of the unsteady fiow evolution is attained utilizing

an implicit Runge-Kutta time-integration scheme, which is non-linearly stable and

2"*^ order accurate.

Subsequently, a matrix tensor product factorization permits efficient numeri-
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cal linear algebra handling for large Courant number. For 2-D and axisymmetric

transonic, supersonic, and hypersonic inviscid and viscous flows, including real gas

effect simulation, the algorithm is verified to yield reliable determination of velocity,

pressure and temperature fields by generating accurate and monotone, essentially

non-oscillatory numerical solutions in the presence of weah and strong shocks, at

tached and detached, and in boundary layer-inviscid flow interactions.
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Introduction

The reliable simulation of real gas supersonic and hypersonic aerodynamic flows

presents subtle challenges, since strong-shock molecular dissociations /recombina

tions can occur, and bow shocks virtually coalesce with thick chemically reacting

boundary layers. In these cases, the ensuing strong-interaction modification of the

outer, essentially inviscid flow, and/or real-gas-effect pressure field variations, di

rectly affect the aerodynamic surface pressure distribution and heat transfer.

For the accurate prediction of these flows, this dissertation documents derivation

and performance verification of a minimally dissipative, generalized implicit flux

vector split Galerkin finite element algorithm for the compressible Euler and Navier-

Stokes equations in curvilinear coordinates for ideal and reacting gases, that is non-

linearly stable and uniformly 2""^ order accurate on absolutely arbitrary meshes of

Lagrange bilinear elements. The transport coefficients are modelled via generalized

temperature-dependent Sutherland laws, while real gas effects are simulated using

an original solution procedure for the chemical equilibrium equations along with

the internal energy and mass fraction conservation relations.



The algorithm allows improved understanding of reacting gas, high supersonic

and hypersonic aerodynamic flows via theoretical and practical minimization of the

sizable semi-discretization dissipation, that affect currently practiced upwind flux

vector/difference splitting theories and /or central difference schemes with numerical

damping within finite difference/ finite volume implementations. The theoretical

developments are based on characteristic eigenvalue and finite element analyses.

Significantly, two crucially distinct CFD algorithm stability aspects are elicited.

The first concerns the stability of the multi-dimensional spatial semi-discretization,

herein analyzed using a Lyapunov method. The second corresponds to the stability

of the time integration, herein investigated using non-linear Runge-Kutta scheme

theories. The minimization of the spatial semi-discretization dissipation is obtained

for a Lyapunov-stable, consistent-order-of-accuracy conservative scheme, in totally

arbitrary curvilinear coordinates, hence completely general body-fitted meshes, that

efficiently accomodates any real gas state equation. Further, the procedure admits

reliable simulation of transients, within reacting flows, as obtained using a time-

accurate and non-linearly stable implicit Runge-Kutta integration scheme.

The resultant fully discrete algebraic system can be solved iteratively or non-

iteratively for large Courant numbers. The terminal implementation has selected

and evaluated a quasi-Newton sub-iteration option, via an efficient tensor matrix

product factorization, specifically appropriate for parallel processing.

The national interest in reliable, aerodynamically-active hypersonic missiles.



both tactical and strategic, and hypersonic aircrafts, such as advanced interceptors,

strike/reconnaissance vehicles, including the national aerospace plane, motivates

the development of this CFD procedure. Thus, the reliable computation of tran

sonic, supersonic, and hypersonic inviscid and viscous flows with significant real gas

effects including molecular dissociations, directly addresses this interest.

A wide variety of CFD algorithms has been developed for transonic and su

personic aerodynamic flow predictions over the last two decades, in an attempt to

meet the fundamental requirements of stability, accuracy and efficiency for arbitrary

meshes in a single practical scheme. The spatial semi-discretizations in these algo

rithms can be broadly classified in two classes, namely central difference schemes

with suitable numerical damping and upwind schemes.

A notable contribution to the central-difference dissipative class was published

by Beam and Warming [25], who proposed an implicit factored scheme for the Euler

equations, wherein the unknown state variable constitutes the solution of an efficient

sequence of block-tridiagonal linear systems. This theory and procedure forms the

basis of the NASA Ames-developed ARC-2D and ARC-3D code family [44], that has

supported investigation of a wide range of transonic and supersonic aerodynamic

flows. However, as confirmed by Pulliam [44], the basic scheme must be augmented

by a blend of 2"'' and 4"^ order dissipative difference operators to maintain stability

in the presence of shocks, or for smooth solution stability in 3-dimensions. This leads

to a block-pentadiagonal matrix system, if the full jacobian matrix of the necessary



artificial dissipation is included in the implicit-side formulation. The original block

tri-diagonal matrix structure can be maintained by using only explicit 4*'' order

damping, which limits the magnitude of stable time steps. The associated Courant

number may not be much larger than unity, for accurate unsteady simulations, since

the time integrator is the intrinsically non-dissipative Crank-Nicolson rule.

An alternative formulation is proposed by Lerat [38], who develops a fully dis

crete space centered finite difference scheme for the Euler equations that, impor

tantly, introduces an inherent coupling in the time derivatives of the unknown state

variable at various adjacent nodes. This feature distinguishes this scheme from

that of Beam and Warming, and intrinsically introduces an adequate amount of nu

merical dissipation without explicitly added 4*^ order difference expressions. This

mechanism produces an algorithm that remains stable in the presence of shocks.

The original development is based on uniform mesh, and time step increments,

and leads to a family of algorithms, upon selection of specific numerical values for

embedded parameters.

The notion of time derivative coupling is natural in the finite element method,

via the semi-discretization mass matrix, and leads to schemes that axe not af

fected by odd-even node decoupling for dissipative spatial semi-discretizations de

void of 4''^ order difference terms. In this framework, Fletcher [16] proposed a

group-approximation least-squares algorithm for subsonic flows, while Tezduyar and

Hughes [37] developed Petrov-Galerkin schemes to introduce adequate dissipation



in a weak statement formulation. In distinction to these developments, Donea [39]

derived the "Taylor Galerkin" finite element algorithm for hyperbolic equations.

This formulational procedure employs a truncated Taylor series to generate a time

semi-discrete conservation law statement which is subsequenly discretized in space

using bilinear basis functions. In this instance, several stability mechanisms are in

troduced in continuum form, upon restatement of the time derivatives with spatial

derivatives via the original conservation law system.

This fundamental procedure has been thoroughly analyzed by Baher and Kim

[47], who develop the "Taylor Weak Statement" generalization for hyperbolic conser

vation law systems. This construction develops a so-called companion conservation

law system that contains continuum expressions representing intrinsic dissipative

and anti-dissipative mechanisms. Whereupon, the classical Galerkin finite element

fully discrete algorithm yields over a dozen independently derived schemes, upon

identification of the embedded parameter set. The analysis indicates that the com

panion conservation law system approach can lead to stable, centered semi-discrete

schemes upon selection of opportune length and velocity scales in the continuum

dissipation operators.

In parallel with these developments, research efforts have increasingly focused

on the class of upwind, intrinsically dissipative difference methods which do not

require explicit addition of empirical numerical dissipation. Procedures advanc

ing flux-vector and flux-difference splitting developments, and applications, include



those developed by Steger-Warming [33], van Leer [35], Roe [32], and Grossman

[65], wherein the upwind differencing is performed in directions opposite to the

characteristic directions, and thereby induces an amount of relevant artificial dissi

pation. These algorithms have been implemented using both explicit and implicit

time integration schemes [35,48], and have generated crisp non-oscillatory shocks

for significant aerodynamic simulations. Recently, Liou and van Leer [48] present a

thorough comparisons of various splittings, and conclude that a robust algorithm is

best achieved by using different splittings in the quasi-Newton jacobian and residual

operators. They also extend various standard splitting procedures to real gas flows

[50],

The geometric rigor and appeal of eigenvalue analyses for hyperbolic conserva

tion law systems is considerable, since the derivations pivot on classical notions of

characteristics, hence signal propagation directions. The common thread of recent

vector splitting theories is geometric extension of 1-D derived schemes to multi

dimensional formulations. However, this extrapolation leads to formulational am

biguities, and results in algorithms that are tightly coupled to the underlying grid.

Powell and van Leer [56], among others, have addressed this crucial issue, and devel

oped a "cell-vertex scheme where the grid components of the convection speed are

known". This entails local decomposition of the Euler equations into a set of con

vection equations leading to discrete conservation of mass, momentum and energy.

Therefore, the resulting scheme is algebraically rather involved for non-cartesian



meshings.

Recently, Colella [62] presents an explicit Godunov-type multi-dimensional and

upwind second-order algorithm for the Euler equations. His construction solves a

characteristic form of the equations at a moderate CFL number. The procedure

renders good discontinuity resolution for the standard shock reflection problem,

with the exception of small isolated regions where dispersion error is noticeable.

In the same year, Yee et al. [63] published a shock capturing finite volume TVD

algorithm for hypersonic flows, that can be third-order accurate on uniform grids.

However, they report that some of the procedure formulae may not preserve free-

stream values on highly skewed grids, even though usage of the implicit backward

Euler time integration and finite elements on such grids can lead to stability and

convergence enhancements. Nevertheless, it is also indicated that accuracy and/or

stability may be compromised by discontinuities in the thermodynamic derivatives

supplied by the Srinivasan curve-fits [53,63].

Furthermore, as identified in recent US Air Force sponsored research [61], the

basic upwind constructions can induce sizable numerical dissipation, which may

require use of much too expensive, highly-refined computational meshes for accept

able solution accuracy. For example, it is shown in [61] that the Steger-Warming

construction requires four times the number of grid points of Roe's scheme to ad

equately resolve a laminar boundary layer, even though the latter scheme is 25%

more CPU expensive. Moreover, an exaustive study conducted at Wright-Patterson



AFB [59] shows that the solutions generated by both schemes do not "compare ex

tremely well" with available experimental data for a hypersonic compression ramp

flow benchmark.

Further, these procedures have been mainly tested for essentially inviscid flows,

and only grudgingly admit real gas and curvilinear-coordinate generalizations, yield

ing non-unique formulae that need extra computations of several auxiliary quanti

ties. For example, the 1-D generalization of Roe's scheme [66], introduces artificial

thermodynamic states that aggravate solution accuracy especially along contact dis

continuities. On the other hand, a real gas equation in the 1-D van Leer scheme

causes the smallest eigenvalue, associated with the "positive" flux, to become neg

ative (for some states) in the whole subsonic range [66,67], which in turn engenders

semi-discretization instability. Moreover, in non-equilibrium simulations, where the

vastly different chemical time scales considerably stiffen the semi-discrete Euler

equations, these potential instabilities then reduce the practical stability margins

to the extent that bounded solutions with these schemes are reported attained only

for CFL < 10"^, [68]. Moreover, in most conventional multi-dimensional construc

tions, the final upwind direction remains normal to the local computational cell

face, regardless of the genuine kinematic convection direction. Consequently, nu

merically captured oblique shocks may be smeared over several cells. The need

of high accuracy for practical meshes then becomes more acute in real gas and/or

viscous hypersonic simulations, where strong shocks virtually coalesce with thick

8



boundary layers within a chemically reacting flow. In these cases, the ensuing

strong-interaction modiflcation of the surrounding, essentially-inviscid flow, and/or

the real gas effect pressure field variations, directly affect the aerodynamic surface

pressure distributions and skin friction, hence lift, drag and heat transfer.

Even though both classes of spatial semi-discretizations employ formulae of

stated unambiguous order of accuracy, for a uniform cartesian mesh, and lead to

bounded solutions for significant aerodynamics simulations, uncertainties regarding

the level of induced artificial dissipation and the objective accuracy of the cor-

responing numerical solutions remain, since the current research lacks complete

quantitative stability analyses for the multi-dimensional, real-gas Euler equations

in curvilinear coordinates. Therefore, not even the crucial effect of the coordinate

transformation metric data upon algorithm stability is sufficiently investigated.

In order to resolve these cited limitations, this dissertation documents a dimen-

sionally complete Lyapunov semi-discretization stability analysis for the full real

gas Euler equations in curvilinear coordinates, within a generalized finite element

Navier-Stokes CFD algorithm. The developed minimal-dissipation scheme utilizes

a fully generalized, curvilinear coordinate kinematic-kinetic flux vector splitting,

where the split fluxes partition the pressure gradient using the local contravari-

ant Mach number resolution. Importantly, the procedure efficiently accomodates

an arbitrary real gas equation of state, while the eigenvalues of the positive con-

travariant flux remain unequivocally non-negative on absolutely arbitrary meshes.



in sharp contrast to the cited potential negative-eigenvalue instability of the van

Leer scheme.

As detailed in the following sections, the coordinate transformation metric data

intrinsically enter the jacobian eigenvalue expressions, and consequently, the sta

ble directional semi-discretization can be rigorously obtained in totally arbitrary

curvilinear coordinates. The developed finite element semi-discretization intrinsi

cally corresponds to a linear combination of second order schemes, as formulated

on all sides of any computational node. This leads to a linear combination of

jacobian matrices over the multi-dimensional computational cell. A crucial Lya-

punov stability analysis for the full semi-discrete Navier-Stokes equations, then

yields a rigorous, eigenvalue matrix non-negativeness stability condition, which at

each semi-discretization node "r" then allows local dissipation minimization using

the embedded dissipation parameter /5r. Importantly, = 0.5 corresponds to the

classical fully upwind formula, and the maximum of semi-discretization dissipa

tion. Whereupon, the intrinsic presence of the coordinate transformation metric

data in this criterion allows the rigorous assessment of mesh non-uniformity and

non-orthogonality issues on semi-discretization stability. Further, is allowed to

vary nodally, thus ensuring uniform minimal dissipation throughout the mesh. Con

versely, for a fixed /3r the mesh can be locally adapted, hence the metric data varied,

to satisfy this rigorous stability criterion and attain an optimal order-of-accuracy

semi-discretization.

10



The Galerkin integral statement is directly formulated in curvilinear coordinates

and associates the local value of the coordinate-transformation jacobian determi

nant with the dependent variable. For accuracy and efficiency, the crucial metric

data are evaluated at optimal locations within each element. The curvilinear co

ordinates of these points axe invariant under any coordinate transformation, and

axe theoretically determined so that the developed semi-discrete operators allow

primitive-coordinate second order accuracy on arbitrary grids, along with uncondi

tional preservation of a uniform free stream, a property that some schemes are cited

to lack. Thus, the algorithm implementation dispenses with element-by-element

Gaussian quadratures, and directly leads to terminal recursion relations in closed

form. Hence, the computational procedure implementation becomes competitive

with difference methodology.

A significant advancement in the determination of well-posedness for the full

compressible Navier-Stokes equations was presented by Dutt [49], who derived state

ments for "maximally dissipative" boundary conditions. In his analysis, these were

determined such that the time vaxiation of a Navier-Stokes system energy func

tional is bounded. The development focused on essentially uni-directional flows,

and heuristically assumed that a bounded energy time variation induced a bounded

solution.

In this dissertation, Dutt's analysis is generalized and interpreted as an appli

cation of a generalized Lyapunov stability theory, [4,5,7,8]. Stable boundary condi-
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tions for the Navier-Stokes equations are derived, and their dependence on inflow

and outflow Mach number is clearly identified and assessed. Further, the connection

between bounded energy variation and a stable solution is analytically established.

The derived conditions constrain the outflow static pressure and the surface de-

viatoric tractions, as well as momentum and heat fluxes, and can be effectively

enforced via the Galerkin weak statement-derived surface integrals. The evalua

tion of these algorithm integrals then completes the terminal stiff and non-linear

ordinary differential equation (ODE) system.

Inclusion of real gas physics, in addition to local mesh refinements, consider

ably stiffens the semi-discrete Euler and Navier-Stokes equations. Stiffness and

non-linearity make it particularly challenging to establish a stable time integra

tion procedure which can also generate accurate solutions using relatively large

time steps (CFL numbers) for efficiency. The backwards Euler and trapezoidal rule

(Crank-Nicolson) time integration eilgorithms are commonly employed in implicit

CFD applications, [25,48], in a one iteration per time step mode. Both algorithms

enjoy theoretical linear absolute stability which portends use of an arbitrarily large

time step A t. The A-stable trapezoidal rule is second order accurate, yet when the

linear-analysis ODE system has a large eigenvalue spread, and if A t is not relatively

small, the scheme amplification ratio decays very slowly or not at all. Conversely,

the backwards Euler amplification factor always tends to zero with large time steps,

however, the algorithm is highly dissipative and only first order accurate.

12



The notions of absolute stability and strong A-stability have both been developed

and analyzed [10] for a model linear ordinary differential equation which indeed pro

pounds use of arbitrarily large time steps At. However, when a highly non-linear

ODE system results, e.g., in the spatial semi-discretization of the Euler/Navier-

Stokes equations, stability can be preserved only at the cost of limiting the time

step A t to values well below those predicted as admissible by linear model stability

analyses, if the temporal algorithm remains non-iterative throughout the solution

process. Progressing towards the elimination of this stability limitation, this dis

sertation presents a two-stage implicit Runge-Kutta scheme that combines second

order time accuracy with non-linear stability. Further, it can be implemented as

iterative within any two consecutive time levels.

The theoretical analysis is based on the recently developed theories of B- con

sistency, B- convergence, and B- stability, [15,18]. It is shown that the implicit

Runge-Kutta (IRK) theoretical framework affords non-linear stability for the full

semi-discrete dissipative Euler and Navier-Stokes equations for arbitrary grids and

time-steps. Further, it contains both the Euler and trapezoidal rule schemes as

special cases. Subsequently, the algebraic stability analysis is applied to these CFD

standard implicit algorithms to elicit their stability features.

The investment of two iterative implicit solutions per time step is ultimately

expected to lead to an economic solver, when the overall cost of obtaining a reliable

solution for several time steps is considered. This derives from the robust stability

13



chaxacteristics of the present algorithm and relevant practical implementation. The

latter is based on a quasi-Newton iteration per stage, which is realized via an efficient

tensor matrix product approximate factorization of the Newton algorithm system

jacobian.

Tensor product factorizations (TPF) are nowadays applied to the solution of

non-linear conservation law systems of PDE's, by suitably extending the original

algorithms for the solution of a scalar linear parabolic PDE. Various improvements

in the pioneering procedure have been developed, over the years, seeking to increase

the order of accuracy, incorporate finite element algorithms and handle arbitrary

curvilinear geometries. Hayes [28,29] utilized an isoparametric transformation to

generate an accurate "patch" approximation of the local element measures on an

arbitrary grid of bilinear finite elements. More recently, Celia and Pinder [40] have

critically analyzed various implementations and emphasized the structure of the

0(At'^) factorization error generated by the discretization of a parabolic PDE.

The common thread of all of these important developments is the replacement

of a multi-dimensional jacobian sparse matrix, with an operationally efficient se

quence employing block m-diagonal one-dimensional matrices. This approximation

clearly calls for the synthesis of adequate methods to handle non-regular multi

dimensional geometries. In this connection the accurate representation of the 2-D

metric data is crucial. In this dissertation, a new TPF algorithm is developed

that associates the determinant of the coordinate-transformation Jacobian with the
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dependent variable, within the time derivative, and directly utilizes 2-D metric

data in the computation of the curvilinear 1-D differential operators. This proce

dure departs totally from traditional finite element practice, and results in a 2-D

mass-matrix free from any mesh measure dependency. This eliminates the need
»

to approximate this determinant [28,29], hence eliminates the associated error and

permits the exact factorization of the 2-D mass matrix in terms of 1-D mass-matrix

components which, in turn, allows an accurate factorization of the 2-D differential

operators on arbitrary meshes.

The present scheme is developed upon capitalization on the topology of an ar

bitrary mesh of Lagrangian bilinear finite elements. The specific factorization for

mulae are presented for 2-D convection and diffusion operators and the relevant

errors identified. These involve metric-data averages and jacobian term approxima

tions. Whereupon, a novel iterative procedure is discussed to minimize such errors.

This procedure utilizes the TPF matrix as the implicit part of an iterative solution

algorithm.

The developed finite element CFD algorithm is verified for benchmark probelms

in quasi-l-D, 2-D and axisymmetric geometries for transonic, supersonic and hyper

sonic ideal and real gas inviscid and viscous flows. These include a de Laval nozzle

configuration for various flow criticalities, an Moo = 0.65 flow about a parabolic arc

airfoil, an M^o = 2.2 inviscid and viscous schock reflection problem, an Moo = 3.0

wedge flow, and an Moo = 8.0 flow about a sphere-bicone missile configuration. All
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CFD solutions are verified monotone and essentially non-oscillatory throughout the

computational domain, including the boundaries, and each accurately resolves all

flow features including weak and strong shocks, attached and detached, expansion

waves, and boundary layer-inviscid flow interactions.

This dissertation is organized as follows. The governing conservation law sys

tem and associated curvilinear-coordinate characteristic analysis are presented in

Chapter 1. Chapter 2 then details formulation of the fundamental strong and weak

integral statements, with well-posed boundary and initial conditions discussed in

Chapter 3. The crucial issue of dissipative spatial semi-discretizations for hyper

bolic systems is then considered in Chapter 4, where the essentially kinematic-

kinetic curvilinear-coordinate flux vector splittings are developed. Whereupon, the

finite element directionally biased semi-discrete integral statements and associated

Lyapunov stability analysis are developed in Chapter 5, while the optimal metric

data evaluations are formulated in Chapter 6. The terminal solution procedure is

presented in Chapter 7 and the implicit non-linearly stable Runge-Kutta scheme is

derived in Chapter 8. Chapter 9 then details the tensor matrix product factoriza

tion. To conclude, Chapter 10 presents thorough validations for a comprehensive

set of benchmark problems in quasi 1-D, 2-D and aocisymmetric geometries for tran

sonic, supersonic and hypersonic flows.
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Part I

The Continuum Statement
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Chapter 1

Governing Equations

The non-linear Eulerian partial differential equation conservation law system gov

erning unsteady and compressible aerodynamic viscous flows is,

^(9) = ̂  + V-(/-r) = 0, on f>to (1.1)

where 3?+ denotes the positive real number field and n indicates the spatial dimen

sionality. Further, q = q{x,t) is the dependent state variable, f = f(q) is the

kinematic-kinetic flux vector and = f{q) contains the constitutive dissipation

fluxes. In the sequel, a lower case letter denotes an array, capital letter denotes a

square matrix and boldface signifies a vector.
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1.1 Flux Vector Expressions

The cartesian-component Navier-Stokes equations are obtained for (1.1), using sub

script i, j tensor indices, through the following specifications

P rrij 0

q = < rrii •  , f=^ fj = ' mirrijlp-\- pSij (Tij

E {E-Vp)mjlp aijirii/ p — qj

(1.2)

In expressions (1.2), p is the fluid density, rrii = pui is the linear momentum vector

resolution, E is the volume specific total energy, and p is the static pressure. Further,

for a laminar flow the deviatoric stress tensor cT,j and heat flux qj definitions are

-  I 2d{mk/p), '

a = -HT)
dT

dxj

(1.3)

(1.4)

In (1.3), (1.4), T is the static temperature, while p{T) and k{T) are respectively

the temperature-dependent dynamic viscosity and heat conductivity coefficients.

Definitions (1.1)-(1.4) model the unsteady laminar flow of any newtonian fluid

satisfying the Stokes' hypothesis. A specific fluid is then mathematically identified

using specific expressions for p{T) and k{T), along with an equation of state defi

nition for the static pressure p and temperature T. For homogeneous air, the latter

equations can be expressed as

P = P{P,£) , T^T{p,e)
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where e is the specific internal energy per unit ma^s with state variable q resolution

E  rriimiX-/ tlUtllV*

« = (1-6)

Therefore, E corresponds to the sum of internal and kinetic energy, while p and T

are function of q in the form

P = p{p,e{p,mi,E)) (1.7)

T = T{p,£{p,mi,E)) (1.8)

The theoretical developments in the following Sections are valid for any form of

(1.7)-(1.8), hence universally apply for both reacting and ideal gas situations.

1.2 Equilibrium Real Gas Simulation

1.2.1 Chemical Equilibrium Equations

Real gas simulation is efficiently and accurately performed, in the equilibrium high-

temperature regime, using a five species air model coupled with an equilibrium-

constant equation solution as follows. The Dalton's law equation of state for a

reacting gas is

P = RpTt^^ (1.9)
»=1

where R is the universal gas constant, Mi is the molecular mass of the species,

and Yi is the associated mass fraction. In the sequel, 1 < f < 5 corresponds to the

species O, N, NO, O2 and N2 respectively.
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The reacting gas energy expression in terms of the specific internal energy e is

(1.10)

where Cp,- = 5/2(i?/M,), i = 1,2, and Cp,- = 7/2(/2/M,), % = 3,4,5. Further, /i° is the

formation enthalpy and is the characteristic vibrational temperature. In these

conditions, the internal energy e comprises the species formation chemical energy,

the molecular translational and rotational kinetic energies, and the molecular vi

brational potential energy with equilibrium magnitude characterized by the static

temperature T. Expressions (1.9) and (1.10) clearly constitute special cases of (1.7)

and (1.8).

If no chemical reactions occur, then the mass fractions Yi are constant, and

the last term in (1.10) vanishes. Further, if no vibrational modes are excited, the

exponential term in (1.10) also vanishes. These constraints yield the ideal gas model

which consists of a volumetric mixture of 21% of oxygen and 79% of nitrogen for

atmospheric air. The state equations for this gas are obtained from (1.10) and (1.9)

as

£ = c„r (1.11)

7?.
p = KpT = —pe = (7 - l)pe (1-12)

Cy

where 7Z is the inert air constant

R = (1.13)
i-4

Relations (1.12)-(1.13) imply Mayer's relation Cp — Cy = TZ and the (constant)

specific-heat ratio 7 = Cp/cy. Whereupon, insertion of (1.6) into (1.11)-(1.12) yields
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the state variable q resolution for p and T as

/  .s (-^ rriimAp = (7-1) (1.14)

In the general case of a neutral reacting gas, the full expressions (1.9), (1.10) are

used along with the fundamental independent dissociation and exchange reaction

equations

O2 + M ̂  20+ M

N2 + M ̂  2N + M

N2 + O2 + M ̂  2N0 + M (1-16)

where M denotes a species collision factor. The law of mass action for (1.16) yields

Yl _ M2MT) Yl _ MIK2{T) Yi MIIU{T) ^ ^
M^p ' ¥4 M4P ' F4T5 M4M5

where i^i(r), K2(T), and K3(T) are equilibrium relations available from latest

spectroscopic data as well as atomic and molecular constant calculations [42,57].

Equations (1.17) supply three constraints on the five mass fractions Yi. Conse

quently, two more equations must be formulated for closure. The first is global

mass conservation,

5  /?• ®
1  ' since Yi = — , = P (1.18)

.=1 P ,=i

while the second expresses the uniformity of local proportion of oxygen nuclei rela-
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tive to nitrogen nuclei for air, as

(^ + ̂  + 2^)''21= (#-+^ + 2^)/™ (1.19)V Ml M^ M4) \ M^ M3 M5 J

In current analyses, for a given thermodynamic state (/9,£), the temperature T

and composition mass fractions Yi,l < i < 5 are determined through a simultaneous

solution of the six equations (1.10), (1.17)-(1.19), with eventual multi-dimensional

interpolation. As an innovation, and of efficiency impact, the same analytical solu

tion of these equations is herein developed in terms of T and the nitric oxide mass

fraction Y3, using a far more convenient two-equation system, also amenable to an

alytical pressure derivative determination as follows. Equations (1.18) and (1.19)

are linear and yield, for a.-j dependent only on the molecular masses

Yi — (aio — I4 -t- Oiial^) = 0 , Y^ — (0:20 ~ Y5 0:23^3) — 0 (1.20)

Further, insertion of the second of (1.20) into the first of (1.17) yields a quadratic

equation in Y5 alone, with physical solution

IpM^ J y pM^ y ^pMs J J

(1.21)

The analogous solution for Y4 is

(1.22)

whereupon, for any Y3, Yi and 1^2 are determined via (1.20). Hence, for given Y3 and

T the mass fractions 17, i =1,2,4 and 5 are directly determined, yielding pressure
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via (1.9).

Temperature T and nitric oxide mass fraction Y3 are then determined as the

solution of the two-equation system

/. . y3-M3(ungg)"^0

(1.23)

with Yi, i =1,2,4 and 5 expressed via (1.20)-(1.22). For a given input state q =

{p^mi,E), hence given p and £, and Q = {F3,T}^ this system is cast as

F{Q) = F{Y3,T) =
MYs^T)

f2{Y3,T)
= 0 (1.24)

The Newton algorithm for (1.24) is

= -

P,E

-1

in (1.25)

with initial conditions , where j~ denotes a location adjacent to a neigh

boring one where system (1.24) has already been solved.

The other key innovation is that iteration (1.25) is in closed-form, since the

2x2 jacobian inverse can be analytically established. Thus, evaluating (1.25) is

relatively inexpensive, leads to a quadratically convergent process (two or three

iterations, owing to the good initial estimates), and directly yields Y3 and T, hence

p via (1.20)-(1.22) and (1.9).
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1.2.2 Pressure Partial Derivatives

An implicit CFD algorithm requires the accurate computation of the jacobians of

pressure with respect to the state variable q. These are analytically established via

the partial derivatives of Ti, 1 < i <5, and T with respect to p and e as follows.

Considering that Q = Q(p,£), the differential of both sides of expression (1.24)

yields

,SQJ,,,\dp
Q,p/

(1.26)

This constitutes a linear combination on the linearly independent differenticils dp

and de, which holds true if and only if their coefficients independently vanish, pro

ducing the two linear systems

dp.

-1

de ,

-1

(1.27)

The jacobian in (1.27) is invariant and coincides with that in (1.25). Therefore,

(1.27) directly supply the required derivatives of and T. The derivatives of

^ii ^ —1)2,4 and 5, are then determined via these expressions and (1.20)-(1.22).

Consequently, the thermodynamic pressure derivatives are analytically expressed

as

dp Yi 'dT 1  (dYi
.dp, dpJM^i ^ Mi \ dp

de,

(1.28)

(1.29)
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Finally, the pressure derivatives with respect to the flow state variable q are com

puted as

"■(S) -{¥)(&)/ p,m, J p J p,m, \^"^'/ ) p\^''^* / p,m,,E
(1.31)

Therefore, (1.20)-(1.22), (1.25) and (1.27)-(1.31) can be implemented for accu

rate computation of equilibrium real gas pressure and pressure derivatives.

1.3 Dimensional Analysis

For aerodynamic simulations, the typical reference state for the non- dimensional-

ization of q{x,t) and the flux vectors f{q) and /"(?) is the inlet state, with density

Poo and principal velocity component as well as a convenient length measure

L. Time is scaled by LfUoo whereas static pressure and total speciflc energy E are

scaled by the reference dynamic pressure PooU"^. The reference temperatute

then obtained using the ideal gas state equation as

^ (t^) (1-32)
Here Moo denotes the (freestream) reference Mach number associated with Uoo and

Too- Using these reference values, the non-dimensional inlet variables are expressed

as

— = 1 . ^ = 1 (1.33)Pref ^ref
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Poo _ 1 Too _ 1

Pref ' ̂re/ 7^^
(1.34)

Tjqo Poo I 2. ^ L1. n
Pref ~ (7 - l)Poot/^ 2 7(7 - 1)M^ 2

With this non-dimensionalization, the state variable q and flux vector fj{q) remain

invariant, hence the reference Mach number Mqo does not explicitly appear as a

multiplier in the convection terms in (1.1). However, its influence on the flow field

is reflected in the magnitude of the inlet static pressure, temperature and total

volume specific energy via (1.34),(1.35). These relations indicate that for growing

Moo, the non-dimensional values of the inlet pressure, temperature, and volume

specific energy approach the limits 0.0 and 0.5 respectively, which express the Mach

number invariance principle for hypersonic flows [22].

Finally, the non-dimensional deviatoric stress tensor and heat flux vector are

expressed as

P*{T) f a(m./p) d(mj/p) 2 d{mk/p) \ , .

7fc*(r) f dT \
{'y-l)Re Pr\dxjj ^

In these relations. Re and Pr denote the Reynolds and Prandtl numbers respectively

defined as

, Pr = ̂  (1.38)
f^OQ ^00

where Cp is the specific heat at constant pressure while poo and denote the

freestream dynamic viscosity and heat conductivity, respectively, evaluated at Too ■
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1.4 Transport Coefficients

The non-dimensional transport coefficients k* and fi* in (1.36) and (1.37) are defined

as

^ , k'{T) =
/^ JCC n

(1.39)

These ratios are derived from the Sutherland formulae [11]

JL 01To J \T/To cjQ j

/  1 + ̂0 -
TqJ \T/To + <f>o^

(1.40)

(1.41)

Here, To = 273.1/\° is the Sutherland reference temperature and the constants are

Wo = 0.404800651

(j)o = 0.711960944,

(1.42)

(1.43)

Thus, k* and /x* are computed using

-1

>oj ifco. JL JL fJ-oo
-1

(1.44)

which yields

JL
,/^oo ,

3/2

X 3/2

(  1 +
Wq

Tqo/Tq
T/T -i =^2f ■'■OO \ rn irn

-Loo/-to

<f>Q
Too/To1 +

T/T -I-•L / -Loo \ rn /rn
■Loof J-Q

(1.45)

(1.46)
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However, the non-dimensional temperature variable is hence

Too/ I T..W V J T -'

Insertion of (1.47) into (1.45)-(1.46) yields the terminal generalized Sutherland for

mulae

(£) = »■-
(i) = <■•'

where uj and (f) are now defined as

_  CVo (f)Q
tM^Too/To ' jM^T^/To

In the sequel, (1.48) and (1.49) are denoted as and gg. Further, the term
7

RePr (7 - 1) replaced by (Pe)~^, the inverse generalized Peclet number.

1.5 Curvilinear Coordinate Formulation

1.5.1 Coordinate Transformation

Among several advantages, useful simplifications in surface definition, and bound

ary condition enforcement accrue from a curvilinear coordinate formulation of the

governing equations. For example, an aerodynamic surface, say a fuselage, can be

uniquely defined by the expression 773 = const, with 773 denoting the curvilinear

coordinate issuing from the surface. Likewise, the no-penetration flow boundary
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condition can be stated as V3 = 0, where ̂ 3 denotes the contravariant component

of velocity along the normal direction to the 773 = const surface, see Section 1.5.3.

The cartesian coordinates x are transformed into curvilinear coordinates rj via

the relation

X = x(ti) (1-51)

Function (1-51) is assumed to be single valued and have continuous first partial

derivatives. The jacobian J of the coordinate transformation (1-51) is expressed as

8x 8xj
8rj 8r}i

J =

The relation between the a:,- and rjj partial derivatives is then

(1.52)

dxj
dr]i

= J (1.53)

Therefore, the partial derivatives with respect to the cartesian coordinates Xj are

expressed using the inverse of (1.53) as

= J
-1 d 1

det J • J
-1 I (1.54)

I  J I j ^

where det J does not vanish and keeps a uniform sign in Vi. With these specifications,

the entries of the matrix det J • J~^ are denoted as [ejk\- In the general 3-D case,

the expressions for det J and [e.jk] nre

J _ ^^2 dxz dx2 8x3 dxi
dill dr]2 dT)3 dr]i dr]2 dr]3
8x3 8x1 8x2 8xx 8x2 8x3

8t}i 8t]2 8r]3

8x2 8x3 8x\
8r)3 8rj2 8r}i
8x3 8x\ 8x2

8r]3 8t]2 8r]i 8r}3 8r]2 8r]i
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dx2 dx3 8X2 8X3
^11 =

drj2 dr]3 8t]3 8r}2
dx2 8x3 8x2 8x3

ei2 =
dr]3 drji 8t}i 8rj3

8x2 8x3 8x2 8x3
^13 =

8t]i 8rj2 8r}2 8t]i

8x1 8x3 8x1 8x3
621 =

8t]3 8t]2 8r}2 8t)3
8X1 8X3 8x1 8x3

622 =
8r)i 8ri3 8r]3 8rii
8x1 8x3 8x1 8x3

^23 =
8r)2 8rji 8rii 8rj2

8x1 8x2 8xx 8x2
^31 —

8r]2 8tJ3 8r}3 8ri2
8x1 8x2 8x1 8x2

632 =
8r}3 8r)i 8t]i 8r]3
8x1 8x2 8xx 8x2

633 =
8rii 8ri2 8r]2 8r]i

In 2-D, these expressions simplify to

det J =
8x1 8x2 8x2 8x1

8t]i 8t]2 8r}i 8rj2

8x2 8x2
Cll — +0  > 612

8t)2 drji

601 = —

8X1 8x1

(1.56)

(1.67)

(1.58)

(1.59)

(1.60)

(1.61)
OV2 orji

These functional forms for the metric data ejk, with continuous partial derivatives

in their definition domain, lead to the fundamental invariance relation

i:^=0 , V, (1.62)
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in both 2-D and 3-D. Furthermore, for each k, the metric data ejk constitute the

components of a vector orthogonal to the surface rjk = const, as follows

dxj dxj
ni =

dr]2 dr]3
dxj dxj

712 =
dm"'' dm
dxj dxi

773 = drii dr}2
(1.63)

where x denotes the vector cross product, and Cj corresponds to the cartesian unit

dxj
vector set. In the expression defining ni, for example, the two vectors ——Cj and

or}2

dx'
are tangent to the r]2 and rjs axes respectively, at (r/i,772, Jya)- Thus, nj is

dr]3

locally orthogonal to the 772 — 773 facet. The components of rii are determined from

its definition with the classical determinant rule as

,  , dx2 dxz dx2 dxz
(77l)l -

(771)2 =

(771)3 = (1.64)
dr]2 dr)3 ^773 dr]2

which coincide with Cji, 1 < j < 3. Analogous derivations then verify that the

components of Uk are indeed ejk, 1 < j < 3, 2 < A: < 3. In 2-D, similar conclusions

regarding the geometric meaning of ejk, 1 < i, A: < 2, are obtained setting X3 = 773,

and Xk = a:fc(77i,772), 1 < A; < 2.

Whereupon, this fundamental metric data ejk meaning leads to a significant

interpretation for the contravariant components of velocity resolution, as detailed

in Section 1.5.3.
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1.5.2 Curvilinear-Coordinate Equations

The non-dimensional Navier-Stokes equations (1.1) under the generalized curvilin

ear coordinate transformation (1.51)-(1.54) and in tensor notation are

The non-dimensional deviatoric stress tensor a.j and heat flux vector qj are analo

gously transformed to

9n

Re

tjr d{mi/p) eu d{mj/p) _ 2 Ckp d{mk/p)^
detJ drjr det J dr]i 3 det J drjp ''

<lj =
IL
Pe

ej( dT

det / drji

(1.66)

(1.67)

For a time-independent coordinate transformation, det J does not depend upon

time hence can be brought inside the time derivative, yielding

(1.68)

Equation (1.68) constitutes the so-called "weafc conservation law /orm"[44], since

the metric data stand outside the differential operators. Conversely, the '"''strong

form" [44] is obtained by bringing these data inside the spatial partial derivative

operator. Invoking the fundamental metric invaxiance identity (1.62), the equivalent

final form is

|(5 n det J) + £- (/, - /;)) = 0d

dr]k
(1.69)

For definitiveness, system (1.69), by components of q defines

d  d—{p n det 7) + ̂  (ejfcmj) = 0 (1.70)
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as the continuity equation,

_9
dt

J__d_
Re drjk ^jk9^

(m,- • det J) + ^ejk^mi + ejkpSi^^
/ Cjr d{mi/p) eu d{mj/p) _ 2 Cks d{mk/p)
\detJ drjr detJ drji 3detJ drjs Sii = 0

(1.71)

as the momentum equation set, 1 < i < n, and

|(B.de.i) + A(e,,^(£+p))- 1  d
^jkge-

Cji dT'

J__d_
Re drjk

^jkdfi

Pedrik det J dm

( ejr djmilp) ̂  eu d{mj/p) 2 Cfc, d(mk/p)
p \detJ dm detJ drp 3 det J drj^ Sii'3

(1.72)

as the energy equation.

In (1.70)-(1.72), the partial derivative expression

dKk d rrii

Sit drit V'* p ' (1.73)

for the intrinsically kinematic flux Kk

_  rrij ^ rrij
R-k — ̂jk ' g — Cjfc

p

rrii

E + p

(1.74)

corresponds to a fundamental streamline-differentiation expression for the flux || V|1 •

q as follows. The pk partial derivatives in (1.74) can be restated as

/ 5 1 efcj f 5 1
(1

dpk det J \ d(j

ekj - det
-1

.75)

(1.76)

34



using the analysis of Section 1.5.1. The coordinates 1 < i ̂  define the

streamline coordinate system, with axis parallel to the positive velocity direction

and 2 < fc < n, mutually orthogonal to (^i. Therefore, relations (1.75)-(1.76)

correspond to the unique coordinate transformation that maps the rj system into

the ̂  system, and allows restatement of the A:"' contravariant velocity component

as

for V lying along ̂i. Such a transformation exists and is unique since the n velocity

components and n coordinate directions yield exactly n + (n — l)n = linearly

independent constraints for the determination of the elements in J.

Inserting (1.75)-(1.77) into (1.73) yields

9 ( ruj \ I d (^idr]k_

Consequently, (1.73) in the governing equations (1.70)-(1.72) expresses the stream

line differentiation of || V^|| • q, augmented with a measure of the deviation between

the rj and ̂  systems. Evidently, those coordinate systems with vanishing streamline-

system deviation measure are particularly interesting.
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1.5.3 Contravariant Velocity Components

In (1.70)-(1.72), the momentum vector resolution and deviatoric stress tensor re

main cartesian, even though the governing equations are cast in generalized curvi

linear coordinates. Consequently, the relation

Vk = (1.79)

pervades these equations, and constitutes the contravariant velocity component

resolution. For each value of k, expression (1.79) coincides with the vector dot

product of Uk and velocity V

Uk'V = (1.80)

owing to the expressions (1.63) for Uk. Consequently, the A:"' contravariant compo

nent (1.79) is proportional to the component of velocity V in the direction orthog

onal to the surface r]k = const. With this fundamental interpretation, the efficient

enforcement of the no-through flow boundary condition along the 77^ = const, sur

face is then obtained setting Vk = 0.

1.6 Mathematical Character

1.6.1 Canonical Form

The governing equations (1.70)-(1.72) constitute a second order partial differential

equation system, owing to the presence of the second order physical-diffusion spatial
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partial derivatives with coefficients Re ^ and Pe~^. Consequently, as the Reynolds

number increases, the governing system (1.69) tends to the limit first order Euler

conservation law system

which is cast in the canonical form

h. - 0 no,)

since the flux vector fj = fj(q) is a function of q. The corresponding flux vector

jacobian matrix Ak = jg ̂  _
dq

(  \

0  ? ^ek , 0

m,- ̂
^jk 2^*'^ , Cfk \- GikPmt + Gjk ) ^ikPs

P  p p

+ p) + , ^(E + p) + + ps) ̂
(1.83)

Here, 1 < (i, < n are the row and column indices, for the n-dimensional resolution

of momentum, whereas the subscript notations pp, and pe are defined via

(1.30)-(1.31).

Thus the mathematical character of (1.82) depends upon the real or complex

nature of the eigenvalues of the matrix [21]

.  ̂ 9(eikfi) AA^ = Y,^k^f^ ; Y.'^k = l ; Vcu, €3f?' (1.84)
A:=l k^l

Due to the linear structure of Ak with respect to the metric data V £,k,

the terminal form of A^ coincides with that of Ak upon substitution of e^k with
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^iui =^k&tki^ Therefore, the eigenvalues of are real (or complex) if and only

if the eigenvalues of Ak are real (or complex).

1.6.2 Characteristic Eigenvalue Analysis

The eigenvalues of Ak are the solutions of the characteristic equation

(1.85)

which corresponds to a real-coefficient algebraic equation of degree m = n -f- 2, with

exactly m roots. This characteristic equation can be expressed as

^"k ~ ^ + ... + (-!)"* = 0 (1.86)

with coefficients /c, expressed in terms of the trace s,- of the power {AkJ of Ak

through the Newton formulae [21]

Kl - -|-Si

«2 = ~2 "■ '^I'Sl)
1  ,

'^3 = +-(53 - «i52 +/C25i)

—

(_l)m-l
m

(sm — KiSm-l + K2Sm-2 ■ • • + ( — 1)^ (1-87)
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Significantly, these formulae eliminate the formidable algebraic task of developing

the determinant in (1.85). In 2-D, the coefficients Ki^, are developed as

irij rrij
'^^jk "h ̂ jkPmj ^jk PE

P
2

=

„ / m,\ „ m, ( nrii , , \
3 I ~ I + — ( ejfc — (1 + Pb) + ejkPmj 1

(rrii Pe \\^ Pmj "I" Pp H ~ p) j

"<1 = - ''J* ~

Correspondingly, the roots of (1.86), hence the eigenvalues of Ak are determined as

^jk

\  1 / 'rrij \

J_ (^ ( P£ / ^= ̂  I 4 + ejk—pE 1 + Cjktjk \ —Pm,Pp A—{E+p)\ I

(1.89)

For a homogeneous gas, the argument of the square root is always positive, as proven

in the following section. Therefore, for any integer value of fc, hence any value of

the coordinate transformation metric data eik^ the eigenvalues ^ are always real.

Further, Ak has a complete set of eigenvectors, since this property is classically

verified for tjk = ̂jk [21]. Consequently, the real gas Euler conservation law system

(1.82) is a hyperbolic system which, as such, models wave propagation phenomena.

According to the eigenvalues (1.89), the flow field waves are convection waves, with

characteristic speed j — C'' , and a combination of convection and pressure
y/^jk^jk
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waves with characteristic speed vt,. = —:===. For an aerodynamic large but finite

Reynolds number, the governing Navier-Stokes equation system (1.1), (1-69), thus

constitutes a parabolic perturbation to the Euler hyperbolic system.

1.6.3 Homogeneous Gas Eigenvalues

The eigenvalues (1.89) are determined for totally arbitrary state equations, even

more general than (1.6)-(1.7), since the fundamental pressure partial derivatives

dp
— are not replaced by any specialized relation. For a homogeneous gas, relations
dq

(1.6)-(1.7) lead to a considerable simplification of by allowing the restatement

of the partieil derivatives of pressure with respect to the components of q in terms

of q, alone, as follows

Therefore, Xk^ ̂ simplify to

Afc3,4 = Cjk^ ± (ejkCjk + Pp + y (-^ + p) j^ (1.92)
For a uniform cartesian coordinate system, this expression reduces to

= — ± (—Pm, +Pp + — {E + p)"] (1.93)
P  \ P P J

In such a coordinate system, the eigenvalues Xk3 ̂ are classically known as

Afca =—±c (1-94)
P
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where c denotes the speed of sound [21,44]. Consequently, the pressure-derivative

square root expression in (1.92)-(1.93) must correspond to an alternative relation

for the sound speed c. Thus

c= + Pp + ̂  {E + p)^ (1.95)
This assertion holds true for any form of (1.7) as follows. The definition of the

square of the sound speed for a homogeneous gas is

^^"(Disen
Considering that e = e{p, s), with s denoting entropy, (1.96) is expressed using (1.7)

as

isen

Whereupon, invoking the first principle of thermodynamics

de = SQ-6C = 6Q-ps(^ =8Q + ̂6p (1.98)
leads to the following expression for the isentropic partial derivative of £ with respect

to p

W^Asen
Therefore, the square of the sound speed is expressed as

(1.99)
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The pressure partial derivatives in the argument of the square root (1.95) can

also be expressed using (1.7), leading to relations (1.30)-(1.31), cast as

- n &);{-?)
r. - (^1 + 35/9/ ̂ \de) ̂ \ p'

- = (I);©
Therefore, the terminal expression for a? is

a  = —Pm, + Pp + I 1 PE

f^] f ^ I I I^P\ +
\dei;\ p^-^ p3 )^{dej;\p^^ P^j

= (I),-Mi),
which coincides with (1.100). Consequently, (1.95) is indeed an alternative relation

for c, hence the argument of the square root in Afcj ̂  is positive, which proves that

these eigenvalues are real.

Finally, for an ideal gas, the pressure state equation (1.12) yields the following

expression for the square of the sound speed

= (7 - 1)£ + 4(7 - I)/' = - + (7 - 1)- = 7- (1.103)
P  P P P

which coincides with the classical form.
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1.6.4 Curvilinear Coordinate Mach Number

The developed interpretation for the argument of the square root in (1.92) shows

that the combination of convection and pressure waves corresponds to acoustic

waves emanating from a representative fluid particle flowing with local contravariant

velocity ^. These acoustic waves can propagate upstream in the curvilinear

direction if the following inequality is satisfied

- < (1.104)\  P / ^ J2.

This inequality directly leads to the curvilinear-coordinate definition of the square

of the Mach number

f ejkrrijV

{Mkf = ̂ ^ \ (1.105)
^jk^jk ' ̂

Therefore, if {MkY > 1, the flow, as referred to the ij curvilinear coordinate system,

is supersonic. Finally, for a uniform cartesian coordinate system, (1.105) reverts to

the classical expression

{Mkf = (1.106)

Thus, (1.105) constitutes the appropriate curvilinear-coordinate generalization of

the Mach number.
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Chapter 2

Integral Statements

2.1 Strong Convection Form

An integral statement for the cartesian form of (1.1) is

X w dt ̂  dx, ) dx — 0, \/ W

whereupon, the associated ry-space integral statement for (1.69) is

X w |(5-detJ) +

(2.1)

dij = 0, y w ̂  s'"' (2.2)

In (2.2), Q, is the image of 0 in 77 space and w is an arbitrary element of the Hilbert

space for m > 0. This form is termed ^''strong convection forTn'\ or ^''non-

divergence forrn'^ [14] since the divergence of the inviscid kinematic-kinetic flux

vector are not integrated by parts. For to G S"™ , m > 1, the symmetrized weak

statement form [14] associated with (2.2) is obtained via a Green-Gauss theorem
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applied to the divergence of the diffusion flux vector as

n det J)dr, + J^w^^ (e„A) + /- |^ (e«/0 dn

— <f^wekefuTii dT — 0, Vw 6 (2-3)
Jan

where denotes the component of the normal outward pointing unit vector n

on the boundary dO, of Q,.

The system (2.3) is, by components of q

L  {p n det J) drj + L drj - 0 (2.4)
Jn ot Jn or}(

for the continuity equation,

^10^ (m,- • det J) drj + w-^ + ptkeSk^ drj

+ L ̂tkiCTik drj - i^wekjCTijUk dT = 0 (2.5)
Jn OTji Jan

for the momentum equations, 1 < i < n = 2, and

i "I (E n det J) iv + /. u,|- + p)) dn + /. dr,
^  I [ dw CkiCkj dT , rrii jt. ^ i ^ke^kj dT ^

+  "'"J""" '^-TeL "d^uW"' °
(2.6)

for the energy equation.

Any continuous solution of (1.1), hence (1.69), also satisfies the integral state

ment (2.3). However, the classical weah solutions with embedded discontinuities,

shock waves for example, can only satisfy the weak statement, as developed next.

45



2.2 Weak Statement

For w G S'^ , m > 1, a weak statement form associated with (2.2) is obtained via

a Green-Gauss theorem applied to the divergence of the inviscid kinematic-kinetic

flux vector as

. det J) {eu (A - /O) it

+ <f^ wtktfkni dV - i wekifkUt dT = 0, Ww £ (2.7)

For an inviscid-flow speciflcation, (2.7) can be satisfied by any suitable, possibly-

discontinuous Lebesgue integrable distribution [12], since the kinematic-kinetic flux

vector is not differentiated.

The system (2.7) is, by components of q

k "m - k + L ""'"=''7"' -T = ° (2-8)
for the continuity equation,

kw^ (m,. det J) dr, - /_ dv + /. dn

+ i wrmeje—^-ne dT + i wckt ipSik — crik)ne dT = 0 (2.9)
JdQ p JdQ ^ ^

for the momentum equations, 1 < f < n = 2, and

. det J) d, - + p)) d„
^fdw (rrn \ , r> -1 f ^kj dT ,
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+  wEeu—nt dV + wtkt— (pSik - cr,fc) n( dT - Pe ̂  wektqkni dP = 0
JdO. p Jdu p JdQ

(2.10)

for the energy equation.

Of theoretical significance, since the weak statement surface integrals depend

upon the contravariant momentum flux, total surface tractions and contravari-

ant heat flux, well-posed boundary conditions can be obtained in terms of these

physically meaningful integrands, as proved in Chapter 3. Hence, such identifled

boundary conditions can be efiiciently imposed via the developed surface integrals

in (2.8)-(2.10). As another theoretical advantage, the continuum weak statement

directly leads to generalized, inviscid-flow jump conditions as developed next.

2.3 Jump Conditions

For a cartesian reference, hence xj = pj, and a steady state inviscid flow, the weak

statement (2.7) specializes to

-^|^(/fc(9)) + = Ww e (2.11)

In (2.11), Q, can be interpreted as an arbitrary control volume with surface dQ., and

differential elements dO, and dF, while rik denotes the appropriate resolution of the

outward pointing unit vector n orthogonal to see Figure 2.1.
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bow shock
tfoo

Figure 2.1: Shock Surface Control-Volume Detail

For an arbitrary cylindrical control volume that 1) intersects an arbitrary shock,

2) keeps its bases constantly parallel to the shock surface, and 3) shrinks to zero

measure in the n direction, then (2.11) yields

S UM)) nj = 0
j=i

(2.12)

Hence, since w is arbitrary, the jump conditions as expressed in (2.11) become

E{A(/,(9))n,} = 0
j=i

(2.13)

In (2.12), Afj(q) is the jump in fj{q) across the shock. Thus, (2.13) stipulates that

the vector of variations is orthogonal to n.
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(y Xp

n

Figure 2.2: Local Normal Unit Vector Detail

The jump conditions (2.13) are conveniently cast in terms of the local shock

surface directional derivatives. With reference to Figure 2.2, let the differentiable

function

F{Xi,X2,X3) - 0 (2.14)

describe the shock surface.

At any point P in the definition domain of F'(-) = 0, the local orthogonal unit

vector n and tangent plane facet £ exist. Consequently, the expression for n is

VF
n =

dF

dx,^^
|VF| |VF| (2.15)
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with local directional derivatives

dx\ dxi
tan ̂2:1x2 — "o ? (2.16)

0x2 ux^

Since the differentiable function (2.13) implicitly defines Xi = Xi(x2,X3), expres

sions (2.16) are given as

dF dF

9xi Qx2 dxi Qx3
dx2 dF ' dx3 dF

dxi dxi

Therefore, the terminal relation for n is

^ dxj=2
n

(2.17)

 =
dF

n\VF\
d

(2.18)

Xy

Hence, the multidimensional jump condition relation (2.13) is

A (/.(,)) = A (/,(,)) + A (Mg)) (2.19)

For an arbitrary equation of state, the unabridged form of this expression then

yields jump conditions in terms of density, velocity resolution, pressure, and total

volume specific energy in the form

Piui - P2U2 = (piui - P2V2) + {p\W\ - P2W2) (2.20)
0x2 0x3

ip\u\ -(- pi) - (p2ul + P2) = {p\VlUi - P2V2U2) + {piWiUi - P2W2U2)
'  ̂ ^ 0X2 0X3

(2.21)

(piUlUl - P2U2V2) = [pivl + Pi - P2vl - P2)

(piwiui - P2W2V2) ̂  (2.22)
0x3
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{piUiWi - P2U2W2) = {piViWy - P2V2VJ2) +
dx2

[piwl +Pi- P2wl - P2) (2.23)
dxi

Ui{Ei+Pi) - U2{E2+P2) = {vi{Ei-^Pi)-V2{E2-\-p2))-^ h (2.24)
UX2

Qx^
{wi {El + pi) — W2 {E2 + P2)) -X—

0x3

In (2.20)-(2.24), the scalar components of freestream velocity V are denoted as

(tti,?;i,u;i); the analogous components across the shock are {u2,V2,W2). A conve

nient algebraic rearrangement of (2.20)-(2.24) then yields the terminal generalized

jump conditions as

^El] = [uj dx2 \ui) dx3
^PiJ f _ f

UiJ \UiJ dx2 \U1Jdx3
(P2

^ 2 -
-1

f 1 -
V  \UiJ 0X2 \UiUiJ 6x3

(2.26)

--1El) = Vpi / / dxi

\  \UiJ 0X2 \Ui

uiJ \uiJ /1 f dxi (wi\dxi\ \dx2J

(2.27)
dx'.

}El\ - fE^) ̂  \Pi J fdxi
uiJ \uiJ (._ (}h\d^_ (}^\^\\dx3j

^ \ \UiJ dx2 \UiJ 8x3)
(2.28)

.  fdxi\ {jli ( fvi\ dxi fwi\ dxi 2

.ax.;
Hi \Hi J

(2.29)
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In (2.25)-(2.29), (Mi)^ denotes the freestream axial mach number defined as

(2.30)

"fe)
while H defines the total volume specific enthalpy as

H = E + p (2.31)

Of theoretical significance, equation (2.29) constitutes the shock surface partial dif

ferential equation", with solution the bow shock-surface function = xi {x2,xz),

and hence the directional derivatives (2.17), for specified freestream axial Mach

number Mi, velocity Vi, and thermodynamic state P2lv\i H2lH\. Once the direc

tional partial derivatives axe computed, the shock flow velocity and density ratios

are determined from (2.26)-(2.28), and then (2.25).

Expressions (2.25)-(2.29) revert to the classical formulae for a plane shock in a

perfect gas flow, via the specialization

vi = 0 , 1^1 = 0 (2.33)

Referring to Figure 2.3, (2.29) simplifies to

\dx,j \dx2j tan=/5 tan';8 sW 0 ^ >

Hence, (2.25)-(2.29) yield

fe) = i + (2-35)
52
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- = 1-

UiJ
W2

Ui

El
pi

2 (m2 sin^ ̂  - l)
(7 + 1)M2

2 (m2 sin^ 13-l)
tan (7 + 1) Mf

= 0

_  (7 + l)Mj sin^ /?
(7 — l)Mf sin^ ̂  + 2

(2.36)

(2.37)

(2.38)

(2.39)

which coincide with the classical expressions [22].

M,

Figure 2.3; Plane Oblique Shock Geometry
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Chapter 3

Boundary and Initial Conditions

3.1 Boundary Conditions

The number of Dirichlet boundary conditions for (1.1) is

Euler Equations:

n + 2 conditions for supersonic inflow

n + 1 conditions for subsonic inflow

1  condition for subsonic outflow

0  condition for supersonic outflow

Navier-Stokes Equations:

n + 2 conditions on an inflow boundary

n + 1 conditions on an outflow boundary

as derived from Strikwerda's work [26]. An admissible specific boundary condition

54



set is then derived following Dutt's analysis [49], whereupon it is shown that the

weak statement (2.8)-(2.10) provides by default the venue to enforce the determined

well-posed conditions, both rigorously and efficiently.

3.1.1 Choice of Boundary Conditions

This analysis details derivation of a specific set of boundary conditions that promote

solution boundedness for (1.1), hence (2.4)-(2.10). For an arbitrary partial differen

tial equation system, this analysis is established invoking Lyapunov stability theory,

[4,5,7,8]. This theory employs a non-decreasing functional, or generalized "system

energy", and its total time derivative as associated with the given equation set. As

shown in the sequel, the stability expression can be cast in terms of functions on

the boundary F of the domain fl, which can be constrained to satisfy the following

generalized stability theorem.

Theorem 1 (lannelli) Let V = V(t,q) be a Lyapunov function defined on 3?"'' x

3*?", with t G 3f?''', and q G 3^", which satisfies the conditions:

c(lkll) < V(t,q), where c(||?||) is a continuously increasing function and

c(lkll) ̂ OO as ||g|| oo;

~  ~ where subscript "PDE" denotes the time deriva

tive along a solution q of the given partial differential equation, f is a con-
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tinuous function bounded above and g is a positive continuously increasing

function.

Then the solutions q are bounded.

Proof. If f{t,q) < 0, then this theorem reverts to the classical Lyapunov-theory

stability condition proved in [7]. Conversely, if f{t,q) > 0, then the theorem is

proved by contradiction as:

1. Supposed t* \ = f{t,q)-g(t,q)>0, Vt>r

2. ̂  g{t,q) < f{t,q), V q{x,t) \ t > t*

3. =^V{t,q) grows \/ t > t*

4. \\q(x,t)\\ grows \/ t > t* , since V(t,q) is continuously increasing

5. =>3 Xb, i \ g{t,q(x,t)) > max{f{t,q{x,t))} y t > i,

V a; G 5 = {® : 11® - Xij] < ̂} C <5 > 0, since g{t,q(x,t)) is continuously

increasing and max{f{t,q{x,t))} < K = const., since / is bounded.

However, 5) contradicts 2) hence 1) does not hold V t > t*, and consequently q[x,t)

does not grow V t > f. An analogous contradiction is reached by assuming in 1) an

opposite inequality for the time derivative of V. Therefore, q{x,t) can be at most

a bounded oscillatory function since V{t,q) is not less than a norm of q{x,t) and

Vmin{t,q) < V{t,q) < Vmaxitjq), with Via&x{t,q) < K = const., since 1) does not

hold V t > t*. □
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The application of this theorem can be exemplified via determination of the

well-known admissible boundary condition for a linear hyperbolic partial differential

equation. Thereafter, the corresponding boundary conditions for the full Navier-

Stokes system are established. The linear model equation is

dt dx
(3.1)

defined in the domain [a,fe] x [to,oo), where u is a positive constant. The known

well-posed boundary condition for (3.1) is,

q{a,t) = Qait) (3.2)

without any constraint at x = b, which is readily derived as follows. An admissible

Lyapunov functional associated to (3.1) is.

V{t) = \j\Ux

with time derivative

dt
- r ̂

Ja '^dt
dq .

dx

Equation (3.4), upon substitution of — via (3.1), becomes
dt

dt
= -ul\^dx^-u f

J a UX J a dx
dx

which can be integrated exactly exposing the boundary function

dt
=- u

21 ,21

U

J 37=6

(3.3)

(3.4)

(3.5)

(3.6)
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Note that (3.6) satisfies the hypotheses of Theorem 1 upon setting q{a, t) = qa{t), for

qa(t) a continuous function bounded above. Consequently, the boundary condition

(3.2) is well-posed.

Dutt's analysis [49] indicates that a system energy functional, appropriate for the

full Navier-Stokes equations, can be derived utilizing an Euler-equation "entropy"

functional herein cast as

Viq) = p
\pj \pj ^pp pp

+ (7 - l)p (3.7)

where p and p, to be determined, represent a reference thermodynamic state such

that

and

^(s) -(7 -l)p>0

^-n<o

(3.8)

(3.9)
\P PJ

As shown in [49], V is a strictly positive and convex function that satisfies the

relation

dV dfi dFi
(3dq dq dq

dV
where the expressions for Fj and are herein reexpressed as

dq

.10)

ruj

dq

Fj = [1^(9) - (7 - m

7log(f)-log(|)-Il^^

(3.11)

m'•(7 - 1)
P

(7-1) (f-I

(3.12)
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Herein, the Lyapunov functional is defined as

S{t) = I V dn (3.13)
Ju

dt

dV . .. .
and is derived utilizing the Navier-Stokes equations (1.1) as follows. First

hence,

(3,U)
Oq Ot Oq OXj Oq OXj

dV dVdf, dq dVdf^ ^
dt ^ dq dq dxj dq dx, ~

whereupon, using (3.10)

dV dF, dV df^ ^
dt dx, dq dxj ~

Consequently, the Lyapunov functional time derivative is

S=-/.(S;-fg)-
Integrating (3.17) via the Green-Gauss theorem yields

f=-1 f - X ̂  (1)
Since the domain integral in (3.18) is proved positive in [49], its elimination form

(3.18) yields the following inequality for the time derivative of S

< - £ y "i (V{g) - (7 - 1)?) dr
+ <f (7 - l)z—fijni (ir + / (7-1) (z --) dr (3.19)

JdQ p p JdQ \p pj dXj

For do, = where 5fi,n, dQ^aii and dQ,out are the boundary

segments along which mjUj < 0, mjUj = 0 and mjUj > 0, respectively, expression

(3.19) becomes, in expanded form
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^ < - / ^nj{V{q)-{-f-l)p)dV
(it Jdnin P

, dT+ I (7 - l)z—cr.inj dr + f (7 - 1) ( z - -) Pe dV
Jd^in P p Jd^in \P Pj OXj

+Lj'< -
+ Lj^ " " (p " fl " in™,
+ / (7-1) =— / (7_l)('^-^')pe-i|^n. (3.20)

P /9 ^aOou. \P p) dxj

Inequality (3.20) is instrumental for deriving Navier-Stokes system boundary

conditions that satisfy the hypotheses of Theorem 1, and thereby guarantee solu

tion stability in the sense of bounded energy. Note that (3.20) depends upon the

momentum flux, deviatoric tractions and heat flux, in direct correspondence with

the analogous terms in the weak statement (2.8)-(2.10). Consequently, the extracted

boundary conditions constrain the values of these terms and are directly enforceable

in (2.8)-(2.10). Note also that expressing p, via the state equation (1.14), leads to

the equality

L  - (7 - i)p) =•'"in P

(3.21)

which is instrumental in the derivation of admissible inlet conditions.

The function g(t, q) of Theorem 1 can be identified as

t  771 'g{t,q{x,t))= -lnj{V{q)-{'r-l)p) dT (3.22)
•^Qout P
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while the function f{t,q{x,t)) corresponds to the sum of the remaining integrals.

The following Navier-Stokes boundary conditions prevent the positive growth of

these integrals. Importantly, they revert to admissible boundary conditions as

Re oo for Euler equation system.

Subsonic inflow:

P — pin

E = Ein

^  (3.23)CijUj -
1  ie

dij Sj + Qi
P

where Sj, 1 < k < n — 1, is the tangent unit vector resolution in the coordinate

direction on dT with unit normal rij. Note that the third expression in (3.23) con

stitutes a Robin mixed boundary condition statement for the momentum equations

for any finite Re. The rank of the matrix [a,i, ai2,5t] rnust be n — 1, so that (3.23)

reduces to n — 1 boundary conditions as Re oo. Further, the matrices a,y must

be bounded negative definite and gr,- must be a bounded function. This choice is

valid since for subsonic fiows

Triimi , 7(7 — 1) „ „ .s
< 7p, hence mitni < Ep (3.24)

P  7+1

Consequently both mjiij and T are bounded since both p and E are constrained.

Supersonic inflow:

P = pin

E = Ein
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(rrij) = (rrij).^ (3.25)

This choice is valid since it leads to bounded inflow integrals in (3.20).

Wall boundaries:

mjUj — 0 , inviscid flow

f  1 dT\mj = 0 V j , I oT + ̂"^1 ~ 9t 1 viscous flow (3.26)

where a < 0 and is a bounded function. Note that in either instance, (3.26) leads

to bounded surface integrals on in (3.20).

Concerning outflow boundary conditions, these must lead to a positive function

(3.22) as required by Theorem 1. The function is herein cast as

g{t,q{x,t))= I [7log fz) -log +(7-1)^^-7) dr (3.27)
JdQout V \Pj \Pj PP j

and is positive if the expression in parentheses remains positive, since {mjnj)out > 0.

This requirement is met if the following sufficient conditions are satisfied.

log > 1, V Pout (3.28)

log > 0, V Pout (3.29)

Hence

_  (3.30)
e

P > (Pmax)out (3.31)

where e=2.718 The constraint on p is evidently satisfied without any additional

Mach number-dependent specification on outflow density. Conversely, the constraint
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on p is met for subsonic outflows when a surface traction / pressure boundary

condition is imposed. This is detailed in the sequel, where suitable specifications

are introduced that contribute to the positivity of (3.27), and to the boundedness

and/or negativity of the remaining outflow integrals in (3.20).

Subsonic outflow:

{pSij - (Tij) Uj = Pout>0

where a < 0. These constraints reduce to a single boundary condition on p as

Re —> oo. Note that the constant p in (3.29), and (3.31) exists since pout-, hence

(Pmax)o„f, is constrained.

Supersonic outflow:

(TijUj = 0

where a < 0. These constraints also vanish identically as Re —> oo, and the constant

p exists since po„< decreases with increasing supersonic Mach number.

In summary, (3.23), (3.25), (3.26), (3.32), (3.33) specify admissible constraints

on the surface momentum flux, deviatoric/total tractions and heat flux vector. Note

thereby, that no steady state solution q can exist if the heat flux surface integral in

(3.19) does not asymptotically vanish in time.
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The boundary conditions (3.23), (3.25), (3.26), (3.32), (3.33) collectively prevent

the positive growth of all integrals in (3.20) except the term

L  ["^(9) - (7 - l)p] > 0 (3.34)JaQout P

which is allowed to vary. Consequently, the hypotheses of Theorem 1 are satis

fied, and therefore the solution q of system (1.1), as complemented by the derived

boundary conditions, is bounded.

3.1.2 Implementation of Boundary Conditions

The enforcement of Dirichlet boundary conditions on any entry qj in the state

variable q is effected by replacing the associated conservation equation with the

dqj
statement — = 0, and utilizing the given data as local initial conditions. The

other derived constraints are then keyed to the weak statement surface integrals in

(2.8)-(2.10). Therefore, the wall tangency boundary condition (3.26) is efficiently

imposed via deletion of the momentum flux surface integrals in (2.8)-(2.10) that

would otherwise be computed along any wall segment. The total surface traction

and heat flux boundary conditions are analogously enforced for all values of Re by

replacing the arguments of the relevant integrals in (2.9)-(2.10) with (3.23), (3.26),

(3.32), (3.33). Very likely, the efficacy of this enforcement procedure translate into

the overall monotonicity displayed by the benchmark test case solutions discussed

in Chapter 10.
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3.2 Initial Conditions

To attain a steady-state expeditiously, the state variable initialization q{x,to) should

model in some sense the asymptotic solution. For transonic and supersonic (Moo <

3) external and/or internal flows, an isentropic initialization has yielded a stable and

efficient relaxation to a steady state for the various cases investigated. Conversely,

the efficient numerical evolution to a steady-state hypersonic flowfield about blunt

bodies requires that the initial conditions simulate, to a non-trivial extent, the sharp

entropy gradient existing across the strong bow shock. The determined appropriate

transonic, supersonic and hypersonic initialization procedures are now detailed.

3.2.1 Transonic - Supersonic Flow Initialization

For two-dimensional confined flow problems, the computation is easily initialized

using the isentropic, quasi-l-D steady solution for p and E, with the initial distri

bution for aocial momentum, {m^)2D, determined after establishing the initial values

for transverse momentum, (Tny)2D- Expressing the quasi-l-D continuity equation

source term with the initial {mx)2Di equating it with the partial derivative of

{'n^y)2D with respect to y yields

(m^)2D = im^)QidCOs[e(y)] (3.35)

(m^)2D dA{x) _
A{x) dx dy ^ ^ ^
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where 6{y) is local the geometric angularity. Since (mx)QiD is a function of x only,

and the variation of 6(y) is assumed to satisfy COS 0 ̂  1, then the approximate

direct integration of (3.36) yields

!  ̂ ("2i)2D dA{x)

where yi is the center plane ordinate along which ruy = 0, see Figure 3.1.

(3.37)

y k

\ ̂
A(x)

kX
X

ys

Figure 3.1: Internal Flow Domain Geometry
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Importantly, the distribution of {my)2D computed via (3.37) satisfies the wall

tangency constraint as is easily shown. Assume the geometric form is mathemati

cally expressed as

A{x) = £{yr-Vb) (3.38)

where ̂  = 1 is the channel unit transverse width. Consequently,

1  dA{x)
A{x) dx {y - Vt) =

dys {y - yr)
dx (yr - yB)_

= tan[0(y)]

therefore

dyB jy-yr)
dx (yr - yfl)_ {m^)2D - tan [61 (y)] • (m^)2D

which upon setting y = ys specializes to

(3.39)

(3.40)

my — mx • tan [6 (y)] (3.41)

i.e., the wall tangency constraint. Finally, the corresponding {mx)2£, is obtained via

(3.35) so that

{mx)2D + {'>^y)2D ~ (3.42)

For an external flowfield problem, the procedure is analogous. Specifically, one

replaces y^ with an appropriate reference level y^ in (3.37) so that the values of

(my)2£,, as obtained with y = yr, correspond to an admissible outer boundary

distribution for this momentum component.
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3.2.2 Hypersonic Flow Initialization

A satisfactory solution initialization for hypersonic flows about blunt bodies with

bow-shock entropy rise approximation can be established via an accurate estimate

of the bow shock location in concert with the Rankine-Hugoniot shock conditions,

for pressure rise determination, and a Newtonian impact model for surface pressure

distribution [22]. The surface velocity is in turn computed using linear interpolation

from nought, at the blunt body stagnation point, to the conical flow value, at the

last body surface point. The field velocity is then determined via interpolation from

shock to surface values. Thereafter, density and total volume-specific energy are

computed via the steady-state adiabatic flow equation. The detailed initial field

determination is as follows.

With reference to Figure 3.2, an empirical equation [22] approximating the bow

shock is

R. r / t.T,^ R_ \
(3.43)x = -|R|-|,5| + A+

tan^

where R is the spherical nose radius, 6 is the shock standoff distance, A is the x

coordinate of the nose center, Rc is the bow shock vertex radius of curvature, and

Pa is the bow shock asymptotic angle to freestream, as determined for conical flow

at given Moo and 6c.

68



Bow Shoe

(x, y) Missile Surface
L

M

R

R

Figure 3.2: Missile and Bow Shock Configuration

The geometric parameters 6 and Rc for sphere-cone bodies [22] are correlated as

I
R

R

R

—

^

 = 0.143 exp

 = 1.143 exp

3.24

iie.
0.54

.(Moo - 1)1.2
(3.44)

Therefore, for a given missile geometry, hence R, A, 6c and onset flow Mach number

Moo, the initial bow shock location is completely estimated via (3.43)-(3.44). The

local bow shock angle ̂  is then determined via differentiation of (3.43) yielding

ydx _ 1
dy tan^ {R^ y'^

1  1

(3.45)

Note that as y oo,
tan P tan jda

The angle /? is instrumental for determination of bow shock pressure rise and

post-shock velocity components as follows. With reference to Figure 3.3
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p
Us
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Figure 3.3: Shock Segment and Representative Velocity Vector Resolution

the Rankine-Hugoniot jump conditions are

Ps Poo
1 +

Vco " (l+7)Mi

V„ tan IS (1+7)MJ,

(3.46)

(3.47)

(3.48)

and sin^ ̂  is available from (3.45) as

sin^ 13 =
1

(3.49)

+ 1\tan^ ̂ ^

Therefore, for each abscissa x of a grid point P = ix,y), see Figure 3.2, the ap

propriate values of ys (the shock ordinate) and ys (the body surface ordinate) are

determined. The value ys is computed via (3.43)-(3.44). Thereafter, tan/? is deter-

Psmined via (3.45) and, consequently, the shock jump data — across
Poo 00 'OO 'oc

the shock are established via (3.46)-(3.48). Subsequently, the values for

' OO

P u

PooV^' Voo'
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X)

—, are calculated via interpolation from the shock values to the surface pressure

and velocity.

The surface pressure is initialized using the Newtonian impact model for the

surface coefficient of pressure

Cp = 2sin'^ (3.50)

Consequently, using (3.50) the surface pressure distribution is

(  P \ Poo I n 2 ci \'  ' — + sm 6 (3.51)
KpooV^J pooV^

for given 6 and onset flow conditions, poo, Poo; and Vc^,-

The non-dimensional body tangent velocity component VJ, is determined via

linear interpolation from the stagnation point value, at s, to the conical value Vl,

at L, thus Vb at [xb.,yb) is

(3.52)
\xl - xJ

Hence, the cartesian components and are determined as
^OO 'CO

^ = Vb{xb)-COSe{xb,yb) (3.53)
r oo

^— Vb{xb) ■s\nd{xb,yb) (3.54)
'OO

Therefore, for a given onset flow condition Moo and 14o, and missile geometry, hence

Vl and the body tangent velocity component resolution is determined.

As soon as the intial values of — , ——, ——, are computed, density — and
PooV^ Voo Voo poo

E  .
volume specific total energy ——- axe determined for a steady state adiabatic flow.

PooV^
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In these conditions, the constant total enthalpy

2cpToo + yi = 2cpT + ]/' (3.55)

and the ideal gas law p — pTZT yield

27 p

_P_

Poo

7 - 1 PoqV^

7-1 wyi; Uoo.

E

(3.56)

which allows straightforward computation of density. Then, is established
PooV^

via (1.14) as

E 1  P u  / V ">2

V J \VKOO / ^ ̂  00

(3.57)
p^yi i-^pooVi 2po

Finally, a convenient real-gas hypersonic flow initialization is assumed to coincide

with an ideal gas hypersonic steady-state for the same configuration.
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Part II

Finite Element

Semi-Discretization
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Chapter 4

Hyberbolic System
Semi-Discretization

The theory formulated in this chapter yields a minimally dissipative, spatial semi-

discretization procedure for general non-linear dominantly hyperbolic conservation

law systems in arbitrary curvilinear coordinates. The analytical developments pro

ceed from the pivotal notions of approximate solution accuracy and boundedness,

hence elucidate the unambiguous relation of these solution attributes with flux

vector splitting constructions. The classical characteristic analysis developments,

thus far the sole province of upwind schemes, are then generalized for dissipative

curvilinear-coordinate integral statement synthesis.

4.1 Analytical Solution Boundedness

The fundamental relation between solution boundedness and the eigenvalues of an

hyperbolic system flux vector jacobian is exemplifled in this section through deter-
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mination of the analytical solution for the representative conservation law system

i'E-« <"'

l"E-_ M
^ fThe analysis focuses on a jacobian matrix A = — that exhibits the properties
dq

1. A is constant

2. A possesses real eigenvalues and a complete set of eigenvectors X

The first property allows determination of a closed form solution, while the second

is inherent in the definition of a hyperbolic system [20]. Both properties then

permits identification of (4.2) with the linearized Euler equations that satisfy such

an eigenvector property. The matrix A in (4.2) is then restated using the similarity

transformation

A = XAX-' (4.3)

where the diagonal matrix A contains the real eigenvalues of A. Inserting (4.3) into

(4.2) yields

Hence

| + a| = 0 ; (4.6)
since X is a constant matrix.
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A solution for (4.5), hence (4.1), can be expressed in the form

q{x,t) = v(t)exp{jujx) (4.6)

.  . . Ct?

In (4.6), j = V —1 denotes the imaginary unit, — corresponds to the representative
ZTT

Fourier frequency, and v(t) is an array function of time only, to be determined.

Insertion of (4.6) into (4.5) yields

exp(jajx)—^^ + ju)Av(t)exp(juJx) = 0 (4.7)

Consequently

dv{t)
dt
+ ju>Av{t) = 0 (4.8)

The solution of this first order ordinary differential equation system defining

v(t) can be cast as
m

^(0 = exp{-jujXit) (4.9)
^=1

where m is the number of entries in v(t), \i is the representative eigenvalue in A,

and Ci are the eigenvectors of the diagonal matrix A expressed as

Ci = b <

1

'  1

0 0

0 1 0

: >  ; C2 = 6 ̂ '  ; n n n ) ('m — b * (4.10)

0 0 1
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with b indicating an arbitrary scalar constants. Insertion of (4.9) into (4.6) yields

the solution g(x,t) as

q{x,t) = J2ceexp{-juj\tt)exp{jijx)
i-l

m

= Y^ctexp{iu}{x - \tt)) (4.11)
^=1

which leads to classical characteristic speed interpretation for the eigenvalues A^,

owing to the explicit presence of the argument {x — \t n t). The terminal solution

q{x^ t) is then
m

q = X^ctexp{joj{x - \(t)) (4-12)

As a key analytical feature, the argument of the exponential remains imaginary

for any value of the real eigenvalue A^, either non-negative or non-positive. Thus, the

solution q{x,t) remains bounded at all times, and expresses the constant amplitude

propagation of the initial exp(ya;x) = cos(a;x) + j sin(a;x) waves in the positive

and negative x-axis direction, for positive and negative eigenvalues respectively. Of

theoretical significance, the solution of the parabolic perturbation to (4.1)

also remains bounded at all times, and exhibits an analogous wave propagation

character, but with an exponential amplitude damping dependent upon the inverse

of the Peclet number Pe as follows. System (4.13) is recast using (4.3) as
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whereupon inserting (4.6) into (4.14) yields

exp(ja;x)^^^ + fjwA + v{t) exp(ja;x) = 0 (4-15)

and I is the identity matrix. Consequently

dv{t)
+ ju;A

dt

where the diagonal matrix A is

u(t) = 0 (4-16)

A = A+^/ (4.17)
jPe

In analogy with (4.8)-(4.9), the solution of (4.16) is then

m

= ̂ ceexp{-ju:\tt)
e=i

= gc,exp(-ju,(A, + ̂)<^
,2 \ m

= exp •J^^Ciexp{-juX(t) (4.18)

Therefore, the solution q{x,t) of (4.14) is

( U}'^ \
• EQexp(ju;(x - \(t)) (4.19)

which displays the indentical wave propagation structure of (4.11), even though

the wave amplitude undergoes a time damping through the exponential function

f  \ ,
exp I — — • 11 with argument proportional to the inverse Peclet number.

Therefore, any approximate solution to (4.1) or (4.13) is accurate when it ex

hibits an analogous wave-propagation structure, with either minimal amplitude de

cay, in the case of a purely hyperbolic system, or a high fidelity amplitude decrease
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for a parabolic perturbation. Finally, considering that for a two-point boundary

value problem a real solution of (4.13) contains components of the form

exp(A,Pex)-l
io J } (2'K\iPe\

"t" aexp • tj • sin(u;(a; — A^t)) ,

0<x< — ; Va = const (4.20)
u

an accurate approximate solution is indispensable for the quality resolution of

boudary layer structures inherent in the steady part of (4.20).

4.2 Semi-Discrete Solution Boundedness

The semi-discrete solution boundedness critically depends on the sign of the charac

teristic eigenvalues A^, as developed in this section for representative second order

semi-discrete schemes. Therefore, the two cases of uniform sign and mixed sign

eigenvalue sets are appropriately detailed.

For a unified tratment of upwind and centered spatial semi-discretization schemes,

and accurate semi-discrete equation consistent with (4.5) and (4.13) is obtained by

a centered semi-discretization of a "companion conservation law system" associated

with either (4.5) or (4.13). As developed in Section 4.3, the companion system

augments (4.5) or (4.13) with a variable coefiicient, characteristic-based dissipation

mechanism, such that the centered semi-discretization of the terminal system yields

the classical upwind or centered scheme for (4.5) or (4.13), depending on a dissipa-
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tion coefficient specification. As exemplified in the following sections, the specific

requirement of a characteristic based dissipation totally eliminates the need for any

"foggy" empirical and trial-and-error numerical damping.

4.2.1 Uniform-Sign Eigenvalues

System (4.5) is expressed as

dq df

where / = Kq. The second time derivative of q is then

Therefore, the presence of the positive-eigenvalue matrix [ ̂  ] leads to a dissipa-
\9qJ

d^ftive operator, expressed in the form ̂ £sgn(A) —as developed in Section 4.3.
ox^

Hence, the companion conservation law system associated with (4.21) is

dq df .d^f
^ - /5£sgn(A)— = 0 (4.23)

The spatial semi-discretization of this system then yields an equation system consis

tent with (4.21) with accurate and bounded solution. The dissipation mechanism in

(4.23) is characteristic based because it utilizes the second derivative of the fiux vec

tor /, as multiplied by the unique sign sgn(A) of the eigenvalues A/, for the uniform

sign hypothesis. Further, since sgn(A)^ = ̂  ̂̂sgn(A)^j non-negative
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dissipation is induced in the compcLnion system through the non-negative-eigenvalue

matrix [ sgn(A)^ ). Finally, /5 is a positive parameter, and £ is a reference length.
V  ̂9/

For the model system (4.5), the companion system (4.23) simplifies to

|+A|i-/J£sgn(A)A0 = O (4.24)

With reference to a uniform semi-discretization of the x-axis with mesh spacing Ax,

C logically coincides with Ax, and the classical second order centered scheme for

(4.24) is

^  ̂ 0 (4.25)
dt 2Ax V Ax Ax

Thereafter, a convenient algebraic rearrangement of terms in (4.25) yields the final

expression for analysis as

dqi{t) A (1 - 2sgn(A)/9)^'^^^ ̂ ' + (1 -I- 2sgn(A)/?)^' ^ =0 (4.26)
dt 2

Significantly, (4.26) expresses a linear combination of a downwind and an upwind

scheme. Thus, ̂  = 0.5 yields the classical fully upwind scheme for (4.5), depending

on sgn(A), while ̂  = 0 corresponds to the centered scheme.

In direct analogy with the continuum expression (4.6), the solution of (4.24)-

(4.26) is expressable as

qi{t) — v(t)exp{jk • i) ; Q < A: = a;Ax < 7r ; 1 < i < M (4-27)

for M discrete node points. Insertion of (4.27) into (4.26) yields

= -^^^(<)[(l-2sgn(A)^)(exp(iA:)-l)
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+(1 + 2sgn(A)^)(l - exp{-jk))]

[(exp(j A:) - exp(-jA:)) + 4sgn(A)^

-2sgn(A)^(exp(jA;) + exp(-jA:))] (4.28)

Consequently

Mi) ,
dt

2sgn(A);5(l — cos k) ̂  j sin k
A

Av{t) = 0 (4.29)
x Ax

The direct comparison of this fundamental ordinary differential equation system

with its fully continuous counterpart (4.8) i.e.,

+ jcuAi;(t) = 0 (4.8)
at

reveals that the spatial semi-discretization modifies the imaginary unit coefficient

and induces the real term 2sgn(A)^(l — cos(A;))/Ax in the multiplier of A, which

engenders wave amplitude modifications. The solution of (4.29) is

^  / . /'2sgn(A)^(l — cos A:) j smk\ \ . .

Inserting (4.30) into (4.27) yields the solution g,(f) as

(  . f2sgn(A)l3(I — cosk) jsinA:\ \ /.,.s

^=1

m^  ( 2A<sgn(A);0(l — cos(a;Ax)) \ f- f ^ sin(u;Ax) \\= |:-p(—Ax
(4.31)

A further direct comparison of this semi-discrete relation with its fully continuous

counterpart (4.11)

m

q{xi,t) = - Xit)) (4.11)
^=1
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shows that the spatial discretization triggers emergence of the dissipative term

d, ̂  exp pA>^gn(A)<?a-cos(u>Ax))A 3^^
in the approximate solution, and forces the semi-discrete characteristic speed

X  V sin(a;Aa;) ^

to differ from in the form of a dispersive error. Expression (4.32) is certainly

dissipative since the real exponential argument is constantly non-positive, while the

dispersive error induces a wave phase modification. These conclusions derive from

the inequalities

• sgn(A) > 0 ; 1 — cos(a;Ax) > 0 (4.34)

,, ,sin(a;Ax) ,, , , ,

It follows that (4.31) remains bounded at all times for any non-negative value of

Further, the exponential in (4.32) is constantly less than one, while the semi-discrete

characteristic speed does not coincide with A^. Hence, the semi-discretization error

manifests itself as a wave-amplitude reduction and characteristic speed modification.

Therefore, an accurate semi-discrete solution is achievable only when the wave-

amplitude attenuation and the characteristic speed alteration are both minimized.

This minimization is partly achieved using a refined mesh with Ax ̂  0, since by

the De L' Hospital rule

1. 1 cos(a;Ax) ^ .hm = u hm sm(a;Ax) = 0 (4.36)
Ax-»o Ax Ax-^O ^ ^ '

83



,  sinfwAx)
hm ; — (4.37)

uiAi—tO Uj/Xx

hence both the dissipation and dispersion errors converge to zero. Therefore, for

vanishing Ax and arbitrary non-negative finite value of /3 the semi-discrete solution

(4.31) reverts to (4.11) by virtue of (4.36)-(4.37), thereby verifying for the represen

tative case the validity of the companion conservation law system procedure. Note

that a > 0 is indispensable to annihilate the finite arithmetic round off errors.

Whereupon, only /? > 0 can generally promote stability as shown in Sections 5.61,

5.52.

4.2.2 Mixed-Sign Eigenvalues

When the eigenvalues in A have mixed signs, then sgn(A) is no longer uniquely

defined, since no uniform eigenvalue sign can exist in this case. If sgn(A) is set

to -|-1, then (4.32) is dissipative for the positive eigenvalues, but certainly anti-

dissipative for the negative eigenvalues, and vice-versa if sgn(A) is set to -1. This

situation is resolved by the flux-vector splitting procedure that provides separate

flux vector components with uniform eigenvalue-sign jacobians. The representative

developments of the preceding section then directly apply to the semi-discretization

of each flux-vector component in the governing equations.

Thus, the flux vector splitting, companion conservation law system is

I + f (sgn(A')^ + sgn(V)^) = 0 (4.38)
In (4.38), the flux vector decmposition into components /' and is arbitrary,

84



subject to the consistency requirement

f = f + F (4.39)

df dp
Further, the diagonal matrix A''^, which denotes the eigenvalues of and

respectively, have entries of uniform sign.

For the model system (4.5), the companion system (4.38) simplifies to

t  ~ + sgn(A-)A>'0) = 0 (4.40)
where

A = A' + AP (4.41)

The representative uniform-spacing second order centered scheme for (4.40) is

dt

+ A'

2Ax

g»+i ~ gi-i

2Ax
sgn(A')A'/J - ̂4^') = 0 (4.42)

Ax Ax

which, after a convenient algebraic rearrangement of terms, becomes

dqijt) ^
dt 2

AP
+

(1 - 2sgn(A')/3)g.-i-i - g.'
Ax

4- (H- 2sgn(A')^)-
gi — gt-i

(1 - 2sgn(A'');8)^=±L^ + (1+ 2sgn(A')/3)
Ax

qi - qi-i

Ax
= 0

(4.43)

This expression again corresponds to a linear combination of downwind and upwind

semi-discretizations. Thus, for fd = 0.5, (4.43) supplies the classical flux-vector split

fully upwind scheme, depending upon both sgn(A') and sgn(AP).
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In direct analogy with both (4.6) and (4.27), the solution of (4.43) is expressed

as

qi[t) = v(t)exp(jk n i) ; 0 < fc = a;Ax < tt ; 1 < i < M (4.44)

Inserting (4.44) into (4.43), and invoking the developments of the previous section

yields

dv{t)
+ KH{t)

2sgn(A')/?(l — cos k) j sin k
dt

+ APu(t)

Ax Ax

2sgn(A'');5(l — cos k) ̂  j sink
A Ax x

= 0 (4.45)

The solution is

.(i) = g cexp (-Aj
+ E c,exp (-A? ^j

with 1712 — + 1 and rrii — mz + 1 uniform-sign eigenvalues, such that 2 -|- -f-

rriz — mi — mz = m. Insertion of (4.46) into (4.44) yields the terminal solution qi{t)

as

m2

9.(0 = E exp
t=mi

m4

+ X] exp

' 1\\sgn{tdi')^{\-zos{wAx))\ ( ( ,sin(a;Ax) AN
,  a; V """" V" V' - j
' 2A^sgn(AP)/?(l - cos(a;Ax)) \ / pSin(a;Ax) NN
,  ̂ V V" V' -

(4.47)

The expression d^'^ in (4.47), i.e..

exp
2A''''sgn(A''P)^(l — cos(a;Ax))

A^ '
(4.48)
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is certainly dissipative, since the exponential real argument is constantly non-

positive by virtue of

X"/ • sgn(A''P) > 0 ; 1 - cos(u;Ax) > 0 (4.49)

Therefore, also in this case (4.47) remains bounded for any non-negative value of p.

The companion system procedure also leads to an accurate approximate solution

for the parabolic perturbation (4.14). In this case, the companion system is

I + a| - /9£ (.gn(A')A'0 + .gn(V)A'0) -^0 = 0 (4.50)
As detailed in Chapter 5, an accurate spatial semi-discretization consistent with

(4.14) is achieved using the classical Galerkin finite element integral statement

X ■" (I + - K0) °
(4.51)

Hence, the corresponding semi-discrete statement is

L ̂  +kt) °
where is the cartesian solution domain. For the representative linear trial

and test space statement (4.52) yields

1 dqi_i(t) 4 dqi{t) 1 dqi+{t) _
6  dt Q dt 6 dt

-h A'
2Ax

(4.53)
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which, after a convenient algebraic rearrangement of terms, becomes

Irfg.-i(t) 4:dqi{t) 1 dqi+{t) ̂
Q  dt 6 dt

(1 - 2sgn(A')^')^^±^^ + (1 + 2sgn(A')^')^' ~
6 dt

A"
+ —

2 Ax Ax

A"
+ —

2
(1 - 2sgn(AP)^^)Zv\9i+l ~ Qi t>\9« Qi-l

A. +(l+2=gn(A'r) = 0 (4.54)

where

= ̂ + (2sgn(A''P)A^'P)-1 (4.55)
AxPe

Inserting (4.44) into (4.54), and invoking the developments of the previous section

yields

+ A«„(<)
dt

2sgn(A')^'(l — cos A;) ̂  j sin k
AA

+ A^v{t)

xx

2sgn(A'')^P(l — cos A:) j sin k
+

Ax Ax

a =

2 + cos(u;Ax)

(4.56)

(4.57)

with solution

1712

v(i) = E l-Aj -cosk)^,y^^^
aAx aAxt=mi

+ (4.58)^  ! ,p ('23gn(A'')^''(l-cost)E cexp (-X, ̂ + — j tj

Therefore, the solution g,(t) is

= E - (-WfcM.) cexp (,■„ (., - A|!i^<))
l=m\

+
I exp (_

(4.59)
i=mz
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Inserting (4.55) into this expression yields the terminal solution

^  ̂ 2(1 - cos(a;Aa:)) \
(-ft a(a,Ax)^ V
^  f 2A?sgn(A9)y9(l - cos(a;Aa;)) f. f ,siii(a;Az) \\
t^m\ \ /

I  2(1 - cos(wAx)) \
+  (-K a(.Lf ') ̂

2A?sgn(A'')/?a - cos(..Ax)) \

(4.60)

T7l4

I]
i=m3

which also remains bounded at all times for any non-negative value of /?.

Of theoretical significance, the time derivative integral (mass matrix) in the

Galerkin statement (4.52), induces the exponential argument divisor a which dras

tically reduces the (finite element) dispersion and natural diffusion errors in com

parison to those associated with the classical finite difference analogue since

1 >

1 -

2 -|- cos(t(;Aa;) a;Ax

3  2(1 — cos(t<;Ax)
<

sin(ajAx) ̂  sin(a;Ax)

2 -1- cos(u;Ax) (a;A)2
1-

ujAx

2(1 — cos(u;Ax)
(a;A)2

(4.61)

(4.62)

Hence, the total dissipation in (4.60) is comprised of the natural diffusion with

argument and the semi-discretization damping with argument /?. Therefore,

an accurate solution is achieved when the semi-discretization damping does not

overwhelm the natural diffusion. This condition is certainly achieved for any value

= 0(1), using an appropriately refined mesh, since

2(1 — cos(a;Ax))
lim — —-—TT

wAr-fO Pe a{u)Axy
= lim

OJ sin(u;Ax) _
wAx—to aPe (^)Ax—^o (cjAx) Pe

n  lim (4.63)
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is finite and converges to the continuous dissipation argument in (4.19), whereas

the semi-discretization damping vanishes under the same conditions, since

lim -— ^ ^ ^ . lini sin(a;Aa:) = 0 (4.64)
wA2;-+o aAx wAx^o 2 -|- cos(a;Aa:) ujAx-^o

Further, for a fixed ̂  and owing to the mass-matrix divisor a, the finite element

damping in (4.60) is larger than the corresponding finite difference form in (4.48).

Consequently, the finite element statement (4.52) yields a given dissipation mag

nitude with a smaller value of ji which in turn leads to a more accurate semi-

discretization.

In contusion, for any non-negative value of ̂  derivations (4.40)-(4.60) show that

for the representative hyperbolic system (4.5) and parabolic perturbation (4.14), a

bounded semi-discrete solution is achieved in the general mixed-sign eigenvalue case

using a dissipative semi-discretization of the flux vector splitting systems (4.40) or

(4.50). Also in this case, the semi-discretization induced dissipation and dispersion

are reduced using a refined mesh, by virtue of relations (4.64), (4.37). Hence,

the semi-discrete solutions (4.47), (4.60) also revert to their respective analytical

counterparts (4.11), (4.19), which corroborates the utility of the companion system

approach.

4.2.3 Fully Upwind and Companion System
Semi-Discretization

The bounded approximate solution (4.60) is achievable with a general upwind semi-

discretization of (4.50). For a finite ("^mair) Ax, the classical finite difference,
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fully upwind scheme dissipation is obtained from (4.60) setting /? — 0.5 and

a = 1 as

(dj'X = exp (-
which corresponds to the maximum of (4.48) with respect to /?. Note that an identi

cal expression is obtained for this semi-discretization of the Euler equations subset

of (1.1) with frozen jacobian. Therefore, the entire fully-upwind scheme philoso

phy, with or without flux vector splitting, is mathematically predicated upon the

important notion of dissipative semi-discretizations leading to bounded solutions,

independently of the common "more-physically-accurate-procedure" statements.

In this connection, attributing a specific physical meaning to is a diffi

cult issue, since this term is totally absent in the continuum solutions (4.11) and

(4.19). Therefore, fully upwind schemes, with or without fiux vector splitting, are

important, not because they "more appropriately" represent wave propagation phe

nomena, but because a spatial semi-discretization in the direction opposite to the

characteristic direction yields a bounded-solution dissipative scheme, even though

the intrinsic dissipation, which depends upon the fiux vector jacobian eigenvalues,

is absent in the analytical solution.

Of theoretical significance, flux vector splittting procedures are totally indepen

dent of any upwind semi-discretization, their sole purpose being the identification

of component fluxes with uniform-sign eigenvalue jacobians. Whereupon, the semi-

discretization of the derivatives of these component fluxes leads to a dissipative
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expression in the terminal equations, with magnitude depending on the specific

semi-discretization scheme. For a fixed Ax, fully upwind scheme theories then pro

mote induced-dissipation reduction using either a sophisticated extrapolation pro

cedure, a limited ("clipped") anti-diffusive flux, or a higher order semi-discretization

which expands the computational stencil one-sidedness.

Conversely, the companion conservation law system semi-discretization proce

dure can attain a minimally dissipative semi-discrete scheme within the second order

centered stencil without any extrapolation technique. Considering that the induced

dissipation (4.48) is directly proportional to dissipation reduction is attain

able for suitable values of /3 < 0.5, with a rigorous selection procedure detailed in

Section 5.6. The terminal scheme then retains a directioned bias character.

The theoretical derivations in Section 4.2 focused on a 1-D uniform semi- dis

cretization for a linear hyperbolic/parabolic perturbation systems, and led to conve

niently interpretable results. However, for multi-dimensional curvilinear coordinate

semi-discretizations of non-linear systems, the clear identification of an effective flux

vector splitting, fully upwind truly multi-dimensional formula becomes algebraically

rather involved. The derived companion conservation law system procedure con

siderably simplifies this task, as detailed in the next section, and leads to an ele

gant generalization of flux vector decompositions to obtain the directionally-biased

Galerkin integral statements discussed in the next Chapter.
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4.3 Companion Conservation Law System

The approximate solution of non-linear and multi-dimensional hyperbolic conser

vation law systems, like the Euler equations, requires a robust dissipative semi-

discretization compatible with attainment of accurate solutions. This requirement

exists since a non-dissipative convection term spatial semi-discretization may yield

an unbounded dispersive error mode that propagates as mesh scale oscillations

throughout the computational domain. This mode may totally corrupt the ap

proximate solution process as well, leading to iterative divergence, especially in the

presence of shock waves, rarefactions and contact discontinuities.

To prevent this degradation of the approximate solution, the companion conser

vation law system for general mixed hyperbolic/parabolic peixtial differential equa

tion systems embeds an intrinsically non-linear multi-dimensional, hyperbolic flux

characteristic-based, positive-eigenvalue dissipation term which can lead to an opti

mal, minimally dissipative semi-discrete statement. The induced dissipation is then

minimized, to preserve physical diffusion integrity, and kept positive, to prevent an

unbounded dispersive mode. The companion system dissipation is extracted from

the second time derivative of the term q • det J, as follows.

According to the Cauchy-Kowalewski theorem [21], the solution of

d(q-detJ) d(ejkfj) . . .

exists and is unique as well as analytical, in the neighborhood G of any 7/-space

point, where det J and Ak are analytic. Hence, a Taylor series for q • det J exists in
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G, and is expressed as

^ (, . det i (, . det f . .. .
(4.67)

Therefore, the second order time derivative of q n det J exists, and can be cast in

terms of rjk spatial derivatives using (4.66) as

-  _ • det J)\" Ar _ d f d{q • det J) AtY^
\  dr"^ / 2 5t Y dr 2 )

dr \ dqk 2 J dqk \ dr 2 J
d f 1 d{ejkfj) d{q n det J) AtY
dqk V det J dq dr 2 )
A f ^ ^rY
dqk \ det J dqt 2 )
d f 1 . . dq Ar\"

The matrix product ̂ 4^.4^ contains the positive-eigenvalue matrices 1 < A: <

n. Hence, a dissipation operator d at each time level is obtainable from (4.68) by

contracting the indices k and i.

The parameter At in (4.68), crucial for dimensional consistency of d with (4.66),

can be recast using the generalized Courant number definition

^ Ar = ̂  (4.69)
ctk

where underbaj denotes an indicator index not eligible for implied summation.

Thus, for At, Ck is the curvilinear direction Courant number, while Ck and

Uk are a parallel reference length and speed, respectively. The expression of the
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jacobian matrix Ak with a complete set of eigenvectors Xk is

Afc = XkAkXk' (4.70)

Thus, (4.68) is expressed as

~ dr]k[2 detJ - drjk )

dr]k V 2 det J ~ \y/^jkejk ~j " /
The factor yjtjktjk is associated with (4.71) for eigenvalue dimensional consistency

.  . Cj k ̂jk
as follows. If the curvilinear coordinates rik are dimensionless, then the term —, ~

det J

Ak
is always homogeneous to the inverse of a length, whereas is always homo-

geneous to a speed. Conversely, if the curvilinear coordinates r)k are dimensional,

then ̂  becomes a dimensionless term, whereas ^ remains homogeneous
det J y/^jk^ik

to a speed. Consequently, the eigenvalues of — are dimensionally appropriate
y/^jk^3k

as reference speeds for the Courant number in (4.69). Likewise, the reference length

can be chosen as

Ct = -^^C (4.72)
y/^jk^jk

where £ is a single scalar parameter, homogeneous to a length when rjk is dimen

sionless. For the case of uniform sign eigenvalues, the reference speed is selected as

the absolute value of the trace of ^ Thus
y/^ik^jk

ak = ltr| = |tr [AjJy/ej^ej^ \ (4-73)
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leading to the At replacement

det J
:CCk

l^r y/^jk^jk^
(4.74)

Insertion of (4.74) into (4.71) yields

dv,[ 2 HNye^y^ dvk J

where the terminal diagonal matrix in

has positive eigenvalues. Furthermore, this diagonal matrix clearly satisfies the

norm inequality

where Ik is the identity matrix. Therefore, d is simplified by replacing the diagonal

matrix in (4.76) with the identity matrix , owing to (4.77). This yields

= A (£^3gn(AJ^) (4.78)
which corresponds to the multi-dimensional, curvilinear coordinate generalization

of the cartesian term in (4.23). Of theoretical significaiice, the reference speed
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specification (4.73) induces in (4.78) the non-negative eigenvalue dissipation matrix( O/ r \ \
sgn(A^—^—— I, with uniform-sign eigenvalues.

dq J
Q / r \

If the eigenvalues of Ak = 5—— have mixed sign, then flux vector splitting
dq

is utilized and the contravariant flux {ejkfj) is decomposed in analogy to (4.39) as

Gjkfj = ejkfj + Cjkfj (4.79)

such that the jacobians of the component fluxes have uniform-sign eigenvalues.

Consequently, the flux vector-splitting generalization of (4.78) is

<? = A

where the diagonal matrices A''^ contain the eigenvalues of {tjkfj)'''^ respectively.

Expression (4.80) is further recast to

and considering that the matrices

AY = sgn(Af (4.82)

both have non-negative eigenvalues, it follows that also in this case (4.80) corre

sponds to a dissipative operator.

The multi-dimensional curvilinear coordinate companion conservation law sys-
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tern associated with the hyperbolic system (4.66) is then

% -det J) ̂  d{ejkfj)
dt dr]k

Finally, the companion system for the parabolic perturbation of (4.66) is

" a ♦ i (""'«S'^)) -" "■">
These systems then lead to a directionally biased semi-discretization within arbi

trary integral statements as shown in Chapter 5.

4.4 Euler Equation Contravariant
Flux Vector Splittings

4.4.1 Contravariant Jacobian Matrix

The companion system derivations (4.67)-(4.82) apply to arbitrary hyperbolic sys

tems with or without parabolic perturbation, since no specific form for the con

travariant flux vector tjkfj has been invoked. Specific relations are now developed

for the Euler/Navier-Stokes equations, using the results of the generalized charac

teristic analysis in Section 1.6.
Q/ r \

Recalling that the homogeneous-gas eigenvalues of Ak = —^—— are
dq

^ki,n ~
p

TTX '

'^'Jn+I.n+J ~ ^ ^ (4.85)
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the diagonal matrix
A/t

y/^jk^jk

( ejkrrij/p
y/GjkCjk

is expressable as

Ai

y/^jk^jk

Gjkrrij/p

ejkTTlj/ p

y/^jk^jk
^jkrrij/p

y/^jk&jk
+ c

ejkrrij/p
— c

(4.86)

y/^jk^jk /

with absolute-value trace

|tr| = |tr (Ak/y/eJ^) I = (« +
y/^jk^jk

(4.87)

Consequently, the diagonal matrix in (4.76) becomes
|tr|\/ejfce^

/

sgn{ejkmj/p)
n + 2

\

1 +
\Mk\sgn{ejkmj/p)

\
1 -

(4.88)

\Mk\sgn{ejkmj/p)

This form clearly satisfies inequality (4.77). Further, for high supersonic / hy

personic flows, where \Mk\ » 1, (4.88) specializes to

Afc _ sgn{ejkmj/p)
h (4.89)

\iv\y/ejkejk n + 2

which legitimizes the simplification in (4.78). Of theoretical significance, for totally

arbitrary curvilinear coordinates, the eigenvalues (4.85) have uniform sign if the
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magnitude of the generalized Mach number in (1.105) is not less than one. Thus,

even in a curvilinear coordinate formulation, the eigenvalues (4.85) have uniform

sign if the flow is locally supersonic for the generalized Mach number determina

tion. For these conditions, no flux-vector splitting is needed to achieve a dissipative

scheme. Conversely, for a locally subsonic flow, hence mixed sign eigenvalues, flux

vector splitting is required to yield separate flux components with uniform-sign

eigenvalue jacobians.

Any flux vector splitting theory consistent with (4.79) is admissible in the com

panion system procedure. As recently established [66,68], the classical flux vec

tor splitting schemes developed for essentially uni-directional cartesian frames, and

ideal gas hypotheses, undergo a reduction in stability margin for equilibrium and

non-equilibrium real gas simulations, which may also become aggravated in straight

forward curvilinear coordinate extensions. Therefore, the following section presents

a kinematic-kinetic flux-vector splitting specifically designed for accurate real gas

and multi-dimensional curvilinear coordinate bounded-solution dissipative scheme

determination.

4.4.2 Kinematic-Kinetic Flux Vector Splitting

An effective flux vector splitting for accurate curvilinear coordinate real gas sim

ulations is obtained by splitting the contravariant inviscid flux vector ejkfj into
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kinematic and kinetic components as follows

^jkfj = ejkfj+ejkfJ , ejkfj =

CjklTlj

m

p

Tl
P

^jk 0

e.k'^iE + p)

, ̂ ikfj ̂

0

(1 - 8k)eikP

0

(4.90)

where Sk is a positive partition parameter. Importantly, the explicit presence of the

metric data ejk in (4.90) allows direct accounting for the crucial effect of arbitrary

computational cell aspect ratio upon semi-discrete algorithm stability through the

contravariant flux vector component eigenvalues. This flux vector splitting, among

those published, is "closest" to the unsplit inviscid flux vector, and thus preserves

kinematic flux integrity.

Significantly, for arbitrary reacting gases and curvilinear coordinates, the eigen

values of the associated jacobian matrices

^ d{e,kf]) ^ djejkf!)
dq ' dq

(4.91)

are uniquely determined in closed form using the characteristic analysis procedure

of Section 1.6 as: (A|)i,3 - (Afc)4,5 —

rrij 1- Sk TUj ( dp \ / 1-Sk rrij ( dp\
2  p [dEj

2  \ 1/2
2

d" Sj^Cjk^jkC
/
(4.92)

and

(AD..4 = 0 . (AJ)s = (1 -
dp

dmJ / p,E T"©.!-?) <"•>
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These eigenvalue determinations are valid for any state equation, since the pressure

partial derivatives have not been replaced by any specialized relation. Therefore,

the square of the speed of sound (? remains expressed using (1.95), repeated here

for convenience as

? (s..- (i)„, (I)..,. "»•
For = 1, the full contravariant flux eigenvalues have uniform sign, either

positive or negative, provided that

(ejfcy) > ejfce.-fcc' , hence (Mfc)' = ^
Consequently, if the curvilinear coordinate flow is locally supersonic, then is set

to one and no flux vector splitting is necessary. Conversely, if 0 < Ml < 1, then

the flux vector splitting (4.90) yields eigenvalue sign uniformity for each split flux

using an appropriate positive value of the partition parameter 0 < < 1.

Therefore, if (5^ < 1 the sign of the kinematic eigenvalue coincides with the

sign of —(ejkrrij/p). Concerning the kinetic flux eigenvalues, if the contravariant

component of velocity ejkTrij/p is positive, then (A^)4 is always positive, while (A^)5

is non-negative if

/  (1 - <?fc) /
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yielding

+ (1 - 6k) ~ " Jq {^"'''i')
At this point, it is possible to force (A^)5 to vanish for 0 < Mk < 1, as in the ideal

gas van Leer scheme, or to have the same sign of (A^)4 and vanish at = 1. These

two cases are respectively achieved for

(4-98)

\  / pfTTlj

thus, 0 < < 1 for 0 < M| < 1. Note that if the contravariant velocity com

ponent is non-positive, then identical expressions are obtained for 6k by enforcing

non positivity of (A^)4.

The analysis supplies two unique forms for 6k. Therefore, a convenient terminal

expression is

^k= 7y^(l-6)+M|6 ; 0<^<1 (4.99)
\  / p,mj

Finally, the partition parameter 6k must be a piece-wise constant function, since

the useful and convenient closed form for the eigenvalues (4.92)-(4.93) is only valid

dS
for a vanishing jacobian Therefore, it is crucial for algorithm consistency and

stability that expressions (4.98)-(4.99) remain constant in each and every semi-

discretization computational cell.
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4.4.3 Convection Acoustic Wave Flux Vector Splitting

A dissipative semi-discrete scheme can also be achieved for an appropriate value of

/3 by employing a directional semi-discretization of only one uniform-sign flux vector

component, provided that the jacobian eigenvalues of the other flux component are

equal in magnitude and opposite in sign.

This situation corresponds to developing the companion system with only one

uniform-sign eigenvalue split flux component, as obtained, for the Euler equations,

with the following convection/acoustic wave flux vector decomposition

^jkfj — ̂jkfj T ̂jkfj

ejkf] =

The eigenvalues of the associated jacobian matrices

CjkTTlj 0

m,'ejk-^rrii

0)

III

^jkP^i

^jk p E
rrij

^jk p P

^  ̂ djejkf-)
dq ' dq

(4.100)

(4.101)

(4.102)

are

rrij

K,. = 0 5 n+l,n+2
-  1 ^2 (g.

1/2 (4.103)

The acoustic flux eigenvalues are equal in magnitude and opposite in sign, while

the convection flux eigenvalues always have uniform sign.
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Hence, Cjkf] in (4.101) is an adequate component for companion system formu

lation. Further, the convection flux vector Cjkf] can be expressed as

P

rrii

E

rrij rrij
^jk = Q ' ̂jk

P  P

consequently, its partial derivative with respect to rjk is

die^kf]) d
P p

d mi

drjk
rrii * ^jk h *

p
mi

E E

d f m/
dm P ,

The eigenvalues of the jacobian matrix

1 (•'?:

j > \

P

d

dq' mi
►

\ E
\  * /

m,-
^jk'

coincide with A^, whereas the eigenvalues of the matrix

P

rriA

% '"7 = ^ rrii

E

rrii

a, 7 '

(4.104)

(4.105)

(4.106)

(4.107)

are evidently zero. Thus, the associated companion system is simply based on the

771 ■lead convection term in (4.105), with Cjk—- conservatively replaced by the reference
P

contravaxiant velocity magnitude |m1

1/2

(4.108)
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771 *

to ensure an adequate level of dissipation in regions of vanishing Cjk—for the
P

single convection flux component directional semi-discretization.

The terminal form of the companion conservation law system in this case is

The benchmark validations discussed in Chapter 10 confirm the efficiency of the

Galerkin algorithm for (4.109), since it leads to stable and accurate monotone solu

tions for transonic, supersonic, and hypersonic flows. Therefore, (4.109) constitutes

a convenient and efficient companion system for solution determinations in challeng

ing flow regimes, and is the one considered in detail for practical implementation

in this dissertation. Future investigations will undoubtedly establish the specific

utility of the companion conservation law system (4.84) for the kinematic-kinetic

flux vector splitting (4.90).
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Chapter 5

Finite Element

Integral Statements

The theoretical developments in this chapter establish that the classical Galerkin

finite element integral statement coincides with a Hilbert space L2 least-squaxe error

extremization for arbitrary non-linear conservation law systems in generalized curvi

linear coordinates. Several consistent companion-system Navier Stokes statements

are then formulated, which expose an appropriate directional bias character in gen

eralized curvilinear coordinates for arbitrary sets of trial functions. The stability of

the terminal semi-discrete system is then assessed using a generalized Lyapunov sta

bility analysis within an optimal metric data procedure for an accurate and efficient

algorithm.

5.1 Domain Decomposition and

Approximation Basis Functions

The discretization to the 77-space solution domain Q

= U U C ft u afi (5.1)
e
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is obtained by subdividing Q into Me non-overlapping finite elements, each denoted

fie, with exterior boundaries possibly not coincident with the outer frontier

5S7 of Each »7-space element fig has a constant measure (equal to 4 in 2-D).

Further, the closed set fig = fig U C contains at least one node of the

discretization. Therefore, a master region ̂ e,r is defined as the union of all closed

sets f2g sharing node This region Cle,r constitutes the compact support of the

continuous nodal trial functions w!^(ri), 1 < r < M which attain the value one at

node x^, zero at all other nodes, belong to a complete set of continuous functions,

differentiable within each fig, and which identically vanish on all elements fig ^ fig^r

elsewhere in fi''.

Therefore, the (isoparametric) coordinate transformation [14] from the a;-space

domain fi onto the ?7-space computational domain fi'' is

M

®(»7) = (»?)«'' (5.2)
r=l

where rj spans the finite coordinate range in each fig where w^{t)) is supported. The

specific relation between the partial derivatives with respect to r]i and xj follows

by direct application of (1.53)-(1.54) to (5.2). Considering that in each element fig

the functions are differentiable, the transformation partial derivatives exist,

hence the fundamental invariance relation (1.62) is satisfied for transformation (5.2).

Furthermore, the metric data —— computed with (5.2) become infinitesimal in

any element fig coinciding with the image of a vanishing measure aj-space subdomain
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fig. This conclusion follows from, 1) the relation

M

,  V TyGfie , V e (5.3)
r=:l

since belongs to a complete set of functions, and 2) the convergence of all to

the single constant within the vanishing fig, since the coordinate transformation

(5.2) is continuous.

Finally, the semi-discrete approximation (q(x,t) • det J)'' to {q{x,t) n det J) is

then expressed in terms of the trial function set members w^irj) using a relation

similar to (5.2).

5.2 Exact and Approximate-Solution Spaces

Let Ti denote the infinite dimensional Hilbert space containing the exact analytical

and weak solutions q{x,t) of (1.1). Since these solutions generally depend upon

time, the scalar field J- associated with Ti contains the space of Lebesgue integrable

[12] functions of time a{t). Therefore, the square of the L2 norm, or ''^magnitude''',

of any element h(x,t) € W is the function of time

= II^IIL = A (5.4)

where h(x,t) can be cast as an infinite series of elements of 'H. Therefore, the semi-

discrete approximate solution {q(x,t) • det J)'' constitutes the projection of (q{x,t) •

det J) onto the finite, M dimensional and complete subspace C Hof continuous

functions differentiable within each Og. Thus, q{x,t)^ is expressable as the
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finite summation

M

(  t) n det J{x{r])) f = Y1 w';:{rj)q'(t)deir (5.5)
r=l

In (5.5), the approximate values q^{t) of q{x,t) at node "r" are time dependent

coefficients to be determined using an appropriate error extremization constraint.

5.3 Classical Galerkin Statement

In general, the projection {q{x,t) n det J)^ does not coincide with the exact solution

q{x,t) • det J. Hence, insertion of expansion (5.5) into the governing conservation

law system

(...)

with inclusion of the companion-system dissipation term (4.81), yields the funda

mental expression

= e(»7, t) + ̂(»7, ^

1">

In (5.7j, — approximates —— and accrues to an expression analogous

to, but not necessarily coincident with (5.5). Further, denotes the compo

nent of the spatial approximation error not belonging to Sj^, which collectively

corresponds to both the approximation of the fluxes in (5.6) and the inclusion of
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the companion system terms. Consequently, £(»7,t) denotes the component of the

spatial approximation error that does belong to S^, which may or may not coin

cide with the total hyperbolic-system spatial approximation error, depending on the

specific approximation for the contravariant fluxes Cjkfj. Therefore, G is

expressable as

M

=  (5.8)
r=l

where a^{t) are time dependent (error) coefficients.

Consequently, using (5.4), the square of the T2-norm of the total error

e^(»?, t) = i) + t) (5.9)

over is

JQ''

2

=  + dn (5.10)

This global error £{t) is spatially extremizable with respect to the coefficients

a'"(f), yielding

d£{t)
da^(t) 2 4 (E •"?('))«'(<) + Kt, (5.11)

which prescribes the orthogonality of the total error £^{tj, t) with respect to every

member w^^t]) G S^.

Thereafter, replacing the argument of (5.11) with (5.7) leads to the classical

Galerkin integral statement for (4.84) as
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which yields exactly M ordinary differential equations for the M unknown coeffi

cients q^{t) of the approximation (5.5). Therefore, for arbitrary conservation law

systems (5.6), the classical statement (5.12) coincides with a least-squaxe error ex-

tremization. Further, (5.5) yields an approximate solution continuous everywhere

in the computational domain, with physical discontinuities to be represented by

steep narrow fronts. The terminal strong convection form (5.12) thus constitutes

an appropriate statement for approximate solution determination, since the inte

grand spatial derivatives of the convection fluxes exist almost everywhere in O'',

with the possible exception of a finite number of sets with Lebesgue null-measure

[12].

Of significance, the association of det J with the state variable expression (5.5),

and hence within the time derivative integral in (5.12), departs from traditional

flnite element developments and leads to a robust and efficient numerical linear al

gebra solver as detailed in Chapter 9. The integral statement (5.12) is implemented

with appropriate semi-discrete specifications for and as

M

f(g) ~ /'(j) = 2 (5.13)
r=l

M

ru) ̂ r'(«) = E (s.u)
r=l

Even though the global error S(t) is spatially extremized, it remains a function of

time with bounded evolution not a-priori guaranteed. Consequently, the final con-
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straint of time boundedness must be enforced on (5.12) to complete the algorithm

specification. As shown in Sections 5.5 and 5.6, the presence of the companion sys

tem terms renders (5.12) an optimal dissipative, directionally biased semi-discrete

system with stable solution. The induced dissipation can be efficiently minimized,

to preserve physical diffusion integrity, and is kept positive to prevent an unbounded

dispersive mode.

5.4 Integral Statement Consistency

Equation (5.12) is consistent with (2.1) in the sense that, for vanishing mesh mea-

—— , it reverts to (2.1) without appended dissipation terms. The reference
dr}k\

cartesian equivalent of (5.12), for an 77-space Gauss-Green transformation of the

sures

dissipation term, yields

,  r ...h 9

drjk drjk
dO,

-  {eafiYnidr, =
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-  {wk"'''"v
Whereupon, all the right hand integrals tend to zero for any value of 13, since

all terms in parentheses are directly proportional to the vanishing mesh measures

dxt

dT]k
. Under these conditions, the following relations also hold

/  '^r^dx -> / Wr^dxJcih dt Jn at

Consequently, (5.12) converges to, hence is consistent with (2.1). QED

5.5 Directional Bias Character

According to (4.79), the semi-discrete contravariant flux is expressed as

^ikf- = + {ejkfjY (5.17)

Hence, the integral statement (5.12) becomes

M,r ^ M,r 9r]k

+4*"' a (I: (^^)))
+IsC' (I:('i'-f/)"

where C is the representative master region where w^{'q) is supported.
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In analogy with (5.15), and using the relation = 0, the dissipation

integrals axe restated, using an 77-space Gauss-Green transformation, as

w

+4.(W
Jnh

dw!^\ d

-dQ, - / w

[

ot JQh^ drjk
dO,

r + C^sgn{Al)-  drjkJ dr]k ejkf]) d^

+ - drikj drjk

Further, the region C is decomposed as

(5.19)

1  I
e,r^ Vw' e,r (5.20)

such that

drjk
(5.21)

This decomposition exists since w^iji) is continuous and belongs to a complete set

of functions satisfying (5.3).

Inserting (5.20)-(5.21) into (5.19) then yields

+

+

+

+

dw'l

/b*5? ("■' + I
- £^sgn(A|) *"

(wr + C/3sgn{Al)
fw'r - 'C^sgn(A|)

drjk
dw!^
drjk
dw^
drjk

{^jkf^y d^
{ejkfjYdn
(ejkfj) dO,

drjk^^'''^y

drjk
_d_
drjk
_d_
drjk
d (5.22)
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Expression (5.22) constitutes the fundamental semi-discrete integral statement with

embedded directional biased integration of the inviscid-fiux partial derivatives, de

pending on sgn(A^'''), for each contravariant flux component. This conclusion follows

from the presence of the terminal weight functions

dw^
(5=w^± C^sgn{Al'^) .23)

drjk

Hence, (5.22) represents a linear combination of T7-space "upwind" and "downwind

schemes". Of theoretical significance, (5.22) constitutes the rigorous curvilinear

coordinate generalization of the directionally biased cartesian scheme (4.54).

This generalization applies to arbitrary curvilinear coordinates, owing to the

contravariant flux vector splitting. Furthermore, this pivotal result is achieved

without any restriction on the shape of the region or type of the continuous

piece-wise differentiable trial/weight functions

Therefore, (5.22) is crucial for arbitrary unstructured grid semi-discretizations,

providing an unambiguous statement for direct and non-empirical, directionally-

biased scheme determinations. Further, (5.22) also shows that the companion con

servation law procedure yields a terminal statement that preserves integrity of the

inviscid contravariant fluxes in (5.6), since the terminal semi-discretization corre

sponds to a linear combination of flux derivative integrations with weights (5.23).

The magnitute of the combination weights then varies in direct proportion to

The variable or constant value for this fundamental parameter is rigorously deter

mined, using the generalized Lyapunov semi-discretization stability analysis, in the
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following section.

5.6 Lyapunov Semi-Discretization
Stability Analysis

The fundamental semi-discretization stability analysis is formulated for the real-

gas Navier-Stokes CFD integral statement (5.22) for the unequivocal assessment

in curvilinear coordinates of the effect of actual solution distribution as well as

mesh non-uniformity and non-orthogonality on semi-discrete algorithm stability.

The analysis completes the synthesis of the minimally dissipative scheme on totally

arbitrary meshes. This analysis is performed using a generalization of the classical

Lyapunov method, presented in Section 3.11. Therefore, after identifying a suitable,

positive definite Lyapunov functional V, its time derivative is formulated in terms of

any subset of (5.6) to yields unambiguous and general sufficient stability conditions.

These constraints then show that ̂  can be optimally selected as a nodal parameter

/?r to minimize a local oscillatory Gibbs phenomenon.

For an accurate Navier-Stokes CFD algorithm with uncompromised physical

diffusion effects, the contravariant convection flux semi-discretization must be min

imally dissipative, as outlined at the end of Section 4.22. Therefore, the minimal

dissipation stability analysis naturally focuses on the Euler equation subset of (5.6).

The convenient Lyapunov functional for weak statement replacement has been de

termined as

V = ̂  <^) •^) ^ 0 (5.24)
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where overbax signifies complex conjugation, and is an element-wise constant

matrix of eigenvectors. The time derivative of V, and associated sufficient non

linear stability condition, is then

+ E (i dr,. I (x-' in)
= i (i L •i'>)
+ E (4 t";(jfr'9<ietj)'d, . wi j < 0(5.25)

Note that the sum of the reed parts of all terms in (5.25) leads to an equivalent and

convenient stability condition.

5.6.1 One- Dimensional Stability Criteria

For the representative 1-D linear companion system

with

and

f = P + F ; /' = XA'X-^9 ; fP = XA^X-''q (5.28)

the Galerkin statement (5.19) is
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- 4(u.; + £/)sg„(Ai)M)^,n (5.29)

Introducing the compact notation

(1 + D"'') = L; + r^sgnCAJ')^^ (6.30)
and replacing the time derivative integrals in (5.25) with (5.29) yields

d,.

Inserting (5.28) into (5.31), and identifying Xr with X then yields

(5.31)

L  + ̂') Ml 1 1 > 0
(5.32)

which constitutes a rigorous stability condition.
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In analogy with (4.27), can be expressed as

M

5(77,^)''= ̂ {;(t)u;^(77)exp(ja; • r) ; 0 < aJ < tt (5.33)
r=l

since (5.26) is linear. Inserting this resolution into (5.32) yields

M  ,

(j^^ wi n s(C, ri) (A'(l + /?') + A'(l + /?')) d,)) „(() > 0 (5.34)

where s{lJ,t]) and g{uj,T]) are positive real functions and u(t) = X~^v{t). Recalling

now the directional biased expression (5.22), the analytical integration of (5.34) for

the representative 1-D linear basis with £ = 2, and with (5.30), yields

M

h{uJ)vity (A'(l + 2sgn(A')/?) - A'(l - 2sgn(A');0)) u(t) +
r=l

M

^ h{u)v{tY (AP(1 + 2sgn(A''))3) - A''(l - 2sgn(AP)^)) v{t) > 0 (5.35)
r=l

where h{u) is a positive real function.

At this point, the single ̂  in (5.76) is replaced with a local /3j. for a minimally

dissipative algorithm. Thus, (5.35) becomes

M  M

Yi h(u)v(ty (sgn(A')A»;Sj.) t;(<) + Y h{uJ)v(ty (sgn(A^)A'P/3,) v{t) > 0 (5.36)
'•=1 r=l

which stipulates non-negative definiteness of the argument matrices. Evidently,

(5.20) is satisfied if each term is non-negative. Thus, to minimize emergence of a

local Gibbs oscillatory phenomenon, this stability condition is enforced at each and

every node "r" with local value of /3r determined by the constraint

v{ty (sgn(A«)A''/?,) v{t) + v{ty (sgn(A'')A'';5,) t;(t) > 0 (5.37)
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However, the diagonal matrices in (5.37) are already non-negative definite due to the

fiux vector splitting (5.28). Therefore stability under these conditions is achieved

for any

/3r > 0 (5.38)

This condition conforms with the independently obtained results in Section 4.2.

Therefore, derivations (5.31)-(5.37) corroborate the validity of the Lyapunov anal

ysis. Further, for the non-linear case they lead to a sharper stability constraint

than that supplied by classical linearized stability analysis, as follows. For a quasi

non-lineax stability analysis, expressions (5.28) are obtained after freezing the ja-

cobian matrix A in each element £ 0^,,. Thereafter, identifying Xr with the

frozen value of X at node "r — 1/2" and repeating derivations (5.31)-(5.35) yields

the global stability condition

M

X; h(k)v{tf (a;_,/,(1 + 2sgn(A')^J - A;,.,,,(1 - 2sgn(A')4)) v{t) +
r=l

M

Y: hikXif (A^_,/,(1 + 2sgn(A');9J - - 2sgn(A')/3j) v(t) > 0
r=l

(5.39)

where

•^r+l/2 — ■^r-l/2-^'"-l-l/2'^r-|-l/2-^r+l/2-^'"-l/2

•^r-l-1/2 ~ -^r-l/2-^»-|-l/2^r-)-l/2-^r-|-l/2-^''-l/2 (5.40)

The associated nodal constraint is then

(^'-1/2(1 + 2sgn(A')4) - - 2sgn(A');8j) z,(t) +
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itf (Af_i/2(1 + 2sgn(AP)/3^) - A^+i/2(l " 2sgn(A'')/3j.)) v{t) > 0 (5.41)

For the approximations X^_jy2-Ar+i/2 — I and A['j._\^2-Ar+i/2 — I-, with I denoting

the identity matrix, (5.41) simplifies to

(a;-,/2(1 + 2sgn(A')4) - A;+i,2(1 - 2sgn(A«)/9.)) «(() +

<tf (AJ.V2(1 + 2sgn(A'')4) - - 2sgn(A')/3j) «(<) > 0 (5.42)

If = 0.5, then (5.42) is certainly verified, since non-negative definite diagonal

matrices remain in (5.42). Conversely, if /?r = 0.0, then (5.42) may fail, since

differences of non-negative definite matrices remain. Therefore, a value of /?r exists

in the range

0.0 <^r< 0.5 (5.43)

satisfying (5.42).

The classical linearized stability analysis [9] assumes a frozen jacobian matrix A

throughout the master region fie.r- Hence, the terminal stability constraint for /3r

is (5.38) itself. However, such an inequality yields an unacceptably vague value for

Pr in the non-linear case. Conversely, the Lyapunov constraint (5.42) sharpens the

classical result, and provides an unambiguous relation to determine

5.6.2 Multi-Dimensional Curvilinear Coordinate

Stability Criteria

For a general multi-dimensional, curvilinear coordinate and non-linear hyperbolic

conservation law system, the time derivative integrals in the sufficient stability
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condition (5.25) with local (3^ are

(5.44)

Introducing the compact notation

(l + /'SI) = (•»; + CPrSgfl (Af) (5.45)
and replacing the time derivative integrcils in (5.25) with (5.44) yields

M

iz (L^r d'n-
r=l

(k..--'r'- (£" *'5)*^0 *«I "111
M . .

S \ {^r\Q det Jf) drj-

(i/S- f ̂ (1 + '''.i) + ̂(1 +''?!) I <''» I U 0 (5-46) ' - ^ n "-1^' dr,t

This inequality can be expressed in terms of jacobian matrices as

M , .

+

£ (Xh '

(i ''•')) s»
(5.47)
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which constitutes a rigorous, fully non-linear sufficient stability condition.

Equation (5.47) then leads to a stability condition for a CFD algorithm that

allows wave propagation at all grid-supported frequencies, but prevents unbounded

amplitude growth. This refinement corresponds to a generalized quasi-non-linear

stability analysis, which employs frozen jacobians in each element fig € fie.r? as

introduced in the previous section. With this specification, and in analogy with

(4.27) and (5.33), the dependent variable {q{r],t) n dei J)'^ can be expressed as

(g(77, t) • det J)^ = ̂  v{t)w'^{Tj) exp(jwjt • r^) ; 0 < < tt ; V fc (5.48)
r=l

where denotes the A;'''-direction node number associated with the global node

r. For notational compactness, the grid frequencies are denoted as uJ =

Inserting resolution (5.48) into (5.47) yields

Lw';:s(iv,rj) d-n-
r=i

{L + "'i)) <'")
M

S"(<r drt-
r=i

(/b. dfj ''") =

r=l

(In" d^ ^ ^
(5.49)

where s(U, rj) and gkR{i^, rj) are strictly positive real functions, and v(t) = X~^v(t).
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Of theoretical significance, (5.49) can be integrated analytically, upon identifi

cation of a specific trial/test space function. Recalling the directional biased ex

pression (5.22), and using (5.45), the closed form integration of (5.49) for the rep

resentative case of a positive eigenvalue matrix tjkA^j and a 2-D Lagrange bilinear

basis, with C = Arjk = 2, yields

((.nH. (Af (1 +
+ 1 ^11 (i^) (fiiKi

(det J)Prl {^T)p j + '^12(''')
—N. ( Aph

«(det J)p^, )Prl

Pt2

TTTN . (^J2)p^2 f Aph)

-  • lot • lot
-  n lot ^ • Ife (<)
-  n Iffc n 1^
/—N (^jl)j'r2 , J, _ /^r^ (^12)

ttN («i2)/
Pr3

Pr3

Pri

(1 - w

(1 + 2/?.)

(1 - 2/?.)

(1 - 2/3.)

(1 + 2/3J

(1-2/3J

- n lot n 0k: (^^0) j °
(5.50)

which can expressed in compact form as

M

(aJ'(1 + 2/3J - Af(l - 2;8J) X,y(t) +
r=l

M

Y. (^"(l + m - Af(l - 24)) Xy(t) > 0 (5.51)
.=1

In (5.51), the matrices 1 < -^ < 4 are defined as

—\ {^jk)Pr.
(det J)i

1-24

*  -^ + 2^.
,£ = 1,4 (5.52)
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(W _ L
A = ,£ = 2,3 (5.53)

(det J)j

with i(l) = z(3) = 1, i(2) = i(4) = 2, as well as = Pri^ — Prt for £ = 1,3,

Prt^ = Pr4 for £ = 2, and Prt^ — Pr2 for £ = 4. The terms hijiJJ) in (5.50) then

denote the real functions

= 2 (2 (1 — cos (oJi)) + cos (aJ2) — cos (wi + CJ2))

h\2{j^) = 2(2(1 — cos (072)) + cos (uJi) — cos (cJi+aJ2))

/i2i(w) = 2 (2 (1 — cos (uJi)) + cos (072) — cos (uJi — aJ2))

/i22(w) = 2(2(1 — COS (UJ2)) + COS (aJi) — COS (aJj—072)) (5.54)

which are strictly non-negative when 0 < u7)t < tt. The locations Prt the become

identified with the optimal evaluation points developed in Section 5.8 and Chapter

6.

Of fundamental importance, (5.50)-(5.51) stipulate non-negative definiteness of

the argument matrices. Evidently, (5.51) is satisfied if each term is non-negative.

Thus, in order to minimize emergence of a local Gibbs oscillatory phenomenon, this

bounded wave amplitude stability condition is enforced at each and every mesh

node "r" with value of /3r determined by imposing the pivotal stability-matrix non-

negative definiteness local condition

v^(t)X-^ {A';'(l + 2DrJ-Af(l-2^_) +

- 2/9j) X^v{t) > 0 (5.55)

This expression can be considerably simplified from a theoretical point of view
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by equating Xr to the matrix of eigenvectors associated with the whole linear com

bination of matrices in (5.55). Inserting this specification for Xr into (5.55) yields

the elficient stability condition

v^{t) Ar v{t) > 0 (5.56)

which is directly satisfied by determining such that the eigenvalues in the diagonal

matrix become all non-negative. However, it may be arduous, if not impractical

to determine these eigenvalues in closed form for this Xr-

As an alternative, Xr may be equated to the eigenvectors X^ of the simpler

matrix (5.52)-(5.53). Inserting this specification for Xr into (5.55) yields

v{tY (A^^(1 -f 2(3r) - Af{l - 2/3r_) +

KYil + 2/3r_) - AY{1 - 2^S) v{t) > 0 (5.57)

where

(a;-) = ((x,')-')v;a,"((x,')-')a:,' (s.ss)

for the diagonal eigenvalue matrix A^®. The fundamental condition (5.57) can then

be directly enforced, hence the local value of /?r is determined using the simple

and convenient non-negativity constraint for the Gauss LU decomposition pivots

of the given matrix symmetric part. Importantly, these purely analytical selections

of Xri and associated value of /?r, correspond to the geometric requirement of an

intrinsically multi-dimensional directionally biased semi-discretization.
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For the approximations

;  ((x;)-')x,'~ (5.59)

the constraint (5.57) is even simpler, since the matrices reduce to diagonal

eigenvalue matrices. Furthermore, the simplest form of (5.57) is obtained at a node

"r" where flux vector splitting is either not required, or required only along a few

directions, since in this case some, if not all, matrices ^'^e no longer present

in Af.

If the eigenvalues of the jacobian matrix are positive, then for — 0,

the matrices in (5.50) may be negative definite, since they result from a difference

of positive eigenvalue matrices. Conversely, if /?r = 0.5, only positive eigenvalues

matrices are left in (5.50). Consequently, the developed stability condition can be

satisfied for 0 < /9r < 0.5. Identical conclusions are then reached for a negative-

eigenvalue matrix ejkAj, by replacing /3r with —^r- Furthermore, it is readily verified

that Pr reduces to zero under mesh refinement for any choice of Xj.. To reach this

conclusion, express (5.55), for example, in the form

2/3,t,(f)"'X-' ((.4ji + Af') + (aJ" + A;^)) X,v{t) >

((Af - Aj") + (a« - a;<)) X,v(i) (5.60)

Thus, as the mesh is refined, the rhs of (5.60) tends to zero, hence /3r also tends

to zero, since the Ihs matrix does not reduce to the zero matrix. Therefore, the

product of and the dissipation terms in (5.44) converges to zero at a high rate
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with mesh refinement since both the companion system dissipation (see Section 5.4)

and jSr simultaneously tend to zero.

The developed stability condition intrinsically depends upon the local mesh as

pect ratios via the presence of the metric data in (5.50)-(5.51). Therefore, the value

of /3r will depend upon the solution level and local mesh distribution. Consequently,

for any given mesh, the developed procedure can always generate an optimal mini

mal dissipation semi-discretization in a direct manner. Conversely, any fully upwind

scheme corresponds to = 0.5, hence introduces maximum local dissipation. Of

fundamental significance, for a fixed the mesh can be locally adapted, hence

6 '!•

the metric data —-— varied, to satisfy the developed stability criteria and there-
det J

fore attain an optimal order-of-accuracy semi-discretization. The feasibility of this

approach awaits to be fully ascertained in future investigations.

Evidently, the magnitude of the induced dissipation, hence the value of /3r, di

rectly affects the convergence rate. This recognition yields an optimal convergence

rate control in conjunction with an accurate solution determination using the vari

ation of Specifically, if only a steady-state is desired then = 0-5 during the

transient is suitable. Therafter, at convergence, is progressively reduced locally

to satisfy (5.50)-(5.51), hence achieve the optimally stable and accurate solution for

the given grid. If instead, accurate transients axe also needed, then must satisfy

(5.50)-(5.51) at each time level and sub-iteration stage. Therefore, implementation

of the developed jacobian matrix non-negative definitness condition for the dynamic
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determination of ̂ r, hence achievement of the strategic convergence rate control,

yields a distinctively efficient overall CFD algorithm.

5.7 Convection / Acoustic Flux Decomposition
Integral Statement

The Galerkin integral statement for the companion system (4.109) is

L dTj = 0 (5.61)

For the finite element Lagrange bilinear basis specification = Ne{Tj), the

expansions for and in terms of cartesian components are selected as

r=^f- = u''j{t)NkNemj{t) + Nep\t)6ij (5.62)

f.h ̂  fuh ̂

0

gim.
Re

2  dNf tu\c I 9ei^^v
3det.7 dps 1 Pp. (in. ^ '

I  • V \yA T j

Pe det J dr]g

where

u'(t) ̂
p'(t)

(5.63)

(5.64)
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Inserting specifications (5.5) and (5.62)-(5.64) into (5.61) yields the terminal ordi

nary differential equation system containing

i NrN(—{p\t)detJ^)dT)+ f ejkNr-^m]{t) d-q
Jq'' dt Ju^ OT]k

for the continuity equation,

/ NrNi4-{mUt)detJ^)dq
Jn'" dt

(5.65)

+  e,fcAr,nJ(t)^i^^m^(t) dq -f ejkNr^p\t)6ij dqdNt

OTJk dfih dqk

+
Cjk dNr

det J dr]k

dNt dNt dN

dq. dq. dqs

+C^_ I |n^(t)
JW'

N
dNr dNk

dqt dqt

for the momentum equations, 1 < ? < n, and

m^(t) dq = 0

dq

(5.66)

+

L N,NA(E'(t)ieij')dri+ i E'{t) + p'(t) ) dr,
dt JQh •' 0ir)k

6js o ^t(^) "h Cjs o
dq, dq

dNt ,
j(0 ^fc(^)^«i dq

^Pe L det J a/yl dq, ^ l«'(01^. ̂ J ̂J-£^'(0 dq - 0drit drj,

(5.67)

for the energy equation. These statements apply by components at all internal grid

nodes, and unconstrained boundary nodes. An associated weak statement, em

ployed at all non-Dirichlet constrained boundary nodes for efficient surface-integral

boundary condition enforcement, is by components

L NrNi^{p\t) det J^) dq - f ejk^^Ntm]{t) dq
dt Jn'» oqis
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+ £/3, L \u-{t)\N,^^/(i) dri + L Nrm';e,tntdr = 0 (5.68)Jfih' dru orjt JdQ>' ^

for the continuity equation,

L NrNi^{m\{t)dei J^) dr)
dt

- ̂  dt) - e^k^N,/m, drj
1  f „/ XAT ^jk dNr r dNi I.. dNi f 2 . 1

+£4/.^

+  NrNim[{t)u]ejknk^ + -^r - o-jj) ejknkdr = 0 (5.69)

for the momentum equations, 1 < i < rz, and

+

L NrN,^(E'(t)detj')dn- L u%i)N,eii.^N,(E'{t) + p'(t))dr,
Jq'^ dt JQ'^ orjk

Cjk 5iV, dNe ,, , dNt 2 dNi ,
dT]s dr]s 3^^' % ̂k{^)^i3 drj

det J dfjk

i  "> + i ''''
+ <f^ Nru'j (p''6ij - a-:) ejkrikdT - I Nrq^e^krikdV = 0 (5.70)

JdQf^ \ ■'/ jQQh J

for the energy equation. The boundary conditions developed in Chapter 3 are then

directly inserted in the arguments of the surface integrals in this statement.

In (5.65)-(5.70), the time derivative integrals contain nodal values of detJ,

whereas the viscous flux vector integrals depend upon the element variation of

this determinant. Both detJ and the metric data e^k that pervade all integrals

in (5.65)-(5.67) and (5.68)-(5.70), are consistently evaluated following the optimal

metric data strategy outlined in the next Section, and detailed in Chapter 6.
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5.8 Optimal Metric Data Evaluations

For the general Galerkin integral statement (5.12), the optimal metric data integra

tion procedure is

"^'-k ̂  ^ ^ ^ ^
where now the metric data ejk are extracted from the associated integrals. In

(5.71), Mr is the number of elements G ̂ e,r, and Pri corresponds to the optimal

evaluation point within each Cl(. As exhaustively detailed in Chapter 6, the optimal

metric data evaluation coordinates are determined such that the fundamental linear-

solution compatibility condition

dXi f 1 / \ [ AT-L N
(det J)<5j

r det Jp d-n L Nre.kp- dv (e.-^P. • L Nr^ drj^ M ^ drjk ^ Joj OTjk
L Nrdrj L Nr d-q L Nr dq
Jnh Jq^

(5.72)

is identically satisfied on arbitrary grids for any ejk. In (5.72), 8'j is the Kronecker

delta, and the integral on Nr is a normalization factor. Cartesian and curvilinear

coordinate 2-nd order accuracy is achieved if the quadratic-solution compatibility

condition

L  ir,
3

Prt ~ L Nrdq

f Nr d{Xif , f Nrd{Xif
L  "»/ (ejfc)Pr/ • -7.—^ dq_ JQ^ 2 ^ dqk ^ Jqi; 2 dqk

L Nr dq L Nr dq
Jn^ Jtii

(5.73)
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is edso identically satisfied for any value of ejk- Therefore, usage of these optimal

metric data will afford consistent order of accuracy on totally arbitrary grids.

For the bilinear lagrangian basis functions, and conventional counter clock-wise

numbering of the elements sharing node r, see Figure 5.1, the appropriate evaluation

points for the metric data tjk that identically satisfy (5.72) and (5.73) are developed

in the next Chapter as

i',3.(-^;-i) ̂ '.-(4"^) (5-74)
Note that these optimal-point curvilinear coordinates are invariant in each element,

regardless of its physical shape. The analysis for evaluation points for the dissipation

and physical diffusion integrals in (5.65)-(5.67) and (5.68)-(5.70) is analogous, and

fully documented in the next Chapter.

The efficiency of these metric data evaluations, is exemplified for the following

representative expression

dri = (3;t)p„{array){m5(()}

(5.75)

Here, {tjk)Pri is the metric data evaluation and {array} denotes the ( metric-data

ndependent) exact integrations for the remaining integral, [14]. The illustrated

procedure (5.75), which also involves an optimal det J evaluation within the vis

cous flux vector integrals, is extended to all metric-data handling in (5.65)-(5.67)

and/or (5.68)-(5.70), thereby permitting extraction of all metric data from the as

sociated integrals. This consequently, allows dispensing with the traditional finite
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element Gaussian quadrature loop, yielding an algorithm statement operationally

competitive with difference scheme methodology. Furthermore, this evaluation pro

cedure renders use of the bilinear quadrilaterals as efficient as the linear triangles

with element-constant metric data.

Finally, the analysis leading to (5.74) shows that the bilinear element mass

matrix integrals in (5.65)-(5.70) satisfy the fundamental relation

L Nr(v)Nj{'n)d^ = Nj{TjpJ Vr ,j (6.76)

Therefore, in each element 0^, the mass matrix integral (5.76) yields the value of

the basis function Nj(Tf) at the optimal point

Mj + l
O  (?  1)  o

• 4 • 3

?  1> 3  o

r = (i,j) i + lj

T  ̂p  ()- o

¤ • 1
■Hi, • 2

O  ( ( 3  O

iiji iji 1+1

Figure 5.1: Representative Assembly of Four 2-D Lagrange Bilinear Elements with
Optimal Evaluation Points
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Chapter 6

Metric Data Handling for
Accurate Semi-Discretizations

on Arbitrary Curvilinear Meshes

In this Chapter, an efficient metric data procedure is detailed such that the semi-

discrete weak statements (5.65)-(5.67) and/or (5.68)-(5.70) remain uniformly second

order accurate on arbitrary grids of bilinear lagrangian elements. This accrues to

metric data evaluations at optimal points, such that (5.65)-(5.67) and/or (5.68)-

(5.70) satisfy linear and quadratic solution compatibility conditions for first and

second order differential operators. This condition is required on both cartesian

and curvilinear coordinates, as developed in the following sections, wherein is

denoted as simply for notational clarity.
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6.1 Curvilinear-Coordinate Differential Operators

A second-order curvilinear-coordinate PDE system is obtained from its cartesian

counterpart through the following differential operator transformations

det J

det J
dxi (■)■

(di-)] (d{-)
-

^  [dxj\ —  oor]k det J

(6.1)

(6.2)

complemented by the fundamental identity

de-ik „ 1 ^ ^
^ = 0 , 1 < 2 < nti Srii

(6.3)

Equalities (6.1)-(6.2) express the first and second order primitive coordinate dif

ferential operators in terms of associated curvilinear-coordinate operators via the

transformation metric data e.-fc, with the symbol "(•)" representing a differentiable

function upon which (6.1) and (6.2) operate.

An "optimal" metric data evaluation method is developed, such that a second

order accurate semi-discretization of all the rhs curvilinear-coordinate operators in

(6.1)-(6.2) on arbitrary grids also yields a second-order accurate representation of

the associated Ihs primitive-coordinate differential operators. This method derives

from a consistent and accurate evaluation of following mean value theorem integral

expressions for operators (6.1)-(6.2) as

(det J)
dxi

In NrdetJ
dxi df] L NrCik

Jn _drik_
dr)

iNrdrj
Jn

LNrdTJ
Jn

(6.4)
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Jq
NrdetJ

-dxi \ dxj
drj

Lk drf
Jq

^r^ik
Jq

_d_
drjk det J I dtji drj

f Nr drj
Jq

(6.5)

Herein, rj^ indicates a suitable coordinate point in the region to be determined.

In (6.4)-(6.5) the coordinate transformation Jacobian determinant in 2-dimensions

is defined as

det J(Tt) - tu{v)c22lv) - e2i(l)en(r)) (6.6)

Further, the function Nr is a weight function that satisfies the condition

J^Nr df} = a (6.7)

where a = 1 or a = 4 depending on the region.

6.2 An Integration Identity

In view of the fundamental importance of (6.4)-(6.5), for the practical metric data

evaluation method, a generalized mean value theorem is now proved in the following

section. The integrals (6.4)-(6.5) express the first and second order differential

operators which can be evaluated when suitable functions are inserted into the

integrands in an appropriate order.

Let the product of functions

F{x) = kp{x) n V'(x) = (p{x{T})) n il){x{r))) (6.8)
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represent a difFerentiable function in both cartesian and curvilinear coordinates.

Application of (6.4)-(6.5) to (6.8) yields

d
(det J)

V'

fNrdrj= L ejkNr
Jn Ju drjk

ifxP drj (6.9)

V'

iNrdri= L tikNr
JQ Jo. drjk det J V drje .

dr] (6.10)

where 77^ denotes a suitable evaluation point in the domain 0. Integrals (6.9)-(6.1G)

can be recast as

r  Ar [ ̂ ,1 J f dNr , ,L ejkNr dTj = - I ejk-T—(fip drj
Jn OT]k Jn or]k

dNr

drjk
(6.11)

Jn OTjk detJ \diji J
drj = - I tik

Jn

dNr

drjk det J y drji, j
drj (6.12)

In the sequel, (6.9) is called strong form integral, to distinguish it from the

companion weak form (6.11). The surface integral associated with the Gauss-Green

transformation in (6.11)-(6.12) is deleted using the assumption

Nr{dtl) = 0 , dCl boundary of ft (6.13)

Whenever (6.13) is not met, then deletion of the surface integrals amounts to en

forcing a Neumann constraint for the associated differential term.

Integrals (6.9)-(6.12) are synthetically written as

= Lp{v)q{v)r{v)4v) drj
*/

(6.14)
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where the functions p, 5, r and s are identified by inspection. An integration identity

is now proved for the simplified and rigorous evaluation of integrals (6.9)-(6.12) that

allows second order accurate spatial semi-discretization of operators (6.1)-(6.2) on

arbitrary meshes.

Lemma 1 Consider the integral (6.I4)

^ = Lp{v)Q(v)r{v)s{v) dv
JCl

If in the integration domain Q. the functions q{r]) and r(T]) are continuous, piv)

and s{t]) are integrable, and both p{ri) n s{rf) and pirf) n r{r]) n s{rf) do not change

sign then the following relation holds

Lp(v)q(vyi'n)s{Ti) dri = q{'n''')r{Ti''y Lp(v)s('n) drj (6.15)
«/ «/

where and 77^^ are suitable coordinate pairs lying in the domain O.

Proof:

Integration theory leads to the fundamental inequality

gmin Lp{v)r(vy{v) drj < Lpiv)q{vy{v)s{v) dr) < q^^ LpivyivHv) drj
JQ Jn Jq

(6.16)

The limits in this relation constitute the extrema of the auxiliary function

fiv) = q(v) Lpivyivyiv) dt] (6.17)
J

This is a continuous function of rj since q{Tj) is continuous and the rhs integral is
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finite. Therefore, the following relations hold

?min L PilVMsiv) dtl < q(ri) J p(ri)r{i})s(ri) dtj < j
(6.18)

Moreover, (6.17) attains all values between its extrema by virtue of the function

theory Heine-Cantor theorem [12]. The middle term in (6.16) is certainly one such

value. Consequently, in particular, the auxiliary function also satisfies the following

equality

L p{v)<livy{'n)s{v) dl = ?(»/''') LPivVivHv) drj (6.19)
V  J Q,

where is a suitable coordinate point. The preceding discussion can be applied

almost verbatim to the integral

Lpivy{v)4v)d'n (6.20)
J 0

and directly leads to the companion equality

Lpi'n)r{ri)s{T}) d-q = r{q''^) Lp{q)s{q) dq (6.21)
«/17 «/17

where is another appropriate coordinate point. Whereupon, combining (6.19)

and (6.21) leads to identity (6.16), □.

By virtue of this identity, and for W, ^ and satisfying the hypotheses of

Lemma 1, then the rhs of integrals (6.9)-(6.12) can be equivalently expressed as

^ eik(q)Nrtl^{q)^^ip(q) dq = 6,^(77^')V'(»7''') Nr-^^<f{q) dq (6.22)

Iq drj = eik{q''')ip{q''') dq (6.23)
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=  (6.24)

The evaluation point choice in (6.24) is readily justified by a straightforward exten

sion of Lemma 1.

It is observed that (6.22)-(6.24) permit a simple and direct evaluation of in

tegrals (6.9)-(6.12) whenever the functions Nr, tp and (p are easily integrable on

the region and whenever the evaluation points are determined. This de

termination generally depends upon the coordinate-transformation and upon the

primitive coordinate distribution over each transformed region. However, if on such

regions the exact value of integrals (6.9)-(6.12) are known for specific compatibility

conditions that all solutions of (5.65)-(5.67) and (5.68)-(5.70) should satisfy, then

equalities (6.22)-(6.24) allow the determination of unique local evaluation points

which are totally independent of primitive coordinate values and allow consistent

second-order accurate semi-discretizations on truly arbitrary meshes. This deter

mination is accomplished for (6.22)-(6.24) by enforcing the following fundamental

linear and quadratic compatibility conditions for first and second order differential

operators.

dx' fNrdrj= f NrCik dr) = [det J • (j/l [Nrdt] (6.25)
jjpJn Ja [or}k\ Jn ^ ^
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(det J)
dxi

f Nr dr] = — f tik Xj dri = det J n Sj p L^r drj (6.26)
Ju JQ arik JQdrjk

det J\ dxiXj

V'

LN^dri= f^Nr
Jq Jq 2

dxiXi
^ J J

drjk
drj = det J • XjSl

(6.27)

'det dxjXj
~T~ J

V'
2 dr}k

det J n XjSl

(6.28)

77 J
/ Nrdrj = - I tik
Jq Jq

dNr

drjk
^ji (dXr,

det J \ dr)(
dri = 0 (6.29)

'detJ\ d fd{xmXny
^  2 ) dxi V dxj ^

V'

LNrdr,=
Jq

1.
Jq

- L
dNr

eik^  iK r\

Q  dr]k
^ji (d{,Xm,Xri)

2 det J \ drji
drj =

det J(6^6: +6^6])] iKdrj
<nP Jq

(6.30)

6.3 Spatial Approximation Functions

This section details the properties of a class of bilinear functions that permit second

order accurate semi-discretizations on both primitive and curvilinear coordinate
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computational cells. Each curvilinear-coordinate cell is obtained upon transfor

mation of an arbitrary quadrilateral cartesian region Q, as illustrated by the 2-D

example in Figure 6.1.

i + n-2
i + n-1

i-n + 1

I + n

i

-n " ^

d
ni /

i + 1

j + n-2 i + n-1 i + n

qi Q a

i-1

i-n + 2

Figure 6.1: Example of domain transformation

i + 1

i-n i-n + 1 i-n+ 2

It is convenient to define the local reference frame with each coordinate

spanning the range [—1;+1], in which the approximation functions are specified.

The bilinear Lagrange polynomials of interest herein are

■^1 = ^(1 - '/iXl - V2) , N2 = ^(1 + r/i)(l - 772)
N3 =-{1.+r]i)(l + r]2) , A^4 =-(1 - 77i)(l + 772) (6.31)

The subscript £ on Ni refers to the computational-cell nodes and uniquely identify

these functions for the conventional counter-clockwise ordering in Figure 6.2. Note

that a one-to-one correspondence is established between the global numbering index

pair {i,j) and the element nodal index £ = 1,2,3,4-
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lJ+1 1+1,; +1t-J J+l

Q,. ^e=ni

/f
l l+ij.J

"« = / Cl

1 1J

M J-1 i.M l+lJ-1

Figure 6.2: Approximation Function Variation

The metric data tik are then expressed in terms of the partial derivatives of the

primitive coordinates with respect to the curvilinear coordinates t]. Consequently,

the distribution of these metrics over each cell can be obtained via differentiation

of (6.31) yielding

.  . 6x2 dNi{Tj) f 6x2 6NArf) . ^

,  6xx 6NAv) f , x 6xx 6NAtj) f
e2iiri) - - 6r^2 -

These expressions are crucial in the determination of the optimal metric-data eval

uation points.

The following highlights a fundamental feature of the partial derivatives of N(.
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Specifically,

=  , |^ = -(l-,.)/4 (6.34)
|^ = +(l-,.)/4 , = -(! + ,0/4 (6.36)
dN-:, dN-^^ = +(1+^0/4 , ̂  = +(l + m)/i (6.36)
^ = -(l + W4 . |^ = +(l-'>.)/4 (6.37)

hence the partial derivatives dNjIdrji do not depend upon rji itself. As will be

shown, this characteristic plays a key role for the identification of the metric-data

optimal evaluation points.

6.4 Determination of Optimal
Metric-Data Evaluation Points for

Convection Operator Semi-Discretizations

This section is divided into two parts. First, tp is set to one, the integrations are

performed over the region cell 0 and the resultant expressions analyzed. In the

second part, the derived expressions are combined with the metric data e.-fc to form

relations (6.25)-(6.28) after setting if = Xj. Thereupon, the optimal evaluations

points are determined.
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6.4.1 Integration in rj Space

The evaluation of the strong statement integral

r, = fNr^ drt L Nr^ dr} (6.38)
Jo orji ^ Jq^ dT]i

over the computational domain of Figure 6.1 yields, for node r = node (i,j)

pi •'112 <-"11 \ drji J p]

i  =(^),. • k
3  *

where the coordinates of points Pi are

P'=(0;+J) P^s(0;+^) P3' = (0;-|) ^'i = (0;-|) (6-«)

Consequently, the evaluation of integral X[ is expressed as

and for = (j)ij it coincides with the recursion formula

/ I 4 1 1 4 1 \
^  ~ g9^t-i,j+i + -<l)i+i,j-i + + -(/i.+ij+i j (6.42)

Note that a one-to-one correspondence is established between of r and the index

pair

Expression (6.41) supplies the sum of four second-order centered difference for-

mulae for each evaluated at Pi. For example, the following expression is

obtained on fii at point (0; 1/3)

(^) ,0./3, *■' ^
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which, with reference to Figure 6.3, coincides with the approximation

(6.44)

<

MJ
f4 n n

n.2 j 4
I

0- .

n.

/
1 2

IJ

iJ-1

Figure 6.3: Representative Computational Cell for Evaluation (6.44)

Whereupon, the expressions for if" and at points ( —1; 1/3) and (+l;l/3),

respectively, are

c  4^ 2^ . 4^ 2,

Insertion of (6.45) into (6.44) yields

dp> (2 ̂ 1

5/71 ~

2^ W
+ -(pi-ij-i

6  0

which reverts to (6.43). Likewise the evaluation of the integral

r  dNe f dNe , (
^2 = L dr]ip = ̂  L dr] <por]2 ^ Jn^ orj2

over the computational domain of Figure 6.1 yields

'dNi'[ ̂dN. , (dNA , f dNe , ^

(6.45)

(6.46)

(6.47)

(dNA ,
L Nr^— dr}p> = \ A , L dTiA=[ A

dm \ dr)2 J p2 Jm dr}2 \ dm) p2
[  dNi , , (dNA . f ^ dNi , , (dNA /
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where the coordinates of points are

Pi'=(+^;o) P| = (-J;o) P3' = (-J;0) P4'=(+^;0) (6-«)

Consequently, the evaluation of integral is expressed as

and coincides with the recursion formula

/ I 4 1 1 4 1 \^2 = + Q<i>i+l,j+l] (6.51)

Expression (6.50) supplies the sum of four second-order centered difference for-

mulae for each evaluated at P^. For example, the following expression is

obtained on at point (1/3; 0)

which, by referring to Figure 6.4, coincides with the approximation

Hence, the expressions for (p°' and at points (1/3; -f 1) and (1/3; —1), respec

tively, are

4  2 4 2

6*^*"^''' ' ~ 6*^'"''"^ (6.54)

Insertion of (6.54) into (6.53) yields

d^p (2 1 \ /2 1 \
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Figure 6.4: Representative Computational Cell for Evaluation (6.53)

which reverts to (6.52).

The evaluation of the weak statement integral

/7-r _ f j^T j I ^ [ dNr ^
(6.56)

over fl, see Figure 6.3, yields

dN,

where the evaluation points coincide with (6.40). Consequently, is expressed

as

~ {^f)p\ } (6.58)

and coincides with expression (6.42) via evaluation of each basis function in the

element indicated by the subscript in P],

Analogously, the evaluation of the weak statement integral

r dNr,, , i ^ f dNr ,
(6.59)
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over see Figure 6.4, yields

dNr

- L dvip' = + - L drj^' = + (Ne)^. /(6.60)
Juz ® <^112 *

where the evaluation points coincide with (6.49). Consequently, J^2 expressed

as

^2 = {[(iV^),i V' - (JV<),; v'] + v' - (N,),, v']} (6.61)

and coincides with expression (6.51) via evaluation of each basis function in the

element indicated by the subscript in P^. Therefore, the assembly of the weak

statement integrals (6.56) and (6.59) coincide with the assembly of their respective

strong statement counterparts on uniform rectangular grids. However, this iden

tity no longer holds on each individual element, compare (6.39), (6.48) with (6.57),

(6.60). Consequently, significant differences originate in the terminal formulae re

sulting from the evaluations of these two sets of integrals on arbitrary meshes, hence

variable metric data ejk, as shown in the next section.

6.4.2 Metric-Data Evaluation Points

The fundamental identity (6.25) is expressed in each region Oe, see Figure 6.1, as

dxj
det J

dx •
d (6

dxi
• f Nrdrj = ieikNr^d'n =
JDe JQ

et J •
OXi

.62)

since Nr dij = 1. The unabridged form of this integral is

dxj , /■ dxj , f dxjL eikNrp- dri = L e.iiV,p ^77+ L e,2iV.p dr, (6.63)
orjk JQc or]i JQ^ or]2
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Whereupon, expressing Xj via basis functions (6.31) in this integral, and invoking

Lemma 1 yields

Se= L eikNr^^ drj x] =
-/fie orjk ■'

{e,. (/_ d„^ x; + e., (vi) (/__ x^j (6.64)
This expression is then transformed via relations (6.39), (6.48) to yield

(S),.
which for i ^ j and for the metric data definitions (6.32), (6.33) should identically

vanish. It appears that this expression can indeed vanish only if tjI ^ since

Pj ^ F^. But, if this were the case, then for i = j = 1 the unique evaluation

point Tip at the Ihs (6.62) would not exist, since the value of det J must result from

products of metric data evaluated at one point only, see (6.6). However, a unique

point can be determined for the bilinear lagrangian basis. In this connection, note

that the partial derivative dNf/drfi is a function of rj2 alone, and dNtldr]2 is a

function of rji alone. Consequently, the following equalities hold

L\
(6.66)

\ ̂ '1"^ ) (±l/3;±l/3

Therefore, for i = 1 and j = 2 expression (6.65) is cast as

~  ,1 (^) (.V3,41/3)
and consequently, the appropriate evaluation points for both en and that make

(6.67) identically vanish are
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1 2 / I Ir]^=r}^=r],= ("gi+g

1  2 — f _1. _1
3' 3

V,=V,^V3-\ o '

vl = = (+^' ~^)
where = denotes equivalence but not coincidence. These points are also adequate

when z = 2 and j = 1 in (6.65), since

Of significance, the derived coordinates remain valid when = 1 in (6.62), since

this expression then becomes

for z = j = 1 and

<•">

for i = j = 2, which both correctly constitute the value of det J at point Pg.

To conclude these derivations, note that the fundamental relation (6.62) is ex

actly satisfied by the strong statement integrals on each individual element. Con

versely, as shown next, the weak statement integrals can only satisfy such cardinal

relation on average and on an assembly of four contiguous elements.
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Considering that Nr dr) = 4, the fundamental identity (6.25) is expressed in

the region see Figure 6.1, as

detJ-^"^^
d

r  r dN
n LNr dr) - - I drj = 4 - [detJ]„p • 6j (6.72)

jjp Jq Jq Orjk 'Ix

Here rj^ now denotes a point on the assembly of four contiguous elements. The

unabridged form of this integral is

f  dNr , f dNr , f dNr j
- L eik-z—Xj dr) = - I en——Xj dr) - 1 tiis,—dr) (6.73)

Jn orjk Jn drji Jn dr}^

Whereupon, expressing Xj via basis functions (6.31) in this integral and invoking

Lemma 1 yields

This expression is further transformed via relations (6.57), (6.60) and is cast as

S = -en(r)]){Ne)^,x^J + en(r)l)(Ne)p^x^^

+6.1(773) x\ - 6,1(77^) (iV^)^i x\

-e.-2(77^) (iV^)p2 x\ - 6^2(772) (W^)p2 x\

+^.■2(77^) (iV^)pi xJ + ei2(77^) (iV^)pi x\ (6.75)

This relation must vanish for both replaced by a constant, for example 1, and %

set different from j. In the former case, this requirement can be satisfied since such

an expression then reduces to

S = -enivl) - ei2{vl) + enir)]) - ei2{vl)
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+e,i(T73) + ̂i2{vl) - + ei2{vl) (6-76)

and if

e.i(T7}) = enirjl) , 6,1(77^) = 6.1(774)

ei2{vl) = e.-2(77^) , 6,-2(77^) = 6,-2(77^) (6.77)

then this expression vanishes as needed. Considering that the basis functions are

bilinear and tjk are expressed via (6.32)-(6.33), then relations (6.77) are satisfied if

,  vl = vl

ll=vl , vl = vl (6.78)

Conversely, for i ̂  j, expression (6.75) does not identically vanish. For example,

setting i = 1 and j = 2, and using (6.77), hence (6.78) yields

£ = +en('):) x5] + e„(n;) [(JV,),. x', - (JV,),, x(

+ei2(i)D 4 - Wp; xJ] + 6,2(1!) [("'jp" 4 - (^t)p', 4] (6.79)

which cannot be forced to vanish for arbitrary values of since on each element

the metric data Cjk with (6.77), (6.78) couple only two nodes whereas the relations

between brackets couple four nodes. However, the magnitude of this expression is

modest since it satisfies the following order-of-magnitude constraint

= o (s?5 (O,.
Consequently, evaluation (6.74) may be accurate for suitable element aspect ratios.
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The coordinate of the evaluation points 77^ and ri\ are determined by setting

i — j — I in (6.75). For this index specification, this expresion is cast as

e = p] (p] At?!
,^72 / jyl / (l;+l/3),e=l V^72/ jyl V^^l/(l._l/3),e=4

p] ff^)
which, for the following choices of t}] = rjl = r]^

(6.81)

»7l = (+i;+^) = »72 = (-i;+^) > »73 = (-1;-^) = »74 = (+1;-^)
77^ = ( + ̂;+l)^77^ = ( + i;-l) , ^ (-1;+1) ̂  ^ (-1;-1)
f7i = (+l;+l) = 774 = (+l;-l) , 7)2 = (-1;+1) = ̂73 = (-1;-1) (6-82)

reduces to

F w 4 • det 7(77*"), rf = node (7,7) (6.83)

since Cjk is independent of the 7?3_jt coordinate in 2-D. Therefore, (6.75) approx

imates expression (6.72). Note that for t = 2 and j = 1,2 identical conclusions

are reached for (6.80), (6.81). In particular, the accuracy level of the latter ex

pressions critically depends on element aspect ratios. Conversely, the accuracy of

the corresponding strong statement expressions is not affected by truly arbitrary

meshes.

6.4.3 Accuracy Considerations

Expression (6.62) constitutes the fundamental consistency and/or first order accu

racy constraint that all consistent semi-discretization theories verify on a uniform
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mesh. For arbitrary meshes such a verification is in general more involved. However,

the semi-discretization procedure herein detailed has yielded this crucial verifica

tion in a rather straightforward manner, via determination and use of metric-data

optimal evaluation points. This procedure is now expanded to achieve a semi-

discretization for nonlinear terms that is second order accurate on both primitive

and computational coordinate spaces. This is accomplished by devising a semi-

discrete formula that identically satisfies constraint (6.27) on arbitrary meshes.

6.4.4 Second Order Accurate Semi-Discretizations

on Arbitrary Meshes

Setting ̂  = x\Ni allows expressing the fundamental identity (6.27) as

Qe= L drj = L e,kNrx\Nt^x\ drj = [det (6.84)
jQc 2 dr}k Jn. or)k

and using Lemma (6.1) yields

Qe= L tjkNrx\Ni^^x\ drj = x^iNe{v*e)ejk{Ve) L (6-85)

where rjl is a suitable evaluation point that permits satisfying (6.84), hence yields

2*"^ order accuracy. Capitalizing on the results (6.39), (6.48), (6.70) and (6.71)

allows expressing (6.85) as

(6.86)

And upon identification of ?7* with Pe, recall (6.68), expression (6.86) becomes

Qe = x'i {Ni)p^ (det J)p^ S] (6.87)
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which by corresponding to the Ihs of (6.84) for arbitrary tjki hence det J, proves the

accuracy assertion.

For the weak statement integrals (6.56), (6.59) the counterpart of relation (6.84)

IS

1  ̂

^ e=l

S = L dn=-\i ei,^N„xTN,xi dn =
JQ 2 orjk 2 Jn otjk

L  ̂2^^ ̂MVe)NmiVe>T ^
ie,a(f7i) • \-NM) + N^ivl) 4+

n  [+N^{vl) (iV,),, xf - Nmivl) (iV^)pi

2^.2(^)1) • [-iV™(r7D {Ne),2 x^ + NUvl) x^

^ej2(^72) • {Ni)p2 xf - Nmivl) ̂ ^2 x\

+

+

Whereupon, setting

ri\ = Pl 1 < e < 4

(6.88)

(6.89)

see (6.42) and (6.49), leads to the result

xff - ((JV,),. x|+ \^p{^2)

(S),. (S),. +
ie,3fe) A,3 =
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^niVi) At?! + eji(T73) ^ ^^71 +At?i/t?5

^^2(772) ^ ̂ ^2 + ej2if}4) ^ ̂ ^72 + Oniax,.- ((Ax,)^)
m

4 • [det J]t?''X^^- (6.90)

Note again that the strong statement integral yields an exact representation of

(6.84) for arbitrary meshes, whereas the weak form can only approximate it.

6.4.5 Specific Applications

Utilization of formula (6.85) and/or (6.90) for the semi-discretization of non-linear

second or higher-degree terms within the convection operator, yields a recursion

formula that can be second order accurate in both primitive and computational

coordinate spaces for arbitrary meshes. The following semi-discretization for a

representative Euler equation convection term exemplifies the use of such formulae.

This term is written as

detJ • C = detJ—
ox

m.

-m. = eifc
_d_
dr]k

m.

-rria (6.91)

An integral representation for this expression is

/ Nr det J n C d-q = / NrCikiv)
jQe Jn.

_d_
dr]k

m.

m. dq (6.92)

hence

O  j

i Nr det J • C d77 ̂  L Nre.kiv)^ [N^Ne] dq ̂  • mi (6.93)
JQt Orjk p
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Thereafter, (6.85) leads to the terminal relation

f Nr det J • C dr] :::i

dr,m',

t c) Tfl? 1
eik{Ve)^i{VeWx [A^j]

The corresponding expression for the weak form (6.89) is

j_N,detJ-Cdn^-Y: ^ [iV,| d^ (6.95)

6.5 Determination of Optimal
Metric Data Evaluation Points for

Diffusion Operator Semi-Discretizations

This section is also divided into two parts. In the first part ̂  is set to one, the re

quired integrations are performed over each computational cell illustrated in Figure

6.5, and the attendant results are appropriately summed. In the second part the

derived expressions are multiplied by the metric data to form relations (6.29) and

(6.30), after setting ip = Xj. Finally, the optimal evaluation points are determined.

6.5.1 Integrations in rj Space

The evaluation of the parallel-derivative integral

f dNr dNj , , 4^ [ dNr dNi ̂  n
^11 = - A drjif' = -}_^ 1 drj p' (6.96)Jq OTji drji

160



over 17, see Figure 6.5, yields

Iq

d

^

dNrdN, , , fdN/
dr) = - '

di drji dr]i r]1 / pi -k0
dNrdN, ̂  n (dNi

dNrdNj , , (dNi
' drfip^ ̂  ^

d3 drji dr]i r}1 / pi
-/

JQ

2 drji dr}\

dNr dNj
04 5771 dr}i

dr}1 / pi

1 / pi

(6.97)

Note that the evaluation points in these expressions coincide with (6.40).

Consequently X{^ is expressed as

ij+l 1 + 1J +1

l+lj

Hi
• Pz

'1.

Mj-1 t + lJ-1

Figure 6.5: Contiguous Elements and Evaluation Points for Integrals (6.97)

T —-'-11

'dNj
dr}1 / Pi

ypJ -
dr}

1  / pi

+
dr}1 / Pi

'^JX\ ^
dr}i /P4^

(6.98)

with each partial derivative computed in the element identified by the subscript in

, and coincides with the recursion formula

TT 4^ 2^ 4 . 8^ 4^
~ 2 V6 4-^ ~ 6 + -<Pi+ij
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+ Q<i>i-i,j - (6.99)

Expression (6.98), hence (6.99), supplies the average of two second-order cen

tered difference formulae evaluated at points P° = (1,1/3) and = (1,-1/3)

respectively, as is easily shown by referring to Figure 6.6. The second-order accu

rate centered formula approximating the partial derivative point

P/ is

Arit
2  d ( d<f
drji \dr]i

_ f dip \
d

At?! (6.100)
p- rjijpi \dm/pi

Whereupon utilization of expression (6.43) for the semi-discretization of these rhs

partial derivatives leads to the recursion formula

A
dm [drjp

Arjl ~
Pi

4. 2^ \ /4^ 2^Q9i,j + j - + g<P«-ij-i
2^ 4^ 2^ 4^ 8 . 4,
-(pi-\,j-\ - + Q<Pi+i,j-i + Qyi-hj - gW.j + gw+i,j At?! (6.101)

The companion expression formed at point P4 is

A fA
5t?! [drji] Aril

4, 8, 4, 2, 4, 2,
Q9i-l,j - Q<Pi,j + -<Pi+l,j + -<p,■-!,?+! - -(Pi,j+1 + g<P,+!,j+! At?! (6.102)

Whereupon the average of expressions (6.101) and (6.102) reverts to (6.99). Note

that the latter is also interpreted as a semi-discretization of the Ihs of (6.100) at

node r.
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Following an analogous procedure, the evaluation of the integral

^  r
drj df]= - /

dNr dNj dNr dN,
 dnJa rj2 dr}2 " ' ^ Jqc dT]2 dr]2

(6.103)

over ft, see Figure 6.6, yields

-L

-i

h

h

dNrdN; , ,• (dNi
drj = — '

di dT]2 dr]2 rj2  / p2

dNrdNj , • (dNj
dT7 =2 + ' ^

ds dr}2 dr]2 r]2  / p2
^3

/a

kh

dNr dNj
hj dr]2 dr]2

dNr dN,
i dT]2 dr]2

dr]

df) ip^ = +(p^

'dNi

where the evaluation points are the same as (6.49).

'dNj
^drj

2 /

2 /

 p2

 p2

(6.104)

i- 1J

i.;+i 1+1 j+1t  I.J+1

i+ij
Or

n,

n,

t.7-1Mj-l t + lJ-1

Figure 6.6: Contiguous Elements and Evaluation Points for Integrals (6.104)

Consequently, J22 is expressed as

1^2 =
'dN/

9ri:2 / P2 dr)2  / p2
+

'dN/
.dr)2 / p2

^3

-

M'
a?72y p,^

(6.105)
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with each partial derivative computed in the cell corresponding to the subscript in

and coincides with the recursion formula

-^22
2. 4^ 2^ A. 8, , 4

6 6

+ g<?^i+ij+i^(6-106)

Relation (6.105), hence (6.106), expresses the average of the two second-order cen

tered difference formulae evaluated at points = (1/3; 1) and = ( —1/3;1)

respectively, as is easily shown by referring to Figure 6.8. The second-order accu

rate formula approximating the partial derivative point P^ is

d [dip
(6

\ch,2.
.107)

pb \^\dri2jp2

Whereupon utilization of expression (6.52) for the semi-discretization of the rhs

partial derivatives leads to the recursion formula

A
dr}2 \dr]2^

Ar}l ~

'2 4 2 4

The companion expression at point P2 is

8  4
+ g<?^ij+i Ar)2 (6.108)

d

dr]2 \dr]2

[4 ,
g<^.d-

Arjl ~
pa
^2

8

6'
4

6'
2 4

6'
2

6'
Ar)2 (6.109)

Whereupon the average of expressions (6.108) and (6.109) reverts to evaluation

(106), which is also interpreted as the semi-discretization of the Ihs of (6.107) at

node r.
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Finally, the evaluation of the cross-derivative integral

-12

f dNr dNj ̂  f dNr ONj n
~  jQ drii dr]2 ^ Ae dru drj^ ^ ̂ (6.110)

on see Figure 6.7, yields

-i

-i

dNr dNj
hi drji dr}2

dNr dNj

da drji dr]2

drj (p^ = —

drj = +

'dN/

. 9ri2 / po

. 9^2 ) p.
,

-k0

-k

2 drii dr}2

dNr dNj

04 drji dr}2

dm

The coordinates of the evaluation points in these expressions are

(6.111)

Pf^COi+i), P,° = (0;+i). P3» = (0;-i), PC = (0;-i) (6.112)

Consequently, II2 is written as

^12 — Ml
dr]2 / po dr)2  / po

+
V ^^2 / po

i  (9Ni
V' - dr)2

fj
 J po

(6.113)

with each partial derivative computed in the cell corresponding to the subscript in

Pg°, and corresponds to the recursion formula

^2 =4 {<ki-l,j-l - (ki+l,j-l - (t>i+l,j+l + <?^t'+l,j+l) (6.114)

This expression coincides with the standard second-order accurate centered finite

difference formula approximating the expression

(6.115)
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I+lJ+1l,J+iHJ+I

t+lj

n.

n.

W-i

i 1 j

M J-l t + lJ-1

Figure 6.7: Contiguous Elements and Evaluation Points for Integrals (6.111)

at node r and can also be interpreted as the average of the second-order approxi

mations for itself as determined at nodes = (1) +^) -^4° —
Note that the evaluation of the integral

= -/-Jn
, dNrdN, , ,
In or}2 or]i

(6.116)

over Q, see Figure 6.8, identically yields formula (6.114). Such an expression results

from the sum of the integrals

-k

-k

dNr dNj
hi dr]2 drji

dNr dNj
hs dri2 drji

drj —

drj = +

'dNj
drj1 / -k

-k

dNr dNj
hj dr]2 dr]i

dt] ip^ — —<p,1^
dr}\ J t>2

dNr dNj

64 d7]2 dT]i
drj ip' = —p>'

drj1 / p2

(6.117)

where the evaluation points are the same as (6.49).
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tjl

1+1,7+1
■Q

O  •

i.7 a
o  •

i+lj

»+1.7-1

Figure 6.8: Contiguous Elements and Evaluation Points for Integrals (6.117)

Therefore, Xji is expressed as

T —-i-21 —
dN,
drj PI 1 /P2

+ ^dr] 1 / p?
- drj 1 /P2

(6.118)

and it is found to coincide with (6.113). This relation alternatively constitutes the

standard second-order accurate finite-difference formula approximating the expres

sion

^ (9^ A A 'C2 = —A772A771dTj2 \drji
(6.119)

at node r and can also be interpreted as the average of the second-order approxi

mations for itself as evaluated at nodes P^'' = (-f-; 1) and = ( —-; 1).
3  3
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6.5.2 Metric-Data Evaluation Points

The fundamental identity (6.29) is expressed in the region fl, see Figure 6.1, as

det J •
dxidxj

L Nr drj - - I &ik
Jq Jn

dNr Bje dxm
drjk det J drji

d7i = 0 (6.120)

The unabridged form of this integral is

dNr Cjt dx
j- L eik

Ju drjk det J drji
dNr tji dx

h " 5771 det J dt]
dNr Cji dx

dr  =

-k
Iq dr]2 det J drj

Cii"

(

e,-2-

m  , f dNr
-drj - Leu —
1  Jn drji

-drj - Lti,
1  Jn

dNr

drj2

 ej2 dxm
det J dij2

dNr ej2 dXm

drj

drj (6.121)
det J dr]2

Whereupon expressing Xm via basis functions (6.31) in this integral and invoking

Lemma 1 yields

dNr { Cjn \ dN(
e df)-kn ik' =

E
e=l

 drjk V det Jy drjn

(d^)^=(-/sIn
drj2 drji

dNr dNi
drj X (6.122)

, drj2 drj2

This expression is further transformed via relations (6.97), (6.104), (6.111) and

(6.117) yielding

- 1 ^detJ

ei2{ffi)

jffl \ drji J pi

eji

"b ®«l(^l)
'dNi

det J /T]° \ drji
I  . ( 2\(

det Jjfj° \drj2 J

fdNe\
det Jjfjl \ drj2 j ̂2
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+

+

+

+

6:1 (^7^ ̂ detJjffl \dT]i

Gji

e  < ( 0^[ 6j2611(772) det
'dNi

J/7)° \dr]2 j po

det JJrjl\dr]i J p„
'dN,̂

det J Jf}l\ dr)2
 I

det J Jf]l V ̂ ^71 J p!
e  , ( o^( 6j2 /dNj'

det Jjffl \ dr)2^
X,

6.-2(77D

6,1(774)

Cji

det Jy ̂3 \ dr]i J po

\ \ ( 6jl

1  „ („2\ ( 6j2 'dNi

det J Jf}\ \ dr]2 J p2
x^

det J Jf]\ \ 5771 J pi
, („o.f 6j2d" 6,1(774)

det
'dNi

Jjfi° \dr)2 J po

6:2(774)
Cji

det J Jijl \dr)ijp^
x; + c,^(vl) ' 'dNi

det J Jf)\ \ dri2 ) p2

(6.123)

This relation must vanish for arbitrary values of the metric data. Considering that

the outer metrics e,i and e,-2 are linearly independent of each other in any one

element, it follows that each expression in parentheses must be separately equal to

nought. This is achieved if, preliminarily.

Ve'=Ve > Ve= Ve

rrrO iw.^2 ^.2
Ve Ve 5 Ve

(6.124)

(6.125)

The coordinates of these points are conveniently derived by setting i = 1, j = 1 and

— ̂2- Whereupon, they are found valid for any other value 1 < z, j,n < 2.

For the specified settings of the indices z, j, and m, the first relation for Oi in
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(6.123) is

£1 = det J{r}\)
dNj

dr]2
V

-

dNj

dm

'dNf

~ 1

Vi

^2 I o / ^2^^72 / (0;0)
(6.126)

A unique evaluation point fi\ is now determined by capitalizing on the single-variable

dependency feature of the approximation function partial derivatives. This charac

teristic stipulates the validity of

(m\ ^ (m\
U^J(0;0)

Consequently relation (6.126) becomes

(

, V £ (6.127)
0;±l/3)

eii(^l)
detJ{ff\)

dN(

dm.

'dNe

,dm
X2 -

(0;l/3)

dNe

dm

'dNi\

.dm)(
Xn

0;l/3)

(6.128)

which shows that it can be made to vanish identically upon setting fj\ = (0; 1/3).

The second relation for fii in (6.123) is

So —
^12(^7^
detJ(r7^;

dNt

dm
Xn

 A
'dNA

 d
n̂

m) '
Xo

(0;0)

—
dN,

dm
x^

(l/3;0)

(6.129)

and the evaluation point fi^ is determined via the identity

'dNj

(0;0)

=

\  / (±l/3;0)
V £ (6.130)

Therefore, expression (6.129) becomes

£2 = -detJ{fil)
'dNj

dm vl

'dNt

.dm
x^

(l/3;0)

'dNj

dm v:

'dNe

.dm
Xr,

(l/3;0)

(6.131)
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which shows that it can be made to vanish identically upon setting ffl = (1/3; 0).

A sequence of derivations analogous to (6.126)-(6.131) leads to the determination

of points fjl and for 2 < e < 4. Their coordinates with those of ti] and f}l are

^} = (0;+|) , »72 = (0;+5) , , »74 = (0;-3) (6.132)

(6.133)^i = (+h;o) ' ̂2 = (-5;o) > ^3 = (-3;o) > vl = {+h^)

which coincide with (6.40) and (6.49) respectively.

It is important to note that the evaluation points fj] and ffl are valid for an

arbitrary distribution of the primitive coordinate over fl. Moreover, as is now

shown, they are correct for the accurate representation of expression (6.123) when

= xf. With this substitution relation (6.123), which must vanish again, is cast

as

enivl)
detJ{fi\)

det J(i7i)

eii(T72)
detJ(772)

ei2(vl)
detJ{f}l)

detJ{f)l)

detJifil)

enivl)
detJ{i)l)

eii(^l)

eii(»7?)

611(^2)

eiiivl)

enivl)

enm

Pi

p2

+ ei2(»7l)

3^1 +

'dN(\

Pi

'dK

.3m)/\

'dN,\ ,
dr]

'dNt

21 ,2

dr)2)p. '

Xi

'dNt\

.

A + ̂I2{vl)

'dNe\

.dm)p2

x^
dm p. '
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enivl)
det

euiv])
'dNj

dr}i
A +

'dNi
(6.134)

This relation considerably simplifies, since the sum of the terms between brackets

defines det J. Consequently, the terminal expression is

S = -eii(T7i) - ei2(T7i) + 611(772) - ei2(T72)

+611(773) + 612(773) - 611(77^) + 612(774) (6.135)

and if

611(77!) = 611(77!) , 611(77!) = 611(77!)

612(77!) = 612(77!) , 612(77!) = 612(77!) (6.136)

then this expression vanishes as needed. Considering that the basis functions Ni are

bilinear, and en and 612 are expressed via (6.32), then relations (6.135) axe satisfied

if

„1 _ .»,1 — .^1
— V2 1 ^3 — ̂ 4

2 _ 2 2 2

Vl=V4 , ^3 (6.137)

The coordinates of these points axe determined in the following section.

The derived points (6.132) and (6.133) are also adequate for the evaluation of

expression (6.123) when i = 2 and j — 1. With this selection the outer metric data

621 and 622 replace en and 612, respectively, in (6.126)-(6.131). However, these outer

metrics have not entered the determination procedure for points (6.132) and (6.133).
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Consequently, expression (6.123) will also vanish identically for both = x\^ and

= X21 upon evaluating the inner metrics at i)] and ffl.

The following section presents the proof that (6.132) and (6.133) are correct

metric-data evaluation points for the accurate representation of expression (6.120)

for the two cases (z = 2, j = 2) and (z = l,j = 2). The case (z = 2,j = 2) is

considered first. Hence, upon setting = xf, expression (6.123) is

£ = -e2i{vl)

-e22ivl)

+ ̂2i(t?2)

-e22{vl)

+^22(111)

+ e22(»74)

/ 621 \ /dNe\
Vdet J ) fjl \dr]i)
f €21 \ (dNj\
Vdet J Jf)]\ dr]i j

(dNAG21

det J

f 621

vl .dm

'dNp

\detjjf]l V dm

X

X

621

det J J ffl

(

'dNi'

.dm,

'dNi"
Vdet j; 77= \ dm)

621 \ (dNi^

X

det J / 7)1 \dm J p

^21 V f dN(\

X

X

+

+

+

+

+

+

+

+

det J y 7)1 \dr]2 .

^22 \ f dNj

622

det Jjffl {dm )p2''\
^22 \ i dNj

X
det J Jffl

622

det J J

622

det J Jf]l

622

. dm ,

.dm,

'dNj'

.dm.

'dNi

-,

det J J Hi {dm J p2 ^

( 622 'aiv,

\detjJfj\ V dm

622

det J
'dNi

jfil {dm Jp2
xi (6.138)

.detJ/Hl {dm Jp2

This relation must vanish for arbitrary values of the metric data. Considering that

the outer metrics 621 and 622 are linearly independent in any one element, then

the expressions in parentheses must be separately equal to nought. The first set of
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relations is written as

£^1 -
£21(77^ [aivJ
detJ(^^) dm. (0;±l/3)

m

drji
x'f,l ■lS'»J(0,XV3) 'J

(6.139)

which identically vanishes for the previous selection of fil-

The second set of relations is

dm
£22(77^

detJ(77^) dm v:
x' x' +

.
x' 1^1f,l ' UfJ.i./sw 'J

(6.140)

which also vanishes identically for the previous selction of ffl-

When x^, expression (6.123) is written as

S detJ{fi\)

e22iril)
detJ(ffl)

^2\{rj\)
detJ{ffl)

e22{vl)
detJ{iil)

£21(773)
detJ(^^)

£22(773)
detJ(^l)

£21(774)
detJ(T74)

£22(77^
detJ(774)

4 + <^22(211) ^
dm ^^

Xn

- I

^21(77^(^1 4+ £22(^2)dm ) pi

£21(77^2\ I I „ Iz42

dm I p2
2:2 + £22(^2

2/p2
dNt\
dm),I
dNA

Xn

Xo

) , o ,
Pi V 9V2 ) p:

£21(^3) 4 + £22(7)3)dm] dm)
Xo

pi
' ^ 'X

pi

drj
tX'l + 622(773) I -X I Xn

dm
■222(fll) 1

\ j T32 / p2

£21(77^) xi + e22{fll)(^] x'.^ViJ,i
'dNt\

. dV2 I pi
'dNA

£2i(^D|^1 ^'2 + £22(77D'"^''dm9m / p2
Xn (6.141)

/ p2

Since the expressions between brackets correspond to det J, the terminal expression
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IS

S = -e2i(T/l) - e22{-n\) + 621(772) - 622(77^

+621(77^) + 622(773) - 621(77^) + 622(774) (6.142)

and, in analogy with (6.136), if

621(77}) = 621(77}) , 621(77}) = 621(77})

622(77}) = 622(77}) , 622(77}) = 622(77}) (6.143)

then this expression vanishes as needed. Considering that the basis functions Ni are

bilinear and 621 and 622 are expressed via (6.33), then relations (6.143) are satisfied

if equivalences (6.137) hold.

Finally, for the case (i = l,i = 2) the outer metric-data en and ei2 replace 621

and 622 respectively, in (6.138)-(6.141) However, these outer metric data have not

entered the determination procedure for points (6.132) and (6.133). Consequently,

also in this case expression (6.123) identically vanishes for both = x\ and = x}

upon evaluating the inner metrics at 77} and ij

6.5.3 Accuracy Consideration

Expression (6.120) constitutes a fundamental consistency and/or first order ac

curacy constraint for the approximation of diffusion operators that any semi- dis

cretization theory should verify on arbitrary meshes. The semi-discretization proce

dure detailed in this section has yielded this crucial verification in a straightforward
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manner via determination/utilization of optimal metric data evaluation points. It

is noted that the proofs of this section do not place specific constraints on the

coordinates of the outer-metric evaluation points, other than requirement (6.137).

Hence, it should be possible to capitalize on these remaining degrees of freedom

to identify additional evaluation points that lead to second-order accurate spatial

semi-discretizations in both primitive and computational coordinates on arbitrary

meshes.

6.5.4 Second Order Accurate Semi-Discretizations

on Arbitrary Meshes

The fundamental identity (6.30) is cast as

det J(«r . i,"+ • <") n j-j' - j'. dN-p d

n  drik det J drji ^

-L
-k

d

Iq

Gil
 'drfi det J drj

^i2

,Xn) , f ONr
drj - I e,i

ii Jq orji

i^n) J f
drj - I e,

'1 JQ

ONr ^j2 0 {jXmXn^
det J dri2

ONr Gj2 0 (^XynXii^

drf

 ' Ot]2 det J Or]i Jq ' Ori2 det J 0rj2

Thereafter, setting •)/) = x^Ne and using Lemma 1 allows casting (6.144) as

det J

df] (6.144)

1  ̂
—y.

2  ■S'l + eT-8]) =1 =

(6.145)
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where a = J^Nr drf = 4, and f}], fjl are suitable points, to be determined.

The coordinates of points rjl and rjl are conveniently determined upon setting

z = 1, j = 1 as well as = Xj and x^ = x\. Whereupon, they are found to

be valid for any value 1 < i,j,m^n,< 2. For the specified index setting, relation

(6.145) becomes

1  ̂
^=-E jen (»7e

+eii

+ei2 [rj]

+^12 {vi

en \ dNr dNk

det J J 'q\\ dr)i drji

ei2 ^ /_ f dNr dNk
det J J i)l\ drji drj2
eii \ ( f dNr dNk

det J ) f]
ei2 \

dTjj Ne (»7e)

drj) Ne (fjl) x^x^

drjj Ne [fjl) x{x'l

det Jjf,i\ ;s. a,, 44)6.146)
n, dr}2 drji

dNr dNk

which is expanded via relations (6.97), (6.104), (6.111) and (6.117) as

+

+

+

+

a det J{f)\)

^Mvi)
a det J{fjl)

enivl)
a det 7(t72)

^Mvl)
a det

enivl)
a det Jifil)

eujvl)
a det J{ril)

a det

a det 7(7)4)

rdiv„

. dr]2

\dNm

. dr]2

dNm]

dNr,

dm

n? ' \dm

a:7 +
dN^rtl

a:?+

. dr]2 .

dNrr,

(dNr,\

dm.

dNm}

1 ^2" 1 1 +fi\ \dr)iJpl

x-(^, ..7 2 (dmJpi 'a:7 +

. dm.

dNm

. dm.

dNm^

. dm .

dNm}

. dm .

vl

v\

vl

dNr,

dm

dNn\

dm )j
dNr,\

dm J1

dNr,\

dm J1

)7 pi +

a:i +

Xi +

x7 +

d7?i .

dNr

dm .

dNm

n\

dm .

dNr,

dm .

dNm}

dm .

dNr

dm

dNm}

dm .

dNm}

dm .

vl

V3

vl

vl

vl

V dm J

dNr,

dm

fii V dm J pi
dNr,

dm

[dNr,
V dm

dNr,\

dm ) p\
dNr,

dm

(dNr,
V dm

Ne{ri\)x

Ne{fi\)x

Ne{rjl)x

NeivDx

NeivDx

NeivDx

Neiv\)x

NeivDx

(6.147)
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Recognizing again the det J definition in the expressions between brackets, allows

simplifying expression (6.147) as

+ \ - {en{v\)Ne(viyi)]}
I [{er2{vlWnl)x{) -

{ei2{vl)Neifil)x{) - {ei2(T]l)Ne{fil)x{)]^ (6.148)

At this stage the evaluation points rj], tjI and T7e, 1 < e < 4, are determined

such that expression (6.148) accurately represents the relation

1

+ 2

+:

I = det J {rj' (6.149)

where is a suitable evaluation point in the region formed by the union of four

computational cells as illustrated in Figure 6.9. With reference to this figure, and

in harmony with requirements (6.137), the evaluation of the outer metric data en

at points rji\ ^ (+1; +^) = r]l = (-1; +^) as well as tjI = (-1; -^) = =
1  1 1

(+1; —-) and the outer metric 612 at points tjI = ( + -; +1) = tjI = (4—; —1) as
o  3 3

well asT72 = ( —-;4-l) = vl = permits recasting expression (6.148) as
O  O

^ = \ 773)^:1 - A^^(T)4)a:^] | +
^ 1^612(771) [Ne{fil)x{ - Ni{f}l)x{] + ̂612(77^) [A'^(773)3;i - Ne{Tjl)x(\^

(6.150)

It is noted that the single evaluation point

{t;: = (111)} = {n\ = (-I11)} = {r,; = (-1; -1)) = = (1; -1)) (6.161)
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l+lj+iU+1t IJ+1
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i+ljij

U

* IJ

M J-1

Figure 6.9: Contiguous Cells for Evaluation (6.148)

can be utilized to compute the outer metric data in (6.150) since the following

relations hold true

^^ll)(±l;±l/3) ~ (®ll)(±l;±l)

<^12)(±1/3;±1) ~ (^12)(±i;±i) (6.152)

Whereupon, identification of points rjl and fjl with fjl ffl respectively, see (6.132),

(6.133) and Figure 6.8, leads to the following form of relation (6.150)

AviJ VI

(6.153)

which coincides with expression (6.149) upon identification of point rj^ with node r

in Figure 6.8. Therefore, the fundamental relation (6.144) is verified for an arbitrary
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distribution of primitive coordinates over each computational cell. Importantly,

(6.152) reduces to the well known uniform grid 2""^ order centered schemes for the

diffusion operator when selected metric data e,j vanish. Consequently,employing

formula (6.146) for the semi-discretization of non-linear second or higher degree

terms within the diffusion operator yields a second-order accurate recursion for

mula on both primitive and computational spaces on arbitrary meshes. Finally

a straightforward repetion of derivations (6.145) and (6.153) leads to the result

that expression (6.145) in concert with the determined diffusion-operator optimal

evaluation points also constitutes an arbitrary mesh second-order accurate evalua

tion of relation (6.144) for the important cases {i = l,j = 2), (i — 2, j = 1) and

{i = 2,j = 2). This conclusion is readily attained upon setting Xm — x,- and x„ = Xj

in each derivation.

6.5.5 Specific Applications

To exemplify the use of formula (6.146), the spatial semi-discretization of the fol

lowing Navier-Stokes equation diffusion term is developed

detJ • D = detJ—
ox

m. my

dx
— Cifc

dr]i

vrin d ruy

p ) det J dr}£ y p

An integral representation of this term is

/ Nr det J n D df] = L NrCikTr-
JQ Jn ar/i

-sU.

eu d

p ) det J dr]i y p

dNr fmA eu d / ^
drjk \ p ] det J dr]i y p dri ,

(6.154)

dr] =

(6.155)
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hence

/.^'dea {eu(.f)4 g^iV,g ,r, ff] (6.156)
and capitalization on formula (6.146) leads to the terminal relation

(6.157)
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Part III

Implicit Time Integration
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Chapter 7

Solution Procedure

7.1 Ordinary Differential Equation System

and Implicit Integration

Equations (5.65)-(5.67) and/or (5.68)-(5.70) constitute the finite element semi-

discretization which yields the global ODE system. This statement for the 2-D

domain is

^  (7-1)

where At is the semi-discretization mass matrix

M = L NrNi drj (7.2)
JQ''

and q is the array of nodal values of (q n detJ^ constituted of four components at

each node. The arrays define the algebraic sum of the semi-discrete, rji partial

derivatives of the inviscid, viscous and dissipation fluxes, containing the appropriate

metric data, see (5.65)-(5.67) and/or (5.68)-(5.70). Note that each array entry is
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obtained by multiplication of q{tY, in the original entry, by 1 = detJ^/detJ^, and

subsequent association of the numerator det with q{ty itself. For example, the

continuity equation entry in fi corresponding to node r, see (5.68), is

This algebraic rearrangement allows for straightforward determination of the New

ton algorithm Jacobian expressions dftldq.

The analytical solution of the semi-discretization ODE system (7.1) closely mod

els the solution of (1.1), augmented with well-posed boundary conditions, since the

finite element semi-discretization is stable for adequate choice of I3r- Hence, the re

sultant ODE system is dissipative, and consequently the convergence of the terminal

approximate solution depends on the evolution stability of the ODE solver.

For the numerical integration of (7.1), a two-stage, diagonally implicit Runge-

Kutta (IRK) scheme is established, which remains non-linearly and absolutely stable

for the stiff dissipative semi-discrete Navier-Stokes equations on arbitrary meshes.

As detailed in Chapter 8, this algorithm family is constituted of the sequence

qn+l — q-n. = At{biki -f 62^2) 0

h - g'(tn + CiAt,9„-I-aiAtfci) (7.5)

^2 = fi'(tn + C2At, -f/921 Atfci "t" 02At/!:2)
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In (7.4)-(7.6), n denotes the time step index, while the operator ■) is defined as

g{t,gn) = -M~^ (/i(<,5n) + /2(i,gn)) (7-7)

Further, the seven coefficients by, 62, Ci? C2, ai, ^21] and 0(2, defining the IRK scheme

(7.4)-(7.6), allow simultaneous 2""^ order accuracy and non-linear absolute stability,

as proved in the following Chapter.

For this diagonally implicit algorithm, the solutions ki and ^2 for (7.5) and (7.6)

exist and are unique. For comparison, the following determination

ai = 6 , q;2 = 0
(7.8)

^21 =0 J — 1 , C2 = 0

for (7.4)-(7.6) produces the single-stage, "0" implicit algorithm family. Numerical

validations, presented in Chapter 10, verify that the range of stable integration

steps permitted by the IRK procedure significantly exceeds those for the A-stable

backwards Euler rule (^ = 1) while maintaining second order accuracy in time.

Likewise, these results confirm that IRK allows expeditious attainment of a steady

state, when one exists.

7.2 Newton Implementation and Tensor
Matrix Product Factorization

The practical solution of the IRK expressions (7.5)-(7.6) may be pursued iteratively.

Letting p denote the iteration index, the Newton algorithm for solving (7.5)-(7.6)

is
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M + aiAt
dq

+ aiAt
qn+aiAtk^ _ dq q„+aiAtk'[ j

] (tr* - ̂r)

- ̂  M^n + CiAt, qn + a^Atkl) - Mkl (7.9)
i=\

iterated to accepted convergence for ki, followed by the similar operation

M + 0L2At
dh
dq

+ aaAt
qn+021 Atfci +a2

2

df2
dq qn+Pil^tki+a^Atkl^J

I  - 1=^)

= — ̂  fe{tn + C2At, qn + ̂2\Atk\ + a^Atk^) — Aik^ C^-IO)
^=1

The diagonal implicitness in these expressions allows the independent computation

of the arrays ki and k2, which axe set to zero to begin the iteration. However, the

direct LU factorization of the Ihs matrices in (7.9)-(7.10) is prohibitively expensive

on adequate semi-discretizations. Therefore, as detailed in Chapter 9, the Newton

algorithm jacobian is approximated by a tensor matrix product as

M + o,- At
dh
dq

O;,' At
dh
dq

Ml + oiiAt
dii

dq
(9n)*.

M2 + ociAt

(9n)rJ

dh
dq

(9")*.

(7.11)

where Mi, M2, fi, and h are the 1-D factors intrinsic in (7.1)-(7.2), as indicated

by (7.14)-(7.15) and detailed in Chapter 8. Further, {qn)i indicates the Jacobian

matrix evaluation state in (7.9)-(7.10) and (g) denotes the matrix tensor product

[14].

Significantly, the 2-D-formulation large, albeit sparse, matrix in the Ihs of (7.11)

is replaced with the product of two 1-D problem matrices, which remain block
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tri-diagonal independent of the order and bandwidth of the associated multi- di

mensional matrix [14,40]. The approximate solution of systems (7.9) and (7.10) is

obtained via the sequence

M\ -f OiAt
afi

dq
(?n)r

M2 + OiAt
dq

(9n)r

ii - -At'^fe(t + c^At,qn + /?21 h - Mkf

= ii , for 1 < ̂ < 2 (7.12)

where Skf'^^ = k^'^^ — kf. Noting in (7.12) the subscript range for i, the IRK solution

arrays are specifically computed by the following steps:

1. Number all nodes sequentially along 771 coordinate curves, form

[A4i -f aiAt[^i/dq](g^)^ and -At fe{t + c,At, -|- ^21^1^?) as well as

Mkf along these curves. Enforce appropriate boundary conditions and solve

for the intermediate array £i.

2. For all nodes renumbered sequentially along 772 coordinate curves, form

[A^2 + oii^i[^2/dq]{q„)r . Enforce appropriate boundary conditions and solve

for the intermediate array Skf'^^.

3. Iterate steps 1-2 to convergence (or for a fixed number of steps) for ki

4. Repeat steps 1-3 for 7 = 2 hence determine ̂ 2

The desirable stability properties of the IRK algorithm could certainly become

compromized by this approximation, since the convergence of the resultant quasi-

Newton algorithm depends on problem stiffness, which may affect the conditions of
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the Newton-Kantorovich theorem, [12,15]. To limit such a contamination, the tensor

factored jacobians are re-evaluated (inexpensively) at each iteration. A solution is

accepted after a specified number of iterations, or when it meets the constraint

llif - fcJII < roi , i = l,2 (7.13)

for II • II a convenient norm and TOL a user-defined tolerance. This procedure is

found to be robust via determination that the cost of factored jacobian evaluation,

and subsequent linear equation solutions, is negligible in comparison to the rhs

evaluation expenditure.

Each block tri-diagonal matrix component in the rhs of (7.11) contains decou

pled inner matrices that correspond to the jacobians of the semi-discrete equations

formulated at the nodes on independent grid lines that begin and end on boundary

segments. Hence, as indicated by the subscripts 1 and 2 in (7.11), the two com

ponent matrices are formed using strictly one-dimensional bases associated with

the individual curvilinear coordinates rji and 772- For instance, the tensor factor M.\

for M. in (7.2) is

M.\ = L nriii dr]i (7-14)
JQtji

and the corresponding counterpart of ̂ /i j in (7.3) is

diir ne !,

det J drji dt)

In (7.14)-(7.15), the values of the indices s and k are limited to the range
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[ r — 1, r, r + 1 ]. Further, flr,^ is the rji coordinate curve spanning in the r]2

direction, and n^ constitutes the % direction tensor factor in Nr.

The association of det J with q within the time partial derivative, see (5.65)-

(5.67) and/or (5.68)-(5.70), leads to a det J-independent mass matrix (7.2), hence

(7.14). As a result, the factorization of this matrix is exact, i.e.,

M=Mi®M2 (7.16)

Furthermore, owing to the det J independent mass matrix, the T7-space first and

second order partial derivative weak statement terms also factor exactly as

L  drj = M3-J ® L iir^ drij (7.17)
orjj - JOrij dr]j

f  dNrdN( ^ ^ f dnrdne
h  (8) L -j—j- drij (7.18)Jni' OT]j orjj - drjj drjj

which allow usage of 2-D metric data in the 1-D operators, see (7.15) and Chapter

9, since no element measure is present in My

Therefore, these matrix tensor products do not require any approximate factor

ization of the metric data det J and e^j. Consequently, the error associated with

such approximate metric data is totally absent in this formulation. This new and

robust finite element tensor product factorization, detailed in Chapter 9, thus sig

nificantly departs from "patch" factorization algorithms reported in [28,29] that

require approximate factors of det J and tkj Further, the present formulation is nat

urally cast in curvilinear coordinates and employs full 2-D metric data in the curvi

linear 1-D factors in (5.65)-(5.67) and/or (5.68)-(5.70), see (7.15). Consequently,
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the factorization can be used on arbitrary 2-D grids, and quasi-Newton algorithm

convergence and stability, as well as unsteady solution accuracy, are not adversely

affected on non-rectangular non-uniform meshes. The overall solution procedure is

thoroughly detailed in Chapters 8 and 9, with validations documented in Chapter

10.
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Chapter 8

A Non-Linearly Stable Implicit
Runge-Kutta Algorithm for
Conservation Law System
Dissipative Semi-Discretizations

In this Chapter, a non-linearly and absolutely stable implicit Runge-Kutta algo

rithm is developed for the accurate temporal integration of the semi-discrete 2-D

compressible Navier-Stokes Equations.

8.1 Algorithm Derivation

Following the classical method of lines, the semi-discrete integral statement (5.61),

repeated here for convenience,

^ A fsh rhA\ ro ^L drj = 0 a (l" ' Sn,, , V lu

(8.1)

191



yields an ODE system of the form (5.65)-(5.67) and/or (5.68)-(5.70), hence (7.1),

which is recast as

^-j(i,5(<)) = 0 (8.2)

where the operator is defined by (7.7). In the sequel, the tilde superscript is

deleted without loss of clarity.

As given by (7.4)-(7.6), and repeated here for convenience, the two-stage diag

onally implicit Runge-Kutta (IRK) algorithm family is

qn+l ~ Qn = At{biki 4- 1>2^2) (S-3)

h = g(tn + CiAt,qn +aiAtki) (8.4)

^2 = 5'(tn + C2At, -f/?2iAtfci-fi a2AtA;2) (8-5)

where subscript n denotes the time step index. The coefficients Ci and C2 satisfy

the conditions

ci = ai

(8.6)

C2 - ^21 + Oi2

The explicit dependence on time of the operator g{-,-) allows straightforward im

plementation of time-dependent Dirichlet boundary conditions. In the sequel, a

capital letter denotes a square matrix and lower case signifies a column matrix.

It is common practice, [15,18], to gather the ODE algorithm coefficients in the
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form of a synoptic table, i.e.,

c A

6^

Cl Oil 0

C2 ^21 Oi2

hi 62

(8.7)

The diagonal implicitness of algorithm (8.3)-(8.5) permits the independent determi

nation of the arrays ki and ̂ 2- This is pursued via the tensor product factorization

of the Newton algorithm matrices, for the iterative solution of (8.4)-(8.5), as in

troduced in Chapter 7, and to be detailed in Chapter 9. The affordability of this

procedure permits the 2"''^-stage recomputation of the jacobian matrix, hence the

coefficient 02 in (8-5) is in principle allowed to differ from ai.

A two stage algorithm is selected so that enough coefficients are present to

allow the combination, within a single implicit procedure, of the strong A-stability

properties of the backwards Euler rule with the classical second order accuracy of the

Crank-Nicolson rule. These constants are then determined such that the algorithm

is second order accurate, in the classical sense, and also meets the requirements of

the recent B-consistency/convergence and B-stabilUy theories, [15,18].

8.1.1 Classical Accuracy and
B-Consistency/Convergence Constraints

The constraints on the IRK constants, [10], guaranteeing second order accuracy in

the classical sense are

^1 + ̂2 — 1 (8-8)
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6iai + 62(^21 + Q!2) — 2 (S-9)

When equations (8.8)-(8.9) are satisfied, the following local time discretization error

^n+l ~ ̂(^n+l) Qn+1 (8.10)

with

Qn+l = q(tn) + hki(tn,qitn)) + b2k2(tn,q{tn)) ) (S-H)

is bounded by the inequality

||/;+i|| < SAt^ , VAt e (0, Ai,] (8.12)

where S and Atg in general depend upon the stiffness of the ODE system. For

the stiff equations resulting from the spatial semi-discretization of the compress

ible viscous Navier-Stokes equations, inequality (8.12) is insufficient to ensure the

expected accuracy for practical time steps At, since the constant S grows with

increasing stiffness, while At^ may concurrently decrease.

The algorithm suitable for the numerical integration of the subject class of non

linear stiff ODE system should instead maintain a uniform order of accuracy irre

spective of the stiffness magnitude. This is the essence of the fundamental notion

of consistency, which is mathematically characterized by the inequality

\\l+i\\ < DAt^+' , VAt € (0, Afi] (8.13)

where the constants D and Ati are totally independent of stiffness and exponent p

is the order of consistency. For the IRK algorithm (8.3)-(8.5) this order is bounded
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by the inequality 1 < p < 2 and the sufficient conditions for B-consistency of order

one, at least, are

ai > 0 , q;2 > 0

Additional B-consistency expressions are [15]

b^A-^Vej^l , j = l,2

where V is the Van der Monde matrix

V =

1  , C2

and Cj defines the j"' unit vector, hence

ei -

/  \
1

;  ̂2

/  \
0

V ^

Expression (8.15) yields the equations

biOi2 -f ̂ 2(0:1 — /?2l) — OilOi2

^1+^2 — 1

(8.14)

(8.15)

(8.16)

(8.17)

(8.18)

(8.19)

Equation (8.18) provides an important auxiliary condition on the algorithm free

parameters that leads to strong A-stability, as indicated in Section 8.1.2.

The efficient numerical integration of system (8.2) demands that convergence

rate not degrade with increasing stiffness. This is the allied concept of B-convergence

which is formulated in terms of the global time discretization error

Cn+l — ̂(^n+l) 9n+l (8.20)
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via the inequality

p„+ill <CAf , VAte(0,At2] (8.21)

In estimate (8.21), the exponent r is the convergence order and satisfies the in

equality r < p+l. Further, the constants C and At2 do not depend on stiffness.

For the present diagonal algorithm, inequality (8.21) is satisfied if, in addition to

constraints (8.14), the following inequalities are also satisfied [15]

61 > 0 (8.22)

62 > 0 (8.23)

8.1.2 Stability Constraints

The numerical stability of algorithm (8.3)-(8.5) is investigated in connection with

the class of dissipative ODE systems, that is those that satisfy the inequality

{qit) - q{t),g{t,q{t)) - g(t,q{t))) <0 (8.24)

In (8.24) (•, •) is a suitable real inner product and q{t) and q{t) are any two arrays

in the definition domain of g{t, •). Note that this expression resembles a Lyapunov

stability constraint, [4,5,7,8].

Provided that appropriate well posed boundary conditions for (1.1), and a suit

able dissipative spatial semi-discretization, e.g. that developed in Chapter 5, leads

to an operator 5'(-,-) that satisfies condition (8.24), then it is possible to capitalize

on the results of the B-stability theory in the derivation of the IRK algorithm. This
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theory dictates that the norm of the error £„ = 9n — Qn meausring the distance

between any two discrete solutions Qn and corresponding to an identical Cauchy

problem must not increase during the numerical integration for any positive time

step At and any arbitrary non-linear and stiff operator that meets constraint

(8.24).

The notion of B-stability is thus characterized by the inequality

Ikn+l - gn+l|| < Ikn " 9nl| , At > 0 (8.25)

which, under the present hypotheses, implies classical linear absolute stability (A-

stability). In (8.25), |1 • || indicates a Hilbert-space norm induced by the inner

product in (8.24). The sufficient conditions for B-stability require the positive

semi-definiteness of the two matrices

B — diag(bi,... ,bs) (8.26)

M = BA + A^B-bb^ (8.27)

where s is the number of algorithm stages. This matrix property is used in the

following proof, based on Butcher's and Verwer's developments [15,18], to yield

inequality (8.25) after expressing in terms of qn via (8.3)-(8.5). To accomplish

this, it is convenient to define the auxiliary variable p,- in terms of kj as

2

Pi = qn+AtY^ aijkj , i = 1,2 (8.28)
j=i

The following definitions are also needed

Sqn = qn-qn , ̂ ^n+l = Qn+l " 9n-t-l , hi = Pi " Pi (8.29)

197



^g, = giu + CiAt,pi) - g{tn + CiAt,pi) (8.30)

whereupon algorithm (8.3)-(8.5) leads to the relations

2

Sqn+1 = Sqn + At"^ biSgi (8.31)
1 = 1

2

bqn ~ bpi = (^n — p,) — (5n ~ pi) — — At ̂  CLij{kj — kj)

2

= -Ataij {g{tn + CjAt,pj) - g{tn + CjAt,pj)) = -At (8-32)
i=i

Consequently, the square of the norm ||gn+i — Qn+iW is

2  2 2

||g„+i - qn+iW^ = \\qn-qn + Atj2btSgif = ((5gn + At ̂  6.%, % + At ̂  6^%)
t=l t=l :=1

2  2

^ hn - Qnf + 2At^hi{8qn,6gi) + At^ ^^^3{^g^^hi)
1=1 i,i=l

2  2

= hn - qnh + 2At + 2At^bi{6qn - 8pi_,6gi)
i=l 1=1

2

+At^ bibj{6gi,Sgj)
1.1=1

2  2

= Ikn - Snll^ + 2At^6,(%,6p,) - 2At^ 511 ^i(^ij{^gjhgi)
1=1 t,i=i

+At^ S bibj{6gi,6gj)
i.i=l

2  2

= Ikn - + 2At 5^ 6,(%, %) - At^ 511 (^I'^'J + bjCiji - bihj){6gi, Sgj)
1=1 i,j=l

2  2

= Ikn - qnh + 2AtJ2b,{8pi,Sgi) - At^ XH 'mijihihgj) (8-33)
1=1 i,j=l

where rriij denotes the the set of entries in the matrix M. The last two inner-

products in the final expression are non-positive since the differentiaJ equation sys

tem (8.2) is dissipative, that is {6p,^, Sgi) < 0, and the matrices B and M are assumed
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positive semi-definite. Therefore, the fundamental inequality

l^n+l 9n+l|| — ll?" Qri\\ (8.34)

results. Consequently B-stability is obtained for an implicit s-stage Runge-Kutta

algorithm if its coefficients satisfy the cited matrix non-negativity property.

Any IRK algorithm that satisfies this property is called algebraically stable. Its

significance for the CFD implicit algorithms, and the subject IRK procedure, is

investigated in Section 8.3. In the derivation of inequality (8.34), no hypothesis has

been made on the structure of the residual and/or the semi-discretization em

ployed. Consequently, procedure (8.3)-(8.5) is absolutely stable for the full Navier-

Stokes dissipative semi-discrete equations on arbitrary meshes.

For algorithm (8.3)-(8.5), matrices B and M are

/  \
(  6i , 0

B =
b, , 0

0  , 62 y
(8.35)

M =

(  \
bi(2ai — bi) , 62(^21 — bi)

(8.36)

— bi) , 62(20:2 — 62)

These symmetric matrices are positive semi- definite when their Gauss LU- decom

position pivots are non-negative. This requirement translates into the inequalities

61 ̂  0 , 62 ̂  0 (8.37)

for matrix B, and

6i(2oi - 61) > 0

6162(40:20:1 — 20:261 — 1oi\b2 -|- 6162) — 62(/021 — 61)^ > 0 (8.38)
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for matrix M.

As anticipated in Section 8.1.1, the present IRK algorithm is, in particular, lin

early strongly A-stable, or L-stable, according to the definition of Ehle [10,15], by

virtue of the B-consistency constraint (8.18). Therefore, the linear amplification ra

tio for (8.2) vanishes with increasing stiffness and/or solution component frequency,

hence Af —> oo. Consequently, the integration scheme linear dissipation increases

with increasing stiffness. To verify this assertion, form the amplification ratio for

the classical linear model problem

^ = A, (8,39)

The result is

g„+i ■jAt^ -t- {bi + b2- ai- a2)At + 1
(1 - aiAf)(l - a2Af)

wherein At = \ At and the coefficient 7 is defined as

(8.40)

7 — Oi-iOC2 Ol^bl — C(ib2 •+• ^2/^21 (S-^^)

It is then noted that 7 = 0 coincides with constraint (8.18). When 7 vanishes, the

amplification ratio (8.40) tends to zero as the denominator becomes large. Further,

due to the B-consistency constraint (8.14), the roots

Ati = (cti) ^ , At2 = (02) ^ (8.42)

of the denominator in (8.40) are positive. Therefore the amplification ratio remains

always bounded for any At > 0 , since 3?(Af) is constantly negative for dissipative
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systems. Further, ll9n+i/9n|| < 1, following from (8.34) since = 0 for the linear

problem, and ||gn+i/9n|| —>■ 0, following from (8.40) and (8.18). Consequently the

subject Runge-Kutta scheme is L-stable.

8.2 Solution of the IRK Coefficient Equations

The derived expressions for the algorithm coefficients that guarantee 2""^ order ac

curacy, B-consistency/convergence, and algebraic stability are

^1 + ^2 = 1

b\ai + h2{^2\ + 012) = I

Ctl > 0 , Q!2 > 0

(8.43)
bia2 + ^>2(0^1 ^21) — OL\Oi2

^21 > 0

> 0 , 62 > 0

61(201 — 61) > 0

6162(40201 — 20261 — 20162 "t" 6162) — b\(^^2\ — ^1)^ ^ 0

A real solution is then easily determined using the following normalization condition

b^A ^6 — (01O2) ^(6j02 62(6201 — 6i/?2i)) — 1 (8.44)
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Correspondingly, the analytical solution of the following subset

6i + 62 = 1

biOii + Z'2(/^2i + 0^2) = 2

61O1 + ̂2(0^1 P21) — 0(ia2

biOi2 + ̂2(^20;! — bi^2i) = O1O2

is

(8.45)

1 _ 1 - 0261 - 2"^

1 - 2a2
2(1 -al) ' 2(1+ a2)

Substitution of both these relations, and the inequalities

oi > 0 , q;2 > 0

^2\ > 0 , 61 > 0 , 62 > 0

6i(2ai — ti) > 0

into the inequality

L  .. 1 + 02b2 - —^

1 - 2al
(8.46)

(8.47)

6162(4020^1 - 2g;26i - 20:162 + 6162) - bl{/32i - bif > 0 (8.48)

leads to the terminal constraint

4a^ - 8a^ + 4^2 - 1 > 0 (8.49)

The unique solution that satisfies system (8.47) and inequality (8.49) is

<^2 -
\/3- 1

(8.50)
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The corresponding solution for (8.46) is

1

OC

6

02\ = 2-v/3

h.
3-^/3
4

^2 _  1 + v^
4

(8.51)

Note that, for the present diagonally implicit IRK algorithm, the solutions k\

and k2 for equations (8.4) and (8.5) do exist and are unique, since matrix B is

positive definite and both coefficients oi and 02 are positive, [15].

8.3 Theoretical Comparisons

Within the implicit Runge-Kutta framework, algebraic stability can be compar

atively assessed for the CFD backwards Euler and trapezoidal (Crank-Nicolson)

implicit algorithms. To derive these schemes from (8.3)-(8.5), consider the "theta"

ODE algorithm family applied to (8.2) yielding

9n+l 9n /kf( (1 ^)fi'(fn j 9n) T ̂ff(fn+l) 9n+l) )

Equation (8.52) can be recast as

qn+i-Qn = Af( {l-e)ki+6k2 )

— 5'(^n)9n)

^2 = "b At, -|- (1 — 9)/S,tki + 6A.tk2)

and this form coincides with the structure of (8.3)-(8.5).
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The synoptic table for algorithm (8.53)-(8.55) is

6^

0 0 0

1 (1-6) 6 (8.56)

(1-9) 6

and the matrices B and M are

(

B =

l-d , 0

0  , e

M =

\

,  0

0  , e

The algebraic-stability constraints are

(1 - ̂) > 0

^ > 0

-{i-ef > 0

> 0

\

(8.57)

(8.58)

(8.59)

from which it is deduced that the backwards Euler (^ = 1) algorithm is alge

braically stable, whereas the Crank-Nicolson rule (^ = |) is not, even though the

B-consistency constraint (8.18) is identically satisfied by both algorithms. The de

pendence of numerical growth or decay upon algebraic stability can be inferred from

the fundamental relation

ll^n-t-l 9n-t-l II — jjSn 9n|| 2At6,'((5p£, ̂^,) At TTlij Sffj) (8.60)
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According to (8.60), a Runge-Kutta temporal algorithm is B-stable, hence is

characterized by (8.25), if it satisfies the constraint

2Atbi{6pi, Sgi) - At^mij{6gi, Sgj) < 0 (8.61)

The backwards Euler and present IRK schemes unconditionally satisfy this con

straint, since the operator $>(•, •) is dissipative by hypothesis and matrices B and

M are positive definite for both algorithms. Therefore both terms in (8.61) are

always negative. Conversely, the Crank-Nicolson rule does not unconditionally sat

isfy this constraint, since its matrix M is negative definite. Hence, the second

term in (8.61) is negative and consequently the whole expression can be positive.

Hence, B-stability can only be achieved in this case if the dissipation inner product

{6pi,Sgi) < 0 reaches a sufficient magnitude such that (8.61) is satisfied. Therefore,

the stability of this scheme critically depends on the dissipation property of the

operator g{-^ ■), via the magnitude of {8pi_,8gi) < 0.

Conversely, the backwards Euler and IRK algorithms may be stable, even for non

dissipative operators, provided that the magnitude of the associated inner product

(^Pi, 8gi) > 0 is suitably moderate so that constraint (8.61) is still satisfied. However

this phenomenon is substantially less pronounced for the IRK scheme by virtue of

the relation

{^9i, %) > %) (8-62)

that derives from the ratio

_ 2-^
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where {Xm) is the largest eigenvalue of matrix M for each of the two algorithms.

Consequently, if some form of severe numerical instability develops in the implicit

temporal integration with the subject IRK scheme, applied to the semi-discrete CFD

evolution equations, it is likely that the spatial semi-discretization employed has not

yielded a sufficiently dissipative operator
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Chapter 9

A Generalized Tensor Product

Factorization for Implicit
Finite Element Methods

9.1 Jacobian Matrix Factorization

The efficient solution of the algorithm terminal matrix algebra problem,

M+eAt
dfi

dq
+ eAt

dfo

dq
p.

= b (9.1)

for an implicit numerical integration of semi-discretized evolution equations, is ob

tained through an accurate and cost-effective factorization of the Ihs matrix in (9.1).

This replacement is necessary, since a direct LU decomposition procedure for (9.1)

is prohibitively expensive on adequate semi-discretizations.

In this dissertation, the Newton algorithm jacobian is replaced by a tensor matrix

product factorization,
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M\ -\-9 IS.t
dU

dq

dfo

dq

Ml+B At

M2 + BAt

dq

dU

p.

dfi

dq

dq

Ml2 + BAt

+ 0{BAtf
p

dU

dq
(9.2)

Each factor matrix in (9.2) remains strictly block tri-diagonal independent of the

dimension and bandwidth of the original multi-dimensional matrix. Further, each

matrix component contains decoupled inner blocks. These correspond to the jaco-

bians of the semi-discrete equations formulated on independent mesh nodal lines

that begin and end on a boundary segment. As indicated by the subscripts 1 and

2 in (9.2), the two component matrices are formed using strictly one-dimensional

operators, associated with the corresponding curvilinear coordinate lines r]i and r/2.

In this chapter, a systematic method to synthesize such one-dimensional opera

tors is developed so that factorization (9.2) is accurate on arbitrary meshes. This

method yields products of one-dimensional jacobians and mass matrices that identi

cally coincide with selected multi-dimensioned terms. This is obtained via utilization

of unfactored 2-D metric data for the one-dimensional operators, after associating

the coordinate transformation det J with the solution 8k itself. The mass matrix

is thus det J- independent, and consequently no factorization of metric data is re

quired. This new algorithm significantly differs from reported patch techniques

that approximate element measures [28,29]. The rigor of the factorization herein

developed rests on both the accurate T/-space integration of the multi-dimensional
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weak-statement terms, via element-wise constant metric data extractable from the

relevant integrals as described in Chapter 6, and on the usage of tensor product

bilinear basis functions, whose structure is presented in the following section.

9.2 Computational Regions and Bilinear
Tensor Product Basis Functions

For notational convenience, the master computational region fig for the evalua

tion of the integral statement integrals of Chapter 5 is reexpressed throughout this

Chapter as

fi = IJfie , fie = [-!;+!] X [-!;+!]
e=l

a;=|Ja;e , u;e = [-l;-kl] (9.3)
6 = 1

for 2-D and 1-D evaluations, respectively. The domain unions fi and u are graphed

in Figures 9.1 and 9.2 respectively. In these two figures "n" denotes the block

semi-bandwidth of the matrix in (9.1).

With reference to Figure 9.1, and for the conventional counter clock-wise order

ing, the bilinear Lagrange polynomials are

iVi (771,772) = ̂(l-?7i)-^ (1-^2) , iV2 (771,772) = ̂(1+771) • ^(1 - ̂72)
iV3(77i, 772) = ̂(1+771) • ̂ (1+ 772) , A^4 (771,772) = ̂(1-771) • ^(1+ 772) (9.4)

which are graphed in Figure 9.3.
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Figure 9.1: Assembly of Four Finite Elements Forming a Master Element
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? i+n-1

c  i t
x-n + 1

Figure 9.2: Assembly of Two Contiguous Elements
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These 2-D functions are tensor products of the 1-D polynomials ni(r]a) and

^2(^0) which constitute the linear factors. These are defined as

Mm) = ̂{'^-m) , "2(^1) = ̂(1+ ?7i)
J5i(^2) = ̂(1-^2) , ■n2(??2) = ^(1+ ^72) (9-5)

and are graphed in Figure 9.4. Therefore, the basis functions (9.4) are alternatively

expressed as

= mivi) ■ mim) , N2{rii,r]2) = m{m) ■ mim)

N3{vuV2) ^ n2{T]i) ■ mim) , N4{m,V2) = niiM ■ mirn) (9-6)

The functions in (9.4) and (9.5) constitute the building blocks of the generalized

hat functions Ne and n^, see Section 5.1. These attain the value one at node 'T"

and zero at all other nodes, are supported on all elements that share node and

vanish on all other elements and element boundaries that do not contain such a

node. Therefore, an injective correspondence exists between the local 2-D element

index "A:"

A €{1,2,3,4} (9.7)

and the global numbering index

i ̂  {i — n,i — n + l,i — n + 2,i — l,i,i + + n — 2,i + n — l,i + n} (9.8)

as illustrated in Figures 9.1-9.2.
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Figure 9.3: Variations of Bilinear Functions (9.4) over Q
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Figure 9.4: Variations of Functions (9.5) over u

212



For example, A^,(771,172) and A^,_ 1(771,772) are defined as

and

NzivuVi) on f2i

N4{T]i,r]2) on ^2

Ni{T]i,rj2) on Q3

N2(^1^112) on ^4

N4{vi,V2) on fii

0  on ^2 5 ^3,

Ni{rii,7]2) on fl4

(9.9)

(9.10)

Analogously, ni{ria) is defined as

72,(770) =
n2{r]a) on toi

,  a = 1,2 (9.11)

ni(77a) on u)2

With all such definitions, the 2-D hat functions are also constituted by products of

1-D hat functions. Therefore, for defined by (9.8), the hat function Ni{rj\^r]2)

is expressed as

Nt{T]i,T]2) = nt{r]i) n nt{r]2) (9.12)

This pivotal global-index representation allows expressing a single Ne(rii,rj2)

through several equivalent products of 1-D factors ni{rfa)- This is possible by virtue

of the identities

72.-n(7?l) = 72,-1(771) = 72,-+„_2(77i)

n,_„+i(?7i) = 72,(771) = n,+„+i(77i) (9.13)

72,-„+2(77i) = 72,+1(771) = 72,+„(77i)
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and

n,-n(?72) = ni^n+lim) = n.-n+2(?72)

n^--L{r]2) = ni{r)2) = ni+i(r?2)

ni+n-2{r]2) = ni+n-l{r]2) = ■«i+n(?72)

as illustrated by graphing each such function on the 2-D master element in Figure

9.1. For example, Ni-i{r]i,r]2) can be expressed as

M-i(^i,'72) = ni-i(r]i) ■ ni.i{ri2)

= ni_„(r7i) ■ n,_ 1(772)

= ni+„_2(77i) • 17,(772)

= n, _n (771 )• n,+1(772)

=  . . . (9.15)

All of these multiple equivalent representations are instrumental in the derivation

of the tensor product factorization (TPF) algorithm, as detailed herein.

9.3 Integration Identities

The insertion of the generalized hat functions in each 2-D integral statement term

affords the extension of the associated integration domain to the whole Q,, see Fig

ure 9.1, for the representative node "i". Concurrently, the TD integrations can be

extended to the union of two adjacent elements as illustrated in Figure 9.2. There

fore all of these integrals are the sum of integrals over the component subregions
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constituting Q. and u. For instance, the integral

[ NiNi-^ dr]= i dry + / iVjA^i dr] (9.16)
Jn JQi Jiii

is also written as

f NiNi-i dr] = L N3N4 drj + I A^4 • 0 dr? +
Ju JUi JQi

L Ni -Odr]+ L N2N4 drj (9.17)

since iV,_i vanishes all over elements O2 and fis. Likewise, the following integral

expansion holds

/ n,n,_i dr)= n,n,_i drj + n,- • 0 dr] (9.18)
Jw •/ U^i J(jJ2

since n,_i vanishes on element U2. Analogous relations can be derived for the finite

element statement integrals

M,'ij = J^NiNjdr] , m,-,j = j xiiiij drj (9.19)

"S-kliw.'- <">
for all admissible values of the indices "a", "i" and "j".

These integrals are denoted via the inner-product shorthand notation < •,• >,

i.e.,

(JVi, N,)^ = / iV.JV, NiN, dr, = JV,)g

dr?. - i dr?. S 4 ' dr?. ' d^?.
.dNi dNj. _ f dN,dNj , f dNidN,
drjf}' dr?. " in dr?^ dr?. ^ ^ in, drjp drja ^ ^ dr?/?' drja "■=
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and

f  ̂ f ^{ni,nj)^ = ninjdri = J2 = S("''
Jw g_i -^We e-l

■.) We

(in,- , f diij , f duj v^/(n„ — = / n.-T^ dr] = Y, ni~ dv = !](".•,
drjci dw dT]a g_j -^We dT]a g—j dfja

, diii diij. f dui diij j f dxii duj , / di^j diij ^
^ Ld^drjc ^ drjadrjc ^ ^ djy^' dr/„

A useful relation can be established between (9.22) and (9.23) by virtue of the

tensor product structiure of their integrands. For ^,(171,772) and Gj{r]i,r]2) denoting

any such integrand component, and with reference to Figure 9.1, the integrals in

(9.22) are expressable as

(F.(77i, 772),Gj(77i,r72))j5 = Y^{Fiij]i,r]2),Gj{m,T]2))^^ =
e=l

■ (/.■(^2),?i(7?2))u;i + {fi{Vl)^9j{Vi))^7 • {fi{92),9jiV2))i^i +

{fi{m),9j{vi))u,, ■ {Mv2),9j{r]2))u2 + {fi{m),93ivi))u,2 ■ {fi{V2),93{V2))..2 =

^{fiivi),9j{m))^k ■ Y.{fi{l2),9j(92))u,, =
k=l k=l

(/.■('?i),^j(^i))u. • {fiiV2),9j{'n2))w (9-24)

where fi(r]a) and gj^rja) correspond to the tensor factors in (9.23). Consequently,

each 2-D integral (9.22) is cast as a direct product of two 1-D integrals (9.23).

These considerations facilitate the direct derivation of the TPF algorithm, as

follows.
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9.4 TPF Matrix Structure

Denote system (9.1) and the factored matrix in (9.2) as

= b (9.25)

A  BC (9.26)

for notational convenience. Further, the tilde superscript is deleted without loss of

clarity.

Matrix A is block banded and each row contains 9 blocks at most, when the

computational region results from the union of four neighboring bilinear elements,

see Figure 9.5, where the nodes are numbered in the rji topological direction. The

index "n" denotes the block semi-bandwidth, which consequently depends on the

total number of nodes along lines parallel to the r]i axis. Figure 9.6 illustrates

the structure of A where, clearly, each element "oq" constitutes a p x p matrix,

since both q and fi{q) in system (9.1) are arrays of order p. In order to solve (9.1)

efficiently via a sequence of 1-D problems along the pi and axes, matrices B

and C in (9.2) are block tri-diagonal such that the row of B contains the three

p X p blocks associated with the computational nodes i — l,i,i + 1, and the

row of C contains the three p x p blocks associated with the computational nodes

f — n -h 1, f, f -|- n — 1. The structure of matrices B and C is illustrated in Figure 9.7.
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i+n-2 i+n-1 i+n

i-1

"4 3'

10..=/V

CM

r 3"

n.

/

t
2

i+.l

1 -n i-n+1 i-n+2

Figure 9.5: Union of Bilinear Elements. Nodes Numbered in the 771 Topological

Direction

\
0  + i ai.i.,, + 2 Q ai.i-i ai.j ai.i + i O ai.i+„.2aj.i+n-l ai.i+n O

Figure 9.6: Banded structure of A

218



0  bjj-i bi^i bi,i+i 0 Oci,i-n+i Q Cj^i O Cj^i + n-l Q

Figure 9.7: Banded Structure of B and C

Note that the semibandwidth "n" of matrix A does not influence the bandwidth

of matrix B which, therefore, will always be block tri-diagonal for any number of

mesh nodes. The bandwidth of matrix C can also be made independent of n upon

renumbering for nodes along lines parallel to the r?2 axis. Hence, a typical procedure

to solve system (9.1), via factorization (9.2), consists of the following steps:

1. Number mesh nodes sequentially along lines parallel to the 771 axis

2. Solve Bz = b for the intermediate array z

3. Number mesh nodes sequentially along lines parallel to the 772 axis and reorder

the entries in the arrays 2: and b accordingly

4. Solve = z for the terminal array

219



9.5 Derivation of a Prototype TPF Scheme

In the sequel, the symbol A is used to represent the factored matrix (9.2). This

matrix product approximates matrix A of system (9.1) and the matrix-entry struc

ture of this approximation is derived in this section. Consider factorization (9.2)

and note the equality

A = BC (9.27)

that is

t+n

KkCk,j (9.28)
k=i—n

By definition, the index in varies in the range

j € {i — n^i — n + l,i — n + 2,i — l,i,i A l,i + n — 2,i + n — + n} (9.29)

Further, the non-zero blocks of B are

,  bi^i , bi^i+i (9.30)

and the non-zero blocks of C are

n-f-1 ? ? ̂ kjk+n—l

Therefore, expression (9.28) in unabridged notation is

(9.31)

^1,1—n — ^1,1—1 ̂1—1,1—n ~1~ H"

n+1 ^1,1—1 ̂1 — 1 ,t—71+1 "1" Ti+1 ^ijt+l *^1+1,1—71+1

*^1,1 — 71 + 2 ^1,1 — 1^1 — 1,1 — 71 + 2 "t" ^1,1*^1,1 — 71+2 ~t~ ^1,1 + 1*^1 + 1,1 — 71 + 2 (9.32)
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at',z+i = + 6,-,,-|-ic,+i,,+i (9.33)

(^i,i+n-2 ~ lCt-l,t+n-2 ~t" ^i,i(^i,i+n-2 ~l" Cj-)-l,t+ri-2

'^i.t+n—1 " iCj-lit+n—1 "f" 1 "i" 1

(^i,i+n — 1*^1 —Iji+n ~1" ^t+1 ,z+ti (9.34)

Whereupon, cancellation of the zero-blocks in (9.32)-(9.34) leads to the terminal

equalities

n ~ 1^1-1,j—n

(^i,i—n+l — 71+1

I —71+2 — ^1,7+1^1 + 1,1 — 71 + 2 (9.35)

®7,t—1 — 1*^7—1,1 —1

^7,1 ^7,7^7,1

^7,7+1 ^7,7 + 1^7 + 1,7 + 1 (9.36)

*^7,7 + 71 — 2 ^7,7 — 1^1 — 1,7 + 71 — 2

*27,1+71—1 — ^i,iCi,i+7i-l

®i,i+7i ~ ^1,1+1 C7+l,i+7i (9.37)

Equations (9.35)-(9.37) constitute the prototype expressions of the TPF proce-
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dure. They have been derived via use of algebraic and mesh topology considerations

only, and verify that each block a,y can be recast as a single product of two blocks,

one from C and one from B. Moreover, they clearly indicate the presence of a

spatial approximation to the block entries in matrix A of (9.1). This can be seen

by noting in (9.35)-(9.37) that once the forms of blocks

prescribed, then so are the forms of the remaining blocks c.j by induction on the

subscripts. The three blocks from B are then the only ones to be assigned. There

fore, the described procedure allows the arbitrary selection of only six blocks to

approximate the nine blocks of A.

9.6 Derivation of a Specific TPF Scheme

In harmony with (9.2), the definition of blocks and c,j is

hi^j = rriij +

Ci,j = rriij -F OAtdlj

where the m, j is the one dimensional mass matrix

mij — / n,- • iij drj

and d"^ j and d\ - are the one dimensional Jacobian terms

d]
hj

[5fal
,  d' =

afi"

[dq\ [dq\

(9.38)

(9.39)

(9.40)
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to be determined. Insertion of expressions (9.38) into formulae (9.35)-(9.37) yields

the equalities

^i,i-n — —1C)—1,1—n — 4-0Atdj

^1,1—1'^1—1 ,t—n "b ̂ Atm.,',,'_idj_j -|- 0At(i,- j_j77i,_i,i_n 4" 0 At d, ,_jj

®t,t—n+l — n+l ^ni.,',1 -(- dAtdj -f" ̂ Atdj ^ =

+ dAtmi,,d- + dAi:dhmi,,_„+i +

®:,t—n+2 — ^1,1+1^1+1,1—n+2 — ̂ '^i.t+l "b ̂ ^^^^1,1+1 ̂  ̂ '^i+l,t—n+2 "b dAtdj.j.j ,_„^2) ~

m,,i+im,+i,i_ii+2 + dAtm,-,,+id-+i_,_„^2 + ̂'^^c^+i+i'T^i+i,! -n+2 +

d^At^dl j-^jd^^i ,_„^2 (9-41)

«i,i-i = 6i,i-ic,_i,i_i = (mi,i_i + 6'Atdh_i) (7n,_i,i_i + dAtdf_i_,_i) =

7ni-,,_im,_i,,_i + dAtmi-,i_id-_i ■_! + 0Atdh_iTni_i,,_i + d^At^d-

fli.i = &i,iCi,i = (mi,,- + ffAid-iJ (mi,i + 6Atd}^^ -
mi,imi^i + OAtnii^idli + OAtdjiim^i + 0^At^d- ,d,^i

®t,t+i — ^1,1+1 Ci+i,i+i — (mi,i^.i 4" dAtdj i^2^ (lUi^Xii+i 4" dAtd,.j.x,i-i^ =
mi,i+imi+i,i^.i 4- dAtmi,i+id-+i i+x 4- 0Atd-,_,.xmi+x,i+x 4-

^^At2rfi.^^ci?+x,i+i (9.42)

ai,i+n-2 = 6i,i_xCi_x,i+„_2 = (mi,i_x 4-dA<dh_x) (mi_x,i+n_2 4-6'Atd-_i ,.,.„_2) =
mi,i_xmi_x,i+„_2 4- 6'Atmi,i_xd^_x_i+„_2 4- 0Atdl,_xmi_x,,+„-2 4-

6 At d|,_xd?_j ,.,.„_2

ai,i+n-i = 6i,iCi,i+„_x = (mi,i 4- ^Atd.h) (mi,i+n_x 4- 6'Atd?i+„_i) =
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0'i,i+n — ^:,t+lC«-|-l,t+n = ) ("^i+l,i+n + ̂̂ ^^i+l,t+n) ~

^i,t+l^i+l,j+n 4" ̂ ^^^1,1+1 ̂t+l,i+n 9 Atd-.^_^^Tni^i "l"

(9-43)

Formulae (9.41)-(9.43) maintain their validity when both the convection and diffu

sion operators are simultaneously present, for the BAt terms therein are linear. For

example, a representative term is

Ti^k = rriijdj^k — '^i,j "f (9.44)

where supescripts "c" and "d" denote convection and diffusion operators. Equations

(9.41)-(9.43) define the computational grid form of blocks a,j. A large albeit sparse

2-D matrix problem is replaced by a sequence of two banded 1-D problems. This

sequence, as shown in the sequel, constitutes an optimal approximation to the full

2-D problem, under the constraints that matrices B and C are block tri-diagonal.

If no TPF procedure is employed, then the exact forms of blocks a,y in (9.1) are

cti.t-n = -f BAtD] -_^ + BAtD\^_^

0-i,i-n+2 — Af,„_„+2 -f 9AtD] -_^^2 + ̂̂'^^l,i-n+2 (9.45)

-f dAtD] -_-^ -f 6AtD]i_i

Q:,t = ̂ i,i T T
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a,,+i = A-.+1 + (9-46)

ai,i+n-2 = Mi^i+ri-2 + ̂At A',t+rx-2 + ̂Ai A\j+n-2

Oj-.i+n-l = + ̂At A>-^n-l + ̂AtA\i+n-l

a,,+n = M,,i+n + 0^tDl+n + ̂̂ tDh+n (9-47)

where the symbols Mij , Df-, a = 1,2, are defined as

M.j = J^i\N,dri (9.48)

(wj'-(f)' - (/,-«U*>)f. •-■■■ i"»'

and fe and fem now denote the cartesian components of the convection and diffusion

flux semi-discretization integrals respectively.

Comparing (9.41)-(9.43) with (9.45)-(9.47) highlights introduction of an error

term of order {9AtY resulting from expansions (9.38), in the approximation of ma

trix A, in addition to the spatial approximation error identified at the end of Section

9.5. The latter is minimized through the selected 2-D basis functions iV,-. Hence, the

product of two appropriate 1-D mass-matrix elements (9.39) reproduces a specified

2-D mass-matrix element (9.48). Moreover the product of an adequate 1-D mass-

matrix element with an opportune curvilinear Jacobian element (9.40) accurately

represents a predetermined 2-D jacobian term (9.49)-(9.50). This notion is exempli

fied via examination of the representative block in formulae (9.42), resulting

from the sum of three leading terms which the TPF procedure will approximate
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with the following expressions

Dl,_, (9.51)

Finally, note that for the general case of an array fe (or fim) of order p the jacobians

(J)' = ̂  , W = ̂  (9-52)
are p x p matrices. Therefore, the jacobian expressions (9.40) are matrices of order

p. Concomitantly, the mass-matrix expressions m,j and M,j are leading-diagonal

matrices of order p, since they have to be summed to p x p Jacobians in the factor

ization (9.2).

9.7 Mass Matrix Factorization

The 2-D mass matrix exactly factors without any error via the TPF expressions

(9.41)-(9.43). With reference to Figure 9.1, the representative 2-D mass matrix

term M,-,,- is

= / Ni {rji, 772) • Ni (pi, 772) drj = / n,- (pi) n,- (P2) • n,- (pi) n,- (P2) drj =
Jq Jq

1  ni(pi)n, (p2) •Ut (pi)u, (p2) dri+ 1 n.'(pi) (P2) • (pi) n, (P2) dr]-\-
jQi JQ2

1  n, (pi)ni(p2) •I3i(pi)n, (p2) drj + 1 n,-(pi) n,-(P2) • n,'(pi) n,'(P2) drj =
JQi JQi

/  nt(pi)^ii(pi) dr}) -( n,(p2)n,(p2) dp) 4-
Wu/i / \Juii /
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(/ ni{T]i)ni
\«/a;2

(/,
wi

ni{r}2)ni(r]2) drj] +

ni{r)i)nii
LJ2

 wi

'«■ IVI

ni (Tj2) Hi (r)2) dr]) +
U.'2

lii {r}2) ni {r}2

Hi {r)2) Ui {r]2) drj

^2

(^2

ni{r]2)ni{r]2) dr^ =
{L
( / n,(vi)n,(??i) dr]+ n,-(772) n,-(^2) drj
\J UJ2. ^2

( / i2,(vi)n,(vi) dri+ ni {r}2) rii {ri2) drj
KJuJi J (jJ2

( / Hi {t]i) m {r]-i) dri+ n,-(772) n,- (7/2) <^77
\Ju>i c/u/2

ni{r]i)ni (771) dr]] ■ [ j ni{ri2)ni (772) 0/77) = {ni.ni)^ ■ {ui.m)^ = mi^iirn^i

(9.53)

This verifies that the 2-D term M,-,,- is directly expressed as a product of 1-D terms,

each computed on the full computational domain lo. Hence, this expression is

directly cast via notations (9.22)-(9.23), whereupon the TPF representations of the

nine 2-D mass matrix terms over the region Q are

Mi,i.n+l —

^i(Vl,V2),^t-n(Vl,V2))^ = (n, (vi)ni(V2),n.-n(Vi)nt-n (V2))q =

ni (vi) fli-i (V2), rii-i (771) n,_„ (772))^ =

n.- (Vi) n.-i (m), n.-i (%) fli-n (V2))p =

Hi (771), ni_i (771))^^ • (n,_i (772), n,-„ (^2))^; = 772,-,,-_i77Z,_i,,_„

(Vi, V2), (771,772))^ = (71,• (771) n,- (772), fli-n+i (771) n,-_„+i (v2))q =

rii (m) ni (t)2) , rii (tji) m-n+i (V2))n = (n, (Vi) "f (%), (V2) fl.-n+i

ni (rji), ni ■ (ni (772), fl i-n+i (7?2))u, = 77z,-,,m,-,,-_„+i
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n+2 —

M.-.i =

Af,„+i =

Mi^i+n-2 =

NiiT]i,T]2) ,Ni-n+2{'num))Q = {Hi (m) M , ni-n+2 M ni-n+2 (m))^ =

n,- (771) iii+1 (r/2), n,+i (7?i) fl,-„+2 (?72))n =

m (rji) m+i (rii), n.+i (772) ni-n+2 (»?2))q =

n,- (77a), n.+i (77i))a, • (21,+1 (772), n,-„+2 (112))^ = w,+i,i_„+2 (9.54)

iVi (771,772), iVi-i (771,772))^^ = (n.- (771) Hi (772), n,-i (771) n.-i (772))^^ =

ni (771) 71,-1 (J?2), n.-i (??i) n.-i =

ni{r]i)Ri-i (771),71,--i (772)71,-1 (772))^^ =

71,- (771) , n,-i (77i))u, • (71i-l (772) , 71,-1 i'n2))w = "Z,„-_1771,-1,i-i

iV.- (m, '/2), Ni (771,772))^^ = (n,- (771) 71,- (772), 71,- (771) 71,- (772))^ =

Ri (771) Ri (772) , Ri (771) Ri {t]2))q = ("i (r}l)Ri (m) , ̂i (772) 71,- (772))^ =

Ri (771), Ri • ("i (V2), n.' (7?2))u; = minimi,i

Ni (771, %) , -^.-+1 (j?!, '?2))q = {ni (771) 71,- (772) , 71,+1 (771) 71,+1 (772))^ =

ni (771) 71,+1 (772), 71,+1 (771) 71i+i (772))^ =

D.- (771) Ri+1 (771) , 71,+1 (772) ni+l (7?2))j^ =

Ri (771) , 71,4.1 (77i))u; • (Tli+I (772) , 71,+1 (772))u; = 771,-,,+i7n,+i,,+i (9.55)

Ni (771, 772) , Ni+n-2 (771, 772))f5 = (71,- (771) 71,- (772) , 71,+„_2 (771) 71,+„-2 (772))^ =

ni (771) 71,-1 (772), n.-l (771) 71,+n-2 (772))^ =

ni (771) 71,-1 (771) , 71i_i (772) 71i+„_2 (772))^ =

71,- (771) ,71i_i (771))^; • (71,-1 (772) , 71,-|.„-2 {m))w = 7n,-,,-i771,-1,,+„_2

Ni (771, 772) , Ni+n-l (771, 772))5 = {ni (771) 71,- (772) , 71,-+„_1 (771) 71,+„-i (772))^ =
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Mi,,t+n —

ni{rji)ni{T]2),ni{rii)ai+n-i{m))n = (n,-(r/i) n,-(7?i), n.-(%) n,+„-i (m))^ =

n. (m),nt (m))w • (n,-(7/2),xii+n-i {V2))u, =

Ni{m,r}2),Ni+niVi,V2))Q = {ni {rji) ni {t]2) , lii+n M ni+n im))^ =

ni (r?i) n,-+i (772), n.+i (r?i) ̂i+n iV2))^ =

n^ ivi)ni+i (771), fli+i (772) ni+n iV2))^ =

hi (771) ,n,-+i (771))^^ • (n,-+i (772) (772))^, = 77i,-,i+i7n,+i,,+„ (9.56)

These expressions clearly verify that no approximation is introduced in the repre

sentation of the full 2-D mass matrix terms through appropriate products of 1-D

mass matrix components, as also demonstrated in the last section of this chapter.

This feature holds true for arbitrary grids since no metric data enter the mass ma

trix, owing to the association of det J with the dependent variable q, hence 6k,

and its consequent elimination from the mass matrix iteself. Further, as a result

of the absence of a det J factor in the 1-D mass matrix components, selected 2-D

curvilinear convection and diffusion operators are exactly factored, as determined

in the following sections.

9.8 Inviscid Flux Vector Factorization

In this section the one dimensional convection operators

(9.57)
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axe defined such that their product with 1-D mass matrix terms and 2-D metric

data eia exactly represent selected 2-D convection jacobian terms on arbitrary

grids. These base 2-D jacobian expressions are

D?,.Un.dNk , df,
dr]a dq

(9.58)

whereupon, the identity

dq^ dq^ ^ dq^-
(9.59)

allows expressing (9.58) as

dr]a
dr}

dfi
dqi

(9.60)

and the associated 2-D differential operator is

(9.61)

Therefore, df- is defined as

dn
dqi-_

(9.62)

whereupon hence , is derived by setting it equal to the exact one dimensional

operator intrinsic in the multi-dimensional operators as now developed.

9.8.1 771 Direction Operators

The determination of d]j is attained via derivation of the exact decomposition of

integrals and along the principal 771 sweep line {i — 1, i, i 1} (see
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Figure 9.1). The decomposition of integral is

= L enNi (771,772) dv = L ̂nn, {rji)ni-i (772) (772) dij =
JQ C/Tjj Jq (2771

en(T7i) L n, (771)11,_i (772) ̂ ^^n.-i (772) ^77 +
Jcii aril

en (V4) L (771) n,_i (772) ̂ ^n,_i (772) drj =
JQi drji

(^i)£ n (X (^2)21.-1 (272) +
(V4) n,{rii) ^77^ • n,_i (772)11.-1 (772) drj^ (9.63)

and use of the equality

/  n._i (772)n._i (772) d77 =: / n,_i (772) n,_i (772) <^77 (9.64)
*/u7j »/ U72

allows writing (9.63) as

A"-i == Q (en (t/i) + en (774) ) X ('^i) ^
( / n,_i (772)11,-1 (772) dri+ n,-i (772)11,--1 (772) ̂ 77) =
\»/ U7l »/ U/2 /

Q (en (i7i) + en (274)) X (^1) " (X ^^^2)
(9.65)

The leading 1-D convection integral in this expression is post-multiplied by a mass-

matrix term and pre- multiplied by the average of two metrics. Each metric is

evaluated in the 2-D element that shares the 1-D element on which the relevant

integral is computed. Consequently, this operator is obtained via the formula

(5 (''&.) + (■'S.J) /„.«^
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where the subscripts Qki cuid fijts respectively, denote the two 2-D elements that

share the 1-D element Uk- Insertion of this expression into (9.65) leads to the

formula

The decomposition of integral is

T>V: = L enNi (r?i, r/s) ̂  drj = f enm (771)n,- (772) ̂ n,- (772) drj =
JQ orji JQ arji

en iVi) ni{rji)ni{ri2)^^ni{r]2) drj
+ e«(»72) L ni{rii)ni{r]2)^ni{r]2) drj +

Jq2 dr]i

enM ni{r]i)ni{ri2)^^ni{ri2) drj
+ en (774) "i (Vi)"i (m) (7?2) dri =

('ea(»7i)^ ivi)^ drj] n n,-(772) n.-(772) ^77^ +
dm / \JW\

r  . . ' n - ^(en (772) m im) ̂  m im) «.• (^2) ̂77^
(en (774)^ n (/, "'■(''2) 12, (772) dr]^
(en (773) ^ 72.- (7/1) ^ ̂77^ • n,- (772) n,- (772) ^77) (9.68)

Use of the equality

I n,-(772) n,-(772) d77 = / n,-(772) n,-(772) ^77 (9.69)
*/ «/ tt;2

allows writing (9.68) as

(^ (e^i (»7i) + en (774)) m (m) ^ dr]
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+ \ M + en (Vs)) {rji) ̂  dr]^ x
( I ni{rj2)ni{rj2) drj + I ni {r)2) iii {Tj2) dr]) =
\Ju;i »/W2 /

(en iVi) + en M) "«■ (^i) ^
+ \ (en iv^) + en M) (^i) ^ drjj x
(y ni(rj2)ni(Tj2) drj^ (9.70)

The leading 1-D convection operator is again expressable via (9.66). Hence, Plj is

synthesized as

VYi = {enni, ^)u> • (n,-(7/2),Di(r/2))a; = (eniii, -j^)w ■ rrii^i (9.71)drji arji

Finally, the decomposition of integral is

T'-j+i = tnNi (r/i, 7?2) Jq (''i) "'+i (^^2) (772) drj =
en {V2) L (71) ^2.+i (^2) (772) dr] +

Jq2 drji
dm

+

Iii (771) n,+i (772) (^2) dr] =

(en {1)2) I (771) (I "i+i (»?2)n.+i (^2) dr]
(e^i iVs) y ('li) dr]^ ■ (y "i+i (772) m+i (772) (^77) (9.72)

Use of the equality

/ n,+i (772) iii+i (772) d77 = / n,+i (772) n,+i (772) d77 (9.73)
J(jJl J(jJ2

allows writing (9.72) as

i+i = Q {en {V2) + en (773)) m (771) ^77^ x
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( / n,+i (7?2)n,+i (ryz) dr}+ n,+i (772)n,+i (T/2) drj] =
JuJ2 '

(9.74)

whereupon, this expression is recast as

^ii+i = i^eini, • {ni+i(r)2),ni+i{r)2))u2 = (e^in,-, n m,+i,,+i (9.75)drji aril

Therefore, formulae (9.65), (9.70) and (9.74) can be made to coincide with the

6Atd]j terms in (9.42) via the following definitions for d]j

d]!i-i = ^{eei{Vi) + eii{T],^)) j^^n^irii)^^ dr) (9.76)
d]!i = ̂  (e«i(»7i) +en (774)) £^ni (771)^^77 +

I (en M + en (^73)) / (7i) ̂  drj (9.77)
Z  Jw2

<>•+1 = ̂ (^^i(^2)d-en(r73))£^n,(77i)^^ d77 (9.78)
These one dimensional operators contain 2-D metric data and constitute a distin

guishing feature of this TPF algorithm. The structure of these operators induces

a metric-data approximation in the evaluation of the off principal sweep line TPF

terms. Consider for example the evaluation of the representative term Ac

cording to the TPF formula (9.41), its value is represented via the principal sweep

line operator d,-j. Consequently, following (9.76)-(9.78), the associated TPF repre

sentation will embed the average of the four pieces of metric data corresponding to

the elements sharing node "i". However, the selected 2-D integral results from the
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contributions of elements and ̂ 2 only, hence its exact expression contains two

metrics, as evidenced by the following development

P-i-n+i = iVuV2) drj

= L enn, (771) n.- {rj2) n,-n+i (r?2) drj
J Q

= en (7/1) L Hi (771) Hi (772) ̂ n,_„+i (772) drj
•/Qj ^^1

+e«(^2) L n, (77i)n. (772)^n,_,i+i (772) drj =
JQ2

(^enivi) n (/ n,-(772) n,_„+i (772) c/77^ +
{^n{V2) n (/ ni (772) ni-„+i (772) dr^
= (en{Vi)f ni{T]i)^dr]

y  Ju;-[ CLTji

(V2) J M ̂ dr]\ n (^J ni (772) ni_„+i (772) ̂ 77^ (9.79)
The leading 1-D convection operator is obtained from the formula

{eeaiii^)^ = ^ic (»7n ) / n,- (771) ̂  ̂77 , a = 1 (9.80)
dr]a ^ a77a

where denotes each element where X>lj , — l,z,7 + l, is evaluated. The

TPF representation associated with (9.79) is

- Q (^1) + eu (T74)) Ui (771) ̂  dri
+ ̂ (en (^2) + en (t?3)) £ n,- (771) ̂  ̂77^ x m (772) n._„+i (772) ^77^

(9.81)

Therefore, comparing formulae (9.79) and (9.81) reveals that the TPF represen-
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tation uses the following replacements

en (t7i) ^ (en (»7i) + en (^74) ) , en {V2) ^ (en (^72) + en (%) ) (9.82)

A similar comparison with the espression for the remaining off principal sweep line

terms shows that the TPF formulae (9.41)-(9.43) employ the replacements

en iV4) ̂  \ (en (Vi) + en M ) > en (773) => ̂  (en (772) + en (773) ) (9.83)

Consequently, in order to make the TPF algorithm an accurate representation of

the 2-D convection operators, a mesh for TPF computations should be so developed

as to minimize the differences between the Ihs and rhs of (9.82)-(9.83).

Finally, the following expressions show that the exact V]j are all consistently

represented by the TPF formulae (9.41)-(9.43)

d  d
=  {en^iivu V2), t]2))^ = {eeini{rii)ni{T}2), =

(enJii(?7i)n!-i(%),^^^n.-n(??2))n = (en7i.(J7i)^^^, n,-i(?72)n.-n(%))n =dpi

dpi

du{enniipi),—^)^ n (^,-1(772),n.-n(7?2))a;

=  (eniV,(77i, 772),^Ai_„+i(77i,7?2))j^ = (enfl,(7?i)n.(7?2), 7i,-n+i(772))^
= (enn,(771)71,(772), ̂ ^^^^^ii,_„+i(772))^ = (en71,(771)^, 71,(772)1],-n+i(772))^
= {enniipi),^)^ n (71,(772),7i,_n+i(772)),^ d-j 7n,-,,-„+i

d  d^ij-n+2 = (€nA,(77i, 772),^A,_„+2(77l, 772))^ = (en71,(77l)n,(7?2), n,_n+2(772))^

= (en71,(77i)71i+i(772),^^71,_„+2(772))^ =
(en7i,(77i)^^,n,-+i(772)7i,-„+2(772))^ =
(en7i,(77i),^^^)c^ n (n,+1(772),7i,_„+2(772))u, d,v+i 7n,+i,,_„+2 (9.84)
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^  dn=  {enNi{r]i,r]2), —Ni.i{rii,rj2))^ = (e«n.(fyi)D.(f/2),-^J^n.-i(?72))n =

{en".(7?i),-7^)cv • (^i.-i(%),ni-i(T?2))u, = di,i-i
am

d  dii=  {eiiNi{m,V2),-^^Ni{m,V2))^ = (e£ini(r?i)ni(7/2),^n.(r;2))Q =

{eeini{m)miV2),^m{r]2))Q = n.('?2)n.(%))Q =
{enniim),^) n {ni{V2), ni{m))oj = 4^

a'7i a.

3  dn^ij+i = (e^iA^(??i,J?2),^^.+i(7?i,r?2))n = {anni{m)m{m),-^rii+\{'n2))Q =

(eafl,(r?i)n,-+i(7?2),-^n,+i(??2))Q = (e^in,-(77i)-^^, n,-+1(772)11,•+i(??2))q =+ l / ^^ / / N^'llt + l
^1/27,- " "

dh(enJi,(i?i),-^^)u- • (n,+1(772),ii,+i(772))u; = 4<'+i (9-85)

3  dn'
P-,i+„_2 = {enNi{m. 772), —7V,+„_2(77i, 772))^ = (e^in,-(771)11,(772), "'+"-2(^2))^

dm

C?77i

== (enn,(771)11,-1(172), ̂ 7^n,+,1-2(172))^ =

(en 11,(771)^7^4' "i-l('72)11,■+n-2(772))fi =

(en 11,(771),^^^^),,, • (11,-1(772), ll,-+n-2(772))u, 4i-l "1,-1,,>,1-2
3  dii'I>-j+„_i = (eniVi(77i, 772), ^iV,-+„_i(77i, 772))^ = (enn,(771)11,(772),—^^ii,-+n-i(7?2))5

= (enn,(77i)ll,-(772),^ll,+n_l(772))^ = (enll,(77l)^,ll,-(772)ll,-+„-l(772))j5 =
(en 11.(771), ^)u, • (71,(772), ll,-+n_i(772))u; ^ 4»' '"M+n-l

^,>+n = (eniV,(771, 772), ^iV,-+„(77i, 772))^ = (enll,(77l)ll,(772), -^ll,-+n(772))f7 =
(enii,(77i)n,-t-i(7?2),^^ii,+n(772))n = (enii,(77i)^^,ii,-+i(772)n,-+„(772))^ =

rf ll'(enlli(77l), -7^)0, • (lli+l(772),ll,-+„(772))u; d,w+i 77l,-+i,,-+„ (9.86)
dm
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9.8.2 ri2 Direction Operators

For the determination of the decompositions of j and along

the principal 772 sweep line {i —n + l,i,i + n —1} (see Figure9.1), are now developed.

The decomposition of integral is

= /^e,2M-(771,772)^^1^^7/
= L ee2ni (771) n, (772) (77a) drj

Jn arj2

= e^iVi) L ni (771) Hi (772) m (771) dT/ +
.'ni ar}2

{V2) L (771) ni (772) j,. drj =
dr}2

n, (771) n, (771) d77^ • ^e^2 (»7i) M +
£ ni (771) n, (771) d77^ • ^e^2 (^72) (^2) (9-S7)

Use of the equality

/ n, (77i)n, (77i) d77 = / n.-(771) n.-(771) ^77 (9.88)
«/ */ (^2

allows writing (9.87) as

^Hi-n+i = (/ ni{r}i)ni{r)i) dri+ I n.-(771)72,-(771) ^77) x
\«/U'i •'W2 /

(e^2 iVi) + en M ) (^2) j
=  dr]^ X

(en (%) + en M) ni (772) (9-89)

In analogy with (9.65), the 1-D convection integral in this expression is pre- mul

tiplied by a mass-matrix term and by the average of two metrics. Each metric is
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evaluated in the 2-D element that shares the 1-D element on which the relevant

integral is computed. Consequently, this operator is obtained via the formula

(ennj, H g Q (e„ (ns,.) + (.7S„)) £ (•>2) ̂  dr/j (9.90)
where the subscripts fifci and Q,k2 respectively, denote the two 2-D elements that

share the 1-D element ujk- Insertion of this expression into (9.89) leads to the

formula

= (i2,(r/i),n,(77i))^, • {e^ni, (9-91)

The decomposition of integral Vfj is

= L eM (771, r/2) ̂  = £ e^2n.- {vi)ni (772) (771) drj
JQ <7772 JQ 0772

= ea ivi) L ni (771) m (772) (771) drj
•/Qj ^^2

+ e^2(»72) L (771) 73^(772) ̂ 12, (771) d77
■/nj drj2

+ etiiVs) L n, (77i)n, (772)^n, (77i) d?;
•703 dr]2

+  (*74) L ni (771) n,- (772) (771) drj
jQi dr}2

=  «.• (^1) (»7i) dt?j • ^e^2 (»7i) _£ n.- (7?2) ^ ̂77^
+ (/, ■ (^^2 (r72) ^ ('72) ^ ̂77^
+ (i,j (T74) ni (772) ^ d77^
+  ni (771) n.- (771) ^77) • (tj^) m (772) ^ ̂77^ (9.92)

and use of equality (9.88) allows writing (9.92) as

=  (/ ni{T]i)ni(r]i) dT]+ I ni{r}i)ni{T]i) dr]
\«/ CJj «/ u'2 /'
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(e<2 iVi) + (772)) rii (772) ̂  drj
+ 2 (^^2 (^73) + (T74)) _£^ ('?2) ̂  c''?

= (^J^ni{T]i)ni{r]i) drij X
(e^2 (»7i) + e^2 {V2)) A- (^2) ̂  dr]

+ \ {^(2 M + e^2 (»74) ) 22,- (772) ̂  dr]
(9.93)

The 1-D convection operator in this expression is again expressable via (9.90), hence

2??; is cast as

Vfi = (n,(771),n,(771))^ • {e^2ni, ̂ )a, = rm^i n {eaiii, ̂ )w (9.94)
dr]2 dr]2

Finally, the decomposition of integral is

et2Ni (771,772) d-n =

L et2ni (771) n,- (772) ̂ ^^y^n,+„_i (771) drj =
JQ dr]2

enMj^ ni{rii)ni{r]2)^^^^^ni{rii) dr] +
ea M ('/i) {V2) "• ^

dn,'4.n—1

dr]2
( / «.• (^1) (^1) <^'7) • e^2 (*73) / n.' (^72)

\»/a;i / \ */u/2
dv +

and continued use of equality (9.88) allows expressing (9.95) as

'^iUn-i = ([ ni{r]i)ni{r]i) dT]+ [ n^ (771) n,-(771) ^77) x
\Jufi Ju)2 /
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^ (e^2 iVs) + {Va) ) M
j^m (7]i) m (771) c??;^ • (e^2 (»73) + ei2 (*74)) M ^ dr^

(9.96)

which is recast via (9.90) as

= {niirji), ni{r]i))^ • {e^ni, ' (e^2i2t, (^•9'^)

Therefore, formulae (9.89), (9.93) and (9.96) can be made to coincide with the

OAtd'^- terms in (9.41)-(9.43) via the following definitions for d^j

dl!i-n+i = ^(®^2(»7i) + e^2(»72))_£^".(^2)^^^^ dr; (9.98)
dl!i = 5 (®^2(»7i) + e« (772)) £^12, (772)^^77 +

^(£^2(773)+ e^2 (*74)) / ̂ iM^drj (9.99)
L  J(jJ2 ^^2

dl!i+n-i = \ (e^2 (Va) + e^2 (^74)) (^2) (9.100)

In strict analogy with (9.76)-(9.78), these operators also contain 2-D metric data.

Their structure also induces a metric-data approximation for the off principal sweep

line TPF terms. Consider for example the evaluation of the representative term

According to the TPF formula (9.42), its value is represented via the prin

cipal sweep line operator d^lj ,_i. Consequently, following (9.98)-(9.100) the asso

ciated TPF representation will embed the average of the four pieces of metric data

corresponding to the elements sharing node "z". However, the selected 2-D integral

results from the contributions of elements ili and ̂ 4 only, hence its exact expression
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contains two metrics. Specifically

i_i = L eaNi {rji,V2) drj = L eniii {rji) n,- (7/2) (772) di] =
Ju Ori2 JQ dr}2

eaiVi) L ni{rii)ni.i{ri2)^^^ni_i(rji) dr] +
Jcii dr)2

ei2 m (771) ni_i (772) (771) dr] =

(y ni (77i)n,_i (771) d77^ • ^e^2 (Vi) ".-i M drj^ +
(y "i (^1) n,-i im) dr]^ • (^6(2 {vd y «.-i ('72) dr]^ =
(^J n, (?7i)ni_i (771) (i?7^ x

(»7i) y J3.-1 (^2) + 6^2 (T74) y ̂ 5.-1 ('72) (9.101)

and the 1-D convection operator is obtained via (9.80). The TPF representation

associated with (9.101) is

~  (|yn, (77i)n,_i (771) d77^ X

Q (42' iVi) + M) "i-i (^2) dr) +
^ (42^ M + M) y^ (^1) ^^^7^ (9.102)

Therefore, comparing (9.101) and (9.102) reveals that the TPF representation uses

the following replacements

42(^1) 5 (42^(»7i) + e^2M»72) ) > 42 (^4) ^ (42 ̂ (*73) + 42 ̂ (^4) )
(9.103)

where superscript i — 1 indicates evaluation on the elements associated with node

i — 1.
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A similar comparison with the expression for the remaining off principal sweep

line terms shows that the TPF formulae (9.41)-(9.43) employ the replacements

(*72) ̂  2 (^^2 (^1) "h ) 1 ^(2 (^2) ̂  2 ^^^3) "F ̂ €2 (^4) )

(9.104)

where superscript "z + 1" now indicates evaluation on the elements associated with

node "z + 1". Consequently, this approximation is inherently distinct from that of

(9.82)-(9.S3). Hence, the mesh variations should indeed be smooth to minimize the

difference between the Ihs and rhs in (9.103)-(9.1G4).

Finally, the following expressions show that the exact are all consistently

represented by the TPF formulae (9.41)-(9.43)

d  (J,=  (e^2-/Vi(m,'?2),^A._„(r/i,r72))^ = (e^2ni(j?i)n,'(z?2), =

(e^2n,-(r?i)n,-i(z/2),^^J^n,-i(j?i))n = (2ii(7?i)n,-1(171), e^2n,-i(7/2)^2^)j^ =
(17,(771), ni_i(T/i))^ n (e^2n.-i(%), ̂ y^)u, - mi,i_i

arj2

d  dii'
Vi^i-n+l = (6^2^,(771,772),—A,-n+i(771, 772))^ = (e^2^1i(??l)n.(?72), —T^".-n+l(??l))Q

^772 ~

= (e^2ni(r7i)u.(T72), "«(^i))h = (n.(z?i)n,(z7i), 6^2".'(^2)^"^"^^^ )q =
(a.(77i), 77,(771)),, • (6^77,(772), . d?j_„+i

d  d
^«-j-n+2 = (6^2^,(771,772),—A,_„+2(??1,'?2))q = (e^2n.(^l)n.(??2), n,-n+2(m))Q

= (e<2n,(77i)n.-+i(772),^^|^77.+i(77i))^ =
(77,(77i)77,+i(77i),e^2n,>l(772)^^^^^,)^ =
(77,(771), n,+i(77i))„ • (e^2ni+i(7?2), <^i+i,.-n+2 (9.105)
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d  dti '

(e^2n.(??i)^i.-i(??2),^^n.-i(?7i))n = (n.(7?i)n.-i('?i), e^2n,-i(T/2)^^)fj =

^  dxi'
X>-,i = {ei2Ni{7]i,Ti2),—Ni{r]i,r]2))^ = (e^2n.(m)n.(%), =

(e^2n.(7?i)n.(%),^fl.(m))n = (n.(??i)ni(^i),ef2fl.(r/2)^)n =
(n,(7?i),ii,(7yi))^ • (e€2n.(%), ̂ )u; = m,-,.-

^  dii'T^IUi = (e^2^i(??i,%),^^,+i(jyi,»?2))n = (ef2n.('?i)n.(^2),-^n.+i(7?i))^ =
(e^2ni(??i)^.+i(r/2),^^n.+i(m))n = (n.(?/iK+i(^i), e^2n.+i(??2)^^)^ =
(ni(7yi),n,+i(7?i)),^ • (e^2iii+i(»?2), ^ "z,„+i (9.106)

^  dnP-,-+„_2 = {enNi{T]^,T]2),-^^Ni+n-2{VuV2))^ = {ei2ni{r]i)ni{r]2),—^^^ni+n-2{Vi))Q

= (e^2n.(??i)n.-i(??2)/"2^^~%.-i(7?i))^ =
(ii,(7?i)n,_i(7?i),e^2n,-i(r?2)^^^^^)j^ =
(ni(7?i),n,_i(r?i))^^ • (6^20.-1(7/2)/"^"^""^ )w

^  c/n=  {e(2Ni{r]i,V2),-^Ni+n-i{VuV2))^ = (e^2n.(??i)n.(T?2), n,+n-i(??i))n

= (e^2n.('?i)fl.(%)>^^^^n.('?i))n = (fl.(??i)fl.(m),e<2ii.(7?2)^"^"^^~^)n =
(21,(771),/l,(7/i))^^ • (e^2n,(7?2), = "li,i f^ij+n-l

dT]2
d  du'T^Hi+n = {ee2Ni{r]i,T]2), —Ni+n{vuV2))fi = (e«n,(77i)Di(7?2), -^ni+„(7/i))^ =

(e^2n,(77i)iit+i(j?2),^^n.+i(?7i))n = (n.('?i)n.+i(^/i), ef2n,+i(7?2)^^^j^)n =
(i7,(r/i),2J,+i(7?i)),^ • (e^2fli+i('72),^^)a, mi,,+i d-+i,,+„ (9.107)
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9.9 Viscous Flux Vector Factorization

In this section the one dimensional diffusion operators

(dl,)' , a = 1,2 (9.108)

are defined such that their product with 1-D mass matrix terms and the 2-D metric

data e£a and det J exactly represent select 2-D diffusion jacobian terms Dfj on

arbitrary grids. The basic 2-D jacobian expressions are

n° = — f f> dNj dNk , /Q -|r|q\in '°det/a,„ 37,. ̂  dg' ' ̂

The extension of identity (9.59) for the jacobian term in this integral is

9fL dfLck
w ̂ W •-" w ' ^ ^

This allows expressing (9.109) as

n" — f ^TTiQ dNj dNj
''' Ju det J dr]a drja ^

and the associated 2-D differential operator is

dqi- _
(9.111)

T^aim _ / „ ^ma dNi dNj /nil o\

In analogy with (9.62), d"j is defined as

'dfer,ja jatm (9.113)
dq-

whereupon, hence d°j is derived by setting it equal to the exact one dimen

sional operator intrinsic to as now developed.
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9.9.1 rji Direction Operators

The determination of is attained via derivation of the exact decomposition for

integrals and T'-j+i along the principal 771 sweep line {7 — 1,7,7 + 1} (see

Figure 9.1). The decomposition of integral is

j)Um _ _ f dNj-i _
Jn det J 5771 drji
f  ̂ml d,Tl{ . , . \ 1

- ('=" <"■' L ■'") ■ (/„,
- (^" (^) fi, L ̂  ̂ ' (1

(9.114)

Use of equality (9.64) allows writing (9.114) as

7>,-. = - (i (e« (,0 (^) ._ + .. (..) (^) .^ ) I <ir,) X
0 n,_i (772)n,-1(772) dT}+ n,_i (772)n,_i (772) d77) =

Wl JuJ2 /l(jJ\ *^(jJ2

5(en(').)(ff7), + ("4) (ff?) • ) /^2 \ Vdet j/7^^ \det J/r/^y Jwi drj dr]\

(^j rii^i (rji) ni_i {r)2) dr]^ (9.115)
The leading 1-D diffusion operator in this expression is post-multiplied by a mass-

matrix term and pre- multiplied by the average of two metric-data expressions.

Each expression is evaluated in the 2-D element that shares the 1-D element on
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which the relevant integral is computed. Consequently, this operator is obtained

via the formula

/  ̂ml duj dllj.

^ / 1 / / \ f emi \ , ( \ f \ \ f duidn
£ 2 h ("sJ -

kl ^^k2'

(9.116)

where the subscripts and Clk2 respectively denote the two 2-D elements that

share the 1-D element ujk- Insertion of this expression into (9.115) leads to the

formula

^l£rn / dlli dn,_i . . . . Sml dn,' dn,'_i
^'•'-1 ~ d^^' det J drjr' dr,,

(9.117)

The decomposition of integral is

^Itm _ _ [ f, 6m 1 dNj _
~  dn det J 5771

f  6m 1 diJi , diii / \ T
- is 5^"'<•'')'''' =

/s. ''''
L

(^),. i S"' S"' ''''=

- (■='■ 1 ^ • (I "■ "•
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(  ( \ f-EzilL) f
\  Vdet J Jfj^ J^2 dvi drji

I  ( \ f-£EL) f
\  *74 j /f]^ Juji dr]i drji

- i{r]2)ni{ri2) drjdv] -
(jJ2

.(772) ". (^2) dr]drj •
UJ2

(9.118)

and equality (9.69) allows writing (9.118) as

i,i n (5 (^" (15),.+ ("<' (55),.) L

/ n: f n-y) n.-fno) dn 4- n; (no) n,-(no) dn \ =n,-(772) Hi (772) dr}+ ni{r]2)ni f
JuJ2

-  (55),.+"■ (55),.) L
- ^'='■("'5^),. (55),,
(^J^ni{7]2)ni \

The leading 1-D diffusion operator is again expressable via (9.116), hence is

cast as

n^Um _ / ^rnl dlli dlli ^ \ d^i dlli ̂  t onN~  ̂ '''detJd77a'd77i^"' ^"''"'^"" det / ̂771' ^771 ^ ^
Finally, the decomposition of integral T>Y^^ is

^lim f ^rnl dNi ONi^i®v« = "A'"5^^"^'''' =
f  ̂mi dn{ . . dii{^i / \ j

,  ̂ f emi \ f dni ^ , dni+i ^ ^-"« id^ j,. k
-■=" (55),, Js. ''''=
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- ('" 1 ■''') • (1 ''"
(9.121)

and equality (9.73) allows writing (9.121) as

X'.IS. = - (i (e,. (..) + e,. (.3) (^) .^ ) I 0,) X
/ n.+i (772)12,+1 (772) dr]+ n,+i (772)n,+i (772) ^77) =

'^v'wi ./a'2 /

\det J J fj^J Jw2 drji drji j
J ni+i {r]2) ni+i {r]2) dr]^ (9.122)

whereupon, this expression is recast as

' UJ-\ J (jJ2

/  ̂mi dn, dn,+i ^ ^ ^ ^ ^ Cmi diii dn,+i ^

(9.123)

Therefore, formulae (9.115), (9.119) and (9.122) can be made to coincide with

the 6Atd] j terms in (9.42) via the following definitions for d]j^

(9.124)

2 Y \det J / fj^ Vdet J / rj^J J^2 dTji drji

(9.125)
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(9.126)

These one dimensional operators contain 2-D metric data expressions and constitute

a distinguishing feature of this TPF algorithm for diffusion jacobians. The structure

of these operators induces a metric-data approximation in the evaluation of the

off principal sweep line TPF terms. Consider for example the evaluation of the

representative term PljlTn+i- According to the TPF formula (9.41), its value is

represented via the principal sweep line operator Consequently, following

(9.124)-(9.126) the associated TPF representation will embed the average of the

four pieces of metric data corresponding to the elements sharing node "i". However,

the selected 2-D integral results from the contributions of elements and only,

hence its exact expression contains two metric data expressions as evidenced by the

following development

^lim f . dNi dNi-n-\-\ ,

^77il . . dni—f  CLTli . . , \ j

-  (-I.) (^17)^. k ''') n ik«.det

y  \det J / Jwi 0771 drji

^Tul \ f djij
Vdet J ̂ J^2 dtji aTji j
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j Hi (772) ni_„+i (772) dr]^ (9.127)

Here, the leading one dimensional diffusion operator is obtained from the formula

= t - M L
where denotes each element where , j ̂  i ~ l)b^ + 1? is evaluated. The

TPF representation associated with (9.127) is

-5 ('" L "
y Hi (772) ni_„+i (772) d77^ (9.129)

Therefore, comparing formulae (9.127) and (9.129) reveals that the TPF represen

tation uses the following replacements

det J J fj^ 2\ \det J J i}^ vdetJ/7^^

A similar comparison with the espression for the remaining off principal sweep

line terms shows that the TPF formulae (9.41)-(9.43) employ the replacements

det J ^4

Consequently, in order to make the TPF algorithm an accurate representation of the

2-D diffusion operators, a mesh for TPF computations should be so developed as

to minimize the differences between the Ihs and rhs of expressions (9.130)-(9.131).
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Finally, the following expressions show that all are all consistently repre

sented by the TPF formulae (9.41)-(9.43)

/  ̂ml dn,' . . dlli-ri f Ni

/  ̂ml / \ 1 / \\

/  ̂toI dn," dni—i , , /• w

/  diij . , dnj—n+i , V.

/  ̂mi dn,' , , dn,' , ..

/  dn,' dn,' , . t w

/  ̂mi dn,' . ^ dn,_,i^2 / \\

/  ̂mi dji,' . ^ dn,.)-x . ..

/  ̂mi dn,' dii,.|.x / \\

~^^^^det/^' d7?i n.-n+2('72)>u;
—  rn,-^i^,_„+2 (9.132)

.  e,,ix dn,' . . dn,_i , .
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^ml d,^i—l / \ / \\

/  ̂ml / \ ( \\

/  ̂ml / \ / w

/  ̂ml / \ / \\

/  ̂ml / \ ^^t+1 / \\

/  ̂ml / \ . ..

.  ̂TTii (iii,' (fiij-i-i - , ( \\

~^''" det!; rfV = ''".'"l ™i+l.'-H (9-133)

/  ̂ml / \ <^^t-|-n—2 / N\

/  ̂ml \ d^i—1 _ /_ \\

/  ̂ml <^^1—1 y •. / \\

-(en£^^.^^)a. - <'li-l('?2),llrt»-2(')2)>,^= <l"-l ™i-l.i-fn-2
= -(e„£5^JV,(,.,.te),^A',-+„-,(>,.,.)2)>s =

/  ̂ml / \ ^^t+n—1 / \\
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-(e„^^,^)„ n (niM,ni+.-,M). - d"" ™,,.+»-i

/  ̂ml , \ ^^i+n / \\

/  ̂ml / \ ^^i+1 ( \\

/  ̂ml / \ f \\

"(e,.^^, n (».+.(®),«i+„(l2)>„ ̂  d|,S. ».+>,.+» (9.134)

9.9.2 7/2 Direction Operators

The determination of dj^™' is attained via derivation of the exact decomposition of
*iJ

integrals and along the principal r/2 sweep line {i - n +1, i, z +

n — 1}, (see Figure 9.1). The decomposition of integral is

^lim f ^"i2 dNi (rji,rj2) dNi-n+1 J

f  ̂m2 diii . . dn,_7j.^.i , . ,

/  s / ̂ m2 \ [ dlli , . dnj—n+l f \ J
k ki"' TT"'

/  N / ̂7n2 \ f diii . , dni—fi+i f \ j
(dSj k 5^"' ''''=

- (£ n,(,.)n. (,.) rf,) n (e„ (.,,) (^) .^ £ <'")
- (1("•' "■■ t*") '^'') • ('«(■''' L,
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(9.135)

Equation (9.69) allows writing (9.135) as

= -( / n,(?7i)n, (7]i) dr]+ n, (?yi) n,- (r/i) drj)
\Ju/l ^

r dnj (jn,-„+i _
Juji dr}2 drj2 j

- (^J ni{rii)ni (ryi) dr]
1 / / _ \ f ̂ m2 \ , /__ \ f ̂ m2

f  (9.136)
Jui drj2 dr]2 J

In analogy with (9.115), the 1-D diffusion integral in this expression is multiplied by

the average of two metric data expressions. Each expression is evaluated in the 2-D

element that shares the 1-D element on which the relevant integral is computed.

Consequently, this diffusion operator is obtained through the formula

/  Cm2 dll{ dllj .

£ (\ ("sj (15), L
(9.137)

where the subscripts and ̂ 1^:2 respectively, denote the two 2-D elements that

share the 1-D element Uk- Insertion of this expression into (9.136) leads to the
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formula

1/ , \ / Cm2 dUi ^ , &m2 dtli dni—n+l \

(9.138)

The decomposition of integral is

7-i2^m f _ ^m2 5-^t , _T*,-, — — L e(2 , j-^ drj —
Jn det J dm dm

f  ̂m2 dlli . , dlli , \ j
a;;'"

i S"' <"■'

"■ ■'") ■ ('" (^)yi. L ^
^ (-;.)". (').) d,) ■ (e„(^,) (15)

(1 "• ("') "•■ ("■' ''") ■ {'« ("3) (^)^. I
(9.139)

Use of the equality (9.88) allows writing (9.139) as

X= -(I ni{T]i)ni{rii) dT)+ I m (rji) m (rji) dr]^
\JuJi J{jj2 )

(15)0.+ (^)^,) L +
^ fe^2(T;3) (;rf7) - + e« (^74) (T77) . )/2\ VdetJ/t)^ \det J/ ff^ J Ju/2 dr)2 dT]2 J
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drii dui

dr]2 dr]2 ^

+ ̂ (^)yj3 + {i^)J L '")
(9.140)

and the 1-D diffusion operator is again expressable via (9.137), hence is cast

as

T\2tm / \ / ^m2 dn,' du,'. . Cm2 dn,' dlli . . , . ^

Finally, the decomposition of integral is

^2tm f ^rn2 dNi dN{^n-l j

f  ̂m2 dn{ . , dn,-)-n—1 / \ j

''''

(sy) ri, k S"- ^ =
- (1 ("') ("■) ■ ('«("3) L ''")
- (1 "• ("■' '^'') • ('«("') (^),j, k '''')

(9.142)

and continued use of (9.88) allows writing (9.142) as

-(/ ni{T}i)ni{rii) dr]+ f n,-(r/i)n,-(r/i) d??) X
\*/U/j «'U/2 '

(5 (- ("»' (^),.+- ("<) (^),.) 1 ^ =
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(5 ('« <"'' (^)^J L '^'')
(9.143)

which is recast via (9.137) as

^2im / \ / dlli dlli^n-i v / £m2 i
n <'"Su s;;'

(9.144)

Therefore, formulae (9.136), (9.140) and (9.143) can be made to coincide with

the BAtdf j terms in (9.41)-(9.43) via the following definitions for

(9.145)

-5 (^)^.+ L SS
I  ) f
'f]J J'^2 dr]2 dri2

(9.147)

In strict analogy with (9.124)-(9.126), these one dimensional operators contain 2-D

metric data expressions. The structure of these operators induces a metric data

approximation in the evaluation of the off principal sweep line TPF terms. Con

sider for example the evaluation of the representative term According to the

TPF formula (9.42) its value is represented via the principal sweep line operator
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t-1- Consequently, following (9.145), (9.146) and (9.147) the associated TPF

representation will embed the average of the four metric data expressions corre

sponding to the elements sharing node "i". However, the 2-D integral results from

the contributions of elements and ̂ 4 only, hence its exact expression contains

two metric data expressions as evidenced by the following development.

j^2tm _ _ / „ €7712 dNj dNj-i _
~  k ̂'detJ5772 dr)2 ^

f  em2 dm dm-i

(^)4. k
(^)4. k =

- (/„. ("■' '''') ■ ('«("■) (15)4. k ^
- (/„. ("■' •'") ■ (''^<"7) k =
-(^j n, (77i)ni_i(7/i) dr]^ x
(  f .[ &m2 \ f dn,-i dnj_i

Here, the leading 1-D diffusion operator is obtained via formula (9.128). The TPF

representation associated with (9.148) is

fi'-l - - (^Hihl)".-! (171) rf")) X
\2 \ VdetJ/r7j xdet J y fj^J Juji dr]2 drj2

2 \ \detj/»^g \aet J/ ff^J Juj:! dr}2 0772 /
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(9.149)

Therefore, comparing formulae (9.148) and (9.149) reveals that the TPF represen

tation uses the following replacements

(9.150)

where supesrcript i — 1 indicates evaluation on the elements associated with node

i — 1.

A similar comparison with the expression for the remaining off principal sweep

line terms shows that the TPF formulae (9.41)-(9.43) employ the replacements

(9.151)

where supescript "z + 1" indicates eveiluation on the elements associated with node

"z+l". Consequently, this approximation is inherently distinct from (9.13Q)-(9.131).

Finally, the following expressions show that the exact are consistently

represented by the TPF formulae (9.41)-(9.43)

/  ®m2 dn,' . . dxii—n ,
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■T\2lm
i,!—n+1

^«',:-n+2

vtt ,t-l

vf-2lm

Gm2 dlli—i . , dn{—n ,
ef2T-rT-7— =det J dr] dV2

ni(r/i),j2,_i(7?i))u. • {ea

2
^m2 dflt'—i (ffli—n

det J dri2 dri2
^m2 dni—1 diii—ji

>d =

det J dT]2 ' dT]2

e^2

e^2

®m2 dflj
det J dri2
®m2 dllj

niiVi)
n+1 ^t-n+l (^l))fdr)2

dnj—n+1
det d772

/  \ / \ Sm2 dni dHj'—n+l ,

/  \ / \\ / ^m2 n+1 \

■ "^'>2 =
^m2 dn{ dllj_n+2 / si

e^2TTT~"«(^i)'—IZ. ni-n+2{Vi))Q =

m

' det J dri2 dm

iidYr"i ,t-n+l

e^2
^m2 dn{^i

det J dT]2
/  \ f \ Cm2 (fll,_„^2 i

/  s /' w / ^m2 dui^i (in,_ji+2 1

^m2 dlli , , dl7j_i
e^2-r-r-T— ^.--UVij/Q =det J dm dm

.  . Mm
"^i,t+l"i+l,,'-n+2

(9.152)

^t2
®m2 dn{—\

det J dm
/  \ / \ ^m2 .

"i(')i), "i-i(')i))ur ■ iet2 '*°1~' ■ ^1+^)1.. =! m,j-id|lT,-_,det J dm ' dm
_d_
dm'
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V

/  Cm2 / \ ( \\

/  ̂m2 / \ dlli . ..

1 1 \ ! \ ^m2 dUi dlli .■(i.,('(.)iH(m),6,25^^^)5 =

-(ni{')i),ii(')i)>c- ■ ^)" = "ij"'?,'"

I  / \ f \ fim2 'j'flt+l C^^i+1 \
-<"-('")°'+'('")''"to7 <i„ <i^>s =
-(".(11), J.+1 ('7i))» ■ (ea j - '".■..■n''i+T,,+i (9-153)

;  ̂m2 dlli f \ dlli^n—2 / \\

,  e,n2 dlli-i . , dni^n-2 / \v

Urn
i,i+n—2

!  f \ f \ ^m2 "Jlj-l "Jlt+n-2 \
-{n,(7?i)n,_i(7/i),€^2:n:r7"3I IZ )u =

^m2 dlii—\ dRx-\-n~2 1
■ det J dr}2 dT]2

/  / \ / \\ / dlli—i dni^n—2, j2(m

P.V+n-i - det J ~
/  ̂m2 / \ 1 / -.1

/  / \ dUi^n—l f SI

/  / \ / \ ^ni2 dlli 1 \
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-{^£2
^m2 dlli
det J dri2

/  ̂m2 dlli^i . dlli^ri / \\n.(7?i),^^n,+1(771))^ =
' det J dr}2 dm

/  / \ /■ \ ^m2 dni^i diii^fi.

-{ni{m),ni+i{m))^ ■ {^£2
Sm2 dn i'+l dlli+n ^ _ Jl£m

det J dm ' dm (9.154)

For the implicit primitive coordinate diffusion operators, both the parallel and cross

derivative terms are expressed in terms of curvilinear coordinate operators. How

ever, the present TPF dispenses with computational coordinate cross-derivative

terms, whereas it accurately represents the leading two terms in the following

primitive-coordinate 2""^ order differential operator formulae

'•"{iMS

"'(st'S:

^11
eii

^5771 \det J
,  ( d f eu

d" ^11 ^drji \det J

— Cii
mi

dm \ det J

+ en —d
622

m \ det J

— 621

+ 621

en'A
^dm Vdet J

d ( ei2
dm I det J

■)

dA
dm.

dm.

_dA
dm.
_d̂
dm,

dm.

dm.

\drji \det J dm .

+ 612

+ ei2

ei2

dm \det J
' d f en
^dm \det J

( d+ ei2 "xd
622

+ ei2

m \det J
d ( 621

dm Vdet J

+ 622
d ei2

/ d+ 622 I t;—d

dm Vdet J
en

r]2 Vdet J

+ e22
d e22

a(-)'
dm.
d{-r
dm / J
(9.155)

^(•)\\
dV2.
d{.y
dm J J
(9.156)

di-)\\
dm.
d{.y

(•)

dm / J
(9.157)

^dm \det J dm
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(9.158)

where "(•)" denotes a differentiable function.

9.10 TPF Error Structure

The precise structure of the TPF error is now derived, starting with the general

form. Thereafter, the expressions specific to the convection and diffusion term

errors are individually determined. The overall 0{At^) error is then documented

and subsequently the order of magnitude of all such errors is discussed.

9.10.1 Generic Error Expression

The TPF error is defined as

£t,j = o»,j (9.159)

The exact blocks a,j are computed with (9.45)-(9.47), whereas the TPF blocks

are computed using (9.41)-(9.43). Consequently, the error associated with the TPF

expressions is

e'At'dl_,dU,_^

£t,t-n+i = ̂ At — d' -mi^i-n+i^ — 0 At
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£i,i-n+2 — (■^i,i-n+2 "^«.«+l^i+l,i-n+2) + (■^i,i-n+2 '^1+1,1-71+2)

^'A^'4,+l^ll,,-n+2 (9.160)

e,,i = -e'Afdldl

£i,t'+i = ^Ai ^-Dj. ,+1 — 'TT.t,:+i^^,+i,,+i) ~ ^ A< c?,._,+j<i,.|.^ j_|.j (9.161)

£i,t+n-2 = ^A^ (l^+,+„_2 ~ ''^i,J-l<^i_i,,+„_2) (^^i,i+n-2 ~ ^t,t-l'^8-1 .i+i-s) ~
6^At^d]- jcZ? 1 • , 2t,i —1 t—l,t-j-n—z

£i,t+n-i = ^At — <i,. ,m+,•+„_!) — 0 A^ c?i^,<^+,+„-i

£t,t+n ^ ^A^ (^D- -_^_^ — "T.+i+lC^i+i^j+n) + ^At — C?J-,.j.jmi+i^,+„) —
(9.162)

The subscript structure in these error formulae shows that the classic order At^

error terms coexist with a metric-data approximation and a jacobian evaluation

error. Therefore, the TPF spatial approximation, identified at the end of Section 5,

appears in the form of both a replacement of some individual pieces of metric data

with associated averages and an evaluation of some jacobians at locations adjacent

to the exact ones. The latter occurs when the array is a non-linear function of q.

For this general case, the TPF formulae (9.41)-(9.43) exactly represent at all nodes

the 772 direction jacobian terms, whereas they render the 771 direction jacobian terms

precise at nodes z — 1 , z , i -f 1 and approximately correct at the six remaining
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locations. Concerning the metric data representation, the TPF scheme replaces, at

nodes i — n, i — n + l, i — n + 2, i + n — 2, i + n — 1 and i + n, the local values

of the metrics e^i with metric data averages, see (9.82)-(9.83) and (9.130)-(9.131),

whereas it yields the exact values at nodes i — l, i and z +1- Concurrently, the local

value of the metrics 6(2 at nodes i — n, i — n + 2^ i — l, i + l, i + n — 2 and z' + n

are analogously substituted with element averages, as indicated by (9.103)-(9.104)

and (9.150)-(9.151), whereas an exact representation is obtained at nodes z -rz + l,

z and z-f rz — 1. These metric-data errors directly depend upon the distribution of

the computational-node primitive coordinates. Therefore, a smooth distribution of

primitive coordinate data reduces this type of error in the TPF Jacobian.

The error (9.159) can be resolved into components

- ̂Ij + ̂ij + (9.163)

Here, is the convection term error in the OAi jacobian components, and efj is the

diffusion term error in the same component. Simultaneously, is the error

due to the product of the 1-D convection and diffusion terms. For the determination

of the explicit form of these errors, the jacobian matrices must appear in the actual

TPF 2-D jacobian expressions. These are obtained upon multiplication of the tensor

product differential operators, (9.62) and (9.113), with appropriate Jacobian terms,

as evaluated at the computational node indicated by the second subscript in the

symbolic operators , see (9.60), (9.111). The following representative expressions
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reiterate this jacobian decomposition, without implied repeated-index summation

u

i+1

dfe

dq
t'+i

dfe'
{DUn-^y =

dfe

dq
t+i

dq
— V^^-

i+n—1

dfe
dq

i+n—l

the companion representative formulae for the diffusion operator are

{Dh»y = 4l£mt+1 dfev

dq
mt'+l.t'+l —

{DUn-f =
t'+l

dferr^

dq

dfe.

'T\2iTn
t,2-f-Tl —1

dq

dft

t+1

i+n—1 dq

(9.164)

(9.165)

(9.166)

(9.167)
t+n—1

The TPF formulae (9.41)-(9.43) are now expressed in terms of this jacobian decom

position and the error components are then derived.

9.10.2 Convection Term Errors

The actual TPF 2-D jacobian linear algebra statement for the convection terms is

dfe

[dq\

dfe' rd/,1
n

.dq.i-l . dq .

-n+l
dfe

dq.
Oi.i-n+i = Mi^i.n+i + OAtrrii^idi^i

®i,i-n+2 = .^j,i-n+2 + ,_„^2

\dfe] 'dfe'
n+l

. dq. i . dq.i—

dfe]

i-n+l

-dq

dfe

+

.dq.

i-l

+

n+l

'dfe

. dq.
-|- ^A/dl^^im,+i^,_„+2

i—n+2

dfe'
.dq.i+l

\dfe] dfe'
n+2

.dq.i+l .dq.i—n+2
(9.168)

ai,i-i = -I-0Atm,-,i_id?li -.i

0'At'dj<_,df_,^,_, dfe'

dfe

dq.
+ (9A/dlj_im,-_i,,_i

i-l

dfe
.dq.

+
t—1

\dfe]
1
.dq.i-l[dq\I-X
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ai,i = Mi,, +

e'At'd}Ul'
'dfe

dfe

.dq.

dfe

[dq
+

'dfe'

. dq. i . dq.

+ 1

dfe

-dq.
+ 6lAid-^^+im,+i,,+i

i+l

dfe

dq.
+

t'+i

\dfe] \dfe]
.dq.i+l .dq.i+l

di,i+n—2 — 2 "1" 1 2

di,t+n—1 — •^t,i+n —1 "I" d,',.|.^_ j

'dfe'

'dfe

[dq

\dfe]
2
.dq. i-l .dq.i+n—2

dfe

dq.
+ 0Aid,^j_im,_i,,+„_2

i+n—2

(9.169)

dfe'

.dq.j-i

\t+n—1

df£

'dfe' \dfe]
1

. dq. i . dq.i+n—1

1 + 71

dfe

dq.
-f- 0A/d,- ,.j.n

i+n

. dq.

\dfe

+

. dq.
+

i+l

'dfe' rd/,1

-dq.i+l . dq.t+n
(9.170)

The exact jacobian expressions are also cast via the developed jacobian decompo

sition. The resultant formulae are

Ot,i—n

n+1

®i,t—71+2

\dfe]=  + eAtV^<_,

— Mi,i-n+l + ̂AtPj

+ OAtV}<_^
dfe]

dfe]
dql

\dfe
t—n+l

+ eAw]^_,^, dfe

.dq.
+ eAw\\_t,t—

. dq

dfe
i—n+l

i-n+2
n+2

. dq.7-n+2
(9.171)

'dfe

t-i

G+j' —
dfe

Gi.i•',7 + 1

^i,i+n—2

M+i -f

.

L5gJ

.^t,t+n-2 + 9AtT>f^j^j^_

.dq.

Mi,i+l -f-

.dq.

+ eAw}<

he]

+ eAw}^i_, 'dfe

dfe

v+i

dfe

dqii

.dq.

dfe

t-i

t+i
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i+n—2

-Sq

+ 9Aro!j^.,_

(9.172)

dfe

. dq.i+n—2



^i,i+n —1 Mi,1+71—1

dfi
M

'dfe

[dq\i+n—l

dfe

. dq.t'+n—1

,.t'+n

Consequently, the specific error

.dq.1 + 77

dfe

dq.t+n
(9.173)

^i,j — (®i,j)eAi i^hj)
c (9.174)

for the convection terms is

eAt I Ni dNi_n

\ " d

n

dfe

= OAtmi^i-n+i {n

m /n

dai\

''dm/

^2 (^i)- ̂  (42^(^1)+ 42^(^2)) +
— 77,

■5/h
•

.^9. i-1

(jJl
(4i (^i)-4i M) dfe

. dq. t—n+1

. ^9- t-

"{^{—71-^2

2 ((4i (^1) + 4i (^74)) - (4i (.V2) + 4i ivs)))
«A< (w,, ^^1^)- [4 (12) - ̂  (4' (1.) + 4' (12))
«A1 ( N:. +1 \

dvi /fi 4i (»72)

2

5/^
.dq. 1 — 77+2

5/f
.

+
1 — 77 + 2

.dq. «+l.

4-,i-l

4',1+1

(4i (^2) + 4i (^73))

0Atmj-,,-i ^ii,_i, ^ [(^2 (^1) ~ ^2 (^4)) ~
\ ((4?^ (^1) + 42^ (^72)) - (42^ (*73) + 42^ (^4)) )

(9.175)

dfe
-dq. t —1

dn't+i6iAtmi,,+i ( fli+i,
^  dV2 / ci (42 (^2)-42 (^73))

4i+77-2 =

\ ((4' (11) + 4' (12)) - (4' (13) + 4' (14)))] [^] (9-176)
«A1 [4 (I4) - 5 (eS' (I4) + 4' (I3))

t'+l

dfe
.dq.
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I {e'ei iVi) + en (Va)) ■5//

dfi
dq t+n—2

-dg. i-l.

dn,\
> . \

dm / dq.
r^/^1
.dq. t-

'i,i+n

(e« {V4) - (%))

^ ((4 (^1) + 4 (^4)) - (4 M + 4 (»73)) )
OAt (^Ni, 4 (^73) - \ (4^ (^4) + 4^ (^73))

4 (^3)

i+n

9A((jV,,2^
\  0 L^gJ

—1

771 / n i+n

^ (4 42)+ 4 (^3)) r^/^i
.dq. '■+1.

dh]
dq

+
i+n

(9.177)

9.10.3 Diffusion Term Errors

The actual TPF 2-D jacobian linear algebra statement for the diffusion terms is

dfin
dq .

dfin

n . dq . i-l [ dq \
di,i—n+1 — fl^i,i-n+l T ^^^^i,idi^t_n+l

'dftm'e'At'dj^rdH

dftm'

i^^n+i

^i,i-n+2 T ^^^^i,i+l ,_n^2

\dU

dq . d

0Atd

L dq
dftm

+ 0Atd-j"'m,-,,•_„+!
t—n+1

.  dq .
+

1 — 1

. ^g .
+

q

n+2

t—n+1

dfer
. dq

+
t—n+2

-j+im,+i,,_„+2

e^At^dVn:, dV^.

. dq .
+

i+l

Qj

3

3

ti+2 . dq . i+l . dq . i—n+2
(9.178)

dfi„
dq
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Mi^i + eAtrrii^idff^

'df(m'

dq .

dfh
t-i

dftr,
dq t-1

dq
+ eAtd]lrm,,i

'dfim'

. dq . 1 . dg .

®t,i+l — -^tit-l-l "I" ,^(.1

q2 a -#2 jl^m j2^m 'dfim'

dh,

dq \

dfiv

dq .
+

t+i

dftv

dq .

3

. dq . t'+i . dq . t'+l

-\- 0 At d,_,.j.id,-^.i ,.,.1

d'i,i+n—2 — -^i,t-fn-2 "t" ̂ AfTTlj ,_i d,_2 ,.j.„_2

^dfer6'Afd

i+l

(9.179)

^/^r,

. dq .
+

t+fi—2

,^j:!?imi_i,,+„_2

^^Af^dH'" d?^7
i,t —1 t—l,t+n~2

.

+
i-i

dfim' 'dfim'
2

. dq . t-1 . dq .t+T^—2

®t,i+n—1 ~ .^i,i+n-l "I" , d,'

5/fr,
. dq .

+ 0Atd}f^mi-i^i+n-i
i+n—1

dfir,

. dq .

. dq ii

®t,i+n — .^t,t+n "I" dj_j_^^^_j_^

a2 A +2 Jl^m j2emJ

Qj

3

. dq .t+n—1

dq .t+n ^9 -

- fl̂ A/2jlCm i2<;m+  6/ Ai di^.-^id.+i

'dfim'
dq i+t .
dq . t+n

t+i

(9.180)

The exact jacobian expressions are also cast via the developed jacobian decompo

sition. The resultant formulae are

fll-t —TJ

n+l

ti+2

Mi,i.n + 0AtV];^,

Mi,i-n+l + 0AtVf^^,

[

n

'dfim'

 dq

+1

t—n

'm

dftm

dft

= Mi,

ai,i_i = Mi,i_, + SA®?,;!?! ̂  +9a®h::^,
[ dq J

dq

dfim
1—n+l

I Sq Jj.

dq t—n+2
n+2

^9

dfim
t—n+1

. dq .
(9.181)

t—n+2

t-1

dfir,

[ dq J t-1

= Mi,i + eAtV^f^ dfim

dq
+ 0AiV]^^ dfir,

. dq .
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at'.i+i = Afi.i+i +
dfim'

. dq .

^i,i+n—2

®j,:+n—1 ■l^i,i+n-l + ^^^^tV+n-1

t'+l

9/^7,

df(m
dq

(9.182)
i+l

dq .
dfim'

t+n—2

dq .
dfen

dq t+n

t+n—1

71^771
t,l + 77--2 . dq

-\\tm 'dfim
t,j+n--1 . dq

d/f,7i"
. i+77

t+n—2

t+n—1

(9.183)

Consequently, the specific error

(9.184)

for diffusion terms is

-tjt—n (Si
5 («' (">' ' + «' )
„.,/ aJVi 9Ar,_„\ [ , , ,f e„j V rs/,„

!m

.

+

F- ■ —^t,t—n+1

«A< (Pl^it
«A!(-§^.^+ah'

\  drji dr)i

m I

■n ' ^Xyi—n I

Vi

'dfirrtm

t—n

'dfim'
. dq . t-i.

t—n

+

'l

(S^ml

n

m

1—n

('" (lu. Vi

\ \ ^Jim

detjy^J dq

c" . —^t,t—n+2

n\^('p,\2im 1 7^21^771 m 1tiM ,•_„+! + ^i,,_„+l j
^  ' V oq \1_„+1

\  07)2 or/2 / n

'dfim
dq Jl-n+l

'dfim
dq

+
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£■ ■ —

\  aT/i drji / n ^

a\^(T>'^2lm , 'p,2\tm \\df^^:-,i-n+2 + ^t-,t-n+2 ) ;)
^  ̂ L Jl-n+2

'

i—n+2

dq

df(m'
. dq . i+l.

+

(9.185)

^)s [5 <"■ KItt)

+i («' ("') ,'+«' )) ] IwL
OAt {v}}i"i + v^y_^,) [^
0At +

\  dr]2 ot]2 / n

t-i

1

2

+

- 5 (5 {'«" ("■'

»Ai(psa+ii?!S) '
. dq «+i

dq i+l

+

^iyi-^n — 2 OAti-p,?^
\  dri2 dT]2 / Q

(9.186)

^m2 Y~^5 («' (Sf)'^' + «' ("»' (lu),'2  ̂2

,^j_smsj^)
\  orji OTqi 'q

OAt + vr/i^_,) \^

Im'dfjj
. dq

'dflm
■ dq \i^n-2

t+n—2

+

+

'dftm'
. dq . »-i.

. dq i+n—2
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.d 0\i/
Vz

+en (^4)
^ml

det J
Vi

d/fr

dq .i+n—l

dftn

dq J
+

9AI (BSi-;., + PfjS.i) \dftr,

Q

i+1

V,

[ dq

eh (^3)

l+n-l

^m2

det J
V3

+ e\V (^3)
^m2A

t+i

OAt
dN, dNj+n

dVi' dqi /n eh (^3)
^ml

det J

det ^

dfin

'dfe-n

dq .
+

i+n

^3 . dq .t+n

^3

'dfim'

. dq . t+i.
+

flAi (pJjS + !)?«•;) 5/^m'
dq J t'+n

(9.187)

Note in these expressions that the terms 2)1^ and I)?^ account for the absence

of the cross derivative diffusion relations in the TPF algorithm.

Comparing the convection and diffusion term errors shows that if

^ = 0(mjn(Axa)), with ̂  intrinsic to the diffusion jacobians then these

error expressions exhibit the same order of magnitude.

The magnitude of the diffusion term errors is directly proportional to Af and

inversely proportional to Re. Consequently, for large viscosity values, hence small

Re, At must be reduced accordingly to prevent unbounded iteration growth, due

to these diffusion jacobian errors, hence prevent instability. Therefore, this TPF

algorithm is particularly efficient, i.e. the scheme remains stable for large time steps
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Ai, for realistic aerodynamic flows where Re O (lO^)

9.10.4 0{Af) Errors

Finally, the specific form of the order At^ error is

At2
^i,k -e'Afdldl =

\dfA \dfe] \dfi] dfim

j

3,k
k .^9.j . ̂ 9

dfem' \dfA j2(m dfim' dfem'

[ dq \ 3 .^9. «,i 3,k
k [ ̂9 J i[ ̂9 J

(9.188)

9.10.5 Error Order of Magnitude

The values of the dependent variable q as computed with the TPF factorization can

be second order accurate in time, since the variation A{q • det J) is of order (At).

If no spatial approximation is present, then the order of the solution error in time

becomes expressed as

OiSrPF) = O(At^) • 0(A(gdet J)) = O(At^) (9.189)

For non-vanishing spatial approximation error, the formal error in the Jacobian-

term evaluation in matrices is of order 0(max(Ax£y))) since in the general non-linear

case the following relations hold

\dfA \dfA
+

3

id \dfA
[dq\3+1 .9q. lag [dq\

Aq +

Aq = qj+i - qj =
drja

Aria +

(9.190)

(9.191)
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(9.192)
drja dxj dr]a

= 0{Axj) since 0{Ar]a) = l (9.193)
\dTicx J

Hence, the error committed in the TPF computation of q is still of order O(At^), pro

vided that max(Axo) < At and the metric data error is of order O(Axq). Finally,
a

note that the spatial approximation error is still present for uniform rectangular

grids if fa is non-linear. Analogously, this error remains for linear fluxes if the grid

is non-uniform.

9.11 An Alternative Iterative Solver

An optimal TPF for system (9.1) has been developed and the associated error e,j

(9.175)-(9.177) and (9.185)-(9.187) is derived. If the error matrix E is defined as

E - [£.-,] (9.194)

then for = x, (9.1) is expressed as

Ax = 6 , {Arpp^E)x = h , Arpp = BC (9.195)

System (9.195) can be used to define a novel iteration to solve (9.1). This is accom

plished by writing

ApppX = b — Ex (9.196)

hence

Apppx^-^^ = b-Ex^ (9.197)
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where the superscript p is the inner iteration index.

Iteration (9.197) is clearly analogous to a standard linear algebra iterative pro

cedure such as Jacobi or Gauss-Seidel. Note that such an iteration is stationary

and can be embedded in any outer iteration, i.e. Newton. If only a reduced num

ber of iterations is utilized, then the matrix product Ex^ is interpreted as a set of

correction terms. System (9.196) is instrumental to investigate the convergence of

this TPF iteration. Subtraction of (9.197) from (9.196) yields

Atpf{x — = —E{x — x^) (9.198)

that is

6^+' - -A-l^Ee" (9.199)

= x-x^ (9.200)

Consequently

Ik'""! < n lk°li (9.201)

Thus, convergence is achieved if the spectral radius of A~],pE is less than one. In

these conditions, the eigenvalues of the matrix

A-lpA = 1 + AplpE (9.202)

can be forced to cluster about unity for an appropriate At, since the norm of E is

of order At. Expression (9.201) is further cast as

(9.203)
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Therefore, when the product ||A~pj,,|| • ||£'|| is less than one, convergence is achieved.

Note that the norm of matrix E is of order At, hence this iterative procedure can

be always made to converge via appropriate choice of the time step.

9.12 Examples of Application

In this final section a demonstration is presented for formulae (9.54)-(9.56), defining

the TPF mass matrix, and for (9.105)-(9.107) defining the TPF convection operator

matrix.

With reference to Figure 9.8, the 1-D mass-matrix terms are

1  4

i+n-2

i-1

1 -n

i-1

1
5

1+n-l i+n

IV UI

i

I II

i + 1

i-n + 2

i+n-1

Q

II

I
I

i + 1
-o

II

(9.204)

i -n+I

Figure 9.8: Representative TPF Computational Domain Correspondence
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Utilization of (9.54)-(9.56) leads to the following values for the 2-D mass matrix

terms

—n — ^^1,1 — 1 ' —l,t —n

—  ̂^i,i ' n+1 —

n4-2

_  1 1 _ 1
~ 3 " 3 ~ 9
4  1 _ 4
F 3 ~ 9

1  1 _ 1
3 ' 3 " 9

(9.205)

Mi,

Mi^i^i

— 3*3
1  4

3 n 3
4 4 16

rui^i n rrii^i =
3  3 9

1  4

4

9

4

9
(9.206)

_  1 1 1■^!,i+n—2 — —1 ' ^i — \,i+n—2 — 3 3 — Q
4  1 4Mi^i^n-l — '^i,i ' '^i,i+n—l ~ 3 ' ^ ~ Q

1  1 1 (9.207)
3  3 9

and these values indeed coincide with the actual 2-D mass-matrix terms [14], hence

(9.54)-(9.56) are verified. The recursion formula associated with the convection

integral

dNk (9=  LNi^d7)4>
JQ or]i

.208)

IS

(e^i (77i) + en (rti)) <i>Ui " M 4>Un-2

-g[en {V2)-en (Vi)] Cn+i
(en iV2) + en ^ (en (Vi) + e^ <i>\
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-gK (^3)-e« (^4)] <^i+n-l
1  4 ri+ gen {V2) <t>Un+2 + g [2 (^2) + (173)) ^Ul + g^^l (^3) <?^i+n

The jacobian terms associated to expression (9.209) are

(9.209)

A-.-n = -^en(T7i) d({>^
dq

ni.
1

-g [e^i (»?2)-ea (^1)]
d(t>n

dq
i—n+l

1

Av-n+2 = +QeniV2)
d(f>

dq

a

i—n+2

(9.210)

A>-i

A.

L2(^^i('7i) + e^i(»74))
d(l>^
dq

i~l

(e« {V2) + en {V3)) " ̂ (en (Vi) + en (*74))
4
+ -
6 L2o  (^2) + en (^73))

d(i>

dq
t+i

d(f)^
dq

(9.211)

A,,+n-2 = -gen(T74)
d(j)^
dq

t+n—2

A,.-+n-i = -^[en(»73)-en('74)] d<j)n

dq
t+n—1

Av+n - ('^3)
d<l>n

dq
«+n

(9.212)

The relevant 1-D curvilinear coordinate sweep components djj, as obtained from

(9.76)-(9.78) are

4^-1 = -0

j1 _
i,i - 2

d<f>n

dq
t-l

J (en (772) + e^i (773)) - ̂ (e^i (»7i) + en (774)) dq

(9.213)

(9.214)
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n d<}>^
dq

(9.215)
i+l

<.+1 = +^[^{^n{V2) + ̂ti{V3))

Utilization of (9.41)-(9.43), then leads to the following TPF representations for

terms (9.210)-(9.212)

Dh-r.

ni,

a4
. ̂ 9.

ni.
-^i,t-n+2

- 4.-1 • \ (^l) + (*^4))
- 4.- n =-I \k (^^1 (^2) + en (T73))

-2(^(1 ivi) +en M)

4.+I n "2..+l,.-n+2 -02

= 4.-1 n = ~6 2
4 ri

=  = l^ienM + eniVs))

d(j>^
dq

t —1

■^4
_dq

54

(9.216)

a?

i+l

i—1

■\ieniVi) + en{Vi)) a4
a?

^i,i+n-2

nU■^1,1+n-i

^  JL4.'+i ■ "^i+i-.+i = 6 [2 (^2) + (»73)) d(t>^
dq

(9.217)

*^t,j-l ■ '22t-l,«+n-2 —

d,- ,- • = ——

L2
{en {V2) + en (Vs))

.•+1

a4
dq

»-i

\ i^n {V2) + en iVs))
- 2(^(1 iVi) + en ivd)

tid<j>
dq

DUn d)t
1

,i+l " "It+l.t+n — L2 (^^1 (^2) + en iVs)) d<j>'
dq

(9.218)
t'+i

A direct comparison of (9.216)-(9.218) and (9.210)-(9.212) verifies the theoretical er

ror formulae (9.175)-(9.177). Specifically, (9.217) exactly reproduces (9.211), while

(9.216) and (9.218) consistently and accurately approximate (9.210) and (9.212).
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Part IV

Validations
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Chapter 10

Discussion and Results: Quasi-ID
2-D and Axisymmetric Solutions

The numerical procedures developed in Chapters 5, 6, 8, and 9 have been imple

mented in a versatile FORTRAN code. Numerical verifications have focused on

benchmark quasi-1-D shocked inviscid flows, a linear 2-D model hyperbolic system

with analytical solution, and several 2-D and axisymmetric transonic, supersonic,

and hypersonic flows. The computational results confirm both the well posedness

of the developed boundary conditions, with relevant implementation, and the ef

fectiveness of the directionally biased minimally dissipative weak statement (MDS)

algorithm to annihilate any unbounded spatial semi-discretization dispersive error.

Further, these results document the relative accuracy and stability features of the

backward Euler (EU) trapezoidal/Crank-Nicolson rule (CN) and implicit Runge-

Kutta (IRK) algorithms.
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10.1 Quasi-1-D Euler Benchmark

The quasi-one dimensional Euler equation set is obtained from (1.1) as

dq
- + V./-.=0 (10.1)

p m )M(^)

m m'^/p + p -^Vpi-^iM^)) )M(^)
E {E + p)m/p _ -(eEp)mlp(-£{A{x)) )/A{x) ̂

5 =

(10.2)

where p is the density, m = pu is the single momentum component, E is the volume

specific total energy, p is static pressure and A{x) is the nozzle cross-sectional area

distribution.

The de Laval nozzle geometry and test problem specification of Liou and van

Leer [48] have been utilized for this test. The computational experiment boundary

conditions are p(0,t) = pin, E(0,t) = Bin , p{L,t) = pout- Solutions were generated

using various constant integration time steps 0.005 < At < 0.3, corresponding to

the range 0.65 < CFLja&x ̂  35. The initial condition was steady state isentropic

subsonic flow throughout.

An appropriate specification to evaluate accuracy and stability is for an impul

sive change from steady isentropic subsonic flow, as accomplished by a step decrease

in exit pressure pout at f = 0. The resultant rarefaction propagates upstream as an

expansion wave which, upon reaching the nozzle throat, triggers the development

of a normal shock wave. Liou and van Leer's steady-state problem definition pa-
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rameters are

M.n = 0.2395 , Pout/Ptotai in = 0.84 (10.3)

and the theoretical steady state predicts a normal shock at location x/L = 0.65

with shock Mach number Ms = 1.40.

Figure 10.1 sketches the nozzle geometry with cross-sectional area distribution

1.75 - 0.75 cos[(a: - 0.5)7r/0.5]; 0.0 < x < 0.5
(X(a:) = 10.4)

1.25 — 0.25 cos[(x — 0.5)7r/0.5]; 0.5 < x < 1.0

A uniform M = 100 node spatial discretization was employed, in concert with a

linear trial space finite element implementation of the Minimally Dissipative MDS

semi-discrete formulation, as developed in Chapter 5.

The MDS steady state solution is graphically summarized in Figures 10.2-3 as

momentum and Mach number distributions. Convergence to steady state using

the IRK algorithm in a one-iteration mode was achieved within 60 steps, for the

dynamically optimized MDS dissipation parameter /?r = 0.164. The fully discrete

nodal solution is essentially non-oscillatory (ENO), and the shock is quite crisp being

captured within 3 elements. Figure 10.2. Furthermore, its location and upstream

Mach number are accurately predicted. Figure 10.3, and the associated discrete

approximation to the Rankine-Hugoniot jump condition is clearly evident in Figure

10.2.

For comparison. Figure 10.3 also displays the solution Mach distributions ob

tained by Liou and van Leer using several first- and second order accurate flux
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splitting algorithms. They report steady-state convergence was achieved within 159

time steps using the backwards Euler rule. The first-order van Leer splitting appears

the only procedure that yields a solution devoid of the shock precursory overshoots

present in all second-order solutions. Comparing data in Figure 10.3 thus verifies

that the selected MDS semi-discrete algorithm can yield accurate results for the

problem class to be addressed. Hence, a time-accurate evolution will be affected

principally by At, the chosen time integration algorithm, and the number of Newton

iterations, see Chapters 7, 8.

In the next data set, the unsteady solution evolutions obtained by several time

algorithms are quantitatively compared at a specified time station and for various

time step sizes, for the described de Laval nozzle problem. Figures 10.4a-f summa

rize the reference time-accurate solution in terms of the Mach number distribution as

obtained at six pertinent time stations. This is computed using the IRK algorithm,

in a one iteration mode, with At = 0.005s, which renders the time truncation error

magnitude negligible. Specifically, Figures 10.4a-c illustrate the upstream propa

gation of the expansion wave travelling towards the throat as caused by the step

decrease in exit pressure. The flow then chokes, and a normal shock wave forms

and strengthens in moving downstream. Figures 10.4e-f. The nodal solution is es

sentially non-oscillatory (ENO) throughout with a crisp shock, which is captured

across at most three elements at station t = 1.8s, and only two elements at station

t = 2.8s. At these two time levels, the shock Mach numbers axe M, = 1.220 and
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Ms = 1.330, respectively. Figures 10.5a-c graph the associated density, momentum

and pressure solutions at t — 1.8s.

This solution sequence was then repeated to compare Mach number distribu

tions at time levels t = 1.0s and t = 1.8s as computed with 0.2s < At < 0.3s.

Figures 10.6a-c are associated with Figure 10.4b and compare the EU, CN, and

IRK algorithm solutions obtained at t = 1.0s using At = 0.2s, with the EU and

CN schemes implemented in a two iteration mode. The shock has not yet formed

and the accurate peak Mach number is Mp — 0.95. The presence of the rarefaction

wave is best defined in the IRK solution, and the computed Mach number is indeed

Mp — 0.95. The trapezoidal CN rule also yields Mp = 0.95, but displays an un

acceptable outlet oscillation. Conversely, the EU backwards Euler solution reaches

Mp = 0.99 and is very diffused, in agreement with inequality (8.62), hence generally

inaccurate.

Figures 10.7a-c are associated with Figure 10.4e and compare the nodal Mach

number solutions at time level t = 1.8s as obtained using At = 0.2s for each of the

three integration algorithms. The accurate upstream and downstream shock Mach

numbers are Msi = 1.220 and Ms2 = 0.824. The EU backwards Euler solution

is monotone; however, the shock is very diffused. The Mach number distribution

smoothly curves to negotiate the discontinuity, and the shock Mach numbers axe

Mji = 1.16 and Ms2 = 0.848, respectively. In contrast, the trapezoidal rule CN

shows a much sharper shock characterized by accurate shock Mach numbers. How-
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ever, the post-shock solution is distorted and oscillatory, hence unacceptable. In

distinction, the IRK solution remains ENO with a crisp shock with correct shock

Mach numbers.

Finally, Figures 10.8a-c show the Mach number solution at time level t = 1.8s, as

determined employing At = 0.3s for each integration procedure. All three solutions

suffer a decrease in accuracy due to increased temporal truncation error. The EU

backwards Euler solution remains very diffused, the shock now is spread over four

elements and the relevant shock Mach numbers are = 1.10 and Ms2 = 0.818.

The trapezoidal rule solution displays a crisper shock, in the vicinity of the upstream

curve, and the shock Mach numbers are accurate. However, the downstream dis

tribution is somewhat diffused and adversely affected by a non-linear instability,

following the analysis in Section 8.3. In distinction, the IRK solution remains no

tably superior, with very little downstream distortion of a visibly crisp shock, which

has been computed at the maximum Courant number CFL=35.

These results firmly indicate that the IRK algorithm in comparison to EU

and CN is of superior accuracy and stability, and highly competitive for this prob

lem statement. The quasi-one-dimensional Euler results thus indicate the IRK

algorithm may be of significant value in time-accurate and/or rapid steady state

prediction of unsteady Euler and Navier-Stokes solutions.
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10.2 Linear Hyperbolic Conservation
Law System Case

Following the analysis in Section 4.1, a model problem definition was developed as

appropriate to evaluate and critically compare IRK algorithm performance. The

selected hyperbolic conservation law statement is obtained from (1.1) through the

specifications

q =

91

92

93

)  {/i} - {h} =

9i

9i + 92

9i + 92 + 93

(10.6)

Equations (1.1) with (10.5) are coupled and emulate, to a certain extent, the Eu-

ler system for a subcritical compressible flow condition. For r = 1,2, and 3, an

analytical solution for (1.1) with (10.5) is

qr{xi,t) = exp(-2rt + {x + y)) -f (7.5r^ - 27.5r + 30)(1 + sin(a; - y)) (10.6)

Note that the steady state of (10.6) is not a constant, but rather a set of sinusoidal

waves of uniform period.

Computational experiments generating approximate solutions to (1.1) with (10.5)

can be conducted on any region C The domain shown in Figure 10.9 was

selected, since it contains one curved boundary segment (A-B) and one straight

segment (A-D) upon which temporally varying Dirichlet data are required specified

according to the characteristics analysis. The initial condition is established from

(10.6) for any time t = to] the specific selection was qi{x,y,0) for 1 < z < 3. The
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spatial semi-discretization employs the GaJerkin integral statement finite element

formulation of Chapter 5, as implemented with /?r = 2 using the bilinear tensor

product basis under an isoparametric coordinate transformation.

The numerical tests were conducted for this specification using the EU, ON

and IRK time integration procedures for a range of time steps At. Figure 10.10

graphs the analytical solution (10.6) for qi in a perspective surface rendering at

t = 2.05. Figures 10.11-10.12 provide the corresponding surface perspective view of

numerical solutions for 51 at t = 2.05, as obtained using At = O.I5 and At — 0.25 for

the EU , ON and IRK methods. The corresponding extremum Courant numbers

are CFL=4.8 , 4.8 and 9.6, respectively, and the dominating error mechanism is

clearly visible.

For a quantitative analysis. Figures 10.13-10.14 graph perspective plots of the

associated discrete approximation error e^{x,y,tn) in each solution field, where

e''{xi,tn) = q{Xi,tn) - q^{xi,tn) (10-7)

It is quite apparent that the IRK solution exhibits a significantly reduced error

magnitude distribution in the comparison. Another measure of performance is effi

ciency, recalling that the non-iterative IRK algorithm operation count is twice that

of either single stage integration algorithm. The selected measure is the sup (max)

norm of the algorithm residual at any time station. Computational experiments

were conducted for 1 < At < 5 for the one-stage algorithms, and 2 < At < 10

for the IRK algorithm. The corresponding maximum Courant number range is
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48 < CFL < 480, respectively. For equal computationaJ work, it was found that

all three algorithms yielded comparable residual magnitudes at tn = 96s for qi.

Conversely, for 52 cind 53, the IRK algorithm solution is closer to the accurate

steady-state by a factor of two (±).

The dominant error mechanism in this test problem is directly aggravated by

the TPF jacobian factorization. Hence, it is quite apparent that a distinct optimal

At may exist for each temporal algorithm, which is undoubtedly problem depen

dent, that would minimize the associated TPF amplification factor. Nevertheless,

all issues considered, the implicit Runge-Kutta algorithm performance appears uni

formly superior to both the CN and EU, in the selected quantitative measures, and

for the same computational work, for this definitive model problem.

10.3 Transonic Aerodynamics Benchmarks

10.3.1 Inviscid Airfoil Flows

The two-dimensional Euler test investigates a transonic flow around a parabolic

arc airfoil in a channel [34]. The airfoil thickness based on the chord length is

20%. The channel is three chords long and one chord wide. The non-uniform grid

contains 65 x 35 bilinear finite elements, yielding 2376 nodes, and is body-fitted

with vertical lines remaining parallel to the y axis. Figure 10.15, with modest mesh

clustering near the airfoil surface. Dirichlet contraints on p, rUy and E are applied
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at the inlet, while the exit boundary condition is static pressure pout yielding a

nomal shock of prescribed strength (M, ~ 1.4) in a strictly quasi-1-D solution. The

unsteady solution leads to formation of a supersonic pocket, with associated shock

wave, and allows critical evaluation of algorithm stability and accuracy.

The backwards Euler (EU), trapezoidal rule/Crank-Nicolson (CN) and non-

linearly stable implicit Runge-Kutta (IRK) procedures were each implemented with

the tensor product factorization (TPF) scheme to integrate the MDS generated

ODE system (5.65)-(5.67)/(5.68)-(5.70), with dissipation parameter set /?r = 0.2,

towards a steady state with extremum Mach number ~ 1.5. As detailed in

Section 3.2, the initial condition was established numerically from an isentropic

subcritical state for exit pressure ratio Pout/Poo = 0.72 and for M^o = 0.675 at inlet.

The computed Mach number distribution at t — to — 2.0s is shown in perspective

view in Figure 10.16a. The shock is not yet quite formed, and the ENO nature of

the finite element solution is clearly visible, both at the airfoil leading and trailing

edge singularities and at the outflow boundary. The further decreased pressure ratio

Pout/Poo — 0-62 was then imposed upon this reference state to start the unsteady

evolution tests.

Figures 10.16b-d show the resulting Mach number distributions at time t — to =

7.9s as obtained using At = 0.1s with each of the three time algorithms. The EU

and CN algorithms are implemented in a two iteration mode, while IRK utilizes a

single iteration per stage. The CN solution has incurred a fatal non-lineax instability.
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recall Section 8.3, as evidenced in 10.16c by the unbounded error corrupting the

solution at the airfoil trailing edge singularity. Conversely, the EU and IRK

solutions are ENO and appear virtually identical with Ms — 1.13. Note that

the Mach contour lines intersect the far field boundary orthogonally, indicating an

accurate boundary condition enforcement accruing to the developments in Section

3.1

Since the ON solution subsequently diverges, the conclusion is that the upper

limit on CN stable time step is smaller than that for the EU or IRK algorithms

for this problem. Therefore, the comparison continued with only the latter two

procedures. Now setting At = 0.15s , Figures 10.17a and 10.18a compare the

static pressure distributions at time t — to — 14.65s, while Figures 10.17b and

10.18b illustrate the relevant solution Mach number distributions. Both pressure

surfaces clearly show peaks at the airfoil leading and trailing edge singularities,

which are preceeded by a one-cell undershoot. (Presumably, this could be eliminated

with an appropriate local grid refinement.) Away from these regions, the pressure

surfaces are ENO along the forming shock, which extends over three elements, and

everywhere along the farfield and outflow boundaries.

The associated contour plots of pressure indicate an emerging qualitative differ

ence between these two MDS solutions. This can also be seen in the Mach number

distributions, which display a crisper shock hence better accuracy for the IRK pro

cedure. The EU Mach number curve along the airfoil appears somewhat rounded
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two cells before the shock. Moreover, the peak Mach number (Mj = 1.401) is not

attained on the airfoil surface, but instead lies on the adjacent streamwise grid line.

Conversely, the IRK solution airfoil Mach number curve bends sharply to negotiate

the shock; further, the Mach number monotonically decreases from Mg = 1.46 on

the airfoil into the lateral field.

Continued use of the fixed At — 0.15s caused the EU procedure to slowly diverge

as the solution continued beyond this time level. This divergence was probably

triggered by usage of only two Newton iterations. Conversely, the IRK procedure

converged directly to a steady state, at the ma.ximum Courant number CFLmax =

100. Hence, the IRK algorithm admits the largest stable time step, among the

procedures investigated, for this benchmark problem.

The features of the final solution, documented in Figures 10.19-10.22, then only

depend upon the properties of the spatially semi-discrete statement (5.65)-(5.70) at

steady-state. Figure 10.20 shows the velocity field; note that the shock is located

very close to the airfoil trailing edge singularity. Figure 10.19 presents the contour

plots of entropy, Mach number and the x - component of momentum. The entropy

contours illustrate the production of entropy along the shock front. They also indi

cate the MDS algorithm has generated a modest local increase in entropy starting

from the leading edge; this singularity-induced error can presumably be eliminated

with a local grid refinement. The contours of the x-component of momentum are

ENO and contain virtually parallel segments orthogonally aligned along the shock.
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This pattern represents the nominal momentum Rankine-Hugoniot jump condition

approximation, also readily evident in Figure 10.2 for the de Laval nozzle test.

A further assessment of MDS solution quality is presented in Figure 10.21

containing the surface perspective representation and contour plots of each scalar

component of momentum. In both surfaces, a one-cell wide transverse plateau in

the mesh emanates from the airfoil and propagates upwards along the shock front.

The local gradients in the surface of the principal momentum are quite substantial,

especially at the leading and trailing edges, yet these singularities are negotiated

without apparent under- or over- shoot. Note how the outflow principal momen

tum distribution remains planar from the upper wall to about mid-channel, at the

upstream state, and then smoothly decreases towards the lower boundary as total

pressure is lost. The regularity of this curve also reflects favorably on the outflow

pressure boundary condition enforcement. Finally, Figure 10.22 shows the steady

state Mach number and static pressure distributions. Again, the contour lines inter

sect the upper wall orthogonally. The pressure surface appears ENO everywhere,

with the possible exception of the leading and trailing edges singularities. The

Mach number distribution also exhibits this feature, and the shock is quite crisp

and captured within three elements with M, = 1.528.

295



10.3.2 Viscous Airfoil Flows at Re = 2000 and Re = 4.6 • 10^

The two-dimensional Navier-Stokes tests are two viscous flows at different Reynolds

numbers, based on airfoil chord, in the channel geometry of the previous inviscid

problem. The first test corresponds to Re « 2000 and the second to Re = 4 x 10®,

as representative of a practical aerodynamics configuration. The relevant mesh for

the first simulation, on a 20% thick parabolic arc. Figure 10.23a, contains M =

65 X 35 elements, with a rather non-uniform distribution clustering nodes at the

aerodynamic surface where Aj/min = 0.02. This mesh has permitted numerical

simulations characterized by satisfactory compressible boundary layer resolution

for this Reynolds number, i.e. Re « 2000. The principal validation sought is

adequacy of the derived viscous flow boundary condition specifications. Thereafter,

the developed steady state can be used as flow field initialization for the larger

Reynolds number case.

The onset flow corresponds to Moo = 0.615, and Dirichlet inlet side constraints

on p, rriy and E are specifled along with vanishing normal deviatoric traction. The

various slip wall specifications enforce vanishing transverse momentum and tangen

tial tractions. The airfoil surface constraints are vanishing momentum vector and

heat flux, for an adiabatic wall specification. Finally, the exit boundary conditions

are specifled pout with vanishing deviatoric traction and heat flux.

The Re = 2000 steady-state solution, as obtained with IRK in a one iteration

mode, yields a maximum Mach number M^ax = 0.95 at about two-thirds chord and
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is summarized in Figures 10.23-10.25. Figures 10.23b-c graph the Mach number

perspective surface and velocity vector field as obtained for = 0.2. The laminar

boundary layer appears satisfactorily resolved, except perhaps the leading edge

stagnation region gradients. The Mach number surface terminates with a negative

transverse slope at the trailing edge, which signals separation and an emerging

recirculation zone. This is confirmed in the velocity vector field close-up. Figure

10.24a. The Mach number isocline distribution. Figure 10.24b illustrates this flow

characteristic, along with the smooth merging of the essentially inviscid outer flow

with the boundary layer and viscous wake.

The latter is further illustrated in Figure 10.25 which graphs distributions of

both components of the momentum vector as well as static pressure and tempera

ture. The surface perspective presentations clearly illustrate flow detail. The single

indication of non-smoothness is the leading edge stagnation point peah, wherein a

modest one-cell wider undershoot occurs. Hence, Re = 2000 is indeed the maximum

that this grid can support. Note that the outflow principal momentum distribu

tion remains planar, from the upper wall to about mid-channel, and then smoothly

declines towards the lower boundary value. This character is accompanied by a

temperature increase, initiated at the leading edge and continuously progressing

towards the outlet. The regularity of all solution distributions reflects favorably on

both the viscous flow MDS algorithm accuracy capability, aand boundary condition

definitions and enforcement procedure.
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This solution was employed to initialize a subsequent simulation with substan

tially increased Reynolds number Re = 4.6 x 10®, to validate highly non-uniform

meshings for a practical viscous transonic aerodynamics problem. The leading-

edge pressure oscillation and steep gradients in the results of the previous viscous

flow test indicate the need for a much more refined, i.e. solution adapted mesh.

Hence, the sheared mesh for this test contains M = 65 X 45 bilinear elements with

exponential-progression node clustering at the trailing and leading edges as well as

the aerodynamic surface. The airfoil is now a 4% thick parabolic arc, as shown

with mesh in Figure 10.26a. In the aerodynamic surface region, the mesh has wall

resolution with vertical measure of the surface element equal to 1/Re, and the resul

tant mesh extremum aspect ratio is of order 10. The transverse physical diffusion

components are thereby resolved to the same order as the longitudinal convection

components. The MDS stability parameter set remained fixed at = 0.2 and for

the boundary conditions of the previous test, a nominal steady-state was achieved

in about 800 time steps at the maximum Courant number Cmax = 100, with IRK

in a one iteration mode. The corresponding inlet Mach number became Moo = 0.7.

At this stage the sup norm, ||R||oo , i-e. the absolute value of the normalized-

residual maximum component, decreased to O(10~®). It was noted that for single

precision calculations, the values of this norm oscillated boundedly in the range

O (10~®) < ||R||oo < 0 (10~®). This behavior was localized on the second half of the

airfoil, whereas ||i7|l « O(10~®) elsewhere on the computational domain.
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Figures 10.26b-10.27a are contour plots of axial momentum distribution in phys

ical cartesian space (x,?/), and in the laterally-stretched cartesian-transverse nodal

(x, 7/2) space. Very little flow detail is visible in the former, whereas the latter presen

tation clearly shows that a local shock-induced massive separation occurs just past

mid-chord and extends to well beyond the trailing edge. It is the flow within this

region, according to the computations, that appeared marginally unsteady. Figure

10.27b graphs a perspective view of the axial momentum distribution, to correlate

with Figures 10.21 and 10.25. The solution appears virtually ENO and the essential

flow features appear sufficiently resolved. Note that the decrease of momentum (to

zero), at the leading edge and along the airfoil surface, occurs smoothly, with the

possible exception of a modest two-cell under- over-shoot preceding the stagnation

point. The outlet variation of this variable is totally devoid of dispersive oscillations.

This distribution remains virtually planar in the essentially inviscid flow region and

then drastically decreases in the viscous layer in a monotone way. Therefore, the

validity of the outlet boundary condition choice for this case, as discussed at the

end of Section 3.1, is evidently supported by the regularity of these results.

The shock wave boundary layer interaction is very clearly illustrated in the

region just past mid-chord. It consists of two recirculation zones, the second being

wider than the first. This significant flow activity then subsides in a wavy pattern

in the wake originating after the trailing edge. Figure 10.28 shows the associated

persective distribution of static pressure, which appears ENO everywhere, including
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the stagnation point. The main difference between these data, and those in Figure

10.25 lies in the recirculation zone pressure variation. The latter is detailed in the

close-up graph in Figure 10.28b. A virtual pressure plateau exists in the primary

recirculation zone, whereupon the local shock triggers the pressure rise. Possibly

the attendant boundary layer thickening in this region significantly alters the cross

sectional area distribution to the extent of producing a virtual converging channel

for the outer inviscid originally-subsonic flow which, therefore, accelerates. This

event seems compatible with a decrease in pressure following its rise across the shock.

This low pressure area is then terminated by a second shock, and accompanying

trailing edge region recompression. This second pressure increase then causes the

second separation, as illustrated in the momentum distribution in Figure 10.27b.

This numerical simulation has been the first aerodynamics Reynolds number

transonic viscous problem computed with the derived MDS algorithm. The results

appear stable and ENO and seem to conform with expected shock-boundary layer

interaction phenomena. However, no experimental data are known for a practical

comparison, hence independent solution validation was not attainable.
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10.4 Supersonic Cases

10.4.1 Gasdynamic Inviscid Flows

The first test in this group examines fast convergence to steady state, as well as

accuracy and efficiency of prediction of shocked supersonic flows. The 2-D bench

mark geometry is a 20° wedge, with onset flow at Moo = 3.0. The initial condition

is isentropic freestream throughout. The steady state exact solution contains an

oblique shock emanating from the wedge tip at an inclination of 38°. The flow

downstream of the shock is at Mout = 2.0, hence the entire flow field remains super

sonic. Accordingly, Dirichlet constraints were imposed on density, both momentum

components and energy at the inlet, with no Dirichlet conditions specified elsewhere.

The appropriate wall tangency boundary condition is imposed via deletion of the

convection surface integrals in the weak statement finite element implementation as

detailed in Section 3.1. The algorithm formulation uses no constraint on the upper

boundary, thereby permitting the computed shock to cross this boundary without

spurious reflection or oscillation.

Three solution-adapted discretizations were utilized, with each mesh contain

ing 65 X 35 bilinear quadrilateral elements. The IRK temporal algorithm was

employed in a one iteration mode. Figure 10.29a shows the initial, simple sheared

cartesian uniform body-fitted mesh, and graphs the steady inviscid solution density

distribution obtained after 20 time steps, reaching a maximum CFL number of

10, Figure 10.29. The solution is strictly monotone, and it resembles the analytical
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steady-state but is grossly diffused (as expected for this mesh). The simulation was

restarted on a two-block solution-adapted mesh, Figure 10.30a, which concentrates

grid refinement to the shock region. After 40 additional time steps, with CFL

number exceeding 100, the steady solution density field resolution is much sharper,

Figure 10.30b, with predicted shock much closer to being acceptable. This isoden-

sity graph is also absolutely devoid of isolated closed contours, a firm indication of

the desired essentially non oscillatory (ENO) MDS solution character.

The accepted steady solution was achieved on the second solution-adapted mesh.

Figure 10.31a, which strongly clusters grid along the shock with absolute disregard

for mesh aspect ratio and/or grid orthogonality. Thus, the semi-discrete ODE

system becomes extremely stiff, yet the IRK algorithm converged to steady state

using adequate time steps. The sup norm ot the solution residual decreased four

orders to l.OE-08 with six more time steps, whereupon the solution is indeed at

steady state. The maximum CFL number in this stage was 150 with no indication

of oscillation or instability. The final solution density distribution. Figure 10.31b,

displays a crisp ENO shock simulation.

Solution quality is additionally assessed in Mach number and static pressure

contours and surface perspective plots. Figure 10.32a-b. The arrow shows onset

flow direction, and the discontinuity is correctly a straight line inclined at the ana

lytical solution angle to three significant digits. The shock front is absolutely free of

under- or over-shoots, and the overall solution field is devoid of any spurious oscilla-
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tions. This ENO character especially holds along the inlet and the wedge boundary,

where flow angularity accurately follows the conflguration geometry without any ex

plicit nodal enforcement strategy. As Figure 10.32b verifles, pressure is accurately

and fully determined in the process of solving numerically the semi-discrete ordi

nary differential equations approximating the fundamental Euler conservation law

system.

The second benchmark test investigates reflection of a wedge-generated shock

impinging on a flat plate. The onset is an Mqo = 2.2 supersonic stream, and the

initial condition is uniform isentropic, as before. The analytical steady state is

constituted of a primary shock, at inclination angle 30° (from a 3.15° compression

ramp) impinging and reflecting off the plate. The flow downstream of reflection

remains supersonic, and Mout = 2.05 in the wedge-shaped flow region between the

incident and reflected shocks. This reflected shock then intersects the upper inclined

boundary and subsequently leaves the computational domain. This geometry is used

to document relative performance of the EU and IRK algorithms for swift steady

state solution attainment.

Three grid adaption levels are used, with each containing 65 x 35 bilinear finite

elements. Figure 10.33a shows the initial sheared-cartesian uniform body-fitted grid.

The EU and IRK solutions were each started from the isentropic initial condition

and, on this grid, the maximum CFL number was limited to 14 via maximum

At = 0.9s prescribed. Significant convergence rates distinctions were recorded. The
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EU algorithm required about 100 time steps in a 2-iteration mode for the residual

sup norm to reach l.OE-07. Conversely, this level was achieved in only twenty time

steps with the IRK algorithm in a one-iteration mode, which corresponds to forty

computational cycles since IRK is a two-stage method. However, even if EU is

utilized in a single iteration (delta-form) mode, the IRK algorithm still required

60% less computational work to meet this residual tolerance.

Figure 10.33b graphs the density contour distribution for the twenty-step IRK

solution, which sufficiently defines the steady-state solution weak shock character

for a mesh adaptation. Improved resolution is achievable on the solution-adapted

mesh. Figure 10.34a, with grid density enhanced in each shock region. The EU and

IRK algorithm solutions were each continued to their final respective steady-state

on this mesh, and significant convergence rate differences were observed. The IRK

algorithm converged for CFL < 360, corresponding to the maximum At = 0.9^.

Conversely, the EU procedure incurred fatal divergence for a CFL number exceed

ing 240. The associated 2"'' order temporal truncation error, absent in the IRK

rule, thus appears to affect adversely the stability of the tensor product factorization

procedure at large At, recall the analysis in Section 9.10.

The corresponding IRK density solution is shown in Figure 10.34b. The solution

is comparatively much sharper and remains totally devoid of dispersive oscillations.

The accepted steady solution was achieved following twenty more time steps, at

a maximum CFL < 600, on the third adapted mesh increased to M = 64 x 74
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bilinear elements, Figure 10.35a, that truly clusters mesh without regard to aspect

ratio or element skewness. Hence, the semi-discrete ordinary differential equation

system again becomes extremely stiff. Figure 10.35b confirms a very crisp density

distribution that accurately captures the shock reflection features. Solution quality

and monotonicity are verified in Figures 10.36-10.38 in terms of Mach number, static

pressure and entropy contour as well as surface perspective distributions. Both

shock fronts are devoid of unphysical wiggles, yielding an accurate ENO middle-

region plateau where M = 2.05. The arrow denotes free-stream flow direction in

each plot, which is selected for perspective viewing clarity. It is emphasized that

this steady state solution was achieved in sixty time steps using the MDS algorithm

with IRK time integration on three sequential remeshings that are geometrically

totally arbitrary via solution-adaptation.

An allied solution was obtained for this shock reflection problem by specifying a

solid wedge surface to reflect the shock a second time. The initial grid and associated

density contour distribution are shown in Figure 10.39a-b. Three mesh levels were

again utilized, each containing M = 64 X 74 bilinear elements, and the solution

was advanced 20 time steps on each grid. Therefore, Figures 10.39a-b correlate

with Figures 10.33a-b differing only in the second shock reflection. The final steady

state was achieved in 60 time steps with IRK in a 1-iteration mode at a maximum

CFL number exceeding 600. Figure 10.39c-d detail the final solution adapted mesh

and associated density distribution. The perspective solution surface and contour
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plots evidence an accurate shock reflection from the upper streamline boundary

without spurious oscillation, although local mesh resolution at the second reflection

is inadequate. Figure 10.40a-b verifles the monotone juxtaposition of the solution

Mach plateaus and reflected shocks, with the fourth plateau intersecting the outflow

boundary without warping.

10.4.2 Shock-Wave Flat-Plate Boundary Layer Interaction

The second viscous benchmark investigates and compares the separation of a su

personic laminar boundary layer induced by an impinging oblique shock wave. The

specification for this problem was taken from [46,55] and Figure 10.41a illustrates

the qualitative flow pattern. The steady state contains two primary shocks, one

originating at the plate leading edge and the second emanating from the upper com

pression ramp, Figure 10.33a. This oblique shock is deflected in its interaction with

the leading edge shock, and then triggers separation of the laminar boundary layer in

its reflection. The onset flow Mach number is Moo = 2.15, and the Reynolds number

is Re = 0.96 x 10® based on the reference distance X,h (80 mm) between the plate

leading edge and the shock-impingement point. The Prandtl number is Pr = 0.72,

and the freestream static pressure and temperature are poo = 1,000.660A^/m^ and

Too = 148.873A'.

Accordingly, the inlet boundary conditions are full Dirichlet. Vanishing y-

momentum component and x-deviatoric traction were imposed upstream of and

306



downstream the plate boundary layer surface. Inviscid wall tangency is enforced

along the upper boundary, and prescribed total surface tractions and vanishing heat

flux are enforced at all outlet segments. These conditions are again enforced in the

appropriate MDS surface integrals in the the weak statement (5.68)-(5.70). Fi

nally, the no-slip conditiion is imposed on the flat plate which is also deflned as an

adiabatic wall.

Efficient progression to the steady state was promoted via intermediate com

putation of an allied inviscid flow, on the geometry, that promotes development of

the described shock wave pattern. This auxiliary flow evolves from the previous

benchmark Euler solution. Figure 10.35b, by inserting an isolated stagnation point

at the lower plate boundary leading edge. This generates an "inviscid leading edge"

shock wave that intersects the compression-corner wave. This steady state solution

was achieved in 60 steps with the IRK procedure at a maximum CFL number

exceeding 500.

The viscous simulation proceeds from this initial condition following linear ex

trapolation of both momentum components to zero in a suitable-size region above

the plate surface. A nominal steady state was achieved with IRK in a 1-iteration

mode, on a sheared cartesian M = 64 x 76 mesh with wall minimum measure of

order after 400 time steps with CFL < 200. Figures 10.41b-10.44b summarize
Re

the steady solution as contour and perspective surgace graphs for various thermo-

dynamic variables, Mach number and axial momentum. As Figures 10.42b-10.44-b
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indicate, the shock wave-boundary layer interaction pattern is apparent as well, as

is the increase in temperature in the compressible flow boundary layer. Note that

the solution is uniformly ENO including the outlet region which is totally undis-

torted. The impingment point is located at Xsh — 0.77mm from the plate leading

edge, which is within 5% agreement with the value reported in [46]. Figure 10.44a-b

presents the static pressure distributions for two upper wall boundary conditions,

i.e. inviscid supersonic outflow and wall tangency. These pressure distributions

differ significantly, locally, and in both cases the solution is ENO.

Robust convergence at large CFL and relevant solution ENO quality were

attained provided that the variation of mesh metric data tkj is smooth in the

boundary layer separation region. Additional testing confirmed that abrupt non-

parallelogram variations in element aspect ratios significantly reduced convergence

rate, i.e. CFLmax) and could generate unphysical oscillations in the viscous separa

tion regions of the solution field, where the local f3r was reduced to zero to verify

uncompromized physical diffusion effects.

Figure 10.45 compares the plate surface pressure distribution of the present

results with the experiment of [46]. The comparison with the experiment is very

good upstream of and through the recirculation region, but thereafter the computed

adverse pressure gradient is much larger than measured. This may be influenced

by the outer wall tangency boundary condition and/or shock impingment location,

which additional numerical experiments could verify. Further, the difference be-
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tween computational and wind-tunnel boundary conditions, for the experiment in

[46], can also contribute to the noted difference. Figure 10.46 compares wall skin

friction distribution to the data of [46]. The axial extent of the recirculation region,

shown in Figure 10.47, is correct, although the present results are shifted about

10 % downstream. The largest difference between computational and experimental

peak pressure in the reattached flow is about 15%. The prolonged adverse pressure

gradient thus delays firm reattachment of the boundary layer. Certainly, additional

adapted mesh investigations of this benchmark case are warranted.

10.5 Hypersonic Cases

10.5.1 Blunt Body Inviscid Flow

The first inviscid test is formation of a detached bow shock for a parabolic blunt

body in a mildly hypersonic freestream flow. The onset flow is at Moo = 6.5, and

the steady state admits a strong shock that curves and progressively weakens as it

wraps around the body, [53]. The outlet flow remains supersonic, hence full Dirich

ief boundary conditions are used on inflow boundaries. The flow center line and

body surface are streamlines, hence vanishing normal momentum flux is the inviscid

constraint. A steady state was achieved in approximately 850 time steps, with IRK

in a one iteration mode, on three different solution-adapted M = 65 x 35 meshes,

attaining the maximum CFLmax — 260 on the final mesh. Figure 10.48a shows the
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third level solution-adapted mesh with definition in the bow-shock and body nose

tip regions. Figure 10.48b graphs the associated density contour quatifying solution

accuracy and freedom from oscillations. The smooth contours in the region between

the shock and the body further confirm the global ENO solution character.

10.5.2 Missile Inviscid and Viscous Flows

The second test is formation of the blunt body bow shock and shock layer about

an axisymmetric sphere-biconic body in hypersonic flow with Moo = 8 for two sets

of thermodynamic freestream conditions. The configuration consists of a 0.5"Rn

nosetip, a 10.5° forecone and a 7.0° aft cone section with axial lengths 12.32in and

20.00in respectively. For this geometry, the shock layer abounds with significant

expansion waves that interact with the bow shock inducing noticeable gradients

in its curvature. The inlet Dirichlet constraints on density, momentum and spe

cific total energy are appropriate. Vanishing radial momentum is enforced along

the centerline, and both momentum components are set to zero at the stagnation

point. Along the aerodynamic surface, vanishing momentum flux is imposed for the

inviscid flow simulation, whereas the no-slip condition is enforced for the viscous

flow prediction. The Rankine-Hugoniot conditions, along with Newtonian surface

pressure distribution and available shock location estimates, axe used for initial con

dition determination, as detailed in Section 3.22. Figure 10.49 shows the geometry

of the computational domain, discretized with a body-fitted mesh that consists of
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64 X 74 bilinear elements with non-dimensional Axmin = 0(10 = 0(l//2e) in the

nosetip region.

For freestream thermodynamic conditions Poo = 600.12iV/m^ and Too = 54.31°/ir,

the ideal-gas viscous flow about this configuration is determined at the reference

Rtoo = 500,000, with the boundary layer initial condition obtained via linear in

terpolation to zero of the momentum components in a suitably narrow strip region

about the aerodynamic surface. The machine zero steady state was achieved for

0.35 < (3r < 0.50, and with IRK in a 1-iteration mode in approximately 800 time

steps at the maximum CFL number exceeding 200. For an adiabatic wall, the

boundary layer strongly interacts with the exterior essentially invisid flow. The

terminal shock stand-off distance is 5 ~ 0.075in, which agrees to within 1.5% with

available correlations [22]. Figures 10.50-10.51 document this steady solution in

terms of Mach number and temperature. The fundamental decrease to nought of

Mach number in the boundary layer, paralleled by a drastic temperature increase are

sharply defined and monotone, as well as totally free of numerical dispersion. The

stagnation-point peak: values for pressure and temperature are p = 55383.87iV/m^

and T = 832.11°K. An important flow feature is the interaction of the hemisphere-

cone juncture expansion wave with the bow shock, resulting in the deflection of

the shock branch away from the nose, as illustrated by the pressure contours in

Figure 10.52. In this plot, the contrasts with the invisid flow pressure distribution

are evident, and clearly show the expected reduction in shock stand-off distance.
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Note the apparent widening of the bow shock. This is only due to the distortion

of the underlying grid, as caused by a non-linear magnification of the nose region.

This magnification uses different scales for the x- and y- axes to achieve acceptable

nose-region bow shock graphic resolution.

The associated invisid flow solution is obtained at a maximum CFL number

exceeding 500, with maximum convergence rate occurring at CFL ~ 200. For the

previous values of ̂ r, the solution is virtually monotone and devoid of spurious

dispersive oscillations, and the computed stand-off distance 6 ~ 0.068in agrees to

within ±4% with available correlations [22].

Figures 10.53-10.54 summarize the steady solution in perspective view. The

Mach number distribution is essentially monotone throughout the sharp-shock com-

presion and subsequent steep-gradient expansions. The associated shock expansion-

wave interaction is evident in the intricate variations of density, from its rise across

the shock and towards the stagnation point, to its sharp decrease along the body

surface. Note the relevant gradients in the shock curvature and overall regularity of

these distributions which verify the essentially non-oscillatory solution character.

Figure 10.55a graphs the distribution of pressure about the biconic body. The

bow shock appears quite crisp and the compression towards the stagnation point

is smooth, leading to the peak pressure p = 55383.87A^/m^. The subsequent flow

expansion about the spherical nose is also smooth and clearly defined. No isolated

close contours are present, thus the solution is devoid of unphysical wiggles. Note
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that the shock contour concentration decreases away from the body tip, since the

entropy rise diminishes as the bow shock wraps around the body. For the refer

ence wind-tunnel free stream temperature of Too — 5A.3l°K, the post shock and

stagnation-point temperature values are T = 773.2°K and T = 332.11°K. Hence,

an ideal gas simulation in these conditions is adequate. However, for operating alti

tude, atmospheric freestream conditions, the temperature rise across the bow shock

triggers non-negligible real gas effects. Hence, the invisid-flow is re-initiated with

free stream conditions Too = 221.1°K and poo = 2.72 x 10~^atm, corresponding to

flight in standard atmosphere, with real gas effects simulated as described in Section

1.2.

For the previous values of ̂r-, the flnal steady state is directly achieved in approx

imately 400 time steps starting from the ideal-gas terminal solution, at maximum

CFL number 200. Evidently, the continuous and accurate computation of the pres

sure derivatives for the implicit implementation promotes the observed monotone

convergence. Figure 10.55b graphs the pressure contours for this more realistic case,

as contrasted with the associated ideal-gas distribution. As indicated in this figure,

real gas effects lead to a decrease of the shock stand-off distance to ̂  ~ 0.056in,

almost 18% less than the associated ideal-gas value. This reduction is expected

since in the real-gas case pressure does not appreciably vary, from the ideal-gas

situation, whereas temperature substantialy decreases as shown in Figures 10.56-

10.57. Therefore, the local density is higher, with respect to the ideal-gas value.
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Consequently, the given freestream mass flow rate can be negotiated in a thinner

shock layer.

The distribution of pressure along the stagnation streamline and aerodynamic

surface is presented in Figure 10.56a. For the reference freestream conditions, the

equilibrium air pressure distribution does not radically differ from that correspond

ing to the ideal gas case, with the exception of the shock location. Conversely, as

indicated in Figure 10.56b and more in detail in Figure 10.57, the temperature fields

are significantly different. For the same conditions, the post shock temperature for

the ideal-gas simulation, corresponding to Too = 221.1°A', is T = 3149.9°A, whereas

the equilibrium gas value is T = 2595.2°A', a decrease of almost 18% accounted for

by the energy absorbed during exicitation of vibrational modes and eventual forma

tion of nitric oxide and atomic oxygen. As indicated in Figures 10.58-10.59, these

species are formed immediately after the shock, with peah production at the stag

nation points. The mass fraction of nitric oxide is almost six times larger than the

oxygen mass fraction, while only negligible traces of atomic nitrogen are present.

Thus, these results indicate that even for relatively low hypersonic Mach num

bers, real gas effects for atmospheric flight free stream conditions significantly influ

ence the air mixture chemical composition Consequently, the relevant temperature

field appreciably varies in comparison with that associated with an ideal-gas predic

tion. In any case, the developed MDS implicit finite element algorithm has produced

essentially monotone results even for this more challenging situation.
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Figure 10.11: Computed Solution Surface Perspectives for qi, t = 2.0s, At = 0.1s,
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Figure 10.12: Computed Solution Surface Perspectives for 91, t = 2.0s, At = 0.2s,
a) Backwards Euler, b) Trapezoidal, c) Implicit Runge-Kutta.
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Figure 10.13: Error Distribution Perspective for 51, t = 2.0s, At = 0.1s, a)
Backwards Euler, b) Trapezoidal Rule, c) Implicit Runge-Kutta.

) 5
-  V R-1

b) I"

Figure 10.14: Error Distribution Perspective for gi, t = 2.0s, At = 0.2s, a)
Backwards Euler, b) Trapezoidal Rule, c) Implicit Runge-Kutta.



Figure 10.15: M=65 x 35 Nonuniform Mesh for Transonic Parabolic Arc Problem.
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Figure 10.17: MDS Algorithm Unsteady Solution Perspective and Contours, Euler
Equations, t—to = 14.65s, At = 0.15s, Backwards Euler Rule, a) Pressure, b) Mach
Number.
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Figure 10.18: MDS Algorithm Unsteady Solution Perspective and Contours, Euler
Equations, t — to = 14.65s, At = 0.15s, Implicit Runge-Kutta, a) Pressure, b) Mach
Number.



Figure 10.19: MDS Algorithm Steady-State Velocity Vector Field, Euler Equa
tions, Parabolic Arc, Mj ~ 1.5.
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Figure 10.20: MDS Algorithm Steady-State Solution Contours, Euler Equations,
Parabolic Arc, Ms — 1.5, a) Entropy, b) Mach Number, c) Principal Momentum.
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Figure 10.22: MDS Algorithm Steady-St
a) Mach Number, b) Pressure.
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Figure 10.24: MDS Algorithm Steady-State Solution, Navier-Stokes Equations,
Laminar Re = 2000, a) Trailing Edge Region Velocity Vector Field, b) Mach Num
ber Isocline Distribution.
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Figure 10.26: MDS Algorithm Steady-State Solution, Navier-Stokes Equations,
Laminar Re = 4 x 10®, a) M=65 x 45 Element Discretization, b) Physical Space
Principal Momentum Contour Distribution.
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Figure 10.27: MDS Algorithm Steady-State Solution, Navier-Stokes Equations,
Laminar Re = 4 x 10®, a) Transverse Nodal Space Contour Distribution, b) Per
spective Surface Presentation.
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Figure 10.28: MDS Algorithm Steady-State Pressure Solution, Navier-Stokes
Equations, Laminar Re = A x 10®, a) Global Distribution, b) Trailing Edge Region
Detail.



issiiass:

■HWHI■■■■■■gssggesgaggggggggggssgaggssssssasflg^

rBSIMMpi^■■■■■■iBaSSifiSiSSsSSsSiSSsSsSr^^^'■■■■■■■■■■I

■■■■■■■aSifSSeSa^H



M

WWMSSSR

wMmsR
wM^SSS^S^

W0WI^.
W00f/^AW00fJ3^j

mgii

af'i
Wf/J//>^/'^.

^7:

?«:^2
»ss=>

Figure 10.30: MDS Algorithm Steady-State Euler Solution, Supersonic Com
pression Ramp, Moo = 3.0, a = 20°, a) First Solution-Adapted Mesh b) Density
Distribution on Mesh 2.
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Figure 10.32: MDS Algorithm Steady-State Euler Solution, Supersonic Com
pression Ramp, Moo = 3.0, a = 20°, Perspective Surface and Solution Contour
Distributions, a) Mach Number, b) Pressure.



Figure 10.33: MDS Algorithm Steady-State Euler Solution, Supersonic Shock
Reflection = 2.15, o; = -4°, a) Sheared Cartesian Mesh, M=65 x 35, b)
Computed Density Distribution.

Figure 10.34: MDS Algorithm Steady-State Euler Solution, Supersonic Shock
Reflection = 2.15, a = -4°, a) First Solution-Adapted Mesh, b) Computed
Density Distribution on Mesh 2.
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Figure 10.35: MDS Algorithm Steady-State Euler Solution, Supersonic Shock
Reflection = 2.15, a = —4°, a) Second Solution-Adapted Mesh, b) Computed
Density Distribution on Mesh 3

Figure 10.36T\ MDS Algorithm Steady-State Euler Solution, Supersonic Shock
Reflection Moo = 2.15, a — —4°, Mach Number Solution Contour and Perspective
Surface Distributions on Mesh 3.
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Figure 10.37: MDS Algorithm Steady-State Euler Solution, Supersonic Shock
Reflection M^o = 2.15, a = —4°, Pressure Solution Contour and Perspective Surface
Distributions on Mesh 3.

Figure 10.38: MDS Algorithm Steady-State Euler Solution, Supersonic Shock
Reflection Moo — 2.15, a = —4°, Entropy Solution Contour and Perspective Surface
Distributions on Mesh 3.



Figure 10.39: MDS Algorithm Steady-State Euler Solution, Double Supersonic
Shock Reflection Mqo = 2.15, Of = —4°, a) Sheared Cartesian Mesh, M=65 x 35, b)
Computed Density Distribution, c) Final Solution-Adapted Mesh, d) Final Density
Distribution.
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Figure 10.41: MDS Algorithm Steady-State Navier-Stokes Solution, Shock-Wave
Laminar Boundary Layer Interaction, = 2.15, Rt = 1 x 10®, a) Problem
Schematic, b) Entropy Perspective Solution Surface and Contour Distribution.
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Figure 10.42: MDS Algorithm Steady-State Navier-Stokes Solution, Shock-Wave
Laminar Boundary Layer Interaction, M^o = 2.15, Re = 1 x 10®, Perspective Solu
tion Surface and Contour Distributions, a) Temperature, b) Density.
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Figure 10.43: MDS Algorithm Steady-State Navier-Stokes Solution, Shock-Wave
Laminar Boundary Layer Interaction, Moo = 2.15, ile = 1 x 10®, Perspective Solu
tion Surface and Contour Distributions, a) Axial Momentum b) Mach Number.
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Figure 10.48: MDS Algorithm Steady-State Euler Solution, Hypersonic Blunt
Body, Moo — 6.5, a) Third Solution-Adapted Mesh, M=65 x 35, b) Density Contour
Distribution
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Figure 10.49: Sphere-Biconic Axisymmetric Body, Computational Domain, A)
Symmetry Streamline Inlet Point, B) Symmetry Streamline Shock Point, C) Stag
nation Point, D) Sphere-Cone Juncture, E) Bicone Juncture.
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Figure 10.50: M^o = 8 Hypersonic Viscous Flow Past Sphere-Biconic Axisymmet-
ric Body, JZcqo = 500, 000, Steady State Perspective Surface and Contour Distribu
tions, Mach Number.
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Figure 10.51: Moo = 8 Hypersonic Viscous Flow Past Sphere-Biconic Axisymmet-
ric Body, iJcoo = 500, 000, Steady State Perspective Surface and Contour Distribu
tions, Temperature.



a) Viscous Flow

b) Inviscid Flow

Figure 10.52: M^o = 8 Hypersonic Flow Past Sphere-Biconic Axisymmetric Body,
Steady State Contour Distributions, Pressure, a) Rcoo = 500,000 Viscous Flow, b)
Inviscid Flow. Magnification-Induced Bow Shock Distortion.



i^m
♦AV'V:.v

mmm

Figure 10.53: Mqo = 8 Hypersonic Inviscid Flow Past Sphere-Biconic Axisym-
metric Body, Steady State Perspective Surface and Contour Distributions, Mach
Number, C) Stagnation Point, D) Sphere-Cone Juncture, E) Bicone Juncture.

Figure 10.54: Mqo — 8 Hypersonic Flow Past Sphere-Biconic Axisymmetric Body,
Steady State Perspective Surface and Contour Distributions, Density.



a) Ideal Gas

b) Real Gas

Figure 10.55: Mq© = 8 Hypersonic Inviscid Flow Past Sphere-Biconic Axisymmet-
ric Body, Steady State Contour Distributions, Pressure, a) Ideal Gas, b) Real Gas.
Magnification-Induced Bow Shock Distortion.
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Figure 10.56: = 8 Hypersonic Inviscid Flow Past Sphere-Biconic Axisym-
metric Body, Steady State Stagnation Streamline Distributions, B-Shock Point,
C-Stagnation Point, D-Sphere Cone Juncture, Ideal Gas, Real Gas,
a) Pressure, b) Temperature.
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Figure 10.57: Moo — 8 Hypersonic Inviscid Flow Past Sphere-Biconic Axisymmet-
ric Body, Detailed Steady-State Stagnation-Streamline Temperature Distributions.
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Figure 10.58: Mqo = 8 Hypersonic Inviscid Flow Past Sphere-Biconic Axisym-
metric Body, Steady State Stagnation-Streamline Distributions, B-Shock Point,
C-Stagnation Point, D-Sphere Cone Juncture, Mass Fractions, a) Molecular Ni
trogen, b) Molecular Oxygen.
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Figure 10.59: Mq© = 8 Hypersonic Inviscid Flow Past Sphere-Biconic Axisym-
metric Body, Detailed Steady-State Stagnation-Streamline Distributions for Nitric
Oxide and Atomic Oxygen Mass Fractions.
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Chapter 11

Summary and Conclusions

A non-linearly stable and accurate finite element CFD algorithm for the laminar

compressible Navier-Stokes and Euler conservation law systems is developed and

validated. The procedure is constituted by the union of a minimally dissipative

integral statement (MDS), an optimal metric-data Galerkin finite element semi-

discretization, a non-linearly stable implicit Runge-Kutta integration algorithm,

and a matrix tensor product approximate factorization linear algebra procedure.

Further, the study contains the full theoretical development of well posed boundary

conditions for all Reynolds and Mach numbers. These conditions constrain the

surface total tractions and momentum and heat flux and are directly enforceable

through the surface integrals exposed in weak statement constructions.

The MDS procedure plays a central role in the achievement of stable solutions

by yielding a suitably dissipative semi-discrete ODE system, with dissipation level

controlled with the parameter The terminal algorithm is proven robust and
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stable over a wide range of challenging inviscid and viscous flow benchmark problems

for a uniformly constant value of Pr independent of mesh distribution and element

aspect ratio, as especially revealed by the 2-D adapted mesh inviscid-flow results.

The theoretical analysis comparing the developed non-linearly stable IRK scheme

and the implicit algorithms indicates that IRK remains accurate and stable

without introducing substantial additional numerical dissipation. The quasi-l-D

tests then confirm that the IRK procedure yields uniformly more accurate and

stable results than those generated by the equivalently second order accurate trape

zoidal rule. Further, the 2-D inviscid-flow tests indicate that IRK affords the largest

useable Courant number.

The numerical results for the selected benchmarks validate the algorithm and

verify its robustness for curvilinear-coordinate computations on totally arbitrary

grids of bilinear elements. The evolution towards a steady state is achieved without

indication of numerical instabilities and the terminal solutions are essentially non-

oscillatory. For inviscid and viscous flows, including real gas effect simulation,

the results are accurate and conform to the fundamental physics of the problems

investigated. In particular, the captured shocks are resolved monotonically, even

for the challenging real gas simulations in the missile flow field prediction. For this

more realistic case, the shock stand-off distance and peak temperature are reduced

by 18 %, in comparison with the corresponding ideal-gas values.

This implicit finite-element algorithm has consistently yielded accurate results
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for several transonic, supersonic and hypersonic flows under diverse boundary con

ditions and geometry combinations. Hence, it can be considered a robust "Navier-

Stokes" solver and therefore appears to constitute a reliable and advantageous al

ternative on arbitrary meshes to implicit fully upwind finite difference and finite

volume procedures now in general use in CFD gierodynamics codes.
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