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ABSTRACT

For the reliable determination of aerodynamic flows, a minimally dissipative gen-
eralized curvilinear-coordinate flux vector splitting implicit algorithm is developed
within an optimal finite element integral statement for the two-dimensional (2-D)
and axisymmetric compressible Navier-Stokes equations for ideal and reacting gases.
Hypersonic-flow dissociated real air is modelled via a neutral mixture of five species,
i.e. nitric oxide, molecular and atomic oxygen and nitrogen. The associated thermo-
dynamic state is then determined via an original solution procedure for the classical
chemical equilibrium equation system.

The analysis develops the curvilinear-coordinate flux vector jacobian matrices
and associated characteristic equations. For any equation of state, the eigenvalues
are the contravariant components of velocity in combination with the sound speed.
Hence, the flow wave propagation in curvilinear space is rigorously represented using
a tensor-field resolution of the flux vector into essentially kinematic and kinetic com-
ponents. The streamwise semi-discretization is achieved using a Lyapunov-stable,
Galerkin finite element integral statement for an eigenvalue-based “companion con-
servation law system”, permitting classical test and trial space definitions. There-
after, the accurate computation of the unsteady flow evolution is attained utilizing
an implicit Runge-Kutta time-integration scheme, which is non-linearly stable and
2™ order accurate.

Subsequently, a matrix tensor product factorization permits efficient numeri-

v




cal linear algebra handling for large Courant number. For 2-D and axisymmetric

transonic, supersonic, and hypersonic inviscid and viscous flows, including real gas
effect simulation, the algorithm is verified to yield reliable determination of velocity,
pressure and temperature fields by generating accurate and monotone, essentially
non-oscillatory numerical solutions in the presence of weak and strong shocks, at-

tached and detached, and in boundary layer-inviscid flow interactions.
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Introduction

The reliable simulation of real gas supersonic and hypersonic aerodynamic flows
presents subtle challenges, since strong-shock molecular dissociations /recombina-
tions can occur, and bow shocks virtually coalesce with thick chemically reacting
boundary layers. In these cases, the ensuing strong-interaction modification of the
outer, essentially inviscid flow, and/or real-gas-effect pressure field variations, di-
rectly affect the aerodynamic surface pressure distribution and heat transfer.

For the accurate prediction of these flows, this dissertation documents derivation
and performance verification of a minimally dissipative, generalized implicit flux
vector split Galerkin finite element algorithm for the compressible Euler and Navier-
Stokes equations in curvilinear coordinates for ideal and reacting gases, that is non-
linearly stable and uniformly 2™ order accurate on absolutely arbitrary meshes of
Lagrange bilinear elements. The transport coefficients are modelled via generalized
temperature-dependent Sutherland laws, while real gas effects are simulated using
an original solution procedure for the chemical equilibrium equations along with

the internal energy and mass fraction conservation relations.




The algorithm allows improved understanding of reacting gas, high supersonic
and hypersonic aerodynamic flows via theoretical and practical minimization of the
sizable semi-discretization dissipation, that affect currently practiced upwind flux
vector/difference splitting theories and /or central difference schemes with numerical
damping within finite difference/ finite volume implementations. The theoretical
developments are based on characteristic eigenvalue and finite element analyses.
Significantly, two crucially distinct CFD algorithm stability aspects are elicited.
The first concerns the stability of the multi-dimensional spatial semi-discretization,
herein analyzed using a Lyapunov method. The second corresponds to the stability
of the time integration, herein investigated using non-linear Runge-Kutta scheme
theories. The minimization of the spatial semi-discretization dissipation is obtained
for a Lyapunov-stable, consistent-order-of-accuracy conservative scheme, in totally
arbitrary curvilinear coordinates, hence completely general body-fitted meshes, that
efficiently accomodates any real gas state equation. Further, the procedure admits
reliable simulation of transients, within reacting flows, as obtained using a time-
accurate and non-linearly stable implicit Runge-Kutta integration scheme.

The resultant fully discrete algebraic system can be solved iteratively or non-
iteratively for large Courant numbers. The terminal implementation has selected
and evaluated a quasi-Newton sub-iteration option, via an efficient tensor matrix
product factorization, specifically appropriate for parallel processing.

The national interest in reliable, aerodynamically-active hypersonic missiles,




both tactical and strategic, and hypersonic aircrafts, such as advanced interceptors,

strike/reconnaissance vehicles, including the national aerospace plane, motivates
the development of this CFD procedure. Thus, the reliable computation of tran-
sonic, supersonic, and hypersonic inviscid and viscous flows with significant real gas
effects including molecular dissociations, directly addresses this interest.

A wide variety of CFD algorithms has been developed for transonic and su-
personic aerodynamic flow predictions over the last two decades, in an attempt to
meet the fundamental requirements of stability, accuracy and efficiency for arbitrary
meshes in a single practical scheme. The spatial semi-discretizations in these algo-
rithms can be broadly classified in two classes, namely central difference schemes
with suitable numerical damping and upwind schemes.

A notable contribution to the central-difference dissipative class was published
by Beam and Warming [25], who proposed an implicit factored scheme for the Euler
equations, wherein the unknown state variable constitutes the solution of an efficient
sequence of block-tridiagonal linear systems. This theory and procedure forms the
basis of the NASA Ames-developed ARC-2D and ARC-3D code family [44], that has
supported investigation of a wide range of transonic and supersonic aerodynamic
flows. However, as confirmed by Pulliam [44], the basic scheme must be augmented
by a blend of 2"¢ and 4* order dissipative difference operators to maintain stability
in the presence of shocks, or for smooth solution stability in 3-dimensions. This leads

to a block-pentadiagonal matrix system, if the full jacobian matrix of the necessary




artificial dissipation is included in the implicit-side formulation. The original block
tri-diagonal matrix structure can be maintained by using only explicit 4th order
damping, which limits the magnitude of stable time steps. The associated Courant
number may not be much larger than unity, for accurate unsteady simulations, since
the time integrator is the intrinsically non-dissipative Crank-Nicolson rule.

An alternative formulation is proposed by Lerat [38], who develops a fully dis-
crete space centered finite difference scheme for the Euler equations that, impor-
tantly, introduces an inherent coupling in the time derivatives of the unknown state
variable at various adjacent nodes. This feature distinguishes this scheme from
that of Beam and Warming, and intrinsically introduces an adequate amount of nu-
merical dissipation without explicitly added 4** order difference expressions. This
mechanism produces an algorithm that remains stable in the presence of shocks.
The original development is based on uniform mesh, and time step increments,
and leads to a family of algorithms, upon selection of specific numerical values for
embedded parameters.

The notion of time derivative coupling is natural in the finite element method,
via the semi-discretization mass matrix, and leads to schemes that are not af-
fected by odd-even node decoupling for dissipative spatial semi-discretizations de-
void of 4** order difference terms. In this framework, Flet‘cher [16] proposed a
group-approximation least-squares algorithm for subsonic flows, while Tezduyar and

Hughes [37] developed Petrov-Galerkin schemes to introduce adequate dissipation




in a weak statement formulation. In distinction to these developments, Donea [39]
derived the “Taylor Galerkin” finite element algorithm for hyperbolic equations.
This formulational procedure employs a truncated Taylor series to generate a time
semi-discrete conservation law statement which is subsequenly discretized in space
using bilinear basis functions. In this instance, several stability mechanisms are in-
troduced in continuum form, upon restatement of the time derivatives with spatial
derivatives via the original conservation law system.

This fundamental procedure has been thoroughly analyzed by Baker and Kim
[47], who develop the “Taylor Weak Statement” generalization for hyperbolic conser-
vation law systems. This construction develops a so-called companion conservation
law system that contains continuum expressions representing intrinsic dissipative
and anti-dissipative mechanisms. Whereupon, the classical Galerkin finite element
fully discrete algorithm yields over a dozen independently derived schemes, upon
identification of the embedded parameter set. The analysis indicates that the com-
panion conservation law system approach can lead to stable, centered semi-discrete
schemes upon selection of opportune length and velocity scales in the continuum
dissipation operators.

In parallel with these developments, research efforts have increasingly focused
on the class of upwind, intrinsically dissipative difference methods which do not
require explicit addition of empirical numerical dissipation. Procedures advanc-

ing flux-vector and flux-difference splitting developments, and applications, include




those developed by Steger-Warming [33], van Leer [35], Roe [32], and Grossman

[65], wherein the upwind differencing is performed in directions opposite to the
characteristic directions, and thereby induces an amount of relevant artificial dissi-
pation. These algorithms have been implemented using both explicit and implicit
time integration schemes [35,48], and have generated crisp non-oscillatory shocks
for significant aerodynamic simulations. Recently, Liou and van Leer [48] present a
thorough comparisons of various splittings, and conclude that a robust algorithm is
best achieved by using different splittings in the quasi-Newton jacobian and residual
operators. They also extend various standard splitting procedures to real gas flows
[50].

The geometric rigor and appeal of eigenvalue analyses for hyperbolic conserva-
tion law systems is considerable, since the derivations pivot on classical notions of
characteristics, hence signal propagation directions. The common thread of recent
vector splitting theories is geometric extension of 1-D derived schemes to multi-
dimensional formulations. However, this extrapolation leads to formulational am-
biguities, and results in algorithms that are tightly coupled to the underlying grid.
Powell and van Leer [56], among others, have addressed this crucial issue, and devel-
oped a “cell-vertex scheme where the grid components of the convection speed are
known”. This entails local decomposition of the Euler equations into a set of con-

vection equations leading to discrete conservation of mass, momentum and energy.

Therefore, the resulting scheme is algebraically rather involved for non-cartesian




meshings.

Recently, Colella [62] presents an explicit Godunov-type multi-dimensional and
upwind second-order algorithm for the Euler equations. His construction solves a
characteristic form of the equations at a moderate CFL number. The procedure
renders good discontinuity resolution for the standard shock reflection problem,
with the exception of small isolated regions where dispersion error is noticeable.
In the same year, Yee et al. [63] published a shock capturing finite volume TVD
algorithm for hypersonic flows, that can be third-order accurate on uniform grids.
However, they report that some of the procedure formulae may not preserve free-
stream values on highly skewed grids, even though usage of the implicit backward
Euler time integration and finite elements on such grids can lead to stability and
convergence enhancements. Nevertheless, it is also indicated that accuracy and/or
stability may be compromised by discontinuities in the thermodynamic derivatives
supplied by the Srinivasan curve-fits [53,63].

Furthermore, as identified in recent US Air Force sponsored research [61], the
basic upwind constructions can induce sizable numerical dissipation, which may
require use of much too expensive, highly-refined computational meshes for accept-
able solution accuracy. For example, it is shown in [61] that the Steger-Warming
construction requires four times the number of grid points of Roe’s scheme to ad-
equately resolve a laminar boundary layer, even though the latter scheme is 25%

more CPU expensive. Moreover, an exaustive study conducted at Wright-Patterson




AFB [59] shows that the solutions generated by both schemes do not “compare ex-
tremely well” with available experimental data for a hypersonic compression ramp
flow benchmark.

Further, these procedures have been mainly tested for essentially inviscid flows,
and only grudgingly admit real gas and curvilinear-coordinate generalizations, yield-
ing non-unique formulae that need extra computations of several auxiliary quanti-
ties. For example, the 1-D generalization of Roe’s scheme [66], introduces artificial
thermodynamic states that aggravate solution accuracy especially along contact dis-
continuities. On the other hand, a real gas equation in the 1-D van Leer scheme
causes the smallest eigenvalue, associated with the “positive” flux, to become neg-
ative (for some states) in the whole subsonic range [66,67], which in turn engenders
semi-discretization instability. Moreover, in non-equilibrium simulations, where the
vastly different chemical time scales considerably stiffen the semi-discrete Euler
equations, these potential instabilities then reduce the practical stability margins
to the extent that bounded solutions with these schemes are reported attained only
for CFL < 1072, [68]. Moreover, in most conventional multi-dimensional construc-
tions, the final upwind direction remains normal to the local computational cell
face, regardless of the genuine kinematic convection direction. Consequently, nu-
merically captured oblique shocks may be smeared over several cells. The need

of high accuracy for practical meshes then becomes more acute in real gas and/or

viscous hypersonic simulations, where strong shocks virtually coalesce with thick




boundary layers within a chemically reacting flow. In these cases, the ensuing
strong-interaction modification of the surrounding, essentially-inviscid flow, and/or
the real gas effect pressure field variations, directly affect the aerodynamic surface
pressure distributions and skin friction, hence lift, drag and heat transfer.

Even though both classes of spatial semi-discretizations employ formulae of
stated unambiguous order of accuracy, for a uniform cartesian mesh, and lead to
bounded solutions for significant aerodynamics simulations, uncertainties regarding
the level of induced artificial dissipation and the objective accuracy of the cor-
responing numerical solutions remain, since the current research lacks complete
quantitative stability analyses for the multi-dimensional, real-gas Euler equations
in curvilinear coordinates. Therefore, not even the crucial effect of the coordinate
transformation metric data upon algorithm stability is sufficiently investigated.

In order to resolve these cited limitations, this dissertation documents a dimen-
sionally complete Lyapunov semi-discretization stability analysis for the full real
gas Euler equations in curvilinear coordinates, within a generalized finite element
Navier-Stokes CFD algorithm. The developed minimal-dissipation scheme utilizes
a fully generalized, curvilinear coordinate kinematic-kinetic flux vector splitting,
where the split fluxes partition the pressure gradient using the local contravari-
ant Mach number resolution. Importantly, the procedure efficiently accomodates
an arbitrary real gas equation of state, while the eigenvalues of the positive con-

travariant flux remain unequivocally non-negative on absolutely arbitrary meshes,




in sharp contrast to the cited potential negative-eigenvalue instability of the van
Leer scheme.

As detailed in the following sections, the coordinate transformation metric data
intrinsically enter the jacobian eigenvalue expressions, and consequently, the sta-
ble directional semi-discretization can be rigorously obtained in totally arbitrary
curvilinear coordinates. The developed finite element semi-discretization intrinsi-
cally corresponds to a linear combination of second order schemes, as formulated
on all sides of any computational node. This leads to a linear combination of
jacobian matrices over the multi-dimensional computational cell. A crucial Lya-
punov stability analysis for the full semi-discrete Navier-Stokes equations, then
yields a rigorous, eigenvalue matrix non-negativeness stability condition, which at
each semi-discretization node “r” then allows local dissipation minimization using
the embedded dissipation parameter 8,. Importantly, 8, = 0.5 corresponds to the
classical fully upwind formula, and the maximum of semi-discretization dissipa-
tion. Whereupon, the intrinsic presence of the coordinate transformation metric
data in this criterion allows the rigorous assessment of mesh non-uniformity and
non-orthogonality issues on semi-discretization stability. Further, 8, is allowed to
vary nodally, thus ensuring uniform minimal dissipation throughout the mesh. Con-

versely, for a fixed 3, the mesh can be locally adapted, hence the metric data varied,

to satisfy this rigorous stability criterion and attain an optimal order-of-accuracy

semi-discretization.




The Galerkin integral statement is directly formulated in curvilinear coordinates
and associates the local value of the coordinate-transformation jacobian determi-
nant with the dependent variable. For accuracy and efficiency, the crucial metric
data are evaluated at optimal locations within each element. The curvilinear co-
ordinates of these points are invariant under any coordinate transformation, and
are theoretically determined so that the developed semi-discrete operators allow
primitive-coordinate second order accuracy on arbitrary grids, along with uncondi-
tional preservation of a uniform free stream, a property that some schemes are cited
to lack. Thus, the algorithm implementation dispenses with element-by-element
Gaussian quadratures, and directly leads to terminal recursion relations in closed
form. Hence, the computational procedure implementation becomes competitive
with difference methodology.

A significant advancement in the determination of well-posedness for the full
compressible Navier-Stokes equations was presented by Dutt [49], who derived state-
ments for “maximally dissipative” boundary conditions. In his analysis, these were
determined such that the time variation of a Navier-Stokes system energy func-
tional is bounded. The development focused on essentially uni-directional flows,
and heuristically assumed that a bounded energy time variation induced a bounded
solution.

In this dissertation, Dutt’s analysis is generalized and interpreted as an appli-

cation of a generalized Lyapunov stability theory, [4,5,7,8]. Stable boundary condi-




tions for the Navier-Stokes equations are derived, and their dependence on inflow
and outflow Mach number is clearly identified and assessed. Further, the connection
between bounded energy variation and a stable solution is analytically established.
The derived conditions constrain the outflow static pressure and the surface de-
viatoric tractions, as well as momentum and heat fluxes, and can be effectively
enforced via the Galerkin weak statement-derived surface integrals. The evalua-
tion of these algorithm integrals then completes the terminal stiff and non-linear
ordinary differential equation (ODE) system.

Inclusion of real gas physics, in addition to local mesh refinements, consider-
ably stiffens the semi-discrete Euler and Navier-Stokes equations. Stiffness and
non-linearity make it particularly challenging to establish a stable time integra-
tion procedure which can also generate accurate solutions using relatively large
time steps (CFL numbers) for efficiency. The backwards Euler and trapezoidal rule
(Crank-Nicolson) time integration algorithms are commonly employed in implicit
CFD applications, [25,48], in a one iteration per time step mode. Both algorithms
enjoy theoretical linear absolute stability which portends use of an arbitrarily large
time step At. The A-stable trapezoidal rule is second order accurate, yet when the
linear-analysis ODE system has a large eigenvalue spread, and if A ¢ is not relatively
small, the scheme amplification ratio decays very slowly or not at all. Conversely,

the backwards Euler amplification factor always tends to zero with large time steps,

however, the algorithm is highly dissipative and only first order accurate.




The notions of absolute stability and strong A-stability have both been developed
and analyzed [10] for a model linear ordinary differential equation which indeed pro-
pounds use of arbitrarily large time steps At¢. However, when a highly non-linear
ODE system results, e.g., in the spatial semi-discretization of the Euler/Navier-
Stokes equations, stability can be preserved only at the cost of limiting the time
step At to values well below those predicted as admissible by linear model stability
analyses, if the temporal algorithm remains non-iterative throughout the solution
process. Progressing towards the elimination of this stability limitation, this dis-
sertation presents a two-stage implicit Runge-Kutta scheme that combines second
order time accuracy with non-linear stability. Further, it can be implemented as
iterative within any two consecutive time levels.

The theoretical analysis is based on the recently developed theories of B- con-
sistency, B- convergence, and B- stability, [15,18]. It is shown that the implicit
Runge-Kutta (IRK) theoretical framework affords non-linear stability for the full
semi-discrete dissipative Euler and Navier-Stokes equations for arbitrary grids and
time-steps. Further, it contains both the Euler and trapezoidal rule schemes as
special cases. Subsequently, the algebraic stability analysis is applied to these CFD
standard implicit algorithms to elicit their stability features.

The investment of two iterative implicit solutions per time step is ultimately
expected to lead to an economic solver, when the overall cost of obtaining a reliable

solution for several time steps is considered. This derives from the robust stability

13




characteristics of the present algorithm and relevant practical implementation. The
latter is based on a quasi-Newton iteration per stage, which is realized via an efficient
tensor matrix product approximate factorization of the Newton algorithm system
jacobian.

Tensor product factorizations (TPF) are nowadays applied to the solution of
non-linear conservation law systems of PDE’s, by suitably extending the original
algorithms for the solution of a scalar linear parabolic PDE. Various improvements
in the pioneering procedure have been developed, over the years, seeking to increase
the order of accuracy, incorporate finite element algorithms and handle arbitrary
curvilinear geometries. Hayes [28,29] utilized an isoparametric transformation to
generate an accurate “patch” approximation of the local element measures on an
arbitrary grid of bilinear finite elements. More recently, Celia and Pinder [40] have
critically analyzed various implementations and emphasized the structure of the
O(A t?) factorization error generated by the discretization of a parabolic PDE.

The common thread of all of these important developments is the replacement
of a multi-dimensional jacobian sparse matrix, with an operationally efficient se-
quence employing block m-diagonal one-dimensional matrices. This approximation
clearly calls for the synthesis of adequate methods to handle non-regular multi-
dimensional geometries. In this connection the accurate representation of the 2-D

metric data is crucial. In this dissertation, a new TPF algorithm is developed

that associates the determinant of the coordinate-transformation Jacobian with the




dependent variable, within the time derivative, and directly utilizes 2-D metric
data in the computation of the curvilinear 1-D differential operators. This proce-
dure departs totally from traditional finite element practice, and results in a 2-D
mass-matrix free from any mesh measure dependency. This eliminates the need
to approximate this determinant [28,29], hence eliminates t}.le associated error and
permits the exact factorization of the 2-D mass matrix in terms of 1-D mass-matrix
components which, in turn, allows an accurate factorization of the 2-D differential
operators on arbitrary meshes.

The present scheme is developed upon capitalization on the topology of an ar-
bitrary mesh of Lagrangian bilinear finite elements. The specific factorization for-
mulae are presented for 2-D convection and diffusion operators and the relevant
errors identified. These involve metric-data averages and jacobian term approxima-
tions. Whereupon, a novel iterative procedure is discussed to minimize such errors.
This procedure utilizes the TPF matrix as the implicit part of an iterative solution
algorithm.

The developed finite element CFD algorithm is verified for benchmark probelms
in quasi-1-D, 2-D and axisymmetric geometries for transonic, supersonic and hyper-
sonic ideal and real gas inviscid and viscous flows. These include a de Laval nozzle

configuration for various flow criticalities, an M., = 0.65 flow about a parabolic arc

airfoil, an My, = 2.2 inviscid and viscous schock reflection problem, an M., = 3.0

wedge flow, and an M., = 8.0 flow about a sphere-bicone missile configuration. All




CFD solutions are verified monotone and essentially non-oscillatory throughout the
computational domain, including the boundaries, and each accurately resolves all
flow features including weak and strong shocks, attached and detached, expansion
waves, and boundary layer-inviscid flow interactions.

This dissertation is organized as follows. The governing conservation law sys-
tem and associated curvilinear-coordinate characteristic analysis are presented in
Chapter 1. Chapter 2 then details formulation of the fundamental strong and weak
integral statements, with well-posed boundary and initial conditions discussed in
Chapter 3. The crucial issue of dissipative spatial semi-discretizations for hyper-
bolic systems is then considered in Chapter 4, where the essentially kinematic-
kinetic curvilinear-coordinate flux vector splittings are developed. Whereupon, the
finite element directionally biased semi-discrete integral statements and associated
Lyapunov stability analysis are developed in Chapter 5, while the optimal metric
data evaluations are formulated in Chapter 6. The terminal solution procedure is
presented in Chapter 7 and the implicit non-linearly stable Runge-Kutta scheme is
derived in Chapter 8. Chapter 9 then details the tensor matrix product factoriza-
tion. To conclude, Chapter 10 presents thorough validations for a comprehensive

set of benchmark problems in quasi 1-D, 2-D and axisymmetric geometries for tran-

sonic, supersonic and hypersonic flows.




Part 1

The Continuum Statement




Chapter 1

Governing Equations

The non-linear Eulerian partial differential equation conservation law system gov-

erning unsteady and compressible aerodynamic viscous flows is,

Ho)= T4 V-(F=F)=0, on R*xQ, QCH, 24 (L)

where Rt denotes the positive real number field and n indicates the spatial dimen-
sionality. Further, ¢ = ¢(@,t) is the dependent state variable, f = f(q) is the
kinematic-kinetic flux vector and f* = £“(q) contains the constitutive dissipation
fluxes. In the sequel, a lower case letter denotes an array, capital letter denotes a

square matrix and boldface signifies a vector.
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1.1 Flux Vector Expressions

The cartesian-component Navier-Stokes equations are obtained for (1.1), using sub-

script ¢, 7 tensor indices, through the following specifications

P m; 0
q= my; r ’f=>fj:< mimj/p+p6,~j ? ’ .fl’:>f_1"’=< gy r
| E | (E+p)mj/p | | gimi/p—q; |

(1.2)
In expressions (1.2), p is the fluid density, m; = pu; is the linear momentum vector
resolution, E is the volume specific total energy, and p is the static pressure. Further,

for a laminar flow the deviatoric stress tensor o;; and heat flux g; definitions are

O(mi/p) , B(ms/p) _ 28(mi/p) &.j} (1.3)

%i = #(T){ Oz; Oz; 3 Oz

¢ = —k(T) {g—i} (1.4)

In (1.3), (1.4), T is the static temperature, while u(T) and k(T) are respectively
the temperature-dependent dynamic viscosity and heat conductivity coefficients.
Definitions (1.1)-(1.4) model the unsteady laminar flow of any newtonian fluid
satisfying the Stokes’ hypothesis. A specific fluid is then mathematically identified
using specific expressions for u(T) and k(T), along with an equation of state defi-
nition for the static pressure p and temperature T". For homogeneous air, the latter

equations can be expressed as

p=>p(p,e) , T=T(pe) (1.5)

19




where ¢ is the specific internal energy per unit mass with state variable ¢ resolution

E mim;
E=——
p 207

(1.6)

Therefore, E corresponds to the sum of internal and kinetic energy, while p and T

are function of ¢ in the form

p = p(p75(p,mi,E)) (17)

T = T(P,(‘:(P, mi’E)) (18)

The theoretical developments in the following Sections are valid for any form of

(1.7)-(1.8), hence universally apply for both reacting and ideal gas situations.

1.2 Equilibrium Real Gas Simulation

1.2.1 Chemical Equilibrium Equations

Real gas simulation is efficiently and accurately performed, in the equilibrium high-
temperature regime, using a five species air model coupled with an equilibrium-
constant equation solution as follows. The Dalton’s law equation of state for a

reacting gas is

5

Y

p=RpT> = (1.9)
=1 Mi

where R is the universal gas constant, M; is the molecular mass of the i** species,
and Y; is the associated mass fraction. In the sequel, 1 < i < 5 corresponds to the

species O, N, NO, O, and N, respectively.
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The reacting gas energy expression in terms of the specific internal energy ¢ is

LY 8 5 RO? /M 3
2~ 2 YienT = Y Y = 3 Yk = 1.10
e+RT;Mi ;Y,cmT EYexp(Qf/T)—l S YR =0 (1.10)

1=3 =1

where ¢, = 5/2(R/M;), 1 = 1,2, and ¢, = T/2(R/M;), i = 3,4,5. Further, h? is the
formation enthalpy and 6! is the characteristic vibrational temperature. In these
conditions, the internal energy € comprises the species formation chemical energy,
the molecular translational and rotational kinetic energies, and the molecular vi-
brational potential energy with equilibrium magnitude characterized by the static
temperature T'. Expressions (1.9) and (1.10) clearly constitute special cases of (1.7)
and (1.8).

If no chemical reactions occur, then the mass fractions Y; are constant, and
the last term in (1.10) vanishes. Further, if no vibrational modes are excited, the
exponential term in (1.10) also vanishes. These constraints yield the ideal gas model
which consists of a volumetric mixture of 21% of oxygen and 79% of nitrogen for

atmospheric air. The state equations for this gas are obtained from (1.10) and (1.9)

as
€ =c,T (1.11)
R

p=TRpT = —pe= (v~ 1)pe (1.12)

where R is the inert air constant

5. Y.

= —* 13
R R,;M,- (1.13)

Relations (1.12)-(1.13) imply Mayer’s relation ¢, — ¢, = R and the (constant)

specific-heat ratio v = ¢,/c,. Whereupon, insertion of (1.6) into (1.11)-(1.12) yields
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the state variable ¢ resolution for p and T as

p = (v-1) (E—";—p) (1.14)
T = %(E_%) (1.15)

In the general case of a neutral reacting gas, the full expressions (1.9), (1.10) are
used along with the fundamental independent dissociation and exchange reaction

equations

—

O +M & 20+ M

N+ M 2 2N+ M

N+ 0+ M 2 2NO + M (1.16)

where M denotes a species collision factor. The law of mass action for (1.16) yields

Y MIK(T) Y!  M2E,(T) Y7 MIKy(T)
Ys B Msp ’ Y, - Msp ’ YZ;Y5_ M M;

(1.17)

where Ki(T'), K2(T), and K3(T) are equilibrium relations available from latest
spectroscopic data as well as atomic and molecular constant calculations [42,57].
Equations (1.17) supply three constraints on the five mass fractions Y. Conse-
quently, two more equations must be formulated for closure. The first is global

mass conservation,

5
1=

, 5
Yi=1 |, since Y; = pi , S pi=p (1.18)
1 P i=1

while the second expresses the uniformity of local proportion of oxygen nuclei rela-

22




tive to nitrogen nuclei for air, as

Y, Y ) (Yz Y, )
—_— —_— = —4+ — 2— 79 1.19
<M1+M3+2M4 2= (32 +32 +232)/ (1.19)

In current analyses, for a given thermodynamic state (p,¢), the temperature T'
and composition mass fractions ¥;, 1 < ¢ < 5 are determined through a simultaneous
solution of the six equations (1.10), (1.17)-(1.19), with eventual multi-dimensional
interpolation. As an innovation, and of efficiency impact, the same analytical solu-
tion of these equations is herein developed in terms of T' and the nitric oxide mass
fraction Y3, using a far more convenient two-equation system, also amenable to an-
alytical pressure derivative determination as follows. Equations (1.18) and (1.19)

are linear and yield, for a;; dependent only on the molecular masses

Yi - (a10—Ya+ a13Y3) =0 Yo — (20 — Ys + az3Y3) =0 (1.20)

Further, insertion of the second of (1.20) into the first of (1.17) yields a quadratic

equation in Y; alone, with physical solution

M2K,(T M2K(T
n=<azo+a2ays+ z 1( ))—< 2 1()

M%Iﬁ(T)))l“
2pM5 pM5

Y-
(0120 + az3¥3 + oM,

(1.21)

The analogous solution for Yj is

MK, (T M2K,(T
Y:4=<0110+0113Y3+ 1 F( ))—( 1 Ko(T)

MfIQ(T)))ln
2pM4 pM4

(0110 + a13Y3 + oM,

(1.22)

whereupon, for any Y3, ¥; and Y; are determined via (1.20). Hence, for given Y3 and

T the mass fractions Y;, ¢+ =1,2,4 and 5 are directly determined, yielding pressure
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via (1.9).
Temperature T and nitric oxide mass fraction Y3 are then determined as the

solution of the two-equation system

' I{ T 1/2
fi = Y3—M3<HY5AZ,(.7\42) =0
sy, 3 R RO | M;
fo = e RIY qg — Y = Y = 2 Yy =1

(1.23)
with Y;, ¢ =1,2,4 and 5 expressed via (1.20)-(1.22). For a given input state ¢ =

(p,m;, E), hence given p and ¢, and @ = {Y3,T}7 this system is cast as

(Y3, T)
F(Q)=F(Y,,T) = =0 (1.24)

f2(Y3,T)

The Newton algorithm for (1.24) is

-1

Q! = — {F*} (1.25)

oF
(362),,,5

with initial conditions Q' = @7, where j~ denotes a location adjacent to a neigh-

8

boring one where system (1.24) has already been solved.

The other key innovation is that iteration (1.25) is in closed-form, since the
2 X 2 jacobian inverse can be analytically established. Thus, evaluating (1.25) is
relatively inexpensive, leads to a quadratically convergent process (two or three
iterations, owing to the good initial estimates), and directly yields Y3 and T', hence

p via (1.20)-(1.22) and (1.9).
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1.2.2 Pressure Partial Derivatives

An implicit CFD algorithm requires the accurate computation of the jacobians of
pressure with respect to the state variable q. These are analytically established via
the partial derivatives of ¥;, 1 < ¢ < 5, and T with respect to p and ¢ as follows.
Considering that @ = Q(p,¢), the differential of both sides of expression (1.24)

yields

(60, (8. (5. o (), (2,43, ) =

(1.26)
This constitutes a linear combination on the linearly independent differentials dp

and de, which holds true if and only if their coefficients independently vanish, pro-

-1
Oc Q,p

(1.27)

ducing the two linear systems
(5168, &), - (9,--[
Op/, Q) ,. /g, = \0Oe/, Q) ,.

The jacobian in (1.27) is invariant and coincides with that in (1.25). Therefore,

(1.27) directly supply the required derivatives of Y3 and T. The derivatives of
Y:, 2 =1,2,4 and 5, are then determined via these expressions and (1.20)-(1.22).

Consequently, the thermodynamic pressure derivatives are analytically expressed

as
3p) 5. Y, <8T> Y 1 6K)
- RT — + Ro| — — + RpT _— == 1.28
@) =mgen(5) srart g (%) am
Op T\ & Y 1 (9Y;
(ae),, RP(&),EM:*RPT&M(T),, (1.29)




Finally, the pressure derivatives with respect to the flow state variable ¢ are com-

o)™ (ar).+(30),(5)

2y () 4 () (£ 1.30

(Bp mi B Op/, O¢ ) Op miE ( )
_ (%) (%) . _ (% _ (9p) (2

-\ Be oE) P =\ Bm; 5\ Om; -

mi p pym; pymy, p pmj,

(1.31)

puted as

Do

Therefore, (1.20)-(1.22), (1.25) and (1.27)-(1.31) can be implemented for accu-

rate computation of equilibrium real gas pressure and pressure derivatives.

1.3 Dimensional Analysis

For aerodynamic simulations, the typical reference state for the non- dimensional-
ization of ¢(#,t) and the flux vectors f(q) and f“(q) is the inlet state, with density
P and principal velocity component Uy, as well as a convenient length measure
L. Time is scaled by L/U,, whereas static pressure and total specific energy E are
scaled by the reference dynamic pressure po,UZ. The reference temperatute Tyefis

then obtained using the ideal gas state equation as

U2
Tref= Rpref “ R T (wz:roo

) Too = yMLT. (1.32)

Here M., denotes the (freestream) reference Mach number associated with U, and
Tw. Using these reference values, the non-dimensional inlet variables are expressed

as

=1 (1.33)
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Poo 1 T 1

= = — (1.34)

Pref YMZL T Thp MG
_ FIE N S 1.35
bref (1 - Dol T2 3o DME T2 (1.35)

With this non-dimensionalization, the state variable ¢ and flux vector f;(¢) remain
invariant, hence the reference Mach number M., does not explicitly appear as a
multiplier in the convection terms in (1.1). However, its influence on the flow field
is reflected in the magnitude of the inlet static pressure, temperature and total
volume specific energy via (1.34),(1.35). These relations indicate that for growing
M, the non-dimensional values of the inlet pressure, temperature, and volume
specific energy approach the limits 0.0 and 0.5 respectively, which express the Mach
number invariance principle for hypersonic flows [22].

Finally, the non-dimensional deviatoric stress tensor and heat flux vector are

expressed as

_ X (T) [O(mi/p) | O(mj[p) 28(mu/p).
%5 = "Re { dc, 1 om ‘§a—xk5ﬁ} (1.36)
_ ~k*(T) oT
ki ~ (y—1)Re Pr {axj} (137)

In these relations, Re and Pr denote the Reynolds and Prandtl numbers respectively

defined as

Re= , Pr= e (1.38)

where ¢, is the specific heat at constant pressure while p., and k. denote the

freestream dynamic viscosity and heat conductivity, respectively, evaluated at T\.
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1.4 Transport Coefficients

The non-dimensional transport coefficients k* and u* in (1.36) and (1.37) are defined

as

T . k(T
p(T) = uI) , k(T)= % (1.39)
/‘LOO oo
These ratios are derived from the Sutherland formulae [11]
3/2
(ﬁ) (2) (————1 o ) (1.40)
Ho T T/To +wo
k T 3/2
() - ()" (i) o
ko To T/To + ¢o

Here, Ty = 273.1K7° is the Sutherland reference temperature and the constants are

0.404800651 . .. (1.42)

Wo

go = 0.711960944... (1.43)

Thus, k* and p* are computed using
—l=|—]l— , | —=1—]— 1.44
(koo) (ko) ( ko) (uoo) uo) Ho (4

Wo

(£) - ()" [
o)  \T, T/T., + =290
g T/ Tt T T,

() - (@) [-m

which yields

(1.45)

/

( L+

\T/Too + T,%)

(1.46)
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However, the non-dimensional temperature variable is T/ Tref’ hence

B-E)EeE) o

Insertion of (1.47) into (1.45)-(1.46) yields the terminal generalized Sutherland for-

mulae
3/2
I _ \32( T 1/(yMg) +w
(F‘:) h (7Moo> (Tref) ( T/Tref+w ) 149
3/2
k 2 (32 [ T 1/(yMZ,) + ¢
(Ko—) - (’YMOO) (Tref) ( T/Tref+ ¢ ) (149

where w and ¢ are now defined as

Wo d)o
_ W o 1.50
YT IMITLT, ¢ YMZLTy /T, (1.50)

In the sequel, (1.48) and (1.49) are denoted as g, and gs. Further, the term

m—h in (1.37) is replaced by (Pe)~!, the inverse generalized Peclet number.

1.5 Curvilinear Coordinate Formulation

1.5.1 Coordinate Transformation

Among several advantages, useful simplifications in surface definition, and bound-
ary condition enforcement accrue from a curvilinear coordinate formulation of the
governing equations. For example, an aerodynamic surface, say a fuselage, can be
uniquely defined by the expression 73 = const, with ns denoting the curvilinear

coordinate issuing from the surface. Likewise, the no-penetration flow boundary
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condition can be stated as vz = 0, where v3 denotes the contravariant component
of velocity along the normal direction to the 13 = const surface, see Section 1.5.3.
The cartesian coordinates & are transformed into curvilinear coordinates n via

the relation
z =z(n) (1.51)

Function (1.51) is assumed to be single valued and have continuous first partial

derivatives. The jacobian J of the coordinate transformation (1.51) is expressed as
oz Oz;
J=|—=|=|= 1.52
[577} [5771'] 152
The relation between the z; and 7n; partial derivatives is then

Bl e

Therefore, the partial derivatives with respect to the cartesian coordinates z; are

expressed using the inverse of (1.53) as

{a%} = g1 {a%} - delu [det 7 - 7] {'a%} (1.54)

where det J does not vanish and keeps a uniform sign in 2. With these specifications,

the entries of the matrix det J - J=! are denoted as [e;x]. In the general 3-D case,

the expressions for det J and [e;x] are

0z, Oz4 Oz . 0z, Oz3 014
On Onz Onz ~ Ony Onz O
01‘3 6(1:1 6372 _ 8x1 6.’112 61‘3 _
Ony Ong Ons Ons Onz Omy
Oz, Oz3 0141 3 Oz3 0z Oz
Ons Ong Ony  Ons One Omy

detJ =

(1.55)
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0z,0z3 Oz9 0z3

On2 Bns O3 Oy
61172 61133 6.’1)2 811?3

dns Oy Oy s

Oz, 03 Oz, 0zs
_ _ 1.56
“1e Om Ony  Ona Om (1.56)

€in =

€12 =

Oz Oz3 B 0z, Oz3
Onz Ony,  Ona O
. Ozq Oz5 _ Oz, 0z
“o On Ons  Ons Omy
83:1 (9(133 8271 8133

= — 1.57
e Ony Om Om O ( )

€1 =

0zy0zy Oz Oz2

G = 37]2 6773 - 07]3 67]2
o 0z, Oz, 3 0z, Oz2
T Ons Om Om Ons
Oz, 0z, Oz, Oz,

= - 1.58

ess 3771 3772 3772 6771 ( )

In 2-D, these expressions simplify to

8:101 6132 8.’172 61111

det J = - 1.59

B, Bn oy o, (1.59)
6.’172 6.’22

— 47 = 27 1.

én +6772 ;€12 B (1.60)
6331 6331

-1 = 44— 1.61

€21 = By €22 +3771 (1.61)

These functional forms for the metric data e;;, with continuous partial derivatives

in their definition domain, lead to the fundamental invariance relation

ij %‘ = Vj (1.62)
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in both 2-D and 3-D. Furthermore, for each k, the metric data e;; constitute the

components of a vector n; orthogonal to the surface n; = const. as follows

ny o= Big P,
b a772 s’
ne = Wi x g,
2 37]3 87)1 !
3:1:J 6:5J
= ; 1.63
n3 3771 5772 ( )

where x denotes the vector cross product, and e; corresponds to the cartesian unit

vector set. In the expression defining n;, for example, the two vectors eJ and

0772

3 eJ are tangent to the 7, and 7; axes respectively, at (91,72,73). Thus, n; is
3

locally orthogonal to the 1, — 13 facet. The components of 1, are determined from

its definition with the classical determinant rule as

(TL ) 81132 61)3 _ 8:1:9_ 81,‘3
YHT Omy s Ons O
(1) 0z, Oz3 B O0z1 Oz3
e Ons Onz  Ong Oy
aiL’l 6232 6231 61?2

- 1.64

(ma)a Ony Onz  Ons One (1.64)

which coincide with ej;, 1 € 7 < 3. Analogous derivations then verify that the
components of ny are indeed e;x, 1 < j < 3,2 <k < 3. In 2-D, similar conclusions
regarding the geometric meaning of ejx, 1 < j, k < 2, are obtained setting z3 = 73,
and zx = zx(m,72), 1 Lk < 2.

Whereupon, this fundamental metric data e;j; meaning leads to a significant
interpretation for the contravariant components of velocity resolution, as detailed

in Section 1.5.3.
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1.5.2 Curvilinear-Coordinate Equations

The non-dimensional Navier-Stokes equations (1.1) under the generalized curvilin-

ear coordinate transformation (1.51)-(1.54) and in tensor notation are

_a_q €5k 8

5t " 20T o (fj _ f;.') =0 (1.65)

The non-dimensional deviatoric stress tensor o;; and heat flux vector ¢; are analo-

gously transformed to

9| &ir Omi/p) | ex O(mj/p) 2 ex, O(mi/p),

%5 = Re |detd on. + detJ Oy 3detJ dn, 5 (1.66)
_ 9o | e OT
= Pe [detJ am] (1.67)

For a time-independent coordinate transformation, det J does not depend upon

time hence can be brought inside the time derivative, yielding

) d ,
o (4 det J)+ejka—n; (fi-f) =0 (1.68)

Equation (1.68) constitutes the so-called “weak conservation law form”[44], since
the metric data stand outside the differential operators. Conversely, the “strong
form” [44] is obtained by bringing these data inside the spatial partial derivative
operator. Invoking the fundamental metric invariance identity (1.62), the equivalent
final form is

%(q-det])+6ink(ejk (fj—f;))'—'o (1.69)

For definitiveness, system (1.69), by components of q defines

g 0
a(p - det .]) + 6—7“ (ejkmj) =0 (170)
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as the continuity equation,

0
(m, det J) + 'éa (e,k P m; + e]kpéu)

_10 €jr (mz//?)+ eie 0(mj/p) 2 e 0(mi/p) —0
ikdu detJ On, detJ On, 3detJ On, H

(1.71)

as the momentum equation set, 1 <i < n, and

5 o m, _1_ 0 eje 0T
5i( B det )5 <eyk (B +P)) ~ Pedns ( Cik9det T e

19 (e'kguﬁ< ejr 0(mi/p) L st d(mi/p) 2 ek 3(mk/P)6ij)> =0

Re Ony, p \detJ On, detJ  On, 3detJ On,
(1.72)
as the energy equation.
In (1.70)-(1.72), the partial derivative expression
aKk 6 ( mj ,,)
— = —|er—- 1.73
om o\ p f (1.73)
for the intrinsically kinematic flux K}
{ A
p
m; m;
K, = q = 4 : 1.74
k= €jk— o " q = €k P m; r ( )
\ E + p J

corresponds to a fundamental streamline-differentiation expression for the flux Vil

q as follows. The 7, partial derivatives in (1.74) can be restated as

0 €k; 0

{ank} - det7{a@} (1-79)
_ Oy
&; = detJ- {%} (1.76)
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using the analysis of Section 1.5.1. The coordinates {;, 1 < j < n, define the
streamline coordinate system, with £; axis parallel to the positive velocity direction
and &, 2 < k < n, mutually orthogonal to £;. Therefore, relations (1.75)-(1.76)
correspond to the unique coordinate transformation that maps the n system into
the £ system, and allows restatement of the k** contravariant velocity component

as

. Onk
0%;

6} (1.77)
for V lying along £;. Such a transformation exists and is unique since the n velocity
components and n coordinate directions yield exactly n + (n — 1)n = n? linearly

independent constraints for the determination of the n? elements in J.

Inserting (1.75)-(1.77) into (1.73) yields

O (o™i o) o _1_90 (n0m, ;
A (eJk P) q) - detj@& (6.7 agj elk”V” Q>
1 0

?

=T (det Te262| V]| - §)

9 . 1 d(det J)
V-0 +IvI-i (555 R) o

Consequently, (1.73) in the governing equations (1.70)-(1.72) expresses the stream-

line differentiation of ||V|| - §, augmented with a measure of the deviation between

the n and § systems. Evidently, those coordinate systems with vanishing streamline-

system deviation measure are particularly interesting.




1.5.3 Contravariant Velocity Components

In (1.70)-(1.72), the momentum vector resolution and deviatoric stress tensor re-
main cartesian, even though the governing equations are cast in generalized curvi-

linear coordinates. Consequently, the relation

vk = ek (%) (1.79)

pervades these equations, and constitutes the contravariant velocity component
resolution. For each value of k, expression (1.79) coincides with the vector dot

product of n; and velocity V

nk-V = €jk ('7%]-) (1.80)

owing to the expressions (1.63) for ;. Consequently, the k** contravariant compo-
nent (1.79) is proportional to the component of velocity V' in the direction orthog-
onal to the surface n; = const. With this fundamental interpretation, the efficient
enforcement of the no-through flow boundary condition along the 7, = const. sur-

face is then obtained setting vy = 0.

1.6 Mathematical Character

1.6.1 Canonical Form

The governing equations (1.70)-(1.72) constitute a second order partial differential

equation system, owing to the presence of the second order physical-diffusion spatial
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partial derivatives with coefficients Re~! and Pe~!. Consequently, as the Reynolds

number increases, the governing system (1.69) tends to the limit first order Euler

conservation law system

0q 1
ot  det Ja

(ejxfi) = (1.81)

which 1s cast in the canonical form

9g , 1 (einfs)) Oa _ (1.82)
Ot detJ Jq Onk
since the flux vector f; = f;(q) is a function of ¢. The corresponding flux vector
e fi
jacobian matrix A; = (Lajkfj—) 18 Ap =
q
0 s (7773 , 0
m; m; m;
—€jk— ;i + €ixp, etk + €ikPm, + €k—bu €ikPr
p p p
mj m; ek m; m;
—6jk;2i(E +p) + 6jk7’Pp o B ejkTJsz ) ejkj(l + Ps)

(1.83)

Here, 1 < (4,€) < n are the row and column indices, for the n-dimensional resolution

of momentum, whereas the subscript notations Pps Pm;, and pg are defined via
(1.30)-(1.31).

Thus the mathematical character of (1.82) depends upon the real or complex

nature of the eigenvalues of the matrix [21]

o = Z e’kfj ;o Y wr=1; YV weR (1.84)
k=1 k=1

Due to the linear structure of Ay with respect to the metric data ew, ¥V Lk,

the terminal form of A, coincides with that of Ay upon substitution of ey, with
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€es = wieek, V £. Therefore, the eigenvalues of A4, are real (or complex) if and only

if the eigenvalues of Ay are real (or complex).

1.6.2 Characteristic Eigenvalue Analysis

The eigenvalues of A are the solutions of the characteristic equation

det (W - A,J) =0 (1.85)

which corresponds to a real-coefficient algebraic equation of degree m = n 42, with

exactly m roots. This characteristic equation can be expressed as
A — KIL)‘?_I + Kgi/\;cn_2 +...+ (—l)m/c,% =0 (1.86)

with coefficients «; expressed in terms of the trace s; of the itk power (Ay)' of A

through the Newton formulae [21]

K1 = 48
_
ky = 5 82 "»151)
1
K3 = +§ (83 — K182 + K251)

N (__-_Iln)lm—l

(sm — K18m—1 + K28m—2 ... + (—l)m_lfcm_lsl) (1.87)




Significantly, these formulae eliminate the formidable algebraic task of developing

the determinant in (1.85). In 2-D, the coefficients «;, are developed as
m;
Ki, = 4:6]k P +61kpm] —f—e]k?pE
m; 2
Ko = 3 (fijk—pi) +3eje2 ; (eﬂc— (1+pe)+ egkpm,)

m
—€jk€jk ( p m; + Do + 2B (E +P))

2 3
K3, = 252}: (ejk—-/—)l) — 3’{‘1): (ejk—pj—) +4 <61k7)
m, m; 2 m; 3 m 4
K4, = Ksa, (ejkﬁ) — Ko, (ejkj> + K1, (ij—;l) — <ejk7j) (188)

5 1/2
= =z (% (€jkpmj + ejkzpiPE) + €jk€jk (%J;pmjpp + pf (E +p)))
(1.89)
For a homogeneous gas, the argument of the square root is always positive, as proven
in the following section. Therefore, for any integer value of k, hence any value of
the coordinate transformation metric data ey, the eigenvalues Ak, are always real.
Further, Ay has a complete set of eigenvectors, since this property is classically
verified for e;; = 0;; (21]. Consequently, the real gas Euler conservation law system
(1.82) is a hyperbolic system which, as such, models wave propagation phenomena.

According to the eigenvalues (1.89), the flow field waves are convection waves, with

characteristic speed v, , = , and a combination of convection and pressure
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’\k3,4

waves with characteristic speed vi,, = . For an aerodynamic large but finite
\/€ikCik

Reynolds number, the governing Navier-Stokes equation system (1.1), (1.69), thus

constitutes a parabolic perturbation to the Euler hyperbolic system.

1.6.3 Homogeneous Gas Eigenvalues

The eigenvalues (1.89) are determined for totally arbitrary state equations, even
more general than (1.6)-(1.7), since the fundamental pressure partial derivatives
5% are not replaced by any specialized relation. For a homogeneous gas, relations
(1.6)-(1.7) lead to a considerable simplification of A, ,, by allowing the restatement

of the partial derivatives of pressure with respect to the components of ¢ in terms

of ¢, (%) , and (%) alone, as follows
c P

ap) ( = ) (ap) =

€ikPm; = €k | == =—|=] er— 1.90

o* 7 (86 , om;/ g O, 7* p? (1.90)
i, e (Op) (O _ (o) m

T PET A, (85),, (ap>th - (Be),,e’k P (191)

Therefore, A,, simplify to

1/2
m; m;
My = 6jk'p—J + (%% (jpm,' +p, + % (E+ P))) (1.92)

For a uniform cartesian coordinate system, this expression reduces to

m

i ™. . 1/2
Mg, = — % <__me]. +p,+—(E+ p)) (1.93)
p p p
In such a coordinate system, the eigenvalues A, , are classically known as

M

Mg, = — ¢ 1.94
ke = (1.94)
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where ¢ denotes the speed of sound [21,44]. Consequently, the pressure-derivative
square root expression in (1.92)-(1.93) must correspond to an alternative relation

for the sound speed c¢. Thus

1/2
1/2 ;
c= (a2) 7 _ (%Pm, +p, + P_;E (E +p)> (1.95)

This assertion holds true for any form of (1.7) as follows. The definition of the

square of the sound speed for a homogeneous gas is

= (8_p) (1.96)
9p) isen

Considering that € = ¢(p, s), with s denoting entropy, (1.96) is expressed using (1.7)

)= (). (%) (5)
21 = () +(2) (Z (1.97)
(ap isen 9/, e 0 9/ isen

Whereupon, invoking the first principle of thermodynamics

as

de:éQ—&L:&Q—p&(%)=6Q+-:—2ép (1.98)

leads to the following expression for the isentropic partial derivative of € with respect

to p

Oe p
— = — 1.99
(0P)isen p? (1.99)

Therefore, the square of the sound speed is expressed as

Op dp p (Op
c? (—) = (—) + = (— 1.100
ap isen ap € P2 66 P ( )




2

The pressure partial derivatives in the argument a® of the square root (1.95) can

also be expressed using (1.7), leading to relations (1.30)-(1.31), cast as

_ () (i
= () (%) (_E, mm
o = (6p)5+(0€>p ( PR )
= (%) (1
.- @0

Therefore, the terminal expression for a? is
m; E+
a = —Lpn+p,+ (——3) PE
p p
) i 0
(.0 3).
e/, p op/,
Bp E m;m; 6p E D
(06)p ( PR )+(3€ ] 7
9p p (op
= (£ Rl e o 1.102
(o). (), e

which coincides with (1.100). Consequently, (1.95) is indeed an alternative relation
for ¢, hence the argument of the square root in A,, is positive, which proves that
these eigenvalues are real.

Finally, for an ideal gas, the pressure state equation (1.12) yields the following

expression for the square of the sound speed
2 p p p p
c=(-le+=(v—-1l)p==+(FH-1)—-=~= 1.103
(y-1) p2( ) , ( )p , (1.103)

which coincides with the classical form.
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1.6.4 Curvilinear Coordinate Mach Number

The developed interpretation for the argument of the square root in (1.92) shows
that the combination of convection and pressure waves corresponds to acoustic
waves emanating from a representative fluid particle flowing with local contravariant
velocity v, ,. These acoustic waves can propagate upstream in the k% curvilinear
direction if the following inequality is satisfied
2
P 2

—Ft < (1.104)

€ikCsk

This inequality directly leads to the curvilinear-coordinate definition of the square

ejkejk - C*

of the Mach number
(1.105)

Therefore, if (M})? > 1, the flow, as referred to the i curvilinear coordinate system,
1s supersonic. Finally, for a uniform cartesian coordinate system, (1.105) reverts to

the classical expression

(My)* =

(1.106)

Thus, (1.105) constitutes the appropriate curvilinear-coordinate generalization of

the Mach number.
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Chapter 2

Integral Statements

2.1 Strong Convection Form

An integral statement for the cartesian form of (1.1) is

g 0 5 m
/(zw[-é—t-+5:l;<fj_fj)] de =0, Ywes (2.1)
whereupon, the associated 7)-space integral statement for (1.69) is

0 0
/d’w[—a?(q-detJ)-f-E?;(eke(fk—f,:))] dn=0, VweS™ (2.2)

In (2.2), § is the image of Q in 7 space and w is an arbitrary element of the Hilbert
space S™ for m > 0. This form is termed “strong convection form”, or “non-
divergence form” [14] since the divergence of the inviscid kinematic-kinetic flux
vector are not integrated by parts. For w € S™ |, m > 1, the symmetrized weak

statement form [14] associated with (2.2) is obtained via a Green-Gauss theorem
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applied to the divergence of the diffusion flux vector as

0 0 ow
. =~ et vy 4
/?zwé?t(q det J) dn+/§w8m(ekgfk) dn-i—/ﬁam(ek[fk) n
- 1{36 weg fing dT' =0, Yw € S? (2.3)

where n, denotes the £** component of the normal outward pointing unit vector n
on the boundary 9 of €.

The system (2.3) is, by components of ¢

/ wo(p-det J) dn +/ ae"’m" dn =0 (2.4)
for the continuity equation,
(9 8 myp
/ﬁ wa (m;-detJ) dn+ /ﬁwa_m (eszmi + peu&;) dn

Ow
+ /ﬁ a—mekeaik dn — }iﬁ wey;oijng dU' = 0 (2:5)

for the momentum equations, 1 <: <n =2, and

/Q w—(E det J) dn + / W (eu—(E+ )) dn + / Fre (z;-"a,-k) dn

Bw ekgek] 6T m; 1 [AYEA BT
= dn — T g dl — — ]{ 192 L, dr =
+ Pe Ja 5; det 7 Bm; a0 ok, kI Pe JoaVdet T oy, 0

(2.6)

for the energy equation.
Any continuous solution of (1.1), hence (1.69), also satisfies the integral state-
ment (2.3). However, the classical weak solutions with embedded discontinuities,

shock waves for example, can only satisfy the weak statement, as developed next.
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2.2 Weak Statement

Forw € S™ , m > 1, a weak statement form associated with (2.2) is obtained via
a Green-Gauss theorem applied to the divergence of the inviscid kinematic-kinetic

flux vector as

[wsa-det7) dn— [ 22 oo (e (o= 7)) d

+ fﬁ wegg frne dT — }iﬁ wegefinedl =0, Yw e S? (2.7)
)

For an inviscid-flow specification, (2.7) can be satisfied by any suitable, possibly-
discontinuous Lebesgue integrable distribution [12], since the kinematic-kinetic flux
vector is not differentiated.

The system (2.7) is, by components of ¢
0 ow ™m;
W - det d —/ - d f L dll = .
/Qwat (p-detJ) dn A 0mekgmk n + s wpee . nedl =0 (2.8)

for the continuity equation,

0 0
/awg (m;-detJ) dn — aw €kt (Tr;km, + p&k,) dn + / o —€k0ik dn

m;
_wmie;eingdl + §_ St — o) me dT = 0 2.9
-|-}énwme,gpng + aQwekz(p k — Oik) T (2.9)
for the momentum equations, 1 <: <n =2, and

0 ow my
/ﬁwat (E-det]) dng — 5 Dme —€ke (_p—(E+p)> dn

3 3w €L 6T
= dn+ Pe™! | ey O
+/ ame"‘< ) 7+ 6 B det J oy, ©
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+ j{aﬁ wEeﬂ%m dl' + }ia wekg% (pbik — oix) e dT" — Pe! ]éz;ﬁ wegeqene dl =0
(2.10)
for the energy equation.

Of theoretical significance, since the weak statement surface integrals depend
upon the contravariant momentum flux, total surface tractions and contravari-
ant heat flux, well-posed boundary conditions can be obtained in terms of these
physically meaningful integrands, as proved in Chapter 3. Hence, such identified
boundary conditions can be efficiently imposed via the developed surface integrals
in (2.8)-(2.10). As another theoretical advantage, the continuum weak statement

directly leads to generalized, inviscid-flow jump conditions as developed next.

2.3 Jump Conditions

For a cartesian reference, hence z; = 7;, and a steady state inviscid flow, the weak

statement (2.7) specializes to

0
~ fn 5;‘%(fk(9)) de + fi,m wfi(g)ne dl' =0, Vwe S (2.11)

In (2.11), Q can be interpreted as an arbitrary control volume with surface 9, and
differential elements d? and dI', while n; denotes the appropriate resolution of the

outward pointing unit vector n orthogonal to 952, see Figure 2.1.
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—-—bow shock

Figure 2.1: Shock Surface Control-Volume Detail

For an arbitrary cylindrical control volume that 1) intersects an arbitrary shock,
2) keeps its bases constantly parallel to the shock surface, and 3) shrinks to zero

measure in the n direction, then (2.11) yields

3

Y wA(fi(9)m; =0 (2.12)

j=1

Hence, since w is arbitrary, the jump conditions as expressed in (2.11) become

; {A(fi(g)n;} =0 (2.13)

In (2.12), Af;(g) is the jump in f;(g) across the shock. Thus, (2.13) stipulates that

the vector of variations is orthogonal to n.
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Figure 2.2: Local Normal Unit Vector Detail

The jump conditions (2.13) are conveniently cast in terms of the local shock
surface directional derivatives. With reference to Figure 2.2, let the differentiable
function

F(zq,23,23) =0 (2.14)

describe the shock surface.
At any point P in the definition domain of F(-) = 0, the local orthogonal unit

vector n and tangent plane facet £ exist. Consequently, the expression for n is

oF
VF 3z,

"TIVE T VE

(2.15)




with local directional derivatives

Oz, _on

gz 2.16
32, (2.16)

tanb,,,, =

Since the differentiable function (2.13) implicitly defines z; = z,(z2, z3), expres-

sions (2.16) are given as

oF oF
8‘771 61‘2 63:1 5-';;
1 _ = =3 2.
81132 aF ’ 61‘3 6_F ( 17)
321 a51"1
Therefore, the terminal relation for n is
3
1- Z a—FeJ
n=—-"" (2.18)
BF
VF
92, > IVF|
Hence, the multidimensional jump condition relation (2.13) is
6371
A(f(9) = Afa)) 5 o (fS(Q)) e (2.19)

For an arbitrary equation of state, the unabridged form of this expression then
yields jump conditions in terms of density, velocity resolution, pressure, and total

volume specific energy in the form

Oz Oz
prur — pauz = (p1v1 — pav3) 6_a:: + (p1wy — paw2) 6_.’6;13 (2.20)
2 2 Oz, 0z,
(,Olul + p1) - (pzuz + pz) = (P1U1u1 - P2’02U2) T + (lelul Pzwzuz) 3
2
(2.21)
2 2 Oz,
(pr1urvr — paugvy) = (Plvl + p1 — pav; — pg) 5;—2- +
Oz
(p1w1v1 — powavy) a—l (2.22)
Z3
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6:61

(prurwy — pougwy) = (prvyw; — P2v2W2) Y +
)
Oz
(lef +p - pzw§ - Pz) 6—; (2.23)
Oz
u1 (Ey + p1) — ug (Ex4+p2) = (1 (By+p1) — vy (Ey + p2)) —:c_: + (2.24)
Oz
(w1 (E1+ p1) — wa (B2 4 p2)) a—l
I3

In (2.20)-(2.24), the scalar components of freestream velocity V are denoted as
(u1,v1,w1); the analogous components across the shock are (uz,v2,w2). A conve-
nient algebraic rearrangement of (2.20)-(2.24) then yields the terminal generalized

jump conditions as

_(n) 9z _ 1,
B-geeE
(Ez) = 1= v(ifa;l) . (2.26)
e (- (2) S () 2]
) - @) (e
1 1 7M(1—< ) 1_<u_11>_1) 2

3x2 61’3

wa) (), (g‘"l) 9,
(u1> <u1> 7M12<1_( )%_(:_;)%) (8:c3>

(2.27)

0z2 0z
(2.28)
2 (H2
o2\ (0t _ M () - (2) () 8m)’
6332 6.1?3 - H2 (_Ii% _ 1) 8x2 U1 62173
H1 H,
(2.29)
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In (2.25)-(2.29), (M;)? denotes the freestream axial mach number defined as

(M) = (2.30)
P
(2)
1
while H defines the total volume specific enthalpy as
H=FE+p (2.31)

Of theoretical significance, equation (2.29) constitutes the “shock surface partial dif-
ferential equation”, with solution the bow shock-surface function z, = z; (z2, z3),
and hence the directional derivatives (2.17), for specified freestream axial Mach
number M, velocity Vi, and thermodynamic state py/p1, Hz2/H1. Once the direc-
tional partial derivatives are computed, the shock flow velocity and density ratios
are determined from (2.26)-(2.28), and then (2.25).

Expressions (2.25)-(2.29) revert to the classical formulae for a plane shock in a

perfect gas flow, via the specialization
61:1 0.’21 -1
(63:3) =0 , (3:1:2) = (tanf) (2.32)
" = 0 , W = 0 (233)

Referring to Figure 2.3, (2.29) simplifies to

0z1,2 Oz 2_ 1 _tan2B+1_ 1
1+ (axz) + (6323) =1+ tanzﬂ - tanZIB - sin2ﬂ (234)

Hence, (2.25)-(2.29) yield

P2y 2v 2 . 2
(;)—1) = 1+7?(M1 sin’ § — 1) (2.35)
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2 (Ml2 sin’ f — 1)

(v + 1) M?

(&)
(z) = Ao
)

tan B (y + 1) M?
= 0

_2) _ (y + 1) M} sin? 8
T (y=1)MZsin® B + 2

which coincide with the classical expressions [22].

Figure 2.3: Plane Oblique Shock Geometry
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Chapter 3

Boundary and Initial Conditions

3.1 Boundary Conditions

The number of Dirichlet boundary conditions for (1.1) is

Euler Equations:
n+ 2 conditions for supersonic inflow
n+ 1 conditions for subsonic inflow
1 condition for subsonic outflow
0 condition for supersonic outflow
Navier-Stokes Equations:
n+ 2 conditions on an inflow boundary

n+1 conditions on an outflow boundary

as derived from Strikwerda’s work [26]. An admissible specific boundary condition

o4




set is then derived following Dutt’s analysis [49], whereupon it is shown that the
weak statement (2.8)-(2.10) provides by default the venue to enforce the determined

well-posed conditions, both rigorously and efficiently.

3.1.1 Choice of Boundary Conditions

This analysis details derivation of a specific set of boundary conditions that promote
solution boundedness for (1.1), hence (2.4)-(2.10). For an arbitrary partial differen-
tial equation system, this analysis is established invoking Lyapunov stability theory,
[4,5,7,8]. This theory employs a non-decreasing functional, or generalized “system
energy”, and its total time derivative as associated with the given equation set. As
shown in the sequel, the stability expression can be cast in terms of functions on
the boundary T' of the domain §, which can be constrained to satisfy the following

generalized stability theorem.

Theorem 1 (Iannelli) Let V = V(t,q) be a Lyapunov function defined on R* x

R", with t € R*, and g € R", which satisfies the conditions:

1. ¢(|lqll) £ V(t,q), where c(|lq||) is a continuously increasing function and

c(llgll) — oo as [lg]| = oo;

2. (Y = f(t,q) — g(t,q), where subscript “PDE” denotes the time deriva-
Et_ PDE

twve along a solution g of the given partial differential equation, f is a con-
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tinuous function bounded above and g 1s a positive continuously increasing

function.
Then the solutions q are bounded.

Proof. If f(t,q) < 0, then this theorem reverts to the classical Lyapunov-theory
stability condition proved in [7]. Conversely, if f(t,q) > 0, then the theorem is

proved by contradiction as:
* dV — _ * ‘
1. Suppose 3 t* \ G = f(t,q) —g(t,q) >0, V ¢t >t |
PDE
2. > g(tq) < f(t,q), ¥ g(=,t) \ t>1t
3. = V(t,q) grows V t > t*
4. = |lg(z,t)|| grows V t>¢* ,since V(t,q) is continuously increasing

5. =3 @, £\ g(t,q(x,1)) > max{f(t,q(z,t)} ¥ ¢t > 1,
VeeS={z: |z <6} CQ, >0, since g(¢,¢(x,t)) is continuously

increasing and max{f(¢,¢(x,t))} < K = const., since f is bounded.

However, 5) contradicts 2) hence 1) does not hold V ¢ > #*, and consequently g(z,1)
does not grow V ¢ > {. An analogous contradiction is reached by assuming in 1) an
opposite inequality for the time derivative of V. Therefore, g(x,t) can be at most
a bounded oscillatory function since V(¢,q) is not less than a norm of g(z,t) and

Vain(t,9) < V(t,¢) < Vinax(t,9), with Viax(t,¢) < K = const., since 1) does not

holdV t > ¢t*. O




The application of this theorem can be exemplified via determination of the

well-known admissible boundary condition for a linear hyperbolic partial differential
equation. Thereafter, the corresponding boundary conditions for the full Navier-

Stokes system are established. The linear model equation is

@+u§f"-=o (3.1)

defined in the domain [a,b] X [tg,00), where u is a positive constant. The known

well-posed boundary condition for (3.1) is,

q(a,t) = qa(t) (3.2)

without any constraint at z = b, which is readily derived as follows. An admissible

Lyapunov functional associated to (3.1) is,

1 b
Vie) = / ¢? dz (3.3)
with time derivative
dv b Oq
Y —/a 9% dz (3.4)
Equation (3.4), upon substitution of %tg via (3.1), becomes
dv. b 9¢ , b 9 [q?
pr —u/a a5 dz = —u/; 5 [E] dz (3.5)

which can be integrated exactly exposing the boundary function
dVv q2 q2
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Note that (3.6) satisfies the hypotheses of Theorem 1 upon setting g(a,t) = g,(t), for
g.(t) a continuous function bounded above. Consequently, the boundary condition
(3.2) is well-posed.

Dutt’s analysis [49] indicates that a system energy functional, appropriate for the
full Navier-Stokes equations, can be derived utilizing an Euler-equation “entropy”

functional herein cast as

V(@) = o rion (£) -1og (2) + CEEM) oy P (o p (s)

where p and 7, to be determined, represent a reference thermodynamic state such

that
Vig)=(y—-1)p20 (3.8)

and

(5—3)50 (3.9)

p p

As shown in [49], V is a strictly positive and convex function that satisfies the

relation
oV of; OF;
3¢ 3¢ ~ 0q (3.10)
. ov .
where the expressions for F; and B0 are herein reexpressed as
m; _
F%=;%V@%-W—1M] (3.11)

( 3\
e\ _ p\_ (y- 1)ym;m;
7log (P) log (P 20p

Al - mi(jp— 1) ) (3.12)

_2)
P )

3Irol

(7—U(
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Herein, the Lyapunov functional is defined as

S(t) = /ﬂ V (g, 1)) dO (3.13)

and v is derived utilizing the Navier-Stokes equations (1.1) as follows. First

ot

Vo VoL VI

- = 14
O0¢ 0t  O0q Oz; Oq Oz; (3.14)
hence,
oV 0V Of; 0q 6_V<9fj‘-’ _
ot + Oq O0q 8z; Oq Oz; 0 (3.15)
whereupon, using (3.10)
ov ~OF; 0oV Ofy
5 + 9z, T B, 0 (3.16)
Consequently, the Lyapunov functional time derivative is
dS OF; 0V af/
dt _/Q <8xj ~ dq Og; at (3.17)

Integrating (3.17) via the Green-Gauss theorem yields

ds ov ., a (ovy ,,
oG] - [ (5)sm o

Since the domain integral in (3.18) is proved positive in [49], its elimination form

(3.18) yields the following inequality for the time derivative of S

ds m; -
i S " hep (V@ - (- 1)p)dr
+ ¢ (y- l)znﬁa;'n dar’ +){ (y—-1) p_¢ Pe_la—Tn- dl’ (3.19)
a0 pp 7 a0 P p Or; 7

For 0Q = 0Qin U ORuan U 0y, where 09, OQyen and 89,y are the boundary

segments along which m;n; < 0, m;n; = 0 and m;n; > 0, respectively, expression

(3.19) becomes, in expanded form




ds

dt ‘/mm P ~2n;(V(q) - (v - 1)p)dl
aT

+ ( - 1) a,]nj dl’ +/ (7 — 1) (— - 127) Pe"laTjnj dl’

i

—/8 Zin, (V(Q) (- 1)P) dr +/ ?’TZ{ oijn; dl’

Qwall P wall

+fo (-1 (E - _) Pe -1 nJ dT — /Q . ~In; (V(g) = (v = 1)p) ol

pm 0T
-2 — - -t —n; dI' (3.2
+/mm('y 1)5 p a,]nJ dl’ + /Qwt 1) (Z—’ p) Pe az; n; (3.20)

Inequality (3.20) is instrumental for deriving Navier-Stokes system boundary
conditions that satisfy the hypotheses of Theorem 1, and thereby guarantee solu-
tion stability in the sense of bounded energy. Note that (3.20) depends upon the
momentum flux, deviatoric tractions and heat flux, in direct correspondence with
the analogous terms in the weak statement (2.8)-(2.10). Consequently, the extracted
boundary conditions constrain the values of these terms and are directly enforceable
in (2.8)-(2.10). Note also that expressing p, via the state equation (1.14), leads to

the equality

. Sins(V(9) = (1 - 1p) dr = ;

) (22Emm) 22)

Qin p p

(3.21)
which is instrumental in the derivation of admissible inlet conditions.

The function g¢(t,¢) of Theorem 1 can be identified as

ota@1) = [ Tin(Vig) - (v~ 1)p) T (3:22)

out




while the function f(t,g¢(x,t)) corresponds to the sum of the remaining integrals.
The following Navier-Stokes boundary conditions prevent the positive growth of
these integrals. Importantly, they revert to admissible boundary conditions as
Re — oo for Euler equation system.

Subsonic inflow:

P = Pin
E = E
oiyn; = [aij%i55+gi] (3.23)

where sf , 1<k <n-—1,is the tangent unit vector resolution in the kt" coordinate
direction on dI' with unit normal n;. Note that the third expression in (3.23) con-
stitutes a Robin mixed boundary condition statement for the momentum equations
for any finite Re. The rank of the matrix {a:, a2, g;] must be n — 1, so that (3.23)
reduces to n — 1 boundary conditions as Re — oco. Further, the matrices a;; must
be bounded negative definite and g; must be a bounded function. This choice is
valid since for subsonic flows

imy -1
mim < vp, hence mym; < %EP (3.24)

Consequently both m;n; and T are bounded since both p and E are constrained.

Supersonic inflow:

P = Pin




(m;) = (mj), (3.25)

This choice is valid since it leads to bounded inflow integrals in (3.20).

Wall boundaries:

min; =0 , inviscid flow
. 10T ,
m;j=0Vy, (aT + E%) =gy , viscous flow (3.26)

where a < 0 and g7 is a bounded function. Note that in either instance, (3.26) leads

to bounded surface integrals on 9Q,,1; in (3.20).

wal

Concerning outflow boundary conditions, these must lead to a positive function

(3.22) as required by Theorem 1. The function is herein cast as

o(ta@ )= [ mn, (vlog(§>—log<§)+(7—1)§—§-—7) ar (3:27)

out

and is positive if the expression in parentheses remains positive, since (m;n;)ou: > 0.

This requirement is met if the following sufficient conditions are satisfied.

log (%) >1, ¥ pout (3.28)
log (11:2) >0, V pou (3.29)
Hence
p < %ﬁ (3.30)
P > (Pmax)ous (3.31)
where e=2.718.... . The constraint on p is evidently satisfied without any additional

Mach number-dependent specification on outflow density. Conversely, the constraint
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on P is met for subsonic outflows when a surface traction / pressure boundary
condition is imposed. This is detailed in the sequel, where suitable specifications
are introduced that contribute to the positivity of (3.27), and to the boundedness
and/or negativity of the remaining outflow integrals in (3.20).

Subsonic outflow:

(pbi; — oij)n; = Pour >0

1 0T
(aT+_P—e?9_E) =0 (3.32)

where a < 0. These constraints reduce to a single boundary condition on p as
Re — oo. Note that the constant P in (3.29), and (3.31) exists since p,u¢, hence

(Pmax )4y, 1S constrained.

Supersonic outflow:

oin; = 0
10T

where a < 0. These constraints also vanish identically as Re — oo, and the constant
D exists since p,y decreases with increasing supersonic Mach number.

In summary, (3.23), (3.25), (3.26), (3.32), (3.33) specify admissible constraints
on the surface momentum flux, deviatoric/total tractions and heat flux vector. Note
thereby, that no steady state solution ¢ can exist if the heat flux surface integral in

(3.19) does not asymptotically vanish in time.
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"The boundary conditions (3.23), (3.25), (3.26), (3.32), (3.33) collectively prevent

the positive growth of all integrals in (3.20) except the term

Lo 5min) V(@)= (v = 1)p] dr > 0 (3:34)

which is allowed to vary. Consequently, the hypotheses of Theorem 1 are satis-
fied, and therefore the solution ¢ of system (1.1), as complemented by the derived

boundary conditions, is bounded.

- 3.1.2 Implementation of Boundary Conditions

The enforcement of Dirichlet boundary conditions on any entry g; in the state
variable g is effected by replacing the associated conservation equation with the

da:
statement 't}

= 0, and utilizing the given data as local initial conditions. The
other derived constraints are then keyed to the weak statement surface integrals in
(2.8)-(2.10). Therefore, the wall tangency boundary condition (3.26) is efficiently
imposed via deletion of the momentum flux surface integrals in (2.8)-(2.10) that
would otherwise be computed along any wall segment. The total surface traction
and heat flux boundary conditions are analogously enforced for all values of Re by
replacing the arguments of the relevant integrals in (2.9)-(2.10) with (3.23), (3.26),
(3.32), (3.33). Very likely, the efficacy of this enforcement procedure translate into

the overall monotonicity displayed by the benchmark test case solutions discussed

in Chapter 10.
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3.2 Initial Conditions

To attain a steady-state expeditiously, the state variable initialization ¢(«, to) should
model in some sense the asymptotic solution. For transonic and supersonic (M, <
3) external and/or internal flows, an isentropic initialization has yielded a stable and
efficient relaxation to a steady state for the various cases investigated. Conversely,
the efficient numerical evolution to a steady-state hypersonic flowfield about blunt
bodies requires that the initial conditions simulate, to a non-trivial extent, the sharp
entropy gradient existing across the strong bow shock. The determined appropriate

transonic, supersonic and hypersonic initialization procedures are now detailed.

3.2.1 'Transonic - Supersonic Flow Initialization

For two-dimensional confined flow problems, the computation is easily initialized
using the isentropic, quasi-1-D steady solution for p and E, with the initial distri-
bution for axial momentum, (m;),p, determined after establishing the initial values
for transverse momentum, (my),p. Expressing the quasi-1-D continuity equation
source term with the initial (m,).p, and equating it with the partial derivative of

(my)2p with respect to y yields

(ms)2p = (Mm2)q1a cos[B(y)] (3.35)

(mz)2p dA(z) _ om,

A(z) dz Oy (3:36)
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where 6(y) is local the geometric angularity. Since (m.)g1p is a function of z only,

and the variation of 6(y) is assumed to satisfy cosf = 1, then the approximate

direct integration of (3.36) yields

(my)ap =~ %%—gf—) (y —yr) (3.37)

where yr is the center plane ordinate along which m, = 0, see Figure 3.1.

A(x)

Figure 3.1: Internal Flow Domain Geometry
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Importantly, the distribution of (m,).p computed via (3.37) satisfies the wall
tangency constraint as is easily shown. Assume the geometric form is mathemati-
cally expressed as

A(z) =£(yr — y») (3.38)

where £ = 1 is the channel unit transverse width. Consequently,

e = |- ) @)
therefore
_ ___dy_B(y"yT) m — tan (m
(mudap = |- B () = b)) () (340)

which upon setting y = yp specializes to
my = mg - tan [0 (y)] (3.41)

i.e., the wall tangency constraint. Finally, the corresponding (m.),, is obtained via

(3.35) so that
(ma)ap + (my)yp = (mx)éw (3.42)
For an external flowfield problem, the procedure is analogous. Specifically, one
replaces yr with an appropriate reference level yp in (3.37) so that the values of

(my),p, as obtained with y = yr, correspond to an admissible outer boundary

distribution for this momentum component.
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3.2.2 Hypersonic Flow Initialization

A satisfactory solution initialization for hypersonic flows about blunt bodies with
bow-shock entropy rise approximation can be established via an accurate estimate
of the bow shock location in concert with the Rankine-Hugoniot shock conditions,
for pressure rise determination, and a Newtonian impact model for surface pressure
distribution [22]. The surface velocity is in turn computed using linear interpolation
from nought, at the blunt body stagnation point, to the conical flow value, at the
last body surface point. The field velocity is then determined via interpolation from
shock to surface values. Thereafter, density and total volume-specific energy are
computed via the steady-state adiabatic flow equation. The detailed initial field
determination is as follows.

With reference to Figure 3.2, an empirical equation [22] approximating the bow

shock is

R,
z=—|R| - |6+ A+

tan? 3, R2

9 1/2
(1 + y——t—an—z—’i) - 1} (3.43)

where R is the spherical nose radius, § is the shock standoff distance, A is the z
coordinate of the nose center, R, is the bow shock vertex radius of curvature, and

B. is the bow shock asymptotic angle to freestream, as determined for conical flow

at given M, and 6..




(x,y) Missile Surface ey

A

Figure 3.2: Missile and Bow Shock Configuration

The geometric parameters § and R, for sphere-cone bodies [22] are correlated as

4 3.24
E = 0.143 €Xp (m)
R. 0.54
— = 1.143 —_— 3.44
R exp ((Moo _ 1)1.2) ( )

Therefore, for a given missile geometry, hence R, A, 6, and onset flow Mach number
M., the initial bow shock location is completely estimated via (3.43)-(3.44). The

local bow shock angle-ﬂ is then determined via differentiation of (3.43) yielding

dze. 1 Y
Iy = tenB ~ (Ri 1y tant BT (3.45)
1 1

Note that as y — o0,

- .
tanf  tanpf,

The angle § is instrumental for determination of bow shock pressure rise and

post-shock velocity components as follows. With reference to Figure 3.3

69




-
-

Vo

-

Figure 3.3: Shock Segment and Representative Velocity Vector Resolution

the Rankine-Hugoniot jump conditions are

Ds _ Poo 27 2 in2
VI T VZ (1 + 37 (Moo sin’ § — 1)) (3.46)
2(MZsin?fB -1
2o 1o ( ) (3.47)
Voo (14+7)ME,
2 (M2 sin’ 8 — 1
o _ 1 ( 5-1) (3.48)
Voo tanf  (1+7)ME
and sin? § is available from (3.45) as
.2 1
sin® 3 = VAR (3.49)
(rs) +1

Therefore, for each abscissa = of a grid point P = (z,y), see Figure 3.2, the ap-
propriate values of ys (the shock ordinate) and yp (the body surface ordinate) are

determined. The value ys is computed via (3.43)-(3.44). Thereafter, tan § is deter-

mined via (3.45) and, consequently, the shock jump data Pof;/fo , %, {7),::, across
the shock are established via (3.46)-(3.48). Subsequently, the values for pV2 , -Vﬁ—,
PooVeo Voo
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L, are calculated via interpolation from the shock values to the surface pressure
o0

and velocity.

The surface pressure is initialized using the Newtonian impact model for the

surface coefficient of pressure

C, = 2sin’# (3.50)

Consequently, using (3.50) the surface pressure distribution is

p P .
(pooV;‘;) = P + sin 4 (3.51)

for given 6 and onset flow conditions, pe, Poo, and V.
The non-dimensional body tangent velocity component V, is determined via

linear interpolation from the stagnation point value, at s, to the conical value Vi,

at L, thus V; at (z4,ys) is

Vi = (:Eb—:b‘,) - VL (3.52)
T — g
. Up Up .
Hence, the cartesian components R and o are determined as
Up
Vo= Vi(zs) - cos 8(zp, ys) (3.53)
Vp .
Vo= Vo(zs) - sin 6(zs, ys) (3.54)

Therefore, for a given onset flow condition My, and V,,, and missile geometry, hence

V1, and 6, the body tangent velocity component resolution is determined.

. U v .
As soon as the intial values of —2 , are computed, density P and

V2 Vo Vio Poo

are determined for a steady state adiabatic flow.

volume specific total energy 2
o0 7 oo
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In these conditions, the constant total enthalpy
2¢,Too + V2 = 2¢,T + V? (3.55)

and the ideal gas law p = pRT yield

2y P
L 11 PV (3.56)
poo 2 Pw ) 4 (1)2
7—-1\poV2 Voo
which allows straightforward computation of density. Then, - 1s established
via (1.14) as
E 1 D 1p (u>2(v)2
PV 71— 1pV2 T 20 [ V) \W (8:57)

Finally, a convenient real-gas hypersonic flow initialization is assumed to coincide

with an ideal gas hypersonic steady-state for the same configuration.
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Part 11

Finite Element

Semi-Discretization




Chapter 4

Hyberbolic System
Semi-Discretization

The theory formulated in this chapter yields a minimally dissipative, spatial semi-
discretization procedure for general non-linear dominantly hyperbolic conservation
law systems in arbitrary curvilinear coordinates. The analytical developments pro-
ceed from the pivotal notions of approximate solution accuracy and boundedness,
hence elucidate the unambiguous relation of these solution attributes with flux
vector splitting constructions. The classical characteristic analysis developments,
thus far the sole province of upwind schemes, are then generalized for dissipative

curvilinear-coordinate integral statement synthesis.

4.1 Analytical Solution Boundedness

The fundamental relation between solution boundedness and the eigenvalues of an

hyperbolic system flux vector jacobian is exemplified in this section through deter-
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mination of the analytical solution for the representative conservation law system

dg Of
ke S T 1
3t+6x 0 (4.1)
o , 1

4.2
5 T45, =0 (4.2)

0 o .
The analysis focuses on a jacobian matrix A = of that exhibits the properties
9q

1. A is constant
2. A possesses real eigenvalues and a complete set of eigenvectors X

The first property allows determination of a closed form solution, while the second
is inherent in the definition of a hyperbolic system [20]. Both properties then
permits identification of (4.2) with the linearized Euler equations that satisfy such
an eigenvector property. The matrix A in (4.2) is then restated using the similarity

transformation

A=XAX" (4.3)

where the diagonal matrix A contains the real eigenvalues of A. Inserting (4.3) into

(4.2) yields

a— -1 a"‘ _
5 + XAX B 0 (4.4)
Hence
5 (XD +a5 (X77) =0
Bq aq _ . . v—-1—
3t +A6m 0 ; ¢=X77g (4.5)

since X is a constant matrix.




A solution for (4.5), hence (4.1), can be expressed in the form

q(z,t) = v(t) exp(Jwz) (4.6)

In (4.6), 7 = v/—1 denotes the imaginary unit, éw_ corresponds to the representative
T

Fourier frequency, and v(t) is an array function of time only, to be determined.

Insertion of (4.6) into (4.5) yields

exp(jwm)dzgt) + jwAv(t)exp(jwz) =0 (4.7)
Consequently
dz;_(tt) + jwAv(t) =0 (4.8)

The solution of this first order ordinary differential equation system defining

v(t) can be cast as

v(t) = i crexp(—Jwst) (4.9)

=1

where m is the number of entries in v(t), A is the representative eigenvalue in A,

and ¢, are the eigenvectors of the diagonal matrix A expressed as

( Y ( 3 ( W
1 0 0
0 1 0
0 0 1

\ / \ / \ /
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with b indicating an arbitrary scalar constants. Insertion of (4.9) into (4.6) yields

the solution ¢(z,t) as

g(z,t) = ) crexp(—jwhet)exp(jwe)
=1

= S een(ju(z - ) @11)

which leads to classical characteristic speed interpretation for the eigenvalues ),
owing to the explicit presence of the argument (z — A; - t). The terminal solution
g(z,t) is then

=X icz exp(gw(z — Aet)) (4.12)

As a key analytical feature, the argument of the exponential remains imaginary
for any value of the real eigenvalue A4, either non-negative or non-positive. Thus, the
solution ¢(z,t) remains bounded at all times, and expresses the constant amplitude
propagation of the initial exp(jwz) = cos(wz) + j sin(wz) waves in the positive
and negative z-axis direction, for positive and negative eigenvalues respectively. Of

theoretical significance, the solution of the parabolic perturbation to (4.1)

o7, 07 1097 _
= T A5~ 5op =0 (4.13)

also remains bounded at all times, and exhibits an analogous wave propagation
character, but with an exponential amplitude damping dependent upon the inverse

of the Peclet number Pe as follows. System (4.13) is recast using (4.3) as

% A

9¢ _19%4q_
ot Or PeQz?

=0 (4.14)
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whereupon inserting (4.6) into (4.14) yields

exp(ij)dz(tt) + (ij + -;-Z—I) v(t)exp(jwz) = 0 (4.15)
and I is the identity matrix. Consequently,
-(%Q + jwhAo(t) =0 (4.16)
where the diagonal matrix A is
A=A+ ;%I (4.17)

In analogy with (4.8)-(4.9), the solution of (4.16) is then

o) = 3 crexp(—juit)

=1
oo 2))
= ceexp | ~jw —
=1 e J ‘ ]PC
w2 m
= exp (——— -t) Y crexp (—jwit) (4.18)
Pe £=1

Therefore, the solution ¢(z,t) of (4.14) is

2

g(z,t) = exp <—-%—é— . t) -g:q exp(Jw(z — Aet)) (4.19)

which displays the indentical wave propagation structure of (4.11), even though
the wave amplitude undergoes a time damping through the exponential function
exp (——;—J,Z . t) with argument proportional to the inverse Peclet number.
Therefore, any approximate solution to (4.1) or (4.13) is accurate when it ex-
hibits an analogous wave-propagation structure, with either minimal amplitude de-

cay, in the case of a purely hyperbolic system, or a high fidelity amplitude decrease
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for a parabolic perturbation. Finally, considering that for a two-point boundary

value problem a real solution of (4.13) contains components of the form

w

e = v+ (o (2]
exp ( : ) ~1

2
+ aexp —% : t) ssin{w(z — Agt))
OS:ES?Z-T- : V a=const (4.20)
w

an accurate approximate solution is indispensable for the quality resolution of

boudary layer structures inherent in the steady part of (4.20).

4.2 Semi-Discrete Solution Boundedness

The semi-discrete solution boundedness critically depends on the sign of the charac-
teristic eigenvalues A;, as developed in this section for representative second order
semi-discrete schemes. Therefore, the two cases of uniform sign and mixed sign
eigenvalue sets are appropriately detailed.

For a unified tratment of upwind and centered spatial semi-discretization schemes,
and accurate semi-discrete equation consistent with (4.5) and (4.13) is obtained by
a centered semi-discretization of a “companion conservation law system” associated
with either (4.5) or (4.13). As developed in Section 4.3, the companion system
augments (4.5) or (4.13) with a variable coefficient, characteristic-based dissipation
mechanism, such that the centered semi-discretization of the terminal system yields

the classical upwind or centered scheme for (4.5) or (4.13), depending on a dissipa-
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tion coeflicient specification. As exemplified in the following sections, the specific
requirement of a characteristic based dissipation totally eliminates the need for any

“foggy” empirical and trial-and-error numerical damping.

4.2.1 Uniform-Sign Eigenvalues

System (4.5) is expressed as

24+ L -9 (4.21)

dq, 0 (dq _ 0 (of
— AT = (—AT) = —’a—T' ('a—mAT

_ 0 (0500, \_ 0 (o1’ 5,0
T or (aq aTAT) T or ((Bq) AT@:I:) (4.22)

2
Therefore, the presence of the positive-eigenvalue matrix (6_) leads to a dissipa-
q
2
tive operator, expressed in the form SLsgn(A) =, as developed in Section 4.3.

Ozx?’

Hence, the companion conservation law system associated with (4.21) is

9 , 0f f _
o T 35 ﬂﬁsgn(A)aac2 =0 (4.23)

The spatial semi-discretization of this system then yields an equation system consis-
tent with (4.21) with accurate and bounded solution. The dissipation mechanism in
(4.23) is characteristic based because it utilizes the second derivative of the flux vec-
tor f, as multiplied by the unique sign sgn(A) of the eigenvalues ),, for the uniform

2
sign hypothesis. Further, since sgn(A)ga:%c = 6% ((sgn(A)g—th) -gi), non-negative
T
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dissipation is induced in the companion system through the non-negative-eigenvalue
matrix (sgn(A)g—f). Finally, 8 is a positive parameter, and L is a reference length.
q
For the model system (4.5), the companion system (4.23) simplifies to

91 , 0 &g _
5 + A(? - [ﬂ:sgn(/\)./\.aa72 = (4.24)

With reference to a uniform semi-discretization of the z-axis with mesh spacing Az,
L logically coincides with Az, and the classical second order centered scheme for

(4.24) is

dqi(t) giv1 — (Qz+1 & %~ Qi-—1> _
o + A 2A — PBsgn(A)A ~ . =0 (4.25)

Thereafter, a convenient algebraic rearrangement of terms in (4.25) yields the final

expression for analysis as

dq,(t)
dt

(1 2sgn (A)ﬂ)q'“ L+ zsgn(A)ﬂ)q’ 1l 20 (4.26)
Significantly, (4.26) expresses a linear combination of a downwind and an upwind
scheme. Thus, 8 = 0.5 yields the classical fully upwind scheme for (4.5), depending
on sgn(A), while 8 = 0 corresponds to the centered scheme.

In direct analogy with the continuum expression (4.6), the solution of (4.24)-

(4.26) is expressable as
gi(t) =v(t)exp(gk-i) ; 0Lk=wAz <7 ; 1<i<M (4.27)

for M discrete node points. Insertion of (4.27) into (4.26) yields

dz_(tt) - —%;v(t) (1 — 2sgn(A)B)(exp(jk) - 1)
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+(1+ 25n(A)9)(1 ~ exp(~5F))]
~ s a=o(t) [(exp(j) — exp(—3)) + dsgn(A)8

—2sgn(A)B(exp(j k) + exp(—jk))] (4.28)

I

Consequently

dv(t) 4 2sgn(A)B(1 — cos k) N Jsink
dt Az Az

Av(t) =0 (4.29)

The direct comparison of this fundamental ordinary differential equation system

with its fully continuous counterpart (4.8) i.e.,

2 4 ko) = 0 (4.8)

reveals that the spatial semi-discretization modifies the imaginary unit coefficient
and induces the real term 2sgn(A)B(1 — cos(k))/Az in the multiplier of A, which

engenders wave amplitude modifications. The solution of (4.29) is

o(t) = gc, exp (-Ag (2sgn(A)ﬂA(i —cosk) g ZI;’“> t) (4.30)

Inserting (4.30) into (4.27) yields the solution ¢;(t) as

N e _y [2sgn(A)B(1 —cosk) = jsink . .
a(t) = zz:;qexp( /\e( Az + Az )t) exp(j k1)

$ oo (AL o) (5 o, 3, S22 ))

Az wAz
(4.31)

A further direct comparison of this semi-discrete relation with its fully continuous

counterpart (4.11)

g(zi,t) = gjcl exp(Jw(z; — Aet)) (4.11)
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shows that the spatial discretization triggers emergence of the dissipative term

d = exp (_ 2Agsgn(A)ﬂ(g; cos(wA:c))t) (4.32)

in the approximate solution, and forces the semi-discrete characteristic speed

S = A sin(wAz)

_ 4.33
A¢ Az (4.33)

to differ from A, in the form of a dispersive error. Expression (4.32) is certainly
dissipative since the real exponential argument is constantly non-positive, while the
dispersive error induces a wave phase modification. These conclusions derive from
the inequalities

Ae-sgn(A)>0 ; 1-—cos(wAz)>0 (4.34)

sin(wAz)
WY P e’
Ad wAz

< A (4.35)
It follows that (4.31) remains bounded at all times for any non-negative value of 3.
Further, the exponential in (4.32) is constantly less than one, while the semi-discrete
characteristic speed does not coincide with ;. Hence, the semi-discretization error
manifests itself as a wave-amplitude reduction and characteristic speed modification.
Therefore, an accurate semi-discrete solution is achievable only when the wave-
amplitude attenuation and the characteristic speed alteration are both minimized.

This minimization is partly achieved using a refined mesh with Az — 0, since by

the De L’ Hospital rule

lim 1 — cos(wAz)

Aim g =w Al;r_r'lo sin(wAz) =0 (4.36)
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: sin(wAz)
wkﬂo A[W = /\g . (437)

hence both the dissipation and dispersion errors converge to zero. Therefore, for
vanishing Az and arbitrary non-negative finite value of 8 the semi-discrete solution
(4.31) reverts to (4.11) by virtue of (4.36)-(4.37), thereby verifying for the represen-
tative case the validity of the companion conservation law system procedure. Note
that a 8 > 0 is indispensable to annihilate the finite arithmetic round off errors.
Whereupon, only 8 > 0 can generally promote stability as shown in Sections 5.61,

5.52.

4.2.2 Mixed-Sign Eigenvalues

When the eigenvalues in A have mixed signs, then sgn(A) is no longer uniquely
defined, since no uniform eigenvalue sign can exist in this case. If sgn(A) is set
to +1, then (4.32) is dissipative for the positive eigenvalues, but certainly anti-
dissipative for the negative eigenvalues, and vice-versa if sgn(A) is set to —1. This
situation is resolved by the flux-vector splitting procedure that provides separate
flux vector components with uniform eigenvalue-sign jacobians. The representative
developments of the preceding section then directly apply to the semi-discretization
of each flux-vector component in the governing equations.

Thus, the flux vector splitting, companion conservation law system is

Oqg & o%f1 9% f?
aq + a—i - BL (sgn(Aq) 6a:f2 + sgn(AP) 6zf2 ) =0 (4.38)

In (4.38), the flux vector decmposition into components f? and f? is arbitrary,
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subject to the consistency requirement

F=fit (4.39)

FYi
Further, the diagonal matrix A??, which denotes the eigenvalues of —— and —6%

Jq

respectively, have entries of uniform sign.
For the model system (4.5), the companion system (4.38) simplifies to

2
%tg + AQ]- ~ BL (sgn(Aq)Aq ¢

2
+ sgn(AP)AP6 q) =0 (4.40)

A=A+ A? (4.41)

The representative uniform-spacing second order centered scheme for (4.40) is

dgi(t) g it1 ~ i1 A\ Ag <Qi+l O Qi—l)
dt + A 2Az — sgn(ATA%S Az Az

+ A,,‘Ji+;;;14—1 — sgn(AP)A?B (qiﬂA; % _ &% ;ii‘l> =0 (442)

which, after a convenient algebraic rearrangement of terms, becomes

dg; A? La 2 S i
ngt) = [(1 — 2sgn(A?)B )%ﬂ +(1+ QSgn(Aq)ﬁ)%]
A? [(1 _ 2sgn(Ap),3)q'+l % +(1+ ZSgn(A’E’)ﬁ)qt Zﬁ ] =0

(4.43)

This expression again corresponds to a linear combination of downwind and upwind
semi-discretizations. Thus, for § = 0.5, (4.43) supplies the classical flux-vector split

fully upwind scheme, depending upon both sgn(A?) and sgn(A?).
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In direct analogy with both (4.6) and (4.27), the solution of (4.43) is expressed

as

g(t) =v(t)exp(jk-¢) ; 0<k=wAz<7 ; 1<:<M (4.44)

Inserting (4.44) into (4.43), and invoking the developments of the previous section

yields
dv(t) . 2sgn(A?)B(1 —cosk) gsink
dt + Al [ Az + Az
2sgn(AP)B(1 — cosk) gsink
p =
+  APo(t) [ Ao + Az 0 (4.45)
The solution is
i 2sgn(A?)B(1 — cosk) = jsink
t) = Y
v(t) lzzml C €Xp ( by ( o + s t
- 2sgn(AP)B(1 — cosk)  gsink
—A) 4
b o (o (Fmmt i) )i

with my — m; + 1 and my — m3 + 1 uniform-sign eigenvalues, such that 2 + my4 +

Mgy —my —m3 = m. Insertion of (4.46) into (4.44) yields the terminal solution g;(?)

as
0 = 5 (S et 5, it
5 o B 03 o)
(4.47)
The expression dj” in (4.47), i.e.,
&7 = exp (_ ZAZ’psgn(A”’)i(i - cos(wa))t) (4.48)
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is certainly dissipative, since the exponential real argument is constantly non-

positive by virtue of
AP -sgn(A9P) >0 ; 1-—cos(wAz)>0 (4.49)

Therefore, also in this case (4.47) remains bounded for any non-negative value of 5.
The companion system procedure also leads to an accurate approximate solution

for the parabolic perturbation (4.14). In this case, the companion system is

g 01 _ e 2 arde) _ 1 0% _
50 +A3x BL (sgn(A JAT— 507 +sgn(A )A 507 Po a2 =0 (4.50)

As detailed in Chapter 5, an accurate spatial semi-discretization consistent with

(4.14) is achieved using the classical Galerkin finite element integral statement

Oq _3_q q 82 4 & _1_& = |
v (at—i—Aa —ﬂL(sgn(A) 1o (AN | - 522 ) da =0

(4.51)

Hence, the corresponding semi-discrete statement is

Oq dq"
/mw (6t +AS- >d9+
Ow?

dq* th 1 6q
L q g3 p P
- (ﬁﬁ (sgn(A A % + sgn(AP)AP— o + = Peds dQ = 0(4.52)

where Q* € R! is the cartesian solution domain. For the representative linear trial

and test space w!, statement (4.52) yields

ldgi-y(t) | 4dg(t) | 1dgis(t)
6 dt 6 dt 6 dt

di+1 — gi-1 1 Gi+1 — G G — Gi-1
e
t 2A sgn(AT)ATS + 2AzPe Az Az

gi+1 — Gi 1 Gi+1— G i — Gi-1
i (o i) (M55 - 150) -
t 9Az sen(ANB + o I\ Ag Az 0

(4.53)



which, after a convenient algebraic rearrangement of terms, becomes

ldgia(t) | 4da(t) | 1dgn(t) _
6 dt 6 di 6 dt

5 [ - 2smm(anan BT L 4 (4 2sgn(an)pn i

7 Az
5[0~ 2egnAn)B EEE 4 (14 2sga(anin I I — 0 (454)
2 Az Az
where
- 1
P — g0y )92 ~1 |
BTP = B+ (2sgn(A?P)ATP) AoPe (4.55)

Inserting (4.44) into (4.54), and invoking the developments of the previous section

yields
dv(t) ] 2sgn(A9)B4(1 — cosk) jsink
it Ato(t) [ Az T Az
2sgn(AP)GP(1 — cosk)  jsink
p —
+  APo(t) l . + e | = 0 (4.56)
. = 2 + cos(wAz) (4.57)
3
with solution
2sgn(A?)B9(1 — cos k) _7 sink
t) =
v(?) ,_zm:l o4 exp ( ( alAz aAz !
- 2sgn(AP)BP(1 — cosk)  jsink
_\P
+ g:Xm:S cr€xp ( Ay ( Ax + Aa t (4.58)

Therefore, the solution ¢;(t) is

W) = g’: exp ( 2)\qsgn(A‘1)ﬂ‘I(1 —cos(wAa:)) ) crexp (j ( a /\qsm(wAz) >)

e aAz awAz
< 2X8 P)GP(1 - i

Y e ( 7sgn(A )ﬂa(Alx cos(wAa:)) ) crexp (jw (mi _X SH;E:)AA;)t)>
=mg3

(4.59)




Inserting (4.55) into this expression yields the terminal solution

w2 - WAT
g(t) = exp (-ﬁz(l a(ioz(z)f ))t)

2 2Xisgn(A9)B(1 - A . sin(wAz

S exp (_ 7sgn( )ﬁa(Ax cos(w w))t) crexp (w <x'. _ ,\g—aim—)t»
f=m,

w? 2(1 - cos(wAz))
+oexp <_ Pe  a(wAz)? b x

i 2 Psgn(AP)B(1 — A ) sin{wA

Z exp (__ tsgn( )[Z(Az cos(w z))t) C¢ exp <]w (z,' - Agﬁt))
{=mg3

(4.60)

which also remains bounded at all times for any non-negative value of 3.

Of theoretical significance, the time derivative integral (mass matrix) in the
Galerkin statement (4.52), induces the exponential argument divisor a which dras-
tically reduces the (finite element) dispersion and natural diffusion errors in com-

parison to those associated with the classical finite difference analogue since

3 sin(wAz) _ sin(wAt)
> . > .
12 2 + cos(wAz) wAz T wAz (4.61)
3 2(1 — cos(wAx) 2(1 — cos(wAz)
— . <I|1- .
! 2 + cos(wAz) (wA)? - '1 (wA)? (462)

Hence, the total dissipation in (4.60) is comprised of the natural diffusion with
argument %, and the semi-discretization damping with argument 3. Therefore,
an accurate solution is achieved when the semi-discretization damping does not
overwhelm the natural diffusion. This condition is certainly achieved for any value

B = O(1), using an appropriately refined mesh, since

w? 2(1 — cos(wAz)) K w? . sin(wAz)  w?
wAz—0 Pe  a(wAt)? " whzm0 aPe  whzmo (wAz) ~ Pe

(4.63)
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is finite and converges to the continuous dissipation argument in (4.19), whereas

the semi-discretization damping vanishes under the same conditions, since

. 1—cos(wAz) . 3 : :
— - . = 4.64
wkaIcI—l-»o alz w wk:?—l»O 24 cos(wA:z:) wlAlﬁo sm(wa) 0 ( )

Further, for a fixed 8 and owing to the mass-matrix divisor a, the finite element
damping in (4.60) is larger than the corresponding finite difference form in (4.48).
Consequently, the finite element statement (4.52) yields a given dissipation mag-
nitude with a smaller value of 8 which in turn leads to a more accurate semi-
discretization.

In conlusion, for any non-negative value of 8 derivations (4.40)-(4.60) show that
for the representative hyperbolic system (4.5) and parabolic perturbation (4.14), a
bounded semi-discrete solution is achieved in the general mixed-sign eigenvalue case
using a dissipative semi-discretization of the flux vector splitting systems (4.40) or
(4.50). Also in this case, the semi-discretization induced dissipation and dispersion
are reduced using a refined mesh, by virtue of relations (4.64), (4.37). Hence,
the semi-discrete solutions (4.47), (4.60) also revert to their respective analytical
counterparts (4.11), (4.19), which corroborates the utility of the companion system

approach.

4.2.3 Fully Upwind and Companion System
Semi-Discretization

The bounded approximate solution (4.60) is achievable with a general upwind semi-

discretization of (4.50). For a finite (“small’) Az, the classical finite difference,
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fully upwind scheme dissipation (d}”), is obtained from (4.60) setting 8 = 0.5 and

a=1 as

AiPsgn(ATP)(1 — cos(wAfL‘))t) (4.65)

(d77), = exp (— o
which corresponds to the maximum of (4.48) with respect to . Note that an identi-
cal expression is obtained for this semi-discretization of the Euler equations subset
of (1.1) with frozen jacobian. Therefore, the entire fully-upwind scheme philoso-
phy, with or without flux vector splitting, is mathematically predicated upon the
important notion of dissipative semi-discretizations leading to bounded solutions,
independently of the common “more-physically-accurate-procedure” statements.

In this connection, attributing a specific physical meaning to (dj*), is a diffi-
cult issue, since this term is totally absent in the continuum solutions (4.11) and
(4.19). Therefore, fully upwind schemes, with or without flux vector splitting, are
important, not because they “more appropriately” represent wave propagation phe-
nomena, but because a spatial semi-discretization in the direction opposite to the
characteristic direction yields a bounded-solution dissipative scheme, even though
the intrinsic dissipation, which depends upon the flux vector jacobian eigenvalues,
is absent in the analytical solution.

Of theoretical significance, flux vector splittting procedures are totally indepen-
dent of any upwind semi-discretization, their sole purpose being the identification
of component fluxes with uniform-sign eigenvalue jacobians. Whereupon, the semi-

discretization of the derivatives of these component fluxes leads to a dissipative




expression in the terminal equations, with magnitude depending on the specific
semi-discretization scheme. For a fixed Az, fully upwind scheme theories then pro-
mote induced-dissipation reduction using either a sophisticated extrapolation pro-
cedure, a limited (“clipped”) anti-diffusive flux, or a higher order semi-discretization
which expands the computational stencil one-sidedness.

Conversely, the companion conservation law system semi-discretization proce-
dure can attain a minimally dissipative semi-discrete scheme within the second order
centered stencil without any extrapolation technique. Considering that the induced
dissipation d?? (4.48) is directly proportional to f, dissipation reduction is attain-
able for suitable values of 8 < 0.5, with a rigorous selection procedure detailed in
Section 5.6. The terminal scheme then retains a directional bias character.

The theoretical derivations in Section 4.2 focused on a 1-D uniform semi- dis-
cretization for a linear hyperbolic/parabolic perturbation systems, and led to conve-
niently interpretable results. However, for multi-dimensional curvilinear coordinate
semi-discretizations of non-linear systems, the clear identification of an effective flux
vector splitting, fully upwind truly multi-dimensional formula becomes algebraically
rather involved. The derived companion conservation law system procedure con-
siderably simplifies this task, as detailed in the next section, and leads to an ele-
gant generalization of flux vector decompositions to obtain the directionally-biased

Galerkin integral statements discussed in the next Chapter.
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4.3 Companion Conservation Law System

The approximate solution of non-linear and multi-dimensional hyperbolic conser-
vation law systems, like the Euler equations, requires a robust dissipative semi-
discretization compatible with attainment of accurate solutions. This requirement
exists since a non-dissipative convection term spatial semi-discretization may yield
an unbounded dispersive error mode that propagates as mesh scale oscillations
throughout the computational domain. This mode may totally corrupt the ap-
proximate solution process as well, leading to iterative divergence, especially in the
presence of shock waves, rarefactions and contact discontinuities.

To prevent this degradation of the approximate solution, the companion conser-
vation law system for general mixed hyperbolic/parabolic partial differential equa-
tion systems embeds an intrinsically non-linear multi-dimensional, hyperbolic flux
characteristic-based, positive-eigenvalue dissipation term which can lead to an opti-
mal, minimally dissipative semi-discrete statement. The induced dissipation is then
minimized, to preserve physical diffusion integrity, and kept positive, to prevent an
unbounded dispersive mode. The companion system dissipation is extracted from
the second time derivative of the term ¢ - det J, as follows.

According to the Cauchy-Kowalewski theorem [21], the solution of

O(g-det7)  O(einf;)
ot 67;;,

=0 (4.66)

exists and is unique as well as analytical, in the neighborhood G of any n-space

point, where det J and Ay are analytic. Hence, a Taylor series for ¢ - det J exists in
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G, and is expressed as

. n 2/, . " A

or or? 2
(4.67)

Therefore, the second order time derivative of ¢ - det J exists, and can be cast in

terms of 7, spatial derivatives using (4.66) as

o (aZ(q-detJ))"g_r_g(a(q-deu)g)"

or? 2 ~ or or 2

0 0 AT\" 0 0 AT\"
= 3 <—5a (ejxfi) 7) = o (—-a; (eirf3) 7)
0

1 O(ejrfi)9(g-det J) AT\"
O\ detJ g or 2

_ 0 (1, i) ATY”
B 6nk det J . 877( 2

0 1 dq AT\"
= (QTJ'A"A’('TWT) (4.68)

The matrix product AxA4, contains the positive-eigenvalue matrices (A 1<k <
n. Hence, a dissipation operator d at each time level is obtainable from (4.68) by
contracting the indices k and £.

The parameter Ar in (4.68), crucial for dimensional consistency of d with (4.66),

can be recast using the generalized Courant number definition

akAT = AT — AC&C_IE
[,& ar

Cp =

(4.69)

where underbar denotes an indicator index not eligible for implied summation.
Thus, for A7, Cj is the k™ curvilinear direction Courant number, while Ly and

ar are a parallel reference length and speed, respectively. The expression of the
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jacobian matrix Ay with a complete set of eigenvectors X is
Ay = XA X! (4.70)

Thus, (4.68) is expressed as

-9 (ar 1 _10(ejk fi)

“ = B ( 2 dets EMeXE T,
8 (AT . /[ex€ik 1 ~10(ejxf5)
I Bl X a2l ds 71
Ok ( 2 detJ Xk‘(dejlc_ej_/gAk‘) k O (.7)

The factor ,/€;5€;% is associated with (4.71) for eigenvalue dimensional consistency

VAZ1.1513
det J

as follows. If the curvilinear coordinates 7, are dimensionless, then the term

is always homogeneous to the inverse of a length, whereas is always homo-

€jkCsk

geneous to a speed. Conversely, if the curvilinear coordinates 7, are dimensional,

then \/€ik€ik A

becomes a dimensionless term, whereas
det J \/€ikCik

remains homogeneous

to a speed. Consequently, the eigenvalues of are dimensionally appropriate

V/€ikCik

as reference speeds for the Courant number in (4.69). Likewise, the reference length

can be chosen as

c (4.72)

where L is a single scalar parameter, homogeneous to a length when 7; is dimen-
sionless. For the case of uniform sign eigenvalues, the reference speed is selected as

" the absolute value of the trace of A . Thus
€jkCik

ag = [tr] = |tr (Ae//Erxess) | (4.73)
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leading to the A7 replacement

det J
LCy
T (4.74)
tr (Aw/ /exes) |

Insertion of (4.74) into (4.71) yields

- 0 (.Cy Ay ) - a(ejkfj))
d = — I L—=X = X
oni ( 2 & (|tr|\/6jkej& ko

_ 0 g |Ak| - a(ejkfj)
= o ( Sg“(A’“)X"(|tr|f—e]keﬂ)X1 o ) (+.75)

where the terminal diagonal matrix in

IAk| -1
A X 4.76
=% (Itrlve]ke]k k ( )

has positive eigenvalues. Furthermore, this diagonal matrix clearly satisfies the

norm inequality

< ] (4.77)

( | Ak )
|trl\/€jxe5E
where I is the identity matrix. Therefore, d is simplified by replacing the diagonal

matrix in (4.76) with the identity matrix , owing to (4.77). This yields

(Lﬂsgn(AngIkX;l—a(e""f"))
2 - = 877&

( (A_)B(e,kfj))

(wsgn(z\ %) (ef"f’)) (4.78)

°>|Q,§>|Q,§>|Q,
bl x

which corresponds to the multi-dimensional, curvilinear coordinate generalization

of the cartesian term in (4.23). Of theoretical significance, the reference speed
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specification (4.73) induces in (4.78) the non-negative eigenvalue dissipation matrix

(sgn(A_) Aeirt; )) with uniform-sign eigenvalues.

0 (e f5)
o

is utilized and the contravariant flux (e;xf;) is decomposed in analogy to (4.39) as

If the eigenvalues of 4; = have mixed sign, then flux vector splitting

eirfi = ejnf] + e f] (4.79)

such that the jacobians of the component fluxes have uniform-sign eigenvalues.

Consequently, the flux vector-splitting generalization of (4.78) is

~ 0
=5 (cﬂg(A)

i S a(ejka)
* T (ﬁﬂ n(Ap) =5 ) (4.80)

O(eje f3)" )

where the diagonal matrices A%? contain the eigenvalues of (e;rf;)*" respectively.

Expression (4.80) is further recast to

N 0 6(eka.7) 89>
d = sgn
o (L'ﬂ gn(Ap)——— 94

817k
0 (e fi ) 3(1)
+ =L AR)—L=2 4.81
6m( pogniap ALl 1 (481)
and considering that the matrices
R . £.)9P
AP = sgn(Az’p)% (4.82)

both have non-negative eigenvalues, it follows that also in this case (4.80) corre-
sponds to a dissipative operator.

The multi-dimensional curvilinear coordinate companion conservation law sys-
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tem associated with the hyperbolic system (4.66) is then

Olg detJ) O(enfi)

ot oni

LB (5‘% (sgn(A_)a(eaJ;f)q> 5 <sgn(A yRskSis (efkff) )) =0 (4.83)

Finally, the companion system for the parabolic perturbation of (4.66) is

O0(qg-detJ 0 y
(qat )+6nk(ejk(f - f)) -

o9 (2 (smmap2 gl + 2 (snap Al ))=0 @8y

These systems then lead to a directionally biased semi-discretization within arbi-

trary integral statements as shown in Chapter 5.

4.4 FEuler Equation Contravariant
Flux Vector Splittings

4.4.1 Contravariant Jacobian Matrix

The companion system derivations (4.67)-(4.82) apply to arbitrary hyperbolic sys-
tems with or without parabolic perturbation, since no specific form for the con-
travariant flux vector e;i f; has been invoked. Specific relations are now developed
for the Euler/Navier-Stokes equations, using the results of the generalized charac-

teristic analysis in Section 1.6.

O(ejx f3)
"““__aq are

Recalling that the homogeneous-gas eigenvalues of A =

e
Menpimps = 6jk71i\/6jgej&'c (4.85)




A
\/€ikEik

the diagonal matrix is expressable as

ejkm;/p
VAT117 1
ejkm;/p
v/ €ik€ik
A .
ko _ _ €jkmm;/p (4.86)
vV €ikCik \/€ikCik
+c
\/Cik€ik
ekmi/p _
\/€ik€sk
with absolute-value trace
ejxm;/p

lbr] = Itr (Ax//EEiE) | = (n +2) (4.87)

vV €ikCik

Consequently, the diagonal matrix in (4.76) becomes

A
|tr| /€x€5x
\

Ay
|tr|\/E5k€E5x

sgn(e;im; /p) 1

e (4.88)

1
1+
| My |sgn(ejem;/p)

1
1 —

\ [Milsgn(e;em;/p) /

This form clearly satisfies inequality (4.77). Further, for high supersonic / hy-

| ejkm;/p
personic flows, where | M| >> 1, (4.88) specializes to

A —
k ~ Sgn(eJﬁmJ/p) Ik (489)
|tr|\/€jk€sE n+2

‘ which legitimizes the simplification in (4.78). Of theoretical significance, for totally

‘ arbitrary curvilinear coordinates, the eigenvalues (4.85) have uniform sign if the
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magnitude of the generalized Mach number in (1.105) is not less than one. Thus,
even in a curvilinear coordinate formulation, the eigenvalues (4.85) have uniform
sign if the flow is locally supersonic for the generalized Mach number determina-
tion. For these conditions, no flux-vector splitting is needed to achieve a dissipative
scheme. Conversely, for a locally subsonic flow, hence mixed sign eigenvalues, flux
vector splitting is required to yield separate flux components with uniform-sign
eigenvalue jacobians.

Any flux vector splitting theory consistent with (4.79) is admissible in the com-
panion system procedure. As recently established [66,68], the classical flux vec-
tor splitting schemes developed for essentially uni-directional cartesian frames, and
ideal gas hypotheses, undergo a reduction in stability margin for equilibrium and
non-equilibrium real gas simulations, which may also become aggravated in straight-
forward curvilinear coordinate extensions. Therefore, the following section presents
a kinematic-kinetic flux-vector splitting specifically designed for accurate real gas
and multi-dimensional curvilinear coordinate bounded-solution dissipative scheme

determination.

4.4.2 Kinematic-Kinetic Flux Vector Splitting

An effective flux vector splitting for accurate curvilinear coordinate real gas sim-

ulations is obtained by splitting the contravariant inviscid flux vector e;f; into
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kinematic and kinetic components as follows

( 3 ( 3

€ikm; 0
eifi = eifitenf] |, enf] = Cjkmpimi-‘}’éﬁeikp 0 el = (1 —éx)eixp |
\ ejkmpi(E-*_p) J \ 0 J
(4.90)

where & is a positive partition parameter. Importantly, the explicit presence of the
metric data e;; in (4.90) allows direct accounting for the crucial effect of arbitrary
computational cell aspect ratio upon semi-discrete algorithm stability through the
contravariant flux vector component eigenvalues. This flux vector splitting, among
those published, is “closest” to the unsplit inviscid flux vector, and thus preserves
kinematic flux integrity.

Significantly, for arbitrary reacting gases and curvilinear coordinates, the eigen-

values of the associated jacobian matrices

e f?
AZE—(éqJ) , AP

O(e;x fT)
=g (4.91)

are uniquely determined in closed form using the characteristic analysis procedure

m.

of Section 1.6 as: A= ejk"p_] v (Aas =
9 1/2
(i 1=, ms (O =&, ms (9 L einc?
€k P + 9 Cik p (GE pm:: o Cik » \OE - + dkejre;ie
(4.92)

and

(=0, 00 =(-aea (5] =-EZB () (@) (a0

1
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These eigenvalue determinations are valid for any state equation, since the pressure
partial derivatives have not been replaced by any specialized relation. Therefore,
the square of the speed of sound ¢? remains expressed using (1.95), repeated here

for convenience as

3p) p (Bp) m; ( Op Op (E+p), (Op
2_ (9P) L P (9P} _mi L (22 =T (9P 4.94
¢ (ap £ p2 66 p p am] p,E aE pymy p ap mJ’E ( )

For 6§, = 1, the full contravariant flux eigenvalues have uniform sign, either

positive or negative, provided that

2 2

m; 2 2 _ (exmi/p)
eix— | >eperc” , hence (M) =-——"=2>1 4.95
(Jk P) = R (M) (ejeese) - € (4:%5)

Consequently, if the curvilinear coordinate flow is locally supersonic, then 4y is set
to one and no flux vector splitting is necessary. Conversely, if 0 < M? < 1, then
the flux vector splitting (4.90) yields eigenvalue sign uniformity for each split flux
using an appropriate positive value of the partition parameter 0 < §; < 1.
Therefore, if §; < 1 the sign of the kinematic eigenvalue coincides with the
sign of —(e;xm;/p). Concerning the kinetic flux eigenvalues, if the contravariant
component of velocity e;xm;/p is positive, then (A} )4 is always positive, while (A])s

is non-negative if

; 1-6 ; 0
() + 52 () (22) . 2
pim;
1/2

2
(1—5k)( mj)<6p) ) .
= | e;p— — + 5&6 ik€5kC (4.96)
( 2 * o - k€5
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yielding

2 2 2
(%) + -0 (o) (a—E> 2 e = 3 (o) 0o

At this point, it is possible to force (A])s to vanish for 0 < Mj <1, as in the ideal
gas van Leer scheme, or to have the same sign of (A\])4 and vanish at M? = 1. These

two cases are respectively achieved for

Op
14 (ﬁ) .

I) 6 = 1) & = M} (4.98)

thus, 0 < 6 <1 for 0 < M? < 1. Note that if the k** contravariant velocity com-
ponent is non-positive, then identical expressions are obtained for §; by enforcing
non positivity of (A} ).

The analysis supplies two unique forms for ;. Therefore, a convenient terminal

Op
14 (aE)
_ Op
2 ——
Mk + (aE)p’mj

Finally, the partition parameter §; must be a piece-wise constant function, since

expression is

8 =

(1-6)+M26 ; 0<6<1 (4.99)

the useful and convenient closed form for the eigenvalues (4.92)-(4.93) is only valid
C e .06 .\ . . .
for a vanishing jacobian -Eqé Therefore, it is crucial for algorithm consistency and

stability that expressions (4.98)-(4.99) remain constant in each and every semi-

discretization computational cell.
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4.4.3 Convection Acoustic Wave Flux Vector Splitting

A dissipative semi-discrete scheme can also be achieved for an appropriate value of

B by employing a directional semi-discretization of only one uniform-sign flux vector

component, provided that the jacobian eigenvalues of the other flux component are

equal in magnitude and opposite in sign.

This situation corresponds to developing the companion system with only one

uniform-sign eigenvalue split flux component, as obtained, for the Euler equations,

with the following convection/acoustic wave flux vector decomposition

ejefi = ejkf;'l + ejkf]p

{ W 4 3

€5k 0
T o — m; . fP = j
ekaj = ejk—plmi ’ ) ekaj = e]-kpéf &
m; m;
L —1F L ol

€

\ ik p 7 \ eJk P p J

The eigenvalues of the associated jacobian matrices

(e f?
AZE——(g;’) , AP

8(ejkf;-’)

dq

are

m:
Aq = e]-k———J

kl,n+2

—— [P (Op
Azl‘" = 0 ? Azn.'.],".*.z = :t ejkej.li (;); (-a—g

The acoustic flux eigenvalues are equal in magnitude and opposite in

the convection flux eigenvalues always have uniform sign.
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Hence, €;if] in (4.101) is an adequate component for companion system formu-

lation. Further, the convection flux vector e;irf} can be expressed as

P
m; m;
einf] =14 m ejkj =q- ejk7] (4.104)
E

consequently, its partial derivative with respect to 7y is

p p
O(ejnf]) 0 m; 9 m;
= : S = lep— 4.105
ank ank m; €k P) + m; 0771: €k ( )
\ E J \ E 7
The eigenvalues of the jacobian matrix
p
0q m; 0 m;
= |- lex— =15 m: ¢ Tk 4.106
(aq) (61k p ) dq m; <eJk o ( )
L E )
coincide with A}, whereas the eigenvalues of the matrix
p
0 m; 0 m;
(I% (6jk7> =93 m; ( a_q (6,’1;7) (4.107)
E /

are evidently zero. Thus, the associated companion system is simply based on the
lead convection term in (4.105), with e]-kﬁj- conservatively replaced by the reference
p

contravariant velocity magnitude |u|

1/2
s ms ms
|u| = (Ienfl2 + |t‘3j27]|2 + |6j37]|2) (4.108)
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. . m;
to ensure an adequate level of dissipation in regions of vanishing CjkTJ, for the

single convection flux component directional semi-discretization.

The terminal form of the companion conservation law system in this case is

O(g-detJ) 0 0q

v a —_—
G g (o (i £)) - BLg (M%) =0 (4.109)

The benchmark validations discussed in Chapter 10 confirm the efficiency of the
Galerkin algorithm for (4.109), since it leads to stable and accurate monotone solu-
tions for transonic, supersonic, and hypersonic flows. Therefore, (4.109) constitutes
a convenient and efficient companion system for solution determinations in challeng-
ing flow regimes, and is the one considered in detail for practical implementation
in this dissertation. Future investigations will undoubtedly establish the specific
utility of the companion conservation law system (4.84) for the kinematic-kinetic

flux vector splitting (4.90).




Chapter 5

Finite Element
Integral Statements

The theoretical developments in this chapter establish that the classical Galerkin
finite element integral statement coincides with a Hilbert space L, least-square error
extremization for arbitrary non-linear conservation law systems in generalized curvi-
linear coordinates. Several consistent companion-system Navier Stokes statements
are then formulated, which expose an appropriate directional bias character in gen-
eralized curvilinear coordinates for arbitrary sets of trial functions. The stability of
the terminal semi-discrete system is then assessed using a generalized Lyapunov sta-
bility analysis within an optimal metric data procedure for an accurate and efficient

algorithm.

5.1 Domain Decomposition and
Approximation Basis Functions

The discretization (* to the 5-space solution domain {)

= (Q.uo) chuad (5.1)
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is obtained by subdividing ) into M, non-overlapping finite elements, each denoted
Qe, with exterior boundaries | J¥e 8@? possibly not coincident with the outer frontier
30 of . Each n-space element {), has a constant measure (equal to 4 in 2-D).
Further, the closed set -63 = Qeuaﬁe C  contains at least one node #" of the
discretization. Therefore, a master region Qe,r is defined as the union of all closed
sets —53 sharing node «”. This region Qe,r constitutes the compact support of the
continuous nodal trial functions w(7n), 1 < r < M which attain the value one at
node ", zero at all other nodes, belong to a complete set of continuous functions,
differentiable within each Qe, and which identically vanish on all elements ), ¢ ﬁe,,
elsewhere in Q*.

Therefore, the (isoparametric) coordinate transformation [14] from the z-space

domain  onto the 5-space computational domain " is

M
z(n) = ; w}(n)e" (5.2)

where 7 spans the finite coordinate range in each {}, where wh(n) is supported. The

specific relation between the partial derivatives with respect to n; and z; follows

by direct application of (1.53)-(1.54) to (5.2). Considering that in each element Q.

the functions w?(n) are differentiable, the transformation partial derivatives exist,

hence the fundamental invariance relation (1.62) is satisfied for transformation (5.2).
O

. 0 . Cp e o
Furthermore, the metric data [ﬂ] computed with (5.2) become infinitesimal in

any element Q. coinciding with the image of a vanishing measure z-space subdomain




Q.. This conclusion follows from, 1) the relation

M ~
I:wa(n) , VYV nef, , YV e (5.3)

r=1
since w*(n) belongs to a complete set of functions, and 2) the convergence of all = to
the single constant " within the vanishing (1., since the coordinate transformation
(5.2) is continuous.

Finally, the semi-discrete approximation (g(z,t) - det J)* to (g(z,t) - det J) is
then expressed in terms of the trial function set members w”(n) using a relation

similar to (5.2).

5.2 Exact and Approximate-Solution Spaces

Let H denote the infinite dimensional Hilbert space containing the exact analytical
and weak solutions g(«,t) of (1.1). Since these solutions generally depend upon
time, the scalar field F associated with H contains the space of Lebesgue integrable
[12] functions of time a(t). Therefore, the square of the L, norm, or “magnitude”,

of any element h(x,t) € H is the function of time

V() = 1Bl = [ b (n),1)- h(z(n), 0 (5.4)

where h(,t) can be cast as an infinite series of elements of H. Therefore, the semi-
discrete approximate solution (g(#,t)-det J)* constitutes the projection of (g(z,t)-
det J) onto the finite, M dimensional and complete subspace S, C H of continuous

functions w"(n) differentiable within each {,. Thus, ¢(z,t)" is expressable as the
T ?
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finite summation

(g(z(m),t) - detJ(2(n)) )* = > wi(n)g (t)detJ” (5.5)

r=1
7R}

In (5.5), the approximate values ¢"(t) of ¢(z,t) at node “r” are time dependent

coeflicients to be determined using an appropriate error extremization constraint.

5.3 Classical Galerkin Statement

In general, the projection (g(«,t)- det J)* does not coincide with the exact solution
q(z,t) - det J. Hence, insertion of expansion (5.5) into the governing conservation

law system

0(q-detJ 0 y
(g 5 ) . - (et (£ = 7)) =0 (5.6)

with inclusion of the companion-system dissipation term (4.81), yields the funda-

mental expression

dg-detJ)* O A
ot + Oni (ejkfj)

= () + dn,t) + 5= (ea’)

+ LB (a% (sgn(Az)a(e""ff'q)h)+ 0 <sgn(Az M)) (5.7)

O I Y
8 €k vh 6 e fY
In (5.7), ——(LJ) approximates M and accrues to an expression analogous
6nk 6’I7k :

to, but not necessarily coincident with (5.5). Further, §(7,t) denotes the compo-
nent of the spatial approximation error not belonging to S, which collectively

corresponds to both the approximation of the fluxes in (5.6) and the inclusion of
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the companion system terms. Consequently, e(7,t) denotes the component of the

spatial approximation error that does belong to S%;, which may or may not coin-
cide with the total hyperbolic-system spatial approximation error, depending on the
specific approximation for the contravariant fluxes e;x f;. Therefore, e(n,t) € Sk is
expressable as

LA

e(mt) = 3 wh(m)a (2) (5.8)

r=1

where a”(t) are time dependent (error) coefficients.

Consequently, using (5.4), the square of the Ly-norm of the total error
e'(n,t) = e(n,t) + 6(n,1) (5.9)
over {1 is
£) = [ (en,t) +8(n,t))" a0

_ / (Zw )’ () +6(n,t)>2 (5.10)

This global error £(t) is spatially extremizable with respect to the coefficients
a’(t), yielding

% = 2/{5» wh (}L:; wi(n)d'(t) + 5(17,t)) =0 (6.11)

which prescribes the orthogonality of the total error ¢7(n,t) with respect to every
member w?(n) € S},.
Thereafter, replacing the argument of (5.11) with (5.7) leads to the classical

Galerkin integral statement for (4.84) as

fuet 2 a0 [t e (1 - 1)) an
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LB / ( ank( (A;)a(eg:f )h) + aik <sgn(A )a(e"‘f ) )) =0 (512)

which yields exactly M ordinary differential equations for the M unknown coeffi-
cients ¢"(t) of the approximation (5.5). Therefore, for arbitrary conservation law
systems (5.6), the classical statement (5.12) coincides with a least-square error ex-
tremization. Further, (5.5) yields an approximate solution continuous everywhere
in the computational domain, with physical discontinuities to be represented by
steep narrow fronts. The terminal strong convection form (5.12) thus constitutes
an appropriate statement for approximate solution determination, since the inte-
grand spatial derivatives of the convection fluxes exist almost everywhere in Qh,
with the possible exception of a finite number of sets with Lebesgue null-measure
[12].

Of significance, the association of det J with the state variable expression (5.5),
and hence within the time derivative integral in (5.12), departs from traditional
finite element developments and leads to a robust and efficient numerical linear al-
gebra solver as detailed in Chapter 9. The integral statement (5.12) is implemented

with appropriate semi-discrete specifications for f* and f** as

M

fle)~ g = X_wa(n)f(q’(t)) (5.13)
M

(9) = ) = 2 wi(mf(q (2) (5.14)

Even though the global error £(t) is spatially extremized, it remains a function of

time with bounded evolution not a-priori guaranteed. Consequently, the final con-
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straint of time boundedness must be enforced on (5.12) to complete the algorithm
specification. As shown in Sections 5.5 and 5.6, the presence of the companion sys-
tem terms renders (5.12) an optimal dissipative, directionally biased semi-discrete
system with stable solution. The induced dissipation can be efficiently minimized,
to preserve physical diffusion integrity, and is kept positive to prevent an unbounded

dispersive mode.

5.4 Integral Statement Consistency

Equation (5.12) is consistent with (2.1) in the sense that, for vanishing mesh mea-

Ozg| . . e
sures [6—77{], it reverts to (2.1) without appended dissipation terms. The reference
k

cartesian equivalent of (5.12), for an n-space Gauss-Green transformation of the

dissipation term, yields

p;) h
/Qhwfid:c+/mwfa—(
- ’B'C/?p. sgn(Az)a—wfai
Owh 0

fr—f)de =
(e fl)" dS2

— BC / sgn(A) 5 - (e,,c )7 a0

- BL ]{"h sgn(Az)wf—— (cjkf;‘)q ngdly,

~ BL ?4 sgn(A)w (ejkf) fipdD, =

6‘wh 69:4 €k oz 0 q

— q T 7 n h
:3»6 ‘/(;h SgH(Ah) aml (ank det J am&) axn (fj) dex
3:121 €5k 6:::” 6 (
Oz,

Owh
BL /ﬂ » sea(Ag) = (377k det J Ong




,Bﬁf sgn(Ad)w; (fq) (0:& ejke :,f) n;dl’

3:1)1 aT]k
I [0z _
pL ji . sgn(Apwr “-(5;27)— ( 377: ike ,kl) nidl’ (5.15)

Whereupon, all the right hand integrals tend to zero for any value of f, since

all terms in parentheses are directly proportional to the vanishing mesh measures

[%} . Under these conditions, the following relations also hold
Mk
9q
w; at d:c —~ / w, da:
3 v v

Consequently, (5.12) converges to, hence is consistent with (2.1). QED

5.5 Directional Bias Character
According to (4.79), the semi-discrete contravariant flux (e,-;c f;‘) is expressed as
Y/ N U h ., fP h
einft = (enfi) + (enf?) (5.17)

Hence, the integral statement (5.12) becomes

: h a (e f?
[ owpdardedly o a2 o
an ot an, Ok

T, Besf)"
* or, o (3% (ejkf;) ~ Lhegn(Aj )( On ( On ))) i

O (ess? ety
# fy (o (eant)" - cosenap) (o (22EE)) ) a = 0519

where Qi‘m C {1 is the representative master region where w k(n) is supported.
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In analogy with (5.15), and using the relation wf(aﬁg’z) = 0, the dissipation

integrals are restated, using an n-space Gauss-Green transformation, as

/a,. ppdadet ) o w0l ) (e3:) 4o

ot 5{;,: Bnk

Owy

+/ (wh + LPsgn(A}) an ) 8_6‘_ (Cjkf;'l)hdﬂ

wh

0
(w + LPsgn(A} ) i (ejkf]?>h dQ2 =10 (5.19)

Further, the region Qh C Q" is decomposed as

Ok = Qb | Qb (5.20)
such that
awh ~93 6wh 3
a ) > L ) < 21
o (@) 20, 92 (aty) <o 521)

This decomposition exists since w?(n) is continuous and belongs to a complete set

of functions satisfying (5.3).

Inserting (5.20)-(5.21) into (5.19) then yields

/ﬁ wﬁ@%wdﬂ o aa (") 42
o (w + LPsgn(A}) %‘;; ) 5‘% (eans?) o
+ fo (w — LBsgn(A}) Z‘,‘,’:)a%(ejkf;)"dn
+ fone ( + LBsga(AD) ?;1‘7’5 ) aink (eef?)" a2
+ /ﬁ:'k; (w — LBsgn(A}) %:f ) aink (ejkf]’-’)hdﬂ =0 (5.22)




Expression (5.22) constitutes the fundamental semi-discrete integral statement with
embedded directional biased integration of the inviscid-flux partial derivatives, de-

pending on sgn(A}”), for each contravariant flux component. This conclusion follows

~

d+

from the presence of the terminal weight functions w?

h
ow;

w‘fizwh:}:,c sen(AL?P
r T ,Bg(k)ank

(5.23)

Hence, (5.22) represents a linear combination of n-space “upwind” and “downwind
schemes”. Of theoretical significance, (5.22) constitutes the rigorous curvilinear
coordinate generalization of the directionally biased cartesian scheme (4.54).

This generalization applies to arbitrary curvilinear coordinates, owing to the
contravariant flux vector splitting. Furthermore, this pivotal result is achieved
without any restriction on the shape of the region QQ,L, or type of the continuous
piece-wise differentiable trial/weight functions w?(n).

Therefore, (5.22) is crucial for arbitrary unstructured grid semi-discretizations,
providing an unambiguous statement for direct and non-empirical, directionally-
biased scheme determinations. Further, (5.22) also shows that the companion con-
servation law procedure yields a terminal statement that preserves integrity of the
inviscid contravariant fluxes in (5.6), since the terminal semi-discretization corre-
sponds to a linear combination of flux derivative integrations with weights (5.23).
The magnitute of the combination weights then varies in direct proportion to S.
The variable or constant value for this fundamental parameter is rigorously deter-

mined, using the generalized Lyapunov semi-discretization stability analysis, in the
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following section.

5.6 Lyapunov Semi-Discretization
Stability Analysis

The fundamental semi-discretization stability analysis is formulated for the real-
gas Navier-Stokes CFD integral statement (5.22) for the unequivocal assessment
in curvilinear coordinates of the effect of actual solution distribution as well as
mesh non-uniformity and non-orthogonality on semi-discrete algorithm stability.
The analysis completes the synthesis of the minimally dissipative scheme on totally
arbitrary meshes. This analysis is performed using a generalization of the classical
Lyapunov method, presented in Section 3.11. Therefore, after identifying a suitable,
positive definite Lyapunov functional V, its time derivative is formulated in terms of
any subset of (5.6) to yields unambiguous and general sufficient stability conditions.
These constraints then show that 3 can be optimally selected as a nodal parameter
B, to minimize a local oscillatory Gibbs phenomenon.

For an accurate Navier-Stokes CFD algorithm with uncompromised physical
diffusion effects, the contravariant convection flux semi-discretization must be min-
imally dissipative, as outlined at the end of Section 4.22. Therefore, the minimal
dissipation stability analysis naturally focuses on the Euler equation subset of (5.6).
The convenient Lyapunov functional for weak statement replacement has been de-

termined as

M S
V= ; (/ﬁh wk (Xl‘lq det J) dn ./ﬁh wk (Xl'lq det J) dn) >0 (5.24)
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dt

5.6.1

with

and

ay

0q O 8 aft o0 af?

+

where overbar signifies complex conjugation, and X, is an element-wise constant
matrix of eigenvectors. The time derivative of V, and associated sufficient non-

linear stability condition, is then

M
; (/ﬁh w; (XL_IW) dn - /ﬂh wh (X;lq det J) dn)
/5;. wf(Xl-lq det J) dng - /m wf (Xl—l.‘?_(g__da%t_‘]_)> dﬂ)

[
f: (/ﬁh wh (X7 g det J)Tdn -/ﬁh w, (Xflﬂf‘_u_)) d")
(

/ﬁh wh (Xz‘lq det J) dn ./ﬁh wk (XL‘I%-((;—:E—‘D) dn) < 0(5.25)

Note that the sum of the real parts of all terms in (5.25) leads to an equivalent and

convenient stability condition.

One- Dimensional Stability Criteria

For the representative 1-D linear companion system

the Galerkin statement (5.19) is

_. . 9f _ ,0q _ 1 9¢
F=f14+f ; f=XAXq ; ff=XANX g (5.28)
oq" of
h —
/ wh-d = /ﬁ(w+£ﬂsg(A) ) s

118




Introducing the compact notation
h h a.p awf
wr (1 + ﬂqyp) = wr + ,Cﬂsgn(Ab_' ) an (5-30)

and replacing the time derivative integrals in (5.25) with (5.29) yields

M

> (L, wh (x7¢)" an

r=1

(/ﬁhwf(x- Yl ——(1+89)+ g (1+,8’°)) ))

X b yv-1=h\T
r=1 (Ah Or (Xr' 1 ) d?’]'
qh ph
(bt s+ ) o)

(5.31)

Inserting (5.28) into (5.31), and identifying X, with X then yields

M

Tgl (/ﬁh wh (X_lqh)T dn-
( /a,. wh (A“?L)—(a:—gh)(l +B%) + Apﬁ%%@’ﬁ(l + ﬁp)) dn)) +
f: (/Q,, b (x1g4)" dy-

1]
—

T (/ah ( a(Xanl h)(1+ﬂ")+A”6(XT;h)(1+ﬂ”)> dn)) 0

(5.32)

which constitutes a rigorous stability condition.
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In analogy with (4.27), ¢(n,t)* can be expressed as

M
g, )" =Y d(twk(n)exp(iw-r) ; 0<w< 7 (5.33)

r=1

since (5.26) is linear. Inserting this resolution into (5.32) yields

M
(o) ( f, wh - 5@ n)an
( /a» wy - g(@, 1) (A(1 + %) + AP(1 + B7)) dn>> v(t) >0 (5.34)

where s(w,n) and g(@, n) are positive real functions and v(t) = X 4(t). Recalling
now the directional biased expression (5.22), the analytical integration of (5.34) for

the representative 1-D linear basis with £ = 2, and with (5.30), yields

M
> (@)u(t)" (A%(1 + 2sgn(A?)B) — A%(1 — 2s5gn(A%)B)) v(2) +

r=1
M
S h(@)o(t)" (AP(L + 25g0(A%)B) — A”(1 — 25gn(A”)B))o(t) > 0 (5.35)
r=1
where h(w) is a positive real function.
At this point, the single 8 in (5.76) is replaced with a local §, for a minimally

dissipative algorithm. Thus, (5.35) becomes

M M
> @)o(t)" (sen(ADA ) v(t) + 3 h@)o(t)" (sen(A”)APB;) v(t) 20 (5.36)

r=1 r=1

which stipulates non-negative definiteness of the argument matrices. Evidently,
(5.20) is satisfied if each term is non-negative. Thus, to minimize emergence of a
local Gibbs oscillatory phenomenon, this stability condition is enforced at each and

6,
r

every node with local value of 3, determined by the constraint

v(t)" (sga(A)AB,) v(t) + v(t)” (sen(AP)APB,) v(t) 2 0 (5.37)
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However, the diagonal matrices in (5.37) are already non-negative definite due to the
flux vector splitting (5.28). Therefore stability under these conditions is achieved

for any

Br >0 (5.38)

This condition conforms with the independently obtained results in Section 4.2.
Therefore, derivations (5.31)-(5.37) corroborate the validity of the Lyapunov anal-
ysis. Further, for the non-linear case they lead to a sharper stability constraint
than that supplied by classical linearized stability analysis, as follows. For a quasi
non-linear stability analysis, expressions (5.28) are obtained after freezing the ja-
cobian matrix A in each element Q! € QQ, Thereafter, identifying X, with the
frozen value of X at node “r — 1/2” and repeating derivations (5.31)-(5.35) yields

the global stability condition
M ~
S h(kYo()" (AL 5(1 + 25gn(AT)B,) — AL, (1 — 2sgn(A%)8,)) o(t) +
r=1

M
z_; R(k)o(t)" (AZ_y5(1 + 25gn(AP)B,) — A2, (1 — 2sgn(AT)B,)) w(t) > 0

(5.39)
where
]\g+1/2 = X:—11/2Xr+1/2A2+1/2X:~}-11/2Xr—1/2
"~\3+1/2 = X:—11/2Xr+1/2Af+1/2 r_+11/2Xr—1/2 (5.40)

The associated nodal constraint is then

v(t)" (Ag—1/2(1 + 2sgn(A7)B,) — [\g+1/2(1 - 2sgn(Aq),31)) v(t) +
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v(t)” (Af—l/Z(l + 2sgn(A”)B,) — ]\‘f+1/2(1 - 2Sgn(Aq):@r_)) v(t) 20 (5.41)

For the approximations X:jl/2X1.+1/2 ~ I and X:_II/ZX,H/Q ~ I, with I denoting

the identity matrix, (5.41) simplifies to

U(t)T (A3—1/2(1 + 2sgn(Aq)ﬂ£) - A3+1/2(1 - 2Sgn(Aq)ﬂr_)) v(t) +

o(t)" (AP, 5(1 + 2sgn(AP)B,) — A?,, (1 — 2sgn(A7)B,)) v(t) 2 0 (5.42)

If B, = 0.5, then (5.42) is certainly verified, since non-negative definite diagonal
matrices remain in (5.42). Conversely, if 8, = 0.0, then (5.42) may fail, since
differences of non-negative definite matrices remain. Therefore, a value of 8, exists
in the range

0.0< B <05 (5.43)

satisfying (5.42).

The classical linearized stability analysis [9] assumes a frozen jacobian matrix A
throughout the master region Qe,. Hence, the terminal stability constraint for 3,
is (5.38) itself. However, such an inequality yields an unacceptably vague value for
B in the non-linear case. Conversely, the Lyapunov constraint (5.42) sharpens the

classical result, and provides an unambiguous relation to determine £;.

5.6.2 Multi-Dimensional Curvilinear Coordinate
Stability Criteria

For a general multi-dimensional, curvilinear coordinate and non-linear hyperbolic

conservation law system, the time derivative integrals in the sufficient stability
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condition (5.25) with local 3, are

. h h
/5,. o O det I o h (w + £ﬂrsgn(Aq)a ) o (eans?)" a0

S~

Y O
h 0
_ /ﬁh <w + LB, )é——(ejkfp) Q
(5.44)
Introducing the compact notation
h 9P\ = [,k o) Owr
w, (1 + M) = |w, + LB,sgn (Ah ) e (5.45)

and replacing the time derivative integrals in (5.25) with (5.44) yields
Z h 1 r\T
) ( /ah wh (X7 (gdet JYM)" dn-

r=1
aF ar
hy-1_. (“/5 q I P
(/ﬁh erL €k ( EI (1+ ﬂz,_k_) + O (1+ ﬂbk) dn +

Z (f\h wh (X;l(qdet J)h)T dn
(/ah“’fxz_lefk( o (+6.0)+ f (1+ﬂf'l)) dn)) >0 (5.46)

This inequality can be expressed in terms of jacobian matrices as

5 (f wt (4ot an

r=1

— h h _,Oqdet J
(s g2 (A 10 + B+ 1) Ko 2000 - dn))+

> ([, wh (x5 Gar 7)) dn

(bt (a0 200+ 70+ 820) Xk B ) ) 0

r=1

L detJ




which constitutes a rigorous, fully non-linear sufficient stability condition.

Equation (5.47) then leads to a stability condition for a CFD algorithm that
allows wave propagation at all grid-supported frequencies, but prevents unbounded
amplitude growth. This refinement corresponds to a generalized quasi-non-linear
stability analysis, which employs frozen jacobians in each element ), € Qe,r, as

introduced in the previous section. With this specification, and in analogy with

. an .33), the dependent variable (¢(7,%) - det can be expressed as
4.27 d (5.33), the d d 1abl det J ) b d

M
(g(n,t)-det J)* = S o(t)wl(n)exp(j@r-m) ; 0<@<7w ; Vk (548

r=1

where r; denotes the k**-direction node number associated with the global node
r. For notational compactness, the grid frequencies @, are denoted as @ = {w;}.

Inserting resolution (5.48) into (5.47) yields

Mk

tT/ h_ (— d .
olt)” f, whs@,m) dn

,,
]

— -1 &5k
(o wbaa@mX 25 (A + 81 + A1+ 70)) X, ) o(0)+

> v(t)” /ah wis(@, ) dn-

=1

-

([, wbon(@, X 2 (AP + 81, + AT+ 82,)) X, d) o(t) =

det J
M .
T —
S o(t) [, whs(@,mdn -

— | -1 €5
( /ah w}gr(@, ) X; 1——de’t’° ¥ (Ag"(l +8%,) + A1+ ﬂ;’,k)) X, dn> v(t) >0

(5.49)

where s(w,n) and gxr(@,n) are strictly positive real functions, and v(t) = X1o(t).
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Of theoretical significance, (5.49) can be integrated analytiéally, upon identifi-

cation of a specific trial/test space function. Recalling the directional biased ex-
pression (5.22), and using (5.45), the closed form integration of (5.49) for the rep-
resentative case of a positive eigenvalue matrix 6jkA§h and a 2-D Lagrange bilinear

basis, with £ = Ay = 2, yields

M .
; V() X, ((hu(w) (((1 :tl}})a,l (A;’-h)m + h12(@) - (((1_21_2%2: (Ag.h)m) (1+28,)

+ (hu(ﬁ) : ﬁ%’;i (Ag-’h)m + h1a() - (((1 f}’)’;l (42") Prl) (1-26,)
+ (hzl(w) (ée’t‘}’)’:ﬂ (47", +hn(@)- (((l—ei%— (A?-")Pﬂ) (1+26,)
(e 0, b (), )12

- (@) e (a9, + b (2 (a3, ) 120
- (hu(_) : (((131}1)3:3 (A;?h)m + h12(@) - (((122}’)’23 (A;?")Pra) (1+28,)
- (@) g (42, he e (45, 0=

- (fm(w) (((iejt_l.;;:—z (42*) ., T ha(@): «%13’)%4 (Ag?h)m) (1+ 2@) X,0(t) > 0

(5.50)

which can expressed in compact form as
M
ZUT(t)X£1 (Afl(l +26,) ~ AP(1 - 2:31_)) Xov(t) +
r=1
M
S TOX; (A1 +28,) - AF2(1-28) X,o(t) 20 (5.51)
r=1

In (5.51), the matrices A%, 1 < ¢ < 4 are defined as

AY = hi(t)k(w)‘——((ejk)&l [(A;'.")

1-28
ph T _
det 7). o+ (42") ] =14 (5.52)

Pri J P"l_k_l+2ﬂﬁ
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N (eik)z,, gh ph 14285,
A7 = hig®) (det )5, [(A’ )mh + (45 )mh 1-28,

} =23 (5.53)
with i(1) = 4(3) =1, ¢(2) = i(4) = 2, as well as Py = Py, = Py for £ = 1,3,
Py, = Py for £ = 2, and Py, = Py for £ = 4. The terms h;;(@) in (5.50) then

denote the real functions

h11(@) = 2(2(1 — cos(@1)) + cos(ws) — cos (w7 + W2))
h12(@) = 2(2(1 — cos(wz)) + cos(wy) — cos (W1 + w2))
han(@) = 2(2(1 — cos(wy)) + cos(@Ws) — cos (W — W3))

hoo(@) = 2(2(1 — cos(w3)) + cos (1) — cos (W) — s)) (5.54)

which are strictly non-negative when 0 < @, < 7. The locations P,, the become
identified with the optimal evaluation points developed in Section 5.8 and Chapter
6.

Of fundamental importance, (5.50)-(5.51) stipulate non-negative definiteness of
the argument matrices. Evidently, (5.51) is satisfied if each term is non-negative.
Thus, in order to minimize emergence of a local Gibbs oscillatory phenomenon, this
bounded wave amplitude stability condition is enforced at each and every mesh

6«0
r

node with value of 8, determined by imposing the pivotal stability-matrix non-

negative definiteness local condition

(X (A +28) - AP -28,) +

AM(1+28,) — AP(1—26,)) Xp0(t) 2 0 (5.55)

This expression can be considerably simplified from a theoretical point of view
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by equating X, to the matrix of eigenvectors associated with the whole linear com-
bination of matrices in (5.55). Inserting this specification for X, into (5.55) yields

the efficient stability condition
v7(t) A, v(t) >0 (5.56)

which is directly satisfied by determining 3, such that the eigenvalues in the diagonal
matrix A, become all non-negative. However, it may be arduous, if not impractical
to determine these eigenvalues in closed form for this X,.

As an alternative, X, may be equated to the eigenvectors X! of the simpler

matrix A (5.52)-(5.53). Inserting this specification for X, into (5.55) yields

o(®)" (AN +26) - AP(1-26,) +

AM(1+28,) — AP(1-28,)) v(t) 2 0 (5.57)
where
(AF) = (@) xeap (X)) X7 (5.58)

for the diagonal eigenvalue matrix A**. The fundamental condition (5.57) can then
be directly enforced, hence the local value of f, is determined using the simple
and convenient non-negativity constraint for the Gauss LU decomposition pivots
of the given matrix symmetric part. Importantly, these purely analytical selections
of X,, and associated value of ., correspond to the geometric requirement of an

intrinsically multi-dimensional directionally biased semi-discretization.
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For the approximations

(XH™) X2 D 5 (X)) XExT ; 2#s (5.59)

the constraint (5.57) is even simpler, since the matrices (Af‘) reduce to diagonal
eigenvalue matrices. Furthermore, the simplest form of (5.57) is obtained at a node
“r” where flux vector splitting is either not required, or required only along a few
directions, since in this case some, if not all, matrices (A?h) . are no longer present
in AM,

If the eigenvalues of the jacobian matrix e;;A? are positive, then for g, = 0,
the matrices in (5.50) may be negative definite, since they result from a difference
of positive eigenvalue matrices. Conversely, if 8, = 0.5, only positive eigenvalues
matrices are left in (5.50). Consequently, the developed stability condition can be
satisfied for 0 < B, < 0.5. Identical conclusions are then reached for a negative-
eigenvalue matrix e A;, by replacing 8, with —8,. Furthermore, it is readily verified

that 3, reduces to zero under mesh refinement for any choice of X,. To reach this

conclusion, express (5.55), for example, in the form
28v()T X1 ((AM + AF) + (AM + 41)) X,o(t) >

o) X ((AF° — AM) + (42 — 4M)) X,0(0) (5.60)

Thus, as the mesh is refined, the rhs of (5.60) tends to zero, hence f; also tends
to zero, since the lhs matrix does not reduce to the zero matrix. Therefore, the

product of 8, and the dissipation terms in (5.44) converges to zero at a high rate
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with mesh refinement since both the companion system dissipation (see Section 5.4)

and (3, simultaneously tend to zero.

The developed stability condition intrinsically depends upon the local mesh as-
pect ratios via the presence of the metric data in (5.50)-(5.51). Therefore, the value
of 3, will depend upon the solution level and local mesh distribution. Consequently,
for any given mesh, the developed procedure can always generate an optimal mini-
mal dissipation semi-discretization in a direct manner. Conversely, any fully upwind
scheme corresponds to 8, = 0.5, hence introduces maximum local dissipation. Of

fundamental significance, for a fixed 8, the mesh can be locally adapted, hence

€5k

det J

the metric data varied, to satisfy the developed stability criteria and there-
fore attain an optimal order-of-accuracy semi-discretization. The feasibility of this
approach awaits to be fully ascertained in future investigations.

Evidently, the magnitude of the induced dissipation, hence the value of 3, di-
rectly affects the convergence rate. This recognition yields an optimal convergence
rate control in conjunction with an accurate solution determination using the vari-
ation of B,. Specifically, if only a steady-state is desired then 8, = 0.5 during the
transient is suitable. Therafter, at convergence, §, is progressively reduced locally
to satisfy (5.50)-(5.51), hence achieve the optimally stable and accurate solution for
the given grid. If instead, accurate transients are also needed, then §, must satisfy

(5.50)-(5.51) at each time level and sub-iteration stage. Therefore, implementation

of the developed jacobian matrix non-negative definitness condition for the dynamic
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determination of f§,, hence achievement of the strategic convergence rate control,

yields a distinctively efficient overall CFD algorithm.

5.7 Convection / Acoustic Flux Decomposition
Integral Statement

The Galerkin integral statement for the companion system (4.109) is

/ﬁh wf [% (q . detJ)h + —8% (ekg (f{: —

For the finite element Lagrange bilinear basis specification w}(n) =

v 0 s}
) - Lbeg (|u| Z”)] dn =0 (5.61)

Ne(ﬂ), the

expansions for f* and f“* in terms of cartesian components are selected as

fh

= =

where

4 )

Ngmﬁ(t)

= f} = { wb)NNm&(2) + Np'()6;; | (5.62)

ukb(t) N No(E4(t) + p'(2))

0

L [y Gt + gy o) - Rty Pt

ui(1)gu Ny [_ejs N, N
Te [deJtJ 8775 ui(t) + aet u‘(t)

-3y et (1)6 | + Jé)-a;haN T(¢)

(5.63)

mj(t)

ui(t) = = :
)= "45 (5.64)
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Inserting specifications (5.5) and (5.62)-(5.64) into (5.61) yields the terminal ordi-
nary differential equation system containing

/ NNg—(p ¢(t) det J*) dn + / e, ‘ZN m(t) dn

877 87;

+ LB, [ w2 pH(t) dn =0 (5.65)

for the continuity equation,

d, ¢
/ah N, Nese(m(t) det J) dn

_8(N,N N,
+ /A ejkauj(t)_(—a;]k_me(t) dn + /A 6jkN75""pl(t)6ij dn

€k aN aNz ¢ 3Ng ¢ g aN[ l
5 o HON 325 T s S 0) e Tea(t) - Sens G ut 06

BN ON ONi
e One

+ LB | v mf(t) dn =0 (5.66)

for the momentum equations, 1 < ¢ < n, and

oL, N‘)<Ef<t>+p (t)) dn

ON, 2 ON,
Tud(t) — 2wt (t)«s,,]

6N ON}
One Ong

/ NNg—(E‘(t)det JY) dn + / e Nyul(t) S22t

€ik 6N 6Ng l
R / z(t)gu t)N det J 6 [ 6 sui(t)-*" 18

/ v( ) €ik aN 6N¢

¢
det J 617 ° Ons T(t) dn+LA, Gh [?

——EXt) dn
(5.67)
for the energy equation. These statements apply by components at all internal grid
nodes, and unconstrained boundary nodes. An associated weak statement, em-
ployed at all non-Dirichlet constrained boundary nodes for efficient surface-integral

boundary condition enforcement, is by components

d . ¢ ON, ¢
/ﬁh N NeZ(p'(t) det J*) dn - /a et g Nem(2)
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8N, ON,
- 6—nfpk(t) dn + fé _ Nombejimidl = 0 (5.68)

+ L, [ 1wt

for the continuity equation,

d £ £
N,N,—(m‘(t)det J) dn
/ﬁh " ldt( ’(t) ¢ )

ON, ON,
—/ u (t)N e_,k Ngmt(t) d’n /A €k 6 ¢ )5,']' dn

aNg Vi 2 6Ng [

1 ejx ON, ON; ,
B . v t €is i s 1 51
+Re /ﬁh gu(tIN. detJ Ony [ 6773 u(t) +e Bn, ui(t) - 3% 5, s K(B)5
aN aNk k
r t) dn
+ lgﬁh N, Nymi(t)ulejxnidl + ?iﬁh N, (phé,'j - aihj) ejxnkdl =0 (5.69)

for the momentum equations, 1 < i < n, and

ON,

d I4 4 s .
/a» N, Ny (B (t) det J*) dn - /a w(ONoeng

(BY(t) + p'(t)) dn

€ik 6N aNg ¢ aNe [ _ g 6Ne 2
R / t)gu(t d t J an |:€]_, a (t) +e €is 6773 ](t) 36193 an (t)éw
e 8N 6N 6N ON,
gy oy SN G e, ST () dn + £6F [ 2o B dn
f Nyut (p*8i; — of) ejumadl - }4 Nygejenedl = 0 (5.70)

for the energy equation. The boundary conditions developed in Chapter 3 are then
directly inserted in the arguments of the surface integrals in this statement.

In (5.65)-(5.70), the time derivative integrals contain nodal values of detJ,
whereas the viscous flux vector integrals depend upon the element variation of
this determinant. Both detJ and the metric data ej; that pervade all integrals
in (5.65)-(5.67) and (5.68)-(5.70), are consistently evaluated following the optimal

metric data strategy outlined in the next Section, and detailed in Chapter 6.
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5.8 Optimal Metric Data Evaluations

For the general Galerkin integral statement (5.12), the optimal metric data integra-

tion procedure is

& O(q-d h 5
gZ__; <‘/i;?.; Nr_(_.q__%l])_dﬂ + (ejk)Prz /6?5 ]\TT_aﬂ ((f]h _ f;h)) dQ-+

(ex)p,, LOBr B 86': (sgn (A") ik (quh) + sgn (AZ) 8_?7; (f]ph)) dQ> =0 (5.71)
where now the metric data e;; are extracted from the associated integrals. In
(5.71), M, is the number of elements Q€ Qg,,, and P, corresponds to the optimal
evaluation point within each QF. As exhaustively detailed in Chapter 6, the optimal
metric data evaluation coordinates are determined such that the fundamental linear-

solution compatibility condition

or; ; i
/A N, det J == dn / N, ejka—‘” dn (e /A N, %% an
i _ Jat Oz ; "o Jar T Ong
[(det 1)), = = -
/ﬁg N, dn /ﬁg N, dn /ﬁg N, dn

(5.72)
is identically satisfied on arbitrary grids for any ej. In (5.72), 6;'- is the Kronecker
delta, and the integral on N, is a normalization factor. Cartesian and curvilinear

coordinate 2-nd order accuracy is achieved if the quadratic-solution compatibility

condition Bz
fyr e
[o: (det )65, = / — i
i n
N, Oz’ N, 8(z;)?
w2y Mm% oy (5.73)
/ N, dy /ah N, dn

133




is also identically satisfied for any value of e;x. Therefore, usage of these optimal
metric data will afford consistent order of accuracy on totally arbitrary grids.

For the bilinear lagrangian basis functions, and conventional counter clock-wise
numbering of the elements sharing node r, see Figure 5.1, the appropriate evaluation
points for the metric data e;; that identically satisfy (5.72) and (5.73) are developed

in the next Chapter as

1 1 11 1 1 /101
Pi=(4git3) Pas(-gitg) Pa=(-5i-3) Pa=(5-3) 67

Note that these optimal-point curvilinear coordinates are invariant in each element,
regardless of its physical shape. The analysis for evaluation points for the dissipation
and physical diffusion integrals in (5.65)-(5.67) and (5.68)-(5.70) is analogous. and
fully documented in the next Chapter.

The efficiency of these metric data evaluations, is exemplified for the following

representative expression

s m Gmi(e) dn = (e, [ NG dn mi(e) = (el fasray) {mi(0)

(5.75)
Here, (e;k)p,. is the metric data evaluation and {array} denotes the ( metric-data
independent) exact integrations for the remaining integral, [14]. The illustrated
procedure (5.75), which also involves an optimal det J evaluation within the vis-
cous flux vector integrals, is extended to all metric-data handling in (5.65)-(5.67)
and/or (5.68)-(5.70), thereby permitting extraction of all metric data from the as-

sociated integrals. This consequently, allows dispensing with the traditional finite
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element Gaussian quadrature loop, yielding an algorithm statement operationally
competitive with difference scheme methodology. Furthermore, this evaluation pro-
cedure renders use of the bilinear quadrilaterals as efficient as the linear triangles
with element-constant metric data.

Finally, the analysis leading to (5.74) shows that the bilinear element mass

matrix integrals in (5.65)-(5.70) satisfy the fundamental relation

Jry N-MNs(m)d = Ny(ng,) Vr (5.76)

Therefore, in each element Qg, the mass matrix integral (5.76) yields the value of

the basis function N;(n) at the optimal point P,,.

i-l.j:-l JEATIR i+1,j+1
T T
o4 °3
Qe=tv Qewinr
d
i-l.j r= (i)j) i+lrj
? ?
n, I o] °2
n, ’
Qex) Qe=n1
i-1,j-1 iJj-1 i+1,j1

Figure 5.1: Representative Assembly of Four 2-D Lagrange Bilinear Elements with
Optimal Evaluation Points




Chapter 6

Metric Data Handling for
Accurate Semi-Discretizations
on Arbitrary Curvilinear Meshes

In this Chapter, an efficient metric data procedure is detailed such that the semi-
discrete weak statements (5.65)-(5.67) and/or (5.68)-(5.70) remain uniformly second
order accurate on arbitrary grids of bilinear lagrangian elements. This accrues to
metric data evaluations at optimal points, such that (5.65)-(5.67) and/or (5.68)-
(5.70) satisfy linear and quadratic solution compatibility conditions for first and
second order differential operators. This condition is required on both cartesian
and curvilinear coordinates, as developed in the following sections, wherein Ok is

denoted as simply Q for notational clarity.
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6.1 Curvilinear-Coordinate Differential Operators

A second-order curvilinear-coordinate PDE system is obtained from its cartesian

counterpart through the following differential operator transformations

w1(2) - w (ggg) o)
(s = wmlaEioG)] e

complemented by the fundamental identity

Zae"‘: 0, 1<i<n (6.3)

Equalities (6.1)-(6.2) express the first and second order primitive coordinate dif-
ferential operators in terms of associated curvilinear-coordinate operators via the
transformation metric data e;;, with the symbol “(:)” representing a differentiable
function upon which (6.1) and (6.2) operate.

An “optimal” metric data evaluation method is developed, such that a second
order accurate semi-discretization of all the rhs curvilinear-coordinate operators in
(6.1)-(6.2) on arbitrary grids also yields a second-order accurate representation of
the associated lhs primitive-coordinate differential operators. This method derives
from a consistent and accurate evaluation of following mean value theorem integral

expressions for operators (6.1)-(6.2) as

sy ol e[
.

/ﬁNrdn - /§N,dn
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et |2 (920
[(detJ)é%((.)_é%(_)ﬂnP _ /ﬁNrd tJ [/:J;;T(;n 6xj)] dn
el (@),

Herein, 7” indicates a suitable coordinate point in the region €, to be determined.
In (6.4)-(6.5) the coordinate transformation Jacobian determinant in 2-dimensions
is defined as

det J(n) = e11(n)ez(n) — ea1(n)es2(n) (6.6)

Further, the function N, is a weight function that satisfies the condition

/ﬁN, dn = a (6.7)

where o = 1 or @ = 4 depending on the region.

6.2 An Integration Identity

In view of the fundamental importance of (6.4)-(6.5), for the practical metric data
evaluation method, a generalized mean value theorem is now proved in the following
section. The integrals (6.4)-(6.5) express the first and second order differential
operators which can be evaluated when suitable functions are inserted into the
integrands in an appropriate order.

Let the product of functions

F(z) = p(2) - d(z) = p(x(n)) - Y((n)) (6.8)
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represent a differentiable function in both cartesian and curvilinear coordinates.

Application of (6.4)-(6.5) to (6.8) yields

[(det]) -a—zw} / N, dn = / &N, [ 5 g014 (6.9)

[(deu) 6‘9 ( 5 )] / N, dn = / €Ny 5 [ dZ‘J (aimd))} dn  (6.10)

where 77 denotes a suitable evaluation point in the domain {. Integrals (6.9)-(6.10)

can be recast as

0 ON,
/ﬁejkN, [a—nkcp’lﬁ] d'r] = — /S% ejk—aﬂsod) d'l’] (6.11)

O (it (2] gy [ e N[ e (D
/ﬁNre‘kank [det.]so (87’]2 )l dn— /ezk Bnk [det.] <a77[1/)>jl d‘l] (6.12)

In the sequel, (6.9) is called strong form integral, to distinguish it from the
companion weak form (6.11). The surface integral associated with the Gauss-Green

transformation in (6.11)-(6.12) is deleted using the assumption
Nr(aﬁ) =0 , 00 = boundaryof (6.13)

Whenever (6.13) is not met, then deletion of the surface integrals amounts to en-
forcing a Neumann constraint for the associated differential term.

Integrals (6.9)-(6.12) are synthetically written as

F = /ap(n)q(n)r(n)S(n) dn (6.14)
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where the functions p, ¢, 7 and s are identified by inspection. An integration identity

is now proved for the simplified and rigorous evaluation of integrals (6.9)-(6.12) that

allows second order accurate spatial semi-discretization of operators (6.1)-(6.2) on

arbitrary meshes.
Lemma 1 Consider the integral (6.14)

F = /§p(n)q(n)r(n)8(n) dn

If in the integration domain §) the functions q(n) and r(n) are continuous, p(n)
and s(n) are integrable, and both p(n) - s(n) and p(n) - v(n) - s(n) do not change

sign then the following relation holds

F= /ap(n)q(n)r(n)S(n) dn = q(n™)r(n™) /ﬁp(n)s(n) dn (6.15)

P1

where ™ and 9™ are suitable coordinate pairs lying in the domain .

Proof:

Integration theory leads to the fundamental inequality

Grmin /ap(n)r(n)S(n) dn < /ﬁp(ﬂ)Q(ﬂ)T(ﬂ)S(’fI) dn < Gmax /ﬁp(n)r(n)s(n) dn
(6.16)

The limits in this relation constitute the extrema of the auxiliary function

£(n) = a(m) [ p(m)r(m)s(m) dn (6.17)

This is a continuous function of 1 since ¢(7) is continuous and the rhs integral is
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finite. Therefore, the following relations hold

dmin [ P(0)r(m)s(m) dn < g(n) [ p(m)r(m)s(n) dn < gmax [ (m)r(m)s(m)
(6.18)
Moreover, (6.17) attains all values between its extrema by virtue of the function
theory Heine-Cantor theorem [12]. The middle term in (6.16) is certainly one such
value. Consequently, in particular, the auxiliary function also satisfies the following

equality
Jpmatmr(ms(n) dn = o(n™) [ p(m)r(n)s(n) dn (619)

where 7™ is a suitable coordinate point. The preceding discussion can be applied

almost verbatim to the integral

Z= [ p(m)r(m)s(m) dn (6.20)

and directly leads to the companion equality

Jpmr(m)s(m) dn = r(n™) [ p(m)s(m) dn (6:21)

where ™ is another appropriate coordinate point. Whereupon, combining (6.19)

and (6.21) leads to identity (6.16), O.
By virtue of this identity, and for N,, ¢ and v satisfying the hypotheses of

Lemma 1, then the rhs of integrals (6.9)-(6.12) can be equivalently expressed as

/aefk(n)Nrtb(n)gi—kSO(n) dn = ea(n™w(n™) | Nrg?]—ksom) i (622)

frewtmGazvtmetn) dn = catn 3™ [ gy (629)
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; 0
/ 6 d:;lj (n)%w(n) dn
(Pl P2 €;¢ ON, 0
= caln™ (™) (32 J)nps S gren) dn (6.24)

The evaluation point choice in (6.24) is readily justified by a straightforward exten-
sion of Lemma 1.

It is observed that (6.22)-(6.24) permit a simple and direct evaluation of in-
tegrals (6.9)-(6.12) whenever the functions N,, ¥ and ¢ are easily integrable on
the region Q and whenever the evaluation points 7/ are determined. This de-
termination generally depends upon the coordinate-transformation and upon the
primitive coordinate distribution over each transformed region. However, if on such
regions the exact value of integrals (6.9)-(6.12) are known for specific compatibility
conditions that all solutions of (5.65)-(5.67) and (5.68)-(5.70) should satisfy, then
equalities (6.22)-(6.24) allow the determination of unique local evaluation points
which are totally independent of primitive coordinate values and allow consistent
second-order accurate semi-discretizations on truly arbitrary meshes. This deter-
mination is accomplished for (6.22)-(6.24) by enforcing the following fundamental
linear and quadratic compatibility conditions for first and second order differential

operators,

[(detJ) gzi] /N dn = /Ne,k[ ] dn = [det T - ] /N dn  (6.25)
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{(d £J) 8x,l /N dn——/ eir [mej dn = [detJ-&f]nP/ﬁN, dn (6.26)

det J\ Oz, Eik Oz;z;
[(2)%} /Ndn/ [ dn = |det T - 2;6] /Ndn

(6.27)

det J 8:Ej:17j _ e,kaN ;
[( : ) 8x,~} P/aN,dn_— - ankmjmjdn_ det J - ;6] P/ﬁN,dn
(6.28)

9 [0z, _ ON, | e (Oznm _
[(detj)a (a% )}n*’/ﬁNT dn = —/ it [detJ (3m )} dnp=0 (6.29)

[(de; J) 2 (G(Z:an)ﬂnP/ﬁN, dn =

' ON, €;5¢ a(xmmn) det J mcn m on
/ae"‘ank [2detJ< e )] d"_[ 7 (67848 51‘)] v an

6.3 Spatial Approximation Functions

This section details the properties of a class of bilinear functions that permit second

order accurate semi-discretizations on both primitive and curvilinear coordinate
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computational cells. Each curvilinear-coordinate cell is obtained upon transfor-
mation of an arbitrary quadrilateral cartesian region {2, as illustrated by the 2-D

example in Figure 6.1.

i +n-2 i+n-1 i+n i+n-2 i+n-1 i+n

i-1 i+1 i-1

F

#L i+1

4 )}

i-n  i-n+1 1-n+2

|

|

|

i-n+1 .
-n+2

Figure 6.1: Example of domain transformation

It is convenient to define the local reference frame {n;,7;}, with each coordinate
spanning the range [—1;+1], in which the approximation functions are specified.

The bilinear Lagrange polynomials of interest herein are

No=3@-m-m) , Nao=g(L+m)(1-m)

Ny= 3L+ m)(1+m) 5 No=3(1-m)(1 +n2) (6.31)

The subscript £ on N, refers to the computational-cell nodes and uniquely identify
these functions for the conventional counter-clockwise ordering in Figure 6.2. Note
that a one-to-one correspondence is established between the global numbering index

pair (7,7) and the element nodal index £ = 1,2, 3, 4.

144




i-1,j+1 L,j+1 i+1,)+1

? 1 AN X=X 7
1
7
/ e=111
- 5
/,{-J ,’, i+l,J
7 4
Qe:l
& 0]
i,j-1 i+1,j-1

Figure 6.2: Approximation Function Variation

The metric data e;; are then expressed in terms of the partial derivatives of the
primitive coordinates with respect to the curvilinear coordinates n. Consequently,

the distribution of these metrics over each cell can be obtained via differentiation

of (6.31) yielding

Oz,  ONy(m) , _ Ozy _ ONy(n)
on:  Ong T2 o o) = o Om

en(n) =+ zt (6.32)

0 ON,
Oong’ Ona 1 s en(n) =+ eN t(n)xe

en(n) = — o, I (6.33)

These expressions are crucial in the determination of the optimal metric-data eval-

uation points.

The following highlights a fundamental feature of the partial derivatives of N,.
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Specifically,

8N1 a]\/vl
67]1 ( 772)/ y 6712 ( 771)/ ( )
6N2 aN?
ONa _ 1—mya . 2 C (144 6.35
o, = T n2)/ o, — (0 m)/ (6.35)
ON. ON.
= =+1+m)/4 , —— =+(1+m)/4 (6.36)
67)1 0772
3N4 6N4
N o am)/a , a4 6.37
Mt = - (6:37

hence the partial derivatives ON;/3n; do not depend upon n; itself. As will be
shown, this characteristic plays a key role for the identification of the metric-data

optimal evaluation points.

6.4 Determination of Optimal
Metric-Data Evaluation Points for
Convection Operator Semi-Discretizations

This section is divided into two parts. First, 1 is set to one, the integrations are
performed over the region cell Q and the resultant expressions analyzed. In the
second part, the derived expressions are combined with the metric data e;; to form
relations (6.25)-(6.28) after setting ¢ = ;. Thereupon, the optimal evaluations

points are determined.
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6.4.1 Integration in n Space

The evaluation of the strong statement integral

—/NQ]&dncp_ /N@dmp (6.38)

over the computational domain € of Figure 6.1 yields, for node r = node (t,7)

8Ne 6N1> ; aNZ V4 <6Nl> ¢
L N L e LNy ot = [ 2
67]1 (6771 Pll ¥ -/92 3 e 67']1 P21 14
NI gyt = (@) ot [N gyt (@) o (6.39)
G o o ) g & o om ) g

where the coordinates of points P} are

Consequently, the evaluation of integral Z] is expressed as

aNg ] <6Ng> ¢ (aNe) Vi (aN€> ¢
I ={(=2 + (== = + (== 6.41

and for " = ¢, ; it coincides with the recursion formula

= (_é—¢i—l,j—1 - %¢i—1,j — %¢i—l,j+1 + %¢i+1,j-1 + %¢i+1,j + é¢i+1,j+1> (6.42)
Note that a one-to-one correspondence is established between of r and the index
pair (z,7).

Expression (6.41) supplies the sum of four second-order centered difference for-

mulae for g—r‘%, each evaluated at P!. For example, the following expression is

obtained on ) at point (0;1/3)

ON, ¢ (2 s, 1 2) (2 4 1 1)
— =(2¢° +2p?) = (Z¢* + = 6.43
(6171)(0;1/3)“0 59 T g¥ 59 tg¥ (6.43)
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which, with reference to Figure 6.3, coincides with the approximation

Op 1 5
s LI (P 6.44
o~ A (99 @ ) (6.44)
o o .
. . 4 3
l-], i,
J n, J
BT Ta
n,
i-1,J-1{1 o| §,j-1

o O
Figure 6.3: Representative Computational Cell for Evaluation (6.44)

Whereupon, the expressions for »* and ¢? at points (~1;1/3) and (+1;1/3)

respectively, are

o4 2 4 2
e = 6¢i,j + é‘¢i,j—-1 , ¢ = 6¢i—1,j + 'é¢i—1,j—-1 (6.45)
Insertion of (6.45) into (6.44) yields
9y 2 1
B ( $ij + ¢z] 1) - (6¢i—l,j + g¢i—1,j—1) (6.46)
which reverts to (6.43). Likewise the evaluation of the integral
I = /N@dngo _Z/ NaNl (6.47)
over the computational domain of Figure 6.1 yields
8Ng (aNg) P ON, ‘ (aNL') ,
dn ¢ = | — , N d ==
a, 377 n e 3 ) pa i 3772 m¥ 02 ) ps Y
ON, (BN[) o = (aNg)
[ N5 dn / w, o Zt) ot (648
- a m 5 ) o @ (6.48)
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where the coordinates of points P? are

Pr=(+10) PP=(-3;0) P2=(-0) Pi=(+40) (6.49)

Consequently, the evaluation of integral Z; is expressed as

AN (am) , (azvg) , (6Ng) ,
I ={{— + | == + | == + |5 6.50
’ {(3772) pg('o On2 chp on: P;(p o2 Pf"o (6.50)

and coincides with the recursion formula
1 4 1 1 4 1
= (“é‘ﬁi—l,j-l - g¢i,j—1 ~ 6¢i+1,j—1 + g¢i—1,j+1 + 'é¢i,j+1 + g¢i+1,j+1> (6.51)

Expression (6.50) supplies the sum of four second-order centered difference for-
mulae for g—%, each evaluated at P?. For example, the following expression is

obtained on &, at point (1/3;0)

am) ¢ (2 s 1, 2, 1,
e o ={z¢" += )—(—so +—go> 6.52
(an2 4/50) 67 67 6 "6 (6.52)

which, by referring to Figure 6.4, coincides with the approximation

Oy o 1
o, = A—m(go —cp) (6.53)

Hence, the expressions for ¢* and ¢ at points (1/3;+1) and (1/3; —1), respec-
tively, are
L4, 2 4 2
0% = ghiit 5biny 5 ¢ = g bii-1 + gdio1im (6.54)

Insertion of (6.54) into (6.53) yields

Oy

3772 ( ¢i; + d’z ,J) - (§¢i,j—1 + %¢i—1,j—1> (6.55)
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Figure 6.4: Representative Computational Cell for Evaluation (6.53)
which reverts to (6.52).

The evaluation of the weak statement integral

ON,
dn ot = / d 6.
Jy = / 5y Ve dn o Z 8771 7 ¢* (6.56)
over Q, see Figure 6.3, yields
¢ _ ¢
/ 6771 dn ¢t = (Neplﬂp ; —/ Nedn@ —+(N1)P5<P
ON, 6N
- N — _ r e _ _ ¢6.
8, 677 ¢ dn (10 =+ (Ne)pl (P ’ A4 P dn ¥ (Nl)Pi 1 (6 57)

where the evaluation points P! coincide with (6.40). Consequently, J7 is expressed

as

Ti = {[(No)ry 0 = Vo) 0] + [Ny 0 = (M) 1]} (6.58)
and coincides with expression (6.42) via evaluation of each basis function in the
element indicated by the subscript in P

Analogously, the evaluation of the weak statement integral

Jz = - /aaN dn ¢ = Z/ az

dn o* (6.59)
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over 1, see Figure 6.4, yields

ON, , ON,
= — = — N
5, O dn o' = = (Ne)pa " 5. dn ' = = (Ne),z ¢
N, [ ON,
- d o' = +(No)p2 ¢° dn ¢° = +(Ne) 2 #*(6.60)
Qs O 3 . Ona

where the evaluation points P? coincide with (6.49). Consequently, J; is expressed

as

= {[(VDr &' ~ V) o'] + (N0 0f - (N0 e’} (6.61)
and coincides with expression (6.51) via evaluation of each basis function in the
element indicated by the subscript in P2. Therefore, the assembly of the weak
statement integrals (6.56) and (6.59) coincide with the assembly of their respective
strong statement counterparts on uniform rectangular grids. However, this iden-
tity no longer holds on each individual element, compare (6.39), (6.48) with (6.57),
(6.60). Consequently, significant differences originate in the terminal formulae re-

sulting from the evaluations of these two sets of integrals on arbitrary meshes, hence

variable metric data eji, as shown in the next section.

6.4.2 Metric-Data Evaluation Points

The fundamental identity (6.25) is expressed in each region Q., see Figure 6.1, as

0:12]'

— . a
5:E,' "75 ﬁ,

Ok

Ldn = ldet] Oz ”69} (6.62)
ax‘l nP

[detJ- N, dn = / e N, 25i

since [, N, dn = 1. The unabridged form of this integral is

Oz; Oz; 63:]
/ae,kNa dng = / e,lN dn+/ 6,2N dn (6.63)
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Whereupon, expressing z; via basis functions (6.31) in this integral, and invoking

Lemma 1 yields

aNl ¢
& = /Ae eikNra_T]k dn T;=

{e,l . (/ N,— ON, dn)x + €52 ne (/ N,— ON, dn) xf} (6.64)

This expression is then transformed via relations (6.39), (6.48) to yield

N, ON,
E — 611(773 (an:) ez?("e) (an;) .'25 (665)
125

which for 7 # j and for the metric data definitions (6.32), (6.33) should identically
vanish. It appears that this expression can indeed vanish only if ! # %2 since
P! # P2 But, if this were the case, then for i1 = j = 1 the unique evaluation
point 1, at the lhs (6.62) would not exist, since the value of detJ must result from
products of metric data evaluated at one point only, see (6.6). However, a unique
point can be determined for the bilinear lagrangian basis. In this connection, note
that the partial derivative ON,/On; is a function of 7, alone, and ON,/07n; is a

function of n; alone. Consequently, the following equalities hold

ON, ON, ON, ON, ON,
o R el iy alls (6.66)
M / (041 /3) 3771 (£1/3:£1/3) 2 (£1/3;0) On2 (£1/3;£1/3)

Therefore, for : = 1 and j = 2 expression (6.65) is cast as

£ —q (3Nz) (aNe) A, (6Nf) (%) x5  (6.67)
2 Om (£1/3;£1/3) Om O (£1/3;%1/3)

and consequently, the appropriate evaluation points for both e;; and e;; that make

(6.67) identically vanish are



1 9 1 1
7’]2:7]2:1”2: —§,+'§
1 1
1: 2__— = _—— e —
m—m—m-<3,g
1 1
l=p?=qg,=(+=—= 6.68
n4 4 n4 (+37 3) ( )

where = denotes equivalence but not coincidence. These points are also adequate

when ¢ = 2 and j = 1 in (6.65), since

_ ONe) o ONe\
& = en(n,) (am )Pc z] + exn(n,) (8772 )Pe z,

ON, ON, (6N[> (3Ng)
= gt [ =L =t Cy gt | =— - t=0 6.69
=1 ( one )Pe (3771 >P¢ nta O ) p \On2 ) p, “ (6.69)

Of significance, the derived coordinates remain valid when 67 = 1 in (6.62), since

this expression then becomes

&Z%(ij&) (6—1\7{) zt — 2t (6Nl> (BNZ) ! (6.70)
02 Jp, \Om /p, Om Jp \Onz ) p,

for:=j5=1and

6Ng aNg 0N£ aNl
— L[ Zre e { T il el ?
b= %(am)g(am)amf+%(3m)a(3m)aw2 (6.71)

for 1 = 5 = 2, which both correctly constitute the value of detJ at point P..

To conclude these derivations, note that the fundamental relation (6.62) is ex-
actly satisfied by the strong statement integrals on each individual element. Con-
versely, as shown next, the weak statement integrals can only satisfy such cardinal

relation on average and on an assembly of four contiguous elements.
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Considering that [5 N, dn = 4, the fundamental identity (6.25) is expressed in

the region {, see Figure 6.1, as

ON,

a:I:j J
bt I = — | eq=—Tr. dn=4. .8 (6.72
] . /§Nr dn /ﬁe'k o z;dn=4 [detJ]np & (6.72)

ldet J- Bz,

Here n* now denotes a point on the assembly of four contiguous elements. The

unabridged form of this integral is

ON, ON, ON,
— k1, d :_/\i_".d _/Al.__r.d 6.73
/ﬁekanka:] n Qelamxy n 0626772% n ( )

Whereupon, expressing z; via basis functions (6.31) in this integral and invoking

Lemma 1 yields

ON,
=— | eg——N,dn zt =
¢ /ﬁekénk £ AN z;

i {e,-l (n2) (— 6NTN,3d17> 2t + e (n?) (— 8N'Ngd17) xﬁ}(e.m)

e=1 ae 6771 ﬁe 8772

This expression is further transformed via relations (6.57), (6.60) and is cast as

£ = —ea(m)(Ne)p 7§+ ea(ny) (Ne)y <5
! ¢ 1 2
+ei(n3) (Ne)py 25 — €ia(n4) (Vo) 1 75
—ea(m) (Ne) s 25 — eia(n3) (Ne) pa
+ea(n3) (No)p 75 + ea(ns) (Vo) o3 2] (6.75)
This relation must vanish for both :c§ replaced by a constant, for example 1, and ¢

set different from j. In the former case, this requirement can be satisfied since such

an expression then reduces to

£ = —en(ny) — ea(n?) + ea(ny) — en(n?)
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+ei(ns) + e2(n3) — ei(n}) + ex(nk) (6.76)
and if
ea(n)) = ea(ny) , ea(n) =ea(ny)

ena(n}) = ea(n]) , ea(nl) = en(n3) (6.77)

then this expression vanishes as needed. Considering that the basis functions N, are

bilinear and e;; are expressed via (6.32)-(6.33), then relations (6.77) are satisfied if

"=, Mm=0; (6.78)

Conversely, for ¢ # j, expression (6.75) does not identically vanish. For example,

setting ¢ = 1 and j = 2, and using (6.77), hence (6.78) yields

€ = +eu(m}) [(Ne),y o — (Ne)py @3] + en(md) [(Ne)py 35 — (No)y 3]

t+ez(n?) [(Ne) 3 24 = (No)pa 28] + ena(n3) [(N2) 2 25 — (Vo) 53 23] (6.79)

which cannot be forced to vanish for arbitrary values of zé, since on each element
the metric data e;; with (6.77), (6.78) couple only two nodes whereas the relations
between brackets couple four nodes. However, the magnitude of this expression is

modest since it satisfies the following order-of-magnitude constraint

8(172 A(Ez 0332 <A$2>
0()=0 =) (=) Ap - A 6.80
(€) (gﬁ((am)m(Am)e M (a'h)nz A ) A (6.80)

Consequently, evaluation (6.74) may be accurate for suitable element aspect ratios.
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The coordinate of the evaluation points 17} and n? are determined by setting

i =7 =11n (6.75). For this index specification, this expresion is cast as

(
[

0z,
61]2

0z,
Om

)
)

e
A'I]l

Az
Ang

) (1;+1/3),e=1

) (+1/3;1),e=1

A’h-i—(

Ale-i-(

Oz,
67]2

axz

87]1

)
)

!
A'I?l

Az
Ang

e
(1,-1/3),e=4 |

o
(—1/3;1),e=2 ]

.

(6.81)

which, for the following choices of 7! = 7% = 7,

AU
(_1’_3)=n4_(+1’ 3)
1
3

1 1
m=Eh+z)=m=(-L+3) , 7

1
2 = -_
T (+3

1
;—'1) ) "7%:(

1
s+ =70 =(-%;-1
3 ’+) Tl3 ( 3’ )

;1) = 0% = (+

m=HL+1)=9,= ('H; -1) , i, =(-1; +1) =9, = (-1 "1) (6.82)

reduces to

Ex4-detJ(n"), " = node (z,7) (6.83)

since e;x is independent of the n3_; coordinate in 2-D. Therefore, (6.75) approx-
imates expression (6.72). Note that for : = 2 and j = 1,2 identical conclusions
are reached for (6.80), (6.81). In particular, the accuracy level of the latter ex-

pressions critically depends on element aspect ratios. Conversely, the accuracy of

the corresponding strong statement expressions is not affected by truly arbitrary

meshes.

6.4.3 Accuracy Considerations

Expression (6.62) constitutes the fundamental consistency and/or first order accu-

racy constraint that all consistent semi-discretization theories verify on a uniform
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mesh. For arbitrary meshes such a verification is in general more involved. However,
the semi-discretization procedure herein detailed has yielded this crucial verifica-
tion in a rather straightforward manner, via determination and use of metric-data
optimal evaluation points. This procedure is now expanded to achieve a semi-
discretization for nonlinear terms that is second order accurate on both primitive
and computational coordinate spaces. This is accomplished by devising a semi-

discrete formula that identically satisfies constraint (6.27) on arbitrary meshes.

6.4.4 Second Order Accurate Semi-Discretizations
on Arbitrary Meshes

Setting ¢ = 2! N, allows expressing the fundamental identity (6.27) as

_ e]la(:c,-f _ , ¢ aivg s _ g
G. = /ﬁcw o dn = /ﬁ eisNra{ N Lt dn = [det Jz.6]] . (6.84)
and using Lemma (6.1) yields
aNs s * 6N3 s
Ge = /ﬁ ejkNTfola_nkxi dn = z{Ne(n?)ejx(n.,) /ﬁ N, e dn (6.85)

where 7} is a suitable evaluation point that permits satisfying (6.84), hence yields
2" order accuracy. Capitalizing on the results (6.39), (6.48), (6.70) and (6.71)

allows expressing (6.85) as

ON. ON, :
Ge = = Ne(n?) ((w)h (a—) 7 + (ej2)y (-——) ) = 2{No(n) (det])p, &
771 P, e 8772 P, e
(6.86)
And upon identification of i} with P., recall (6.68), expression (6.86) becomes
Ge = x; (Ny)p, (detJ)p, 8 (6.87)
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which by corresponding to the lhs of (6.84) for arbitrary e;x, hence detJ, proves the
accuracy assertion.
For the weak statement integrals (6.56), (6.59) the counterpart of relation (6.84)
1s
G= /Nefka - z/ejk Nz Nozt dn =

2 0771:

13 AN, o &N,
52(— A ik Nz ! N} dn) Zeyk )N (18)]" ( d ) =

e=1 Qe ank 317k

5eit() « [~ Na(n) (Vo) 2! + Nn(n) (Vo) 2] +

eJl("74 + N (1m3) (Ne) 5! ¥ — Na(ny) (Ng)Pl me: +

-
)|

‘eﬂ("l) = Non(?) (N2) )s2 & + Nea(n3) (Ne) 2 zf] +
[

eﬂ(nz) +Non(13) (Ne) 3 7 — Non(13) (N 53 1] (6.88)

Whereupon, setting
k _ pk
n. =P’ 1<e<4 (6.89)

see (6.42) and (6.49), leads to the result

. 1
g = 5611(771)

(

1 _— ¢

+ 561'1("73) -((Nz)P% T;
(
(

1 5 -
+ 581'2(772) (N[)szf - (Nl)Pl -'I:f

1 ~ i 2 27
+ gen(in) (Ne)pa zi —((Ng)j,2 2f)’| =

I

1) Any +
m 7}

Az?
A ) AT]?
772 n2

1
‘?:61'1(171) (A 1 Amn + 811(713)
Uk

1 . Aaf:,2 1 B
gen(hn) (Fox ) St gt
2

.

N TN
[>
»n
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~ A.’I:,' - A:L‘,'
ej1(71) (‘”i_A ) Am + e;1(73) (%—) An +
T/ U

7} Am
. Az; . Az;
e;j2(75) (sz—) Any + ejo(ny) (xzz—> A1y + Onmax,i ((ACCi)?)
12/ n3 M2/
~ 4 - [det J]gra6 (6.90)

Note again that the strong statement integral yields an exact representation of

(6.84) for arbitrary meshes, whereas the weak form can only approximate it.

6.4.5 Specific Applications

Utilization of formula (6.85) and/or (6.90) for the semi-discretization of non-linear
second or higher-degree terms within the convection operator, yields a recursion
formula that can be second order accurate in both primitive and computational
coordinate spaces for arbitrary meshes. The following semi-discretization for a
representative Euler equation convection term exemplifies the use of such formulae.

This term is written as

d |m 0 |m
detJ -C = detJ — | —=m,| = etp— | —my 6.91
3w[p ] 1k6nk[p ] (69
An integral representation for this expression 1s
/A N,det J-C dn =/ Nrelk('n)i Uy mg| dn (6.92)
. a. Onk | p
hence
/ N,detJ-Cd ~/Ne ()2 [N, Ny d Mot (6.93)
8. n_ﬁerlénaﬂk e nPj i .
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Thereafter, (6.85) leads to the terminal relation

/?2 N, detJ-C dn ~

m:{: 9 ¢
{entn s [ N5 N i
0 m?
ex(n.)Ne(n,)m; /ﬁe Nra—nk [N;] dn ‘;{} (6.94)

The corresponding expression for the weak form (6.89) is

/N detJ-C d §Mj (71,)N,( ")’”i ai"[N] dn m! (6.95)
. ~ — e ; — .
a T € T’ ot 1k ne J ’r’e p] ae 877k £ "7 x

6.5 Determination of Optimal
Metric Data Evaluation Points for
Diffusion Operator Semi-Discretizations

This section is also divided into two parts. In the first part ¥ is set to one, the re-
quired integrations are performed over each computational cell illustrated in Figure
6.5, and the attendant results are appropriately summed. In the second part the
derived expressions are multiplied by the metric data to form relations (6.29) and

(6.30), after setting ¢ = ;. Finally, the optimal evaluation points are determined.

6.5.1 Integrations in n Space

The evaluation of the parallel-derivative integral

ON, ON;
& Om Om

4 4.1 ON,ON; . .
dn @ = — Z/A 6—1715711 dn (6.96)
e=1 e

T —_—
Ill__
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over Q, see Figure 6.5, yields

ON,dN; . . ON; ) . ON,ON; . . (aNj> .

_ 2 dn o’ = — =L —dn i =4+ =1L J
& Om Om K (3171 Pl i 8, Om Om ny om pl i
ON,ON; . ON; ) . ON,ON; . . (azvj> .

— | Ll g =+ J N Zdn o = — j
8, o om 17 (8771 o i 8, om om ¥ om P;P

(6.97)

Note that the evaluation points in these expressions coincide with (6.40).

Consequently I7, is expressed as

-+ ;,j+1 i+1,)+1
) o] o \f
1 LS {
e R 7 R . 'S H
o o] o o]
i1,J ij i+1,j
7 B 7 T
n, * A o 4
Rt P ? * PR
n,
o o o)
i-1,J-1 ij-1 I+1,j-1

Figure 6.5: Contiguous Elements and Evaluation Points for Integrals (6.97)

ON; : ON; - ON; : ON; :
Ir = J J _ J J J J =3 J 6.98
N {l(a’h)%@ (5’71>Pf4+!<3’71>1’;¢ (5"1>P:(P]} o5

with each partial derivative computed in the element identified by the subscript in

P!, and coincides with the recursion formula

2 4 2 4 8 4
I, = (‘é¢i—1,j—1 - 69255,3'—1 + 6¢i+1,j—1 6¢z’—1,j - g¢i,j + g¢i+1a’

DN =
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Expression (6.98), hence (6.99), supplies the average of two second-order cen-
tered difference formulae evaluated at points Pf = (1,1/3) and P} = (1,-1/3)
respectively, as is easily shown by referring to Figure 6.6. The second-order accu-

rate centered formula approximating the partial derivative 5% (66—;7&1) An? at point

0 [0 Oy ) ( Oy )
AnP— | =+ ~ = - | = A 6.100
l U 6771 (6771) po ((67]1 P’} 67]1 Pll m ( )

Whereupon utilization of expression (6.43) for the semi-discretization of these rhs

o
P is

partial derivatives leads to the recursion formula

2 (22)], ot~ (G o) (o 200)-

6
<(%¢i,j + -Z'¢i,j-1) - (%@—1,,‘ + %4151'—1,]'—1))] =

2 4 2 4 8 4
[6451'—1,;'—1 - €¢i,j—1 + g¢i+1,j—1 + 6¢i—1,j — 6¢i,j + 6¢i+1,j] Any (6.101)

The companion expression formed at point Py is

0 [0y .
— | = Any
[6771 (am)]p; "

4 8 4 2 4 2
[6¢i—1,j ~ g% + g¢i+1,,‘ + 6¢i—l,j+1 - g¢i,j+1 + g¢i+1,j+1] An (6.102)

Whereupon the average of expressions (6.101) and (6.102) reverts to (6.99). Note
that the latter is also interpreted as a semi-discretization of the lhs of (6.100) at

node r.
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Following an analogous procedure, the evaluation of the integral

ON, BN ON, BN i
T = — 6.103
Tom [y e = L[ G e 6109
over Q, see Figure 6.6, yields
ON, ON; - ON; : ON, ON; - . (ON;
Ldn o' = — [ =2 Jj Ldn ol = —p! ___l)
o 67]2 67]2 (6772 )P2 ? 0 6772 8772 K i (87]2 P2
ON, ON; : ON; ~ ON, ON; - . (ON;
Ldnp’ =+ .—’) i, 1 dn ol = 4 (_J>
G, Ony 3772 Y (6772 4 a, Oy 87)2 e v On, P2
(6.104)

where the evaluation points P? are the same as (6.49).

-1L,j+1 Lj+1 i+1,)+1
° P ‘r
3 2
8 B o
. o o oI ©
L1,j P, i,j R i+1,j
4 ¢ ' o—* fr
n,
2 2
R R e
n
1%4 14
i-1,j-1 . i,j-1 i+1,j-1

Figure 6.6: Contiguous Elements and Evaluation Points for Integrals (6.104)

Consequently, I7, is expressed as

ON.; : ON; .
IT — -3 J J J
» {[(6’72)103({3 <6n2>P12Lp

ON; . (ON; .
+l 52 -5 2] ¢ 6.105
[(5772)}:3290 (3172);:399” (6105)
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with each partial derivative computed in the cell corresponding to the subscript in
P2, and coincides with the recursion formula

2 4 2 4 8 4
I, =3 (6¢i—1,j—1 - ‘6'¢i—1,j + 6¢i—1,j+1 + g¢i,j—1 - g‘ﬁia’ + g¢i»j+1

4 8 4 2 4 2

g¢i,j—l - 6¢i,j + 6¢i,j+1 + g¢i+l,j—1 — é’¢i+l,j + 6¢i+1,j+1)(6.106)
Relation (6.105), hence (6.106), expresses the average of the two second-order cen-
tered difference formulae evaluated at points P! = (1/3;1) and P} = (-1/3;1)

respectively, as is easily shown by referring to Figure 6.8. The second-order accu-

rate formula approximating the partial derivative 3% (g—%) An? at point PP is

9 (0 &p) (8«,9)
Ani— | = ~ =) - (2= A 6.107
[ n23772 <3772)]p1b ((3772 P2 On2 P & ( )

Whereupon utilization of expression (6.52) for the semi-discretization of the rhs

partial derivatives leads to the recursion formula
0 (0p
o (o)),
6772 6772 plb
2 4 2 4 8 4
[g¢i—1,j—1 - 6¢i—1,j + g¢i—1,j+1 + g¢i,j—1 - g{bi,j + 6¢,~,j+1 Anq (6.108)
The companion expression at point P! is
o (o),
— | = An; ~
[3772 (3772 Ppa &
2
4 8 4 2 4 2
[g¢i,j-1 = g% T ghisn + ghinnio1 — gin t+ 6¢i+1,j+1] An, (6.109)
Whereupon the average of expressions (6.108) and (6.109) reverts to evaluation

(106), which is also interpreted as the semi-discretization of the lhs of (6.107) at

node r.
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Finally, the evaluation of the cross-derivative integral

ON, aN ON, aN :
i ol / j 6.110
12 Q 6771 87’]2 Z e 6771 67]2 K ( )
on ﬁ, see Figure 6.7, yields
ON, ON; i g j=_<%> ; ON, ON; i dn o = (Q_%)
0 6‘771 3172 Ons 0, 6771 3772 0ny
ON, ON; , ON; , ON, ON, : - [ ON;
2 d =g == 7 J— I <_J)
6, om omy " (3772) ¢ 8, o omy 7\ o, po
(6.111)
The coordinates of the evaluation points in these expressions are
1 1 1 1
= (0;+= °=(0;+-), P{=(0;—7), P;=(0;—¢ (6.112
(0’+3)’ P2 (0’+3)a 3 (0’ 3)) 4 (07 3) )

Consequently, I7, is written as

ON; , ON; : ON; _ [ON;
7= |[=2) - [Z=2) i+ ( J) J—( ]) |t (6.113
12 { [( 67]2 )onso (87]2 )Plo SO j| [ 6172 Pao SO 6772 Pf ()DJ ( )

with each partial derivative computed in the cell corresponding to the subscript in

P?  and corresponds to the recursion formula

I, = ;1; (i-1,i-1 — Bitx1,5-1 — Pit1,j41 + $is1,i+1) (6.114)

This expression coincides with the standard second-order accurate centered finite
difference formula approximating the expression
0 (&0

= — A A 6.115
5] anl 6772 nl 772) ( )
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i-1,j+1 i,Jj+1 i+1,j+1

o (o] ? T
4 o 4
o ? R ¢ o P
O (o] O o]
i1,j i.J i+1,J
o o - T
nz. * 4 ’ o 4
P{ P{ L4 Pg
n,
O o) 0
i-1,J-1 i,j-1 i+1,j-1

Figure 6.7: Contiguous Elements and Evaluation Points for Integrals (6.111)

at node r and can also be interpreted as the average of the second-order approxi-
1 1
mations for itself as determined at nodes P* = (1; -{—5) and Py* = (1, —g)

Note that the evaluation of the integral

ON, ON;
a On, Om

I; = - dn ¢’ (6.116)

over Q, see Figure 6.8, identically yields formula (6.114). Such an expression results

from the sum of the integrals

8N, ON; ‘ aNj> | N, ON; . . (6N-)
- [ T dn ol = — | =22 J - [ 2 dn o = —’ J
8, onz om (3171 P;P 8, On2 Om 7\ o, 52
ON,dN; . . oN;\ . ON,ON; . . . (ON;
— | T dn o’ =+ J) J . Ll R J=_J< J)
By Omy Om (3771 I 8, Omy om 7 7 \om 2
(6.117)

where the evaluation points are the same as (6.49).
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ANES LJj+1 : i+1,j+1
e

r \f (r \r
4 [ 3
-3 g o
' . L g e O é{ . 7 O
i1,j P, i.j R i+1,j

o) . Q

i-1,J-1 i,J-1 i+1,J-1
Figure 6.8: Contiguous Elements and Evaluation Points for Integrals (6.117)

Therefore, 77, is expressed as

8N. . ON. . ON. . ON; ;
Tr = J Jg_ 227 J —2 I _ | — J 6.118
A {[(am)ﬂzw (anl)pgso}+[(3nl>p;¢ (6771)&290}} ( )

and it is found to coincide with (6.113). This relation alternatively constitutes the

standard second-order accurate finite-difference formula approximating the expres-

sion

0 [0p
= — [ ZZAnA 6.119
©2 ons (87)1 T2 771) ( )

at node r and can also be interpreted as the average of the second-order approxi-

1
mations for itself as evaluated at nodes PP = (-}é-; 1) and PP = (—5; 1).
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6.5.2 Metric-Data Evaluation Points

The fundamental identity (6.29) is expressed in the region Q, see Figure 6.1, as

82 6N, €;¢ awm _
[detJ - Bx]} /§N, dyp = — [ﬁe,k 5 e o =0 (6120)

The unabridged form of this integral is

/6 8N,- €;¢ axm
* Bk det J On,
BN, €51 8xm aN, €52 a.’l)m
/A e Ony det J Oy _/ e Ony det J On, dn
ON, ej1 Ozn ON, ej; Otp
i d .
/ 2 0, det J Oy dn / 2 0, det J Oy n (6.121)

Whereupon expressing z., via basis functions (6.31) in this integral and invoking

Lemma 1 yields

L
4 .
R CICONSS ~ T
Fea (n) (deJ)f,j( a. 66]:1 ?9]7:3 d )
Fea (7 )(d:f])ﬁj (_ o ZJ; (23]7;7: d )
+e (n )(dZ’tzJ) ( [ aa];; gjni‘ dn) x;} (6.122)

This expression is further transformed via relations (6.97), (6.104), (6.111) and

(6.117) yielding

— —|e(n! €j1 ON, ¢ (O ( €42 ) —8—]—& ¢
g = (611(171) <det )'f]i (67]1 )P} z,, + 611(171) det J «,'7: 6772 po T
_ €51 ONeN o 2 ( L > ONe :
(612(771) (det J) ( om )Pf ot el det J/ i} \ 92 / s o
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This relation must vanish for arbitrary values of the metric data. Considering that
the outer metrics e;; and e;; are linearly independent of each other in any one
element, it follows that each expression in parentheses must be separately equal to

nought. This is achieved if, preliminarily,

m=n, 9 =% (6.124)
m=n, 0 =10 (6.125)

The coordinates of these points are conveniently derived by settingi =1, 7 = 1 and
zf = zf. Whereupon, they are found valid for any other value 1 < 4,j,n < 2.

For the specified settings of the indices 7, j, and m, the first relation for Q; in
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(6.123) is

SR 17 YL R . R L
detJ (1) [[Oma [ *\Om [0y~ LOm Iy "\ O ) o)

(6.126)

A unique evaluation point 7] is now determined by capitalizing on the single-variable
dependency feature of the approximation function partial derivatives. This charac-

teristic stipulates the validity of

(999) _ (999) vy, (6.127)
2 (0;0) 2 (0;+1/3)

Consequently relation (6.126) becomes

-t 2], 4(2) -2, (),
detJ('F]i) ong 7h : om (0;1/3) : Om m ’ O (0;1/3) ’

(6.128)

which shows that it can be made to vanish identically upon setting 7} = (0;1/3).

The second relation for ; in (6.123) is

e[, (22, 4(2
detJ (73) | | On2 ¥ 2\ om (0:0) ? om 7’ 2\ on. (1/3;0) ’

(6.129)

and the evaluation point 7)? is determined via the identity

(%> _ (@) v (6.130)
om (0,0) Om (£1/3;0)

Therefore, expression (6.129) becomes

-2 [ 2(2),a-[2] 1(2) -
detJ(77) || Onz 7’ “\om (1/30) ©olom UH “\ O (1/3:0) :

(6.131)
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which shows that it can be made to vanish identically upon setting A7 = (1/3;0).
A sequence of derivations analogous to (6.126)-(6.131) leads to the determination

of points 'fl}3 and 17)3 for 2 < e < 4. Their coordinates with those of ﬁ% and i]f are

W= (+50) = (-50) o A= (-50) . w=(rgz0) 1
which coincide with (6.40) and (6.49) respectively.

It is important to note that the evaluation points . and #? are valid for an

arbitrary distribution of the primitive coordinate z% over Q. Moreover, as is now

shown, they are correct for the accurate representation of expression (6.123) when

zf = zf. With this substitution relation (6.123), which must vanish again, is cast
as
52t o0 (), e (53 4
- ' bos
+————diltl§?$2) -611(;75) (%) Lo + ex2(i) (Q%)Pl zi
L } 3
iy [ () v eon (35)
vt [0 (), o (), 4
L ] L
- -




e12(n?) o, [ONe p o\ [ ON , .
T aetd (72 [611("4)(5,71 P3$1+612(n4) o, P3m1 (6.134)

This relation considerably simplifies, since the sum of the terms between brackets

defines det J. Consequently, the terminal expression is

& = —611(17%) - 612(173) + 611(’7%) - 612("7%)

+e11(n3) + er2(m3) — 611(77};) + 612("73) (6.135)

and if

enn(m}) = en(ny) , en(ny) = eu(ny)

enn(ml) = erz(n) , en2(m3) = exa(n3) (6.136)

then this expression vanishes as needed. Considering that the basis functions N, are

bilinear, and e;; and e;, are expressed via (6.32), then relations (6.135) are satisfied

if

nm=n, o, Ny=1,

ni=n;, , n=n; (6.137)

The coordinates of these points are determined in the following section.

The derived points (6.132) and (6.133) are also adequate for the evaluation of
expression (6.123) when ¢ = 2 and j = 1. With this selection the outer metric data
ez1 and ey, replace e;; and eg2, respectively, in (6.126)-(6.131). However, these outer

metrics have not entered the determination procedure for points (6.132) and (6.133).
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Consequently, expression (6.123) will also vanish identically for both 2t = 2! and

4 £

Tm

= 5, upon evaluating the inner metrics at 7! and 7Z.

The following section presents the proof that (6.132) and (6.133) are correct

metric-data evaluation points for the accurate representation of expression (6.120)

for the two cases (i = 2,7 = 2) and (¢ = 1,j = 2). The case (i = 2,5 = 2) is

considered first. Hence, upon setting z°, = z!, expression (6.123) is

£ = —en(m)
~eaz(m;)
+ean(n3)
—622(773)
+ea1(m3)
+eas(n3)
—en(n;)

+622(’73)

) (55), 4+ @) (50),.%
det J/ 9} \ 9Om / 1 ' \det 7/} \ Oy P 1
<d:1J>1'7f (_6—%> -2 nt <dZ2J >1'7';’ (?9]7;?)?3 g
(dZIJ>ﬁl (6_]7;%) Pl i (dZQJ >n§ (?9]’\72)?; "
(dzlJ)iﬁ (%) " s <dZ2«7>f1§ (ZJ’;?)P% §
(dZIJ>1’7§ (?%{) Pl mt (dzzzJ )ﬁ; (ZJ’DP; §
(dZIJ)fri (6_]7;?) P2 %+ (dzzzf >n§ (66];3),»3 “
<dzlj)ﬁi (%) #l nt <dzzJ >1'7: (?9]7;/3);:1 xf)
(dzlJ%i (?9_]7;?> " e (dz2J )ﬁi @]7\72):& xi) o

This relation must vanish for arbitrary values of the metric data. Considering that

the outer metrics ey and ey, are linearly independent in any one element, then

the expressions in parentheses must be separately equal to nought. The first set of
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relations is written as

e [0 () g fon)
7. Om / (o.21/3) Om

()
CL' .’1:1
92 ) (0321/3)

detJ (7,) 02

(6.139)
which identically vanishes for the previous selection of ..
The second set of relations is
2 N, N, N,
e [0 (0 o] ()

detJ(1;) Oz 7’ Om (£1/3:0) m s (£1/30)

(6.140)

which also vanishes identically for the previous selction of #?.

When z¢, = 2, expression (6.123) is written as

e _ _ea(m) -

detJ (7)) f”(ﬁi) (%) . 2+ en(in) <?> o xgj
_% -621('773) (6—]::) p z5 + eas(}) (%) . ‘”g
+%§% :621(17%) (%) , 23 + ex(fi) (6—]7;2) " ‘”g
—%;% ;621(7”73) (@%) pg x5 + ea (i) (%) , xd

%Z%) -621(7733) (6_];?)}% z3 1 €22(3) (%)Pé ‘”g

2w (1) v (), ¢

- e (), i (55, =
vty [ (5) e (31) 4] oo

Since the expressions between brackets correspond to det J, the terminal expression
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£ = —eu(ny) — ex(n?) + en(my) — e22(n3)

+ea1(n3) + exn(n3) — en(ny) + eaa(N?) (6.142)

and, in analogy with (6.136), if

621(77%) = 621(’75) ’ 621(77;13) = e21(7739

e22(n?) = en(n]) , ex(n}) = en(n3) (6.143)

then this expression vanishes as needed. Considering that the basis functions N, are
bilinear and ez; and ez, are expressed via (6.33), then relations (6.143) are satisfied
if equivalences (6.137) hold.

Finally, for the case (z = 1,5 = 2) the outer metric-data e;; and e;, replace ey
and ez, respectively, in (6.138)-(6.141) However, these outer metric data have not
entered the determination procedure for points (6.132) and (6.133). Consequently,
£

also in this case expression (6.123) identically vanishes for both z¢, = ¢{ and 2!, = =
m 1 m 2

upon evaluating the inner metrics at . and 72.

6.5.3 Accuracy Consideration

Expression (6.120) constitutes a fundamental consistency and/or first order ac-
curacy constraint for the approximation of diffusion operators that any semi- dis-
cretization theory should verify on arbitrary meshes. The semi-discretization proce-

dure detailed in this section has yielded this crucial verification in a straightforward
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manner via determination/utilization of optimal metric data evaluation points. It
is noted that the proofs of this section do not place specific constraints on the
coordinates of the outer-metric evaluation points, other than requirement (6.137).
Hence, it should be possible to capitalize on these remaining degrees of freedom
to identify additional evaluation points that lead to second-order accurate spatial

semi-discretizations in both primitive and computational coordinates on arbitrary

meshes.

6.5.4 Second Order Accurate Semi-Discretizations
on Arbitrary Meshes

The fundamental identity (6.30) is cast as

det J ON, ¢€j; O(zmzy)

sty s [ Nodp=— [ e, L G -

[ 2 (J PO J)an /ﬁ n /éek(?nkdettf Onge an
ON, en 0(zmzy) ON, ejo O(zmzy)
- |.& dn— [ e ’ ——

/ﬁe Yom det ] am " /ael Oy det J o,
' ON, ej1 0(zmzy) ON, eja O(zmzy)

/5 ¢z Ony det J  Om dn — /ﬁ Giz Ony det J  Ony

dn

dn (6.144)

Thereafter, setting 1) = 2! N, and using Lemma 1 allows casting (6.144) as

iren ), -
-

%; {e“ (n2) (leJ>1‘7i Ne (@) <_ o ?9]1;? %Jlk d ) (2t + 527,)
+ea (m) (deJ)f;i Ne (3:) (_ 5, %Jr:? %];k d”) (shuan + arar,)
+ea (n2) (leJ)ﬁ; Ne (i) (" A, ZJZZ_]X )(xfnxf»”fﬂ’i)
e (1) (5227),,, 3 ) (-, G an) (etot + oot |
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7 ;

where a = 5 N, dn = 4, and 7!, /2 are suitable points, to be determined.

The coordinates of points 1} and n? are conveniently determined upon setting

k

k = 2% and 2! = z!. Whereupon, they are found to

1 =1,7 =1 as well as
be valid for any value 1 < 7,7, m,n, < 2. For the specified index setting, relation |

(6.145) becomes

1 4 € 6N 8Nk
== 1 ( 11 I T ~1
a > {e“ (ne) det J/ 7} 8. Om Om dn | Ne (ne

which is expanded via relations (6.97), (6.104), (6.111) and (6.117) as

1 " . - " 1
z —azilt(;(l;}) i (?9]1\;; 7} & (%]Z:)pg =t u 86]:77TJ 7} o (%]7\)’:);»1 x?j N )z,
“zaade® Lol (o) 71+ ol s (G) 8] e
oo el (o) =+ o], (), =) veaw
s 5 ,-73""2" (o ) i+ -] ,-,g"'gn (o ) | Ne@)ei
s [Tl (B), 7t ], % (G, =) o
2 [r 1 1 1
ce Tl ) 7 oo () o8 o
1y 10N, a m ] n 1.
_azzc(;(i;i) L 3]7\;2 Iq! & (5217\771 )p} ot —88]:771 7 & (%]7\7[2 >p} z?_ Ne(@s)z,
e o] o) oo () o8 etae

(6.147)
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Recognizing again the det J definition in the expressions between brackets, allows

simplifying expression (6.147) as

1

7 % {5 [(enmbN@bset) - (en(mh)Ne(@)st))

+% [(eu(ﬂé)Nz(ﬁé)mf) - <eu(ni)Ng(f7}1):c§)]}
2 {5 [(catmNgies) — (culn)N@)es)

+% [(exa(m3)No(@2)t) — (elz(ni)Ne(ﬁg)xf)}} (6.148)

At this stage the evaluation points B}, n? and 7!, #2, 1 < e < 4, are determined

such that expression (6.148) accurately represents the relation
T = det J (1°) (6.149)

where 1 is a suitable evaluation point in the region formed by the union of four
computational cells as illustrated in Figure 6.9. With reference to this figure, and
in harmony with requirements (6.137), the evaluation of the outer metric data e;;

. 1 1 1
at points 1] = (+1;+§) = 9= (—1;+§) as well as 03 = (—1; —5) = n=

1 1 1
(+1; —5) and the outer metric e;, at points n? = (+§; +1) = n2= (+§; —1) as
1

(—=;—1) permits recasting expression (6.148) as

3

{éeum;) [Ne(@d)et — Nu(})zt] + %eu(né) [Ne(id)et - Ne<m>m€]} +

well as i = (—%;—}—1) = n?
1
I =3
1 1 2 P £ ~2\ ¢ 1 2 = £ = 2
5 | 3eram) [N(@Dat = Ne(@D)at] + Sesalmd) [Ne(@)ot - Ne(i)et]
(6.150)

It is noted that the single evaluation point

{ni=0D={n=>-LD}={n=(-1-1)}={n=(1;-1)} (6.151)
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i-1,J-1 i,Jj1 i+1,J-1

Figure 6.9: Contiguous Cells for Evaluation (6.148)

can be utilized to compute the outer metric data in (6.150) since the following

relations hold true

(611)(:&1;&;1/3) = (611)(11;11)
(612)(i1/3;:{:1) = (612)(:t1;:h1) (6152)

Whereupon, identification of points 7 and #? with 7} 77 respectively, see (6.132),

(6.133) and Figure 6.8, leads to the following form of relation (6.150)

1 Az Awl)
T = = — + —_—
5 {611(772) (Am)m 611("73) (Aﬂl 7)5}

: {eum) (i—n)n + el (-27)"} (6.153)

which coincides with expression (6.149) upon identification of point #” with node r

in Figure 6.8. Therefore, the fundamental relation (6.144) is verified for an arbitrary
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distribution of primitive coordinates over each computational cell. Importantly,
(6.152) reduces to the well known uniform grid 2™ order centered schemes for the
diffusion operator when selected metric data e;; vanish. Consequently,employing
formula (6.146) for the semi-discretization of non-linear second or higher degree
terms within the diffusion operator yields a second-order accurate recursion for-
mula on both primitive and computational spaces on arbitrary meshes. Finally
a straightforward repetion of derivations (6.145) and (6.153) leads to the result
that expression (6.145) in concert with the determined diffusion-operator optimal
evaluation points also constitutes an arbitrary mesh second-order accurate evalua-
tion of relation (6.144) for the important cases (: = 1,5 = 2), (: = 2,7 = 1) and
( = 2,5 = 2). This conclusion is readily attained upon setting z,, = z; and z,, = z;

in each derivation.

6.5.5 Specific Applications

To exemplify the use of formula (6.146), the spatial semi-discretization of the fol-

lowing Navier-Stokes equation diffusion term is developed

0 |{mz\ O (mg 3] m.\ en O [m,
etJ eJax[(P>0a:<p>] elkamKP)detJam(p)] (6.154)
An integral representation of this term is
0 Mg €1¢ 0 mg
~/Q € n S elka'f]l [( p ) detJ ang ( p )] n
— my 0 [me) . |
=1 {/ﬁe €1k I ( p ) detJ O ( p ) TI} (6.155)
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hence

4 3N € aN TTZJ mi
. E : k T £ i T T
r M — , . . .1

and capitalization on formula (6.146) leads to the terminal relation

o808, 1, )
b om om T p P
(6.157)

4
~ ky [ _C1 Ak
e == et (555) 0 0

e=1
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Chapter 7

Solution Procedure

7.1 Ordinary Differential Equation System
and Implicit Integration

Equations (5.65)-(5.67) and/or (5.68)-(5.70) constitute the finite element semi-
discretization which yields the global ODE system. This statement for the 2-D
domain " is

M+ 8+ f(tD) =0 (7.1)

where M is the semi-discretization mass matrix
M= /A N,N, dn (7.2)
Q

and ¢ is the array of nodal values of (q - detJ)" constituted of four components at
each node. The arrays f; define the algebraic sum of the semi-discrete, 7, partial

derivatives of the inviscid, viscous and dissipation fluxes, containing the appropriate

metric data, see (5.65)-(5.67) and/or (5.68)-(5.70). Note that each array entry is
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obtained by multiplication of ¢()*, in the original entry, by 1 = detJ¢/detJ¢, and

subsequent association of the numerator detJ¢ with q(t)! itself. For example, the

continuity equation entry in 1 corresponding to node r, see (5.68), is

~\7 aNT N[ ¢ {
(A), = - /a g o sE s (et ) dn

N, ON, 0N,
deth 87]1 67']1

+ LB, [ 1) ((t)det %) dn (7.3)

This algebraic rearrangement allows for straightforward determination of the New-
ton algorithm Jacobian expressions 0 fe/04.

The analytical solution of the semi-discretization ODE system (7.1) closely mod-
els the solution of (1.1), augmented with well-posed boundary conditions, since the
finite element semi-discretization is stable for adequate choice of 3,. Hence, the re-
sultant ODE system is dissipative, and consequently the convergence of the terminal
approximate solution depends on the evolution stability of the ODE solver.

For the numerical integration of (7.1), a two-stage, diagonally implicit Runge-
Kutta (IRK) scheme is established, which remains non-linearly and absolutely stable
for the stiff dissipative semi-discrete Navier-Stokes equations on arbitrary meshes.

As detailed in Chapter 8, this algorithm family is constituted of the sequence

Gnt1 — Gn = At(biky + boks) (7.4)
kl = g(tn + C]At, qn + alAtkl) (75)
k2 = g(ts + At §n + Br1 Atk + azAtks) (7.6)
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In (7.4)-(7.6), n denotes the time step index, while the operator g(-,) is defined as

9(t,d) = ~M (filt, G) + falt,dn)) (7.7)

Further, the seven coefficients by, by, ¢1, c2, a1, P21, and ay, defining the IRK scheme
(7.4)-(7.6), allow simultaneous 2" order accuracy and non-linear absolute stability,
as proved in the following Chapter.

For this diagonally implicit algorithm, the solutions k; and k; for (7.5) and (7.6)

exist and are unique. For comparison, the following determination

Q) = 0 , O = 0
(7.8)
,321:0 y C]—_-]. y CQ_—_O
for (7.4)-(7.6) produces the single-stage, “6” implicit algorithm family. Numerical
validations, presented in Chapter 10, verify that the range of stable integration
steps permitted by the IRK procedure significantly exceeds those for the A-stable
backwards Euler rule (§ = 1) while maintaining second order accuracy in time.

Likewise, these results confirm that IRK allows expeditious attainment of a steady

state, when one exists.

7.2 Newton Implementation and Tensor
Matrix Product Factorization

The practical solution of the IRK expressions (7.5)-(7.6) may be pursued iteratively.
Letting p denote the iteration index, the Newton algorithm for solving (7.5)-(7.6)

1s
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(M + o At [%] + a; At [%} ) (k{’“ - kf)
N PR 9} Gntoabth?
2
= =3 filtn + 1A, Gn + a1 ALE]) — MK (7.9)
=1

iterated to accepted convergence for k;, followed by the similar operation

df; of:
(M + Olet [—(,%'jl + azAt [’6][—,,2] ) (k§+l _ kg)
9 )Gt a1 Athy +az AtE 9 ) GotB21 Athy +an At
2
= — Z fg(tn + cAt, gn + ﬁzlAtkl + agAtkg) — ng (710)
=1

The diagonal implicitness in these expressions allows the independent computation
of the arrays k; and ky, which are set to zero to begin the iteration. However, the
direct LU factorization of the lhs matrices in (7.9)-(7.10) is prohibitively expensive
on adequate semi-discretizations. Therefore, as detailed in Chapter 9, the Newton

algorithm jacobian is approximated by a tensor matrix product as

M+ a; At l%] + a; At [%];2] :|
(dn); 71 ()

®

M1 + OliAt [é}—}
(dn)}

ot

M, + oAt [6—2] ] (7.11)
Ty

where M;, My, f1, and {f; are the 1-D factors intrinsic in (7.1)-(7.2), as indicated

by (7.14)-(7.15) and detailed in Chapter 8. Further, (§,)! indicates the Jacobian

matrix evaluation state in (7.9)-(7.10) and ® denotes the matrix tensor product

[14].

Significantly, the 2-D-formulation large, albeit sparse, matrix in the lhs of (7.11)

is replaced with the product of two 1-D problem matrices, which remain block
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tri-diagonal independent of the order and bandwidth of the associated multi- di-

mensional matrix [14,40]. The approximate solution of systems (7.9) and (7.10) is

obtained via the sequence

2
M + oAt [%%—] b = =AY fo(t+ bt Go+ Buk ) — ME?
()] £=1
My + oAt [?] §KP*Y = 4, for 1<i<2 (7.12)
91 (Gn):

where §kPt! = kP*' — kP, Noting in (7.12) the subscript range for 7, the IRK solution

arrays are specifically computed by the following steps:

1. Number all nodes sequentially along 7, coordinate curves, form
M+ aiAt[a%l/aq](qn):] and —~At Y2, fg(t + ¢iAt, G + Ba1k16?) as well as
MUEK? along these curves. Enforce appropriate boundary conditions and solve

for the intermediate array /;.

2. For all nodes renumbered sequentially along 7, coordinate curves, form
M + a;At[0F,/ 3q~](qn):] . Enforce appropriate boundary conditions and solve

for the intermediate array 6k71".

3. Iterate steps 1-2 to convergence (or for a fixed number of steps) for k;
4. Repeat steps 1-3 for ¢ = 2 hence determine k,

The desirable stability properties of the IRK algorithm could certainly become
compromized by this approximation, since the convergence of the resultant quasi-

Newton algorithm depends on problem stiffness, which may affect the conditions of
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the Newton-Kantorovich theorem, [12,15]. To limit such a contamination, the tensor
factored jacobians are re-evaluated (inexpensively) at each iteration. A solution is

accepted after a specified number of iterations, or when it meets the constraint
|k7*' K| <TOL , j=1,2 (7.13)

for || - || a convenient norm and TOL a user-defined tolerance. This procedure is
found to be robust via determination that the cost of factored jacobian evaluation,
and subsequent linear equation solutions, is negligible in comparison to the rhs
evaluation expenditure.

Each block tri-diagonal matrix component in the rhs of (7.11) contains decou-
pled inner matrices that correspond to the jacobians of the semi-discrete equations
formulated at the nodes on independent grid lines that begin and end on boundary
segments. Hence, as indicated by the subscripts 1 and 2 in (7.11), the two com-
ponent matrices are formed using strictly one-dimensional bases n; associated with
the individual curvilinear coordinates n; and 7. For instance, the tensor factor M,
for M in (7.2) is

My E/ﬁ n,ny dm (7.14)

m

and the corresponding counterpart of ( fl)r in (7.3) is
p

£ = o nme ¢
(fl)p = /ﬁnl €51 dTh detJl(m](t)detJ ) dnl
, dn,d
v LB [ |ut(t)| e ZE R k(1) det ) dipy (7.15)

Gy detJ* dny dmy
In (7.14)-(7.15), the values of the indices ¢, s and k are limited to the range
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[r—1,r,r+1] Further, Q,, is the 7, coordinate curve spanning Q" in the n;
direction, and n, constitutes the 7, direction tensor factor in N,.

The association of detJ with ¢ within the time partial derivative, see (5.65)-
(5.67) and/or (5.68)-(5.70), leads to a det J-independent mass matrix (7.2), hence

(7.14). As a result, the factorization of this matrix is exact, i.e.,
M =M; @ M, (7.16)

Furthermore, owing to the det J independent mass matrix, the n-space first and

second order partial derivative weak statement terms also factor exactly as

/ N, ——f dn=Ms_; @/ B 2, (7.17)
.7
6N 8Ng dn, dng
d 1
& on; on; M- f®/ , dn; dn; (7.18)

which allow usage of 2-D metric data in the 1-D operators, see (7.15) and Chapter
9, since no element measure is present in M.

Therefore, these matrix tensor products do not require any approximate factor-
ization of the metric data det J and ex;. Consequently, the error associated with
such approximate metric data is totally absent in this formulation. This new and
robust finite element tensor product factorization, detailed in Chapter 9, thus sig-
nificantly departs from “patch” factorization algorithms reported in [28,29] that
require approximate factors of detJ and ex; Further, the present formulation is nat-
urally cast in curvilinear coordinates and employs full 2-D metric data in the curvi-

linear 1-D factors in (5.65)-(5.67) and/or (5.68)-(5.70), see (7.15). Consequently,
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the factorization can be used on arbitrary 2-D grids, and quasi-Newton algorithm
convergence and stability, as well as unsteady solution accuracy, are not adversely
affected on non-rectangular non-uniform meshes. The overall solution procedure is
thoroughly detailed in Chapters 8 and 9, with validations documented in Chapter

10.
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Chapter 8

A Non-Linearly Stable Implicit
Runge-Kutta Algorithm for
Conservation Law System
Dissipative Semi-Discretizations

In this Chapter, a non-linearly and absolutely stable implicit Runge-Kutta algo-
rithm is developed for the accurate temporal integration of the semi-discrete 2-D

compressible Navier-Stokes Equations.

8.1 Algorithm Derivation

Following the classical method of lines, the semi-discrete integral statement (5.61),

repeated here for convenience,

R ﬁ ) k _6_ B phv)Y _3_ h% —
/§th [Gt(q det])' + 5 - (exe (££ = £*)) LB 5 (W15, )| =0, ¥ w

(8.1)
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yields an ODE system of the form (5.65)-(5.67) and/or (5.68)-(5.70), hence (7.1),
which is recast as
dg(t)

= - 6(t,4(t)) = 0 (2)

where the operator g(-,-) is defined by (7.7). In the sequel, the tilde superscript is
deleted without loss of clarity.
As given by (7.4)-(7.6), and repeated here for convenience, the two-stage diag-

onally implicit Runge-Kutta (IRK) algorithm family 1s

Gni1 —Gn = At(biki + bok2) (8.3)
kl = g(tn + C]At, dn + alAtkl) (84)
ky = g(tn + c2At, gn + B Atks + cAtky) (8.5)

where subscript n denotes the time step index. The coefficients ¢; and ¢, satisfy

the conditions

Gt = oM

(8.6)
2 = Punta

The explicit dependence on time of the operator g(,-) allows straightforward im-
plementation of time-dependent Dirichlet boundary conditions. In the sequel, a
capital letter denotes a square matrix and lower case signifies a column matrix.

It is common practice, [15,18], to gather the ODE algorithm coefficients in the
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form of a synoptic table, i.e.,

C1 | a1 0
cl A
= a|fan o (8.7)
b .
by by

The diagonal implicitness of algorithm (8.3)-(8.5) permits the independent determi-
nation of the arrays k; and k,. This is pursued via the tensor product factorization
of the Newton algorithm matrices, for the iterative solution of (8.4)-(8.5), as in-
troduced in Chapter 7, and to be detailed in Chapter 9. The affordability of this
procedure permits the 2"¢-stage recomputation of the jacobian matrix, hence the
coefficient a, in (8.5) is in principle allowed to differ from «;.

A two stage algorithm is selected so that enough coefficients are present to
allow the combination, within a single implicit procedure, of the strong A-stability
properties of the backwards Euler rule with the classical second order accuracy of the
Crank-Nicolson rule. These constants are then determined such that the algorithm
is second order accurate, in the classical sense, and also meets the requirements of

the recent B-consistency/convergence and B-stability theories, [15,18).

8.1.1 Classical Accuracy and
B-Consistency/Convergence Constraints

The constraints on the IRK constants, [10], guaranteeing second order accuracy in

the classical sense are
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1
biar + bo(far + 02) = ) (8.9)

When equations (8.8)-(8.9) are satisfied, the following local time discretization error

~

b1 = q(tnt1) = Gni1 (8.10)
with
Gny1 = q(ta) + AL biki(tn, q(tn) ) + boka(tn, q(ta) ) ) (8.11)
is bounded by the inequality
s ]l < SAE, VAL € (0, At (8.12)

where S and At; in general depend upon the stiffness of the ODE system. For
the stiff equations resulting from the spatial semi-discretization of the compress-
ible viscous Navier-Stokes equations, inequality (8.12) is insufficient to ensure the
expected accuracy for practical time steps At, since the constant S grows with
increasing stiffness, while At, may concurrently decrease.

The algorithm suitable for the numerical integration of the subject class of non-
linear stiff ODE system should instead maintain a uniform order of accuracy irre-
spective of the stiffness magnitude. This is the essence of the fundamental notion

of B-consistency, which is mathematically characterized by the inequality
Ilnsa |l < DAY VAL € (0, Aty] (8.13)

where the constants D and At; are totally independent of stiffness and exponent p

is the order of consistency. For the IRK algorithm (8.3)-(8.5) this order is bounded
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by the inequality 1 < p < 2 and the sufficient conditions for B-consistency of order

one, at least, are
>0, as>0 (8.14)
Additional B-consistency expressions are [15]
A We; =1, j=1,2 (8.15)

where V is the Van der Monde matrix

1 , €1
V= (8.16)
1 , C2
and e; defines the j** unit vector, hence
1 0
€1 — , €2 = (817)
0 1
Expression (8.15) yields the equations
biag + ba(ay — fn) = ooy (8.18)
bl + b2 = 1 (8.19)

Equation (8.18) provides an important auxiliary condition on the algorithm free
parameters that leads to strong A-stability, as indicated in Section 8.1.2.

The efficient numerical integration of system (8.2) demands that convergence
rate not degrade with increasing stiffness. This is the allied concept of B-convergence

which is formulated in terms of the global time discretization error

nt1 = q(tnt1) = Gni1 (8.20)
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via the inequality

[énsall < CAL, VAL € (0, Aty) (8.21)

In estimate (8.21), the exponent r is the convergence order and satisfies the in-
equality » < p+ 1. Further, the constants C and At; do not depend on stiffness.
For the present diagonal algorithm, inequality (8.21) is satisfied if, in addition to

constraints (8.14), the following inequalities are also satisfied [15]
b >0 (8.22)

by >0 (8.23)

8.1.2 Stability Constraints

The numerical stability of algorithm (8.3)-(8.5) is investigated in connection with

the class of dissipative ODE systems, that is those that satisfy the inequality

(q(t) —4(t), 9(t,q(2)) —9(8,4(2))) <0 (8.24)

In (8.24) (-,-) is a suitable real inner product and ¢(t) and §(t) are any two arrays
in the definition domain of ¢(t,-). Note that this expression resembles a Lyapunov
stability constraint, [4,5,7,8].

Provided that appropriate well posed boundary conditions for (1.1), and a suit-
able dissipative spatial semi-discretization, e.g. that developed in Chapter 5, leads
to an operator g(:,-) that satisfies condition (8.24), then it is possible to capitalize

on the results of the B-stability theory in the derivation of the IRK algorithm. This
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theory dictates that the norm of the error €, = ¢, — ¢, meausring the distance
between any two discrete solutions ¢, and §, corresponding to an identical Cauchy
problem must not increase during the numerical integration for any positive time
step At and any arbitrary non-linear and stiff operator g(-,-) that meets constraint
(8.24).

The notion of B-stability is thus characterized by the inequality

HQn+1 - ‘jn-HH < ||Qn - ‘jn” , At>0 (8'25)

which, under the present hypotheses, implies classical linear absolute stability (A-
stability). In (8.25), || - || indicates a Hilbert-space norm induced by the inner
product in (8.24). The sufficient conditions for B-stability require the positive

semi-definiteness of the two matrices

B = diag(by,...,bs) (8.26)

M = BA+ ATB — " (8.27)

where s is the number of algorithm stages. This matrix property is used in the
following proof, based on Butcher’s and Verwer’s developments [15,18], to yield
inequality (8.25) after expressing gn+1 in terms of g, via (8.3)-(8.5). To accomplish

this, it is convenient to define the auxiliary variable p; in terms of k; as

2
Pi=(gnt AtZa;jkj , t=1,2 (8.28)

j=1

The following definitions are also needed

0gn = qn — Gn , 5Qn+1 = a1 — Gni1 5Pi =pi—bi (8-29)
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8g: = g(tn + i, p;) — g(tn + ciAL, ) (8.30)

whereupon algorithm (8.3)-(8.5) leads to the relations

2
6qni1 = 6gn + ALY bibg; (8.31)

=1

2
oqn — opi = (Qn - pi) - (gn - 131) = —AtZ aij(kj — kj)
=1
2
= —Ata;; (g(ta + ¢jAL,p;) — gt + ¢;AL B;)) = —At ) ai;bg;  (8.32)
J=1
Consequently, the square of the norm ||gnt1 — gn41|| 18

2 2 2
[ns1 = dutrll* = llgn — G + ALY bibgill* = (8gn + ALY bibgi, 6gn + At Y b;6g;)

=1 =1 =1

2 2
= |Ign = Gal® + 24t > bi(6gn, 6gi) + At Y bid;(6gi, 6g5)

1=1 1,7=1
2 2
= ||gn — ull* + 2At > bi(6pi, i) + 2At Y bi{8gn — 8p;, 6g:)
=1 =1

2
+AE Y bibi(gi,695)

1,y=1

2 2
= |lgn — Gull® + 24> bi(8pi, 6g:) — 2487 Y biai;(6g;, i)

t=1 1,7=1

2
+At* Y bibi{6gi, 695)

fj=1
2 2
= ||gn — Gall* + 248> b:i(8p;, 69:) — At? Y (biaij + bjaji — bidj){(6gi, bg;)
=1 1,7=1
2 2
= |lgn — @al|* + 24t bi(6ps, 89:) — At? > mij(6g:, bg;) (8.33)
1=1 1,5=1

where m;; denotes the the set of entries in the matrix M. The last two inner-
products in the final expression are non-positive since the differential equation sys-

tem (8.2) is dissipative, that is (6p;, é¢g;) < 0, and the matrices B and M are assumed
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positive semi-definite. Therefore, the fundamental inequality

gns1 = Gata[l® < llgn — dnll? (8.34)
results. Consequently B-stability is obtained for an implicit s-stage Runge-Kutta
algorithm if its coefficients satisfy the cited matrix non-negativity property.

Any IRK algorithm that satisfies this property is called algebraically stable. Its
| significance for the CFD implicit algorithms, and the subject IRK procedure, is
investigated in Section 8.3. In the derivation of inequality (8.34), no hypothesis has
been made on the structure of the residual g(-,-) and/or the semi-discretization em-
ployed. Consequently, procedure (8.3)-(8.5) is absolutely stable for the full Navier-
Stokes dissipative semi-discrete equations on arbitrary meshes.

For algorithm (8.3)-(8.5), matrices B and M are

B= (8.35)

bi(20q0 — b1) , (B —b1)
M= (8.36)

b2(,321 - bl) ’ b2(2a2 - b2)

These symmetric matrices are positive semi- definite when their Gauss LU- decom-

position pivots are non-negative. This requirement translates into the inequalities

520 , by>0 (8.37)
for matrix B, and
b(2a0 — b)) 20
biby(dagay — 2a5by — 2a5by + byby) — b2(Ba1 — b1)* > 0 (8.38)
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for matrix M.

As anticipated in Section 8.1.1, the present IRK algorithm is, in particular, lin-
early strongly A-stable, or L-stable, according to the definition of Ehle [10,15], by
virtue of the B-consistency constraint (8.18). Therefore, the linear amplification ra-
tio for (8.2) vanishes with increasing stiffness and /or solution component frequency,
hence At — co. Consequently, the integration scheme linear dissipation increases
with increasing stiffness. To verify this assertion, form the amplification ratio for

the classical linear model problem
—= = )\q (8.39)

The result is
gn+1 _ ’)’E2 + (b1 + by — a1 — a3)At + 1

— = 8.40
3 (1= cnA(1 — arid) (8.40)

wherein At = AAt and the coefficient v is defined as
Y = ey — agby — arby + b2 (8.41)

It is then noted that v = 0 coincides with constraint (8.18). When < vanishes, the
amplification ratio (8.40) tends to zero as the denominator becomes large. Further,

due to the B-consistency constraint (8.14), the roots
El = (al)_l ; E2 = (ag)_l (842)

of the denominator in (8.40) are positive. Therefore the amplification ratio remains

always bounded for any At > 0 , since R(At) is constantly negative for dissipative
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systems. Further, ||gnt1/gn|] < 1, following from (8.34) since ¢, = 0 for the linear
problem, and ||¢n+1/¢n]] — 0, following from (8.40) and (8.18). Consequently the

subject Runge-Kutta scheme is L-stable.

8.2 Solution of the IRK Coefficient Equations

The derived expressions for the algorithm coefficients that guarantee 2"¢ order ac-

curacy, B-consistency/convergence, and algebraic stability are

by + b, =1

biog + ba(fn + @z) = %

oy > 0 , Qg > 0

brag + ba(ay — fB21) = aja2

4 (8.43)
B21 >0

by >0, b6,>0

b1(2C¥1 - bl) 2 0

b1b2(4062011 - 20(21)1 — 2O{1b2 + b]bz) - b%(ﬂﬂ - b1)2 Z 0

\

A real solution is then easily determined using the following normalization condition

bTA—lb = (alaz)_l(bfag + bg(b2a1 — blﬂ?l)) =1 (844)
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Correspondingly, the analytical solution of the following subset

b1 + b2 =1
byay + by(fa + a2) = %

biay + by — f21) = oy

b2ay + ba(baary — b1fa1) = o

is

blzl—az , b2=1+az

L= 2 gy = R
2(1 - 012) ’ 2(1 -+ 012)

Substitution of both these relations, and the inequalities

a

a1>0,a2>0

/821>0,b1>0,b2>0

b1(2041 - bl) 2 0

into the inequality

b1b2(4012061 — 201261 — 2a1b2 + b]bg) — bg(ﬂzl - b1)2 _>_ 0

leads to the terminal constraint

—daj ~8a3+4a; —1>0

The unique solution that satisfies system (8.47) and inequality (8.49) is

V3-1
2

Qg =
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(8.46)

(8.47)

(8.48)

(8.49)

(8.50)



The corresponding solution for (8.46) is

o = 3=3
ﬁ21:2—\/§
b, — 3=1/3

(8.51)

Note that, for the present diagonally implicit IRK algorithm, the solutions k;

and k; for equations (8.4) and (8.5) do

positive definite and both coefficients a; and a, are positive, [15].

8.3 Theoretical Comparisons

exist and are unique, since matrix B is

Within the implicit Runge-Kutta framework, algebraic stability can be compar-

atively assessed for the CFD backwards Euler and trapezoidal (Crank-Nicolson)

implicit algorithms. To derive these schemes from (8.3)-(8.5), consider the “theta”

ODE algorithm family applied to (8.2) yielding

n41 — qn = At( (1 - 9)g(tn, Qn) + eg(tn+17Qn+1) )

Equation (8.52) can be recast as

dns+1 — Gqn =
kl ==

ky =

At( (1 —8)ki + 0k, )

g(tnaQn)

and this form coincides with the structure of (8.3)-(8.5).
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The synoptic table for algorithm (8.53)-(8.55) is

0 0 0
ci A
= 1](1-6) ¢ (8.56)
bT
(1-6) 6
and the matrices B and M are
1-6 , 0
B = (8.57)
0 , 6
_(1 - 0)2 , 0
M = (8.58)
0 , 0

The algebraic-stability constraints are

'4

(1-6)>0

6>0
\ (8.59)

—(1-6?>0

8> >0

\

from which it is deduced that the backwards Euler (§ = 1) algorithm is alge-

braically stable, whereas the Crank-Nicolson rule (§ = 1) is not, even though the
B-consistency constraint (8.18) is identically satisfied by both algorithms. The de-
pendence of numerical growth or decay upon algebraic stability can be inferred from

the fundamental relation
gnt1 = dnsall’ = llgn — Gall® + 2Abi(6pi, 69:) — At*mi;(8g:, 695) (8.60)
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According to (8.60), a Runge-Kutta temporal algorithm is B-stable, hence is

characterized by (8.25), if it satisfies the constraint
2Atbi(5pi, (Sg,> - Atzmij(5gi,5gj) < 0 (861)

The backwards Euler and present IRK schemes unconditionally satisfy this con-
straint, since the operator g(-,-) is dissipative by hypothesis and matrices B and
M are positive definite for both algorithms. Therefore both terms in (8.61) are
always negative. Conversely, the Crank-Nicolson rule does not unconditionally sat-
isfy this constraint, since its matrix M is negative definite. Hence, the second
term in (8.61) is negative and consequently the whole expression can be positive.
Hence, B-stability can only be achieved in this case if the dissipation inner product
(6pi, 6g:) < 0 reaches a sufficient magnitude such that (8.61) is satisfied. Therefore,
the stability of this scheme critically depends on the dissipation property of the
operator g(-,-), via the magnitude of (6p;,8¢:) < 0.

Conversely, the backwards Euler and IRK algorithms may be stable, even for non
dissipative operators, provided that the magnitude of the associated inner product
(6pi, 6g;) > 01is suitably moderate so that constraint (8.61) is still satisfied. However
this phenomenon is substantially less pronounced for the IRK scheme by virtue of

the relation
(Mis) pus (69i5695) > (M45) s (6935 895) (8.62)

that derives from the ratio

()‘M)mx — 2 - \/‘?_’
()\M)EUL 8

(8.63)
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where (Apr) is the largest eigenvalue of matrix M for each of the two algorithms.
Consequently, if some form of severe numerical instability develops in the implicit

temporal integration with the subject IRK scheme, applied to the semi-discrete CFD

evolution equations, it is likely that the spatial semi-discretization employed has not

yielded a sufficiently dissipative operator g(-,-).
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Chapter 9

A Generalized Tensor Product

Factorization for Implicit
Finite Element Methods

9.1 Jacobian Matrix Factorization

The efficient solution of the algorithm terminal matrix algebra problem,

M+ 0AL [%} 10 At [%J [WH] —b
g , 04 »

(9.1)

for an implicit numerical integration of semi-discretized evolution equations, is ob-

tained through an accurate and cost-effective factorization of the lhs matrix in (9.1).

This replacement is necessary, since a direct LU decomposition procedure for (9.1)

is prohibitively expensive on adequate semi-discretizations.

In this dissertation, the Newton algorithm jacobian is replaced by a tensor matrix

product factorization,




M+ 6 At [Qf—l] + 6 AL sz]
93|, 104 |,

ot

ot E&)
9

| 97 |

=[M1+6At[ ” ®[M2+9At ] + 0(8At)?

= [ Mo [%Z-H Mo+ o %H 02)
P L P

Each factor matrix in (9.2) remains strictly block tri-diagonal independent of the
dimension and bandwidth of the original multi-dimensional matrix. Further, each
matrix component contains decoupled inner blocks. These correspond to the jaco-
bians of the semi-discrete equations formulated on independent mesh nodal lines
that begin and end on a boundary segment. As indicated by the subscripts 1 and
2 in (9.2), the two component matrices are formed using strictly one-dimensional
operators, associated with the corresponding curvilinear coordinate lines 7; and ;.

In this chapter, a systematic method to synthesize such one-dimensional opera-
tors is developed so that factorization (9.2) is accurate on arbitrary meshes. This
method yields products of one-dimensional jacobians and mass matrices that identi-
cally coincide with selected multi-dimensional terms. This is obtained via utilization
of unfactored 2-D metric data for the one-dimensional operators, after associating
the coordinate transformation det J with the solution 6k itself. The mass matrix
is thus det J- independent, and consequently no factorization of metric data is re-
quired. This new algorithm significantly differs from reported patch techniques

that approximate element measures [28,29]. The rigor of the factorization herein

developed rests on both the accurate n-space integration of the multi-dimensional
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weak-statement terms, via element-wise constant metric data extractable from the
relevant integrals as described in Chapter 6, and on the usage of tensor product

bilinear basis functions, whose structure is presented in the following section.

9.2 Computational Regions and Bilinear
Tensor Product Basis Functions

h

¢ for the evalua-

For notational convenience, the master computational region Q
tion of the integral statement integrals of Chapter 5 is reexpressed throughout this

Chapter as

t®)}

i
C»

o))

e, So=[-1;+1] x [=1;+1]

(4]
]
—

€
i
e

We , we=[-1;41] (9.3)

o
il
—

for 2-D and 1-D evaluations, respectively. The domain unions Q and w are graphed
in Figures 9.1 and 9.2 respectively. In these two figures “n” denotes the block
semi-bandwidth of the matrix in (9.1).

With reference to Figure 9.1, and for the conventional counter clock-wise order-

ing, the bilinear Lagrange polynomials are

Nilmom) =50 —m) 5 =m) , Nalmym)=5(1+m) 5 (1—m)

1
2
1
2

1
2
No(mom) =3 (1+m) 5 (L4m)  Nalmom) =5 (1=m) 5 (1+7:) (9.4

which are graphed in Figure 9.3.
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i+n-2 i+n-1 i+n

i-1 i i+l

. . O -0
i-n j-n+l - i-n+2

Figure 9.1: Assembly of Four Finite Elements Forming a Master Element

ﬁr i+n-1
“ WT
i-1 i i+l q i
o ("L ~ W2 o
wy
___n:» & i-n+1

Figure 9.2: Assembly of Two Contiguous Elements

210



These 2-D functions are tensor products of the 1-D polynomials ni(7,) and

ny(n.) which constitute the linear factors. These are defined as

m(m) =3 (=m) , m(m)=3(1+m)

NP~ Nl

(1=m2) , n2(n2) = 5(1+m2) (9.5)

N =

m(n2) =

and are graphed in Figure 9.4. Therefore, the basis functions (9.4) are alternatively

expressed as

Ni(m,m2) = m(m) -m(n2) , Na(n1,m2) = m2(m) - m(n2)

N3 (m,n2) = n2(m)-n2(n2) , Na(n1,m2) = m(m)- n1(n2) (9.6)
The functions in (9.4) and (9.5) constitute the building blocks of the generalized
hat functions N, and ng, see Section 5.1. These attain the value one at node “¢”
and zero at all other nodes, are supported on all elements that share node “¢” and

vanish on all other elements and element boundaries that do not contain such a

node. Therefore, an injective correspondence exists between the local 2-D element
index “k”

ke {1,2,3,4} (9.7)

and the global numbering index “¢”

tefi—-nji—-n+l,i—n+2,i—-14i+li+n—-2:i4+n—-1,i4+n} (9.8)

as illustrated in Figures 9.1-9.2.
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i-n : j-n+l j-n+2

Figure 9.3: Variations of Bilinear Functions (9.4) over }

i-n+l

Figure 9.4: Variations of Functions (9.5) over w
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For example, N;(n;,7n,) and N;_1(n1,72) are defined as

Na(mi,m2) on {4

N4(T]17772) on Qg
Ni(n,m2) = (9.9)

Nl(nla 772) on Q3

N2(771,772) on Q4

and
)

N4(771,772) on Q1

Nio1(m,n2) = 0 on Qg , Qg, (9.10)

o~

i Ny(n1,m2) on Q4

Analogously, n;(7,) is defined as

m(n,) on w
ni(n,) = , a=1,2 (9.11)
m(n,) on wp

With all such definitions, the 2-D hat functions are also constituted by products of
1-D hat functions. Therefore, for “¢” defined by (9.8), the hat function Ny(n1,72)

1s expressed as
Ne(m,n2) = ne(m) - ne(n2) (9.12)

This pivotal global-index representation allows expressing a single Ny(m,72)
through several equivalent products of 1-D factors ne(n,). This is possible by virtue

of the identities

ni-n(m) = Hi—l(m) = ni+n—2(771)
ni—n+l(771) = nz‘(’?l) = Ditnt1 (771) (9'13)
Ni_ny2(m) = nipa(m) =  Diga(m)
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and

i_a(n2) = Dicn1(M2) = Dionta(n2)
niaa(n) = m(n) = nga(m) (9.14)
Dign—2(N2) = Digne1(M2) = Dign(n2)

as illustrated by graphing each such function on the 2-D master element in Figure

9.1. For example, N;_1(m1,72) can be expressed as

Nizi(n,m2) = miza(m) - niza(n2)
= n;_n(m) - nic1(n2)
= Din—2(m) - m(n2)
= n_n(m) - niy1(n2)

- . (9.15)

All of these multiple equivalent representations are instrumental in the derivation

of the tensor product factorization (TPF) algorithm, as detailed herein.

9.3 Integration Identities

The insertion of the generalized hat functions in each 2-D integral statement term
affords the extension of the associated integration domain to the whole ), see Fig-

ure 9.1, for the representative node “”

. Concurrently, the 1-D integrations can be
extended to the union of two adjacent elements as illustrated in Figure 9.2. There-

fore all of these integrals are the sum of integrals over the component subregions



constituting Q and w. For instance, the integral

/ﬁNiNi—-l d'f] = /ﬁ N3N4 d‘l] +/§;\ N2N1 d’f] (916)
is also written as

/AN,-N,-_I dn = / NsN, dn+[ N, -0 dn +
Q 1931 Q,

[ N0 dn+/A NNy dn (9.17)
03 Q4

since NN;_; vanishes all over elements Qg and Qg. Likewise, the following integral
expansion holds

/ mn;_; dn = / mn;_1 dn +/ n;-0dn (9.18)
w wq wy

since n;_; vanishes on element w;. Analogous relations can be derived for the finite

element statement integrals

M, E/AN:'NJ- dn , m;; = / n;n; dn (9.19)
a o dn;
ohy ; dn , ;= dni dn (9.20)
8N BN dn dn;
F.a.ﬂ = _ d feo = an; an; .
1,7 67701 877,@ I 1,7 dT]a d'f]a (9 21)
for all admissible values of the indices “a”, “¢” and “j”.

These integrals are denoted via the inner-product shorthand notation < -,- >,

1.e.,
) 4 4
(N V) = /5 NiN; dn = z_; /ﬁ N:N; dn = Z(N,-,N])ﬁe
CON;, N;
(Nn 87701 )Q = d'f] Z(Nh 877 Qe
ON; ON; ON:ON; | / ON: ON; | ON; AN,
N, [ ON _ 9.22
G o = Ja g om, Z 6. Ong O Z<an . 0. (022)
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(mim)e = [mnjdn=3 [ i dn =Y (aim),
e=1" e e=1
dnj dnj 2 dnj 2 dnj
Ly, = [0S a=Y [ wgEdn= (),
(i, G e oy Z_:l v g M ;(” an,)
dn; dn; dn; dn; 2 / dn; dn] dn; dnJ
—, ), = [ —-Fdy= —L dn = we (9.23)
(dna dna> dea dT]a 7 Zl We d dT]a ezl Nex "70:

A useful relation can be established between (9.22) and (9.23) by virtue of the
tensor product structure of their integrands. For Fi(n1,72) and G;(m,n:) denoting
any such integrand component, and with reference to Figure 9.1, the integrals in

(9.22) are expressable as

(E(nlam)ij(’?lﬂD))ﬁ = Z(Fi(nla"h)a Gi(’ll,m))ﬁe =

e=1

(Fi(m)s gi(m)Yen - (fi(m2)s 95 (m2))an + {Fi(m)s 95 (M) - (Fim2), 95(M2))er +
(Fi(m)s 95 ()Y - (fi(m2), 95 (M2))wr + {film), 95(M)) ez - (fi(m2), 95 (M2))er, =
22: (fi(m), g5(m)) i (fi(m2), 9i(12)) e

k=1

film), g;(m))w - {fi(n2), 95 (n2))w (9.24)

where fi(n,) and g¢;(n,) correspond to the tensor factors in (9.23). Consequently,
each 2-D integral (9.22) is cast as a direct product of two 1-D integrals (9.23).
These considerations facilitate the direct derivation of the TPF algorithm, as

follows.
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9.4 TPF Matrix Structure

Denote system (9.1) and the factored matrix in (9.2) as

A6kPTY = b (9.25)

A

1

BC (9.26)

for notational convenience. Further, the tilde superscript is deleted without loss of
clarity.

Matrix A is block banded and each row contains 9 blocks at most, when the
computational region { results from the union of four neighboring bilinear elements,
see Figure 9.5, where the nodes are numbered in the 7, topological direction. The
index “n” denotes the block semi-bandwidth, which consequently depends on the
total number of nodes along lines parallel to the n; axis. Figure 9.6 illustrates
the structure of A where, clearly, each element “a;;” constitutes a p X p matrix,
since both ¢ and fy(g) in system (9.1) are arrays of order p. In order to solve (9.1)
efficiently via a sequence of 1-D problems along the 1, and 7, axes, matrices B
and C in (9.2) are block tri-diagonal such that the ¢** row of B contains the three
p X p blocks associated with the computational nodes : — 1,,2 + 1, and the 7%
row of C' contains the three p X p blocks associated with the computational nodes

t—n+ 1,2, 4+ n —1. The structure of matrices B and C is illustrated in Figure 9.7.
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i+n-2 i+n-1 itn.

i-1 i i+l

. -0
i-n jont1 & i-n+2
Figure 9.5: Union of Bilinear Elements. Nodes Numbered in the 7; Topological

Direction

— N\ NN\ ?

O “iindiin+1 diin+2 O 8ii18iivii+1 O diira28ii+n18iitn [0

\\ -

Figure 9.6: Banded structure of A
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0 bii.1 bii bii+1 0 Ociin+i Q ¢cii O cii+n1 O

Figure 9.7: Banded Structure of B and C

Note that the semibandwidth “n” of matrix A does not influence the bandwidth
of matrix B which, therefore, will always be block tri-diagonal for any number of
mesh nodes. The bandwidth of matrix C' can also be made independent of n upon
renumbering for nodes along lines parallel to the 7, axis. Hence, a typical procedure

to solve system (9.1), via factorization (9.2), consists of the following steps:

1. Number mesh nodes sequentially along lines parallel to the n; axis

2. Solve Bz = b for the intermediate array z

3. Number mesh nodes sequentially along lines parallel to the #; axis and reorder

the entries in the arrays z and b accordingly

4. Solve CékP*! = 2 for the terminal array §kP+!
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9.5 Derivation of a Prototype TPF Scheme

In the sequel, the symbol A is used to represent the factored matrix (9.2). This

matrix product approximates matrix A of system (9.1) and the matrix-entry struc-

ture of this approximation is derived in this section. Consider factorization (9.2)

and note the equality

that 1s
i+n

aij = 2 bixck;

k=1-n

By definition, the index “j” in “a;;”

jeE{i—-ni—-n+li-n+21-14i+1i+n—-2,i+n—1,i+n}

Further, the non-zero blocks of B are

biici , bii 5, biip

and the non-zero blocks of C are

Ckk-n+1 »Ckk Ckk4n-1

Therefore, expression (9.28) in unabridged notation is

Giion = bii1Ci—1ion + biiCiicn + biit1Ciq1,imn
Qij—ntl = bi,i—l Ci—1i-nt1 + bi,ici,i—n+1 + bi,i+1 Cit1,i—n41
Giiont2 = bii_1Ci—1i—n42 + biiCiimnt2 + biig1Cit1,imnt2
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(9.27)

(9.28)

(9.29)

(9.30)

(9.31)

(9.32)



aii-1

aii

Qiit1

Qi i4+n-2

i i4n—1

Aiitn

bi i—1Ci-1,i-1 + biiCiio1 + biip1Cigr,i1
bii—1Ci—1,i + biicii + biit1Ciy1s

bii—1Ci-1,i+1 + biiciiv1 + biit1Cit1,in (9.33)

bii—1Ci-1,i4n—2 + biiCiitn-2 + biit1Cit1i4n—2

bii—1Ci=1,i4n-1 + i iCiitn1 + Diit1Cis1,itn-1

bii—1Ci—1i4n + biiCiitn + biiy1Cit1i4n (9.34)

Whereupon, cancellation of the zero-blocks in (9.32)-(9.34) leads to the terminal

equalities

Gijen = bii_1Ci—1,i-n
Qi i—nt1 = bi,ici,i—n+1
Qii-nt42 = bi,i+lci+1,i—n+2 (9-35)
Giic1 = bii_1cic1im1
ai; = bici;
Giiy1 = biiniCiviin (9.36)
Qii4n—2 bi,i—lci—l,i+n—2
Qiitn-1 = biiCiitn—1
Giitn = Diit1Cit1itn (9.37)

Equations (9.35)-(9.37) constitute the prototype expressions of the TPF proce-
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dure. They have been derived via use of algebraic and mesh topology considerations

only, and verify that each block a;; can be recast as a single product of two blocks,
one from C and one from B. Moreover, they clearly indicate the presence of a
spatial approximation to the block entries in matrix A of (9.1). This can be seen
by noting in (9.35)-(9.37) that once the forms of blocks ¢;i—nt1, €ii, Cii4n-1 are
prescribed, then so are the forms of the remaining blocks ¢;; by induction on the
subscripts. The three blocks from B are then the only ones to be assigned. There-
fore, the described procedure allows the arbitrary selection of only siz blocks to

approximate the nine blocks of A.

9.6 Derivation of a Specific TPF Scheme

In harmony with (9.2), the definition of blocks b; ; and ¢ ; 1s

bi,]' = mi,j—i-GAtd},j

Cij; = myj+ GAtd?,j (938)
where the m; ; is the one dimensional mass matrix

mi; = /ni - 1n; dn (9.39)

and df; and d; ; are the one dimensional Jacobian terms

of of.
d. === 2 = | 22
1,7 l:aqjll’] ) dl,] [aQ}z,] (940)
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to be determined. Insertion of expressions (9.38) into formulae (9.35)-(9.37) yields

the equalities

Aii—n

Qi i—nt1

Qi i—n+2

A1

ai,i

ai 41

Qiitn—2

Qi i4n-1

bii—1Ci—1,ion = (mi,i—l + 0Atd},i_1) (mi—l,i—n + 9Atd?_1,,~_n) =

My 1Mim1,i—n + eAtmi,i—ld?—l,i—n + oAtd},i-lmi—l,i—n + 92At2d},i—1d?—1,i—n

biiCiint1 = (mi,i + 0Atd},,-) (mi,i—n+1 + HAtd?,,-_nH) =

MaiMiing1 + OAtMGdE 0y + 088} mis_ni + 02087} A2y

biitiCittiont2 = (mi,i+1 + 9Atd3,i+1) (mi+1,i—n+2 + 9Atd?+1,i-n+z) =

2 1
M i1 Ml imnt2 T 0D 1 di g iopge +0A Mgy ionge +

2 2 41 2
0 AL, 1dit iont2

bii—1Ci—1,i-1 = (mi,z’—l + 9Atd},i_1) (mi—1,i—1 + 0Atd?_1,,-_1) =

M 1Mio1,i-1 + 00tmi ;1 di_q iy + 0ALd}_ymi_y ;o + 67

b;icii = (mi,i + 0Atd},,~) (miﬂ' + aAtd?v‘) -

miimi; + 0Atm;d}; + 0ALd} ;m;; + 02 Atd] d;

1,1 91,1

At?dL,

1,0—1

biiticivriqr = (’mi,i+1 + 9Atd,{i+1> (mi+1,i+1 + 0Atd?+1ﬂ~_1) =

.. . 2
M i1 Mit1 41 + OAtM 1 dFy ) oy + 0ALd] Mgy i1 +

2a,241 g2
0°At°d; i 11dit i

(9.41)

2
di 1,1

(9.42)

biji—1€i-1,i4n—2 = (mi,i—l + 0Atd},,-_1) (mi-—l,i+n—2 + 0Atd,?_1,,~+n_2> =

. ., 2
Mii-1Mi—1,i4n-2 + eAtmi,i—ldi_1,i+n-2 + gAtd},i_lmi—l,i+n—2 +

2a4201 g2
0°Ad; ;1871 iyn—2
b;iCijign—1 = (mi,i + 9Atd3,i) (mi,i+n—1 +0Atd}
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Qi i4n

21 42
M iMiisne1 + 00tmG ;% + 04T} ;i ipn1 + 02 At d} df iy

1 2 _
bii+1Ci41,i4n = (mi,i+1 + 9Atdi,i+1) (mi+1,i+n + 0Atdi+1,i+n> =
2 1 .
Mi i1 Migdign + OAM 1 diyy jyn + 0ALd Mgy i +

67 A’ d} 110 g (943)

Formulae (9.41)-(9.43) maintain their validity when both the convection and diffu-

sion operators are simultaneously present, for the §A¢ terms therein are linear. For

example, a representative term is

Tk = majdie = mij ((dip)° + (d)%) = mag(din)® + mag(di)? (9.44)

where supescripts “c” and “d” denote convection and diffusion operators. Equations

2-D matrix problem is replaced by a sequence of two banded 1-D problems. This

sequence, as shown in the sequel, constitutes an optimal approximation to the full

2-D problem, under the constraints that matrices B and C are block tri-diagonal.

If no TPF procedure is employed, then the exact forms of blocks a;; in (9.1) are

|
\
(9.41)-(9.43) define the computational grid form of blocks a;;. A large albeit sparse

1,1—-n f,i—n

|
Giin = Mi;n+6AtD};  +8ALD?
Gijiontt = Miicnr +0AtD}_ L+ 0AtDY

Qiintz = Miicnp2 +0AtDL_ o+ 0AtD? | L, (9.45)

aii-1 = Moy +6AtD], | + 6ALD?

) 1,11

a,-,i = Mi,i + GAtD},i + GAtD?,i
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Qiitn—2 = Miizn2+ eAtD},Hn—z + eAtDiZ,iJrn—z
Qi itn-1 = Mi,i+n—1 + 6AtD3,i+n_1 + 0AtD2i+n_1
Qiitn = Mi,i+n + OAtD}'H_n + 9AtDz-2’i+n (947)
where the symbols M;; , DS, a = 1,2, are defined as
M = /ﬁN,-N]- dn (9.48)
e [OfN ON; Ofs B
(Di,j) = (a—q;) = </§ elaNiE]; dn) 50 YT 1,2 (9.49)
d afl Ema aNt aNk afl
pe) = (e —/ i d m =12 (9.50
( "]) <3q”> ( G et J 0N 0N ) a¢’ “ (9.50)

and f; and fi, now denote the cartesian components of the convection and diffusion
flux semi-discretization integrals respectively.

Comparing (9.41)-(9.43) with (9.45)-(9.47) highlights introduction of an error
term of order (At)? resulting from expansions (9.38), in the approximation of ma-
trix A, in addition to the spatial approximation error identified at the end of Section
9.5. The latter is minimized through the selected 2-D basis functions N;. Hence, the
product of two appropriate 1-D mass-matrix elements (9.39) reproduces a specified
2-D mass-matrix element (9.48). Moreover the product of an adequate 1-D mass-
matrix element with an opportune curvilinear Jacobian element (9.40) accurately
represents a predetermined 2-D jacobian term (9.49)-(9.50). This notion is exempli-

fied via examination of the representative block a;;-; in formulae (9.42), resulting

from the sum of three leading terms which the TPF procedure will approximate
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with the following expressions

Miici = miisimiyia

1 1
Di,i—l dzz 17Mi-1,i-1

D12,1—1 >~ m,, ld‘l 11 1 (9.51)
Finally, note that for the general case of an array f; (or fu,) of order p the jacobians
(===, (J)==" (9.52)

are p X p matrices. Therefore, the jacobian expressions (9.40) are matrices of order
p. Concomitantly, the mass-matrix expressions m;; and M;; are leading-diagonal
matrices of order p, since they have to be summed to p X p Jacobians in the factor-

ization (9.2).

9.7 Mass Matrix Factorization

The 2-D mass matrix exactly factors without any error via the TPF expressions
(9.41)-(9.43). With reference to Figure 9.1, the representative 2-D mass matrix

term M,',,' 15

Mg = [ Ne(ra,me) - N (rayne) dm = [one () s (n2) - i () i () iy =

Sy~

i () () ¢ () 2 () [ i 70) i (r2) - ) mi ) i
. 2 m) 3c () - e () me ) i+ [ )i ) - ) mi ) i =

([ mwn ) dn)- ([ ncCna)m(n) dn) +
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n; (n2) i (n2) d ) +

e

w1

([ o) dn) +

/w2n1(771)n1 M) d77> (

E\E\‘
B
—~
3
»—l
P
—~
=
N
jo
3
N
TN
\.

e

o () s () an) - ( [ (o) o) i) =

n; (m) n; (m) dn) - (/w n; (72) ; (m2) dn) = {0y, 1w - (05, 03} = Migmis

(9.53)

This verifies that the 2-D term M; ; is directly expressed as a product of 1-D terms,
each computed on the full computational domain w. Hence, this expression is
directly cast via notations (9.22)-(9.23), whereupon the TPF representations of the

nine 2-D mass matrix terms over the region {2 are

Miion = (Ni(m,m2), Nien (m,m))g = (0 (m) 0i (712) s Mien (M) Bizn (12))g =
(i (m) ni—1 (m2) , nicy (M) Bicn (M) =
(ni () iz1 (M), nim1 (72) ien (2))g =
(ni () s nic1 (M) - (Ric1 (72) , Rizn (M2)) = Miio1mMic1 in
Miintr = (Ni(m,72), Nicnss (m,m2))g = (0 () i (12) s Bionia () Bionia (2))5 =
(n; (m) 1 (n2) s 15 (M) Bimnpr (M) = (mi () 1 (M) 5 13 (712) Bimnt1 (M2))5 =

(Hi (771),Hi (771))w : (ﬂi (772) y Di—nt1 (7)2))w = My Mg j—n41
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S

Mi,i—n+2

M;iq

M;in

M;iin—2

Mi,i+n—1

= (Nl (771’ 772) ’ Ni—n+2 (771, 772))5 = (ni (771) n; (772) y Ii{_n+2 (1’]1) Ni—n42 (772))6 =

(n; (m) nig1 (m2)  Digr (M) Dimnt2 (M2))g =
(11,' (Th) ni41 (771) (TN (7)2) Ni—p42 (172))6 =

(1i (M), Bigr (M))w - (Bit1 (N2) , Ricnt2 (M2))o = Miit1Mig1i-nt2 (9.54)

(Ni (m,m2) s Ni—1 (m, m2))g = (0i (m) ni (m2), nima () mi-1 (m2))g =
{ni (m) ni-1 (n2) , mic (M) mica (m2))g =

(n; (M) nie1 (M), nia (m2) nie1 (M2))g =

(n; (M), ni-1 (M))w * (Bi=1 (M2), Bie1 (M2))w = Mii1Mi-1,i1
(Ni(m,m2) Ni(mym))g = (mi (m) ni (m2) , 0i (m) i (m2))g =

(n; (m) mi (m2) , 1 (m) mi (m2))g = {ms (m) mi (m) , i (n2) mi (m2))g =
(ni (M) mi (m))w + (i (12) , i (M2)) = My imni s

(Ni(m,m2), Niga (m,m))g = (i (m) ni (m2), nigr (m) niga (m2))g =
(2i (m) D41 (m2)  Big (1) miga (m2))g =

(ni (m) niga (M), Big1 (72) nig1 (M2))g =

(0; (M) » i1 (M) - (Biz1 (M2) 5 Dig1 (12))w = M ip1Mig1i41 (9.55)

(N (m1,m2) , Nignoz (1, 712))g = (0 (m) 0 (12) s Bin—2 (M) Dign—z (72))5 =
(ni (m) nic1 (n2) Bic1 () Rign—2 (M2))g =

(ni (m) ni—1 (M), Bic1 (M2) Dign2 (M)} =

(0 (M), Bie1 (1)) * (Bi=1 (M) s Bidn—2 (M)} = Miim1M4iz1 i4nm2

(N: (1, m2) s Nign—1 (M, 12))g = (03 () 0 (12) , Bign—1 () Dign—1 (2))g =
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(ni (m)ni (m2) , 03 (M) Bign—1 (02))g = (mi (m) mi (m), i (M2) Dign1 (M) =
(n: (M), 1 (M))w - (15 (M) s Bitnt (M)} = M4 iMic1ign—1
Miiyn = (Ni(m,m), Nign (11, m2))g = (B () i (72) s i (M) Bign (m2))g =
(ni (M) nig1 (m2), Big1 (M) Bign (m2))g =
(ni (m) nig1 (M) , Dit1 (2) Din (M2))g =

(n; (m) s nig1 (M))w + (Rig1 (72) 5 Dign (12))w = Mijit1Mit1,i4n (9.56)

These expressions clearly verify that no approximation is introduced in the repre-
sentation of the full 2-D mass matrix terms through appropriate products of 1-D
mass matrix components, as also demonstrated in the last section of this chapter.
This feature holds true for arbitrary grids since no metric data enter the mass ma-
trix, owing to the association of detJ with the dependent variable g, hence 6k,
and its consequent elimination from the mass matrix iteself. Further, as a result
of the absence of a det J factor in the 1-D mass matrix components, selected 2-D
curvilinear convection and diffusion operators are exactly factored, as determined

in the following sections. |

9.8 Inviscid Flux Vector Factorization
In this section the one dimensional convection operators

(@) , a=1,2 (9.57)

229



are defined such that their product with 1-D mass matrix terms and 2-D metric

data ey, exactly represent selected 2-D convection jacobian terms Df; on arbitrary

grids. These base 2-D jacobian expressions are

k
AL (9.58)

D2, = / N
" ﬁee on, oq’

whereupon, the identity

of _ 0fi o _ 0

= =Lk = 9.59
6q] 3q1 2 an_ ( )
allows expressing (9.58) as
oN; . [0f}
g = [ ewlNigt dn | S 9,
and the associated 2-D differential operator is
ON;
Dt = [ewlig 2 d 9.61
%) 6 el a’r]a n ( )
Therefore, df; is defined as
of}
a — I3 4
a, = & {_aqil (9.62)

whereupon d®%, hence d¢

s ?; ,1s derived by setting it equal to the exact one dimensional

operator intrinsic in the multi-dimensional operators Df‘f as now developed.

9.8.1 n; Direction Operators

The determination of d}‘; 1s attained via derivation of the exact decomposition of

integrals D}%_;, D} and D}, along the principal 7, sweep line {i —1,4,7+ 1} (see
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Figure 9.1). The decomposition of integral D}_; is

ON,_ dn;_
ll = ; 1 = ; . . 3 d =
D;iy /ﬁeaNl(m,nz) an dn /aean,(m)nﬁ_l(nz) an, n;1 (n2) dn
) [ ) mecs On2) 2=y () i
ea (10, A n; () ni-1 (N2 an, n;—y (n2) dn
dn;_,

€a (714)/5 n; (m) ni-1 (n2) ”d—n:“ni—l (n2) dn =

4

(621 (771)/ n; (m) d;]; dn) : (/w1 n;—1 (n2) ni-1 (12) dn) +
(621 (1) [ et 5= dn) ([ o ) mecs () ) (0:63)

w2

and use of the equality

[ s Gy mics () dn = [ iy (r2) i () dn (964)

allows writing (9.63) as

D},f—l = (% (eer (1) + ea (ny) )/w1 n; (m) d;];zl d’?) x
</w1 n;_1 (n2) ni—y (n2) dn + /w2 n;—1 (n2) ni—1 (n2) dﬂ) —
dn;_,

(% (eer (1) + ear (n4)) ” n; (m) dn; d’?) ' (/w ni—1 (72) niy (m2) d")

(9.65)

The leading 1-D convection integral in this expression is post-multiplied by a mass-
matrix term and pre- multiplied by the average of two metrics. Each metric is
evaluated in the 2-D element that shares the 1-D element on which the relevant

integral is computed. Consequently, this operator is obtained via the formula

TTdm 2 dn;
(am 20 = 3 (5 (en (n5,) + o0 o5,)) [ mo) G an) - (0.0
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where the subscripts x; and Q. respectively, denote the two 2-D elements that
share the 1-D element w;. Insertion of this expression into (9.65) leads to the

formula

dn,-_ dn,-_
D},f_l = (ean;, _1>w (ni=1(m2), , ni1(M2))w = (eamn;, ——l)w cmy_14-1 (9.67)
dm dm

The decomposition of integral D} is

Dtlf = /QeaN (771,772)_‘d77 /ean, 771)31(’72) n'(772) =
cor(m) [, ) () Goms () i
+ en () /Q 1; (1) m; (772) d_n:ni (112) dn +
dni
cor(15) [ i ()i () 5" ()
dn,-
+ en (174)/A n; (m1) n; (n2) ——ni(nz) dn =

n; (n2) ni (n2) dn | +

(9.68)

221 |

) ([ o)) ) +
(efl (174)/ nz(nl)ﬁ‘f’ﬁdn) < 1; (m2) i (n2) dn>+

) |

(car ) [ ) G2 n) - () o) i

Use of the equality

/wl 2 (1) 2 (n2) dp = / n; (m2) 1 (1m2) dn (9.69)

w2

allows writing (9.68) as

dn;
DIt = (FCeatn)+enn)) [ mm) 2 dy
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(o ) e () | ) 52 i)

.
( 1n,(nz n; (n2) dn+/ n; (12) ni (n2) dﬂ)

N |

(car(m) + e (ma)) | mi(m) 3" dn
3 (e (n) 4o ) [ o) o)

([ 2 o) ne) ) (0:70)

The leading 1-D convection operator is again expressable via (9.66). Hence, 'D,lg is

synthesized as

dn- dn,-
D} = (eani, 7w+ (0i(72), 0im2))w = (€a1mis 7~ - 1y (9.71)
dm dm
Finally, the decomposition of integral D}%,; is
6N,+1 dn,

dn = [ ean; (m) nis (1) 5 niga () d =

dn;
€n ("12)/A n; (01)Hi+1 (n2) ;Tnm (n2) dn +

Dzlf+1 = /CelN (771,772)

dnt-}-l

en ( 773)/ n; (1) nit1 (12) niy1(n2) dn =

(e0r o) [ o) 52 a )-(/w i () miss () ) +
(ea (m5) / n; (m) dn'“ )( /w Bisa (1) i (72) dn) (9.72)

Use of the equality

[ 22 (e) migs (n2) diy = | i () mign () i (973)

allows writing (9.72) as

1 dn,-
D3,$+1 = [z (ea(my)+en ("73))/ n; (m) = dn | x
2 w2 dm
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dnz-}-l

(5 et )+ e (1) [ ) B2 )« (f s o) ) i)

(9.74)

(/] 2wt ()i () i+ [ s () i () i) =
1
2

whereupon, this expression is recast as

dn;y dn;
Diiyy = (ean;, an — )0 (i1 (n2), niga (n2))e = (eani,—df)w'mm,m (9.75)
m

Therefore, formulae (9.65), (9.70) and (9.74) can be made to coincide with the

6Atd; ; terms in (9.42) via the following definitions for d}é

B = Slealn)+en(n) [ mlm) o dy (9.76)
A = Flea(m)+en(n) [ mlm) G dn+

5 Cear(m) + eu (ng) | () G (0.77)

B = 5lea(m)+ea(m) [ nm) G2t dy (9.18)

These one dimensional operators contain 2-D metric data and constitute a distin-
guishing feature of this TPF algorithm. The structure of these operators induces
a metric-data approximation in the evaluation of the off principal sweep line TPF
terms. Consider for example the evaluation of the representative term D}%_, ;. Ac-
cording to the TPF formula (9.41), its value is represented via the principal sweep
line operator d}f. Consequently, following (9.76)-(9.78), the associated TPF repre-
sentation will embed the average of the four pieces of metric data corresponding to

the elements sharing node “:”. However, the selected 2-D integral results from the
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contributions of elements ; and €, only, hence its exact expression contains two

metrics, as evidenced by the following development

(9N~.. 1
Dl[ = / Ni ’ ot d
fi—n+1 5 € (771 7)2) 8771 n

dni—n+1
—/aeelnz (m) n; (n2) dm,

Di—nt1(72) dn
(m2) [ 13 Om) 3 () i ()
= 1 1 T i-n
en (T ﬁln M) ni (N2 dn: +1{M2) an
dn,-
Fea (1) [ 0 (m)mi(m2) g nicn (n2) dim =

(et ) [ o) 5 ) - ([ o) s () ) +

Wy
dni

(e ) [ o) 52 ) - ([ o) s () )

dn,-
= (ea (m)/w m(m)d—n1 dn

e () [ o) G o) - ([ o) () ) (970

w2
The leading 1-D convection operator is obtained from the formula

dn; 2 dn;
(elanid_ni>w = kX_:l €la (nﬁk) /t;k n; (771) dn: dT] y = 1 (980)

where {}; denotes each element where D}ﬁ , J#t—14,12+1, is evaluated. The

TPF representation associated with (9.79) is

1 dn,-
D‘}f—n-{—l =~ (5 (ell ("h) + en (774))/ I (771) d_ dTI
w1 771

+% (e (1m7) + €1 (m3)) /m n; (m) 3_2: dn) . (/w 0; (112) Bi-nt1 (72) dﬂ)
(9.81)

Therefore, comparing formulae (9.79) and (9.81) reveals that the TPF represen-
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tation uses the following replacements

o (m) = 5 (e (m) +ea(m)) e (1) = 5 (ea (1) +ca (1) ) (982)

A similar comparison with the espression for the remaining off principal sweep line

terms shows that the TPF formulae (9.41)-(9.43) employ the replacements

en (1) = 5 (enr (m) e (1)) ca (M) = 3 (enr (1) + en (1) ) (9.83)

2
Consequently, in order to make the TPF algorithm an accurate representation of
the 2-D convection operators, a mesh for TPF computations should be so developed

as to minimize the differences between the lhs and rhs of (9.82)-(9.83).
Finally, the following expressions show that the exact D}i are all consistently

represented by the TPF formulae (9.41)-(9.43)

0
Dzlf n = <ei.’1Ni(nla772))anl -Nz n(nla 7]2)>A = (ellnz(nl)nz("h) 771 nt n(n2)>Q

(Celﬂz(m)nz 1(712), d Hl n(’h))" = (€l1ﬂz(771) dn ,ni_l(nz)n;_n(m))ﬁ:

dn;_
(eani(m), #)w (nim1 (), Bicn(m))w = dX5_) misyiin
Dll 0 dH,‘_n+1
hiene1 = (eaNi(m, n2), om Ni_ns1(m, m2))g = (eani(m)ni(n2), dm Ni—nt+1(M2))g

dn;_, dn;
= (ea1ni(m)ni(m2), de Di—n1(72))g = (eani(ﬂl)d—n, 0;(n2)ni-nt1(M2))g

dlli
= (ean;(m), E)w - (0i(12), Dicn1(M2))w = d}§ Mijont1

dni—n+2

0
D},f—n+2 = (€£1Ni(771,772), (—?ENi—nH(Th,T}z))ﬁ = (eani(m)m(nz), dn Hi—n+2(772))§

dn;
= (en (M) nig1(N2), = Mimnta (M) =
dm
dn;
(eani(m) p — 0 (n2)mie nt2(m2))g =
T

dn;
(eani(m), W:l)w (0i41(72), Dicnt2(M2))w = diiyy Mit1icont2 (9.84)
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1,t—1

i,

1£
Diin

1,1+n—2

i,i4n—1

12
Di,'i-}-n

0 dn;_;
(eaa Ni(m, m2), 'a—nINi—l(nl»Th»ﬁ = (611ni(771)ﬂi(772),757'1—111'—1(772))5 =

n;—1

(e ()i (), = mica ()l = eam(m) Gt mca (s ()l =

dni_y

(eerni(m), d—nl>w A(ni=1(m2), i1 (12))e = di5_y Misyic

0 dn;
(eer Ni(m, m2), a—Ni(nhnz))a = (emni(m)ﬂi(ﬂz),Tﬂi(nz))a =

(eam (), Sl = eam(m) G () ()} =

(enni(m)y 25) - (ni(m), ni(m))w = d1 s
d771
9
(eer Ni(m1, m2), am 2 Niy1(m, m))g = (eanz(m)m(nz), d Hz+1(772))

dn;yq
(eelﬂz(m)ﬂm(w)» d “nig1(m2))g = (eani(m) dn: s it () nig1(m2))g =

dn;
(eprni(m), dntl Yo - (Rig1(12)s Dig1(72) )0 = d,l-ﬁ-H Mit1,i+1 (9.85)

Diyn-2

Iij dn;
(e N:i(m, n2), 6_771Ni+n—2(7717772)>§ = (epni(m)ni(n2), Wﬂﬁn—z(ﬂz))ﬁ

dn,-_
= (eani(m)ni—1(n2), Wllﬂwn—z(ﬂz))a =

-1

(e n; (m)dd y Mic1(M2)Rign—2(m2))g =

(enni(m),d—m)w (ni21(m), Nign—2(M2))w = dif_y Miz1itno2

0 dni n—
(e Ni(m1, m2), %;an_l(m,nz))a = (eani(m)ni(n2), d-:h 2 nign-1(m))g

dn,- dn,-
= (en ni(m)nf(nz),Eni+n_1(nz))§ = (ellﬂi(nl)ﬁ,Hi("72)11i+n—1(772))§ =

dn;
(earni(m), %M {(0:(72), Bign—1(M2))w = dYs Miign

dn; i+n

(eer Ni(m, m2), a(? Nign(m,m)g = (6!111:(7)1)11:(772), H;+n(772))9

(e n; (771)11:+1(772) —H nipn(m2))g (ean.(fh) L, 04 (12) i (m2))g =
dm 7)1

dn,’
(eerni(m), dnjl Yo - (0i41(12)s Rign(M2))w d}f_,_l Mit1itn (9.86)
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9.8.2 79 Direction Operators

For the determination of d7%, the decompositions of D¥_, |, D and D, _,, along

1,57
the principal n, sweep line {t—n+1,7,1+n~—1} (see Figure 9.1), are now developed.

The decomposition of integral D¥_, ; is

a]\71—n+1

D?f n+l = /elZN (7717772) d’?
= /Qetznz (m) n; (n2)

= calm) [ 2; (1) i (12) Pontho () dn+

dn, -
+1n1 n+l (771) dn

dnt -n+1

en ( 772)/ n; (m) n; (n2)
</wl n; (n1) n; (m) dn) . (eez (171)/ 1; (12) dn,_n+1 dn) N

([u2 n; (m) n: (m) d’?) : (eez (m2) /w1 n; (12) dnt—n+1

Use of the equality

n;(m) dn =

dn> (9.87)

/(;1 n; (m) n; (m) dn = ./w2 n; (m) n; (1) dn (9.88)

allows writing (9.87) as

DY = ( /w o (m)n;(m) dn+ / n; (1) ni (M) dn) X
(3 Ccatm)+eatm) | mom 2 a)
([,,n‘ (1) n; (m) dn)

(3ot +eam) [ mm B2 a) (59

In analogy with (9.65), the 1-D convection integral in this expression is pre- mul-

tiplied by a mass-matrix term and by the average of two metrics. Each metric is
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o

evaluated in the 2-D element that shares the 1-D element on which the relevant

integral 1s computed. Consequently, this operator is obtained via the formula

(ee2n;, an = z:: ( (egz ("ﬂkl) + ee (UQM))/ n; (772) dn; d’?) (9.90)

where the subscripts Qr1 and Q4 respectively, denote the two 2-D elements that

share the 1-D element w;. Insertion of this expression into (9.89) leads to the

formula
dni—n dni—n
DFfpir = (m:(m), ni(m))w - {enni, — )0 = mi; - (eren;, ). (9.91)
dna dns

The decomposition of integral D is

ON;

D,zf = /aeezNi(m,

dn;
= |, ean; (m1) 1 (12) g%ni(nl) dn
dn,-
= 612(171)/?2 n; (m) n; (n2) e (m) dn
dn,-
+ en(n,) /a n; (n1) ni (n2) ™ (m) dn
2
dn,-
+ 612(773)/a n; (1) n; (12) ™ (m) dn
3
dn;
+ ea(n) [, o) () gini(m) dn

(/‘d1 n; (1) n; (M) d’?) N er ("71)/ 1 (172) dn,

dn

dn,

: )
- (ezz (Th)/m i (772) dn, dn)
( dn, )

)

+ (/wznf(m)nf(m) dn)
+ ([ mlmm(m) dn)

+ (/w2 1; (1) i (m) dn) : (612 ("73)/ n; (772) ﬂ dn

m(m)/w2 n; (7)2) — dn

(9.92)

and use of equality (9.88) allows writing (9.92) as

DY = ([ metm)ni(m) dn+ | neCn)ms(m) dn) x
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(5 e tm)+ e m)) [ autom) G

2 (ean)+ealnd) [ mn) dz' i)

( n; (1) n; (1) dn)
(5 (ot +en(n) [ n(m) 52 d

';‘(612(”73)4‘812 (n4) )/ n; (172)ﬂ n)

t\’)

(9.93)

The 1-D convection operator in this expression is again expressable via (9.90), hence

D is cast as

dn~ dn~
2¢ ] 1
"Z)“— n; ,ni w " nia_w_mii' ni,—w 4

Finally, the decomposition of integral D, _; is

ON;n_
D2l — / Ni i+n—1 d _
1,14+n—1 o €¢2 ("71, "72) 8172 n

dn,- n—
/ﬁenni(nl)ni (’72) dj}z lni+n—1 (Th) dn =

dn,- n—
ee (Tla)/A n; (m) n; (2) djh “0; () dn +

dn,+n_

e (’74)/ n; (m) ni (n2) ~n; (m) dn =

(_/L;l n; (m1) n; (1) dn) . (6132 (173)/ n; () o=t dn,+n 1 ) +

(/m n; (m) ni (m) d77> : (612 ("74)/ n; (12) dn,+n 1 dn) (9.95)

and continued use of equality (9.88) allows expressing (9.95) as

Dz?,g-}-n—l = (/w n; (m) n; (m) d77+/

w2

s () i ) d )
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w2

(/wm (m) n; (m) dn) . ( (ee2 (M) + € ( 1,4))/ ni (n2) dn,+r; 1 d’?)

(9.96)

which is recast via (9.90) as

dni+n—1
D?f-*—n 17 (ni(nl)ani(nl))w ’ (6(21’.1,', dns )w =T (eggn,, dns )w (997)

Therefore, formulae (9.89), (9.93) and (9.96) can be made to coincide with the

0Atd?; terms in (9.41)-(9.43) via the following definitions for cffﬁ

Es = ylealn)+ea(n) [ nim) B=d  (998)
B = G en(m)+en(m) | mim)g d“’ -+

3 (ea(n) +ea(n) | m(w)ﬁdn (9.99)

Bpns = 3(ea(n) +ean)) [ mim) d“'*"‘ (9.100)

In strict analogy with (9.76)-(9.78), these operators also contain 2-D metric data.
Their structure also induces a metric-data approximation for the off principal sweep
line TPF terms. Consider for example the evaluation of the representative term

DZ[

IRES

According to the TPF formula (9.42), its value is represented via the prin-
cipal sweep line operator dze1 ;—1- Consequently, following (9.98)-(9.100) the asso-
ciated TPF representation will embed the average of the four pieces of metric data
corresponding to the elements sharing node “¢”. However, the selected 2-D integral

results from the contributions of elements {; and {4 only, hence its exact expression
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contains two metrics. Specifically

8N1 1

DI, = /eezN (m,12) dn = /eaﬂz (m) n; (772) —=n;_1(nz) dn =
ea(m) [, nl(m)nz () P () i+
car(me) f, () mcs () 52y () dy =

(/WI n; (m)ni—1(m) dn) . (egg(nl)/w ni_y (n2) d;a;;l dn) 4

</w1 n; (m) ni-1 (m) dn) : (612 "74)/ n;-1(n2) dn, ! 77) =

(/w n; (m) ni-1 (m) d77> X

dn;_; dn;_
<€e2 (m) ” ni—1 (n2) dn, dn + ep (774)/ ni-1(n2) dngl d’?) (9.101)

and the 1-D convection operator is obtained via (9.80). The TPF representation

associated with (9.101) is

D, = ([ mem)nens () dn)

1 i— i— ni_
( (ewl (m) + e’ (m2) )/ n;-q ( 7721 dn +

N|—= N

i dn;_
(eeg’(n3)+ezz‘(n4 )/ ;-1 (m1) an : dn) (9.102)

Therefore, comparing (9.101) and (9.102) reveals that the TPF representation uses

the following replacements

(62;1 (ms) + 62;1 (M4) )

[N R

i 1/ im i
e (M) = 3 (6121 (m) + ez (m2) ) , € (ns) =
(9.103)
where superscript 7 — 1 indicates evaluation on the elements associated with node
1 — 1.
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0
DI pye = <e£2Ni("717772)aa_mNi—n+2(771,772)> = (egn;(m)ni(n2),

A similar comparison with the expression for the remaining off principal sweep

line terms shows that the TPF formulae (9.41)-(9.43) employ the replacements

cha () = 5 (65" () + el (1)) el (m) = 5 (el (ma) + €58 ()

(9.104)

where superscript “2 + 1” now indicates evaluation on the elements associated with
node “¢ + 1”. Consequently, this approximation is inherently distinct from that of
(9.82)-(9.83). Hence, the mesh variations should indeed be smooth to minimize the
difference between the lhs and rhs in (9.103)-(9.104).

Finally, the following expressions show that the exact D% are all consistently

1J

represented by the TPF formulae (9.41)-(9.43)

Ili—n

0 d
2¢ _ : ) - . , Zmn ~
Dl i-n = <632N1(7]17 772), 8772 Nl—n(nh 772)>Q = (612"1(771)111(772), dn2 nt—n("h)) -

dnz—n )A —
72 Q

<e£2ni("71)ni—1(7)2),dd ni-1(m))g = (ni(m)ni-1(1m), ee2ni-1(m) —

dn;_n,
(ni(m), ni—1(m))w - {e2ni1(n2), d—m")w ~m; g d¥ 1imn

ni_n41

0 d
20 _ , , - N ntl R
Diicntr = (ee2Ni(m,n2), o Ni—nt1(m1,m2))g = (ee2ni(m)ni(n2), dns Di—nt1(M))g

= Ceram (), P2, 1))y = (o)) () i) =

dni—n
(ni(m), ni(m))w - (ee2n:(1m2), Tﬂ)w =mi;i di5_pa

dn;_
; n+2 nz—n+2(771)>§

dni—n
= (eg2n; (1) nit1(1m2), d7I2+2 niy1(m))g =

dni—n
(ni(m)niy1(m), ee2nit1(n2) d772+2 g =

dn;_
(ni(m), nit1(m))w - (€e2niv1(m2), an“ Yo 2 Miit1 2 ionta (9.105)
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2
D;ia

i

2
D

24
Di,i+n—2

20
Di,i+n—1

2¢
Diitn

g
(eraNi(m, m2), m— Ni- 1(771,712)%— (62211«(711)11:(772),_1 n;— 1(771)) =
onz dm,

(88211{(771)11{—1(772)’#ni_l(m))ﬁ {ni(m)ni-1(m), enni- l(m)d;;? 1) -

dn, 1

(ni(m), nic1(m))w - (€2ni-1(n2), i —=hy, ~miin d2

0 dn;
(€2 Ni(m, 7m2), a—mNi(m,m))a = <e£2ni(7ll)ni(7)2),%ni(nl))ﬁ =

(ernm)n(m), G m)lg = au(m)au(m), cani(e) ooty =

dn;
(ni(m), ni(m))w - (ee2ni(n2), d_)w = mi; d?’f

(e Vil ), 3‘;’7 Wit ) = (e, “getness () =

dn,'
(etznz(m)ﬂm(nz), d L nira(m))g = (0:(m)nisa(m), eeani(72) dn?)a:

dn,+

(n:(m), nigy1(m))w - (ee2Big1(m2), —— ),,, o miip Aoy i (9.106)

t+n 2

0
(ee2Ni(m, m2), a_mNi+n—2(771v 772) (612111(771)11:(7)2) Hi+n—2(771)>§

dn,' n—
= (egn;(m)ni-1(n2), d:h 2111‘—1(’71))5 =

dni+n—2
(ni(m)ni-1(m), ec2ni-1 (nz)d—m‘)ﬁ

dn;,_
(ni(m), ni—1(m))w - (ee2ni—1(m2), ’Tt;—z)w & miioy d¥) s

z+n 1

0
(ef?Ni(nla 7)2)a 8772 t+n 1(771, 772))(1 = <el2n1(771)n1(772)’ Niyn-1 (771))6
= (ecani(m)ni(ma), ;’;7’;‘ ni(m))g = (nz(m)n;(nl),etznz(nz)M)

dny 9

dni-—n

dna

(ni(m), n:(m))w - (ee2ni(m2),

(6[2Ni(7’]1,772), a t-i-n.(771,772)>A = (‘3!2“:(771)“ (772)’ d n1+n(7]1)>9

dnz+n )A _
2 Q

(ee2ni(m1)niga( 772) dn =ni41(m))g = (ni(m)nisa(m), ennia(m2)—

{(ni(m), nit1(m))w - (ee2ni41(n2), jjnﬂ)w ~ iy digqign (9.107)
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9.9 Viscous Flux Vector Factorization

In this section the one dimensional diffusion operators
o\ d
(d2)" , a=1,2 (9.108)

are defined such that their product with 1-D mass matrix terms and the 2-D metric
data es, and detJ exactly represent select 2-D diffusion jacobian terms Df; on

arbitrary grids. The basic 2-D jacobian expressions are

Cma aNi 6Nk af;C
Dy = - [ e dn Zim 9.109
"J G “det J 0na Ong " o’ ( )
The extension of identity (9.59) for the jacobian term in this integral is
Ofim _ tm g1 _ 01
= R = 9.110
3q1 an J 3q1_ ( )
This allows expressing (9.109) as
ema ON; ON; afl
D?’.z—/ oime ST gy | Lt 111
W= Jg e det T Ong 0o [ B’ ] (9.111)
and the associated 2-D differential operator is
ON; ON;
patm 5-/ pma 2O 9.112
" 5 “ et J On, 0ng ( )
In analogy with (9.62), df; is defined as
0fe
o — gofm m

alm

whereupon, d;;™, hence d; is derived by setting it equal to the exact one dimen-

sional operator intrinsic to Df"f”‘ as now developed.
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9.9.1 n; Direction Operators

The determination of d}s’" is attained via derivation of the exact decomposition for

integrals D}™,, D™ and D}{7, along the principal 7, sweep line {1 —1,2,¢+1} (see

1,t 1,

Figure 9.1). The decomposition of integral Dleml is

DIty = - fengiy 211;71 02:;11 =
—/Aeagi%lj%m—l (n2) d;;llnz 1(n2) dn =
—en (M) (dz;‘l]> s 'Z-;]fni—l (m2) d;’llnt 1(n2) d
Y <d:1J> ) (fz?yl 1 (1m2) d;];;zln"‘l (n2) dm =

dni dn,~ 1
- (catny (525 ) [t ) ([ mes s o) )

€m1 dn; dn;_y ' ' )
( €n ("74) (det J) i dnl d'rh dn) . <‘/‘;2 ;1 (772)1],_1 (UQ) dT’
(9.114)

Use of equality (9.64) allows writing (9.114) as

m _ 1 ( €m1 ) ( €m1 ) d_n_i_dni—l
D;n = ( en (1) det J + en (n4) dot J /w1 dm dm dn | X

</w1 ni—y (n2) ni—y1 (2) dn + /W2 n;_1 (n2) niy (,72) d77> _

) e em1 dn; dn,_,
1 d
(2 (eel (771) (detJ)ﬁ, T ea (174) <detJ>f74) w dn dm 71) *

(/w ;-1 (2) ni—1 (n2) dn) (9.115)

The leading 1-D diffusion operator in this expression is post-multiplied by a mass-
matrix term and pre- multiplied by the average of two metric-data expressions.

Each expression is evaluated in the 2-D element that shares the 1-D element on
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which the relevant integral is computed. Consequently, this operator is obtained

via the formula

(en m1 dn1 dnJ _
det]dnl dm "~

2 (1 e em1 dn; dn;
(5 (621 (nakl) (det]) + eg (775,‘2) <det J)ﬁﬁ /wk d’?ld—m dn
k2

1 nkl
(9.116)

k

where the subscripts Q4 and ng respectively denote the two 2-D elements that
share the 1-D element w;. Insertion of this expression into (9.115) leads to the

formula

em1 dn; dni_y em1 dn; dn;_y

D™ = — - w (D1, M) = — - w
b1 <eadetJdm’ dm Ju - (Bi-1,1i-1) <eadetJdn1’ dm )

TMi-1,i-1
(9.117)

The decomposition of integral D}f’" is

ON; ON;
pim €m1
b / Bdet J 5171 6771 d

em1 dn; dn; _
oy o )

—ean) (525), | G i B () G (1) d
—ea (m) (525), [, Grnstm) —‘ni (m) dn
—eu(na)( d::})q_h /53 (172) m(na) dn
—en (1) (325), . g () d—n:ni(nz) dn =

dn,' dn,-

- (eel () (de;cﬂJ)i)l /w1 dm dm dn) . </wl 2 (n2) i (12) d77>
(&), 1. o ) Y ECARCARY
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€m1 dn; dn; . < ‘ . )
- (ell (773) (detJ)fls /w2 dnl dnl dn) /wg I (T,2) I (772) dn

( )<6m1> dn,dn, (/n N d)
a4 det J 1’]4 wi d’fh dT]l w2 l 172 ' ?72 7

(9.118)

and equality (9.69) allows writing (9.118) as

D = (; (e“("l)(deTJ) Fea(ms) <dee7:cﬂJ>f74)/wl 32; j:;j @
- % (e“ (m2) (dZZlJ>f,2 +ea () <d:1J),-73 ) » fil:; Z: dn) "
</w1 n; (n2) ni (n2) dn + /m n; (n2) ni (n2) dﬂ) =
- (% ( a(m) (deTJ) +ea(m4) (detlJ)m) ” ZZ Z:: an
- %( » (72) (deTJ> + e (7) (dZTJ)m) o 321 32; d") §

(/wn, Yn; (n2) dn) (9.119)

The leading 1-D diffusion operator is again expressable via (9.116), hence D}f’” 1s

cast as

€mi dni dni €m1 dn,- dn,'

D!lim:__ T, 71 0 45 Jw’® HIlijw = — R
bt (6& det J dT]l, d?’h) (n A ) (ell det J d'I]l’ d'l]l

)w c My, (9120)

Finally, the decomposition of integral D}f’}:l is

Dllm

€m (’)NiaN,-
i+l _/ : = d"7=

a ca det J On; Om

€m1 dn’t dn,_l_l
./ et Jdny T (12) — = dn, (m2) dn =

—eo(m) (225) [ S ()
a2\ et 7/ g, Jay dpy T
dnt+l

€m1 dn; B
- 11(773)( tj)ﬁs 8, dnln’“ (772) dn, H:+1(772) dn =

dn1 1

Hz+1 (772) dn
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€m1 dnz dnt-{-l ( )
(6[1 (172) (det J) . /‘;2 dnl dnl ) ./‘;1 i1 (772)11,.*_1 (772) n

€mi1 dnz dnz+1 ( )
— o dnl - ; ; d
(6@1 (773) <det J)fla vy dmy dn TI) /0)2 ;41 (772)11 +1 (712) n

(9.121)

and equality (9.73) allows writing (9.121) as

em __ €m1 eml) / dl’l, dn,.,.l
Priia = ( (“(""’)<dtJ) +ea(m) (325 ) by dny dmy )

1

2
(/ niy1 (M2) ity (m2) dn + ni+1 (12) nit1 (n2) d’?) =

1 €m1 < €m1 ) _dﬁdni+l

(2 (e“ (m) (detJ) ea (M) \ e 7 ) oo dmy s 1) %

(/w i1 (772) 41 (772) d’?) (9-122)

whereupon, this expression is recast as

em1 dn; dni+1> ( ) (e dn; dn,-+1>
w A1, I w = —\€ ’ w M1,
“det Jdn dm T “det Jdn,’ dm it

(9.123)

1fm __
Dz A1 — —(6

Therefore, formulae (9.115), (9.119) and (9.122) can be made to coincide with

the §Atd;] ; terms in (9.42) via the following definitions for d}f;’"

1 e e dn; dn;_
1ém . = ml ml &y i—1
dihy = 2 (e“ (m) <det J) ) Tealn) (det J) ) -/wl dm dm d
(9.124)
1em €m1 €mi ﬂﬂ
dz',i = (ea ("71) (det])f,l + e (n,) <_de_t J>"7 ) /w1 dny dny dn

1

2

1 €m1 €mi1 ) dn’ dn’
1 ——2dp

5 (651 (17) (det J>7-72 + e (15) (det J 173) we dny dmy

(9.125)
1 e € dn; dn;
lllm ml ml 1 i+1
-_— — — "' — _I_ 1' —— —— d
Bt 2(611( 2)(detJ)‘ ea ( 3)<dtJ> )—/t;zdnl dm 7
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(9.126)

These one dimensional operators contain 2-D metric data expressions and constitute
a distinguishing feature of this TPF algorithm for diffusion jacobians. The structure
of these operators induces a metric-data approximation in the evaluation of the
off principal sweep line TPF terms. Consider for example the evaluation of the
representative term D}¢™ . . According to the TPF formula (9.41), its value is
represented via the principal sweep line operator dum. Consequently, following
(9.124)-(9.126) the associated TPF representation will embed the average of the

“”. However,

four pieces of metric data corresponding to the elements sharing node
the selected 2-D integral results from the contributions of elements Q, and §; only,

hence its exact expression contains two metric data expressions as evidenced by the

following development

ON; ON;_
Dllm — / €m1 t—-n+1 —
1,i—n+1 €an detJ 87']1 01’]1 d"]
€m1 dnl dni—n+1 _
frea g g (1) = s () dn =
€m1 dn1 n
~ea(m) (335). f g g T (12) dn
€m dn,
—ea(m) (225), G () G () dn =

_ (ea (m1) (det ) o ;lz: Z:; dn) . (/M 0; (02) Di—np1 (02) dn)

- (ea (72) <det J) Z:;: 37171; dn) ' </w1 n; (N2) Di—n41 (N2) dn) =
_ (ea (m) (d tJ) | Z;: 3;’; dn

+ en (7,) ((;::}) [u; Z—:Z: dn) X
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(/w n; (1) Dimnt1 (12) dﬂ) (9.127)

Here, the leading one dimensional diffusion operator is obtained from the formula

€me dn; dn; 2

Ema dn; dn;
= 2: ~ ——dnp, a=1 (9.128
det J dny’ dr]a>w P Slo (nﬂk) (det J)na wi AN dNg e ( )
k

(61?01

where {; denotes each element where D}é’" , J#1—14,14 1, is evaluated. The
TPF representation associated with (9.127) is

1 e e dn; dn;
14m ~ _ = ml ml 1 1
Pustna = ( 2(6"("1) (da])- Tea ("4)(deu),—74>/w ;

1 d771 d771
1

Ui
€m1 €m1 dn; dn;
-3 (ell (1,) (d tJ) + en (1) (det J>7.73) dn) X

wa dT]l d?’]]
(/2 e) i () dn)

Therefore, comparing formulae (9.127) and (9.129) reveals that the TPF represen-

(9.129)

tation uses the following replacements

en (1) <d::1‘]>7_71 = ; ( ea (1) (d tJ)  ten(ny) (de:ﬂ]) )

catm) (725), = 5 (eam) (@)m e (n) (725), )30

det J

A similar comparison with the espression for the remaining off principal sweep

line terms shows that the TPF formulae (9.41)-(9.43) employ the replacements

en (1,) (d:ﬂ]) = ; (611 (M) (d tJ) +ea () (;’:}) )

ea (1) (dZTJ> éé(‘e‘l("z) (detJ) +ea () (dTJ) )(9'131)

Consequently, in order to make the TPF algorithm an accurate representation of the

2-D diffusion operators, a mesh for TPF computations should be so developed as

to minimize the differences between the lhs and rhs of expressions (9.130)-(9.131).
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Finally, the following expressions show that all D}%™ are all consistently repre-

sented by the TPF formulae (9.41)-(9.43)

m ém1 O 0
DT, = —(en detlJE;IN(m’nZ)’an] Ni—n(m,m2))g =
€mil dn,- dn;_,,
( d tJd 1(772)’ d771 n1 n(772)>9
€m1 dnt dn;_,

-—-(6[1 detJd (772)7 77 Hz—n(’h))ﬁ =

em1 dnidniy . _
{en det J dmy dm iz (n2)i-n(m))g =

(e em1 dn; dni—-l>
a detJdm’ d771 @

* <ni—1(772)ani—n(772)>w ~ d ml mi—1,i—n

DUfups = et 22 N, )y g Neomia s ) =
(oo gy e, e o) =
—(ea deTlJ jm n;(n2), d1I711 ni—ny1(M2))g =
fen F2 G (e ()} =
~{en 2 0 ST (1), it (T 2 AU iin
D}f’l‘nw = —(eud‘ZZIJa_izNi(m,ﬂz),‘a%:Ni—nn(nl,772))5=
—<ee1%j§‘ mesa (), G ni o)l =
~(en dee1:1J t‘ii;)h d;;"l ’ i+1(n2)ni_"+2(772))§ =
~(en 2 2 S (i (), nemsa ()
o~ dT Mit1ionto (9.132)
DU, = et g2 SNy )y o Nica (g =

em1 dn; dn;_,
(hdetJdn 1(712), dm I 1(772)>

252



1ém
Di,'i

1€m
Dz 41

1fm
Dz g+n—-2

1ém
Dz RESES

dn i—1

em1 dn;
ml S - —=n;_ 1(7’2)>§:

~{ea det J dmy - -1(m2),

em1 dnjdni—; , o
~(ea det J dny dm ,Hz—1(172)11:—1(772))9 B

em1 dn; dn;_y

- - Al — y Il4— = dlz t=1,—
(eadetJdnl’ an Yo = {ni—1(m2), Bic1(M2))w = 1 Mi-1,4-1

€m1 0

0
detJa 1(771’772) 1(7)1’772))

- (611

em1 dn; dn;

—(eamd 1(772)a d ("72»

€m1 dn,

—(en 7 o7 dny (772), an nz("h))ﬁ =

em1 dn; dn; . o
—engery dny dy’ ni(re)ni(ma))g =

€m1 dn; dni 14m
(e et 208, S0 - (), () = ™

€m1 0 3
—(eamamN(m,m) am Nip1(m,m))g =

em1 dn; dn;
~{ea got 7 g (M g o — T ni(m))g =

em1_dn;
_(elld tJ d 1+1(n2)’ 7]1 H,+1(172))

€m1 dﬂt dnH—l . . —
(ea ' SevJ dmy dny niy1(m2)nit1(m2))g =

em1 dn; dnj4q
~(ea dentljﬁi’ d:h Yo (Rip1(m2), Dip1(M))w = 15Ty Mig1ir (9.133)

ems 0 9
—(en 1T tlJ an Ni(m, m2), a—Ni+n-2(771’772)>§ =

€m1 dll, dﬂ1+n 2 _
(ea Ydet J dmy n:(m2), dm nin-2(m)}g =

em1 dn; dn;_
—(eaﬁd n;-1(72), an — L nipn—2(m2))g

em1 dn; dn;_q _
~(en det Jdmpy dm -1 ()it -2 (M) =

€m1 dH‘ dn,‘_l m
—{en dentle_n;’ an Yo (ic1(M2), Dign—2(72))0 = d}ﬁ_l Mi_1i4n—2

€m1 i 0
{en FR 1N i(m, M), 7 o Nitn-1(m,m))g =

€m1 dﬂ, dnl +n-—1

~{ea det J dn ni(m),

nign-1(7M2))g =
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—(e degtﬂj ;iu' (772),3 Nitn-1(m2))g

—(en em1_dn; dn;
det J dm dm

€m1 dn2 dn;

—leagery det J dn;’ dm)

?ni(n2)ni+n—1(7]2)>ﬁ =

A(0i(12)y Bipn-1(12))w = AT My

e 0 0
Dim. = —(eade"tﬂJE—Ni(’h,ﬂz),'(%Niw(nl’"?))ﬁ:

€m1 dn,

—(etlmd (z), d 2 040 (M2)) 5

em1 dn; dn;
_<ell detl.]d 1+1(772)7 d + n1+n("72)>a =
_(e €m1 %dnl'{'l
B et Jdn dm
—(e €m1 fi_li dﬂz‘+1
Bet Jdn,’ dny

s Dig1(M2)nivn(n2))g =

Y+ (Rig1(12), D (M2))w = dEST) Mgy ign (9.134)

9.9.2 19 Direction Operators

The determination of d*%™ is attained via derivation of the exact decomposition of

integrals ’D,-z,f’fn 11 D”m and 'D”’;‘n , along the principal 7, sweep line {t—n+1,7,:+

n — 1}, (see Figure 9.1). The decomposition of integral D™ ., is

plem _ _/ e, T2 ON; (11,12) ONi—n1
1i-n+l1 A €02
' Q det J 87]2 5772

emz dn; dni—n+1 _
—/6612 det 7 dny n; (m) dn, Di_n1 (M) dn =

dn =

€m2 dnz dnz —n+1
—ee (M) ( et J> s, o n; (m) n;(m) dn

€m2 dn, dn,_n_H _
car (mo) (22 J)m [ Sem () 5 (1) dn =

dn,‘ dn,'_n
([t dn)-(cotn) (§55), [ Gt an)
w1 1 w1
m2 dni dni—n+l
- i i . ——d
</mn (m1) i (m) d”) (6‘2 mz)(deu)m o dsdny ")
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(9.135)

Equation (9.69) allows writing (9.135) as

[ nm) s (m) dn)

(; (6‘2("1)(d6n€2J>- T en m”(dﬁi]) )X

dnz dnz—n+1 dT]) —
w1 d772 d772

( / (m)n; (m) dn)

l ( em2 ) +en( )< €m2 ) y

5 ez (m) d 175 21 \det T/ 5,
/ dn dni—nyy n) (9.136)

DIty = — </ mi(m) i (m) dn +/

ne  dne
In analogy with (9.115), the 1-D diffusion integral in this expression is multiplied by
the average of two metric data expressions. Each expression is evaluated in the 2-D
element that shares the 1-D element on which the relevant integral is computed.

Consequently, this diffusion operator is obtained through the formula

Em2 dn2 dnJ

(ea det]dng dny " -

2 1 €m2 €m2 dn; dnj
- - " SEL g
Z (2 (e” (75..) <detJ)nA +ea(ng,,) <detJ>flak2 /wk dnydns

1%
(9.137)

where the subscripts Qi and Ok respectively, denote the two 2-D elements that

share the 1-D element wy. Insertion of this expression into (9.136) leads to the
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formula

€m2 ﬂ_& dni-—n+1
det J d’l]g ’ d172

(9.138)

em2 dn; dni_nq

det Jdny’  dns

Dgﬁrfnﬁ—l = _(ni’ni>w : <e£2

Yo = —mi;i- (e

The decomposition of integral D”m 1

/ €m2 6N 3N
2 Jet J J 6772 6772

m2_ A1 dn;
- fyeagaty g (n) 3 () dm =

24m
Di,i

det J d
€m2 dnt dn I;
; —n; d
—egz () <det]) by dgp ™ ) g (m) dn
dn,' dn,'
—en (1,) (det / dmni (ﬂl)d—mni(m) dn
€m2 dni dn,-

- i —n; d
e (1) (det]) /a an, ™ (m) gomi (m) dn
€ma dni dn,-

— ; dn =
ez (14) (det]) /;24 dn (771) dna, 71 (m) dn

6m2 dni dn,'

det J wi dnz dns
dn; dn, p

W dng d’l’]g

) (cetm (25 )
) > )
n: (1) mi (1) dn> (ea (17,) (e"” ) dn; dni dn>
) (cam (23), [ s an)

—</ n; (m) n; (m) dn

€2 (771

n; (m) n; (m) dn es (1)

w2

£~

7]4 w2 dT]2 d’l’]z
dn1 dn,
det J/ @), Jur d7]2 dns

1

€m2

m; (Wl)nz 7]1) d77 €2 (773)

-
~
-

Use of the equality (9.88) allows writing (9.139) as
Dy" = —</ 1; (1) ni () dn+/ n; (m) ¢ (n1) dn) X
w1
EI'_. 6m2 ) + ( em2 dn, dn,
5 e (m) dtJ q e m2) dtJ oy da iy &
1 €m2 ) < €m2 ) / dnz dn,
2 ( ee2 (115) (d tJ ea (M) \ 3ot 7 wy drp g
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— (/w n; (nl)ni(nl) d’7> x
) e €ma dn; dn;
(5 (6‘2( 2 (EQFJ)n e (n) (e >n> /. ns ¢
1 em2 ( €m2 ) dn; dn;
2 ( 2 (7) (d tJ) +ea )\ Gt s 1'7,) "

w2 d772 d772

(9.140)

and the 1-D diffusion operator is again expressable via (9.137), hence D™ is cast

as
24m eme dn; dmy; emy dm dny
.. = — i) 1 . —,'—w:—— 11“ 9.141
i (06, 0)e - (ear det J dn, dnz) mii (en Tdet J d772 dn2> ( )
Finally, the decomposition of integral D, _, is
ON; ON;4n_
Dggm — _/ €m2 ) t4n-1 dn =
t,i+n—1 €42 det J 67’]2 67]2 n
€m2 dn; dn,+n 1
- 7 1 t+n— dn =
/ﬁezzd t J dn, n; (M) dn, ———Dipp-1 (M) dn =
€m2 dnt dnt-*-n 1
€2 ("73) <det J) 03 dn ( 1) 1 (T]l) d
€m2 dn‘l dnt-{-n—l _
ezz (1) <det J) Q4 dT]g 2 (m) dne ni(m) dn =

- (/wl n; (n1) n; (M) dn) ' (e“’ (n3) (di%> 7 o dTl)

1"3 wo d7]2 dT]2

- </w2 n; (m) n; (m) d’?) ) (612 (1) (fe%) _ EIEM dn)

N, Jw2 d772 d772
(9.142)

and continued use of (9.88) allows writing (9.142) as

Diftas = - (/ i (1) 2 (1) dn+f 1; (1) 7 (m) dn) X
Wi wa

1 €m2 €m2 dni dni+n—l .
(2 (e‘z("3)<du) Fea () (dtJ) ) v dny  dns d")‘
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- </wnf (m) n; (m) dn) X

1 €m2 €m2 ) dni dnz’+n-—1
z Em2_ Sm2_ A Cllitn-1
(2 (‘”2 (m) (det J)'i;a + e () (detJ ,-,4) /u e dmy

(9.143)

which is recast via (9.137) as

€m2 d_-nt_ dni+n—1)
det Jdn,” dn, '*

(9.144)

€m2 gﬂ’_ dni+n—l
det Jdn,’  dng

DHEm = —(n;,m;), - (ee

iin—1 w=—m;;- (en

Therefore, formulae (9.136), (9.140) and (9.143) can be made to coincide with

the §Atd?; terms in (9.41)-(9.43) via the following definitions for d?%".

difnn = _% (e” (m) (d:;ﬂ.])'i;l + e () (d::zJ)m) /w %@;TZH @
(9.145)
i = % ( (Th)( )1‘71 T e (m2) (df::z >fi)2) /w1 3717]; Z:;; dn
e (525), +ear0(225), ) 2292 ae e
Eur = -3 (entn) (a’;—J)n rean) (25), ) [ Gt g

(9.147)

In strict analogy with (9.124)-(9.126), these one dimensional operators contain 2-D

metric data expressions. The structure of these operators induces a metric data

approximation in the evaluation of the off principal sweep line TPF terms. Con-
2m

sider for example the evaluation of the representative term D;™,. According to the

TPF formula (9.42) its value is represented via the principal sweep line operator
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d?7._;. Consequently, following (9.145), (9.146) and (9.147) the associated TPF
representation will embed the average of the four metric data expressions corre-
sponding to the elements sharing node “:”. However, the 2-D integral results from
the contributions of elements {2; and only, hence its exact expression contains

two metric data expressions as evidenced by the following development.

emz ON; ON;_4

Dilh = - /a °C 3et 7 Ony Oy O
= Jen i S ) =i (1) i =
—ee (M) ((;:%7)1.7] 8, ;l_;:;ni(ﬂl) d:;:]?]m 1(m) dn
—ea ) (ga) . Goens(m) e () dn =

dn;_; dn;
— N = d > ) < o > m—
(/w]n (m) iz (m) dn (eﬂ("l) det J/ 7, Jun dnz  dn o
dn;_ dn;
3 i . d ) . ( €m2 ) an;-) all;-y
(/wln(ﬂl)n 1(m) dn (e”(n“) det J/ @, Jur d772 d772 &
- (/wn.- (m)ni—1 (m) dn) X
€ms dn;-, dn;_;
(en (m) (detj) 7, /wl dny dn, dn

€ma dn;_y dn;_,
+en (174) (det]) 7, o dT]2 d'f]2 dn) (9148)

Here, the leading 1-D diffusion operator is obtained via formula (9.128). The TPF

representation associated with (9.148) is

oty o ([ melm) mica (m) dn)
(L €m2 Em2 dniy dni-y
(2 (eez(m) (—*—detJ> T en (’72)(d tJ> )/w dn, dn;
l ems ) < m2 ) dn,-_l dni—l
+ 5 (612 (n3) <det J 7, +en () det J M,/ Jur dn, dn, dn
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(9.149)

Therefore, comparing formulae (9.148) and (9.149) reveals that the TPF represen-

tation uses the following replacements
i €m2 ' i—1 €m2 )i_l -1 ( €m2 )i—l
olm) (325, = 3 (o (525), +ei o (25),

i Em i i €m?2 -1 i— €m2 -1
ca (M) (det2J>17 7 (8‘21("3) (det])i; e (m) <detJ>1'7 )
. 4

(9.150)

N N

where supesrcript ¢ — 1 indicates evaluation on the elements associated with node
1 — 1.
A similar comparison with the expression for the remaining off principal sweep

line terms shows that the TPF formulae (9.41)-(9.43) employ the replacements

i+1 emz \'*! i+1 ( €m2 )H'l
<6‘2 (")<dtJ) tea (M) \ 57 7
2 e i+ i N

(51( ) (& tQJ) +ea (n) (detQJ)ﬁ )
4

(9.151)

i em2 \'
e (112) (det?)ﬁ =
2

em2 \*
612 (773) (deti]) =

where supescript “z + 1” indicates evaluation on the elements associated with node
“i41”. Consequently, this approximation is inherently distinct from (9.130)-(9.131).
Finally, the following expressions show that the exact D”’" are consistently

represented by the TPF formulae (9.41)-(9.43)

em2 0
e2detJ on;

€m2 dn,- dn, —-n _
_(ewdet,]dngn'(m)’ d172 — - n(nl))n =

D?fmn = —(6

0
Ni(m,m2)s ENi—n(m,nz))a =
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€m?2 dn,'

(e detJ dns

dn;_,
n(m), —— am 1(m))g =

€m2 ANi—1 dNi_pn,

"(ni(nl)ni—l(m)’ewdet.] dny dmp o=

€m2 dnj—1 dnj_n
—<Hz(771),ﬂ:—1(771))w'(€£2detJ d772 ) drz

€m2 8
D2lm = —(e /L
1,i—n+1 < £ det J 07,

2¢m
>w = mi,i—ldt 1,4—-n

0
Ni(nla"72))'57'7;Ni—n+1(7717772)>§ =

em2 dn; dn;_,
—(eezﬁﬂni(nl)a dn2+1 ni—n+1(’71))§ =

Em dﬂ; j_n
(et g 7 g 1M 1, L= 1)) =

. . €m2 dﬂ«,, dni—n+1
(nim)nim)s ee2 g5 G ™,

€m2 dn; dn;_np41 2¢
_* —_ dssm
detJan, d772 )w m11 1,t—n+1

I

~——
)

_(ni(nl)a ni(nl»w * <612

2m €m2 9 4 —
Dils2 = —(622:13—(]6—7721\71‘(771,02),a—mNi—n+2(U1,n2)>§—

em2 dn; di—nts o
(eZZdetJ dn2nl(n1)’ an Ht—n+2(771)>9 -

ém2 dn; dn;_n42
{ zzdeﬁjﬁni(m), d772+ nip1(m))g =

€m2 dni-l'-l dni—n+2>
detJ dne dn,

€m2 dNiy1 dni_ni2
—(ni(nl),ni+1(m))w'(€ezde7zJ an  dn, Yo 2 Miip1dTinsa

~(n;(m)n;41(m), ee2
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(9.152)

- €ma O 0
DHr = —(ee2det2J'(,)—‘Ni(Th,m),‘a—Ni—l(Ul’m))ﬁ:
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_<622@£7d ni(m), d — =01 (m))g =

(e €ma dn;_y ni(m1) dn;_,
23et J dne mh dne

- 1(771» =

em2 dn;_y dn;_; o =
detJ dny dmp ‘9

—(n:(m), ni—1(Mm))w - (€22
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pUm — (g, 2 Y 2 N -

—{ni(m)ni—1(m), er2

€m2 dn;_1 dn;_;
detJ dmy ' dmy
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em2 dn; dn;

—(ee detJdn ni(m), 57— TI (721))

€m2 dn1 _
’—(6[2 detJdn (771)’ d 1(771))() -

€m2 dn, dn;

S

em2 dn; dn; 2tm
— w = miid;;
det J dny’ dnz) MG

~(n:(m), ni(Mm))w - {ee2

DT, = —len g 5N )y g Newa(my )l =
~(en 2t Fon(m), dd i (m))g =
— e2(;%d;;+] ni( 1) n,+1(771)>
—(n;(m)ni+1(m), ee2 deerz?] d;l;;l d;;;l )g =
—(n:(m), niv1(m))w - (€22 de:tﬂJ dg;?,d;l;? Jo = miip1dBT L, (9.153)
D¥r ., = —(efzdeerzf] aimNi(Th,nz),E%Nﬁn-z(m,m))ﬁ =
—(ee dee:tf] %m(m), dn(,;.n_ iyn—2(M))g =
_(eZZdee,:f] d‘ril;7 L 1)’d itn— 2111—1(771))5:
—(ni(m)ni-1(m), eea de;lf] d;;,_zl dn:;;;._z )a =
~(ni(m), s (1)) - e dee';?, Tt D) o 1
| DI, = —(en—= detJ 86 Ni(n1,m2), 53— 8 Nign-1(m,m))g =
—(eezdzrzzj jn, n;( 1)7 l+n- ni(m))g =
~(ms(m)ni(m), ez dee’gf,j—jd”;’;;‘l )a =
O R e PR
DI, = —(ezzdee’:f, aa t(nlﬂh),aa Nign(m,m))g =
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ema dn;
~{ea gyt s gn il m 2 gy Ben(m)lg =

( €m2 dﬂz+1

(e 27 am, Hi(m), dnz “ni11(m))g =

. €m2 @Riyy dlign,
(ni(m)nisa(m), eea =5 im dns Vg =
€m2 dnH—l dni+n

detJ dmy * dmy

~(ni(m), nit1(m))w - (ee2 Yo = miipdiT L, (9.154)

For the implicit primitive coordinate diffusion operators, both the parallel and cross
derivative terms are expressed in terms of curvilinear coordinate operators. How-
ever, the present TPF dispenses with computational coordinate cross-derivative
terms, whereas it accurately represents the leading two terms in the following

primitive-coordinate 2™ order differential operator formulae

s (& (08) - (08 o (& 20%2)
- o (o) ol (20 D)

(9.155)

s (08) = (208 o (& 20%2)
+ o (g (a505) ) e (o (35050

(9.156)
(2208)
- i (o) ol (e D)
(9.157)

et (o <( 15)) = ('6?7 (@t o)) e o (7050 ))
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where “(-)” denotes a differentiable function.

9.10 TPF Error Structure

The precise structure of the TPF error is now derived, starting with the general
form. Thereafter, the expressions specific to the convection and diffusion term
errors are individually determined. The overall O(At?) error is then documented

and subsequently the order of magnitude of all such errors is discussed.

9.10.1 Generic Error Expression

The TPF error is defined as

?
Eij = Qi ; — &m‘ (9.159)

The exact blocks a;; are computed with (9.45)-(9.47), whereas the TPF blocks a; ;
are computed using (9.41)-(9.43). Consequently, the error associated with the TPF

expressions is

Eijn = OAt (D}, —miiadl ;) +0At (DY, —dl miyin) —

ii-n t,i—n )
2 2.1 3
Ciji—nt1 = O At (D},i—n+1 - d},,'mi,i—nﬂ) - 92At2d¥ .d?

1,0 1,1—n+1
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2 2 1 1 o —
Eii-nt2 = 9At (Di,i—n+2 - mi»i+1di+l,i—n+2) + 0At (Di,i—n+2 - di,i+1mz+l,z—n+2)

O*At’d} ;41 dEy1ion (9.160)

1

ciim = OAt(DY_ —miiadl ) - AL dE
Eii = —0°At?d} d?

) 1,01,

g4l = 6AL (D?,i+1 - mi,i+1d?+1,i+1) - 62At2d!,i+1d?+1,i+1 (9-161)

1

Eiptnz = O0At(DI,, - mii1dl i) + 008 (DL, — d} i ymic1 i) —
62At2d},i—ld?—l,i+n—2
Eiitn—1 = OAtL (Dg,zurn-l - d},imi,i+n—l) — AL d L,
Eijgn = OAL (Df,i+n — Mii+1 d?+1,i+n) + 0At (D},i+n - d},i+1mi+1,i+n> =

0°At?d} L 1d2 i (9.162)

t

The subscript structure in these error formulae shows that the classic order A¢?
error terms coexist with a metric-data approximation and a jacobian evaluation
error. Therefore, the TPF spatial approximation, identified at the end of Section 5,
appears in the form of both a replacement of some individual pieces of metric data
with associated averages and an evaluation of some jacobians at locations adjacent
to the exact ones. The latter occurs when the array £, is a non-linear function of q.
For this general case, the TPF formulae (9.41)-(9.43) exactly represent at all nodes
the 1, direction jacobian terms, whereas they render the 7, direction jacobian terms

precise at nodes 2 — 1, ¢, ¢ + 1 and approximately correct at the six remaining

265



locations. Concerning the metric data representat.ion, the TPF scheme replaces, at
nodes:—n,t—n+1,1—n+2,14+n—2,74+n—1and ¢ + n, the local values
of the metrics e with metric data averages, see (9.82)-(9.83) and (9.130)-(9.131),
whereas it yields the exact values at nodes 1 — 1, ¢ and : + 1. Concurrently, the local
value of the metrics ey at nodest —n,1—n+2,1—-1,14+1,14+n—~2andt+n
are analogously substituted with element averages, as indicated by (9.103)-(9.104)
and (9.150)-(9.151), whereas an exact representation is obtained at nodes i ~n+1,
¢ and 2 +n — 1. These metric-data errors directly depend upon the distribution of
the computational-node primitive coordinates. Therefore, a smooth distribution of
primitive coordinate data reduces this type of error in the TPF Jacobian.

The error (9.159) can be resolved into components
Ei,j = Ef,j + E:id + Ef;z (9163)

Here, €f; is the convection term error in the §At jacobian components, and eﬁj is the

diffusion term error in the same component. Simultaneously, 5{?}2 is the O(At?) error
due to the product of the 1-D convection and diffusion terms. For the determination
of the explicit form of these errors, the jacobian matrices must appear in the actual
TPF 2-D jacobian expressions. These are obtained upon multiplication of the tensor
product differential operators, (9.62) and (9.113), with appropriate Jacobian terms,

as evaluated at the computational node indicated by the second subscript in the

symbolic operators , see (9.60), (9.111). The following representative expressions
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reiterate this jacobian decomposition, without implied repeated-index summation

c 6fe aff
1 — qu Yt 11401 = DY 9.164
(_Dt 1+1) d1,1+1 [ aq :|i+1 mMit1,i41 1,041 l: aq . ( )

¢ 8f[ afl
2 = myd¥ L = D - 9.165
(Dz,t+n-l) ms, ti+n—1 [8(] :|i+n—1 tetn-—1 aq i4n1 ( )

the companion representative formulae for the diffusion operator are

d affm 8fgm
Dj; = dzu;m [—} Mit1 D}fm [—— 9.166
(Diiss) 1| Tag |, e T P Ty | (9.166)
d afl?m 6f(m
Diiny) = midiog,_ [——J = D¥r {— 9.167
(DZitn) O e P i v I L

The TPF formulae (9.41)-(9.43) are now expressed in terms of this jacobian decom-

position and the error components are then derived.

9.10.2 Convection Term Errors

The actual TPF 2-D jacobian linear algebra statement for the convection terms is

&i,i—n = Mtz n+0Atm11 ldz 11 o [afé] +0Atd1,‘ lmz lt-n [afl] +
aq i-n 6q i—1
afl 8f,3
62AL2dY_ g [ ] [_]
-1%—-1,i—n aq i1 (9q .
Gijon41 = Mii_ng1 +0Atm;d%_ [%’Z] 1 +0AtdYm, i [%{I_z] +
1—n+ :
6f£ afg
02At dlldﬂ [ ] [ ]
went | 8g 1 1 0g Jiznn
-~ a a
Qji—nt2 = Mi,i—n+2 + 0Atm,v,,-+1 d?+1,i—n+2 [i] + 0Atd1 Mg imnt2 [ fl]
0¢ Ji—ny2 0q ;44
afl afg
+ 02At2d11 dt i—n [—] l:_] 9.168
L2 1 00 1141 L0 imnya ( )
7 0fe 8,
ai,‘i—]_ = M11 1 +0Atm“ ldz 1, 1 [a_q']z_l +9Atd3, lm'l l‘l 1 [aq]z_l +
afl afg
62 A2 dY_ d2. . [_] [_}
M 1 9g | L 0g Jiy

267




a;;

Qi1

Qiitn-2

Qi itn—1

Gii4n

= M+ 0Atmdf] [%] + 0Atd m, [Qfé] .
, CMlogl; ’ dq J;
8fk 8f}
62 AL dHd% [—] [_]
1,1t aq ; aq i
9 i
= My + 0Atm; i+1d12-f-l i+1 [—‘f‘{] + oAtd%+lmi+l.i+l [i} +
y ! ! 8q i+1 ! aq i1
afl afg
Pardind [_} [_] (9.169)
A+1GitLitt | o i1 L0g 1y
9 9
= Miitn-2+ 0Atmi,i—1d?£1,i+n-2 [O—JZ] s + 0Atd},$_1mi—1,i+n_2 [_5%] 3
afl 8fg
+ 6AdY_ ¥, [_] [_]
el vy I v B
O fe . of;
= Miitn1+ gAtmi,id?,€+n—l [a_q]’i-{-n—l + 0Atd},,~m,~_1’i+n_l [a_q]l +
afl 8f[
62ALdMd2, [_} [_]
1, 2i+n—-1 aq ; aq A
- Mii+"+0Atm‘i+1d?i1i+n [Qﬁ] +6Atd%+1mi+1i+n [?ﬁ] +
) ) ’ 3‘] i+n ! ’ aq i1
8fl afg
62 Artd]f, df in[_] [—_] 9.170
19titn |30l 1B ] ( )

sition. The resultant formulae are

|
|
|
|
The exact jacobian expressions are also cast via the developed jacobian decompo-

Qijjepn = Mg,i_n+0AtD§_‘§_n [Qﬁ] +9Aﬂ)}§_n [%]
aq t—n ' aq i—n
afl 8fg
Qiyi-n = Mi_n +0AtD?f_n -——] +0At'D3$_n [—]
+1 +1 sl 7Y P e I P
5 5
Qii-n4+2 = Mi,i—n+2 +0AtDi2,$—-n+2 5&] +0AtDi1,€—n+2 [a_fl] (9171)
LO0G Jiny2 qli_nya
afl. ¢ afg
@ii-1 = M+ 0AtDY_ [— + 0AtDY_ [—}
1 1 ,i—1 aq_i_l i1 aq i
aii = M;;+0AtD¥ [Qﬂ] + 6AtDY [%]
‘ ’ ' aq 1 ! Bq :
Giiv1 = Miiy1 + 0AtD?’f+1 [%{] + 6’At'D}§+1 [%t{] (9.172)
9 1ita 91ip1
9 d
s = Mipnes b 030 () conmit,, L[]
9 itn-2 qlitn-2
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Qi i4n—-1

Qi id4n

Consequently, the specific error

0fe ¢ 0fe
= Mi i+n-1F 0AtD12€ n—1 [ ] + 0At'D111 n— [—]
' + 1 + aq 1+n_1 y + 1 aq i+n—
afl 8fg
= M1 14+n + GAtDz i4n [—] + BAtD,‘ i+n ] 9.173
* + | 9g i+n +n | g itn ( )
€85 = (0i5)5n, — (@i5)ga, (9.174)

for the convection terms is

i,i—n

‘ c
| &l imn+1

cC .
“1,0—-n+2

C
€1 i+1

C
€ itn-2

OAL <N,~, ONin > 0fe

) Lo e o 5700) [ 2]

2
AL <Ni,_3%7;:_n>§ [ei (m,) [Ff—] ; (ea (m)+en ("74)) [88{;]1 1]

(ele (m) - eel (772)) [%ﬁ:]t o —

5 (et () + s (10) = (e (ma) + ¢l () ) [ 5] |

- ONieny2 ; +1 g 0fe
QAL <Nz,8—772>§ [ezz (m2) - = (eez (M) + € ("2))] [8(1], 2 *

ONi—nt2 0 fe
9At<N,-, Zton2 > [ [ ]
0771 a €n (172) aq i—nt2

“% (621 (n2) + €ty ("73)) [%i;] i+l] (9.175)

dn;
OAtMm; —nt1 <Hi, 377~1>
w1

an;_ i i
9Atm;iy <Hi—1, 4 1> [(522 (M) — € (774)) -
m /o
3fz]
t—1

(7 )+ 457 0) - (67 o+ ) | [22]

0

.

0Atm; ;11 <Hi+1, %%l [(622 (m2) — ‘322 (?73)) -
2 (67 ) it (o) = (et eno) e ) [5] L 070
o (3, Tpteet) ey n) 5 (e )+ e (o) | [B2] 4
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aNi n— 1 4
6At <Ni + 2>A [ea (14) [‘3%

3771 0 L+n—2

% (eﬁl (m) + € (’74)) [%%] i—l}

€lign1 = OOIMi 40 <n;,——> €y — € [——] -
itn-1 A+n—1 dn /., [( 0 (n4) — en (713)) 3¢ Jiynos

3 (e )+ ) = () e ) [52] ]
€ = OAL <N;, ag;}:n >§ [622 (n3) — % (egl (m4) + 623” ("73)) ] [%_fqﬁ] itn +
bt <N b ag;f% [e;‘ (m3) [%ﬂ itn

~5 (e )+ (n)) [ 2] m] (0.177)

9.10.3 Diffusion Term Errors

The actual TPF 2-D jacobian linear algebra statement for the diffusion terms is

af m
0q

2 A2 J16m g26m 0 fm 0 fem
0°At°d; T diTT i [‘5(1“] . [E—}i—n
0 fem

0q

2 2 318m 32ém 6f£m aflm
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af m
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Gijnt1 = Miinpr +0Atm;d7 T 1 [
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i—n+1 t

0q

y 2
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affm:l
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0q i+1
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ATk aone 2 09 Jip 0q i—n+2
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14
0ALd; T Mg imnt2

(9.178)

aflm
dq

] +0Atd} T misy i [65’”] +
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(9.180)

The exact jacobian expressions are also cast via the developed jacobian decompo-

sition. The resultant formulae are
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Aiini2
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= M+ 0ADHT [_affm]
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aflm
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Consequently, the specific error

d _ d ~ d
e5; = (ai)ga, = (@ij)a,

for diffusion terms is
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1Trn

ot (0335, 285) |

Litn dq
Note in these expressions that the terms D} and D?}™ account for the absence
of the cross derivative diffusion relations in the TPF algorithm.

Comparing the convection and diffusion term errors shows that if
% = O(min(Az,)), with R— intrinsic to the diffusion jacobians 9 ;m, then these
error expressions exhibit the same order of magnitude.

The magnitude of the diffusion term errors is directly proportional to At and
inversely proportional to Re. Consequently, for large viscosity values, hence small
Re, At must be reduced accordingly to prevent unbounded iteration growth, due
to these diffusion jacobian errors, hence prevent instability. Therefore, this TPF

algorithm is particularly efficient, i.e. the scheme remains stable for large time steps
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At, for realistic aerodynamic flows where Re — O (107)

9.10.4 O(At?) Errors

Finally, the specific form of the order At? error is

& = AL, =
Ofe| [0fe Ofe| |Ofm
_dll d |: } [ ] dll d2lm [ :| [
Oq | .| Oq Oq Ogq |,
Ofem| |Ofe Ofem| |Oftm
_ Jlem g2¢ ZJer  glém j2&m
dz,J dj,k|: aq ]J[aq} d1.7 d]k [ 8(] ]J[ aq i (9188)

9.10.5 Error Order of Magnitude

The values of the dependent variable ¢ as computed with the TPF factorization can
be second order accurate in time, since the variation A(q - det J) is of order (At).
If no spatial approximation is present, then the order of the solution error in time

becomes expressed as
(EAtF) = O(At?) - O(A(gdet J)) = O(At®) (9.189)

For non-vanishing spatial approximation error, the formal error in the Jacobian-
term evaluation in matrices is of order O(max(Az,)), since in the general non-linear
¢4

case the following relations hold

[—af‘] = [——af’] +{ [6f‘]} Ag+ - (9.190)
Agq = ¢ q [aq} Ang + (9.191)
= i1 —g; = T )
2 2 ana ;



dq dq Oz,

= : (9.192)
ONa 0z; Ona
o(g;f) — 0(Az;) since O(An,) =1 (9.193)

Hence, the error committed in the TPF computation of g is still of order O(At?), pro-
vided that mgx(Aza) < At and the metric data error is of order O(Az,). Finally,
note that the spatial approximation error is still present for uniform rectangular
grids if f, is non-linear. Analogously, this error remains for linear fluxes if the grid

1s non-uniform.

9.11 An Alternative Iterative Solver

An optimal TPF for system (9.1) has been developed and the associated error ¢;;

(9.175)-(9.177) and (9.185)-(9.187) is derived. If the error matrix E is defined as
E = [6,']'] (9.194)
then for 6kP*! = z, (9.1) is expressed as

Az=b | (Arpr+E)x=b , Agpr=BC (9.195)

System (9.195) can be used to define a novel iteration to solve (9.1). This is accom-

plished by writing

(9.196)

(9.197)




where the superscript p is the inner iteration index.

Iteration (9.197) is clearly analogous to a standard linear algebra iterative pro-
cedure such as Jacobi or Gauss-Seidel. Note that such an iteration is stationary
and can be embedded in any outer iteration, i.e. Newton. If only a reduced num-
ber of iterations is utilized, then the matrix product Ez? is interpreted as a set of
correction terms. System (9.196) is instrumental to investigate the convergence of

this TPF iteration. Subtraction of (9.197) from (9.196) yields

Arpp(z — 2P*') = —E(z — zP) (9.198)
that is
Pt = — A7l Ee” (9.199)
=z —zf (9.200)
Consequently
1M < W(AZ2 B - NlE°)] (9.201)

-1

rprl 1s less than one. In

Thus, convergence is achieved if the spectral radius of A

these conditions, the eigenvalues of the matrix

A A=1+4 A7 E (9.202)

TPF

can be forced to cluster about unity for an appropriate At, since the norm of F is

of order At. Expression (9.201) is further cast as

1”1 < [ Azee P - NEIP - N1€°) (9.203)
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Therefore, when the product ||Az;.| - || E|l is less than one, convergence is achieved.
Note that the norm of matrix E is of order At, hence this iterative procedure can

be always made to converge via appropriate choice of the time step.

9.12 Examples of Application

In this final section a demonstration is presented for formulae (9.54)-(9.56), defining
the TPF mass matrix, and for (9.105)-(9.107) defining the TPF convection operator

matrix.

With reference to Figure 9.8, the 1-D mass-matrix terms are

m;i—1 = % y My = % y M4 = % (9204)
i+n-2 j+n-1 i+n
IV )|
i-1 i i+l
: @ @
1 Il
j-n ST Qi n+2
i+n-1
o ~
I1
i-1 i i+l
¢, P O
I Il
1
j-n+1

Figure 9.8: Representative TPF Computational Domain Correspondence
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Utilization of (9.54)-(9.56) leads to the following values for the 2-D mass matrix

terms
[ O
Lt - ml,l—l mz._l,z—n o 3 3 - 9
4 1 4
Mijing1r = Mii-Miin1 =5 57=7
dontl T Tkl = 503 = g
1 1 1
imnt2 = Miitl cMifli—ng2 = 55 = = 9.205
M;iny2 M1 " T4 i—nt2 3'379 ( )
Miii = me . _l4_4
ii-1 = My mz—l,z—l - 3 3 e 9
M 4 4 16
i = My M=~ o = —
@7 M= g g =g
1 4 4
M1 = mMiiqn - Migri0 = 3353 (9.206)
1 1 1
Miign-2 = Miic1 Mic1ipn-2 = 3'3° 9
4 1 4
Mijggn-1 = mii-mMijpn =33 =7
11 1
Miign = Miip1 Migrien = 3’379 (9.207)

and these values indeed coincide with the actual 2-D mass-matrix terms [14], hence

(9.54)-(9.56) are verified. The recursion formula associated with the convection

integral
ON,
1 _ itk V4
C' = ep /ﬁN, o 4 4% (9.208)

is

1 4711 1

= —geu (1) ¢i_p — 8 [5 (ea (m1) + en (m))] $iy — gen (14) Bi1ns
1

-5 lea (n2) — eax (my)] 651

—3 [5 (e () + e (1)) = 5 (e (my) + ca ()] &
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1
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1 4 1
+= 6[1 (172) 1—-n42 + (6[1 (7’2) +en (773)) t+1 + '6’6g1 (T’S) ¢f+n
(9.209)
The jacobian terms associated to expression (9.209) are
iy 9¢°
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The relevant 1-D curvilinear coordinate sweep components d} ;, as obtained from

(9.76)-(9.78) are
dos = =3 [5Catm)+eatn)] | a";] (9.213)
d; = —% [5(621 (1) + ea (m3)) — % (ear (m1) + ent (174))] laaiﬂi (9.214)
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dzlz+1 = 1 (6e1 (1) +en ("73))] l%f] " (9.215)

Utilization of (9.41)-(9.43), then leads to the following TPF representations for
terms (9.210)-(9.212)
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411
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(ea (m) +en (’74))] [ 6(5],-

471 ¢
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171 d¢°
Dlncs = dhyy micsions = 62@MmH¢M%M[@L4
1
D},i+n—l = dl "Miidn-1 = — % (ell (m2) + ea (m3))

(ea (m) +ea (’74))] [ Bd:];

1 ¢
Diivn ~ digyy Migtien = [ (en (n2) + en ('73))] [; ] (9.218)
q i

A direct comparison of (9.216)-(9.218) and (9.210)-(9.212) verifies the theoretical er-
ror formulae (9.175)-(9.177). Specifically, (9.217) exactly reproduces (9.211), while

(9.216) and (9.218) consistently and accurately approximate (9.210) and (9.212).
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Part IV

Validations
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Chapter 10

Discussion and Results: Quasi-1D
2-D and Axisymmetric Solutions

The numerical procedures developed in Chapters 5, 6, 8, and 9 have been imple-
mented in a versatile FORTRAN code. Numerical verifications have focused on
benchmark quasi-1-D shocked inviscid flows, a linear 2-D model hyperbolic system
with analytical solution, and several 2-D and axisymmetric transonic, supersonic,
and hypersonic flows. The computational results confirm both the well posedness
of the developed boundary conditions, with relevant implementation, and the ef-
fectiveness of the directionally biased minimally dissipative weak statement (MDS)
algorithm to annihilate any unbounded spatial semi-discretization dispersive error.
Further, these results document the relative accuracy and stability features of the
backward Euler (EU) trapezoidal/Crank-Nicolson rule (CN) and implicit Runge-

Kutta (IRK) algorithms.
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10.1 Quasi-1-D Euler Benchmark

The quasi-one dimensional Euler equation set is obtained from (1.1) as

%-}—V-}—S:O (10.1)
o - ] m(4(A)) /AG) |
I=3m (F=] mp+p (5=  —m/p(f(Al)) )/Al)
E | | (E+p)m/p | | —(cEp)m/p(£(A(x)) )/Az) |

(10.2)
where p is the density, m = pu is the single momentum component, E is the volume
specific total energy, p is static pressure and A(z) is the nozzle cross-sectional area
distribution.

The de Laval nozzle geometry and test problem specification of Liou and van
Leer [48] have been utilized for this test. The computational experiment boundary
conditions are p(0,t) = pin, E(0,t) = E;, , p(L,t) = pous. Solutions were generated
using various constant integration time steps 0.005 < At < 0.3, corresponding to
the range 0.65 < CFLpyax < 35. The initial condition was steady state isentropic
subsonic flow throughout.

An appropriate specification to evaluate accuracy and stability is for an impul-
sive change from steady isentropic subsonic flow, as accomplished by a step decrease
in exit pressure poy: at ¢t = 0. The resultant rarefaction propagates upstream as an
expansion wave which, upon reaching the nozzle throat, triggers the development

of a normal shock wave. Liou and van Leer’s steady-state problem definition pa-
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rameters are
Min = 0.2395 | Dout/Protal in = 0.84 (10.3)

and the theoretical steady state predicts a normal shock at location z/L = 0.65
with shock Mach number M, = 1.40.

Figure 10.1 sketches the nozzle geometry with cross-sectional area distribution

1.75 — 0.75 cos[(z — 0.5)7/0.5]; 0.0<z <0.5
A(z) = (10.4)
1.25 - 0.25cos[(z — 0.5)7/0.5]; 0.5 <z < 1.0
A uniform M = 100 node spatial discretization was employed, in concert with a
linear trial space finite element implementation of the Minimally Dissipative MDS
semi-discrete formulation, as developed in Chapter 5.

The MDS steady state solution is graphically summarized in Figures 10.2-3 as
momentum and Mach number distributions. Convergence to steady state using
the IRK algorithm in a one-iteration mode was achieved within 60 steps, for the
dynamically optimized MDS dissipation parameter 3, = 0.164. The fully discrete
nodal solution is essentially non-oscillatory (ENO), and the shock is quite crisp being
captured within 3 elements, Figure 10.2. Furthermore, its location and upstream
Mach number are accurately predicted, Figure 10.3, and the associated discrete
approximation to the Rankine-Hugoniot jump condition is clearly evident in Figure
10.2.

For comparison, Figure 10.3 also displays the solution Mach distributions ob-

tained by Liou and van Leer using several first- and second order accurate flux
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splitting algorithms. They report steady-state convergence was achieved within 159
time steps using the backwards Euler rule. The first-order van Leer splitting appears
the only procedure that yields a solution devoid of the shock precursory overshoots
present in all second-order solutions. Comparing data in Figure 10.3 thus verifies
that the selected MDS semi-discrete algorithm can yield accurate results for the
problem class to be addressed. Hence, a time-accurate evolution will be affected
principally by At, the chosen time integration algorithm, and the number of Newton
iterations, see Chapters 7, 8.

In the next data set, the unsteady solution evolutions obtained by several time
algorithms are quantitatively compared at a specified time station and for various
time step sizes, for the described de Laval nozzle problem. Figures 10.4a-f summa-
rize the reference time-accurate solution in terms of the Mach number distribution as
obtained at six pertinent time stations. This is computed using the IRK algorithm,
in a one iteration mode, with At = 0.005s, which renders the time truncation error
magnitude negligible. Specifically, Figures 10.4a-c illustrate the upstream propa-
gation of the expansion wave travelling towards the throat as caused by the step
decrease in exit pressure. The flow then chokes, and a normal shock wave forms
and strengthens in moving downstream, Figures 10.4e-f. The nodal solution is es-
sentially non-oscillatory (ENO) throughout with a crisp shock, which is captured
across at most three elements at station ¢t = 1.8s, and only two elements at station

t = 2.8s. At these two time levels, the shock Mach numbers are M, = 1.220 and
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M, = 1.330, respectively. Figures 10.5a-c graph the associated density, momentum
and pressure solutions at ¢t = 1.8s.

This solution sequence was then repeated to compare Mach number distribu-
tions at time levels t = 1.0s and t = 1.8s as computed with 0.2s < At < 0.3s.
Figures 10.6a-c are associated with Figure 10.4b and compare the EU, CN, and
IRK algorithm solutions obtained at ¢ = 1.0s using At = 0.2s, with the EU and
CN schemes implemented in a two iteration mode. The shock has not yet formed
and the accurate peak Mach number is M, = 0.95. The presence of the rarefaction
wave is best defined in the IRK solution, and the computed Mach number is indeed
M, = 0.95. The trapezoidal CN rule also yields M, = 0.95, but displays an un-
acceptable outlet oscillation. Conversely, the EU backwards Euler solution reaches
M, = 0.99 and is very diffused, in agreement with inequality (8.62), hence generally
inaccurate.

Figures 10.7a-c are associated with Figure 10.4e and compare the nodal Mach
number solutions at time level ¢ = 1.8s as obtained using At = 0.2s for each of the
three integration algorithms. The accurate upstream and downstream shock Mach
numbers are M,; = 1.220 and M,; = 0.824. The EU backwards Euler solution
is monotone; however, the shock is very diffused. The Mach number distribution
smoothly curves to negotiate the discontinuity, and the shock Mach numbers are
M, = 1.16 and M,, = 0.848, respectively. In contrast, the trapezoidal rule CN

shows a much sharper shock characterized by accurate shock Mach numbers. How-
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ever, the post-shock solution is distorted and oscillatory, hence unacceptable. In

distinction, the IRK solution remains ENO with a crisp shock with correct shock

Mach numbers.

Finally, Figures 10.8a-c show the Mach number solution at time level t = 1.8s, as
determined employing At = 0.3s for each integration procedure. All three solutions
suffer a decrease in accuracy due to increased temporal truncation error. The EU
backwards Euler solution remains very diffused, the shock now is spread over four
elements and the relevant shock Mach numbers are M,; = 1.10 and M,, = 0.818.
The trapezoidal rule solution displays a crisper shock, in the vicinity of the upstream
curve, and the shock Mach numbers are accurate. However, the downstream dis-
tribution is somewhat diffused and adversely affected by a non-linear instability,
following the analysis in Section 8.3. In distinction, the IRK solution remains no-
tably superior, with very little downstream distortion of a visibly crisp shock, which
has been computed at the maximum Courant number CFL=35.

These results firmly indicate that the IRK algorithm in comparison to EU
and CN is of superior accuracy and stability, and highly competitive for this prob-
lem statement. The quasi-one-dimensional Euler results thus indicate the IRK
algorithm may be of significant value in time-accurate and/or rapid steady state

prediction of unsteady Euler and Navier-Stokes solutions.
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10.2 Linear Hyperbolic Conservation
Law System Case

Following the analysis in Section 4.1, a model problem definition was developed as
appropriate to evaluate and critically compare IRK algorithm performance. The

selected hyperbolic conservation law statement is obtained from (1.1) through the

specifications
( 3 ( 3
51 Q1
qE q2 } ) {fl} = {f2}E 9 q1+q2 (105)
% | T2+ g3

Equations (1.1) with (10.5) are coupled and emulate, to a certain extent, the Eu-
ler system for a subcritical compressible flow condition. For r = 1,2, and 3, an

analytical solution for (1.1) with (10.5) is

(i, t) = exp(—2rt + (z + y)) + (7.5r> — 27.5r + 30)(1 + sin(z —y))  (10.6)

Note that the steady state of (10.6) is not a constant, but rather a set of sinusoidal
waves of uniform period.

Computational experiments generating approximate solutions to (1.1) with (10.5)
can be conducted on any region @ C R%. The domain shown in Figure 10.9 was
selected, since it contains one curved boundary segment (A-B) and one straight
segment (A-D) upon which temporally varying Dirichlet data are required specified
according to the characteristics analysis. The initial condition is established from

(10.6) for any time t = to; the specific selection was ¢;(z,y,0) for 1 < ¢ < 3. The
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spatial semi-discretization employs the Galerkin integral statement finite element
formulation of Chapter 5, as implemented with 8, = 2 using the bilinear tensor
product basis under an isoparametric coordinate transformation.

The numerical tests were conducted for this specification using the EU, CN
and IRK time integration procedures for a range of time steps At. Figure 10.10
graphs the analytical solution (10.6) for ¢; in a perspective surface rendering at
t = 2.0s. Figures 10.11-10.12 provide the corresponding surface perspective view of
numerical solutions for ¢q; at ¢t = 2.0s, as obtained using At = 0.1s and At = 0.2s for
the EU , CN and IRK methods. The corresponding extremum Courant numbers
are CFL=4.8 , 4.8 and 9.6, respectively, and the dominating error mechanism is
clearly visible.

For a quantitative analysis, Figures 10.13-10.14 graph perspective plots of the

associated discrete approximation error £"(z,y,t,) in each solution field, where

Eh(il,',',tn) = q(xi’tn) - qh(xivtﬂ) (107)

It is quite apparent that the IRK solution exhibits a significantly reduced error
magnitude distribution in the comparison. Another measure of performance is effi-
ciency, recalling that the non-iterative IRK algorithm operation count is twice that
of either single stage integration algorithm. The selected measure is the sup (max)
norm of the algorithm residual at any time station. Computational experiments
were conducted for 1 < At < 5 for the one-stage algorithms, and 2 < At < 10

for the IRK algorithm. The corresponding maximum Courant number range is
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48 < CFL < 480, respectively. For equal computational work, it was found that
all three algorithms yielded comparable residual magnitudes at t, = 96s for ¢i.
Conversely, for ¢, and g3, the IRK algorithm solution is closer to the accurate
steady-state by a factor of two (£).

The dominant error mechanism in this test problem is directly aggravated by
the TPF jacobian factorization. Hence, it is quite apparent that a distinct optimal
At may exist for each temporal algorithm, which is undoubtedly problem depen-
dent, that would minimize the associated TPF amplification factor. Nevertheless,
all issues considered, the implicit Runge-Kutta algorithm performance appears uni-
formly superior to both the CN and EU, in the selected quantitative measures, and

for the same computational work, for this definitive model problem.

10.3 Transonic Aerodynamics Benchmarks

10.3.1 Inviscid Airfoil Flows

The two-dimensional Euler test investigates a transonic flow around a parabolic
arc airfoil in a channel [34]. The airfoil thickness based on the chord length is
20%. The channel is three chords long and one chord wide. The non-uniform grid
contains 65 x 35 bilinear finite elements, yielding 2376 nodes, and is body-fitted
with vertical lines remaining parallel to the y axis, Figure 10.15, with modest mesh

clustering near the airfoil surface. Dirichlet contraints on p, m, and E are applied
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at the inlet, while the exit boundary condition is static pressure p,,; yielding a
nomal shock of prescribed strength (M, ~ 1.4) in a strictly quasi-1-D solution. The
unsteady solution leads to formation of a supersonic pocket, with associated shock
wave, and allows critical evaluation of algorithm stability and accuracy.

The backwards Euler (EU), trapezoidal rule/Crank-Nicolson (CN) and non-
linearly stable implicit Runge-Kutta (IRK) procedures were each implemented with
the tensor product factorization (TPF) scheme to integrate the MDS generated
ODE system (5.65)-(5.67)/(5.68)-(5.70), with dissipation parameter set 8, = 0.2,
towards a steady state with extremum Mach number M, ~ 1.5. As detailed in
Section 3.2, the initial condition was established numerically from an 1sentropic
subcritical state for exit pressure ratio Pout/Poo = 0.72 and for M., = 0.675 at inlet.
The computed Mach number distribution at ¢t — ¢, = 2.0s is shown in perspective
view in Figure 10.16a. The shock is not yet quite formed, and the ENO nature of
the finite element solution is clearly visible, both at the airfoil leading and trailing
edge singularities and at the outflow boundary. The further decreased pressure ratio
Pout/Peo = 0.62 was then imposed upon this reference state to start the unsteady
evolution tests.

Figures 10.16b-d show the resulting Mach number distributions at time ¢t — t, =
7.9s as obtained using At = 0.1s with each of the three time algorithms. The EU
and CN algorithms are implemented in a two iteration mode, while IRK utilizes a

single iteration per stage. The CN solution has incurred a fatal non-linear instability,




recall Section 8.3, as evidenced in 10.16¢ by the unbounded error corrupting the
solution at the airfoil trailing edge singularity. Conversely, the EU and IRK
solutions are ENO and appear virtually identical with M; = 1.13. Note that
the Mach contour lines intersect the far field boundary orthogonally, indicating an
accurate boundary condition enforcement accruing to the developments in Section
3.1

Since the CN solution subsequently diverges, the conclusion is that the upper
limit on CN stable time step is smaller than that for the EU or IRK algorithms
for this problem. Therefore, the comparison continued with only the latter two
procedures. Now setting At = 0.15s , Figures 10.17a and 10.18a compare the
static pressure distributions at time ¢ — ¢ = 14.65s, while Figures 10.17b and
10.18b illustrate the relevant solution Mach number distributions. Both pressure
surfaces clearly show peaks at the airfoil leading and trailing edge singularities,
which are preceeded by a one-cell undershoot. (Presumably, this could be eliminated
with an appropriate local grid refinement.) Away from these regions, the pressure
surfaces are ENO along the forming shock, which extends over three elements, and
everywhere along the farfield and outflow boundaries.

The associated contour plots of pressure indicate an emerging qualitative differ-
ence between these two MDS solutions. This can also be seen in the Mach number
distributions, which display a crisper shock hence better accuracy for the IRK pro-

cedure. The EU Mach number curve along the airfoil appears somewhat rounded




two cells before the shock. Moreover, the peak Mach number (M, = 1.401) is not

attained on the airfoil surface, but instead lies on the adjacent streamwise grid line.
Conversely, the IRK solution airfoil Mach number curve bends sharply to negotiate
the shock; further, the Mach number monotonically decreases from M, = 1.46 on
the airfoil into the lateral field.

Continued use of the fixed At = 0.15s caused the EU procedure to slowly diverge
as the solution continued beyond this time level. This divergence was probably
triggered by usage of only two Newton iterations. Conversely, the IRK procedure
converged directly to a steady state, at the maximum Courant number CFL,,., =
100. Hence, the IRK algorithm admits the largest stable time step, among the
procedures investigated, for this benchmark problem.

The features of the final solution, documented in Figures 10.19-10.22, then only
depend upon the properties of the spatially semi-discrete statement (5.65)-(5.70) at
steady-state. Figure 10.20 shows the velocity field; note that the shock is located
very close to the airfoil trailing edge singularity. Figure 10.19 presents the contour
plots of entropy, Mach number and the z - component of momentum. The entropy
contours illustrate the production of entropy along the shock front. They also indi-
cate the MDS algorithm has generated a modest local increase in entropy starting
from the leading edge; this singularity-induced error can presumably be eliminated
with a local grid refinement. The contours of the z-component of momentum are

ENO and contain virtually parallel segments orthogonally aligned along the shock.

294



This pattern represents the nominal momentum Rankine-Hugoniot jump condition
approximation, also readily evident in Figure 10.2 for the de Laval nozzle test.

A further assessment of MDS solution quality is presented in Figure 10.21
containing the surface perspective representation and contour plots of each scalar
component of momentum. In both surfaces, a one-cell wide transverse plateau in
the mesh emanates from the airfoil and propagates upwards along the shock front.
The local gradients in the surface of the principal momentum are quite substantial,
especially at the leading and trailing edges, yet these singularities are negotiated
without apparent under- or over- shoot. Note how the outflow principal momen-
tum distribution remains planar from the upper wall to about mid-channel, at the
upstream state, and then smoothly decreases towards the lower boundary as total
pressure 1s lost. The regularity of this curve also reflects favorably on the outflow
pressure boundary condition enforcement. Finally, Figure 10.22 shows the steady
state Mach number and static pressure distributions. Again, the contour lines inter-
sect the upper wall orthogonally. The pressure surface appears ENO everywhere,
with the possible exception of the leading and trailing edges singularities. The
Mach number distribution also exhibits this feature, and the shock is quite crisp

and captured within three elements with M, = 1.528.
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10.3.2 Viscous Airfoil Flows at Re = 2000 and Re = 4.6 - 10°

The two-dimensional Navier-Stokes tests are two viscous flows at different Reynolds
numbers, based on airfoil chord, in the channel geometry of the previous inviscid
problem. The first test corresponds to Re ~ 2000 and the second to Re = 4 x 10°,
as representative of a practical aerodynamics configuration. The relevant mesh for
the first simulation, on a 20% thick parabolic arc, Figure 10.23a, contains M =
65 x 35 elements, with a rather non-uniform distribution clustering nodes at the
aerodynamic surface where Aymi, = 0.02. This mesh has permitted numerical
simulations characterized by satisfactory compressible boundary layer resolution
for this Reynolds number, i.e. Re &~ 2000. The principal validation sought is
adequacy of the derived viscous flow boundary condition specifications. Thereafter,
the developed steady state can be used as flow field initialization for the larger
Reynolds number case.

The onset flow corresponds to M, = 0.615, and Dirichlet inlet side constraints
on p, my and E are specified along with vanishing normal deviatoric traction. The
various slip wall specifications enforce vanishing transverse momentum and tangen-
tial tractions. The airfoil surface constraints are vanishing momentum vector and
heat flux, for an adiabatic wall specification. Finally, the exit boundary conditions
are specified p,,: with vanishing deviatoric traction and heat flux.

The Re = 2000 steady-state solution, as obtained with IRK in a one iteration

mode, yields a maximum Mach number M., = 0.95 at about two-thirds chord and
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is summarized in Figures 10.23-10.25. Figures 10.23b-c graph the Mach number
perspective surface and velocity vector field as obtained for 8, = 0.2. The laminar
boundary layer appears satisfactorily resolved, except perhaps the leading edge
stagnation region gradients. The Mach number surface terminates with a negative
transverse slope at the trailing edge, which signals separation and an emerging
recirculation zone. This is confirmed in the velocity vector field close-up, Figure
10.24a. The Mach number isocline distribution, Figure 10.24b illustrates this flow
characteristic, along with the smooth merging of the essentially inviscid outer flow
with the boundary layer and viscous wake.

The latter is further illustrated in Figure 10.25 which graphs distributions of
both components of the momentum vector as well as static pressure and tempera-
ture. The surface perspective presentations clearly illustrate flow detail . The single
indication of non-smoothness is the leading edge stagnation point peak, wherein a
modest one-cell wider undershoot occurs. Hence, Re = 2000 is indeed the maximum
that this grid can support. Note that the outflow principal momentum distribu-
tion remains planar, from the upper wall to about mid-channel, and then smoothly
declines towards the lower boundary value. This character is accompanied by a
temperature increase, initiated at the leading edge and continuously progressing
towards the outlet. The regularity of all solution distributions reflects favorably on
both the viscous flow MDS algorithm accuracy capability, aand boundary condition

definitions and enforcement procedure.
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This solution was employed to initialize a subsequent simulation with substan-
tially increased Reynolds number Re = 4.6 x 10°, to validate highly non-uniform
meshings for a practical viscous transonic aerodynamics problem. The leading-
edge pressure oscillation and steep gradients in the results of the previous viscous
flow test indicate the need for a much more refined, i.e. solution adapted mesh.
Hence, the sheared mesh for this test contains M = 65 x 45 bilinear elements with
exponential-progression node clustering at the trailing and leading edges as well as
the aerodynamic surface. The airfoil is now a 4% thick parabolic arc, as shown
with mesh in Figure 10.26a. In the aerodynamic surface region, the mesh has wall
resolution with vertical measure of the surface element equal to 1/ Re, and the resul-
tant mesh extremum aspect ratio is of order 10. The transverse physical diffusion
components are thereby resolved to the same order as the longitudinal convection
components. The MDS stability parameter set remained fixed at 8, = 0.2 and for
the boundary conditions of the previous test, a nominal steady-state was achieved
in about 800 time steps at the maximum Courant number Cha.x = 100, with IRK
in a one iteration mode. The corresponding inlet Mach number became M,, = 0.7.
At this stage the sup norm, ||R|e , 1.e. the absolute value of the normalized-
residual maximum component, decreased to O (107°). It was noted that for single
precision calculations, the values of this norm oscillated iboundedly in the range
O (107°) < ||R]leo < O(107°). This behavior was localized on the second half of the

airfoil, whereas ||R]| ~ O (107®) elsewhere on the computational domain.
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Figures 10.26b-10.27a are contour plots of axial momentum distribution in phys-
ical cartesian space (,y), and in the laterally-stretched cartesian-transverse nodal
(z,7,) space. Very little flow detail is visible in the former, whereas the latter presen-
tation clearly shows that a local shock-induced massive separation occurs just past
mid-chord and extends to well beyond the trailing edge. It is the flow within this
region, according to the computations, that appeared marginally unsteady. Figure
10.27b graphs a perspective view of the axial momentum distribution, to correlate
with Figures 10.21 and 10.25. The solution appears virtually ENO and the essential
flow features appear sufliciently resolved. Note that the decrease of momentum (to
zero), at the leading edge and along the airfoil surface, occurs smoothly, with the
possible exception of a modest two-cell under- over-shoot preceding the stagnation
point. The outlet variation of this variable is totally devoid of dispersive oscillations.
This distribution remains virtually planar in the essentially inviscid flow region and
then drastically decreases in the viscous layer in a monotone way. Therefore, the
validity of the outlet boundary condition choice for this case, as discussed at the
end of Section 3.1, is evidently supported by the regularity of these results.

The shock wave boundary layer interaction is very clearly illustrated in the
region just past mid-chord. It consists of two recirculation zones, the second being
wider than the first. This significant flow activity then subsides in a wavy pattern
in the wake originating after the trailing edge. Figure 10.28 shows the associated

persective distribution of static pressure, which appears ENO everywhere, including
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the stagnation point. The main difference between these data, and those in Figure
10.25 lies in the recirculation zone pressure variation. The latter is detailed in the
close-up graph in Figure 10.28b. A virtual pressure plateau exists in the primary
recirculation zone, whereupon the local shock triggers the pressure rise. Possibly
the attendant boundary layer thickening in this region significantly alters the cross
sectional area distribution to the extent of producing a virtual converging channel
for the outer inviscid originally-subsonic flow which, therefore, accelerates. This
event seems compatible with a decrease in pressure following its rise across the shock.
This low pressure area is then terminated by a second shock, and accompanying
trailing edge region recompression. This second pressure increase then causes the
second separation, as illustrated in the momentum distribution in Figure 10.27b.
This numerical simulation has been the first aerodynamics Reynolds number
transonic viscous problem computed with the derived MDS algorithm. The results
appear stable and ENO and seem to conform with expected shock-boundary layer
interaction phenomena. However, no experimental data are known for a practical

comparison, hence independent solution validation was not attainable.
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10.4 Supersonic Cases

10.4.1 Gasdynamic Inviscid Flows

The first test in this group examines fast convergence to steady state, as well as
accuracy and efficiency of prediction of shocked supersonic flows. The 2-D bench-
mark geometry is a 20° wedge, with onset flow at M., = 3.0. The initial condition
is isentropic freestream throughout. The steady state exact solution contains an
oblique shock emanating from the wedge tip at an inclination of 38°. The flow
downstream of the shock is at M,,; = 2.0, hence the entire flow field remains super-
sonic. Accordingly, Dirichlet constraints were imposed on density, both momentum
components and energy at the inlet, with no Dirichlet conditions specified elsewhere.
The appropriate wall tangency boundary condition is imposed via deletion of the
convection surface integrals in the weak statement finite element implementation as
detailed in Section 3.1. The algorithm formulation uses no constraint on the upper
boundary, thereby permitting the computed shock to cross this boundary without
spurious reflection or oscillation.

Three solution-adapted discretizations were utilized, with each mesh contain-
ing 65 x 35 bilinear quadrilateral elements. The IRK temporal algorithm was
employed in a one iteration mode. Figure 10.29a shows the initial, simple sheared
cartesian uniform body-fitted mesh, and graphs the steady inviscid solution density
distribution obtained after 20 time steps, reaching a maximum CFL number of
10, Figure 10.29. The solution is strictly monotone, and it resembles the analytical
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steady-state but is grossly diffused (as expected for this mesh). The simulation was
restarted on a two-block solution-adapted mesh, Figure 10.30a, which concentrates
grid refinement to the shock region. After 40 additional time steps, with CFL
number exceeding 100, the steady solution density field resolution is much sharper,
Figure 10.30b, with predicted shock much closer to being acceptable. This isoden-
sity graph is also absolutely devoid of isolated closed contours, a firm indication of
the desired essentially non oscillatory (ENO) MDS solution character.

The accepted steady solution was achieved on the second solution-adapted mesh,
Figure 10.31a, which strongly clusters grid along the shock with absolute disregard
for mesh aspect ratio and/or grid orthogonality. Thus, the semi-discrete ODE
system becomes extremely stiff, yet the IRK algorithm converged to steady state
using adequate time steps. The sup norm ot the solution residual decreased four
orders to 1.0E-08 with six more time steps, whereupon the solution is indeed at
steady state. The maximum CFL number in this stage was 150 with no indication
of oscillation or instability. The final solution density distribution, Figure 10.31b,
displays a crisp ENO shock simulation.

Solution quality is additionally assessed in Mach number and static pressure
contours and surface perspective plots, Figure 10.32a-b. The arrow shows onset
flow direction, and the discontinuity is correctly a straight line inclined at the ana-
lytical solution angle to three significant digits. The shock front is absolutely free of

under- or over-shoots, and the overall solution field is devoid of any spurious oscilla-



tions. This ENO character especially holds along the inlet and the wedge boundary,
where flow angularity accurately follows the configuration geometry without any ex-
plicit nodal enforcement strategy. As Figure 10.32b verifies, pressure is accurately
and fully determined in the process of solving numerically the semi-discrete ordi-
nary differential equations approximating the fundamental Euler conservation law
system.

The second benchmark test investigates reflection of a wedge-generated shock
impinging on a flat plate. The onset is an M, = 2.2 supersonic stream, and the
initial condition is uniform isentropic, as before. The analytical steady state is
constituted of a primary shock, at inclination angle 30° (from a 3.15° compression
ramp) impinging and reflecting off the plate. The flow downstream of reflection
remains supersonic, and M,,; = 2.05 in the wedge-shaped flow region between the
incident and reflected shocks. This reflected shock then intersects the upper inclined
boundary and subsequently leaves the computational domain. This geometry is used
to document relative performance of the EU and IRK algorithms for swift steady
state solution attainment.

Three grid adaption levels are used, with each containing 65 x 35 biliﬁear finite
elements. Figure 10.33a shows the initial sheared-cartesian uniform body-fitted grid.
The EU and IRK solutions were each started from the isentropic initial condition
and, on this grid, the maximum CFL number was limited to 14 via maximum

At = 0.9s prescribed. Significant convergence rates distinctions were recorded. The
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EU algorithm required about 100 time steps in a 2-iteration mode for the residual
sup norm to reach 1.0E-07. Conversely, this level was achieved in only twenty time
steps with the IRK algorithm in a one-iteration mode, which corresponds to forty
computational cycles since IRK is a two-stage method. However, even if EU is
utilized in a single iteration (delta-form) mode, the IRK algorithm still required
60% less computational work to meet this residual tolerance.

Figure 10.33b graphs the density contour distribution for the twenty-step IRK
solution, which sufficiently defines the steady-state solution weak shock character
for a mesh adaptation. Improved resolution is achievable on the solution-adapted
mesh, Figure 10.34a, with grid density enhanced in each shock region. The EU and
IRK algorithm solutions were each continued to their final respective steady-state
on this mesh, and significant convergence rate differences were observed. The IRK
algorithm converged for CFL < 360, corresponding to the maximum At = 0.9s.
Conversely, the EU procedure incurred fatal divergence for a CFL number exceed-
ing 240. The associated 2" order temporal truncation error, absent in the IRK
rule, thus appears to affect adversely the stability of the tensor product factorization
procedure at large At, recall the analysis in Section 9.10.

The corresponding IRK density solution is shown in Figure 10.34b. The solution
1s comparatively much sharper and remains totally devoid of dispersive oscillations.
The accepted steady solution was achieved following twenty more time steps, at

a maximum CFL < 600, on the third adapted mesh increased to M = 64 x 74
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bilinear elements, Figure 10.35a, that truly clusters mesh without regard to aspect
ratio or element skewness. Hence, the semi-discrete ordinary differential equation
system again becomes extremely stiff. Figure 10.35b confirms a very crisp density
distribution that accurately captures the shock reflection features. Solution quality
and monotonicity are verified in Figures 10.36-10.38 in terms of Mach number, static
pressure and entropy contour as well as surface perspective distributions. Both
shock fronts are devoid of unphysical wiggles, yielding an accurate ENO middle-
region plateau where M = 2.05. The arrow denotes free-stream flow direction in
each plot, which is selected for perspective viewing clarity. It is emphasized that
this steady state solution was achieved in sixty time steps using the MDS algorithm
with IRK time integration on three sequential remeshings that are geometrically
totally arbitrary via solution-adaptation.

An allied solution was obtained for this shock reflection problem by specifying a
solid wedge surface to reflect the shock a second time. The initial grid and associated
density contour distribution are shown in Figure 10.39a-b. Three mesh levels were
again utilized, each containing M = 64 x 74 bilinear elements, and the solution
was advanced 20 time steps on each grid. Therefore, Figures 10.39a-b correlate
with Figures 10.33a-b differing only in the second shock reflection. The final steady
state was achieved in 60 time steps with IRK in a 1-iteration mode at a maximum
CFL number exceeding 600. Figure 10.39¢c-d detail the final solution adapted mesh

and associated density distribution. The perspective solution surface and contour
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plots evidence an accurate shock reflection from the upper streamline boundary
without spurious oscillation, although local mesh resolution at the second reflection
is inadequate. Figure 10.40a-b verifies the monotone juxtaposition of the solution
Mach plateaus and reflected shocks, with the fourth plateau intersecting the outflow

boundary without warping.

10.4.2 Shock-Wave Flat-Plate Boundary Layer Interaction

The second viscous benchmark investigates and compares the separation of a su-
personic laminar boundary layer induced by an impinging oblique shock wave. The
specification for this problem was taken from [46,55] and Figure 10.41a illustrates
the qualitative flow pattern. The steady state contains two primary shocks, one
originating at the plate leading edge and the second emanating from the upper com-
pression ramp, Figure 10.33a. This oblique shock is deflected in its interaction with
the leading edge shock, and then triggers separation of the laminar boundary layer in
its reflection. The onset low Mach number is M, = 2.15, and the Reynolds number
is Re = 0.96 x 10° based on the reference distance X,; (80 mm) between the plate
leading edge and the shock-impingement point. The Prandtl number is Pr = 0.72,
and the freestream static pressure and temperature are p,, = 1,000.660N/m? and
T, = 148.873K.

Accordingly, the inlet boundary conditions are full Dirichlet. Vanishing y-

momentum component and z-deviatoric traction were imposed upstream of and
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downstream the plate boundary layer surface. Inviscid wall tangency is enforced
along the upper boundary, and prescribed total surface tractions and vanishing heat
flux are enforced at all outlet segments. These conditions are again enforced in the
appropriate MDS surface integrals in the the weak statement (5.68)-(5.70). Fi-
nally, the no-slip conditiion is imposed on the flat plate which is also defined as an
adiabatic wall.

Efficient progression to the steady state was promoted via intermediate com-
putation of an allied inviscid flow, on the geometry, that promotes development of
the described shock wave pattern. This auxiliary flow evolves from the previous
benchmark Euler solution, Figure 10.35b, by inserting an isolated stagnation point
at the lower plate boundary leading edge. This generates an “inviscid leading edge”
shock wave that intersects the compression-corner wave. This steady state solution
was achieved in 60 steps with the IRK procedure at a maximum CFL number
exceeding 500.

The viscous simulation proceeds from this initial condition following linear ex-
trapolation of both momentum components to zero in a suitable-size region above
the plate surface. A nominal steady state was achieved with IRK in a 1l-iteration
mode, on a sheared cartesian M = 64 x 76 mesh with wall minimum measure of
order é, after 400 time steps with CFL < 200. Figures 10.41b-10.44b summarize
the steady solution as contour and perspective surgace graphs for various thermo-

dynamic variables, Mach number and axial momentum. As Figures 10.42b-10.44-b
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indicate, the shock wave-boundary layer interaction pattern is apparent as well, as
is the increase in temperature in the compressible flow boundary layer. Note that
the solution is uniformly ENO including the outlet region which is totally undis-
torted. The impingment point is located at X, = 0.77mm from the plate leading
edge, which is within 5% agreement with the value reported in [46]. Figure 10.44a-b
presents the static pressure distributions for two upper wall boundary conditions,
i.e. inviscid supersonic outflow and wall tangency. These pressure distributions
differ significantly, locally, and in both cases the solution is ENO.

Robust convergence at large CFL and relevant solution ENO quality were
attained provided that the variation of mesh metric data ex; is smooth in the
boundary layer separation region. Additional testing confirmed that abrupt non-
parallelogram variations in element aspect ratios significantly reduced convergence
rate, i.e. CFLpax, and could generate unphysical oscillations in the viscous separa-
tion regions of the solution field, where the local 8, was reduced to zero to verify
uncompromized physical diffusion effects.

Figure 10.45 compares the plate surface pressure distribution of the present
results with the experiment of [46]. The comparison with the experiment is very
good upstream of and through the recirculation region, but thereafter the computed
adverse pressure gradient is much larger than measured. This may be influenced
by the outer wall tangency boundary condition and/or shock impingment location,

which additional numerical experiments could verify. Further, the difference be-
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tween computational and wind-tunnel boundary conditions, for the experiment in
[46], can also contribute to the noted difference. Figure 10.46 compares wall skin
friction distribution to the data of [46]. The axial extent of the recirculation region,
shown in Figure 10.47, is correct, although the present results are shifted about
10 % downstream. The largest difference between computational and experimental
peak pressure in the reattached flow is about 15%. The prolonged adverse pressure
gradient thus delays firm reattachment of the boundary layer. Certainly, additional

adapted mesh investigations of this benchmark case are warranted.

10.5 Hypersonic Cases

10.5.1 Blunt Body Inviscid Flow

The first inviscid test is formation of a detached bow shock for a parabolic blunt
body in a mildly hypersonic freestream flow. The onset flow is at M, = 6.5, and
the steady state admits a strong shock that curves and progressively weakens as it
wraps around the body, [63]. The outlet flow remains supersonic, hence full Dirich-
let boundary conditions are used on inflow boundaries. The flow center line and
body surface are streamlines, hence vanishing normal momentum flux is the inviscid
constraint. A steady state was achieved in approximately 850 time steps, with IRK
in a one iteration mode, on three different solution-adapted M = 65 x 35 meshes,

attaining the maximum CFLp,, ~ 260 on the final mesh. Figure 10.48a shows the
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third level solution-adapted mesh with definition in the bow-shock and body nose
tip regions. Figure 10.48b graphs the associated density contour quatifying solution
accuracy and freedom from oscillations. The smooth contours in the region between

the shock and the body further confirm the global ENO solution character.

10.5.2 Missile Inviscid and Viscous Flows

The second test is formation of the blunt body bow shock and shock layer about
an axisymmetric sphere-biconic body in hypersonic flow with M., = 8 for two sets
of thermodynamic freestream conditions. The configuration consists of a 0.5"Ry
nosetip, a 10.5° forecone and a 7.0° aft cone section with axial lengths 12.32in and
20.00in respectively. For this geometry, the shock layer abounds with significant
expansion waves that interact with the bow shock inducing noticeable gradients
in its curvature. The inlet Dirichlet constraints on density, momentum and spe-
cific total energy are appropriate. Vanishing radial momentum is enforced along
the centerline, and both momentum components are set to zero at the stagnation
point. Along the aerodynamic surface, vanishing momentum flux is imposed for the
inviscid flow simulation, whereas the no-slip condition is enforced for the viscous
flow prediction. The Rankine-Hugoniot conditions, along with Newtonian surface
pressure distribution and available shock location estimates, are used for initial con-
dition determination, as detailed in Section 3.22. Figure 10.49 shows the geometry

of the computational domain, discretized with a body-fitted mesh that consists of
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64 x 74 bilinear elements with non-dimensional Azmin = 0(107%) = O(1/Re) in the
nosetip region.

For freestream thermodynamic conditions p,, = 600.12N/m? and T, = 54.31°K,
the ideal-gas viscous flow about this configuration is determined at the reference
Res = 500,000, with the boundary layer initial condition obtained via linear in-
terpolation to zero of the momentum components in a suitably narrow strip region
about the aerodynamic surface. The machine zero steady state was achieved for
0.35 < B, < 0.50, and with IRK in a 1-iteration mode in approximately 800 time
steps at the maximum CFL number exceeding 200. For an adiabatic wall, the
boundary layer strongly interacts with the exterior essentially invisid flow. The
terminal shock stand-off distance is § ~ 0.075in, which agrees to within 1.5% with
available correlations [22]. Figures 10.50-10.51 document this steady solution in
terms of Mach number and temperature. The fundamental decrease to nought of
Mach number in the boundary layer, paralleled by a drastic temperature increase are
sharply defined and monotone, as well as totally free of numerical dispersion. The
stagnation-point peak values for pressure and temperature are p = 55383.87N/m?
and T = 832.11°K. An important flow feature is the interaction of the hemisphere-
cone juncture expansion wave with the bow shock, resulting in the deflection of
the shock branch away from the nose, as illustrated by the pressure contours in
Figure 10.52. In this plot, the contrasts with the invisid flow pressure distribution

are evident, and clearly show the expected reduction in shock stand-off distance.

311



Note the apparent widening of the bow shock. This is only due to the distortion
of the underlying grid, as caused by a non-linear magnification of the nose region.
This magnification uses different scales for the x- and y- axes to achieve acceptable
nose-region bow shock graphic resolution.

The associated invisid flow solution is obtained at a maximum CFL number
exceeding 500, with maximum convergence rate occurring at CFL ~ 200. For the
previous values of §,, the solution is virtually monotone and devoid of spurious
dispersive oscillations, and the computed stand-off distance § ~ 0.068in agrees to
within +4% with available correlations [22].

Figures 10.53-10.54 summarize the steady solution in perspective view. The
Mach number distribution is essentially monotone throughout the sharp-shock com-
presion and subsequent steep-gradient expansions. The associated shock expansion-
wave interaction is evident in the intricate variations of density, from its rise across
the shock and towards the stagnation point, to its sharp decrease along the body
surface. Note the relevant gradients in the shock curvature and overall regularity of
these distributions which verify the essentially non-oscillatory solution character.

Figure 10.55a graphs the distribution of pressure about the biconic body. The
bow shock appears quite crisp and the compression towards the stagnation point
is smooth, leading to the peak pressure p = 55383.87N/m?. The subsequent flow
expansion about the spherical nose is also smooth and clearly defined. No isolated

close contours are present, thus the solution is devoid of unphysical wiggles. Note
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that the shock contour concentration decreases away from the body tip, since the
entropy rise diminishes as the bow shock wraps around the body. For the refer-
ence wind-tunnel free stream temperature of T,, = 54.31°K, the post shock and
stagnation-point temperature values are T = 773.2°K and T = 832.11°K. Hence,
an ideal gas simulation in these conditions is adequate. However, for operating alti-
tude, atmospheric freestream conditions, the temperature rise across the bow shock
triggers non-negligible real gas effects. Hence, the invisid-flow is re-initiated with
free stream conditions Ty = 221.1°K and pe, = 2.72 x 10~%atm, corresponding to
flight in standard atmosphere, with real gas effects simulated as described in Section
1.2.

For the previous values of 3,, the final steady state is directly achieved in approx-
imately 400 time steps starting from the ideal-gas terminal solution, at maximum
CFL number 200. Evidently, the continuous and accurate computation of the pres-
sure derivatives for the implicit implementation promotes the observed monotone
convergence. Figure 10.55b graphs the pressure contours for this more realistic case,
as contrasted with the associated ideal-gas distribution. As indicated in this figure,
real gas effects lead to a decrease of the shock stand-off distance to § ~ 0.056in,
almost 18% less than the associated ideal-gas value. This reduction is expected
since in the real-gas case pressure does not appreciably vary, from the ideal-gas
situation, whereas temperature substantialy decreases as shown in Figures 10.56-

10.57. Therefore, the local density is higher, with respect to the ideal-gas value.
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Consequently, the given freestream mass flow rate can be negotiated in a thinner
shock layer.

The distribution of pressure along the stagnation streamline and aerodynamic
surface is presented in Figure 10.56a. For the reference freestream conditions, the
equilibrium air pressure distribution does not radically differ from that correspond-
ing to the ideal gas case, with the exception of the shock location. Conversely, as
indicated in Figure 10.56b and more in detail in Figure 10.57, the temperature fields
are significantly different. For the same conditions, the post shock temperature for
the ideal-gas simulation, corresponding to T, = 221.1°K, is T = 3149.9°K , whereas
the equilibrium gas value is T = 2595.2°K, a decrease of almost 18% accounted for
by the energy absorbed during exicitation of vibrational modes and eventual forma-
tion of nitric oxide and atomic oxygen. As indicated in Figures 10.58-10.59, these
species are formed immediately after the shock, with peak production at the stag-
nation points. The mass fraction of nitric oxide is almost six times larger than the
oxygen mass fraction, while only negligible traces of atomic nitrogen are present.

Thus, these results indicate that even for relatively low hypersonic Mach num-
bers, real gas effects for atmospheric flight free stream conditions significantly influ-
ence the air mixture chemical composition Consequently, the relevant temperature
field appreciably varies in comparison with that associated with an ideal-gas predic-
tion. In any case, the developed MDS implicit finite element algorithm has produced

essentially monotone results even for this more challenging situation.
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Figure 10.13: Error Distribution Perspective for ¢, t = 2.0s, At = 0.1s, a)
Backwards Euler, b) Trapezoidal Rule, ¢) Implicit Runge-Kutta.
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Figure 10.14: Error Distribution Perspective for ¢, t = 2.0s, At = 0.2s, a)
Backwards Euler, b) Trapezoidal Rule, ¢) Implicit Runge-Kutta.
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Figure 10.16: MDS Algorithm Unsteady Solution, Euler Equations, ¢ — ¢, = 2.0s,
Transonic Mach Number Surface Perspective and Contours, a) Initial State, b)
Backwards Euler Rule, ¢) Trapezoidal Rule, d) Implicit Runge-Kutta.
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MDS Algorithm Unsteady Solution Perspective and Contours, Euler

Figure 10.17

14.65s, At = 0.15s, Backwards Euler Rule, a) Pressure, b) Mach

Equations, t —tq
Number.
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Figure 10.18: MDS Algorithm Unsteady Solution Perspective and Contours, Euler
Equations, t —ty = 14.65s, At = 0.15s, Implicit Runge-Kutta, a) Pressure, b) Mach
Number.
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Figure 10.19: MDS Algorithm Steady-State Velocity Vector Field, Euler Equa-
a)

tions, Parabolic Arc, M, ~ 1.5.

Figure 10.20: MDS Algorithm Steady-State Solution Contours, Euler Equations,
Parabolic Arc, M, ~ 1.5, a) Entropy, b) Mach Number, c) Principal Momentum.
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Figure 10.21: MDS Algorithm Steady-State Solution Perspectives and Contours,
a) Principal Momentum, b) Transverse Momentum.
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Figure 10.22: MDS Algorithm Steady-State Solution Perspectives and Contours,
a) Mach Number, b) Pressure.
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Figure 10.23: MDS Algorithm Steady-State Solution, Navier-Stokes Equations,
Laminar Re = 2000, a) M=65 x 35 Element Discretization, b) Mach Number
Distribution, c¢) Velocity Vector Field.
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Figure 10.24: MDS Algorithm Steady-State Solution, Navier-Stokes Equations,
Laminar Re = 2000, a) Trailing Edge Region Velocity Vector Field, b) Mach Num-

ber Isocline Distribution.
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Figure 10.26: MDS Algorithm Steady-State Solution, Navier-Stokes Equations,
Laminar Re = 4 x 10°, a) M=65 x 45 Element Discretization, b) Physical Space
Principal Momentum Contour Distribution.
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Figure 10.27: MDS Algorithm Steady-State Solution, Navier-Stokes Equations,
Laminar Re = 4 x 10°, a) Transverse Nodal Space Contour Distribution, b) Per-
spective Surface Presentation.
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Figure 10.28: MDS Algorithm Steady-State Pressure Solution, Navier-Stokes
Equations, Laminar Re = 4 x 10°, a) Global Distribution, b) Trailing Edge Region
Detail.
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Figure 10.30: = MDS Algorithm Steady-State Euler Solution, Supersonic Com-
pression Ramp, Mo = 3.0, @ = 20°, a) First Solution-Adapted Mesh b) Density

Distribution on Mesh 2.
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Figure 10.31: MDS Algorithm Steady-State Euler Solution, Supersonic Compres-

sion Ramp, M, = 3.0, a = 20°, a) Second Solution-Adapted Mesh b) Density
Distribution on Mesh 3.
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Figure 10.32:  MDS Algorithm Steady-State Euler Solution, Supersonic Com-
pression Ramp, M., = 3.0, o = 20°, Perspective Surface and Solution Contour
Distributions, a) Mach Number, b) Pressure.
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Figure 10.33: ~ MDS Algorithm Steady-State Euler Solution, Supersonic Shock
Reflection M, = 2.15, @ = —4°, a) Sheared Cartesian Mesh, M=65 x 35, b)
Computed Density Distribution.
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Figure 10.34: = MDS Algorithm Steady-State Euler Solution, Supersonic Shock
Reflection My, = 2.15, a = —4°, a) First Solution-Adapted Mesh, b) Computed
Density Distribution on Mesh 2.
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MDS Algorithm Steady-State Euler Solution, Supersonic Shock

Figure 10.35:
Second Solution-Adapted Mesh, b) Computed

Reflection M., = 2.15, a = —4°, a)
Density Distribution on Mesh 3.
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Figure 10.36:\ MDS Algorithm Steady-State Euler Solution, Supersonic Shock

Reflection M, = 2.15, a = —4°, Mach Number Solution Contour and Perspective

Surface Distributions on Mesh 3.
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Figure 10.37:  MDS Algorithm Steady-State Euler Solution, Supersonic Shock
Reflection M, = 2.15, a = —4°, Pressure Solution Contour and Perspective Surface

Distributions on Mesh 3.

Figure 10.38: ~ MDS Algorithm Steady-State Euler Solution, Supersonic Shock

Reflection M, = 2.15, @ = —4°, Entropy Solution Contour and Perspective Surface
Distributions on Mesh 3.
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Figure 10.39:

MDS Algorithm Steady-State Euler Solution, Double Supersonic

Shock Reflection M, = 2.15, a = —4°, a) Sheared Cartesian Mesh, M=65 x 35, b)
Computed Density Distribution, ¢) Final Solution-Adapted Mesh, d) Final Density

Distribution.
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Figure 10.40: MDS Algorithm Steady-State Euler Solution, Double Supersonic
Shock Reflection M, = 2.15, @ = —4°, Perspectives and Contour Distributions on

Final Mesh, a) Static Pressure, b) Mach Number.
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Figure 10.41: MDS Algorithm Steady-State Navier-Stokes Solution, Shock-Wave
Laminar Boundary Layer Interaction, M, = 2.15, Re = 1 x 10°, a) Problem
Schematic, b) Entropy Perspective Solution Surface and Contour Distribution.
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Figure 10.42: MDS Algorithm Steady-State Navier-Stokes Solution, Shock-Wave
Laminar Boundary Layer Interaction, M, = 2.15, Re = 1 x 10°, Perspective Solu-
tion Surface and Contour Distributions, a) Temperature, b) Density.
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Figure 10.43: MDS Algorithm Steady-State Navier-Stokes Solution, Shock-Wave
Laminar Boundary Layer Interaction, My, = 2.15, Re =1 X 10°, Perspective Solu-
tion Surface and Contour Distributions, a) Axial Momentum b) Mach Number.
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Figure 10.44: MDS Algorithm Steady-State Navier-Stokes Solution, Shock-Wave
Laminar Boundary Layer Interaction, M., = 2.15, Re = 1 x 10°, Pressure Perspec-

tive Solution Surface and Contour Distributions, a) Single Reflection, b) Double
Reflection.

346



= SURFACE PRESSURE
N
2
o
=
=1
e
Q=
~N
o n |
.
o
D‘—
@
e V i l J ! V i I | L
1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8 3

X

Figure 10.45: Surface Pressure Distributions and Comparisons from [46], Shock
Boundary Layer Interaction, M, = 2.15
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Figure 10.46:  Surface Skin Friction Distributions and Comparisons from [46],
Shock Boundary Layer Interaction, M, = 2.15
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Figure 10.47: Steady-State Navier-Stokes Solution, Shock-Boundary Layer Inter-
action, My, = 2.15, Re = 1x10°, a) Axial Velocity Surface Perspective and Contour
Distribution, b) Recirculation Region Velocity Field Close-Up.
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MDS Algorithm Steady-State Euler Solution, Hypersonic Blunt
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Figure 10.49:  Sphere-Biconic Axisymmetric Body, Computational Domain, A)
Symmetry Streamline Inlet Point, B) Symmetry Streamline Shock Point, C) Stag-
nation Point, D) Sphere-Cone Juncture, E) Bicone Juncture.
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Figure 10.50: M, = 8 Hypersonic Viscous Flow Past Sphere-Biconic Axisymmet-
ric Body, Re,, = 500,000, Steady State Perspective Surface and Contour Distribu-

tions, Mach Number.
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Figure 10.51: M, = 8 Hypersonic Viscous Flow Past Sphere-Biconic Axisymmet-
ric Body, Re, = 500,000, Steady State Perspective Surface and Contour Distribu-

tions, Temperature.
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a) Viscous Flow

b) Inviscid Flow

Figure 10.52: M., = 8 Hypersonic Flow Past Sphere-Biconic Axisymmetric Body,
Steady State Contour Distributions, Pressure, a) Res, = 500,000 Viscous Flow, b)
Inviscid Flow. Magnification-Induced Bow Shock Distortion.
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Figure 10.53: M, = 8 Hypersonic Inviscid Flow Past Sphere-Biconic Axisym-
metric Body, Steady State Perspective Surface and Contour Distributions, Mach
Number, C) Stagnation Point, D) Sphere-Cone Juncture, E) Bicone Juncture.
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Figure 10.54: M., = 8 Hypersonic Flow Past Sphere-Biconic Axisymmetric Body,
Steady State Perspective Surface and Contour Distributions, Density.
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a) Ideal Gas

b) Real Gas

Figure 10.55: M., = 8 Hypersonic Inviscid Flow Past Sphere-Biconic Axisymmet-
ric Body, Steady State Contour Distributions, Pressure, a) Ideal Gas, b) Real Gas.
Magnification-Induced Bow Shock Distortion.
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Figure 10.56: M, = 8 Hypersonic Inviscid Flow Past Sphere-Biconic Axisym-
metric Body, Steady State Stagnation Streamline Distributions, B-Shock Point,
C-Stagnation Point, D-Sphere Cone Juncture, — — — — Ideal Gas, Real Gas,

a) Pressure, b) Temperature.
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Figure 10.57: M., = 8 Hypersonic Inviscid Flow Past Sphere-Biconic Axisymmet-
ric Body, Detailed Steady-State Stagnation-Streamline Temperature Distributions.
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Figure 10.58:
metric Body, Steady State Stagnation-Streamline Distributions, B-Shock Point,
C-Stagnation Point, D-Sphere Cone Juncture, Mass Fractions, a) Molecular Ni-
trogen, b) Molecular Oxygen.
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Figure 10.59:
metric Body, Detailed Steady-State Stagnation-Streamline Distributions for Nitric
Oxide and Atomic Oxygen Mass Fractions.
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Chapter 11

Summary and Conclusions

A non-linearly stable and accurate finite element CFD algorithm for the laminar
compressible Navier-Stokes and Euler conservation law systems is developed and
validated. The procedure is constituted by the union of a minimally dissipative
integral statement (MDS), an optimal metric-data Galerkin finite element semi-
discretization, a non-linearly stable implicit Runge-Kutta integration algorithm,
and a matrix tensor product approximate factorization linear algebra procedure.
Further, the study contains the full theoretical development of well posed boundary
conditions for all Reynolds and Mach numbers. These conditions constrain the
surface total tractions and momentum and heat flux and are directly enforceable
through the surface integrals exposed in weak statement constructions.

The MDS procedure plays a central role in the achievement of stable solutions
by yielding a suitably dissipative semi-discrete ODE system, with dissipation level

controlled with the parameter §,. The terminal algorithm is proven robust and
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stable over a wide range of challenging inviscid and viscous flow benchmark problems
for a uniformly constant value of 3, independent of mesh distribution and element
aspect ratio, as especially revealed by the 2-D adapted mesh inviscid-flow results.

The theoretical analysis comparing the developed non-linearly stable IRK scheme
and the “@” implicit algorithms indicates that IRK remains accurate and stable
without introducing substantial additional numerical dissipation. The quasi-1-D
tests then confirm that the IRK procedure yields uniformly more accurate and
stable results than those generated by the equivalently second order accurate trape-
zoidal rule. Further, the 2-D inviscid-flow tests indicate that IRK affords the largest
useable Courant number.

The numerical results for the selected benchmarks validate the algorithm and
verify its robustness for curvilinear-coordinate computations on totally arbitrary
grids of bilinear elements. The evolution towards a steady state is achieved without
indication of numerical instabilities and the terminal solutions are essentially non-
oscillatory. For inviscid and viscous flows, including real gas effect simulation,
the results are accurate and conform to the fundamental physics of the problems
investigated. In particular, the captured shocks are resolved monotonically, even
for the challenging real gas simulations in the missile flow field prediction. For this
more realistic case, the shock stand-off distance and peak temperature are reduced
by 18 %, in comparison with the corresponding ideal-gas values.

This implicit finite-element algorithm has consistently yielded accurate results
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for several transonic, supersonic and hypersonic flows under diverse boundary con-

ditions and geometry combinations. Hence, it can be considered a robust “Navier-
Stokes” solver and therefore appears to constitute a reliable and advantageous al-
ternative on arbitrary meshes to implicit fully upwind finite difference and finite

volume procedures now in general use in CFD aerodynamics codes.
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