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Abstract

For a real number α [alpha] the Dirichlet-type spaces Dα [script D sub al-

pha] are the family of Hilbert spaces consisting of all analytic functions f(z) =∑∞
n=0 [sum over n equals zero to infinity]f̂(n)[f hat of n]zn[z to the n] defined on the

open unit disc D [unit disc] such that

∞∑
n=0

(n+ 1)α | f̂(n) |2

is finite.

For α < 0, the spaces Dα are known as weighted Bergman spaces. When α = 0,

then D0 = H2, the well known and much studied Hardy space. For α > 0, the Dα
spaces are weighted Dirichlet spaces.

The characterization of the invariant subspaces of the multiplication operator Mz

[M sub z] on the Dα spaces depends on α, and it is partially still an open problem.

The invariant subspaces of D2 have been characterized in 1972 by B. I. Korenblum

[25].

In this dissertation we show that the invariant subspaces of D2 can be approxi-

mated by finite co-dimensional invariant subspaces. For the Dirichlet space D = D1,

there is no complete characterization of invariant subspaces, but we consider

DE = {f ∈ [in]D : f ∗ = 0 q.e. [quasi-everywhere] on E}
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where E ⊆ [subset]T [unit circle] is a Carleson thin set. In this case, we have a partial

result.

In the second part of the dissertation we prove a regularity result for extremal

functions in the Dirichlet space D. If ϕ [phi] is an extremal function in the Dirichlet

space, then we use a result of Richter and Sundberg [35] to show that for each point

on the unit circle T the square of the absolute value of ϕ converges to its boundary

value in certain tangential approach regions.

vi



Table of Contents

1 Introduction 1

1.1 History . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

2 The Dirichlet type Dα-Spaces 9

2.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Mz-Invariant Subspaces . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3 Carleson thin sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.4 Extremal Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.5 Some General Facts . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3 Approximation of Invariant subspaces 21

3.1 Approximation of Invariant subspaces for the D2-space . . . . . . . . 21

3.2 An approximation result for the Dirichlet space . . . . . . . . . . . . 33

4 Tangential Limits of Extremal Functions in the Dirichlet Space 39

4.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.2 Tangential Limits of Extremal functions . . . . . . . . . . . . . . . . 42

Bibliography 50

Vita 56

vii



Chapter 1

Introduction

1.1 History

Let H be a Banach space of analytic functions on the unit disc D = {z ∈ C : |z| < 1}.

Suppose that H is invariant with respect to the operator Mz of multiplication by the

independent variable z. A (closed) subspace M of H is called invariant with respect

to Mz, simply Mz-invariant, if the operator Mz maps M into itself, i.e. Mzf ∈ M

for all f ∈M.

We say that a sequence of Mz-invariant subspaces Mn converges to a Mz-

invariant subspace M if the corresponding orthogonal projections converge in the

strong operator topology (SOT). If the sequence Mn has finite co-dimension, i.e.

dim(H/Mn) < ∞, then Shimorin [40] defines that M admits strong approximate

spectral cosynthesis. Such an approximation process, called approximate spectral

synthesis, was suggested by Nikolskii in [31]. For the weighted Bergman spaces such

approximations were considered by Shimorin in [40].

1



1.2 Overview

For α ∈ R, Dα spaces are defined

Dα =

{
f ∈ Hol(D) : ‖f‖2α :=

∞∑
n=0

(n+ 1)α | f̂(n) |2<∞, f(z) =
∞∑
n=0

f̂(n)zn

}
.

For α < 0, the spaces Dα are known as weighted Bergman spaces. When α = 0,

then D0 = H2, the well known and much studied Hardy space. For α > 0, the Dα
spaces are weighted Dirichlet spaces. This is a family of Hilbert spaces, and more

information about these spaces is provided in Section 2.1. An interesting transition

occurs at α = 1. For α > 1, Dα spaces are contained in the disc algebra A(D) and

Dα is an algebra, while for α ≤ 1 the Dα spaces contain unbounded functions and

they are not algebras.

The multiplication operator Mz on Dα, defined by Mzf(z) = zf(z) for all f ∈ Dα,

is a bounded linear operator. A (closed) subspaceM of Dα is invariant with respect to

multiplication operator Mz if MzM⊆M. We denote the collection of Mz-invariant

subspaces of Dα by Lat(Mz,Dα). The structure of Mz-invariant subspaces of Dα
spaces depends on α and it may be very complicated. Simple invariant subspaces in

all cases are zero-based invariant subspaces, denoted by I(Z) where Z ⊆ D, but not

all invariant subspaces are of this type. Also, Z being discrete is certainly necessary

for I(Z) 6= (0), but not sufficient for any Dα spaces. In Section 2.2, we give an

overview of Mz-invariant subspaces of the Dα spaces.

The question that we would like to bring attention to is “Can all Mz-invariant

subspaces of Dα be approximated by zero-based invariant subspaces for some finite

zero sets?”. It turns out that the answer to the question depends on α and it is

partially still an open problem.

If H is a separable Hilbert space, then the unit ball in B(H), the set of all bounded

linear operators on H, is metrizable in the strong operator topology (SOT). Hence

the collection of all projections onto invariant subspaces is metrizable in SOT. If
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Pn is a sequence of decreasing projections, then Pn converges to P , where P is the

projection onto the intersection of the ranges of Pn. Similarly, an increasing sequence

of projections Pn converges to the projection onto the closed linear span of the ranges

of Pn (see Section 2.5). For example, if {Zn} is an increasing sequence of zero sets, then

the corresponding zero-based invariant subspaces {I(Zn)} is a decreasing sequence of

subspaces and hence the corresponding sequence {Pn} of projections is a decreasing

sequence of operators. Then one can apply the above result to show that

I(Zn)→
⋂
n

I(Zn) = I (∪nZn) .

Also, if {Zn} is a decreasing sequence of zero sets, then the corresponding zero-

based invariant subspaces {I(Zn)} is an increasing sequence of subspaces and so the

corresponding sequence {Pn} of projections is an increasing sequence of operators.

Then it will imply that

I(Zn)→ spannI(Zn) ⊆ I (∩nZn) .

Note that one may not have equality in this last inclusion.

If α ≤ 1, then an invariant subspace has finite co-dimension if and only if it is a

zero-based invariant subspace for some finite subset of the unit disc D (see [40]). If

α > 1, then one has a similar result but one needs to allow the zeros to be in the

closed unit disc. For example for D2 the reproducing kernels at points on the unit

circle T exist and zero-based invariant subspaces make sense for sets with some points

in the unit circle T. It turns out that those sets do not have to be discrete, but could

be Carleson thin sets (although they will only have finite co-dimension if the sets are

finite). A brief description of Carleson thin sets is given in Section 2.3.

Therefore if Z ⊆ D is discrete, then I(Zj) converges to I(Z), where Zj ⊆ Zj+1

contains j elements and ∪jZj = Z. Hence, if an invariant subspace M can be
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approximated by I(Zn) for some Zn ⊆ D, then M can be approximated by finite

co-dimensional invariant subspaces.

In the case of the Hardy space H2 = D0, α = 0, we have a complete description

of Lat(Mz,H
2) by Beurling’s theorem. Indeed, if (0) 6= M ∈ Lat(Mz,H

2), then

M = φH2 for some inner function φ, i.e. φ is in the unit ball of H∞ and satisfies

|ϕ(eit)| = 1 a.e. The Caratheodory-Schur Theorem states that every function in the

unit ball of H∞ can be approximated locally uniformly in the unit disc by a sequence

of finite Blaschke products. Then one can use these two results to show easily that

every invariant subspace of H2 can be approximated by finite co-dimensional ones

(see Section 2.5).

The index of an invariant subspace plays an important role in the approximation

since a sequence of index one invariant subspaces can converge only to zero or an index

one invariant subspace (see Section 2.5). Non zero zero-based invariant subspaces have

index one by Corollary 3.4 of [32]. If α ≥ 0, then every non-zero invariant subspace

has index one. On the other hand for α < 0 there are invariant subspaces that do

not have index one. Hence not all invariant subspaces can be approximated by finite

co-dimensional (zero-based) invariant subspaces. In Section 2.2 we define the index

and give an overview of results concerning the index of invariant subspaces of Dα.

For the weighted Bergman spaces Dα, α < 0, Shimorin [40] showed that all index one

invariant subspaces can be approximated by finite co-dimensional invariant subspaces.

Therefore, in the context of the Dα spaces, the remaining question is whether one can

approximate Mz-invariant subspaces of Dα by finite co-dimensional ones when α > 0.

In [25], Korenblum gives a complete characterization of invariant subspaces of

D2. Using Korenblum’s description, we have the following result (see Theorem 3.1.9)

which provides positive the answer that one can approximate invariant subspaces of

D2 by finite co-dimensional invariant subspaces.

Theorem 1.2.1. LetM∈ Lat(Mz,D2) be a nontrivial (closed) subspace. Then there

exists a sequence Mn ∈ Lat(Mz,D2), with dimM⊥
n < ∞, such that PMn → PM in
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the strong operator topology (SOT), where PMn and PM are orthogonal projections

onto Mn and M, respectively.

Korenblum’s Theorem for D2 shows that non-trivial Mz-invariant subspaces of D2

are of the type M = UME, where U is an inner function, E ⊆ T, and

ME := {f ∈ D2 : f(z) = 0, ∀z ∈ E}.

For details see Chapter 3. The easy case to prove Theorem 1.2.1 is when U = B is a

Blaschke product. Then one can setMn = BnMEn , where Bn is the partial Blaschke

product and {En} is an increasing sequence of finite sets in E such that the union of

En is dense in E. The remaining case to finish the proof is how to approximate in the

case of a general inner function U which may have a singular inner factor. This case

follows from Frostman’s Theorem and an argument involving extremal functions.

We should note that Korenblum’s result in [26] yields a complete description of

the invariant subspaces of D2n, n ≥ 1, and an analog of Theorem 1.2.1 holds for these

spaces (see Remark 3.1.10).

Our main result Theorem 1.2.1 also gives an affirmative answer to a special case

of a question of J. B. Conway, and D. Hadwin which they asked in [10]. Let H be a

separable infinite dimensional Hilbert space and T be a bounded linear operator on

it. An invariant subspaceM∈ Lat(T ) is called stable if whenever there is a sequence

of bounded operators {Tn} on H such that ‖Tn − T‖ → 0, there is a sequence {Mn}

with Mn ∈ Lat(Tn) for n ≥ 1 such that Pn → P in the strong operator topology

(SOT), where Pn and P are the orthogonal projections ontoMn andM, respectively.

If the sequence of projections can be chosen to converge in the operator norm, then

we say M is norm-stable. The collection of stable (norm-stable) invariant subspaces

of T is denoted by Lats(T ) (Latns(T )). In [10], J. B. Conway, and D. Hadwin asked

whether for any operator T , Lats(T ) is the strong closure of Latns(T ). They proved

that this is the case when T is a normal or an unweighted shift of finite multiplicity. A

consequence of a general result of A. Borichev, D. Hadwin and H. Yousefi [5] is that if
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T is any weighted unilateral shift operator, then an invariant subspace is norm stable

if and only if it has finite co-dimension. If we denote by Latfc(Mz,D2) the collection

of invariant subspaces with finite co-dimension, then Theorem 1.2.1 shows that the

strong closure of Latfc(Mz,D2) is Lat(Mz,D2). Since Latfc(Mz,D2) ⊂ Latns(Mz,D2)

(see [5]), it follows that for D2 the question of J. B. Conway and D. Hadwin has a

positive answer.

If α > 1, then ME := {f ∈ D2 : f(z) = 0, ∀z ∈ E} makes sense for sets E

with some points in the unit circle T. As mentioned earlier the easiest way to prove

Theorem 1.2.1 for ME is to use finite co-dimensional subspaces of the type MEn

where each En ⊆ E ⊆ T is finite. If α = 1, then there is no analogue of ME for

finite subset E ⊆ T. That raises the question whether one can do the approximation

for the D2 case without use of points in the unit circle T and approximate ME by

zero-based invariant subspaces I(Zn) for some Zn ⊆ D. We have following theorem

which gives another proof that there exists In ∈ Lat(Mz,D2), with dim I⊥n <∞, such

that Pn → P in SOT where Pn and P are orthogonal projections onto In and ME,

respectively.

Theorem 1.2.2. Let ∅ 6= E ⊂ T be a Carleson thin set and ME = {f ∈ D2 :

f(z) = 0, ∀z ∈ E} be a nontrivial invariant subspace of (Mz,D2). Then there exists

a decreasing sequence of subsets Zk ⊆ D such that ME = spankI(Zk).

We will see that each Zk in Theorem 1.2.2 (see Theorem 3.1.11) will contain

infinitely many points, but again by decreasing property and the metrizability the

space ME can be approximated by finite co-dimensional invariant subspaces.

For α = 1 we do not know all of the invariant subspaces of the Dirichlet space,

but we can consider DE := {f ∈ D : f ∗ = 0 q.e. on E} for an arbitrary subset E

of T. Here f ∗ denotes the radial limit of f , and Beurling’s theorem (see Theorem

4.1.1) says that each function in the Dirichlet space has non-tangential limits quasi-

everywhere on the unit circle T. A property is said to hold quasi-everywhere (q.e.)

on T if it holds everywhere on T except for a subset of logarithmic capacity zero (see
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[14]). It is known that DE is a closed Mz-invariant subspace of the Dirichlet space D

(see Section 3.2). So in particular, if E ⊂ T is a Carleson thin set, then in order to

do approximation for DE by finite co-dimensional invariant subspaces, it suffices to

find a sequence of sets Zk ⊆ D such that DE = spankI(Zk). For the Dirichlet space

we have the following partial result (see Theorem 3.2.2).

Theorem 1.2.3. Let E ⊂ T be a Carleson thin set with positive logarithmic capacity

and let fE be the corresponding outer function constructed by Korenblum that is zero

on E, and smooth elsewhere. Then there exists a decreasing sequence of zero sets

Zk ⊆ D such that

DE ⊇ spankI(Zk) ⊇ [fE].

It is known that dimM	 zM = 1 for every nonzero Mz-invariant subspace M

of the Dirichlet space D (see Theorem 2 of [34]), and every nonzero Mz-invariant

subspaceM of the Dirichlet space D generated by a function ϕ ∈M	zM, ‖ϕ‖ = 1,

i.e. M = [ϕ] (see Theorem 7.1 of [33]). Such functions are called extremal functions

and we give a brief overview of extremal functions in the Section 2.4. Therefore,

the invariant subspace DE in Theorem 1.2.3 is generated by a function, say ϕ, i.e.

DE = [ϕ]. If one could show that [ϕ] ⊆ spankI(Zk), then the approximation for

DE by finite co-dimensional would follow. But this is the difficult case because of

knowledge of the regularity of ϕ. The difference between fE and ϕ is our lack of

knowledge of the regularity of ϕ.

Thus we study the regularity properties of ϕ in Chapter 4. In [35] Richter and

Sundberg proved that the radial limit of |ϕ|, where ϕ is the extremal function in the

Dirichlet space, exists for every point on the unit circle T. We extend this result and

show that limit exists in approach region Γαc (eiθ) for every α ∈ [1,∞) at all points

eiθ ∈ T, where Γαc (eiθ) is the tangential approach region of order α, defined as

Γαc (eiθ) = {z ∈ D : |z − eiθ|α ≤ c(1− |z|)}, c > 0, α ≥ 1.

We prove the following in Theorem 4.2.3.

7



Theorem 1.2.4. Let ϕ be an extremal function in the Dirichlet space D. Then for

each eit ∈ T, we have |ϕ(w)|2 → |ϕ(eit)|2 as w → eit in the tangential approach region

Γαc (eit).

The main ingredient of proof of Theorem 1.2.4 is a result of Richter and Sundberg

[35]. The proof of the theorem relies heavily on estimates of the reproducing kernel

for the Dirichlet space and the Dominated Convergence Theorem.
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Chapter 2

The Dirichlet type Dα-Spaces

2.1 Definition

Let D denote the open unit disc in the complex plane. For α∈R the family of Hilbert

spaces Dα consists of all analytic functions f(z) =
∑∞

n=0 f̂(n)zn defined on D with

the norm given by

‖f‖2α =
∞∑
n=0

(n+ 1)α | f̂(n) |2<∞.

By polarization the inner product is given by

〈f, g〉α =
∞∑
n=0

(n+ 1)αf̂(n)ĝ(n).

Given f ∈ Dα and w ∈ D, an application of the Cauchy-Schwarz inequality gives

| f(w) |=
∣∣∣∣ ∞∑
n=0

f̂(n)wn
∣∣∣∣ ≤( ∞∑

n=0

(n+ 1)α | f̂(n) |2
)1/2( ∞∑

n=0

(n+ 1)−α|w|2n
)1/2

= ‖f‖2α
( ∞∑

n=0

(n+ 1)−α|w|2n
)1/2

.

For α > 1, the above infinite sum is obviously finite. For α ≤ 1, one can show by an

application of the ratio test that the above infinite sum is finite. This implies that the
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evaluation functional f 7→ f(w) is bounded. Therefore by the Riesz Representation

theorem for each w ∈ D there is a vector kαw ∈ Dα such that for any f ∈ Dα we have

〈f, kαw〉α = f(w).

These vectors kαw are called the reproducing kernels of Dα, and we say that Dα is a

reproducing kernel Hilbert space. In fact, given w ∈ D, we have that

kαw(z) =
∞∑
n=0

(n+ 1)−αwnzn

which can easily verified by using the definition of the inner product on Dα.

For α < 0, the norm on Dα is equivalent to

∫
D
|f(z)|2(1− |z|2)−α−1dA(z)

π
,

(see Lemma 2 in [43]).

These spaces are obviously nested in the following sense, Dα ⊂ Dβ for α > β.

Also if f(z) =
∑∞

n=0 f̂(n)zn, then taking the derivative yields

f
′
(z) =

∞∑
n=1

nf̂(n)zn−1 =
∞∑
n=0

(n+ 1)f̂(n+ 1)zn.

Now, it is easy to see that f ∈ Dα if and only if f
′ ∈ Dα−2. For α > 1, the functions in

the Dα spaces are continuous up to the boundary, hence Dα ⊂ A(D) = Hol(D)∩C(D),

the disc algebra, but this is not true for α ≤ 1. In fact more can be said, which is

Hölder continuity.

Lemma 2.1.1. If f ∈ Dα for α > 1, then f is Hölder continuous, that is, there exists

an ε > 0 and a constant c > 0 such that

|f(z)− f(w)| ≤ c|z − w|ε.
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Proof.

|f(z)− f(w)| =
∣∣∣∣ ∞∑
n=0

f̂(n)zn −
∞∑
n=0

f̂(n)wn
∣∣∣∣ ≤ ∞∑

n=0

|f̂(n)||zn − wn|

≤
( ∞∑

n=0

(n+ 1)α|f̂(n)|2
)1/2( ∞∑

n=0

(n+ 1)−α|zn − wn|2
)1/2

= ‖f‖α
( ∞∑

n=0

(n+ 1)−α|zn − wn|2 |z − w|
ε

|z − w|ε

)1/2

≤ ‖f‖α
( ∞∑

n=0

(n+ 1)−α
∣∣∣∣zn − wnz − w

∣∣∣∣ε|zn − wn|2−ε|z − w|ε)

≤ ‖f‖α
( ∞∑

n=0

nε

(n+ 1)α
22−ε|z − w|ε

)

=

(
‖f‖α 22−ε

∞∑
n=0

nε

(n+ 1)α

)
|z − w|ε

For any ε < α− 1 the above infinite sum is finite. Hence we are done.

Also for α > 1, Dα is an algebra (see Theorem 3 in [22]), and thus M(Dα) = Dα,

where M(Dα) is the multiplier algebra of Dα, i.e.

M(Dα) = {ϕ : ϕf ∈ Dα,∀f ∈ Dα} .

A brief survey of the Dα spaces can be found in [6].

2.2 Mz-Invariant Subspaces

The multiplication operator Mz on Dα is given by Mzf(z) = zf(z) for all f ∈ Dα. A

simple application of the closed graph theorem shows that the multiplication operator

is bounded. Also one can show that (Mz,Dα) is unitarily equivalent to the weighted
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shift operator with weight sequence {(k+2
k+1

)α/2}k∈N0 with respect to the orthonormal

basis {( 1
k+1

)α/2zk}k∈N0 . A nice discussion of weighted shift operator is given by Allen

Shields in [38].

We will denote this operator by Mz or (Mz,Dα). A (closed) subspace M of Dα
is called invariant, if Mz maps M into itself. We denote the collection of invariant

subspaces of (Mz,Dα) by Lat(Mz,Dα).

If f ∈ Dα, we let [f ] be the smallest invariant subspace of the multiplication

operator Mz. Thus [f ] is the closure of the polynomial multiples of f . A function

f ∈ Dα is called a cyclic vector if [f ] = Dα.

If f ∈ Dα, then we let Z(f) = {λ ∈ D : f(λ) = 0}, and for an invariant subspace

M of Dα denote by Z(M) the set of common zeros of functions in M, i.e.

Z(M) =
⋂
f∈M

Z(f).

It is known that for any λ ∈ D, Mz −λ is bounded below on Dα (see Example 2.9

in [32]), and for an Mz-invariant subspace M the dimension of M	 (z − λ)M does

not depend on λ ∈ D (see Lemma 2.1 in [32]). We define the index of an Mz-invariant

subspace M of Dα to be the dimension of M	 zM, i.e.

indM = dimM	 zM = dimM∩ (zM)⊥.

The trivial invariant subspace (0) is the invariant subspace whose index is defined to

be zero.

The structure of Lat(Mz,Dα) depends on α and it may be very complicated.

Simple invariant subspaces in all cases are zero-based invariant subspaces but not all

invariant subspaces are of this type. Let Z = {z1, z2, z3, ...} be a finite or infinite

sequence of points in the unit disc D. We write I(Z) for all functions in Dα that are

zero at each zi, counting multiplicities. Clearly, I(Z) ∈ Lat(Mz,Dα). Such subspaces

are called zero-based invariant subspaces. Also, Z being discrete is certainly necessary
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for I(Z) 6= (0), but not sufficient for any Dα. It follows from Corollary 3.4 of [32] that

non zero zero based invariant subspaces have index 1. Note : Although we will talk

about invariant subspaces throughout this dissertation, we will reserve the notation

I(Z) for the zero-based invariant subspace.

When α = 0, D0 = H2 is the Hardy space on the unit disc. By the canonical

factorization theorem, every function f in H2 can be written as f = BSF , where

B(z) = zs
∞∏
n=1

zn
|zn|

zn − z
1− znz

is the Blaschke product with zeros (zn) and a zero of multiplicity s at 0,

S(z) = C exp

(
− 1

2π

∫ 2π

0

eiθ + z

eiθ − z
dµ(θ)

)

is the singular inner function for some measure µ which is a finite positive regular

Borel measure on [0, 2π] that is singular with respect to the Lebesgue measure, and

C is a constant of modulus 1, and

F (z) = α exp

(
1

2π

∫ 2π

0

eiθ + z

eiθ − z
log|f(eiθ)|dθ

)
,

is an outer function with |α| = 1.

Beurling’s famous theorem gives a complete characterization of Lat(Mz,H
2).

More precisely, it says that every nontrivial Mz-invariant subspace M of the Hardy

space H2 is of the form M = φH2 = [φ], where φ = BS is an inner function with

B a Blaschke product and S a singular inner function (see Chapter 17 in [37]). It

also says that if M is a nonzero Mz-invariant subspace of the Hardy space H2, then

indM = 1 and f ∈ H2 is cyclic if and only if f is an outer function.

For α < 0, Dα = L2
a(D, (1 − |z|2)−α−1dA) are the weighted Bergman spaces.

Unlike the situation in the Hardy space, nonzero invariant subspaces of the weighted

Bergman space can have index n where n ∈ N ∪ {∞}. This follows from results

13



of Apostol, Bercovici, Foiaş and Pearcy (see [3], the authors in [3] proved this fact

using abstract theory). In [20] Hedenmalm constructed an invariant subspace in

the Bergman space L2
a(D) with index 2 using the span of zero set based invariant

subspaces.

In the case of weighted Dirichlet space Dα, α > 0, every non zero Mz-invariant

subspace has index 1. This follows from results of Aleman [2] when 0 < α < 1,

Richter and Shields [34] when α = 1, and Richter [32, Corollary 3.8] when α > 1.

In [25] Korenblum gives a complete description of Mz-invariant subspaces of D2

and in [26] he generalizes his result to Mz-invariant subspaces of D2n, n ≥ 1. To

describe Korenblum’s result, consider closed subsets K0, ..., Kn−1 of the unit circle T

and an inner function U with the following properties:

(1) K0 ⊃ K1 ⊃ ... ⊃ Kn−1,

(2) K0 \Kn−1 consists of only isolated points,

(3) the zeros of the inner function U accumulates only in Kn−1,

(4) the singular measure associated with U is supported on Kn−1,

(5)
∫
T log(dist(z, F ))|dz| > −∞, where the set F is the union of K0 and the zero

set of the inner function U .

Then Korenblum showed that M = UI(K0, ..., Kn−1), where

I(K0, ..., Kn−1) =
{
f ∈ D2n : f (j) = 0 on Kj, j = 0, ..., n− 1

}
,

is a nontrivial closed Mz-invariant subspace in D2n.

Theorem 2.2.1 (Korenblum, see [26]). If M is any nontrivial closed Mz-invariant

subspace of D2n, n ≥ 1, then there exist an inner function U and closed subsets

K0, ..., Kn−1 of the unit circle T as described above such that

M = UI(K0, ..., Kn−1).
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2.3 Carleson thin sets

Definition 2.3.1. A closed subset E of the unit circle T is called a Carleson thin set

if ∫
T

log ρ(z)|d(z)| > −∞,

where ρ(z) = dist(z, E) = inf
ζ∈E
|z − ζ|.

It is well known that the condition in Definition 2.3.1 is equivalent to |E| = 0 and∑
n |In| log( 1

|In|) <∞, where T \ E =
⋃
n

In, In are open disjoint arcs (see [8]).

Carleson thin sets, also referred to as Beurling-Carleson sets, arise as boundary

zero sets of analytic functions that satisfy a Lipschitz condition in D (see [4, 8]).

Given a Carleson thin set E ⊂ T, Carleson [8], Taylor-Williams [42] constructed

an outer function with some nice properties.

In [25] Korenblum proved the following lemma. For more details also see [24].

Theorem 2.3.2 (Lemma 23 in [25]). Let E ⊆ D be a closed set satisfying the

condition ∫
T

log ρ(z)|d(z)| > −∞,

where ρ(z) = dist(z, E). Then there exists an outer function Φ(z) on the unit disc D

with the following properties:

(a) Φ(z) and also Φn(z), n > 0, are infinitely differentiable functions in the closed

unit disc D.

(b) The set of zeros of Φ(z) in D coincides with the set E ∩ T.

(c) For any n > 0 we have |Φ(z)| ≤ cnρ
n(z), z ∈ T, where cn are constants.

(d) For any inner function U(z) whose zeros and singular measure are in E, the

product U(z)Φn(z) is infinitely differentiable in the closed unit disc D for any n > 0.

In particular, if E ⊆ T is a Carleson thin set, then Korenblum’s result yields an

outer function corresponding to E, denoted by fE(z), with the following properties:

(i) fE ∈ A(D) ∩ C∞(T) is outer with E = ZT(fE) = {ζ ∈ T : fE(ζ) = 0} and

E ⊂ ZT(f
(j)
E ),∀j, i.e. fE has zeros of infinite multiplicity at the points of E.
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(ii) |fE| ≤ 1 on D.

(iii) For any N > 0 |fE(z)| ≤ cNρ(z)N , z ∈ T.

In this dissertation, fE will denote this function.

2.4 Extremal Functions

Let H be a reproducing kernel Hilbert space of analytic functions on the open unit

disc D and letM be a non zero Mz-invariant subspace of H. If λ /∈ Z(M) ⊆ D, then

the extremal problem

sup{Ref(λ) : f ∈M, ‖f‖ ≤ 1}

has a unique solution φ ∈ M with the normalization φ(λ) > 0 (see [1, p. 136]),

which will be called an extremal function for M at λ. It is easy to check that if a

function φ ∈M, φ 6= 0, is extremal, then φ ∈M	 (z − λ)M.

We should note that the functions that some authors refer to as extremal functions

are only extremal functions at λ = 0, and they have the property 〈ϕ, znϕ〉 = 0 for

any n ≥ 1. So we will make the following definition for the extremal function.

Definition 2.4.1. A function ϕ ∈ H is called the extremal if ‖ϕ‖ = 1 and 〈ϕ, znϕ〉 =

0 for all n ≥ 1.

Extremal functions play an important role in the theory of invariant subspaces

of analytic functions spaces, and they were introduced by Hedenmalm [18] to study

contractive divisors on the Bergman space. Since then there have been many articles

in the literature studying extremal functions (see, e.g., [11, 35, 39, 19, 12]).

In the case of the Hardy space H2 the extremal function at λ = 0 for the non zero

invariant subspace M is the inner function satisfying M = φH2.

Let M be a non zero invariant subspace of the D2 space, λ /∈ Z(M) ⊆ D, and

PM be the orthogonal projection of D2 ontoM. Then extremal function forM at λ

is of the form

φ :=
PMkλ
‖PMkλ‖

.
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This is an elementary observation. In fact, one can directly check that the

φ =
PMkλ
‖PMkλ‖

is the unique solution of the extremal problem

sup{Ref(λ) : ‖f‖ ≤ 1, f ∈M}.

2.5 Some General Facts

In this section, we give some general known facts that we will use throughout this

dissertation. The following well-known and useful theorem will be used throughout

this dissertation without extra reference.

Theorem 2.5.1 (see [6]). Let H ⊆ Hol(Ω) be a reproducing kernel Hilbert space

of analytic functions on a region Ω ⊆ C and let {fn} ⊆ H. Then following are

equivalent:

(a) fn → f weakly

(b) (i) ‖fn‖ ≤M

(ii) fn(z)→ f(z) for all z ∈ Ω

(c) (i) ‖fn‖ ≤M

(ii) fn → f locally uniformly.

Proposition 2.5.2 (Proposition 1.3 in Chapter 9 of [9]). Let H be a separable Hilbert

space, and let B(H) be the set of bounded linear operators on H. Then the strong

operator topology (SOT) is metrizable on bounded subsets of B(H).

Remark 2.5.3. Then in particular

P := {P : P is a projection of H onto an invariant subspace of H}
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is metrizable in SOT. If {Pn} is a sequence of increasing projection, i.e. ‖Pnf‖ ≤

‖Pn+1f‖ for all f and n, then Pn → P in SOT where P is the projection onto the

span of ranPn (see Problem 120 of [17]). Similarly, if {Pn} is a sequence of decreasing

projection, i.e. ‖Pnf‖ ≥ ‖Pn+1f‖ for all f and n, then Pn → P in SOT where P is

the projection onto the intersection of ranPn.

If α = 0, D0 = H2 the Hardy space, then every Mz-invariant subspace can be

approximated by finite co-dimensional Mz-invariant subspaces. Indeed, by Beurling’s

theorem a non trivial Mz-invariant subspaceM of the Hardy space H2 is of the form

M = φH2 for some inner function φ. Then by the Caratheodory-Schur theorem (see,

e.g., [36] Theorem 5.5.1), φ can be approximated locally uniformly in the unit disc by

a sequence of finite Blaschke products Bn. Let {αni}kni=1 be the zeros of the Blaschke

product Bn. Set

Mn = BnH
2 = {f ∈ H2 : f(αni) = 0, i = 1, ..., kn}.

It is clear thatMn ∈ Lat(Mz,H
2) andMn has finite co-dimension. Then by Theorem

1.1 of [16] the projection P onto M equals P = MφM
∗
φ. Similarly, the projection Pn

ontoMn equals Pn = MBnM
∗
Bn

. It is left to show that Pn converges to P in the SOT.

Since the set

A =

{
n∑
i=1

aikλi : ai ∈ C, λi ∈ D, n ∈ N

}
,

where kλi(z) =
1

1− λiz
is the reproducing kernel for the Hardy space H2, is dense in

H2, it is enough to show that Pnkλ → Pkλ for all λ ∈ D.

A simple computation shows that M∗
φkλ = φ(λ)kλ.
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‖Pnkλ − Pkλ‖2 =
∥∥∥Bn(λ)Bnkλ − φ(λ)φkλ

∥∥∥2
=
∥∥∥Bn(λ)Bnkλ − φ(λ)Bnkλ + φ(λ)Bnkλ − φ(λ)φkλ

∥∥∥2
≤ 2

(∣∣∣Bn(λ)− φ(λ)
∣∣∣2 ‖Bnkλ‖2 +

∣∣∣φ(λ)
∣∣∣2 ‖Bnkλ − φkλ‖2

)
.

Since Bn → ϕ weakly, we have

‖Bnkλ − φkλ‖2 = 〈Bnkλ − φkλ, Bnkλ − φkλ〉

= 〈Bnkλ, Bnkλ〉 − 〈Bnkλ, φkλ〉 − 〈φkλ, Bnkλ〉+ 〈φkλ, φkλ〉

→ 0

Also note that Bn → φ locally uniformly implies that Bn → φ pointwise and

hence Bn(λ)→ φ(λ) for all λ ∈ D.

Therefore, ‖Pnkλ − Pkλ‖2 → 0.

The following lemma was proved in [40]. It explains why not all invariant

subspaces can be approximated by finite co-dimensional ones. Since its proof is short,

we will provide it here.

Lemma 2.5.4. The index 1 property is preserved under convergence, i.e. if Mn is a

sequence of invariant subspaces of Dα with index 1 and Mn →M, where M 6= (0),

then M has index 1.

Proof. We will use Lemma 3.1 of [32]. Let λ /∈ Z(M) and suppose that h ∈ Dα and

(z − λ)h ∈M. We have to show that h ∈M.

Since Mn converges to M, we can find a sequence fn ∈ Mn such that fn →

(z − λ)h as n→∞ by Lemma 4.2 of [29]. Note that fn(λ)→ 0.

Also since λ /∈ Z(M), there exists g ∈ M such that g(λ) 6= 0 and gn ∈ Mn such

that gn → g.
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Define

hn = fn −
fn(λ)

gn(λ)
gn.

We then have hn(λ) = 0, hn ∈Mn and hn → (z− λ)h as n→∞. Since indMn = 1,

there exist kn ∈ Mn such that hn = (z − λ)kn. We see that (z − λ)kn → (z − λ)h.

Mz − λ is bounded below, thus kn → h and hence h ∈M.

Theorem 2.5.5 (Frostman, see, e.g. [15]). Let φ(z) be a non constant inner function

on the unit disc. Then for all ξ ∈ D, except possibly for a set of capacity zero, the

function

φξ(z) =
φ(z)− ξ
1− ξφ(z)

is a Blaschke product. In particular, there is a sequence ξn ∈ D, ξn → 0 such that

each φξn is a Blaschke product.

Definition 2.5.6. A Banach space X contained in the Hardy space H1 is said to

have the F−property if f/I ∈ X whenever f ∈ X and I is an inner function with

f/I ∈ H1.

In [27], Korenblum and Făıvyševskĭı showed that for each α ≥ 0, Dα has the

F−property. In fact, they proved that if f ∈ Dα and U is an inner function that

divides the inner part of f , then U−1f ∈ Dα and ‖U−1f‖α ≤ ‖f‖α for α ≥ 0.

Definition 2.5.7. A subset Z of the unit disc D is called a zero set for Dα if there

exists a nonzero function f ∈ Dα that vanishes on Z and nowhere else.
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Chapter 3

Approximation of Invariant

subspaces

3.1 Approximation of Invariant subspaces for the

D2-space

The space D2 is the space of all holomorphic functions f defined on the open unit

disc D such that f
′ ∈ H2, and it has been studied by various authors (see, e.g.,

[25, 26, 24, 23, 28]). In [25] Korenblum gave a complete characterization of invariant

subspaces of (Mz,D2) by using the following equivalent norm on D2,

‖f‖22 =
∞∑
n=0

(1 + n2)|f̂(n)|2 = ‖f‖2H2 + ‖f ′‖2H2 .

For the rest of this dissertation we will use this norm.

If |λ| ≤ 1 and if

kλ(z) =
∞∑
n=0

1

1 + n2
λ
n
zn,

then one easily checks that kλ ∈ D2 and f(λ) = 〈f, kλ〉D2 holds for all f ∈ D2.
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Let E be a closed subset of the unit circle T and U(z) be an inner function such

that

(1) if {αk} are the zeros of U(z) in the unit disc, then all limit points of {αk}

belong to E,

(2) the measure defined by the singular part of U(z) is supported on E.

Let M denotes the collection of all functions in D2 whose inner part is divisible

by U(z) and which are equal to zero on E, i.e. M = UME where

ME = {f ∈ D2 : f(z) = 0,∀z ∈ E}.

ClearlyM is Mz-invariant subspace of D2. Non-triviality and closedness ofM follow

from the following remarks.

Remark 3.1.1 (Remark 1 in [25]). It follows from the result of [24] that for the non-

triviality of the invariant subspaceM it is necessary and sufficient that the condition

∫
T

log(ρ(z))|dz| > −∞

is satisfied, where ρ(z) = ρ(z, F ), F = E ∪ {αk}.

Remark 3.1.2 (Remark 2 in [25]). The closure of the invariant subspace M is a

simple corollary of the fact that the topology on D2 is stronger than the topology on

the disc algebra A(D), i.e. D2 ⊆ A(D).

The following is the main theorem of Korenblum that gives the characterization

of the Lat(Mz,D2).

Theorem 3.1.3 (Main Theorem in [25]). Let M be a nontrivial closed invariant

subspace of (Mz,D2), let SB be greatest common divisor of inner factors of the

functions f ∈M, and E =
⋂
f∈M
{z ∈ T : f(z) = 0}. We have (Z(B)∩T)∪suppµ ⊆ E,

where suppµ denotes the support of the measure defined by the singular inner function

S. Then M = SBME.
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Corollary 3.1.4 (Corollary 1 in [25]). Each closed invariant subspace of (Mz,D2) is

principal, i.e. generated by a single function.

We start with few lemmas that we need in order to prove the main theorem.

Lemma 3.1.5. Let E be a closed subset of the unit circle T and u be an inner function

such that the zeros of u accumulate in E and the support of the measure defined by

the singular part of u is in E. Then, whenever uλ = u−λ
1−λu is a Blaschke product, the

zeros of uλ accumulate in E.

Proof. Let T \ E =
⋃
n

In where In are disjoint open intervals. First note that u

has analytic extension across each arc In (see, e.g., [21]). Fix λ ∈ D. Then 1 −

λu(z) 6= 0, ∀z ∈ D ∪ (
⋃
n

In). Hence uλ(z) has analytic extension across each In, i.e.

uλ(z) ∈ Hol(G \ E) where D ⊆ G. If a subsequence of the zeros of uλ converges to a

point in T \ E, say αn → eiθ, then uλ(αn) = 0 implies that u(αn) = λ.

So the function g(z) = u(z)−λ has zeros at αn that converges to a point on G\E.

Hence g ≡ 0. Thus u(z) ≡ λ, constant function. However, this contradicts the fact

that u can not be a constant function of modulus |λ| < 1.

Lemma 3.1.6. Let u be an inner function and uf ∈ D2. Then f ∈ D2, uλf ∈ D2

and ‖(u− uλ)f‖2 → 0 as |λ| → 0 where uλ = u−λ
1−λu , λ ∈ D.

Proof. Let g := uf ∈ D2. Then since D2 has F−property, we have f ∈ D2.

Also

‖uλf‖22 = ‖uλf‖2H2 + ‖(uλf)′‖2H2 = ‖f‖2H2 + ‖u′λf + uλf
′‖2H2

≤‖f‖2H2 + 2
(
‖u′λf‖

2
H2 + ‖uλf ′‖2H2

)

23



Since f ∈ D2, it is enough to show that ‖u′λf‖H2 < ∞. Note that u′λ = (1−|λ|2)u′
(1−λu)2 .

Hence

‖u′λf‖
2
H2 =

1

2π

∫ 2π

0

|u′λ(eiθ)f(eiθ)|2dθ =
1

2π

∫ 2π

0

∣∣∣∣(1− |λ|2)u′(eiθ)(1− λu(eiθ))2
f(eiθ)

∣∣∣∣2dθ
≤(1− |λ|2)2

(1− |λ|)4
1

2π

∫ 2π

0

|u′(eiθ)f(eiθ)|2dθ <∞

since f, uf ∈ D2 implies that ‖u′f‖2H2 <∞. Therefore uλf ∈ D2.

Now we will show that ‖(u− uλ)f‖2 → 0 as |λ| → 0. By definition of norm we

have

‖(u− uλ)f‖22 = ‖(u− uλ)f‖2H2 + ‖((u− uλ)f)′‖2H2

≤‖(u− uλ)f‖2H2 + 2
(
‖(u− uλ)′f‖2H2 + ‖(u− uλ)f ′‖2H2

)
.

It is clear that ‖(u− uλ)f‖2H2 −→ 0 and ‖(u− uλ)f ′‖2H2 → 0 as |λ| → 0 by the

Dominated convergence theorem.

Furthermore, since uλ → u uniformly, we have u′λ → u′ locally uniformly. A

simple algebra shows that

u′ − u′λ =

(
|λ|2 − 2λu+ (λu)2

)
u′

(1− λu)2
.

So

|u′ − u′λ| ≤
2|λ|(|λ|+ 1)

(1− |λ|)2
|u′|

and hence

‖(u− uλ)′f‖2H2 ≤
4|λ|2

(
|λ|+ 1

)2
(1− |λ|)4

‖u′f‖2H2 −→ 0, as |λ| → 0

since ‖u′f‖2H2 <∞.
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Lemma 3.1.7. Let H ⊂ Hol(D) be a reproducing kernel Hilbert space and Mn and

M be closed subspaces of H. Let Pn and P be orthogonal projections onto Mn and

M, respectively. If Pnkλ → Pkλ weakly ∀λ ∈ D \ E, where E ⊆ D is discrete, then

Pn → P in SOT on H, where kλ ∈ H is the reproducing kernel at λ ∈ D.

Proof. First we will make the following observation: Pnkλ → Pkλ weakly ∀λ ∈ D \E

implies that Pnkλ → Pkλ in H, ∀λ ∈ D \ E.

‖Pnkλ − Pkλ‖2 = 〈Pnkλ, Pnkλ〉 − 〈Pnkλ, Pkλ〉 − 〈Pkλ, Pnkλ〉+ 〈Pkλ Pkλ〉

→ 〈Pkλ, kλ〉 − 〈Pkλ, Pkλ〉 − 〈Pkλ, Pkλ〉+ 〈Pkλ Pkλ〉 = 0.

Let ε > 0 and take f ∈ H. Define the set

A =

{
n∑
i=1

aikλi : ai ∈ C, λi ∈ D \ E

}
.

Note that A is dense in H. In fact, if f is perpendicular to A, then f(λ) = 〈f, kλ〉 = 0

for all λ ∈ D \ E, so that f is identically equal to the zero function.

Now choose g ∈ A such that ‖f − g‖ < ε

3
and ‖Png − Pg‖ <

ε

3
. Then

‖Pnf − Pf‖ = ‖Pnf − Png + Png − Pg + Pg − Pf‖

≤ ‖Pn(f − g)‖+ ‖Png − Pg‖+ ‖P (g − f)‖

≤ 2 ‖f − g‖+ ‖Png − Pg‖ < ε.

Lemma 3.1.8. Let F = {z1, z2, ..., zn} be a subset of T, B(z) be a finite Blaschke

product with the zeros {αi}ni=1 ⊆ D, and M = BMF ∈ (Mz,D2). Then M has finite

co-dimension.

Proof. For simplicity we will assume that {αi}ni=1 are distinct zeros of the Blaschke

product B(z). A minor modification of the following argument would cover the
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general case. We will prove that M⊥ =
∨
{kαi}ni=1 ∪ {kzi}ni=1, where kαi and kzi

are the reproducing kernel at αi and zi,respectively.

Let

N :=
∨
{kαi}ni=1 ∪ {kzi}ni=1 = {

n∑
i=1

λikαi +
n∑
i=1

βikzi : λi, βi ∈ C},

and let g(z) =
∑n

i=1 λikαi(z)+
∑n

i=1 βikzi(z) ∈ N and f ∈M. Then f(z) = B(z)h(z),

where h(z) = 0 on F .

Hence

〈f, g〉 =
n∑
i=1

λiBn(αi)h(αi) +
n∑
i=0

βiBn(zi)h(zi) = 0.

So g ∈M⊥, which implies that N ⊂M⊥. Taking the orthogonal complement of this

yields M⊂ N⊥.

If f ∈ N⊥, then f(αi) = 0, ∀i = 1, ..., n. Set g(z) = f(z)
B(z)

where B is the finite

Blaschke product with zeros {αi}ni=1. Then by the F -property g ∈ D2. So f = Bg.

Since f ∈ N⊥ we must also have f(zi) = 0. Since B(zi) 6= 0, we must have g(zi) =

0, ∀i. Thus f ∈M. Therefore N⊥ ⊂M implies that M⊥ = N .

We are now ready to prove our main theorem.

Theorem 3.1.9. LetM∈ Lat(Mz,D2) be a nontrivial (closed) subspace. Then there

exists a sequence Mn ∈ Lat(Mz,D2), with dimM⊥
n < ∞, such that PMn → PM in

the strong operator topology (SOT), where PMn and PM are orthogonal projections

onto Mn and M, respectively.

Proof. We use the description of the invariant subspaces obtained by Korenblum.

First, we will consider the invariant subspaces of the typeM = BME, where E ⊂ T

is a Carleson thin set and B is infinite Blaschke product with zeros {αi}∞i=1 in D that
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converges to points in E, i.e.

B(z) =
∞∏
i=1

αi
|αi|

αi − z
1− αiz

.

Let {En} be an increasing sequence of finite sets in E such that
⋃
n

En is dense in

E. Set Mn := BnMEn , where MEn = {f ∈ D2 : f(z) = 0,∀z ∈ En} and Bn is a

finite Blaschke product with the zeros {αi}ni=1 in D, i.e.

Bn(z) =
n∏
i=1

αi
|αi|

αi − z
1− αiz

.

It follows from Remark 3.1.2 that Mn is closed for each n. Clearly we have Mn ∈

Lat(Mz,D2). Also one can easily see that Mn ⊇ Mn+1, since En ⊆ En+1. It is also

easy to see that ME =
⋂
n

MEn .

We claim that M =
⋂
n

Mn. If f ∈ M, then f ∈ Mn, ∀n, so f ∈
⋂
n

Mn.

Conversely, if f ∈
⋂
n

Mn, then f(z) = 0, ∀z ∈
⋃
n

En which is dense in E, so f(z) = 0 on

E. Also f ∈
⋂
n

Mn implies f = Bngn for all n where gn ∈MEn . By the F -property, we

also have that ‖f‖2 ≥ ‖gn‖2. Since Bn → B weakly, we have gn → f
B

=: g pointwise,

hence weakly in D2. Fix N ∈ N. Then ∀n ≥ N we have that gn ∈MEN . SinceMEN

is closed, we have g ∈MEN . Hence g ∈
⋂
MEN =ME. Thus f = Bg ∈ BME =M.

That proves our claim.

Let PMn and PM be orthogonal projections ontoMn andM, respectively. Then

PMn → PM in the SOT follows from Remark 2.5.2. By Lemma 3.1.8, we have

dimMn
⊥ <∞, and this finishes the proof of the first case.

Second, we will consider the general case, i.e. the invariant subspaces of the type

M = UME where U is inner function, E is Carleson thin set and ME is as before.

Set Mλ = UλME, where Uλ = U−λ
1−λU is Blaschke product with simple zeros for

almost all λ ∈ D by the Frostman’s theorem. Then by Lemma 3.1.5, we know that

zeros of Uλ accumulate only in E.
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Let Pλ be orthogonal projection onto Mλ and P be orthogonal projection onto

M. Then using Proposition 2.5.2, it will be enough to show that Pλ → P in the

SOT as |λ| → 0. By Lemma 3.1.7, it suffices to show that Pλkz → Pkz weakly

∀z ∈ D \ Z(M) as |λ| → 0.

Fix z ∈ D such that z /∈ Z(M). So z ∈ D is not a zero of the inner function U.

Then extremal function for M at z is of the form

φ :=
Pkz
‖Pkz‖

= UF ∈M

where F ∈ ME. Then UλF ∈ Mλ and ‖UλF‖2 → ‖UF‖2 , as |λ| → 0 by Lemma

3.1.6.

Set Sλ = Uλ
‖UλF‖2

for λ ∈ D\{0}. Then ‖SλF‖2 = 1, SλF ∈Mλ and Sλ(z)→ U(z)

pointwise as |λ| → 0, (SλF → UF pointwise as |λ| → 0).

Claim: For |λ| < |U(z)| we have ‖Pλkz‖2 6= 0.

Proof: If ‖Pλkz‖2 = 0, then ∀f ∈Mλ we have

|f(z)| = |〈f, kz〉| = |〈Pλf, kz〉| = |〈f, Pλkz〉| ≤ ‖f‖2 ‖Pλkz‖2 = 0.

This implies that f(z) = 0. Hence Uλ(z) = 0 since z ∈ D is fixed. Therefore U(z) = λ,

which contradicts the hypothesis.

For |λ| < |U(z)|, let Gλ ∈ME be the function such that

φλ :=
Pλkz
‖Pλkz‖2

= UλGλ

is the extremal function forMλ. We will show that φλ → φ locally uniformly in D as

|λ| → 0.

We have, 1 = ‖φλ‖2 = ‖UλGλ‖2 ≥ ‖Gλ‖2 where the inequality follows from the

F -property.
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So, it suffices to prove that if G is any weak limit of Gλ as |λ| → 0, then F = G.

Since Gλ is norm bounded, it has a weakly convergent subsequence. Thus let G ∈ME

be such that ∃|λn| → 0 with Gλn → G locally uniformly in D. The extremality of

φλn = UλnGλn in Mλn and SλnF ∈Mλn implies that

|Uλn(z)Gλn(z)| ≥ |Sλn(z)F (z)| = |Uλn(z)F (z)|
‖UλnF‖2

.

Since |Uλn(z)| 6= 0, we have |Gλn(z)| ≥ |F (z)|
‖UλnF‖2

for each n. Hence |G(z)| ≥ |F (z)|.

We also have Uλn(w)Gλn(w) → U(w)G(w) for w ∈ D and hence UλnGλn → UG

weakly in D2. Thus ‖UG‖2 ≤ 1 and UG ∈ M. The extremality of φ = UF in M

implies that |U(z)F (z)| ≥ |U(z)G(z)|, hence |F (z)| ≥ |G(z)|. The uniqueness of

extremal function φ = UF implies that there is a |c| = 1 such that UF = cUG.

From the extremal condition we have U(z)F (z) > 0 and Uλn(z)Gλn(z) > 0. Taking

n→∞, we conclude that U(z)G(z) > 0. Therefore, F = G.

Remark 3.1.10. We should note that an analog of Theorem 3.1.9 holds for D2n,

n > 1, spaces as well. In this remark, we give a brief outline of the proof for the case

of D4 by using Korenblum’s description, Theorem 2.2.1.

The proof of an analog of Theorem 3.1.9 for D4 goes as follows: Let M ⊆ D4

be a nontrivial invariant subspace. We will first assume that M contains an outer

function. Then by the result of Korenblum’s description, M = I(K0, K1), where

K0, K1 and I(K0, K1) are as in Theorem 2.2.1. Let {En
0 } and {En

1 } be an increasing

sequence of finite sets in K0 and K1, respectively, such that
⋃
n

En
0 is dense in E0,⋃

n

En
1 is dense in E1, and En

0 ⊇ En
1 for all n = 1, 2, .... Then set

Mn = I(En
0 , E

n
1 ) = {f ∈ D4 : f = 0 on En

0 and f ′ = 0 on En
1 } .

It is clear that ∅ 6= In ∈ Lat(Mz,D4). Since En
0 , E

n
1 are increasing,Mn is a decreasing

sequence of invariant subspaces. Also as in the proof of Theorem 3.1.9 one shows
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that M =
⋂
n

Mn. In order to conclude the proof, it is enough to show that Mn has

finite co-dimension. This can be done by an argument similar to Lemma 3.1.8. The

general case when M = UI(K0, K1), where U is an inner function, can be done in a

way similar to what was done in the proof of Theorem 3.1.9.

As mentioned before, for α = 1, i.e. for the Dirichlet space there is no analogue

of ME for finite subset E ⊂ T. In the next theorem, we approximate ME ⊆ D2

by zero-based invariant subspace I(Z) for some Z ⊆ D instead of approximating by

using points on the unit circle.

Theorem 3.1.11. Let ∅ 6= E ⊂ T be a Carleson thin set and ME = {f ∈ D2 :

f(z) = 0, ∀z ∈ E} be the nontrivial invariant subspace of (Mz,D2). Then there

exists In ∈ Lat(Mz,D2), with dim I⊥n < ∞, such that Pn → P in SOT where Pn and

P are orthogonal projections onto In and ME,respectively.

Proof. Let En = {z1, ..., zn} ⊆ E be such that En ⊆ En+1 and
∞⋃
n=1

En ⊆ E be dense.

For r < 1 define rEn := {rz1, ..., rzn} and set

I(rEn) = {f ∈ D2 : f(rzi) = 0 ∀i = 1, ..., n}.

It is clear that I(rEn) is closed.

Now, choose an increasing sequence rn < 1 such that
∑∞

n=1 n(1 − rn) < ∞ and

consider the Blaschke product

B(z) =
∞∏
n=1

wn
|wn|

wn − z
1− wnz

where {wn}∞n=1 =
∞⋃
n=1

rnEn = {r1z1, r2z1, r2z2, r3z1, r3z2, r3z3, ...}.

Set f(z) = B(z)fE(z), where fE(z) is Korenblum’s function for the Carleson thin

set E (see Section 2.3). First, we claim that f ∈ D2 and f ∈
∞⋂
n=1

I(rnEn).

30



By definition of the D2 norm we have that

‖f‖22 = ‖f‖2H2 + ‖f ′‖2H2 = ‖BfE‖2H2 + ‖B′fE +Bf ′E‖
2
H2 .

Note that the first norm is obviously finite by property (ii) of the Korenblum function

fE. Also, |f ′EB| = |f ′E| on T and the propert (i) implies that f ′E is bounded on D.

Thus f ′EB ∈ H2. Therefore, in order to show that f ∈ D2, it suffices to prove that

fEB
′ ∈ H2. Taking the logarithmic derivative of B, we obtain

B′(z)

B(z)
=
∞∑
n=1

1− |wn|2

(z − wn)(1− wnz)
.

This implies that

|B′(z)| ≤
∞∑
n=1

2(1− |wn|)
|z − wn||1− wn|

.

Note that for |z| = 1 we have |1− wnz| = |wn − z|. Hence

|B′(z)| ≤
∞∑
n=1

2(1− rn)

|z − wn|2
≤ C

d(z)2

for z ∈ T \ E where d(z) = min
{wn}
|z − wn| and C is a constant.

Thus,

|fEB′| ≤
CcNρ(z)N

d(z)2
≤ C1

on T \ E by the property (iii) of fE for some constant C1. Therefore fEB
′ ∈ H2.

Furthermore, by construction of f , it is clear that f ∈
∞⋂
n=1

I(rnEn).

Let Zk :=
∞⋃
n=k

rnEn and I(Zk) := {f ∈ D2 : f(z) = 0 for all z ∈ Zk}. Then one

can easily show that I(Zk) =
∞⋂
n=k

I(rnEn).

Next, we want to show that

∞∨
k=1

I(Zk) =ME (3.1)

31



Claim1: For all k, I(Zk) ⊂ME.

Proof: Let z ∈
∞⋃
n=1

En. Then there exists N such that ∀n ≥ N, z ∈ En. Hence

∀f ∈ I(Zk), f(rnz) = 0 ∀n ≥ N. Thus f(z) = 0 as rn → 1. Since
∞⋃
n=1

En is dense in

E, we get f(z) = 0 ∀z ∈ E. Therefore f ∈ME.

Claim2: [fE] =ME in D2.

Proof: Since fE = 0 on E, we have fE ∈ ME, so [fE] ⊂ ME. Also, by

Korenbljum’s theorem we have [fE] = GMK where G is the greatest common divisor

of the inner parts of the functions g ∈ [fE] and K =
⋂

g∈[fE ]
{z ∈ T : g(z) = 0}. Note

that here MK = {g ∈ D2 : g(z) = 0,∀z ∈ K}. Since fE is outer and fE = 0 on E,

we must have G ≡ 1 and K ⊆ E. If there exists z◦ ∈ E \K, then ∀g ∈MK we have

g(z◦) 6= 0 which contradicts the fact that fE ∈ MK and fE(z◦) = 0. Thus K = E

and hence ME = [fE].

We can now prove (3.1). By claim 1, we have
∞∨
k=1

I(Zk) ⊂ME. For the converse,

by claim 2 it is enough to show that fE ∈
∞∨
k=1

I(Zk).

Note that I(Zk) ⊆ I(Zk+1) since Zk ⊇ Zk+1. Let Bk be the Blaschke product

corresponding to the set Zk. Set fk = BkfE ∈ I(Zk).

Since Bk → 1 point-wise and ‖fk‖2 ≤ M for some constant M since f = BfE ∈

D2, we have fk → fE weakly. Therefore we have (3.1).

So,

ME =
∞∨
k=1

I(Zk)

which implies that M⊥
E =

∞⋂
k=1

I(Zk)
⊥ and I(Zk) ⊆ Z(Ik+1) implies that I(Zk)

⊥ ⊇

I(Zk+1)
⊥.

Let P and Pk be the orthogonal projections onto ME and I(Zk), respectively.

Then as before it follows that I − Pk → I − P in SOT. Hence Pk → P in SOT.
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We shall now establish the sequence of invariant subspaces In with finite co-

dimension such that In converges to ME. Recall that Zk =
∞⋃
n=k

rnEn.

For each k, let Bn,k = {w1, ..., wn} ⊆ Zk be such that Bn,k ⊆ Bn+1,k and
∞⋃
n=1

Bn,k =

Zk. Let In := I(Bn,k) be the zero based invariant subspaces on Bn,k, i.e., I(Bn,k) =

{f ∈ D2 : f(wi) = 0,∀i = 1, ..., n}. Then it is easy to see that I(Bn,k) ⊇ I(Bn+1,k) and

I(Zk) =
∞⋂
n=1

I(Bn,k). Let Pn,k be the orthogonal projection onto I(Bn,k). Then for each

k, Pn,k → Pk in SOT as n→∞. By Proposition 2.5.2, we can choose a subsequence

Pnk,k such that Pnk,k → P in SOT. Each In = I(Bn,k) has finite co-dimension follows

from Lemma 3.1.8 and that concludes the proof.

3.2 An approximation result for the Dirichlet space

The Dirichlet space D is the space of all anayltic functions f(z) =
∑∞

n=0 f̂(n)zn on

the open unit disc D which have a finite Dirichlet integral

D(f) =

∫∫
D
|f ′(z)|2dA(z),

where dA(z) = 1
π
rdrdt denotes normalized area measure on D.

By Parseval’s formula one can compute that

D(f) =
∞∑
n=1

n|f̂(n)|2.

Then the norm on D becomes

‖f‖2D =
∞∑
n=0

(n+ 1)|f̂(n)|2 = ‖f‖2H2 +D(f).
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Theorem 3.2.1 (see [7]). Let f ∈ H2 and let B be a Blaschke product with zeros

{zn}. Then

D(Bf) = D(f) +
∑
n

1

2π

∫
T

1− |zn|2

|ξ − zn|2
|f ∗(ξ)||dξ|.

We do not know all of the Mz-invariant subspaces of the Dirichlet space, but we

can consider

DE := {f ∈ D : f ∗ = 0 q.e. on E}

for an arbitrary subset E of T. Note that DE = D if E has zero logarithmic capacity

and DE = (0) if E has positive measure. Here f ∗ denotes the radial limit of f and

it is known that radial limit exists q.e. (see Theorem 4.1.1). A property is said to

hold quasi-everywhere (q.e.) on T if it holds everywhere on T except a subset of

logarithmic capacity zero (see [14]).

Theorem 3.2.2 (see [6] or Theorem 9.2.3 in [14]). For every subset E ⊂ T, we have

DE ∈ Lat(Mz,D).

Now we can prove our partial approximation result for DE. First we will prove

the following lemma which provides the sequence of zero sets.

Lemma 3.2.3. Let E ⊂ T be a compact set with Lebesgue measure |E| = 0. Then

there exists A ⊂ D a Blaschke sequence such that every point of E is a non-tangential

limit point from A.

Proof. Let T \ E =
∞⋃
n=1

In where In disjoint open arcs for each n. By reordering we

may assume |In| ≥ |In+1| for each n. Furthermore, we will assume 1 > |In| for each

n. Of course the length of complementary subintervals In depends on the set E.

By this further assumption perhaps we add some finitely many points to the set E

but after constructing the Blaschke sequence with required property we can take out

those extra points from the Blaschke sequence and E.

Let zn be the point on the ray from origin to the midpoint of In such that the

triangular shape made by endpoints of In and zn has angular measure 120◦ at zn, and

denote this triangular shape by Tn.
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Note that we have
∞∑
n=1

|In| = 2π and lim
r→1−

∣∣{|z| = r} ∩ Tn
∣∣ = |In| whenever n is

fixed.

For k ∈ N let nk ∈ N be such that εk :=
∑
n≥nk
|In| ≤ 2−k. Choose rk < 1 such that

(i) |rkT ∩ Tj| ≥ (1− 2−k)|Ij| for all 1 ≤ j ≤ nk,

(ii) (1− rk)nk ≤ 2−k,

(iii) 2π
1−rk
∈ N.

Put 2π
1−rk

equally spaced points on rkT for each k, and call the set of these points

Zk. For each j, 1 ≤ j ≤ nk, let Pj be the set of points that lie in rkT ∩ Tj and let

Pk :=
nk⋃
j=1

Pj. Of course for each j, the exact number of points of Pj will depend on

how the points are located with respect to the arc Ij, but this number will be within

1 of 2π
1−rk

|rkT∩Tj |
2πrk

. Now delete the points in Pk and let A be the set of the remaining

points, i.e. A =
⋃
k

(Zk \ Pk).

If n(Pk) denotes the number of the points in Pk, then we have

nk∑
j=1

⌈
2π

1− rk
|rkT ∩ Tj|

2πrk

⌉
+ nk ≥ n(Pk) ≥

nk∑
j=1

⌈
2π

1− rk
|rkT ∩ Tj|

2πrk

⌉
− nk,

where dxe = min{n ∈ Z : n ≥ x}.

Observe that

nk∑
j=1

⌈
2π

1− rk
|rkT ∩ Tj|

2πrk

⌉
− nk ≥

nk∑
j=1

2π

1− rk
|rkT ∩ Tj|

2π
− nk ≥

1− 2−k

1− rk

nk∑
j=1

|Ij| − nk.
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Hence,

∞∑
k=1

(1− rk)
(

2π

1− rk
−

nk∑
j=1

⌈
2π

1− rk
|rkT ∩ Tj|

2πrk

⌉
+ nk

)

≤
∞∑
k=1

(1− rk)
(

2π

1− rk
− (1− 2−k)

1− rk

nk∑
j=1

|Ij|+ nk

)

=
∞∑
k=1

(
2π − (1− 2−k)(2π − εk) + (1− rk)nk

)
=
∞∑
k=1

(
(1− 2−k)εk + 2−k2π + (1− rk)nk

)
≤
∞∑
k=1

(
(1− 2−k)2−k + 2−k2π + 2−k

)
<∞.

Therefore A is a Blaschke sequence.

After removing possible added points from E, notice that at each w ∈ E we have

a cone with vertex at w. This cone may not be symmetric with respect to radii

but it will be contained in a non-tangential approach region. By construction we

have a subsequence of A that is contained in the non-tangential approach region and

converges to the point w ∈ E.

Theorem 3.2.4. Let E ⊂ T be a Carleson thin set with positive capacity and let fE

be the corresponding outer function constructed by Korenblum that is zero on E, and

smooth elsewhere. Then there exists a decreasing sequence of zero sets Zk ⊆ D such

that

DE ⊇ spankI(Zk) ⊇ [fE].

Proof. It follows from Theorem 3.2.2 that DE is a closed invariant subspace of the

Dirichlet space D, and it is nontrivial since fE ∈ DE. By Lemma 3.2.3 there exists

A ⊂ D a Blaschke sequence such that every point of E is a non-tangential limit point

from A. Let A = {wk}∞k=1 ⊆ D, and B be the corresponding Blaschke sequence.
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For each k ≥ 2, let Zk = A \ {w1, ..., wk−1} with Z1 = A and consider the

sequence of zero-based invariant subspaces I(Zk). Set f(z) := B(z)fE(z). Then f is

in the Dirichlet space D and f ∈
∞⋂
k=1

I(Zk). We can show this by using the Dirichlet

integral formula given by Theorem 3.2.1. Indeed,

D(f) =D(BfE) = D(fE) +
∞∑
k=1

1

2π

∫
T

1− |wk|2

|ξ − wk|2
|fE(ξ)|2|dξ|

=D(fE) +
∞∑
k=1

(1− |wk|2)
1

2π

∫
T

1

|ξ − wk|2
|fE(ξ)|2|dξ|

=D(fE) +
∞∑
k=1

(1− |wk|2)
1

2π

(∫
T\E

1

|ξ − wk|2
|fE(ξ)|2|dξ|

+

∫
E

1

|ξ − wk|2
|fE(ξ)|2|dξ|

)

=D(fE) +
∞∑
k=1

(1− |wk|2)
1

2π

∑
n

∫
In

1

|ξ − wk|2
|fE(ξ)|2|dξ|

where T \ E =
⋃
n

In.

Let ξ = eit ∈ In. Then dist(eit, E) ≈ dist(eit, ∂Tn \ In) ≤ |eit − wk|. Also, from

property (iii) of the Korenblum’ function fE, we have |fE(eit)|2 ≤ c2(dist(eit, E))2.

Putting all of this together yields

D(f) ≤ D(fE) + C
∞∑
k=1

(1− |wn|2) <∞.

In order to prove that DE ⊇ spankI(Zk) , it suffices to show that for each k,

I(Zk) ⊂ DE. Let g ∈ I(Zk). Since the non-tangential limits of g exist q.e. there is

a subset F ⊆ T of logarithmic capacity zero such that nt− lim
z→w

g(z) = g(w) exists

∀w ∈ T \F. Let w ∈ E \F. Then ∃{wkn} ⊆ A such that w = nt− lim
n→∞

wkn by Lemma

4.1. Then g(wkn) = 0, ∀kn ≥ k. This implies that g(w) = 0 as n → ∞. Hence

g ∈ DE.
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To finish the proof, we must show that fE ∈ spankI(Zk). Let

fk(z) =
f(z)

k∏
n=1

wn
|wn|

wn−z
1−wnz

=
B(z)fE(z)
k∏

n=1

wn
|wn|

wn−z
1−wnz

=

( ∞∏
n=k+1

wn
|wn|

wn − z
1− wnz

)
fE(z) ∈ I(Zk).

Since fk → fE pointwise and fk is norm bounded in the Dirichlet space (by

F -property), we have fk → fE weakly. So fE ∈ spankI(Zk), which implies that

[fE]D ⊂ spankI(Zk).

38



Chapter 4

Tangential Limits of Extremal

Functions in the Dirichlet Space

4.1 Motivation

Given a holomorphic function f on the unit disc, f ∈ Hol(D), and eiθ ∈ T, we define

f ∗(eiθ) := lim
r→1−

f(reiθ),

whenever this radial limit exists. If f ∈ H2, the Hardy space, then it is well known

that the radial limit f ∗ exists a.e. on the unit circle T, and that the limit exists in a

non-tangential approach region about eiθ a.e. on the unit circle T. Since the Dirichlet

space D is contained in the Hardy space H2, the same is true for functions in the

Dirichlet space. In fact much more is true for the functions in the Dirichlet space.

Theorem 4.1.1 (Beurling, Theorem 3.2.1 in [14]). Let f ∈ D. Then there exists

E ⊂ T with c∗(E) = 0 such that, if eiθ ∈ T \ E, then f ∗(eiθ) := limr→1− f(reiθ)

exists, and f(z) → f ∗(eiθ) as z → eiθ inside each non-tangential approach region{
z ∈ D : |z − eiθ| < c(1− |z|)

}
.
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Note that c(E) denotes the logarithmic capacity of E ⊂ T, and that c∗(E) is the

corresponding outer capacity. Recall that a property is said to hold quasi-everywhere

(q.e.) on the unit circle T, if it holds everywhere except on a subset of zero logarithmic

capacity. Hence Beurling’s theorem says that each function in the Dirichlet space has

non-tangential limit quasi-everywhere on the unit circle T.

In [14], it was proved that the Dirichlet functions have limit a.e. for certain higher

order polynomially tangential and exponentially tangential approach regions.

Theorem 4.1.2 (see [30] or Theorem 3.5.1 in [14] ). Let f ∈ D. Then, for a.e.

eiθ ∈ T, we have f(z)→ f ∗(eiθ) as z → eiθ in each region

|z − eiθ| < c

(
log

1

1− |z|

)−1
, c > 0.

Before stating further results, we define polynomially tangential approach regions

as follows.

Definition 4.1.3. Let c > 0, α ≥ 1 and eiθ ∈ T. The tangential approach region of

order α, denoted by Γαc (eiθ), at eiθ ∈ T is defined as

Γαc (eiθ) = {z ∈ D : |z − eiθ|α ≤ c(1− |z|)}.

Note that if α = 1 and c > 1, then the region Γc(e
iθ) is simply a non-tangential

approach region (Stolz angle)

Γc(e
iθ) = {z ∈ D : |z − eiθ| ≤ c(1− |z|)}.

If c > 0, then a simple computation shows that

Γ2
c(e

iθ) = {z ∈ D : |z − eiθ|2 ≤ c(1− |z|2)}

40



is a closed disc internally tangent to the unit circle T at eiθ with center
eiθ

c+ 1
and

radius
c

c+ 1
. This region is also called an oricylic approach region. If α > 1, then

Γαc (eiθ) is a region contained in the unit disc D which touches unit circle T at eiθ

tangentially. As α increases, the degree of tangency also increases.

If w = reit ∈ Γαc (eiθ), then one can easily compute that

(1− r)2 + 4r
(

sin(
t− θ

2
)
)2
≤ (c(1− r))2/α. (4.1)

The following Theorem of Twomey strengthens Beurling’s result Theorem 4.1.1.

Theorem 4.1.4 (Theorem 5 in [44]). Let f ∈ D and α > 1. Then there exists E ⊆ T

with c∗(E) = 0 such that, if eiθ ∈ T \ E, then f(z) → f ∗(eiθ) as z → eiθ inside each

tangential approach region Γαc (eiθ).

In [35], S. Richter and C. Sundberg proved the following theorem.

Theorem 4.1.5 (Theorem 5.1 in [35]). Let M ∈ Lat(Mz,D) and ϕ ∈ M 	 zM.

Then

(a) |ϕ(λ)| ≤ ‖ϕ‖D ,∀λ ∈ D

(b) ψ(eit) = limr→1 |ϕ(reit)| exists for every eit ∈ T

(c) ψ is upper semicontinuous on T and

lim
λ→eit

sup
λ∈D
|ϕ(λ)| = ψ(eit),∀eit ∈ T,

(d) the radial zero set of ϕ, Z(ϕ), equals
{
z ∈ D : lim supλ→z |ϕ(λ)| = 0

}
and it

is a Gδ set.

Part (b) of above theorem says that the radial limit of |ϕ|, where ϕ is the extremal

function in the Dirichlet space, exists for every point eit ∈ T. In this chapter, we will

extend this result and prove that limit exists in the tangential approach regions Γαc (eiθ)

for every point eiθ ∈ T.
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4.2 Tangential Limits of Extremal functions

Let ϕ be the extremal function in the Dirichlet space D, i.e. ‖ϕ‖ = 1 and znϕ ⊥ ϕ

for all n > 0. Then by formula (5.1) in [35], we have the following equation for

w = reit ∈ D,

r =

∫ r

0

(∫
T
Pseit(z)Dz(ϕ)

|dz|
2π

)
ds+ r

∫
T
Pw(z)|ϕ(z)|2 |dz|

2π
. (4.2)

Note that here Pw is the Poisson kernel

Pw(z) =
1− |w|2

|z − w|2
=

1

1− wz̄
+

1

1− wz
− 1 =

∞∑
k=0

wkz̄k +
∞∑
k=0

wkzk − 1, |z| = 1,

and Dz(ϕ) is the local Dirichlet integral of ϕ at z

Dz(ϕ) =

∫
T

∣∣∣∣ϕ(ξ)− ϕ(z)

ξ − z

∣∣∣∣2 |dξ|2π
.

The first integral on the right-hand side of (4.2) is positive and increasing in r,

hence its limit exists for each eit and its limit is less than or equal to 1.

By an application of Hölder’s inequality to the Poisson integral representation of

ϕ or Theorem 2.12 of [13], we have

|ϕ(w)|2 ≤
∫
T
Pw(z)|ϕ(z)|2 |dz|

2π
≤ 1

where the second inequality follows from the equation (4.2) and hence

lim
|w|→1

∫
T
Pw(z)|ϕ(z)|2 |dz|

2π

exists for every eit ∈ T.

Since the Dirichlet space is contained in VMOA (see [41]), the radial limit

|ϕ(eit)|2 := lim
|w|→1

|ϕ(w)|2 = lim
|w|→1

∫
T
Pw(z)|ϕ(z)|2 |dz|

2π
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exists for each eit ∈ T and is less than or equal 1 as well. Then by equation (4.2), we

have

|ϕ(eit)|2 = 1−
∫
T

(∫ 1

0

Pseit(z)ds

)
Dz(ϕ)

|dz|
2π

. (4.3)

Also, dividing the equation (4.2) by r, we get

∫
T
Pw(z)|ϕ(z)|2 |dz|

2π
= 1−

∫
T

(
1

r

∫ r

0

Pseit(z)ds

)
Dz(ϕ)

|dz|
2π

. (4.4)

By a direct computation we obtain

1

r

∫ r

0

Pseit(z)ds = 2Rekw(z)− 1, (4.5)

where kw(z) =
1

wz
log

1

1− wz
is the reproducing kernel for the Dirichlet space D.

Therefore, (4.4) is equal to

∫
T
Pw(z)|ϕ(z)|2 |dz|

2π
= 1−

∫
T

(
2Rekw(z)− 1

)
Dz(ϕ)

|dz|
2π

. (4.6)

Proposition 4.2.1. Let ϕ be an extremal function in the Dirichlet space D. Then

sup
06=w∈D

∫
|z|=1

1

|w|

∣∣∣∣log

(
1

1− wz

)∣∣∣∣Dz(ϕ)
|dz|
2π

<∞.

Proof. Let w ∈ D \ {0} and z ∈ T be such that wz = reiθ. Since the reproducing

kernel kw(z) is small for small w, we will assume that |w| ≥ 1

2
. Observe that

Rekw(z) =
cos(θ)

|r|
log

1

|1− reiθ|
+

sin(θ)

|r|
Arg

(
1

1− reiθ

)
.

Set

S =

{
z ∈ T : wz = reiθ,

∣∣∣θ − π

2

∣∣∣ < π

4
or

∣∣∣∣θ − 3π

2

∣∣∣∣ < π

4

}
.
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Now, on the set T\S, it is easy to see |kw(z)| is comparable with the real part of the

reproducing kernel kw(z), i.e. |kw(z)| ≈ Rekw(z). On the set S, since |1− reiθ| ≥ 1

2
,

it follows that |kw(z)| ≤ C, where C is a constant.

Notice that from equation (4.6) we have

∫
T

(
2Rekw(z)− 1

)
Dz(ϕ)

|dz|
2π
≤ 1,

which implies that ∫
T

Rekw(z)Dz(ϕ)
|dz|
2π
≤ 1,

since ϕ is the extremal function in the Dirichlet space D.

Hence

∫
|z|=1

1

|w|

∣∣∣∣log

(
1

1− wz

)∣∣∣∣Dz(ϕ)
|dz|
2π

=

∫
|z|=1

|kw(z)|Dz(ϕ)
|dz|
2π
≤M,

where M is a constant. Taking supremum over w finishes proof.

We can now prove our main theorem.

Theorem 4.2.2. Let ϕ be an extremal function in the Dirichlet space D. Then for

each eit ∈ T, we have |ϕ(w)|2 → |ϕ(eit)|2 as w → eit in the tangential approach region

Γαc (eit), for 1 ≤ α <∞.

Proof. Without loss of generality, we assume eit = 1 and prove that |ϕ(w)|2 → |ϕ(1)|2

as w = reiθ → 1 in the tangential approach region Γαc (1). Since the Dirichlet space is

contained in VMOA, it suffices to show that

∫
|z|=1

Pw(z)|ϕ(z)|2 |dz|
2π
→ |ϕ(1)|2

as w = reiθ → 1 in the tangential approach region Γαc (1).
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Adding and subtracting

∫
|z|=1

P|w|(z)|ϕ(z)|2 |dz|
2π

from ∣∣∣∣∫
|z|=1

Pw(z)|ϕ(z)|2 |dz|
2π
− |ϕ(1)|2

∣∣∣∣
and using triangle inequality, we obtain∣∣∣∣∫
|z|=1

Pw(z)|ϕ(z)|2 |dz|
2π
− |ϕ(1)|2

∣∣∣∣ ≤ ∣∣∣∣∫
|z|=1

Pw(z)|ϕ(z)|2 |dz|
2π
−
∫
|z|=1

P|w|(z)|ϕ(z)|2 |dz|
2π

∣∣∣∣︸ ︷︷ ︸
I

+

∣∣∣∣∫
|z|=1

P|w|(z)|ϕ(z)|2 |dz|
2π
− |ϕ(1)|2

∣∣∣∣︸ ︷︷ ︸
II

.

Notice that by Theorem (4.1.4), II → 0 as |w| → 1. Using the equation (4.6) for

each integral in I, we will get

I ≤
∫
|z|=1

|2Re(kr(z)− kw(z))|Dz(ϕ)
|dz|
2π

.

Adding and subtracting
1

rz
log

(
1

1− zre−iθ

)
to kr(z)− kreiθ(z), we get

kr(z)− kreiθ(z) =
1

rz
log

(
1− zre−iθ

1− rz

)
+

1

rz
(1− eiθ)log

(
1

1− zre−iθ

)
.

Then, for |z| = 1

|Re(kr(z)− kreiθ(z))| ≤ 1

r

∣∣∣∣log

(
1− zre−iθ

1− rz

)∣∣∣∣+
1

r

∣∣1− eiθ∣∣ ∣∣∣∣log

(
1

1− zre−iθ

)∣∣∣∣ .
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Therefore,

I ≤
∫
|z|=1

2

r

∣∣∣∣log

(
1− zre−iθ

1− rz

)∣∣∣∣Dz(ϕ)
|dz|
2π

+
2

r

∣∣1− eiθ∣∣ ∫
|z|=1

∣∣∣∣log

(
1

1− zre−iθ

)∣∣∣∣Dz(ϕ)
|dz|
2π

(4.7)

By Proposition (4.2.2) the second term on the right-hand side of (4.7) will go to

zero as w = reiθ → 1 in the tangential approach region Γαc (1). It is left to show that

the first integral in (4.7) goes to zero as well. To do that, it suffices to show that

∫
|z|=1

2

r

∣∣∣∣log

(
z − reiθ

z − r

)∣∣∣∣Dz(ϕ)
|dz|
2π
→ 0

as reiθ → 1 in the approach region Γαc (1).

∫
|z|=1

2

r

∣∣∣∣log

(
z − reiθ

z − r

)∣∣∣∣Dz(ϕ)
|dz|
2π
≤
∫
|z|=1

2

r

∣∣∣∣log

∣∣∣∣z − reiθz − r

∣∣∣∣∣∣∣∣Dz(ϕ)
|dz|
2π

+

∫
|z|=1

2

r

∣∣∣∣Arg

(
z − reiθ

z − r

)∣∣∣∣Dz(ϕ)
|dz|
2π

(4.8)

The second integral on the right-hand side of (4.8) will converge to zero as reiθ → 1

by the Dominated Convergence Theorem (DCT), since

∣∣∣∣Arg

(
z − reiθ

z − r

)∣∣∣∣ is bounded

(one can see this from the picture) and will approach zero as reiθ → 1 in the tangential

approach region Γαc (1). What we really need to show that is the first integral on the

right-hand side of (4.8) converges to zero.

For w = reiθ ∈ Γαc (1), define

Sw =

{
z ∈ T :

∣∣∣∣r − wz − r

∣∣∣∣ ≥ 1

2

}
.
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Then we can write the first integral on the right-hand side of (4.8) as follows,

∫
T

2

r

∣∣∣∣log

∣∣∣∣z − reiθz − r

∣∣∣∣∣∣∣∣Dz(ϕ)
|dz|
2π

=

∫
Sw

2

r

∣∣∣∣log

∣∣∣∣z − reiθz − r

∣∣∣∣∣∣∣∣Dz(ϕ)
|dz|
2π

+

∫
T
χT\Sw(z)

2

r

∣∣∣∣log

∣∣∣∣z − reiθz − r

∣∣∣∣∣∣∣∣Dz(ϕ)
|dz|
2π

. (4.9)

Let fw(z) = freiθ(z) = χT\Sw(z)
2

r

∣∣∣∣log

∣∣∣∣z − reiθz − r

∣∣∣∣∣∣∣∣ . If z ∈ Sw, then fw(z) = 0. If

z /∈ Sw, then

∣∣∣∣r − wz − r

∣∣∣∣ < 1

2
.

Observe that on Sw,∣∣∣∣z − reiθz − r

∣∣∣∣ =

∣∣∣∣1 +
r − reiθ

z − r

∣∣∣∣ ≤ 1 +

∣∣∣∣r − reiθz − r

∣∣∣∣ < 3

2
,

and by reverse triangle inequality

∣∣∣∣z − reiθz − r

∣∣∣∣ > 1

2
.

Then

log
1

2
≤ log

∣∣∣∣z − reiθz − r

∣∣∣∣ ≤ log
3

2
.

Also fw(z) → 0 point-wise as w = reiθ → 1 in the tangential approach region

Γαc (1). Therefore, the second integral on the right-hand side of (4.9) will approach to

zero by the DCT, as w = reiθ → 1 in the tangential approach region.

Multiplying and dividing the first integral on the right-hand side of (4.9) by

log
2

|z − r|
,

we obtain

∫
Sw

2

r

∣∣∣∣log

∣∣∣∣z − reiθz − r

∣∣∣∣∣∣∣∣Dz(ϕ)
|dz|
2π

=

∫
Sw

2

r

∣∣∣∣log

∣∣∣∣z − reiθz − r

∣∣∣∣∣∣∣∣
log

2

|z − r|

log
2

|z − r|
Dz(ϕ)

|dz|
2π

.
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Thus, by Proposition (4.2.2) it will be enough to show that

∣∣∣∣log

∣∣∣∣z − reiθz − r

∣∣∣∣∣∣∣∣
log

2

|z − r|

is bounded on Sw. Then the result follows by the Dominated Convergence Theorem.

Since

∣∣∣∣log

∣∣∣∣z − reiθz − r

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣log

(∣∣z − reiθ∣∣
2

2

|z − r|

)∣∣∣∣∣ =

∣∣∣∣∣log

∣∣z − reiθ∣∣
2

+ log
2

|z − r|

∣∣∣∣∣
≤ log

2

|z − reiθ|
+ log

2

|z − r|
,

then ∣∣∣∣log

∣∣∣∣z − reiθz − r

∣∣∣∣∣∣∣∣
log

2

|z − r|

≤ 1 +

log
2

|z − reiθ|

log
2

|z − r|

. (4.10)

A direct computation shows that

|r − w|2 =
∣∣r − reiθ∣∣2 = 4r2

(
sin

(
θ

2

))2

and (4.1) implies that |r − w| ≤ c(1− r)1/α.

Also on Sw, |z − r| ≤ 2 |r − w| and hence |z − r| ≤ 2c(1− r)1/α.

Thus

log
2

|z − r|
≥ log

(
1

c

)
+

1

α
log

(
1

1− r

)
.

Moreover, on the unit circle T,
∣∣z − reiθ∣∣ ≥ (1− r), which implies that

log
2

|z − reiθ|
≤ log

2

(1− r)
.
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Using above inequalities, one gets

(4.10) ≤ 1 + α

log
2

(1− r)

log
1

(1− r)

,

which is bounded since

log
2

(1− r)

log
1

(1− r)

↘ 1. That finishes the proof.
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