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Abstract

For a real number « [alpha] the Dirichlet-type spaces D, [script D sub al-
pha] are the family of Hilbert spaces consisting of all analytic functions f(z) =

> >, [sum over n equals zero to infinity] f(n)[f hat of n]z"[z to the n] defined on the

open unit disc D [unit disc] such that

o

Y (1) | fn) P

n=0

is finite.

For a < 0, the spaces D, are known as weighted Bergman spaces. When o = 0,
then Dy = H2, the well known and much studied Hardy space. For o > 0, the D,
spaces are weighted Dirichlet spaces.

The characterization of the invariant subspaces of the multiplication operator M,
[M sub z| on the D, spaces depends on «, and it is partially still an open problem.
The invariant subspaces of D, have been characterized in 1972 by B. I. Korenblum
[25].

In this dissertation we show that the invariant subspaces of Dy can be approxi-
mated by finite co-dimensional invariant subspaces. For the Dirichlet space D = Dy,

there is no complete characterization of invariant subspaces, but we consider

Dg={f€[mD: f*=0 q.e. [quasi-everywhere| on E}



where E C [subset|T [unit circle] is a Carleson thin set. In this case, we have a partial
result.

In the second part of the dissertation we prove a regularity result for extremal
functions in the Dirichlet space D. If ¢ [phi] is an extremal function in the Dirichlet
space, then we use a result of Richter and Sundberg [35] to show that for each point
on the unit circle T the square of the absolute value of ¢ converges to its boundary

value in certain tangential approach regions.
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Chapter 1

Introduction

1.1 History

Let H be a Banach space of analytic functions on the unit disc D = {z € C : |z| < 1}.
Suppose that H is invariant with respect to the operator M, of multiplication by the
independent variable z. A (closed) subspace M of H is called invariant with respect
to M, simply M, -invariant, if the operator M, maps M into itself, i.e. M,f € M
for all f € M.

We say that a sequence of M, -invariant subspaces M, converges to a M.,-
invariant subspace M if the corresponding orthogonal projections converge in the
strong operator topology (SOT). If the sequence M, has finite co-dimension, i.e.
dim(H/M,,) < oo, then Shimorin [40] defines that M admits strong approximate
spectral cosynthesis. Such an approximation process, called approximate spectral
synthesis, was suggested by Nikolskii in [31]. For the weighted Bergman spaces such

approximations were considered by Shimorin in [40].



1.2 Overview

For a € R, D, spaces are defined

Do = {f € Hol(D) : [|f[I}, := Y (n+1)* | f(n) P< oo, f(2) = Zf(n)zn} :

For a < 0, the spaces D, are known as weighted Bergman spaces. When a = 0,
then Dy = H2, the well known and much studied Hardy space. For a > 0, the D,
spaces are weighted Dirichlet spaces. This is a family of Hilbert spaces, and more
information about these spaces is provided in Section 2.1. An interesting transition
occurs at @« = 1. For a > 1, D,, spaces are contained in the disc algebra A(D) and
D, is an algebra, while for « < 1 the D, spaces contain unbounded functions and
they are not algebras.

The multiplication operator M, on D, defined by M, f(z) = zf(z) for all f € D,,
is a bounded linear operator. A (closed) subspace M of D,, is invariant with respect to
multiplication operator M, if M, M C M. We denote the collection of M, -invariant
subspaces of D, by Lat(M,,D,). The structure of M,-invariant subspaces of D,
spaces depends on « and it may be very complicated. Simple invariant subspaces in
all cases are zero-based invariant subspaces, denoted by I(Z) where Z C I, but not
all invariant subspaces are of this type. Also, Z being discrete is certainly necessary
for I(Z) # (0), but not sufficient for any D, spaces. In Section 2.2, we give an
overview of M -invariant subspaces of the D, spaces.

The question that we would like to bring attention to is “Can all M, -invariant
subspaces of D, be approximated by zero-based invariant subspaces for some finite
zero sets?”. It turns out that the answer to the question depends on « and it is
partially still an open problem.

If H is a separable Hilbert space, then the unit ball in B(H), the set of all bounded
linear operators on H, is metrizable in the strong operator topology (SOT). Hence

the collection of all projections onto invariant subspaces is metrizable in SOT. If



P, is a sequence of decreasing projections, then P, converges to P, where P is the
projection onto the intersection of the ranges of P,. Similarly, an increasing sequence
of projections P, converges to the projection onto the closed linear span of the ranges
of P, (see Section 2.5). For example, if {Z,,} is an increasing sequence of zero sets, then
the corresponding zero-based invariant subspaces {I(Z,)} is a decreasing sequence of
subspaces and hence the corresponding sequence {P,} of projections is a decreasing

sequence of operators. Then one can apply the above result to show that
I(Zy) — (1(Zn) =1 (UpnZy) .

Also, if {Z,} is a decreasing sequence of zero sets, then the corresponding zero-
based invariant subspaces {I(Z,)} is an increasing sequence of subspaces and so the
corresponding sequence {P,} of projections is an increasing sequence of operators.

Then it will imply that
1(Z,) — span, I(Z,) C I (N, Z,).

Note that one may not have equality in this last inclusion.

If @ < 1, then an invariant subspace has finite co-dimension if and only if it is a
zero-based invariant subspace for some finite subset of the unit disc D (see [40]). If
a > 1, then one has a similar result but one needs to allow the zeros to be in the
closed unit disc. For example for Dy the reproducing kernels at points on the unit
circle T exist and zero-based invariant subspaces make sense for sets with some points
in the unit circle T. It turns out that those sets do not have to be discrete, but could
be Carleson thin sets (although they will only have finite co-dimension if the sets are
finite). A brief description of Carleson thin sets is given in Section 2.3.

Therefore if Z C D is discrete, then I(Z;) converges to I(Z), where Z; C Z; 4

contains j elements and U;Z; = Z. Hence, if an invariant subspace M can be



approximated by I(Z,) for some Z, C D, then M can be approximated by finite
co-dimensional invariant subspaces.

In the case of the Hardy space H? = Dy, a = 0, we have a complete description
of Lat(M,,H?) by Beurling’s theorem. Indeed, if (0) # M € Lat(M., H?), then
M = ¢H? for some inner function ¢, i.e. ¢ is in the unit ball of H* and satisfies
lp(e™)| = 1 a.e. The Caratheodory-Schur Theorem states that every function in the
unit ball of H* can be approximated locally uniformly in the unit disc by a sequence
of finite Blaschke products. Then one can use these two results to show easily that
every invariant subspace of H? can be approximated by finite co-dimensional ones
(see Section 2.5).

The index of an invariant subspace plays an important role in the approximation
since a sequence of index one invariant subspaces can converge only to zero or an index
one invariant subspace (see Section 2.5). Non zero zero-based invariant subspaces have
index one by Corollary 3.4 of [32]. If & > 0, then every non-zero invariant subspace
has index one. On the other hand for @ < 0 there are invariant subspaces that do
not have index one. Hence not all invariant subspaces can be approximated by finite
co-dimensional (zero-based) invariant subspaces. In Section 2.2 we define the index
and give an overview of results concerning the index of invariant subspaces of D,.
For the weighted Bergman spaces D, o < 0, Shimorin [40] showed that all index one
invariant subspaces can be approximated by finite co-dimensional invariant subspaces.
Therefore, in the context of the D, spaces, the remaining question is whether one can
approximate M ,-invariant subspaces of D, by finite co-dimensional ones when a > 0.

In [25], Korenblum gives a complete characterization of invariant subspaces of
D,. Using Korenblum’s description, we have the following result (see Theorem 3.1.9)
which provides positive the answer that one can approximate invariant subspaces of

D, by finite co-dimensional invariant subspaces.

Theorem 1.2.1. Let M € Lat(M,, Ds) be a nontrivial (closed) subspace. Then there

exists a sequence M,, € Lat(M,,Ds), with dim M+ < oo, such that Py, — P in



the strong operator topology (SOT), where Pny, and Py are orthogonal projections
onto M,, and M, respectively.

Korenblum’s Theorem for Dy shows that non-trivial M, -invariant subspaces of Dy

are of the type M = UM g, where U is an inner function, £ C T, and

Mp:={fe€Dy: f(z)=0, Vz€ E}.

For details see Chapter 3. The easy case to prove Theorem 1.2.1 is when U = B is a
Blaschke product. Then one can set M,, = B, Mg, , where B,, is the partial Blaschke
product and {E,} is an increasing sequence of finite sets in F such that the union of
E, is dense in E. The remaining case to finish the proof is how to approximate in the
case of a general inner function U which may have a singular inner factor. This case
follows from Frostman’s Theorem and an argument involving extremal functions.

We should note that Korenblum’s result in [26] yields a complete description of
the invariant subspaces of Ds,, n > 1, and an analog of Theorem 1.2.1 holds for these
spaces (see Remark 3.1.10).

Our main result Theorem 1.2.1 also gives an affirmative answer to a special case
of a question of J. B. Conway, and D. Hadwin which they asked in [10]. Let H be a
separable infinite dimensional Hilbert space and 7" be a bounded linear operator on
it. An invariant subspace M € Lat(T) is called stable if whenever there is a sequence
of bounded operators {7, } on H such that ||T,, — T|| — 0, there is a sequence {M,,}
with M,, € Lat(7},,) for n > 1 such that P, — P in the strong operator topology
(SOT), where P, and P are the orthogonal projections onto M,, and M, respectively.
If the sequence of projections can be chosen to converge in the operator norm, then
we say M is norm-stable. The collection of stable (norm-stable) invariant subspaces
of T is denoted by Laty(T") (Lat,s(T")). In [10], J. B. Conway, and D. Hadwin asked
whether for any operator T, Lats(T) is the strong closure of Lat,s(7"). They proved
that this is the case when 7' is a normal or an unweighted shift of finite multiplicity. A

consequence of a general result of A. Borichev, D. Hadwin and H. Yousefi [5] is that if
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T is any weighted unilateral shift operator, then an invariant subspace is norm stable
if and only if it has finite co-dimension. If we denote by Lat.(M,, Dy) the collection
of invariant subspaces with finite co-dimension, then Theorem 1.2.1 shows that the
strong closure of Lat (M., Ds) is Lat(M,, Ds). Since Lats.(M,, Dy) C Lat, (M., Ds)
(see [5]), it follows that for Dy the question of J. B. Conway and D. Hadwin has a
positive answer.

If « > 1, then Mg = {f € Dy : f(2) =0, Vz € E} makes sense for sets E
with some points in the unit circle T. As mentioned earlier the easiest way to prove
Theorem 1.2.1 for Mg is to use finite co-dimensional subspaces of the type Mg,
where each F, C E C T is finite. If & = 1, then there is no analogue of Mg for
finite subset £ C T. That raises the question whether one can do the approximation
for the Dy case without use of points in the unit circle T and approximate Mg by
zero-based invariant subspaces I(Z,) for some Z,, C D. We have following theorem
which gives another proof that there exists I,, € Lat(M,, D,), with dim I < oo, such
that P, — P in SOT where P, and P are orthogonal projections onto I, and Mg,

respectively.

Theorem 1.2.2. Let ) # E C T be a Carleson thin set and Mg = {f € Dy :
f(z) =0, Vz € E} be a nontrivial invariant subspace of (M,,Dy). Then there exists

a decreasing sequence of subsets Zy, CID such that Mg = span,I(Zy,).

We will see that each Zj in Theorem 1.2.2 (see Theorem 3.1.11) will contain
infinitely many points, but again by decreasing property and the metrizability the
space Mg can be approximated by finite co-dimensional invariant subspaces.

For a = 1 we do not know all of the invariant subspaces of the Dirichlet space,
but we can consider Dg := {f € D : f* = 0 q.e. on E} for an arbitrary subset E
of T. Here f* denotes the radial limit of f, and Beurling’s theorem (see Theorem
4.1.1) says that each function in the Dirichlet space has non-tangential limits quasi-
everywhere on the unit circle T. A property is said to hold quasi-everywhere (q.e.)

on T if it holds everywhere on T except for a subset of logarithmic capacity zero (see



[14]). Tt is known that D is a closed M, -invariant subspace of the Dirichlet space D
(see Section 3.2). So in particular, if £ C T is a Carleson thin set, then in order to
do approximation for Dg by finite co-dimensional invariant subspaces, it suffices to
find a sequence of sets Z; C D such that Dp = span,I(Z;). For the Dirichlet space

we have the following partial result (see Theorem 3.2.2).

Theorem 1.2.3. Let EE C T be a Carleson thin set with positive logarithmic capacity
and let fg be the corresponding outer function constructed by Korenblum that is zero
on E, and smooth elsewhere. Then there exists a decreasing sequence of zero sets
7. € DD such that

Dg 2 span, I(Zy) 2 [fE]

It is known that dimM & zM = 1 for every nonzero M,-invariant subspace M
of the Dirichlet space D (see Theorem 2 of [34]), and every nonzero M, -invariant
subspace M of the Dirichlet space D generated by a function ¢ € MS2zM, ||¢| = 1,
i.e. M = [¢] (see Theorem 7.1 of [33]). Such functions are called extremal functions
and we give a brief overview of extremal functions in the Section 2.4. Therefore,
the invariant subspace Dg in Theorem 1.2.3 is generated by a function, say ¢, i.e.
Dg = [¢]. If one could show that [¢| C span,/(Z), then the approximation for
Dg by finite co-dimensional would follow. But this is the difficult case because of
knowledge of the regularity of ¢. The difference between fr and ¢ is our lack of
knowledge of the regularity of .

Thus we study the regularity properties of ¢ in Chapter 4. In [35] Richter and
Sundberg proved that the radial limit of |p|, where ¢ is the extremal function in the
Dirichlet space, exists for every point on the unit circle T. We extend this result and
show that limit exists in approach region I'?(e?) for every a € [1,00) at all points

e € T, where I'®(e%) is the tangential approach region of order «, defined as
M) ={zeh:|z—e’*<c(l1—1z2])}, ¢>0, a>1

We prove the following in Theorem 4.2.3.

7



Theorem 1.2.4. Let ¢ be an extremal function in the Dirichlet space D. Then for

each e € T, we have |p(w)|* — |¢o(e™)|* as w — € in the tangential approach region

re(e®).

The main ingredient of proof of Theorem 1.2.4 is a result of Richter and Sundberg
[35]. The proof of the theorem relies heavily on estimates of the reproducing kernel

for the Dirichlet space and the Dominated Convergence Theorem.



Chapter 2

The Dirichlet type D,-Spaces

2.1 Definition

Let D denote the open unit disc in the complex plane. For a€R the family of Hilbert
spaces D, consists of all analytic functions f(z) = Y 7, f(n)z" defined on D with

the norm given by
oo

1712 =D (n+1)* | f(n) P< oo,

n=0
By polarization the inner product is given by
(f,9)a =D _(n+1)*f(n)g(n).

n=0

Given f € D, and w € D, an application of the Cauchy-Schwarz inequality gives

= |3 fr| <+ 0 i P )/(im )
=I71% (i(n + 1)—a|w|2n)1/2'

n=0

For a > 1, the above infinite sum is obviously finite. For @ < 1, one can show by an

application of the ratio test that the above infinite sum is finite. This implies that the



evaluation functional f — f(w) is bounded. Therefore by the Riesz Representation

theorem for each w € D there is a vector £ € D, such that for any f € D, we have

(fiku)a = f(w).

These vectors k¢ are called the reproducing kernels of D,, and we say that D, is a

reproducing kernel Hilbert space. In fact, given w € D, we have that

[e. 9]

ko (z) = Z(n + 1) w""

n=0

which can easily verified by using the definition of the inner product on D,.

For a@ < 0, the norm on D, is equivalent to

/D ()P — |2y AE)

™

(see Lemma 2 in [43]).
These spaces are obviously nested in the following sense, D, C Dg for a > S.

Also if f(2) =377, f (n)z", then taking the derivative yields

f/(Z) = an(n)z”_l = Z(n + 1)f(n +1)z".

Now, it is easy to see that f € D, if and only if f* € D,_,. For a > 1, the functions in
the D, spaces are continuous up to the boundary, hence D, C A(D) = Hol(D)NC(D),
the disc algebra, but this is not true for a < 1. In fact more can be said, which is

Holder continuity.

Lemma 2.1.1. If f € D, for a > 1, then f is Holder continuous, that is, there exists

an € > 0 and a constant ¢ > 0 such that

£ (2) = f(w)] < clz —wl".
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Proof.

e :O —nf%f sio mll" —
< (i}“ el 1/2(§<n+ 1))z —w"P)W

= |z — w|* 2
— 71 ( 0+ 1) — P2k
2 EE

N n |€

—w

< IIflL. (Z nt1) 27 — w2 — wr)
n=0

<171l (Z Rt €|z—w|€)

n:(]

SRS fzﬁ)w—wr

For any € < a — 1 the above infinite sum is finite. Hence we are done.

]

Also for e > 1, D, is an algebra (see Theorem 3 in [22]), and thus M (D,,) = D.,
where M(D,,) is the multiplier algebra of D,, i.e.

M(Do) ={¢:¢f € Da,Vf € Da}.

A brief survey of the D, spaces can be found in [6].

2.2 M -Invariant Subspaces

The multiplication operator M, on D, is given by M, f(z) = zf(z) for all f € D,. A
simple application of the closed graph theorem shows that the multiplication operator

is bounded. Also one can show that (M., D,) is unitarily equivalent to the weighted
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k+2

k+1)a/2}keNO with respect to the orthonormal

shift operator with weight sequence {(
basis {( k%l)o‘/zzk}keNO. A nice discussion of weighted shift operator is given by Allen
Shields in [38].

We will denote this operator by M, or (M,,D,). A (closed) subspace M of D,
is called invariant, if M, maps M into itself. We denote the collection of invariant
subspaces of (M., D,) by Lat(M., D,).

If f € D,, we let [f] be the smallest invariant subspace of the multiplication
operator M,. Thus [f] is the closure of the polynomial multiples of f. A function
f € D, is called a cyclic vector if [f] = D,.

If f € D,, then we let Z(f) ={A € D: f(\) =0}, and for an invariant subspace

M of D, denote by Z(M) the set of common zeros of functions in M, i.e.

fem

It is known that for any A € D, M, — X is bounded below on D, (see Example 2.9
in [32]), and for an M, -invariant subspace M the dimension of M & (z — A)M does
not depend on A € D (see Lemma 2.1 in [32]). We define the index of an M, -invariant
subspace M of D, to be the dimension of M & zM, i.e.

indM = dimM © zM = dimM N (zM)>.

The trivial invariant subspace (0) is the invariant subspace whose index is defined to
be zero.

The structure of Lat(M,,D,) depends on « and it may be very complicated.
Simple invariant subspaces in all cases are zero-based invariant subspaces but not all
invariant subspaces are of this type. Let Z = {zi, 29, 23,...} be a finite or infinite
sequence of points in the unit disc D. We write (Z) for all functions in D, that are
zero at each z;, counting multiplicities. Clearly, I(Z) € Lat(M,, D,). Such subspaces

are called zero-based invariant subspaces. Also, Z being discrete is certainly necessary
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for I(Z) # (0), but not sufficient for any D, It follows from Corollary 3.4 of [32] that
non zero zero based invariant subspaces have index 1. Note : Although we will talk
about invariant subspaces throughout this dissertation, we will reserve the notation
I(Z) for the zero-based invariant subspace.

When o = 0, Dy = H? is the Hardy space on the unit disc. By the canonical

factorization theorem, every function f in H? can be written as f = BSF, where

is the Blaschke product with zeros (z,) and a zero of multiplicity s at 0,

1 [e? 42
S(z) = Cexp ( — %/0 o du(@))

is the singular inner function for some measure g which is a finite positive regular
Borel measure on [0, 27| that is singular with respect to the Lebesgue measure, and
C is a constant of modulus 1, and

1 2 619 +Z i
F(z) = aexp (%/ log\f(e’9)|d9),
0

el — 2

is an outer function with |a| = 1.

Beurling’s famous theorem gives a complete characterization of Lat(M,, H?).
More precisely, it says that every nontrivial M -invariant subspace M of the Hardy
space H? is of the form M = ¢H? = [¢], where ¢ = BS is an inner function with
B a Blaschke product and S a singular inner function (see Chapter 17 in [37]). It
also says that if M is a nonzero M, -invariant subspace of the Hardy space H?, then
indM =1 and f € H? is cyclic if and only if f is an outer function.

For a < 0, D, = LD, (1 — |z*)7*"'dA) are the weighted Bergman spaces.
Unlike the situation in the Hardy space, nonzero invariant subspaces of the weighted

Bergman space can have index n where n € N U {oo}. This follows from results

13



of Apostol, Bercovici, Foiag and Pearcy (see [3], the authors in [3] proved this fact
using abstract theory). In [20] Hedenmalm constructed an invariant subspace in
the Bergman space LZ(D) with index 2 using the span of zero set based invariant
subspaces.

In the case of weighted Dirichlet space D,, o > 0, every non zero M,-invariant
subspace has index 1. This follows from results of Aleman [2] when 0 < a < 1,
Richter and Shields [34] when o = 1, and Richter [32, Corollary 3.8] when a > 1.

In [25] Korenblum gives a complete description of M, -invariant subspaces of D
and in [26] he generalizes his result to M, -invariant subspaces of Ds,, n > 1. To
describe Korenblum'’s result, consider closed subsets Ky, ..., K,_1 of the unit circle T
and an inner function U with the following properties:

(1) KD K1 D...D K, 1,

(2) Ko \ K,—1 consists of only isolated points,

(3) the zeros of the inner function U accumulates only in K,_1,

(4) the singular measure associated with U is supported on K,,_1,

(5) Jyplog(dist(z, F))|dz| > —oo, where the set [ is the union of Ky and the zero
set of the inner function U.

Then Korenblum showed that M = UI(Ky, ..., K,,_1), where
I(Koy ooy K1) = {f €Dy : f9'=0 on K;,j=0,....,n—1},

is a nontrivial closed M., -invariant subspace in Ds,,.

Theorem 2.2.1 (Korenblum, see [26]). If M is any nontrivial closed M,-invariant
subspace of Do,, n > 1, then there exist an inner function U and closed subsets

Koy, ..., K,,_1 of the unit circle T as described above such that

M - U[(Ko, ceey Kn—l)-

14



2.3 Carleson thin sets

Definition 2.3.1. A closed subset E of the unit circle T is called a Carleson thin set
if
[ ogpt)d(2)| > o,
T
h = dist(z, F) = inf|z — (|.
where p(z) = dist(z, E) = inf|z - (|

It is well known that the condition in Definition 2.3.1 is equivalent to |E| = 0 and
> L log(ﬁ) < oo, where T \ E = |JI,,, I,, are open disjoint arcs (see [8]).

Carleson thin sets, also referred ton as Beurling-Carleson sets, arise as boundary
zero sets of analytic functions that satisfy a Lipschitz condition in D (see [4, 8]).

Given a Carleson thin set £ C T, Carleson [8], Taylor-Williams [42] constructed
an outer function with some nice properties.

In [25] Korenblum proved the following lemma. For more details also see [24].

Theorem 2.3.2 (Lemma 23 in [25]). Let E C D be a closed set satisfying the

condition
[ 1ogpt2)1d(:)| > o,
T

where p(z) = dist(z, E). Then there ezists an outer function ®(z) on the unit disc D
with the following properties:

(a) ®(2) and also "(z), n > 0, are infinitely differentiable functions in the closed
unit disc D.

(b) The set of zeros of ®(z) in D coincides with the set EN'T.

(c) For any n > 0 we have |®(2)| < ¢,p"(2), z € T, where ¢, are constants.

(d) For any inner function U(z) whose zeros and singular measure are in E, the

product U(2)®"(2) is infinitely differentiable in the closed unit disc D for any n > 0.

In particular, if £ C T is a Carleson thin set, then Korenblum’s result yields an

outer function corresponding to F, denoted by fg(z), with the following properties:
(i) fr € A(D) N C>(T) is outer with £ = Zp(frg) = {¢ € T : fg(¢) = 0} and
E C Zy( ](Ej)),Vj, i.e. fr has zeros of infinite multiplicity at the points of E.

15



(ii) |fe| <1 on D.
(iii) For any N > 0 |fr(2)| < enp(2)™ , 2 € T.

In this dissertation, fz will denote this function.

2.4 Extremal Functions

Let H be a reproducing kernel Hilbert space of analytic functions on the open unit
disc D and let M be a non zero M, -invariant subspace of H. If A ¢ Z(M) C D, then
the extremal problem

sup{Ref(A) : f € M, |[f]| <1}

has a unique solution ¢ € M with the normalization ¢(\) > 0 (see [1, p. 136]),
which will be called an extremal function for M at A. It is easy to check that if a
function ¢ € M, ¢ # 0, is extremal, then ¢ € M & (z — \) M.

We should note that the functions that some authors refer to as extremal functions
are only extremal functions at A = 0, and they have the property (p, 2"¢) = 0 for

any n > 1. So we will make the following definition for the extremal function.

Definition 2.4.1. A function ¢ € H is called the extremal if ||| = 1 and (p, 2"p) =
0 for all n > 1.

Extremal functions play an important role in the theory of invariant subspaces
of analytic functions spaces, and they were introduced by Hedenmalm [18] to study
contractive divisors on the Bergman space. Since then there have been many articles
in the literature studying extremal functions (see, e.g., [11, 35, 39, 19, 12]).

In the case of the Hardy space H? the extremal function at A = 0 for the non zero
invariant subspace M is the inner function satisfying M = ¢H?.

Let M be a non zero invariant subspace of the Dy space, A ¢ Z(M) C D, and
Pu be the orthogonal projection of Dy onto M. Then extremal function for M at A

is of the form
Pyky
Q= ——.
| Prka]|
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This is an elementary observation. In fact, one can directly check that the

Ppky

= [Pubal

is the unique solution of the extremal problem

sup{Ref(A) - [|f[| <1, f € M}.

2.5 Some General Facts

In this section, we give some general known facts that we will use throughout this
dissertation. The following well-known and useful theorem will be used throughout

this dissertation without extra reference.

Theorem 2.5.1 (see [6]). Let H C Hol(?) be a reproducing kernel Hilbert space
of analytic functions on a region @ C C and let {f,} € H. Then following are

equivalent:
(a) fn — f weakly
(b) (i) [ fall < M
(i1) fn(2) = f(2) for all z € Q
(c) (i) I full = M
(ii) fn — [ locally uniformly.

Proposition 2.5.2 (Proposition 1.3 in Chapter 9 of [9]). Let H be a separable Hilbert
space, and let B(H) be the set of bounded linear operators on H. Then the strong
operator topology (SOT) is metrizable on bounded subsets of B(H).

Remark 2.5.3. Then in particular

P :={P: P isa projection of H onto an invariant subspace of H}

17



is metrizable in SOT. If {P,} is a sequence of increasing projection, i.e. ||P,f| <
| Pps1 f|| for all f and n, then P, — P in SOT where P is the projection onto the
span of ranP, (see Problem 120 of [17]). Similarly, if { P,} is a sequence of decreasing
projection, i.e. ||P,f|| > ||Poy1f]| for all f and n, then P, — P in SOT where P is

the projection onto the intersection of ranp,.

If « = 0, Dy = H? the Hardy space, then every M, -invariant subspace can be
approximated by finite co-dimensional M, -invariant subspaces. Indeed, by Beurling’s
theorem a non trivial M, -invariant subspace M of the Hardy space H? is of the form
M = ¢H? for some inner function ¢. Then by the Caratheodory-Schur theorem (see,
e.g., [36] Theorem 5.5.1), ¢ can be approximated locally uniformly in the unit disc by
a sequence of finite Blaschke products B,,. Let {ay,,}i", be the zeros of the Blaschke
product B,,. Set

M, =BH ={fcH?: f(an,) =0, i=1,....k,}.

It is clear that M,, € Lat(M., H?) and M,, has finite co-dimension. Then by Theorem
1.1 of [16] the projection P onto M equals P = MgMj. Similarly, the projection P,
onto M,, equals P,, = Mp, My . It is left to show that P, converges to P in the SOT.

Since the set

=1

A:{Zaik,\i:aie(c, )\Z'G]D, nGN},

1
where k), (z) = —— is the reproducing kernel for the Hardy space H?, is dense in

H?2, it is enough to sﬁow that P,k — Pk for all A € D.

A simple computation shows that Miky = ¢(A)kx.
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J— 2
[Puks = Pha* = BN Buks — 6ok

2

= | Ba)Buks = 6N Bukr + G0N Bk — 6Nk

|2 2
<2 ( Ba(N) = 60| 1Bakall® + [600)| 11 Bakr - mu?) .
Since B,, — ¢ weakly, we have
| Bakis — 9ksl|” = (Buks — ¢k, Boky — k)

= (Bpka, Brka) — (Brky, 0ky) — (0kx, Bpka) + (dka, dky)

—0

Also note that B,, — ¢ locally uniformly implies that B, — ¢ pointwise and
hence B,(\) = ¢(A) for all A € D.
Therefore, || P,ky — Pky||> — 0.

The following lemma was proved in [40]. It explains why not all invariant
subspaces can be approximated by finite co-dimensional ones. Since its proof is short,

we will provide it here.

Lemma 2.5.4. The index 1 property is preserved under convergence, i.e. if M,, is a
sequence of invariant subspaces of D, with index 1 and M,, — M, where M # (0),
then M has index 1.

Proof. We will use Lemma 3.1 of [32]. Let A ¢ Z(M) and suppose that h € D, and
(z — A)h € M. We have to show that h € M.

Since M, converges to M, we can find a sequence f, € M, such that f, —
(z — A)h as n — oo by Lemma 4.2 of [29]. Note that f,(\) — 0.

Also since A ¢ Z(M), there exists g € M such that g(\) # 0 and ¢, € M,, such
that g, — g¢.
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Define
fo(N)
gn(>\) gn-

We then have h,(\) =0, h, € M,, and h,, — (2 — A\)h as n — oo. Since indM,, = 1,
there exist k, € M, such that h, = (z — A)k,. We see that (z — Nk, — (z — A)h.
M, — X\ is bounded below, thus k, — h and hence h € M.

hn:fn_

]

Theorem 2.5.5 (Frostman, see, e.g. [15]). Let ¢(z) be a non constant inner function
on the unit disc. Then for all & € D, except possibly for a set of capacity zero, the
function

¢(z) — ¢

Pe(z) = %

15 a Blaschke product. In particular, there is a sequence &, € D, &, — 0 such that

each ¢¢, is a Blaschke product.

Definition 2.5.6. A Banach space X contained in the Hardy space H! is said to
have the F—property if f/i € X whenever f € X and [ is an inner function with
f/r e H.

In [27], Korenblum and FaivySevskii showed that for each o > 0, D, has the
F—property. In fact, they proved that if f € D, and U is an inner function that
divides the inner part of f, then U™'f € D, and [[U'f||, < ||f]],, for a > 0.

Definition 2.5.7. A subset Z of the unit disc D is called a zero set for D, if there

exists a nonzero function f € D, that vanishes on Z and nowhere else.
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Chapter 3

Approximation of Invariant

subspaces

3.1 Approximation of Invariant subspaces for the
Do-space

The space Dy is the space of all holomorphic functions f defined on the open unit
disc D such that f € H?, and it has been studied by various authors (see, e.g.,
25, 26, 24, 23, 28]). In [25] Korenblum gave a complete characterization of invariant

subspaces of (M., Ds) by using the following equivalent norm on Dy,

oo

115 =L+ 0 f ()2 = [ 132 + 1 -

n=0

For the rest of this dissertation we will use this norm.

If [\ <1 and if

N
k’\<2>221+n2)\ z",
n=0

then one easily checks that k) € Dy and f(\) = (f, kx)p, holds for all f € Ds.
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Let E be a closed subset of the unit circle T and U(z) be an inner function such
that

(1) if {ax} are the zeros of U(z) in the unit disc, then all limit points of {ay}
belong to F,

(2) the measure defined by the singular part of U(z) is supported on E.

Let M denotes the collection of all functions in Dy whose inner part is divisible

by U(z) and which are equal to zero on E, i.e. M = UM where
Meg={f€Dy: f(z) =0,Vz € E}.

Clearly M is M, -invariant subspace of Dy. Non-triviality and closedness of M follow

from the following remarks.

Remark 3.1.1 (Remark 1 in [25]). It follows from the result of [24] that for the non-

triviality of the invariant subspace M it is necessary and sufficient that the condition

/T log(p(2))|dz] > —o0

is satisfied, where p(2) = p(z, F), F' = E U {ay}.

Remark 3.1.2 (Remark 2 in [25]). The closure of the invariant subspace M is a
simple corollary of the fact that the topology on D, is stronger than the topology on
the disc algebra A(D), i.e. Dy C A(D).

The following is the main theorem of Korenblum that gives the characterization

of the Lat(M,, Ds).

Theorem 3.1.3 (Main Theorem in [25]). Let M be a nontrivial closed invariant

subspace of (M,, D), let SB be greatest common divisor of inner factors of the

functions f e M, and E = () {2z € T: f(z) =0}. We have (Z(B)NT)Usuppu C E,
fem
where suppp denotes the support of the measure defined by the singular inner function

S. Then M = SBMpg.
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Corollary 3.1.4 (Corollary 1 in [25]). Each closed invariant subspace of (M., Ds) is

principal, i.e. generated by a single function.
We start with few lemmas that we need in order to prove the main theorem.

Lemma 3.1.5. Let E be a closed subset of the unit circle T and u be an inner function

such that the zeros of u accumulate in E and the support of the measure defined by

the singular part of w is in E. Then, whenever uy = 1“_’{; 18 a Blaschke product, the

zeros of uy accumulate in E.

Proof. Let T \ E = |JI,, where I, are disjoint open intervals. First note that u
has analytic extensionn across each arc I, (see, e.g., [21]). Fix A € D. Then 1 —
Mu(z) #0, V2 € DU (UI,). Hence uy(z) has analytic extension across each I,,, i.e.
ux(z) € Hol(G\ E) Whgre D C G. If a subsequence of the zeros of u, converges to a
point in T\ E, say a,, — €?, then uy(«,) = 0 implies that u(a,) = \.

So the function g(z) = u(z) — A has zeros at «,, that converges to a point on G\ E.
Hence g = 0. Thus u(z) = A, constant function. However, this contradicts the fact

that u can not be a constant function of modulus |A| < 1.

]

Lemma 3.1.6. Let u be an inner function and uf € Dy. Then f € Dy, upf € Dy

and ||(uw —uy) fll, = 0 as [N\ = 0 where uy = 1“:XAU, A eD.

Proof. Let g := uf € Dy. Then since Dy has F—property, we have f € Ds.
Also

2 2
lunflls = lluxf Wz + 1af) e = 1 Iz + A f + wnf I

2 2 2
<2+ 2(lus fllge + Nl Iz )

23



A=A’

Since f € D,, it is enough to show that |lu}f]|,. < oco. Note that u) = IS

Hence

1

R T N (LB P G P
Yy |

0= na(en)e | ()] @0

(1L—A%* 1

< _
(L= [ADt 2

2m
/ [ (¢) £ ()28 < oo
0
since f, uf € Dy implies that ||u/f||5> < co. Therefore uyf € Ds.
Now we will show that ||(u — uy)f|l, = 0 as |[A\| = 0. By definition of norm we

have
(= ux) £l = 11w = w) fll3 + (= ws) £) 172

<= wx) fllzge + 20w = wn) e + (= wx) £l )

It is clear that ||(u —wuy)f|5> — 0 and ||(u — uy)f'||52 — 0 as |A| — 0 by the
Dominated convergence theorem.
Furthermore, since u), — wu uniformly, we have u) — u' locally uniformly. A

simple algebra shows that

fTmT (1— )
So
v —uh| < —2’()i| (_’)\||;’r)21) /|
and hence
ADE(A +1)°

1w = un)' fll = < I fllz2 — 0, as [Al =0

(1 —=[AD*

since [[u' f||5> < oo.
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Lemma 3.1.7. Let H C Hol(D) be a reproducing kernel Hilbert space and M,, and
M be closed subspaces of H. Let P, and P be orthogonal projections onto M,, and
M, respectively. If P,ky — Pky weakly Y\ € D\ E, where E C D is discrete, then
P, — P in SOT on H, where kyx € H s the reproducing kernel at \ € D.

Proof. First we will make the following observation: P, ky — Pk) weakly VA € D\ F
implies that P,ky — Pk)in H,VA €D\ E.

| Pukex — Pka|* = (Puky, Poky) — (Poky, Pky) — (Pky, Poky) + (Pky Pky)
— <Pl€)\,/{/‘)\> — <Pk3)\,P/€)\> — <Pk3)\,P/€)\> —+ <Pk‘)\Pk’)\> = 0.

Let € > 0 and take f € H. Define the set

i=1

A:{Zaik’)\iiaiEC,)\iGD\E}.

Note that A is dense in H. In fact, if f is perpendicular to A, then f(\) = (f, ky) =0
for all A € D\ E, so that f is identically equal to the zero function.
Now choose g € A such that || f — g|| < % and ||P,g — Pyl < % Then

<NPulf = 9l + [1Pag — Pyl + |1 P(g = f)
<2\ f =gl + [[Png — Pyl < e

]

Lemma 3.1.8. Let F = {z1,29,..., 2.} be a subset of T, B(z) be a finite Blaschke
product with the zeros {a;}; C D, and M = BMp € (M,,Ds). Then M has finite

co-dimension.

Proof. For simplicity we will assume that {«;}" ; are distinct zeros of the Blaschke

product B(z). A minor modification of the following argument would cover the
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general case. We will prove that M+ = \/{k,, }; U {k.,},, where k,, and k.,
are the reproducing kernel at a; and z;,respectively.

Let
N = /o iy ULk iy = O Nika, + D Bikz, A, B € T,
=1 =1

andlet g(z) = Y0 Nika, (2)+ D1 Bik=,(2) € N and f € M. Then f(z) = B(2)h(z),
where h(z) =0 on F.

Hence

n

(f:9) = D NiBuleih(e) + 3 BiBa(zi) k() = 0.

i=0
So g € M*, which implies that N' C M. Taking the orthogonal complement of this
yields M C Nt

If fe Nt then f(a;) =0, Vi =1,...,n. Set g(z) = g((zz)) where B is the finite

Blaschke product with zeros {a;}?_ ;. Then by the F-property g € Dy. So f = Byg.

Since f € Nt we must also have f(z;) = 0. Since B(z;) # 0, we must have g(z;) =
0, Vi. Thus f € M. Therefore N+ C M implies that M+ = N.

We are now ready to prove our main theorem.

Theorem 3.1.9. Let M € Lat(M,,Ds) be a nontrivial (closed) subspace. Then there
exists a sequence M,, € Lat(M,,Ds), with dim M+ < oo, such that Py, — P in
the strong operator topology (SOT), where Py, and P are orthogonal projections
onto M,, and M, respectively.

Proof. We use the description of the invariant subspaces obtained by Korenblum.
First, we will consider the invariant subspaces of the type M = BMpg, where £ C T

is a Carleson thin set and B is infinite Blaschke product with zeros {«;}:2; in D that
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converges to points in F, i.e.

H o; o — 2
|| 1 — @Gz

Let {E,} be an increasing sequence of finite sets in E such that | JE, is dense in
E. Set M,, :== B,Mpg,, where Mg, = {f € Dy : f(z) =0,Vz € E,} and B, is a
finite Blaschke product with the zeros {«;}!, in D, i.e.

o; o — 2

B,(z) = 1} a1 a
It follows from Remark 3.1.2 that M,, is closed for each n. Clearly we have M,, €
Lat(M,, D). Also one can easily see that M,, O M,,1, since E, C E, ;. It is also
easy to see that Mp = (Mg, .

We claim that M _ (M,. If f € M, then f € M,, Vn, so f € (M,.
Conversely, if f € (M, then f(z) =0, Vz € | JE, whichis dense in E, so f(z) - 0 on
E. Also f € ﬂ./\/lnnimplies f = Bugy foralln there gn € Mg, . By the F-property, we
also have thauqt1 11l > llgnlly- Since B, — B weakly, we have g, — £ =: g pointwise,
hence weakly in Dy. Fix N € N. Then ¥n > N we have that g, € Mg, . Since Mg,
is closed, we have g € Mg,. Hence g € (\ Mg, = Mg. Thus f = Bg € BMp = M.
That proves our claim.

Let Py, and Py be orthogonal projections onto M, and M, respectively. Then
Py, — Ppa in the SOT follows from Remark 2.5.2. By Lemma 3.1.8, we have
dim M, " < oo, and this finishes the proof of the first case.

Second, we will consider the general case, i.e. the invariant subspaces of the type
M = UM where U is inner function, F is Carleson thin set and M is as before.

Set My = UyMpg, where U, =

. _)\U is Blaschke product with simple zeros for
almost all A € D by the Frostman’s theorem. Then by Lemma 3.1.5, we know that

zeros of Uy accumulate only in F.
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Let P\ be orthogonal projection onto M, and P be orthogonal projection onto
M. Then using Proposition 2.5.2; it will be enough to show that P, — P in the
SOT as |A] — 0. By Lemma 3.1.7, it suffices to show that P\k, — Pk, weakly
VzeD\ Z(M) as |\ = 0.

Fix z € D such that z ¢ Z(M). So z € D is not a zero of the inner function U.

Then extremal function for M at z is of the form

Pk,
¢ .

= =UFeM
| Pk.||

where F' € Mpg. Then U\F € M, and |[U\F||, = ||[UF|,, as |\] = 0 by Lemma
3.1.6.

Set Sy = ”Uij—}nz for A € D\ {0}. Then |SyF||, =1, SAF € M, and Sy(z) — U(z)
pointwise as [A| = 0, (S\F' — UF pointwise as || — 0).

Claim: For |A\| < |U(z)| we have || P\k.|, # 0.

Proof: If || P\k,||, = 0, then Vf € M, we have

[F ) = (k) = KPAf k)| = [(F Pakz)| < LIl (PRl = 0.

This implies that f(z) = 0. Hence U, (z) = 0 since z € D is fixed. Therefore U(z) = A,
which contradicts the hypothesis.

For [A\| < |U(2)|, let Gy € Mg be the function such that

Pk,
¢A' A

= ———— =U,G,\
[Pakl

is the extremal function for M. We will show that ¢, — ¢ locally uniformly in D as
|A| — 0.
We have, 1 = ||¢xll, = |[UrGAll, > ||Gall, where the inequality follows from the

F-property.
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So, it suffices to prove that if G is any weak limit of G\ as |\| — 0, then F = G.
Since (G is norm bounded, it has a weakly convergent subsequence. Thus let G € Mg
be such that 3|\,| — 0 with G, — G locally uniformly in D). The extremality of
ox, = Ux, G, in M, and S, F' € M, implies that

U (2)Ga (2)] Z 183, (2)F(2)] = W

Since |U,, (2)| # 0, we have |G, (2)| > IIZLZ;EZI*ZlIIQ for each n. Hence |G(2)| > |F(z)].
We also have U, (w)G,,(w) — U(w)G(w) for w € D and hence U, G, — UG
weakly in D,. Thus |UG|, < 1 and UG € M. The extremality of ¢ = UF in M
implies that |U(z)F(z)| > |U(2)G(2)|, hence |F(z)| > |G(z)|. The uniqueness of

extremal function ¢ = UF implies that there is a |¢| = 1 such that UF = cUG.

From the extremal condition we have U(2)F(z) > 0 and U,,(2)G,,(z) > 0. Taking
n — 0o, we conclude that U(z)G(z) > 0. Therefore, F' = G.
O]

Remark 3.1.10. We should note that an analog of Theorem 3.1.9 holds for Ds,,
n > 1, spaces as well. In this remark, we give a brief outline of the proof for the case
of D4 by using Korenblum’s description, Theorem 2.2.1.

The proof of an analog of Theorem 3.1.9 for D, goes as follows: Let M C D,
be a nontrivial invariant subspace. We will first assume that M contains an outer
function. Then by the result of Korenblum’s description, M = [(Kj, K1), where
Ky, Ky and I(Ky, K) are as in Theorem 2.2.1. Let {Ej} and {E}'} be an increasing
sequence of finite sets in Ky and K7, respectively, such that | J E{ is dense in Ej,

U E7 is dense in Fy, and EJ DO E} for all n = 1,2, .... Then set
M, =I(E},E})={f€Dy: f=0 on E} and f'=0 on ET}.

It is clear that ) # I,, € Lat(M,, Dy). Since Ef}, E} are increasing, M, is a decreasing

sequence of invariant subspaces. Also as in the proof of Theorem 3.1.9 one shows
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that M = () M,,. In order to conclude the proof, it is enough to show that M, has
n

finite co-dimension. This can be done by an argument similar to Lemma 3.1.8. The

general case when M = UI(Kj, K7), where U is an inner function, can be done in a

way similar to what was done in the proof of Theorem 3.1.9.

As mentioned before, for a = 1, i.e. for the Dirichlet space there is no analogue
of Mg for finite subset & C T. In the next theorem, we approximate Mg C Dy
by zero-based invariant subspace I(Z) for some Z C D instead of approximating by

using points on the unit circle.

Theorem 3.1.11. Let ) # E C T be a Carleson thin set and Mg = {f € D, :
f(z) = 0, Yz € E} be the nontrivial invariant subspace of (M,,Dsy). Then there
exists I,, € Lat(M,,Dy), with dim I;- < oo, such that P, — P in SOT where P, and

P are orthogonal projections onto I, and M g,respectively.

Proof. Let E, = {z1,...,2,} C E be such that E, C E,; and |J E, C F be dense.
n=1

For r < 1 define rE,, := {rzi,...,rz,} and set

I(’I“En) = {f €D, : f(TZl) =0 Vi=1, ,n}

It is clear that I(rE,) is closed.
Now, choose an increasing sequence 7, < 1 such that > >~ n(l —r,) < co and

consider the Blaschke product

H Wy, wn —Z
- wn] 1—w,z
where {w,}22, = | rE, = {riz1,r221, 7220, 321, 7322, 7323, ... }.
Set f(z) = B(z)_fE( ), where fr(z) is Korenblum’s function for the Carleson thin
set E (see Section 2.3). First, we claim that f € Dy and f € ﬂ I(rnEy).

n=1
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By definition of the Dy norm we have that

2 2
15 = 1AWz + 1 e = IBSell2 + 1 B'f + Bl

Note that the first norm is obviously finite by property (ii) of the Korenblum function
fe. Also, |f,B| = |fi| on T and the propert (i) implies that f, is bounded on D.
Thus fpB € H?. Therefore, in order to show that f € Dy, it suffices to prove that
feB' € H?. Taking the logarithmic derivative of B, we obtain

(2) f: 1 — |w,|?
(2) (z —wp)(1 —w,z)

n=1

This implies that

201 fwa)
B < -
; |2 — wy||1 — W,

Note that for |z| = 1 we have |1 — W, z| = |w, — Z|. Hence

C
'<Z\z—wn\2—d<>

for z € T\ E where d(z) = min|z — w,| and C is a constant.

{wn}
Thus,
N
Cenp(2) e

|feB'| < i S

on T\ E by the property (iii) of fg for some constant C;. Therefore fpB' € H?.

Furthermore, by construction of f, it is clear that f € ﬂ I(rpEy).

n=1
o0

Let Z :== |J rnEy and I(Zy) == {f € Dy : f(2) =0 for all z € Z;}. Then one
n=k

can easily show that I(Z;) = ﬂ I(roEy).

Next, we want to show that

§7 [(Zy) = Mg (3.1)

k=1
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Claim1: For all k, I(Z;) C Mg.
Proof: Let z € |J E,. Then there exists N such that Vn > N, 2z € E,. Hence
n=1

Vfel(Zy), f(rnz) =0 V¥n > N. Thus f(z) =0 asr, — 1. Since |J E, is dense in
n=1
E, we get f(z) =0 Vz € E. Therefore f € Mg.

Claim2: [fE] = ME in DQ.
Proof: Since fp = 0 on E, we have fgp € Mg, so [fg] € Mg. Also, by
Korenbljum’s theorem we have [fg] = GM g where G is the greatest common divisor

of the inner parts of the functions g € [fg] and K = [\ {z € T : g(z) = 0}. Note
9€lfEl

that here Mg = {g € Dy : g(z) = 0,Vz € K}. Since fg is outer and fr = 0 on E,
we must have G = 1 and K C E. If there exists z, € E'\ K, then Yg € My we have
g(z5) # 0 which contradicts the fact that fr € Mg and fg(z,) = 0. Thus K = F
and hence Mg = [fg].

[

We can now prove (3.1). By claim 1, we have \/ I(Z;) C Mg. For the converse,
k=1

by claim 2 it is enough to show that fz € v I(Zy,).

Note that I(Zy) C I(Zky1) since Zy SZIZ;CH. Let B;, be the Blaschke product
corresponding to the set Zy. Set fi, = By fr € I(Z).

Since By, — 1 point-wise and || fi|l, < M for some constant M since f = Bfg €
Dy, we have f, — fg weakly. Therefore we have (3.1).

So,

Mgy = §7 1(Z,)

which implies that M3 = ﬁ (Zy)* and 1(Zy) € Z(Iy41) implies that I(Z;)*t 2
[(Zyar) ™. =

Let P and P, be the orthogonal projections onto Mg and I(Z}), respectively.
Then as before it follows that I — P, — I — P in SOT. Hence P, — P in SOT.
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We shall now establish the sequence of invariant subspaces I, with finite co-
o0

dimension such that I, converges to Mg. Recall that Z, = | r, E,.
n=~k
For each k, let B, = {wy, ..., w,} C Zy be such that B, C B,y1 and |J Bux =

n=1

Zy. Let I, :== I(B,,}) be the zero based invariant subspaces on B, , i.e., I(B,x) =
{f€Dy: f(w;) =0,Vi=1,...,n}. Then it is easy to see that [(B,, ;) 2 I(By+1) and
I(Zy) = ﬁ I(B,.x). Let P, be the orthogonal projection onto I(B,, k). Then for each
k, P, —Zzlék in SOT as n — oco. By Proposition 2.5.2, we can choose a subsequence
P,,  such that P, , — P in SOT. Each I,, = (B, ;) has finite co-dimension follows

from Lemma 3.1.8 and that concludes the proof.

3.2 An approximation result for the Dirichlet space

The Dirichlet space D is the space of all anayltic functions f(z) = > 7, f(n)z" on

the open unit disc D which have a finite Dirichlet integral

o) = [[ 17 GIPaAE)

where dA(z) = %rdrdt denotes normalized area measure on .

By Parseval’s formula one can compute that

o0

D) =3 nlfm).
n=1
Then the norm on D becomes
£ =D _(n+DIf () = 5 + D(f).
n=0
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Theorem 3.2.1 (see [7]). Let f € H? and let B be a Blaschke product with zeros
{zn}. Then

D) =)+ Y 5 L[

We do not know all of the M. -invariant subspaces of the Dirichlet space, but we

can consider

Dg:={feD: f*=0qe. on E}

for an arbitrary subset E of T. Note that Dg = D if F has zero logarithmic capacity
and Dg = (0) if £ has positive measure. Here f* denotes the radial limit of f and
it is known that radial limit exists q.e. (see Theorem 4.1.1). A property is said to
hold quasi-everywhere (q.e.) on T if it holds everywhere on T except a subset of

logarithmic capacity zero (see [14]).

Theorem 3.2.2 (see [6] or Theorem 9.2.3 in [14]). For every subset E C T, we have
Dpg € Lat(Mz,D)

Now we can prove our partial approximation result for Dg. First we will prove

the following lemma which provides the sequence of zero sets.

Lemma 3.2.3. Let E C T be a compact set with Lebesque measure |E| = 0. Then
there exists A C D a Blaschke sequence such that every point of E is a non-tangential

limit point from A.

Proof. Let T\ E = Ej I,, where I,, disjoint open arcs for each n. By reordering we
may assume |I,,| > ]7}21| for each n. Furthermore, we will assume 1 > |[,,| for each
n. Of course the length of complementary subintervals I,, depends on the set E.
By this further assumption perhaps we add some finitely many points to the set E
but after constructing the Blaschke sequence with required property we can take out
those extra points from the Blaschke sequence and E.

Let z, be the point on the ray from origin to the midpoint of I,, such that the

triangular shape made by endpoints of I,, and z, has angular measure 120° at z,, and

denote this triangular shape by T,.
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Note that we have §1 |I,,| = 27 and T1_1>r{17|{|z\ = r} NT,| = |I,| whenever n is
fixed.

For k € N let n; € N be such that ¢, := > |I,| <27*. Choose r, < 1 such that
(i) |[reTNTy > (1 —27F)|] forall 1 < j SZZTC
(ii) (1 —rp)np < 27F,
(iii) 2= € N.

1—'I"k

Put 13’;)@ equally spaced points on 7, T for each k, and call the set of these points

Zy. For each j, 1 < j < ny, let P; be the set of points that lie in T N7 and let

ng

Pr = U P;. Of course for each j, the exact number of points of P; will depend on
j=1

how the points are located with respect to the arc I;, but this number will be within

1 of ﬁ—jk% Now delete the points in Pj and let A be the set of the remaining

points, i.e. A= J(Z \ Pk).
k

If n(Py) denotes the number of the points in Py, then we have

U 2 TNT; Uk 2 TNT;
Z’V T |T'k J|—‘+nk2n(P]€)ZZ’V m |Tk J|—‘ — ny,
j=1

= 1—r, 2arg 1—r, 211

where [z] = min{n € Z : n > x}.
Observe that

Nk Nk — Nk

2r TN T 2r T N T 1—27k
3 - — e > 1] - e
< [1—70,{ 2y MELTo o Ty j:1| i =
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k=1 J=1

> o (1—27%) &

< 1— — I

S R ) DL
k=1 j=1

= Z (27T — (1 — 27]6)(271' — Ek) + (1 — rk)nk)
k=1

— Z (1 =2"F)ep + 272w + (1 — ry)ny)
k=1

<> (@=2M2F+27%2r +27) < o0
k=1

Therefore A is a Blaschke sequence.

After removing possible added points from F, notice that at each w € E we have
a cone with vertex at w. This cone may not be symmetric with respect to radii
but it will be contained in a non-tangential approach region. By construction we
have a subsequence of A that is contained in the non-tangential approach region and
converges to the point w € E.

O

Theorem 3.2.4. Let E C T be a Carleson thin set with positive capacity and let fg
be the corresponding outer function constructed by Korenblum that is zero on E, and
smooth elsewhere. Then there exists a decreasing sequence of zero sets Zy C D such
that

Dg 2 spam I(Zk) 2 [fE]-

Proof. 1t follows from Theorem 3.2.2 that D is a closed invariant subspace of the
Dirichlet space D, and it is nontrivial since frp € Dg. By Lemma 3.2.3 there exists
A C D a Blaschke sequence such that every point of E' is a non-tangential limit point

from A. Let A = {wy};2, €D, and B be the corresponding Blaschke sequence.
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For each k > 2, let Z;, = A\ {ws,...,w,_1} with Z; = A and consider the
sequence of zero-based invariant subspaces I(Zy). Set f(2) :== B(2)fg(z). Then f is
in the Dirichlet space D and f € ﬂ I(Zy). We can show this by using the Dirichlet
integral formula given by Theorem 3 2.1. Indeed,

D(f) =D(Bfs) = D(fs) +z / = 'wk' | Fe(©)1de]

o0

D)+ Y00 = )5 | e lfe(©) Pl

k=1

P+ 30—l [ i@

+ [ emlfae |d§|)
2+ 3000 ) Z/ = |2|fE ()2 de]

where T\ E = |JI,..
Let £ = e € I,. Then dist(e”, E) ~ dist(e", 0T, \ I,,) < |e" — wy|. Also, from
property (iii) of the Korenblum’ function fz, we have |fr(e™)* < co(dist(e, E))>.

Putting all of this together yields

D(f) <D(fp)+C D (1 —|w.]?) < oc.
k=1
In order to prove that Dgr O span,I(Zy) , it suffices to show that for each k,
I(Zy) C Dg. Let g € I(Zy). Since the non-tangential limits of g exist q.e. there is
a subset F' C T of logarithmic capacity zero such that nt — limg(z) = g(w) exists
zZ—w
Vw e T\ F. Let w € E'\ F. Then F{wy, } C A such that w = nt — limwy, by Lemma
n—oo

4.1. Then g(wyg,) = 0, Vk, > k. This implies that g(w) = 0 as n — oco. Hence
g < DE
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To finish the proof, we must show that fr € span,/(Zy). Let

o) = 1 SOBEL (] e 2 Y e 1z,
S S i |wn| 1 — W,z
nl;ll m 1=z nl;ll |w_n 1=wnz B

Since frp — fg pointwise and f; is norm bounded in the Dirichlet space (by

F-property), we have f, — fg weakly. So fr € span,I(Zy), which implies that

[felp C span,I(Zy).
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Chapter 4

Tangential Limits of Extremal

Functions in the Dirichlet Space

4.1 Motivation

Given a holomorphic function f on the unit disc, f € Hol(D), and e? € T, we define

f*(e?) = lim f(re),

r—1-

whenever this radial limit exists. If f € H2, the Hardy space, then it is well known
that the radial limit f* exists a.e. on the unit circle T, and that the limit exists in a
non-tangential approach region about ¢ a.e. on the unit circle T. Since the Dirichlet
space D is contained in the Hardy space H?, the same is true for functions in the

Dirichlet space. In fact much more is true for the functions in the Dirichlet space.

Theorem 4.1.1 (Beurling, Theorem 3.2.1 in [14]). Let f € D. Then there exists
E C T with ¢*(E) = 0 such that, if ¢ € T\ E, then f*(e?) := lim,_,,- f(re®)
exists, and f(z) — f*(e?) as z — € inside each non-tangential approach region

{zeD:|z—e’ <c(l-|z])}.
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Note that ¢(F) denotes the logarithmic capacity of F C T, and that ¢*(E) is the
corresponding outer capacity. Recall that a property is said to hold quasi-everywhere
(q.e.) on the unit circle T, if it holds everywhere except on a subset of zero logarithmic
capacity. Hence Beurling’s theorem says that each function in the Dirichlet space has
non-tangential limit quasi-everywhere on the unit circle T.

In [14], it was proved that the Dirichlet functions have limit a.e. for certain higher

order polynomially tangential and exponentially tangential approach regions.

Theorem 4.1.2 (see [30] or Theorem 3.5.1 in [14] ). Let f € D. Then, for a.e.

e € T, we have f(z) — f*(e?) as z — € in each region

. 1 \!
|z — €| < ¢ log , ¢>0.
11z

Before stating further results, we define polynomially tangential approach regions

as follows.

Definition 4.1.3. Let ¢ > 0, a > 1 and ¢ € T. The tangential approach region of
order a, denoted by I'?(e?), at € € T is defined as

I ={zeh:|z—e?* <c(l—|2))}

Note that if @ = 1 and ¢ > 1, then the region I'.(e?) is simply a non-tangential

approach region (Stolz angle)
() ={zeD:|z—e? <c1-|2])}.
If ¢ > 0, then a simple computation shows that

F?(ew) ={zeD:|z- 6i6|2 <c(l— \z|2)}
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10

is a closed disc internally tangent to the unit circle T at ¢ with center n and
c
c
radius ek This region is also called an oricylic approach region. If o > 1, then
c

['?(e?) is a region contained in the unit disc D which touches unit circle T at e?
tangentially. As « increases, the degree of tangency also increases.

If w = re € I'%(e), then one can easily compute that

t—0

(1= r)? + 4r( sin ))2 < (e(1 = r))e. (4.1)

The following Theorem of Twomey strengthens Beurling’s result Theorem 4.1.1.

Theorem 4.1.4 (Theorem 5 in [44]). Let f € D and a > 1. Then there exists E C T
with ¢*(E) = 0 such that, if € € T\ E, then f(z) — f*(€?) as z — € inside each

tangential approach region T'(e').
In [35], S. Richter and C. Sundberg proved the following theorem.

Theorem 4.1.5 (Theorem 5.1 in [35]). Let M € Lat(M.,D) and ¢ € M & zM.
Then

(a) leW)] < lellp, VA €D

(b) P(e™) = lim,_, |p(re®)| exists for every e € T

(c) 1 is upper semicontinuous on T and

lim sup |p(M)] = (e, Vel € T,

A—ett AeD

(d) the radial zero set of o, Z(yp), equals {z € D : limsup,_,, [¢(\)| =0} and it

15 a G set.

Part (b) of above theorem says that the radial limit of ||, where ¢ is the extremal
function in the Dirichlet space, exists for every point e € T. In this chapter, we will
extend this result and prove that limit exists in the tangential approach regions I'? (')

for every point e € T.
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4.2 Tangential Limits of Extremal functions

Let ¢ be the extremal function in the Dirichlet space D, i.e. |¢]| =1 and 2"¢ L ¢
for all n > 0. Then by formula (5.1) in [35], we have the following equation for

w = re® € D,

r= [ [ PaDa @) as v [ PueeP 2l (a9
0 T 2 T 2m

Note that here P, is the Poisson kernel

1—|w[2 1 1 - k=k - k_k
P,(z) = = —1= Z w'zt —1, =1,
(2) PR 1—w2+1—wz kzzowz +kZ:0wz ||

and D, (¢p) is the local Dirichlet integral of ¢ at z

D)= [

The first integral on the right-hand side of (4.2) is positive and increasing in r,

p(§) — »(2)
E—2

2 |de|
o

hence its limit exists for each e and its limit is less than or equal to 1.
By an application of Hélder’s inequality to the Poisson integral representation of

¢ or Theorem 2.12 of [13], we have

p(w)[? < / Pl <1

where the second inequality follows from the equation (4.2) and hence

dz|
li P, 2|—
m [ P2

exists for every e € T.

Since the Dirichlet space is contained in VMOA (see [41]), the radial limit

(e = tim o) = tim [ Pu2le() ]

|w|—1 lw|—=1 Jp 2
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exists for each e € T and is less than or equal 1 as well. Then by equation (4.2), we

have

e =1- [ (| 1 Pus(2)is ) D)5 (43)

Also, dividing the equation (4.2) by r, we get

Aﬁu@mgw%é:1—4(%szmm@ﬁaw%§- (4.4)

By a direct computation we obtain

1 '8
—/ P,it(z)ds = 2Rek,(z) — 1, (4.5)
T Jo
where k,(z) = _—log1 — is the reproducing kernel for the Dirichlet space D.
Wz — Wz

Therefore, (4.4) is equal to

[ PP =1 [ oRerue) - 0.0 (4.6)

T

Proposition 4.2.1. Let ¢ be an extremal function in the Dirichlet space D. Then

1 1 |dz|
su —llo D,.(p)— <
O;éwFE)ID) /|z:1 |w| ' I (1 - @z)‘ (¥) 2

Proof. Let w € D\ {0} and z € T be such that wz = re. Since the reproducing

1
kernel k,(2) is small for small w, we will assume that |w| > 3 Observe that

Reky (2) = <50 g 1 +Sin(0)Arg< ! )

|7 |1 — re®| |7] 1 —re?

< ™
1 .

Set

g 3"
2

H—g <% or

Sz{zET:Ez:rew,
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Now, on the set T\ S, it is easy to see |k, (z)| is comparable with the real part of the
, 1
reproducing kernel k,(2), i.e. |k, (2)| & Reky,(2). On the set S, since |1 — re®| > 2
it follows that |k, (z)| < C, where C' is a constant.

Notice that from equation (4.6) we have

|dz|
2Reky(2) — 1) D, ()2 < 1,
/T( Reky(2) = 1) D:(p) 5 <
which implies that
/Rekw(z)Dz(@—uz‘ <1,
T 2m

since ¢ is the extremal function in the Dirichlet space D.

Hence

1 1 |dz| |dz|
— 1 D 1 = D — < M
/|z|:1 - ' Og(l—@z)‘ () /Z|:1|k:w<z>| (@ <

where M is a constant. Taking supremum over w finishes proof.

We can now prove our main theorem.

Theorem 4.2.2. Let ¢ be an extremal function in the Dirichlet space D. Then for
each e € T, we have |p(w)|* = |p(e®)|? as w — € in the tangential approach region

ey, for1 < a < oo.

Proof. Without loss of generality, we assume e = 1 and prove that |¢(w)|* — |p(1)]?
as w = re? — 1 in the tangential approach region I'%(1). Since the Dirichlet space is

contained in VMOA, it suffices to show that
|dz|
[ Pale@PEE = )P
=1 27

as w = re?’ — 1 in the tangential approach region T'%(1).
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Adding and subtracting

»|dz|
[ Pale@R

| [.» P o

and using triangle inequality, we obtain

2|d?|  |dz]
/H Puo()le:) 50 = /| _ Pul@lell 5

~"

from

<

[ Ple@rE -
|z|=1

/

| [ At G e

J/

~~
II

Notice that by Theorem (4.1.4), IT — 0 as |w| — 1. Using the equation (4.6) for

each integral in I, we will get

|
1< [ 1Re(2) ~ kol Dl

1
Adding and subtracting —log < . ) to kp(2) — kyein(2), we get
rz

1 — zre=#

1—rz rz 1 — zre—#

1 (2) ~ ye(z) = log (1120 ) 4 L1 - g ().

Then, for |z| =1

Re(ke (2) — kye (2))] <
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Therefore,

<[ 2
lz|=1 T

o —i0
o (72 ) | ) 5

1—rz 2T

+2|1—ei9|
T

1 |dz|
1 —— || D.(¢p)— (4.
8 (1 — zre"e) ‘ (¥) 27 (47)

By Proposition (4.2.2) the second term on the right-hand side of (4.7) will go to

|2=1

zero as w = re' — 1 in the tangential approach region I'?(1). It is left to show that

the first integral in (4.7) goes to zero as well. To do that, it suffices to show that

2 — reif d
[l (20|t o

z—=r 2m
as re? — 1 in the approach region I'%(1).

2z —ret?

|dz|
21

log DZ(SO)

Z—=7T

/ 2
lz]=1 T

z —re? |dz| 2

1 D, (p)— < =

Og(z—r )‘ (SO)QW_/LZ:N“
2

o
lz|=1 T
The second integral on the right-hand side of (4.8) will converge to zero as re®® — 1

Arg (z — Teia)
z—r

one can see this from the picture) and will approach zero as re?? — 1 in the tangential
p pp g

z—r 27

Arg (‘—) \ D) (1)

by the Dominated Convergence Theorem (DCT), since is bounded

approach region I'%(1). What we really need to show that is the first integral on the
right-hand side of (4.8) converges to zero.

For w = re® € I'%(1), define

r—w

Sw:{ze']l‘:

1
> = .
>3}

Z—=T
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Then we can write the first integral on the right-hand side of (4.8) as follows,

2 z—ret |dz| 2 z—ret |dz|
— |l Dz - = — |1 Dz —_—
/Tr ] (@)27r /Sw'r’ il — (SO)QW
+/ ()21 2z —re'f D()]dz] (1.9)
z)— |lo L(p)—. .
TXT\S“’ T & zZ—=r 7 2
2 2z —re'
Let fu(2) = frein(2) = xm\8,(2)— |log If 2 € Sy, then f,(2) = 0. If
r z—r
r—w
Sy, th < —=.
2 f el o 2
Observe that on S,,,
il i0 i
z—re :‘1+r e <1 r—re <§7
z—7r Z—r Z=r 2
, , , re| 1
and by reverse triangle inequality > 3
—r
Then
if
log— < log =TT < log—
2 T

Also f,(2) — 0 point-wise as w = 7e? — 1 in the tangential approach region
['%(1). Therefore, the second integral on the right-hand side of (4.9) will approach to
zero by the DCT, as w = 7 — 1 in the tangential approach region.

Multiplying and dividing the first integral on the right-hand side of (4.9) by

2
log——,
|z =
we obtain
o ret
, og | ——
2 z —ret? dz 2 z—r 2 |dz
/ ~ [log | ——— Dz(w)uz/ - 5—log Dz(so)—‘~
s, T z—r 27 50 log |z — 7| 27
|z =
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Thus, by Proposition (4.2.2) it will be enough to show that

2z — ret?
log
z—r
2
log
|z — |

is bounded on §,,. Then the result follows by the Dominated Convergence Theorem.

Since
2z — ret |z—rei9| 2 }z—rew‘ 2
log = |log = |log + log
z—r 2 |z —r| 2 |z —r|
2
< log - 1 log ,
|z — retf| |z — 7|
then "
i 9
oe || o
SR | R I A (4.10)
log log
|z — 7| |z — 7|

A direct computation shows that

2 02 2 . 0 ?
Ir—w|® = |r —re”|” = 4% sin 5

and (4.1) implies that |r — w| < ¢(1 — )",

Also on S, |z — r| < 2|r — w| and hence |z — r| < 2¢(1 — )",

Thus
2 1 1 1
>log | — | + —log .
|z — 7| c a 1—r

Moreover, on the unit circle T, ‘z — rew‘ > (1 — ), which implies that

log

2 <1 2
— <o )
|z — re| — g(l—r)

log
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Using above inequalities, one gets

log
(4.10) < 1+ a(l—?ﬁ),

1Og(l —)

2

log
which is bounded since (I—Ir) N\ 1. That finishes the proof.

1Og(l —)
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