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ABSTRACT

This investigation involves the analysis of the cylindrical
dipole antenna. The purpose of the analysis is to accurately determine
the current distribution on thin cylindrical, center-driven dipole
antennas. The basis for the theoretical analysis was the antenna integral
equation first developed by E. Hallén. Chapter II considers this equation
in detail.

Expanding the kernel of the integral equation in a Fourier cosine
series, and with the use of the concept of the Delta funcion generator,
the approximate current distribution can be expanded in the following
series, which satisfies the boundary conditions on the antenna current

at the ends of the dipole.

Chapter III develops a solution for this current approximation. The
coefficients were computed using the method of moments.

The results of this trigonometric theory are compared with results
obtained from various theoretical techniques of King-Middleton and the
experimental measurements of Mack. The trigonometric theory is demon-
strated to provide accurate current distributions and terminal impedances
in twenty-fifth-order solutions for half and full wave length antennas.
Some results are presented for different order solutions in agreement

with the Barrero [22] solutions.
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CHAPTER I

INTRODUCTION AND GENERAL CONSIDERATIONS

I. THEGRY OF ANTENNA

The antenna name was probably suggested by the resemblance of
the thin arms of the probe to the feclers or antennae of an insect.

At present, however, this name is applied to all circuits designed for
effective long-distance coupling.
An antenna is a device designed to radiate an electromagnetic
wave into free space when excited by a wide range of alternating current
or, alternatively, to absorb energy from an electromagnetic wave and
produce a wide range of alternating currents [1]. In the case of
transmission, the impedance presented to the transmission line or wave-
guide by the antenna should match the characteristic impedance of the
Tine or wave-guide, while in the case of reception the line should be
matched to the antenna. An antenna may be capable of functioning over
a wide band of frequencies or, alternatively, at one specific frequency.
In the first case the antenna is called aperiodic, and in the second case
tuned.
There are several problems to be considered before designing a
practical antenna. Some of them are:
a. to develop basic field concepts.
b. to obtain equations for calculating fields and to
examine their principal implications.

c. to derive the expressions for the electric and magnetic
intensity of the wave excited by an element of electric
current in free space.
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d. to examine directive effects of spatial arrangements of

current elements.

e. to obtain formulas for transmission of power between
antennas.

f. to derive current distributions in antennas with given
connections to generators.

g. to examine the reciprocity between transmitting and
receiving antennas.

h. to evaluate antenna impedance.

Finally the general principles have to be applied to order to

select examples of practical antennas.
II. BASIC ANTENNA PRINCIPLES

The antenna functions as a transducer, coupling power from wave-
guides or coaxial lines to free space, and viceversa. The basic
principles of antennas are better understood by the radiation intensity
pattern. Antennas do not radiate power equally well in all directions
in free space.

If the radiation intensity pattern is scaled such that the maximum
intensity is unity the result is commonly called simply the radiation
pattern. Figure 1 shows a possible pattern, the angular separation
between points on the radiation pattern that areBdB down from the
maximum 1is called the beam width (eB).

Aﬁ important antenna parameter is its gain. There are two types
of gain, one is directive gain, and the other is the power gain. Other

antenna parameters are the aperture efficiency, signal reception and the

polarization.
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Figure 1. Radiation pattern in polar coordinates.




III. CYLINDRICAL ANTENNA

The first antenna investigated was the Hertizian dipole, consisting
essentially of an oscillating filament of current of very short length
between two metal spheres. The analysis of cylindrical wires of finite
length rather than infinitesimal dipoles was begun with the determination
by Abraham in 1896 of the natural modes of a than ellipsoid.

Figure 2 illustrates a Hertzian dipole for which, the length 2h
of the dipole is restricted to values such that kh << 1. The ends of
the antenna are assumed to be capable of storing a charge.

In 1937 L. V. King [2] presented work based on an integral
equation, but the significant advances in linear dipole analysis use
Hallen's formulation. Modern dipole antenna theory began with Hallen's
studies in 1938 [3].

A dipole antenna consists of two equal colinear rods separated
axially by a small gap. In general the antenna may be of any length.

The shape of the ends of the antenna has been a subject of such
discussion. Some authors using accurate analysis of the problem specify
that the ends of the antenna must be shaped so as to prevent the
accumulation of electric charge there, and thus make them hemispherical
[4]. But in any case, the consensus seems to be that unless the radium
of the antenna approaches 1/10th of its half length, the shaping of the

ends is not critical, and for antennas of more practical proportions,

half-wave length and full wave length, the ends effects are small.
Then a dipole as described above is connected to a balanced source
of pulsating electrical energy, current flows in the two rods [5]. This

current must decay in some manner along the length of the antenna, for no
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Figure 2. Dimensions of the Hertzian dipole.




current can leave the ends and only a very small amount of charge can

accumulate there.

The current at any point in the antenna will certainly depend
on the distance of that point from the base gap, and if a right-handed
cartesian system of coordinates is used for the problem (Figure 3), the
current at any'point will be a function of z.

Thus, the problem of the dipole becomes that of finding a solution
to Maxwell's equations with a particular set of boundary conditions
corresponding to the above description of the dipole. The voltage across
the base gap must be equal to the voltage applied to the antenna.

The current at the point, z = +h and z = -h, must be zero. Also
the field and current within the antenna must everywhere satisfy Ohm's
law, as the antenna must be made of a conducting material, in order to

satisfy the following boundary conditions:

%]
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b. 1 =0 I = 0

c. E = -pJd for all points

For the most difficult part is that of finding the values of current
that satisfy completely all the above boundary conditions.
There are many reasons to study the current distribution in a

dipole. Some of them are listed below.

a. It makes possible accurate calculation of the impedance of
the antenna, which is very important in practical consider-

ation of matching for maximum power transfer.

o
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Figure 3. The dipole with coordinates axes and boundary conditions.




It can be used to accurately determine the mutual coupling

between adjacent antennas. This is important due to the
increasing use of arrays consisting of large numbers of
closely spaced dipoles.

It could possibly shed more 1ight on the actual manner in
which antennas radiate power, and thus extend out theoretical

knowledge of antennas in general.

IV. TERMINAL-ZONE PHENOMENA

One important consideration in a cylindrical dipole model is the

terminal-zone phenomena and the treatment of the gap. Several investi-

gators, have found that the terminal-zone phenomena and coupling between

the line and antenna greatly affects the apparent impedance of an

antenna as a load terminating a transmission line. In simple trans-

mission line analysis the conventional line equations are not valid.

Some considerations are [6]

a.

b.

the absence of a conductor in the gap of the antenna.
deviation of capacitance per unit length and inductance
per unit length at the end of the line since a finite line

behaves differently than an infinite line.

electromagnetic coupling of the antenna and transmission
Tine R. King [7] has shown that the nonuniform line near

the antenna junction may be replaced by a ficticious section
of 1ine which contains only values of impedance and

admittance.

Figure 4 illustrates an actual transmission line coupled to an

antenna and an ideal line, with King's terminal-zone correction network
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Figure 4. Equivalent circuit for Terminal-zone phenomena,
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connected to the idealized dipole. CT is the Tumped capacitance which
compensates for electromagnetic coupling and the deviation of the line's
characteristic impedance near the junction. Lg is the Tumped inductance
necessary to correct for the gap. LT is the lumped inductance necessary
to compensate for changes of the characteristic impedance toward the
end of the Tine. The apparent impedance Za is the measured quantity,
while the idealized impedance Zb’ results from a theoretical analysis
of the excitation of the cylindrical dipole model by a delta function

generator.




CHAPTER 11

DERIVATION OF INTEGRAL EQUATIONS

I. PRELIMINARY CONSIDERATIONS

Maxwell's Equations

In the most general sense, antenna theory deals with the inter-
actions between charges and currents in a configurations of conductors
immersed in free space or some other medium. Moving charges in the
elements of a transmitting antenna interact to produce motion in the
charges present in the elements of a receiving antenna.

The quantitative description of the aforementioned interactions
may be facilitated by the introduction of the electric field vector
E and the magnetic flux densify vector é. In general E and E are
interrelated. The relationship between them is specified by a set of
partial differential equations known as Maxwell's equations. Maxwell's
equations also relate E and § to their associated charge and current
density functions, so that Maxwell's equations, in conjunction with
appropriate boundary conditions, may be regarded as the definitions of
the electric field and magnetic flux density vectors. For an arbitrary
hemogeneous isotropic medium, Maxwell's equations may be stated as

follows:

5 . E = p/e , II-1

s T ._B ]

VxE-=- 5t > I1-2
1
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Where E is the electric field intensity vector in volts per meter, B is

the magnetic flux density vector in webers per square meter, € and u are
the permittivity and permeability constants respectively, whose free-

space values are

1 -
0__3—6;)(]0

9 farads/meter, II-5

M
I

7

Hy = 4 X 10° henries/meter. 11-6
The volume charges density p in coulombs per cubic meter and the current
density J in amperes per square meter are related to each other by the

continuity equation

7 L] ] - - éE -
v -d 5t I1-7
Which may be obtained by taking the divergence of Eq. II-3 and combining
the resulting equating with Eq. II-1.
The frequency domain representation of Maxwell's equation is

[1, page 123]

¥xE=- juB, I1-8

~

=J+ jub., 11-9

<2

>

x
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Vve.D=p 11-10

II-1

<]
.
o]
n
o
.

The determination of the current distribution is a boundary value
problem involving the solution of Eqs. II-1 and throught 1I-4 subject to

the boundary conditions imposed by the physics of a particular problem

Boundary Conditions

In order to simplify the specification of the boundary conditions

it is customary to define the following functions [8, page 34-36]

> [I-12

T |

e E . 11-13

[ew 24
1]

These functions, known as the magnetic field intensity and electric flux

density respectively, allow Maxwell's equations to be written as

Veb=e. 11-14

v 3B

VxE=-g, 11-15

vxh=J+8 11-16
3t °?

V-B=0 11-17

For these equations the following statements can be made: (a) The
tangential component of E is continuous at an interface between two
media, (b) The tangential component of H is continuous at an inter-

face except at the surface of a perfect conductor, where it is dis-

continuous by an amount equal to the surface current per unit width

——4—————————————————————————————————___________________----------IIIIIJ




(c) The normal component of B is continuous at the surface of discon-

tinuity, (d) The normal component of D is continuous if there is no

surface charge density, the discontinuity is by an amount equal to the

surface charge density (if present).

14

In terms of the variables of Eqs. I1I-14 through II-17, the boundary

conditions on the normal and tangential field components at the interface

between two media may be summarized as follows:

Et

Hiq

Dnl

Bnl

=E

- H

- D

- B

t2

t2 =

2 -

n2 °

s’

[1-18

I1-19

[1-20

[1-21

Where K represents surface current density and Ps represents a surface

charge density at the boundary between the two media.

If medium 2 is

a perfect conductor in which E] = §] = 0, then Egs. II-18 through II-21

can be simplified to

tl

nl

nl

t1

=t

1]
o]

1]
(o)

t2

=0

11-22

I1-23

11-24

I1-25
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Development of Potential Functions

Since the divergence of B is zero, the magnetic flux density

may be represented as

B=VxA'. 11-26

This complete definition of A® may be given as

~

A' =R +vy 11-27

Since V. x V ¥ = 0, the curl of A’ yields

VXA =VXA+VxVV¥=vxh=p. 11-28

Where R is called a vector potential and V is called a gauge function.

Substituting Eq. II-26 into Eq. II-8 yields
VX (E+3jwA)=o. 11-29

In words, (E +jw R) is a vector with zero curl, then a scalar potential,

V, exists, such that
-VV=E+juwh. 11-30

The electric field may be eliminated, with the combination of Eqs. II-9,

I1-12, I1-13, and II-30 to obtain
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v(V A) - VZA = MZUER - Jupevv + uj . 11-31

Substituting Eq. II-30 into Eq. II-1 yields

VU o+ juy + A=-2 11-32
A convenient choice of the potential for a radiation problem which

satisfies the invariance of ﬁ and E is
V o« A=-joueV . 11-33

This particular assumption is called the Lorentz condition, and the result-
ing potentials are said to be in the Lorentz gauge. Now the Eqs. II-31

and II-32 can be written in a more convenient form

Vzﬂ + wzue R = - uj I1-34

s

v+ wlueV = - £ 11-35

These are called the inhomogeneous vector and scalar wave equation, also
known as inhomogeneous Helmholtz equations. The cartesian components of

the vector quantities are,

2 2, _
VA + KA = -, 11-36
2 2
+ = - -
VA, KEA = - 11-37
2 2, .. i
VA, + KA = -, 11-38
vV o+ KeY = -2 11-39




Where k2 = mzue = (2n/>\)2 .

By applying &-function excitation and taking the Fourier transform,
the impulse response may be found. The inverse Fourier transform of the
impulse response is the Green's function in free space and is defined by

King and Harrison [9, page 23].
2 - ~l 2 - ~l - - ~I
VG (r, r') + k°G(r, r') = &(r, r'). 11-40

A form of convolution of the forcing function and the Green's function

expresses the vector potential as

.. Siany gmdk|rer]
_ W J(r') ed
A(r) = in jJJ TFoF dVo . [1-41

II. CLASSICAL FORMULATION OF THE PROBLEM

The classical solution to the dipole antenna problem is included
in any text containing linear dipole theory. The model used is a thin,
cylindrical dipole of radius a with the axis of the dipole lying along
the z axis of the cylindrical coordinate system (p, ¢, z). The dipole
extends from z = -§ tb +6 and the elements extend from +§ to h and-$§
to -h. The geomentry of the problem is shown in Figure 2 (Chapter I,
page 5).

The associated boundary value problem is for a conductor of
radius a extending from h to +h with an infinitesimally small gap at

z = 0. For most practical purpose infinite conductivity may be assumed,
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however Hickman and Tillman [10], and King, Harrison and Aroson [11]
have carried out solutions to the antenna problem by retaining the
finite conductivity of the dipole. The other assumption considers the
source as a slice generator such that the electric field in the gap

is azimuthaly symmetric. R. King [12, page 87], Duncan and Hinchey
[13, page 571] and T. Wu [14, page 333] have studied this problem. The

voltage across the gap is defined by

V=- J E dz . 11-42
gap S

Where ES is the z- component of electric field at p = a. Therefore, the

assigned boundary values are

p=a
E. =0 for 6S]|z'sh, 11-43
A1 9

E,=-V&(z) for |z|sh . 11-44
Where V, the amplitude of the time-harmonic input voltage, is held

constant and § (z) is the usual Dirac delta function. With these

conditions, the combination of Eqs. II-30 and II-33 gives




[ .2
__Jd |8z, sz
WHE 822 z

11-45
From Eqs. 11-44 and Eqs. 1I-43, II-45 we obtain

L N
5 KA, = - JupeVs(z) | lz] <h 11-46

9z

82Az 2 b=a

822 +kAZ=O (SS'Z'Sh 11-47

All ¢

In general the vector potential AZ is independent of the azimuth angle
¢, and also Az is a function of both z and p. We will ultimately take

p at the antenna surface.

Solution of the homogeneous eguation in the upper half of the
antenna and on the lower half may be expressed as

AZ = C] cos kz + C2 sin kz .,

o>

(N
o
Tt

In R

[1-48

b
—
—_ N
-




p=a
A = C3 cos kz + C4 sin kz -hsz £-3§ I1-49

z AT o

From the symmetry of the antenna AZ must be an even function of z;

therefore it is expected that C] = C2 and C3 = -C4 0. The correspona-

ing particular solution of Eq II-46 is

A = - TBLE ginyz) 11-50

then a single equation valid over the full length of the antenna is
p=a

A, = Cycos kz- LS Tsink |z h$z<h 11-51
ATl o

The result is the familiar equation originally derived by Hallén

[12, page 79]. The equation is

1 ] | I, j V .
S 1L (2') K(z-2')dz' = C; cos kz- L& Zsin K[z ] . I1-52

Where K (z-z') is called the kernel and is given by

=

[F-F | 11-53




Delta Function Generator

In the derivation of Eq. II-52 the base gap of the antenna is
made to approach zero so that the antenna is driven by a Dirac delta
function of electric field. Since the gap approaches zero width, the
capacitance of the gap approaches infinity producing a singularity in
the current at the gap [9, page 147]. This singular charging current
has no physical significance and must be subtracted out. The remaining
finite current that is characteristic of the antenna without the gap may
then be related to the corresponding current in an identical antenna
driven by a practical feed system. Since the singularity is of very
short range, it will only begin to show up in current approximations
“which contain a large numbers of terms. The singularity is not reproduced
by approximations made of continuous functions and containing a relatively

small number of terms.

The Kernel Function

A principal difficulty in the solution of the integral equation
I1-52 is the complicated Kernel II-53. Considerable simplification is
brought about if the current in the dipole is approximated by a
filamentary current lying along the axis of the antenna. Such an

approximation to the Kernel is given by

K(z - 2z') = exp (-jkR)/R . [1-54

Where




Strictly speaking Eq. II-52 has no exact solution. Duncan and Hinchey

[13, page 575] pointed out that high-order solutions cannot converge
to the correct solution of the antenna integral equation. However, T. Wu
[15, page 329] developed a theory showing that low-order solutions are

very similar, within the range of validity of the approximation.

Neff's Derivation

A different method to approach the antenna integral equation has
been developed by H. P. Neff of the University of Tennessee. He
considered the vector potential first formulated in terms of the tangential
electric field over the cylindrical antenna surface, and then considered
the tangential magnetic field over the same surface. In this method
Neff noted that it was more informative to carry out the exact analysis
in terms of the cylindrical wave function. Neff found, as did Duncan

and Hincey [13]
Kzz') =4 | 4 [a /‘—kz_kzz ]Ho(z) [a‘/—kz-kzz ]

X exp [j(z—z')kz] dk, . 11-56
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Working with this equation Neff supposed that Jo [a V kz-kz2 ] may be
approximated by one, valid for kZ < k, but approaches infinity for

kZ > k. This is precisely what is done to approximate the Kernel. Also
Neff found no relationship between the value of the current density

at the end of the dipole and the constant C], and its analytic expression

is

C, = - EZ (z') sinkz'dz' . 11-57

Vo
¢ = - 3—— = - 5 COS kz + C] sin kz 11-58

C] is just the negative of the potential evaluated on the antenna at
z = A/4. Siller [16, page 26] presents a complete discription of this

technique.




CHAPTER III

TRIGONOMETRIC SOLUTION APPROXIMATION TO THE CURRENT
[. CURRENT APPROXIMATION

Solutions to the integral equation II-52 have taken several forms.
The zero-order solution presented by King, Mack and Sandler [4] is very
simple. Siller [16] also developed a simple trigonometric approximation
to the current on a cylindrical dipole antenna. His current distribution

along the length of the element is the trigonometric approximation

given by
P
I (z)=1 A _sind%- (h - |z |). I11-1
z, N p=1 np Zhn n n
Where Anp are complex coefficient which may be determined by fitting the

solution at P points along the length of each antenna element. In this
approximation the number of terms used is dependent upon the degree of
accuracy required by the investigator; however the approximation begins
to diverge if more than five terms are used.

Eq. III-1 can be expanded using simple trigonometric identities

and considering the case of "p odd" and "p even," the eauivalent is

N N
Z . z
I, (2) = ] C, cos %”F + ) D, S'lnmz‘lﬁ‘l' . I11-2
p=1 p=2
p odd

p even
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D =(-1) 2 A . I11-4

Unlike the work of Duncan and Hinchey [13], the functional form chosen
to depict the approximate current distribution cannot be a Fourier

series.

II. METHOD OF MOMENTS

Solutions to the integral equations which arise in electro-
magnetic field problems can rarely be achieved through analytical means.
Several techniques have been developed, but we will focus on a single
broad class which is referred to as the Method of Moments. References
for this method are discussed using the notation of Harrington [17, 18].

Using this technique, the integral equation may be written in

the following operator notation

L {D} = B III-5

Where L is a linear operator and B is the response to the excitation D.
The essence of the Method of Moments is:
a. Expand the unknown function using a set of basis functions

Fi,n=1,2,..... N} in the domain of the operator




b. Define a suitable inner product of the tangential vector

function over the surface S as

<P-Q> = [ p - qda. I11-7

c. Define a set of weight functions in the range of the

operator L
{Wsm=1,2, ..... M1}. ITI-8

d. Take the inner produce of the weight functions with the operator

equation in which the expansion has been substituted

N
Y An < Wm <L (fn) > =< wn «B>m=1,2,..... M II1-9

n=1
This equation defines M relationships for the N unknown values a -
Since it is a linear system of equations, it is ideally suited for
numerical computation. Eq. III-9 may be equivalently written in

matrix form as

[, 1-[AI=1081. 111-10

m

where

(x)) > . 111-11
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[11-12

If the matrix Cmn is nonsingular, its inverse exists. Then the solution

of Eq. III-10 is

- -1,
(A =[C ] (8,1 . I11-13
and the response A is approximated by

0 = [f,] - [AJ = [F] - [c, 1" - [8], 111-14

where

LAV I S S LI [11-15

ITI. DEVELOPMENT OF FOURIER SERIES SOLUTIONS

Duncan and Hinchey [13] developed a FOURIER SERIES for the

Kernel of Hallén's equation,

™

K (Z'Z') = 2]_” %ﬂ%ﬁ) d‘b . ] III-]G
J

-

where




R = [4a2 sin’ 6/2 + (z--z')z]]/2 .

The integral equation is valid only on the range - h £ z < z + h.

I11-17

To simplify the calculation it is possible to avoid a double

Fourier Series using the fact that z and z' enter only as the square

of their difference. So let y = (z-z'), then K (y) contains only y*,

2

SO a cosine series in the range -h to +h will be sufficient. Now an

expansion of the Kernel is

K (y) ‘-—— + Z D.. cos (%%%) for -h Sy S +h

And the value of any coefficient of Dm is given by
2h

D, = gﬁ K(y) cos (%%F) dy

-2h

This equation can be simplified using the cosine transformation.

Where G (o) can be defined as

(a) = -4 \f—- (Ra) H (2)(Ba)

[1I-18

II1-19

I11-20

I11-21




But it is necessary to rewrite G (a) considering the cases for

a<k,B=banda >k, 8=-jb.

6 (o < k) = -j\[%_do (ba) Ho(z)(ba) , I11-22

and
G (o > k) =\/%-Io (ba) K0 (ba) . I11-23

Also G2 () can be defined as

(o]

G2 (a) = \/g- K(y) cos ay dy . I11-24
2
For a high degree of convergence the Kernel can be expanded in a negative
power series of y, and for convenience set

2

we = (4 a®

sin? ¢/2)/y% 111-25

And then Eq. III-16 becomes

=

K (y) =-%; exp (-jky V1 + %) (1 + u2)'”2
y

d¢p . III-26

Using the table of functions [19] appropriate expansion of the

integrand are made and ¢- integration is performed, resulting in




where the coefficients are

¢, = -4 kal, 111-28
c2=-a2-3kz 34, 111-29
c. - ik’ 5jk%a°

3°7% 7 111-30
cy = B B2 B s
c, - - 5j§a6 ) 17sgg3a8 , [11-32

etc.
With a few trigonometric identities, a few elementary changes of variables,

depending on whether o < k or a > k, G, (o) becomes [13, page 579]
G2 (o < k) ="Vl;;<Ci [(k + a)2h] + Ci [(k - a) 2h]

+ jm -j Sil(k + a)2h]-j Si [(k- ) 2h]>-III-33




Gz(oc > k) = - \/; <C1’ [(a+k)2h] + Ci [(a-k) 2h]

-jSi [{a+k)2h] + jSi t(a-k)2h]> . 111-34

The special case for o = k is given by the singularity of the functions

so the logarithmic singularities subtract off in G(a) - G2 (o) and one

obtains
6y (o= k) = 1 }Ln ‘”‘2 + Ci(4kh) - 3Si (4kh)> 111-35
Gr | ska

Using the tables of functions [19, pages 232-369] it is possible to
compute the values of sine integral (Si), cosine integral (Ci), and

polynomial approximations to the modified Bessel functions, JO, Y, Y

o’ '1°
(2)
J], H0 and KO.
IV. TRIGONOMETRIC SOLUTION
The equation to be solved is
h
f (z') K (z-2') dz' = C cos kz +-% sin k |z]| , I11-36
where T
K (z-2') = 2% exp (-jk [r - r']) 4. I111-37
lr - vt
-




32

I11-38
is the trigonometric solution.
The Kernel can be expanded to
Nt mmz mmz'
K(z - z') = Z D [cos (——?ﬁ_—) cos ( oh )
m=0
+sin (Tp2) sin (21, 111-39

The sine terms are not needed in the treatment of a center-fed antenna,

then, the Kernel reduces to

oot mmz mmz' _
Ke (z-2") ‘mzo D, cos ( 5h ) cos ( 5h ) 111-40
Now expanding f (z') as
f(z') =] F cos (T2, I11-41
n=o

and substituting into Eq. III-36 the result is

o] «©

mmzy _
nzo mZO Fr D Agm €05 (5op—=)

C cos kz + %-sin k |z]| - 111-42




An infinite set of linear simultaneous equations is obtained
by multiplying both sides by cos (2p + 1) mz/2h and integrating on z
from -h to +h. The result is
’E E Fo Do Ao Bpm = CRp + Vp R I11-43
n=0 m=0
where
h
Bpm = 2 cos [(2p + 1)wz/2h]cos [mmz/2h] dz , I11-44
0
1
h
Anm =2 cos (nmz'/h) cos (mmz'/2h) dz~, 111-45
0
h
Rp =2 cos kz cos [(2p + 1) nz/2h] dz , I1I-46
0
and h
Vp =2 sin kzcos [(2p + 1) mz/2h] dz , 111-47
| 0

Let h = Im. Using tables of integrals and by the condition of

orthogonality, A, = 0. For m even, m # 2n; Bpm = 0 for m odd,
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m#2p+ 1. Thus the vector Rp and Vp become

- S8in a ., sin B _
Rp o +-——§~— s I111-48
= _C0sS B _ cosa _
Vp = z > +C. [11-49
where
a=(2p+1), 111-50
B=k+(2p+1)n/2, III-51
and
C = Zk [11-52

K- [(2p + 1)m/2]°

Now for the case of k = 2(p + 1) n/2. Eqs. III-46 and II1I-47 result in
1

2 coszkz dz =1

’ I‘
p III-54

x
1]

and

p 2 sin kz cos kz dz =-% . III-55

<
it




Equation III-43 can be written as

o}

mzo T Fn = CRy*V, I11-56

where

Tn= L OpAm Bon - 111-57

m=0

Since m is either even or odd, this basic set of functions can be
broken into two parts, and for the case of m=2nandm=2p + 1

A = B h, and Tpn reduces to

n,2n p,2ptl -

T =h(D,. B +D II1-58

pn 2n “p,2n A

2p+1l n,2p+1)

There DO has been redefined by a factor of two, and is included in

the computation of Aoo‘ For the condition An 041 = B

N’ the final

+1 P,2

result for the matrix coefficients Tpn is given by

T =hB I1I-59

pn p,2n (D

on * Dops1)

Where

= h (-1)"P ] ] 2 -
Bp, 2n h (-1) [Zp ¥1-2n 2p+1 +2n| 111-60
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The set of equations generated by Eq. III-56 as p ranges from zero to

infinity can be cast in matrix form as

TF = CR + V

I11-61

The formal solution of the current given in terms of the inverse matrix,

where T must of course be nonsingular, is

1 1

F=CT R+TV

I1I-62

The evaluation of the constant, C, is obtained by setting Eq. III-41 to

an arbitrarily small value, that may be zero.

Nth
FH = Y F cos (nmz/h)
n=o

for z = £+ h. Thus,

Cos (n m) = (-])n for zZ=hs=

Then

I~

n_
LR RECHRLE

I1I1-63

I11-64

I11-65




I1I-66

c= - Nth .
oMo (-1)
n=0

Where the vectors Mn and Nn are given by

R, I11-67

and

V. I11-68

The final solution for the approximate current distribution for
isolated thin cylindrical dipole elements is obtained in the expansion

form as

t
F (z) =) Fo (C) cos (nmz/h) . I11-69
The evaluation of the inverse matrix elements was accomplished on a
high-speed digital computer, using a subroutine furnished by A. Barrero.

V. IMPEDANCE AND ADMITTANCE IN LINEAR ANTENNAS

A knowledge of the impedance of an antenna is necessary in order
to match the antenna to a generator or to a transmission line, and to

compute the gain of the antenna.
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The input impedance ZT of a center-fed cylindrical antenna is
found by taking the ratio of the input or terminal voltage VT and the

current IT at the input terminals. That is,

v
. _ T _ .
T Rp +3 X - 111-70
Where
IT = IZ (0) ,
RT = terminal resistance,

X+ = terminal reactance .

and the admittance is given by

I

I : -
YT = - GT + BT , I11-71
where
GT = terminal conductance,

[we)
1]

T terminal susceptance.

The subject of antenna impedance has been studied very thoroughly

and exact solutions have not yet been found for the cylindrical dipole.

The EMF Method

The most common way of obtaining the impedance of a linear antenna

is called the conservation of complex power or Induced EMF method. The




impedance of the antenna may be written as

7 =-

1
11,(0)]°

h
*
Ez (a,z) IZ (z) dz . I1I-72
h

This is the form in which the impedance is usually expressed [1, p, 538;

12, pp. 268-260].

vector method."

This method is frequently referred to as the "Poynting

This name is usually attached to the impedance compu-

tation when the radiation resistance is computed using the far-zone

fields of the antenna [1, p. 536]. King, Mack, and Sandler [4, p. 23]

note that Eq. III-72 can be reduced to an identity if the electric

field is a delta-function generator. That is,

h
1 V1" (2) 6 (2) d

= Y4 4 z ,

|IZ (OMZ 0z
“h

b—v, 1, 0,
1,(0) 1, (0)
vo
Chor 111-73




CHAPTER IV

RESULTS
[. JUSTIFICATION FOR NONZERO END CURRENTS

The concept of nonzero end currents is not new, but it is usually
set aside by forcing zero current at |z| = h in the evaluation of ¢
in Hallén's integral equation. In general, this is not a necessity, but
it is done as a matter of convenience. King discusses the possibility
of nonzero end current [12, page 70]. He concludes that the antenna
surface could appear longer than it actually is. Infield [20, page 911]
points out that the current is not necessarily zero at the tips of a
linear dipole.

Experimental data by R. B. Mack [21] also indicate that the current
is not necessarily zero. It has also been called to the attention of
the writer by Dr. H. P. Neff, Dr. J. D. Tillman and Dr. A Barrero, all
with the University of Tennessee, that a nonzero end current could
produce a better solution to the original boundary value problem

In 1972 A. Barrero [22] solved the linear dipole problem
(approximately) and found a nonzero current at the end of each element.
His solution was in good agreement with measured data, and it also

yielded a good solution to the original boundary value problem.
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II. RESULTS FOR HALF AND FULL-WAVE ANTENNAS

The antenna current distribution under study is calculated
using Eq. III-69, derived in Chapter III. The current distribution is
solved by the computer program given in the Appendix.

The comparison of the result with other theories and experimental
measurements, is based on two kinds of dipole antennas which are the
most important ones. R. King [23] presented the same results to
compare with Mack's measurements.

Figure 5 and 6 show the current distribution on half and full-
wave dipoles at twenth-fifth order, for the case where FH in Eq. III-63
is forcing zero current at the end of the dipole z = +h, and Figures
5b and 6b show the current distribution on half and full-wave dipole,
for the case where FH in Eq. III-63 is forcing the current to a very
small value.

A1l the results presented in this chapter are in good agreement

with measured data by Mack and the King-Middleton third-order solution.

Admittance of Isolated Dipole

As noted earlier, a knowledge of antenna admittance is important
in the development of antenna systems. Fortunately almost all
theoretical treatments of isolated cylindrical antennas provide valuable
information in this area. Table I lists values of antenna input
admittance for the half-wave dipole with Q@ = 8.54; the results are
given for orders 15, 17, 19, 21, 23, 24, 25. For the case of FH # 0,

the nonzero current of Barrero's computer program is used for each
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TABLE I

INPUT ADMITTANCE FOR A HALF-WAVE DIPOLE

Order Input Admittance Input Admittance
£(xh) = 0 f(zh) # 0
15 10.152-j2.995 7.854-33.779
17 9.921-33.053 7.907-j3.713
19 9.741-33.084 7.952-33.651
21 9.595-33.099 7.991-33.595
23 9.476-33.105 7.944-33.505
24 9.577-33.217 7.832-j3.366
25 9.377-33.103 7.974-33.460

MEASURED (MACK) 8.981-j3.736
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respective order. Since the reults converge to the experimental value

of 8.981 - j3.736 mA/v, the theory must be considered satisfactory.
The parameter Q describes the height-to-thickness ratio of the

antennas based on the assumption that h >> a, and the ratio h/a equals

the ratio of the total length of the cylindrical antenna to the

diameter.
Thus,
Total length _ 2h IvV-1
Diameter 2a
and @ is given by
Q=21n %F— Iv-2

Table II Tists values of input admittance for a full-wave dipole
with Q = 9.92; the results are given under the same condition of Table I,
and the results converge to the experimental value of 1.023 + j1.394 mA/v.

Figure 7 and Figure 8 show the conductance and susceptance
components of antennas admittance as a function of the order of the

solution. The results are obtained using the boundary condition f(xh) = 0
and f(+h) not zero but equal to a very small value obtained from

Barrero's solution.
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TABLE II
INPUT ADMITTANCE FOR A FULL-WAVE DIPOLE

Order Input Admittance Input Admittance
f(th) = 0 f(th) # 0
15 1.006+j1.276 0.979+j1.477
17 1.003+j1.351 0.978+j1.540
19 1.001+31.4156 0.981+j1.574
21 0.999+j1.472 0.980+j1.626
23 0.998+j1.522 0.981+j1.658
24 1.001+31.485 0.979+j1.738
25 0.977+j1.568 0.981+j1.697

MEASURED (MACK) 1.023+j1.394
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CHAPTER V

CONCLUSIONS AND SUGGESTIONS FOR FUTURE STUDY
I. CONCLUSIONS

This work has presented a theory to approximate the current
distribution on center-fed thin cylindrical dipole antenna. The current
distribution function is shown to yield very accurate impedances for
half and full-wave length dipoles compared with the King-Middleton
third order iteration and the finest experimental measurements by Mack.

The method of solution of the trigonometric theory is sufficiently
simple that the antenna engineer may easily generate his own data. For
this reason a copy of the computer program is included in the Appendix.

The trigonometric theory developed in this work expresses the
current in a series of cosine terms. The work presented by this thesis
justified the possibility of nonzero currents at the tips of a linear
dipole antenna. Figures 5 and 6 pages 42-43 and Tables I and II page
44-46 compare the current approximations and admittances respectively
for the cases when the current at the tip is forced to be zero and when
these same current is set equal to an arbitrary small value. Both
results are in good agreement with each other and also with other
theories. For the case shown in Figure 5a, the current at the end of
the dipole does not converge to zero, however for the case shown in
Figure 5b the current converges uniformally to the given value. As

a conclusion it must be pointed out that the results from the
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trigonometric theory give an overall agreement as good as the more

sophisticated iterative solution. A1l these results for currents and
admittance were computed using the Eq. III-69 which is in disagreement
with the paper presented by Duncan and Hinchey [13].

It can be seen from the graphs of admittance versus order that
a great deal of margin for the study of thicker antennas is inherent in
the twenth-fifth order solutions. Also studies of full wave length
antennas with h/a < 60 will not require more than 25 terms for fast
convergence.

Finally, it should be pointed out that since the matrix cannot
be inverted in finite order, the trigonometric series for the current
is not strictly a Fourier series. However, it does converge to a

Fourier series as the order is increased.
II. SUGGESTIONS FOR FUTURE STUDY

The analysis presented in this work may be extended, with only
slight modification, to general linear dipole arrays with arbitrary
excitation. The most direct application would probably be to Yagi-Uda
antennas.

Other possibilities are the study of the receiving antenna, and

the study of scattering of electromagnetic waves by cylindrical wires.
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M=idM=1]
ARG= (ANTL#*2.D0-M)# (ANTL#2,00+M) /4,00
IF((DABS (AKG) «EQeD0eD0) «OR4 (DABS(ARG) «GT e
KTHRESH)Y) GO T0O 30
WRITE (6 20)
20 FOAMAT (1HL e 20K 15t ARNING##+ANTENNA VERY CLOSE TO
# QESONANCE. LARGE FRROKS MAY OCCURY)
30 C(MM)y=(K2(M)=-K1(M)) /2,00
C(MM) =CONSHC (MM}

40 CONTINUE
C%***é&éﬁ-{#*w-:&-;1-%-;5-:1--::--.i-u:-%:-ﬁ--:(--:‘r*-::--)'c-‘."--::-i:--::--‘.l-ﬁ--l:--}*%-2(-*1?%%%4#*#*i‘e%#%&*%#*#
C COMPUTE AATHIX COEFFICIENTS T

NO 50 NN=] enNP
A=NN-1
N0 55 PR=1 NP
F=PPr=-1
T(PPanN ) = (L N0/ (24#P+1=2%N) +1 ., D0/ (2%P+1+2%Y))
P (C(2%Ne]) +C(2%P+2) )
P20 /PIE)* (=1e00) %8 (NN+PP)
50 CONTI Nue

C#%'}-}&}4'21'*-‘.‘{'-:’(**-}-)?%-;‘e*‘.i-%ii'41'-:-"!1'-;1“;3-’.'!-Z:--'d--kﬁ'%%*%%-}%ﬂ-%%i‘r*(}%%ﬁ*%****%##

C GENFRATE FOQURIER COEFFICIENTS OF tELECTRIC FLELD
¢ THE FELECTRIC FIELD USEN HERE IS AN IMPULE FUNCTION
C SOLVE SIMULTANCUUS EuATIONS TO COMPUTE THE INVERSE MATRIX
C VECTOR 8(N) wILL CONTAIN T SOLUTION
C ANN THE INVERSE 1aTRIX IS ASSIGN TO Tl
wWi=1e0
LIM=10000

E=N.00000001
NN S2 L=1eNP
DO 5S4 I=1eniP
R(T)=(0aD0s0,D0)
54 CONTUNUE
RIL)=(1.N0«D,00)
CALL SOLVE (TeBeNPeWwel IMyE)
DO 56 [=1+NP
TIC(TI«L)=8(I)
56 CONTINUE
572 CONTINUE



https://R(L)=(1.00.0.00
https://EQ.O.UO).OR
https://ARG=(ANTL^�2.DO-M)<^(ANTL^2.00
https://J(A^�<>h)/192.00
https://S.DO*(K'><>2)^*(A*�6)/?.DO
https://CC(5)=9.DO'>(A�-^A)/4.DO
https://A<t*2-3.D0
https://CC(1)=(1.U0.0.UC
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Cﬁ%#**#*%%**ﬁ%#%#**ﬂ'{'s'l-ii-{}-;'e%ﬁ-*-:(--}%ﬁ'ﬁ'#%ﬁ*%**ﬁ*#ﬂ%%#%#%#%#%*%#
C COMPIUTE THE VALUES OF VECTORS RPP AND VPP
DO 58 I=]eMNP
Pl=1-1
VAL=SK=((2%P1)+])*HP ¥
VALI=K+{((2%P]l)+1)%-pPIE
ROP(I)=(1.D00.D0)
VOP(I)==(140090sD0)/(2.D0%K%K)
IF(DABS(VAL) LT<0.0000001D0) GO TO €8
RPP(I)=(DSIN(VAL) /VAL)+(NSIN(VALI)/VALI)
VPP ([)==(DCOS(VALI)/VALIL)={(CCOS(VAL)/VAL)
®+1,00/7vValll+1.D0/vaL
VPRI ) ==VPP (1) /(2.N0%K)

SR CONMTINUF
C**%-:!-%**%#ﬂ-*%%*-}*%%{}’é%%‘.—*%*-::--'.1-v::~-Z‘f-::-%1'*%-‘..'-*i?**%#ﬂ-%*%*#ﬁ%%#ﬁ#*#%#
. COMPUTE VALUES OF VECTOR VPP RBY THE INVERSE MATRIX
C COYPUTE VALUFS OF VECTOK RPP BY THE INVERSE MATRIX.

DO 60 I=1lenP

AA(I)=(3.0Ve0.D0)

N(I)=(0.D0+0,00)

NO 60 INDICE=]eNP

AA (D) =AALT )+ (TE(LSINDICE) #rRPP{INDICE))
GUIY=D(T) + (TI(ILINNDICE)*VPP(INDICE))

60 CONTINUE
CQG*{}-*&*{?%%*%*%‘ri(-%-}**%{!-%%i:-i!--}:—*-;(-s"r-,':-s"r%%**%**Q%%}##%**i}*%*%#%*{}#
C CoOMPUTE VALUES OF CONSTANT CCC

S={0.D0s0.00)
S1=~Fr
NY 62 I=1lwnP
S=S+AA(T)#(=1)%*(]+])
S1=S1+0(I)*{(=1)#%{]+])
A7 CONTINUE
CCC==(S1/)
PO A4 I=1nP
64 FI1(I)=(CCC*AA(T))+T (1)
(‘*-7‘(%%#'}%‘}%%%4!-*%&’.’r{t-:.‘*{--)',--):--!?-;i--;!--!i-'21--;.’-41»i&i#**’k#i?*%#%%#%**%%%*#ﬁ'%#ﬁ'*#
C COMPUTE VALUES OF CURRENT CISTRIBUTIONS
ARITE (A«T70) ANTL A
70 FORMAT (1H1e20Xe "CURRENT UISTRIBUTIONG
# ANTENMNA LENGTH = Y4F743/" 420X YANTENNA
# LENGTH = 2 MTSe RADIUS = teD15,89*MTSH)
WRITE (5474)
74  FNRMAT(1HNO)
WITE (678)



https://n(i)=(o.00^0.00
https://0.00.0.DO
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78

90

10

80

0

FORMAT (1M

58

W21 X170 85X tRFAL PART1913Xe'IMAGINARY PART?)

WRITE (AW74)

7=0,00

DEL7=0,0170

NN 100 L=1,101
FI=(NeD0s0eD)
DO RO iN=1 NP

N=NN=1

FI=FI+F1 (NN)DCOS(NHPIE®])
WRITE (He90) ZoFI

FNORMAT (14
7=7+DFLZ
CONTINUE
STnP
FND

219X eF5.2+2(018.800K))




COMPLEX FUNCTION Kl#ia (M)

REAL®R Y1eY2eF 1 eF2eF3arasroeFneSIeCly
ﬁAnFF-FNOTvGGqHPIEoIOCOJOOOKoPIE9ThETA929ANTL9ARG
COMPLEX#16 C(E) vl

LOGICAL PLUS

COMMON Codvﬁ-FFoFNOTvGGoHPIEoIOOvJOOsK;HIEo
STHETA«ZsANTL ARG

C%#%#**###**%*#**%**'H'*-L'f'l:-{:-'l;--K-ﬂ'-:k*%'L“J's‘(--i’r-}%:--}%ﬁ**&%*%******%*%%#

¢ CALCULATE K1(M) USING RECURSLVNESS OF FMeFM?Y,

15

20

30

40

Y1=2.D0% (X eM#RDIE)

Fl==CI (Y1)

F3=HPIF-ST (Y1)

Y2 (ANTL#2 N0 =M)#PTE

PLUS=.FALSFE,

IF(Y2.MF.0.DN) GO TO 5

F2=2,577215664900

Fe=H4PT1E

GO TO 15

IF(Y2.5T.0.00) GO TO 10

Y2==Y2

P)LUS:.TQ'JF .

FP==CIl{Y2)

Fa=m21E=351(Y2)

K1={(0,NGeJe20)

DO 4N L=1+6

T=Fl+F2=J%F 3

[F(PLUS) GO TO 2y

T=1=J%F4&

GN TN 30

I=1+ )J%Fs

Kl=k1+C(L)*I

IF(L.EQ.b) RETURN

Fe=F1

Fa=F2
F1=(DCOS(Y1)-(fl*F?/Z.DO)*Z.DO**L)/(L*Z.UO**L)
F?=(DCOS(Y&)-(YP*Fa//,DO)*8.00**L)/(L*2.DO**L)
F?=(DSIN(Y1)*(Yl*F%/2.DO)*2.00**L)/(L*2.DO**L)
F4=(OSIN(YZ)+(Y?*F6/2.D0)*Z.DO**L)/(L*Z.DO**L)
CONTINUE

RETURN

END



https://Y?^^FG/2.00
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COMPLEX FUMNCTION K24} A (M)

REAL*R Yseluex0oeJOeY0oe
BACFFaFNOT oGO HPTIE s TGU U0V IKIPIF s THETASZ+ANTL ARG
COMPLEXH®1A C(H) oJ

COMMON CoJaAeFFoaFNATaGGOeAPIE«IOVU U009 KeP[E
$THET A2« ANTL « ARG

Y=SARGHD[E 42

IF(Y.GEL0.D0) 50 TN 10

Y==Y

Y=A¥DS =T (Y)

IN0=T0(Y)

K22, D0#]0n(#<0(Y)

HETHON

IF(YMELOLDO) GO TH 20
KP22=0LO0G((A#%2)2K/2.00)=1e1244313298D0-J*PIE
RFTURN

Y=A®DSLRT (YY)

J00=J0 (v}

K2== 8P TE#YNN* (JUC=-J*YP(Y))

RETURN

g0



https://IF(Y.ME.o.DO
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REAL FUMCTTION 10%3 (SAVF)

REAL#A8 YeSAVF
RACFFIFNIT GG eHPIFE e IC U0 JNGsKoFIE o THETASZoANTL ARG

COMPLEX#10 C(F)

COMMON CoJoAsFFeFMNNT oGO sHPIE«T00eJ00eXePIFE o
BTHETA«Z«ANTL ARG

Y=SAVE

IF(Y.GT«3.,D0) GG T2 16

Y=Y/3,0%

JN=1.59
1=2.249339750%y%%2
2+1.265620AR0 %Y xwy
3=-0.,316h3RAGD0*YHEA
4+0.,0444479D0Y#®Y
S<0,003946400%Y%%]0
£+0,000210000%y=*x]2

RETURN

=Y

Y=3.,00/Y

THETA=Z
1-.73539K16D0
2=.04166397D0%Y
3-.30003954D0%y %%
4+ ,002A~25730G*yex3
S5-.0009412%500%Y%%a
h=,00027233300%Y%u5
7+.0001355RD9#rY%%6

FNOT=,797A8456N0N0

< 1=40000007T7D0OY

2=-,00552740D0Yn?
3=-.0000951200%y%=3
4+4.00137237D0%yYw=4
H=.00072305D0%Y#%8
£+,00G144T76D0%Y 46k

JO=FNOT#DCOS(THETA) /DSQRT(Z)
RETURN
END



https://Y=Y/3.00
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SEAL FUNMCTINY YO#a (SAVE)
CEALYR YesaVra
iﬁaFF-FNﬂfchohDIivTOO9JQO,KoPIFoTHETﬂvlvANTLvAPG
COMPRLE AR C(A) o

COAMAGN CadosAsFFaFMDTa3GoRPTE 9 JU09JI0sKeP IE
RTHETASZWANTL e ARG

Y=>5AVr

IF(YetTa3,00) GO TN 10
Y=Y/3,1)0
YO=DLOG(1.9T0%Y)#JNG/HPIE+
1.3674R69]1004+
2.H0B5 33N RE2=
3.743503R8400%Y%%ns
4.25300117D0*Yxith-
5.%2A51214ND0%Y %S0
BedN42T91HDOFYHE] (=
T.N002454/DQ%YRE]

RETURN
YOISFNOT#OSIMNITHETA) /OSQRT (2)
RETURNM

EMND

62




REAL FUNCTION CI#3({X)
REAL*8 AKeF oGy

BACFFoaFNOToaGGaHRIE»T0UsJ009K9sPIESTHETASZ9ANTL 9 ARG

COMPLEX*16 C(6)sJ

COMMON CoJsAsFFoFNDTsGGIHPIEsI009sJO0sKePIF
BTHETASW 29 ANTL ARG

IF(X«eGE«lsDN) GO TO 10

WRITE (645)

5 FORMAT( 110 *ARGUMENT OF CI < 1.0s THE
* APROXIMATION [S NOT vALID®Y)
10 FF=F (X)

GG=G(X)

CI=FF*DSIN(X)=536#D00S (X)

RETURN

END

63




REAL FUNCTION SI®*S(X)

HEALY¥G X
BAAFFaFNOTsOGeHPTIETIGO e JONsKIPIESsTHETASZ s ANTL ARG
COMPLEX#]lo C(6) oJ

COMMNN CoJaAeFF oFNNTosGOeHPLIE« 000 J00eKaP Il
FTHETAs ZsaNTL e ARG

IF(X.GE.1.00) GO T2 10

WRITE(6S)

5 FORMAT (V]I tARGUMENT OF SI < 1409 THE
# APROXIMATION [S NOT VALIDY)
10 SI=HPIE-FFADCOAS (X)) =GG*TSIN(X)
RFETURN
END




10

REAL FUNCTIOM XO#8(5aVE)
RFEAL#8B YeSAVE.

SAIFFaFNOToGGIHPIETQ09J00 s KsPIEsTHETASZ9ANTL 9 ARG

COMPLEX#16 C(6)9J

COMMON CoJeAsFFaFNOToGGoHPIFE 9 I00¢J00sKsPIES

STHETASZsANTL « ARG
Y=SAVE
IF(Y.GT.2.D0) G0 TO 10
Y=Y/?.00
KO==DLOAG(Y)*ID0

}=.5772156500

Pe B22TRL420DN %Y ek

3+,2306875AD0xY 4y

54+ ,034883890D0%y#%0
5+,00262698D0%Y%®%8

&+,0001075000%Y=*%]10

7+.,00000740D0xyx#]2
RETURN
=Y
Y=2.D00/Y
KD=DEXP (=7) 3% (

1+41.2533141400

2= ,07832358D0%Y

3+ 40213956800 xY w2

4= ,01062a440D0%yY*H]3

B+ ,00587872D0%Y#*i4

6= 00251540D0%Yy*u8

T+ 0005320800y x#6)/DS3GRT(2)
RETURN
END



https://Y=Y/P.O0
https://IF(Y.GT.P.OO
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REAL FUNCTIOM I0*s(S$SaVE)

REAL®R YoeSAVE,
RAVFFaFNOT 9GO e HPIE s IJUOJUUSKIPIE o THETASZ s ANTL e ARG

COMPLEX#*18 CH(F) ey

COMMON CodsAeFFafMNNT GG eAPIE S T0N 3OO KePIC
RTHETACT ANMT! ARG

Y=SAVE

IF(Y.6T 3.7500) 30 T 10

Y=Y/3.750)

IN=1.N0
1+3.51302290)0yen2
2+3.089Y042400 Y54
3+1.20A 7452004y %n
440, 265973200y 88K
5+2.036078300%ys2])
A+0,00453] 31,0y w%] 2

RETURN

=Y

Y=,7500/¢

TA=NR X (£) 5
1+,3929422800
2+.0132833200)%Y
3+,0072223]su0wyssy
4=-,0N1575/8500 %Y %243
S+.N0S1R25loneytea
B=eN2057 7RGy H2S
T+.02A355370 0% *%h
3-.0164T7A331)0%Yy %7
S+,00392377N0=Y##R3) /DSUNT (/)

HETURN

FND




REAL FuUNCTION G¥x(X)
PEAL®] X

5=

1 21.321R89%909)
2+352.0134980D0% X2
3+4302,.757d6500#Xw%4
G+ G2,242H25NyRXEEH
S+ X##8)
=6/
A 499,590 32500+

71114 ¢9TRRANNEY %2
H+4R2,635944D)#X e
G+ 4R 1969 (NN#KEwh
1+ XA ) HXEw2)
RETU~N

ENY




REAL FUNCTINON F ()
REAL®Y X

F=(

1 23R.102465D0
2+335.67732000#x#up
34265, 1R7033ND0pEXER4L
6+ 33,027264NN* XA
S+ YA
F=F/((
6+157,1054230D0
T+R8T70.2352500 0% )37
R+3272.,6724911D0%xw*4a
G+ 40,021433N0%xusF
1+ Xtw ) #a)
RETURN

END
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SURRGUTTIME SOLVE(TereNPowsLIMyr)
COMPLEX®* 1A T({25425) «r{29) e X{25) X1
QREAL®HRCDNARS

NN 10 [=1eidP
IF(COARS(T(T 1)) M54 040L0) 60 TO 10
WHITE(549)

FORMAT (1H1e20X s *SURROUTINE SOLVE: 0 IN THE DIAGONAL?)
RE T =

COMNT INUE

DY 20 [=1eNP

X(I)={0.N0s0,D0)

279 93 w=lJLIM

Z2=0.0

D) 40 [=]enNP

xI=3(1])

D0 30 J=1eNP

¥T=L T (]sJ)*X ()
X[=X{T)ewsx[/T(Is1)
Fl=ChaA=S(X[=X(I))

XK(I)=x1I

IF(E1.0T.£2) E2=£1
CONT INUE

[IF(EZ2JLELF) GO TO 7¢
CONT INuE

APTTE (nehY) T2

FORMAT (1A41920Xs 0 TOD MANY ITERATIONS. ERROR='9E13,6)
DO &) T=lan2

R(T)=x(])

HETURN

FNY)
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